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ABSTRACT

Several addition theorems involving the generalized

Legendre functions of the first and second kind -- P(e)

and aly z) -- are (1) stated with convergence conditions;
(2) interpreted in terms of the UIR's of SU(1,1)  SO(2,1) in

the diserete, continuous, and mixed bases; (3) proved both

directly and indirectly by continuation from the SU(2) addition

‘theorem. The relevant group theory is supplied in a set of appen-

dices, along with detailed properties of the generalized Legendre

functions. The problem of diagonalizing SU(1,1) convolution

equations in the discrete and continuous bases is briefly considered;

it is shown how the diagonalization of Abarbanel and Saunders arises

as a special case of a more general result. Pertinent SU(1,1)

expansion theorems are derived.
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I, Introduction

It is the aim of this paper to state, interpret, derive, and

briefly apply the addition theorems associated with the "generalized

Legendre functions" introduced by Azimov.”

These functions have appeared in the physics literature of

partial wave analysis over the past 15 years in many guises, and

their role as "harmonics" of SU(1,1) v SO(2,1) is well understood,

‘though not much has been said about the group theoretic status of

the second-kind functions. The reason seems to be that, although

the discrete-basis treatment of SU(1,1) was rather thoroughly handled

by Bargmann® in 1947, the continuous-basis analysis was not effective-

ly begun until 1967,? and it is with this continuous basis that the

second-kind functions are associated.

In a non-group-theoretic context, the generalized Legendre

functions of the first and second kind were defined and character-

ized by Azimov in 1966, two years after the work of Andrews and

Gunson* of which Azimov was apparently unaware. Asimov's equations,

allowing for arbitrary complex values of the helicity labels wu

and v, are more general than those of AG. Since it is through

analytic continuation in these labels that the discrete and con-

tinuous bases of SU(,1) are related, and since Azimov has provided
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such a complete set of formulas, we have adopted Azimov's notation

for most of this paper: Py (2) and dy (2)?
Most physicists are familiar with the first-kind addition

theorem as it relates to the rotation group, e.g., spherical har-

monies in electrostatics. The other addition theorems involving

both first- and second-kind functions, or only second-kind functions,

are much less well-known. What we have called the hybrid addition

theorem was derived by Gunson!® and later lectured upon by Hermann)?

but the second-kind addition theorem seems to make an exclusive

appearance in Azimov's paper. This formula reads [see (2.7)]
ip

eH nay eM eB fan a (ay) A (2p).
the

(1.1)

Closely related to the notion of an addition theorem is a

technique for simplifying an integral equation, known as diagonali-

zation, in which some or all of the integrations are replaced with

‘the sum appearing in an addition theorem, Often, the projected

functions which appear in the diagonalizedequation have some special

significance which causes the diagonalized equation to be simpler

and more comprehensible than the original equation. We can marvel

at the simplicity of the elastic unitarity relation for spinless-

particle scattering amplitudes expressed in partial waves,

int, = 3Inl? (1.2)
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the standard example of a useful SU(2) diagonalization in parti-

cle physics. In Section VI of this paper we show, as an applica-

tion of the addition theorems, how one might diagonalize certain

SU(1,1) convolution equations in a similar manner.

The desire to clarify these diagonalizations has been our

primary source of motivation for investigating the addition theorems

in the first place. We have been interested in diagonalizing the

various integral equations which arise in connection with the multi-

peripheral model for elementary-particle scattering amplitudes.

The miltiperipheral "bootstrap" idea is not new,° but has been

recently infused with new life in the framework of the topological

expansion of the S-matrix.” In particular, we hope that the second~

kind diagonalization discussed in Section VI.2 can shed some light

on the meaning of such topological entities as the twisted and

untwisted reggeon propagators, or loops, which appear as kernels in

the cylinder and planar bootstrap equations.°

Much of the material in this paper is standard SU(1,1) lore;

we suggest that the value of the paper, if any, lies more in the

interconnection of known facts tha in the facts themselves. Never-

theless, to be reasonably self-contained, we have reproduced mich

of this SU(1,1) lore in the Appendices, where several topics

are treated in somewhat non-standard fashion. Much use is made,

for example, of the SU(1,1) Lie generators realized as regular-

representation shift operators, and of the resultant Casimiric

differential equations (Appendices C, D, F).

In Appendix D we give a quasi-derivation of the SU(1,1) ma-

trix elements based on the Casimiric differential equations, but
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ultimately we rely on calculations in the literature. We suspect

that the fact that the continuous-basis matrix

elements are simply second-kind Legendre functions gis ey has
not been widely appreciated. In this vein we have slightly general-

ized the comments of Hermann’? concerning the interpretation of the

integral representations of the Legendre functions (Section V.5).

In Appendix G we derive from scratch the Peter-Weyl expan-

sion theorem for SU(1,1), since this result is often quoted without

proof in the literature. Our method of derivation, we feel, makes

particularly clear the disposition of the "modified" expansion theorem

for non-square~integrable functions, which is actually mch simpler

than the unmodified expansion theorem,

‘The complication inherent in the Peter-Weyl theorem in the

discrete basis is exacerbated in the continuous basis by the ap-

pearance of the principal-series multiplicity index. Rather than

interpret this extra index, we think we have made it go away in

our §,* semigroup expansion theorem (G.17), designed for use in
conjunction with the second-kind addition theorem (Section VI.2).

The projection part of this specialized expansion theorem, (G.17b),

is reminiscent of the Froissart-Gribov projection of Regge theory,

a fact we think will have a bearing on the definition of planar

reggeon loops, as noted earlier.

Finally we comment on the derivations of the addition theo-

rems, In Section III these theorems are in a sense derived, for

special j values, because it is shown how the addition theorems

reflect the Hilbert space completeness relations for the SU(1,1)

UIR's in various bases. Somehow, we feel that this type of proof
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lacks the punch of a direct non-group-theoretic derivation, a

situation we have tried to remedy in Section IV, where we show

how all the addition theorems follow from contortions of the

SU(2) addition theorem which everybody believes. Unfortunately,

these contortions may be found so discomforting that the reader is

still not sure whether the addition theorems have in fact been

proved. For this fastidious reader we provide Section V which

contains our "best" and most interesting proof of the addition

theorems. A byproduct of this proof is an understanding of the

integration domain in the Legendre-function integral representa-

tions (Eqs. (5.16) and (5.17)).

The contents of this paper have been mostly described

already. In Section II we state the addition theorems and related

formulas with a minimum of comment. This section is independent

of the rest of the paper, except that the Legendre functions ap-

pearing in the formilas are defined in Appendix H. This lengthy

appendix contains the properties of the Legendre functions to which

we constantly refer.

Throughout the paper we use the following terminology:

(1) representation: an explicit form of a Lie group.

(2) UIR: unitary irreducible representation.

(3) realization: an explicit form of a Lie algebra.

(4) differential generator: a realization of a Lie
generator as a differential operator, We distinguish differential

generators @, from the generator matrices or abstract generators

. G, by an over-arrow. (For 3-vectors we use the undertwiddle, x.)
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(5) half-integer: m = "half-integer" if 2m = odd integer.

(6) integrality: that which distinguishes integers from

half-integers ( € = 0 or 3).
(7) Legendre function, Legendre equation: what Azimov calls

a generalized Legendre function, and the generalized Legendre equation

(see App. H).
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IL. Summary of the Addition and Multiplication Formas

In this section we simply state the various addition theorems,

their corresponding multiplication formilas, and certain special cases

of both. The formulas are derived and interpreted in later sections

of this paper, Nevertheless, in Section 7 we have tried to give at

least one reference for each of the major formiles. Often, the con-

ditions of validity stated in the literature are less general than

those given here.

The variables 2, 2), 2 which appear in the following equa-

tions are always taken to lie on the principal sheet of the Legendre

functions in which they appear. The cuts of the Legendre functions

are shown in Figure 6. These cuts and the definition of the square

roots ve -1-= f2+1+ vz-T7 are discussed in Appendix H.5.

More general versions of formulas (2.1), (2.5), and (2.14),

with complex helicity labels, are given by Azimov.7

1._First-Kind Addition Theorem:

etm pli (zy etm = Yo etm pl (a,) Pht (2,).
n=

(2.1)

In this forma, 21,25, w are independent complex variables in

terms of which 2, $, ¢' are given by

z= 22, + %,2-1+ v2,2-1 cosw (2.2)
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ke apVa2- 1+ aver -1 cos w - ivze-1 sinwete 221 1”2 2 ,
Ve =

(2.3)

with e? given by (2.3) with 2,> 2). The label j is an
arbitrary complex number, but the labels m, m' are either both

integers (in which case the summation index n runs over the integers)

or both half-integers (n runs over the half integers). In other

words, m, m', n must have the same integrelity.

The sum in (2.1) converges if %) Zg, W Tespect the follow-
ing condition:

zy +1 Zo #1

Po ES) 2|Imw)|) . (2.4)zy ~ 1 Zp ~ 1

Tf w is real, (2.4) is satisfied by Re(2,)>0, Re(z,)>0 (but

see Section IV.1 below). If w 4s real and 2, = cos 0, with

Je,| <7, then (2.4) =]@,|+/8,| <7.

2. Hybrid Addition Theorem:

a” “arty! . ;

ei hs (2) ort DY ct ed (aygy (x9)ecco
.

(2.5)Te (2) Pia (a).neceo
All the comments of Section 1 apply to (2.5) except those regarding

convergence.

The convergence condition for (2.5) is

g,

a +1] |zy- 1)?
aTz}° BT=T > exp(2|Imw)|), (2.6)
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where o,= + as Re(z,) 20. If 2), 2, are real, (2.6)

1s satisfied by 2 > 2 >1.

3. Second-Kind Addition Theorem:

HUE gi ale" f ra gi S,eM fiyt (2) sy eM AY (24)Ayr (%)-c
(2.7)

In this formila (also valid with unslashed Q functions) 24, 25, a
are independent complex variables in terms of which z,£, — are

given by

aTek? = 1 ch(a) (2.8)

et = [a ~ 1+ avee -1eha- vag -1 ag]/ ve? 1,
(2.9)

with eo given by (2.9) with 2,<>25. The lsbels J, u, u'
are arbitrary complex numbers and the contour C is any contour

running from ~ie to +#ie which separates the pole chains of the

function T(j +1+A)P(j +1-A), see Fig. 3. If Re(j)>-1, 0

may be taken along the imaginary axis with no deformations.

The integration in (2.7) converges if 2,, 2,0 satisfy
the condition

atl Zt+tl2 |sre(2~) [+3 [ove (24) + [ima] <x. (2.20)a -1, 2 -1

For 2),2, >1, (2.10) requires only that |Im(a)| <<. For o
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real, (2.10) ie satisfied for all complex 21, 2», unless both these
variables lie in the range (-1,1).

4. Alternative Second-Kind Addition Theorem:

HE Qs (a) ows! 2 2 Kw J J gooe (ze 2-2Peart (-1)""9 eBy SEU) fejer

J ( (J2 (2)x Hoy us 22) . (2.11)
T(m-J )P( j+1+m)

The variables 2, €, & are given in terms of 2,, z»,a exactly
as in (2.8) and (2.9) above, and j, u, u are -again arbitrary

complex numbers.

The convergence condition for (2.11) is

o, °.a-1 7 2-1, 2
i—— |} - |—— > exp(-2 Re(a)), (2.12)
z+ 2 +1

where o, = as Re(z,) 2 0 and o,= + as Re(2,) 2 0.

If 2, and 2, are imaginary, condition (2.12) is simply
Re(a) > 0.

The alternative second-kind addition theorem is the anal-

ytie continuation of (2.7) obtained by closing the contour to the

right, picking up the residues of I(j+1-A), and dropping the

great circle.

5. Multiplication Formulas

The addition theorems (2.1), (2.5), and (2.7) are the

fourier transforms of the following multiplication formulas:
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+n ttJ
J, -2 +inwy -imp 53, -im'¢Phy (2) Pla! (2q)= ae ff aw of CoA Ph (2)oA® #3,

7 (2.13)

J J. (s)-2 +inw ge-imd o} , (2) g-im'¢"Pon (24)Ut (25)= oF dw e fe oy! (2)e ¥,
on

(2.14)

J J =i tate “HE gd mute!

By Coy) Bye (a) = Bf aa oer H gl (2) oF),
(2.15)

These formulas are correct as stated provided that 2,, 2, satisfy

(2.4), (2.6), and (2.10), respectively, with w and a real. For

2, 2 in violation of one of these conditions, the corresponding

multiplication formula is still correct provided the integration

contour is deformed around the branch point and attached cut

which penetrates the nominal integration region, This branch

point is the reflection via (2.2) or (2.8) of the 2=1 singularity

of the Legendre functions into the plane of the integration variable

w or a.

6. Special Cases

J JWhen one of the helicity labels of Pi, (2) or Qi, (2)
vanishes, the resulting function is a regular associated Legendre

function,

J = pe J = pi
Pig (2) Py (2) Poy (2) Py (a)

J = gt J = gt
ai,(2) = a(2) (2) = GHC),



ar

We therefore obtain the following special cases of the addition

theorems, with conditions as stated earlier:

Piz) = x eM BP (a4) PP (x0) (2.16)
fe

aa) = Yo eM Rr (2,) GF (a5) (2.17)
fee

te

ale) = ae fam GP (2)B (2) (2.18)
“ie

=

5 6%) By (25)ate) = 2 ay om BE),
moje T(m-j) T( j+1+m) (2.19)

As special cases of the multiplication formulas we have

FP(a) F(z) = 2" gino§ S41? Fy 2 20 dweM Piz) (2.20)oy
7

72 -i iFEC)G (a) = Ef aw ol™ aie) (2.21)
Fa

AP Ce)M (2) = Bfan Mare) (2.22)
and specializing further,

1

Py (2) Py (2) = 2 f dy PCa) (2.23)
°

7

Py (4) (2) = 2 f aug, (2) (2.24)
3
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Qs(2q) O52) -f da Q(z) (2.25)

with 2 still given by (2.2) or (2.8).

Using the following Jacobians (valid for 2, 2, 2 all
real)

1

# * f dw 6(2 - 2125 - tage 1 tay? 1 cos w) aaa°

r
a

= @z - z,)das f da (2 - m2)- ve?-1vee-1 cha) = ———“,az 0 Ee

where

= Kast) 2 oP taP ae 2a290 - 1
= (2-2,) (a-2_)

and

By = 2%) # vor a “ea,

equations (2.23) through (2.25) may be re-expressed as

Pil) Pay) = Bf ae Py(2) ee (2.26)

Pim) Q(z) = 2 f az Qi(2) 0(-k WE (2.27)
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yl) (29) = f a O,(2) a2, FE « (2.28)
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(2.28) AS 25 p. 716 #8, error in endpoint
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III. Group-Theoretic Interpretation of the Addition Theorem
In general, an addition theorem is a consequence of the com

pleteness of the set of vectors which spans the Hilbert space of a

unitary irreducible group representation.

For example, the Hilbert space H! of the UIR vig) of Su(2)
is spanned by the complete set {|j,m>}, where 2j = 0,1,2... and

m= j,j-1...-j. The completeness relation is therefore

J

Y= Y [smcinl, (oa)
mj

where 1 is the identity operator in HJ, Since the operators D)(g)

which represent the elements of SU(2) in H) have, by definition,

the group property

Dg) = vite) Xg,), (3.2)

where g = 8,8, , it follows from (3.1) that

:

j

<inpY(e)|sn'> =) <jn['(e, )|Jm><inlog, )]dm'>. (3.3)
n=-j

In our parametrization of SU(2) we have g=(¢, 0, $') and

<im[D%(g)|im'> = 29M als (cos 6) ei™ > ,

so that (3.3) becomes

no J

-u ai Eteit gla (2) BO = Yo etm a(ns)ads (25)5ne-J (3.4)
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where 2, = cos 0,, and expressions for $, 2, $', w are given in

Appendix E.1. When (3.4) is converted to P functions via (H.13),

we get a special case of the first-kind addition theorem (2.1).

In this section, we shall "interpret" the various addition

theorems in terms of the UIR's of SU(1,1). We refer the reader at

this point to Appendices A through E, whose contents are listed in

the general Table of Contents at the beginning of this paper.

1. Unitarity of Matrix Elements

Unlike the d-functions, the Pe } are not actually unitary
when thought of as matrix elements with indices m and m. This fact,

however, is not significant for the addition theorems (and their

subsequent use in diagonalizing convolution equations) because the

addition formas are invariant under changes of the normalizing

factor. By this we mean that if the unitary matrix elements D/am' (g)

satisfy the addition theorem

jy = J js
Dag! (8) = J” Dog (8) Dg! (Bp)

7

then so do

= Iwthat (@) = [Mag] my Ce),

where N} is an arbitrary function of m and J. According to
(H.12) and (H.13), the functions P and d differ by just such a

factor,

J, = Iwadd aFant (2) = [ign] agar (2),

were wh = 43 (28), tmz) 2 0.
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2. FPirst-Kind Addition Theorem

We have already shown how the first-kind addition theorem (2.1)

may be understood in terms of the SU(2) UIR's when 2j = 0,1,2... and

|m|,|m'| < 5. Alternatively, (2.1) may be construed as the group

Property of the SU(1,1) UIR matrix elements, taken in the discrete

basis discussed in Appendix B. As j takes the special sets of

values shown in Table B.1, the summation in the completeness relation

(B.6) runs over the values shown in the right column of the Table.

For each class of UIR we thereby obtain a special case of the general

first-kind addition theorem. The fact that the summation is semi-

infinite for the D,t (and finite for SU(2)) is a consequence of

the zeros of the P functions (see Appendix H.15 and Fig.8 (g)).

The first-kind addition theorem for arbitrary complex j may

be regarded as the analytic continuation of the c° and o? group
properties away from Re(j) = - . In Section IV we will show that

(2.1) is in fact the unique analytic continuation of the SU(2) ad-

dition theoren,

3. Second-Kind Addition Theorem

Given the completeness relation (B.12) for the Hilbert space

associated with the D,* UIR"s in the continuous basis, and given the

explicit continuous-basis D,” matrix elements (D.8), we see at once
that, when 2j= -1,0,1,..., the second-kind addition theorem (2.7)

ig the D,” group property in the continuous basis. The general
result (2.7) is the unique analytic continuation of this group pro-

perty in j away from the integers, and in u, u' away from the

imaginary axes.
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4. Alternative Second-Kind Addition Theorem

Equation (2.11) has -- when 2j = integer and 2, 2) are

purely imaginary -- an interpretation similar to that discussed above.

Using the discrete-basis completeness relation (B.6), but the mixed-

basis D,” matrix elements described in Appendix B.4 and given
explicitly in (D.9), it is easy to show that the continuous-basis

matrix elements of U(g) = U(g,) U(g,) are

'e! - 9 (enn, a5, (4ehny)=] j

1

i <i a 1oF ads (on v) oo & = 2), irm g-timy My, (F607 Royors 2".
mje T(m-J) T(m+J+1)

(3.5)

Equation (3.5) is a special case of (2.11) with 2, = ~ishn,, 2,

= ish nj, and z= ch v. Alternatively, (2.11) is the analytic

continuation of the mixed-basis addition theorem (3.5).

5. Hybrid Addition Theorem
For this theorem we give a different kind of group-theoretic

interpretation taken from Hermann’, To conform with the notation

of Hermann, and Gunson®®, we write (2.5) as

EA, '(e) Din) Eh (ey) » (3.6)
neo

where

ig) = oie gd -in'¢'pte) 2 oiMal (2)

Bale) = eA ob ufc) etme
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Hermann's point of view is that, once one knows that (3.6)

is true, one can write the E functions as matrix elements of an oper-

ator Pg) which ie related to the operator D(g) of su(2) by
a certain Cauchy kernel transform. If we let G = SU(2) and

and G, = SL(2,C), then Hg.) is defined by

Be.) = f ag o(e*g,) Di(g). (3.7)
G

Here, g,€G,~-G, which includes SU(1,1), 2J = 0,1,2..., and

v!, £) are operators in the Hilbert space HY associated with the

SU(2) UIR labelled by J. ‘These operators possess the group milti-

plication property,

J - f “1 JEX(eg,) = J de eg [e,¢,} Dg)
G

-1)-- J o([e,*g] co) De)
G

= -1 J= Jes Cee.) Dee)
G

. foc ogg.) De.) ig)
G

= pi J
= Dg.) B(e,), (3.8)

where we have used the invariance of dg and the group property of

tne D), aking matrix elements of (3.8) in w, we generate the

hybrid addition theorem (3.6), which may then be continued to complex j.
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From the completeness property of the SU(2) UIR's given in

(G.19),

BY (252) trace [phteq) Di(e,)] = se, - ep),
J=0

we can solve (3.7) for the Cauchy kernel

ogg.) = & Yo (agen) trace [phe) 2g]
J=0,1

(3.9)

= $ y (25+1) trace Bg te,),
J=o

where trace means trace in H), An explicit expression for the

Cauchy kernel is quoted in Gunson!6-

In passing, we point out that (3.9) and the matrix elements

of (3.7),

Jy - f -1, i,Ein'(@,) = J dg ee.) Dore) »
@

are the natural generalizations of the Heine and Neumann formulas,

ee Lest) Pfs) ale.)ce f

-i cs .Q(z) = 3 f derek Pe)
aA ©
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IV. Derivation of the Addition Theorems from SU(2)

In this section -- without using any group theory -- we

systematically derive from the SU(2) addition theorem. all the

addition theorems stated in Section II. The domains of convergence

are emphasized. In Section V we shall present a direct and siml-

taneous proof of all the addition theorems using elementary group

theoretic techniques.

In what follows, the variables 2,, 2,, andw ora are

treated as independent variables, while (4, 2, 6') or (E, 2, &')

are dependent and given by the set of equations g= gg, in Si(2,C).

We have relegated these details to Appendix E.

1. First-Kind Addition Theorem

As our starting point we take the SU(2) addition formla

(3.4), which we assume is correct:

ind’ J +eam glaalz) oR = YAM GS(a1) a zg)e (4-2)
nj

In (4.1), 2, = cos 0, J = 0,3,1..., and (mym') denotes a
lattice point in region 5 of the helicity lattice diagram shown in

Fig. 8(b). Figure 1 shows the specific helicity lattice for the

second d-function in the summand of (4.1), and the line segment AA‘

represents the sum.

As a preliminary to the continuation of (4.1) in j, we

replace the finite sum with an infinite sum to get
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evimt al (2) ems Yet ad (a) ab r(25)s
n=

(4.2)

where n retains the integrality of j. When j = 0,3,1..., Eas.

€4.1) and (4.2) are identical because we have extended the summation

from segment AA' to segment BB' by adding segments AB and A'B',

both of which lie entirely within the "sense-nonsense" portion of the

helicity lattice where aJ,1(25) has square-root zeroes, as does
a(21). For details on these eros, see Appendix H.15.

We now consider the possibility of continuing Eq. (4.2) to

complex j. From Table H.14 we observe that, when -1<z<1,

aJ,1(2) is Carlson in J. In fact, both sides of (4.2) are Carlson
in j as long as the sum converges. Since (4.2) is true for

J = 0,1,2... 4t follows from Carlson's Theorem that the equation is

true for general complex j, with the unique Carlson continuation

in j of aJ.1, provided by the hypergeometric function in
(H.2) with (H.13).

It should be clear that, as 2j moves away from integral

values, the portions of the sum in (4.2) represented in Fig. 1 by

segments AB and A'B' become "activated", and the question of

convergence arises. If convergence is required, the analytic con-

tinuation of (4.2) in 2,25, is to some extent restricted. This

follows from the asymptotic behavior of the sumand which is,

according to (H.13), (H.32), (H.48) and (H.22),

“im gd (5, ) ad Jal+[tmo| jmem'-a altals]le ail) im! (2) ve ‘In| zeal e 2-1
ve Halen [25
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as n+, ‘The convergence condition is therefore

2 tly yaytl

|p| ‘ES > exp (2/Im(w)|) , (4.3)1 2

ignoring the possibility of power convergence. For w real,

Za +21 2, +1)

: | | | >—|° ~ 1. (4.4)lp T Z- 1

Equation (4.4) is certainly satisfied by Re(z,) > 0, Re(z,) > 0

(as quoted in Bateman), but more generally, as a simple geometrical

argument shows (4.4) is satisfied and (4.2) converges if Re(z,) > 0

and 2, lies anywhere outside a dise containing 2, = -1 and

lying entirely within the left-half z,-plane, as illustrated in

Fig. 2. Thus, a portion of the interval (-1,1) near 2, = -1° is

necessarily excluded, a fact which reappears if we take

2, = cos 0,, |0,| <m, in which case (4.4) requires that |6,|+|6,|
<1. (In order to show that the right-hand side of (4.2) is Carlson,

we assume that 6, and 8, respect this condition prior to con-

tinuation.)
Converting (4.2) to P-functions via (H.13), we obtain the

first-kind addition theorem given in (2.1),

zim pi y(n) ecim’e . ym jsim? pl (a)e = ot pS(a) Phe),
neo

(4.5)

with validity as described in Section II.1.
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2. Hybrid Addition Theorem

Consider Eq. (4.5) above with 212 > 1. We continue (4.5)

onto the left hand cut in 2 by taking 2) +2,0% = -2, Fie,
Therefore, ve ~T+e'ee -1. From (£.15), this implies thet
zreM, so Me -1 eM -1 . then (£.19) and its 6"

counterpart tell us that $+ but 9 + -$'. ‘The result of these

changes is:

-im oJ) t Hing! ~inw J Jon Fenim pls (-2 F te)e -y e pia) Ply(-2y F te) «
—

(4.6)

If in (4.6) we take m +-m', multiply by an and
subtract the resultant equation from e!" times the original

Eq. (4.5), we conclude with the help of identity (H.29) that

ot -in's! “inw 5 .

ein aie) ome y oO Pea) Big'(29)s
mo

(4.7)

which is the hybrid addition theorem (2.5).

From the asymptotic behavior of the sumand as n> 4 given

by (H.47) and (H.48),

srw J bal [3m y=¥la a-inw
j

+ [Imo +[m' |-1,_-3|nf-an Jo]jet pl (21) Jt(zy) vel +[n[™lm [-2,.-#la] +20 [=|

ayettlal-ba fea
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we find that the convergence condition for (4.7) is

1 ay +1 1 Zy +1

$a 2 ~ 3)"[z=T| > [Imw)] , (4.8)
again ignoring the possibility of power convergence. Condition

(4.8) is the same as that reported in (2.6). Again, if 2,,z,,W are

real, (4.8) is satisfied by Zy > 2, > 1. More generally, a domain

similar to that in Fig. 2 may be obtained.

The second form of the hybrid addition theorem shown in

(2.5) follows trivially from (H.7), (H.23) and (H.32).

3. Second-Kind Addition Theorems

We apologize from the start for the apparent circuitousness

of the present section, but remind the reader that a direct proof

of the second-kind addition theorem may be found in the next section.

There seems to be a certain amount of "analytic distance" between

the addition theorems of the first and second kind.

In terms of the @ functions, the hybrid addition theorem

(4.7) is

etm gh (a) oO = DY Cay ol pl Ca) (ay)Aste

(4.9)

where for now we consider j,m,mjn to be integers. Starting
with 2,,2,>1, we continue (4.9) onto the left-hand cut in 2,

in a manner similar to that in which 2, was treated in Section 2

above. This time $+-$ and $ +4) so we get
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sim jo) c.. -im'g’ = nt ; oe
ottm gl notte) eB ® = YC etm pd (na tte) a2) «

nea

(4.10)

If, in (4.10), we take m>-m, mitiply by o)(-1))2 ona
add the resultant equation to (4.9), we find, making use of identity

(H.28) on the left and (H.29) on the right,

© J
. ; -in's! sone 2.) @1(2,)e imp wz) ei & =o) y (-19 ¢ inw Som 2 w, 2)

no T(n-j) T(j+n+1)

(4.11)

‘An examination of the gamma.functions in (4.11) shows that

the sum is really two distinct sums, one running from -» to -j-1,

and the other running from j+l1 to +» 5 moreover, these two sums

are the same, so the right side of (4.11) becomes

i

5

jon .-inw Bg) Alg'(2p)-2 G9 y (aye ae.
a T(n-J) T(J+14)

(4.12)

Next, the sum in (4.12) may be Sommerfeld-Watson transformed

to yield

1Bf ano g(a) Wile)
6

where C is a clockwise contour containing n= j+l, #2, ... . We

now give w a sufficiently large, negative imaginary part so that
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the contour may be opened up. The new contour runs upward just to

the left of Re(n) = j + 1, but may be harmlessly shifted to Re(n) = 0.

Renaming variables £ = 16, £' = i$, a= 4u, A=n we find:

doo

eM gin em& = 2 f are g(a) Mitlay).
nice

(4.13)

So far, j,mjm' are still integers, but from Appendix H.14

one can show that both sides of (4.13) are Carlson in j and nm’

and then, from (H.23), also in m, Taking m+y and m >’ we

obtain

jo

“HE gS ay oC Rf an oe JeM gh nayeS = Lf arMeh(a)ah vay) 5wi
(4.14)

where now Sun are all complex. Equation (4.14) is the second-

kind addition theorem (2.7).

The convergence condition for (4.14) may be obtained from

the behavior of the integrand as A+ tim, From (H.47) and (H.23)

we find:

er j Al+|Ima +|Reu'|-2 -m|ale 9g! (a) (29.1 ella] jj Reul+ lew’ |-1 nla]
+1 Zo+1.1 ey 1 2

| zAalslere (Gea) Bal lore)
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Therefore the integration in (4.14) converges if

v 25411
at 1 ( 2Hore (2) | + ]ere (GZ) | + met < es Gas)‘4 2

2441Since Jere (4) | = only when 2,€ (-1,1), we see that when

a is real, (4.14) converges for all 2,,2, except when both these
variables lie in the range (-1,1).

The contour in (4.14) plays the same role as the contour in

the easily proven identity [ca 6.422 ( 3)]
ie

Ay f eran ran = 28? repay, (426)
Ae

which happens to be the double asymptotic limit of (4.14) as By By
+e, If Re(j)<-1, the contour mst be deformed as shown in

Fig. 3 80 as to continue to separate the pole chains of the integrand.

As 2) a negative integer, the contour is pinched, generating the

singularity appearing on the right side of (4.16).”

The alternative second-kind addition theorem (2.11) is

obtained from (4.14) by running the Sommerfeld-Watson process in

reverse, i.e., closing the contour to the right. Thus,

tt @ i ca

eH gl (zy eh = 23 y (1) gome Gly) yt (2p)cm mn Tm) pj+tem)”
m=j+1

(4.17)



-3h-

where iyun are still complex. From (H.47) we have, as

Re(m) ++,

ma gj Je

(21) (25) . '| Big (21) Ray Zo wy eRemREA.Ip a | [Re y+[Re u"| -2T(m-j) P'( j+1+m) 2,41 Zytl
i112

5Re ae [ tn] |— {I 3 Re m-|2n| 2=I,e 1 se 2

(4.18)

Thus, (4.17) converges when

1 12,41 1 241

alt}z | 1+ 5lenfSa]l < Rela) , (4.19)1 2

which is the same as condition (2.12).

Interestingly, the mixed-basis addition theorem given in

(3.5) Just barely converges due to the |Rem|~> shown in (4.18) and

the rotating phase of the summand.
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V._Group-Theoretic Proof of the Addition Theorems

So far we have "proven" the addition theorems in two different

ways: first, the "proof by interpretation" given in Section III, and

second, the "proof by continuation" (from the SU(2) addition theorem)

given in Section IV. Whereas the first method relies on external

calculations of UIR matrix elements, the second method depends on

tedious manipulation, in particular, Carlson continuations.

In this section, we give a self-contained and direct proof

of the multiplication forma corresponding to the second-kind addition

theorem. This proof will automatically be valid for complex j,i,

and u', and from the proof it will be obvious how to prove any

addition theorem. The crucial facts turn out to be: (1) the Legendre

functions are annihilated by the invariant Laplace operator of SU(1,1);

(2) the integration appearing in the multiplication forma is the

invariant integration of the subgroup K with respect to which

SU(1,1) 4s reduced. For the first-kind multiplication formula,

K =S0(2), whereas for the second-kind, K = SO(1,1).

The second-kind multiplication formula (2.15) reads

j ca ae LoL HEs gl ,By) Byr(zy) & 5 a, e2 M(B)»

(5.1)

where we have defined

i, et gl ny BEHye) 2 ev Gyr(z) , (5.2)
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and we recall from Appendix E.3 the ordering of the parameters

' ' ' '

& = G8, =P (E,V,E ) = (,5V,58)) (Eq,Va,by), and a= &) +E.
The proof of (5.1), and thus of the second-kind addition

theorem, conveniently divides into three parts. First, we show that

both sides of (5.1) satisfy the same partial differential equation

(the Laplace), Second, we show that both sides in fact solve the

same ordinary differential equation (the Legendre). Third, we show

that both sides are the same solution of this ordinary differential

equation.

1. Part 1 of Proof

The Laplace operator of SU(1,1) is defined as

8)2 CE)_ 50a), (5.3)

where 3%) 45 the Casimir expressed in terms of the differential

generators given in Appendix C. In particular, 3° was calculated

for the continuous basis [80(1,1) reduction] in Bq. (C.11).

1f f(z) 46 a solution of the Legendre equation (H.1)

juyvin) =

Alisvi2) tz) oO,

then the function oh (e) ,

Je) 2 eed (gy eHEtye) = eT tile) >
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is a solution to the Laplace equation

(2) 93 =BE" thy (8) = 0. (5.4)

The differential generators calculated in Appendix C.3 are

the generators of the left-regular representation

H@%g,) ee) = seis), (5.5)

where

18%g,) = exp[-ae, %,{2)] exp tv, %,(8)] exp [121%]
(5.6)

since [3(8), 4,2] = 0, it fottows that (16), 2%] =0.
‘This is why the Laplace operator is invariant!®;

uUBegy = (8) (2 ¢e52) eteqte)]
-1 -1= €@ert) (18) everte)]

= Lf61E) og) (6.7)

that ts, 8) = 1(88)eeting on f(g) is left-invarient in the

same sense that the Haar measure afe } =a [e,g] under 4{ is
left-invariant.
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From the right-regular representation

mg®Xe,) le) = ee &)

one may conclude that the Laplace operator is also right-invariant

because, although the left-and right-shift differential generators

are not the same, the Casimir and Laplace operators are the same

whether expressed in terms of either left-or right-shift generators

[see Appenaix F] .
From the invariance of L(8), it is at once obvious that

both sides of the multiplication formula (5.1) satisfy the Laplace

equation 161) e(@,) = 0:

(a1) gi =
ul) gi(e,) = 0

(a1) gi = 81) gi. = y(2182)giDL" By"(@) = WEL @ir(gen) = Le t2@ (geo)

= 0.

This completes part 1 of the proof.

2. Part 2 of Proof

We show here that both sides of (5.1) satisfy the Legendre

equation &€(J;u,432,) £(2,) = 0. This fact is obvious for the left-
hand side of (5.1), and is almost obvious for the right-hand side.

We have shown in part 1 above that the right-hand side of (5.1)

= RHS(g,) satisfies the equation 1(€1)gus(e, ) = 0. If we can
show that
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nas(g,) = eMSL +e Ao), (5.8)

then it will follow that 2(jsu,A32,) RHS(g,) = 0. Thus, part @
of the proof is complete if we can demonstrate (5.8). This is

where the S0(1,1) invariant integration comes into play.

We begin by "exploding" @ (g,g,) in (5.1) via the left-

regular representation (5.5) and (5.6), so that

=i AE2 plEalegnly gi,RHS(g)) = 5 f ag,eo TEC gy) M(B.)

=i N52 "g, (82) (g2)= f a€, eMF2 exp( i6,8'82)) exp(iv,&'82’)

. (82)) gb
exp(46,8,'82") aes) « (5.9)

z aFrom (¢.11), #82) = -1 » 80 we may replace the rightmostna Bea may rep. gh’
exponential operator in (5.9) with exp(-uE,), achieving half the

goal of demonstrating (5.8). The leftmost operator cannot be taken

through onto (go) because % and K, do not commute. However,

by considering the general form of the expression in (5.9), we may

successfully expose the factor e751 as follows:

AED "a{ 4&,e°°2 exp (81 yE5FCEQ)
= AE2 +e
-f aE, o? FED + &) (5.10)

(Eq. (5.10) continued on next page)
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= ot J a, 2 He,), (5.10)

where we have in effect used the regular representation of S0(1,1),

the group multiplication property of D(E,) = eM2, and the invar-
fance ot fa [é.]- therefore,

s0(1,1)

— ot: M1 wk dD z(€2))g3 ,RHS(g, ) ele {BJ ab, cP? exp(iv, KP") Hey},

(5.11)

which concludes part 2 of the proof.

3. Part 3 of Proof

We have shown that the Legendre equation

A(isusAsz,) £(2,) = 0 (5.12)

is solved by both sides of the second-kind multiplication formula

J J -1 Qa [orb gd y(n) gE(2) Bla) = zf aaeX [e a) (2)@ lL
(5.13)

and we now wish to show that both sides of (5.13) are in fact the

game solution of (5.12). From (H.39) we see that, for complex j,

J ci}the linear combination of &,( 2) and ay (2,), which any
solution of (5.12) must be, is completely determined by the asymptotic

formas 2, +. Thus, we shall prove that both sides of (5.13)
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are the same solution of (5.12), with the same coefficient?, by
showing that (5.13) is true as 2, >. But, using the information

given in (E.20) with w= -ia and (E.22), it is easily shown that

the asymptotic limit of (5.13) as 2, + © is a version of the inte-

gral representation for Qi zy) given in (H.58). This concludes
our proof,

4, Proofs of the Other Multiplication Formulas

The formulas (2.13) and (2.14) may be proven by the same

procedure as above. Partl of the proof goes through intact, since it

depends only on the general g,*g, = structure of the miltipli-

cation formula. Part 2 goes through as above except K = SO(2),

so equations (5.10) are correspondingly different. It is here that

the restriction that (m,m'n) be integers of half-integers arises.

Part 3 is then shown by taking 2, + as above, then using (H.57)

or (H.58).

Regarding the hybrid multiplication formula (2.14), we men-

tion one detail which causes its proof to differ slightly from the

others. In part 2, the proof that both sides of (2.14) solve the

Legendre equation in 2, fails when 2, = 25, because in this case

= 22) + var 1 ae~1 cos (w) +1 as wrt my 60 the
singularity of on1) ‘touches the endpoints of the integration in
(2.14). This has the effect of causing a discontinuity in the

right-hand side of (2.14), treated as a function of 2, at By = Zo»

and for 2,,2, >1 we find by the above procedure that
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1

1 inw » -imd oJ, -im$af dwe™ fe Oa(z) e } (5.14)
7

- J J J J
(agra) PLC ay) Burlay) + (24-29) aay) PL (a9)

We have chosen the first term for the analytic continuation in 2

and 2, discussed in Section IV.2.

5, _A Note on the Integral Representations for_@ and_P

From Eq. (5.11) derived above and Appendix C.3 it follows

that

J J =i AE; i [ “Ee gd ,Hy(%) Gye) = FJ Ey ob? expliv, R)] eM 2 Gs (ay)

where

K, = isnk,(u' eschv, + cthv, g-) - Ache,2 2 2 2 TED 2 Wy

Setting u' = 0 and taking v,+© on both sides we find, according
to (H.39),

- Tj+l) 1 4AE. oy HE,By(%) = THAT FJ Mey 172 expliv, E) eT? ,

(5.15)

where

ee a

£, = ene a> + 4(541) che,-
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Now, using the symmetry (H.22) and replacing u>-u) A+ -n,

Ea 7% a, 2 +2 we get

: + ' t 1

(ch) = PUjH-u") af da eM QtY Ke I o] (5.16)
" T( §+1-u) eo

with

% = 1 [snaa,+ (J) cha] .

A result similar to (5.16) follows from the equation corres-

ponding to (5.11) in the proof of the first-kind multiplication

formula. The answer may be quickly guessed by comparing (H.57)

with (H.58) and using a = iw:

7

* 1piv(ony) = Hebe) 2 fay erim vB [tno]
T(-j+m ) 20 a

(5.17)

where

&, = i [smo a, + (j+2) cos a] «

Equations (5.16) and (5.17) allow us to interpret the

Legendre integral representations (H.57) and (H.58) as "matrix ele-

ments" of the operator exp (iv), where i, is a realization
of the SU(1,1) Lie generator K, as a single-parameter differential

operator. The full single-parameter Lie algebra appropriate to

(5.16) is
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KE, = 19,
1to

kea [sn a8, + (J+1) ch a]

ZR. + .J, = -t [en ara,+ (52) oh a]

which is just the realization discussed by Mukunda’, Eq. (4.15), and

by Hermann’, Eq. (5.3), Note that the S0(1,1) generator &, is
"@iagonal".

In order to show directly that (5.16) and (H.58) are the

same, one must compute the action of an exponentiated differential

operator. A trick for doing this is given by Hermann, p. 104 (but

sign error in Eq. (5.8)).

Considering the discussion of Appendix D, we are not surprised

at this interpretation of the integral representations since, for

special values of j and the helicity labels, the Legendre functions

are precisely the SU(1,1) Dj UIR matrix elements, aside from
inessential factors.
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VI. Application: the Diagonalization of Convolution Equations

‘The group-theoretic addition theorems are particularly useful

in diagonalising integral equations of the convolution form. If

A,B and C are functions defined on a Lie group G with invariant

measure dg, consider the "integral equation"

ae) = [Bee ](s)

= f dz, B(g,) OC) (6.1)
6

where g, = gg. Let Df ,(g) be the matrix elenents of an
irreducible representation of G labelled by the eigenvalues o

of the invariant operators of the Lie algebra (e.g., Casimir

operators). Indices k and k’ represent the eigenvalues of the

simultaneously diagonalized generators in the basis |o,k> .

The functions DY,"(g) satisfy an addition theorem

Te) = o g

DE ME) = Sen D8,) Dymr(B.)- (6.2)

Applying f ag DE ,"(g) to both sides of (6.1) we find
é

a = aJ ag Ag) Dye) = J ce, ote) f ee Dye) (8)
GG
G

=Ss Sc B(g,) Diy"(e. 1 Soc 0(8 Deane ( 82)1 BC8,) Pia 2 Bp IDB)»kK" G G

where we have used the Haar invariance f ag = J a[z,eJ- f agp,
G G G
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as well as the addition theorem (6.2). Defining the projections

oe oyfix! = foc f(g) Dye) » (6.3)
G

we arrive at the "diagonalized" equation

o,f gw poyFact =" Beg" Gomer + (6.4)

1. Diagonalization in the Discrete Basis

Specifically, if A,B and C are defined on G = SU(1,1),

the equation”?

or = an,

atgvie')= [| Sef avesny + f * B($4 14104) OC dy0¥p965)ov 2 ey Far BC 1% 1) OC darVorbq° ° -20

(6.5)

may be diagonalized by means of the first-kind Legendre addition

theorem (2.1)

Jy = J JyPhe) =), Pie) hate) » (6.6)
jee

where

Jig) = enim pls -in'g" (6.7)
Pim'(8) = © Pra(chv) e :

The resultant diagonalized equation is

Jae Jods

‘mm & Fim Som (6.8)
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where

es f ag #(¢)PJ, e) (6.9)mm ‘mm

G

with dg as shown in (6.5).

Once the diagonalized equation is "solved" for Ad,,'
(e.g., if B is given and C is a function of A), the function

A(g) may be reconstructed from its projections according to (G.15a).

The diagonalization above was discussed in connection with

the partial-wave analysis of particle scattering amplitudes by

Serterio and Toller”"(1964) and in further detail by Toller”

(1965).

2. Diagonalization in the Continuous Basis

Asoume now that the functions A,B,C are defined”? only

on the semigroup 8.” discussed in Appendix E.3. To diagonalize
‘the equation

ACE,V,E ) f ze dv, +shy = BE} 5V 58; ) OE ,¥2,82)Le ° ~°

(6.10)

we apply the second-kind Legendre addition theorem (2.7)

ie

Sue) 2 2 J J,
M6) = ge J Ale) Bile) 5 (6.11)

-ie
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where

Sig) 2 et gi, aeHye) = eh Mis (chv) e (6.12)

The result is

io

j,.2 JodsAu r f @ By Oy, (6.13)
ie

where

ee! f ag eg) Ce) (6.14)un By .
Sot

with dg as shown in (6.10), Again, if the diagonalized equation

is solved for the AJ, , the unprojected function A(g) may be
obtained from (G.17a).

3. The Diagonalization of Abarbanel and Saunders

Consider the following special case of (6.10),

oy.) -f B fo shy, BC=,45=) C(Eps¥95~)aa 20 1 1 oY 27° 2?

- °

or

A(z) = a dz, B(z,) O(E,25) (6.15)
a 1 27727? *00 1

where a dash indicates an absence of functional dependence on the
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variable appearing in (6.10). We have removed the (non-compact)

integration over £, and have set £, = 0." It is easy to show that
‘the diagonalization procedure is unaffected by the fact that the

full invariant integration fails to appear in (6.15); only the

projection of B is different.

From (6.13) we find, after cancelling delta functions, the

following diagonalization of (6.15):

1

5-2 f aveo£ ar vd, od, (6.16)
fie

where o

al, = f az M2) #2) (6.17)
1

jo. Jba 7 f dz B(z,) 9, (4) (6.18)
1

io.

f

. 2 igiSho = f f dz, + C(Eps%9) € (a2).
~~ 1

(6.19)

Specializing still further by removing the &,~dependence from

Of E25), we get of, = 6(1d) e), , 80 the diagonalization of

= clsMo) = [ fe, vl2,) o€2,) (6.20)
- 1

is

1

= iod.ec,, 21,ey, = Boy (6.21)



50

with all projections of the form

ay = J dz A(z) Q(z) .
1

In terms of simplicity, (6.21) is comparable to (1.2).

The special case of the second-kind diagonalization given

as (6.20) and (6,21) was discovered by Abarbanel and Saunders”?

(1970) and further analyzed by Cronstrén®? (1974).

4. A Physics Comment

Briefly, the physical significance of the simplified convo-

dution Eq. (6.15) may be understood in terms of Fig. 4 which shows,

in schematic form, the typical miltiperipheral integral equation

(in a particular kinematic configuration, see com (27). te x's
mark “CDM frames"*’ and the variables shown are the boost para—

meters which link the frames in a manner similar to the usual Toller

or BCP variablee.7? Of course these variables are also the S0(2,1)
group variables we have been using all along in the continuous-basis

S,° semigroup parametrization, and g = €)85-
‘The multiperipheral integral equation symbolized by Fig. 4

is a statement of (s-channel) unitarity. This means that, roughly

speaking, A,B, and C are the discontinuities of reggeon-reggeon

scattering amplitudes, with "cluster masses" sensed by the variables

V, Vj» and Vy. We have included in C the "reggeon propagator"

whose "energy" dependence is characterized by the variable £,.

The loop integration in the miltiperipheral equation is the

Iorentz invariant d*k, where W is the 4-momentum of, say,
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the lower reggeon of the reggeon propagator. When this momentum

is viewed from the leftmost CDM frame, one finds that:

ae = aT+ ag.1

where

av = kakaw

= SNA) -Mt, t,t) dt, dt,/8(-t)

= $au'(-u') ae 42

and

ag, = a6, + (ch) «

The variables KyWytyty sty 2) are described in CDM and AS
but are of no concern here. The point is that the "loop phase space"

a’k factorizes exactly into a residual "transverse integration" aT

(which survives in the partially diagonalized equation), and the

group phase space ag, which appears in (6.15).
In other words, the t <0 multiperipheral equation is

a convolution equation with respect to the S,* semisubgroup of
$0(2,1) and may therefore be exactly diagonalized by the second-kind

addition theorem, This is in contrast to the approximate diagonal-

ization obtained by use of the Mellin/Laplace/SO(1,1) transform

which treats the integral equation as if it were a convolution with
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respect to SO(1,1) rather than S0(2,1). A problem with this

S0(1,1) or"rapidity" approximation is that certain potentially sig-

nificant effects (such as threshold behavior) get washed out in the

diagonalization process.

‘The reason that Abarbanel and Saunders were able to partially

G@iagonalize the ASF equation using (6.20) and (6.21) is that the ASF

equation has an energy-independent pion propagator in place of the

more general reggeon propagator, i.e., O(2,) in place of OC Ey 1%5)+

The diagonalization of a fully reggeized multiperipheral equation

(such as the planar bootstrap) would look more like (6.16) or

(6.13).27"29 the variable A is related to the analytic continuation

of the helicity of the reggeon propagator in the same sense that the

full projection given in (6.14) is the helicity continuation of the

Froissart-Gribov projection with spin. We hope to clarify this

comment in a future publication.
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Note Added to Manuscript, After writing this report we have discovered,

much to our embarrassment, the existence of the references listed

below, in particular Ref. A. This pleasant paper ( a follow-up to

Ref. 25 ) contains on page 269 a statement of the second-kind addition

theorem and multiplication formula, and makes the identification of

the second-kind Legendre functions with the continuous-basis SU(1,1)

matrix elements (albeit for the C, rather than the Df series). We
suspect that similar information is contained in Ref. C which we have

been unable to locate. Moreover, Ref. A effects the diagonalization

we have given in Section V1.2, though we might still claim to have

done so with more generality and conciseness, Ref, B extends the

work of Ref, A to the t-0 case. Ref. E describes the significance

of the semigroup which we stumbled upon in our Appendix E.3. Refs. D

and E discuss the possibility of projecting amplitudes onto (Banach)

representations of the semigroups of SU(1,1) and SL(2,C) which support

the multiperipheral integration in the t<0 and t=0 cases. Finally,

we note the criticism lodged by Ref. F against "improved" expansion

theorems like our (G.17).

A) H.D.I, Abarbanel and L.M. Saunders, Ann.Phys.(N.Y.) 64,254 (1971).

B) H.D.I. Abarbanel and L.M. Saunders, Ann.Phys.(N.Y.) 69,583 (1972).

C) N.W, Macfadyen, Carnegie Mellon University Report, October 1969.

D) S, Ferrara et. al., Nucl. Phys. B53,366 (1973).
E) G. Soliani and M. Toller, Nuovo Cimento 154,430 (1973).

F) N.W. Macfadyen, Commun. Math. Phys. 28,87 (1972).
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Appendix A: Lie Generator Conventions

1. Lie Algebras and Weyl's Trick

The six abstract generators of SL(2,C) satisfy the Lie

algebra

[s.-3] = Ley I
foun] © Fein he
[eve] = -1 ©4 je Tye (A.1)

From (A.1) and the Campbell-Hausdorff formula it follows that

ios y lb, - . ee qe cos $5, + sin O35 Jy

Pear’ K, cL = cos GK, + sin de55, Ky
-ivky 5 ivK, LC ot .e dye = oh ved, # sh vegyy Ky
~ivk, , QivKi LC Ke .e Ke ch wk; sh Ves ix ye. (A.2)

The SU(2) subgroup of SL(2,C) is generated by

Sy Tar 33

with the Lie algebra

| =i ein Jy
and Casimir

2. 2432473
Ps p++.
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For the SU(1,1) subgroup of SL(2,C) we choose the

generators

Ky, Ky 53

with the Lie algebra

el = ik [s 5] = AK
fen} = Ad, (4.3)

and Casimir

2 2 42 _ x24 32
Fos -K- K+ dZ (A.4)

The SU(1,1) Lie algebra may be obtained from that of

SU(2) by the mapping

(TypFyrJg) > (A yA Kod)

a fact sometimes referred to as Weyl's Trick (see Appendix B.1).

In the explicit realization of SL(2,C) given below, the above

mapping is an identity.

There are several simple automorphisms of SU(2), two of which

are the obvious cyclic permutations. Two more are

(31 1I053) > (-Jy,-IgoJ5) , (Igs-Fy Fg) .

From these four, a list of 23 automorphisms may easily be constructed,

allowing any generator to be mapped into (plus or minus) any other

generator. Using Weyl's trick, the corresponding list of 23 auto-

morphisms of SU(1,1) is at once found. Two of these are
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(KoKy9Jg) + (KyoKyJ) » (0K, 1K).
(A.5)

The first shows (see below) that our generators KK and J3

are trivially automorphically connected to the "J," used by

Mukunda?

mm = =i

36) 33° 2%
nym = = hi
y R= 24%

mgm = Ke ek

32) Ke zigg.

The second automorphism in (A.5) is useful in interconnecting relations

between the discrete and continuous-basis parametrizations of SU(1,1)

(see Appendix C.3).

2. Explicit Realization of SL(2,C).

The Lie algebras given above have the following two-dimensional

realization,

=i -uJ, = 5% K, = Zio, (4.6)

where 0, are the Pauli matrices. The matrices of the one-parameter

subgroups may be found from

eZ = cnata teh a(aeg) ,
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= (tet yewhere g@ = complex 3-vector and a = (ay tas + oy ) . They are:

vvc2 -is,6/2 ch z sh z
197). “9 Aan» 2e = \HAB5 Ugo e en} cn

v Lish¥Cyn Seo ch -tsh

1bI2 . -ivKa . % chYe Seo ge e ish# ch}

( eit/2 4 ) (a °et#3 = \o of 9/2 ek -\o ev,

(4.7)

Whereas the J, are hermitian and the e191 are unitary, the Ky
are anti-hermitian and the eM are non-unitary.

3. Relation to the Lorentz Group

Throughout this paper we have avoided repeated mention of

S0(3) with SU(2), and SO(2,1) with SU(1,1). Physical applications

of the addition theorems (e.g., diagonalizations as in Sec. VI)

usually involve these Lorentz subgroups rather than their SU counter-

parts. For this reason, we include here our convention for the

connection between SL(2,C) and S0(3,1).

If we represent an arbitrary SI(2,C) group element by

« - ctlsst+e- 4]

the corresponding element of the (proper orthochronous) Lorentz

group S0(3,1)" is given by
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wool. +
al) = % trace {x gE ]

according to the usual homomorphie connection (see Riihl,?° Eq.(1-6) ),

x = gxg x = ox" yt+2 x-iy
xt+iy t-2

nos " oh yyx oy xhe a,

The 4-dimensional Lorentz generators defined by

; uwoe
-i faeg + bkms (ot [eer ed)e

are then given by

0 db bby

aJ+beK = i x my 0 “830 82],

bo a, 0 may

b, a, a, 0

According to this connection between SL(2,C) and S0(3,1)*, the

Lorentz transformations corresponding to (A.7) are of the active

type, e.g.,



-58-

chv shv 0 0 100 gq

shv chy 0 0 0 o,-8, 0
Hiv, ibd h(e vy o o 10 (e A) y= ]o Sy Cy OF -

0 0 O01 ooo 1

(4.8)
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Appendix B: Representations and Bases for SU(1,1)

In this appendix we derive the classes of UIR's for su(1,1)*+

and define the meaning of discrete, continuous and mixed basis. In

each basis the forms of the matrix elements are given, but the ex-

plicit functions are deferred to Appendix D.

1. The UIR's

The unitary irreducible representations (UIR's) of SU(1,1)

are all of infinite dimension, since SU(1,1) is non-compact. In

the discrete basis, to be described below, the basis vectors |j,m>

which span the representation space of a UIR are eigenvectors of J*

and J,, just as in the usual SU(2) analysis. In fact, using
Weyl's trick” as mentioned in Appendix A,

d,2 J, £4d,>+-4K, where Ky = K tik, ,

and our knowledge of SU(2), we find for SU(1,1) that

x2. 2kK, lym> = [med - (5 +B?) Jsmea> (3.1)

: 2 1,2 3 1,2<Jom| KK,[Jm> = [[K]im>[]° = (m+ 5)" - (i +5).
(B.2)

To say that the UIR {|j,m>} is unitary is to say that the

generators K,,K,,J, are hermitian with respect to the scalar pro-

duet <|>. Therefore, <|> had better be a scalar product.

As (B,2) shows, this will only be true if (m+ 3)°> (j +3)
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for all {j,m> in the representation. From thie simple fact, and

the truncation possibility implicit in (B.1), we immediately know

all the UIR's. With the spectrum of J, restricted to integers
and half-integers (for single-valued representations of SU(1,1)),

the nontriviel UIR's are displayed in Table B.1.

TABLE B.1 The UIR's of SU(1,1)

name range of j 5, spectrum

oa J =- $+ 4s (8 real) m = 0,41,42,...

oe J = - $+ 4s (s reat) m= 4,42,...

-$<3<0 m = 0,41,42,...

Mi = - 40,4, 1, 2 = jDy, J = - 50.5 Ls Gree m= jtl,jt2,...

- j= -40,41,2 = -J-1,-J-%
Dy. J = - HUBLI. m= ~J-1,-j-2,...

The UIR's are called, respectively, the integral and half-integral

continuous (or principal) series, the exceptional (or supplementary)
series, and the positive and negative discrete series. The notation

is that of Bargmann’ who uses

aq = -J(J+1) k= jel (B.3)
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so that

a = kik)=p +57 (2.4)

a ; - -2.f2-k = $445 j $+ft-a -

2. Discrete Basis

The vectors |j,m> which diagonalice J° and Jy>

Fim = Dm 3) = aim,
(B.5)

comprise the "discrete basis" of the UIR labelled by j, so-called

because the spectrum of the compact generator J, is discrete. As
indicated by (B.1), the points of the spectrum are separated by

one unit and, since J, is hermitian, the spectrum lies on the
real axis. The normalization and completeness of the |j,m> are

given by

<im|jm'> = 6," Y= Y ism <ial ,
m

(B.6)

where 1J indicates the identity in the Hilbert Space HY of the

UIR, and the sum on m extends over the appropriate range as shown

in Table B.1.
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The abstract elements of the Lie group SU(1,1) are repre-

sented in H! by operators U(g), where g indicates some para-

metrization of the group elements. The UIR matrix elements in the

discrete basis are then <j,m|U(g)|j,m >.

The traditional parametrization of SU(1,1), and the one

appropriate for taking discrete-basis matrix elements, is:??

Uy(6,v,9') = e183 etMRe o16 3, (3.7)

If we restrict $,v,6 to the regions

O<so<anr, an <o < 2m, v 20, (B.8)

SU(1,1) 4s covered once, but S0(2,1) is covered twice. For

S0(2,1) this double coverage can be removed by giving $° the

same range as $.

‘The discrete-basis matrix elements then have the form

JomlU,(9,v,6" )]Jm> = etm g-AM O gh wfeHMK2 |jm!>,
(B.9)

3. Continuous Basis. If the non-compact generator K, is diagon-

alized instead of J,

Plip> = sip> K[p> = plip> 5
(B.10)

we have the "continuous basis" since the spectrum of K, is the con

tinuous real line (again, K, is hermitian for UIR's). Actually,
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for the ©, UIR's, the spectrum of K, is the real line twice, and
a bi-valued multiplicity index must be added in the kets, |j,p,b>.>+

We shall be concerned only with the D,* UIR's where there is no
multiplicity index.

The normalization and completeness relation for the D,,”
UIR's are

<jplip > = (pp) = J dp|j,p> <j,p] 5

(B.11)

where j takes the values shown in Table B.1. It turns out to be

more convenient to use the purely imaginary variables u = ip

and uw = ip’ go that

K|iou> = -inldu> <Suliu > = 6(iu-au )

ie

a= (-1) f aul j,u> <iu]- (B.12)
Me

This is the Mellin-Barnes contour which appears in the second-kind

addition theorem (2.7).

An appropriate parametrization for the continuous basis is

U(Ev,6') = oA eM HE 2 (B13)

The sector of the SU(1,1) group manifold which admits this para-

metrization with v 20 forms a semigroup s,* (see Appendix E.3),
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so for ge 8," the continuous-basis matrix elements for the

D,” UIR's have the form

:

‘ " = 7

‘et

; -ivK; eit

<5 ulUCE.v.E du> = eM eH EF jule PM] ju

(B.14)

4. Mixed Basis

Matrix elements in the "mixed basis" have J, diagonal

on one side, and K, diagonal on the other. Any element of su(1,1)

can be parametrized in either of the forms

U,(on6') = 73 ei gE
(B.15)

Ueno") = eA eine ont Jy

The mixed-basis matrix elements for D,* then have the form

. toot - au'e! “i 1
<ioml0j(Gn,6')Isu'> = eM HF <jymle MI 5,u'>

; "eat ane ,-in'g' 10K)"
<imlU,(En, im> = WE imo cj jule M2] j,m'>

(B.16)
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Appendix C: The Lie Generators as Differential Operators on SU(1,1)

Following the approach of Bargmann” we show in general how

Lie generators can be realized as differential operators on the

group manifold itself. Then we explicitly calculate the operators for

each of the SU(1,1) parametrizations. The main point of this effort

is to obtain the second-order differential operators for the Casimir

which are used in the following appendix to "compute" the explicit

SU(1,1) matrix elements.

1. The Method

Consider an n-parameter Lie group associated with one of the

classical matrix groups. Let the generators be G,, the parameters

Py» and let U(p) be a representation so that

up) = ePiGt e$P2Gig |e tPnin . (0.1)

In this chain of operators, some of the generators may appear more

than once, others not at all.

The generators Gy ean be realized as differential operators

%, on the manifold p (the parameter space) according to?

Gp) = -G, Ur) . (0.2)

Since the 6, satisfy the Lie algebra [0,,¢,] = of 80 do the4 ei 5 ij Gy
a:
a:
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[8,.8)) 0) = (G8, - 88) wt) (0.3)

.

= (-G,6, + 6,6;) Up)

= (68, +6,8,) up),  [o,,8] -0

= (G)G, - 5) Up)

= - [2,0] ue) = <¥, a, utp)995, ty

= okt

= of, Guy) . (0.4)

If U(p) is taken to be the "elementary" matrix representa-

tion, (C.2) is a simple system of equations which can be solved for

the functions X,,(p) which characterize the operators a,
A

= —sa, Ye x4) ay . (0.5)
ja

We find it more convenient to think of U(p) as an abstract repre-

sentation and, in effect, let the Campbell-Hausdorff identities do

the work of solving these equations. This method is illustrated

in the following sections.

2. Discrete Basis

We calculate the "differential generators" &, for su(1,1)
using the standard Bargmann parametrization
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UV, = Uy(d,v,9') = e893 erAMKa HP TZ

First,

au.

oa = tut, 95, = 4a. (c.6)

Next,

au ‘ '

ts 13 (aK,) AMD tt 93
av

. ~i9d. igs.= (-4) (673k, e793) 0,

= (-1) (cos > kK - singK,) Us

where we have used one of the Campbell-Hausdorff identities (A.2).

Therefore,

id, = cos ok, -cingkh . (¢.7)

Finally,

au. 1.
Ai. ots tM (-13,) elt
do

= (-4) [et (ota 4g, ofa) 33] u
(Equation continued on next page)
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= (-t) [1% (chvd, + shvk,) | v

= (-i) [ovs, + shv(cos$ K, + sing *)] yo.
‘Therefore,

1a, = chvd, + shv(cos ¢ KR +sinek) .
(c.8)

Combining (C.6) through (C.8) we find

for U,(4,¥,4") = TOs tMKe eld 3

J, = 1%

K = -icosA+i sing a,

R= -isingA-4 cos $ 2, (0.9)

Ros Beak = (ans,

where A= Bd, (a!- env a)= Shy ‘°o o

The Casimir J° 2 -K-K5 + Jj is most easily computed from
r= % - 3 (ke) , With the result
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PR 2 2 _ 92= a + cthy ay + (A - %)

1 i 2 2= —/a, fonva)+ a2 + a2,-2chv 9,9,"nu » [ava aal% gr Benn 2425]

- 2 2 1 2 4 92h := (2? 1) 0 + 200, + ra Ei + aft = 22 2424] ,
where z= chv. (0.10)

3. Continuous Basis

To get the corresponding expressions for the parametrization

U,(E,v,6') = eR eM oAE'K we can repent the above
procedure. However, since this parametrization can be reached from

the preceding parametrization via the automorphism (K,,K,,J3)

> (45, ,K5,4K ) and change of variables & = id, e = ig" » We can
simply translate the above equations accoraingly.2° Therefore,

for U(E, VE) = ef eiVK goth

R= -1a A = sh (48,! - chy 42,)1 € shiv 0"e &

3, = -ohEA- tone 2, . «
Ky = e° (-iA + 3)

K = -shEA - iche a,

2 a2ayp2 1 2 1) elt :t (Payee + ana, ‘ap [0297 + (43,1) 2a 48, X43p »} ;
(¢.11)
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again with z= ch v.

4, Mixed Basis

By setting u= i+ J in the third of equations (A.2) we

find 1x he2m, 2

e Fae = aK, (c.12)

from which it easily follows that

HL ter, 1UxldnE ) = eZ inky gi Ky

' -"K

. [ert#¥3 eK) oie 3] e272 ,
(c.13)

where §' = -i6' and v=n+id. Now, ret &(4,v,6') de
one of the Bargmann-parametrization generators given in (C.9).

According to (0.2) and (0.13) ,

'

_ _ ag!Elove') 0, = -60, = Elon+i5, a6) U,. (0.24)

The derivation of the first equality in (C.14) goes through exactly

as in Section 2 above; it is unaffected by the presence of the factor

exp (- z K,) sitting on the right side of (C.13). The second
equality in (C.14) indicates that the differential generators in

the mixed-basis paranetrisation U, are the same as those in the

U, paranetrization with g'+-ig' and v>+n+43. Therefore,
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for U,(dn,6') = eM3 evil eHE M

s+ = i ' -5, = “12, A tan [as ) - (ishn) a]

Ros -t cos $A + i cin } 2,

R, = e410 + a4)K = -i sing -i cos 3,

32 92 1 2 12 1Bos ape tang, - [% + (42g) ~ 2(doh n) ag(4g )|

= (2 2 1 2 1)? - 2a '(2-1) 88 + 22, ‘oh fe + (49,1 = 20094(42¢ J >
(0.15)

where now 2 = ish n.

Finally, for U, we apply the automorphism (K5Kp,53)
> (AT pK A ) to the U, results (C.15) with the variable change
o> -18, £1 + -19' to get

for u,(E.n,g') = et g-Amke gl 43

Re 4a Ae he [40 - (amc,]

3, = -chEA- ish & a,
= eM(ans a)

(Equation continued on next page)
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2 72 2 + 1 2 rye 3!
Jo = (2° 1) 8) + 228, Ga2 [oa + (34 ») 2a( 43, )( %, }

(c.16)

where again 2 = ish n.



~73-

Appendix D: The Casimiric Differential Equation and Explicit

SU(1,1) Matrix Elements

In Appendix C we constructed realizations of the SU(1,1)

Lie generators as differential operators on the group manifold

according to

GUlg) = -GU(e) ,

with G, and U(g) operators in a representation space, and G,
the differential generators in the parameters. In particular,

Pug) = sug). (D.1)

Therefore in some basis |j,a>we have

F <alueylsa> = <J,alFu(e)|J,a>

:

2 D
= <j,alIUe)|i,a >

: ' 2

= <jaltle)lsa> [ute] =o

= M541) <Laltlelina> . (0.2)

so that the UIR matrix elements are eigenfunctions of the Casimiric

differential operator. If we define A(j;u,v;2) as in (H.1),

then application of J in the forms (C.10), (C.11),(C.15)ana (0.16)
+d the matrix elements (B.9), (B.14) and (B.16) tells us, according
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to (D.2), that

AC jsmym' seh v) <5.mleM2|jm'> = 0, (0.3)

' i 'ACSsuyu jen v) Jule M2|ju'> = 0, (D.4)

K(Jsmuzi sh n)domle“™2|j,u> = 0, (0.5)

+ yletMKoyA(Jsu,-mst sn) <Jjyule*™2]j,m = 0. (D.6)

Therefore, the matrix elements of all UIR's of SU(1,1) in the

discrete, continuous and mixed bases are Legendre functions in the

zevariable indicated. ‘The only question that remains is: which

Legendre functions, and what are the coefficients?

For the discrete-basis matrix elements we know that

m-m' = integer and <Jom[j.m> = 6, ,' + From (H.41) and
(H.42),

J - J Imm" |/2aim PI (ze) = 6 ty Lim @ (a)v (2-1) :venom ‘nym eee)

We regard this as evidence, if not proof, of the fact that all the

discrete-basis UIR matrix-elements turn out to be, with a convention-

al phase choice,

-1VKy), 0! = atom fai, * pd a<jmle > '2|j,m> = (+1) Git, Pag'(eh v)

= ai," (ch vile) , v0. (D.7)
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As proof of this result, we take K, = iJ, in SL(2,C) and ob-

serve that (D.7) is exactly the analytic continuation of the SU(2)

Wigner d-function onto the right-hand cut (see Fig. 6(c)); but

see also Ref. 16 and references in footnote 31.

For the continuous-basis D,° matrix elements, » and wu’
are both imaginary and <ju|ju> = 6(iv-in ) . From (H.41)

and (H.42),

j (a! uy/2 Jdim PA (2)v (2-1) M2, rim gh (2) = +nO(iuetu') .ze MH pa

Again, this is suggestive of the result for the a matrix element
Which is

iF (') ;-ivKy), 's

2g 2 lL. git<jule2|iu> = e tz Myton v), v7o.

(D.8)

This matrix element has been explicitly calculated by Pasupathy and

Radhakrishnan?’ using the method of Mukunda and Radhakrishnan.?®

From the work of Lindblad and Nagel,?? it is possible to

evaluate the basis transformation matrix <ju|jm> directly from

the Lie algebra, and to conclude that the mixed-basis matrix element

is a second-kind Legendre function. In a calculation based on

Mukunda? and following the lines of footnote 34, we have found that,

in a phase choice consistent with the continuous-basis matrix

element, the D,” mixed-basis matrix elements are:
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Ha D(mu) ,-inkp z J<i, y= Ae +ish n),‘Jone law e (#4 sh_n),

tr ;#15
(mH)<jule@™2/j,m> = Ave 2 Gi,m (sich n), 130

where

7 4A= E o[ecseasmyr(-jom)] 7 (0.9)

These matrix elements may also be computed using the non-local

(4.e., non-miltiplier) construction of Mukunda and Radhakrishnan.?®

The mixed-bacie matrix elements for the ¢, series have been cal-
culated by Kalnins;*° see also cmM.””

We feel that all these matrix elements should be rigorously

obtainable from the Casimiric differential equations and some

boundary conditions without explicit construction of the represen-

tations, but we do not know how to do this.
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Appendix E: Elaboration of g = 85

Here we state in detail the relations implied by g = g)85

in SU(2) and in the discrete, continuous, and mixed bases of

SU(1,1). In Section 5 the results are summarized and a relevant

asymptotic limit taken. One may obtain equivalent parameter rela~

tions for g = g)g, in terms of half-angles by simply multiplying

the SI(2,C) matrices given in (A.7).

1._su(2)

For each g in g = €,8, we use the parametrization and

abbreviated notation,

g = e263 .10J2 16 13 gag .

‘Therefore,

B= Be 7 O94 = 44916) + 4,024,

> (4-41) (6-05) = 9)(0)44,)8,

Pood = Ow 6, .
(£.1)

In the last line we have, without loss of generality, set 4,

= 5 = 0 and defined w= oy + 65+ Applying (E.1) in s0(3)
to the z-like unit vector (0,0,1) we find, using (A.8), the three

equations
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sing sin@ = sinw sine,

cos # sin ® = cos 0, sin Gcos w+ sin 0, cos 0,

cos @ = cos 8, cos 8, - sin 8, sin 8, cos w.

Six similar equations are obtained by substituting into these three

the replacements suggested by

$06 = 0,08,

“1 '> o% o,w = 09) ot

fel Lgl> wig =o oe.

The results are then summarized in an obvious notation,

- 4 2Sy = 1%,- Sq0,0, 8 = +1 - 02

Cy = (Cy S.C + S Cy )/Sq S, = Sg S/Sq-) 0,50,°w * $0, a 05u/So

(£.2)

The equations for $' are obtained from those for @ by 12.44

By convention, we take 0< <7 so that sin @ >0.
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2. SU(1,1): Discrete Basis

For each g in g = g,€2 we use the parametrization

g = offs ota 1b 3 2 gg’.

‘Therefore,

B= 6 F VG = b)%4b)+ b5Vobo

> (6 - 0" - 65) = yl, + dv

'

Sove = yw (2.3)

again removing redundant parameters. Since K,= iJ, in Sl(2,C),

‘the parameter relations are obtained from those of SU(2) given in

(E.2) by the replacements

eriv cos @ + chy sin@>ishy ,

and the same for 8, and 6,. Therefore we find,

chy = chy, chy, + shy, shv, Cy, shve +Vohy -1
1 SPY 1 SPV Cw

SF (chy, shv, CG,+ shv, chv,)/shvy Sy = sh v,S,/shv.

(£.4)
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with the expressions for $' given again by 1472. By convention,

v>o.

3. SU(1,1): Continuous Basis; the Semigroups _S_~

For each g in g = ££) we take

gs ete ike HEM 2 eyed | (z5)

80 that

B= 88 F EVE = ivy, °Esv.E>

> (E- 65" - £5) = ve, + Evy

DEVE = Wavs (£.6)

where a = g + E>, ete. From (4.2) we can turn K, into J3 by

1. 1-3k 2%
e Ke = -id, (E.7)

Therefore we rewrite (E.6) as

SEK g-VKy gE 5 govKp gta ,-ivak2

=> en l(-4E)J3 ela ei(-18 3 2 Q-ivK, ei4a)T5 -LvoK|

But this is (E.3) with @=-16, 9° =-i8', w=-ia. Thus we

translate (E.4) accordingly to get:
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chv = ch vy, ch vy, + sh vy sh vy cha (2.8)

che = (ch v, sh v, cha + sh vy ch vz /sh vy (E.9)

she = sh \ sha/shy ; (E.10)

with &' expressions given by 12.

An essential difference between the continuous-basis para-

metrization and those considered earlier is that not all of the

SU(1,1) manifold is accessible to (E.5), e.g., the J, rotations

are excluded. Ina rough sense, only 1/5 of the SU(1,1) and

2/5 of the SO(2,1) manifold can be reached.** Therefore, if we

define the sector of SU(1,1) accessible to (E.5) as S,, it is

not obvious that g,,£,€S, > €= ££ €S,. In fact, from

(£.8) it is clear that if v, and v, have opposite sign, it is

likely that chv<1, 2 v not real => g ¢ S,. In other words,

8, 4s not closed under group miltiplication, although g € 8,

— gles). (If S, were closed it would be a non-trivial 3+
parameter subgroup of SU(1,1), which is nonsense.)

On the other hand, if v, and v, have the same sign,

chv>1 and geS,. Moreover, from (E.9) we see that v has

‘the same sign as v, and v,. If we define S," as the half of

S, with v>0, and S,” as the other half, then we have shown

that S," 4s closed. However, §," is not a subgroup of SU(1,1)
because, aside from the above remark, the inverses of the elements

of S,* all lie in S.~. An object such as S,* is called a
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semigroup, so S," and S, are semisubgroups of SU(1,1).

4. SU(1,1): Mixed Basis

We take

ge = eh ik bm = EVE

g, = oak emake g1%3 = Famhy
‘ 7 ag! '

& * eth ad3 ekg ee ok = bang »

so that g remains in the continuous-basis parametrization,

but g, and g, are in mixed-basis form. Then,

' ' '

B= GB. EVE = End, + bynge,

(Ee - &e' - £)) = n(O, + ong

=? EvE = nw ny, ,

or

TER, lV HE’ LynnK, gchu3 gingKy
(B.11)

Using (E.7), the right side of (E.11) becomes

x tft 1et [a oi 3] Ko gt to) et[ne +i 5]x, .
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Therefore, (E.11) is the same as (E.6) with v, =n, -i5,

vy =n) +if, and a= iw. Then we may convert (E.8)—>(E.10)
according to

chy> -i sh ny ch v,+4ish ny sha>is,
shv, *-i ch nm sh v,+ich np cha+c,

to find:

ch v= sh n,sh nj + ch neh mC, (B.12)

sh&= -(ch n,8,)/shv; sh & = +(ch n4S,)/shv
(B.13)

ch & = (sh nych nC, + ch nysh no)/sh v3; ch & = (162).

(E.14)

Although all of SU(1,1) is accessible to the mixed parametrizations

&, and g,, the product g = g8, will not in general fall into

the sector S, defined above, in which case £, v and e' are
imaginary = g € SU(2). For our purposes, we restrict to n, > 0,

ny %0 and cos w>O inwhich case g ends up in 8," as seen
from (E.12) and (E.14) above.

5. Summaryand Limit as |z)| > ».
The information described in the preceding sections can be

summarized by the following redundant set of equations together with

Table E.5:
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2 = may+ Ve -1 Vas-1 cose (B.15)

ty = 2- Ver -1 Vel-1 cos (E.16)
cos¢ = [z,Ver -1 +2, We -1 cos w] /Ve? -1

(E.17)

sing= sinw Ve -1/VP-1 (2.18)

of 162 (Vek - 1 + 2V05 - 1 coswt ieintMes -1)/Vo%1.
(£.19)

The expressions involving ' are obtained from (E.16) through

(£.19) by taking ¢ +9 and 92.

Important asymptotic limits of (E.15) and (E.19) are:

In| +e: 2 = a(2, + V2g-1 cos w) (£.20)

6 vig! _[ V3. 1+ 2,008 w #4 sinw
et 21, etd = ST] ee)

2 + 25 -1 cosw

’ V22-1 +2,cha+ shaee = 1, eM =| 222I (p22)
z+ V2g-1 cha
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TABLE E.5

2 2 LU% % 2 Asad dena Het gg
1. su(2) C G, CG is, is, is, ¢ 6 ow0, %, % 8, 0, 5

'

2. discrete ch yy ch Vo ch v sh vy sh Vy shv o o wo

3. continuous chv, chv, chy shv, shVy shv ~i€-L€ -ia

4. mixed ~ishnyishnychv -ichny fchn, shv -if -16' o

eee
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Appendix F: The Regular Representations

The so-called regular representations are discussed in Chapter 1

of Vilenkin's excellent pook;? we mention here only a few details
relevant to Section V.

In a shift representation, the elements of a group G are

represented by shift operators acting on a space L of functions

which are in turn defined on a homogeneous space M. Thus,

ey) (x) = fey x), (F1)

where g,¢G, feL, x eM, It is easy to show from (F.1) that

Me.) Me) = Neg) -

For a Lie group, the operators 1(g,) may be expressed in

terms of the Lie generators, as e. g. in Eq. (5.6), and then these

generators will be realized as differential operators in the variables

of M.

It may be shown that any homogeneous space M is equivalent

to G/H, the space of cosets of G with respect to some subgroup H.

If we choose H = {1} , then M-=G and we have the "regular"

representation,

1™e,) te) = t(ey" e) , (F.2)

where now the Lie generators are realized as differential operators

of G itself, i.e., in the parameters of G. In fact, the
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generators of the regular representation are exactly those generators

constructed in Appendix C, as we now show.

First, in (F.2) we visualize f(g) as a function of the matrix

UP),

een) = F [up)) ,

where, as in (C.1),

Up) = e@P G1 _tP2 G2 .., ce

(F.3)

We shall assume that (F.3) is symmetric in the sense that Gi = Gy»

Gj, = G; |» ete., and also that each of the generator matrices isn~:

either hermitien cf = G, or anti-hermitien cf = -c,.
The notion of the derivative of a function of a matrix,

which we need below, is easily shown to be

F [up + au) % OF (oo) + trace [sv-v] F [om] » (4)

where 6U is a matrix of small parameters, and

:

3% * SWOT

If we parametrize the operator T(g(p)) exactly as in (F.3)

but with the operators @, replacing the matrices @,, we may

compute the @, by examining (F.2) near the identity using (F.4).
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We find,

Pp). +U(p)+@P) = ~trace [¢,-u(p) v). (F.5)

For example, in SU(1,1) this is

a B) (a, 3G8) =~ trace [a { *\, ( * ))Bal lop 3g

Applying (F.5) to the matrix U(p) we find that

a =
8) wp) = -our) ,

which shows that the @,P) are the same as the generators con-
structed in Appendix C.

The representation (F.2) is the left-regular representation.

One may also construct a right-regular representation on G according

to

nMa) te) = fee),

from which {t may be show that the right-shift generators ,¢,(?)
are given by

(p) *G, *RiP? = + trace [u(p)-G, 7]

(>), = aRep?) = + Up)o, -
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‘The right-shift differential generators also satisfy the Lie algebra

of G (see C.3). With the stipulations made above for the form of

U(p), the left- and right-shift generators are related by

+ *(Pp) 2 3} e@()Ro = 714, : (F.6)

with * depending on whether G,*= 4G, , and

P= (Py sPo9++-Pyigs Py)

pis (py Fp ¥P2*P,) (F.7)SPs FPyagees Poe Py .

where the signs in (F.7) are + depending on the hermiticity of the

generator associated with each parameter in (F.3), Gf = 40,
From (F.6), left- and right-shift Casimir operators are

related by

R

which, in our discrete basis parametrization of SU(1,1) becomes

7204.6) 2 [32-6 ~)] *R :

z #2From (C.10), the terms in are all real, and is symmetric

under  # -$', so the Casimir (and Laplace operator of Section

V) 4s the same in terms of left- or right-shift generators.
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Appendix G: Expansion Theorems

In this section we derive the standard Peter-Weyl theorems

for SU(1,1) and SU(2) using the Green's function method. In

addition, we give a simplified expansion theorem for functions

defined on 8," € su(1,1).47

1. The Green's function method.

If L is a self-adjoint differential operator, then in the

Hilbert space spanned by its eigenfunctions we have "Cauchy's

formula,"44

- sey lim f a@ (Layt = 1, (6.1)
Reo Al =R

Defining the Green's function g(xly;A) by

(L- A) e(xlys’) = &x-y¥) 5 (G.2)

application of the operator Eq. (G.1) to (G.2) shows that

&x-y) = - sty f ax g(xly34). (6.3)
To be specific, we take

2) a a L_f24y2L = (1-0) 25-2, £ =A,[veo v? - ane] ,aa’ (1-2*)

(6.4)

A = -j(J+1) . (6.5)
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Taking the solution of (G.5) ,

=
1 1 - lai; i

32-3 + fE-2 = -F FA JA-F, mrz 0,

it is easy to show that (G.3) becomes

Ox-y) = ay é aj(2j +1) alxlys3) » (6.6)

1 te 1where the contour C runs from - z-ic to - z +i , circum

scribing the right-half j-plane at |j| =

The Green's function may be written as

elxlyss) = -j(x,)uz(x,)/oC5)

with

3) = (27-2) waa]Mya)»

where uy and uy are solutions of the Legendre equation,

(L- A) Ws) = Ls viz) W(z) = 0,

with wy matching a boundary condition at the left end of an interval,

uy at the right. For the interval (1,0) we choose Pl for uy
and the 2=© "Limit point" solution for u,. From (H.11)
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we have e(j) = -1 and

; = J J
elxlyss) = + P(e) MG) 5

so a completeness relation for functions on the interval (1,”) is,

from (6.6) ,

S(x-y) = oy J axes +1) Px) hs (v)ar J) By
(G.7)

with C as described above.

2. Discrete-Basis Expansion Theorem for SU(1,1)

As our starting point we take the above result,

Sey-2)) = ay J as(2ser) PL(2,) May), aysp % 212 em mm **1 Co m2’? ‘72 7 7
c

(G.8)

As the contour C is shifted left to Re(j) = - b it wraps a finite
number of poles of the integrand so that (G.8) becomes

- He

=a 4 Js Jtsr2)) = sy i aj(2je1) PIM 2,) gt (25) (6.9)
-}-i0

J 1
1 yam pJ 1 Je

+i y (25) (a Play) Pb (a5),
Jee

where ¢ = 0 or $ depending on the integrality of (m,m'), and
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' '

J = max(|m|,[m |) - [mm |- 1. (G.10)

The location of the above-mentioned poles is shown in Fig. &h),

and the pole residues are given in (H.53). Note that there is no

pole at j= -% due to the factor (2j+1). Since pd = pJ-l,
the integration in (G.9) senses only the odd part of @) 50 we

replace, via (H.33),

Jo yh [gh ogi). 2 nm’ BJ,#98 [ay- Ge] - boot eeUP A
to get

-bHe a

ja 4 1 =24-2) fa] oe +3 ) errAte os

~ple Jr
Pom'(21) Patm(2o) (G.11)

Multiplying both sides by e@™¢i-t2) g-im(tr-¢2) | summing on

m and m', and using the order interchange suggested by Fig. &h),

° J © +0 =

rr.r [r- £]mm=-0 jre Jee mm =j+1 nym'=-j-1>
”

(G.11) may be rewritten as

Hie © ;

-.) - 2 aj(25+1) y m-m pd y joyHee) = f ED CaP he Py, lee)
-t-i0 m,m =-»

(Equation continued on next page)
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1 . —n' :

+3) (ay) ( > =Jas Pd '(€,) in, -n'(8>),
Je mm =+J+l mm =-J-1

(G.12)

where

Jie) 2 el pl ug = -in'g!
Pon'(8) = e Pon (2 = ch v)e

and

8B) = 2N8(44-4y)*6(a,-25)*4m 641-65) . (0:13)

Since g = (45 Vgr $9)» we have g5) = (1-3, Vy) Ty) and

PIa9) = (-2™ Phe,

from which we obtain the group-theoretic form of the completeness

relation,

-bie
of
q j,

=Sere) « & i Ue, tmce 7 [ele whey]
sete

(Equation continued on next page)
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° ve1
; Ji S(grt+ Y cay Yo trace © Pepe)

sre ont

(6.14)

where €=0 or $ and the traces are in the Hilbert spaces labelled
by the superscripts, see Table B.1.

Equation (G.14) is the Peter-Weyl theorem for su(1,1).49

symbolically it reads

J Tatce. yp- -1Saye) = 8; trace” [Pe Pe]

50 the expansion theorem for functions square~integreble on SU(1,1)

is

Jj ; '
= J, Jeg) = 8; trace © [Pl e,)e%) (G.15a)

Joe J grtfom f dg, £(8) Pia'(@s) » (G.15b)
G

46where dg is the invariant measure’

an 1 an

Jie JS a. fu-J[#4% 2 az ar
° ol -2n

Had we simply terminated the analysis back at Eq. (G.8)

and let ¢ be a vertical contour running up to the right of J

given in (G.10), we would have obtained the expansion theoren*”
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= 1D 41) pd Joa(2) = sey J ass 2) Pi (2) fo
.

Cc

rd = | az (2) 2),
1

which is capable of handling functions f(z) which are non-square-

integrable in the usual sense, e.g., (2) = * with Re(a)> -2
(see (H.39)). The above form cannot, however, be extended to a

"full" expansion theorem on SU(1,1), like (G.15), without generating

D; terms; but see (6.17) below.

3. Continuous-Basis Expansion Theorem for_S,"

Again, we start with (G.7),

-a/f J ita.) gle8(2-%) = see J ag(2ser) P(e) (ap).
c

Since uy end u' are both imaginary (see Appendix B.3), the poles

of the integrand lie entirely in the left half J-plane so that C

may be taken to be any contour running up vertically to the right

of Re(j) = -1. Multiplying both sides by eM(E1762) gH (61-2)

and applying (-1)? fan frau’ we find
je fe

8 = (4)? au! ty J as(2sea)PI oe) @ (ep)ey-82) = au or mu-n*227 Ayu 82? >
win io c

(G.16)

where P(g) and @&(g) are now functions defined on the semigroup

S,° discussed in Appendix E.3, ¢.g.,
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Jace) = ote gl (a,) ot 2H,"(e) = e Hy '(2q) & >

and

8(g,-B) = 2m 8(E)-E,) 6(z,-25) 2m 6(E,-65) -

Therefore, an expansion theorem for functions on S," is, from
(G.16),

do to

le) = sy aj(2j+1) (-1) ay mu Py, (e,) fu
c Hie -ie

(G.178)

J Jnoe £( f .ny J, ag, t(e,) B,,"(e>) (G.17)
85

witn’®

f ede OF ag"
8
a A 1 ~

Once this expansion theorem has been established with imaginary

helicity contours, the three contours appearing in (G.17a) may --

with care -- be shifted in their respective planes.

Although only useful for expanding functions defined on

8. (G.17) is much simpler than the "full" continuous-basis ex-
pansion theorem obtained from (G.14) by replacing the helicity sums

with helicity integrals, i.e., changing bases. (see Mukunda’,

section 2; PR°’, section 3). Our expansion theorem has no discrete



~98-

series contributions, nor does it have the complications involving

the bivalued multiplicity index associated with the continuous series

UIR's in the continuous basis. In fact, one may show, by Sommerfeld-

Watson-trensforming the discrete series terms in PR equation (3.1)

and by executing the multiplicity sums, that the full result reduces,

for functions on 8, to the expansion theorem (G.17) above.

4, Completeness Relation for SU(2)

On the interval(-1,1) we take u,= PJ! and u,=F[Qit, 4 Pan 2° 2m

mi
+@Q3t"] 80 that (6.6) becomes

-2,)

# 1 Lf gis Jat, JaSlay) = = aT J eacepay BL Sn'(2n)* aCe] Pytgl2e) «
¢

Using (H.53) to evaluate the pole residues, and noting that the "back-

ground integral" at Re(j) = - 5 vanishes by the same symmetry noted
above, we find

“n) <i ) ; nm J (ny pli6( 25-25) 5 (2j+1) (-2y Phan 621) Pag 2p)+
Jsmax( |m|,|m |)

(G.18)

Again applying exponentials, summing on m and m, then changing

order of summation, we obtain the usual SU(2) completeness relation

8(e,-€>) =F y. (2je1) trace * [r%e,) Pes) (a.19)88) =F ge) Pes) > .
dre

+ = Jip 8(g,-85) as given in (G.13), % = cos @,, and tr°(A)
=E .
2 Aim
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Appendix H: Generalized Legendre Functions

In this appendix we give the definitions and selected pro-

perties of the generalized Legendre functions. The notation and

nearly all the formulas below are due to Azimov,! though some are

taken from Andrews and Gunson.* We have not included information

on the recurrence relations or integrals (over z) of products of

Legendre functions. In Eq. (H.59) we give the connection to

the first-kind function used by Vilenkin.? Our standard reference

for the hypergeometric functions is Bateman volume 1, referred to

by the letter B.+°

1, Differential Equation

The first- and second-kind (generalized) Legendre functions

defined below are independent solutions of the differential equation

X(Ssuvsz) wz) = 0,

where

2 2ay2.2)
a a P (ut+y*-22uv)KCssivse) = ee?) Sy ae b+ [yiseny- Gawd |a az (1-2")

(H.1)

If either v= 0 or u=0, (H.1) is Legendre's differential

equation B3.2 (1).
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2. First-Kind Legendre Function P:

a(v-n) a(vtu)

“1 +1 1Pia) = (23) (33) F(geaty,-Jevsveueas SYr(vauen) ,

(H.2)

ph (2) is analytic in j,u,v and 2, with zeros described in
Section 15, and with cuts in z described in Section 5. From the

linear shift formula B2.9 (4),

Fla,bjosz) = (1-2)? Fle-aydse3 (2-1), (#3)

an alternative form for P(e) is found to be

j 2-1)J = (242) (22 toy faye . zedphe) =(34) (3 F(-J-us-Jevsvds Sr(v-wer) «
(#4)

When v = 0, (H.2) reduces to entry (14) in Bateman's table B3.2:

J = pl J =
Pil@) = Pilz) Po(2) Pi(z). (H.5)

The most elenentary properties of PJ, are“®

J = pl -J-L L pd
Pou Py Py Py
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3. _Second-Kind Legendre Function @:

; (u-v) a(utv) -j-l-u

i. 2-1) at o-1G2) = Fay) (ay eH) &

x F(jodey, Jeneys2se25 25) /1(25+2) « (#.6)

@iz) is analytic in j,u,v and 2 except for the poles present
in I(j+l+u)I(j+l1-v) and the cuts in z described in Section 5

below. The slash is introduced to avoid repetitious writing of

the phase factor attached to the "true" Legendre functions,

= eimty) gia= dys (4.7)

When v= 0, (H.6) reduces to entry (37) in Bateman's table

B 3.2:

J = gh = e7l™ oh
%,(2) @(2) = e Oz) >

J = Qi) =m2) = (2) = a2). (#8)
The elementary symmetry property is,

J = g J = Qi

Fy. = Bry * i

4. Wronskians

From the asymptotic behaviors in z given below, one may

quickly compute the following wronskians, W(a,b) = ab! -ba’ :
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(1-22) wes, ey) = 2 sin avn), (H.9)

(1-27) wahi) = Z sh (1.10)

(1-27) wel) el. (H.11)

This shows that P and @ are always independent solutions of

(H.1), whereas other pairs are not always so.

5. The z-plane Cut Structure

Throughout this paper we adhere to the convention that

f(z) = (g~-1)* means a function cut from z=1 to z=

with principal branch determined by |arg(z -1)| <7, and f(z)

>0O when z>1 and a real. In other words, f(z) = exp[aln(z-1}]

with In(z-1) cut in the "usual" way. For 2 on the principal

sheet, arg(1-z) = arg(z-1) Fim for Im(z)2 0, so that

(1 = 2)" =e! (4 1)". It follows that (1 - 2)" tsa

function cut from z=1 to z= 4 , but we continue to define

the principal sheet by |arg(z-1)| <1. These remarks are illus-

trated in Fig. 5.

With this in mind, we draw the cuts in z for Pla) and
a (2) as shown in Fig. 6(a) and (b), where we have slightly de-
formed the cuts for clarity. The peculiar way of cutting aya)
fron z= 1 is connected with the definition of as z) below
and the resultant simplicity of the discontinuity formule (H.38).
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6. The Functions B and @

We define these functions by:

pd = py » etimu-v)/2 >
Pit?) = Pit?) e Imzz0

Ha) = wa) + For?) (x22)vi 1

B and @ are simply new versions of P and @ with minus signs

inserted into the first (354) factors appearing in (H.2) and
(H.6), which is to say, the corresponding cuts are taken to the

right instead of the left, as shown in Fig. 6 (c) and (d). For

P, whis leaves the interval (-1,1) uncut.

7. The Functions _d_and_e

We define these in terms of the twiddled functions above:

J - Ve. pa (2) _ Sy Pl) ,

J = Vol . gl
enl2) = YO s Bylz) > (H.13)

where

gi = Merja)
HV

T( j+1-u)P(j+1+v)

These definitions coincide precisely with the functions used by

Andrews and Gunson * for (y,v) = (m,m') in all four of their

regions (see (H.32) below and also Section 15). Clearly, d and e
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have the same z-plane structure as P and @.

‘The advantages of the d and e functions are :

(1) when (m,m') are both integers or both half-integers, the

"switch" symmetry relations are very simple (compare to (H.32)

and (H.23)),

edt = CUR Med (=e), at (1.14)

(2) the d functions are the SU(2) and SU(1,1) reduced matrix

elements (see (D.7));

(3) The g-plane structure is that of P and @ so that, from

(4.38),

ed, (x4ie) - od "(x-te) = -in a(x) a ee
(4.15)

(4) the location of singularities in the helicity lattice is

symmetric (see Section 15 below);

(5) workers in Regge theory are familiar with the d and e

functions.

The principle disadvantage of the d and e functions is

the price paid to get (H.14), namely, the appearance of square-

roots of ratios of gamma functions. When yw and v are arbitrary

complex numbers, (oh? has a distinctly unpleasant cut structure
in the j-plane, although it at least truncates when (u,v) = (m,m'),

as shom in Fig. 2 of AG . We point out that square-roots of gamma
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functions do not appear in any of the relations involving P and @,

and in general, since we are very interested in complex 1 and v,

we shall avoid using the d and e functions, despite their

advantages noted above.

8. Auxiliary Functions.

In deriving and simply stating the various properties of the

Legendre functions which follow, much effort is saved by use of the

following notation:

of = Mit) (H.16)
u T( j+1-n)

ob, = THI j+1-y) (H.17)T(j+1-u)P( j+1+v)

sis ———sin2j) (#.18)Wy
sin mM j-y)sin 1 §+v)

wy = Sin n(jeu)sin Wj-v) | (#19)
Le sin ™(j-u)sin m(j+v)

These auxiliary functions have the following symmetries and inter-

relations:

-j-l _ J Joyo.
Ly My Li My +

-j-l J Ji 2 of
Sw Suu Shy My Suu
rd-l Lyd gd J gi 2-g-J-1 g-J-1
Sw Ly Siw Suv Shy Suv Sw

J gl. Jj = -v) 3)ay wy 1 (By 7 1) sin 1(p- v) Sy .
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When (u,v) = (m,m') = both integers or both half-integers

(j still general complex) we find

' "(cot mJ, €=0Sac ght 2 oe. ym sac) « tm | CO TsSin! = Sh'm A-1)"™ cot m(jte) = 2-1) 1
tan nj, e =}

(H.20)

'

where € = integrality of (m,m ). Moreover,

Drea gil. ols,
fom ‘mm ‘om

9. Basic Properties of the Legendre Functions

From the definitions of P and @ and the linear shift

B 2.9 (2),

Fla,bsesz) = (1-2)°8 F(c-a,c-b;c32), (#21)

we have the "switch-and-negate" relations

J = pi J =Pa 7 Ph w= a. (H.22)
The "switch" relation for @, (H.23) below, is obvious from the

definition of @. The corresponding relation for P derives from

the famous connection formula relating F(...;2) to F(...327),

B 2.9 (34). Thus, :

J = @ gi
By Sy Gy (4.23)

poo = od pd 4 2 gin mu-v) gi (1.24)uv HV VE cs Boy . .



-107-

‘The symmetry under j >-j-1 of P) is apparent from (H.2). The

corresponding relation for @ then follows from (H.24) and the re-

lations given in Section 8:

J = prd-l
Py Py (H.25)

J 2. gd-l 4% gd gi pd
By = By +2 Sw Sv Pu - (#.26)

An alternative form of (H.26), explicitly displaying the symmetry

of P in j, is

J -J-2

i 22 | Sw , SwPy $ & + Ser . (#.27)
VEL VE

Next, from the linear shift (H.3) we find a simple relation

between Q(-z) and Q(z). Combined with (H.26), this produces the

second equation following:

j ti +1

alg) foe) = eM) gly = oh al, (-2) (H.28)
Im 220

Jp) (5) = Fim pi 2 tim, yGh ph ayc2) = eM Pha) - Fe Main w( Jeu)
J H.29x Bz) . ¢ )

Converting (H.24) to P and @ yields (H.30) below, which, when

used in (H.29) to eliminate @, gives (H.31):

zinlu-v 5) = of pd 2 Fa}
e Pil?) = GPU?) += sin 1u-v) #2) (H.30)
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ws BA (2) Pd (a)2 sin Wu-v) P aya) = ——-]—Y— ].D T( j+1-v)r(-j-v), T( j+1-uP(-J-1),

(#.31)

Obviously, these formulas can be combined and permited ad infinitum.

When, with j complex, we let (u,v) +(m,m ), both integers

or both half-integers, many of the preceding formulas simplify. Most

notably, (H.24) reduces to (H.32), and then (H.26) with (H.20)

produces (H.33):

Jr = gis pdr

Fam! = Gm Poe (H.32)

gt = GST + (a on cot wJte) PLY. (1.33)

10. The Cut _Discontinuities

The cuts of the various functions are shown in Fig. 6, It is

implicit that the following formulas always give the total discontin-

uity across all cuts, which, as noted above, we take to be compressed

onto the real axis.

For P we have, from (H.29) and (H.12),

Piyerxtie) = Piy(-xte) = 2h oy [sin 15 Py ve)

-2 sin mw sin (jeu) (x)] x>1 (H.34)7 WB sD} > :
J J ae % (yy) BI -
Py (xtie) - Piyrrte) =-24 sin5 (u-v) Phy) L<x<l.

(H.35)
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For @ we have, from (H.28) and (H.30) ,

ol (eet) - @ (-x-1e) = 24 sin nj oh) ce) » xd
(H.36)

a (ie) - pi(ate) = - lo + oh ca] sec F (uv) ,
-1l<x<l,

(H.37)

but also from (H.30),

(arte) - a (ate) sanP (x)  a<x<i. (138)

ll. Asymptotic Behavior in 2j Limits as 2 +1

The expression (H.6) for @ is an asymptotic expansion in

z, i.e., F*+1 as |z| +. Thus, for |arg(z)| < 1/2,

nin (2) = 2tr(gereuyr serv) 2 Ptr 2je2)
rel ~ (ays (4.39)

From (H.27) it follows that

. J -j-1

tim Ph(a) = 2pennSetev es (janded)aloo woh, 12542)

vase (aytt (1.40)

We include here the limite of the Legendre functions as

= (22)?z+1. Defining © = 8 we find
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tim P(e) = eVM/r(vwet) , ven # -1,-2.. (H.42)
wwzl

= vd = <1.
= RYMuvel)5 Vs 1-2.

Inserting the above into (H.24) we get

un @(2) = Zrev) ev , Re(u-v) > 0 5
gl

= Lye) + ol. - ;
= xM(ven) + ays Ys Re(u-v)< 0 5

= +0 S(ip-tv) 5 Re(u-v) = 0.

(H.42)

The last result is a consequence of

etxuin (SE) Ax) = F496) 0)
20

12. Asymptotic Behavior in j

For the regular associated Legendre functions the large-j

behavior may be obtained from the quadratic hypergeometric trans-

formations, e.g., B 3.2 (44), which puts j into the "ce" position

of Fla,bse;z), For the generalized Legendre functions this approach

fails and we rely instead on Watson's application of the method of

steepest descents to the standard hypergeometric integral representa-

tions. Watson's results‘? are,in part, reported in B 2.3 (16), from

which we conclude that
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Jay

= [Eec2ayt yey eHlim @il2) = JF (2ay* (5) e
lilo=

wu ek ode, (1.43)

where Jarg(j)| <1 and & = &n(z +V2"-1) = ch(z). The functions

of 2 in (H.43) are cut in the usual way discussed in Section 5,

e-g-, &(2) = Sn(z+V2"-1 ) is cut as show in Fig. 7 (a), dup-

Licating the cut structure shown in Fig. 6 (b). In Fig. 7 (b) we

show the region of the §-plane which is the image of the principal

sheet of the z-plane upon which the Legendre functions are defined.

Watson's results are given in terms of the variable E.

The condition |arg(j)| <, which Watson gives for

(H.43), Keeps j away from the fictitious cut generated by (j)#-¥*

and arising from the asymptotic limit of gamma functions. Recall that

@ is actually meromorphic in J.

For P as |j|+° we use the above result for @ in

(H.27), along with

tin sh = 2M) an 52 0,
[ile

to get

J - 2 yt cs prrv-d HSHDElim
PA(z) = ey (2*-2)* (GP e + (Je-J-aliShe TW") ° Tae ue

wget [odé oF). (1.44)

The identical result follows from Watson's formila B 2.3 (17). It

seems to the present author that the above derivation indicates that
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(H.44) should be true for |arg(j)| < 1. However, Watson says

[B 2.3 (17)] that (11.44) ds true omy for Jarg(j)| « F Plus a
section of the left half j~plane,

= ; 1

-Z 7M < arhJ) < ptm

7o<m< F for Re(E) > 0.

We shall compromise by considering (H.44) to be true for

larg < F -

13. Asymptotic Behavior in

Before giving these limits we draw attention to two errors in

Bateman concerning the asymptotic limits of the hypergeometric func-

tion in the parameters. First, B 2.3 (10), which says that

iis F(a,b3e3z) = 1 for |farg(c)| <1, 4s only true for |arg(c)|el

< J plus a region in the left half c-plane, even when |z| < 1.
Second, B 2.3 (13), (14), (15) are incorrect, as seen from

F(a,bjajz) = (1-2) , and should be replaced by

i serz) = whed -a , Mc) ac, e-a-blim Fla,bses2) = prgigy (-b2)™ + Tray (+2) (1-2)
[b|>=

(H.45)

for farg(b)| <a and |arg(1-z)| < 7.

To get the large |p| limit of @, we apply (H.45) to (H.6):
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v j (uty )/2J
=. (2-1) ~j-1-v/ 241)ym mye) = gran [% yu) =

oh, (37° urd (ey OM ]“Cy (2 zl,

(H.46)

for farg(u)| <a and larg (4) <a, de, 2 ¢ (1,1).
Schematically,

(2-j-1Fv + = ;rim a (2) (uF TY oe NET Seas) (11.47)In|»
whichever choice of signs gives the worst case.

To get the large |u| behavior of P, it would appear
that we could use the above @ result in (H.27) to get an answer

valid for |arg(u)| <7. However, the result so obtained is not

correct due to a cancellation of leading terms between the two @

functions. Instead, we content ourselves with the large |u|

behavior of P(e) . oat ay(%) which follows directly from (H.2),
with arg(u) restricted as noted above:

i

ij Paye oylim Pi (2) = (3) . (3) /T(utl-v) (H.48)
|u]~

with Jarg(u)| <3 and farg(ot1)| <1, i.e, 2A -1.

The large |v| behavior follows from the above results and

the symmetry properties given in Section 9.
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14. Carlson Conditions

A function f(j) is said to be "Carlson" if F(j) is

analytic in Re(j) > 0 and bounded so that |f(j)| <M old! with
k<m as |j| © onall rays in the right half plane including the

imaginary rays, i.e., |are(j)| <3 - For example, sh (mj) and

sin(m j) are not Carlson.

From the asymptotic limit (H.43), it follows that a2)
is Carlson in j if |Imé)| <7 and Re(E)>-n. Since |Im(E)| =7
corresponds to z<-1, and since Re(E) >-m includes Re(&) > 0,

we conclude that Qi(z) is Carlson in J for all @ on the
princiyal sheet except for 2 < -1.

From (H.44), the corresponding conditions for Ph (a) are
|um(g)| <7 and -m < Re(E) <m, The portion of this domain on the

principal sheet of z, 0<Re(E)<, is the interior of the ellipse

Re(z) }, [1m2) ] *[se] eo = 1, (4.49)
but cut from « = -1 to the left. [see ellipse A in Fig. 7 (a)]

In the variable 1, the limit (H.48) indicates that Ph (2)
is Carlson provided that |arg( a dl <n, dees, a ¢ (-1,1).

[Recall that as w>tie, [r(u)fvexoe > aul ]
Finally, from (1.47) we see that f(z) =) (2) te

Carlson in u for all 2 on the princiml sheet.

These results are summarized in Table H.14.

The significance of a function f(j) being Carlson lies in

Carlson's Theorem which states: the set of numbers fj, J = 0,1,2...
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may be interpolated by many analytic functions, but at most one such

function can be Carlson.

TABLE H.14

Conditions for which the Legendre functions are Carlson

J J

gt) Pyl2).

Jj 2¢-1 z interior of (H.49)

u all z z ¢ (-1,1)

15. Zeros and Poles of PY ' and at

When the helicity labels wu and v are both integers or

both half-integers, we rename them m and m’ and refer to the

Jor ia 1m "functions PJ," and QJ," as being "on the helicity lattice". These

functions are, as we have seen in Appendix D, associated with the

SU(2) and SU(1,1) UIR matrix elements taken in the discrete basis.

as ai,’ and ef,', the helicity-lattice Legendre functions were
studied in detail by Andrews and Gunson.* In this section, we

discuss the singularities in j of these functions.

A convenient tool for displaying the j-plane singularities

of a function lt is the helicity lattice diagram used by Andrews
and Gunson. For example, Fig. 8 (a) shows the location of the poles,

zeros, double poles, and double zeros of the function
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gis = Psetemr( jean")
™ T( j+1-m)r( j+l+m )

The meaning of the diagram is illustrated by this example: if

(mm') are the coordinates of lattice point P shown in Fig. 8 (a),

and if 2j, = integer is the length of the edge of the central

square, then of! has a simple pole as j > j,.
In Fig. 8 (b) we show the same diagram with regions labelled

1 through 9. Region 5, including the points on the square, is as-

sociated with the SU(2) UIR's and is sometimes called the "sense-sense"

region since both helicity labels m, m' are less, in magnitude,

than the angular momentum label j. Regions 2, 4, 6, 8 are then

"sense-nonsense" and regions 1, 3, 7, 9 are "nonsense-nonsense".

As Table B.1 shows, regions 3 and 7 are associated with the

su(1,1) UIR's D,* and D,.

We now discuss the zeros of Pi,'. With J complex, as
(u,v) > (mm") we have, from (H.24),

Pita) = ot Pdr (2). (H.50)

For m' 3m, the meaning of pu is clear from (H.2); for
m>m', we may regard (H.50) as the definition of PJ,'. this defin-
ition corresponds to the usual manner of treating F(a,b3c;z)/T(c)

when ¢ + negative integer, see, e.g., B 2.8 (19). From (H.50)

it then follows that pit has possible zeros or double zeros
when m>m' due to GJ,". The locations of the zeros” of,
po are shown in Fig. 8 (c).
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In simtlar fashion, the poles and double poles of a
are indicated in Fig. 8 (4). These poles arise from the gamma

functions in the numerator of (H.6).

In the remaining diagrams we have indicated the zeros and

singularities of related functions. The notation vO denotes a

"square-root zero", i.e., a branch point (j - j,)*. similarly,
VE denotes a "square-root pole", (ay? :

From relation (H.29),

inn’ inj jF sin ajo) of gh (ay = oF pha) - ahopl (a2),
(H.52)

we may deduce two useful facts. First, for (mm') in region 5,
has no poles, so

eTtmo pln) 2 Gl pI vn). 5 (1.50)om —m *n,-m . .

Second, in regions 3 and 7 associated with the D,*, the residues
of the poles in gi," are given by the first term in (H.51), since
the second term has zeros in these regions. Thus,

= $ i(z)aj = Behe). 73,7 (1.53)
Jo

In terms of the d and e functions (see Section 7) these last

two equations may be written as

fee) = (ay ge,aret(z) = (-1) ay (-2) /5
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. Jost $ ela) aj = 3 a2(2). 3,7
Jo

16. Integral Representations

The first- and second-kind Legendre functions defined in

(H.2) and (H.6) may be expressed as single integrals of the same

integrand”~

(0,+)

Jo = Usd) 2 ot
Pinionv= Fay arr f te)ko, Re(-deu') > 0

“th 2
(H.54)

J = Mgeten)2@,"(ch v) cee $ f f(s)as, Re(j+1+u) > 0
° (H.55)

where

' 1-U, v — J-14 v -j-1-1f(s) = of (seen $+ on By * (oh$+ sanBy da#

a sh lshthSFE os + oth pi .

In Fig. 9 we sketch the cuts of the integrand and the two integration

contours. When u - y= integer, one of the cuts vanishes allowing
the contour for P to be simplified,

Jy = Mim) 1 Jy 5.0m Yeoh yen"Pitch v) eS as6)s-ch$+sh 3)
Is |=2

Y ¢ gen YSx (ch 5 + sesh 3) . (H.56)
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Equation (H.54) may be verified by making the substitution

s = -(th }) t, then using a version of B 2.12 (3),

(0°)
-1 b=, e=b=1, -a _ _T(o-b) ser
aed f at(—t (14PO -ta)™ = weetEy Masbsesz).

1

Equation (H.55) is proved with the substitution s = +(cth }) t
and subsequent application of B 2.12 (5).

In this section we are using 2 = ch v only for convenience;

there is no implication that 2 >1. In fact, all the integral repre-

sentations given here are valid for complex 2 off the cute shown in
3

Fig. 6. For example, sh 3 = (SA), cut according to Section 5.
With the replacement s = e* =e! ana use of the identities

a, Y v Ye Men ¥)
= Mt(eNch 5 + sh 5) (ch 5+ eMsh5) = e%(chv+ sh v cha),

On Y v Vy on Yr?- ch v + sh v cha :(een 3 + eh 3) (on3 + ecm BY” = Se) 1
formulas (H.56) and (H.55) may be recast as

7

Js = Mcjem) wa. im, -J-1+mpit(ch v) = eed Fe | we (ch vtsh v cos w)
="

'

x (sh vich v cosw-isin w)™,

(H.57)
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bs = Mjeten') 2 =a; —j-1t'"(eh v) TEED 3 f daech vtshv ch a)

x (sh veh v ch ash a),

(H.58)

Endless variations of (H.57) and (H.58) arise from the

symmetry relations given in Section 9 (e.g., P) = PI"), from

taking a + -a, w+ -w, and from further versions of the expression

I defined above,

r = | Siytehych otehach v+sh v ch a

1

= | sh_vtch v ch atsh a | 2
sh ech v ch ash @

“4

. [= +t ] :r+ etn F

For example,

J =n Rew’) op 2 1a, 5-2ai "(oh v) = oe €& | aaeon vean v ch a)

Oey \e(: th ) )1+ eMth F

This version appears in CI as (A.8) in their calculation of the

++ G,-class UIR matrix element, which they call a ule (7).
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Chapters 3 and 6 of Vilenkin's book? provide an imposing

quantity of information on the functions P¥,"(z), including further
integral representations. The connection to Vilenkin's function

Bie) is found by comparing (H.56) with Vilenkin VI 3.3 (1):

Jacq) = Eigen’) ps,
Bh = Gee hie (#59)

The integral representations (H.57) and (H.58), which are

central to Part 3 of our addition theorem proof of Section V, are

given a group-theoretic interpretation in Section V.5.
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FIGURE CAPTIONS

Fig. 1 The helicity lattice for a,"and the summation segments
for Eqs. (4.1) and (4.2).

Fig. 2 Cross hatch shows convergence domain of (4.2) in 2, for

@ typical value of 2, with Re(z,) > 0.

Fig. 3 Integration contour for (4.16), (4.14) or (2.7), when

Re(j) < -1.

Fig. 4 Kinematic structure of a typical miltiperipheral equation.

Fig. 5 Principal sheet for (2 - 1)". With |arg(z-1)| <7,

(1-2) = (21) e!™ tmz) 2 0.

Fig. 6 Cuts of Legendre functions. All cuts, deformed for clarity,

are taken to lie on the real axis, P and @ have the

same cuts as P and @ except that one cut has been

swung around from left to right. F indicates the hyper-

geometric cut in each case.

Fig. 7 (a) Principal sheet of &(2) = ch(z) = en [- + i]
showing square-root and logarithmic cuts.

(b) Region of &-plane corresponding to the z-sheet shown

in (a). Level curves are drawn to indicate the nature

of the mapping; ellipses are not drawn to scale.

Fig. 8  Helicity lattice diagrams.

Fig. 9 Squiggles show cut choice for integrand of (H.54) and

(#.55), Solid lines are integration contours.



ig i
° v0

j

ee aB
% A K Yoon

as

v0 °

Fig. 1

Y Uy

Fig. 2
‘

ji aw5

YORK xx 20x x

ot KKKKK KX KK a

XBL 7610 4297
Fig. 3



rrr

a%>
x
0

oie
T

x

Jo.~,
"

fe a& &

i. —>x P

jx
Xso

._ eeBPSgs
33
20
as
roy
x®.

a
®

ol Cie2 Le)

4x
2

ro} ra_ |e
x



Zz Zz

le aeI-

'

XBL 7610 4296 ‘

Fig. 5



©) Phe 7 sople(3)
F (Shee

(bo) 4 (z) buen
He ze (pv)

ae

(ze IF (Zhe
) i ° Len)- I-zy2 0»

oo8
y4(d) i . Li 5

a
XBL 7610 4295

Fig. 6



(a)
Iz.

CaosSS
Ere’

0) Y Yin +

Yeti) _
V/



_m! _m.
“jt -jti

xx | x - b}2)3.
- i ij

Px Oo =m 4 6 =m

fo) 00. 7/8|9 ;
(a) Grin! (b) Regions

7 "
XX} X | X

Oo -m x —m

0 |00 x

j j(c) Pon! (d) eam!
mn! im!

t t

O |v x |v] x '

% vo =m &K wm Fs
vo| 0 x |v] x

J f) ij(e)
Sr (f) em!
Hy p00] 0 x

° Oo-m —m

0 }00 x

(g) j j (h)_j j
Pim! (x) Pat () Point (X) Qin mY)

XBL 7610 4293

Fig. 8



~cth Z is°
ma, “ _ Is|=I' =

SN

1 \_©

}

(oe) \ J
-the SSL _j_L-7

2
.

g

XBL 7610-4298

Fig. 9


