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‘ABSTRACT

The t<O multiperipheral formalism of Ciafaloni, DeTar,

Misheloff, Mueller, Muzinich and Yesian is reviewed, extended, and

applied to the ordered S-matrix whose ring amplitudes comprise the

zeroth level of the topological expansion. Toller M-function

notation is used throughout. The bootstrap and cylinder problems

are formulated in terms of a well-defined helicity pole propagator;

a definition of the complete twisted Reggeon loop, which appears

in the one-twist term of the cylinder, is given as a helicity pole

expansion. Some consideration is given to the following subjects:

diagonalization, naturality, threshold behavior, Regge cuts, and

complex helicity.
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(1) INTRODUCTION

During the year 1969-1970, after a period of vigorous activity

inthe field of multiperipheral dynamics, Ciafaloni, DeTar, Misheloff,

Mueller, Muzinich and Yesian presented, in five heavily overlapping

Papers, the exact kinematic analysis of the multiperipheral mode1.1~5

These papers were, in our opinion, extremely complicated in part due

to the nature of the subject, and in part due to the fact that they

incorporated mathematical ideas which were simultaneously being

invented by the mathematicians, notably Mukunda.© Possibly, the

relative obscurity of these papers has discouraged people from

attempting an exact multiperipheral calculation, leading them instead

to rely upon the approximate Mellin analysis and thereby to relinquish

the capability of handling the true angular momentum which is central

to Regge physics.

Since the invention of the S-matrix topological expansion in

1973-74 by Veneziano, there has been some renewed interest in multi-

peripheral calculations, in particular as they pertain to planar

amplitudes. In a recent review,” Chew and Rosenzweig have partially
reformulated these planar ideas in terms of the so-called Ordered

S-Matrix, the connected parts of which are called ring functions.

Although the concept of ordered ring amplitudes has not yet been

convincingly extended to the baryonic sector, it seems likely that

efforts now in progress will soon succeed.®

In this paper we have attempted to review, elaborate upon, and

consolidate the ideas of Ciafaloni et al, and to adapt these ideas to

the ordered S-matrix framework.
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A reader familiar with the above-mentioned multiperipheral papers

would find, upon comparison of our descriptions with theirs, many

differences in presentation, some of which we now enumerate. First

of all, we feel we have greatly simplified the group-theoretic aspect

of the multiperipheral analysis by identifying, as the agent which

performs the diagonalization of the multiperipheral equations, an

alnost trivial addition theorem involving the same Legendre Q,-type
functions which appear in the Froissart-Gribov projection of Regge

theory. These Legendre functions are generalized in that they carry

complex helicity indices whose role we continually stress. The

reader is referred to Ref. 9 for an extensive discussion of this

group theoretic business.

Another difference one will notice is our attempt to isolate

and identify an object called the helicity pole propagator which

connects cluster discontinuities along the multiperipheral chain.

Strangely enough, this propagator owes its existence to a factorization

condition which results from the same Legendre addition theorem

mentioned above.

Obviously spin is an important concept in a multiperipheral

analysis which purports to compute Regge trajectories. We have

attempted to include spin in full generality (i.e., on external

particles as well as internal poles) by making use of the Toller

M-function formalism. To our knowledge, no one has written unitarity

equations in this formalism which seems so well suited to the presen-

tation of multiperipheral kinematics.

Interlaced with the discussion on the following pages one will

find a sort of running commentary on parity and naturality, leading

to a naturality diagonalization of the planar bootstrap which is,
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we feel, an improvement on the original discussion by Ciafaloni and

Yesian.

Generally speaking, the exact kinematic analysis allows one to

think about things which simply do not exist in the rapidity framework

which more or less ignores helicity. We have extracted the threshold

behavior of the ring functions and have made a start at examining the

Ronsense zeros which are presumed to remove Regge cuts.

In Section (5) we describe in a rather different manner than

that of Refs. 2 and 4 the construction of the standard frames of the

multiperipheral ladder. By continuing the ladder kinematics to the

center-of-mass cross channel, we show in Appendix (E) how the peculiar

boost parameters which link the standard frames are the continuations

of variables familiar from center-of-mass kinematics.

‘The "planar" bootstrap and cylinder problems are both set up —

the cylinder in more detail because it lacks the counting problem — but

no detailed calculation is attempted because we are stymied by a problem

involving the correct method of shifting the helicity contour. Me

have isolated this problem in the last section of the paper; it must

be solved before the machinery described herein can be put to work.

Nevertheless, we do obtain an exact formal expression for the

complete twisted Reggeon loop k(t) which controls the cylinder shifts

of the planar trajectories in the phenomenology of Chew and Rosenzweig?

For a detailed outline of the paper we refer to the Table of

Contents preceding this Introduction. In general, the first eight

sections describe the multiperipheral construction, Section (9) gives

the angular momentum diagonalization, and Sections (10) and (11) apply

the analysis to the bootstrap and cylindér problems.
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(2) MULTI-REGGE PRODUCTION AMPLITUDES

To motivate the specific form we use for the multi-particle

production amplitudes, we appeal to the notion of a particle pole in

the S-matrix. Figure 1 shows a particle pole term known to be present

in the 6-point function (repeated indices are implicitly summed),

Mp,m,m,mmgm, (@1*82°%37840%5+8—)

Daas) ;Mammy, (27785794786) |ee[nmin (Oa7%2787 780)»
2.

This pole has a residue which factorizes into two pieces, each piece

being a 4-point function normalized in the same way as the original

6-point function.

Each x in Fig. 1 marks a particular standard rest frame for the

particle on whose line the * appears. (When the pole is reggeized

below, some x's must denote spacelike rest frames.) The notation is

approximately that of Toller:'! the s; are the spins of various

particles, m, are helicities (component of spin along the z-axis in

the standard frane marked by an x). The same symbols s; and m; are

also used to denote certain Mandelstam invariants and masses of

particles; the usage should be clear from the context. The meaning

of a dot under a helicity index is explained in Appendix (B).

The a, appearing in Eq. (2-1) and Fig. 1 are, for each particle,

the parameters of a (possibly complex) Lorentz transformation which

connects the particle standard rest frame to an arbitrary "lab" frame

as indicated in the figure. The variable g appearing in Dyas (6)
denotes the rotation g = a;'a) ; the standard D-function [see

Appendix (A)] is generated by covariation from the M-function on
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the left according to the simple rule given in Eq. (B.3). s, is

the spin of the particle pole, and m,,m! are the helicities of that

particle in two different reference frames.

It is perhaps worth noting that, although they carry spin and

helicity indices, the M-functions appearing in Eq. (2.1) are Lorentz

scalars, unlike the momentum space M-functions of Stapp and Taylor.!>

Secondly, we have been careful to properly order the particles

consistently around the connected parts so that all our equations

apply equally well to the ordered amplitudes (ring functions) in the

ordered S-matrix framework associated with the topological expansion.”

The factor (s,- m,+ie)"! in (2.1) is of course the actual

pole; the numerical constant ¢ is discussed below in Section (4),

and can be arranged to equal unity.

Equation (2.1) is, for the pole term, an exact statement. We

now assume that this particle pole is in fact one of many poles which

occur on a Regge trajectory a,. The contribution of a, to the 6-point

function shown in Fig. 1 should be given by the above expression with

s, continued to a, and with the various group arguments and invariants

continued so that the equation is in a useful Regge region. Accounting

for signature, the usual Regge machinery” may be implemented to give

“Regge theory for n-point fynctions with n>4 is much more complicatedthan we make it sound.2/»38 Rigorously,28 both the physical and
ordered S-matrix n-point functions must be decomposed into a sum of

"spectral components" by means of an (n~- 3)-variable dispersion
relation (Bargmann-Weil). Each spectral term contains only Steinmann-
allowed multiple discontinuities, a fact which implies the existence
of a Lehmann ellipse of convergence for each 2; variable in an
appropriate physical cross channel (hexagraph). As a result, the
infinite angular momentum and helicity sums are convergent at least
somewhere, and this allows the Sommerfeld-Watson continuations to be
defined. So, rigorously one does a Regge analysis on each spectral
component and then adds the results, or one sticks with a single
component and diagonalizes unitarity onto the spectral components.
We feel that the form of our results will be the same in either the

rigorous Regge theory or Ref. 38, or the naive Regge theory presented
in Section (2).
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the following result (see Fig. 2):

Sye+Se. yltyS 35455 OT, ySySo0ySy
Meese © MESES Utacconigtty MEE (2.2)

where we have suppressed the a; arguments, and where

[factor}&t, = ev iM enim o cary
ham

a m+e goah ez) + 1-1)" *© a® (2)x) memEE (2.3)
2 sint (a+m)

The variables g = ($, z= cos, $') which appear in Fig. 1 are now

0(2,1) variables ($, 2=coshE, $'). The signature of Reggeon a, is

1, (a spin-¥s particle has positive signature), and ¢=0 or 4 depending

on whether a, is a boson or fermion trajectory. Using Eq. (A.8) one

may show by taking a, +s, that the Regge form (2.2) duplicates the

particle pole term of Eq. (2.1).

The final step in obtaining the Regge form we shall use is to

perform a "Mandelstam trick" operation!’ which causes the first-kind

functions in [factor],,, to be replaced by second-kind functions

which have simpler asymptotic behavior. Performing this operation

we find

or -a-1
[factor]ig: = Y& Fame (8) > (2.4)

where

-t-1¢0) 2 enim -a-1 -im'g!
Em! (8) e Cm! (2) 2 (2.5)

y = -ca'tann(a-e) , (2.6)

and

_fei™@-9 4, -&
= |rsmre-9 J- (2.7)
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The function esos (2) » defined in Eq. (A.10), has the expected
Regge behavior 2" for large z, — is a standard signature factor, and

Y contains the leftover factors. In particular, Y contains a' and

therefore has dimensions E?, In Eq. (2.1) these dimensions are

generated by the pole itself. Realizing that the n-point Toller

M-function has dimensions E*~", one may verify the dimensional

correctness of (2.1) or (2.2).

The Regge residues appearing in (2.2) are three-particle/one-

Reggeon amplitudes normalized in the correct way so as to become

physical four-particle amplitudes when the Reggeon is taken to the

appropriate value of mass and spin (and signature, if M is not an

ordered amplitude). Since the physical helicity amplitudes must

vanish when the helicity is out of range (has a nonsense value),

the residues must contain factors to knock out the unphysical poles,

since this ghost-killing function is not being performed by [factor] .,-

For example, one might take*

05535455 Dot . ryMajnm.m, 17s [r(a,+1+m,)r(a, +1 -,))? .
(2.8)

So far we have considered the Reggeization of a single-pole

term in unitarity. Had we started with the appropriate multiple pole

term, we could have obtained a multiple Regge residue or four-Reggeon

amplitude which, were all Reggeons continued to particle points,

would be normalized so as to yield a physical four-particle helicity

amplitude. We feel that this is a useful way to normalize Regge

“In the sense-nonsense region, additional square-root zeros are
provided by the d-functions, See, for example, Fig. 8e of Ref. 9.
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residues, and is ultimately necessary if one attempts a complete

bootstrap of, say, the triple-Regge vertex. We shall mention this

later in Section (10) (but will not attempt such a bootstrap).

Although three-particle scattering amplitudes have no place in

a stable-particle S-matrix theory, unstable particles may be called

upon to give meaning to the following equations. Figure 3 shows a

particle pole term in the 4-point function. In analogy to (2.1)

we write

Memate tts)

De, (e)Meostet Casoay28,) [9] Meera - (2.9)
Reggeization in the same way as before yields this expression for the

Regge pole term shown in Fig. 4:

Again, the Regge residues (pieces of the factorizing residue of the

Regge pole in the Froissart-Gribov projection) appearing in Eq. (2.10)

are normalized so that, as a, + s,, these two-particle/one-Reggeon

amplitudes approach the standard three-particle Toller M-functions

appearing in Eq. (2.9). The helicity nonsense-zero structure of

these standardized "Regge couplings" is presumably similar to (2.8)

above. Notice from the rule E* that these Regge couplings have the

dimensions of energy.

By reggeizing a double pole unitarity term, one may obtain the

following Regge contribution for the two-to-three production amplitude

shown in Fig. 5:



~-10-

sy. tig

Ws «KE fr, Eo]
-a,-1

eS yd7
The object M is the two-Reggeon/one-particle amplitude which

continues to the Toller 3-point function when a, +s, and a, > s,.

Again, this "double Regge vertex" has dimensions of energy, as does

the triple Regge vertex which we have not shown. These vertices differ

considerably from the phenomenological Regge couplings (dimensionless)

and triple-Regge couplings (GeV™*).

The form of the general multi-Regge production amplitude should

be clear from Eq. (2.11). Each Reggeon gets a bracketed "propagator"

factor with linking helicity sums on both sides. All vertices are

standard Toller 3-point functions continued in the appropriate way.

We conclude this section by observing that, in the ordered

S-matrix framework where the N-functions in (2.11) are replaced by

ordered ring amplitudes, the multi-Regge-pole expansion should be,

in the peripheral region, a very good approximation since there are

(presumably) no Regge cuts in the ring functions. The theoretical

accuracy of (2.11), when summed on a, and a,, is thus limited only by

peripherality and the convergence rate of the Regge asymptotic series,

ie., duality.
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(3) THE VERTEX: HELICITY AND PARITY CONDITIONS

We have been writing the triple vertex in the form Ma m,m, (od)
to stress the fact that the vertex is like any other n-point Toller

M-function. As we now show, however, this notation is extremely

redundant. Using the freedom allowed by the Toller invariance condi-

tion [see Eq. (B.3)], one can choose to superpose the external "lab"

reference frame — with respect to which the various a; are defined,
as in Fig. 1 — onto one of the standard reference frames associated

with the vertex. Since the vertex standard frames are connected by

certain z-boosts 0, 0,, and q which are functions only of the

invariants entering the vertex [see Eq. (5.1)], one may conclude that

M, nm, (4198;085) is itself a function only of these invariants. This
mM,

situation is illustrated in Fig. 6a where we have placed the reference

frame onto the standard frame of particle 1 to get M (e,q7?,077),
m,m,m, 1

where e is the identity transformation.

1, Helicity Conservation

Consider now this series of operations in which represents

the z rotation R,(¢):

(a,,a,,a,)

: m1 ga

= Ma mam,(Or 1s 95")
et

= Mmm, O°» a7", 605")
=e go. (eo, a7", 05 °6)Ma mm, :

= eime imo ,-im,o mga
e e e Mam. (2 4's 05)

12M

= eid(m,+m, +m)=e Mammy (81>%29%) + (3.1)
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In line 1 the reference frame is identified with the rest frame of

particle 1, as already noted. In line 2 the $'s are made to appear

via the invariance condition of Eq. (B.2). In line 3 these rotations

are commuted through the z boosts q™’ = B,(-q) and oj", and then in
line 4 the $'s are separately covariated to the right according to

Eq. (B.3). Comparison of the last line with the first then shows that

mtmtm = 0, (3.2)

ie., helicity is conserved at the vertex.”

One does not find such a condition for the higher n-point

functions because the rotation $ does not commute through all the

a, no matter how they are chosen.

2. Parity Invariance

If parity is an invariance of the theory, we may use an argument

similar to that of Section 3.1 to state parity invariance in terms of

the vertex. Since the parity operation, which Toller!® calls s, is

an element of the little group H, of the 4-vector (*,0,0,0), the rotational

covariance conditions [shown in Eq. (B.3)] may be extended to read, e.g.,

sll,

(3.3)

where Il, is the intrinsic parity of particle 3. Since the operation s
fails to commute through the z boosts [see Eq. (7.6)], it is more

convenient to use Toller's parity operator s' defined by

st = RCs (3.4)

equations of this section.
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for which the covariance condition on particle 2 reads, according

to Eqs. (3.3) and (A.8),

May mgm, (219829858 d= [nen Ma, »-m, (@1°82>83) » (3.5)

Operator s' brings out the intrinsic parity and negates the helicity

of the affected particle. Since s' doee commute with the z boosts,

one may repeat the argument (3.1) to find this vertex parity condition:

3 $4-m)

amMa mom (@27t2783) = Mom, (8208) Tec» ) :(3.6)

As a corollary to Eq. (3.6) one has either

Ten ) zl, or Moco (81282083) = 0. (3.7)
For example, if s,=s,=0 then all three helicities must vanish and

one concludes from the above that the vertex vanishes if IIIT, #
s

(-1) *, as one would expect from a more conventional angular momentum

argument.

3. Parity with Reggeons

Another convenient property of the parity operator s' is that

s', unlike s, belongs also to the little group H_ of the spacelike

Test vector (0,0,0,*), as does R,($). ‘Therefore, if one or more of

the particles at a vertex is replaced by a Reggeon — which may be

spacelike so that H_ is the appropriate little group — one shall find

that the helicity and parity conditions still exist. The helicity

conservation condition of Eq. (3.2) is unchanged, except as noted

below. The Reggeon parity covariance condition is

5 1520 -imm] ss,

Me agsas') = [o, a (a,,a,.4,) (3.8)mm,mym, (21 >2>45 3 In,m, ,-m, (91 >8293.
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where
;

o, =the t (3.9)i i

with s, a physical point on a,, and Il, the intrinsic parity of that

physical point.

The quantity 0; appearing in (3.9) is what we shall call the

Reggeon naturality, and is a constant along an ordered Regge trajectory.

Another way to say this is that the exchange degenerate partners which

together compose an ordered (planar) Regge trajectory have the same

naturality o,, even though the intrinsic parity Il, and spin parity
(-1)*4 atterate at the physical points. One sees that, as a, > 55,
Eq. (3.8) reproduces (3.5).

For fermions, the physical point parities Il, and naturalities

©, are, according to Eq. (3.9), out of phase by 90°, In the M-function

formalism one can prove!® from crossing and TCP that

hm = ent (3.10)ra

A purist, allowing for the possible existence of self-conjugate

fermions, would have to accept imaginary parities for those fermions.

As emphasized by Stapp!” the most reasonable convention is to give

all fermions imaginary intrinsic parities. (Toller too uses this

convention.!1) In this case, naturality o = +1 for fermions as well

as bosons.

We leave to the reader a comparison of Eq. (3.9) with the more

common definition of naturality

54-4

n= PG * (3.11)

where intrinsic parity P, = +1 for both bosons and fermions, and

€, +0 for bosons and one-half for fermions. Certainly for bosons,

ny = oy
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once Eq. (3.8) has been established, the argument of Eq. (3.1)

may be applied to give a parity condition for the single Regge vertex

shown in Fig. 6b:

545,01 5; 8; @,

Ma aay = M2?ae,ime, t28) = Mg!ony Base) tan
5,-m, s,-m, -im

ray 27M«ben ] fen] Lo, -

This says, e.g., that two pions cannot couple to ann trajectory,

even though such a coupling is allowed by G-parity.

For the two-Reggon/one-particle vertex a condition similar to

Eq. (3.12) results (see Fig. 6c):

aja,s -im, -im, sj-m1%5s
.

1 2 ar)BP eaeeg = Le, ] fo, oe] far]
ms

a, a, 5

x Me8 (aap). (3.13=m, -m, -m, (91742943 )

The triple-Regge vertex is more complicated because one cannot

always link the three standard frames with 2-boosts. In particular,

when A(t, ,t,.t,) is negative, the three frames are connected by

y-rotations’® (see Fig. 16). Conveniently, the parity operator s'

also commutes with y-rotations; the parity argument then goes through

to yield

OOO, -im, -im, -im.123 1 2 s

MMs

1, G2 Os

Mp omyem, 829%)» (3.14)

so that negating the Reggeon helicities is equivalent, for 4>0,

to multiplying by the product of the Reggeon naturalities, since

the helicities cancel by Eq. (3.2). However, since y- and z-rotations
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do not commute, the helicity condition of Eq. (3.2) is broken for

the spacelike triple-Regge vertex, A<0.

4. Caveats, and the Vertex V

We must now add two important qualifications to the preceding

equations of this section. As written, they apply to Toller 3-point

M-functions with all particles and Reggeons being in the initial

"state" and with all spinor indices of the undotted upper type (see

Appendix B).

To be consistent, certain particles and Reggeons must be put

into the final "state" of each vertex. We choose to let this convention

be determined by the direction of the arrows in, say, Fig. 15. Whenever

a particle or Reggeon is in the final state, the relevant bracketed

factor in Eqs. (3.5)+ (3.8) and (3.12) +(3.14) must be complex-
conjugated.

Secondly, we must face the fact that inevitably some of the

helicity indices we are dealing with are of the undotted lower type.

These indices, marked underneath by dots as in Eq. (2.1), are necessarily

lower in order to preserve the spinor covariance of the equations.

When an amplitude with a lower undotted helicity index is covariated

as in Eq. (B.3), the D function must be replaced by D*. The net

result is that helicities in Eq. (3.2) corresponding to lowered

indices will enter with minus signs. However, the parity conditions

are the same, regardless of wh=ther indices are upper or lower.

‘The vertices in which we are mainly interested have the form

of the central vertex of Eq. (2.11). In the notation of Appendix B

and with the conventions made above (and, as always, maintaining the

cyclic ring ordering) we write this vertex as
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e840, om, *m, a,5,0,
: = M, ‘(@,: aba) = Ve . (3.15)

‘The helicity and parity conditions for this vertex are then found

from Eqs. (3.2) and (3.13) and the above conventions:
momo +mos 0, (3.16)

4,542 -imn!]* sy-m]* -im,] a,5,0

We. foe ‘| [ren | [o, ¢ "viene :nim,m, -m}-m,-m,
(3.17)

Once again it should be stressed that this vertex V has the

standard normalization of a Toller M-function, has dimensions of

energy, and (in addition to the labels shown) is a function only of

the invariants entering the vertex.

(4) THE UNITARITY PRODUCT

Even when all particles carry spin,!> the unitarity equations

for the monentum-space M-functions are completely characterized by

the usual bubble diagrams!? together with a set of "Olive's rules,"

internal line = -2mic 6°(p? -m°)

independent loop = d'p/(-2micf)

pole = c/(s-m'+ie)  .

One needs also the relation between the M-function bubbles and the

raw connected parts:

(S.) = (-2nicf) 6*ext) MO

(St) = (-amic)® 6° (ext) MO
In these relations, the constant £ determines the normalization of

the single-particle states,
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ia) e a oe

(pim[p'm') = 2E66°(P-P'6,gr >
and c gives the pole residue, as in Eq. (2.1). Authors naturally

differ in their conventions, e.g.,

Exop:1° c= f= (2n)>
stapp:!? cri f= (2n)>

taylor:33 = c= -1 f-=1/2.
We favor the convention of ELOP, but shall always give results in

terms of c and f.

Once a unitarity equation is expressed in terms of the Stapp-

Taylor M-functions Mp... (Py,P)-+++)» it may be converted to Toller
M-functions via the inverse of Eq. (B.4). Details of this conversion

process with attention paid to the spinor indices will be given

elsewhere.1
Before tackling the general multiperipheral unitarity product,

we first illustrate the form unitarity takes in terms of the Toller

M-functions by writing down elastic unitarity as sketched in Fig. 7.

The formula is

Hy aise M, (a,,a,,a,,a,)a ampiigih, (1782289285

= vet f 4Q, CM, mmm, (297207%6-85)]
Ss SeXd yrs) dy gr (Xe) tnt (81992945586) >mm ‘s meme 6: Ma mmim! eens 6

(4.1)

where
5 +

‘ a'p, 8*(pe-me) ap, 8 (pe -m)4Q, = 6°, +p,-p,-P,) —-—+—  —*— 4.7 1* P27 Ps "Pe 73 ?
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As usual, we are maintaining the ring function ordering conventions.”

The dots over the m, and m, indices on the left side of Eq. (4.1) are

necessary to maintain the spinor covariance. The rotation functions

arise in the same way as the D(g) in Eq. (2.1), namely, from the

Toller covariance condition shown in Eq. (B.3). We are anticipating

a system of standard reference frames to be reviewed shortly in which

it will turn out that these rotations will be pure y-rotations, X;,

whose presence was first noticed by Misheloff.* At t=0 the rotations

all vanish, but for t<0 they do not vanish and are determined up to

a sign by the peripheral invariants t, [see Section (5)].

From Eq. (4.1) it should be clear how the general n-body unitarity

product appears. Each intermediate particle gets a Misheloff rotation,

and the helicity indices are summed over systematically. The n-body

phase space is

a fats. 6°? m2

ag, = é*(ext) TT (ee?) (4.2)isl £

where, as in Eq. (B.1), pj = L(a,)B,- Sometimes it is useful to
visualize each produced particle as a cluster of variable mass and

spin, in which case Eq. (4.2) can be adjusted by replacing

8* (pj -m}) + 6°(p} -5,)ds, and adding spin suns 2,
We are now ready to insert into the general n-body unitarity

product a model for the production amplitudes, namely, the multi-

Regge production amplitudes developed in Section 2, which we now

write as

Sa08452-+-SnSb SaSo0 -0,-1

 Welptee * [Es Earsea] one = VM1PiM2 Te Pn
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This amplitude is shown in Fig. 8; the V's are the standard vertices

described in Section (3), and we are now using m,r,p as helicity

labels.

It is perhaps useful to observe that the bracketed factors in

Eq. (4.3) have three sources of phase when a is real:

i) the azimuthal phase exp[-i(m,¢; + 7,6))] from E(g,)3

ii) the phase (#i)"i'"1 from the e-functions at z>1
arising fron the kinematic spin cuts (half angle factors)

in the amplitude;

iii) the Regge phase of the signature factor &;.

Of these three phases, only the Regge phase will be incorporated into

the helicity pole propagator to be defined below.

Suppressing the Toller a, argunents, we now state the n-body

multiperipheral unitarity product as

1 ac. pbsasasb Sh8n2-51508a] ”Fr disc Moa ata = -etnf ea,-[M tpt. ept |malta, MPa’? PyPoMa

x T (3 « ) [reste | (4.4)der V PEPE? aPoPassPaM>J 7
where each M-function on the right has a form as in Eq. (4.3), and

where dQ, is given by Eq. (4.2). In (4.4) the only variables not
summed over are those with subscripts a and b. The spins and

helicities appearing in (4.4) are labeled in Fig. 9 which shows the
n-body unitarity product with the multi-Regge amplitudes inserted.

our notational plan is always to use primed variables for the upper

side of the ladder and unprimed for the lower side. The reader is

again cautioned about our multiple usage of the symbols s; (spin,

invariants), p, (momentum, helicity), and m, (helicity, mass).
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The next step in the program is to actually insert the production

amplitudes of Eq. (4.3) into (4.4) and make some sense out of the

resultant expression. We wish to show that Regge poles in the upper

and lower amplitudes are converted into helicity poles in the central

kinematic level, and that it is these helicity poles which determine

the Reggeon loop which lies at the heart of all bootstrap and cylinder

calculations. Before we do this, however, we must make some comments

about the frames in the various kinematic levels.

(5) FRAMES

The study of the reference frames associated with the multi-

peripheral ladder is at best a tedious and unpleasant business.

We propose only to outline the development of these frames and to

provide a few interpretations where useful. The ends of the multi-

peripheral ladder, where the frames are slightly different, will be

completely ignored. Usually in multiperipheral analysis the end-rungs

(or at least one end-rung) are amputated, the physics is done, and

then later the end-rungs are reattached (see Appendix F); Regge

physics does not require the end-rungs and this is our justification

for ignoring them.

In the description which follows we have for no particular

reason adopted the notation of Ciafaloni, DeTar and Misheloff® rather

than that of Mueller and Nuzinich.”

1, The Vertex

The frame analysis begins with the simple vertex shown in

Fig. 10, where two spacelike momenta k, and k, meet a future timelike

momentum p,. Frane ¢ is a rest frame of p, in which the 3-monentum
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K, = K, points in the positive 2 direction. Obviously, frame c is

only defined up to a z-rotation, a fact we shall make use of later.

Frame b (d) is obtained from frame c by a z-boost v, (0,1) which

brings k, (k,) to spacelike rest [k; = (0,0,0,V-t, )]. Clearly,

frames b and d are linked by the z-boost q, = v,+0,. From momentum

conservation it is easy to compute these boosts in terms of the

invariants t,,t, and s,:

shy, = (s,+t,-t,)/2V5, Ve,

sho, = (s,-t,+t,)/2Vs; Vt, (S.1)

cha, = (s,-t,-t,)/2V-t, Vt, .

The variable q, may be interpreted as sensing the mass” 8, flowing
up the cluster p,. By computing (k,-k,) in frame b, one finds that

q, is positive because p, is future timelike.

The frames b,c,d defined above are the usual BCP frames”?

associated with a production vertex.

2. The Rung

We now combine two vertices to make one multiperipheral rung,

shown in Fig. 11. The triad of frames (b,c,d) just discussed appears

on the lower vertex, and a new triad (b',c',d') appears on the upper

vertex. The primed boosts connecting the upper frames are given by

Eq. (5.1) with t, >t}.

Frames ¢ and c' are both rest franes of p, and must therefore

be connected by some rotation g = R,($,)Ry(X,)R,(¢1)- We now use up

the 2-rotation degree of freedom in defining each vertex frame triad

to set ¢,=$1=0 so that the frames c and c' are linked by a pure
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y-rotation X,. This is the Misheloff rotation mentioned in Section

(4). Im Appendix E we interpret this variable as a cross channel

(t + ©) Regge variable 2 = cos(X); an expression for cos(X) will be

given below.

The six frames shown in Fig. 11 are now interlocked, and all

3-momenta are confined to the x-z plane.

Next, four new frames a,a',e,e' are added as shown in Fig. 12.

For example, frane a is obtained from frame b by an x-boost hy.

This boost of course does nothing to momentum k{) = (0,0,0,/%,),

but is chosen so that k!(®) is x-z like; i.e., the boost h, clears

out the energy component of k'(), Boost hl is chosen similarly so
that k(@") is x-z like. These statements may be summarized as follows:

x)= (0,0,0,) KD 2 (0,#,0,)

‘ar (5.2)Ks (0,*,0,4) KG 2 0,0,0,4) .

It should be clear from Eq. (5.2) and the lack of y-boosts in

the problem (so far) that frames a and a' are connected by a y-

rotation, which we label @,,,. From the fact that t = (k,+k!)?
one quickly shows this rotation to be given in magnitude by

cos8,,, = (t, +t) -t)/2v-t, V-tT . (5.3)

Then, from the loop equation on the left side of Fig. 12,

tayXT MG Shy yy» (5.4)

one finds the magnitude of the Misheloff rotation

cosX, = (cos®,, - shvishv,) /chvichv, « (5.5)

Reordering the same loop equation one may then compute the boosts

hy and hi:
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chh, = ch visinx,/sin®,,, ,
(5.6)

ch hy = ch v,sinX,/sin6,,, .

We have now described the frames a and a’, and the new

transformations h,, h and 6,,,- In exact analogy one defines the

frames e and e' and transformations f,, f) and ®,,1- Equations

similar to those above are then obtained by comparing Eq. (5.4) to

the right-side loop equation x, = (o!)"! #1 0,,,£;' 03°.

3. The Central Level Frames

To the set of ten frames so far defined with respect to this

one multiperipheral rung, two final frames £ and g are now added,

as shown in Fig. 13. We shall refer to frames like a,b,d,e as being

lower level frames, those like a',b',d',e' as being upper level, and

f and g as being frames in the central level. These central level

frames are in fact brick wall systems (bws) or Breit frames. We

define a bws frame for the system (k;,k}) to be any frame in which

kj +k} = 0, where k; represents the first three components of the

4-vector k;. We shall refer to such (t,x,y) objects as vereors”)

to distinguish them from the normal 3-vectors (x,y,z) like k,.
Since kj +k} = 0 in a bws frame, the overall momentum transfer

Q= kj +k} is at spacelike rest, Q= (0,0,0,V-t). In Appendix E
we perform a complex Lorentz transformation which converts bws frames

~

to ens frames in which k, +k] = 0 and Q= (Vt, 0,0,0).
Now, frame £ in Fig. 13 is that particular bws frame in which

versor k, points in the positive x direction, and versor k, is t-x

like. Similarly, frame g is defined to put versor k, in the positive

x direction and to make k, t-x like. These two frames f and g are
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thus linked by an x-boost v, whose magnitude we shall compute in a

moment.

In all bws frames for the system of momenta (k,,k;) the
2-components and versor magnitudes are the same, just as in all cms

frames the energy components and vector magnitudes are the same.

We find

2
2

qty2 x,2 yy2Os)? = aK)? - a)? - a)

= A(t,t!,t)/4(-t) = -K? (5.7)

2 tet! =:Kos (t-t,+tp/avt = x, (5.8)

yz ' =2!
(Kp)? = (t-tl+ty/2ve = zp. (5.9)

Because our interest is limited to the interior runs of the t<0

multiperipheral chain where the kinematics requires A(t,t;,t}) <0,

we have defined -kj as above. When the symbol k; appears below as a
scalar, it refers to this versor magnitude (-k2)* and should not be

confused with the 4-vector k,.

We wish to stress the similarity of Eqs. (5.7) through (5.9)

to the normal cms kinematics. If k, and k} were future timelike

4-vectors with masses (t)* and (t{)"%, then in any ems frame where
Q= (VE, 0,0,0), t >0, one would have

2. '
py? = acystp ey sae : (5.10)

EQ = (t+t,-tp/2ve, (5.11)

Ei = (t+ ty - ty) /2vt . (5.12)

so that the versor magnitude k, is the analytic continuation of the
cross-channel cms momentum.
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Sometimes the variables z, and 2} shown above are written in

this way:

= id
z= R(-t)e - wy

.
(5.13)

ay = a(t)" + wy, »

where

tt

OF (4) : (5.14)* 2-t

The variables k, and w; are useful replacements for the Regge mass”
variables t, and t!,

= ~

2
+ we ttty sat OD + WD = Ce) (5.15)

moo 2 + 2. + tyethos et + wD + wc.
In particular,

1 dtydtydkv, = 2 —HX_. (5.16)
comet 2 "ype

L-att,t, tT

Applying the above definitions to frame f of Fig. 13 we have

() . (f) 2
KA = (0,k,,0,2,) KO) = (K,shv,, k,chy,, 0, 2,)

come : 6), :
KO 2 (0,-k, 0,21) x} = (kyshy,, -kgehv,,0, 21) «

(6.17)

Conparison of k{*) to k{) then shows these frames to be linked by
a very simple y-rotation @,:

x = (0,0,0,V-%,) x) = (0,k,,0,2))
(5.18)

= sind, = ky /V-ty cos8, = 2,/V-t,  -
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Thus, the new frames £ and g are interlocked with the previous

ten frames to give a total of twelve frames associated with this

single rung of the multiperipheral ladder. Computing p? = (k, - k,)”
in frame f we find that the boost v, is given by

chy, = (kp + kb + pty /2kk, (5.19)

where

peo= 5, + (wy - wy)? (5.20)

and all symbols on the right of Eq. (5.19) refer to versor magnitudes.

With t and all t, fixed, v, measures the mass” s, of the particle

or cluster p,; in this sense the variable v, is similar to the BCP

variables q, and a appearing in Fig. 11.

The complete set of twelve frames associated with the rung p,
is shown in Fig. 14.

4. Many Rungs

We are now ready to juxtapose two rungs of the multiperipheral

ladder, as Shown in Fig. 15. In this figure one sees that the twelve-

frane systems associated with each rung are linked by a very important

y-boost called £,. This variable measures the separation of the two

rungs in a quantity which would be called the gap rapidity in a one-

dimensional model. Notice that the same variable £, appears in the

upper, lower, and central levels. The frames on the central level are

Linked to the upper and lower levels by y-rotations like 8, of Fig. 13.

These rotations are given by the formulas one would guess looking at

Eq. (5.18) above, e.g.,

sind} = k,/V-t; , cos) = zp/V-ty . (5.21)
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‘The only transformations not shown in Fig. 15 are the y-rotations

like @,,, appearing in Fig. 14. Obviously Ot 8+ er.
We now make some remarks concerning the frames of Fig. 15.

First of all, most of the frames on the lower level are the usual BCP

frames referred to earlier. Since the tranformation labeled g, connects
two frames in which k, is at spacelike rest, g, must be an 0(2,1)

transformation. In BCP this g, is written as

8, = RM) BCEIRW,)  .

This form, known as the discrete-basis parametrization, goes all the

way back to Bargmann, but we have put a twiddle over the x-boost

Parameter in order not to confuse that variable with our y-boost

variable ,. The azimuthal rotations u, and v, are conjugate to the

Reggeon helicities in the sense discussed back in Section (2), and are

connected with the so-called Toller angles w, = u, + v,,,. Variable
E, is the Regge variable, i.e., z-= cosh(E,), and is conjugate to
the angular momentum associated with the link k,, which is to say,
a, (see Fig. 8).

Although the same BCP 0(2,1) transformation g, appears in Fig. 15,
it is parametrized differently, namely,

8, = Bf) BY(E,) ByCh,)

the so-called continuous-basis® parametrization of 0(2,1). As already

noted, the same variable £, appears also in g, the 0(2,1) transforma-

tion appropriate to the upper production amplitude of Fig. 15.

Prior to leaving this section on frames, we wish to add one

more observation concerning the frames connected with the single rung

shown in Figs. 13 and 14, If one were to imagine the multiperipheral
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ladder on the right as generating a Reggeon in the central level, one

might draw the figure shown in Fig. 16, where we have redrawn the

frames a,a' and f, and their connecting y-rotations. We just want

to remark that these three frames are the usual standard frames one

associates with the triple Regge vertex!® in the configuration A<0,

and the thetas are the standard y-rotations. A similar remark applies

to the frane triad, g,e,e'.

We are now ready to convert the Regge poles of the upper and

lower amplitudes into helicity poles in the central level.

(6) THE HELICITY POLE EXPANSION

Consider once again Fig. 15. In order to motivate the next

technical maneuver, we anticipate a diagonalization procedure which

will be explained in Section (9). The frames on the central level of

Fig. 15 are linked by alternating x-boosts VW and y-boosts ee It will

turn out that these frames and variables are the relevant ones for the

diagonalized (or even undiagonalized) consideration of the multi-

peripheral ladder, the reason being that these are the bws frames

in which the overall 4-momentun Q is at spacelike rest. We will

show that certain groupings of the v and & variables form convenient

0(2,1) transformations. For example, the conbination

B,(E,)B,(0, By(E,)
is an 0(2,1) transformation in the continuous-basis mentioned earlier

which in a certain sense surrounds the cluster p, in the central level

of Fig. 15. In the diagonalization process it will be shown that the

variable v, is conjugate to angular momentum j in the central level,
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while the boosts &, and E, are conjugate to complex helicity variables

A, and A,. Helicity poles in the complex helicity plane \ will

correspond to powers of ell since these variables are Fourier

conjugates. It is for this reason that we shall now expand the upper

and lower Regge propagator functions E~“"1(g) and E™'~!(g*) into

powers of el®!, These functions appear in Fig. 17, which represents
a portion of the multiperipheral chain, i.e., a portion of the unitarity

product of Eq. (4.4) with the model amplitudes of (4.3).

We shall refer to the form el§I@ as a helicity-pole term in the
same way one speaks of 2% as a Regge pole term, with the understanding

that the actual pole occurs in the plane of the conjugate variable,

be it helicity or angular momentum. Also, the square-bracketed

expressions in Fig. 17 will be called Reggeon propagators.

In Appendix C we give a derivation of the following (convergent)

helicity-pole expansion of the lower propagator E-function:

Eee = Go" PS oes)
Kt nys0

(6.1)

oea ee
nz .Kom, Ny sK2Tp

Recall that g, = (f,,£,sh,), and that £, and h, are x-boost paraneters

fixed by the t, [see Eq. (5.6)]. The quantity [a,-n,] is the helicity

of the Reggeon whose spin is a,. When a, takes some general non-

integral value, the Reggeon helicity takes the values a,, a,-1,

@,-2,.... in an infinite sequence. Were a, to approach a physical

value s, (which does not happen in the multiperipheral region of course),

we would expect this sequence to truncate at helicity equal to -s,.

This truncation is affected by the interaction of the functions F
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appearing in Eq. (6.1) with the helicity nonsense-zeros present in

the standard Toller vertices discussed in Section (3), the V of

Fig. 17. These functions F are given in Eq. (C.5). The new index

K, appearing in Eq. (6.1) will be connected with parity in Section (7).

Basically, K, = sign(E,).

‘The important point to be made about Eq. (6.1) is that each

helicity term factorizes. It is not obvious that an expression like

(6.1) had to exist. A similar situation is encountered in a much more

complicated mathematical environment with the Regge pole expansion of

a single Toller/Lorentz pole. Regge poles there are the factorizing

daughters of a Toller pole, and helicity poles here are the factorizing

daughters of a Regge pole.

The fact that each helicity pole factorizes is the fact which

allows us to momentarily define a helicity pole propagator. This

concept will greatly reduce the bulge of complexity with which we

are now confronted. Had the helicity poles not factorized, we would

be in real trouble.

When all the Reggeon propagators [ ... ] in the unitarity

product of Fig. 17 are helicity-pole expanded according to Eq. (6.1),

certain factors may be grouped to the vertices, leaving a very simple

helicity pole propagator. The new rung with these regrouped factors

is shown in Fig. 18, and the helicity pole propagator is shown in

Fig. 19 and has the form

1 + ton}

P(E.) = Y,¥y BF 8(k,8,) ole! [earna) + Girne]
(6.2)

‘The power to which ele! is raised in Eq. (6.2) is the sum of the
helicities of the Reggeons in the (2,2') channel. Notice that each

of the helicities is in general a complex number, whereas the Reggeon
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helicities discussed in Section (2) were always integers or half-

integers. The reason is that here the Reggeon helicities are eigen-

values of the (non-Hermitian) y-boost generator K, which is generating

the boosts By(E). In Appendix E it is shown that, when the structure

of Fig. 15 is continued to the t>0 cms via a complex Lorentz

transformation, the generator K, is turned into a normal rotation

generator and the helicities become the normal (discrete valued)

helicities mentioned in Section (2). The variable £, becomes a

rotation (, = ig,) which again measures the sum of the helicities

in the (2,2') channel, namely, m,+m).

The other important point to be made about the helicity-pole

propagator is that it still contains the physical (planar) poles in

the signature factor denominators, e.g.,

2M, 6) ‘fe
2sinn(a, - €,)

: en

‘2 Se

These poles generate the normal thresholds in the cross channel when

t is continued to t>0.

Turning now to the rung or kernel of Fig. 18, the helicity

summations r,,r!, p,,p,, and m, sm, can be performed since they are

now detached from the rest of the chain by helicity-independent

(in this sense) helicity-pole propagators. We might first sum over

the upper and lower (discrete) helicities to go from Fig. 18 to

Fig. 20a, renormalizing for the first time our standard vertices V.

The new vertex V is given by
~

— bead | oyVp (omy Geom Ky oKQ5 81) = > G@ Fayeeyr, PD
ms

45,0, op mw

x Ve pm, Fngokgm, f2) @ Fy. 63)
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(Group-theoretically, this’ corresponds to a conversion from the

discrete to the continuous helicity basis.)

Finally, we sum over the Misheloff rotation helicities PP,
to go from Fig. 20a to Fig. 20b, which shows the final kernel

Kam sty5 af mf tls a.myst,s almit!; Keys sy t)

2

~ ie (81 ~=> Bp” app0) Wp} = m+ 6PyP} = -5y

This kernel is a function of the four Reggeon spins a,, helicities

@;-n;, and masses t;. Due to the kappa indices appearing in Eq. (6.1),

the kernel is also a function of the kappa label on each side. This

particular kernel is a single particle kernel and thus depends on the

: spin s, of that single particle. We could just as well have defined

P, (the produced object) to be a cluster, in which case, as noted

earlier, Eq. (6.4) should be summed over s,.

Before concluding this section we wish to make a few additional

remarks about the critical helicity-pole expansion formula (6.1).

This formula, or something close to it, has been derived by other

workers?’ as only an asymptotic expansion. We wish to emphasize

that (6.1) as derived in Appendix C is an exact and very convergent

“equality based on an elementary addition theorem of the second-kind

Legendre functions. In other approaches, the step in the argument

represented by (6.1) has been to some extent obscured by complicated

group theoretic arguments. For example, (6.1) can be interpreted in

terms of 0(2,1) mixed-basis matrix elements in the continuous series,

in which case the discrete index x has a certain mathematical meaning.

Altematively, Eq. (6.1) can be related to the 0(2,1) analytically
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continued Clebsch-Gordon coefficients which couple angular momenta

between the upper, lower, and central kinematic levels in Fig. 15.

‘These approaches are no doubt correct, but introduce so much complica-

tion that one cannot tell for sure whether or not a formula is correct

without expending much effort. Our approach has been to consolidate

this group theory into a few easily verifiable addition theorens®

which are then used to derive various results.

(7) NATURALITY CONDITION FOR THE KERNEL

In Section (3) it was shown that, after accounting for the

correct Toller N-function notation for the vertex

045504

Vag; = May.ngm; (ar apa) 5 (7.1)
the statement of parity invariance for the vertex in Fig. 18 is

4150p ar, Sy-P) * 2m,

Yep, 7 (C9 1 OC 1 f,8)
. yn 7.2)

TyPym ”

where 0; is the Reggeon naturality of Eq. (3.9) and I, the intrinsic

parity of the produced particle.

Insertion of the parity condition (7.2) into the definition

(6.3) of the renormalized vertex V then yields

~
— =) SiPh

Vp, (192) = G,o, T,(-1) Vip, Ky oKa) . (7.3)
When this result is in turn substituted into the definition (6.4)

of the kernel K, one finds

K(k, s,) = To! 0,0) K(-Ky,-,) (7.4)
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which is the desired naturality condition for the kernel.

We may now interpret Eq. (7.4) as saying: a parity transformation

on the kernel is equivalent to multiplication by the product of the

Raturalities of the four attached Reggeons. To see why a parity

transformation negates K, and K, we refer to Fig. 21 which shows a

Segment of the multiperipheral chain with its central level boost £.

The figure also shows the same chain segment in a parity-inverted

world where the two frames are connected by some boost E'. These

inverted-world frames are connected to their non-inverted-world

counterparts by Toller's parity transformation s' defined in Eq. (3.4).
Since

yl ' s =
(51) By (&)s By(-E), (7.5)

one concludes that £' = -£. This is what is meant by saying that

parity negates all the &-boosts in the chain, and therefore the

k; = sign(E;).

Equation (7.5) is one entry in the following table which shows

how the parity operators s and s' affect the signs of rotation and

boost parameters:

R R RR BR By By
s a re

(7.6)st - + - + - +

Notice that of all the variables listed in Fig. 15 and relating to the

multiperipheral chain, only the y-boosts £; are negated by parity s'.

“This condition is derived in Ref. 5, Eq. (2.8), for the production
of spinless particles only; see also Eqs. (2.7) and (2.10) of that
paper for a Toller angle discussion, and Eq. (2.16) which relates
to our comments at the end of Section (6).
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If there were z-rotations somewhere, these would also be negated by

s', as the table shows, and this fact has a bearing on the Toller

angle which we mention here as a digression.

In the usual BCP analysis of the production amplitude shown,

e.g., in Fig. 8, one uses for the 0(2,1) transformations g the

discrete basis parameters R,(u)B,(E)R,(v), which we mentioned at

the end of Section (5), and in terms of which the lower Reggeon

propagator function may be written

“ol,

2 gcim ol ye) garyEr (8) e ear (che) € : (7.7)

If the asymptotic limit of this E function is taken [see Eqs. (A.15)

and (A.16)] to get (ch)* times helicity-factorizing factors, and if

these factors and the azimuthal exponentials are absorbed into

renormalized vertices 8 and the helicity sums done, one obtains for

the production amplitudes the form

~ a, =O,

s+ Bp Carta) COME)? By(yeti) (CHET «5 (7-8)
where the p; are the helicities of the produced particles. Then from

Eq. (7.2), the parity condition for these renormalized vertices B

may be shown to be similar to Eq. (7.3),

= 30, Wey 7.9BpWray) = %9, TY-1) Bp Crd) + (7.9)

In the case of spinless produced particles, the vertex 8 is a function

only of the Toller angle w, = v,+u, and Eq. (7.9) becomes

8W,) = 5,0, T, B(-w,) - (7.10)

Finally, slightly renormalizing the vertices once again, we end up

with the asymptotic or phenomenological multi-Regge amplitude for the

production of spinless particles along the chain
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~ a, a,

+++ BWw)(s,) > BWw,)(s,) *... (7.1)

Multiplying two such amplitudes together to get the unitarity product,

one would identify the kernel as

~

| ~ Pe

Kw,0) = (B@)] Bey , (7.12)

and this kernel would then have a naturality condition

Ku) = To; 0,0) K(-w,,-w!) (7.13)

This condition is, however, just a special case of Eq. (7.4) which

was derived without any approximations. Therefore, a parity transfor-

mation can be regarded either as negating the £; variables in the

exact kinematic scheme, or as negating the Toller angles in the

asymptotic production of spinless particles.

(8) THE MULTIPERIPHERAL CHAIN AND PHASE SPACE

Jm Section (6) the helicity-pole propagator P, and kernel K,,;
were defined. Figure 22 shows how these quantities alternate to

compose the multiperipheral chain

see Ky. (¥,)P, (E,)K, 9(¥,)P, (EK, (¥) «2. (8.1)

The figure also shows the central level frames with their connecting

boosts. The v variables measure the "rapidity width" of the kernels

(clusters or single particles), whereas the & boosts measure the

rapidity width of the helicity-pole propagators. Since these

alternating boosts are not collinear (v,=B, and = By), the notion
of additive rapidities arises only in the extreme relativistic limit

where
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chv = chy, chv, + shy, shy, ché, (8.2)

becomes

ve Mtv, + (8.3)

The sums which are implicit in the chain (8.1) will be discussed

in a moment.

First, something must be said about the phase space. Each

particle or cluster (here K will be regarded as a cluster) gets a

momentun phase-space factor d"p;, where p, is the momentum flowing

up the cluster K; ;,,- Replacing a*p, with d"k;, where k, is the
4-momentum of the lower Reggeon of the system (i,i'), and simply

evaluating this 4-momentum in one of the central level frames a few

removed from the frames nearest p,, one may express a°k, in terms of
the group variables appearing in Fig. 22. Recalling the meaning of

the central level frames, we have, e.g.,

@) _
KO) = (0,k,,0,2,)

(co).
{9 = (kyshv, ,kychv, ,0,2,)

x0) = (KyshvgchE,, kychv,, kyshv,shE,, 24), (8.4)

where k, (the versor magnitude) and z, were defined in Eqs. (5.7) and

(5.13). From the last line of Eq. (8.4) we find that

a’k, = [a’k,Jdz, = [kedk a3° ([a’ky]dz, = [kjdk,d&, d(chv,)]a2,

cis2 2= ank3ak dw, [ acem,)] , (8.5)
where z, has been replaced by the w, of Eq. (5.14). The portion

dk,dw, of the phase space is the so-called transverse integration

because it can be expressed in terms of a’pt where pS is the
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transverse momentum of the cluster 3 whose parallel momentum component

pl is related to the standard rapidity variable. In terms of the
invariants t, and t, one can show, as in Eq. (5.16), that

dt jdt!

akjaw, = } ——* 2. (8.6)VBEty)
The second factor in the last line of Eq. (8.5) shows the 0(2,1)

equivalent of the d@ = d$ d(cos®) one finds in cms kinematics, e.g.,

elastic unitarity. The fact that a, d(chv,)/2m = dg, is a piece

of the 0(2,1) invariant measure (in continuous-basis parameters) is

what allows the exact diagonalization of the multiperipheral chain

onto central level angular momentum, as is done in the next section.

The reader familiar with the Chew-Goldberger-Low approximation?2

to the multiperipheral phase space will recognize the expression in

Eq. (8.6) as a portion of the asymptotic form of the quasi-cms phase

space of two clusters,

as,ds, dt,dt}a'p,a'p, 8(P-p,-p,) ~ —— |} —==], @.7

v -A(t,t, .t2)

where (s,)% and (s,)* are the masses flowing up the two adjacent
clusters. In order to compare Eq. (8.5) with (8.7) we write,

shifting to the left one rung,

a, a (chy, )d(chv,)@(v-v, - v,)af, = Sbeacwwy =2gynt a[k(chy,chy, ,chv,)]

where k(x,y,z) = x?+y?+#2?-2xyz-1. If it were true that V>>V.V,

throughout the entire phase space, one could approximate

K(chy, chy,, chv,) * (chv)? .
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Then from formulas like Eq. (5.19),

2 2 2

s, +k? +k2+ (w, =)chy, ——————— ’

2k,k,
one finds that

ds, ds.

“4+ ,
2mk)s

and then

ahs ak,dw,ds ds. [: dt,dt} | ds,ds,2 —s |2 SSS] SO”
v-AGt,th)

which is the CGL approximation (8.7). Since the approximation

s >> s,,8, is not particularly valid except in special cases like

double diffractive dissociation, one would expect a more accurate

result to be obtained in any related calculation (like the cylinder)

by using the exact phase space. Natura}ly, an exact angular momentum

diagonalization only works if this correct group phase space is

retained.

We now consider the sums implicit in (8.1) and Fig. 22. For

each segment or propagator of the multiperipheral chain there is a

sum of the form (e.g., for segment 2,2')

J cy 2
where

Le fe. > > > (8.9)
2 ket aya) nanh=0

and
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2n 2f* = Ff o,f %, eo, (8.10)
=o 0

with £ being the normalization factor of Section (4). For each

fixed value of t, and t; [see Eq. (5.15)] and the discrete index x,,
and for each pair of Reggeons @,,0}, we sum over all of the helicity
Poles labeled by n,,n}, these being the helicity daughters of the

Reggeons. Next, we sum over all possible upper and lower Reggeon
combinations. Finally, we sum over x, and do the transverse

integration. The group integrations dg, will be removed in the
next section.

(9) THE DIAGONALIZATION OF ANGULAR MOMENTUM

To avoid confusing the mathematics with the physics, we briefly
discuss our diagonalization procedure; a fuller explanation may be
found elsewhere.®

Consider the following mathematical relation among four functions

A, B, C, and D, each a function of three variables:

. fae, f 4,
AEwvib') = J SE faccnv.f 52 f accnv,) a¢¢,.v,.0) CC, .,,0)

a 1 = 1

x D(Es.V5,63) « (9.1)

Schematically, this equation is represented in Fig. 23. If the

variables are in the range =< &, <= and O<v,<e, we may
interpret the functions A,B,C, D as being defined on a certain

sector of the group SU(1,1) ~ 0(2,1), and we write the sane equation
in group theoretic notation as follows: -

Ae) = fet, fot, fac, 60e - 44,2, BE, CU) 008), 00.2)
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where g = (E,v,6'), £, = (E,,¥,,0), etc. The variables g, =

(E,,¥,,£}) in Eq. (9.1) are functions of the other variables according

to the SU(1,1) group multiplication g, = g)'g7g. In Eq. (9.2) this
fact is made more explicit by use of an invariant delta function.

Equation (9.1) or (9.2) can be diagonalized exactly by project-

ing the functions onto the continuous-basis representation functions

of SU(1.1). These functions are the second-kind generalized Legendre

functions #2) discussed briefly in Appendix A and at great length
in Refs. 9 and 23. The diagonalization of (9.1) is given by

je Poh Pa Bi gi piAme -f a am Aa Sar Pane > (9-3)
where

j = jAe fe (8) ACa) , (9.4)
joo. jBy -f ag, BC) BE) (9.5)

and the projection of C is like that of B; D like that of A.

The invariant measures are

= 2 gtag = Zacm) S (9.6)

ae,ag, = = a(chy,) , (9.7)

and the function Q(g) is defined as

ji - ue Jj “ute!it) = 2 @icer) e : (9.8)
with Q(z) given in Eq. (A.2).

In the diagonalized equation (9.3), each group integration has

been replaced by a helicity contour integration running up the



-43-

imaginary helicity axis. The source of this contour is the second-

kind addition theorem which, for convenience, we compare to the

first-kind addition theorem:

J = J J 5Pim (8,82) > Pin (81) Pigs (82) 3 (9.9)
nee

J = ad oi "By (8,8,) if $e GB) Bye) - (9.10)
The familiar helicity sum of the first-kind theorem (P functions

are essentially the rotation D functions) appears as a helicity

integration in the second-kind formula. In Ref. 9, Eq. (9.10) is

derived from (9.9) and interpreted group-theoretically.

When all the functions appearing in Eq. (9.1) are independent

of the £, variables, the diagonalized equation simplifies somewhat,

a = po a : (9.11)

where

fos if A(chy) Q; (chy) FW) (9.12)
1

More generally this is not the case and the helicity contours

appearing in Eq. (9.3) are shifted sideways to pick up helicity pole

contributions of the integrand. The \ are the complex helicity

variables to which we referred earlier.

In the particular mathematical example considered above, we

diagonalized a chain of three functions B, C, D. Hopefully it is

clear that a chain of any length may be similarly diagonalized.

Each projected function contains the diagonal angular momentum

projection label j along with two helicity labels which are system-

atically tied to neighboring helicities by the "summations" fa.
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We are, by the way, referring to j as angular momentum because,

in the Regge language, Eq. (9.4) is a true Foissart-Gribov projection

so that j is the analytic continuation of the true angular momentum.

In Eq. (F.5) we show how to recover a function A(g) from its

projections Bue i.e., we give the inversion of formula (9.4).

(10) THE PLANAR BOOTSTRAP

1. Form of the Integral Equation

The basic multiperipheral chain was illustrated in Fig. 22, and

we shall now be more specific. The contribution from three particles

or clusters to the 4-Reggeon ring discontinuity is given by”

Oy "ye

Ryg(Ev.6") = z ad, fad, Py (EK, 9(Y,)P 2 (Ep)Kp3(V,)
x Ps(ES)Ks4(¥,)P4(Es) (20.1)

where the notations P, K, dg and © were defined in Eqs. (6.2), (6.4),

(9.7), and (8.9). Since (10.1) is of the form (9.1), the diagon-

alization may be read from (9.3) to be

OR : a far 5 j

Byrd) = xz Sr] Ge PyCDK),(1,2), 2K} (2,3)
i

XPDKy BAP 4)» (10.2)
where

“We have tried very hard to keep track of the normalization of ampli-
tudes, but, alas, have lost the battle. Strictly speaking, if A is
a discontinuity, equations like (10.1) should contain the overall

factor — cft shown in Eq. (4.4), 2n/f for each dg, and an extra 1/f
because 6(4) (ext) removes one d°kj. However, as we mention in
Section 10.8, and show in Fig. 29, A is not Toller-normalized,
so we omit these overall factors. There is always a question of
how many T's and 2's appear in the phase space d of the planar
bootstrap or Eq. (11.24), and we have therefore lost track of these
factors.
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j : a

0,2) = J acm By (chv) Ky), (0.3)

fae vena - fF e*ry@ . (20.4)

Therefore, defining On, by

(3935 - (3),3Ryda = pa) Oa a4) P,@) . 40.5)
Eq. (10.2) may be re-expressed as

43 - afa j jaad = DP EP SE 8 c2.20P, 2K), 2,3)? , 1 (DKA ys 4)
2,5 (10.6)

which is schematized in Fig. 24.

In the usual way one may write an integral equation for the

complete 4-Reggeon ring discontinuity which will be solved by a sum

of terms of the form (10.1). This integral equation reads

AysGV.ED = PLOK,;O)P,E + zf 46PEK(4 IAy5 (Ep 5,565)
(0.7)

which may once again be diagonalized by inspection to give, together

with the definition (10.5),

Jj = * a,3 SX 3. (1,2)P, (2)A3,, (2,3 10.8Nyt 23) Ry EPS a2 2)P) (2)A} (2,3) > (10.8)
which is represented by Fig. 25. The problem of obtaining the

4-particle discontinuity from the 4-Reggeon solution of (10.8) is

illustrated in Fig. 26 and discussed in Appendix F.

Near a Regge pole, the projected ring discontinuity A factorizes

(see Fig. 27):
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5 0 a

; jx Gh (15a) 6°, (35a)
Jj 2 i u mAh 1,3, Lt | i 22st) 10.J 3)| re = (20.9)

Taking the residue of the pole on both sides of (10.8) then yields

the vertex bootstrap

Obey ad

.G30) x] 7 Ki 12)P, (265 (250) » (10.10)
as shown in Fig. 28. The normalization of the triple-Regge couplings

G is described in Section 10.5 below.

2. The Projected Helicity-Pole Propagator P,_

The helicity-pole propagator was defined in Eq. (6.2) to be

P5(E) = 2m H(i)O(EK,) exp[h, |E|], (10.11)
where

De “ls yt) © EF!
H(i) = (2m) Og¥p) + GEE), (10.12)

hy = (,-m\) + @-nj) : (20.13)

According to (10.4), the projected propagator takes the form

PAG) = HG)/ («,d - hy) , (20.14)
where we now see the actual helicity pole at X= K,h,.

In the ordered S-matrix, Regge trajectories must occur in

strongly exchange degenerate pairs. When the upper and lower signature

factors are summed over signature taking into account the exchange

degeneracy, one finds for the regular (untwisted) propagator P,

-, _ exfinlta,- 4) - @- <I}BEL ee = —t—++ 42° . «0.15iri fin sinn(a, - e,) sinm(a, - €!)
at iS iG
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For the twisted propagator “P used later in the cylinder discussion,

aE? Do espojep -SSft. 16)
ad sinn(a, - ¢) sinm(@ - 1)
Fart

3. The Projected Kernel and Its Threshold Behavior

In the kernel, shown schematically in Fig. 18, there are seven

quantities each of which depends on the kernel mass s, and therefore

on the variable v, of Eq. (5.19), so that computation of the projected

kernel (10.3),

3,01,2) = f acenv) @, (chy) K,,() (10.3)
yal q uA 12 ’ .

in terms of the standardized vertex V is an unpleasant numerical task

which we shall not attempt. This task is, however, a necessary

aspect of the functional bootstrap to be mentioned below.

Lacking an analytic expression for Ky we search for any
potentially useful information buried in formula (10.3). One such

piece of information is the threshold behavior which we now extract.

Since K), (1,2) is a Froissart-Gribov projection, we are reminded
that it should be possible to find its threshold behavior in the usual

way. First, however, one must identify the threshold behavior of the

unprojected kernel.

In expanded notation one has

Kyo) = Kpolty tis tyotys vw) = Kyolky mys kjowys v)

where k, is the versor magnitude (continued cms momenta) of the

channel (i,i'),
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. 1y ys 35k= Lact tply2cn?

and

= ' 35w= (y=tp) /204) :
We shall define "threshold behavior in the (i,i') channel" to be any

approach to the kinematic boundary A(t, ty tj) = 0 as shown, e.g., in

Fig. 40, so that at the (1,1') threshold k,+0. (Variables t, t;,

th here are negative.)

To determine, then, the behavior of K,, as k, or k, vanishes,

we examine the functional and kinematic structures of K as shown in

Figs. 18 and 14. As demonstrated in Appendix D, as k, +0, one has

ch(h,) * const * (k,)7? ch(f,) + const ,

but when k,+0 the situation is reversed

ch(h,) + const ch(£,) + const x (k,)7*.

In Eq. (C.5) the function F(-h,), which appears as part of the kernel

in Fig. 18, is given roughly as

oy woy-1

Fakir (-hy) = oy -n, sx, 7, 35% hy).

Since -i sh(h,) *© as k,+0, one finds from the large z

behavior 2% of q7%~1(z)_ that
w

ay =a,k, +0 F “(-h,) ~ (k,) :

Similarly,

a, 0,k, +0 °F ‘(+£,) ~ (k,) :

Collecting similar factors from the upper vertex V of Fig. 18, one

may conclude that
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=, +0))  -(@,+0,)Ky.) = (ky) (k,) KM). (0.17)

where K' is a reduced amplitude, real on the uncut portion of the

real t axis.

The threshold behavior of the projected kernel Ka may now be
found from the Froissart-Gribov projection (10.3). Equation (5.19)

which expresses ch(v,) in terms of s, shows that

chy, * 5,/2k,k,

as either k, or k, + 0. Therefore, using once again the large z

behavior of gi, (z) ~ 273-1 and remembering that the integration in
Eq. (10.3) actually begins above z=1 at the lowest production

threshold of the kernel, we pick up the usual extra factor (k,k,)?,
so that the complete threshold behavior of the projected kernel is

given by

j 5-3) 5-48) 5
KiyG2) =k) (k,) (K)),0,2) « (10.18)

~

When this kernel is continued to the physical cross channel

t>0 and the four Reggeons taken to their physical points, we

regain the usual threshold behavior given, e.g., by Jackson and

Hite ,24
L, (min) L, (min)

,) &,) ,

where L; (min) = J~S; (max) and S;(max) = s, +5}.

“In deriving this threshold condition we have ignored parity which
causes the distinction between threshold and pseudothreshold and
which may raise some L(min) by one unit.
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Since the above analysis used only the kinematic structure

of Fig. 18, one may conclude that this threshold behavior is equally

applicable to the single-particle or clusterized kernels as well as

to the full amplitude.

4. The Naturality Diagonalization

In Section (7) it was shown that in a parity-conserving theory

the kernel K,,(v) has the parity condition

K(k, ,K,) = 9,0} 6,0, K(-K,,-K,) > (10.19)

where the o; are the naturalities —as defined in Eq. (3.9) — of the

Reggeons attached to the kernel. The property (10.19) passes immed-

jately to the projected kernel 8, via (10.3).
At this juncture it is convenient to convert all Froissart

projections like Ka of (10.3) to lower-case projections Ka
defined by

j = i

0.2) = f a(ehy) a), (chv) Ky) (10.20)
1

where q is simply related to Q as in Eq. (A.13). The reason for

this change is that q has a simpler helicity-negation symmetry

than Q, a symmetry which of course is carried over into Wy

Woaz) =e a2). 10.21unl ) Son ) i )

Combining (10.19) through (10.21) we find

Karke) = 90) F292 Cesky) (10.22)

One may now study the effect of this symmetry on the ring
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discontinuity components. Converting the (a equation to lower-

case projections as in Eq. (10.20), one finds

(2),5 = A id j
Fr = ED LS MH Ky.) yO Ky (23), (20.25)

2

where the K, sum has been removed from 2, and explicitly displayed,
and where

Hi} = TG+1+aA)TG+1-a) . (10.24)

From the symmetry of (10.22), and the obvious fact [see Eq.

(10.14)] that

PK) = PACK) 5 (10.25)

one may easily show from (10.23) — using the symmetry of the

contour — that the symmetry of (10.22) propagates into 7a,

(2), = ' » (2),5
air eK,) = 0,0, 0,0; Pah vCxysk,) 5 (10.26)

and similarly into all [Ja and the full a. The persistence of

this symmetry means that all our projected equations can be diagon-

alized in the 2x2 space of the kappa indices; this is the naturality

diagonalization discussed by Ciafaloni and Yesian.>

We now perform this diagonalization on the following proto-

type equation

Jj a 5 yi Jja), (Ky .K,) -Ef2 Hy diy (Ky Kz) P(KLA)4,11 (K, 0K)Hur OK) = DP ae Barra) PON Sys aoa)
where p is any function, and a,b,c are any functions having the

symmetry of Eq. (10.26). Define

= alae
Ee (9K) (10.28)KK, feworut aos
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and similarly for b and c, and notice that

Fk 7 9,0; 0,05 Bees (10.29)

Taking w> ku, A*KA, Ul + Kyu" in Eq. (10.27) yields

a yia
. Aw op ) ¢ (10.30)KK P» Ie a» Pek, P KK

since wh =H]. In tems of the projections of definite naturality”

& 2 1a soctal , (10.31)

Eq. (10.30) takes the diagonal form

° a yi 4 aav = I Fe Re pa? . (10.32)
Thus, the naturality diagonalization of (10.27) is given by

jo 2 fk yi pio joane Je HY bi PA) ey (10.33)
where

jo 2 1 fj raded ay (++) + 00,0) a Gt]. (10.34)Ay vr 171 Fy

In terms of upper-case projections like (10.3), Eq. (10.27)

becomes

j = a yj J
AiurlyoK)) = >] Sr Bua (rok2) PCKA) Cyr (KK) (10.35)2

*For a discussion of why o is identified with naturality, the
reader is referred to page 438, equation (9.59) of the textbook
of Martin and Spearman, Ref. 32.
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and its naturality diagonalization is given by

jo | [ar ,io joAue Ie BPO Gi (10.36)
with projections of the form

JF 2 DL] Gyscoot PGIi OyAut VE [Rue D400 FESTay My ytot)] -
(10.37)

Now, since (10.8) is of the form (10.35), the naturality-

diagonal bootstrap equation can be read from (10.33),

jo = ‘Io + 5 {doAy 3) = Wy 3) > foJ Gr BA Ky (2)
2203

nny

HQ) jo

oesacr (10.38)
where

HQ) = (ny! y,7, « Eq. (10.15)

Wo= TG 4142) PG 41-2) | (20.39)Sado, = Eq. (8.10)

and

jo at j +i 28anh) = [ue 524) + 000) a)yo 2, )].
(10. 40)

where + refers to the kK values, and similarly for we.
Left-shifting the helicity contour as suggested in Eq. (12.12)

yields this final form for the planar bootstrap equation:

5S 1,3) = 13% (1,3) 4 2 j pio gioaye (153) jut Cha3) > GND Hh Rin,2) A023),12083
ayn, (10.41)
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where is a projection onto q of (A.20). All that remains is the

transverse integration dj, and the sum over all upper and lower loop

Reggeons and their associated helicity pole daughters. With H=h,

and yu" =h,, Bq. (10.41) is a matrix (lattice) equation in the space

of the helicity indices.

In passing, we note that the apparent Regge cuts in (10.41)

due to poles of 4, should be cancelled by the nonsense zeros of
the product k a.

5. The Bootstrap Problem

Equation (10.41) states the integral equation which is the

planar bootstrap for the four-Reggeon ring discontinuity. Assuming

the existence of a family of Regge trajectories {a,}, and given a

knowledge of the standard vertex V, 5, one can in principle compute
the single-particle kernel K and its projection 8). Since the
propagator is trivially known as in Eq. (10.14), one can then

search for solutions A of the integral equation. The existence of

a solution depends functionally on the Reggeon set {a;} and the form

of the vertex V.

The residue of the bootstrap equation at any Regge pole j=a,

where ae(a,}, yields the vertex bootstrap (10.10) which is perhaps
more interesting than the original equation because it contains only

one unknown function V(t,,t,,t,), given the Reggeon set {a,}.

We return to the vertex bootstrap in a moment.

First we must note a certain inconvenient property of the

functions A of Eq. (10.8) and the vertex G of (10.9). A side effect

of doing the helicity pole expansion is that these functions are not
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normalized in the sense of the standard Toller M-function discussed

in Section (2). Figures 29 and 30 show schematically how A and G

are related to the normalized ring amplitudes (ordered M-functions).

The functions F and F' are like the F's appearing in Fig. 18 and

Eq. (C.5). As noted earlier, the approximate role of these functions

is to convert the Reggeon helicity from the discrete values m, r,

p,-+. as in Fig. 18 to the complex values (a-n).

Accounting for these normalization factors, we now rewrite the

vertex bootstrap in the extremely schematic form of Fig. 31 which

shows the bootstrap as a nonlinear functional integral equation of

the 3-point ring amplitude and the Reggeon set {a,}. In principle,

this equation should allow the computation of the ordered triple-

Regge vertex as a function of all three arguments. To our knowledge,

this calculation has never been done.

6. Counting

Approximate bootstrap calculations using a very small leading

Reggeon set {a,} have often indicated that the single-particle kernel,

with experimentally determined couplings, does not have the strength

necessary to elevate the generated output trajectories to their

experimentally observed intercepts. Assuming that this result is

not an artifact of the approximations made, one must conclude that

the peripherality and/or the Regge-expansion convergence assumptions

which go into the multiperipheral model are simply not viable for

single-particle production, and one turns instead to cluster production.

One replaces the single-particle kernel with a cluster of limited

maximum width, but sufficiently broad so as to approximately
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Regge-factorize, even though there is no Regge pole in such a kernel.

This is the concept of the dotted Reggeon, and the program of Fig.

31 is then replaced with that of Fig. 32 which, when the left

coupling is boldly cancelled on both sides, gives the famous equation

"1 = gg" of Ref. 25, where N=N (flavor).

In going to the multi-particle kernel, however, one encounters

certain counting problems which invalidate the diagonalization

procedure which led to the simple equation (10.8). The necessary

alterations involve pre-convoluting the cluster/kernel with a

propagator on one side.*°*?7 To avoid this counting problem, we

have chosen to concentrate instead on the cylinder calculation where

there is no counting difficulty.

(11) THE CYLINDER

‘The ordered or planar bootstrap discussed in the preceding

section consists of sewing together two ordered amplitudes (zero

handles, one boundary) in an ordered manner so as to obtain the

discontinuity of another ordered amplitude. By sewing together

ordered amplitudes (h=0, b=1) with a certain well-defined disorder,

one may construct the cylinder component (h=0, b=2) of the physical

4-point function. Figure 33 shows parts of this cylinder component

in several different notations. Figure 33a depicts, in quark diagram

notation, a particular contribution to the two-twist-pair piece

cl) of the cylinder resulting from the unitarity product of two

9-point ordered amplitudes. Figure 33b shows the complete c(2),

but the figure only has meaning in terms of discontinuities after
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the upper and lower Regge expansions have been inserted. ‘These are

shownin Fig. 33c which is now drawn in the ring notation. Finally,
Figs. 33d and 33e display the topological meaning of the twists in

the absence of quark notation, To conform with the kinematic

diagrams like Fig. 15, we shall continue to use the notation of

Fig. 33c.

The full cylinder is defined as the sum of all its twist-pair

components,

c=) cM, q1.1)
nel

when the c(2) component shown in Fig. 33c is diagonalized onto

angular momentum j, charge conjugation” t, and naturality 0, one

obtains the triple pole configuration shown in Fig. 34 (when the

simplest assumptions are made for the j and flavor dependence of

the various elements, and when only the leading helicity pole of the

leading Reggeon pair is kept in each Reggeon loop)

Mrs gti sgmmyige (11.2)
where

k = k(t) = kG.t) = f 46, + e(t.t,.t})? x [other factors).
(11.3)

In the phenomenology of Chew and Rosenzweig’? the cylinder
shifts of the £, £", w, and > trajectories are simple functions of

k, which is sometimes approximated by setting j=a. Roughly, the

*We are relieving t from its tradition duty of representing signature
since signature seems to play such a small role in the ordered
S-matrix, and also because there are already too many C's floating
around in Section (11).
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shifted f = pomeron has the intercept [in SU(1)]

ap(0) = a(0) + k(a,0) . (11.4)

We wish to discuss the technique used to arrive at the

expression (11.3) for k and to suggest how k might more accurately

be calculated as a helicity-pole expansion. After first diagonalizing

the charge conjugation, we review a one-dimensional cylinder calcu-

lation and then proceed to the three-dimensional helicity pole

analysis.

1, Diagonalization of the Charge Conjugation

Since the cylinder terms C™) carry zero additive quantum

numbers, it is desirable to diagonalize the charge conjugation in

addition to the naturality so that cylinder poles can be identified

with physical particles. This procedure is very simple, as we now

show.

The ordered ring discontinuities carry orientation indices

which have been suppressed throughout this paper. One might write

(1,0, |A|2,0,) where a, = #1 depending on whether the ordered channel
i lies in the clockwise or counterclockwise Hilbert space.” As a

2x2 matrix in this orientation space, A is diagonal with equal

diagonal elements, (1,0, |A|2,0,) = A 85, 10," Changing to the charge-
conjugation basis |1,7) = [|1,0,=+)+1]1,0,=-]/WV2, one finds that

(1,7, [A]2,7,) = A 6, ,1,» 80 there is no need for A itself to carry
at label.

In contrast, the twisted Reggeon propagator *P always connects

states of opposite orientation, (1,0,|*P|2,0,) = 8, ,-0) P- In the
1 basis *P is again diagonal but the elements have opposite sign, so
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*p must carry a trivial t label,

(a,t/*P[2,71) = bn Pe where *pT 2 op. (11.5)

Therefore, the only effect of charge conjugation diagonaliza-

tion is to add a t label to the C(") and to replace “P + t*P every-
where.

By comparison, the untwisted Reggeon propagator P which appears

in the planar bootstrap does not mix orientations, so all contribu-

tions A™ to the ring discontinuity A are diagonal with equal

diagonal elements in the orientation space and therefore also in

the t basis, assuming the special case of zero additive quantum

numbers along the chain.

2. The Cylinder in Rapidity

For comparison with the kinematically accurate (though still

physically slippery) cylinder calculation presented in the next

sections, we review here a "typical" rapidity analysis of the cylinder.

For simplicity, only one flavor is assumed instead of the three flavors

(with 1=2#3 symmetry breaking) used by Chew and Rosenzweig.1°
In terms of the usual rapidity or Chew-Pignotti?® variables,

and with the CGL phase-space approximation discussed earlier in

Section (8), one writes in the energy plane the one-twist term of

the cylinder as follows (see Fig. 35):

MDete*y,e4) = - sl |pyoty. f Sf ef a, 6(y-x,-g-x,)
i i)

xf a, LyePTD ACE xD
(11.6)
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with dg, as given in Eq. (8.10). Here, A is the absorptive part of

a four-Reggeon ring amplitude of rapidity width x,, and “PT is the
twisted (no cosine) Reggeon propagator of gap width g to be given

below. The label t indicates that the equation has been diagonalized

in the charge conjugation, t = +1.

Incorporating the Neveu-Schwarz shift a +a-1, we normalize

our triple-Regge couplings in the usual way,

R(th sty) = 8,8, T-a)(-s)* qa1.7)

A(tt,s,t3) = Foy &8 Cs)", (11.8)

and take for the Mellin-projected ring discontinuity a form exhibiting

symmetric nonsense zeros,

+

j

- a, j - a

(1.9)

The presence of nonsense-zeros in a Mellin projection is equivalent

to the absence of fixed-poles in the Froissart-Gribov projection;

we want such fixed-poles to be absent because we assume there to be

no fixed powers in the ring amplitude R(t*,s,t#).

The assumption of the first nonsense-zero in a Mellin projection

corresponds to the absence of a constant term on the right-hand side

of a FMSR over A(t,s,t#). By attempting to respect the analytic

structure of multi-Regge amplitudes, several authors”? have used

somewhat controversial asymmetric FMSR to argue that, in effect, the

amplitude shown in Eq. (11.9) should have a nonsense-zero on one

side or the other (depending on which external overlapping invariant

is held fixed), but not on both sides; i.e., that the form of (11.9)
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should be asymmetric. We feel, however, that the four-Reggeon

amplitude should be left/right symmetric, even if asymmetric NDC

is used in its generation, and this is our motivation for the form

(11.9), though we have no rigorous argument to support this conjecture.

One of the physical weaknesses of the cylinder calculation is

that small changes in the smooth (i.e., non-singular) j-dependence

of the projected planar amplitude, such as nonsense zeros, can cause

violent changes in the output pomeron location,*° so no calculation
can be trusted until the low-energy/smooth-j behavior of the planar

amplitude has been determined from the planar bootstrap. Hopefully,

such behavior might be computed from the helicity pole formalism.

Meanwhile, we shall use the form (11.9) only as a prototype and

continue our calculation.”

The twisted Reggeon propagator appearing in (11.6) is

*ptcg,e2) = H(t]) exp(ga,) (11.10)
2

In Mellin projection this becomes

: ahces)
Xpt ps 4+ 2

PG) = Fran (a1.11)
2

with

sat + -

H(t]) = TO-a,) Ta-o,) . (11.12)

which may be compared to (10.12) with (10.16).

Now, the CO) equation (11.6) may be trivially Mellin diagon-

alized to yield

Meteat sty) = +. + PQ) Jagat stcT(ty jt.) = f do, Alt. 5.tL)) 5 =e, A(t, ,j,t,)- (11.13)

*Low energy data are, of course, helpful on this point.
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Inserting the expression (11.9) we find

j- kG] j-4,Motat,ot | ot 5-4.) [u cy
Cat) = rey |eilara|——z |8s (aca (11.14)i G-@) 3

with

G-o,.)
. a Paes cekG) = ry fe sey) (11.15)Tray Jats & BE) Oe

2

By employing symmetric nonsense zeros in (11.9), we have removed the

Regge-cut generating factor of the propagator (11.11), and have added

another factor (j~ae,) in the numerator; K(j) is j-dependent.

From the diagonalized integral equation for the full cylinder,

c¥a,3,3) = Meta,5,3) + fe, ac.3,2) 76,2) €2,3,3), (11.16)
or by simply summing the geometric series the first term of which is

given by (11.14), one finds that

ja ) KG 5-0,Tos - 1 tk) 3c°(1,5,3) Fay [- (ae G-AG - a= TKD [8s \a-ae)p1
(11.17)

which shows the pomeron (t=+) at the solution of

j = a+k(j) . (11.18)

Finally, adding C to the planar term A extinguishes the unshifted

pole in the manner of Ref. 10,

j=, jo,5
3)+clag - 1 cyACL5,3) + C053) = Tey [)] J-G@+tk) [eat P1 3

(11.19)

and the symmetric nonsense zeros appear also in the cylindrically

corrected amplitude.
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3. The One-Twist Cylinder Term as a Helicity Pole Expansion

‘The typical multi-cluster contribution “)A(E,v,£") to the

four-Reggeon ring discontinuity was given in (10.1) and illustrated

in Fig. 22. The sum of all such terms defines the complete four-

Reggeon ring discontinuity in the "energy plane." Of necessity, the

object A contains the propagators on both ends of the multiperipheral

ladder. It is important to realize that A contains these end-

propagators in convolution, so that, unlike the kernel, A(E,v,£")

cannot be written in the form

REE) = Py) A) PLE -

Only after diagonalization can the end-propagators be removed as in

(10.5). For this reason, it is difficult to write cylinder terms —

in particular c“) — in the energy plane, but very easy to write

these terms in projection, as we now show.

Let us define an extremely condensed notation so that, for

example, Eq. (10.1) or its diagonalization (10.2) both read:

GOR = pxpxprp

Similarly, the planar bootstrap reads

K = PKP + PKA [energy plane, see (10.7)] ,
(11.20)

A = K+ KPA [j-plane, see (10.8)] .

In this notation, the C“!) cylinder term may be written in the

energy plane as

GG) = Axp_KK + pKP,KA + AKP,KP + PKPLKP , (11.21)x! x! x xKP oy (11.
where P, is the twisted helicity pole propagator (see below). The
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diagonalization of (11.21) is, in our condensed notation, again

(11.21). Once (11.21) has been diagonalized, we may use (10.5) to

expose the propagators so that

EO) = plapK + kK] py{kPA + K]P — (-plane). (11.22)
Inserting the planar bootstrap (11.20) twice yields

zs). .c PAP, AP (-plane). (11.23)

Finally, in analogy to (10.5), we define C) in terms of €“)

to get

oO = apa (j-plane),

which, in full j-plane notation, reads

[ears] = og Ai x i

Cv DPF ALD HO) Ryd . ar20

This equation, illustrated in Fig. 36, gives the projected one-twist

cylinder term in terms of the projected ring discontinuity A which

solves the bootstrap (10.8)." From (10.14),

x HQ)
i rn (11.25)
a EA, By

where H(2) is given by (10.12) with the signature-factor product

replaced this time by (10.16).

Adding the naturality and charge conjugation labels [see

Sections (10.4) and (11.1)], (11.24) becomes

(Qpjot dd jo T jo
1,3) = 5 J JCi 3) x P nea) ASc.2) [xsi ]ay (2,3), (11.26)

*Notice that Eq. (11.24) does not say ch) . KPK.
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or, in terms of the lower-case projections of (10.20),

M33) = rfe H@) Wh alga,2) caday.2.3) .
(11.27)

with w= rG+1earge1-2.

4, Angular Momentum vs. Helicity

We pause to make a few observations about Eq. (11.27). First,

it should be clear that the "Reggeon propagator" (11.25) is not

directly related to the angular momentum j, in contrast to the

feeling one gets from the rapidity approximation. That is, the

leading helicity-pole propagator has the form 1/(X-h,), not

1/G-@,) as in Eq. (11.13). As emphasized in Appendix E, the

variable & which measures the energy dependence of the object we

loosely call a Reggeon propagator is the analytic continuation of an

azimuthal Euler angle, not a central Euler angle like @ of (¢,0,¢').

Therefore, the correctly projected propagator is a function of the

variable conjugate to that continued azimuth €, namely, the continued

helicity 2, and not the angular monentun j. The rapidity formalism

with its collinear boosts is incapable of distinguishing angular

nonentun from helicity, and projects everything onto a hybridized

Mellin projection index "J". One feels that asymptotically —i.e.,

near singularities in the projection index — this hybridization is

acceptable. Even so, it seems unlikely that the low-energy behavior

of a planar discontinuity could be determined from a planar bootstrap

which uses such an approximation, and the same goes for the cylinder.

For example, it is just this distinction between j and the variable

A (which is forced to the value h, = Ge, +1) which gives rise to the
threshold factor appearing in Eq. (11.38) below.
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5. Regge Cuts and Nonsense Zeros

The A-plane for Eq. (11.27) is shown in Fig. 37. As j is

varied, the helicity contour is repeatedly pinched between the helicity

pole at A=h, and the poles of P'(j+1-A). Each pinch generates a

pole in j which is in turn converted to a Regge cut by the transverse

integration d},. These j-plane poles are, of course, explicit when

the helicity contour in (11.27) is left-shifted as per (12.12) to

give

Meso C3) = =D fe. H(2) TG #1+h,) TG +1-h,)
oat
nn)

aio aio*
Gn) BR23) (11.28)

Keeping only the leading helicity poles of the leading Reggeons

so that

h, = a,+0, = id 1 (11,29)

and setting y= y" = 0, (11.28) becomes

Me3ora,3) = tf ao, (2H2)] TG +a, +1) TG ag)‘00 > 2 Cp om

aio aiox A a2 (2,3) (11.30)Gon,92) Aho

which may be compared to the rapidity result (11.13),

Osta,3) = «fa, (iy) G-a¢,)7 + aJ(1,2) a9 (2,3). (11.31)

Whereas (11.31) shows only the first Regge cut, (11.30) exhibits

the complete family of Regge cuts associated with the Reggeon pair

@,,0,. Recall, however, that if the upper-case projections an
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lack fixed poles at the nonsense points, the lower case a. have
nonsense zeros. We presume, then, that these amplitudes in fact have

a string of nonsense zeros which cancel all the gamma function poles

and thereby eliminate all Regge cuts from the cylinder, just as we

contrived to do in the rapidity model. More significantly, the sane

mechanism should remove Regge cuts from the planar bootstrap.

Unfortunately, we have been unable to pursue this question due to a

technical difficulty which we discuss in Section (12).

6. The Complete Twisted Reggeon Loop

Since the A's appearing in (11.26) are the projections of ring

discontinuities, their j-plane singularity structure contains, hope-

fully, only Regge poles. We then write as an asymptotic series,

jaa-> (rer i039] [Vrer se] ,us
© G-@

(11.32)

where the G are triple-Regge couplings,

Isa) = Pal; ty ths at)

whose normalization was discussed in Section (10.5) and shown in

Fig. 30, Near a particular Regge-pole, Eq. (11.32) reduces to the

form (10.9) given earlier, but in general we wish to maintain the

j-dependence in the triple-Regge couplings, as discussed below.

Since (130) couples two Reggeons (a, ,a,) to a third Reggeon a,
it is clear that the coupling vanishes if a has the wrong naturality,

so we now drop the naturality label, keeping in mind that (11.32)

represents a sum only over trajectories of the proper naturality.
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Inserting the pure Regge pole expansion (11.32) twice into

(11.26), we find for the projected one-twist cylinder term

pit 3) = T dasa] ste fc} 53C353) = Di ray 8,059] pra HarOf pewa,a"
ul J 3:0"x [eas 6), (30 )] , (11.33)

where

j an j 1 i

wo)» amy] Bae [sea cre ea] :‘ao Fore 74 aN Xe, Od (11.34)
When the helicity contour is shifted to the left as suggested in

Section (12), the resultant k is

j 2n esa) [6 j
w(t) = —AR— Yu2) [6(230)]}, [6(2s0')], -a vr@re) 2 i Be (11.35)

In our Regge pole expansion (11.32) for the ordered four-

Reggeon discontinuity AJ,(1,2), we have exhibited the triple-Regge

couplings as being j-dependent, just as in the rapidity version (11.9).

Usually Regge couplings are presumed to be independent of j, e.g-,

; Ya"
AyG) = Gray >

so we wish to comment on this point. The Regge expansion given in

(11.32) is supposed to be a reasonable approximation to the exact

partial wave amplitude AG?) However, we know from (10.18) that
when k, + 0 or k, + 0 [k, are the continued cms momenta, see Eq. (5.7)],

the partial wave amplitude 0,2) must exhibit the characteristic
threshold behavior,

5 ja, -1 j-ay-1 .
je 1 cr” rat i(AG,21 = (k,) (k,) [a 2h: (11.36)
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Therefore, in order that the (finite) Regge expansion (11.32) be

accurate, we must assume that the couplings also exhibit this threshold

behavior,

; Sag .
Us@im = a)? [o @ah . (11.37)

We might then ignore the j-dependence of the residual coupling 6".

In particular, we have already noted that G' should have no fixed

poles in j.

Therefore, a model for the complete twisted Reggeon loop k

accounting for this threshold behavior and lack of fixed poles is

5

rf

5-0,Kyi(t) = 1 > > F fof aod 2 H(2)T(@)r(a') , o,c ] G03 non} to “0

ar J pay 14)x
[6'(2;0)) (6' (250')] > (11.38)hy hy

where we have used do, = (2n/f) k"dkdw as given in Eq. (8.10), and

where H(2) is Eq. (10.12) with (10.16). In the past, expressions

for k have not shown this threshold behavior because the projected

triple-Regge coupling has been identified with the j-independent dual
coupling

"2 T+)

g(t,t,,t.) = T@-a,)
2

The complete twisted Reggeon loop and its relation to C) are

shown in Fig. 38. There, the loop is cross-hatched to indicate that

it is a complete twisted Reggeon loop incorporating the effects of all

the helicity poles of all Reggeon pairs.
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We may now compare this precise Reggeon loop to its approximation

in the rapidity model as given in Eq. (11.15). First, since we have

included more than one Regge pole in our approximation to AJ, the k

of (11.38) is a matrix in the space of the Reggeon set {a;}, whereas

(11.15) shows only the leading diagonal element of this matrix.

Secondly, the usual numerator gamma functions of (11.12) which contain

the physical poles of the propagator, now appear as sines in the

denominator of the factor H(2), with the job of ghost removal now

incumbant upon the couplings G in the sense of Eq. (2.8). We have

retained the €,,€, factors in H(2) to allow for fermions on the top

and/or bottom of the Reggeon loop. For example, the upper and lower

Reggeons must both be baryons in the contribution to the cylinder

which mixes regular mesons with baryonium states,°! (see Fig. 39).
Finally, the k appearing in (11.15) contains only the leading pair

of Reggeons (a,,a,), and only the leading helicity pole corresponding

to that pair, i.e., n, =n) = 0.

7. The Full Cylinder

So far we have discussed the zero and one-loop contributions to

the full cylinder, Eqs. (11.32) and (11.33), which we now rewrite in

an abbreviated notation

cM a,3) = g(, >, 8,

cPa,3) = 80D, KPa >

where now P, = (j =a)? and Kj; = Tkyja,+ To compute the full
cylinder including the planar part,

tas) = cMa,s)  ,
n=0
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we remove the external couplings on the ends to make matrices of the

c), and we replace the P; with diagonal matrices
5 -1

Pay = 6 Pat By G- 4) :

Then C is a geometric matrix series which one sums to get

_ aoe [cot" (pr? - YO,
(ca,3)],; = (p+pKp+...],5 = [PO -k] = ———_ .4 J ij det(P™* - K)

‘The locations of the poles of the full cylinder are then determined by

det D(j,t) = 0 (11.39)

where

G91; = G - a, (8))8;5 - TeE;(t) (11-40)
with kj; a8 given in Eq. (11.54), In practice, one can restrict to
‘a small number of leading planar trajectories and include symmetry

breaking. If the matrix space is crudely limited to one dimension,

Eq. (11.40) shows that k recovers its simple significance as the

shift between the pomeron and planar Reggeon in the one-flavor model,

as in Eq. (11.18).

(12) FIXED POLES, NONSENSE ZEROS, AND

‘THE HELICITY CONTOUR PROBLEM

Whereas the diagonalization procedure described in Section (9)

is straightforward, the problem of shifting the helicity contour in

the diagonalized equation is still, we feel, an unresolved question.

Rather than bury this discussion in the cylinder calculation above,

we thought it best to expose the problem clearly in the hope that

someone will solve it, and to show the drastic assumption we make in

the end. The problem described here in effect blocks the completion
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of the helicity pole expansion program.

Consider a simpler version of Eq. (9.1),

A(g) = fg, B(,) Cle) , (12.1)

or its diagonalization

ij = f2 gi ciAmt = Je By Sue ’ (12.2)
with projections as given in Eqs. (9.4) and (9.5), which we now

write as

Jj = J =Oye = fe BarZ) Cy) (2 = chy) (22.3)
i

fae ore fact wet :Cyr) = fé e or & C(E,v, 6") (12.4)
imi j Jjand

similarly for A),,,, but for BJ, we have

jo. J

By . fe %@) B,() (12.5)
1

= [Se _veBO) = fs e B(E,v,0) (12.6)

The functions @j,,(z), like the regular Q;(2), have poles in j
and therefore (it turns out) in \ and wu", and this certainly suggests

that the projections like Cj,,, of Eq. (12.3) might also have these
"fixed poles," although this is not necessarily the case. Neverthe-

less, it is useful to convert from the functions @. to the aye of
Eq. (A.13) which are analytic in j, 4, u" and have no zeros, at least

for Re(j) > -1. Defining new, lower-case projections as in Section

(10),

oh ff a) cw) (12.7)aut 4 aut 2) Sue ,
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we can say that if Qi has no "fixed poles," then dy. must have
zeros (nonsense zeros), since c is the residue of the pole in C.

(In this sense, ¢ is closer to the Mellin projection than C.)

In terms of the lower-case projections, (12.2) becomes

a. = | g Wh #3, due : (12.8)
where cH = T(j+#1#APG+1-2). As A> tia, W > exp(-m/a|),
providing the excellent apparent convergence for the helicity inte-

gration. One pays a price to get this exponential damping, however;

Hj has poles going off in both real directions in the A-plane (see

Fig. 37). Suppose a is analytic in A and du has a simple pole at,
say, A=h=-1+4. One would like to say that, when the contour is shifted

to the left, this pole makes a contribution to abn However, the poles
of 1) also make contributions, and to make matters worse, the poles of

du at A=h can pinch the contour against all the poles of P'(j+1-)
causing a to have poles in j ("Regge cuts"). Since Regge cuts are
unwanted in the cylinder or planar bootstrap, we would like to claim

that the poles of I'(j+1-A) are cancelled by nonsense zeros in the

projections like ue which is to say, the Froissart-Gribov projection
Ga has no fixed poles. This sounds reasonable if du. is the
projection of an ordered (planar) amplitude where fixed poles mst

be absent so that the Regge cut discontinuity formulas give zero

discontinuity, circularly speaking.

Granting that the product ®, gj" has full nonsense zeros to
cancel the poles of [(j+1-.) and remove Regge cuts, one must still

consider the problem of shifting the contour. It must be impossible

to shift to the right because then one gets as = 0, certainly not
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desirable. Shifting to the left yields a contribution from the pole

at A=h, but still there are all the poles of ['(j+l+A). The conjec-

tured form of the helicity nonsense zeros of Eq. (2.8) suggests that

the zeros in the A-plane should be symmetric and therefore the poles

of T(j+l+A) are also killed (although the dA convergence is now

jeopardized by the removal of Hw).
Now, presumably, the integrand of Eq. (12.8) is analytic in 2

except for the pole at A=h (the "helicity pole") and we would like

to say: shift the contour to the left, pick up the helicity pole

contribution, and hope the contour integration vanishes as it is

shifted off to Re(A) = -».

However, in the C'!) cylinder calculation of Section (11) we

found that, aside from the helicity pole, the integrand was symmetric

in A, so that if we disallow a shift to the right, we must also

disallow a shift to the left.

The situation is analogous to the problem of the Sonmerfeld

Watson representation which is resolved by the "Mandlestam trick" of

replacing the poorly behaved functions P) with j-decaying functions

like Q,. In Ref. 3 it is suggested that a similar procedure be applied

in the present context. Presumably the projections da are badly
behaved as Re(A) + 4” because the aye are badly behaved. As shown
in Appendix A, one can decompose

ay = Gye + By ye (12.9)

where a has poles only on the right, those of T(j+1-a), and is
well behaved as Re(A) + -«, as can be shown by applying Watson's Lemma

to the integral representation, Eq. (A.18). Defining projections p

and € in the obvious way, (12.8) becomes
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3 . fa yr .e a 4aa Ie [Raat Bad [Sue * Sy,ye]: 2-20
Now, sadly, one does not really know the large 2 behavior of the

various projections because, looking at (12.7): (a) infinite range

integrations can change asymptotic behaviors and (b) C,,,,(v) also
depends on A via the Fourier projection (12.6).

At this point one throws up one's hands and makes a guess. Of

the four terms on the right side of (12.10), the fourth term may be

harmlessly shifted off to the right where the projections Bi _y and
©, x have at least power decay. The two cross terms either
cancel, or may also be shifted off to the right, also yielding no

contribution to an The first term must be shifted to the left,
in the direction that By and ory are at worst power behaved.
This term picks up the helicity pole at A=h, giving the final result

i = ww. a
ae 2H By Res Cope] > (12.11)

or, in terms of the original equation,

jk afi ores FO
Ae 2B), * Res Coy] : (12.12)

In this paper, we have made the assumption that (12.2) can be

replaced with (12.11) or (12.12) in the following locations: (10.41),

(11.28), (11.30), (11.35), and (11.38).
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APPENDIX A

SOME USEFUL FUNCTIONS

References 9 and 23 describe at length the properties of the

generalized Legendre functions vily and ®.. Here we reproduce only
their definitions and basic symmetry properties:

Bw ye” czy F(jet4y, jv; veer; 52)w 2 2 T(v-u+1)
(a2)

; 45 (u+v) 5-2
5 ; +1 <1G2) = %s PGetrGer- (HH) &

’. Py ; 2F(js14u, elev; 25425 i)x ee a?2 . (A.2)
T(2j +2)

jo. pi Joo. pint
Po = Py Pv = Puy ,

(A.3)

J . gi j . @ giBy = yy > By = Sy By >
where

j | PG+tewrGet-v
Gy Tero ae

All variables are general complex numbers. Sometimes we make use of

the following combination:

J a) 1) = eMgi cen oteBye (8) Ry Eve") er Bays (chv) e + (A.5)

The usual rotation d-functions*” are given by [+ for Im(z) 2 0]

ij = (4iy™™ od yt piaa) = i Ctra) , (0.6)

or
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, . m'-m msm
J J in & 8

(8) = (Gin) (*sin$) — (cos $)

F(je1em', ~jem'; m'-me1; sin® 2)x
Sa, (a.7)

T(m' -m+1)

When j,m,m' are all integers or half-integers, one has

i - jmG2 = C1" ae),
5 yi (a.8)dint (8=m) = (-1) n,m! .

As usual, the complete rotation-group matrix element is given by

i =p 1) = enim Qi -im'g"Dit (8) Dit (¢58,6") e ay18) ~ (A.9)

The accompanying second-kind e-functions®® are defined by

J@ = av™™ @ ee, (A-10)

with

j - BF aEyy = et™ ol cond ecim'y. (AID
Ent (8) = ER, (u,8,v) e Snmt (ChE) €

The d and e functions have these helicity symmetries:

m-m' 43 -@ -.@Cae at ig = Gag *
(A.12)

m-m' oj eed «2 ecy om! Satm ~ ©m,-m! .

Sometimes it is convenient to use still another version of the

second-kind function,

Jj (2)i
: MUy (2) a aTG?i-w * . (A.13)

This q-function has the advantages of being analytic in j, u, v, and
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having very simple symmetries:

j= gi = = qi
Gy Wy yy Typ * (A. 14)

The asymptotic behavior is given by

in @ . D2

Bin qy@ = Repay? (A.15)

and the relation between q and e is

Jv@ = eo™ Wht dw (a.16)‘nm 3 im) Wnt , -

je ya J 2 pe j iwhere HJ, = HH, , and H) = T(j+i+)T(j+1-y). An integral
representation for q is given by“

J gi = uf
HY ayy (chy) = uf da £(a) (A.17)

where

5 Oth 2 a£a) = eM (chy + shvchayS-t] 2*th@/2)|1+ e*th(v/2)

Since ay is analytic in ul, and has no identical zeros, the function
on the left-hand side of Eq. (A.17) has poles going off in both

directions in the u-plane. By decomposing the integral into two

parts, it is possible to produce a function which has poles only

on the right,

;

9

joa 2HY @a(chv) = of da f(a), (A. 18)
and is well behaved as Re(i!) + -~. Comparing (A.18) with (A.17), we

find

Jj . gia gi
ay = Ayr Oy: (a.19)
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Letting e™= in (A.18) and using Bateman's*> formula [5.8.2(5)],

q may be shown to be a two-variable hypergeometric function

Song -B -Bt
igi = j ¥ ¥H) @)y(chv) = 4% TGe1-u) (ch 3) (sn 3)

i ye Y ccth ¥. F,(a,8,8".7; - th 3 , -ctn 3)
TY)

where

Y= ati = j+2-n,

B = j#14r , (A.20)

Bi = j+1-a :

The poles mentioned above are now evident. Our functions q and q

appear in Ref. 3 as d-functions [no connection to Eq. (A.6) above]:

Jj gi = nad

Ay Gye = Tye , (A.21)
i gi = ad

Hy Que Tay .



~80-

APPENDIX B

TOLLER M-FUNCTIONS

We present here the definition and some basic properties of the

Toller M-functions used in Section (2). Our conventions differ some-

what from Toller's!! and will be presented in detail elsewhere.1°
As noted earlier, the M-function formalism applies equally well to

the physical or ordered S-matrix connected parts.”

A Toller M-function representing a 2-to-3 amplitude may be

defined as follows:

-m,m,m,m,m

MN’ 7°" Scyays 2.03: 3,053 4a, 5.a,) A 6" (ext)

an es yt M3) ot
= (e lu'(a,)@ [p, lu’ (a,)® Lp, “lu @)|

My ~™

s_|Uca,15, Ove,IB, ); @.1
where

3 gt(ext) = 6°(p,+p,-P,-P,-Ps) >

Py = Lapp

P; = (m,,0,0,0) ,

and the constant A= -2nicf is discussed at the start of Section (4).

The L(a;) are the 4x4 Lorentz matrices which act on 4-vectors, whereas

the U(a;) are unitary operators which represent the elements (0,a;)
of the Poincare group in the single-particle Hilbert space. The

states | ) and | ] are defined and discussed in Ref. 13; basically

they are linear combinations of the usual | ) states which are

designed to transform as undotted and dotted spinor representations

of the Lorentz group. In Eq. (B.1) all helicity (spinor) indices are



-81-

of the undotted upper (contravariant) type. Generally there are four

kinds of spinor indices: x", x,, x", and x, , which can be raised
(G acts on the left) or lowered (G acts on the right) by an anti-

symmetric metric spinor

Gagt = Oh = Gia, = Gm = aCm),

where s is the spin of the particle involved. Except on a few

occasions we use only the x™ and x, index types. However, in order
to allow room for explicit spin labels like s , we have adopted the

following notation:

$15,555,5,
_

~ MM, M,Meese,” Mameae, = Ma om

That is, upper indices are written as lower, and lower indices are

also written as lower, but with a dot underneath, this dot having no

relation to the dots of x* and x,
The only properties of the Toller M-functions stated here are

the invariance and covariance conditions. Other properties such as

crossing, TCP, Reggization, etc. will be discussed elsewhere.!®
The statement of Lorentz invariance in terms of Toller M-functions

is very simple:

Masmemny (24°84 885020408) + Myynyepn (sitet 8.
(B.2)

This invariance condition, immediately evident from the definition

(B.1) since the operators U(a) are unitary, states that a Toller M-

function transforms as a Lorentz scalar. The equation is the same

for all types of spinor indices as long as both sides match.

In addition to the above overall invariance condition, the
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Toller M-functions have a covariance condition on each particle, e.g.,

(a,,a,,a,,a,8,a,)Mamma, (Hes OE,

Sy

s

* My. 1 .au MpM3MM,(2, +8, 54;42, 35) Dory (8) (B.3)‘ Mymt=-s,
an

where g is any rotation. The covariance conditions are also obvious

from Eq. (B-1), given that the rest states |p") transform in the same

way under rotations as the usual |p,m) states, while the states |p™]

transform as D*.

Toller extends his covariance condition to include parity,

rotations and parity comprising the complete little group H, of a

rest 4-vector. This matter is discussed further in Section (3).

To verify the counting of variables, one finds for the general

n-point Toller amplitude:

nx6 each aj= 6 variables
-nx3 covariances

-6 invariance

-4 6"(ext)
3n-10 .

Finally, the Toller M-functions are related to the momentum-

space M-functions (spinorial amplitudes) of Taylor!® (stapp!*) by

M, (a,,a,,4,,4,,a,)In,m,m,m,m, (41742743994 985
5

' (0,84)

= satmtmrmt Py »PyoPyoP,oP,) TT De (a), (4)Mosmsmgaraz PPP P57) TT Dyee cay
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where DSi) are certain spinor representation functions!>?1° of

SL(2,C), and p; = L(4,)P,-
Toller has shown that the n-point function M, (a...) is

analytic in [SL(2,C) x SL(2,C)]" ~ [complex Lorentz group)", the only

singularities being reflections via p;=L(a,)p, ‘of the positive-a
Landau singularities which are the only singularities in the p, of

the Stapp M-functions (e.g., normal thresholds, poles, triangles);

kinematic singularities and constraints are not present. However,

when the M, _(a,.-.) are confined to certain surfaces within
[sL(2,c)?]", as by using the standard frames of Section (5), these

Kinematic singularities reappear. This is obvious when one realizes,

e.g., that the Toller 4-point function, when written as a function of

ge0(3), is an ordinary helicity amplitude.
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APPENDIX C

THE HELICITY POLE EXPANSION FORMULA

In Ref. 9 we have derived a certain "alternative" second-kind

generalized-Legendre addition theorem and have proved its convergence.

This formula, Eq. (2.11) of Ref. 9, when converted from the Q to the

q functions of Eq. (A.13), becomes

ee gi (aye BE’ = 25 (-p™s _-mhu

mj=1

x PG+m) 5 j
FOgray G21) Ayr (Za)- (c.1)

The relation between variables (€,z,£') and (z,,a,z,) is given by

Eqs. (2.8) and (2.9) of Ref. 9. We now make the following set of

changes on Eq. (C.1):

E> -ip Et > wiv

z, > ishf z, > -ishh

wen yhosar (c.2)

aoe m-j > nel

z> che .

Taking j + -j-1 in the equation which results from these changes

leads to

-imp -j-1, 5) -irv cp" .enim gh (chb)e = > — r(-2j +n)
n=0

(€.3)

EG-n) Q-5-1 “5-1 0gxe 952m mOshf) a52) (ish)
which converges when Re(E) > 0. However, from the discussion in

Appendix E of Ref. 9 it can be shown that & + -€ is compensated in
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Eq. (C.3) by (u,v) + (-u,-v). After making these changes in (C.3),

one may then take (m,r) + (-m,-r) to get an equation identical to (C.3)

except that m,r and & are replaced by their negatives on the right

side, and this new equation converges for Re(E) < 0. Both equations

can be written simultaneously by introducing an index k,

:

© nim 0-5-1 eanFy eit 5 (1) 5emt gi? (chee = 42D) o(xe)> - r¢-25 +m)ket n=O

x ¢l6lG- Gem (she) 4374 ish)
(c.4)

now valid for -» <— <, As the last step, the q function on the

left side of (C.4) is replaced with its e-function equivalent [see

Eq. (A.16)] so that, upon defining

j 2r(-25+n)(1) Ht 5 jaFem) = |S—| GP eglish) , (C.5)

Eq. (C.4) becomes

lay 2 gv) 2 Gam?

Ebr (6,¥) = ED (g) = (+i) zx 8(KE)
SF 1E1G-™) pig
n=0

Setting j=a, then putting a subscript "2" on all variables yields

the result quoted in Eq. (6.1).

From Eqs. (2.8),(2.9) of Ref. 9 and (C.2) above, the relation

between the BCP (Bargmann) variables (y,f,v) and the Fig. 15 variables

(£,£,h) may be found:

ch = shf shh + chf chh chE , (c.7)
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evin . [shh chf + shf chh_ché + ichh shé] . (c.8)
sh&

and an expression for e*” given by h#f in Eq. (C.8).
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APPENDIX D

THRESHOLD KINEMATICS

In Section (5) we studied the left- and right-side loop equations

of Fig. 14 in order to compute the Misheloff rotation. Here we examine

instead the lower loop equation of Fig. 14, namely

a1

"ve, = haf, - (D.1)

Analysis of (D.1) in the manner of Appendix E of Ref. 9 shows that

shy,che, = sin, sa

_. shy,ch = sind, agi >

where, as found in Section (5),

ky,sin, = —y (5.18)(-t,)

k,sind, = —“y (6.21)
(-t,)

[as,.t,.t,)]¢sq, = (5.1)

2(-t,)7(-t,)

2 42 aya

[a(-k},-k.Pi)]shy, = —+A4 —e (5.19)

2kyk,

Therefore, as k, + 0,

@) +k)cht, = ——2 = const.
2(-t,)* shq,k,

(+k) -“chh, = a = const. * ky .
2(-t,)* shayk,
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and as k, 70,
ae

@, +k) “1chf, = ——"——— = const. x kj
2shq, (-t,) *k,

@p+K)chh, = —+~—*,— = const.
2shq, (-t,) *k,

These last four equations are used in Section (10) to find the

threshold behavior of the kernel.
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APPENDIX E

THE CROSS-CHANNEL CONTINUATION

In order to carry the kinematic structure of Fig. 15 from the

multiperipheral region to the physical cross channel where t>0, one

must analytically continue in the Mandelstam invariants to appropriate

new values and perform a complex Lorentz transformation. Our main

purpose in describing this procedure is to show that the peculiar group

variables appearing in Fig. 15 are simply continuations of the familiar

variables one would use to describe the large-t Regge limit.

Consider, instead of Fig. 15, the single ladder rung shown in

Fig. 14. The invariants t,,t},t and s, are defined by

te ty? ' 12
th = (kK) th = (k))

-

2
- 2t, = (k,) t, = (k,)

' ' 2Q= (ky +k}) = (+k), t=Q

toy 2Py = Cy-ky) = O-RD ,  sepe

Our goal is to start in the multiperipheral region of the Reggeon

process 1+2 +1'+2', where

Qk; sk; = spacelike

A(t,t,,t{) = negative

P, = future timelike

central level = bws frames

and wind up in the cross channel physical region for 2+2' + 1+1',

where
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Qk; kp = future timelike

A(t,t;,t]) = positive

P. = spacelike
1

central level = cms frames.

Bws (cms) means brick wall system (center of mass system).

The first step is to continue all the t's. Figure 40 shows a

"movie" of this continuation, and Table 1 describes the movie.

Including t, and t, one may conclude that

sare ytCt)? + i)
cd * itt 45

(tp i(ty)
(E.1)

(ty! + ace)’

(s,)% + -iGs,)* .

The branch point detours were chosen in the same way for all variables.

What effect do these changes have on the equations of Section (5)?

First of all, Eqs. (5.1) become

shv, = (5, +t, -t,) /2(-8,)%(t,)?
sho, = (s,+t,-t,) /2(-8,) %(t,)%2 atte ty vt,

= Bec, 5}cha, = (t,#t,-s,)/2(t,)*(t,)?

which are now the correct BCP boost formulas for a 2-timelike/1-space-

like vertex.

More interestingly, Eqs. (5.3) and (5.5) become
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. ' Ns cet ytcos0,,, = (t-t,-t}) /2(t,)*(e!)

cos®,,, = sh, sho) + cho, cho} cosx, «

But now cos(8,,,)>1 which implies cos(X,)>1, so we define

c0s8,,, = cosh n,,,

cosX, = coshé,

to get

' see tytchnj,, = (t-t,-t3)/2(t,) *(t3)

chn,,, = sho, sho} + cho, cho} che,

From these expressions one recognizes that n,,, = -i8,,, is the usual

rapidity boost parameter connecting the rest frames of the (now)

incident particles k, and kj, and that £, = -iX, is the Regge variable

of the 0(2,1) Link (1,,,,v,) on the now spacelike line p, (recall
that u,,V, were set to zero).

To complete the above description, we now construct a figure like

Fig. 14 in which the parameters n,,, = -i0,,, and £, = -ix, appear
explicitly as frame-connecting boosts. The frames in this new figure

(which we do not draw) form a sort of shadow cabinet for the frames of

Fig. 14 in exactly the sense of Fig. 21, except that the s' of

Fig. 21 is now replaced by this complex Lorentz transformation

aT = (45) -

The operator T, given in the 4-vector space as.

0 0 0 -i

o 1 0 0

T= 10 0 1 of °

-i 0 0 0
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turns timelike vectors into spacelike and vice versa so that, e.g.,

k, (in one of its spacelike rest frames) .

k, = (0,0,0,V-t,) = (0,0,0,iV%,)
becomes

Tk, = (V%,0,0,0) = kK,

where k, is the vector appearing in the new figure.

According to the rules of Eq. (E.1), the bws versor magnitudes

k, of Eq. (5.7) become
"yt

Loe [ace,t, 27
,7 SC”* 2(t)

which are now the initial and final channel cms vector magnitudes.

The 2; of Eq. (5.13) is now imaginary

i(t+t,-t!)

z= op
2(t) *

as desired, since k, in one of its bws frames

ky = (ykp,0,2,) = (0k,,0,4E,)

becomes

K, = Tk, = (B,,k,,0,0),

which is the normal form of a standard ems 4-vector, except k, points
in the x-direction instead of the z-direction [see Eqs. (5.10) through
(8.12)].

Our imaginary new figure can be completed very simply by examining

the action of T on the Lorentz generators (see Appendix A of Ref. 9):
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rler

Jy ky
Jy -iK,

jp > 3,

Ko -iy (.2)
ko is,

ko K

so that, e.g.,

RG) = eo feeey ; eee Kd = ByC18;54) = BglMegs)
lending credence to the above remarks concerning the variables 6 and X.

Finally, consider the central level boost parameters £, and v,
which were so important for the diagonalization of Section (9).

According to (E.2), the combination

By(E,) By(¥,) By(E,)

which surrounds the cluster p, in Fig. 15, becomes in the new
picture

Rx (4) Ry (By) Re)
where

6, = 48, 8, = -iv, $, = 48, (B.3)

are the Euler angles which characterize this rung in the physical cross

channel (8, is the scattering angle, k,+k, = cos(8,)), except that, as

already noted, the azimuthal rotations happen to come out being
x-rotations instead of z-rotations.

We conclude with a short comment about helicity. Equations (E.3)

show that the central level £; boosts of Fig. 15 are the continuations
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(to the imaginary axis) of the cross channel azimuthal rotations of

the process 2+2' +141", Therefore, the variable conjugate to £,,

namely u,, is the analytic continuation of the variable conjugate to

4,» which happens to be the channel helicity m=m,+m!. This justifies

our characterization of the u or A variables as complex helicities.>©
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APPENDIX F

REATTACHMENT OF THE END-RUNGS

How does one obtain from the solution of Eq. (10.8) the physical

discontinuity for particles rather than Reggeons? One way is to

continue the Reggeon discontinuity A in the masses, spins, and heli-

cities to the desired physical points. Unfortunately, the 4-Reggeon

discontinuity A appearing in Eq. (10.8) is not a standardized Toller

M-function (see Fig. 29), so that one may conclude only that the

continuation of A will be proportional to the physical amplitude.

‘An alternative and more conventional way to obtain the physical

amplitude is to add the "end-rungs" back onto the multiperipheral

ladder. As this involves the special end-rung kinematic configura-

tions which we have omitted from Section (5), we simply state the

answer with a few comments. In the energy plane, the end-rungs are

reattached according to

Tyg) = X foes foe, PCO, )Ka (1, JAqy (, 5¥, 8,)Kyp (,)P,, (0) .
ae (F.1)

A is the sum of all contributions of the form (10.1), K,,(n,) is the

left end-rung, and P_($,) is the conventional helicity propagator

associated with the (a,a') channel, i.e.,

P26.) = fiat) : (F.2)

Variable $, senses the channel helicity m = n,+m) of the two-particle

system (a,a'). The variables n; appearing in (F.1) are like the vy

appearing in (10.1), but not quite because the end-rungs are always

in a mixed-basis configuration® which causes z= ch(v) to be twisted

into z = i sh(n).
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The diagonalized version of (F.1) is

4 = du ff dus j JTi (ayb) = rfel Far Pn@DKh(@,DDP, DAN, (1,2)1,2
x j

Pir (2) King (25d) P 4 (0) (F.3)

where

an

= | oo _-ime =Pf) = {3 e Pi) on mem, . (F.4)
0

In Fig. 26 we schematize the procedure for reattaching the end-

Tungs to get the physical amplitude. Once one has solved the integral

equation (10.8) for Aue and computes the Tae as in (F.3), the

absorptive part Thm (S ,»t) in the energy plane may be found from the
usual inversion of the Jacob-Wick expansion. However, one may return

directly to the energy plane without reattaching the end-rungs by

means of an expansion formula which is in effect the inverse of the

projection (9.4):

x +e fae fu f aa@ienR26.v.") peyey Qin)
c

J pl git j
«(ShT! Oi@ [daly29, 29]

(F.8)where

si, = ——Sinn(2j) (F.6)
Ld sinn(j - p")sinn(j +)

The contours in (F.5) run up vertically to the right of all singulari-

ties of the integrand. However, the j contour C contains, in

addition to this vertical piece, clockwise loops around the integers

and half-integers to the left of the vertical component. Formula (F.5)
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can be derived from a completeness relation [q defined in Eq. (A.13)]

= Hifi (25 qt gi6(x-y) ites (25 + Nesem(25) ANG) Gyo)
(xy > 1) (F.7)

which in turn can be derived by the techniques of Ref. 9, Appendix G.1.

Finally, it should be noted that the projection (9.4) is precisely

the continuation of the usual Regge theory Froissart-Gribov projection

to imaginary and in general complex helicities. Formula (F.5) is (the

discontinuity of) the Mandelstam-Sonmerfeld-Watson transform, the

discrete-helicity version of which was used to get Eq. (2.2) with (2.4).
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spacelike configuration, A(t,t,,t}) <0.
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The variables on the bottom line are conjugate to the

boost parameters as shown. The diagonal variable j is

angular momentum, variables and A are helicities.
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Fig. 29. Relation between discontinuity A and the Toller-

normalized 4-Reggeon ring discontinuity. The

R-notation is that of Ref. 7. XBL 779-2318

Fig. 30. Relation between the cut vertex G and the Toller-

normalized ring function R. XBL 779-2319
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XBL 778-2316Fig. 31. Highly schematic bootstrap for the

3-Reggeon ordered amplitude.

XL 779.2317Fig. 52, Vertex bootstrap with "dotted Reggeon" replacing
the single produced particle of Fig. 31.
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Fig. 37. The complex helicity plane for Eq. (11.26) or (11.27).

If helicity pole h is in the right half-plane, contour

should be deformed to the right. The other poles may
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