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1 The wave equation as mathematical model for the vi-
brating string and the vibrating membrane.

1.1 Potential energy of the linear elastic string

We want to formulate mathematical equations, which allow to compute the
vibrations in time of an elastic string, which is fixed at both ends. To this we
first compute the potential energy stored in the string at time ¢. This requires
to make an assumption for the elastic material properties of the string. Let

/\/

u(z,t)

a x b

Actual configuration of the string

00 < a < b < oo be given numbers. Imagine first that the string is linearly
stretched along the z-axis with ends fixed at (a,0) and (b,0) and is at rest.
We call this the reference configuration of the string. Now consider an actual
configuration, where the string is displaced from this reference configuration.

Hypothesis: Let P, P® be material points of the string, whose positions
are (21,0), (z,0) in the reference configuration and (z™,y™), (2@ y®@) in
the actual configuration. Assume that in the actual configuration the string
is linearly and uniformly stretched between P and P®. Then the force K
acting on P? is

|p(1) — p(2)| pL _ p@) p1) _ p@)

oy — 2] PO PO~ " — ]

K=k

with a material constant x > 0. Here we identified P), P with the positions
in the actual configuration. (Linearly elastic material behavior.)

(2)
’/{OP

Note that by this law of force a variation of the actual positions of the points
P P@) in direction orthogonal to the z-axis does not alter the component of
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the force K parallel of the z-axis, and a variation of the positions parallel to
this axis does not alter the force component orthogonal to this axis. Therefore
the movements of the material points of the string in directions parallel and
orthogonal to the z-axis are not coupled. We thus can and shall assume in
the following that the material points of the string move only in the direction
orthogonal to the z-axis. This implies that at time ¢ > 0 the string can be
represented by the graph of a function

x> u(x,t): [a,b] — R.

To compute the potential energy we approximate the graph of this function by
a piecewise linear function:

u(a:,t) (x5,u(x5,t))

With h = 22 Jet
ri=th+a, 1=0,1,...,n

be the z-coordinates of the node points of the polygonal arc. We first determine
the potential energy stored in the polygonial arc. To this end we successively
deform the string from the reference configuration to the polygon and compute
the work done in every step. In the first step we move all material points
of the string vertically and in parallel from the x-axis to the horizontal line
passing through the point (x, u(xo,t)). No work is done in this step. We then
fix the endpoint of the string at (xg, u(xg,t)) and move all points on the line
segment {(x,u(xo,t)) | 21 < x < b} vertically and in parallel to the line segment
{(z,u(z1,t)) | x1 < x < b}. During this movement an amount of energy V; is
stored in the straight line segment above the interval [z, z1], which is equal to
the work done in moving the material point at the position (x,u(xo,t)) along
a vertical path to the position (z1,u(z1,t)) against the vertical component Ko
of the elastic force K in this straight line segment. A parametrization of this
path is
s+ P(s) = (w1,5) : [u(wo,t), u(xy,t)] — R

Since in the reference configuration the position of the point P(s) = (x1,s) is
(x1,0) and the position of (xq,u(zo,t)) is (20,0), our hypothesis implies that
the elastic force K (s) at the point P(s) is given by

K (s) = (Ku(s), Fo(s)) = 00 ) = (@1,5)

r1 — Zo




whence

We thus have

u(x1,t) P u(z1,t)
i = —/ Ky(s)ds = / (s — u(xg,t))ds
( (

u(zo,t) T1 = X0 Ju(zo,t)

1 s=u(z1,t) t) — t 2
= —" (s —u(zo, 1))’ )k (uzy,t) — u(zo, 1))
r1 — X 2 s=u(xzo,t) 2 X1 — X
K (u(xg,t) —u(zo, 1)\’ k(0 2
- = — =—( =—u(z,t) ] h
2 ( T1 — o (xl xO) 9 8$u(w1a ) )

where z7 is a point between x, and x;. Here we used the mean value theorem.
We proceed in the same way and obtain for the elastic energy V; stored in the
straight line segment above [z;_1, z;] that

k{0 2

For the total energy V(" (t) of the polygonal arc we thus have

=1

v (t) = Z Vi(t) = g > (%u@:, £))*h.

For h — 0 the polygon converges to the string. Therefore one defines the
potential energy V() of the string at time ¢ by

V(t) = lim V" (1),

h—0

On the other hand, Y1 | (Zu(x},t))?h is a Riemann sum. If z — Zu(z,t) is
continuous we thus obtain by Riemann integration theory that

. K - 0 % 2 K b 0 2
lim — (au(xz,t)) h = 5/@ (%u(x,t)) dx.

n—0 2
=1

Therefore we conclude that the stored energy of the string at time ¢ is

V(t) = g/ (a2, 1)) da.



1.2 The Hamiltonian principle

The velocity of the material point (x,u(x,t)) of the string at time ¢ in the

direction orthogonal to the x-axis is < u(z,t). Therefore the kinetic energy

di
E(t) of the string at time ¢ is

B(t) - / 5 P(o) (1))

where p(x) is the mass of the string per unit length.
To formulate Hamilton’s principle I use the following notations: For a con-
tinuously differentiable function v : [a,b] x [0,T] — R let

b/€ 9
Vo(t) = /§(vx(x,t)) dx

b T 9
E,(t) = /@(vt(x,t)) dz |

Hamilton’s principle: Let T' > 0, let the movement of the string be given by
the continuously differentiable function

u:[a,b] x [0,T] — R,
and let w : [a,b] X [0,T] — R be a continuously differentiable function satisfying
w(z,0) =w(z,T) =w(a,t) =w(bt) =0 (1.1)

foralla < x <bandall 0 <t <T. Let s denote real numbers. Hamilton’s
principle states that the movement is such that

d T
% ] Eu+sw<t) - Vu+sw(t)dt|5:0 = 0 . (12)
Remark. If |s| is a small number, then

v(z,t) = u(z,t) + sw(x,t)

is a small perturbation of the movement of the string, which because of (1.1)
does not change the boundary, initial and final values. Therefore Hamilton’s
principle states that the material points of the string move such that the integral

/ "B - Vit

is stationary when the movement of the string is perturbed such that the initial,
final and boundary values are not changed.
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The equation (1.2) can be used to derive an equation for the movement of the
string. For, (1.2) yields

0 = ds/ / (w(z,t) + swy(z, t)) ;(ux(x,t) + swz(x,t))dequ:
— / / ) (we(z, t) + swi(z, t))w(z,t)

— k(ug(z,t) + swy(z, ) w,(z, t)dxdt|
= / / z)uy (@, )wi(z, 1) — Kug(z, )w, (2, 1)) dedt =: 1.

If u is two times continuously differentiable, then the last integral can be trans-
formed using partial integration. Since w vanishes at the boundary of the
rectangle [a, b] x [0,7T] we obtain

/ / T)ug (2, 1) — Ky (z, ) )w(z, t)dzdt .

This must hold for all continuously differentiable functions w vanishing at the
boundary. If p(x)uy(x,t) — Kug.(x,t) is continuous, this can only hold if

p(x)up(z,t) — Kug,(x,t) =0 (1.3)

for all (x,t) € [a,b] x [0,T].

1.3 Imitial-boundary value problems for the one-dimensional wave
equation

Since T is an arbitrary chosen positive number, we conclude that the vibrating
string must satisfy the equation (1.3) in the whole domain [a, b] x [0,00). We
thus have

p()uy(z,t) = Kuge(x,t), (x,t) € [a,b] x [0, 00).

This is a linear partial differential equation of second order for u, the wave
equation in one space dimension. Since the ends of the string at z =aor x = b
can be fixed or can be subjected to arbitrarily given motions, and since at time
t = 0 the material points of the string can be displaced arbitrarily and can
be submitted to arbitrarily given velocities, one wants to solve the following
initial-boundary value problem to determine the motion of the string:

p(x)ug(x,t) = Kugy(z, 1), (x,t) € [a,b] x [0,00),
(BD)  w(a,t) =u@(t), wu(b,t)=u®(t), t €10,00),
(IC) u(z,0) = u®(z), wuz,0)=uM(z), x€la,b],
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with given functions u®,u® : [0,00) — R, u©® uM : [a,b] — R. This is
the Dirichlet initial-boundary value problem for the wave equation. The
Neumann initial-boundary value problem is obtained if instead of the
values u(a,t) and u(b, t) the values u,(a,t) and u,(b,t) for the z derivatives are
prescribed:

(BC)  ug(a,t) =v@(t), wuu(bt)=0v®(t), t€]0,00),

p(x)uy(x,t) = Kugy(z, 1), (x,t) € [a,b] x [0,00),
(1),
(IC) u(z,0) = u®(x), w(x,0)=u(z), z€]la,b].

If a = —00 and b = 0o and no boundary conditions are posed, then one speaks
of the Cauchy problem:

p(x)uy(x,t) = Kuge(z,t), (x,t) € (—00,00) x [0,00),
(IC) u(z,0) = u®(x), wu(z,0)=uM(x), 2 € (—00,00).

1.4 Initial-boundary value problems for the wave equation in higher
space dimensions

Consider an elastic membrane, which at the boundary is fixed to a wire forming
a closed loop. The projection © of the membrane to the plane R? is a closed
bounded set, the interior of which is 2. We assume that the boundary 0f2
is continuously differentiable, and that the wire is given by the graph of a
continuously differentiable function p : 92 — R. Let u(z,t) € R be the height
of the membrane above the point z € Q at time ¢ > 0. Thus, at time ¢ the
membrane is represented by the graph of the function

= u(z,t): Q— R

Since the membrane is attached at the boundary to the wire, we have the
Dirichlet boundary condition

u(x,t) = p(x), x=e€dfd, t>0.

To determine a partial differential equation for the function u we again apply
Hamilton’s principle. We first need to make assumptions for the elastic prop-
erties of the membrane, or equivalently for the form of the potential energy
stored in the membrane. Generalizing the one-dimensional potential energy we
assume here that the potential energy V,(¢) of the membrane at time ¢ is given
by

Valt) = 5 /Q IV u(z, 1) ?dz,

with the gradient



o)

The exterior unit normal vector n(z)

The kinetic energy of the membrane is

If 7> 0 and if

E,(t) = /Q @ (wi (2, 1)) da.

w:Qx[0,7] - R

is continuously differentiable with

w(z,t) =0, (x,t)€ 0N x]0,T]
w(z,0) =w(z,T)=0, ze€q,

then Hamilton’s principle yields

d T

O — — Eu+5w(t) - Vu+sw (t)dt‘s:()

ds

:ds//
- [ oo

(x,t) + swy(x, t))2 — g|qu(a:,t) + sV,w(x,t)|*dx dt| _

z)ue(z, Ywy(z,t) — KV u(w, t) - Vow(z, t))de dt .

If w is two times continuously differentiable then the first Green’s formula yields

/ / z)uy(z,t) — kAyu(z, t))w(z, t)ds dt
—|-/Qp(:c)ut(x,T)w(x,T) — p(z)uy(x, 0)w(z, 0)dx

_/T/m“(aix u(z, t))w(z, t)do, dt

/ / z)uy (2, ) — kAzu(x, t))w(z, t)dz dt (1.4)
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with the Laplace operator

2 52
Ayu(x,t) = Z pye) u(z,t)

i=1 i

and the normal derivative

0

a_ t) = : vx 7t )

T ula,t) = n(z) - Vaulr,

where n(z) € R? is the unit normal vector to the boundary 9Q at x € 9
pointing into the exterior R?\Q of Q. (1.4) must be satisfied for all w with
the stated properties. This is only possible if the bracketed expression in the
integrand on the right hand side vanishes identically, whence u must satisfy

p()ug(x,t) = kAgu(z,t), (z,t) € Qx[0,T).

This is the wave equation in two space dimensions. Since T’ is arbitrary it
follows that u must satisfy the wave equation for all (z,t) € Q x [0,00). We
already noted that v must satisfy the Dirichlet boundary condition. Therefore
u must be a solution of the Dirichlet initial-boundary value problem, which we
immediately formulate for the n-dimensional wave equation. Thus, for n € N
let

noog2
Agu(z,t) = Z %u(m,t}, r=(z1,...,z,) € R"
i=1

be the n-dimensional Laplace operator. With this operator the inhomogeneous
Dirichlet initial-boundary value problem in a domain 2 C R" is

p(x)utt(x7t) = HAIU((IZ,t) + f(l’,t), (xvt) S Qx [07 00)7
(BC)  wu(x,t) = p(z,t), (x,t) € 092 x [0, 00),
(IC)  u(z,0) =u(z), w(z,0)=uV(z), ze€Q,
with given functions f : Qx[0,00) =R, p:00x[0,00) =R, u® 4 :
Q—R.
The vibrations of the membrane can be determined by solving this problem
for n = 2. Physically, f is a surface force acting on the membrane, for example
the gravitational force.

The Neumann initial-boundary value problem for the wave equation in €2 C
R™ is

p(x)uy(x,t) = kAgu(x,t) + f(x,t), (z,t) € Q x [0, 00),
(BC) %u(x,t) = v(z,t), (x,t) € 092 x [0, 00),

(IC) u(z,0) = u(z), wu(z,0)=uW(z), x€Q,
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and the Cauchy problem is
p(x)uy(x,t) = kAgu(z,t) + f(x,t), (x,t) € R™ x [0, 00),

(IC) u(x,0) = u(z), w(z,0)=uV(z), xecR™
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2 The Helmholtz equation obtained by reduction of the
wave equation

2.1 Separation of variables and boundary value problems for the
Helmholtz equation

Let n > 1 be an integer, and let {2 C R™ be an open set. Define

c(x) = \/%>0.

With this notation the homogeneous wave equation becomes

up(x,t) = c(z)?Agu(z,t), (z,t) € Q x [0, 00). (2.1)

Complex valued solution. Up to now we considered solutions of (2.1) with
values in the real numbers. One defines complex valued solutions u : €2 X
[0,00) = C with u = uy + tug, uy,us : X [0,00) = R, by setting A u(z,t) =
Aguy (2, t) +ilgus(x, t) and O2u(z,t) = OFui(z,t) +102us(x, t). Of course, since
c(z)? in (2.1) is real, in this special case a complex valued function is a solution,
if both the real part u; and the imaginary part us solve the wave equation.
Though complex valued solutions seem to be more complicated than real valued
solutions, it turns out that allowing complex valued solutions elucidates the
situation considerably. Henceforth we consider complex valued solutions.

Separation of variables. To find a solution of the wave equation (2.1) it
suggests itself to try the product ansatz

u(z,t) = w(t)v(zx).
Insertion into the wave equation yields
wy () v(x) = c(x)*w(t)Av(z),

hence

wy(t)  c(z)*Av()

wt) ()
This equation must hold for all z € Q and all ¢ € [0,00). Since the left hand
side only depends on ¢ and the right hand side on x, this is only possible if the
fractions on both sides have a constant value —\ € R. Thus,

wy(t) + A w(t) =0, te]0,00) (2.2)
c(x)?Av(z) + M(r) =0, x€Q. (2.3)

The first equation is a linear, homogeneous ordinary differential equation of
second order. The second equation is called Helmholtz equation or reduced wave

13



equation, a linear second order partial differential equation. More precisely,
these names are usually reserved to the equations obtained for ¢ = 1, but we
use them also in the case when the coefficient c¢(x)? > 0 is variable. With A =0
one obtains the potential equation

Av(z) =0, x €.
For A # 0 the general solution of (2.2) is
w(t) = CreV 2 4 Che™ VA
= (Cpelevre (cos(Im V—=At) +isin(Im \/—_At))
(e VAt (cos(Im V=\t) — isin(Im \/—_)\t)) :
whereas for A = 0 the general solution is given by
w(t) = Cit + Cs.

By choosing the constant A suitably we can thus construct solutions of the
wave equation with special behavior in time. For example, if A > 0 and if v is
a solution of the Helmholtz equation to this A, then

u(x,t) = (Cy cos(VAL) + Cysin(VAt)) v()

is a solution representing an undamped oscillation with an amplitude |v(z)|
depending on the position z. If A < 0 then

u(z,t) = CreVu(z)

is a solution, which increases exponentially in time, and
u(z,t) = Che Vo (x)

is an exponentially decreasing solution.

The method to solve the wave equation with the product ansatz u(x,t) =
w(t)v(x) is called method of separation of variables. Of course, with this ansatz
the Dirichlet boundary condition

w(t)v(z) =u(z, t) = p(x,t), (x,t) € N x [0,00)
can only be solved if also the given boundary data p are of the form

pl,t) = w(t) y(x)

with a function v : 92 — R. In this case u(z,t) = w(t)v(x) solves the wave
equation and the Dirichlet boundary condition if w solves (2.2) and v solves the
Dirichlet boundary value problem

c(z)?Av(z) + M(z) = 0, T €Q,
v(x) = ~y(z), x€



for the Helmholtz equation. Also, u(z,t) = w(t)v(x) solves the wave equation
and the Neumann boundary condition

%u@;,ﬂ = v(x,t) =w(t)3(1), (x,1) € 92 x [0,00),

if v satisfies the Neumann boundary value problem

c(z)*Av(z) + M(z) = 0, z €Q,

0 .
%U(l‘) = H(z), x€dN

for the Helmholtz equation.

2.2 Linear partial differential equations of order m

More general solutions of the wave equation can be obtained by adding two
solutions uy(x,t) = wy(t)vi(x) and us(x,t) = wy(t)ve(x) of the wave equation
constructed with the method of separation of variables, for example by choosing
different constants A\; and 5. More precisely, any linear combination

arug(x,t) + ...+ apun(zt), a; € C,

of solutions w;(x, t) of the wave equation is itself a solution of the wave equation.
Even infinite series of solutions of the wave equation can yield new solutions.
This is shown by the following

Theorem 2.1 Let {uy}p_; be a sequence of two times continuously differen-
tiable solutions of the wave equation (2.1) in the domain Q0 x [0,00). If the
function series

X girtetintk . |
2 o e Tt R gt A <2

m=1

converge uniformly in every compact subset of Q x [0, 00), then
u(z,t) = Z U (2, 1)
m=1

is a two times differentiable solution of the wave equation. in Q x [0, 00).

The proof follows from the well known result of calculus, that under the as-
sumptions of the theorem the function u is two-times continuously differentiable.
We leave the proof to the reader.

Every linear combination of solutions of the wave equation is a solution since
the unknown function u and its derivatives appear only linearly in the wave
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equation. Partial differential equations with this property are called linear. To
define precisely the notion of a linear partial differential equation I introduce
the following notations:

For a multi-index o = (e, ..., ;) € Ny and for z = (21,...,2,) € R" let
la] = a1 +...4+a, (length of the multi-index),
olal
D%(x) = v(21, ..., Tn),
(z) 0%xy...0%x, (1 )
al = olag!.. ol
Definition 2.2 Let m € N be a given number and let x = (z1,...,x,) denote

points in R™. The expression

S aalw) Du(a) = £(2)

a€eNY
| <m

is called linear partial differential equation for the function v with given (real
or complex valued) coefficient functions a, and given right hand side f. This
equation is called of order m at the point z if at least one of the coefficient
functions a, with |a] = m does not vanish at x. The partial differential equation
is called homogeneous if f = 0.

Partial differential equations are grouped into various classes comprising equa-
tions with similar properties. Most important are the classes of elliptic,
parabolic and hyperbolic equations. The Helmholtz equation is the prototype
of a linear elliptic equation, the wave equation is the prototype of a linear
hyperbolic equation, the heat equation

w(z,t) = c(x)Agu(z,t), (x,t) € Q x [0, 00),

is the prototype of a linear parabolic equation. The precise definitions of elliptic
and hyperbolic equations are given in Sections 8.1 and 10.1.

Well posed problem. A boundary value problem, initial value problem or
initial-boundary value problem is called well posed, if it has the following three
properties:

1. a solution of the problem exists,
2. the solution is unique,

3. the solution depends continuously on the right hand side, on the boundary
data and on the initial data.
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The meaning of continuos dependence has to be made precise in the context
of the particular problem studied. These lecture notes are mostly devoted to
the study of questions of well posedness of linear elliptic partial differential
equations. Only in Section 10 we return to the wave equation, where we show
how the solution theory for the Helmholtz equation, and more generally, for
elliptic equations developed in Sections 8 and 9 can be used to solve initial-
boundary value problems for the wave equation and for more general hyperbolic
equations.
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3 Tools from functional analysis. Weak solutions of one
dimensional boundary value problems.

3.1 The Hilbert space L*((2,C)

Let Q C R™ be a nonempty, open or closed set. L*(Q)) = L*(, C) is the space
of all quadratically integrable functions:

L2Q)={f:Q=C ’/Q|f(x)\2da:<oo}.

We show that L?(Q) is a vector space:

Theorem 3.1 (Cauchy-Schwarz inequality) Let f,g € L*(Q). Then the
product f-g is integrable and satisfies

[ st < ([ 1 ) " (f |g<x>|2dx>l/2.

Proof: Let a,b > 0. From 0 < (a — b)? = a® — 2ab + b? we infer that ab <
(a* 4 b%). Setting

BN Vo) S )
(Joo 1 f (@) [2 d) "2 (Joy lg(a)[2 d) "

we conclude that

|f(x)g()| . f@P N l9(2)[?
(Jo, I f(@)]? dx)l/2 (Jo, lg( |2dx)1/2 2 1 f@)Pde 2 [, |g(x)]?dx

Since the right hand side is integrable we see from this inequality that f-g is
integrable and that

Jo|f(@)g(x)| da < Jolf@Pde - Jolg(x)dr
(Jo If ()] da) 72( fQ lg() > dx)' /> = 2 [o [f(@)]Pdx 2 [ [g(x)|* dx

This shows that the Cauchy-Schwarz inequality holds.

Corollary 3.2 (Minkowski inequality) Let f,g € L*(Q). Then f + g €
L*(Q) and

(e st " ([ rera) " ([ orear) -
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Proof: The Cauchy-Schwarz inequality implies

/ (@) + g(a)P de = /<<>+g<x>><m+g<x>>dx
_ /!f P+ g@)F@) + F(@)g(@) + lg(a)? de

= /|f Pd:c+2Re/f da:+/|g |2dx
< [ i@+ / f@Par) ([ lat@Par) "+ [ lg(o)Pas
- (/u RONGATE waY-

This implies Minkowski’s inequality.
For f,g € L*(Q) let

I =15le = ([ r@pas)”
(F9)= (e = [ S5t ds

Corollary 3.3 L%(Q) is a vector space, || f|| is a norm and (f,g) is a scalar
product on this vector space with

LA = (f. Y2
Therefore L*(Q) is a pre-Hilbert space.

Theorem 3.4 (of Fischer-Riesz.) L?(Q) is a Hilbert space, i.e. the pre-
Hilbert space L*(Q) is complete with respect to the norm || f||.

The proof can be found in the book ”Lineare Funktionalanalysis“ of H-W. Alt,
Springer Verlag Berlin, 1999, pp. 49, 50.
3.2 The Riesz representation theorem and the projection theorem

Let X be an abstract Hilbert space over C with the scalar product (u,v) and
the norm ||u|| = (u,u)"/?. Let F : X — C be a continuous linear functional
(linear mapping). F' is continuous if and only if F' is bounded, i.e. if a constant
C exists such that

|F(u)] < Cllull

for all u € X. Define the mapping Jr : X — R by
1
Jr(w) = 5 lul* = Re F(u),
for all u € X.
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Theorem 3.5 Let Y be a closed subspace of X. Then u € Y satisfies

Jr(u) = min Jg(v)

veY

iof and only of for allv €Y
(v,u) = F(v).

Proof: Let Jp(u) = minyey Jp(v). Then for all v € Y the function
A= Jp(u+ ) :R—R

has the minimum at A = 0, hence

d d /1
0 = ajp(u+)\v)|k:0—ﬁ(§(u+)\v,u+)\v)—ReF(u+>\v)>
d /1 ,1
= a<§(u,u)+)\Re(v,u)+)\ §(v,v)—ReF(u)—)\ReF(v)>

= (Re(v,u) + A(v,v) — Re F(v))]
= Re(v,u) — Re F(v).

A=0

Therefore we have
Re (v,u) = Re F'(v)

for all v € Y. Thus, we also have for v € Y
Im (v,u) = —Rei(v,u) = —Re (iv,u) = —Re F(iv) = —Rei F(v) = Im F(v).
Together it follows for all v € Y
(v,u) = Re (v,u) + iIm (v,u) = Re F(v) + iIm F(v) = F(v).

Assume next that
(v,u) = F(v)

foralveY. Wehave forallv e Y

Jp(u+v) = %(u,u)%—Re(v,u)jL%(v,v)—ReF(u)—ReF(v)

= %(u,u) —Re F(u) + %(v,v) > Jr(u),

whence
Jr(u) = min Jp(u+v) = min Jr(w) .

Theorem 3.6 The mapping Jr assumes the minimum on the subspace Y at a
unique u € Y.
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Proof: We use the parallelogram equality
lu+ol* + flu = v]|* = 2]l + 2jv]|?,

which holds for all u,v € X. Note also that for all a,b > 0 and all € > 0

1 2 1
0§<\/Ea—%b> :€a2—2db+gb2,
whence 1
€
b< —a®>+ —b.
a _2a —|—2g

1

Therefore we have with € = 3

1 1
Tr(u) = Sllul® =Re F(u) > lu|® — [F(u)]

1 1 1 €
> Sl = Clall = 5 lull? = 5-C2 = Sul
1

S i ireeed
4
Consequently the infimum of Jr exists on Y and satisfies

d = inf Jp(v) > —C2.

veY

Choose a sequence {u,}, C Y such that

lim Jp(u,) =d.

n—oo

The parallelogram equality yields
1
et = unl* = 2l|wn ]| + 2A[unl* = 4115 (o + )|
1 1
= 4(5llunlP = Re Flun) + 5 e — Re Fu)
8(5 115 (1t + w) P = Re F(5 (s +11,)))
5 5 (tm +un e F' (5 (tm +un
1
= 4Jp(um) + 4Jp(uy,) — 8JF(§(un + um))
< 4JF(Um) + 4Jp(un) —8d — O,

for m,n — oo. Consequently, {u,}, is a Cauchy sequence and has a limit
u. Since Y 1is closed, u belongs to Y. From the Cauchy-Schwarz inequality
|(v,w)] < |Jv|[||w]| it follows that the mapping w — ||w]|? : X — R is continuous,
hence Jr is continuous. We thus obtain

in}f/ Jr(v) = lim Jp(u,) = Jp(u).

ve

n—o0
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Therefore u is the minimum of Jz on Y. To see that the minimum is unique,
let v and v be two minima on Y. The calculation above yields

1
lu—v||* = 4Jp(u) + 4Jp(v) — 8JF(§(U +v)) <4d+4d — 8d =0,

whence u = v. This completes the proof.

Corollary 3.7 (i) (Riesz representation theorem) To every bounded linear
mapping F' : X — C there is a unique u € X such that

(v,u) = F(v)

forallv e X.
(i) Projection theorem) Let Y be a closed subspace of X. To everyv € X
there is a unique u € Y such that

lv = ull = minfjv —wl].
u s the unique element in'Y which satisfies
(v —u,w) =0, (3.1)
forallw e Y.

Proof: (i) For the subspace in Theorems 3.5 and 3.6 choose Y = X, let u be
the minimum of Jr and apply Theorem 3.5.
(ii) Define the bounded linear functional ' : X — C by

F(w) = (w,v).

By Theorem 3.6 the mapping Jr has a unique minimum « on Y. Since

Te(w) = 3wl ~ Re F(w)

1 1 1 1 1
= (3l1? = Re(w0) + Z1l?) = 3l01? = 5l — ol = 5lol?,

u is also the unique minimum of w +— |[v — w|| on Y. By Theorem 3.5, u € Y
is the unique element satistying (w,u) = F(w) = (w,v) for all w € Y. This
implies (3.1).

Remark 3.8 The space X’ of bounded linear functionals on X is called dual
space of X. The Riesz representation theorem shows that for the Hilbert space
X there is a mapping T : X' — X, which assigns to every F' € X’ a unique
element TF € X, which allows to represent F' by the mapping (-, TF). We
see immediately that T is injective. It is also surjective: To see this, consider
the linear mapping G : X — C defined by G(v) = (v,u). The Cauchy-Schwarz
inequality implies |G(v)| < ||ul| |[v]|. Hence G is a bounded linear functional
with © = T'G. This shows that X' is isomorphic to X.
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3.3 Complete orthonormal systems

Definition 3.9 Let {v,,}°_; be a sequence in a Hilbert space X.

(i) If (vm,ve) = 0 for m # £ and ||v,|| = 1 for all m, then {v,,},, is called a
(countable) orthonormal system in X.

(ii) The orthonormal system {v,,},, is called complete if the linear subspace

k
span {v,, b = {Zamvm ’ kEeN, ay,...a E(C}

m=1

is dense in X.
Theorem 3.10 Let {v,,},, be an orthonormal system. Equivalent are

(i) {vm}m is complete.
(ii) For all f € X the series > - (f, Um)vm converges to f in X:

[ = Z(f: Um)vm )
m=1

1.€.

k
klg{.lo ||f - mz:l(fa Um)va = 0.
(i1i) (Parseval identity) For all f € X we have

A7 = 1 vm) P
m=1

For a proof cf. pp. 274, 275 of the book of Alt. > *_,(f,vm)v,, is called
Fourier series of f and (f,v,,) is the m-th Fourier coefficient.

Theorem 3.11 An orthonormal system {v,,}m is complete if and only if for
all f € X, f#0, there is vy, € {vy}m such that

(fa Uk) 7£ 0.

Proof. Let V = span{uv,, },m. It is obvious that there is w € V with (f,w) # 0
if and only if there is vy € {vy, } With (f,v) # 0. Therefore it suffices to show
that V = X if and only if to all f € X with f # 0 there is w € V such that
(fow) #0.

Now, if V' = X then for all f € X, f # 0, choose w = f. This yields
(f,w) = (f, f) > 0. On the other hand, if V # X choose g € X\V. Since V is
a closed subspace it follows by Corollary 3.7 (projection theorem) that there is
go € V such that f = g — gy # 0 satisfies (f,w) = 0 for all w € V. Hence, the
statement of the theorem follows.
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Example 3.12 Form € Z let v, : (0,27) — C be defined by

( ) 1 imx
U () = e
V2
{vm}eo__ . is a complete orthonormal system in L*(0,2m).

Proof. {v,,}., is an orthonormal system, since

1 2

:%0

ei(me)x dr = 6€m7

2
(g, V) :/ ve(x) v, () dx
0
with the Kronecker symbol

1, £=m,
5Km = .
0, otherwise.

To show that the orthonormal system is complete, we need

Theorem 3.13 (Fejér) Let g : R — C be continuous and 2m-periodic.

k,m,n€Z, m>0,n>1 define

1 27 . 1
- —ikz g0 — _—
Qg o o g(.fb')@ xz \/ﬂ(gﬂ)k)a
Sm(x) = Z ay e
k=—m

ou(z) = % (s0(x) + ..+ 501().

Then the sequence {o,}5>, converges to g uniformly on [0, 27].

For

With this theorem we can prove that {v,, },, is complete: Let f € L?(0,27) and
e > 0 be given arbitrarily. By a well known result from Lebesgue integration
theory, the set of continuous functions on [0, 27] vanishing at x = 0 and = = 27

is dense in L?(0,27). We can therefore choose such a function g with

If =gl <e

Since g vanishes at the boundary points of the interval [0, 27], it follows that
the 2m-periodic extension of g to R is continuous. By the Theorem of Fejér it

thus follows that there is n € N with

sup |g(z) —on(x)] < e.
0<z<2m

Thus
1f=oull < [If =gl +llg — onll

< 4 (/0% lg(z) — an<x>12dx)l/2 < (1 + Vam).
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Since o, is a linear combination of functions from {v,,}5°__ . we conclude
from this estimate that span {v,,}°°____is dense in L?(0, 27). Consequently the
orthonormal system is complete.

Remark 3.14 Since " is 2r—periodic, the family {\/%—We"m‘” oo 1s Obvi-
ously a complete orthonormal system on every interval (a, 27 4+ a) obtained by
translation of the interval (0,27) by @ € R. This remark holds also for the or-
thonormal system of the next example, which is often considered on the interval

(—m,m).

Example 3.15 A complete orthonormal system in L*(0,27) of real functions
15 given by

{%Cos(mx), %sin(mz) | m = 0,1,2,...}.

Proof: A well known computation shows that this system is orthonormal.
To prove completeness it suffices to remark that for the functions v, from

Example 3.12
1 1
U () = —= cos(mx) + i—=sin(mzx).

V2r V2r

Hence, the linear span of this system is equal to the dense subspace span{uv,, }.,.

3.4 Eigenfunctions of the Dirichlet boundary value problem in R'.

The Helmholtz equation in R! is an ordinary differential equation. Therefore the
solution of the boundary value problems to the Helmholtz equation is consider-
ably simpler in one space dimension than in higher dimensions. Nevertheless,
the solution properties of the one dimensional and higher dimensional problems
are similar. Since it is helpful to know these properties when studying higher
dimensional problems, we investigate in this section the one-dimensional prob-
lem. Thus, let Q = (a,b), let 7,,7% € C and A € C. We search a two times
continuously differentiable solution u : [a,b] — C of

u(x) + Mu(z) = 0, x € [a,b),
w(a) =%, u(b) = %
For A = 0 the general solution of the ordinary differential equation is
u(z) = Cix + Cy, C1,Cy € C.
The boundary conditions yield the linear system

Cia+Cy = 7,
Cib+Cy = .
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It follows that for A = 0 the boundary value problem has a unique solution
given by

" — 1
u(z) = 7 %x + - (ayp — by,)-

a—2b —b
For A # 0 the general solution of the ordinary differential equation is

u(z) = CheV 2" 4 Che VA"
with C,Cy € C. The boundary conditions imply

Cle\/j‘a + 0267\/77)\(1
C’lemb + 026—\/—7>\b

oy ’}/a
Yb-
This is a linear system of equations for C7 and Cy with the coefficient matrix

ex/ja 67‘/:\“
A —
)

Therefore the boundary value problem is uniquely solvable for all v,,; if and
only if det A # 0. Now

det A = eV Ao VoAb _ gVEAb o=V Re e\/j‘(a_b)(l — ezma’_“)).
Thus, det A = 0 if and only if
2V =\ (b—a) =2mim, meZ,
which is equivalent to
™m )2

AZAm:(b—a

Together we obtain
Theorem 3.16 (i) The boundary value problem
u'(z)+Mu(z) = 0, a<z<b
u(a) =7a, uwd) =
is uniquely solvable for all vq, v, € C if X # A, for all m € N, where
=

™
b—a
In particular, w = 0 s the only solution to the homogeneous boundary value
problem (v, = 1 = 0).

(ii) If there is m € N such that A = \,,, then the boundary value problem is not
solvable for all vq,7vy, and the solution is not unique. In particular, for every

C' # 0 the function

)2, m € N.

w™m

um(x):Csin(m(x—a)) :Csin(b (z —a))

is a nonzero solution of the homogeneous boundary value problem.
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For the proof it only remains to show that u,, solves the homogeneous boundary
value problem. Yet, obviously

um(a) =0, uy(b) = Csin(rm) = 0.

Definition 3.17 The numbers A, = (%)2, m € N, are called eigenvalues of
the boundary value problem

u"(z) + du(z) = 0,
w(a) =7, uld) = .

Every nonvanishing solution of this boundary value problem with A = \,, and
Yo = Y» = 0 is called eigenfunction to the eigenvalue \,,.

Theorem 3.18 Let

U () = 5 E - sin <b7r_ma (x — a)).

{um }°_, is a complete orthonormal system in L*([a, b]) of eigenfunctions to the
Dirichlet boundary value problem.

Proof. Above we showed that u,, is an eigenfunction for the Dirichlet boundary
value problem, and a simple computation yields that {u,,},, is orthonormal.
To prove completeness, we scale and translate w,, to define the odd function
Wy, : [—m, 7] = C by

b—a 2
um< T+ a) sm(m:v), 0<z<m,
wm(x) =
— Wy, (— \/ Sln(mx —r<z<0.

By Remark 3.14 and Example 3.15, span{w,, }, is dense in the space

{f e L(=mm) | f(z) = —f(~2)},

since for odd functions the Fourier coeflicients of the cosine functions vanish.
From this we conclude immediately that span{u,, },, is dense in L?(a,b).

This result suggests to construct solutions of the Dirichlet boundary value prob-

lem
u'(x) + du(z) = flx), a<z<b,

u(a) =ub) = 0

with a given function f € L?*([a,b]) as follows:
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Let {\,,}m be the sequence of eigenvalues to the Dirichlet boundary value
problem and assume that A # A, for all m. With the complete orthonormal
system {u,, },n, of eigenfunctions consider the series

- 1
2 N (f Um) U -
This series converges in L?([a, b]). To see this, note that
¢ ¢
(f uj) fium) |
HZ)\ A f“’"“’"” Z _ui‘(“m’“j)zz‘i—uA))’

B
3

=k J m=

hence the series is a Cauchy sequence, and therefore converges, if and only if
S |8 f“’”) > < 0. Now, A, (%)2 — 00 for m — oo implies that there is
a constant C > 0 such that

for all m € N. Thus,

Z! f“’” Z% [(fr )P < C* D |(fy um)|? < 0,
m=1

m=

since the Fourier series Z L(f, um)uy, converges to f in L?([a,b]). Conse-
quently, the series > (f, wm)Uy, converges. Denote the limit function
by w:

mlAA

> 1

We want to show that u is a solution of the inhomogeneous boundary value
problem. To this end note that if u is two-times differentiable and if the deriva-
tives can be interchanged with the summation sign it follows that

" _ C (f um
u 4+ Au = da;2 )\ N
S (f um) . (f7um)
= Ay, ) = A — A ) U,
mZ:lA /\m( + Ay mzlA_Am< Ju

[
WE
<
<
s
kh

Moreover, if in addition the series Y~ (f, Um )um(z) converges for all = € [a, b]
to u(x), then

m=1

(

s
S
s

a)=0, ub)=Y (f’_“m> Uum(b) = 0,

>
>
3

Il
>
>
3
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because of u,,(a) = uy,(b) = 0. Thus, under the assumed properties of the
series » *°_, ()f;“)\":n) Uy, the limit function u is a solution of the inhomogeneous
boundary value problem.

However, in general these assumptions are not satisfied for f € L*([a,b]).
Namely, a precise investigation shows that the boundary value problem is solv-
able in the classical sense only if f satisfies certain regularity properties, for
example if f is continuous. Yet, if the boundary value problem has a classical
solution, then it coincides with the function u given by the series. From there
the idea originates to generalize the notion of a solution of the boundary value
problem and to define weak solutions. The weak solution has the property to
coincide with the classical solution if it exists. I introduce weak solutions in the
following.

3.5 Weak derivatives

First I define weak derivatives. I need the following standard notations:

Definition 3.19 (i) Let Q2 C R" be open. For m € Ny U {co} let

Cn(Q) =Cr(Q,C) = {f:Q— C|D*f exists and is continuous
for all @ € N such that |a| < m}

be the space of all m-times continuously differentiable functions. One also writes
C(Q2) = Cy(92).
(i) Cx(Q) ={f € Cn(Q)| D*f € L*(Q) for all || < m},

(i) Cu(Q) = {f € Cn(Q) | D*f can be extended continuously
up to the boundary}.

(iv) For f € C(R") let supp f = {x € R? | f(z) # 0} be the support of f.

(v) CO’OO(Q) = {p € C(R™) | supp ¢ is a compact subset of Q}.

Of course C,,(2), C* (), C,,, () and (O}'OO(Q) are vector spaces.

Theorem 3.20 The space 500(9) is a dense subset of L*(Q), i.e. é’oo(Q) =
L*(Q).

A proof can be found in the book of H-W. Alt, pp. 74, 75.

Definition 3.21 Let v € L*(Q) and « € NjJ. If there is a function w € L*(Q)
such that

(=1)(v, D%) = (w, )

for all p € (%’OO(Q), then w is called the a-th weak derivative of v.
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Theorem 3.22 (i) The a-th weak derivative is uniquely determined.
(ii) For v € C(Q) and |a| < m the a-th weak derivative coincides with the
classical derivative D*v.

Proof. (i) Let w; and wy be weak a-th derivatives of v € L*(€2). Then, for all
¢ € Cxo(Q2)
(wi, ) = (=1)*(v, D) = (w2, ¢),

hence (w; — wq, ) = 0. Since (?*OO(Q) = L*(Q), there is a sequence {p,}m C
CO’OO(Q) such that lim,, o |[(w; — w2) — @] = 0. Thus

(wi = wy,wy —wy) = lm [(wy — wy, (w1 = wa) = ) + (w1 = w3, o)
< Jlim oy = wl l(ws = w2) = omll =0,

whence w; = wy. Here I used Cauchy-Schwarz’ inequality. Therefore v has at
most one weak derivative.

(ii) To ¢ € 500(9) there is a neighborhood of the boundary 02 where ¢ van-
ishes. Thus, for v € C7 (€2) it follows by partial integration

—Dlal(y. D = (=D [ v(z)D* p(z) dz
(1.0 = (0 [ oDt
_ /Qpav(x)mdxz(D%,so)-

Consequently, D*v € L*(Q) is the weak derivative of v.

Because of this theorem one uses the notation D%v also for weak derivatives of
v. Confusion is not possible, since the weak derivative is equal to the classical
derivative, if the latter exists.

Examples (a) Let Q = (—1,1) and let v € L?((—1,1)) be defined by v(z) = |z|.

This function has the weak derivative

, -1, -1<x<0
V(z) =
1, 0<z<l.

For, if ¢ € Co’oo( ) then

i) = - [wpe= [ rF- [
_ /gpdx+/ a;)dx:/llu'(x)a(x)dx:(U',go).
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(b) v does not have a second weak derivative. For, if v” € L*() is the second

weak derivative then for all p € (?‘OO(Q)

(W0) = (¢ =—(t¢) = / Pyt / 7(2)dz
— 2(0) — B(—1) — B(1) + 7(0) = 2(0).

Now choose ¢ € &'m((—l, 1)) with ¢(0) # 0 and define ¢, by ¢(z) = p((z),
for £ € N. Then ¢, € 5’00((—1, 1)), and by the preceding equation

20(0)] = 2[pe(0)] = 2 lim 2o (0)] = lim [(v", p0)]
: " 7 . ! 2 1/2
< Jim (o) flell = 10"l Jim ([ (e Pde)
l—00 L— 00 1

> 1 1/2
o " . 2 = —
= ol pim ([ el g dy) =0

— 00

This contradicts ¢(0) # 0, hence v cannot have the second weak derivative v”.

3.6 Sobolev spaces

Definition 3.23 For an open set 2 C R™ and m € Ny let
H,,(Q) = {v € L*(Q) | the weak derivative D“v exists for all |a| < m}.

H,,(Q) is called Sobolev space. For u,v € H,,(2) we define

(1, V) = (0,0 = > (D%u, D), Nty = [l = (1)

la|<m
H,,(Q) is a vector space. We even have:

Theorem 3.24 H,,(R?) is a Hilbert space with the scalar product (u,v),, and
the norm. ||w||,.

Proof. It is immediately seen that (u, v),, has the properties of a scalar product.
Therefore it remains to show that H,,(€2) is complete. Thus, let {u,}2; be a
Cauchy sequence in H,,(§2). Since

lue = unll2, = (e =gy e =) = Y [ D%ug — D],

laf<m

it follows that {Du,}, is a Cauchy sequence in L*(Q) for |a| < m. Because
L2(9) is complete, { D%}, has a limit function v® € L?(Q). 1 write u = u®
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and show that u(® = D% for all 0 < |a] < m. To this end let o € 500(9)
Then

(=1)(u, D) = lim (=1)I(ug, D) = lim (D%up, ) = (u®), ).

f—00
This implies u(®) = D%u. Consequently, v € H,,(Q) and ||u — ugl|,, — 0 for
¢ — oo, whence H,,(€) is complete.
Theorem 3.25 (i) C () is dense in H,,(Q):
Hy () = C7(Q).

(i1) If Q has Lipschitz boundary, then C,,(2) is dense in H,,(2):

H, () = Crn ().
A proof of this theorem can be found for example in the book of Alt,
pp. 108-109, and also in my lecture notes: H.-D. Alber, Variationsrechnung
und Sobolevriaume, p. 33 and Chapter 3'.

Definition 3.26 Let {2 C R" be an open set. The closure of the linear subspace
C() in H,,(Q) is denoted by H,,().

;Im(Q) is a closed linear subspace of H,,(£2), hence ;Im(ﬂ) is complete as a
closed subspace of the complete space H,,(2). Therefore H m () is a Hilbert

space with the scalar product (u,v),, and the norm ||ul|,,. In general ﬁ[m(Q) is
a proper subspace of H,,(£2). This subspace consists of all functions of H,,(£2),
which in a generalized sense vanish on the boundary 0f2.

Another important property of Sobolev functions is that if m > 2, then
u € H,,(2) is continuous and all weak derivatives D*u with |a| < m — Z are

2
classical, hence Hp,(2) € C[;,_n(€2), where [r] denotes the largest integer not
2

greater than r. This property is called Sobolev imbedding theorem.

The investigation of these properties of Sobolev functions is an extended
topic. Fortunately, in this introductory course we almost exclusively need those
properties of Sobolev functions which immediately follow from the definitions
of the Sobolev spaces given above. Yet, to familiarize the reader with Sobolev
spaces we prove now two of these properties in the case Q C R!:

Theorem 3.27 Let Q = (a,b) C R be an open interval and u,v € Hy((a,b)).
Then

1/2

lu(y) —ux)| < [ ll@p ly — 277,
lu(@)| < P )+ o) (3.3)
(U, 0) (0 p) + (u, v’)(&b) = u(b)v(b) — u(a)v(a), (3.4)

for almost all z,y € (a,b) and for all0 <r < b—a.

Lwww.mathematik.tu-darmstadt.de/ags/ag6 /Skripten/Skripten_Alber/Vorlesungen.html
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Remark 3.28 This means that there is a set M C (a,b) with
meas((a,b)\M) = 0, which consequently is dense in [a,b], such that (3.2)
and (3.3) hold for all z,y € M. By (3.2), u is Holder continuous on M
with exponent % Hence, u is uniformly continuous on M and can be modi-
fied on M, such that the modified function u is Holder continuous on all of
M = MUOM = [a,b]. There can be no other continuous function in the equiv-
alence class of u. Therefore we can single out this continuous function and iden-
tify the equivalence class with w. With this identification every u € H; ((a, b))
belongs to the space Ci5([a,b]) of Hélder continuous functions with exponent
3, and Hi((a,b)) is embedded in this space. In (3.4) we use this identification,
so u(a),u(b),v(a),v(b) are the values of the continuous representatives. (3.4)
shows that partial integration is allowed for weak derivatives.

Proof. Choose a sequence {u,}, C Ci([a,b]) such that [|u — wl[1,@p — O
for £ — co. Then {u,}, converges in L?((a,b)) to u. Thus, by a well known
theorem from Lebesgue integration theory we can select a subsequence {uy, },
such that

lim uy, () = u(z)

k—o0

for almost all x € [a,b]. Let x < y be two points with this property and let
€ > 0. Then there is ky such that

[u(x) —ug ()] <&, |uly) —ug(y)] < e
for k > ky. The fundamental theorem of calculus yields for k£ > kg

uly) — u(z)]

|u(y) — e, ()] + |ug, (y) — we ()] + [u(z) — ug (2
25+‘/yu}k(z)dz §25—|— /ydz 12(/ juj, (2 ’2dz

2e + |y — 2" (|}, || @)
2e + [y — "2 (||| (p) + lug, — @) -

IN

IN

IA A

Because of |lup, — u/[|(ap) < llug, — ull1,ap) < € for k > Ky with k; sufficiently
large, we deduce from this inequality by choosing k > max(kq.k;) that

[u(y) = u(@)| < e(2+ (b= a)"?) + o/l ey ly — 2]
Since € > 0 was arbitrary, (3.2) follows.

To prove (3.3), let (¢,d) with z € (¢,d) C (a,b) be an interval of finite
length. We integrate (3.2) with respect to y from ¢ to d and obtain

d d
w@ld—¢) < [llen / o~y d + / fuy)|dy
C C d
ooy (d = o+ (= ([ ulw)Py).

IN
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Division by (d — ¢) yields
[u(@)] < (d =) [l @) + (d = )72 lull o)

This implies (3.3) with r =d — c.

To prove (3.4) we can assume that u and v are continuous. Choose sequences
{uete, {ve}e € Ci([a,b]) such that [|u — well1,ap) — 0, ||[v — vell1,ap) — O for
¢ — oco. From (3.3) we obtain

lim |u(x) — ue(x)| < lim (7“1/2 |lu' — || + 7“_1/2||u — u(||) =0
{—o00 {—00

for almost all x € [a,b]. This relation shows that {us}, and {v,}, converge

uniformly on M to u and v, respectively, with the set M defined in Remark 3.28.

Since u, v, uy, vy are continuous, we infer that the function sequences converge

pointwise everywhere to u and v. In particular, we have lim, ., us(a) = u(a),

limy oo ug(b) = u(b), and similarly limy_,o ve(a) = v(a), limy_ o ve(b) = vp.

Using the continuity of the scalar product we obtain by partial integration
(', v) + (u,v) = Jim ((ug, ve) + (ue, vy))

= lim (ue(b) ve(b) — ue(a) ve(a)) = u(b)v(b) — u(a)v(a).

f—00

Lemma 3.29 The orthogonal space

Hi((a,0)) = {u € Hi((a,0)) | (u,v)1 =0 for all v € Hy((a,b))}

1S given by
Hf((a,b)) ={C1e” + Coe™™ | C,Cy € C}.

Hence, the orthogonal space is of dimension 2.
Proof. u belongs to ;[f((a, b)) if and only if for all v € [f[l((a, b))
(v, v") = —(u,v).

Since Cuc ((a,b)) C H ((a,b)), this equation holds if and only if u has a second
weak derivative which satisfies
u" = u.

All solutions of this ordinary differential equation are of the form u(x) = Cie* +
Coe™™ with arbitrary constants C, Cy € C. n

Theorem 3.30 u € ]fll((a, b)) if and only if u € Hy((a,b)) and u(a) = u(b) =
0.
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Proof. Let u € ﬁl((a, b)). By definition of }C)Il((a, b)) there is a sequence
{urke € Cool(a,b)) with [Ju — uglly — 0 for £ — oo. We apply (3.3) to the
difference u — uy and note that u,(a) = 0 to obtain

[u(a)] < r2u’ = oy + 2l — el oy — 0,
for ¢ — oo, whence u(a) = 0. In the same way we conclude that u(b) = 0. To
prove the converse let u € Hi((a,b)) satisfy u(a) = u(b) = 0. By Lemma 3.29
there is a unique v € Iifl((a, b)) and C, Cy € C such that

u(z) = v(x) + Cre® + Cre ™.

Since v(a) = v(b) = 0, we obtain from this equation by setting x = a and x = b
that

Cle“ + Cge_“ =0

Cleb + Cgeib =0.
This is a system of two linear equations for C7 and C5 with determinant of
the coefficient matrix e®e™® — ele™® = e470(1 — ¢2b=%)) £ 0, since b — a > 0.

Consequently we have C; = Cy = 0. Thus, u =v € [S[l((a, b)) [

3.7 Weak solution of the Dirichlet boundary value problem to the
Helmholtz equation

We begin with the definition of weak solutions of the Helmholtz equation and
of weak solutions to the homogeneous Dirichlet boundary value problem to this
equation in n—dimensional space:

Definition 3.31 (i) Let Q2 C R™ be a nonempty open set, let A € C and assume
that f € L*(Q,C).

(i) A function u € H 1(€2,C) is called weak solution of the partial differential
equation

Au(z) + Mu(z) = f(x) (3.5)
in Q, if for all p € 500((2, C) the equation

holds, where




(ii) A weak solution of the homogeneous Dirichlet boundary value problem

Au(z) + Mu(z) = f(z), z€Q,

u| = 0,
o0

is by definition a weak solution u of the partial differential equation (3.5) be-
longing to 10{1(9, C).

Formally the equation (3.6) is obtained by multiplication of both sides of the
equation Au + Au = f by ¢, integration and application of the first Green’s
formula. The advantage is that weak solutions need to have only first derivatives
and not second.

Every classical solution is also a weak solution, but not vice versa. However,
if a weak solution belongs to C5(€2), then it is also a classical solution.

Again we restrict ourselves to n = 1 and assume that 2 = (a, b) is a bounded

open interval. In this case u € Hi ((a,b)) is a weak solution if
_(ulv 90/> + /\(u> 90) = (f> 90)

for all p € CO’OO((a, b)).

Theorem 3.32 Let {\,,},n be the eigenvalues of the Dirichlet boundary value
problem in the bounded interval (a,b) C R, and let {uy}m be a complete or-
thonormal system of eigenfunctions. Assume that X\ # X\, for all m. Then the
Dirichlet boundary value problem

u'(z) + du(z) = flx), a<x<b,
u(a) =u(b) = 0,

has a unique weak solution to every f € LZ((a, b)), which s given by

o0

U ) Uy,

m=1

Proof. At first it must be shown that v belongs to the space H 1((a,b)). Since
the eigenfunction

2 ™n

Um () = I sm(b_a(x—a))

satisfies u,,(a) = wun(b) = 0, we infer from Theorem 3.30 that u, €

Poh((a,b)). To prove that u € [f[((a,b)) it therefore suffices to show that
Yot X lx (f, Um)uy, converges in the norm of Hl((a, b)) Since we already

proved in Section 3.4 that > ~_, /\f “/\’”) U, converges in LQ((a, b)), it suffices to
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verify that also >~ ()\f 1;’") uy, converges in L?((a,b)). Proceeding as in Section
3.4 we compute

k k k
(fa m !/ .fa ]) /
) (35 25250 0)
k k
o (faum (fau]> !/ !/
= 2.0 3" o W)

Since

we conclude

Ea

= [

m=~{ m= m=/{

with the constant C' = sup,,,cy I/\ATmIQ < 0o. This inequality and the equation

S N(frum))® = [[f]? < oo together imply that the series Y -, (Afu;:n) A

satlsﬁes the Cauchy convergence criterion, hence it converges in the complete
space L?((a,b)). This proves that u € H;((a,b)) and that

= faum
u =y

m=1 m

~—

/

>/

In the next step of the proof we use this equation. Namely, for ¢ € 500 ((a, b))
we have

_(U,,gp/) _ _Z g\fau;\n) m?SO Z (f;u;\n) m’so)

;1 , Uy :100 — A
= — Z_ E\f_ )\n)l mum, QO Z ((f7 um)um7 90)
= —Mu, ) + <Z(f, Uy ) Uy 80> = —Au, 0) + (f, )

Consequently, u is a weak solution.
It remains to show that u is the only weak solution. Assume that v €

Iih((a, b)) is a second weak solution. Then for every ¢ € CO’OO((a, b))

L) AMu—v,0) = (f = f,9) =0.

—(u —w
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Since every eigenfunction u,, belongs to }OI 1((@, b)), we can choose a sequence
{optr C CO*OO((a, b)) such that [jum, — ¢ili — 0 for k — oo, by definition of
[if 1 ((a, b)), and obtain from this equation and from the continuity of the scalar
product that

(0 = )+ A = 0, ) = T [~ — 0, )+ A — v, 01)] = 0.

- k—o0
Since u(a) = v(a) = u(b) = v(b) = 0, we obtain from the partial integration
formula (3.4) that

AMu—vuy) = (W —0u,)=—(u—v,u.)=(u—0v,\atin)

= An(u—v,uy).

Since by assumption A # A, it follows from this equation that (u — v, u,,) =0
for all m. Because the orthonormal system {u,,},, is complete, we infer from
Theorem 3.11 that u — v = 0, whence u = v. [ |

For boundary value problems to the Helmholtz equation Au + Au = f in
higher dimensions a result holds, which is completely analogous to the result for
the boundary value problem to the ordinary differential equation u” + \u = f
discussed here. This will be shown in Sections 8 and 9. However, in the following
investigations of higher dimensional problems we first study classical solutions
and return to weak solutions only later.
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4 Boundary value problems in circular domains. Bessel
functions

4.1 The Laplace operator in polar coordinates

Let
Q={zeR®| R < |z] < R}
with 0 < Ry < Ry < 00, or let

Q= {zeR®||z| <R}

To find solutions of Au(z) 4+ Au(z) = 0 in © we want to use polar coordinates
(r,) in R? and apply separation of variables. To this end we must determine
the form of the Laplace operator in polar coordinates. Thus, let z = (z1, x2)

and
ro= r(zr) =/ 23+ a3 = |z
X2
¢ = @(x)=arctan —.
x1
T
r AL
i 2
AN .
‘ I
Then
0 _ 0r0 %09 =m0 1 220 =09 2 0
Ory Oy Or  dwy Do x| Or 1+ (222} dp x| Or |z Op’
9 _ 20 mn 0
Oy x| Or  |z|2 00’
Also,

o0 (mnd w9
or? Oz \|z| Or |z]2 Op

_ (L_ﬁ>§+ﬂ(ﬂa_2_&3_2)
lz|  |x|?) or x| \|x| Or? |z|? Orde
T129 O vy (17 O? Ty O
2t 9p  [aP? (m Dpdr — |xf? 0902)

= x_%g_z_i_ (i_l‘_%>2+2$11’23
> or2 — \[z| |/ Or [zt Oy

T1T9 82 l’% 62

x> Op0r x|t 0%

-2
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o> a3 O 1 22\ 0 5 172 0
oxr3 — |z|> Or? lz|  |x]3 ) Or lz[* O
T2y 0? 2 02

2 .
* |z|? Opor * |z|* Op?

Thus, if u(x) = a(r(x), p(z)) then

M) = Y 4 alr(e).ela)
_ x%_l—ﬁga—QﬂTx T E_M 2@ T €T
- A28 D e + (5 - 552 Zavw.ew)
x% —HE% 8—212 r(x T
LA (@), ela)
0% _ 1 0. 1 0% _
- wu(r(x), o(x)) + @ Eu(r(m), o(x)) + ) 8_<p2 a(r(x), e(x))

Consequently

02 N 10 N 1 0?

or2 ror  r?dp?*

We next expand u in a Fourier series with respect to ¢ on every circle |z| = r

with Ry < r < Ry. Thus, assume that u € C?(f2) is a solution of Au + Au = 0.
As usual, we drop the tilde and use the notation

A(mo) =

u(r) = u(r, ¢).
Since {\/% e"m“"} is a complete orthonormal system in L?([0,27],C) we
obtain -
u(rp) = Y un(r)e™,
with

1 1 2

1 )
umr:—ur,-,—em‘p) = —
(r) w/27r< (r.) /2 027 27 J,
If we can interchange partial derivatives up to order 2 with the summation sign,
we obtain

u(r, p)e” ™ dp.

0? 0 02
0 = (A+Nu(x) = (ﬁ + % o + T%G_QOZ u(r, @) + Au(r, ¢)
- > 10 2 :
= ¥ Getra)mo (=15 mm]em
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Fix r. The Fourier series vanishes identically for all 0 < ¢ < 27 only if all
coefficients vanish. Thus

d? 1d m?
(1) + ~ () + (A= T Jun(r) = 0,

forall Ry < r < Ry and all m € Z. This is a linear ordinary differential equation
for u,, of second order.
4.2 Solution of the potential equation in circular domains.

We first consider the case A = 0. In this case the general solution of this
differential equation is

UO<7") = C[)l —+ COQ Inr
U (1) = Cpar™ + Cror™™, m #0.

Thus, the general solution of the potential equation
Au(z) =0
in a circular domain Q = {z € R? | R; <z < Ry} is

u(z) = u(r,p) = Cor + CoaInr + Z (Con1r™ + Cpar™ ™)™

m=—00
m#0

with arbitrary constants C,,1,Cy,2 € C. These coefficients must be determined
from boundary conditions and possibly from conditions at infinity (radiation
conditions).

Example 4.1 Let Q = {z € R? | |z| < R} be a ball with center at 0. We want
to solve the Dirichlet boundary value problem

Au(z) = 0, in €,
u(z) = ul®(x), x€onN.

We try to find a classical solution u € C?(2). This requires that

1 27 )
Con17™ 4 Cragr™™ = U (1) = %/ u(r, p)e”" dyp
0

and )
1 T
Co1 + CoeInr = up(r) = —/ u(r, @)dp
2 Jo
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must be bounded at x = 0, hence C,,,» = 0 for m > 0 and C,,; = 0 for m < 0.
Thus

u(r, ) = Cop + Z " (C1€™ + O pe” ™).
m=1

The Fourier series expansion of the boundary data is

[e. 9]

u® (p) = Z ame™? .

m=—0oQ

From u(R, p) = u®(¢) and from the uniqueness of the Fourier expansion we
therefore obtain

Ay, = Rmle, m > O, Ay, = R|m|Cm2, m < 0.

Theorem 4.2 Let 2 = Br(0) and let u® € L?(09Q,C). Then

[e.e]

Im|

u(z) = u(r, @) = m:Z_OO A, (%) e'm? (4.1)

is the unique solution u € Co () of
Au(z) = 0, x €}

limu(r,o) = u®(p), 0<¢p<2m,

r—R
where

1 2w

A, u® e ™ dp

:% ;

and where the limit is understood in the L?-sense:

lim [Ju(r, ) — u®||jp2n = 0. (4.2)
r—R
Proof: Let 0 <71 < R. From 27 3% [an[* = [[u”[§ 5 we obtain |a,,|* <

C for all m. Thus, for all @ = (ay,a3) € N2 and all 0 <7 <7y, 0 < ¢ < 21 we
conclude

>

o o (! >|m| e

= o o \R
< Z ‘am|R*a1|m|a1 <%)|m|—al ‘m’az < 2\/6R7a1 i k'a‘ <%>k—a1
Im|>a1 =
_2VER Y (o) () <o
> th+ ) ()
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which shows that the series >~ D(O; sD)czm(%)m'eim“” converges uniformly in

every closed ball B,,(0) = {r <y, 0 < ¢ < 27}. From calculus we thus obtain
that the classical derivative D®u of the function u defined in (4.1) exists in all
of Q = Bg(0) and can be computed under the summation sign. This yields
u € Coo(€2). Moreover, it shows that our assumption made in the construction
of u is satisfied, whence Au = 0 in €.

To verify equation (4.2) let ¢ > 0 and choose my large enough such that
27 3 n(zmp |@m|* < €. Then

27

5 enfi - e
> fon(()"-1)

i, 3 (- (5)")

[m|<mo

: 2
+27r}gr}1% Z lam|” < e.

|m|>mo

lim [|u(r,-) — u(b)||[20,27r] = lim dep

r—R r—R 0

2

= lim 27
r—R

VAN

This proves (4.2), since £ > 0 was chosen arbitrarily.

Example 4.3 Let Q = {z € R?| |z| > R} be an exterior domain. We want to
find a solution of the Dirichlet boundary value problem

Au(z) = 0, inQ,
u(@) = u(z), e
In this case we cannot conclude that half of the coefficients in the expansion
"m0

must vanish, and the boundary condition is not enough to determine all coeffi-
cients uniquely. Therefore the solution of the problem is not unique. To get a
unique solution one must pose suitable conditions for the asymptotic behavior
of u at infinity. Normally one requires that the solution is bounded:

lu(z)| < C, z€q.

As above we then obtain C,,5 = 0 for all m < 0 and C,,,; = 0 for m > 0. Thus

u(r, ) = Cop + Z r_m(C’mgeim‘p + C'_mle_im“").
m=1
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From the Fourier expansion of the boundary data

W)= Y apem
we then conclude
> r\ —Im| i
u@) =u(rp) = Y an (%)

4.3 Bessel’s differential equation. Solution of the Helmholtz equa-
tion in circular domains.

To solve the Helmholtz equation Au 4+ Au = 0 in circular domains for A # 0,
first consider Bessel’s differential equation

d? ()—I—ld V2
dewx x dx

Here v € C is a constant and x € C. This equation cannot be solved by elemen-
tary functions. Instead, the solutions are the Bessel- and Neumann functions.
These functions belong to a set of functions called special functions of math-
ematical physics. The Bessel function or cylinder function of order v € C,
v#—1,-2,-3,...,1s

Tolw) = @)kzo k!F(i_Jrl)k: ) (5)

where I' is the Gamma function. The power series converges for all x € C. If v
is not a nonnegative integer, then the term (%)V and therefore also the function
J, are only defined on the set C\ (—00,0]. To be precise, (£)” and J, are
defined on a Riemannian manifold. If v is equal to a nonnegative integer m,

then the formula for the Bessel function becomes

s —1)k T\ 2k+m
i) =3 g (3)

k=0

where we used the equation

T(l+1)=0,

which holds for integers ¢ > 0. Therefore J,, is represented by a power series
converging on all of C. Hence, J,, is an entire function.

Since Bessel’s equation is a linear differential equation of second order there
must exist other solutions of Bessel’s equation which are linearly independent
of J,. In fact, if v is not an integer, then one sees immediately that also J_, is
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a solution of Bessel’s equation, which is linearly independent of .J,. Hence, also
the Neumann function

Jy(x) cos(vm) — J_,(x)
sin(vm)

N,(z) =

is a solution of Bessel’s equation linearly independent of J,. If v = m is an inte-
ger this formula cannot be used to define N,,, since the denominator vanishes.
Instead, in this case the Neumann function is

Ny (z) = lim N, (x).

v—m

A series expression for N, is given in the appendix. The general solution of
Bessel’s differential equation therefore is

w(x) = C1J,(z) + CoN, (2)

with arbitrary constants C7,Cy € C. If v = m is a nonnegative integer the
function J,(x) is infinitely differentiable at x = 0, whereas in the appendix it is
shown that lim,_,o | N,,(z)| = oo.

We can now solve the Helmholtz equation in circular domains. For, using
Bessel’s equation we immediately see that if A € C with A # 0 then

U (1) = C1 T (V) 4 Co N (VAT)

satisfies
d? 1 d m?
e U (1) + = — U (1) + (N — F)um(r) =0.

Remembering the results of 4.1 we therefore see that a solution of the Helmholtz
equation Au + Au = 0 in circular domains must be of the form
u(z) = u(r,p) = Z <C’m1J|m|(\/X7") - Cm2N|m|(\/XT))eim‘p. (4.3)

The constants C,,1, C,,2 must be determined from the boundary and radiation
conditions.

Example 4.4 Let Q = Bg(0) be a ball, let A € C, A # 0 and assume that
u® € L2(09). We want to solve

Au(z) + Au(z) = 0, x €
u(z) = u®(x), x€N.
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Since u must be two times continuously differentiable at x = 0, it follows that
in the expansion (4.3) of v we must have Cy,s = 0 for all m € Z, since Jj,, is
regular and N, is singular at r = 0. Thus,

u(r, ) = Z Cm1J|m|(\/X7’)eim“".

Let .
W)= Y ane
be the Fourier series of u®. Since
u(R, ) = Z C’mlJ\m\(\/XR)eim“’ = ul(p) = Z ame™?,

the uniqueness of the Fourier expansion implies
m = Ot Jjm| (VAR).

Theorem 4.5 (i) Let A € C. If X\ # 0 assume that J,,(vV'AR) # 0 for all
m € Ny. Then the Dirichlet boundary value problem
Au(z) + u(z) = 0, x € Bgr(0)
lim u(r,¢) = u®(R) (in the sense of L?)

r—R

has a unique solution u € Cuo(Bg(0)) for all u® € L2(0Bg(0)). This solution
1S given by

o0

mz_:oo —Jm(\n;XR) J|m|(\/XT)em“”, A#0
u(r) = u(r, p) = 5

Z am(%ﬂm'e”’w, A=0.

m=—00

In particular, the only solution to homogeneous boundary data u® = 0 is u = 0.

(ii) Assume that X\ # 0 and that
Ay ={m € Ny | J,(VAR) = 0}

1s not empty. Then the Dirichlet boundary value problem is only solvable if in
the Fourier expansion



of the boundary data we have a,, = a_,, = 0 for all m € A,. On the other
hand, if u is a solution of the homogeneous Dirichlet boundary value problem
(u®) = 0), then the Fourier expansion is of the form

u(r,p) = Z Jm(\/Xr)(Cmeim‘p + O_ e ™).

meAy

Moreover, any function with such a Fourier expansion where only finitely many
Cy, differ from zero is a solution of the homogeneous boundary value problem.
Hence X is an eigenvalue.

Statement (i) of this theorem is proved as in the case of A = 0 using estimates
for the Bessel functions J,,. We omit this proof. Statement (ii) is obvious from
the Fourier expansion of the solution discussed above.

If u; and uy are eigenfunctions to the eigenvalue A of the Dirichlet problem then
also Chu; + Cyug is an eigenfunction, if this function is not zero. Therefore the
set of eigenfunctions together with the zero function forms a vector space V),
the eigenspace of \. The dimension of the eigenspace is called the geometric
multiplicity of A.

In the next theorem we show that for every A the set A, is finite. The preceding
theorem then implies that u is an eigenfunction to A # 0 if and only if

u(r,p) = Z Jm(\/Xr)(Cmeim‘p + O_pe” ™),

meAy

hence
dim V)\ S 2‘A/\|,

where |A,| denotes the number of elements of Ay. Since the functions e and
e are linearly independent for m # k, it follows that

{ T (VAP)E™ | T (VAP e ™Y e,
is a linearly independent set of functions. Hence it is a basis of V). Therefore

Theorem 4.6 (i) Assume that m € Ny and that y € C\{0} is a zero of J,,.
Then y is real and satisfies

v > m?.

(ii) The zeros of J,, do not have an accumulation point in C. Hence, the set of
zeros 1s countable.
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Proof: (ii) For m € Ny the Bessel function J,, is entire. Therefore, if the zeros
would accumulate in C we would have J,,, = 0. Consequently the zeros do not
have an accumulation point.

(i) Let
Then wu,, satisfies

and d? 1 d 2
0 U (1) + pm U (1) + ( = ) U (1) = 0.

Multiply this equation by r and observe that

d? d d d
Tﬁum(r) + %um(r) = (7‘% um(r)> )

Thus J J )
m
%(r%um(r)) + (y2 — W) TUm (1) = 0.

We multiply this equation by w,,(r) and integrate:

/01 d% (Td% u’”(r)) U (1) + ( ? - %2) 7|t (r) |drr = 0.

Partial integration yields

d r=1
=7 un(r) um(r)] =0,
Since d% tm(7) d% um(r) = % um(r)m = d%um(T)Pa it follows
! d 2 ) m2 ,
/0 <_ ‘%um(r) + <?/ - 7,—2) [t ()] )rdr = 0. (4.4)

Since the imaginary part of this integral is

1
(ImyQ)/O |um(7‘)|2r dr =0,

and since fol [t ()21 drr > 0, it follows that Im y? = 0, hence y* € R. Moreover,
we must have

y? > m?.
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For, otherwise

/01 <_‘%“m<7“>‘2 - T—f)\umw) rdr
< /01 (_’%um<r)|2 + (m® — T—;) \um(r)|2) rdr <0,

which contradicts (4.4). The proof is complete.

Corollary 4.7 The set of eigenvalues ¥ of the Dirichlet boundary value prob-
lem in Br(0) is contained in the positive real azis. If A € ¥ then

Ay C{0,1,...,[RVA]},

where [R\/X] denotes the largest integer not greater than RvV\. Thus, the geo-
metric multiplicity of X is not greater than 2([RVA] +1). The set ¥ does not
have an accumulation point, hence it is a countable set.

Proof: We already showed that u = 0 is the only solution of
Au(z) = 0, =z € Bg(0)
uwx) = 0, |z[=R,

hence A = 0 is not an eigenvalue. Also we showed that A € C\{0} is an
eigenvalue if and only if

Ay ={m € Ny | J.(VAR) = 0} # 0.

Consequently, X is an eigenvalue if and only if there is m € Ny such that VAR
is a zero of J,,. Therefore, if {yfm)}fil C R\{0} is the (countable) set of non-
vanishing zeros of J,,, it follows
y\ 2
Y= {(?> ‘ m € No,i € N} C (0, 00).
This is a countable set. All non-vanishing zeros of J,, satisfy (ygm))2 > m?,
hence
™M) e (m? 00), i=1,2,...,
which implies that every interval (0, s] only contains zeros of those finitely many
Bessel functions J,, with m? < s. Since the zeros of a Bessel function do not
accumulate, the set of zeros of J,,, in (0, s is finite, hence ¥ N (0, s] is finite.
Consequently, > does not have an accumulation point.
If m € Ay, then y = VAR is a zero of J,,, hence y? > m? implies AR? =
y? > m?, and therefore
Ay C€{0,1,...,[RV)]}.
It follows that the geometric multiplicity dim V) of A satisfies
dim Vy, = 2|A,| < 2([RVA] + 1).

The proof is complete.

49



Definition 4.8 The set X of eigenvalues is called the spectrum of the Dirichlet
problem.

We have not yet answered the question whether ¥ # (3, i.e. whether eigenvalues
exist. This problem will be investigated later in full generality. It will be shown
that in fact there exist countably infinitely many eigenvalues and that one can
choose a complete orthonormal system in L?(2, C) consisting of eigenfunctions.
An easy corollary of this result is that every Bessel function J,,, with m € Ny has
countably infinitely many nonnegative zeros. Thus the situation is completely
analogous to the situation in one space dimension.
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5 Maximum principle, subsolutions, Perron’s method

In this section we only consider real valued solutions of the Helmholtz equa-
tion. Of course, the results can also be applied to complex valued solutions by
considering the real and imaginary parts separately.

5.1 Maximum principle

Theorem 5.1 Let Q0 C R”™ be a bounded open set, let g : Q@ - R, f:Q — R

and assume that for the function u € C(Q,R) the partial derivatives 2% Py

axi ’ 89@?

exist in § fori=1,...n and that u satisfies
Au(z) - g(@)u(z) = f(z), €N,
(i) If g > 0 in Q, then for all x € Q

u(z) < max(0,maxu(y)), if f>01inQ,
yeIN

w(z) > min(0, minu(y)), if f <0 in Q.
yeN)

(weak mazimum principle)

(i) If g > 0 in 2, then for all x € Q

u(x) <0 or u(z) < mgéu(y), if f>0inQ,
ye
w(x) >0 or wu(x) > minu(y), iff<0in.

yeoN)

(strong mazimum principle)

Proof: (i) We first consider the case f > 0. Assume that the statement is false.
Then there is zg € Q such that u(xg) > 0 and

= > .
rgggU(rv) u(zo) > max u(y)

Define v : Q@ — R by
v(z) = u(z) +elz)?, =€,
where € > 0 is chosen small enough such that

_ 2 2\ _
v(zo) = u(zo) +elwol” > max(u(y) + ely[”) = maxwv(y),
maxelyl®* < u(wo).
yeN
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v is continuous on the compact set ) and therefore assumes its maximum in a
point z € €. By the choice of € we have z ¢ 0f) and

u(z) = v(z) — elz]* > v(xo) — u(rg) = elwo|* > 0.

Thus, the maximum 2z belongs to the open set €2, which implies that

ov 0%
= — < = 1....
=0 S50 i=l..n
whence ,
"L 0%
Av(z) = 92 (2) <0

On the other hand

Av(z) = Au(z) + A(e|z]?)

|x:z
= g(2)u(2) + 2ne + f(2) > 0,

because of g(z) > 0,u(z) > 0, f(z) > 0 and € > 0. This is a contradiction,
hence

max u(z) = u(xg) < max(0, maxu(y)).

€ yEeIN
If f <0 define w = —u. Then Aw(z) — g(x)w(z) = —f(z) > 0 for all z € Q,
hence

—minu(zr) = maxw(z) < max(0, maxw(y))
€} z€eQ yeoQ
= max(0, — min u(y)) = — min(0, min u(y)).

which implies the statement for the minimum.

(ii) Let ¢ > 0 and f > 0, and assume that the statement for the maximum is
false. Then there is z € Q such that u(xy) > 0 and

u(wo) = maxu(r) > maxu(y).

Consequently, x is a local maximum of u in the open set €2, hence

ou 0%u
dz, (flfo) =0, 8_333

(I’Q)SO, izl,...,n,

whence
0 = Au(zo) = g(wo)u(zo) + f(z0) >0,

which is a contradiction, and the statement for the maximum must be true.
The statement for the minimum is proved by considering —u. |

We note some consequences of the maximum principle:
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Corollary 5.2 Let 2 C R" be a bounded open set, let g : 2 — Ry, f: Q=R
be given. Assume that u,v € C(Q,R) and that for w = u and w = v the partial
derivatives 22, 2% exist in foriv=1,...n and the equation

Aw(z) = g(z)w(z) = f(z), =€
holds. Then the following statements are true:
(1) Ifu(y) > v(y) for all y € OQ then u(x) > v(x) for all z € Q.

(ii) For allxz € Q,

[u(z) —v(z)| < mex [u(y) — v(y)l-

(iii) Let g > 0 and f =0 in Q. If u assumes the mazimum in ), then u < 0.
If u assumes the minimum in €2, then u > 0.

Proof: (i) w = u—wv satisfies Aw—gw = 0 in . Hence, by the weak maximum
principle

0= min(o’;gia?z w(y)) <w(z) =u(x) —v(x), x € Q.

(ii) Again we apply the weak maximum principle to w = v — v and obtain

min(—w(y))) < min(0, min w(y)) < w(z)

yeoN)
< < .
< max(0, maxw(y)) < max|w(y)|
Thus
< - < — min(— =
w(z) < maxw(y),  —w(z) < — min(—|w(y)|) = maxw(y)|,

whence |w(z)| < maxyean |w(y)l|.

(iii) Let o € 2 and assume that u(zy) = max, g u(x). By the strong maximum
principle this can only be if u(zg) < 0. The statement for the minimum is proved
in the same way. [ ]

Corollary 5.3 (Uniqueness) Let Q2 C R" be a bounded open set, let g : 2 —
RE, f:Q — R and let the functions u,v € C(,R) have the differentiability
properties stated in Corollary 5.2. Assume that Uy = Vog and that uw and v

both satisfy the differential equation

Aw(z) —g(x)w(z) = f(x), x€Q.
Then u = v.
Proof: The preceding corollary yields

[u(e) — vl(e)| < max|u(y) ~ v(y)] =0, €0
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5.2 Consequences of the maximum principle for the Helmholtz equa-
tion in R?

We showed that the Dirichlet problem for the Helmholtz equation in a ball B
in R? has a solution, which is infinitely differentiable in the interior of B and
satisfies the boundary condition in the L?-sense. However, up to now we do
not know whether the solution is continuous on B if the boundary data u® are
continuous. The maximum principle can be used to show that this is in fact
true. As preparation we need the following result:

Theorem 5.4 Let Br(0) C R? and let A < 0. Let ull), u® € L2(OB) and let
U, U be the solutions of

Av(z)+ M v(z) = 0, x € Bg(0)

i D — o® —
lim [fo(r, ) = 0@ jpar = 0

to the data v®) = ugi), v® =4O [f

: b _ (b _
n}g{l)oﬂum u'”[o,27) = 0,

then in every ball B;(0) with 7 < R the sequence {u,,}5°_, converges uniformly
to u.

Proof: Since {%}%N is a complete orthonormal system in L2((0,27)), we
have for the Fourier expansions

by Theorem 3.10 that

2 ) iV —anf = Y Vem(al™ = an)? = Jlul) = u®lfy 0 — 0,

n=—oo n=—oo

for m — oco. We first consider the case A = 0. Then
Un(r, ) = i al™ (L)nl e
) n R

u(r,p) = _Z: an <%)n eme.



Let ¢ > 0 and choose mq such that Hug;) —u®|| < ¢ for all m > my. Cauchy-
Schwarz inequality yields for » <7, 0 < ¢ < 27 and m > my that

|t (7, ) — u(r, )| < i ‘(a%m) — ay) (%)n

< ( i |ai™ —an|2>1/2< ij: <%>2n>1/2
< \/%7 [u® — ®)| <1+(1%)2>1/2 - %(1 B (}%>2>—1/2€. 5.1

Since € > 0 was arbitrary, it follows that u,, converges uniformly to u in B;(0).
To prove the statement for A < 0 we use that by Theorem 4.5 the represen-
tations

0 ( )
U (T, 0) = J|n|(\/_7“) ine.
u(r,p) = i (VAr)e™®.
hold for u,, and u. With x = +/—Ar and y = v/ —AR we thus obtain
- |y (i) |
[Um (1, ) — ulr, )| < ’a;m) — |5 (5.2)
nzz_oo [Tl (i)
The fraction l‘j“ ‘E §|‘ can be estimated using Lemma A.1 in the appendix. For,

0<r <R and —A > 0 imply z,y € R and 0 < x < y. Therefore the
assumptions of the lemma are satisfied. The estimate from that lemma and
(5.2) together yield

U T —ulr a(m)_ |‘]0( )‘ - o™ _ g r n|
|m(v90) (v@)|§|0 O||0(2y)|+ Z |n n|<R> .

With this estimate we can proceed as above and obtain that (5.1) also holds for

A < 0 with the right hand side multiplied by C' = max {1, maxo<,<,{ Hg(z:;); H

which shows that u,, converges uniformly to u in B:(0) also in this case. |

Theorem 5.5 Let B C R? be a bounded open ball arzl let X\ < 0. Then for
every u® € C(0B,R) there is a unique solution u € C(B,R)NCyx(B,R) of the
Dirichlet problem

Au(z)+ Mu(z) = 0, z€B

Uop
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Proof: Without restriction of generality we can assume that B = Bg(0) with
R > 0. The uniqueness follows from Corollary 5.3. To prove that a continuous

solution exists, let
o0

u® = Z a,, em?

m=—00

be the Fourier expansion of u®. Form >0 and n > 1 let

sm(@) = Y are™?,

k=—m

Tul$) =~ (s(9) + - sun(9)

Since ¢ > u® () : [0,27) — R is continuous and can be extended to a contin-
uous, periodic function on R, it follows from Theorem 3.13, that the sequence
{7,}52, converges uniformly on [0,27) to u®.

Let

m

M r)ette
kzzm Tk (VAR) Tu(VAne®s, <0

m k|
Z ag (%) e’k“", A=0.

=—m

U (1, ) = (5.3)

By the results of Section 4, every term in these finite sums is an infinitely
differentiable solution of

Av(z) + Av(z) =0

in all of R?, hence v,, is an infinitely differentiable solution of this equation in
all of R?. We remark that if « is real then

1 2 ' 1 2 )
- (b) —ikodp = / ©] zkcpd _
ap = u p)e Y = u p)e Y =a_g,
g 21 /0 () V21 Jo (¢) g

whence ape®® + a_pe~*? = 2Re(a,e™?) is real. Moreover, it is seen from the
power series expansion of Jjy that

TAR)

since A < 0, hence v\ is imaginary. From (5.3) we consequently see that v,
has real values. For n > 1 we set

Un(r, ) = %(?}0(7‘, ©)+ .ot v(ry go))
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The function v, € Cy(R* R) is a solution of the Dirichlet boundary value
problem

Av,(z) + Ay (z) = 0, x € Bg(0)
vn(x) = o,(z), |z|=R.

Therefore the maximum principle yields

() = ve(2)] < max|ow(y) — oe(y)];

for all z € Bg(0). Since {0, }, converges uniformly to u?), it follows from this

estimate that {v,}52, converges in Bg(0) to a limit function u € C'(Bg(0)).
The limit function satisfies

u(R, ) =u?, 0<¢p<2m
Moreover, since {0, }>, converges uniformly to u(®), it also converges in
L? (GBR(O)) to u®. From the preceding theorem we thus conclude that the
sequence {v, 122, converges pointwise to the solution @ of
Au(z) + Mi(z) = 0, z € Bg(0)

im [|a(r,) = u® oz = 0,

|
r—R

which satisfies © € Cy (BR(O)). Since the pointwise limit coincides with the
uniform limit, we obtain that u = @, hence u belongs to C(Bg(0)) NCx (Br(0))
and is a solution of the Helmholtz equation in Bg(0). The proof is complete.

We next show that solutions of the Helmholtz equation have the mean value
property:

Theorem 5.6 Let Br(0) C R? let A\ < 0 and let u € C(Bg(0),R) N
Cx(Br(0),R) solve

Au(z) + Au(z) =0, z € Bg(0).
Then )
u(0) = —/ u(x) ds.
(©) 27TRJ0(\/XR) |z|=R @)
Since Jo(0) = 1, this formula becomes for A =0

1

= — w(x) ds.
2R |z|=R ()

u(0)

Proof: Let A < 0. From the preceding investigations we know that if



then

u(r, @) = Z me(ﬁr)eim¢, 0<r<R.

The power series expansion of J,, shows that

m=—00

1, m=0
I (0) =
0, meN,

hence

o = 1 o u = ; u\xr)as
WO = am T 27rJo<¢XR>/o e = R VAR) /M (s

To prove the statement for A = 0 we proceed in the same way, using the Fourier
expansion of u. [ ]

Corollary 5.7 Let @ C R? be a open, connected set, let X\ < 0 and let u €
Cx (2, R) be a solution of

Au(z) + Au(z) =0, =z €.

Assume that xo € Q exists such that u(xg) = 0. Then, if u >0 oru <0 in €
it follows that u = 0 in 2.

Proof: Let
M ={ze€Q|u(x)=0}

By assumption, M is not empty since zy € 2. We prove that M is closed and
open in 2, which implies M = €, since () is connected.

Since u is continuous, M is obviously closed. To verify that M is open, let
y € M. Since 2 is open there exists a ball Bg(y) with center y contained in .
By the mean value property we have for all 0 < r < R

1L w(x) dsy = Jo(VAr)u(y) = 0.

277 Syl =r

Ifu>0oru<0in this can only be if u(z) = 0 for all z with |x —y| = r. This
holds for all 0 < r < R, hence u(x) = 0 for all € Bg(y). Thus, Br(y) C M,
hence M is open. The proof is complete. [ ]

Corollary 5.8 Let ) be a bounded, open, connected set and let u € C(Q,R) be
a solution of
Au(z) + Au(z) =0, xz € Q.

(i) If A <0, then w =0 or, for all x € (2,

min(0, mmin u(y)) < u(xr) < max(0, iré%%u(y))
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(i1) If X = 0, then u = const or, for all z € €2,

min u(y) < u(z) < maxu(y).

Proof: (i) Combine the strong maximum principle with the preceding result.

(ii) Assume that there is zop € Q such that u(xg) = max,gu(y). Then the
function v € C(Q) N C () defined by v(x) = u(x) — u(w) satisfies Av = 0,
v < 0 and v(zg) = 0. Since zg is an interior point of €2, Corollary 5.7 implies
that v = 0, hence u = const = u(xg). In the same way it follows that if there is
zy €  such that u(z1) = min, g u(y), then u = const = u(r;). Statement (ii)
follows from these results. ]

5.3 Subsolutions, supersolutions, comparison

Up to now we only know how to solve boundary value problems in circular
domains. Our goal is to develop a method to solve boundary value problems in
very general domains  C R2. To this end we need subsolutions and superso-
lutions, which we define and discuss in this section.

Thus, let Q C R? be a bounded open domain and let A < 0.

Definition 5.9 A function v € C;(ﬁ, R) is called subsolution (supersolution)
of the equation Au + Au = 0 in €2, if to every open ball B with B C § the
uniquely determined solution u € C(B) of

Au(z) + Mu(z) = 0, z€B

UpB = V)|oB;

satisfies

for all z € B.

Remark 5.10 In the case A = 0 a subsolution is also called a subharmonic
function, since a solution u of Au(x) = 0 is called a harmonic function.

Theorem 5.11 Let vy,...,v,, be subsolutions of Au+ Au = 0. Then
v =max(vy,...,Un)
15 a subsolution.

Proof: Let v® = max(vy,v2), let B C Q be a closed ball and let uy, uy, u® €

C(B) be solutions of
Aw + Aw =0
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in B satisfying

2)

2
ul )|8B = V" 9B-

U11pB = V118B;  U2/0B = U2|9B;

For y € OB we have

W (y) =@ () > vly) = wly), i=12.

Using the maximum principle and noting that vy, v, are subsolutions we thus
obtain for z € B

uy ()
us ()

v1(x)
v2()

IAIA
VANIVAN
SHY
&

which yields

v (2) = max(vi (), va()) < u®(x).
This shows that v is a subsolution. Since
k) _

U( max(vl, . 7Uk> = max(vk7 maX(Ul’ L 7Uk—1)) — maX(Uk, U(k_l))7

the statement follows by induction.

Theorem 5.12 Let v be a subsolution of Au+ Au =0 1in Q, let B be an open
ball with B C Q and let u € C(B) N Coo(B) be the solution of

Au(z) + Mu(z) = 0, z€B

Upp = V9B -
Then the function v : 0 — R,
v(z), ¢ B
o(z) =
u(z), v€B
1 a subsolution.

Proof_: We have v > v sin(i v is a subsolution. Now let By be an open ball
with By C  and let @ € C(B;) be the solution of

At(z)+ Ma(z) = 0, ze€ B
WoB, = U|9B;-

We are finished if we can show that « > v in B;. By definition of © this holds if

v(z), =€ B \B (5.4)
u(z), x € B;NB. (5.5)

(AVARYS
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e

BiNB

Ball By in arbitrary position

To prove these relations, let @& € C'(B;) be the solution of
At(z)+ A u(z) = 0, z€ B
UWoB, = Y|9B-

Since v is a subsolution, it follows that @ > v in B;. Also, @& and @ solve the
Helmholtz equation in By and satisfy

WoB, = VjpB, = V|aB, = WaB,

hence the maximum principle yields @ > @ > v in By, which proves (5.4).
To verify (5.5), note that 9(B; N B) = (B; N 0B) U (BN JB;) and that

u|§ﬁaBl = U|§0831 - u|§ﬁ831

v

U BinoB YBinoB = WBinoB»

where we used (5.4) to get the last relation. Since both @ and u satisfy the
Helmholtz equation in By N B, it follows from these relations and from the
maximum principle that @ > w in By N B. This is (5.5). The proof is complete.

Theorem 5.13 (Comparison) Let A < 0 and let v € C(Q,R) be a subso-

lution, w € C(Q,R) be a supersolution with Vg < W, Then v < w in

Q.

Proof: Assume that there is g € € such that v(xzy) > w(zg). Then since
h = v — w is less or equal to zero on 0f2, it follows that h assumes the positive
maximum at a point z € 2. We can assume that z is a boundary point of
the closed set M = {z € Q | h(z) = max,gh(y)} C Q. It follows that every
neighborhood of z contain points, where h assumes values smaller than h(z).
Therefore we can choose a ball B with center z and with B C € such that 0B
contains such a point. We thus have

h(z) >0, h(z) > maxh(z), h(z)> min h(z). (5.6)

z€0B x€OB
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Now let ©,w be the solutions of

Ad(z) + Ao(z) = 0 in B, 0, = Y0yp
Aw(z) + Mv(x) = 0 in B, Wy = Wy
Then © > v and w > w in B. Therefore the function
U=10—w
satisfies u =0 —w > v —w = h in B, hence
u(z) > h(z) >0, (5.7)
and
Uop = Yo = Ylos T Yl T Plos T "o
This equation and (5.6), (5.7) imply
u(z) > max(0, maxu(y)), wu(z) > min u(y). (5.8)

yeOB yedB

Since Au(z) + Au(z) = 0 in B, it follows in the case A < 0 from the first of
the inequalities (5.8) and from Corollary 5.8(i) that u = 0, which contradicts
(5.7). In the case A = 0 it follows from the first of the inequalities (5.8) and from
Corollary 5.8(ii) that u = const, which contradicts the second of the inequalities
(5.8). Consequently, in both cases we must have v < w in Q. n

Theorem 5.14 Let A < 0 and let w € C(Q) N Cx(2) be a solution of the
potential equation Aw = 0. If w is non-negative, then w is a supersolution, if
w s non-positive, then w is a subsolution of the equation Au + \u = 0.

Proof: For a ball B with B C § let u be the solution of
Au(z) + Mu(z) =0, z€B
Uop = Wop:
Since Aw = 0, the function h = w — u satisfies

<0, ifw>0

Ah(x) + M(z) = Mw(z) — -7

(&) + Mh(z) (){ZQ iy
Since also h|8B = 0, we conclude from the maximum principle in the first case
that h > 0, hence u < w, which shows that w is a supersolution. In the second
case the maximum principle yields h < 0, hence u > w, which implies that w
is a subsolution. n
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Corollary 5.15 (Maximum principle for sub- and supersolutions) Let
A <0.

(i) Any non-negative constant function is a supersolution and any non-positive
constant function is a subsolution of Au + Au = 0.

(i) If v is a subsolution and w is a supersolution, then

=N
&
A

max (0, maxv(y)),

w(z) > min (0, ;Iel(l?% v(y)).

Proof: (i) A non-negative constant function is a supersolution and a non-
positive constant function is a subsolution, since they satisfy the potential equa-
tion.

(ii) For a subsolution v define ¢ : 2 — R by

o(x) = t = Q.
d(z) = const = max (0, iré%%v(y)), T €

Then v > 0 is a supersolution satisfying Y50 < @’BQ’ whence v < 0, by Theo-
rem 5.13. Similarly, for a supersolution w define w : 2 —+ R by

SN o : Q.
w(x) = const = min (O,;Ielé%w(y)), T €

Then w < 0 is a subsolution satisfying wbg < w|8Q, whence w < w. ]

5.4 Perron’s method

For a bounded open set Q@ C R?, for A < 0 and for a function f € C(9Q,R)
define

Sy ={v e C(Q) | v is a subsolution of Au+ Au = 0 with V)0 < It
Note that by the preceding corollary every v € Sy satisfies

v(x) < max (0, max f(y)).

Theorem 5.16 (Oskar Perron (1880 — 1975)) If Sy # 0 then

uf(x) =supov(z), =z €,
UESf

satisfies up € Coo(2) and

Aus(z) + Auy(z) =0, z€ Q.
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Proof: The proof is in two steps. In the first step we construct in a neigh-
borhood of an arbitrary y € () a solution u of the Helmholtz equation with
u(y) = us(y). In the second step we show that w = uy in this neighborhood,
hence u; is a solution of the Helmholtz equation in this neighborhood. This
proves the theorem, since y was arbitrary.

I.) Let y € © and choose a sequence {v,, }5°_; C Sy with lim,, o v (y) = us(y).
We can assume that
v Swvp <wz <

(5.9)
Otherwise we consider the sequence {T,,}>°_; defined by
U = max(vy, ..., Up).

This is a monotonically increasing sequence of subsolutions with v,, € Sy and
U > U, hence limy, 00 U (y) = ug(y). Thus, let (5.9) be satisfied.
We choose an open bounded ball B with y € B and B C 2. Consider the
subsolution
vm(z), x € Q\B,
Wiy () =
um(z), € B,

where u,,, € C(B) N Cx(B) is the solution of
Aty () + Mup(x) =0, x€B

Um’aB - vm|aB'

Then w,, € &y satisfies v,, < w,,. Moreover, since U,y = Uml, it follows that
{um|8B}m is monotonically increasing, hence the maximum principle implies

that {wn,}, and therefore also {w,,},, is monotonically increasing. Because
the last sequence is bounded above by the function uy, it follows that {w,,}m
converges pointwise everywhere on €2 to a limit function. Let u be the restriction
of this limit function to B. The function w is the pointwise limit of {,, },, and
satisfies

u<u, uwly) = usly) (5.10)
Au(z) + u(z) = 0, z€ B. (5.11)

(5.10) follows from

up(y) = lim vy, (y) < lm wp(y) = Im wg(y) < upy).

m—r 00 m—0o0 m—o0

To see (5.11) note that (u(z) — um($))2 decreases pointwise monotonically to
zero. The monotone convergence theorem of Beppo Levi therefore yields

. . 2 — 1 _ 2 _
Jim =3y = i [ (ua) —wn(2)"dr = 0.
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Since u,, satisfies the Helmholtz equation in B, it thus follows from Theorem 5.4
that {w,,},, converges uniformly in every compact subset of B to the solution
of the Helmholtz equation with Dirichlet boundary data given by U, This

solution equals u, since the pointwise and uniform limit functions coincide,
whence (5.11) holds.

I1.) To verify that uj = ug| let y; € B and choose as above a monotonically
increasing sequence {v], },, € Sy satisfying lim,, o v),(y1) = us(y1). We can
assume that

v > W (5.12)

since we otherwise replace v/, by max(wy,,,v,,). With the sequence {v/,},, we
construct in the same way as above a solution u' € C(B) of the Helmholtz
equation in the Ball B satisfying «'(y1) = us(y1). Because u is the pointwise
limit of {w,,} and because v’ > v/, for every m, it follows from (5.12) that

u' > u,

which implies that uf(y) = u(y) < v/(y) < uf(y), whence v/(y) = u(y). There-
fore u'—w is a solution of the Helmholtz equation in B satisfying (v'—u) > 0 and
(v’ —u)(y) = 0. Since y is an interior point of B, we conclude from Corollary 5.7
that v/ —u = 0 in B, thence

up(yr) = (y1) = u(tn).

Since y; € B was arbitrary, we obtain Ul = U hence uy is a solution of the
Helmholtz equation in the neighborhood B of y. Since y € () was arbitrary, we
conclude that uy is a solution of the Helmholtz equation in (2, as asserted by
the theorem. [ ]

5.5 Boundary value problems, regular points

Corollary 5.17 Let the assumptions of Theorem 5.16 be satisfied. If w €
C(,R) is a supersolution with [ < W[, then the solution u constructed in

this theorem satisfies
u(z) <w(z), x €.

Proof: Any subsolution v € Sy satisfies V)pg = f< W), hence v < w on €,
by comparison. Consequently

u(z) = supv(z) <w(z), x €.
UESf

Corollary 5.18 Let  C R? be a bounded open set, let A < 0 and let [ €
C(OSL,R). If there is a subsolution v € C(2) and a supersolution w € C(2)
satisfying

Uon = f= Yo
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then there is a unique solution u € C(Q) N Cu(NY) of

Au(z) + Mu(z) =0, z€Q
u‘aQ =/
The solution satisfies v < u < w on Q.

Proof: By assumption the set Sy of all subsolutions ¢ satisfying @‘89 <f
contains the function v, hence is nonempty. Consequently, by Theorem 5.16
there is a solution u € Cwp(R2) of

Au(z) + du(z) =0, z €,

which by Cgollary 5.17 satisfies v < v < w on 2. Extend u from 2 to a
function on €2 by defining

u(z) = f(z), =z € .

To see that the extended function satisfies u € C(Q), let 2 € 9S2. Since v,w €

C(Q) satisfy Y0, = f, we obtain

= Yoo

fla) = limo(y) < limu(y) < limw(y) = f(2),

Yy—x Yy—x
yeQ yeQ yeQ
whence
lim u(y) = f(x).
yeQ

Consequently, u € C'(€2). Uniqueness of the solution follows from Corollary 5.3.
Example 5.19 Let A <0, let a,b > 0, let
Q= {z = (v1,32) € R? | |z1] < a, |2 < b}
and let f € C(09Q) be defined by
flz)=c
with a constant ¢ > 0. Then there is a unique solution u € C(Q) N Cyo () of
Au(z) + du(z) = 0, ze€,
- f

“Ioa

For, w(zx) = ¢ is a supersolution with W], = f, cf. Corollary 5.15. To construct
a subsolution v with Vo = f, note that

¢ —AT —V—AZ
o1 (21, ) = g e <6ﬁ L g VA 1>
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is a solution, hence a subsolution with

( ) =c, |v|=a, |r2] <D
vi(xq, &
B §C7 |$1| Sa'la |$2| :b

Also

¢ -z —V =z
va(1, 72) = RV TR (eﬂ eV 2)

is a solution, hence a subsolution with

( ) <c¢ Jril=a, |zl <b
Vol\T1, T
I =c, |r1| <ai, |xe|=0.

Consequently
v(x) = max(vy(z), va())
is a subsolution with U)o = f. Corollary 5.18 thus implies that the boundary

value problem has a unique solution.

For an arbitrary domain and for arbitrarily given boundary data it is difficult
to find sub- and supersolutions with boundary values equal to the given data.
In the following we show that it suffices to find sub- and supersolutions, which
satisfy the boundary condition locally.

Definition 5.20 Let 2 C R? be a bounded open set. We call 2, € 9 a regular
boundary point, if to every £ € R, § > 0 and r > || there is a supersolution

w € C(22) and a subsolution v € C(£2) satistying w(zg) = v(xy) = £ and

w(z) >

¢, x € QN Bs(x),
r, o€ Q\ Bs(xo),

¢, 1€ QN Bs(x),
—r, x € Q\ Bs(wo).

Theorem 5.21 Let Q0 C R? be a bounded open domain, let X < 0 and let
feC(OR). If xg € 09 is a regular point, then the solution u of

Au(z) + du(z) =0, z €
constructed by Perron’s method is continuous at xo and satisfies
u(zo) = f(zo)-
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Proof: Let € > 0. Then there is 4 > 0 such that

|[f(z) = flzo)| <&

for all z € 0Q with |z — x¢| < J. By assumption there is a supersolution w and
a subsolution v satisfying w(xy) = f(zo) + €,v(x0) = f(z0) — € and

w(z) > wlze) = f(zo) +e,  for |z — o] <6,
w(z) = sup [f(y)], for |z — xo| > 4,
v(x) < Zzlfe(?;):f(xo)—a, for |z — zo| < 4,
v(z) < —sup [f(y)l, for |z — wo| = 0.
Yo
These conditions imply
w(@) > flzo)+e > flx), €N Bs(xo),
w(r) > ;gﬁ@ﬂ > [f(x), =€0Q)\ Bs(xo)
v(x) < flw)—e < flx), x €N Bs(xo),
v(z) < —;guum < f(@), z€0Q\ Bs(xo),

hence ’u|8(2 <f< w|8Q. Therefore we have v € Sy, hence Sy # (). This implies
that the solution u exists and satisfies

v(z) < u(z) < wl),
for all z € Q. Thus,

limsupu(z) < limsupw(x)= lim w(z) = f(xy) +¢
T—T0 T—T0 T—T0
z€Q z€Q zeQ

lizrjll}iil(}fu(x) > ligg_l}ixrolfv(x) = mli_)rglov(x) = f(xg) —e.

€N zeQ zeQ

Since ¢ > 0 was arbitrary, we infer that

limsup u(x) = liminf u(z) = f(zo),
T—x0 T—To
zeQ xeQ)

which implies
Am u(z) = f(xg).
zeQ

Therefore u is continuous at zg.
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Zo
Bs(xo)

Bys)s(a)

I BR(a)

Ball with center a intersecting 9€) at xq

Corollary 5.22 Let A < 0, let Q C R? be a bounded open set and let f €
C(092,R). If every point of OS2 is regular, then there is a unique solution u €
C(,R) of
Au(z) + Mu(z) = 0, z€Q
U = f-
This result follows immediately from the preceding theorem. It remains to find
a criterion for regular boundary points.

Theorem 5.23 Let Q2 C R? be a bounded open set and let xg € OQ. Assume
that A < 0. If there is an open ball B C RZ\Q such that

E N ﬁ = {130},
then xg is a reqular boundary point.

Proof: Let £ € R, r > |£| and § > 0 be given. We must construct suitable
super- and subsolutions. We first assume that £ < 0. Let B = Bg(a) be the
ball with
BR(CL) N = {ZE()}
s

Without restriction of generality we can assume that R < 5. Otherwise we

shrink B until this estimate holds. This estimate for R and the equation Br(a)n
Q= {zo} imply

Bp(a) € Bsjala) € By(xa).

For simplicity we write

I = Byys(a)\Ba(a).
I.) To construct a supersolution we let u € C'(I') N C(I") be the solution of
Au(z) + Mu(z) = 0, axel,
u(x) = r, x€0Bspnla),

uw(x) = & € 0Bg(a).
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This solution is given by

u(z) = CrJo(V |z — al) + CoNo(V |z — al), for A <0,
|G+ Colnlz —al, for A =0,

with suitable constants C; and Cs, which can be determined from the boundary
conditions. We can use this formula to extend u to the region R?\ Bg(a), which
contains () as a subset. The extended function satisfies the Helmholtz equation
in the whole domain of definition. Therefore, for y € R? with |y — a|] > §/2
the radial symmetry of u and the maximum principle applied to the region
I'y = Bjy_q/(a)\Bg(a) yield for all z € I, that

min (0,&,u(y)) = min(O,rgljn u) < u(x) < max(0, max u) = max (0, &, u(y)).

(5.13)
We can insert © € 0B;/2(a) C I'y into this inequality. Since u has the value r
on 0Bj)2(a), the second inequality in (5.13) can only hold if

u(y) >r, for all y € R*\OB;s(a). (5.14)

This implies min (0,&,u(y)) = & < 0, whence, the first inequality in (5.13)
yields
u(z) > ¢, for all x € R*\ Bg(a). (5.15)

Now define w = U Then w is a solution of the Helmholtz equation, hence it
is a supersolution. Moreover, zq € dBg(a) implies

w(zg) = u(xg) = &.

If we note that Q C R?\Bg(a) and Q\Bs(zo) C R*\B;ss(a), we obtain from
(5.14) and (5.15) that

w>E&onQ, and w >r on Q\Bs(zg).

Therefore w satisfies all conditions required from the supersolution in Defini-
tion 5.20.

I1.) To construct a subsolution v let u € C(T') N Cy(T') be the solution of

Au(z) = 0, rel,
u(xr) = —r, x€ 0Bspla),
u(z) = ¢, x € 0Bg(a).

This solution has the form
u(z) = Cy + Cylnl|z — af

70



with constants C,Cy uniquely determined by the boundary conditions. We
use this formula to extend u to the region R? \ Br(a). The extended function
satisfies the potential equation in the whole domain of definition. Choose y € R?
with |y — a|] > §/2. Since u is radially symmetric with respect to a, it has the
constant value u(y) on the circle 0B),_4(a), whence Corollary 5.8(ii) implies
for all z € I'y that

min(&, u(y)) = Igrinu <u(x) < maxu = max(&, u(y)). (5.16)
This inequality must hold for € dBs/2(a) C I'y. For such « we have u(z) = —r.
The first inequality in (5.16) can therefore only hold if u(y) < —r. This implies
max (&, u(y)) = &, so the second inequality in (5.16) yields that u(z) < £ for all
x € I'y. Since y was an arbitrary point outside of the ball Bs/s(a), we obtain

u < & on R*\ Bg(a), u < —r, on R*\B;s(a).

Since ¢ < 0 by assumption, it follows that © < 0. Consequently v = Ul is
a non-positive solution of the potential equation, hence v is a subsolution, by
Theorem 5.14. Since z¢p € dBg(a), we have v(xg) = £. From the inequalities
above it is immediately seen that v satisfies all conditions required in Defini-
tion 5.20 from the subsolution.

I11.) It remains to construct a supersolution and a subsolution in the case £ > 0.
To this end let w and v be the super- and subsolution to the value —¢§ con-
structed in the preceding part of the proof. Since the negative of a supersolution
is a subsolution and the negative of a subsolution is a supersolution, it follows
that

A

w=—-0, v=—w
are a supersolution and a subsolution, respectively, satisfying the estimates

required for a regular point. Consequently zq is a regular point. [ ]

Example 5.24 Let Q C R? be a bounded, open and convex set. Then to every
point z € 02 there is a ball B such that Q@ N B = {z}, hence every boundary
point is regular. Therefore the Dirichlet boundary value problem

Au(z)+ A u(z) = 0, z€Q
Yoo T I

with A < 0 has a unique solution u € C(Q2) N C(Q) to every f € C(05).

Example 5.25 Let I' C 09 be a finite subset such that 02 is two times contin-
uously differentiable at every point of 0Q\I'. Assume that through every point
y of I' a straight line ¢ is passing such that €2 is locally on one side of ¢ at y.
Then to every point z € 9 there is a ball B with BN Q = {2}, hence every
point of 02 is regular, and the Dirichlet problem can be uniquely solved. In
particular, the Dirichlet problem can be uniquely solved if 92 € (5.
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A domain satisfying the conditions of Example 5.25
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6 Fundamental solution, Green’s function

6.1 Convolution integrals
Theorem 6.1 Let 1 < p < oo, p € L'(R",C) and f € LP(R",C). Then for
almost all x € R™ the integral

F@) = [ o=ty = [ o) fe )y

exists. The function F' defined by this integral belongs to LP(R™, C) and satisfies

IFl Lr@ey < ll@llor@ny [1f]|e@n-
Here

1/p

fullsey = ( [ uto)a )
denotes the norm in the Banach space LP(R",C).
Proof: We have

/ o)1 f(@ — yPPdedy = / o)l [ 1@ —y)Pdedy
n JRn R™ R™

o (y)ldy - [f(@)Pdz = flellr@n 1170 @n- (6.1)

Rn

Thus, Tonelli’s theorem yields ((x y) — ey
whence Fubini’s theorem implies that [.. |¢(y)
0)

all x € R, consequently y — [ (y)|V/?|f(z —
p = 1 we therefore get from (6.1)

A \F(x)ldxé/ ; eI 1f (2 = y)ldydz < [l Lr@m | F ]l @

If(@ —y)PP) € LYR™ x R),
||f(x — y)[Pdy exists for almost
| € LP(R™) for almost all z. For

This completes the proof for p = 1. For 1 < p < oo let 1 < ¢ < oo satisfy
5+ 2 = 1. Then Hélder’s inequality yields

( - lp(r —y) f(y)] dy>p = ( s o)) f(z — )] dy)p
< ([ el el e =l )" < lietd ([ el 156 - pay).

The right hand side is bounded for almost all . It thus follows for these z
that y — ¢(z —y)f(y) € L'(R"). Furthermore, the last inequality and (6.1)
together imply

/n Fla)Pds = / /nso(:v—y)f(y)

< HsoHLl(Rn lell @y 11 Zomy = Ul [1f1]o @)

R

N
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Remark: Often one uses the notation
Fo)= [ oo =)y = (¢ Pla)

The operator * is called convolution. With this notation the inequality just
proved is

I Fllzr@ny < llpllzr@n £l oo en).

Consequently f +— @ f: LP(R") — LP(R") is a linear and continuous mapping
with norm not greater than |¢|| L1

6.2 Fundamental solution

Definition 6.2 Let A € C. The fundamental solution F' of the Helmholtz
equation Au + Au = 0 in R™, n = 2, 3, is defined as follows:

(i) Let n = 3. For z € R?® with = # 0 set

F(z ¢

- dr|z|

(ii) Let n = 2. For x € R? with z # 0 set

where Ny is Neumann’s function of order 0. For the square root we take the
branch satisfying 0 < arg v/\ < 7.

In the following we mainly study the fundamental solution in R3. Analogous
results hold for the fundamental solution in R2.

Lemma 6.3 The three-dimensional fundamental solution F is infinitely differ-
entiable in R*\ {0} and satisfies

AF(z)+ AF(z) =0, x#0.
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Proof: It is obvious that F' is infinitely differentiable in R*\ {0}. To show that
the Helmholtz equation is satisfied let r = r(z) = |z|. Then

eiﬁr(x)

B 23: or\* ot ot o)\ eVr
n — dz; ) Or?  Oxz? Or Ay
3

_ & 28_2_|_ i_ IZQ 2 _|_)\ eiﬁr
|z| ) Or? lz|  |x|®) Or Ay

o7 +2 8+)\ eiﬁ’"_o
o lor?2  roor 4rr
. u
Since %F(m) = (ivVA— \wl) ;W\$‘|‘ o> it follows that to every R > 0 there exist
constants C, Cy such that
Cy
< =2
F@)l < |x| ‘axz F@ < 1
for all = with 0 < |z| < R, hence
F 0 F € L'(Bg(0),C)
) al’z R ) )

where B(0) = {z € R* | |z| < R}. For A € C\[0, 00) it follows that

Reiv\ < 0,

whence |F(z)| and |52 F(z)| decay exponentially for |z| — oo. This implies
that 9

85(,’1'
Theorem 6.4 Assume that A € C\[0,00). For f € L*(R? C) set

F, —— F € L'(R%,C).

wa) =~ [ Fla=n)fa)iy=~(F <)o), a ek

Then u € H{(R?,C) is a weak solution of the equation
Au+du = f. (6.2)

Proof: To prove that u = —F * f € H;(R?) note that since F € L'(R?),
2L F e L'(R?) and f € L*(R?), we conclude from Theorem 6.1 that

u=—FxfeL’R%, v=—( 0

c‘%iF) x f € L*(R%), fori=1,2,3.
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Consequently, to prove that u € H;(IR3) it suffices to show that v; is the weak
derivative of u. To verify this let ¢ € CO‘OO(R3). Then

U, pa,) = /R /R (r—y dyaa pla) do
_ / 3 / Fla—y) a%so(:c) dz f(y) dy
_/RB lim /RS\B,.(y) F(z —y) aiinx f(y)dy
| s | o

r—0
R3\B7"( ) 8B'r(y)

/R3 R3 81:1 Fx —y)p(w) dz f(y) dy

- /R - 8xiF (x = ) f(y) dy p(w) dx = —(v;, ).

This proves that v; = (%_u, i =1,2,3, hence u € H(R?). In the computation
above we used GauB’ theorem. n(x) = (ni(z), ne(z), n3(x)) denotes the interior
unit normal vector to 0B, (y). We also used that

/ eiﬁr
n;(x w(x)dS,
o ) o ele)

= lim
r—0

lim
r—0

/ ni(z)F(x —y) md&;
9Br(y)

1
< hmsup|g0|4 /{93();6&% = s§£|¢|lzrg)r:0.

To prove that u is a weak solution of (6.2) in R* we must by Definition 3.31
show that
—(Vu, Vo) + Au, ¢) = (f, ) (6.3)

holds for all ¢ € CO*OO(R?’, C). To prove this we use the first Green’s formula and
proceed similarly. We compute

—(Vu, V) + AMu, ¢)
/Rs/R:a VFx— Ve () AF(z — )@)dxf(y)dy

/R lim / " (vxm ) Vi) — AF(x — y)p(a) ) duf(y) dy

3 r—0

_ /R lim (/Rg\Br(y)(_Am ~ N F(z — y)o() da

O iﬁr_
=— / lim / L (w)dS.f(y) dy. (6.4)
R 9Br(y)



a eiﬁr
—1i el ds,
a0 o—y|=r Or 47T (w)dS (6:5)
) ei\fz\r \/_ 1 _
=t VA0 [ B0+ (0 ) s, = 7.
since
ei\/XT \/_ 1
. x 1 STy
lim | —— (VA - ) /x L PO el ds,
1 1
<Ii — — (VA + =)4mr? = 0. .
_T%meztélf(y)!w(x) w(y)\47rr(|\/_|+r) =0 (6.6)

Here we used the continuity of ¢. We combine (6.5) with (6.4) and obtain (6.3).
Consequently, u is a weak solution. [ ]

Remark 6.5 If f is more regular then

uw) == [ Ple=) fw)dy

is not only a weak solution, but also a classical solution of Au + Au = 0. For,
a weak solution u is a classical solution if u € C5(R?). This regularity of u is
obtained for example if f € C;(R?) and

0 0

for all z € R3, with a suitable constant C. To see this, suppose that f satisfies
these conditions and that Re iv/A < 0. Then

) )
axi“(x) =/, axiF(x—y)f(y)dy

= /. a(;F(x —y)f(y)dy = — /R3 F(x — y)azif(y) dy

and

o) =~ [ TR )y

(%Ujau Y

and some technical considerations show that these derivatives exist in the clas-
sical sense.
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6.3 Green’s function

Convolution with the fundamental solution yields a solution of the Helmholtz
equation in the whole space R?, but it does not yield the solution of a boundary
value problem, since the boundary condition will not be satisfied in general. To
find a replacement for the fundamental solution in case of a boundary value
problem assume that A € C and that the boundary value problem

Au(z) + Mu(z) = f(z), z€Q,
u(z) = g(z), =z €I,

has a solution u in the domain 0 C R3. Assuming that the solution is regular
enough such that Green’s formula can be applied we obtain with the fundamen-
tal solution F'

/ Fla— ) (y) dy = / F(z - y)(A, + Nu(y) dy
Q Q

= lim F(z —y)(Ay + Nu(y) dy
r Q\Br(z)

_ lim ( / (A, + N F(x — y)uly) dy (6.7)
r—0 Q\B,(z)

+ /89 Fz - y)a%yU(y) - ainyF(ﬂc — y)u(y) dS,

o 0
t [ Pl = e ) 85,
0

0
= | Fle—wg-ut) - 5o F@ - pu() s, - u(),

since (A, + A\)F(z —y) = 0 in the domain Q\B,(z), and since

0
lim Flx —y)=—u(y)dS, = 0
r—0 aBr(x) ( y)any (y) Y
—lim iF(Jz:—y)u(y)alSy = —u(x),

™0 JoB, (2) ony
which is proved as in (6.5), (6.6). From (6.7) we thus obtain

0 0

F(r — y)a—nyU(y) — +—F(z —y)u(y) dS,.

u(z) = — /Q F(x —y)f(y)dy +/ on,

o0

This is a representation formula for the solution in terms of the boundary values
U, and g—z of the solution.

Since U, is equal to g, we can insert g(y) for u(y) in the boundary inte-
gral on the right hand side of the representation formula. However, the normal
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derivative Qu/dn appearing in the boundary integral is unknown and can only
be determined by solving the boundary value problem. Yet, one gets a repre-
sentation formula which does not contain the unknown normal derivative if one
replaces the fundamental solution F' by the Green’s function for the Dirichlet
boundary value problem

G(r,y) = F(r —y) + w(z,y),

where w : Q x Q — C is defined as follows: For z € Q let v : Q@ — C be the
solution of

Av(y) + v(y) = 0, forye
v(y) = —F(x—y), forye .

Then set
w(r,y) = v(y).

The function G satisfies for every ¢ € C'(2) and z € Q
(i) G(z,y) =0, ye o,
(11) (Ay + )\)G(,I‘, y) = 07 Yy € Qv T 7& Y,

(iii) lim e(y)G(z,y)dS, =0,
r—0 8BT(a:)
: . 0
(iv) lim o(y)=—G(z,y)dS,
:lim/ o(y)5—F(z —y)dS, —|—11m o(y)=—w(zx,y)dS
0 9B, (2) ( )any ( ) 9B (2) ( >6ny ( ) Yy
= o(z).

(n, is the interior normal vector to 0B, (x).)

(ii) — (iv) are precisely the properties needed in the computation (6.7). Therefore
the same computation yields for GG instead of F' and for the solution of the
Dirichlet boundary value problem, using that G(x,y) = 0 for y € 99,

u(z) = —/ G(z, y)dy — /aQ (9_nyG z,9)g(y)dS,. (6.8)

Of course, the determination of G requires to solve the Dirichlet boundary
value problem in 2. Therefore G can only be constructed if it is known in
advance that the Dirichlet boundary value problem has a solution. The Green’s
function cannot be used to answer the questions of existence and uniqueness
of boundary value problems. But if G can be determined explicitly it offers a
means to represent, to compute and to study properties of the solution.
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It is also possible to define the Green’s function for the Neumann boundary
value problem

Au(z) + Mu(z) = f(z), z€Q,
5,ue) = gl@), zeo,
where A € C is a given constant. The Green’s function for this problem is
Gz, y) = F(z —y) + w(z,y),

where w : Q x Q — C is defined as follows: For z € Q let v : Q — C be the
solution of

Av(y) + Mv(y) = 0, forye

0 0
a_nyv(y) = —a—nyF(m —vy), forye .
Then set
w(z,y) = v(y)-

The function G satisfies

0
a_nyG(xay> - 07 VRS 897

and we obtain the representation formula for the solution of the Neumann
boundary value problem

/G z,y) f(y)dy + G(fc,y)g(y)dsy-

6.4 The Green’s function for the potential equation in a ball. Pois-
son’s representation formula.

It is possible to determine the Green’s function explicitly in some cases. Here
we derive the Green’s function for a ball Bg(0) in R™ with n =2 and n = 3.
To this end let R > 0 and consider the Kelvin transformation K : R"\{0} —

R™\{0} defined by )
K(z) = <£> x.

||
(Reflection at the sphere with radius R.)

Lemma 6.6 For z,y € R" with 0 < |z| < R, |y| = R we have

ly — K(z)| = ||\y—x\
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Proof: We have

ly—K@)* = |[K@)P+yf -2y K(x) =

= ( )‘x|2+32_2<y \)
- ( \)2 ( )"2_2<\ y)

= (i ‘) (Iyl? + [2f? = 22 - ) = (‘ ,) ly—xf.

:u§|:u§|:am

Theorem 6.7 The Green’s function to the Dirichlet problem for the potential
equation in the ball Br(0) C R3 is

1
G - -
(z,9) y p— w(z,y)
with R .
i) —5 0<|z|]<R
w(z,y) = 7;:,: ly = () =l
—m, x = 0.

2
Proof: For 0 < |z| < R we have |(‘ﬁ) x| = R% > R. Thus, for all z € Bg(0)

y = w(z,y) € Cux(Br(0)),

and
Ayw(z,y) =0.
Also, for 0 < |z| < R and y € 0Br(0) we have
1 1
w(z,y) = ——p = - =—F(z—y).
47r%|y—K(x)| Az — y|

Clearly, for x = 0 and y € 0Bg(0)
1 1

= — = — =—Flz—uvy).
Consequently, w satisfies
Aguley) = 0, (2.y) € Br(0) x Br(0)
w(x7y) = _F(‘I - y)7 (xvy) € BR<O) X aBR(O)v
hence
is the Green’s function. n
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Corollary 6.8 Let Br(0) C R?® and let u € Cy(Bg(0)) N Ca(Br(0)) be a solu-
tion of the Dirichlet problem
Au(z) = 0, z € Bg(0),
u(z) = f(x), x € dBg(0).

Then this solution is given by the Poisson representation formula

1 / R? — |x]?
)= —— ——— f(y)dS, .
) A7 R Jiy=r |z —y[? (y)dS,

Proof: If u € C;(Bg(0)) NCs(Bg(0)), then the derivation of the representation
formula (6.8) is valid, hence

uw) == [ Gy wis, (6.9
Now for 0 < |z| < R and |y| = R

0 Y 1 R 1
= Glz,y) =L -V _
oy O = 11 Y =3t~ e 3y~ )

1 (y—z) y R

C dmle =yl o=yl lyl o Awla] py—(

=~
N
N
8
o
<
|

|z

(

(
s U AU C B S AR A S
“ T O i o ¢ )

I S SRR AN L (L (4
~ e ) (R0
1 R?—|x)?

C47R |z —yP

|z

2
(—lyl + ﬁ|y|) =

~dmla —yP
Insertion into (6.9) yields the formula claimed in the lemma. n

For Q C R? the Green’s function to the Dirichlet problem for the potential
equation is defined by

1
G(l’,y) = _% hl‘l’ - y‘ + UJ(LZ',y),

where for every x € ()

Ayw(z,y) = 0, y €N

1
wlz,y) = g-lnfz—y, yeo

By the same method as in the three-dimensional case one obtains:
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Theorem 6.9 (i) The Green’s function for the Dirichlet problem to the poten-
tial equation in the circle Br(0) C R? is

1 R|x —y|
2— n 72 .
T fal ly - (&)l
(ii) Let u € C1(Bgr(0)) N Ca(Bgr(0)) be a solution of
Au(z) = 0, xz € Bg(0), (6.10)
u(z) = f(zx), =z € dBg(0). (6.11)
Then u 1s given by the Poisson representation formula

1 R? — |z|?
- S ) TR
U(l’) 27TR /|?;:R |aj . y|2 f(y) Sy

1 2 (R2 _ p2>
" 21 )y R?2—2Rpcos(p— V) + p? J@0)dv

where x = (p, ), in polar coordinates.

G(ZL‘,y) =

Remark 6.10 Under the assumptions of Theorem 6.9 the boundary data f are
continuously differentiable. However, by Theorem 5.5 we know that the Dirich-
let problem (6.10), (6.11) in R? has a unique solution for every continuous
function f. In fact, using Theorem 5.4 it is not difficult to prove by approxima-
tion of a given continuous function f by continuously differentiable functions
that the Poisson representation formula also holds if f is only continuous.

Up to now we have not shown that the Dirichlet problem for the potential
equation in a ball Bg(0) C R? has a solution. Of course, the integral

o) = s [ R =lal® pas,

in the Poisson representation formula in R?® exists for every function f &
C(9Bg(0)). Therefore one surmises that as in R? the solution of the Dirichlet
problem in a three-dimensional ball exists and is given by this integral formula
if the boundary data are continuous. This is true and can be proved directly
by showing that the function u given by the formula is twice continuously dif-
ferentiable in Bg(0) and satisfies
Au(z) = 0, x € Bg(0,
lim wu(z) = f(z), forall ze€ dBg(0).

T—rz
zGBR(O)

The proof of the first assertion is obvious, but the second assertion is difficult
to verify, since the denominator of the integrand in the Poisson representation
formula tends to zero if  converges to a boundary point. We do not analyse
this boundary behavior here, but investigate a similar integral in Section 7,
where we prove a general existence result for the Dirichlet problem in bounded
domains in R3.
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6.5 Green’s function for the half space

As last example we determine the Green’s function for the Dirichlet problem in
the half space H = {x = (x1, 29, 23) € R* | 23 > 0}. We have

OH = {(x1,72,0) | (x1,22) € Rz} ~ R?,

To f € CO*(RQ) and A € C one wants to find a solution v € Co(H) N C(H) of
Au(z) + Au(z) = 0, r€H
uw(x',0) = f(2'), 2/ =(x1,1) € R

Lemma 6.11 The Green’s function for the Dirichlet problem in the half space
H is given by

where © = (11,79, 23) € H, & = (x1, 79, —23), y € H with x # y.
Proof: Obviously we have

]_ ei\/xkg_yl
(Ay +2)

=0, z,ye H, zv#y.

A

dr & -y

For y = (y1,42,0) € OH and = € H we obtain

12—yl = V(21 —y1)2 + (22 — 42)% + (—23)% = [z — ¢,

hence oyl oyl
1 iV A|lz—y 1 iV A|lz—y
Glay)=— ——-—"—— =0

Corollary 6.12 Let A € C\[0,00) and let u € C,(H) N Co(H) be a solution of

Au(z)+ A u(z) = 0, xe€H

u|8H ’

(@), [Vu(z)] < C, zeH
Then for x € H

1 0 eVl 1 0 eV z=yl
= oy Tl O L T O

Remark 6.13 |u(x)|, |Vu(z)| < C is a condition for the behavior of u(z) and
Vu(zx) if |z] — oc.
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Proof: Let z € H and y € H with |y| > 2|z|. Then
. 1
& =yl = |z =yl = [yl = |z = Slyl-

Thus, since Reiv/\ < 0, for 2,y € H with |y| > max(1, 2|z])

Gla,y) < = 2 e

| < pRan FReiVAlYl < Che Wl

with a suitable constant C; > 0 and ¢ = —3 Redv/A > 0. Similarly, for |y| >

max(1,2|z|)
IV, G(z,y)| < Che™l.

Let Qp = {z € H | |x| < R}. Then u has the representation

0 0
ulx) = — G — G(x,y) =— u(y)dS
@) = = [ g (o) = Glry) 5 )i,
= 9 —dG ds,
= [ oo - G5,
lyl<R
[ Gl g)uly) — Glay) 5 u(y)ds
lyl=R On,, Y)Y 24 on,, Yoy
y3>0
This formula holds for all R > 0. Thus,
) . 0
)= Jim u(e) = = [ S Gl )i,
lyl<R
~ i [ Glauly) - Glo) 5
R—oc Jlyl=R On,, WY Y an,
3>0
= —/ iLG@yV@MS
yeoH any 7 Y
Here we use that
tim | [ 2 Gleyuly) - Gla.y) u(y)ds,
R—00 yl gany ’ 7 on, v

< lim R(CQG_CRO + C’le_CRC)dSy =0.

Fovee U
Now, for y = (y1,¥2,0) € OH
ey Bk
8ny Oy |Z — y] lys=0
T3 0 0
= | ] @| y|_—a—ny|93—?/|



Consequently, for y € 0H

a ei\/x‘x_m a ei\/xlj_w

2 Gay) =

ony on, 4rlz —y|  On, 4n|i —y|

a eiﬁ|1*y| a eiﬁ|1*y|

_|_
ony 4mlx —y|  Ony 4|z —y|
1 9 eVAa—yl
21 dny, An|z —y|

Insertion of this expression into the representation formula (6.12) yields the
statement of the corollary.
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7 Integral equation method

7.1 The boundary integral equations

Let Q C R3 be a bounded open set. In this section we study the Dirichlet and
Neumann boundary value problems for the Helmholtz equation in €2 and in the
complement R*\Q and show that all four problems can be solved uniquely, if
the boundary 0f) is sufficiently smooth. The Green’s function method cannot
be used for this, since for such general domains the Green’s functions cannot
be determined explicitly. Instead, we use the method of boundary integral
equations. To explain the method consider the Dirichlet problem

Au(z) +  u(z) = 0, z€ (7.1)
u(z) = f(x), xS

If the boundary 0f2 is smooth, then in sufficiently small neighborhoods of every
point zy € 02 the boundary will be almost planar. This suggets to represent
the solution of (7.1), (7.2) by using the representation formula derived in Corol-
lary 6.12 for the Dirichlet problem in the half space, for which the boundary is
a plane. We thus try to find the solution u in the form

u(x) (y) dS,. (7.3)

" or

1 / o VAl

— v
o0 any ’x - y’

with a suitable function v € C(9€2,C). In this equation u is called double
layer potential, v is called the boundary layer. As will be seen, the double layer
potential u satisfies the Helmholtz equation

Au(z) + Au(z) =0

for every x € R3\ 99Q. To see how v must be chosen, note that if € is equal to
the half space H and if u is the solution of the Dirichlet problem in H to the
boundary condition Uy = f, then we know from Corollary 6.12 that u is given

by (7.3) with the choice v = —f. This means that for every boundary point x
we have

xli_g&lo u(z) = f(xg) = —v(xy). (7.4)

One cannot expect that u given by (7.3) satisfies this simple limit relation also
for curved boundaries. Instead, we shall show that for general boundaries 0f2
a correction term appears on the right hand side of (7.4). This correction term
is given by the jump relation

i u(e) = —v(ao)+ = [ LE g, meon. (1)
m u(xr) = —v(xg) + — e r—— A Y , Zo € . .
e 2w Jaq Ony |ao — ! "
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From this jump relation we see that u is a solution of the Dirichlet boundary
value problem (7.1), (7.2), if the boundary layer v satisfies

1 [ 0 VAl

—v(x) + (y) dSy = f(x), (7.6)

— S
21 Joq Ony |z — vyl

for all x € 0§2. This is an integral equation for the unknown function v €
C(09, C) with the given right hand side f € C(952,C). If a solution v of this
integral equation can be determined to a given function f, then the double
layer potential u defined in (7.3) with v as the boundary layer is a solution of
the Dirichlet boundary value problem to the boundary data f. Thus, if this
integral equation is solvable for every f € C(0f,C), the Dirichlet boundary
value problem is solvable for all continuous boundary data. Therefore we must
study under what conditions the boundary integral equation is solvable.
For x € 02 we write

1 9 eiVAlz—yl

(Kw)(x) (y) dSy. (7.7)

= — —
21 Joq Ony |z — vyl

With this notation the integral equation (7.6) can be written in the short form

(~I+K)v= . (7.8)

where I denotes the identity operator. The solution of the Dirichlet boundary
value problem for the Helmholzu equation is thus reduced to the determination
of the inverse of the linear operator —I + K.

To solve the Neumann boundary value problem

Au(z) + Mu(z) = 0, z e, (7.9)
é%u(x) = f(x), z€dQ, (7.10)

we represent the solution by a single layer potential

L[ el s Q 7.11

The single layer potential satisfies the Helmholtz equation
Au(z) + Au(z) =0

for all x € R?\ 9 and is continuous across the boundary 9, but the normal
derivative satisfies a jump relation. To state this relation, we define for x € 92

0 0 0 0
aﬂu(aﬂ—) S:gél) 8Su(x + sn,), anu(ac ) Sslggl) asu(a: + sng) (7.12)



The jump relation is

1 9 etV Ma—yl

2u(x:l:) = Fou(x) +

an (y)dS,, = €09, (7.13)

— —
27 o0 8nz |x—y|

where % denotes the derivative with respect to the variable x in the direction

of the exterior normal vector n, at x € 0{2. Note that a%u(.r—) is the limit of
the normal derivative from the interior of €2. Therefore the Neumann boundary
condition (7.10) is satisfied if the boundary layer v satisfies the integral equation

v+ K'v=f,
with the operator K’ defined by

1 [ ek

(K'v)(x) (y)dS,. (7.14)

= — —
27 o0 8”37 ‘x_y‘

Therefore the Neumann problem is solvable if the operator (I + K')
C(09,C) — C(09,C) is invertible.

To determine whether the inverse (—I + K)~! exists we must first study
the operator K. It is not obvious that the operator K is well defined, since
the denominator of the integral kernel in the expression on the right hand
side of (7.7) vanishes at y = x; the integrand might thus have a non-integrable
singularity. In Section 7.2 we therefore study this integral and show that it exists
for every v € C'(052, C); we also show that the mapping x — (Kv)(x) : 9Q — C
is continuous, which implies that

K : C(09,C) — C(69,C)

is a linear operator. At the end of Section 7.2 we prove the jump relation
(7.5). In Section 7.3 we study the single layer potential and verify the jump
relation (7.13). In Section7.4 we shortly review the functional analytic theory
of compact operators. With this theory we study in Sections 7.5 and 7.6 the
invertibility of the mappings (I + K’) and (—1 + K) and use the results to solve
the Neumann and Dirichlet boundary value problems.

7.2 Properties of the double layer potential

In this section we investigate the behavior of the double layer potential when z
lies in R*\Q but is close to 2 and when x belongs to 9. In these investigations
we use a technical lemma, which we prove first. Throughout Section 7 we assume
that Q C R? is a bounded domain with 9Q € Cy and that v € C(99, C).

We need some notations and definitions: Let zy € 02 be an arbitrarily
chosen point. We can choose the x1,x9, z3—coordinate system such that the
x1, xo—plane is tangential to 02 at x¢ and such that the exterior normal vector
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N, points into the direction of the negative xz-axis. For x = (1,79, 73) € R?
we write ' = (x1,z5). By this choice of the coordinate system we have

x= (2, 23), x0=(20,0).
Since 02 € Cy, a parametrization of a neighborhood Vi = Vg(z9) C 09 of g
in 0f) is given by
v (oY) : B CR* = Va,
where B, = {y/ € R? | |y — x| < R}, and where ¢ € Cy(B}, R) satisfies
o) < Mly' — 6", [Ve(y)] < M'ly' — ),
with suitable constants M, M’ > 0. For y € Vi we thus have

y=(v.¢)), y€Va
The exterior unit normal vector at y € Vg is given by
1 /
ny = (V¢@))EH@'
VI+HIVe))E \ 1
The constants R, M and M’ depend on xy, but since 02 is of class Cy, they

can be chosen independently of xq € 2.
After these preparations we can formulate the technical lemma:

Lemma 7.1 Let A € C. There is a function g : {(z,y) |z € R, o’ ==, y €
Vr} — C and constants C,c, which can be chosen independent of xy € 0,
such that

l9(z,y)| < Cel ¥ |z —y)?
and such that for every v € C(VR, (C) and for every x € R® with ¥’ = z,
o VAl xsh(|lz —vy g(z,y
e otas,— - [ P gy [ LI s,
B

_ v B
ve Oy |7 =y |z —yl? Ve [ =yl

R
where h(r) = eVA" (1 —ivAr).
Proof: We have at y = (y’, c,p(y’)) € Vg

a ei\ﬁ\\ﬂ?—yl
14+ |V ——
Vel ony |z —yl
v/ Xa—y| 1 _
_ (_ +Z\/X) y-r (Vg@)
2 —y| |z -yl ly—zf \ -1

eV z=ul (i /N — y| —
_ eVl —yl 1) (Vo (v —2') = (ely) — 23))

|z —y[?
3+ Vo-(y —2')— oy
—z3h(|lz —y|) + g1 (x, y)

Y

|z —y[?

90



with
g1(z,y) = =h(lz —y)) (Vo) - (v —2') — o(¥))). (7.15)
Thus,

a eiﬁ|a)—y|
— v(y) dS,
/VRany ’l'—y’ (y> Yy
v 1+ |Vo(y)|2dy
T P (W)V1+[Ve(y)?dy
_ _/ x3h<|w_y|)v(y) dy’—i—/ gl(x’y)v(y) dy’
B

po e =y B, |2 —y[?

- / zohlle = 4D oy ay + / 9:Y) ) ay,

p =y v [T = yl?

a ei\/xley‘

with g(z,y) = ——224__  From (7.15) we obtain

V1HI V)2
9(z,9)| < lgr(z, )| < [l —yDI(M'ly' =o'+ My —2']*) < Ce |z —y].
||

If we now choose z = xy € 0f2, hence x3 = 0, we obtain from Lemma 7.1 that

1 9 etVAa—yl
K = % | on. ds
(Kv)(x) 27 Jo Oy |7 — 1] v(y)dS,
! L, 1 9 VAl
— 5 [ s, w5 [ S Tuas,
21 Jvy |z =yl 27 Joavy Ony |7 — Yl
Since / |
‘ g(xvy) ‘ < Ce° |I_y||$ — y|2 Clef lz=l
=P e T el

it follows that the integral in the double layer potential exists for every x € OS2,
hence it defines a function Kv : 00 — C. The next theorem shows that this
function is Holder continuous.

Theorem 7.2 (i) (Holder continuity) There is a constant M such that for all
v e C(09,C) and 2V, 2 € 90

1
|(Kv)(2V) = (Kv)(@®)] < M|z =27 o]

Hence, the function Kv defined by the double layer potential is Holder continu-
ous with exponent 1/4. Here we use the norm ||v||s = Supyepn |v(7)]-

(ii) The linear operator v — Kuv : C(9) — C(9R) is bounded.
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Proof: (i) With 7 > 2|2 — 2] let

V. ={z 0| lz —2W| < 7}
Then z® € V. with

dist (2, 0Q\V;) = yefla?lf\vf |$ y| > 5" (7.16)
By Lemma 7.1 we have

(Kv)(=W) = (Kv) (@)

1 o VAl —yl o VA2 -yl p
= — — v
2m OO\ V5 <8ny |9C 1) —y| Iny |2 —yl ) v)dy

s
27r/ |z —y3 —y\?’ % 27r/ IwQ—y\?’ ()5,

(7.17)

Since the constants C, ¢ in Lemma 7.1 are independent of xq € 952, we have
that

g(aj(z)7 ) O€CI|I(i>—y| C/
o=yl S T STy
for all 29,y € 0Q, whence

(1o < / |x ||v||oodS

< Lol [ =L as <l 7.18
< 5 Cbl /V =S < Clellr, (719

with a suitable constant C} only depending on 0f). The mean value theorem
yields for y € Q\V; that

o eVl —yl o eV @ -y
on, |e® —y|  dn, |z®

— |
iV |z—yl
< ’(3;(1) @), vf(i u)
- ony, |z —y|
<o) G 2O
P =

with z* on the line segment connecting ") and z

2™ — 20|,

) and with a constant Cy only
depending on 0. In the last step we used that (7.16) implies |y — z*| > 7/2
for all y € 0Q \ V.. Thus

1 230, 1
0l < 5 [ S =) oS, < Callolo 5o = 2P, (719
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with a constant C3 only depending on 9. Choose 7 = |z) — 3?)|V/4, Then

1

10 _ @4 _
7=zt -2 ~ 20 — @/

|x(1) — x(2)| > 2|x(1) — x(2)|

9

for |2 — 2@ < (%)3/4. For such ™M, z® the relations (7.17) — (7.19) are
valid. Together these relations yield

|(Kv)(2W) = (Kv)(@®)| < (2017+03 [t = 2@]) o]l
= (201+Cs)\£v”—w()!1/4Hv|\oo-

This proves (i).
To prove (ii) note that for x € 00

1 0 62\/X‘CE Yl 1 o eth: yl
ol = |5z [ ST, < o || Tlas, o]
which implies [|[Kv[|s < C|lv]|e with C = 5= [, 821/ elﬁ‘zy‘yl |dS,. n

Next we prove the jump relation (7.5):

Theorem 7.3 (Jump relations) Let Q C R? be a bounded domain with 9) €
Ca, and let n, € R? be the exterior unit normal vector to O aty € 9. Assume
that A € C and v € C(99Q,C). For x € R\ set

1 o eVAz—yl

w(x) = v(y)dS,.

2 Gle! 8_”@; |z =yl
(i) Then w € Coo(R3\OQ) satisfies
Aw(z) +  w(z) =0, =€ R*\0Q.

(i) For xo € 02 we have the jump relations

fim w(e) = oo+ = [ s
m w(xr) = —vlxg)+ — _—
e V2w Joq Ony |ao — e

@) = o)+ [ 2 s
im w(x) = v(xg)+ —/ — —v(y .
ey 21 Joq Ony |70 — Yl !

Proof: (i) Since for all o« € N3

8‘04 a ei\/x|‘r—y|
(e

3
S = - ) € C((R*\9Q) x 99, C),
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it follows as usual that w € C(R*\09, C) with

Hlal ! o ool eivAlz—yl
gze N T on a0 Ony 0z |z — vy !

(y)dSy

for € R*\OQ. In particular, this implies

A+ L[ 0 ey as
ANl = 3= [ a0 Tt as, =0

. 1 ei\f)xhcfy\
since —
dm |z—yl

proves (i).

is the fundamental solution of the Helmholtz equation. This

To prove (ii) assume that = €  is a point on the line normal to 02 at z(, hence
x = (2, x3), 3 > 0, xg = (2(,0) and 2’ = x;. Lemma 7.1 yields

1 o eiﬁ|x0*y|

w(x) +v(xg) — v(y)dSy =15 + I, + I, (7.20)

% aﬂa_”y |x0—y|

with

L= () - o / bl = st

— h
2m Jp, | —yl?

B 1 ( 9(x,y) _ 9@, y) )v(y)dz,

21 Jy, Nz —yPP |wo —yf?

[3:

1 / <a PRAVONESST o eiVAlzo—yl
27 Joo\vi

on, |z —1yl B ony, |xo — y| >v(y)d5y.

In the following lemmas we derive estimates for |11, |Is], |I3].

Lemma 7.4 To every ¢ > 0 there is §; = 6;(R) > 0 such that
|I3] < e

for all 0 < z3 < 6.

Proof: For x3 — 0 it follows that x — xg, hence the integrand of I3 tends to
zero uniformly in 0Q\Vg. This yields the statement.

Lemma 7.5 To ¢ > 0 there is Ry > 0 such that for all R < R; and all
1>z3>0

|]2| < €.
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Proof: By Lemma 7.1 we have
|12| < ||U||oo/ C’ec/\x—yl N Cec/\xo—y\ds - C,HUHoo/ 1 S -
—o2m Jy, o=yl oyl T 1 S lwo—yl T

for R < R; with R; sufficiently small. [

Lemma 7.6 Fory = (z,¢(z)) with z € By we have
‘ 1 1 ‘ 1
[z =yl Je—(z0)

< 3M(1+MR?*—F——
s MU MEY TG

< 3M(1+ MR)?

Proof: Set ry = |z — (2,0)|, 72 = |z — y|, r = |2’ — 2|. Since
r—y=z—(20)—(0,¢(2)),

the inverse triangle inequality yields
71— 2] < 1(0, 0(2)| < M2,

and the triangle inequality implies

1+ e (2)|

T

< <1+ <1+ Mr,
T T1 T
ronontle@l g L@l Ly,
T2 T2 T2 T
Thus,
1 1 — 2 2 Mr? 1
1 1) (r1 7’2)(7“13—1;7“17"2—1—7"2) < Mr (Q+1+9) L

1
< M(1+ Mr)*(3+2Mr)— <3M(1+ MR)®
1
The statement follows from this inequality and from r? = r? + 23 < R? 4 3.

Lemma 7.7

! T gr=1 3 <

2r Jp, |z — (2,0)P VBT R

Proof: We use polar coordinates (r,6) with the origin at z; = 2z’ and note
again that |z — (2,0)]> = r¥ = 22 + r? to conclude

1 T3

1 2w R T3
— ———=dz = — ————=rdrdf
21 Jp, |z — (2,0)] 2t Jo  Jo /22 + 12
1 r=R
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Lemma 7.8 To € > 0 there is a constant Ry > 0 such that for all 0 < R < Ry
there is 09 = d2(R) > 0 such that

1] < 3¢
holds for all x3 < o .
Proof: Note that h(0) = 1, which means that the continuous function
(2,m3) = v(xo) — h(|(2', 3) — (2, 0(2))])v(2, (2)) = v(wo) — A(lz — y[)v(y)

has a zero at (z,z3) = (2/,0) = 2p. Consequently there are Ry > 0,05 > 0 such
that for |2/ — z| < Ry and 0 < z3 < 9

|v(@0) = h(jz = ylo(y)| <e.

For R < Ry and x3 < & we thus obtain from Lemma 7.6 and 7.7 that

L] =

v(xo) i/ % dz + o
Y\ 2r By, |z = (2,0)]° Va3 + R?
1

o [l gt

Bf, |z —y]?
1 T3
‘27 /B, ’x_(z,0)|3(v(l‘o) (|2 y|)v(y)) z
R
1 T3 I3 T3
To - - |z — y)v(y) dz + v(zg) ————
o Bﬁ<yx_<z,0)|3 |x_y|3> (lz = y)v(y) (o)m

1 T3
5_ —_—
21 Jp, o= (2,0)f

IN

dz

] 1 x
hollo3M (1 + MR)3(R? 21—/ S
+ [|hv]] (1+ MR)* (R +a3)% o e z

T3

VAT

S\ 2 5
< e+ ||hU||oo3M(1+MR)3RM+|v(m0)|é7

where we used the notation

+ [v(zo)| (7.21)

[hv]loe = sup |A(|z — y[)v(y)]-
yeN

€N

Now choose Ry > 0 small enough such that ||hv||e 3M (14 MRy)3Ry(14¢%)2 <
e. Subsequently, to 0 < R < Ry choose 03 = d9(R) small enough such that
%2(1 + |v(xg)|) < e. From (7.21) we then obtain |I;| < 3¢ for R < R, and
0<a3<dy. ]
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End of the proof of the Theorem 7.3: To ¢ > 0 set
R =min{ Ry, R}, = min{d;(R),d(R)}, (7.22)

where Ry, Rs, 01,02 are the numbers given in Lemmas 7.4, 7.5 and 7.8. From
these lemmas and from (7.20) we then obtain for all 0 < z3 < § and for

R ]_ a ei\/x‘xofy‘ dS
) = =) 5 o By Tro ol
that
w(z) = o(xo)| < 1] + 2] + [15] < 5¢,
whence
xlsigow(a:’, x3) = lim w(xg — $nyy) = 0(x0). (7.23)
x3>0 s>0

It remains to show that this limit also holds if  approaches xy not along the line
normal to the boundary. To this end we note that the limit (7.23) is uniform
with respect to zy € 02, since the numbers Ry, Ry, 01, 2 in (7.22) can be chosen
independently of xy, which is seen by examination of the proof. To ¢ > 0 we
can therefore choose d3 > 0 such that |w(z — sn,) — 0(2)| < ¢, for all z € I
and all 0 < s < 3. By Theorem 7.2 we have that © € C(092). Consequently
there is 04 > 0 such that [0(z) — 0(zg)| < € for all z € 9Q with |z — zg| < ds.
By these estimates we obtain for all points z — sn, from the neighborhood

U(xg) ={z—sn, | z€ 00, |z —xo| <y, 0 <5< 3} N
of xg in ) that
lw(z — sn,) — v(x)| < |w(z —sn,) —0(2)| + |0(2) — v(x)| < 2e.
This means that
lim w(z) = 0(x),

T—xQ
e

which proves the first jump relation in statement (ii). The second jump relation
is proved analogously. [ ]

7.3 Properties of the single layer potential

We next study the single layer potential (7.11). We assume that 2 C R? is a
bounded open set with €2 € C5 and that A € C. Just as in the previous section
it can be shown that to v € C'(09, C) there are constants C, ¢’ such that for all
x,y € 0F) the estimate

a ei\/xlx_yl Cecl‘x_yl

<
on, |v—1yl |z —yl

holds. It follows that for every v € C(0€2,C) and all x € 0f) the integral in
(7.14) exists. (7.14) thus defines a function (K'v) : 92 — C.
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Theorem 7.9 (i) There is a constant M such that for all v € C(092,C) and
=M 22 e 90
[(K') (@) = (K") ()] < Mz = 2] o]
(ii) The linear operator v — K'v : C(092) — C(09) is bounded.
The proof is similar to the proof of Theorem 7.2. Therefore we omit it.

Theorem 7.10 Assume that v € C(9Q,C). For x € R?\ 99 set
1 / ei\/x‘l'_y‘
w(xr) = — —v(y)dS,.
(@) 21 Joo |z —yl (w)ds,
Then
(i) w belongs to C(R3,C) N Cw(R3\ 0, C) and satisfies
(A+Nw(x) =0, xcR*\ 0.
(i) At z € 9Q the one sided derivatives 2 (z+) defined in (7.12) exist and
satisfy
1 iV Alz—y|
g—i(azi) = Fu(x) + 0 ¢

To prove this theorem we need a lemma.

— — as, .
21 Joq Ong |z —y| 2(y)d8y

Lemma 7.11 For z € 092 and s € R let vy = x + sn,. Then

lim

a ei\/x‘xs*m a ei\/x‘xs*m

)U(y)dSy

/ ( a ei\/ﬂx_y‘ a ei\/x‘x_m
— -
oo \Ong |z —y[ ~ On, |z —y

- +
s |zs —yl ony |zs —y

>v(y)dSy. (7.24)

Proof: Since
a ei\/xlxs_y‘ a ei\/xkc_yl

=005 o, =yl Ong e =yl

for all y € 00\ {z}, it suffices to show that the limit can be interchanged with
the integral. To verify this we constuct a majorant for the integrand on the left
hand side of (7.24), which is independent of s. The result is then implied by
Lebesgue’s integration theorem.

Note first that to every r( there is a constant ¢; such that |%¢\ < 3 for
all 0 < r < rg. Together with this estimate it thus follows for all s € R and all
y € 0N) with y # z that

o eiﬁkz—i—snz—y\ o eiﬁ|ms—y|

ds |z + sng — y| +8ny |zs — |

_ “26"‘@"} (xs —y) - (ne —ny)
Or 1 Ar=les—yl |zs —

&

N |Is - y|2

[Ty — 1y (7.25)
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Since 0f) is bounded and of class C5, there is a constant ¢, such that for all
y € 0N
[Ny —ny| < colr —yl. (7.26)

We choose sy > 0 small enough such that the line segment {x + sn, | |s| < so}
interescts 0S) only in the point x. It then follows by standard considerations
that there is a constant ¢z > 0 such that for all |s| < sy we have

|z — y| < eslws —yl.
From this estimate and from (7.25), (7.26) we conclude that
a ei\f)\|$+snw—y\ a eiﬁ|$s—y| < (3162’% _ y’ - C

PR _|_ < — — ,
Os |z +sn, —y|  In, |x,—yl e —yl2 |z —y

with the constant C' = ¢1cac3 independent of s. The function IxLy is integrable

over the two-dimensional manifold 9€2, hence it is a majorant for the integrand
on the left hand side of (7.24). n
Proof of Theorem 7.10: The proof of (i) is standard and we omit it. In the
proof of (ii) we restrict ourselves to the verification of the formula for 22 (z—).
The other formula is proved in the same way.

From Lemma 7.11 and from the jump relations in Theorem 7.3(ii) we con-
clude that

ow 1 A

Fiemy = lim— [ 287 yy)d
8n<x ) {ZI% 27 Joq 0s |zs — 4 v(y)dS,

1 ) eiﬁlxs—yl o ei\/X|a:s—y\
= lim — (_ > ds
gl%/a 05 Tos =9+ Oy o=y )P0

1 a ei\/x‘ws_m

— - dS,
W2 Jon By Tz —g] VWP

1 / ( o eV a—yl o eVAlz—yl
o9

2

T HE o o T LY

1 a ei\/xlx_w

+v(x) (y)dS,

21 Joq Ony |z — vyl

L[ 9 eV
- ~ [ L y(y)ds,
o) + 5= /a e s,

7.4 Compact operators on a Banach space

To study the solvability of the boundary integral equations we use a result from
functional analysis, which we present here. In the following X denotes a Banach
space with norm || - ||.
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Definition 7.12 A linear operator 7' : X — X is called bounded if there is a
constant C' such that
[Tz < C|z|]

for all z € X.

Theorem 7.13 A linear operator T : X — X 1is bounded if and only if it is
continuous.

Proof: If T is continuous at 0 it follows that there is § > 0 such that
ITel <1
for all z € X with ||z|| <. Since for every y € X, y # 0 we have

164 = ||y||
||y|| ||y|| ’
it follows that
lyll « vy ||y|| y 1
1Tyl = HT( 5” H)H IT(6 ﬂ)ll < g\lyll-

This proves that 71" is bounded.
On the other hand, assume that 7T satisfies

1Tz < Cll|]

forall z € X. Let y € X, ¢ > 0, and set 6 = 5. Then for all z € X with
|z — y|| <0 it follows

IT(z) =TWI = Tz =) <Cllz -yl <e,

hence T' is continuous at y. Since y was arbitrary, T is continuous on X. |

Ql

Definition 7.14 A linear operator T : X — X is called compact if to every
bounded sequence {x,}, C X the sequence of images {7z, },, has a subsequence,
which converges in X.

Lemma 7.15 A compact operator is bounded.

Proof: If the compact operator T" would not be bounded then there would
exist a sequence {x,}, € X with ||z,| = 1 and ||Tz,| > n, for all n € N.
The sequence {T'x, }, would not have a convergent subsequence, hence T is not
compact. [

Remember that for a linear operator 7' : X — X a number A € C with the
property that there is x € X, x # 0 satisfying Tx — Az = 0 is called eigenvalue
of T'. The element z is called eigenvector. The set

E={zeX|Tx— =0}
is a linear subspace of X called eigenspace of the eigenvalue A\. The dimension

of E is called the multiplicity of .
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Definition 7.16 Let T': X — X be a bounded operator. The resolvent set
p(T) of T consists of all points A € C, which are not eigenvalues and for which
the operator (T" — AI) : X — X is surjective. Here I is the identity. The
complement 3 (7") = C\p(T) is called spectrum of T

Clearly, A € p(T) if and only if 7" — Al is injective and surjective. Hence A
belongs to the resolvent set if and only if (T — AI)~! exists.

Theorem 7.17 Let T : X — X be compact. (T is a countable set with no
accumulation point different from zero. Each nonzero A € 3(T)) is an eigenvalue
of T with finite multiplicity. If X has infinite dimension, then O belongs to (7).

I only give part of the proof. The complete proof can be found for example in
the book of Alt, pp. 363.

Proof: 1.) First I show that the eigenvalues of 7" do not accumulate at a point
A # 0. Otherwise there would exist a sequence {\,}, of distinct eigenvalues of
T with eigenvectors x,, such that 0 # A\, — X # 0. Let M, be the subspace
spanned by the n vectors zy,...,x,. The space M, is invariant under T for if
x € M, then x = ciz1 + ... + ¢c,x,, hence

Tr=T(c1x1+ ...+ cyxy) = N1y + ... + A\pCpy € M,y

thus T'(M,,) C M,,.

Since eigenvectors to distinct eigenvalues are linearly independent, the vec-
tors x1, s, ... are linearly independent. Therefore M,,_; is a proper subspace
of M,, and there is y, € M, such that ||y,| = 1 and dist(y,, M,,—1) = 1. This
holds since M,, is isomorphic to R™. With the sequence {y,}, thus defined I
show that {\,'Ty,}, contains no Cauchy sequence, contradicting the assump-
tion that T is compact. (Note that {\ 'y,}, is a bounded sequence.) We have
form <n

)‘ngyn - A;ITym = Yn — (/\r_anym - AT_LI(T - )‘n)yn)

where the second term on the right belongs to M,,_; because y,, € M, _1, M,,_4
is invariant under 7" and (T'— \,,)y, € M,,_1. Since dist(y,, M,,_1) = 1, it follows
that each element of the sequence {\ 'Ty,}, has distance > 1 from any other
one, showing that no subsequence of this sequence can be convergent.

I1.) If there would be an eigenvalue A # 0 of infinite multiplicity we could derive
a contradiction by exactly the same arguments, defining A\, by A, = A for all n
and choosing for {x,}, a sequence of linearly independent eigenvectors to A.

It remains to show that if A # 0 is not an eigenvalue it belongs to p(T"), hence
the range R(T — AI) is equal to X. To this end it is shown that R(T — A\I) is
closed and that there is no nontrivial complementary space. For the details I
refer to the book of Alt.

101



This theorem shows that if 7" is a compact operator, then for given h € X the
equation (1 + T)x = h is solvable if F1 is not an eigenvalue of T.

7.5 Solution of the Neumann problem

I use Theorem 7.17 to show that the integral equations (I + K')v = f and
(=1 + K')v = f can be solved, which implies that the interior and exterior
Neumann boundary value problems have solutions. To this end I show that K’
is a compact operator on the Banach space C'(0€2, C). The norm on this Banach
space is

[v]loc = sup [v(z)].
€N

Definition 7.18 Let I' C R™. A sequence {v,}, of functions v, : ' — C is
called uniformly equicontinuous if to every € > 0 there is 6 > 0 such that

|Un($)'_'vn(y)|<:5
for all n € N and all z,y € I" with |z — y| < 0.
Theorem 7.19 (Arzela-Ascoli)? Let {v,}, be a bounded, uniformly equicon-

tinuous sequence of functions on I'. Then there is a uniformly convergent sub-
sequence {vp, }¢.

Corollary 7.20 The operator K': C(9%2,C) — C (92, C) is compact.

Proof: Let {v,}, be a bounded sequence in C(992,C). By Theorem 7.9(ii)
the operator K’ is bounded, which implies that also the sequence {K'v,}, is
bounded in C(992,C). Let ¢ > 0, set C = sup ||v,||e and let M > 0 be the
constant from Theorem 7.9(i). This theorem implies for all z;, zo € 9Q with

e 4
o = o] <5 = (577)
that

("0 (1) = (K o) (@2)| € My = o]/ onlloe < MC () = <.

Thus, {K'v,}, is a uniformly equicontinuous sequence. Therefore all the as-
sumptions of Theorem 7.19 are satisfied for this sequence, from which we con-
clude that it has a subsequence converging with respect to the norm || - ||« of
C(092,C). This means that K’ is compact. ]

Lemma 7.21 Let A € C\[0,00). Then 1 and —1 are no eigenvalues of K.

2Cesare Arzeld (1847-1912), Giulio Ascoli (1843-1896).
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Proof: We prove first that —1 is not an eigenvalue. To this end it suffices to
show if v € C'(09, C) satisfies

(I+K")o=0, (7.27)

then v = 0, since this implies that the kernel of K’ — (—1)I is equal to {0}. To
verify that v vanishes, we define for z € R? the single layer potential

pRAVONE
u(z) = — / (v)dS, (7.28)

= — v
21 Joq |z — Y

Equation (7.27) and the jump relations from Theorem 7.10(ii) imply that u
solves the boundary value problem

Au(z) + du(z) = 0, €,

0
%u(x) = 0, ze€0n.

The first Green’s formula yields

0
0 = /89 o u(z)u(z)dS = /QAu(x) u(z) + Vu(x) - Vu(z) dS
- / (~Nu(2)? + [Vu(z) P)dz

_ _Z'Im/\/ |u(x)|2dx—|—/\Vu(m)|2—Re)\|u(x)|2dm.
Q Q

Since Im A # 0 or Re A < 0 it follows from this equation that v = 0 in €2. Since
the single layer potential u is continuous on R? it thus follows that u is also a
solution of the boundary value problem

Au(z) + du(r) = 0, ze€RN\Q
u(z) = 0, x€IR\Q).

To apply the Green’s formula in R? \ © note that for A € C\[0, 00) we have by
our choice of the square root that Reiv/\ < 0, whence

[u()]

1 / eReiﬁley\ eReiﬁdist(a:,aQ) 1
oN

il A < — '
27 |z — 9| v(y)ldSy < dist(z,0) 2w 6Q|v(y)|dSy

Therefore |u(x)| decreases exponentially for |z| — 0o. Because

1 PRAVONESST
Vu(zx) = Py /89 Vy——v(y)dS,,

T v
|z — y|
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it follows in the same way that also |Vu(x)| decreases exponentially for |z| — oo.
Therefore the first Green’s formula yields

/ (N + |Valz) Pz
R3\Q

= lim. . (=Au(z)]? + |Vu(z)[*)dz
lz|<R
. R— o o —
= Jim ( /a g V) WS + /| B =-u() u(x) ds) ~0.

As above it follows from this equation that u = 0 in R3\(2, whence u = 0 in

R3. Again using the jump relations from Theorem 7.10, we now conclude for
all z € 02 that

ou ou
B (z+) — B (z—)

1 9 eiVAe—yl
o fo s T

(@) 1 o eVNz—yl
o 27 Joq Oy |x—y|

= —ou(r)+ v(y)dS,

v(y)dS, = —2v(z),

hence v = 0. Therefore —1 is not an eigenvalue.
To prove that 1 is not an eigenvalue we assume that v € C(052, C) satisfies

(=1 + K')v=0.

We insert v into (7.28). The jump relations for single layer potentials then
imply that u solves the boundary value problem

Au(z) + du(r) = 0, ze€R\Q,

0 g~
%u(x) = 0, ze€dR\Q).

Proceeding as above we conclude from this that « = 0 in R3\Q and in €,
from which we infer by the jump relations that v = 0. Therefore 1 is not an
eigenvalue. -

Corollary 7.22 Let 2 C R3 be a bounded open set with 92 € Cy. Suppose that
A € C\[0,00). Then the interior Neumann boundary value problem

Au(z) + Mu(z) = 0, x€Q,

0
%u(x—) = f(z), z €09
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and the exterior Neumann boundary value problem
Au(z) + du(x) = 0, ze€R\Q,

%U(%L) = f(z), z€IR\Q)

lu(z)|, |Vu(z)| = O(eRe"‘m‘”'), |z| — o0 (7.29)

have unique solutions for all f € C(09Q,C) = C(O(R*\Q),C). The solutions
are gien by the single layer potentials

(2) = - / S s Q (7.30)
ulr) = — —uy , X ell, .

21 Joa |z =yl !
where v satisfies the integral equation (I + K')v = f for the interior problem
and (=1 + K')v = f for the exterior problem.

Proof: Since by Corollary 7.20 the operator K’ is compact and since by
Lemma 7.21 the number —1 is not an eigenvalue of this operator, it follows
from Theorem 7.17 that —1 belongs to the resolvent set of K’, whence the map-
ping (I + K') : C(092,C) — C(012, C is invertible. Consequently, the boundary
integral equation (I + K')v = f has a unique solution v € C(9€,C) . With
this v as boundary layer the single layer potential u from (7.30) is a solution of
the interior Neumann boundary value problem. To prove that the solution is
unique let @ be another solution of the same problem. Then w = u — 4 satisfies

Aw(z) + w(z) = 0, €
0
%w(x) = 0, ze€09,

hence the first Green’s formula yields

d _ _ — 2
0 = /ma—nw(x)w(a:) dS—/QAw(x)w(x)—i-|Vw(x)| dx
= /Q(—/\|w(:v)|2~l—|Vw(:B)|2) dx
= —z'Im/\/Q|w(:1:)]2dx+/Q|Vw(x)\2—Re>\|w(:c)|2dx.

This implies w = 0, hence v = @. Therefore the solution is unique.

A solution u of the exterior Neumann boundary value problem is obtained if
we insert the unique solution v of the boundary integral equation (—I+K')v = f
into (7.30). As in the proof of Lemma 7.21 we see that u defined in this way
satisfies the radiation condition (7.29). To prove uniqueness of the solution
suppose that 4 is a second solution. We apply the first Green’s formula to w =
u — 4 in the exterior domain R*\Q as in the proof of Lemma 7.21, noting that
w(z) decreases exponentially for |z| — oo because of the radiation condition
(7.29) satisfied by v and 4, and conclude as above that w = 0. n
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7.6 Solution of the Dirichlet problem

To solve the interior and exterior Dirichlet problems we must show that the
boundary integral equations (—1 + K)v = f and (I + K)v = f are solvable.

Theorem 7.23 The operator K : C(092,C) — C(09,C) is compact.

This theorem is proved in the same way as Corollary 7.20 using Theorem 7.2
instead of Theorem 7.9.

Lemma 7.24 Let A € C\[0,00). Then 1 and —1 are no eigenvalues of K.

Proof: For u,v € C(02) we write

(u,v)a0 = /asz u(z)v(x)dS,.

By interchanging the order of integration we obtain

1 [ 9 Ve
(K'u,v)pq = / —/ u(y)dS, v(x)dS,
o0 27 Jo

1 [ 9 VA
= u(y) — ——v(x)dS, dS
/BQ ) 21 Joq Ong |T — 9| (@) Y
= <’LL,K7J>3Q. (731)

Now let 4 =1 or 4 = —1 and assume that v € C'(012) satisfies
(—pl + K)v=0.
From (7.31) we conclude for all u € C(09) that
(=pl + K'u,v)a0 = (u, (—pl + K)v)gq = 0.

Since by Lemma 7.21 neither 1 nor —1 is an eigenvalue of the compact operator
K’, the mapping (—ul + K') : C(0Q) — C(09) is surjective. Therefore there
is u € C(09) such that (—pf + K')u = 0. Thus,

[v(2)[*dSs = (,v)a0 = ((—p] + K')u,v)o0 = 0.
89

Consequently v must be equal to zero and cannot be an eigenfunction. This
implies that y is not an eigenvalue of K. |

Corollary 7.25 Let 2 C R? be a bounded open set with 92 € Cy. Suppose that
A € C\[0,00). Then the interior Dirichlet boundary value problem

Au(z) + Mu(z) = 0, 2€Q
u(z) = f(x), x €09,
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and the exterior Dirichlet boundary value problem

) = 0, zeR)\Q
r) = f(z), z€dR\Q),
|

= O g — oo

have unique solutions for all f € C(0Q,C). The solutions are given by the
double layer potentials

ivA|lz—y|
() 1/ 0 ¢ (v)dS,,

= — — v
27 Joq Ony, |z —yl

where v satisfies the integral equation (—I + K)v = f for the interior problem
and (I + K)v = [ for the exterior problem.

This corollary is proved as the corresponding result for the Neumann problem.
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8 Hilbert space methods

8.1 Elliptic differential operators, weak solutions

Let Q C R™ be an open set and let

Lu(x) = Z D*(aag(z) DPu(z)), z€Q
lal<1
1B1<1

be a linear differential operator of second order with coefficient functions
anp: 2 —=C, «o,feN(, |of,|f] <1

The sum

Y aas(x)D*Pu(z)

lat51=2

is called principle part of this operator.

Definition 8.1 (i) The operator L is called elliptic if for all £ € R", £ # 0 and

all z € Q
Y aas(@)e £,

la+p]=2

(ii) L is called strongly elliptic if to every z € Q there is 7 > 0 such that for all
£eR”

Re( D ans(@)6™?) = el

la+p8|=2

7 is the ellipticity constant.
(iii) L is uniformly strongly elliptic if L is strongly elliptic with an ellipticity
constant which can be chosen independent of x € ().

Example: Choose

() I, fa=4lao=1
A 0, otherwise.
Then
Z D*(ans(z)Du(z)) = gy u(z) = Au(x).
=1 i

la|<1
1BI<1

For this operator we have

D7 aap(@)et? =" =g,
=1

laf=[8]=1
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consequently A is uniformly strongly elliptic with ellipticity constant n = 1.

In the following I assume that a.s : {2 — R is measurable and bounded for all
multi-indices o, € N§j with |a/, || < 1. The operator

Lu = Z D*(aapD%u)
o<1
18I<1

is in divergence form. For such operators the Definition 3.31 of weak solutions
for the Helmholtz equation can be generalized immediately:

Definition 8.2 Let f € L*(Q2,C) and X € C.
(i) The function u € H(€2,C) is called weak solution of the partial differential
equation

> " D*(ags(x)DPu(x)) + Mu(z) = f(z)
o<1
181<1

in Q, if for all p € é’oo(Q, C) the equation

> o [

la|<1 @
lBl<1

aop(2) D u(x) Damd:v—i-)\/gu(x)mdx:/gf(:c)mdx

holds.

(ii) Let g € H1(2,C). Thenu € H,(£2,C) is called weak solution of the Dirichlet
boundary value problem

> D(ags(x) DPu(z)) + Mu(z) = f(z), x€Q
lo| <1
1BI<1

Uoq = Ilon
if u is a weak solution of the partial differential equation and if u—g € }OI 1(22,C).

In the following I write for u,v € H;(Q,C)

Blu, v) = /Q S (=1)®lags(z) DPulz) D*o(a) da. (8.1)

With this definition it follows that v € H; (2, C) is a weak solution of

Z D*(angDu) + Mu = f
o<1
18]<1
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if and only if
B(ua 90) + A(ua QD)Q - (f» SD)Q (82)

for all ¢ € Coo(€).
For the Laplace operator L = A we have

B(u,v) = —(Vu, Vo)q.
Insertion of this expression into (8.2) shows that for the Helmholtz equation
Definition 3.31 of weak solutions coincides with Definition 8.2.
8.2 Coercivity of sesquilinear forms to elliptic operators

Definition 8.3 Let X be a vector space over C with norm ||ul|, and let (u,v) —
[u,v] : X x X — C be a mapping. This mapping is called

1. a sesquilinear form, if

A+ pv, w] = Nu, w] + plv, w), [u, \v + pw] = Nu, v] + fifu, w)],

2. symmetric, if [u,v] = [v,u],
3. bounded, if |[u,v]| < K||u|| ||v]|,
4. strictly coercive, if there is ¢ > 0 such that [u,u] > c|ju||? for all u € X.

The simplest example of a symmetric, bounded, strictly coercive sesquilinear
form is the scalar product (u,v) on a Hilbert space. The mapping (u,v)
B(u,v) : H1(Q,C)x H;(£2,C) — C defined in (8.1) is linear in the first argument
and antilinear in the second argument, hence B and of course also —B are
sesquilinear forms. In this section we study the coercivity of —B, which is
a slightly weaker property than strict coercivity. In the formulation of the
respective result we write for u € Hy(£2, C)

lu1.0 = (Vu, Vu)g .
With this notation one has
lull¥ @ = llullg + uli o -
Theorem 8.4 Let aqp : €2 — C be bounded measurable with

(=) *lag(z), iflal+ 8] <1,
aga(r) ER, if laf = |B] =1,

Gap(T)
Qap ()

and assume that
Lu = Z D*(aas D u)

e, B1<1
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1s uniformly strongly elliptic with ellipticity constant n > 0. Then B(u,v) =
—B(u,v) is a symmetric and bounded sesquilinear form on Hy(Q2,C), which
satisfies

B(u,u) > ailulf g — eollullg,  for all u € Hi(,C), (8.3)

where
2

_no K _
=5 02—2—n+K, K = Z [aap]loo -
lo+B|<1

Definition 8.5 A sesquilinear form B satisfying (8.3) with suitable constants
c1 > 0 and ¢y > 0 is called coercive on H{(2,C).

Remark 8.6 Since a5 € R for |a] = |5]| = 1 the condition of strong ellipticity

1S
D st =g

laf=[8]=1
Proof of the theorem: For u,v € H;(Q2,C) we have

B(u,v) = Z (=D (aqsDPu, D)
laf,|8]<1
— Z (=1)lelHlel 4181 (Gos DOy, DY)
laf,|Bl<1
= Z (=DP(DPu, agoe D*v) = B(v,u).

o), BI<1

Thus, B is symmetric. Also we have

Bu,v)] < D laasllse [(D%u, D*)| < Cllufli o]0

laf,|B]<1

Thus B is bounded.
To see that —B is coercive define

B'(u,v) = — Z (aapDPu, D*v).
laf=[8]=1

The above calculation shows that B’ is symmetric. Since aqg(x) € R for |af =
|| = 1 we thus obtain for real valued functions u,v that

B'(u,v) = B'(v,u) = B'(v,u).
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Thus, if u € H(Q,C) and u; = Reu, us = Imu, it follows

—B'(u,u) = —DB'(uy +iug,uy + iug) = —B'(u1, u1) — B'(uz, uz)
—iB'(ug, uy) + B (u1,ug) = —B'(uy,uy) — B'(ug, uz)

= /Q Z aap(2) (DPuy(2) D*uy (z) + DPuy(x) D us(z) ) dz

laf=1
181=1
- / ( D tas(a) (Ver(2) ™ + 37 aus(a) (Vuz(x))aw) dx
! o =1 la|=1
811 =1

= / Vi (2)? + 0| Vg (2)Pde = nlufi o .
Q
This together with ab < 5 a® + % b? yields

—B(u,u) = —B'(u,u) — Z (=D (a0sDP u, D*u) — (agou, )
lac+Bl=1

> nlulfo— Y laasllsoluliallulloe = lasllsollul e
la+8|=1

€ 1
> nlulfg - §!u\ig - gWHUH% — Kull§ o

Choosing ¢ = n shows that B = —B is coercive with the constant ¢, given in
the theorem. The proof is complete.

8.3 Existence of weak solutions to elliptic equations

The coercivity of the sesquilinear form — B allows to prove that boundary value
problems to elliptic operators have weak solutions. To show this we reformulate
Definition 8.2 of weak solutions slightly.

Assume that the operator L = Y qj<1 D%(aqD?) satisfies the assumption

181<1

of Theorem 8.4, let A € R and let f € L*(Q,C). By Definition 8.2 b.) the
function v € H4(Q2) is a weak solution of the homogeneous Dirichlet boundary
value problem

Lu+Au = f in Q, 8.4)
Uy = 0 8.5)

if for all v € CO’OO(Q, C)
B(u,v) + Mu,v)q = (f,v)q (8.6)
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holds. The sesquilinear form B is bounded on H 1(€2, C), hence it is continuous
in both arguments. Therefore, since CO’OO(Q, C) is dense in [O{ 1(22, C), equation
(8.6) holds for all v € CO’OO(Q,(C) if and only if it holds for all v € ;Il(Q,C).

Using that A is real, we conclude that u € ;[1((2, C) is a weak solution of the
homogeneous Dirichlet boundary value problem (8.4), (8.5) if and only if

B(v,u) + AMv,u)q = (v, fa (8.7)

holds for all v € [O{ 1(©2,C). We have thus reduced the problem of the existence
of weak solutions to an abstract problem for symmetric sesquilinear forms B

on the Hilbert space [ZI 1(€2). Accordingly, the existence proof is based on the
coercivity of B and on the following easy result:

Lemma 8.7 Let [u,v] be a symmetric, bounded, strictly coercive sequilinear
form on a Banach space X over C. Then [u,v] is a scalar product on X. The
associated norm |u| = [u,u]'/? is equivalent to the norm |lu|. The space X is
complete with respect to the norm |u|, whence X is a Hilbert space with the
scalar product [u,v].

Proof: Obviously every symmetric, strictly coercive sesquilinear form is a scaler
product. From the boundedness and the strict coercivity we obtain

cllull* < [u,u] = |ul® < Kfjul?, (8.8)

which means that || - || and | - | are equivalent norms. If {u,}°, is a Cauchy
sequence with respect to the norm |-|, then (8.8) implies that {u,}>2, is also
a Cauchy sequence with respect to the norm || - ||. Since X is complete with
respect to this norm, there is a limit element uv € X of this Cauchy sequence.
From (8.8) we obtain

lim |u —u,| < lim K%Hu — uy|| =0,
n—oo n—oo
hence u is also the limit of {u, }>°; with respect to the norm |-]. Therefore X

is complete with respect to this norm.

Corollary 8.8 Let Q2 C R"™ be an open set, let

L= Y D%aasD"

o, BI<1

satisfy the assumptions of Theorem 8.4, and let X < —co with

K2
co=5-+K K= Z laaslloo

la+B|<1
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where n > 0 s the ellipticity constant of L. Then the homogeneous Dirichlet

boundary value problem (8.4), (8.5) has a unique weak solution u € ﬁ[l(Q,C)
for all f € L*(Q,C). This solution satisfies

) flls.

[lu|| <max(2 !
1,0 > 77’ _)\_02

Proof: Define the sesquilinear form [u, v] on ﬁ]l(Q,(C) X ﬁ[l(Q,(C) by

[u,v] = =B(u,v) — AMu,v)q. (8.9)
Theorem 8.4 implies that this sesquilinear form is symmetric, bounded and
satisfies for u € H1(Q2,C)

U
[u,u] = =B(u,u) = Mu,u)e 2 ulfq = (c2 + Ml = cllulli o, (8.10)

with ¢ = min(Z, =\ — ¢z) > 0. Thus, [u, ] is strictly coercive. Consequently,

by Lemma 8.7 this sesquilinear form is a scalar product on [f[ 1(2, C) with norm
IUI2 = [u,u] = —B(U,,U,) - A(uv u)Q .
Moreover, the linear form h : H 1(©2) — C defined by

h‘(”) = _(Uv f)ﬂ
is bounded because (8.10) yields

_1
@) < [[flle lvlle <l fllellvllie < [Iflec™=v].
The Riesz representation theorem (Corollary 3.7) thus implies that there is a
unique function u € H 1(2, C) satisfying
[v,u] = h(v)
for all v € H 1(©2,C). By definition of [u, v] this equation is equivalent to (8.7).

Consequently, u is the unique weak solution of the boundary value problem.
This solution satisfies

cllullf o < [u,u] = hw) < [[flla llulle.
hence ||ul|1,o < 1[|f|le. This proves the corollary.

Let f € L*(Q) and g € H,(Q). By definition, v € H,(Q) is a weak solution of
the inhomogeneous Dirichlet boundary value problem

Lu+u = f (8.11)

u|8Q g|aQ’
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ifw:u—gejofl(Q) and
B(v,u) + A(v,u)q = (v, fa
for all v € H 1(€2). This implies that w satisfies
B(v,w) + AMv,w)q = (v, f — Ag)a — B(v,9)
for all v € }ojl(Q) On the other hand, if w € ﬁ]l(Q) satisfies this equation for

all v € EOII(Q), then u = w + g is a weak solution of the problem (8.11), (8.12).

Corollary 8.9 Let the assumptions of Corollary 8.8 be satisfied. Then for all
A< —cp, all f € L*(Q) and g € Hi(Q) there is a unique weak solution u €
H,(2) of the inhomogeneous Dirichlet boundary value problem (8.11), (8.12).

Proof: Let the linear form h : ](—)]1((2) — C be defined by

h(U) = (U7>‘g - f) +B<Uag)'

The function © = g + w is a weak solution of the Dirichlet boundary value
problem if and only if w € H1(Q) satisfies

[0, w] = h(v)

for all v € H (Q), where [v,w] is the sesquilinear form defined in (8.9). From
the boundedness of B we have

A (v)] 1Ag = Fllallvlla + Kllglla llvllo

<
_1
< (INg = flle + Kllgll.e) Ivlle < (IAg = flle + Kllgllie) ¢ 2 |ul,

where in the last step we used (8.10). Therefore h is a bounded linear form on

the Hilbert space [(—3[ 1(Q2) equipped with the scalar product [u,v]. Consequently,
by Corollary 3.7 applied to this Hilbert space there is a unique solution w &€

H1(Q).

Example 8.10 The operator L = A does not have lower order terms, hence
co = 0. Therefore there is a unique weak solution of

Au+Iu = f,

pq 0

for all A < 0, f € L), g € Hi ().
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9 Eigenvalue problems, spectral theory

9.1 The Friedrichs’ extension of the operator L

Let L = 3, s1<1 D%a,pDP with a.5 : Q — C bounded measurable, and let
f € L*Q). By definition u € H;(Q,C) is a weak solution of Lu = f if and only
if

B(u,¢) = (f,¢)a
for all p € 500(9) In this point of view L = > D%,zD” is merely a symbolic
expression. Yet, we can attach a precise meaning to L and define it as an

operator on the Hilbert space L*(Q,C) as follows: The domain of definition
D(L) of L is given by

pr)={uem(@| 3 v B =(f¢a}

FELA(Q) peCon(®)
It is immediately seen that D(L) is a linear subspace of H;(€2). Note that if
u € D(L) then the function f € L?*(Q) satisfying B(u,¢) = (f,p)q for all

RS CO’OO(Q), which exists by definition, is unique. For, if g € L?(Q) is a second
such function then
(f,0)a = Blu,¢) = (9,9)a,

whence (f —g,p)q =0 for all p € CO’OO(Q) Since 5’m(Q) is dense in L?(Q2), this
equation implies f = g. Therefore for u € D(L) we can define

Lu:=f.

This defines a linear operator L : D(L) C L*(2) — L?(Q). For this operator
the equation Lu = f holds if and only if u is a weak solution of this equation
in the above sense.

We obtain an operator Lp “adapted” to the homogeneous Dirichlet problem

if we restrict this operator to the set ;[1(9) ND(L):

Lp=1L .
b |1§’rl(n)mD(L)

This operator has the following property: For f € L?(Q) the equation

LDU:f

holds if and only if u is a solution of

Y D*aesD’u) = f,
o<1
B<1 "
|8Q
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in the weak sense. .
If in particular a,g € C1(2) for all |al,|5] < 1, then for u € Cx(Q2) the
expression > 1514 D%(an3DPu) can be computed in the classical sense. By

partial integration it thus follows for u, ¢ € 500(9) that

Blug)=( Y D*(@usD’u).0)

la],|B]<1

Since f = YD%aagD%u) € L*(Q) and since Cwo(Q) C Hi(Q) C Hi(Q), it
follows by definition of L and Lp that

Lu = Lpu = Z D*(aasD?)u

o, BI<1

for u € CO’OO(Q) Consequently, on CO’OO(Q) the operators L and Lp coincide with
the classical differential operator >, 15<; D%(ansDP), both are extensions of

this operator. Lp is called the Friedrichs” extension of >, 15 D%(an,sDP) on
Coo(€2).

Corollary 8.8 implies that for A < —cy and f € L?*(2) there is a unique
solution u of

—Lpu—Au=f,

and this solution satisfies

2 1
< < — .
Jullo < Nl < max (<, =) 1/l
This means that the inverse operator
(=Lp — N "' L*(Q) — D(L) C L*(Q)

exists, and that this operator satisfies for all f € L*(Q)

2 1
=|(=Lp = N)"'flla < (- ) :
Julle = (=L = )l < mae (. =17l
Therefore this operator is bounded. Consequently

(—00, —¢2) € p(—Lb).

Thus, the spectrum X(—Lp) belongs to the complement of (—oo, —cs) in C. In
the following the spectrum will be determined precisely.
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9.2 Existence of eigenvalues in bounded domains

The results of this section are based on the following fundamental result:

Theorem 9.1 (Rellich selection theorem.) Let Q CR"™ be a bounded open

subset. Fvery bounded sequence in [ih(ﬂ) has a subsequence, which converges
in the norm of L*(Q).

We omit the proof. It can be found for example in the books of Alt and Leis.
In this section we always assume that a.s : 2 — C are bounded measurable

with
aap(z) = (=1)l*flag,(z), if ja|+ (8] <1,

anp(r) = ags €R, if o] = 16| =1,
and that

Lu(x) = Z Do‘(aa[g(x)D’Bu(x)),

laf,|BI<1

is a uniformly elliptic operator with ellipticity constant 7.
Let A € C be an eigenvalue and u € D(Lp) be an eigenfunction of —Lp, hence
(=Lp —Nu=0.
By definition this holds if and only if u € b 1(£2) satisfies
B(u, ) + AMu,p)o =0
for all p € CO*OO(Q) This is equivalent to
B(u,v) + AMu,v)q =0

for all v € ﬁ[l(Q)

Lemma 9.2 FEvery eigenvalue of —Lp is real. Figenfunctions uy and us to
distinct eigenvalues are orthogonal:

(u1,us)q = B(ug,us) = 0.
Proof: Let u € ]fll(Q) be an eigenfunction to the eigenvalue A\. Then
B(u,u) + Mu,u)q = 0.
The symmetry of B implies B(u,u) € R, hence

B(u,u)
ull?,

A= e R.
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If u; and wuy are eigenfunctions to the distinct eigenvalues Aj, A, then
)\1(U17U2)Q = —B(Ubuz) = —B(U27U1) = >\2(U2,U1)Q = )\2(161,“2)97

hence (A1 — Ao)(ug,uz)g = 0. Since A\; — Ay # 0, this yields (u,uz)q = 0,
whence
B(uy,us) = —A1(ug,u2)q = 0.

The proof is complete.

Let M be a finite dimensional linear subspace of b 1(£2) spanned by eigenfunc-

tions of —Lp. We denote by M+ the linear space of all functions in [Zf 1(£2),
which are orthogonal to M with respect to the scalar product (u,v). Since
[(u,v)] < |lullql|v]la < [Julli ||v]li, the scalar product (u,v) is continuous with
respect to the norm |[jul|;, whence M+ is closed. We allow M = (), in which

case M+ = [31(9)
Theorem 9.3 If u € M+ with ||lullq = 1 exists such that

_B(u7 u) = min (—B(U, U)),
i
v||o=

then A\ = —B(u,u) is an eigenvalue of —Lp and u is an eigenfunction to this
ergenvalue.

Proof: Note that [|r—|lo = 1 for all v # 0, hence

B

min (—B(v,v)) = min (— B(L,LD = min (— (U’22)>)

pebt veML [vlle” llv]la veML [vll%

v||o=
It follows that —Eﬂ&"’g) = —B(u,u) < —Eﬁgﬁl’;’) for all v, hence X\ +~

Q Q
—W : R — R has the minimum at A = 0 for all v € M+. Thus
Q

d B(u+ X v,u+ M)

PN TR S

d_B(u,u) + \2Re B(u,v) + N B(v,v)

Al + X2Re (w,0) + Xofz =0

2Re B o — B(u,u)2R

_ 2Re <u,v>|rur|QHuH2 (1 W2RE0 ) 5 Re (Blu,v) + Al ).
Q

Since M+ is a linear space it follows that iv € M+ if v € M+. Thus

0 =

Im (B(u,v) + A(u,v)) = Re(—iB(u,v) —i\u,v))
= Re (B(u,iv) + Mu,iv)) =0,
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hence

B(u,v) + Au,v) =0 (9.1)
for all v € M*. Let w be one of the finitely many eigenfunctions which span
M, and let p be the eigenvalue to w. Then

B(w7 ’U) + :u(wv U)Q =0

for all v € If[l(Q) Since u € M~ we have (w,u)q = 0, thus B(w,u) = 0,
whence B(u,v) = (u,v)q = 0 for all v € M. Together with (9.1) this implies
B(u,v) + AMu,v) =0 for all v € ;[1(9), whence A is an eigenvalue and u is an
eigenfunction.

Theorem 9.4 Let Q@ C R"™ be a bounded open set. The function —B(v,v)
assumes a minimum on the set {v € ML | ||v|]lq = 1}, which is not smaller
than —co, where co > 0 is the constant from the coercivity estimate proved in
Theorem 8.4. (The minimum is not unique.)

Proof: It has been shown in Theorem 8.4 that —B is coercive. This implies
for all u € H1(Q) with ||ul|q = 1 that

Ui
—B(u,u) 2 Jluliq = ellulls > —c,

consequently the infimum

A= inf (-B > _
Jnf, (=B(v,v)) > —c
felo=1

exists, and we can select a sequence {uy}r C {v € M* | |[v|lq = 1} satisfying

lim — B (ug, ug) = A

k—o0

The coercivity implies
n 2
3 lurl1 o < —B(ug, up) +ca = A+ ca,

which yields

1/2
il = (el + Juel20) " < e

with a suitable constant C. Hence {uy}x is bounded in ﬁ[l(Q) In general,
the sequence {uy}, does not converge. However, we can select a convergent
subsequence: Let |u|?> = —B(u,u). Since B(u,v) is a sesquilinear form, the
parallelogram equality holds:

v+ v]? + Ju —v]? = 2]u]? + 2]v]|*
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Thus

lue — wiel® = 2| uel® + 2| ug|® — Jue + wi]? (9.2)
Up + Up |2
||lwe + ulla
2 2 2 2
< 20w+ 2 up | — A |ue + uellg -

= lwel® + 2| u|® — [Jue + wel|§ |

Here we used that —t%— € {v € Mt | ||lv]|q = 1}, whence | %t ] > ).

lueturllo l[ueturlle

Since {uy}x is bounded in H 1(©2) and since 2 is bounded, there is a sub-
sequence {ug,}s converging in L?(Q), by the Rellich selection theorem. Let
u € L*(Q) be the limit function. Denoting the subsequence by {u} }s, for
simplicity, we obtain from the continuity of the norm that |lu|o = 1 and
|luj, + upllo — [|2ullq = 2, for k, ¢ — co. The inequality (9.2) together with the
coercivity of B thus yields for k, ¢ — oo that

2y =i < Lty = i + ol = ui [ — 2X* 4237 =43 = 0.

Consequently {uj, }r converges in H;(§2) with limit function w, since the limits

in L*(Q) and ]?_fl(Q) coincide. From the continuity of B on ]fll(Q) X ]f_ll(Q) we
thus conclude

—B(u,u) = kh_)yg() —B(up,up,) =\ = v.i;]qjl —B(v,v).
[vlle=1

From the closedness of M+ we conclude that u € {v € M+ | ||v]|q = 1}, hence
w is a minimum of —B(v,v) on this set.

Corollary 9.5 Let Q C R"™ be a bounded open set and let M C IO{1(Q) be a
finite dimensional linear space spanned by eigenfunctions of —Lp, or let M = ().
Then there is an eigenvalue \ of —Lp and an eigenfunction uw € M+ to \, which
satisfy ||ullo = 1 and

A= —B(u,u) = min —B(v,v) > —cs.
o
v||o=

Proof: Combination of the preceding two theorems.

9.3 Spectral theorem and resolvent set

Also in this section we assume that 2 C R™ is a bounded open set and that

Lu(x) = Z D*(ang(z) DPu(z))

laf,|BI<1
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is a uniformly elliptic operator with bounded, measurable coefficient functions
aqp 1 §2 — C satisfying

aap(@) = (“D)*an (@), Ja+ 8 <1
aap(z) = ap(e) €R, o = 18] = 1.

Theorem 9.6 (Spectral theorem for —Lp) There is a countably infinite
sequence {\m}m C R of eigenvalues of —Lp satisfying

—c <A< <. ... <\, <...>00, m—o00,

where the eigenvalues are repeated according to multiplicity. Moreover, there
is a sequence {Uum}tm € H1(Q2) of corresponding eigenfunctions, which form a
complete orthonormal system in L*(£2).

Proof: We construct the sequences {\,},, and {wn},, by induction: If
ALy oy A and uq, . . ., U, are already constructed, let M,, be the space spanned
by u1,...,Uy,. Define A\, and u,1; € M- to be the eigenvalue and eigen-
function of —Lp satisfying ||um+1|lo = 1 and

Ama1 = —B(Umi1, Umy1) = min —B(v,v),
veME

m

llvlle=L1

which exist according to Corollary 9.5. The corollary also yields A,, > —cs.
Since M., C M- it follows that

Ams1 = min —B(v,v) < min —B(v,v) = Ao
vEME

m m—+1
llvle=1 [vlle=1

Moreover, \,, — oo for m — oo. Otherwise there would exist C' > 0 with
Am < C for all m. The coercivity of B yields

g |Um|iQ S _B(uma um) + CzHUm”?z - )‘m(umaum)ﬁ + c2

= Ap+c2 < CH ey,

whence {uy, }., is bounded in H 1(€2). By the Rellich selection theorem we could
select a subsequence converging in L?(2). However, such a subsequence does
not exist, since (ug, u,,) = 0 implies

lue — w1 = lluellg + lumlle = 2,

whenever ¢ # m. Therefore \,, — oc.
By construction, {um,},, is an orthonormal system in L?(Q). If it is not
complete there is f € L*(Q) different from zero such that

(um>f)ﬂ =0
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for all m.
In Theorem 8.4 we proved that the sesquilinear from —B(u, v)+ (co+1)(u, v)
is strictly coercive, which implies that there is w € ;I 1(2), w # 0, such that

—B(U,U}> + (02 + 1)(U7 UJ) = (Ua f)
for all v € [o{ 1(€2). For the eigenfunctions w,, we thus obtain
(A + 2+ 1) (U, w) = = B(upm, w) + (ca + 1) (U, w) = (upm, f) = 0.

Because A, + ¢3 + 1 > 1, it follows that (u,,, w) = 0 for all m, thus w € M;-

for all k. Setting w' = ”J]’ﬂﬂ, we obtain for all k&

Aip1 = min —B(v,v) < —B(w',w').
UEM]i‘
lvlle=1

This contradicts A\, — oo for £k — o0o. Consequently the orthonormal system
{tm}m is complete in L?(Q).

Corollary 9.7 Let {\,,}m be the eigenvalues constructed in the preceding the-
orem and let {u,,}n be the complete orthonormal system of eigenfunctions.

(a) u € L*(2) belongs to ]f_ll(Q) if and only if Y00 1 | Aml [(u, um)? < co. In
this case

y4
lim ||U—Z(U7um)9um||1@ = 0,

l—00
m=1

> Aml(wum)al> < Blu,u).
m=1

(b) w € L*(2) belongs to D(Lp) if and only if Yo [Aml? [(u, um)* < co. In
this case

—Lpu = Z A (U U, ) Uy

m=1

Proof: (a) For u € L*(Q) and k < ¢ set

¢
Uy = Z(u,um)um € Hi1(Q).

m=k
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Choose A < —co. Then —B(v,w) — A(v,w) is a strictly coercive sesquilinear
form on f 1(£2), hence

lunellia < —B(uke, ure) — Muge, upe)
¢

— Z (w, Up,) (1w, us) ( — B(tm, us) — MU, us))

= Z (us tm) (u, ws) (A — A) (), us) = Z()‘m =) [(u, u)

From this inequality we conclude that if >"°  [A,| |(u, um)]* < oo, then
{2 (U U YU }o converges in ]fjl(Q) Since the limit in ](—)]1((2) coincides
with the limit u in L?(Q), we obtain u € ;Il(Q)

On the other hand, if u € H 1(2) we compute similarly

0 < —B(u—up,u—uy) — MNu— up,u— uy)

k
= —B(u,u) Z (, U) |7,

m=1

hence

Z)\ |(w, up) > < Blu, u) +)\<uu i|uum ) B(u,u).

m=1 m=1

(b) By definition, u € D(Lp) if and only if u € [31(9) and there is f € L*(Q)
such that
_B(Uau> = (va)> (93)

for all v € ]f_ll(Q) In this case we have —Lpu = f. Since >~ (0, Up) U,
converges to v € H 1(2) in i 1(€2), we obtain from the continuity of B that

i (0, Up) B, u i (0, Up) A (U, w)
m=1 m=1
and .
£ = (v, ) (tm,
m=1

Thus (9.3) holds if and only if

Z m (U, 1) = (U, f)) (v,um) =0

m=1
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for all v € ﬁ[l(Q) Setting v = uy shows that (9.3) holds if and only if

M (ug, u) = (ug, f), forall k€ N. (9.4)

Thus, u € D(Lp) if and only if u € }011(9) and there is f € L*(Q) satisfying
(9.4).
If w e D(Lp) we conclude from (9.4) that

D Pl s wn) P = D1 um) P < 00

and - -
—Lpu= f = Z(‘f’ um)um = Z )\m(ua um)um
m=1 m=1
On the other hand, if >°7°  |An]? [(u, um)[* < oo we conclude from the above
that u € ;[1(9) Define a function f € L*(Q) by f =", A, U )y, Since
this function satisfies (9.4), we infer that u € D(Lp).

Corollary 9.8 To every A € C\{\,,}m and every f € L*(Q,C) there is a
unique solution u of

—Lpu—Au=f
given by

— (f, tm)
:;AmiA“

Consequently p(—Lp) = C\{ A\ }m, B(—Lp) = {Am}m-

Remark 9.9 This result means, of course, that the Dirichlet problem

Z D*(aas D" u) + Au = f
laf,|8]<1

u| =0
a0

has a unique weak solution for all A # ), and all f € L?(Q).

Proof: From u = 5% atm) < U, it follows

m=1 \,,
(f, tm)
A — A

(uv um) -

hence

D Pl () Z)A \fum|2<oz|fum < 0.
m=1
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Corollary 9.7 thus shows that u € D(Lp) and

—Lpu—Au= Z()\m — M) (U, Upp ) Uy, = Z(f, U ) U, = [

The solution is unique since —Lp — A is injective. For,

[e.9]

0=—Lpv—Av= Z()\m — M) (0, Uy ) Uy

m=1

yields together with \,, — XA # 0 that (v, u,,) = 0 for all m, hence v = 0.
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10 Linear hyperbolic equations of second order

10.1 Hyperbolic differential operators

The wave equation g—; u(z,t) = cAzu(x,t) is a hyperbolic equation. We now
show that the spectral theorem from Section 9 can be used to prove existence
of solutions for the wave equation and other hyperbolic equations.

Let Lu(z) = Y jaj<1 D*(aas(z)DPu(z)) be a linear differential operator of
|B1<1
second order. In the remainder I always assume that the coefficients of the

principal part

L'u(z) = Z Ao (1) D Pu()
jal=1

I81=1

are real valued functions:
anp(z) € R, for |a| =8| =1.

One uses the set of zeros of the “principal symbol”

ple,§) = Y aas(2)e", EER™
jal=l8l=1

of the differential operator L to classify the operator. An operator, whose set
of zeros only consists of 0 € R" is elliptic.

A subset M of R" is called conic with vertex at 0 if £ € M implies u& € M
for all p > 0. Since p(z,§) is homogeneous of order 2 with respect to &, it
follows that if £ is a zero of p(z, ), then u is a zero for all u € R, hence the set
of zeros of p(z,£) is a conic subset of R” symmetric with respect to the vertex
0.

The operator L is called hyperbolic if the set of zeros of the principal symbol
p is a double cone. This is made precise in the following

Definition 10.1 The operator L is hyperbolic at z € R, if there is a vector
6 # 0 such that every line in R™ parallel to €, not passing through the origin,
intersects the set {£ | p(z,£) = 0} in precisely two distinct points.

Example 10.2 Let Zla\»lﬁ\él Dj(aag(x)Df), r = (x1,...,2,) € R" be an
elliptic operator satisfying

> ap(x)P >0, EERM EH#O.
lal=1Bl=1
Then )
Lu(x,t) = %u(m,t) - Z D¢ (ans(z)Diu(z, 1))

<1
1BI<1
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is a hyperbolic operator. To see this note that with z,£ € R”, ¢, € R the
principal symbol is

pla,t,6,¢) = = Y aap(x)&*H,
la|=1
1Bl=1
Set 8 = (0,...,0,1) € R*"™. Every line in R™*! parallel to # and not passing
through the origin is of the form ¢ — (&, () with £ € R™, £ # 0. For such ¢ the
equation
Pt &) =C— ) ag@)e =0
jol=18=1

has the two distinct solutions ¢ = i\/Z\a|=\5|=1 aap(x)E28 . In particular, the
d’Alembert operator
H2 n H2
i—
is hyperbolic for every constant ¢ > 0. Therefore the wave equation
2
prel u(z,t) = cAgu(x,t)

is a hyperbolic equation.

10.2 Energy estimate for the wave equation, uniqueness of solutions

Let © C R™ be an open set, let f : £ x [0,00) — C be a bounded continuous
function.

Theorem 10.3 Let u : Cy(2 x [0,00),C) N C(Q x [0,00),C) be a solution of

the initial-boundary value problem

%u(m,t) = cAyu(x,t) + f(x,t), (x,t) € Q x (0, 00)
u(z,t) = 0, (x,t) € 002 x [0, 00)
u(z,0) = u®(x), uy(x,0) =uM(z), €

with a constant ¢ > 0. Then u satisfies the energy estimate

t
Bu0)* < B0 + [ 1 f(®)]ad:,
0
where the enerqy E(u,t) is defined by

1
E(u,t) = /Q §]ut(:v,t)\2 + g IV u(z, t))*dx.
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Proof: Since u is two times continuously differentiable we have

d d 1 c
—E(u,t) = — [ = 2y t)|%d
= / Re (utt(x,t) w(x,t) + cVyu(z,t) - V, ut(x,t)>dx
Q
= /Re ((utt(x,t) — cAyu(z,t)) ut(x,t)>dx
Q
= Re / fla,t)ug(z, t) de < || f(O)lla lus(®) o < 20 fE)lloB(u, )/,
Q
Now J g J
ZE(u,t) = —(E(u,)?)* = 2E(u,)"* = E(u, t)/2.
SB(ut) = 2 (Blut)2) = 28w, 2 B(u 1)
Combination of these relations yields

B0 < 0l

Integration yields the stated estimate.

Corollary 10.4 The initial-boundary value problem

82
wu(m, t) = cAgu(z,t)+ f(z,1)

u(z,t) = 0, (x,t) € x][0,00)
u(z,0) = u ), w(z,0)=uvV(z), zeQ

has at most one solution u € Cy(Q x [0,00),C) N C (2 x [0,00),C).

Proof: Let v and v be two solutions. Then the difference w = v — v satisfies

—w(z,t) = cAyw(z,t)
w(x,t) = 0, (x,t) € 002 x [0, 00)
w(r,0) = wi(r,0)=0, x€.

Form the energy estimate it thus follows

1
/ Elwt(:zr,t)|2 + §|wa(a:,t)|2d$ < E(w,0) =0.
0

Consequently wy(x,t) = 0 for all (z,t) € Q x [0,00) and w(z,0) = 0 for all
x € (), whence

¢
w(z,t) = / wy(z, 7)dT =0,
0

for all (x,t) € Q x [0,00). Thus, u = v.
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10.3 Existence of weak solutions of initial-boundary value problems
to hyperbolic equations

In the following I consider hyperbolic differential operators of the form 2 L,

where "
L= D(ass(z)D})

|a|<1
8I<1

is a uniformly strongly elliptic differential operator with bounded measurable
coefficient functions a,s : 2 — C satisfying

aop(z) = (—1)1*Plagy(x),  Ja+p/<1
aaﬂ(l‘) = aga(l‘) €R, |Oé| = |ﬁ| =L

) C R" is a bounded open set, for T' > 0
Zp = Q x (O,T)

denotes a cylindric subset of R™™! and for u : Zp — C and 0 < t < T the
function u(t) : Q — C is defined by

(u(t))(z) = u(z,t).

The goal of this section is to show that the initial-boundary value problem

st t) = Lu(z.t) + f(z,1), (z,t) € Zr

u(z,t) = 0, (x,t) € 02 x (0,00)
u(z,0) = u®(2), u(z,0) =uM(z), x€Q,

has a weak solution. In order to give the definition of weak solutions inhomo-
geneous Sobolev spaces must be introduced:

Definition 10.5 For "> 0, m € N let
HY)(Zr,C) = {u € L*(Zr,C \ ~u € LX(Zp,C),k < m}.

HT(,?(ZT) is a Hilbert space with the scalar product
N A
() — . —
(o) =2 (at’f o o v) Zr
and the norm ||u||£fl) = ((u, w)m
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Theorem 10.6 (Sobolev embedding theorem.) LetT >0 and0 <7 <T.
Then there is a unique continuous linear mapping B : Hft)(ZT, C) — L*9,C)
satisfying

(Bru)(z) = u(z, 1),

Jor allu e C(Qx[0,T]) N Hl(t)(ZT,(C).

A proof can be found in the book of Alt, p.249.

Definition 10.7 The function B,u is called the trace of the mapping u €
Hft)(ZT) on 2 x {7} and is denoted by gy

As in Section 9 let Lp : D(Lp) C L*(Q) — L*(Q) denote the Friedrichs’
extension of the operator }_,, 5 D%(an,3D?) in Q.

Definition 10.8 Let T > 0, f € L*(Z7,C), u® € D(Lp), u® € H,(Q,C). A
function u : Zp — C is a weak solution of the Dirichlet initial-boundary value
problem

Pu(z,t) = Lu(x,t) + f(x,t), (z,t) € Zr,
(e t) = 0, (2,8) €00 x (0,T),  (10.1)
u(z,0) = u®(x), u(z,0) =u(x), x€q.
if
1. uwe H(Zy),
2. u(t) € D(Lp), for almost all t € (0,7,
3. O?u(t) = Lpu(t) + f(t), for almost all t € (0,7,

4. = u, u| =uM,
Qx{0} Qx{0}
Theorem 10.9 Let Q C R™ be an open bounded set. To every f € Hy(Zr,C),

u® € D(Lp) and vV € [}1(9,@) there is a weak solution of the Dirichlet
initial-boundary value problem (10.1). This solution is given by

u(z,t) = Z O (D) (),

where {u,,}5°_, is the complete orthonormal system of eigenfunctions of the
operator —Lp, and where o, : [0,00) — C is the solution of the initial value
problem

2

B
257 (D) Aman(t) = (F(B) )



Here A\, is the eigenvalue to u,,.

Clearly, this implies for \,, >0

0 L. 1
am(t) = cos(v/ Amt) (@, tp)q + VoW sin(v/ Amt) (M o

sin (v A (t — 7)) (f(7), ) od7.

b1
|
0 )\m
For \,, = 0 we obtain

Oém(t) = (U(O), um)Q + (u(l)v Um)ﬂ T /0 (t B T) (f(T)’ um)QdT’

and for \,, <0

1
)\,

6o
-I—/O = sinh (\/——)\W(t—T)) (F(7), tm) dT -

am(t) = cosh(y/=Amt)(w®, up)q + sinh(v/ = Amt) (u™Y, 1)

Since —co < A\ < ... <\, < ... =500 form — oo there are only finitely
many eigenvalues A, < 0.

Proof: From the explicit expression for «,, given above we obtain for s = 0,1, 2

Gan®] < CO(VIFM]) (I unal

e (el + = [ 10 ) )
02 [(f (), 1m ) | (10.2)
where
5= {O, s #2
1, s=2,
and

CeV=2t if \; <0
Ct)=4C(1+t), if\ =0

C, if Ay > 0,
with a suitable constant C. Using the Cauchy-Schwarz inequality, which yields
la+b+c+d]? <4(a® + b+ + &%)
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and

</| um|d7) <t/] ), ) [2dr,

we obtain from (10.2)

|OF ()] < 4C(t)2(1+|km\)s(l(u(°) um)ﬂl2

1
(1) 2y 2d)
T g el 1+|A |/ )t ) P

+ 4652 | (F (1), um) o> (10.3)

The assumptions u(®) € D(Lp) and u) € }oh(Q) imply

(1 + |)\m|2) |(u(0),um)9|2 < 00,

Mgimg

(1 + \)\m]) ](u(l),um)Q]2 < 00,
1

cf. Corollary 9.7. Moreover, from f € H;(Zr) it follows by the theorem of
Fubini that f(¢) € H1(€2) for almost all ¢ > 0. Thus, Corollary 9.7 (a) yields

3
Il

o0

>+l /t (7). tm)g 7
< [ 5(BUELI@) + 1OIR)dr

0

t
< K, / 1 (PIE adr < K|£I2 5, < oo,
0

with suitable constants Ki, Ko > 0. From these estimates and from (10.3) we
obtain

[e.9]

Z A [ (2)[?

m=1

S G am®)? < CIOW*(1+1) + 4602 Y [(F(),um)

— GO (1 +1) + 4l f O

CLO()*(1 + 1), (10.4)

IN

Thus, for s =0,1,2
/ Dasam Dt < / CLO(P(1+ 1) + 40,011 (1) [
< CiC(T(L+T)T + 40| f11%, , (10.5)
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where we used that C(f) is an increasing function. Since uy = 320 | i
satisfies for £ </

y4
107 (ue — wi)ll%, = (95 (ue — un), 0 (e — )z = D (O} Aot 05 t115) 2,

m,j=k

4 T L T
= Z/ 8famﬁfa_jdt(um,uj)9:2/ 0 () 2dt
0 .0

m,j=k

we obtain from (10.5) that {9fu,}, is a Cauchy sequence in L*(Zr) with
1‘ S — S
Ei)rgo O ug Zl O Uy,

for s = 0,1,2. This means that {u}, converges in the space HS”(Zy,C) and
that the limit function u € Hét)(ZT, C) satisfies

Oju=">_ Oty (10.6)

m=1

Also, since u(t) = Y| ot (t) s, implies (u(t), um),, = am(t), we infer from
(10.4) that

S D21 (u(t), ) of? < o0
m=1

whence u(t) € D(Lp) for all ¢ > 0 and

—Lpu(t) = A (u(t), tm) i | (10.7)

m=1

by Corollary 9.7. Summing up, we conclude from (10.6) and (10.7) that
Ofu(t) = 0} m()um =D O am(t)um
m=1 m=1

_ i (—)\mam(t) - (f(t)aum)sz)“m

= =D M (ult) wm) g+ D (F(0), tm) gt
= Lpu(t)+ f(t).
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Thus, the first three conditions of Definition 10.8 are satisfied. To verify the
last condition note that a,,(0) = (v, uy,),, and % am(0) = (uM, up,)q yield

Q
= — (0) _ (0

u’QX{O} o Z:lo‘m(o)um = Z:I(U U )Q U, = U,
= = 1) _ (1)

atu|Q><{O} - Z_ 3ta(0)um - Z_1<u >um)Q Um = U7 .

This completes the proof.
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A Appendix: Bessel and Neumann functions

Let m be a nonnegative integer. The Neumann function of order m is

Nofw) = LIS ok m Dl e

T k! 4
k=0
2, 1
(2z)m & 1.2\k
St e
+ 1) +y(m+k+1)]——"—+, (Al
T El(m + k)!

where J,, is the Bessel function and where the ¥—function is defined by

Y(m) = —y+ Y k' m>2
k=1

Here

11 1
v = lim <1+—+—+...—|———ln(m)) — 0.5772156649 . ..
m

denotes the Euler constant. In particular, for m = 0 we obtain
2
No(z) = - (In(3z) +7) Jo(z)

N N Crio RN c o
+ ; ((1!)2 - (1 + 5) (2!>2 + (1 + 3 + g) (3!)2 o ) (AQ)

To determine the asymptotic behavior of N,, at 0 we use the representation

s —1)* T\ 2k+m
m)zzﬁ (3)

of the Bessel function, which implies

Jo(0) = 1,
Im(z) = O(z™), x—0, m>1.

From this relation and from (A.1) and (A.2) we thus obtain for x — 0 that

No(@) = (@) +0(1),

T
Ni(@) = —%xl + Oz n(z)),
2m(m _ 1)‘ -m —m+2

The following lemma is needed in the proof of Theorem 5.4.
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Lemma A.1 Let m € N. Then we have for R > r > 0 that

|Jm(ZT)| < €_fTR(%22+1)1/2d8 < <7*>m

[ Jm(iR)] R

Proof: For r = 0 the statement holds since J,,,(0) = 0. To prove the statement
for r > 0 set u,(r) = Jp(ir). This function satisfies

m2

1
)+ (1) (-1 = T ) =0
for positive r. Since rul,(r) 4+ u,(r) = (rul,(r))’, this yields
2

(ru (1)) — (1 + %)mm(m — 0. (A.3)

For any complex valued function v we have (3|v|?) = (3v7)" = Rev'v. Multi-

2
plication of (A.3) with 1r,’(r) therefore results in

m2

1 2\’ 1 2\’
(GIrunmP) = 1+ 5 (Flrun)?) =o.

hence

d g1 9 m? . 1 9 m? 9

— | = — (1 — )= m ): —_— m > 0. A4

&P — 0+ " rua()P) = TP 2 0. (A4)
For m € N we have u,,(0) = 0 and ru;, (r)| _, = 0. Using this, we obtain by
integration of (A.4) over the interval [0, r] that

m2
[ (M) = (14 =) [rum (r)* > 0.
r
Since u,, does not have a zero on the interval (0,00), as we showed in Theo-
rem 4.6, this implies that

/ 2

|z ()] VL

|t (1) r?
The series representation of .J,, shows that Z;*zg:; = 5%:3 is real for real r.
This implies ’Zizg:; = iZ/Tm”Eg and ||7;7:1((7;))I" = Re Z/::E:g = Z/Z—E:; From the last

inequality we therefore conclude that

/ / 2
un() () [
U (1) um(r) — V2
holds for all » > 0 or that
/ / 2
un () wr) [
‘um(r)| um(r) - 7



holds for all » > 0. The second inequality cannot be true, since it implies
|um(r)|" < 0, which in view of u,,(0) = 0 is impossible. The first inequality is

equivalent to
m2
(In um(r)]) >4/ T + 1.

Integration of this inequality over the interval [r, R] yields

[t ()]

[um (R)]

< o= ST 2as

m? m m
The lemma follows from e~/ iz +D)'/%ds < e [ Bds — gmmIn(R/r) — (7)"
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