EE 141 Lecture Notes
Topic 15

Professor K. E. Oughstun
School of Engineering
College of Engineering & Mathematical Sciences
University of Vermont

2012






Capacitance of an Isolated Conductor

Consider a (perfect) conductor that is removed from any other body
(i.e., an isolated conductor). Because of the mutual repulsion
between similar charges, energy must be expended to charge the
conductor. Accordingly, the magnitude of its potential V increases as
charge is added, the magnitude of the change in potential being
proportional to the amount of charge added as well as upon the
geometrical shape of the conductor body.

From Eq. (10) of Topic 14, the electrostatic energy of the charged
body is given by

U= [ [ etoviner = Sav. 1

where Q@ = [ 0s(r)d?r is the net charge on the conductor surface
and where V is its constant potential.



Capacitance of an Isolated Conductor

The ratio Q/V is defined as the capacitance of the isolated conductor

C=—| Coul/Volt = Farad (F) (2)

in terms of which its stored electrostatic energy is given by

QZ

v
U = CV =5c

(3)
Physically, the capacitance of an isolated body is the electric charge
that must be added per unit increase in electrostatic potential on the
body.



Capacitance of a Multi-Conductor System

Consider a generalized capacitor consisting of two (perfectly)
conducting bodies separated in space by dielectric media with
permittivities €; and brought to a static charge state with net charge
+@Q on body 1 and —Q on body 2, as illustrated.

Such a capacitor possesses the following properties:



Capacitance of a Multi-Conductor System

@ Free charges +Q reside on the conductor surfaces, resulting in a
surface charge density p4(r) on each body (j = 1,2) such that

1Q - ]{S o), (4)

the plus-sign applying for j = 1 and the minus-sign for j = 2.
@ Gauss' law shows that the E-field lines originate normally from

the surface S; of the positively charged body and terminate
normally on the surface S, of the negatively charged body, with

fi D(r) - Ad’r = £Q (5)

for any surface S enclosing either S; (the plus sign applies) or
S (the minus sign applies).



Capacitance of a Multi-Conductor System

@ As a consequence of the perpendicularity of E at each conductor
surface, they are equipotential surfaces, where V(r) = V; on S;
and V(r) =V, on So.

@ A single-valued potential difference AV = V; — V5, then exists
between the two conducting bodies, given by

AV:—/ole(r)-dFJr/:zE(r)dZ:—[Sle(r)~dZ (6)

In order to make AV positive, the potential reference S, is
taken on the negatively charged conductor body.



Capacitance of a Multi-Conductor System

For a linear capacitor, the potential difference AV is proportional to

the charge Q, so that

Q=CAV,

(7)

where C is the capacitance of the two-body system. From Egs. (5)

and (6), one obtains

C —

Q

$s, D(r) - fid?r

AV

[SE(r) - dlf

S

(8)



Electrostatic Energy & Capacitance

The voltage difference due to a charge @ on a linear capacitor with
capacitance C is given by AV = Q/C. The amount of work required
to transfer an additional incremental amount of charge dQ from S,
to & is then given by

1
dW, = AVdQ = EQdQ. (9)
Beginning from an uncharged capacitor and continuing to transfer

charge until a final charge Q is reached on &, the total work
expended is given by

/QdQ— —; (AV)?, (10)

in agreement with Eq. (3) for the potential energy of an isolated
conductor.



Electrostatic Energy & Capacitance

The capacitance of a two-conductor system is then seen to be given
in terms of its electrostatic energy U, by either of the two equations

= vy~ @vp [/ [ ow- e

Q2 Q2
20, ~ I}, D) -EMdr (2

where the integration domain V' contains all of the charged bodies
comprising the multi-conductor capacitor.

or
C —




Example: Parallel Plate Capacitor

Consider determining the capacitance of a parallel plate capacitor
comprised of two parallel conducting plates, each of surface area A
separated by a distance d filled with a dielectric of permittivity e.

With an applied voltage difference V' between the two plates, a
charge +Q accumulates on the surface of the upper plate and a
charge —Q accumulates on the surface of the lower plate, as
illustrated. If the plate separation d is much smaller than the plate
dimensions, then the effects of fringing may be neglected and the
surface charge may be assumed to be uniformly distributed over each
capacitor plate with density 0. = +Q/A.



Example: Parallel Plate Capacitor

The electrostatic field is then, to a good approximation, confined
between the plates and linearly directed from the positive to the
negative plate. Choosing the z-axis along this direction directed from
the negative to the positive plate, one then has that

E=-1.E
From the boundary condition given in Eq. (7) of Topic 13,

os Q
E="=—.
€ €A

In addition, from Eq. (6), the voltage difference between the two
plates is given by

d d
V:—/ E-izdz:E/ 1,-1,dz=Ed.
0 0



Example: Parallel Plate Capacitor

The capacitance is then given by

QR €A
C=—=— 1
V=g (13)
From Eq. (3), the stored electrostatic energy in a parallel plate
capacitor is given by
1, 1 [eA > 1
Ue = ECV = 5 (F) (Ed) - EEE Ad, (14)

where Ad is the volume of the capacitor.

The breakdown voltage V = V), of the insulating material between
the plates occurs at the dielectric strength E = E4s of the material.
For quartz, Eys = 30MV /m so that the breakdown voltage when

d = 1lcm is given by

Vir = Egsd = (30 x 10°V/m)(1 x 1072m) = 3 x 10°V.



Example: Capacitance of a Coaxial Line

Consider a length ¢ of an infinitely long coaxial line with inner radius a
and outer radius b filled with a dielectric material with permittivity e.

Dielectric

With an applied voltage difference V' between the inner and outer
conductors, charges +Q/¢ and —Q/¢ will be uniformly distributed
per unit length along the outer and inner surfaces, respectively. The
corresponding surface charge densities are then o5 = +FQbe on the

outer conductor and ps = —25# on the inner conductor surface.




Example: Capacitance of a Coaxial Line

The electrostatic field is then radially directed inwards and is given by
(see Topic 6)
~ Q/

E(r)=— ,
(r) "2mer

for a < r < b and is zero otherwise.

The potential difference V between the outer and inner conductors is

then given by

b A ¢ [bd ¢
vz—/ E(r).l,dr:%/ rr (297{6 (a)

The capacitance C is then given by C = Q = In2(7;)6/za) and the

capacitance per unit length of the coaxial I|ne is

C 2Te
7~ in(b/2) (15)

C/




Problem 16. Determine the stored electrostatic energy per unit
length U, /(¢ of a coaxial line of inner radius a carrying charge +Q /¢
and outer radius b carrying charge —Q// filled with a uniform
dielectric with permittivity e.

Problem 17. (a). Apply Gauss' law and the appropriate boundary
conditions to determine the electric field in the annular region

a < r < ¢ between the oppositely charged inner and outer conductors
of a coaxial line filled with a dielectric material with permittivity €;
for a < r < b and permittivity €, for b < r < c. (b) Determine the
capacitance per unit unit length C' = C// of this line.



Problem 18. (a). Apply Gauss' law and the appropriate boundary
conditions to determine the electric field in the spherical shell

a < r < c between the oppositely charged concentric inner and outer
conducting spheres filled with a dielectric material with permittivity
€1 for a < r < b and permittivity ¢, for b < r < c. (b) Determine the
capacitance C of this spherical capacitor.




Capacitance & Energy of Multi-Conductor Systems

The total energy of the electrostatic field produced by a system of n
charged ideal conductors embedded in a spatially homogeneous
simple dielectric medium is given by [see eq. (15) of Topic 14]

U, = —%///E-VVd3r
_ _g[///v.(VE)d3r—///vv-Ed3r]
- _g///V~(VE)d3r,

the second integral vanishing because V - E = 0 throughout the
region V) external to the conductor bodies.



Capacitance & Energy of Multi-Conductor Systems

The divergence theorem transforms the remaining integral into a sum
of surface integrals over each surface S; of the entire system of
conductors which spatially bound the electrostatic field plus an
additional integral over an infinitely remote surface. This latter
integral vanishes if the charged conductor system is situated within a
finite region of space so that E~ R™2 and V ~ Rt as R — oo.
With the subscript j denoting the j® conductor with constant
potential Vj, the above expression becomes

n

€ A~
UeZEZ\/jj{'E-nda,

j=1 Sj

where i here denotes the unit outward normal to the conductor
surface, directed from the conductor body into the field region.?

INotice that this is opposite to the convention used in the divergence
theorem, as reflected in the change of sign in the above equation.



Capacitance & Energy of Multi-Conductor Systems

Because Q; = —¢ §; E - Aida, one finally obtains
1 n
=520 (16)

which is analogous to the expression given in Eq. (8) of Topic 14 for
the electrostatic potential energy of a system of point charges.

The charges Q; and potentials V; of the conductor bodies cannot
both be arbitrarily prescribed and consequently must be related in
some fashion. Because the field equations are linear & homogeneous,
these relations should be linear. The potential of the j* conductor is
then directly proportional to the charge Qi of the kth conductor, with

Vj(k):pijk7 j:1a27"'7n7

where the coefficients pj depend only upon the geometry of the
conductor system.



Capacitance & Energy of Multi-Conductor Systems

By superposition, the potential on the j conductor due to the n

charged conductors in the system is given by V; = >, | Vj(k), so

V, = Z Pik Qk
=1

for j =1,2,...,n. The coefficients pj, which depend only upon

that

(17)

the

geometry of the multi-conductor system, are called coefficients of

potential, where pj is the potential of the Jjt conductor per unit
charge on the k' conductor. With this result, Eq. (16) becomes

1 n n
Ue = 5 ZZijQij

j=1 k=1

(18)

The electrostatic potential energy of a system of charged conductors
is a quadratic function of the charges on the conductors comprising

the system.



Capacitance & Energy of Multi-Conductor Systems

The coefficients of potential pj. for a multi-conductor system satisfy
the three fundamental properties:

Pk = Pk,
pik > 0, (19)
pi = Pk, Yk




Capacitance & Energy of Multi-Conductor Systems

The relation (17) is a set of n linear equations giving the potentials
V; on each of the n conductors in terms of the charges Q; residing on
them. This set may be inverted to yield a set of equations giving Q;
in terms of V; as

Q= Vi (20)
j=1
for j =1,2,...,n. The coefficients c;; are called the coefficients of

capacitance or the capacity coefficients whereas the coefficients cj
with j # k are called the electrostatic induction coefficients.

The capacitance of a conductor is then seen to be given by the total
charge on the conductor when it is maintained at unit potential, all
other conductors in the system being held at zero potential. In that
case Q; = ¢;V; and

=, (21)



Capacitance & Energy of Multi-Conductor Systems

The coefficients of capacitance and induction form a matrix

C = (cj), with the coefficients of capacitance forming the diagonal
and the coefficients of inductance the off-diagonal elements, that is
the inverse of the matrix P = (pj) formed from the coefficients of
potential pj, so that

cC=P" (22)

The coefficients of capacitance and induction cj. for a
multi-conductor system satisfy the three fundamental properties:
Gk = Ck

¢i > 0, (23)




Capacitance & Energy of Multi-Conductor Systems

Substitution of Eq. (20) into Eq. (16) for the electrostatic potential
energy yields

UeZ%ZZCJijVk (24)

j=1 k=1

The electrostatic potential energy of a system of charged conductors
is thus seen to be a quadratic function of either the charges or the
potentials on the various conductors comprising the system.



Capacitance & Energy of Multi-Conductor Systems

If two ideal conductors S; and S, form a capacitor, application of
(17) to that arrangement yields

Vi = pu(—Q)+ p2Q + VE,
Vo = poa(—Q) + pe@ + VE,

with +Q on S, and —@ on S;, where Vg is the common potential
due to any external charges. The potential difference AV =V, — V;
is then given by

AV = (p11+ p2 — 2p12) Q, (25)

where the potential reference is taken on the negatively charged
conductor in order to make AV non-negative. The capacitance of
the capacitor is then given by [cf. Eq. (2)]

& = (p11 + p2 — 2I312)_1 (F) (26)

“=av




Capacitance & Energy of Multi-Conductor Systems

The mutual capacitance of a two conductor system can also be
expressed in terms of the capacity and induction coefficients cj.
From Eq. (18) the electrostatic potential energy of a two conductor
capacitor is given by U, = %Qz(pll + P22 — 2p12). Because P =C71,
then

-1
P11 P12 _( G G _ 1 Cn —C2
P12 p22 Ci2 » C11Cp — ¢ \ —Ci2 i ’
so that
1, 1
Ue = zQ 72(C11 + 0o + 2612).
2 cucm — ¢

Comparison of this expression with that given in Eq. (3) then yields

C11Cn — C122 (27)
Ci1 + G+ 2c2

for the mutual capacitance of a two conductor system.



Capacitance & Energy of Multi-Conductor Systems

Consider now determining the change in the electrostatic energy of a
system of conductors that is caused by an infinitesimal change in
either their charges or their potentials.

Beginning with Eq. (16) of Topic 14, the variation of the total
electrostatic energy of a system of n charged conductors is given by

5Ue:%e///é(E-E)d3r:e///E-(5Ed3r. (28)

Upon setting E = —V'V and using the fact that V- E = 0 in the
dielectric so that V - dE = 0, the above result becomes

5Ue:—e///v-(V5E)d3r:eZ \/jf SE - Ad°r
j=1 S

after application of the divergence theorem, where i denotes the
outward unit normal vector to the conductor surface S;.



Capacitance & Energy of Multi-Conductor Systems

The variation in charge on the j conductor is obtained from Gauss’
law as 6Q; = € §; 0E - fid®r, so that
J

SUe = Vi6Q;. (29)

Jj=1

This expression then gives the change in electrostatic energy due to a
change in the charges on the conductors. This is simply the work
required to bring a set of n infinitesimal charges 6 @; from infinity to
the various conductor bodies in the system in the presence of the
(fixed) potential V.



Capacitance & Energy of Multi-Conductor Systems

The expression (28) for the change in electrostatic energy can also be
written as U, = —¢ [[[E-V(0V)d*r = —¢ [[[ V - (EdV)d>r.
Because infinitesimal changes in the potentials, just like the
potentials themselves, are constant over the surface of each
conductor, this expression becomes

oU, = 625\4]{ E - Ad%r
j=1 5

after application of the divergence theorem. Each surface integral
here is recognized as the charge Q; = € §; E - id®r on the

J
corresponding conductor, so that

SUe=>_QdV, (30)
j=1

which expresses the change in electrostatic energy in terms of the
change in the potentials of the conductor bodies.



Capacitance & Energy of Multi-Conductor Systems

The relations given in Eqgs. (29) & (30) show that, by differentiating
the electrostatic energy U, of a system of charged conductors with
respect to the charges on the conductors, the potentials on the
individual conductors are obtained as

oU,
0Q;’

whereas the derivatives of U, with respect to the potentials gives the
charges on the conductors as

V= (31)

o,
- 5

Q (32)
The symmetry relation cj = c,; for the coefficients of capacitance
then follows from the fact that 9?U./0V;0Vi = 82U, /OV,dV;. The
remaining properties in that theorem follow from the
positive-definiteness of the quadratic form given in Eq. (24).



Capacitance & Energy of Multi-Conductor Systems

The electrostatic force that acts between charged bodies can be
obtained through a consideration of the change in the total
electrostatic energy of the system under a small virtual displacement.

As an illustration, consider the force per unit area acting on the
surface S of an ideal conductor carrying surface charge density os(r).
An element of surface charge ps(r)da experiences an electrostatic
force due to the electrostatic field of all the other charges in the
system. Because the E-field is normal to the surface of a perfect
conductor, this force is perpendicular to the conductor surface S, and
because the element of charge os(r)da is bound to the conductor by
internal forces, the force acting on it is directly transferred to the
body of the conductor. In the immediate neighborhood of the
conductor surface the electrostatic energy density is given by

() = S[EC) = 5 20). (33)

2¢



Capacitance & Energy of Multi-Conductor Systems

An infinitesimally small virtual displacement A( of an elemental area
Aa of the conductor surface will then result in a decrease in the
electrostatic energy by an amount given by the product of the energy
density ue(r) at that point and the excluded volume AaA(, so that
AU, = —2-02(r)AaA(. Because the magnitude of the force F(r) is
given by AU./AC(, this result means that there is an outward force
per unit area equal in magnitude to

IO _ L) = ) (34)

at the surface of the conductor.



Capacitance & Energy of Multi-Conductor Systems

By Gauss’ law, the total E-field flux emerging from the surface
element da with surface charge density o,(r) is given by 1o.(r)da,
half of it directed into the body and half directed out of the body of
the conductor. The electrostatic field intensity due to the local
surface charge density alone is then comprised of two parts directed
along +f with equal magnitude = o4(r).

Because the electric field intensity at an exterior point infinitesimally
close to the surface of the conductor is given by E(r) = nps(r)/e, it
is then seen that the element of surface charge os(r)da at that point
produces exactly half of the total field external to that point.

The electric field intensity acting on the element of surface charge
0s(r)da due to all of the other charges in the system is then given by
Eo(r) = fps(r)/2e.



Capacitance & Energy of Multi-Conductor Systems

The force dF(r) acting on the element of surface charge os(r)da, and
consequently acting on the surface element da of the conductor itself,
is then given by dF = (psda)Ey, so that

d';gr) _ %gi(r)ﬁ — u(r)h, (35)

in agreement with the expression given in Eq. (34), where fi is the
outward unit normal vector to the conductor surface at the point

r € S. Hence, the electrostatic force on a conductor tends to pull the
conductor into the field; that is, an electrostatic field exerts a
negative pressure on a conductor with magnitude equal to the energy
density in the field.



Capacitance & Energy of Multi-Conductor Systems

The total force acting on a conductor body is then obtained by
integrating the expression for the force per unit area given in in Eq.
(35) over the entire surface S of the conductor body as

1 1

Fe o § 40da =5 § DE)-EWAds. (30)



Capacitance & Energy of Multi-Conductor Systems

Consider now an isolated electrostatic system (comprised of
conductors, dielectrics, and point charges) when one of its parts
undergoes a differential displacement dr under the influence of the
electrostatic forces acting upon it. The mechanical work done by the
system is then given by

dW,, = F - dr = Fydx + F,dy + F.dz. (37)

Because the system is isolated, this work is done at the expense of
the electrostatic energy U,, so that (conservation of energy)

dU, + dW,, = 0. (38)



Capacitance & Energy of Multi-Conductor Systems

Egs. (37)—(38) then show that

Fo=— (aa(f) . (39)

with analogous expressions for F, and F,. The subscript Q indicates
that the total charge of the system remains constant during the
displacement.




Capacitance & Energy of Multi-Conductor Systems

If the body under consideration is constrained to rotate about an
axis, then Eq. (37) is replaced by

dW,, = 7 d6, (40)

where 7 = (11, 72, 73) is the electrical torque & dj = (db,, db,, dbs)
is the differential angular displacement. Egs. (38) & (40) then show

that
oU.
et (41)

with analogous expressions for 7, and 73.




Capacitance & Energy of Multi-Conductor Systems

Consider next an isolated electrostatic system in which all of the free
charge resides on the surfaces of the conductors in the system which
are maintained at fixed potentials by means of an external energy
source (e.g., by batteries). If one of its parts undergoes a differential
displacement dr under the influence of the electrostatic forces acting
upon it, Eq. (37) still holds but conservation of energy now requires
that [cf. Eq. (38)]

dUe + dW,, = dWey, (42)

where dW,,; is the energy supplied by the external source.



Capacitance & Energy of Multi-Conductor Systems

From Eq. (16) which gives the electrostatic energy in terms of the
charges g, and potentials Vj on a system of charged conductors as
U. = %Zk Vicqk, if some part of the system is displaced while the
potentials V) are held fixed, then

dUe = Viday. (43)
k

The energy dW.,,; supplied by the external sources is the work
required to move each of the charge increments dg, from zero
potential to the potential V, of the k¥ conductor, so that

AWy = Z Viedq, (44)
X

and consequently
dWerr = 2dU,. (45)



Capacitance & Energy of Multi-Conductor Systems

Substitution of this result in Eq. (42) to eliminate dW,,; and
combining the result with Eq. (37) then gives

dU, = Fdx + F,dy + F,dz, (46)

@] e

with analogous expressions for F, and F,. The subscript V indicates
that all potentials of the system are maintained constant during the
displacement dr.

so that

In a similar manner, analogous expressions are obtained for the
electric torque, viz. 71 = (0U./00;)v, etc.



Capacitance & Energy

As an example, consider a parallel plate capacitor where each plate
has width w and length b with plate separation d filled with a
dielectric block of permittivity €. Let the capacitor plates be
maintained at the constant potential difference AV.

If the dielectric block is withdrawn from the capacitor along the
direction of the b-dimension until the length x remains between the
plates, as illustrated, determine the force tending to pull the dielectric
block back into place.



Capacitance & Energy

From Eq. (15) of Topic 14, the energy of the capacitor system is

given by
U, - 1/// cE2(r)d*r
2 1

With fringing effects at the edge of the capacitor plates neglected so
that E = Av/d between the capacitor plates and is zero outside, the
above integration gives

e ([AV\? 0 [AV?
Ue = 5 <T> dWX+ E <T> dW(b—X)

The force pulling the dielectric block back into place is then obtained
using Eq. (47) as

fo= (G, = sgle— vy

in the direction of increasing x.




