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ABSTRACT

Several addition theorems involving the generalized
Legendre functions of the first and second kind -- Pﬂuia}
and Qﬂuﬁz] —- are (1) stated with convergence conditions;
(2) interpreted in terms of the UIR's of SU(1,1) ~ S0(2,1) in
the discrete, continuoué, and mixed bases; {3)_proved both
directly and indirectly by continuation from the SU(2) addition
theorem. The relevant group theory is supplied in a set of appen-
dices, along with detailed properties of the generalized Legendre
functions. The problem of diagonalizing SU(1,1) convolution
equations in the discrete and continuocus bases is briefly considered;
it is shown how the diagonalization of Abarbanel and Saunders arises
as a speclal case of a more general result. Pertinent SU(1,1)

expansion theorems are derived.
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I. Introduction

I+ is the aim of this paper to state, interpret, derive, and
briefly apply the addition theorems associated with the "generalized
Legendre functions" introduced by Azimcv}l

These functions have appeared in the physics literature of
partial wave analysis over the past 15 years in many guises, and
their role as "harmonies" of SU(1,1) ~ S0(2,1) is well understood,
though not much has been said about the group theoretic status of
the second-kind functions. The reason seems to be that, although
the diserete-basis treatment of SU(1,1) was rather thoroughly handled
by Bargmann2 in 1947, the continuous-basis analysis was not effective-
1y begun until 19&?,3 and it is with fhis econtinuous basis that the
second-kind functions are associated.

In a non-group-theoretic context, the generalized Legendre
functions of the first and second kind were defined and character-
ized by Azimov in 1966, two years after the work of Andrews and
Gunscm4 of which Azimov was apparently unaware. Azimov's equations,
allowing for arbitrary complex values of the helicity labels wu
and Vv, are more general than those of AG. Since it is through
analytic continuation in these labels that the discrete and con-

tinuous bases of SU(,1) are related, and since Azimov has provided



i,

such a complete set of formulas, we have adopted Azimov's notation
for most of this paper: Pﬂu (z) and Qﬂu {z}.5

Most physicists are familiar with the first-kind addition
theorem as it relates to the rotation group, e.g., spherical har-
monics in electrostaties. The other addition theorems involving
both first- and second-kind functions, or only second-kind funetions,
are much less well-known. What we have called the hybrid addition
theorem was derived by Gunsanlé and later lectured upon by Hermann,l5

but the second-kind addition theorem seems to make an exclusive

appearance in Azimov's paper. This formula reads [see (2.?}]

jm

e7HE Qﬂur (z) eHE - f%- Jﬂ ax e Qil(zl) ﬂiu'(zzj‘
=jm

(1.1)

Closely related to the notion of an addition theorem is a
technique for simplifying an integral equation, known as diagonali-
zation, In which some or all of the integrations are replaced with
the sum appearing in an addition theorem, Often, the projected
functions which appear in the diagonalizedeguation have some special
significance which causes the diagonalized equationto be simpler
and more comprehensible than the original equation. We can marvel
at the simplicity of the elastic unitarity relation for spinless-

particle scattering amplitudes expressed in partial waves,

ImT, = %—]TJ[E’ (1.2)
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the standard example of a useful 8U(2) diagonalization in parti-
cle physies. In Section VI of this paper we show, as an applica-
tion of the addition theorems, how one might diagonalize certain
SU(1,1) convolution equations in a similar manner.

The desire to clarify these diagonalizations has been our
primary source of motivation for investigating the addition theorems
in the first place. We have been interested in diagonalizing the
various integral equations which arise in comnnection with the multi-
peripheral model for elementary-particle scattering amplitudes.

The multiperipheral "bootstrap" idea is not new,ﬁ but has been
recently infused with new life in the framework of the topological

expansion of the S—matrix.?

In particular, we hope that the second-
kind diagonalization discussed in Section VI.2 can shed some light
on the meaning of such topological entities as the twisted and
untwisted reggeon propagators, or loops, which appear as kernels in
the cylinder and planar bootstrap equations.s

Much of the material in this paper is standard SU(1,1) lore;
we suggest that the value of the paper, if any, lies more in the
interconnection of known facts tham in the facts themselves. Never-
theless, to be reasonably self-contained, we have reproduced much
of this 8U(1,1) 1lore in the Appendices, where several topics
are treated in somewhat non-standard fashion. Much use is made,
for example, of the 8U(1,1) Lie generators realized as regular-
representation shift operators, and of the resultant Casimirie
differential equations (Appendices C, D, F).

In Appendix D we give a quasi-derivation of the SU(1,1) ma-

trix elements based on the Casimiriec differential equations, but
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ultimately we rely on calculations in the literature. We suspect
that the fact that the continuous-basis matrix

elements are simply second-kind Legendre functions Qﬂurm Eiul has
not been widely appreciated. In this vein we have slightly general-
ized the comments of Hermann;5 concerning the interpretation of the
integral representations of the Legendre functions (Section V.5).

In Appendix G we derive from scratch the Peter-Weyl expan-
sion theorem for SU(1,1), since this result is often quoted without
proof in the literature., Our method of derivation, we feel, makes
particularly clear the disposition of the 'modified"expansion theorem
for non-square-integrable functions, which is actually much simpler
than the unmodified expansion theorem,

The complication inherent in the Peter-Weyl thecrem in the
discrete basis is exacerbated in the continuous basis by the ap-
pearance of the principal-series multiplicity index. Rather than
interpret this extra index, we think we have made it go away in
our Sﬂ+ semigroup expansion theorem (G.17), designed for use in
conjunction with the second-kind addition theorem (Section VI.2).
The projection part of this specialized expansion theorem, (G.17b),
is reminiscent of the Froissart-Gribov projection of Regge theory,

a fact we think will have a bearing on the definition of planar
reggeon loops, as noted earlier.

Finally we comment on the derivations of the addition theo-
rems. In Section III these theorems are in a sense derived, for
special j wvalues, because it is shown how the addition thecrems
reflect the Hilbert space completeness relations for the SU(1,1)

UIR's in wvarious bases. Somehow, we feel that this type of proof



=10-

lacks the punch of a direct non-group-theoretic derivation, a
situation we have tried to remedy in Section IV, where we show
how all the addition theorems follow from contortions of the
SU(2) addition theorem which everybody believes. Unfortunately,
these contortions may be found so discomforting that the reader is
still not sure whether the addition theorems have in fact been
proved. For this fastidious reader we provide Section V which
contains our "best" and most interesting proof of the addition
theorems. A byproduct of this proof is an understanding of the
integration domain in the Legendre-function integral representa-
tions (Eqs. (5.16) and (5.17)).

The contents of this paper have been mostly described
already. In Section II we state the addition theorems and related
formulas with a minimum of comment. This seetion is independent
of the rest of the paper, except that the Legendre functions ap-
pearing in the formulas are defined in Appendix H. This lengthy
appendix contains the properties of the Legendre functions to which
we constantly refer.

Throughout the paper we use the following terminology:

(1) representation: an explicit form of a Lie group.

(2) UIR: wunitary irreducible representation.

(3) realization: an explicit form of a Lie algebra.

(4) differential generator: a realization of a Lie
generator as a differential operator. We distinguish differential
generators ﬁi from the generator matrices or abstract generators

G

1 by an over-arrow. (For 3-vectorswe use the undertwiddle, 5.)
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(5) half-integer: m = "half-integer" if 2m = odd integer.

(6) integrality: +that which distinguishes integers from
half-integers ( € = O or %).

(7) Legendre function, Legendre equation: what Azimov calls
a generalized Legendre function, and the generalized Legendre equation

(see App. H).
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II. Summary of the Addition and Multiplication Formulas

In this section we simply state the various addition theorems,
their corresponding multiplication formulas, and certain special cases
of both. The formulas are derived and interpreted in later sections
of this paper. Nevertheless, in Section 7 we have tried to give at
least one reference for each of the major formulas. Often, the con-
ditions of wvalidity stated in the literature are less general than
those given here.

The variables Z 1 32, z which appear in the following equa-
tions are always taken to lie on the principal sheet of the Legendre
functions in which they appear. The cuts of the Legendre functions
are shown in Figure 6. These cuts and the definition of the square
roots #zz -1= #E_:_ﬂ - /2 - 1 are discussed in Appendix H.5.

More general versions of formulas (2.1), (2.5), and (2.14),

with complex helieity labels, are given by Azimnv.l

1. First-Kind Addition Theorem:

r o2
-imp oJ -im¢p  _ Z -inw oJ J
e Pmn' (z) e = e Pmn(zl}an' (ZE}‘
n=-=
(2.1)
In this formula, Z7%,5, W are independent complex variables in

terms of which =, ¢, ¢' are given by

z = 2,2, * #213 -1 s Jézz -1 cosw (2.2)
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zzv’zl‘?- 1+ zlr"z;— 1lcosw-1 322- 1l sin w

z =1

U

»

(2.3)
-i¢'
with e given by (2.3) with 2,€> 2, . The label j is an
arbitrary complex number, but the labels m, m' are either both
integers (in which case the summation index n runs over the integers)
or both half-integers (n runs over the half integers). In other
words, m, m', n must have the same integrality.

The sum in (2.1) converges if Gy Zpy W respect the follow-

ing condition:

g, + 1

ma

>exp ( 2|Im(w)]) . (2.4)

If w is real, (2.4) is satisfied by Re(z,) > 0, Re(zz} >0 (but
see BSection IV.1 below). If w is real and 2y = cos Ei with

|6, <m, then (2.4) :?f51|+|EEI <T .

2. Hyhrid Addition Theorem:

o Qimr (z) 18 . E: e T Pin (z)) ngl (z,)

n=-eo

) (2.5)
_ i e*inmq‘{m{zg}pim. (z) .

n:.m

All the comments of Section 1 apply to (2.5) except those regarding
convergence.

The convergence condition for (2.5) is

02
21 + 1 2y = 1
Z, - 1 7+ T exp( 2| Im(w)] ), (2.6)
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where o, = + as Re{z2} > 0. If 215 B,y W aTE real, (2.6)

is satisfied by Zy > 2y > 1,

3. Second-Kind Addition Theorem:

e MEOT R 11?I e Aqu (z)) ﬁiu' (25)-
c
(2.7)

In this formula (also valid with unslashed Q functions) Bys By O

1

are independent complex variables in terms of which 3z, £, £ are

given by

2 = 2, +[—;12 - 1.¢z§ -1 ch(a) (2.8)

e'E = {zzlez -1 + zlu"z_,f -1 chao - r"zzz -1 Eh.ﬂ]f 22 -1,

(2.9)

with e° given by (2.9) with 2,4>7,. The labels j, 4, u'

5*
are arbitrary complex numbers and the contour C 1s any contour
running from -ie to +i» which separates the pole chains of the
funetion TI'(j + 1+ A)I (j +1 - L), see Fig. 3. If Re(j) > -1, C
may be taken along the imaginary axis with no deformations.

The integration in (2.7) converges if 215 Boy O satisfy

the condition

2. + 1 . + 1
arg(l ) :a.rg(2 )
zl—l 32—1

For z,,2, > 1, (2.10) requires only that |Im{a)| < m. For o

1

+ =

1
2

+ |Im(a)] < w. (2.10)
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real, (2.10) is satisfied for all complex Bys Zos unless both these

variables lie in the range (-1,1).

4. MAlternative Second-Kind Addition Theorem:

S ) W 2 K Y (e o

m=j+1

8,02 8, 1 (2,)

I(m=-j )P( j+1+m)

(2.11)

1
The variables z, £, £ are given in terms of 32

as in (2.8) and (2.9) above, and j, u, p are -agadn arbitrary

17 2500 exactly
complex numbers.
The convergence condition for (2.11) is

O2
> exp(-2 Re(a)), (2.12)

where o, =% as Re(zl} 2 0 and o, =t as Re(zgl z 0.

If z, and z, are imaginary, condition (2.12) is simply
Re(a) > 0.

The alternative second-kind addition theorem is the anal-
ytic continuation of (2.7) obtained by closing the contour to the

right, picking up the residues of T(j+l-1), and dropping the

great circle.

5. Multiplication Formulas

The addition theorems (2.1), (2.5), and (2.7) are the

fourier transforms of the following multiplication formulas:
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+1T '
P;:]m (z) Pgm (z,) = Z"—:'IF aw e 10T p) | (p) gIM Gy

de s
g
[1+]

+
=

B
[17]
=
|
Ef""i-lu
——
]
b
[1:]

1
=
o

-

Qﬂl (2,) ﬁiu' (z,) = %
(2.15)

These formulas are correct as stated provided that Zys 2o satisfy
(2.4), (2.6), and (2.10), respectively, with w and « real. For
in violation of one of these conditions, the corresponding

] &

1’ 72
multiplication formula is still correct provided the integration
contour is deformed around the branch point and attached ecut

which penetrates the nominal integration region. This branch

point is the reflection via (2.2) or (2.8) of the z = 1 singularity
of the Legendre functions into the plane of the integration variable

w or o.

6. Special Cases

pd J
When one of the helieity labels of ' (z) or qu (z)

vanishes, the resulting function 1s a regular associated Legendre

function,
P, (2) = P (2) Py, (2) = P (2)
Q, (2) = & (2) o), (2) = Q" (2) .
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We therefore obtain the following special cases of the addition

theorems, with conditions as stated earlier:

Pjiz} = i ehinmPgn(zl]P?(zE} (2.16)
n:-r.‘u
Q=) = ) R (2) & (3,) (2.17)
nz-m
e
u=) = & [ e g g (s (2.18)
=joo
- ; )
EJ{EJ = =2 Z {_I]m-.j e ﬂt]ufz.-l ﬁ?{zzj.
m=j+1 I(m-j) I'( j+1+m) (2.19)
As special cases of the multiplication formulas we have
PR (2) PP (2) = 2 [ . i
j V&l T3 1% 2 dw e PJ{z} (2.20)
=T
m
Pgntzqu?(zzj = -2-1-,‘,F dp et le‘:z} (2.21)
-
gE’“fz'l},ﬂ}{zzj = %J’da e Q,(z) (2.22)
and specializing further,
m
Py (2,) Py (2,) = 1 f dw P(2) (2.23)
Q
™
Py (2) ¢ (2) = & [ augy (a) (2.24)
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Qj(zl}ajfzzl =fc da lefz] (2.25)

with 2z still given by (2.2) or (2.8).

Using the following Jacobilans (valid for 217 255 2 all

real)

T
dw 2 ' 2 ' _ 8(-k
W - _{ dw 6(z - 2,2, - #;1 -1 #;2 - 1cosuw)= =

o

o

) ) Bz - z,)
3 - f daﬁ(z—zlzz- /212-1/222-1 cha) = —-—+_,
gz o WSS
where
_ - 2,2
k = k(zl,zz,z} = 2 *z, +P- 22,252 = 1
= (z-z,) (z-2_)

and

2,5, .r’zf -1 i"‘z; a

I+

equations (2.23) through (2.25) may be re-expressed as

PJ(zl)Pszz} = %j dz Pj{z}a(-k]fﬂc“ (2.26)
Py(z) Qy(z,) - %-f dz Q;(z) O(~k)//E (2.27)

—a
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III. Grnu_p—-Theoretic Interpretation of the Addition Theorems

In general, an addition theorem is a consequence of the com-
pleteness of the set of vectors which spans the Hilbert space of a
unitary irreducible group representation.

For example, the Hilbert space B of the UIR D‘j(g} of SU(2)

is spanned by the complete set {|J,m>}, where 2j = 0,1,2... and

m= j,j-1...-j. The completeness relation is therefore
J
1= Z | jm><jm]|, (3.1)
m=-]j

where 1'j is the identity operator in H'j. Since the operators D':l (g)
which represent the elements of SU(2) in HJ have, by definition,

the group property
p'(g) = Dl(g)) Dl(g,), (3.2)

where g = g,8, , 1t follows from (3.1) that

J
<.im|D'j(g}[Jm'> = z <.J'm|D'jfglifJnH,jnfD'j(gz}I.jmra-. (3.3)
=

In our parametrization of SU(2) we have g = (¢, 6, ¢1I} and

T

Qm!DJ(gH,jm?:* = o-imd d;:].nm* (cos B) e~in ¢ s

so that (3.3) becomes

1 ] J
o109 dinf (z) gTimé _ Z o~ 1nw &]‘jm {zl} djnm' (22) ,
=-J (3.4)
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T
where 2, = cos 8 and expressions for ¢, 2, ¢ , w are given in

i?
Appendix E.1. When (3.4) is converted to P functions via (H.13),
we get a special case of the first-kind addition theorem (2.1).

In this section, we shall "interpret" the various addition
theorems in terms of the UIR's of SU(1,1). We refer the reader at
this point to Appendices A through E, whose contents are listed in

the general Table of Contents at the beginning of this paper.

l. Unitarity of Matrix Elements

Unlike the d-functions, the Pimi are not actually unitary
when thought of as matrix elements with indices m and mf. This fact,
however, i1s not significant for the addition theorems (and their
subsequent use in diagonalizing convolution equations) because the
addition formulas are invariant under changes of the normalizing
factor. By this we mean that if the unitary matrix elements mm’ (g)

satisfy the addition theorem

]

Din' (g) Z D'] (g,) D'] (g,),
n

then so do

ymr{g} [ .f’NJ] D‘i-(g},

where Hi is an arbitrary function of m and j. According to
(H.12) and (H.13), the functions P and 4 differ by just such a

factor,
Pgm’ (z) = [H'] ;31*] dlfm' (z),
where NJ = @ (£1)" , m(z) 3 o.
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2., First-Kind Addition Theorem

We have already shown how the first-kind addition theorem (2.1)
may be understood in terms of the SU(2) UIR's when 2j = 0,1,2... and
|m|, In'| £ j. Alternatively, (2.1) may be construed as the group
property of the SU(1,1) UIR matrix elements, taken in the discrete
basis discussed in Appendix B. As j takes the special sets of
values shown in Table B.1l, the summation in the completeness relation
(B.6) runs over the values shown in the right column of the Table.

For each class of UIR we thereby obtain a special case of the general
first-kind addition theorem. The fact that the summation is semi-
infinite for the Dki (and finite for SU(2)) is a consequence of
the zeros of the P functions (see Appendix H.15 and Fig.8 (g)).

The first-kind addition theorem for arbitrary complex [ may
be regarded as the analytic continuation of the GqO and ﬂq% group
properties away from Re(j) = -3 . In Section IV we will show that
(2.1) is in faet the unique analytic continuation of the SU(2) ad-

dition theorem.

3. Second-Kind Addition Theorem

Given the completeness relation (B.12) for the Hilbert space
associated with the Dk+ UIRYs in the continuous basis, and given the
explicit continuous-basis D]: matrix elements (D.8), we see at once
that, when 2j= -1,0,1,..., the second-kind addition theorem (2.7)
is the Dl: group property in the continuous basis. The general
result (2.7) is the unique analytic continuation of this group pro-
perty in j away from the integers, and in yu, u' away from the
imaginary axes.
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4. Alternative Second-Kind Addition Theorem

1> %, are

purely imaginary -- an interpretation similar to that discussed above.

Equation (2.11) has -- when 2j = integer and =z

Using the discrete-basis completeness relation (B.6), but the mixed-
basis D]: matrix elements deseribed in Appendix B.4 and given
explicitly in (D.9), it is easy to show that the continuous-basis

matrix elements of U(g) = U{glj U{gz] are

- - j i,
e ﬁ.ﬁu' (chv)e™® = 2 Z el -1my &,_m(ishﬂllﬁm HSh”E:‘_

e =
m=j+1 M(m=j) I'(m+j+1)
(3.5)
Equation (3.5) is a special case of (2.11) with Zq = -ish Ny, 2,

= ish n,, and z = ch v. Alternatively, (2.11) 4is the analytiec

continuation of the mixed-basis addition theorem (3.5).

5. Hybrid Addition Theorem

For this theorem we give a different kind of group-theoretic

interpretation taken from Hermamlﬁ. To conform with the notation

of Hermann, and Gunsonlﬁ, we write (2.5) as

glo@ = ) ol (e)E (e, (3.6)
n:-—ﬂ:l
where
D'jm‘(g] = e_imd}dgm:{z} e-im¢ ’

Ejm*(g) = oimd efnm*(z) JIm
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Hermann's point of view is that, once one knows that (3.6)
is true, one can write the E functions as matrix elements of an oper-
ator E‘j{gc) which is related to the operator D'jl:g} of 8U(2) by
a certain Cauchy kernel transform. If we let G = SU(2) and

and G, = SL(2,C), then E*]{ge} is defined by

B(g,) - fdgctg'lgﬂinjm. (3.7)
G

Here, g, € G, - G, which includes su(1,1), 2j = 0,1,2..., and
DJ, £ are operators in the Hilbert space H‘j associated with the

SU(2) UIR 1labelled by J. These operators possess the group multi-

plication property,

Ejigﬂgc} fdg G(g'l[gogc]) DY(g)
G

]

jdg c( [g;lg] g D(e)
G

fdg o(g™'g,) DY g.8)
G

fﬂg o(e™g,) D(g,) D)
G

D'j{goi EJ(ch (3.8)

where we have used the invariance of dg and the group property of
the DJ, Taking matrix elements of (3.8) in HJ, we generate the

hybrid addition theorem (3.6), which may then be continued to complex j.
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From the completeness property of the S8U(2) UIR's given in
(G.19),

%— Z (2j+1) trace [Djigil] BJ(EE)] = 8(gy - g,),
J=0

we can solve (3.7) for the Cauchy kernel

c(g'g,) = % Z (2j+1) trace [DJ{E'IJEJ{EG}]
J=0,1

(3.9)

%. z: (2j+1) trace Ej(g-lgc]:
J=0

1

where irace means trace in HJ. An expliecit expression for the
Cauchy kernel is quoted in Gunsnnlﬁ‘
In passing, we point out that (3.9) and the matrix elements

of (3.7),

gJ '(g,) = J[ dg G(g'lgc) Iﬁm'fE) »

mm
G

are the natural generalizations of the Heine and Neumann formulas,

- ). (2541) P(2) ay(z,)
J=0

1 A .
z f az z, = 2 Pj(Z} :

-1

£
(=
_—
ol
Q
o
[l
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IV. Derivation of the Addition Theorems from SU(2)

In this section -- without using any group theory -- we
systematically derive from the SU(2) addition theorem. all the
addition theorems stated in Section II. The domains of convergence
are emphasized. In Section V we ghall present a direet and simul-
taneous proof of all the addition theorems using elementary group
theoretic techniques.

In what follows, the variables = and w or a are

1’ %2
treated as independent variables, while (¢, z, ¢T} or (&, z, E')
are dependent and given by the set of equations g-= glg2 in SL(2,C).
We have relegated these details to Appendix E.

1. First-Kind Addition Theorem

As our starting point we take the SU(2) addition formula

(3.4), which we assume is correct:

r t J .
o~ 1md dim'(z] el 2: o~ 1nu d;m(zlj dgmmfzz]. (4.1)

n=-j

In (4.1), z; = cos By, J = 0,%4,1..., and Em,m'} denotes a
lattice point in region 5 of the helieity lattice diagram shown in
Fig. 8(b). Figure 1 shows the specific helicity lattice for the
second d-function in the summand of (4.1), and the line segment AAI
represents the sum.

As a preliminary to the continuation of (4.1) in j, we

replace the finite sum with an infinite sum to get
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o
L

S Y L S () sy,

n=-=
(4.2)
where n retains the integrality of j. When j = 0,%,1..., Egs.
(4.1) and (4.2) are identical because we have extended the summation
from segment A to segment BB' by adding segments AB and A'B',
both of which lie entirely within the "sense-nonsense" portion of the
helicity lattice where dimlizzj has square-root zeroes, as does
ﬂinﬁzl). For details on these geros, see Appendix H.15.

We now consider the possibility of continuing Eq. (4.2) to
complex Jj. From Table H.14 we observe that, when -1 <z < 1,
dimliz} is Carlson in j. In faect, both sides of (4.2) are Carlson
in Jj as long as the sum converges. Since (4.2) is true for
J =0,1,2... it follows from Carlson's Theorem that the equation is
true for general complex Jj, with the unique Carlson continuation
In J of 4 1, provided by the hypergeometric function in
(H.2) with (H.13).

It should be clear that, as 2] moves away from integral
values, the portions of the sum in (4.2) represented in Fig. 1 by
segments AB and A'B' become "activated", and the question of
convergence arises. If convergence is required, the analytic con-
tinuation of (4.2) in 2y 5B is to some extent restricted. This
follows from the asymptotic behavior of the summand which is,

according to (H.13), (H.32), (H.48) and (H.22),

. : \ 2,+1
(7 6] (51) 0 (o] elnl-lBm0] a1 dlnfan| 2]

Za2+]1
22—1

.o ~Hnltn |
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as n + t «, The convergence condition is therefore

2Zq + 1
2, - 1

Z, + 1
. 1I > exp (2]Im(w)]) (4.3)

ignoring the possibility of power convergence. For w real,

2, + 1‘
31.‘11 |

2, * 1|

1] > L (4.4)

Equation (4.4) is certainly satisfied by He[zl} > 0, He(zz) > 0

(as quoted in Bateman), but more generally, as a simple geometrical
argument showsg (4.4) is satisfied and (4.2) converges if He(zz) >0
and zq lies anywhere outside a dise containing 2, = -1 and

lying entirely within the left-half z.-plane, as illustrated in

1
Fig. 2. Thus, a portion of the interval (-1,1) near gz, = -1 - is
necessarily excluded, a fact which reappears if we take

2; = cos O, |Ei| < mw, in which case (4.4) requires that |El|+|521
< 7. (In order to show that the right-hand side of (4.2) is Carlson,

we assume that El and 6O, respect this condition prior to con-

2
tinuation. )

Converting (4.2) to P-functions via (H.13), we obtain the

first-kind addition theorem given in (2.1),

S @) et o ) S (el (),
nz_m

(4.5)

with validity as described in Section II.1.
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2. Hybrid Addition Theorem

Consider Eq. (4.5) above with =z > 1. We continue (4.5)

+ifr
anto the left hand cut in z2 5 5 a 2

Therefore, fﬁf -1+ e+i“#zz - 1. From (E.15), this implies that

1772
by taking =

+ Z

” *e-riﬂz a6 ,i"zz -1 +e"‘i’ﬂ' 2= -1 . Then (E.19) and its ’1]‘!

T
counterpart tell us that ¢ + ¢ but ¢ + -¢ . The result of these

changes is:
— T - r — i -
Bl (m ey Y o Y ) (R () T
n=-o

(4.6)

] 4
If in (4.6) we take m +-m , multiply by G‘j_mT, and

subtract the resultant equation from e+i“j times the original

Eq. (4.5), we conclude with the help of identity (H.29) that

o
ro

e—im¢‘ Qﬂm.(z} e-im ¢ . Z e-inm Pgml:zl} Q;];m'(zz}:

n==9

(4.7)

which is the hybrid addition theorem (2.5).
From the asymptotic behavior of the summand as n + #= given
by (H.47) and (H.48),

g.+1

1
zl—l

=inw PJ

|e mmﬁzl} Qim'f52}| " elﬂf'JIEM|_lnrm+|m |'1_e-i|n|-£n

z2+l

e+i|n|'|£n -Er?r

2

= .z, + 1 .
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we find that the convergence condition for (4.7) is

1 2, * 1 1 2, * 1
bl - el | > 1ot . G

again ignoring the possibility of power convergence. Condition

(4.8) is the same as that reported in (2.6). Again, if 2y,2,,W are

2,
real, (4.8) is satisfied by 2, > 2, > 1. More generally, a domain
gimilar to that in Fig. 2 may be obtained.

The second form of the hybrid addition thecrem shown in

(2.5) follows trivially from (H.7), (H.23) and (H.32).

3. Second-Kind Addition Theorems

We apologize from the start for the apparent circuitousness
of the present section, but remind the reader that a direet proof
of the second-kind addition theorem may be found in the next seetion.
There seems to be a certain amount of "analytic distance" between
the addition theorems of the first and second kind.

In terms of the @ functions, the hybrid addition theorem

(4.7) is

oo
L

g gy O ) (Pt gl sy

)

(4.9)

!
where for now we consider Jj,m,m ,n to be integers. Starting

with %1%y > 1, we continue (4.9) onto the left-hand cut in 2

in a manner similar to that in which Z5 was treated in Section 2

] L]
above. This time ¢ +-¢ and ¢ -+ +¢ =0 we get
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™ gl (are)e ™™ < ) () e B (atie) ) (s,

n=-

(4.10)

If, in (4.10), we take m + -m, multiply by Gi{—l}j+l and
add the resultant equation to (4.9), we find, making use of identity

(H.28) on the left and (H.29) on the right,

_ P b . . (z }ﬂgm'fﬁ )
~-im¢ \(z) -im ¢ =—GJ (_l}j—n =inw ﬁﬂm 1 2
S (2 e ‘“ n; T Taed) T(ee)

(4.11)

An examination of the gamma functions in (4.11) shows that
the sum is really two distinet sums, one running from -= to -j-1,
and the other rumning from Jj+1 to +e= ; moreover, these two sums

are the same, so the right side of (4.11) becomes

«© J J
m
I(n-j) I'(j+1+n)

-

n=j+1
(4.12)

Next, the sum in (4.12) may be Sommerfeld-Watson transformed

to yield
N Tl NERTRICRR
G

where C 1is a clockwise contour containing =n = j+l1, 72, ... . We

now give w a sufficiently large, negative imaginary part so that
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the contour may be opened up. The new contour runs upward just to
the left of Re(n) = j + 1, but may be harmlessly shifted to Re(n) = 0.

Renaming variables £ = i¢, g' = i¢l, o =1w, A =n we find:

o]

imo
Eﬂ%mhﬂgzﬁjduﬁ%mmm%h
-i
(4.13)

1
So far, Jj,m,m are still integers, but from Appendix H.14
one can show that both sides of (4.13) are Carlson in j and n

and then, from (H.23), also in m. Taking m+pu and mI + u' we

obtain
oo
;m%@“ma=%_fﬂﬁwFﬂ%wg,
=fm

(4.14)
I
where now Jj,u,u are all complex. Equation (4.14) is the second-
kind addition theorem (2.7).

The convergence condition for (4.14) may be obtained from
the behavior of the integrand as X + #ie, From (H.47) and (H.23)
we find:

Ie'laﬁﬂlle}ﬁiu.{zzjbu E|l|-|ﬁma|_|llﬁeu|+ﬁhlli_l'e_ﬂllr

)|

1 zl+l 52+l
(G e



Therefore the integration in (4.14) converges if

1 e i 1 aytl -
Elarg (ﬂ + § arg (m) + |II|.'I([1:|| < 7. (4-15)
1 2
Z. %1
Since arga(ZI_l) ' = 1 only when 2, € (-1,1), we see that when

a 1is real, (4.14) converges for all 51,52 except when both these
variables lie in the range (-1,1).
The contour in (4.14) plays the same role as the contour in

the easily proven identity {GR 6.422 {3)]

joo

1 . -
33 j dx T(j+1+)x) I(j+1-2) =

-2j-2
i 2
={m

r(2j+2) , (4.16)

which happens to be the double asymptotic limit of (4.14) as 2152,
+o , If Re(j) < -1, the contour must be deformed as shown in
Fig. 3 so as to continue to separate the pole chains of the integrand.
As 2j + a negative integer, the contour is pinched, generating the
singularity appearing on the right side of (.e‘“lﬁ-}.l?r

The alternative second-kind addition theorem (2.11) is
obtained from (4.14) by running the Sommerfeld-Watson process in

reverse, l1.e., closing the contour to the right. Thus,

. ® J J

WE oy M E - o) n-j gno G2 %y (2)

e " @,'(2)e = 2 G, Zj (-1)" e Mm-J) r(j+14m) ’
m=j+1

(4.17)



..34_

T
where j,HM,U are still complex. From (H.47) we have, as

Re(m) + + = ,

o-me
Qmu{ }Qm (22” o-Rem Rea |Re 4+ |Re p'| -1

I(m-j) T(j+l+m)

*|Re m|

ZE+1
e
(4.18)
Thus, (4.17) converges when
1, 127 2
E|jp‘n|_31“1[ H'n‘z _1| < Re(a) , (4.19)

which is the same as condition (2.12).
Interestingly, the mixed-basis addition theorem given in
(3.5) just barely converges due to the [Remrl shown in (4.18) and

the rotating phase of the summand.



-35-

V. Group-Thecoretic Proof of the Addition Theorems

So far we have "proven" the addition theorems in two different
ways: first, the "proof by interpretation" given in Section III, and
second, the "proof by continuation" (from the SU(2) addition theorem)
given in Section IV. Whereas the first method relies on external
caleulations of UIR matrix elements, the second method depends on
tedious manipulation, in particular, Carlson continuations.

In this section, we give a self-contained and direct proof
of the multiplication formula corresponding to the second-kind addition
theorem. This proof will automatically be wvalid for complex j,H,
and p', and from the proof it will be obvious how to prove any
addition theorem. The crucial faects turn out to be: (1) +the Legendre
funetions are amnihilated by the invariant Laplace operator of SU(1,1);
(2) the integration appearing in the multiplication formula is the
invariant integration of the subgroup K with respect to which
SU(1,1) is reduced. For the first-kind multiplication formula,

K =80(2), whereas for the second-kind, K = 80(1,1).

The second-kind multiplication formula (2.15) reads

ﬁ‘ghfgl} ﬁiu-(zzl M2 - 5 dE, e**%2 Fifm'(g} ,

(5.1)

where we have defined

Qﬂu-{g} = M ﬂﬂu'(z} eME (5.2)
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and we recall from Appendix E.3 the ordering of the parameters
g = 8,8, = (5,9,8") = (E,v,E)) (E,,9,,E,), and a =& + &,
The proof of (5.1), and thus of the second-kind addition
theorem, conveniently divides into three parts. First, we show that
both sides of (5.1) satisfy the same partial differential equation
(the Laplace). Second, we show that both sides in fact solve the
same ordinary differential equation (the Legendre). Third, we show
that both sides are the same solution of this ordinary differential

equation.

1. Part 1 of Proof

The Laplace operator of SU(1,1) is defined as
(&) o 20e) _y5m) (5.3)

where jﬂig} is the Casimir expressed in terms of the differential
generators given in Appendix C. In particular, 32 was calculated
for the continuous basis [éD{l,l} reductinn] in Eq. (C.11).

If fﬂufz) is a solution of the Legendre equation (H.1)
Alsu,v32) £ (2) = 0,
then the function fﬂu{g} y

!
fﬂu{g) = e-ugfﬂu{z} eHE ,
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is a solution to the Laplace equation
(g) o ,
L'=0 £, (g) = 0. (5.4)

The differential generators calculated in Appendix C.3 are

the generators of the left-regular representation

€)g) 2(e) = #(e]’e), (5.5)

where

T(E}{gl} = exp[—iﬁl-ﬁl{g}] exp [—ivlkzig)] exp [-igi_klfg)]
(5.6)

since [3%(8), ﬁitgj] =0, it follows that {L(g), T{g}(gl}] -

This is why the Laplace operator is invsriantls:

f8e(g) = (&) [2(e) L) e(g7g))

Il

&)gr?) [L(8) o(gTle))]

]

1(818) p(g) . (5.7)

That is, L{g] = L{glg}ming on f(g) is left-invarient in the

same sense that the Haar measure d[g] =d [glg] under is

G
left=invariant.

o



-38-
From the right-regular representation
1.(8)g ) 2(g) = f(gg,)
R 1 1

one may conclude that the Laplace operator is also right-invariant
because, although the left-and right-shift differential generators
are not the same, the Casimir and Laplace operators are the same
whether expressed in terms of either left-or right-shift generators
[see Appendix F] .

From the invariance of Lﬁg), it is at once obvious that
both sides of the multiplication formula (5.1) satisfy the Laplace

equation L(gl}f{gi} = 0:

L(gl} ﬁ;illi:gl} 0
o) gl e) = L8 g ge,) - 1B182) g (g0
= 0.

This completes part 1 of the proof.

2. Part 2 of Proof

We show here that both sides of (5.1) satisfy the Legendre
equation ét{j;u,l;zl} f[zl} = 0. This faet is obvious for the left-
hand side of (5.1), and is almost obvious for the right-hand side.

We have shown in part 1 above that the right-hand side of (5.1)
= RHE[g1] satisfies the equation IFEl]HHS(gl] = 0. If we can

ghow that



RES(g,) = e 1.1 fS(z)) (5.8)

then it will follow that {{j;u,h;zlj RHS(g,) = 0. Thus, part 2
of the proof is complete if we can demonstrate (5.8). This is
where the 80(1,1) invariant integration comes into play.

We begin by "exploding" @ {glgz) in (5.1) via the left-

regular representation (5.5) and (5.6), so that

oo

RHS(g,) = %—jdsz M2 (&gl @ (g

-0

- 5 j 4, %2 exp( 1£,%,(82)) exp(1v, &, (E2))

- exp(1g,%,(82)) @l 1(g,) . (5.9)
From (C.11), I—\E{EE} = i '5-% , 80 we may replace the rightmost

exponential operator in (5.9) with exp( —uEl}, achieving half the
goal of demonstrating (5.8). The leftmost operator cannot be taken
through onto @ g?'} because 'Rl and 'I'{'E do not commute. However,
by considering the general form of the expression in (5.9), we may

successfully expose the factor e 21 gg follows:

f 48,"%2 exp (8) 5p=)F(E,)

o

“f at, 2 F(g, + 5) (5.10)

o

(Eq. (5.10) continued on next page)
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= e 1jagze”{gz}, (5.10)

=L

where we have in effect used the regular representation of S0(1,1),
the group multiplication property of DKEE} = elgz , and the invar-
iance of j d [EZJ . Therefore,

S0(1,1)

RES(g,) = eHEL A5 {,i,j dg, e'62 exp(1v, %(g-?}mﬂu-{gg}},

(5.11)
which concludes part 2 of the proof.
3., Part 3 of Proof
We have shown that the Legendre equation
AlIm,rszy) £(z)) = 0O (5.12)

is solved by both sides of the second-kind multiplication formula

(5.13)

and we now wish to show that both sides of (5.13) are in fact the
same solution of (5.12). From (H.39) we see that, for complex j,

J ~-J=1
the linear combination of ﬂul( 21) and ﬂul (zl}, which any
solution of (5.12) must be, is completely determined by the asymptotic

form as 2z, > . Thus, we shall prove that both sides of (5.13)
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are the same solution of (5.12), with the same coefficientlg

» DY

showing that (5.13) is true as z, > ®. But, using the information
given in (E.20) with w = -ia and (E.22), it is easily shown that
the asymptotic limit of (5.13) as % + o jg a version of the inte-
gral representation for Qiu'{EE} given in (H.58). This concludes

our proof.

4. Proofs of the Other Multiplication Formulas

The formulas (2.13) and (2.14) may be proven by the same
procedure as above, Partl of the proof goes through intaet, since it
depends only on the general g,°8, = & structure of the multipli-
cation formula. Part 2 goes through as above except K = 350(2),
so equations (5.10) are correspondingly different. It is here that
the restriction that {m,mT,n] be integers or half-integers arises.
Part 3 is then shown by taking z, +« as above, then using (H.57)
or (H.58).

Regarding the hybrid multipliecation formula (2.14), we men-
tion one detail which causes its proof to differ slightly from the
others., In part 2, the proof that both sides of (2.14) solve the
Legendre equatian in z fails when 21 = Zo because in this case

# -.1 -#z -1 cos (w)+1 as w=+*mw , so the
singularity of Qmmi(lj touches the endpoints of the integration in
(2.14). This has the effect of causing a discontinuity in the
right-hand side of (2.14), treated as a function of zy, at z; =z,

and for =2 >1 we find by the sbove procedure that

1225
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m

f dw ™ (7™ oJ i(2) & ? ) (5.14)

=T

1

2n
= _ J J _ J J

ﬂ{zz 51] Pmn{zl} Qnmt(zz) + E{El 22} an[zlj anl(zz) .

We have chosen the first term for the analytic continuation in 2y

and z2 discussed in Seection IV.Z2.

5. A Note on the Integral Representations for @ and P

From Eq. (5.11) derived above and Appendix C.3 it follows

that
@y(2) B,(2,) = %f &, eM%2 exp(iv, &) e™o2 4 (52}] ,

where

> - ! d d
K, 1sh52(u esch v, + cth v, -3-55- ) - iech £, ﬁ;

Setting uf = 0 and taking vV, > ® on both sides we find, according

to (H.39),

Qﬂ?‘{zl) ) ;Hi—i:”r]r 3] a2 emeivy £y 72,

o

(5.15)
where

k, - 1sh52}% + 4(J+1) chE, .
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Now, using the symmetry (H.22) and replacing u -+ -u', A+ -,
EE + o, 2y + 7 . We get

= =]

@, 1(chv) = ;—J——-—-EJE:E;} %f do oM IV K2 [*"*] (5.26)

with

£, =1 [sh a 3, + (§+1) ch a]

A result similar to (5.16) follows from the equation corres-
ponding to (5.11) in the proof of the first-kind multiplication
formula. The answer may be quickly guessed by comparing (H.57)
with (H.58) and using o = iw :

™
Pl i(chv) = M —LI dw ™1 eiu“iZ [eim‘m]
o P(-j#m ) 2m <
(5.17)
where
+ -
k, = i [sin wa + (J+1) cos uJ .

Equations (5.16) and (5.17) allow us to interpret the
Legendre integral representations (H.57) and (H.58) as "matrix ele-
ments" of the operator exp (i vfz} , Wwhere EE is a realization
of the SU(1,1) Lie generator K, as a single-parameter differential
operator. The full single-parameter Lie algebra appropriate to

(5.16) is



_,f'f’__

N
k= 43

ig = i [sh as3, + (J*1) ch a]
}3 = - [ch a3, + (J+1) sh u]

which is just the realization discussed by Mukundag, Eq. (4.15), and
by Hﬁrmannlﬁ, Eq. (5.3). Note that the 80(1,1) generator fi is
"diagonal™.

In order to show directly that (5.16) and (H.58) are the
same, one must compute the action of an exponentiated differential
operator. A ‘trick for doing this is given by Hermann, p. 104 (but
sign error in Eq. (5.8)).

Considering the discussion of Appendix D, we are not surprised
at this interpretation of the integral representations since, for
special wvalues of j and the helieity labels, the Legendre functions
are precisely the SU(1,1) Q; UIR matrix elements, aside from

inessential factors.
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VI. Application: the Diagonalization of Convolution Equations

The group-theoretic addition theorems are particularly useful
in diagonalizing integral equations of the convolution form. If
A,B and C are functions defined on a Lie group G with invariant

measure dg, consider the "integral equation"

ae) = [ Bxe]e)

]

f dg, B(g,) C(g,) (6.1)
G

_ -1 (v}
where g, =g, & Let Dk k'{g} be the matrix elements of an
irreducible representation of G labelled by the eigenvalues O
of the invariant operators of the Lie algebra (e.g., Casimir

]

operators). Indices k and k represent the eigenvalues of the
simultaneously diagonalized generators in the basis |o, k>

The functions Dik'{g} satisfy an addition theorem

D]f]g'(g) = __skrr Dil{“l:gl) Dﬂkﬂkl(g‘?}t (6.2)

Applying f dg Di,k'(g} to both sides of (6.1) we find

G
fdgl B(gl)fdg '(g) c(e,)

f ag A(g) D '(g)

1]

kll

where we have used the Haar invariance f dg = f d gng _{- dgzx
G G

fdglafglj U"( Gdggt?{gz)nink_.(gz},
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as well as the addition theorem (6.2). Defining the projections

o
fkk

fag f(g) Dy '(e) » (6.3)
G

we arrive at the "diagonalized" equation

1. Diagonalization in the Discrete Basis

Specifically, if A,B and C are defined on G = SU(1,1),
the equﬂtionm
2m
A(d,v,9') =

n‘"‘"ﬂg

=2

(6.5)

may be diagonalized by means of the first-kind Legendre addition

theorem (2.1)

Pl(e) = ) Pl(e) Pl (6.6)
N==00
where
Pgm'(g} s o 1 Pin'(chu}e_imd} . (6.7)

The resultant diagonalized equation is

j T = 'j fj?
‘q';lm B zjE:mﬂrlm (6.8)

1=

+f

%IT- f av,+shy - j %B{¢1,u1,¢i) G[¢2,v2,¢;)
0
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where

f!j 1

mm

m

f ag £(g) P '(g) (6.9)
G

with dg as shown in (6.5).
Once the diagonalized equation is "solved" for Aim'
(e.g., if B is given and C is a function of A), the function
A(g) may be reconstructed from its projections according to (G.15a).
The diagonalization above was discussed in commection with
the partial-wave analysis of particle scattering amplitudes by
Serterio and Tcller21{1964] and in further detail by Tnller22

(1965).

2. Diaggnalizatinn in the Continuous Basis

Assume now that the functions A,B,C are defined23

only
on the semigroup So+ discussed in Appendix E.3. To diagonalize

the equation

A.(E,‘U,E'} = j %E-“,l . d\ll"ﬂh \i j %'Q'B{glrulrgi}c(%rvgxgé]

m
(6.10)

we apply the second-kind Legendre addition theorem (2.7 )

B'(8) = £ f ar @\ (ey) B 1(e,) (6.11)
—fe
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where

ﬁﬂuufg) = M8 gﬂu- (chv) eM& . (6.12)
The result is
1&?
IO f-f“- f dx Bﬂl ciuf (6.13)
=jm
where
e s f ag 2(g) @ 1(g) (6.14)
w' B'(e :
So*

with dg as shown in (6.10). Again, if the diagonalized equation
is solved for the Aﬂu} , the unprojected function A(g) may be

obtained from (G.17a).

3. The Diagonalization of Abarbanel and Saunders

Consider the following special case of (6.10),

A-,v,-) = f e f av) shv; B(=,v;,-) C(£,,V,,-)

-0 ﬂ
or
Az) = f g j az, B(z,) C(E,,2,) , (6.15)
—= 1

where a dash indicates an absence of functional dependence on the
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varisble appearing in (6.10). We have removed the (non-compact)
integration over Ei and have set E::L = G.24 It is easy to show that
the diagonalization procedure is unaffected by the fact that the
full invariant integration fails to appear in (6.15); only the
projection of B is different.

From (6.13) we find, after cancelling delta functions, the

following diagonalization of (6.15):

iw
agﬂ - j ax bil cio (6.16)
=joo
where oo
I
al, = jdz Alz) E‘gofz} (6.17)
bgl =j az, B(zl}ﬁil(zl} (6.18)
1
“io =f dﬁéaf dz, '3(52’52}9_%2 'ﬁin(%}*
- 1

(6.19)

Specializing still further by removing the gg-dependmce from

c( Ez,zg], we get ‘*‘:?.o = &(ir) ‘-‘-g.;, , so the diagonalization of
A(z) = f % f dz, B(z,) C(z,) (6.20)
=00 . 1
1=

(6.21)
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with all projections of the form

ay; = ‘Z dz Alz) QJ(z) .

In terms of simplieity, (6.21) is comparable to (1.2).
The special case of the second-kind diagonalization given
as (6.20) and (6.21) was discovered by Abarbanel and Saundera‘?5

(1970) and further analyzed by Cronstrdm<C (1974).

4. A Physics Comment

Briefly, the physical significance of the simplified convo-
lution Eq. (6.15) may be understood in terms of Fig. 4 which shows,
in schematic form, the typical multiperipheral integral equation
(in a particular kinematic configuration, see GDHZ[Eﬂ}. The x's

27

mark "CDM frames"™" and the variables shown are the boost para-

meters which link the frames in a manner similar to the usual Toller
or BCP variables.zs 0f course these variables are also the 350(2,1)
group variables we have been using all along in the continuous-basis
Sﬂ+ semigroup parametrigzation, and g = €185+

The multiperipheral integral equation symbolized by Fig. 4
is a statement of (s-channel) unitarity. This means that, roughly
speaking, A,B, and C are the discontinuities of reggeon-reggeon
gscattering amplitudes, with "cluster masses" sensed by the variables
v, ul, and vz. We have ineluded in C +the "reggeon propagator"
whose "energy" dependence is characterized by the variable EE'

The loop integration in the multiperipheral equation is the

Lorentz invariant dﬁk, where ¥ is the 4-momentum of, say,
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the lower reggeon of the reggeon propagator. When this momentum

is viewed from the leftmost CIM frame, one finds that:

dx = ar- ag)

where
dT = k“dkaw
= ,/:_{—} -
ACt,t 5t dtldtzfﬁf t)
1 ' o
= %du (-u ) dsz v‘{—s
and

dg, = dg; - d(ch v,)

T T
The variables k,w,t,t tg,u +% are described in CIM and AS

1!
but are of no concern here. The point i1s that the "loop phase space"

a4

k factorizes exactly into a residusl "transverse integration" dT
(which survives in the partially diagonalized equation), and the
group phase space dgl which appears in (6.15).

In other words, the t < 0 multiperipheral equation is
a convolution equation with respect to the S; semisubgroup of
80(2,1) and may therefore be exactly diagonalized by the second-kind
addition theorem, This is in contrast to the approximate diagonal-
ization obtained by use of the Mellin/Laplace/S0(1,1) transform

which treats the integral equation as if it were a convolution with
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respect to S0(1,1) rather than S0(2,1). A problem with this
80(1,1) or"rapidity" approximation is that certain potentially sig-
nificant effects (such as threshold behavior) get washed out in the
diagonalization process.

The reason that Abarbanel and Saunders were able to partially
diagonalize the ASF equation using (6.20) and (6.21) is that the ASF
equation has an energy-independent pion propagator in place of the
more general reggeon propagator, i.e., G(ZEJ in place of G(EE,ZE).
The diagonalization of a fully reggeized multiperipheral equatlon
(such as the planar bootstrap) would look more like (6.16) or
(6.13).2?’29 The variable A 1is related to the analytie continuation
of the helicity of the reggeon propagator in the same sense that the
full projection given in (6.14) is the helicity continuation of the
Froissart-Gribov projection with spin. We hope to clarify this

comment in a future publication.
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Note Added to Manuscript. After writing this report we have discovered,

much to our embarrassment, the existence of the references listed
below, in particular Ref. A. This pleasant paper ( a follow-up to
Ref. 25 ) contains on page 269 a statement of the second-kind addition
theorem and multiplication formula, and makes the identification of
the second-kind Legendre functions with the continuous-basis SU(1,1)
matrix elements (albeit for the Cq rather than the D: series). We
suspect that similar information is contained in Ref. C which we have
been unable to locate, Moreover, Ref. A effects the diagonalization
we have given in Section VI.2, though we might still claim to have
done so with more generality and conciseness. Ref. B extends the
work of Ref. A to the t=0 case. Ref. E describes the significance
of the semigroup which we stumbled upon in our Appendix E.3. Refs. D
and E discuss the possibility of projecting amplitudes onto (Banach)
representations of the semigroups of SU(1,1) and SL(2,C) which support
the multiperipheral integration in the t< 0 and t=0 cases. Finally,
we note the criticism lodged by Ref. F against "improved" expansion

theorems like our (G.1l7).

A) H.D.I. Abarbanel and L.M. Saunders, Ann.Phys.(N.Y.) 64,254 (1971).
B) H.D.I. Abarbanel and L.M. Saunders, Ann.Phys.(N.Y.) 69,583 (1972).
C) N.W. Macfadyen, Carnegie Mellon University Report, October 1969.
D) S, Ferrara et. al., Nucl. Phys. B53,366 (1973).

E) G. Soliani and M. Toller, Nuovo Cimento 15A,430 (1973).

F) N.W. Macfadyen, Commun. Math. Phys. 28,87 (1972).
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Appendix A: Lie Generator Conventions

1., Lie Algebras and Weyl's Trick

The six abstract generators of SL(2,C) satisfy the Lie

algebra
-;i,Ji = 1 Eijk .Ik
Tkl = 1 g K
hxi,KJ = -1 €1 jx Iy (A.1)

From (A.l1) and the Campbell-Hausdorff formula it follows that

e 1093 J.:T B o R ¢+J, + sin ¢-€

j 15x Yk

o 10J3 K.j 21 - oes +1:--I'[lj + gin ¢'€ijk K,

E-i‘ul(i JJ eh’Ki.

o-1VK; K, oLVEs

ch u-Jj + sh v'EiJk Kk

ch veK, - sh vee (A.2)

j 15k Tk -

The SU(2) subgroup of SL(2,C) 1is generated by

diy das J

1’ "27 73

with the Lie algebra
[Ji’J,jJ =1 Ei,jk ch

and Casimir
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For the SU(1,1) subgroup of SL(2,C) we choose the

generators

Kl‘ KE’ ;r3
with the Lie algebra
{JB,I{I} = 1K, [JS,KE] = 1K
[1{1,1{2] = -1 JB (A.3)
and Casimir
2 _ 2 2 2
J° = K] 1t:2+;r3 (A.4)

The SU(1,1) Lie algebra may be cbtained from that of

Su(2) by the mapping
(Jl.l‘JE?JE) -+ (_i K .'l-i KEJJB} »

a fact sometimes referred to as Weyl's Trick (see Appendix B.1).
In the explicit realization of SL(2,C) given below, the above
mapping is an identity.

There are several simple automorphisms of SU(2), two of which

are the obvious eyclie permutations. Two more are

(JI,JE,JS) -+ (-Jll'leJj} ¥ (JEI_J]-)JB)

From these four, a list of 23 automorphisms may easily be constructed,
allowing any generator to be mapped into (plus or minus) any other

generator. Using Weyl's trick, the corresponding list of 23 auto-

morphisms of SU(1,1) is at once found. Two of these are
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{K-_I’KE,JB) + I:"KEJK:L:JS} 3 (1'13:1{ ’ i I{l}-
(4.5)

The first shows (see below) that our generators Ki’KE and J3

are trivially sutomorphically connected to the “Ji" used by

thundag,
1
ny n = -
JO J3 503
_ 1
"Jlu N KE N E'l 52
nyno=  _ =-1iﬂ
2 K=-319

The second automorphism in (A.5) is useful in interconnecting relations

between the discrete and continuous-basis parametrizations of SU(1,1)

(see Appendix C.3).

2. Explicit Realization of SL(2,C).

The Lie algebras given above have the following two-dimensional

realization,
.1 _ 1
I, = 30 K, = Eiai (A.6)

where o; are the Pauli matrieces. The matrices of the one-parameter

gubgroups may be found from

e2'? - cha +a tsh ala-g) ,
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3
where @ = complex 3-vector and a = {ui + ug + mg )" . They are:
v v
(c{w '1541;2 ch 5 shx
~i¢J, _ WK, _ Y v
e 1 = '1S¢f2 G¢f2 e 1 =\ sh 5 chx
v v
c '#.-2 -34}‘{2 ) ch E -ish 3
-i¢d, -ivKy _ v oLV
e 22 = S¢f2 Co/o e =\ish z ch %
vz ( V2 g
1073\ 1072 N\ g V72

(A.7)

Whereas the Ji are hermitian and the e_i¢Ji are unitary, the Ki

are anti-hermitian and the e_i?Ki are non-unitary.

3. Relation to the Lorentz Group

Throughout this paper we have avoided repeated mention of
sS0(3) with SU(2), and S0(2,1) with SU(1,1). Physical applications
of the addition theorems (e.g., diagonalizations as in Seec, VI)
usually involve these Lorentz subgroups rather than their SU counter-
parts. For this reason, we include here our convention for the
connection between SL(2,0) and S0(3,1).

If we represent an arbitrary SL(2,C) group element by

g = otferiere k]

the corresponding element of the (proper orthochronous) Lorentz

group S0(3,1)° 1is given by
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oo 1 *I
ﬂ-u 5 trace [cru g r:!v g

according to the usual homomorphic comnection (see Riihl,m Eq.(1-6) ),

1
x = E x g+ X = ﬂ'ux]"l' =(t + 7 X - i:.r
x+ily t -2
X = oxP x Ho= gt Y
H -y .

The 4-dimensional Lorentz generators defined by

L G (22 E'EJ)H

=) -

are then given by

0 bl b.? h3
A e
h.? aq 0 -8y
ubj -a, a8y 0

According to this commection between SL(2,C) and 80(3,1}+, the
Lorentz transformations corresponding to (A.7) are of the active

type, e.g.,



—iUK]_ 11.
{E.‘ }.‘U

0

0

0

o]

[-ehu shv 0

shv chv 0

1

0

o ©o o,
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{e-id}JB} =0 8, C

o|
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Appendix B: Representations and Bases for 8U(1,1)

In this appendix we derive the classes of UIR's for su{1,1}31

and define the meaning of discrete, continuous and mixed basis. In
each basis the forms of the matrix elements are given, but the ex-

plicit functions are deferred to Appendix D.

1. The UIR's

The unitary irreducible representations (UIR's) of SU(1,1)
are all of infinite dimension, since SU(1,1) is non-compact. In
the discrete basis, to be described below, the basis vectors |j,m>
which span the repressntation space of a UIR are eigenvectors of J2

and J just as in the usual SU(2) analysis. In fact, using

3:!
Weyl's trick32 as mentioned in Appendix A,

J: = Jl i § J2 + =i Ki where Kt = Kl 1 K2 »
and our knowledge of 38U(2), we find for SU(1,1) that
1
1.2 1.2 2
ﬁ[bm> = hmtf)—{j+§] |im*l > (B.1)

<J;mf K_K.:.Ij:m} = HKq-Ij’m }”2 = (m * %)2 - {'] * %}2

(B.2)

To say that the UIR {|j,m>} is unitary is to say that the

2,J3 are hermitian with respect to the scalar pro-

duct <|> . Therefore, <|> had better be a scalar product.

generators Kl,K

As (B.2) shows, this will only be true if (m + %}2> (J + %)2



-60-

for all Ij,m':- in the representation. From this simple fact, and
the truncation possibility impliecit in (B.1), we immediately know

all the UIR's. With the spectrum of J, restricted to integers

3
and half-integers (for single-valued representations of SU(1,1)),

the nontrivial UIR's are displayed in Table B.l.

TABLE B.1 The UIR's of SU(1,1)

name range of j J3 spectrum
c® J=-1+iS{SI‘Eﬂl} m = 0,%1,%2
a 5 ] ] LR

. 1 1
cg j=-5+1s (s real) m="-"2-;i%n--
£ - 5<J<0 m = 0,%1,%2,...
W = }- 1 2 = i
D, J=-50%1 5... m = j+1,j+2,...
- . 1.1
Ly 1=-10213,... m = -§-1,-3-2,...

The UIR's are called, respectively, the integral and half-integral
continuous (or principal) series, the exceptional (or supplementary)
series, and the positive and negative discrete series. The notation

is that of Ba.‘rgmannl who uses

q = =j(Jj+1) k = j+l (B.3)



A
so that

+ 3 (B.4)

S

k(1-k) =

o
i
PN

k=:1?-+is j

2. Disecrete Basis

The vectors |j,m> which diagonalize 7% and .I3 ,

JEIJ,IL'I}= J(J"'l}lj:m:“ JBU:m} = mlqj.‘lmb‘ ’
(B.5)

comprise the "discrete basis" of the UIR labelled by J, so-called
because the spectrum of the compact generator J3 is discrete. As
indicated by (B.l), the points of the spectrum are separated by
one unit and, since J:3 is hermitian, the spectrum lies on the

real axis. The normalization and completeness of the |j,m} are

given by

1]
(=]

'
<j,m{.j,m >

15 = Z [J:m:“ {J:m[ 3
m

(B.6)

where lJ indicates the identity in the Hilbert Space HJ of the
UIR, and the sum on m extends over the appropriate range as shown

in Table B.1l.
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The abstract elements of the Lie group SU(1,1) are repre-

J by operators U(g), where g indicates some para-

sented in H

metrization of the group elements. The UIR matrix elements in the
]

discrete basis are then <j,m|U(g)|Jj,m >.

The traditional parametrization of 8U(1,1), and the one

appropriate for taking discrete-basis matrix elements, is:33
' T
U(d,v,0') = e T3V 0 T3 (py)
T
If we restrict ¢,v,¢ to the regions
T
0g¢<2m, -2r £ ¢ < 2w, v >0, (B.8)

SU(1,1) is covered once, but 80(2,1) is covered twice. For
50(2,1) this double coverage can be removed by giving ¢l the
Same range as ¢.

The diserete-basis matrix elements then have the form

ﬁj:mlUl{‘#'JUJ‘b*}”,m'} B Eqm E-im ¢ "‘:,:.I‘.,'..'tlile-iw""]l':2 [,j,ml:‘: .

(B.9)
3. Continuous Basis. If the non-compact generator Ki is diagon-

alized instead of JB’

Plie> = i8> K [5,p> = plip> ,

(B.10)
we have the "continuous basis" since the spectrum of Ki is the con-

tinuous real line (again, Kl is hermitian for UIR's). Actually,
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for the Gq UIR's, the spectrum of Kl is the real line twice, and
a bi-valued multiplicity index must be added in the kets, |J,p,b>. %
We shall be concerned only with the D£+ UIR's where there is no
multiplicity index.

The normalization and completeness relation for the Dk+

UIR's are
o
L ]
<i,pld,p > = &(p-p ) 19 - f dpli,p> <i,p| ,

(B.11)

where | takes the wvalues shown in Table B.1l. It turns out to be

more convenient to use the purely imaginary variables p = ip

and u = ip so that
o & I - I
K ldm> = -iu]j,u> <uldm > = 8(ip-1ip )
Lo
o= (a) j dul,u> <j,ul . (B.12)
=joo

This is the Mellin-Barnes contour which appears in the second-kind

addition theorem (2.7).

An appropriate parametrization for the continuous basis is
' -iEKy) _-ivK, -1E'K;
UE(E,U,E ) = e le 2 e . (B.13)

The sector of the 5U(1,1) group manifold which admits this para-

metrization with v > 0 forms a semigroup SG+ (see Avpendix E.3),
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+
so for g e Sc ;, the continuous-basis matrix elements for the

Dk+ UIR's have the form

T

) 1 1 - - . -ivK —_—
<GulUEvE ) u> = e e™E eVl gu

(B.14)

4. Mixed Basils

Matrix elements in the "mixed basis" have J3

on one side, and Kl diagonal on the other. Any element of SU(1,1)

can be parametrized in either of the forms

diagonal

1
U3(¢,n,’c:1} = M3 o R

(B.15)
]
e_iE’Kl E-lﬁﬁz E-i¢ J}

U,(Em,8")

The mixed-basis matrix elements for Dk+ then have the form

P
_ _ _ i
eim'beuﬁ inKElJ,U'}

n

5 T L
<jlm|U3(¢,nJE )lj:u.:" {J,III|E

"o
- - - '
g He e im ¢ ‘J:u[e iuKzluij >

-

<3 mulu,(€,n,6 )]3,m'>

(B.16)
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Appendix C: The Lie Generators as Differential Operators on SU(1,1)

Following the approach of Bargmann?

we show in general how
Lie generators can be realized as differential operators on the

group manifold itself. Then we explicitly calculate the operators for
each of the SU(1,1) parametrizations., The main point of this effort
is to obtain the second-order differential operators for the Casimir

which are used in the following appendix to "compute" the explieit

50(1,1) matrix elements.

1. The Method

Consider an n-parameter Lie group assoclated with one of the
classical matrix groups. Let the generators be Gi’ the parameters

p;, and let U(p) be a representation so that

u(p) = e1PyGiy  -1PGip | -1PnGi, (c.1)

In this chain of operators, some of the generators may appear more
than once, others not at all.
The generators Gi can be realized as differential operators

el 35

;g on the manifold p (the parameter space) according to

6; up) = -G; Up) . (c.2)

k
Since the Gi gatisfy the Lie algebra [Gi’Gj] - cij Gk‘ so do the
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[6,.8) v - @8 -8 ww) (c.3)
= {-Eiej ¥ E;’jei) U(p)
- {-GG +G§]U{p}, [G,Ejl =0
= (6,0, - 6,6,) U(p)
= - [ogg) w2y = <X 6 ute)
_ oz
= GiJ G]( U{P) . {C.I})

If U(p) is taken to be the "elementary" matrix representa-
tion, (C.2) is a simple system of equations which can be solved for

the functions Eij[p] which characterize the operators Ei s

n

8 = ) xym & . (c.5)
j1 J

We find it more convenient to think of U(p) as an abstract repre-
gentation and, in effect, let the Campbell-Hausdorff identities do
the work of solving these equations. This method is 11lustrated

in the following sections.

2. Discrete Basis

We calculate the "differential generators" ﬁi for SU(1,1)

using the standard Bargmann parametrization
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1
i0T;  -ivKy  -16 75

"
U= U690 )

First,

au

1 - _s _

¥ - 13,0, P 33 = 13, . (C.6)
Hexty

au '

T -0y (-4K,) 3V SR L

av

_ -1¢J 104, .
= (1) (¢T3 K, e 3:-_11l

= (=1) (cos ¢ K2 - 3‘1n¢1{1} Ul 3

where we have used one of the Campbell-Hausdorff identities (A.2).

Therefore,
-3, = ccscpi%z-sinq:ﬁl . (c.7)
Finally,
au 1
T1 . eIy v (-13,) 1673
d¢

1l

(<1) 1073 (-ivE2 1, o1VK2) Ei¢J3] 0,

(Equation continued on next page)



1]

(-1) [e-i¢J3 (chvd +shu1<1}ei"’J3] U

3 1

]

(-i) [chqu + shv(cosd¢ K, o+ sin ¢ I{2)] Uy

Therefore,
-1 aq}1 = chuEB + shv(cos ¢ X + sin ¢ K,)
(c.8)
Combining (€.6) through (C.8) we find
1
fﬂr U1{¢"u’¢‘*} - E-1¢J3 E'_‘IUKE e-1'¢' Jj .
=
.Il3 = =i 3¢
El = =i cns¢ﬁ+isin¢3u
EE = —isind&ﬂ-iccsd:au (c.9)
ifi = +K11 iFPEE = ¢ (-ih 3 ),
where A = H}'{i {3¢’ - chv 3¢}

The Casimir .T2 = —Ki - 1{2 + J‘2 iz most easily computed from

2 3
2 2 1
=3 - 3 [1{+,1{H] . Wwith the result
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- al
_av

¥

?)

+ oth V au+{f—a¢

= Shl‘d av [shv‘au] + -E-:'?;[Bi + ail_ 2 chv E!4’;:."#.]

2 2 1 2, .2, _ :
(Z - l) Bz + Ezaz + m l'a¢' + 3¢ 2% B¢a¢ N

where 2z = ch v. (c.10)

3. Continuous Basis

To get the corresponding expressions for the .parametrization
' _ - N T

U,(E,v,E ) = e itk e VK, e 18 X1 we can repeat the above

2

procedure. However, since this parametrization ean be reached from

the preceding parametrization via the automorphism {Kl,KE »J 3)
1

-+ “JJ’KE’iKl) and change of wariables £ = 1i¢$, E = i-:I}t y We can
gimply translate the above equations accordingl:.r.36 Therefore,
' i 1 1!
for UE{E.,U,E ) = e~18Ky -1VE; -1EK,
=S 1
K]_ = -13}; A m(iagl - chv iEE]
.
J, = -ch&EMN - 1ishE 3
3 v - tE
K, = e~ (-iA ¢ Hu}
K, = -shEA - ichE 3
~ 2 2 1 2 2
F o= (z -1)az + Ezaz + {_z.-E:)' [(135] + [iBE'} = EE(iHE]{iBE' }] y

(c.11)
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again with =z = ch v.

4. Mixed Basis

By setting u = i- g- in the third of equations (A.2) we

find
K --g-lc
2725 o LI 1K) (c.12)

from which it easily follows that

vy o -1¢J '
Us(6,m,€ ) = e 73 -inKy I8 Ky
' - TFK2
[E-1¢53 iVKy =19 JB] o 2 ,
(C.13)
where ¢* = HiEr and v=n+1 %-. Now, let ﬁi{¢,u,¢l} be

one of the Bargmann-parametrization generators given in (C.9).

According to (C.2) and (C.13) ,

(w0 ) Uy = 6U; = Glem+1F, 180, . (C.04)

The derivation of the first equality in (C.1l4) goes through exactly

as in Section 2 above; it is unaffected by the presence of the factor

exp (- %-Kz} sitting on the right side of (C.13). The second
equality in (C.14) indicates that the differential generators in
the mixed-basis parametrization U3 are the same as those in the

1 1
I.l1 parametrization with ¢ —+ -if and v-rn'f:l-g.

Therefore,
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for U3(¢,n,EI} o~1095 -inkp -1E Ky

- - _ 1 "y _
33 = -13, R [[iBE} (ishn) a¢]
Kl = -1 cos¢ph +1 sin ¢ Bn
) R, = e™10(-1a 3y)
KE = -1 gin¢A -1 cos ¢ En
*2 2 1 2 Y- '
J = El,q + t.hnan - ;1-2:]- [H¢ + (i?}g} - 2(ish n) 34}{135 }]

_ .2 2 1 2 2 oan £aE 1
= (7= 1) az v 2532 + E;z:_I] [é¢ - (iHE ¥ - 2 B¢(13E )J s

(c.15)
where now =z = ish n.

Finally, for Ug we apply the automorphism {KI’KE’JB}

+ {iJjgﬁJiKlj to the U, results (C.15) with the variable change

3
¢+ -1E, £ » -1p to get

1
E—iﬂ{l e—il'II{E E-i-:p J 7

for UA(E,n,tb'J

ok _ _ 1 ' .
Kl = =i BE A= ﬁﬁ [{"B‘@ ) - (ishﬂ}{lag}J
3‘3 = -chEA -ish & 3

K, = eX5(_1n & 3,)

(Equation continued on next page)
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2 2 1 2 .- '
7 o= (2°-1) 3y + 229 + -{-Z-E_—-l—) [{135} + {a¢ )< - zzfiag)(-aq} i,

(c.16)

where again z = 1sh n.



-73-

Appendix D: The Casimirie Differential Equation and Explieit

sU(1,1) Matrix Elements

In Appendix C we constructed realizations of the SU(1,1)
ILie generators as differential operators on the group manifold

according to
-E'iufg) = 'GiU(E} »

with G, and U(g) operators in a representation space, and 6&

the differential generators in the parameters. In particular,
=
Pug) = Fug) . (D.1)

Therefore in some basis |j,a>we have

- 1 1
7% <,alu(g)|s,a> <j,alPu(g)|j,a">

'{J:EE‘]EU(E}JJJE.}

<3,alu(g)i®|,a> , [U(gJ,JE] = 0

3341) <jalu(g)lia> . (D.2)

]

so that the UIR matrix elements are eigenfunctions of the Casimiric
differential operator. If we define A{(j;u,v;z) as in (H.1),
then application of J° in the forms (C.10), (C.11),(C.15)and (C.16)

t0 the matrix elements (B.9), (B.14) and (B.16) tells us, according
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to (D.2), that

A(jsmm e v) <fomle™2lim's = o, (D.3)
Z(J3u,m seh v) gule™eu’s = o, (D.4)
L(imuzish n)d,mle 2|5, = 0, (D.5)
A (Jsu,-m;ishn ) <dule™2m = o (D.6)

Therefore, the matrix elements of all UIR's of SU(1,1) in the
discrete, continuous and mixed bases are Legendre functions in the
z-variable indicated. The only question that remains is: which
Legendre functions, and what are the coefficients?

For the discrete-basis matrix elements we know that
m - mI = integer and <j,m|J,mI> = g ', From (H.41) and

m,m
(H.42),

J _ i J -lm-m'|/2
1lim PY '(z) = & , 1im z)~ (=2-1) .
; m m,m 1 IEmm

We regard this as evidence, if not proof, of the fact that all the
diserete-basis UIR matrix-elements turn out to be, with a convention-

al phase choice,

-ivK

<j,m|e 2|J,mf> ;f+:T.}m1l_m Gi'm Pim'[ch v)

d;’m' (ch v#ie) , v> 0. (D.7)
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As proof of this result, we take K iJ, in SL{2,C) and ob-

2 T 2
serve that (D.7) is exactly the analytic continuation of the SU(2)
Wigner d-function onto the right-hand cut (see Fig. 6(c)); but
gsee also Ref. 16 and references in footnote 31.

For the continuous-basis Dk+ matrix elements, p and uT
are both imaginary and <Julju'> = ﬁiiu—iufj . From (H.41)

and (H.42),

1
J o (u -u)/2 N, _ )
iirf P (2) v (z - 1) , ;uil @' (2) = +n&(ip-ip') .

Again, this is suggestive of the result for the Ek+ matrix element
which is

]

i (p-u)
-ivK ' 2

<joule”T2lju> = e .

2|~

- .afl]-lll:eh U:lr va30.
(D.8)

This matrix element has been explicitly calculated by Pasupathy and
Radhakrishnan’’ using the method of Mukunda and Radhakrishnan, S

From the work of Lindblad and Nagel,>” it is possible to
evaluate the basis transformation matrix <ju|jm> directly from
the Lie algebra, and to conclude that the mixed-basis matrix element
is a second-kind Legendre function. In a calculation based on
thunda3 and following the lines of footnote 34, we have found that,
in a phase choice consistent with the continuous-basis matrix

element, the Dk+ mixed-basis matrix elements are:
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7 (m-u)

<j,mle"mx2!5:“} = A =g ﬂi,u{+i sh n),

+#1 I (mtu)
E' E @ﬂ:

-1
<j,ule "Kz[j_,ma- = A - -m (+ish n), nzo0

where
_1
A = E-[I‘(jﬂm}l"(-,ﬁm}] z (D.9)

These matrix elements may also be computed using the non-local
(i.e., non-multiplier) construction of Mukunda and R&ﬂhﬂkriﬂhllﬂn.j 8
The mixed-basis matrix elements for the Gq series have been cal-

40 see also EI].'I.ET

culated by Kalnins;
We feel that all these matrix elements should be rigorously

obtainable from the Casimiriec differential equations and some

boundary conditions without explieit comstruction of the represen-

tations, but we do not know how to do this.
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Appendix E: Elaboration of g = g;85

Here we gtate in detail the relations implied by g = g,€5
in 8U(2) and in the discrete, continuous, and mixed bases of
SU(1,1). In Section 5 the results are summarized and a relevant
asymptotic 1limit taken. One may obtain equivalent parameter rela-
tions for g = g8, in terms of half-angles by simply multiplying

the SL(2,C) matrices given in (A.7).

1. su(2)
For each g 1In g = glgé we use the parametrization and

abbreviated notation,

| ]
e 1073 -1005 10 I3 $0 ¢ .

g =
Therefore,

€ = g8, T 0080 = 0,006, + b,00,
] 1 T

> o060 = Biw 6, .
(E.1)

In the last line we have, without loss of generality, set ¢l
1
=¢,=0 and defined w = ¢, + ¢, . Applylng (E.1) in S0(3)
to the z-like unit vector (0,0,1) we find, using (A.8), the three

equations
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gin ¢ 2in 6 gin w sin HE

cos ¢ sin 6 cos Ell sin Ezcc:s w + sin El cos ©

2

cog 8 co8 Bl cos 92 - gin Bl gin B, cos w.

2

Six similar equations are obtained by substituting into these three

the replacements suggested by

-1 _ -1
= w0, ¢ =6,7¢ 8 .

The results are then summarized in an obvious notation,

_ _ _ ]
Cy = G,Cp, - Sg S0, Sg +\1 - cg

Coy = (Cy S, C + 8, C,)/S S = 8,8 /S, .
¢ 8,°0,% * %0, %, f 8,/

(E.2)

The equations for ¢I are cbtained from those for ¢ by 14 2.41

By convention, we take 0 £ 8 € 7 so that sin 86 3 0.
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2. 80(1,1): Discrete Basis

For each g in g = g,82 We use the parametrization

]
1073 -iVKy 16 T3

Therefore,

T T r
8178 F OV O = 0yvi6;- 0505

g
I

D (- 0 - 6)) = vilég + b))y,

=}-¢u¢* = vwv, (E.3)

again removing redundant parameters. Since K, =1J, in SL(2,C),
the parameter relations are obtained from those of 8U(2) given in

(E.2) by the replacements
8+ iv cos 8 + chv gin 8 + ishv ,

and the same for 6 and EE' Therefore we find,

1

chv = echv, ehv, + shv, shv, G, , shu=+"l'ch2u -1
1 2 1 2 Tuw
G';1 = (ch v, shv, C,+ shv, chuz}fshu, S¢ = shv,8,/shv .

(E.4)
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]
with the expressions for ¢ given again by 1<¥2. By convention,

v » 0.

t
3. SU(1,1): Continuous Basis; the Semigroups S —

For each g in g = g1g2 we take

1
- =1 13 = 1
o iEKl e ivKs e i Ky _ EvE

, (E.5)

so that

T 1' !
g6 ¥ EVE = EnEtEvb

lige]
1

> (E-EME -E) = v(E *+E)v,

D> EvE = v av, , (E.6)

where o = El + EE’ ete. From (A.2) we can turn Kl into .I3 by

™
7 K
e

m
-3 K B
2 1 3

K (E.7)

Therefore we rewrite (E.6) as

'
E—iEK]_ E—i‘ﬂKE E-—ig K . E—ilez E—iEI'.K]_ E-i‘UEKE

= e—i{ -ig }J3 e—‘l‘u"KE E-i{ -ig }J3 _ e-i‘UlI{z E-i{ -ia}JB E—i‘uzl{z i

T T
But this is (E.3) with ¢ = -1£ , ¢ = -1f , w = -ia . Thus we

translate (E.4) accordingly to get:
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echv = ch v ch Y + sh v sh v, ch o (E.8)
chg = (ch v sh v, cha + sh v, ch ug}fSh v (E.9)
shg = sh v, sha/shy , (E.10)

1
with £ expressions given by I=*2.

An essential difference between the continuous-basis para-
metrization and those considered earlier is that not all of the

SU(1,1) manifold is accessible to (E.5), e.g., the .IF3 rotations

are excluded. In a rough sense, only 1/5 of the SU(1,1) and

42

2/5 of the 80(2,1) manifold can be reached. Therefore, if we

define the sector of SU(1,1) accessible to (E.5) as So' it is
not obvious that 8,85 € So = g = g8, € Sﬂ. In faet, from
(E.8) it is clear that if v, and Vv, have opposite sign, it is
likely that c¢h v <1, & v not real = g ¢ So' In other words,
Sﬂ is not closed under group multiplication, although g € Sn

= g_l €S, (If S, were closed it would be a non-trivial 3-
parameter subgroup of SU(1,1), which is nonsense.)

On the other hand, if v, and wv

1 2
chv>1 and g e S_. Moreover, from (E.9) we see that Vv has

have the same sign,

the same sign as vy and Vs, If we define S; as the half of
S, with v » 0, and Sc_ as the other half, then we have shown
that so+ is closed. However, sﬂ+ 1s not a subgroup of SU(1,1)

because, aside from the above remark, the inverses of the elements

of Sn+ all lie in So-' An objeet such as S; is called a
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semigroup, so S; and So_ are semisubgroups of SU(1,1).

4. 8U(1,1): Mixed Basis

We take
' '
. cIEK Ky K _ EVE
g = e~E1Ky -1k e'i¢iJ3 = 51”1¢1
g, = e ¥273 oMK cEX o6y »

so that g remains in the continuous-basis parametrization,
but gl and gz are in mixed-basis form. Then,
1 1 L]
1 ] T
T

ar

]
e-i‘c:Kl &—:T.'m:rI'[2 E-1&; Ky _ e'ianE E-imJ3 E—insz

(E.11)

Using (E.7), the right side of (E.1ll) becomes

) R L N P | R R g
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Therefore, (E.11) is the same as (E.6) with v, =1y - i % ,

v, = n, * i -g , and o = iw . Then we may convert (E.2)—(E.10)

according to

chul-+—:l.sh n ch u2+iah N, shcr.-*iSm
shvi+—ich ny shu2+ich n, chu:-r-Gm
to find:
ch v= sh leh n, + ch nlch ', Em (E.12)
]
sh £ = -(ch n,S )/sh v;j sh & =+(ch n,S )/sh v

(E.13)

sh nz}fsh v; ch E' = (1&2).

ch £ = (sh nlch nEGm+ch n

1
(E.14)

Although all of SU(1,1) is accessible to the mixed parametrizations

gy and Bos the product g = g8, will not in general fall into
]

the sector So defined above, in which case &£, v and £ are

imaginary =% g € SU(2). For our purposes, we restriet to n, >0,

1
nz 30 and cos w > 0 in which case g ends up in S; as seen

from (E.12) and (E.14) above.

5. Summary and Limit as [z7] + o,

The information deseribed in the preceding sections can be
summarized by the following redundant set of equations together with

Table E.5:
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z = 2%, * 'zi -1 "‘zg -1 cosw (E.15)

z =55_V52_1V52_1 cos o (E.16)
2 1 1
gos ¢ = [22 ”zi - + 29 Vﬁ% =1 cosw }f’“zz -1
(E.17)
sin ¢ = sinw ”zg-lf\'zz-l (E.18)
.~ i¢=(zzuz§—l+zl zg-l Coswt isinu}{zg —l}fvzz—l.

(E.19)

]
The expressions involving ¢ are obtained from (E.16) through
(E.19) by taking ¢ + ¢ and 1>2.
Important asymptotic limits of (E.15) and (E.19) are:

v Zg -1 cos w) (E.20)

|zl| o 1 g = 31{22*-

+1¢ +1¢ [Va3-1+ zyc08w + 1 sina
e = 1, % - . (E.21)
L 22+_\{z§_1 cos w
= 2 -
eﬂ; - eigi i} ||Illz2 1 + zzch o+ sh a C (5.22)
52 + Vz% -1 chao
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TABIE E.5
Z % oz sz-l".jzg-l‘ 22 -1 o ¢ w
1. su(z2) Cal GEE Cog 1 Sa.l i SHE 1 54 ] ¢I w
2, discrete ch v ch v, ch v Ehul sh v, sh v ¢ ¢T w
3. continuous ch v chx:-_? chv sh vy fsh'«l.:2 sh v -iE -1 E' -ia
4. mixed -ishn, ishnychv -ichn, dchn, shv -if -if
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Appendix F: The Regular Representations

The s¢-called regular representations are discussed in Chapter 1

9 we mention here only a few details

of Vilenkin's excellent book;
relevant to Section V.
In a shift representation, the elements of a group G are

represented by shift operators acting on a space I of functions

.which are in turn defined on a homogeneous space M. Thus,

(g,) f(x) = £(g]" x), (F.1)

where g € G, felL, xeM It is easy to show from (F.1l) that
T(g,) T(eg,) = Me,g,)

For a Lie group, the operators T{gl) may be expressed in
terms of the Lie generators, as e. g. in Eq. (5.6), and then these
generators will be realized as differential operators in the variables
of M.,

It may be shown that any homogeneous space M is equivalent
to G/H, the space of cosets of G with respect to some subgroup H.
If we choose H = {1} , then M = G and we have the "regular"

representation,

He,) f(g) = £(e] &) (F.2)

where now the Lie generators are realized as differential operators

of G itself, i.e., iIn the parameters of G. In fact, the
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generators of the regular representationare exactly those generators
constructed in Appendix C, as we now show.

First, in (F.2) we visualize f(g) as a function of the matrix

u(p),
f(e(p)) = F[U(p}] ,
where, as in (C.1),

u(p) = e~lpy Giy -IP2 Gip | | e~1Pn Gip

-

(F.3)

We shall assume that (F.3) is symmetric in the sense that Gil = Gip »

Giz = Gi 1’ ete., and also that each of the generator matrices is
n—
either hermitian GI = Gi or anti-hermitian GI = 'Gi'

The notion of the derivative of a function of a matrix,

which we need below, is easily shown to be
F [U{p) * au] A F [u{p}] + trace [5U+v] F [U(p}] ., (F.4)
where §U iz a matrix of small parameters, and

d
Vi T T 5

If we parametrize the operator T(g(p)) exactly as in (F.3)
but with the operators E:T. replacing the matrices G:T. s We may

compute the Ei by examining (F.2) near the identity using (F.4).
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We find,

agP} = -trace [Gi-UTp}-?] . (F.5)

For example, in 8U(1,1) this is

ai(ﬂ,ﬂ} = - trace (G, '(:. ;J' (z;_ Zﬁ)
44

Applying (F.5) to the matrix U(p) we find that
& up) = -gue)

which shows that the -Ei(p} are the same as the generators con-
structed in Appendix C.

The representation (F.2) is the left-regular representation.
One may also construct a right-regular representation on G according

to
gl(e) flg) = f(gegy),

from which i1t mey be shown that the right-shift generators Hﬁifp}

are given by

H&‘iflﬂ = + trace [U{p}-Gi'?]

£ Py =+ up)egy
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The right-shift differential generators alsc satisfy the Lie algebra
of G (see C.3). With the stipulations made above for the form of

U(p), the left- and right-shift generators are related by

() _ =|xH|*
HEiP = +[§ip ] , (F.6)

with ¥ depending on whether G L * G

4 and

i >
P = (PysPysee Py qs Py)

+ _
p = (Fp,Fp 5. FPy%D) (F.7)

where the signs in (F.7) are ¥ depending on the hermiticity of the

generator associated with each parameter in (F.3), GI = iGi .

From (F.6), left- and right-shift Casimir operators are

related by

SRl

which, in our discrete basis parametrization of SU(1,1) becomes

R32(¢,v,¢'1 ] [;fz(-:b',v. —:H] .

From (C.10), the terms in 32 are all real, and 3"2 is symmetric
]
under ¢ « -¢ , so the Casimir (and Laplace operator of Section

V) is the same in terms of left- or right-shift generators.



Appendix G: Expansion Theorems

In thiz section we derive the standard Peter-Weyl thecrems
for 8U(1,1) and SU(2) using the Green's function method. In
addition, we give a simplified expansion theorem for functions

defined on S °C su(1,1).43

1. The Green's function method.

If L is a self-adjoint differential operator, then in the
Hilbert space spamned by its eigenfunctions we have "Cauchy's

formula,"
1 i -1 _
- 557 lim dx (L-A)" = 1., (G.1)

R+ |A]| =R

Defining the Green's function g(x|y;A) by
(L - ) glx|y;x) = 8(x-y) , (G.2)
application of the operator Eg. (G.1) to (G.2) shows that

S(x -¥) = -y I]?Ig ax glxly;)).  (6.3)

To be specific, we take

2
L = (1-22] d—g— 2z 3% = ——1-2-[u2-+v2 - szJ s
d =z (1-z%)
(G.4)
A= =j(+) . (G.5)



-91-

Taking the solution of (G.5) ,

Jz_%+’%_1=_

it is easy to show that (G.3) becomes

=
+l
[urn
e
I
P =
ha
=
it
(=
a

s [ _
8(x -y) = 7 4 4j(2) +1)elxly;d) ,  (G.6)
C
1 . 1
where the contour C runs from - 5 - i= to - 5 + jeo , ecircum-

seribing the right-half j-plane at |j| = .

The Green's function may be written as
glxly;d) = -uy(x Juy(x,)/e(])
with
eo(y) = (°-1) W [u1,u2] ,
where uy and u, are gsolutions of the Legendre equation,
(L-2)Wz) = L (Jm, vs5z) Wiz) = 0,

with uy matching a boundary condition at the left end of an interwval,

J
u, at the right. For the interval (1,=) we choose PU*'-* for Uy
and the 2z = "limit point" solution li\'jm for u,. From (H.11)
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we have e(j) = -1 and

glxlysd) = + B (x) @) (x,)

so a campleteness relation for functions on the interval (1,=) is,

from (G.6) ,

S(x - y) = = GfdJ{EJ +1) P 0 B ()
(6.7)

with C as deseribed above.

2. Discrete-Basis Expansion Theorem for SU(1,1)

As our starting point we take the above result,

szl-zz) = ﬁ fdj{E,j*-l] melle} ﬁi'mfﬁz): Zp2Z2 7 1.
c

(G.8)
As the contour C is shifted left to Re(j) = - %, it wraps a finite
number of poles of the integrand so that (G.8) becomes
- 3+jm
I | J J
.5(21-32] 5T f dj(2j+1) Pm'(zll R'n (25)  (G.9)
-4-je
J !
1 _4 y@-m J o J
. 1 Z (2541) (1" B3 1(z)) BIr (),
J=g

T
where € =0 or % depending on the integrality of (m,m }’ and
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J = max{|mi,|m!|} - [m-m'l- 1. (G.10)

The location of the above-mentioned poles is shown in Fig. &(h),

and the pole residues are given in (H.53). Note that there is no
pole at J = -% due to the factor (2j+1). Since P'j = P_J_l,

the integration in (G.9) senses only the odd part of {!‘j S0 we

replace, via (H.33),

ﬁi'm_}% I:ﬁ;:jnlm - -,3511] - 1';- cot m (j+e) {'ljm-m Pilm
to get
-3 +i= J
§zy-2,) = 13:1‘[ En—:ﬁm ‘3 ngj*l}('l)m_m
=3 J=e
. P'] "(z, )P‘]‘ o(25) . (G.11)

] ] L
Multiplying both sides by e_im( ¢1-92) e_m( ¢1-¢2} ,» Bumming on

]
m and m , and using the order interchange suggested by Fig. &(h),

o J =) 4o =0
Y L .r |L, - I
m,m ==-= j:E J=E: m,m :j+]_ m,m =_J_1 !
(G.11) may be rewritten as
-i“*‘i“‘ (
— 2j+1) m'm J J '
G(gl—gz ) f EIIJ_"F&]'E)- z PIllnT{‘E'J‘rl }P—m,*m (EE}
—&—fco

(Equation continued on next page)
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+ 5 i (25+1) (ﬁ . Zﬂ'){-n“"“‘rﬂm-_(gl}ﬁ

=m, -m
Jj=€ m,m =+j+1 m,m =-j-1

(G.12)

where

Pl 1(g) = o 1M Pgm'(z = ch m.r}ue-.'i'“l“‘I
and

6(g)-g;) = 2m8(d,-0,)+8(z -2, ) 47 6{¢£-¢;). (6:13)
Since g, = (¢2, Vs, ¢;) , We have gEI = [W-¢é, Vs w—¢2} and

J T - = 1 1 —l
Pae) = (AT e (g,

from which we obtain the group-theoretic form of the completeness

relation,
]
%
_ 1 djl 2j+1 -1
G(EI-EE) =T f Ei{_ﬂg]% trace [-PJ(EI}PJ{EE}]
=3-jeo

(Equation continued on next page)

'(g,),



+ % §{2J+1) Z trace E[P‘j(gl}PJ(gél)] ’
(G.14)

where € =0 or = and the traces are in the Hilbert spaces labelled
by the superscripts, see Table B.1l.
Equation (G.14) is the Peter-Weyl theorem for SU(1,1).%%"

Symbolieally it reads
J -
5(gy-g,) = Sy ‘trace [PJ{gliPJ(gzl}J ,

so the expansion theorem for functions square-integrable on SU(1,1)

is
f(g.) = 8, trace ! [Pj{g }fj) (G.15a)
1 J 1 ’
Jv 2 J -1
£ f ag, £(g,) P '(g5') (6.150)
G
46
where dg is the invariant measure
2m 1 2m
1
Ju-) o fu. | a
a de 21 dz 4T
o -1 =27

Had we simply terminated the analysis back at Eq. (G.8)

and let C be a vertical contour runming up to the right of J

given in (G.10), we would have obtained the expansion theorem4?
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f(z) = mt fd,j{E,jﬂ}Pgh(z] fgm‘
- H

f‘gm' = f dz f(z)ﬁ;;n'(z} s
1

which is capable of handling functions f(z) which are non-square-
integrable in the usual sense, e.g., f(z) = 2z~ with Re(a)> -%
(see (H.39)). The above form cannot, however, be extended to a
"full" expansion theorem on SU(1,1), like (G.15), without generating

Dl:_r terms; but see (G.17) below.

3. Continuous-Basis Expansion Theorem for S,.,+

Again, we start with (G.7),
§(z,-2,) = 2“1 f ﬂJfEJ*‘l]P'] "(z )Q“ (52]-

Since u and u' are both imaginary (see Appendix B.3), the poles
of the integrand lie entirely in the left half j-plane so that C
may be taken to be any contour running up vertically to th? r%gh"i;:
of Re(j) = -1. Multiplying both sides by e M(51752) oM (£1-82)

and applying (-1 }2 fdu . fdul we find
qoo {im

teey) = (02 [ ol g2 [aitein) ¥t @06
=i =i C

(G.16)

where P(g) and @(g) are now functions defined on the semigroup

S; discussed in Appendix E.3, e.g.,



B

@l (ey) = e M2l () e B2

1 . |
6(g,-g,) 2m 6(£,-E,) 6(z,-2,) 2w 8(E;-E,) .
Therefore, an expansion theorem for functions on So+ is, from
(G.16),

oo {om

tg)) = zy fﬂjtzj+1)f-1}2f duj aw' P () ol
C =jeo i
(G.17a)

E‘:"l_'.'l

j o aE w dE
+dg:f'"ﬁ‘fdz' Pl
S ' =100 1 0

Once this expansion theorem has been established with imaginary

helieity contours, the three contours appearing in (G.17a) may --
with care -- be shifted in their respective planes.

Athough only useful for expanding functions defined on
So+, (G.17) is much simpler than the "full" continuous-basis ex-
pansion theorem cobtained from (G.14) by replacing the helicity sums
with heliecity integrals, i.e., changing bases. (see Mukunda42,

gsection 2; PRE?, section 3). Our expansion theorem has no discrete
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series contributions, nor does it have the complications involving
the bivalued multiplicity index assoclated with the continuous series
UIR's in the continuous basis. In fact, one may show, by Sommerfeld-
Watson-transforming the discrete series terms in PR equation (3.1)
and by executing the multiplicity sums, that the full result reduces,

for functions on So+’ to the expansion theorem (G.17) above.

4. Completeness Relation for SU(2)

[.1' '

On the interval (-1,1) we take u = Pilm and u, = %

* Q;ile so that (G.6) becomes
t15!:51-32] - -E'[%-T fdJ{EJ'Fl) %[Qﬁm'(zl}+ -J {z }] P'!' (3
M

Using (H.53) to evaluate the pole residues, and noting that the "back-
ground integral™ at Re(j) = - %- vanishes by the same symmetry noted

above, we find

8(z-2,) = % (2541) (-1) m BB (a) B (s,).
J_mﬁxffm]rlm 1}
(G.18)

1
Again applying exponentials, summing on m and m , then changing
order of summation, we obtain the usual 8SU(2) completeness relation

= -]

ir .
G(EI-EEJ = %~ E{: (2j+1) trace [Pdigl) Pjigél}] » (G.19)
j=e

. _ J
wi}h ﬁ{gl-gz] as given in (G.13), Zg = cos Ei, and trY(A)

=% Ag.

m=-J



Appendix H: Generalized Legendre Functions

In this appendix we give the definitions and selected pro-
perties of the generalized Legendre functions. The notation and

nearly all the formulas below are due to Azimﬂv,l though some are

4

taken from Andrews and Gunson.’ We have not included information

on the recurrence relations or integrals (over z) of products of

Legendre functions. In Eq. (H.59) we give the comnection to

9

the first-kind function used by Vilenkin. Our standard reference

for the hypergeometrie functions is Bateman volume 1, referred to

by the letter B.ll:I

1. Differential Equation

The first- and second-kind (generalized) Legendre functions

defined below are independent solutions of the differential equation

& (Jsu,v;2) w(z) 0,

where
2 2. 2
_ 2 d d (u"+v=-2zuv)
(Jsu,viz) = (1-27) - 2z — ¥ [J(Jﬂ}— ]
A az° az (1-2°)
(H.1)
If either v =

0 or w=0, (H.l) is Legendre's differential

equation B3.2 (1).
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2, First-Kind Legendre Function P:

$(v-p) #(v+p)
P‘fl"d( z) = ( Z;.—lJ (%J F(j+1+u’—'j +V;V-U+l; %I‘{ v=p+l) ,

(H.2)

Pﬂv{z] is analytic in Jj,u,v and 2z, with zeros deseribed in
Seetion 15, and with cute in 2z deseribed in Seetion 5. From the
linear shift formula B2.9 (4),

F(a,bje;z) = (1-2)° Fle-a,bje; #/(2-1)), (H.3)

an alternative form for Pﬂu{z} is found to be

v -u)
J _ [ =+l J (z-l . . . z-1
Pwiz} = T) - F(-j-u,=-J+v;v-url; —9T(v-u+1) .
(H.4)
When v = 0, (H.2) reduces to entry (14) in Bateman's table B3.2:

Pl (2) = PY(z) Pl (2) = Py2). (H.5)
48

The most elementary properties of P;jm are

J J -Jj=1 J
P = P P = .
-V,-U Ky uv Puu
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3. Second-Kind nggndre Function {:

. 3(
B2 = = M J+140r(§+1-v) (%l " v}[ml g u}(

X F(J+low, J+1ev;2)+2; £5=) /T(2)+2) . (H.6)

ﬂﬂu{Z} is analytic in Jj,u,v and z except for the poles present
in TI(j+1+u)I( j+1-v) and the cuts in 2z described in Section 5
below. The slash is introduced to avoid repetitious writing of

the phase factor attached to the "true" Legendre functionms,

@ﬂu - im(u-v) Qﬂu . (H.7)

When v = 0, (H.6) reduces to entry (37) in Bateman's table

B 3.2:

™™ Qi(2)

ugfz) ,

o

)

@ (2) Q(z) (H.8)

The elementary symmetry property is,

J J
-u—u Quu or Q—u-u Quu

4. Wronskians

From the asymptotic behaviors in =z given below, one may

1
quickly campute the following wronsklans, W(a,b) = ab -bal
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(1-2°) W(RS,, BJ) = £ sin a(v-n), (1.9)
(1-2%) W@ ™ = 3 s) (H.10)
(1-2°) wed gl ) = 1 (H.11)

This shows that P and @ are always independent solutions of

(H.1), whereas other pairs are not always so.

5. The g-plane Cut Structure

Throughout this paper we adhere to the convention that
f(z) = (z - l}a means a function cut from 2z =1 to 2z = -=
with prineipal branch determined by |arg(z - 1)| <w, and f(z)
>0 when z >1 and o real. In other words, f(z) =exp[h1n(z-lﬂ
with 1n(z-1) cut in the "usual" way. For =z on the prineipal

sheet, arg(l-z) = arg(z-1) Fim for Im(z) 2 0, so that
(1 - z)a = e;im (z - l:iﬁt . It follows that (1 - z]a is a
function cut from z =1 to 2z = += , but we continue to define
the principal sheet by |arg{z—1)| < 7 ., These remarks are illus-
trated in Fig. 5.

With this in mind, we draw the cuts in z for Piuﬁz} and
gﬂutz) as shown in Fig. 6(a) and (b), where we have slightly de-
formed the cuts for elarity. The peculiar way of cutting ﬁﬂu[ﬂ]
from z =1 is connected with the definition of %&ujz] below

and the resultant simplicity of the discontinuity formula (H.38).
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6. The Functions P and @

We define these functions by:

ﬁﬂuﬁz} = Pﬂuﬁz] . eii“(u'v}fz Imz 20
RIS AOR Fim(u-v)/2 | (H.12)

i~

P and E are simply new versions of P and { with minus signs
inserted into the first (Eiil factors appearing in (H.2) and
(H.6), which is to say, the corresponding cuts are taken to the
right instead of the left, as shown in Fig. 6 (c) eand (d). For

E, whis leaves the interval (-1,1) uncut.

7. The Functions d and e

We define these in terms of the twiddled functions above:

dﬂuiz] = HGﬂv . Eip{z) ,
eﬂv(z} B V ﬁuu{z} , (H.13)
where
o = I'(j+1+u)r(j+l-v)
v

I(j+1-u)r(j+1+v)

These definitions coincide precisely with the funetions used by
T
Andrews and Gunson 4 for (u,v) = (m,m ) in all four of their

regions (see (H.32) below and also Section 15). Clearly, d and e
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have the same gz-plane structure as P and é

(1)

(2)

(3)

(4)

(5)

the

The advantages of the d and e functions are :

1
when (m,m ) are both integers or both half-integers, the
"switch" symmetry relations are very simyleﬁcﬂmpare'to (H.32)

and (H.23)),

difm = ()" iimi (= d{m;m']

oty = (A el (=el (H.14)

the d functions are the SU(2) and SU(1,1) reduced matrix

elements (see (D.7)):

The z-plane structure is that of P and ﬁ sc that, from
(H.38),
Eﬂm'frf'ie) - eim'(x-izfl = iy din‘{x) , -1<x<1;
(H.15)

the location of singularities in the helicity lattice is
symmetric (see Section 15 below);
workers in.Regge theory are familiar with the d and e
functions.

The principle disadvantage of the d and e funections is

price paid to get (H.14), namely, the appearance of square-

roots of ratios  of gamma functions., When p and v are arbitrary

complex numbers, {Giu)& has a distinetly unpleasant cut structure

]
in the Jj-plane, although it at least truncates when (u,v) = (m,m ),

as shown in Fig. 2 of AG . We point out that square-roots of gamma
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funetions do not appear in any of t

S

he relations involving P and (@,

and in general, since we are very interested in complex u and v,

we shall avoid using the d and e

advantages noted above.

8. Auxiliary Functions.

In deriving and simply stat

functions, despite their

ing the various properties of the

Legendre functions which follow, much effort is saved by use of the

following notation:

G'j - I( ,'!"‘1"‘11} (H.16)
B r(ge1-n)

of = IULHON(JH-y) (H.17)
MY P g+1-p)T( 41+ v)

sju . sin m(2]) (H.18)
HY' sin n( j-u)sin w( j+v)

Lﬂv . sin m(j+u)sin n(j-v) (£.19)

sin ( j-u)sin m( j+v)

These auxiliary functions have the

relations:
G-,
s;ﬂ'l = -siu
Gt -,
GJ GJ = 1

VRV

following symmetries and inter-

Liu Lﬂu =1

Sy B * S

s o, =-507 1
(13, - 1) = sin m(u-v) 8
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1
When (u,v) = (m,m ) = both integers or both half-integers

(j still general complex) we find

' "| cot mj, € = 0
sim' = Si'm = 2(-1)"™ cot m(j+e) = 2(-1)""
tan wj, € = %
(H.20)

L]
where € = integrality of (m,m ). Moreover,
ro= 1 ¢t - gl v,
mm mm

9. Basic Properties of the Legendre Functions

From the definitions of P and @ and the linear shift

B 2.9 (2),
F(a,bjejz) = (l-z)c-a_h F(c-a,c-bje;z), (H.21)
we have the "switch-and-negate" relations

J - pd J _
P = B N (H.22)

The "switch" relation for @, (H.23) below, is obvious from the
definition of @. The corresponding relation for P derives from
the famous conneetion formula relating F(...;z) to F(...;z_l},

B 2.9 (34). Thus,

ﬁﬂu - Gﬂv Eiu (H.23)
Pﬂu - Gﬂu Pﬂu R %-gin (=) ﬁﬂu . (H.24)
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The symmetry under Jj + -j-1 of P‘j is apparent from (H.2). The
corresponding relation for @ then follows from (H.24) and the re-

lations given in Section 8:

J =j-1
Pw Puu (H.25)
_ amd=1 T o ad pd
@ﬂu = g3t g sl el R (H.26)

An alternative form of (H.26), explicitly displaying the symmetry

of P in j, 1is

j-1
J .
v T : SJ 5:-_1-_] (8.27)

Next, from the linear shift (H.3) we find a simple relation
between Q(-z) and Q(z). Combined with (H.26), this produces the

gecond equation following:

4

Gfuﬂﬂ,_uﬁ-z} - Gtintiv) ﬂﬂuﬁz} = o ﬂJ W=2) (H.28)

ImzZ 0
G‘j PJ (-z) = e;iﬂ'j P'EI (z) -1-2{ eﬂwsin 'W(,jﬂ.t'}r

-V U=V
x Q;lm(z) . (H.29)

Converting (H.24) to P and @ yields (H.30) below, which, when

used in (H.29) to eliminate @, gives (H.31):

eii'ﬂ(l-i*“)ﬁﬂv(z) - Gﬂuﬁiutzj +% sin m(u-v) Fzﬂu[z} (H.30)
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. B pd
%- gin m(p-v) P (-2) = UUEZ) - ”u(z}
W r(j+1-v)0(-j-v)] LT(J+1-u)T(=j-n)

(H.31)

Obviously, these formulas can be combined and permuted ad infinitum.
When, with j complex, we let (u,v) + {m,m*], both integers

or both half-integers, many of the preceding formulas simplify. Most

notably, (H.24) reduces to (H.32), and then (H.26) with (H.20)

produces (H.33):

6J Pl (H.32)

Pt
Q;];ml = Q;i’fl + (-1)™™ 7 cot m(j+e) PJ.'J":Imt . (H.33)

10. The Cut Discontinuities

The cuts of the various functions are shown in Fig. 6. It is
implieit that the following formulas always give the total discontin-
uity across all cuts, which, as noted above, we take to be compressed
onto the real axis.

For P we have, from (H.29) and (H.12),
PJ (-x+ie) - Pﬂv{ —x-1€) = 21 63 [stn m) SNEY
-2 sin v sin w(jep) @ (x]] x > 1 (H.34)
m H ﬁr-u ’ ’

Pﬂu (x+ie) - Pﬂu(x-iej =-21 sin %-{u-u) ﬁgufx}, -l<x<1.,

(H.35)
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For @ we have, from (H.28) and (H.30) ,

Qﬂu{—x+i£} - Eﬂuj-x-ie] = 21 gin mj G{uﬂiiﬂuﬁx} , x>1
(H.36)
ﬁﬂv(xﬁe} - ﬂﬂ'v(x-ia} = - %—r—[ﬁﬂu(x) + Gﬂug"iu(x}] sec %(u-v} s

_]_cx{]_,

(H.37)

but also from (H.30),

aﬂu{:x*iﬂ - éﬂv{x-is} = —in E'iv(x}, -1<x <1, (H.38)

11. Asymptotic Behavior in z; Limits as z + 1

The expression (H.6) for @ iﬁ an asymptotic expansion in

z, i.e., F+1 as |z| +e. Thus, for |arg(z)| < w/2,

-j-1

ln g (z) = 2T(nnn(gea-y) 2 /m(2ge2)

2]+

v (2)7 (H.29)
From (H.27) it follows that

vn P (g) = 2UIT(IHeT(ge-v)eT

= + (jo~-j-1)
v J
|z |+ ™ Svu r(2j+2)

n(z) e (2)9L (H.40)

We include here the limits of the Legendre functions as

-11%
z +1. Defining E=[E'2—1] we find
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1m P (2) = e"W/r(v-ptl) , v-u # -1,-2.. (H.41)
1 W

-v _J
e! Gﬂu;r{u—u+1} . vep o= -1,-2..

Inserting the above into (H.24) we get

1im ﬁﬂu[z) = %-Tfu—u} eV H , Re(p-v) > 0 ;
z+1
= l ) L] J - u-u .
= E-P{v—u} Guu " s Re(u-v) < 0 ;
= + 7 &6(ip-iv) Re(p-v) = 0 .
(H.42)

The last result is a consequence of
E _

12. Asymptotic Behavior in J

For the regular associated Legendre functions the large-j
behavior may be obtained from the quadratiec hypergeometric trans-
formations, e.g., B 3.2 (44), which puts j into the "e" position
of F(a,bje;z). For the generalized Legendre functions this approach
fails and we rely instead on Watson's application of the method of
gteepest descents to the standard hypergecmetric integral representa-
tions. Watson's resultsdgare,in part, reported in B 2.3 (16), from

which we conclude that
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ln @l (a) = [3 Py (Y IR
o iR I (H.43)

where |arg(j)| <7 and £ = in(z +7V£§:I] = ch-liz}. The functions
of z in (H.43) are cut in the usual way discussed in Section 5,
e.g., E(z) = tn(z +dv;§:I‘] is cut as shown in Fig. 7 (a), dup-
licating the cut structure shown in Fig. 6 (b). In Fig. 7 (b) we
show the region of the E-plane which is the image of the prineipal
sheet of the z-plane upon which the Legendre functions are defined.
Watson's results are given in terms of the variable £.

The condition |arg(j)| < m, which Watson gives for
(H.43), keeps Jj away from the fictitious cut generated by {j)u-v-}
and arising from the asymptotic limit of gamma functions., Recall that
@ 1is actually meromorphic in j.

For P as |j|+= we use the above result for @ in

(H.27), along with

Tim(ve
luimi-m Sfl]-l - 2e+ﬂ{uu+i) » Im,j:" 0,
to get

1]

1lim Piwf z)

3]+

L 2y apv-E H(IHRIE L s
.Q?{ 1) (§) - (j&-j-1)

" (P [EjE_; . E-JE] _ (H.44)

The identical result follows from Watson's formula B 2.3 (17). It

seems to the present author that the above derivation indicates that
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(H.44) should be true for |arg(j)| < w. However, Watson says
[B 2.3 {1?)] that (H.44) is true only for |arg{j}1 £ %- plus a

gection of the left half j- plane,

- W

2 < a.rg[;j} < L tw

2 1

I
(NTE

0< w;< %- for Re(E) > 0.

We shall compromise by considering (H.44) to be true for

larg(j)] < -% .

13. Asymptotic Behavior in p

Before giving these limits we draw attention to two errors in
Bateman concerning the asymptotic limits of the hypergeometric fune-
tion in the parameters. First, B 2.3 (10), which says that

1im F(a,bje;z) =1 for |arg(e)| < m, 1is only true for |arg(e)]

c e
€3 plusa region in the left half c-plane, even when |z| < 1.
Second, B 2.3 (13), (14), (15) are incorrect, as seen from

F(a,bja;z) = (l—z];b , and should be replaced by

ln  Kabiesz) = prasdy ()™ + {24 (02)"%(1-2)°7
B[+
(H.45)
for |arg(b)| <m and |arg(l-z)| < m.

To get the large |p| 1imit of @, we apply (H.45) to (H.6):



-113-

im v L\ (u#v)/2
ta , Baf®) = gTIa) (5" i (z)
U | -0

* Giv (EE%J-U (-u}'3-1+v (EE%J -(u+v)/2 ]

(H.46)

for |arg(u)| <7 and |arg [ )| <m,i.e., z¢(-1,1).
Schematieally,

(z+l)
an g~ ot o (5

e

T(j+1+u) (H.47)

whichever choice of signs gives the worst case.

To get the large Iul behavior of Pﬂv’ it would appear
that we could use the above @ result in (H.27) to get an answer
valid for |arg(u)| < m . However, the result so obtained is not
correct due to a cancellation of leading terms between the two
functions. Instead, we content ourselves with the large |u|
behavior of Pﬂu(z) = Piu,—u(z) which follows directly from (H.2),

with arg(p) restricted as noted above:

u
1im Pﬂu{z} ( ') ““'II JT(u+1-v) (H.48)
||+
with |arg(u)| 4% and |arg(z+1)| <7, i.e., z;é -1.

The large |v| behavior follows from the above results and

the symmetry properties given in Section 9.
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14. Carlson Conditions

A funetion f(j) is said to be "Carlson" if F(j) is
analytic in Re(j) > O and bounded so that [£(5)] <M ekl'” with
kx<m as |j| * = on all rays in the right half plane including the
imaginary rays, i.e., |arg(j)| {% . For example, sh (m Jj) and
sin(m j) are not Carlson.

From the asymptotic limit (H.43), it follows that qﬁ S(2)
is Carlson in j if |Im(g)| <7 and Re(E) > -m. Since |[Im(g)| ==
corresponds to 2 < -1, and since Re(£) > -m includes Re(£) > O,
we conclude that Qﬂu(Z} is Carlson in j for all =z on the
principal sheet except for = < =1,

From (H.44), the corresponding conditions for Pﬂ v[z} are
|Im(£)] < m and -m < Re(E) < m. The portion of this domain on the

principal sheet of z, O < Re(£) < m, 1is the interior of the ellipse

2
][] - e

but cut from 2z = -1 to the left. [See ellipse A in Fig. 7 (a}.]

In the variable u, the 1limit (H.48) indicates that Pﬂu{z}
is Carlson provided that |arg( g'_'—]i ) <m i.e., z g (-1,1).
[Recall that as p + % i= , II’{p)l*‘vexp(-% m|u| }.]

Finally, from (H.47) we see that ﬁiu{z} :ﬁiu,-u{z) is
Carlson in u for all z on the princiml sheet.

These results are summarized in Table H.1l4.

The significance of a function f(j) being Carlson lies in

50

Carlson's Theorem which states: the set of numbers fJ, j=0,1,2...
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may be interpolated by many analytic functions, but at most one such

funetion can be Carlson.

TABLE H.14

Conditions for which the Legendre functions are Carlson

j
g*]],(zi Py(2)

J z § -1 z interior of (H.49)

u all z z ¢ (-1,1)

J J
15. Zeros and Poles of Pmml and Qmm'

When the helicity labels u and v are both integers or
both half-integers, we rename them m and mﬁ and refer to the
functions Pim' and Qim' as being "on the heliecity lattice"., These
functions are, as we have seen in Appendix D, associated with the
SU(2) and SU(1,1) UIR matrix elements taken in the discrete basis.
As dgm‘ and eim', the helicity-lattice Legendre functions were
studied in detail by Andrews and Gunson.” In this section, we
discuss the singularities in j of these functions.

A convenient tool for displaying the j-plane singularities
of a function fJ ' is the helicity lattice diagram used by Andrews
and Gunson. For example, Fig. & (a) shows the locatlion of the poles,

zeros, double poles, and double zeros of the function
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¢+ - DUHmN(j+iom )
o I J+1-m)r( j+l+m )

The meaning of the diagram is illustrated by this example: if

{m,mT] are the coordinates of lattice point P shown in Fig. 8 (a),

and if EJD = integer 1is the length of the edge of the central

square, then Gl'lim‘ has a simple pole as J + jD.
In Fig. 8 (b) we show the same diagram with regions labelled

1 through 9. Region 5, ineluding the points on the square, is as-

sociated with the SU(2) UIR's and is sometimes called the "sense-sense"

region since both helicity labels m, m' are less, in magnitude,

than the angular momentum label j. Regions 2, 4, 6, & are then

"sense-nonsense" and regions 1, 3, 7, 9 are "nonsense-nonsense".

As Table B.1l shows, regions 3 and 7 are associated with the

su(1,1) UIR's D, and D",

We now discuss the zeros of P;m'. With Jj complex, as

(u,v) + {m,mT] we have, from (H.24),
T - J (] J'l
P 1(z) = 6 1 B (2), (H.50)

For m' > m, the meaning of Pim' is c¢lear from (H.2); for

m > m', we may regard (H.50) as the definition of Pgm'. This defin-
ition corresponds to the usual mammer of treating F(a,bje;z)/T(ec)
when ¢ -+ negative integer, see, e.g., B 2.8 (19). From (H.50)

it then follows that PI‘LE' has possible zeros or double zeros

51

L]
when m >m due to G]']jm'. The locations of the zeros of

Pgm' are shown in Fig. & (e).
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In similar fashion, the P019351

and double poles of Qim'
are indicated in Fig. & (d). These poles arise from the gamma
functions in the numerator of (H.6).

In the remaining diagrams we have indicated the zeros and
singularities of related functions. The notation +O denotes a
"square-root zero", i.e., a branch point (j - JD]Q. Similarly,
¥X denotes a "square-root pole", {J-jﬂj-& .

From relation (H.29),

E sinﬂ'{J-'-m) Eiimn %1{2} _ E:H.TTJ P];jmll:z] -G_J'PJ

T m m,_m'('ZL

(H.51)

]
we may deduce two useful facts. First, for (m,m ) in region 5, @

has no poles, so
Hujo plo, - olo, plo
e Pm'(2) = G0 B (-z) . /5 (H.52)

Second, in regions 3 and 7 associated with the Dki s the residues
of the poles in gim' are given by the first term in (H.51), since

the second term has zeros in these regions. Thus,

—— é@m'(z)u = ZPhi(z) . /3,7 (ws3)
Jo
In terms of the d and e functions (see Section 7) these last

two equations may be written as

Jomm  jo
'@ = (1) @’ (e) /s
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j
— jjg el (z)dj = % a(a). /3,7
8]

16. Integral Representations

The first- and second-kind Legendre functions defined in

(H.2) and (H.6) may be expressed as single integrals of the same

1ntegrand52
(0,+)
- e 3 '
Pﬂu (ch v) = %'((:%% 5T f f(s)ds, Re(-j+p ) >0
-th g
(H.54)
ﬁﬂu'{ch v) = 11%:_:3)_} ‘3 f f(s)as , Re(j+l+u) > 0
o (H.55)
where
! 1
f(s) = 89 M(gech ; + sh %J_:,—.i-lw (ch % ¢ asgh %r_}-.j-l-u
" 41_1( 1+s™%tn %{}—j-lﬂl (s + eth ;}-J—l_u .

In Fig. 9 we sketch the cuts of the integrand and the two integration
- ]
contours. Whem u - p = integer, one of the cuts vanishes allowing

the contour for P +to be simplified,
i _D(=g+m) 1 Jome v Vy-jdem'
Pm'([!h v) TIT}'TIIT)- ST ds s m(S ch :-"'Eh E:‘
|s |=1

x (ech %’. + g+sh :?‘E}'J'l'm . (H.56)
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Equation (H.54) may be verified by making the substitution

s = -(th i‘l?i} t, then using a version of B 2.12 (3),

(0%)
z__wrl’f at(-t )P H1-4)°P Y (1-t2)8 = %%F(a,b;e;ﬂ-
1

Equation (H.55) is proved with the substitution s = +(cth ;] t
and subsequent application of B 2.12 (5).

In this section we are using 2z = ch v only for convenience;
there is no implication that =z > 1. In fact, all the integral repre-
sentations given here are valid for complex z off the cuts shown in

3
Fig. 6. For example, sh %= {%} » cut according to Seetion 5.

With the replacement s = e = e+1m and use of the identities
(e%eh % + sh %] (eh % + e%h %} = e*ch v + sh v ch a),

(e%eh % + gh %} (eh ; + e%h %}-1

ch v+ s8hvehao -
sh v+ ch v echo- sh a

formulas (H.56) and (H.55) may be recast as

m
T
J - M=jtm) L1, -imy -j=1+m
Pm'{eh ‘U} = N_'gﬁr)- P dw e {ch vw+zh v cos -:u]l
=T

]
x (sh w+ch v cosw-isin w) ™,

(H.57)
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'
f da e " (ch v+sh v ch a}bj_lm

]

T
J _ I‘(g*'l-u ).
ﬁuu*(ch v) = o

T
x (sh v+ch v ch a-sh a)™™ .

(H.58)

Endless variations of (H.57) and (H.58) arise from the
symmetry relations given in Section 9 (e.g., F"j = P'J*lj, from
taking o+ -, w + -w , and from further versions of the expression

I defined above,

I = sh v+ch v ch o+ sh o
ch vtsh v ch o

. 1
sh vtech v éh a+tsh a | 2
gh v+ch v ch o-sh o

& 1
re”® + th % ]
L1l + emth %
For example,
J - I' +1-].l i oHa -j=1
ﬁl-lu (ch v) "'1—11 2 J’ (ech v+sh v ch a)
-t

x --——--'3—- }.
1+ e%th 5
. Tl
This version appears in C as (A.8) in their calculation of the

+ + Cq-cl&sa UIR matrix element,which they call d‘:' (u-l).

u+u+
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Chapters 3 and 6 of Vilenkin's bnokg provide an imposing
quantity of information on the functions Pim'(z}, including further
integral representations. The connection to Vilenkin's function

ﬂﬁim'{z] is found by comparing (H.56) with Vilenkin VI 3.3 (1):

Bl - A e (1.59)

The integral representations (H.57) and (H.58), which are
central to Part 3 of our addition theorem proof of Section V, are

given a group-theoretic interpretation in Section V.5.
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-128-
FIGURE CAPTIONS

Fig. 1 The helieity lattice for dim' and the summation segments
for Egs. (4.1) and (4.2).

Fig. 2 Cross hatch shows convergence domain of (4.2) in z, for
a typical value of Z, with Re(zz} > 0,

Fig. 3 Integration contour for (4.16), (4.14) or (2.7), when
Re(j) < -1.

Fig. 4 Kinematic structure of a typical multiperipheral equation.

Fig. 5 Principal sheet for (z - 1)* . With |arg(z-1)| < m,
(1-2) = (z-1) e 1", In(z) 2 o.

Fig. 6 Cuts of Legendre functions. All cuts, deformed for clarity,
are taken to lie on the real axis. E and i have the
same cuts as P and (@ except that one cut has been
swung around from left to right. F indicates the hyper-
geometric cut in each case.

Fig. 7 (a) Principal sheet of E(z) = ch-lfz} = fn [z +-422— 1]
showing square-root and legarithmic cuts.

(b) Region of E-plane corresponding to the z-sheet shown
in (a). Level curves are drawn to indicate the nature
of the mapping; ellipses are not drawn to scale.

Fig, &8 Helicity lattice dlagrams.

Fig. 9 Squiggles show cut choice for integrand of (H.54) and

(H.55). Solid lines are integration contours.
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