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Abstract. This paper is concerned with the approximation of the Maxwell equations by the
eddy currents model, which appears as a correction of the quasi-static model. The eddy currents
model is obtained by neglecting the displacement currents in the Maxwell equations and exhibits an
elliptic character in the time-harmonic formulation. Our main concern in this paper is to show that
the eddy currents model approximates the full Maxwell system up to the second order with respect
to the frequency if and only if an additional condition on the current source is fulfilled. Otherwise,
it is a first-order approximation to the Maxwell equations. We also study the well-posedness of the
eddy currents model and investigate the time-dependent case. All our results strongly depend on
the topology properties of the domains under consideration. This dependence which is specific to
Maxwell’s equations does not appear for the two- or the three-dimensional Helmholtz operator.
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1. Introduction. In many problems encountered in electromagnetism, the nu-
merical resolution of the full system of Maxwell’s equations can be extremely expensive
in terms of computer time. In some cases, however, it is possible to use a simplified
model which approximates Maxwell’s equations in some sense and which can be solved
in a more economic way. Such a situation happens, for instance, in problems in con-
nection with machines working at power frequencies. In that particular case, one
can use the so-called eddy currents model which differs from Maxwell’s equations by
neglecting the displacement currents.

Significant mathematical and numerical results on eddy current problems have
been obtained by Hariharan [11], Hariharan and MacCamy [12], and MacCamy and
Stephan [16] for a two-dimensional problem. The boundary integral equations meth-
ods are successfully applied in these papers to solve two- and three-dimensional eddy
current problems.

It is now allowed that in many situations the topology of a conductor strongly
influences the surface current density in the presence of an exciting electromagnetic
field. This is not the case for a dielectric material. The topology of the surface of
a dielectric material does not have any significant effect. Our main concern in this
paper is to show that the topology of the conductor affects the use of the eddy currents
model for approximating Maxwell’s equations. We will prove that the eddy currents
model approximates the full Maxwell system up to the second order with respect to
the frequency if and only if the limit of the source current as the frequency goes to
zero is divergence free in the conductor and is orthogonal to all the Neumann fields in
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the conductor. Otherwise, it is a first-order approximation to the Maxwell equations.
This influence of the topology is very specific to full Maxwell’s equations and does
not appear in the models studied by MacCamy and Stephan [16], [17]. Note that if
the conductor is connected, and simply connected, then the only necessary condition
is that the limit of the source current as the frequency goes to zero is divergence free.

In this paper we also prove the well-posedness of the eddy currents model and
investigate the time-dependent case. These results also depend on the topology prop-
erties of the domain under consideration. Note that this dependance is specific to
Maxwell’s equations. It does not appear for the Helmholtz equation or for the models
investigated in [16] and [17]. To the best of our knowledge, the results established in
this paper are new and the topological considerations discussed here are significant in
some applications related to complex electronic systems and the design of subshields
and grounding networks as shown in the paper by Baum [6].

The paper is organized as follows. Section 2 is concerned with the formulation of
the model problem and some auxiliary results. The time-harmonic Maxwell system
and the eddy currents model are presented. In section 3, we study the well-posedness
of the eddy currents model. The variational formulation of the eddy currents model
relies on a classical Hodge decomposition lemma (Lemma 2.1) and Proposition 3.1,
which asserts that the electric and magnetic fields, solutions of the eddy currents
model, are square integrable on all R

3. In section 4, we focus our attention on the
Neumann fields in the conductor. Section 5 is devoted to the asymptotic analysis of
the eddy currents model at low frequencies. The analysis is based on an asymptotic
expansion of the solution in powers of the frequency. Recalling the low-frequency
analysis of Maxwell’s equations in section 6, we prove in section 7 the main result of
this paper which is concerned with the approximation of the Maxwell equations by
the eddy currents model. Finally in section 8 we deal with the time-dependent case.
We prove that the same results are valid under suitable hypothesis on the spectrum
of the source current.

This justifies the use of the eddy currents model as a second-order approximation
if and only if the additional condition on the source current is fulfilled. Otherwise,
the eddy currents model gives a first-order approximation to the Maxwell equations.

2. Notations and problem formulation. In this section we give a precise defi-
nition of the type of geometry in which we are working and we make some assumptions
on the material functions: the electric permittivity, the magnetic permeability, and
the conductivity. Next, we present the dissipative Maxwell equations and the eddy
currents model and discuss compatibility conditions on the source current.

Let the conductor ΩC be a bounded open subset of R
3 with a Lipschitz-continuous

boundary Γ. We denote by Γi with i = 1, . . . , p the connected components of Γ and by
n the outer normal to Γ. Assume that the conductor ΩC is not simply connected, there
exists Σj ⊂ ΩC , with j = 1, . . . , q, q regular disjoint manifolds such that ΩC \∪q

j=1Σj

is simply connected. We set Ωe = R
3 \ ΩC . Let the material functions ε, µ, and σ be

the electric permittivity, the magnetic permability, and the conductivity, respectively.
We make the following general assumptions:

• ε(x), µ(x), and σ(x) are all real valued bounded functions. Furthermore,
ε(x) ≥ ε0 > 0, µ(x) ≥ µ0 > 0, and σ(x) ≥ σ0 > 0 in ΩC , where ε0, µ0, and
σ0 are positive constants.

• There exists R > 0 such that outside the sphere SR = {|x| = R} the material
parameters ε and µ are constants. We denote by BR = {|x| < R} the
corresponding ball and by ΩR = Ωe ∩BR.
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• σ(x) ≡ 0 in Ωe.
• The source current J is such that its support is included in the ball BR.
Furthermore, it is square integrable on BR and it may depend on the angular
frequency.

In order to shorten our notations we set ε(x) ≡ µ(x) ≡ 1 for x ∈ R
3 \BR.

Let L2(Ωe) (resp., L2(ΩC)) be the space of square integrable complex functions
on Ωe (resp., ΩC) and H−1/2(Γ) the classical Sobolev space on Γ of order −1/2. We
also introduce the classical Sobolev spaces

H1(Ωe) = {ϕ ∈ L2(Ωe); gradϕ ∈ L2(Ωe)
3},

H1(ΩC) = {ϕ ∈ L2(ΩC); gradϕ ∈ L2(ΩC)
3},

provided with the norm

||ϕ||H1(Ωe) = (||ϕ||2L2(Ωe)
+ ||gradϕ||2L2(Ωe)3

)1/2,

||ϕ||H1(ΩC) = (||ϕ||2L2(ΩC) + ||gradϕ||2L2(ΩC)3)
1/2,

respectively, and the following functional spaces

H(curl ,Ωe) := {u ∈ L2(Ωe)
3; curlu ∈ L2(Ωe)},

H(curl ,ΩC) := {u ∈ L2(ΩC)
3; curlu ∈ L2(ΩC)

3},
H(div0

ε,Ωe) := {u ∈ L2(Ωe)
3; div (εu) = 0 in Ωe},

H(div 0
σ,ΩC) := {u ∈ L2(ΩC)

3; div (σu) = 0 in ΩC}
normed by

||u||H(curl ,Ωe)
= (||u||2L2(Ωe)3

+ ||curlu||2L2(Ωe)3
)1/2,

||u||H(curl ,ΩC)
= (||u||2L2(ΩC)3 + ||curlu||2L2(ΩC)3)

1/2,

||u||H(div0

ε,Ωe)
= (||u||2L2(Ωe)3

+ ||εu .n||2H−1/2(Γ))
1/2,

||u||H(div0

σ,ΩC)
= (||u||2L2(ΩC)3 + ||σu .n||2H−1/2(Γ))

1/2.

The system of time-harmonic dissipative Maxwell equations is

curlHm = +i ε ωEm + σEm + J in R
3,(2.1)

curlEm = −i µ ωHm in R
3,(2.2)

lim

(
Hm × x

|x| − Em

)
= 0, uniformly for |x| → ∞,(2.3)

where ω is the angular frequency and the sup-index m stands for Maxwell. The
dissipation in the system of equations (2.1)–(2.3) is due to the conductivity function
σ(x), which satisfies σ(x) ≥ σ0 > 0 in the conductor ΩC . Note that the system
of equations (2.1)–(2.2) is written in the sense of distributions. Since the problem
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will be to find the fields Em and Hm locally in L2(R3), then curlEm and curlHm

will be locally in L2(R3), so there is no jump of the tangential components of the
fields Em and Hm across any interface [14]. However, the normal components are
not continuous. In fact, there is no jump of (iεωEm + σEm + J) .n and µHm .n,
where n is a unit normal to the interface. By this skew an interface separating two
materials with different parameters plays a key role in the formulation of the system
of Maxwell’s equations.

Dealing with problems in connection with machines working at power frequencies,
the full system of the Maxwell equations (2.1)–(2.3) is usually simplified. Since the
angular frequency ω is very small, displacement currents are usually neglected, which
means that ωε is set to zero in Ωe. Moreover, the Silver–Müller radiation condition
(2.3) is replaced by (2.7)–(2.8) below, which holds uniformly for |x| → +∞. All these
modifications together yield the eddy currents model, which appears as a correction
of the quasi-static model. We refer the reader to Bossavit [8] and Kettunen, Fors-
man, and Bossavit [15] for a derivation of the eddy currents model and its numerical
implementation.

Note that the eddy currents model has the advantage to exhibit an elliptic char-
acter. In the time-dependent case, the transient eddy currents model yields parabolic-
elliptic interface problems; mainly, the Laplace equation in one domain coupled with
the heat equation in the other domain. On these problems, significant mathematical
and numerical results have been obtained by MacCamy and Suri [18], Costabel, Ervin,
and Stephan [10], and Lee, Hariharan, and Ida [13].

Assume that div (J) = 0 in Ωe. The mathematical model of the eddy currents
has then the following form:

curlH = σE+ J in R
3,(2.4)

curlE = −i µ ωH in R
3,(2.5)

div (εE) = 0 in Ωe,(2.6)

H(x) = O

(
1

|x|

)
, uniformly for |x| → ∞,(2.7)

E(x) = O

(
1

|x|

)
, uniformly for |x| → ∞.(2.8)

From the above discussion on interface conditions, standard jump conditions may
be deduced from the above system. In fact, the tangential parts of the electric and
magnetic fields are continuous across the interface Γ. Then we have

[σE .n]Γ = σEint .n = −[J .n]Γ,

where [f ]Γ denotes the jump of the function f across the interface Γ and Eint ≡ E|ΩC
.

Due to (2.4) the current source J has to satisfy some compatibility conditions. In
particular, outside the conductor ΩC , the term σE is identically zero and the function
J is then the curl of the magnetic field H. In order to characterize this constraint on
J, we introduce three other functional spaces:

gradH1
0(Ωe) := {gradϕ; ϕ ∈ H1(Ωe) , ϕ| ∂ΩC

= 0 },
Dε
ext := {d ∈ L2(Ωe)

3; curld = 0 in Ωe;
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div (εd) = 0 in Ωe;d× n|Γ = 0},
curlH(curl ,Ωe) := {curlu ; u ∈ H(curl ,Ωe)} .

Note that the space Dε
ext is formed only by the Dirichlet fields; it is well known

that it is finite-dimensional and its dimension is equal the number of connected com-
ponents of the boundary Γ. A complete characterization of this space is given in [20],
[21], and [23], and, in particular,

Dε
ext ≡ span{gradϕj ; ϕj ∈ H1(Ωe) ,div (εgradϕj) = 0 in Ωe ,

ϕj |Γi
= δi,j ; for i, j = 1, . . . , p},

where δi,j denotes the Kronecker index.
The following lemma is a simple consequence of the Hodge decomposition pre-

sented in [20] and of some results on the Dirichlet fields obtained in [23].
Lemma 2.1. The following Hodge decomposition holds:

L2(Ωe)
3 = curlH(curl ,Ωe)

⊥⊕ gradH1
0(Ωe)

⊥⊕ Dε
ext,(2.9)

where
⊥⊕ denotes the direct sum of spaces which are orthogonal with respect to the

L2-scalar product.
From the previous Lemma and (2.4), it follows that

J ⊥ gradH1
0(Ωe)

⊥⊕ Dε
ext ⇐⇒ div (J)|Ωe

= 0

and

∫
Γj

J · ndΓ = 0 ∀ j = 1, . . . , p.
(2.10)

From now on, we assume that J satisfies the right-hand side (or the left one) of (2.10).
Our concern is with the low-frequency solutions of the Maxwell system (2.1)–(2.3)

and the eddy currents model (2.4)–(2.8). Our aim is to show that (E,H) is a second-
order approximation of (Em,Hm) when the frequency goes to zero if and only if the
following additional condition on the source current J is fullfilled: the zero-order term
in the asymptotic expansion of the source current with respect to the frequency ω is
divergence free in the conductor ΩC and it is orthogonal to all the Neumann fields in
ΩC .

3. Existence and uniqueness for the eddy currents model. In this section,
we investigate questions on existence and uniqueness for the eddy currents model
(2.4)–(2.8). Our main result is that problem (2.4)–(2.8), together with the additional
condition on the electric field∫

Γj

εE .n = 0 for j = 1, . . . , p,(3.11)

is well posed.
Let us state a useful result on the behavior of the electric and magnetic fields as

|x| goes to +∞.
Proposition 3.1. Let H and E be two vector fields satisfying the system (2.4)–

(2.8). Then they have the following behavior at the infinity:

H(x) = O

(
1

|x|2
)
, E(x) = O

(
1

|x|2
)
, uniformly for |x| → ∞.(3.12)
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Proof. It suffices to prove the result for the electric field E. From (2.4)–(2.8)
we have, by making use of the identity ∆ = grad div − curl curl and recalling that
divεE = 0 in Ωe,

∆E = 0 in R
3 \BR,

divE = 0 in R
3 \BR,

E(x) = O

(
1
|x|

)
, uniformly for |x| → ∞.

(3.13)

Let {Y m
l }−l≤m≤l be an orthonormal sequence of spherical harmonics of order l on the

unit sphere S1, normalized such that∫
S1

Y m
l Ȳ

m′
l′ = δl,l′δm,m′ .

According to [9] it follows from (3.13) that the vector field E has the following expan-
sion:

E = E(r, θ, ϕ) =
∞∑
l=0

l∑
m=−l

1

rl+1
Em

l Y
m
l (θ, ϕ),(3.14)

where r > R, θ ∈ [0, 2π) and ϕ ∈ [−π/2, π/2) are the spherical coordinates in R
3 and

{Em
l }l,m are constant vectors in R

3.
By imposing (3.13), we obtain

divE(r, θ, ϕ) =

∞∑
l=0

l∑
m=−l

grad

(
1

rl+1
Y m
l (θ, ϕ)

)
·Em

l = 0 ∀ r > R, θ, ϕ.(3.15)

Recalling that gradY m
l =

1

r
grad S1Y

m
l and grad S1Y

0
0 = 0, we arrive at

0 = divE =
1

r2
E0

0 · nr +O

(
1

r3

)
,(3.16)

where nr = nr(θ, ϕ) denotes the unit radial vector outer to the ball BR. Since the
first term on the right-hand side of (3.16) needs to be zero for any value of θ and ϕ,
we necessarily have E0

0 = 0 and this, together with (3.14), yields (3.12).
One important consequence of Proposition 3.1 is that the vector fields E and H

are in L2(R3). This is a key property while writing the variational formulation of the
eddy currents problem.

Theorem 3.2. Let the functional space V be defined by
H(curl ,R3) ∩H(div0

ε,Ωe) = V ⊕Dε
ext.(3.17)

The variational formulation: find u ∈ V such that∫
R3

µ−1curlu · curl ūt + i ω

∫
ΩC

σu · ūt = −i ω
∫

ΩR

J · ūt ∀ ut ∈ V(3.18)

has a unique solution in V. Moreover, the vector fields
E ≡ u and H ≡ −i(ω µ)−1curlu in R

3
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are the unique solutions of (2.4)–(2.8) together with the additional condition (3.11).
Proof. First, we note that the bilinear form

∫
R3 µ

−1curlu · curl ūt is not coercive
on H(curl ,R3). Moreover, any field in Dε

ext yields a solution of the problem∫
R3

µ−1curlu · curl ūt + i ω

∫
ΩC

σu · ūt = 0 ∀ ut ∈ H(curl ,R3).

To avoid these drawbacks, we introduce the identities (2.6) and (3.11) in the varia-
tional space V and consider the variational problem (3.18) on V × V.

We set

a(u,ut) =

∫
R3

µ−1curlu · curl ūt + i ω

∫
ΩC

σu · ūt.

By taking ut = u in (3.18) it is easy to see that

a(u,u) ≥ C ||curlu||2L2(R3)3 + C
′ ||u||2L2(ΩC)3 ,(3.19)

where C and C ′ are two positive constants.
Let

|u|� = (||curlu||2L2(R3)3 + ||u||2L2(ΩC)3)
1/2.

It is obvious that the functional | · |� is a seminorm on V.
Let us first prove that

|v|� = 0 =⇒ v ≡ 0.

Let v ∈ V be such that |v|� = 0, then v is a solution of


div (εv) = 0 in Ωe,
curlv = 0 in Ωe,
v× n|Γ = 0 on Γ.

(3.20)

Therefore, a function v satisfying (3.20) is in Dε
ext; since v is also in V we may

conclude that v = 0. This proves uniqueness of solutions to (3.18). Further, for any
sequence (vn)n∈N ∈ V such that |vn|∗ is bounded it is also easy to show that we can
extract a subsequence which converges to an element v ∈ V, so we have existence of
a solution to (3.18).

Thus, we obtain the existence and uniqueness of solution of the variational for-
mulation (3.18) in V.

Let now E be a solution of the problem (2.4)–(2.8) together with the additional
condition (3.11). We shall prove that E is the solution of the variational formulation
(3.18). It is obvious that E ∈ V. By eliminating the magnetic field H in the system
of equations (2.4)–(2.8), we arrive at

curlµ−1curlE = −i ω σE− i ω J in D′(R3),

i.e., in the sense of distribution in R
3. Note that since curlu ∈ L2(R3), then auto-

matically there is no jump of the tangential component of u, i.e., E, across interfaces.
Now, if we multiply the above equation by a test function ut ∈ V and use Propo-

sition 3.1, which asserts that the integration by parts over R
3 is allowed, we get that

E ∈ V is the solution of the variational formulation (3.18). This ends the proof of
Theorem 3.2.
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4. Neumann fields. Let (E,H) be the unique solution of the eddy current
problem (2.4)–(2.8) together with the additional condition (3.11). We shall analyze
in this section some of the properties of this solution. In particular, we focus our
attention on the presence of Neumann fields in the conductor ΩC .

Let us start by recalling the definition of Neumann fields. According to [7], the
space of Neumann fields in the conductor ΩC is defined by

Nσ
int := {u ∈ H(curl ,ΩC) ∩H(div 0

σ,ΩC); curlu = 0 in ΩC ;u · n|Γ = 0}.(4.21)

Following [5], [20], and [7], we know that this space is finite-dimensional and its dimen-
sion is equal to q, the number of regular cuts contained in ΩC which are necessary to
reduce ΩC to a simply connected region (see section 2). A basis for this space is char-
acterized as the set {grad qi}i=1,...,q, where {qi}i=1,...,q are solutions of the following
problem:

div (σgrad qi) = 0 in ΩC \
q⋃

j=1

Σj

∀j = 1, . . . , q [qi]Σj
= δi,j across Σj

∀j = 1, . . . , q [grad qi · n]Σj
= 0 across Σj ,

∂nqi = 0 on Γ,

(4.22)

where [f ]Σj
denotes the jump of the function f across the manifold Σj . It is important

to underline that qi ∈ H1(ΩC \ ∪q
j=1Σj) but in general qi �∈ H1(ΩC). However,

grad qi ∈ L2(ΩC \ ∪q
j=1Σj)

3 and therefore can be extended to L2(ΩC)
3. From now

on, by grad q, q ∈ H1(ΩC \ ∪q
j=1Σj), we mean the extension of grad q to L2(ΩC)

3.
The Neumann fields coefficients of the electric field E, solution of (2.4)–(2.8), and

(3.11) are the integrals ∫
ΩC

σE · grad qi for i = 1, . . . , q.

We shall evaluate them as a function of the source density current J.
Using (2.4), we obtain, integrating by parts,∫
ΩC

σE · grad qi =
∫

ΩC

(curlH− J) · grad qi

=

∫
ΩC

H · curl (grad qi)−
∫

Γ

H× n · grad qi −
∫

ΩC

J · grad qi.

From the jump condition [H× n]Γ = 0 it follows that div Γ(H× n) = Jext · n, where
we set Jext := J|Ωe

. This yields∫
Γ

H× n · grad qi = −
∫

Γ

∆−1
Γ (Jext · n) ∆Γqi.

Therefore ∫
ΩC

σE · grad qi = αi(J),

where

αi(J) =

∫
Γ

∆−1
Γ (Jext · n) ∆Γqi −

∫
ΩC

J · grad qi.(4.23)



EDDY CURRENTS MODEL 1813

Note that the first term in the expression of αi(J) takes into account the exterior of
the conductor ΩC while the second one takes into account the internal part. We also
note that for a function ϕ ∈ H1(ΩC), we have∫

Γ

∆−1
Γ (Jext · n) ∆Γϕ =

∫
Γ

Jext · n ϕ.

The following holds.
Lemma 4.1. Let (E,H) be the solution of the eddy currents model (2.4)–(2.8)

together with the additional condition (3.11). Then∫
ΩC

σE · gradqi = αi(J) for i = 1, . . . , q,

where {αi(J)}i=1,...,q are defined by (4.23).
Now, if we assume that J is orthogonal to Nσ

int and there is no source current
that goes from the exterior to the interior of the conductor ΩC , then the vector field
E is orthogonal to the space of Neumann fields Nσ

int.
Lemma 4.2. The following holds:

J ⊥ Nσ
int and Jext|Γ · n = 0 ⇒

∫
ΩC

σE · gradqi = 0 ∀ i = 1, . . . , q.(4.24)

5. Low-frequency analysis of the eddy currents model. From now on, we
assume that the density current J admits the following series expansion:

J =
∑
j≥0

ωj Jj ; ∀ j ≥ 0, div (Jj)|Ωe
= 0 ,

∫
Γi

Jj · n = 0 ∀i = 1, . . . , p,(5.25)

where the last two equalities come from the fact that J verifies one side of (2.10). As
standard in asymptotic analysis we proceed formally and we suppose that the solution
of (2.4)–(2.8) can also be expanded in power series, namely,

E =
∞∑
j=0

ωj Ej ; H =

∞∑
j=0

ωj Hj .(5.26)

In the following, we show first that the terms (Ej ,Hj) can be uniquely determined
and, afterward, we study the convergence of the series in (5.26).

Using together (2.4)–(2.8) and (3.18), we write E as the unique solution of the
following problem:

E ∈ V,(5.27) ∫
R3

µ−1curlE · curl Ēt
+ i ω

∫
ΩC

σE · Ēt
= −i ω

∫
ΩR

J · Ēt ∀ Et ∈ V,(5.28)

div (σE+ J) = 0 in R
3,(5.29) ∫

ΩC

σE · grad qi = αi(J) for i = 1, . . . , q.(5.30)

This system is not minimal due to (5.29)–(5.30), but it turns out to be useful
when writing the system of equations satisfied by the asymptotics {Ej}j≥0.



1814 H. AMMARI, A. BUFFA, AND J.-C. NÉDÉLEC

Using then (5.26) in (5.27)–(5.30) and writing separately the contribution coming
from different powers of the frequency ω in (5.27)–(5.30), we obtain the following
systems of equations for the coefficients. For the first one we have

E0 ∈ V,(5.31) ∫
R3

µ−1curlE0 · curl Ēt
= 0 ∀ Et ∈ V,(5.32)

div (σE0 + J0) = 0 in R
3,(5.33) ∫

ΩC

σE0 · grad qi = αi(J0) for i = 1, . . . , q,(5.34)

while for the other ones,

Ej ∈ V,(5.35) ∫
R3

µ−1curlEj · curl Ēt
= −i

∫
ΩC

σEj−1 · Ēt − i
∫

ΩR

Jj−1 · Ēt ∀ Et ∈ V,(5.36)

div (σEj + Jj) = 0 in R
3,(5.37) ∫

ΩC

σEj · grad qi = αi(Jj) for i = 1, . . . , q.(5.38)

The following theorem holds.
Theorem 5.1. The problems (5.31)–(5.34) and (5.35)–(5.38) are well posed.
Proof. We focus our attention only on the well-posedness of the system of equa-

tions (5.31)–(5.34), since the well-posedness of the system (5.35)–(5.38) may be proved
by the same arguments.

It is quite natural to split the problem (5.31)–(5.34) into an interior problem
defined on the conductor ΩC and an exterior problem defined on Ωe. We then split
E0 into (EC

0 , E
NC
0 ), where EC

0 = E|ΩC
and ENC

0 = E|Ωe
. From (5.31)–(5.34) and

(5.25) we obtain the following two problems:

(5.39)
Interior problem Exterior problem



curlEC
0 = 0 in ΩC ,

div (σEC
0 + J0) = 0 in ΩC ,

σEC
0 · n = [J0 · n]|Γ on Γ,∫

ΩC

σEC
0 · grad qi = αi(J0) for i = 1, . . . , q;




curlENC
0 = 0 in ΩC ,

div (εENC
0 ) = 0 in ΩC ,

ENC
0 |Γ × n = EC

0 |Γ × n on Γ,

ENC
0 ⊥ Dε

ext.

First note that we have to solve the interior problem and then the exterior one. The
exterior problem is coupled only to the interior one by the boundary condition on
Γ. The study of the interior problem does not require any data from the exterior
problem. Once the interior problem is solved the problem becomes classical. We
claim that the interior problem is well posed. The existence of at least one solution
to the interior problem (separately, the exterior problem) has been proved by Picard
[20] and Alonso and Valli [1]. Here, we prove only the uniqueness.

If we set J0 = 0, then we obtain a homogeneous system since div (J0) = 0,
[J0 ·n]|Γ = 0, αi(J0) = 0. Thus, from the first three equations of the interior problem
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in (5.39), we have that EC
0 ∈ Nσ

int, while the last one imposes that it is orthogonal to
the space of Neumann fields Nσ

int.
The well-posedness of the exterior problem in (5.39) is classical.
For what concerns the terms {Hj}j≥0 in the asymptotics expansion of the mag-

netic field H, we simply have to use (2.6) and (5.26) in order to derive the following
identity:

Hj = i µ
−1curlEj+1 ∀j ≥ 0.(5.40)

The complete variational formulation (3.18) could also be decomposed into an
interior and an exterior problem. Also in this case, the interior field can be found
before and does not depend directly on the exterior one. For the exterior problem the
solution depends continuously on the boundary data.

Proposition 5.2. Let E ∈ V be the unique solution of the eddy currents model
(2.4)–(2.8) together with the additional condition (3.11). There exists ω0 > 0 such
that for ω ∈ (0, ω0) the following inequality holds:

||E||L2(R3)3 + ||curlE||L2(Ωe)3 ≤ C
(
ω||J||L2(ΩR)3 + ||E||H(curl,ΩC)

)
,(5.41)

where C is a positive constant independent of ω.
Proof. It is easy to see that E ∈ V satisfies

curl
1

µ
curlE = −iωJ in Ωe,(5.42)

E× n = Eint × n on Γ,(5.43)

where Eint ≡ E|ΩC
. From the boundary value problem (5.42)–(5.43) using div (εE) =

0, it is classical to deduce that the following estimate holds:

||E||H(curl,Ωe) ≤ C
(
ω||J||L2(ΩR)3 + ||n× (n×E)||T H−1/2(curl,Γ)

)
,

where the constant C does not depend on the frequency ω. Here, T H−1/2(curl ,Γ) is
the space of tangential traces of H(curl ,Ωe).

Since [n× (n× E)]Γ = 0, it follows from the classical trace theorem (see Paquet
[19] and Alonso and Valli [1]) that there exists a constant C ′, independent of the
frequency ω, such that

||n× (n×E)||T H−1/2(curl,Γ) ≤ C ′||E||H(curl,ΩC),

and then we have the result.
Theorem 5.3. Let (Ej ,Hj), for j ≥ 0, be the unique solutions of the problems

(5.31)–(5.34), (5.35)–(5.38) and (5.40). Let (E,H) be the solution of (2.4)–(2.8) and
(3.11). Then, there exists ω0 > 0 such that for M ∈ N and ω ∈ (0, ω0), the following
estimates hold: ∥∥∥∥∥∥E−

M∑
j=0

ωj Ej

∥∥∥∥∥∥
L2(R3)3

≤ CωM+1,(5.44)

∥∥∥∥∥∥H−
M∑
j=0

ωj Hj

∥∥∥∥∥∥
L2(R3)3

≤ CωM+1,(5.45)
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where the constant C does not depend on ω but only on the conductor ΩC .
Proof. The quantity E−∑M

j=0 ω
j Ej satisfies the variational equation (3.18) when

the source density current is replaced by J−∑M
j=0 ω

j Jj . By standard manipulations,
we have ∥∥∥∥∥∥curl


E−

M∑
j=0

ωj Ej



∥∥∥∥∥∥
L2(R3)3

+ σ ω

∥∥∥∥∥∥E−
M∑
j=0

ωj Ej

∥∥∥∥∥∥
L2(ΩC)3

≤ C ω
∥∥∥∥∥∥J−

M∑
j=0

ωj Jj

∥∥∥∥∥∥
L2(ΩR)3

∥∥∥∥∥∥E−
M∑
j=0

ωj Ej

∥∥∥∥∥∥
L2(ΩR)3

.

(5.46)

Using then the Proposition 5.2, we obtain∥∥∥∥∥∥E−
M∑
j=0

ωj Ej

∥∥∥∥∥∥
L2(R3)3

≤ C
∥∥∥∥∥∥J−

M∑
j=0

ωj Jj

∥∥∥∥∥∥
L2(ΩR)3

≤ C ′ ωM+1,

∥∥∥∥∥∥curl

E−

M∑
j=0

ωj Ej



∥∥∥∥∥∥
L2(R3)3

≤ C ′ωM+2.

(5.47)

From (5.47) and (5.40) we obtain the estimates (5.44) and (5.45).

6. Low-frequency analysis of the Maxwell system. In this section, we
briefly collect some results on the solutions (Em,Hm) of the Maxwell equations (2.1)–
(2.3) which are useful while comparing the solutions of (2.1)–(2.3) and (2.4)–(2.8).

We begin with some general considerations.
Due to the compatibility condition (2.10) that we have imposed on J, from (2.1)

we also have that εEm has to verify the same orthogonality condition, namely,

εEm
|Ωe

⊥ gradH1
0(Ωe)

⊥⊕ Dε
ext(6.48)

or equivalently

div (εEm)|Ωe
= 0 and

∫
Γi

εEm · n = 0 ∀i = 1, . . . , p.(6.49)

It is now classical to prove the following results on the existence and uniqueness
for the Maxwell system. The material coefficients ε, µ, and σ may only be assumed
bounded and measurable, i.e., jumps are allowed [22], [2].

Proposition 6.1. The Maxwell system (2.1)–(2.3) has a unique solution.
We pass now to a brief presentation of some results concerning the low-frequency

asymptotic analysis of the Maxwell system (2.1)–(2.3).
According to [2], [3], [4] we know that the same asymptotic analysis we carried

out in the previous sections for the eddy currents model is valid and well posed in
the case of the Maxwell model (2.1)–(2.3) also. Moreover for (2.1)–(2.3) the proofs of
the same results are more technical since both the electric and the magnetic fields do
not belong to L2(R3). The following theorem is just a collection of the results that
we need for our purposes and a complete proof of it can be easily deduced from the
several situations analyzed in [2], [3], [4].
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Theorem 6.2. Let (Em,Hm) be the solution of (2.1)–(2.3) and let the source
current J verify the assumption (5.25). Both the electric and the magnetic fields can
be expanded in power series with respect to ω, that is, there exists ω0 such that for
any ω ∈ (0, ω0) and M ∈ N the following estimates hold:∥∥∥∥∥∥Em −

M∑
j=0

ωj Em
j

∥∥∥∥∥∥
L2(BR)3

≤ Cmω
M+1,(6.50)

∥∥∥∥∥∥Hm −
M∑
j=0

ωj Hm
j

∥∥∥∥∥∥
L2(BR)3

≤ Cmω
M+1,(6.51)

where the constant Cm does not depend on the frequency ω. Moreover, the terms
(Em

j ,H
m
j ) are determined by



εEm
0 |Ωe

⊥ gradH1
0(Ωe)

⊥⊕ Dε
ext,

curlEm
0 = 0 in R

3,

div (σEm
0 + J0) = 0 in R

3,∫
ΩC

σEm
0 · grad qi = αi(J0) for i = 1, . . . , q,

(6.52)




εEm
1 |Ωe

⊥ gradH1
0(Ωe)

⊥⊕ Dε
ext,

curlµ−1curlEm
1 = −iσEm

0 − iJ0 in R
3,

div (iεEm
0 + σEm

1 + J1) = 0 in R
3,∫

ΩC

σEm
1 · grad qi = αi(J1)− i αi(εE

m
0 ) for i = 1, . . . , q,

(6.53)

and more for j ≥ 2


εEm
j+1|Ωe

⊥ gradH1
0(Ωe)

⊥⊕ Dε
ext,

curlµ−1curlEm
j+1 = εE

m
j−1 − i σEm

j − iJj in R
3,

div (iεEm
j + σEm

j+1 + Jj+1) = 0 in R
3,∫

ΩC

σEm
j+1 · grad qi = αi(Jj+1)− i αi(εE

m
j ) for i = 1, . . . , q.

(6.54)

Finally, the terms (Hm
j )j≥0 in the asymptotic expansion of the magnetic field Hm

are determined by

Hm
j = i µ−1curlEm

j+1 in R
3 ∀ j ≥ 0.(6.55)

A complete characterization of all these coefficients should involve some radiation
condition or exact external operators as detailed in [2]. Further, from (6.52)–(6.53)
and by applying Proposition 3.1 the following Lemma holds.

Lemma 6.3. The vector fields Em
0 and Em

1 satisfy{
∆Em

0 = 0 in R
3 \BR,

divEm
0 = 0 in R

3 \BR,

{
∆Em

1 = 0 in R
3 \BR,

divEm
1 = 0 in R

3 \BR,
(6.56)

and then they are in L2(R3)3.
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7. Approximation of the Maxwell system by the eddy currents model.
In this section, we shall compare the asymptotic expansions of the solutions of (2.1)–
(2.3) and (2.4)–(2.8). The main idea is that (Em,Hm) can be approximated by (E,H)
as the frequency goes to zero if and only if the first few terms in their asymptotic
expansions are equal.

We start then comparing the terms {Em
j ,H

m
j }j≥0 and {Ej ,Hj}j≥0.

• j = 0. Comparing the system (5.31)–(5.34) and (6.52) and recalling Lemma 6.3
we have

Em
0 = E0 in R

3.(7.57)

Moreover, if we assume that

div (J0)|ΩC
= 0 and αi(J0) = 0 ∀ i = 1, . . . , q,(7.58)

we arrive at Em
0 = E0 ≡ 0. In the following, it will be clear that (7.58) is a key as-

sumption in order to show the validity of (2.4)–(2.8) as a low-frequency approximation
of the full Maxwell system (2.1)–(2.3).

• j = 1. Comparing (5.35)–(5.38), evaluated for j = 1, and (6.53), we find that
Em

1 −E1 satisfies


ε (Em
1 −E1)|Ωe

⊥ gradH1
0(Ωe)

⊥⊕ Dε
ext,

curl (Em
1 −E1) = 0 in R

3,

div (σ(Em
1 −E1)) = −idiv (εEm

0 ) in ΩC ,∫
ΩC

σ (Em
1 −E1) · grad qi = −i αi(εE

m
0 ) for i = 1, . . . , q .

(7.59)

Therefore, there exists a function ψ ∈ H1(R3) and q real numbers {βi}i=1,...,q such
that

Em
1 −E1 = gradψ +

q∑
i=1

βi grad qi.(7.60)

In particular, if Em
0 = 0 then the right-hand side of (7.60) is equal to zero and we

have

Assumption (7.58) ⇒ Em
0 = E0 ≡ 0 ⇒ Em

1 = E1.(7.61)

Moreover, from (7.59) the following holds:

Hm
0 = i µ−1curlEm

1 = i µ−1curlE1 = H0.(7.62)

• j = 2. If the assumption (7.58) does not hold, nothing can be said about the
difference Em

2 − E2 since the function Em
2 is not completely determined by (6.54)

evaluated for j = 1 (see Lemma 6.3).
Otherwise, if (7.58) is fulfilled, the same argument applied to Em

0 and Em
1 in

Lemma 6.3 works for Em
2 , which is completely determined by the system (6.54) with

j = 1. As in the case j = 1, the difference Em
2 −E2 solves the system



ε (Em
2 −E2)|Ωe

⊥ gradH1
0(Ωe)

⊥⊕ Dε
ext,

curl (Em
2 −E2) = 0 in R

3,

div (σ(Em
2 −E2)) = −idiv (εEm

1 ) in ΩC ,∫
ΩC

σ (Em
2 −E2) · grad qi = −iαi(εE

m
1 ) i = 1, . . . , q .

(7.63)
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In particular, Em
2 �= E2, but we have

Hm
1 = i µ−1curlEm

2 = i µ−1curlE2 = H1.(7.64)

Now summarizing all these results, our concluding remarks are the following:
• If the assumption (7.58) is fulfilled, (2.4)–(2.8) is a good approximation of
(2.1)–(2.3) at low frequencies; we use (7.57), (7.61), (7.62), (7.64), (5.44)–
(5.45), and (6.50)–(6.51) in order to obtain the following inequalities:

||Em −E||L2(ΩR)3 ≤ (C + Cm)ω2,
||Hm −H||L2(ΩR)3 ≤ (C + Cm)ω2.

(7.65)

Furthermore, roughly speaking, one can also see how the equations (2.4)–
(2.8) are deduced from (2.1)–(2.3). Let Em = ωE1 + O(ω2) and Hm =
H0 + ωH1 +O(ω

2); using these expressions in (2.1)–(2.3), we obtain

curlEm = i ω µ (H0 + ωH1) +O(ω
2),(7.66)

curlHm = −i ω ε(ωE1) + σ(ωE1) + J+O(ω2)

= σ(ωE1) + J+O(ω2).(7.67)

From (7.67) one sees that the term coming from the time derivative of the
electric field vanishes since it is of higher order.

• If the assumption (7.58) is not fulfilled only the two asymptotic expansions
are equal only at order 0. This means that the inequalities (7.65) are replaced
by

||Em −E||L2(ΩR)3 ≤ (C + Cm)ω,
||Hm −H||L2(ΩR)3 ≤ (C + Cm)ω.

(7.68)

Moreover, it is important to underline that in this case it turns out to be
useless to solve the problem (2.4)–(2.8) in place of the complete static system


E0 ⊥ gradH1

0(Ωe)
⊥⊕ Dε

ext,
curlE0 = 0 in R

3,

curl H0 = σE0 + J0 in R
3,

div (µH) = 0 in R
3.

(7.69)

The well-posedness of this problem is straightforward from section 3 and has
already been studied by Ramm et al. in [22].

8. The time-dependent case. This section is concerned with the extension
of the same approximation results obtained in the previous sections to the time-
dependent version of the equations (2.1)–(2.3) and (2.4)–(2.7). Namely, the system
of time dependent Maxwell equations reads as follows:

curlHm = ε
∂Em

∂ t
+ σEm + J in R

3,(8.70)

curlEm = µ
∂Hm

∂ t
in R

3,(8.71)

with the initial conditions Em|t=0 = 0,Hm|t=0 = 0, and J|t=0 = 0.
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The eddy currents approximation is obtained by neglecting the term ε∂E
m

∂ t in
(8.70).

We first introduce some notation. Let F be the Fourier transform operator with
respect to the time variable t and Ĵ(·,x) = F(J(·,x)). In order to shorten our nota-

tion, from now on, we shall write J(·), Ĵ(·) instead of J(·,x) and Ĵ(·,x), respectively;
the norms and integrals are referred to the time variable or the frequency variable ω,
which is the dual variable.

Next, we make the following general assumptions:
• The source current J satisfies (2.10) and (5.25) ∀ t ≥ 0.
• J ∈ H1(R,L2(R3))3.
• The Fourier transform Ĵ of J is compactly supported. There exists ω̄ such that

supp{Ĵ} ⊂]− ω̄, ω̄[.
• ω̄ < ω0, where ω0 is such that the low-frequency estimates (5.44)–(5.45) and

(6.50)–(6.51) hold for any 0 < ω < ω0.
• The time-dependent Maxwell system (8.70)–(8.71) and the corresponding time-

dependent eddy currents model, with the initial conditions Em|t=0 = 0,Hm|t=0 = 0,
and J|t=0 = 0, have a unique solution, denoted by (Em(t),Hm(t)) and (E(t),H(t)),
respectively.

The main result of this section is the following theorem.
Theorem 8.1. There exists a constant C such that the following estimate holds:

||Em(t)−E(t)||L2(0,T,H(curl,BR)) ≤ C ω̄2,(8.72)

||Hm(t)−H(t)||L2(0,T,H(curl,BR)) ≤ C ω̄2.(8.73)

Proof. We only focus our attention on (8.72). The proof of (8.73) follows from
the same arguments.

We first state a useful estimate. For u = E and u = Em the following stability
estimate holds:

||u||2L2(ΩC) +

∫ T

0

||u||2L2(ΩR) +

∫ T

0

||curlu||2L2(BR) ≤ C
∫ T

0

∥∥∥∥∂J∂t
∥∥∥∥

2

L2(BR)

,(8.74)

where the constant C is independent of T . For the Maxwell system this estimate is
standard, while for the eddy currents model it can be obtained from (5.41).

Now the main idea is to approximate the nonperiodic (with respect to the variable
t) density current J by a sequence Jn of source density currents where each Jn is a
superposition of periodic modes (eiωlt). Therefore, thanks to the linearity of the
equations, we know that the solution of the Maxwell and the eddy currents system
are also superpositions of periodic modes and, for these fields, the theory developed
in the previous sections can be applied.

Our aim is now to approximate Ĵ by a sequence {Ĵn}n∈N in which every element

Ĵn is a sum of Dirac measures. The inverse Fourier transforms Jn of Ĵn are then
superpositions of periodic modes.

Let the function Ĵ
p
be defined by

Ĵ
p
(ω) :=

∫ ω

−w̄

Ĵ(s) ds .(8.75)

We decompose the interval [−ω̄, ω̄] into n subintervals of the same size 2ω̄/n
and we denote by ωi, i = 0, . . . , n, the nodes of this grid and by χi the characteristic
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function of the interval [ωi, ωi+1], i = 0, . . . , n−1. Then we define a piecewise constant

approximation of Ĵ
p
by

Ĵ
p

n(ω) :=

n−1∑
i=0

Ĵ
p
(ωi)χi.(8.76)

It is standard to prove that

||Ĵp − Ĵ
p

n||L2(R) ≤
2C ω̄

n
||Ĵp||H1(]ω̄,ω̄[) ≤

2C ′ ω̄
n

||Ĵ||L2(R),(8.77)

where the constants C and C ′ depend neither on n nor on ω̄.
By taking the derivative of (8.76) in the sense of distributions, we construct a

sequence Ĵn approximating Ĵ,

Ĵn(ω) :=

n∑
i=1

(Ĵ
p
(ωi)− Ĵ

p
(ωi−1))δ(ω − ωi) =

n∑
i=1

[∫ ωi

ωi−1

Ĵ(s) ds

]
δ(ω − ωi),(8.78)

where δ(ω − ωi) denotes the Dirac measure centered in ωi.
Applying F−1 to both sides of (8.78), we obtain

Jn(t) =

n∑
l=1

Jn(l)e
i ωl t with Jn(l) :=

∫ ωl

ωl−1

Ĵ(s) ds.(8.79)

Using (8.79), we easily deduce that

∂sJ

∂ts
− ∂

sJn

∂ts
=

∫ ω̄

−ω̄

Ĵ(ξ)
[
(i ξ)sei ξ t − (i χ(ξ))sei χ(ξ) t

]
dξ for s = 0, 1,(8.80)

where χ(ξ) = ωi for ξ ∈]wi−1, ωi[, i = 1, . . . , n.
From (8.80), we obtain

||J− Jn||H1(]0,T [) ≤
C(T, ||J||L2(R), ω̄)

n
,(8.81)

where the quantity C(T, ||J||L2(R)) depends linearly on ||J||L2(R).
Now we solve the system of Maxwell’s equations (8.70)–(8.71) and the correspond-

ing eddy currents model when the data J is replaced by Jn defined by (8.79). We
denote by (Em(n),Hm(n)) and (E(n),H(n)) the corresponding solutions. We focus
our attention on the electric fields, since the estimates on the magnetic fields can be
deduced by using the same arguments. Using the stability estimate (8.74) together
with the inequality (8.81), we obtain

||Em −Em(n)||L2(0,T,H(curl,BR))

+ ||E−E(n)||L2(0,T,H(curl,BR)) ≤
C ′(T, ||J||L2(R,L2(BR)), w̄)

n
,

(8.82)

where the constant C ′ depends linearly on ||J||L2(R,L2(BR)).
In order to apply the results established in the previous sections we first observe

that

Em(n) =

n∑
l=1

Em
l (n) ei ωl t and E(n) =

n∑
l=1

El(n) e
i ωl t,(8.83)
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where Em
l (n) and El(n) are the solution of the time harmonic systems (2.1)–(2.3) and

(2.4)–(2.8), respectively, with ω = ωl.
Using the theory developed in sections 5 and 6, we know then that these quantities

can be expanded in power series with respect to the frequency ω. Using the results
established in section 7, under the suitable hypothesis on the load J (detailed in
section 7) we know that for any ω̄ ∈ (0, ω0)

Em
l (n)−El(n) = O(ω̄

2) ∀ l = 1, . . . , n.(8.84)

Using the estimates (8.82) and (8.84), we easily obtain the following approxima-
tion result:

||E(t)−Em(t)||L2(0,T,H(curl,BR)) ≤
C ′(T, ||J||L2(R,L2(BR)), ω̄)

n
+ Cω̄2.(8.85)

Since the left-hand side does not depend on n, we let n→ +∞ and we arrive then at
the desired estimate (8.72). The proof of the theorem is now complete.
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