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Pl ACUR

ACOMPLETE survey of the theory of sound would lead into
many fields, physical, physiological, psychological, aesthetic.
The present treatise has a more modest aim, in that it is
devoted mainly to the dynamical aspect of the subject. It is
accordingly to a great extent mathematical, but I have tried
to restrict myself to methods and processes which shall be as
simple and direct as is possible, regard being had to the nature
of the questions treated. I hope therefore that the book may
fairly be described as elementary, and that it may serve as a
stepping stone to the study of the writings of Helmholtz and
Lord Rayleigh, to which I am myself indebted for almost all
that I know of the subject.

The limitation of methods has involved some sacrifices.
Various topics of interest have had to be omitted, whilst
others are treated only in outline, but I trust that enough
remains to afford a connected view of the subject in at all events
its more important branches. In the latter part of the book
a number of questions arisc which it is hardy possible to deal
with according to the stricter canons even of mathematical
physics. Some recourse to intuitional assumptions is inevitable,
and if in order to bring such quecstions within the scope of this
treatise I have occasionally carried this license a little further
than is customary, I would plead that this is not altogether a
defect, since attention is thereby concentrated on those features
which are most important from the physical point of view.

Although a few historical notes are inserted here and there,
there is no attempt at systematic citation of authorities. The
reader who wishes to carry the matter further will naturally
turn in the first instance to Lord Rayleigh’s treatise, where
full references, together with valuable critical discussions, will
be found. I may perhaps be allowed to refer also to the
article entitled “Schwingungen elastischer Systeme, insbeson-
dere Akustik,” in the fourth volume of the Encyclopidie der

thematischen W haften (Leipzig, 1906).




iv PREFACE

I have regarded the detailed description of experimental
methods as lying outside my province. I trust, however, that
no one will approach the study of the subject as here treated
without some first-hand acquaintance with the leading pheno-
mena. Fortunately, a good deal can be accomplished in this
way with very simple and easily accessible appliances; and
there is, moreover, no want of excellent practical manuals.

The book has been revised throughout for the present edition,
and a number of errors have been corrected. I have also taken
advantage of the opportunity to rectify some omissions, and to
notice some of the more important recent applications of the
subject.

H. L

CAMBRIDGE,
May 1925.
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THE DYNAMICAL THEORY
OF SOUND

INTRODUCTION

1. Simple Vibrations and Pure Tones.

In any ordinary phenomenon of sound we are concerned,
first with the vibrating body, e.g. a string or a tuning fork or
a column of air, in which the disturbance originates, secondly
with the transmission of the vibrations through the aerial
medium, next with the sensations which the impact of the
waves on the drum of the ear somechow and indirectly produces,
and finally with the interpretation which, gnided mainly and
perhaps altogether by experience, we put upon these sensations.
It is in something like this matural order that the subject
will be discussed in the following pages, but the later stages
involving physiological and psychological questions can only be
touched upon very lightly.

As few readers are likely to take up this book without
some previous knowledge of the subject we may briefly re-
capitulate a few points which will be more or less familiar, with
the view of fixing the meaning of some technical terms which
will be of constant occurrence. Many of the matters here
referred to will of course be dealt with more fully later.

The frontier between physies and physiology is reached at
the tympanic membrane, and from the physical standpoint it is
to the variations of pressure in the external ear-cavity that we
must in the last resort look, under normal (as distinguished
from pathological) conditions, for the cause of whatever sensations
of sound we experience. These variations may conveniently
be imagined to be exhibited graphically, like the ordinary
variations of barometric pressure, by a curve in which the
abscissac repeesent times and the ordinates deviations of the
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pressure on one side or other of the mean, the only difference
being that the horizontal and vertical scales are now enormously
magnified.

The variety of such curves is of course endless, and it is
impossible to suppose that a distinct provision is made in the
ear for the recognition of each, or even of each of the numerous
classes into which they might conceivably be grouped. It is
therefore necessary to analyse, as far as possible, both the
vibration-forms and the resulting sensations into simpler
elements which shall correspond each to each.

As regards the vibration-forms, there is one mode of
resolution which at once claims consideration on dynamical
grounds. The fundamental type of vibration in Mechanics is
that known as “simple-harmonic,” which is represented graphic-
ally by a curve of sines (Fig. 8, p. 10). This is met with in
the pendulum, and in all other cases of a freely vibrating body
or mechanical system having only one degree of freedom. It
can moreover be shewn that the most complicated oscillation of
any system whatever may, so far as friction can be neglected, be
regarded as made up of a series of vibrations of this kind, each
of which might be excited separately by suitable precautions.
The reason for the preeminent position which the simple-
harmonic type occupies in Mechanics is that it is the only type
which retains its character absolutely unchanged whenever it
is transmitted from one system to another. This will be ex-
plained more fully in the following chapter.

The analysis of sensations is a much more delicate matter,
and it was a great step in Acoustics when Ohm* in 1843
definitely propounded the doctrine that the simplest and
fundamental type of sound-sensation is that which corresponds
to a simple-harmonic vibration. This implies that all other
sound-sensations are in reality complex, being made up of
elementary sensations corresponding to the various simple-
harmonic constituents into which the vibration-form can be
resolved. The statement is subject to some qualifications, in
particular as to the degree of independence of elementary

* G. 8. Ohm (1787—1854), professor of physics at Munich 1849—54, known
also as the author of *“Ohm’s Law * of electric conduction.



sensations very near to one another in the scale, but these need
not detain us at present. It may be regarded as in the main
fully established, chiefly in consequence of the labours of
Helmholtz*. The sensation corresponding to a simple-harmonic
vibration is called-a “simple tone” or a “pure tone,” or merely
a “tone.” The sound emitted by a tuning fork fitted with
a suitable resonator, or by a wide stopped organ pipe, gives the
best approach to it.

Since the form of the vibration-curve is fixed, the distinction
between one simple tone and another can only be due to
difference of frequency or of amplitude. The “frequency,” ie.
the number of complete vibrations per second, determines the
“pitch,” greater frequency corresponding to higher pitch. The
lower and upper limits of frequency for tones audible to the
human ear are put at about 24 and 24,000 respectively; the
range employed in music is much narrower, and extends only
from about 40 to 4000. As between tones of the same pitch,
the amplitude, or rather its square, determines the rate of
supply of energy to the ear and so the relative “intensity,”
but it will be understood that it is physical rather than
subjective intensity that is here involved. Between tones of
different pitch only a vague comparison of loudness is possible,
and this may have little relation to the supply of energy. Near
the limits of audibility the sensation may be feeble, even though
the energy-supply be relatively considerable,

2. Musical Notes.

From the chaos of more complex sounds there stands out a
special class, viz. that of musical “notes.” The characteristic of
such sounds is that the sensation is smooth, continuous, and
capable (at least in imagination) of indefinite prolongation
without perceptible change. The nature of the corresponding
vibrations is well ascertained. If we investigate any contrivance

* Hermann Helmholtz (1821—94), suceessively professor of physiology
(Kdnigsberg 1849), anatomy (Bonn 1855), physiology (Heidelberg 1858) and
physics (Berlin 1871). Reference will often be made to his classical work : Die
Lehre von den T 7 als physiologische Grundlage filr die Theorie der
Musik, Brunswick, 1862. An English translation from the third edition (1870)
was published by A. J. Ellis under the title Sensations of Tone, London, 1875.




by which a note of good musical quality is actually produced,
we find that the vibration can be resolved into a series of simple-
harmonic components whose frequencies stand to one another
in a certain special relation, viz. they are proportional to the
numbers 1, 2, 8, .... Individual members of the series may be
absent, and there is practically a limit on the ascending side,
but no other ratios are admissible. It is evident from the
above relation that the resultant vibration-form is necessarily
periodic in character, recurring exactly at intervals equal to the
period in which the first member of the series goes through its
phases, It must be remembered, however, that the ear has no
knowledge of the periodic character as such, and it must not be
supposed that every periodic vibration will necessarily produce a
sensation which is musically tolerable. The superposition of
simple-harmonic vibrations to produce periodic vibration-forms
is illustrated by some of the diagrams given below in
Chapter ITI

One musical note may differ from another in respect of
pitch, quality, and loudness. The pitch is usually estimated
as that of the first simple-harmonic vibration in the series, viz.
that of lowest frequency, but if the amplitude of this first
component be relatively small, and especially if it fall near the
lower limit of the audible scale, the estimated pitch may be
that of the second component.

By “quality ” is meant that unmistakable character which
distinguishes a note on one instrument from the note of the
same pitch as given by another. REvery musical instrument
has as a rule its own specific quality *, which is seldom likely to
be confused with that of another. Everyone recognizes for
instance the difference in character between the sound of a
flute, a violin, a trumpet, and the human voice, respectively.
It is obvious that difference of quality, so far as it is not due to
adventitious circumstancest, can only be ascribed to difference
of vibration-form, and so to differences in the relative amplitudes
and phases of the simple-harmonic constituents. According to

* French timbre; German Klangfarbe.

4 Such as the manner in which the sound sets in and ceases; this is different
for instance in the violin and the piauo.



sounds of the same quality and about the same pitch.

It follows from the preceding that, so far as Ohm’s law is
valid, the sensation of a musical note must be complex, and made
up of the simpler sensations, or tones, which correspond to the
various simple-harmonic elements in the vibration-form. This
doctrine has to contend with strong and to some extent
instinctive prepossessions to the contrary, and some preliminary
training is usually necessary before it is accepted as a fact of
personal experience. We shall return to this question later; at
present we merely record that that element in the sensation
which corresponds to the gravest simple-harmonic constituent
is called the “fundamental tone,” and that the others are termed
its “ overtones ” or “ harmonics.”

3. Musical Intervals. Diatonic Scale.

There are certain special relations, familiar to trained ears,
in which two notes or two simple tones may stand to one
another. These are the various consonant and other “intervals.”
Physically they are marked by the property that the frequencics
corresponding to the respeetive pitches are in a definite
numerical ratio, which can be expressed by mcans of two small
integers. The names of the more important consonant intervals,
with the respective ratios, are as follows:

Unison 1:1 Octave 1:2
Fifth 2:3 Fourth 3:4
Major Third 4:5 Minor Sixth 5 :8
Minor Third 5 :6 Major Sixth 3 : 5.
The car has of course no appreciation of the numerical

relations themsclves ; but each interval is more or less sharply
“defined,” in the sense that a slight mistuning of cither note is
at once detected by the beats, and consequent sensation of
roughness, which are produced. The explanation of these latter
peculiaritics nust be deferred tor the present.
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The names given to the various intervals are in a sense
accidental, and refer to the relative positions of the notes on
the ordinary “diatonic scale.” This is based on the “major
chord,” which is a combination of three notes forming a Major
and a Minor Third ; i.e. their frequencies are as 4:5:6. If we
start from any arbitrary note, which we will call C, as keynote,
the two notes which lie a Fifth above and below it are called
the “dominant” (@) and the “subdominant” (F') respectively.
If we form the major chord from C we get the notes E=3C,
and G=%C. Again if we form the major chord from G we get
the notes B=3G=3C, and d=§ G=4C. The latter falls
outside the octave beginning with C; the corresponding note
within the octave is D=gC. Lastly, forming the major chord
from F, we get A, =5 F=%x§ C=4 C, the octave of which is
A =%C, and Citself. We thus obtain the scale of seven notes
whose frequencies are proportional to the numbers here given:

¢ D E F G A B

13 5 % 3 5 0

24 27 30 32 36 40 45
This is continued upwards and downwards in octaves; the same
letters are repeated as the names of the notes, but the various
octaves may be distinguished by difference of type, and by
accents or suffixes. The precise pitch of the key-note is so far
arbitrary; it determines, and is determined by, that of any
other note in the scale. Among musicians the standard has
varied in different places and at different times, the general
tendency being in the direction of a rise. German physical
writers, including Helmholtz, have followed a standard which
assigns to a certain A a frequency of 440*. On this basis we
have the following frequencies for a certain range of the
scale:
& |

T
1

(=
E F G A B c d e f g a b
88 99 110 1233 132 148} 165 176 198 220 2474

* This makes ¢'=264. Physical instrument makers now often take ¢’=256,
which is convenient on account of its continued divisibility by 2.
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= = 1
¥ fanY 2 e 1
Ul = (o) I 3
-=-
g i P g e F e d e

[
264 297 330 352 396 440 495 528 504 660 704 792 880 990

Underneath the ordinary musical symbols we have placed
the convenient literal notation employed by German writers.
This may be continued upwards by means of additional accents
(¢”, ¢, ...), and downwards by suffixes (C,, C,,, ...).

If in the construction of the scale we had used, instead of
the major, the minor chord, which consists of a Minor and a
Major Third in ascending order, the frequencies being as
10:12:15, we should have required three notes not included
in the above scheme. And if, starting from any note already
obtained (other than C) as a new key-note, we proceed to
construct a major or a minor scale, further additional notes are
required. In the case of the violin, or of the human voice, or of
some other wind-instruments which allow of continuous varia-
tion of pitch, this presents no difficulty. But in instruments
like the piano or organ the multiplication of fixed notes beyond
a moderate limit is impracticable. It is found, however, that
by a slight tampering with the correct numerical relations the
requirements of most keys can be fairly well met by a system
of twelve notes in each octave, which are known as

CCiDDYET F§ G GE A AL B.
This process of adjustment, or compromise, is called “tempera-
ment”; on the usual system of “equal” temperament the
intervals between the successive notes are made equal, the
octave being accordingly divided into twelve steps for each of
which the vibration-ratio is 2%%. Thus the ratio of G to C is
made to be 277 =1-4983 instead of 15,



CHAPTER I
THEORY OF VIBRATIONS

4. The Pendulum.

A vibrating body, such as a string or a bar or a plate,
cannot give rise to a sound except in so far as it acts on the
surrounding medium, which in turn exerts a certain reaction
on the body. The reaction is however in many cases so slight
that its effccts only become sensible after a large number of
oscillations. Hence, to simplify matters, we begin by ignoring
it, and investigate the nature of the vibrations of a mechanical
system considered as completely isolated.

The theory of vibrations begins, historically and naturally,
with the pendulum. With this simple apparatus
we are able to illustrate, in all essentials, many
important principles of acoustics, the mere differ-
ences of scale as regards amplitude and period,
enormous as they are, being unimportant from the
dynamical point of view.

A particle of mass M, suspended from a fixed
point O by a light string of length I/, is supposed
to make small oscillations, in a vertical plane,
about its position of equilibrium. 1f the inclina-
tion of the string to the vertical never exceeds
a few degrees, the vertical displacement of the
particle may (to a first approximation) be neg-
lected, and the tension (P) of the string may be
cquated to the gravity My of the particle. Since the horizontal
displacement (z) is affected only by the horizontal component
of the tension, we have

0

Tig. 1.



If we put n=g[l, .ccoeen. [T 2)

. d*z
this becomes ¢Tt‘;+ T =03 .veririiiiiiniians 3)
and the solution is
z=Acosnt+ BSinnt, .cccoevrenennnin.d 4)

where the constants 4, B may have any values. That this
formula really satisfies (3) is verified at once by differentiation ;
and since it contains two arbitrary constants 4, B, we are able
to adapt it to any prescribed initial conditions of displacement
and velocity. Thus if, when ¢=0, we are to have z=u,,
da/dt = u,, we find

x = &, cos nt+ q:i’ SINME.  eevenerininnens (5)

It is of course necessary,in the application to the pendulum,
that the initial conditions should be such as are consistent with
the assumed “smallness” of the oscillations. Thus in (5) we
must suppose that the ratios /! and u,/nl are both small. In
virtue of (2) the latter ratio is equal to +/(u?/gl), so that wu,
must be small compared with the velocity “due to” half the
length of the pendulum.

5. Simple-Harmonic Motion.
If in § 4 (4) we put

A=acose, B=—asing .ccccouneenn. (1)
as is always possible by a suitable choice of @ and ¢, we get
w=0acos (Nt+€). «iiviriiniiiiiinin. 2)
The particular type of vibration represented by this formula
is of fundamental importance. 0
Itis called a “simple-harmonic,”
or (sometimes) a “simple” \

vibration. Its character is best
exhibited if we imagine a
geometrical point @ to describe 4’ o P A
a circle of radius @ with the
constant angular velocity n.
The orthogonal projection P of
@ on a fixed diameter 404’
will move exactly according to

Fig. 2.
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the formula (2), provided it be started at the proper instant.
The angle nt+ e (=AO0Q) is called the “phase”; and the
elements a, e are called the “amplitude” and the “initial
phase,” respectively. The interval 2mw/n between two suc-
cessive transits through the origin in the same dircction is
called the “period.” In acoustics, where we have to deal with
very rapid vibrations, it is usual to specify, instead of the
period, its reciprocal the “frequency” (XV), i.e. the number of
complete vibrations per second; thus

=n/2m*,

In the case of the pendulum, where n=4/(g/l), the period
is 2m+/(l/g). As in the case of all other dynamical systems
which we shall have occasion to consider, this is independent
of the amplitude so long as the latter is small .

The velocity of P in any position is

Ccll—':;=—nasin(nt+e)=—n.PQ, ............ (3)

as appears also by resolving the velocity (na) of @ parallel
to OA.

T

ANANS
VARV,

ig. 8.

":j

In all cases of rectilinear motion of a point the method of
graphical representation by means of a curve constructed with

* The want of a separate name for tho angular velocity » in the auxiliary
circle is sometimes felt. In the theory of the tides the term ‘“speed” was
introduced by Lord Keclvin. As an alternative term in acoustics the word
“rapidity ” may perhaps be suggested.

+ This observation was made by Galileo in 1583, the pendulum being a
lamp which hangs in the cathedral of Pisa.



the time ¢ as abscissa and the displacement 2 as ordinate is
of great value. This is called the “curve of positions,” or the
“gpace-time curve.” In experimental acoustics numerous
mechanical and optical devices have been contrived by means
of which such curves can be obtained. In the present case
of a simple-harmonic vibration, the formula (2) shews that the
curve in question is the well-known “curve of sines.”

6. Further Examples.

The governing feature in the theory of the pendulum is
that the force acting on the particle is always towards the
position of equilibrium and (to a sufficient approximation)
proportional to the displacement therefrom. All cases of
this kind are covered by the differential equation

TR R W
and the oscillation is therefore of the type (2) of § 5, with
n*=K/M. The motion is therefore simple-harmonic, with
the frequency

n_1 K
Neg=y (2171) e, @
determined solely by the nature of the system, and independent
of the amplitude. The structure of this formula should be
noticed, on account of its wide analogies. The frequency
varies as the square root of the ratio of two quantities, one
of which (K') measures the elasticity, or the degree of stability,
of the system, whilst the other is a cocfficient of tnertia.

Consider, for example, the vertical oscillations of a
mass M hanging from a fixed support by a helical
spring. In conformity with Hooke’s law of clasticity,
we assume that the force exerted by the spring is
equal to the increase of length multiplied by a certain
constant X, which may be called the “stiffness” of
the particular spring. In the position of cquilibrium
the tension of the spring exactly balances the gravity
Myg; and if M be displaced downwards through a
space #, an additional force K towards this position
is called into play, so that the equation of motion is of

Tig. 4.
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the type (1). The inertia of the spring itself is here
neglected *.

Again, suppose we have a mass M attached to a wire which
is tightly stretched between
two fixed points with a ten- i
sion P. We neglect gravity @ 3
and the inertia of the wire Fig. 5.
itself; and we further assume the lateral displacement (z) to
be so small that the change in tension is a negligible fraction
of P. If a, b denote the distances of the attached particle
from the two ends, we have

d*z
n= P—-—P-E, .................. 3)
which is of the same form as § 4(8), with #?= P (a + b)/Mad.

The frequency is therefore

N=%r (1%‘%9) ............... 4)

This case is of interest because acoustical frequencies can
easily be realized. Thus if the tension be 10 kilogrammes,
and a mass of 5 grammes be attached at the middle, the
wire being 50 cm. long, we find N =63.

7. Dynamics of a System with One Degree of Freedom.
Free Oscillations.

The above examples are all concerned with the rectilinear
motion of a particle, but exactly the same type of vibration
is met with in every case of a dynamical system of one degree
of freedom oscillating freely, through a small range, about
a configuration of stable equilibrium.

A system is said to have “one degree of freedom™ when
the various configurations which it can assume can all be
specified by assigning the proper values to a single variable
element or “coordinate.” Thus, the position of a cylinder
(of any form of section) rolling on a horizontal plane is defined
by the angle through which it has turned from some standard
position. A system of two particles attached at difterent points
of a string whose ends 4, B are fixed has one degree of frecdom

* A correction on this account is investigated in § 7.



if it be restricted to displacements in the vertical plane through
4, B, for the configuration may be specified by the inclination
of any one of the strings to the horizontal. Again, the con-
figuration of a steam-engine and of the whole train of machinery
which it actuates is defined by
the angular coordinate of the
flywheel. The variety of such
systems is endless, but if we
exclude frictional or other dis-
sipative forees the whole motion
of the system when started
anyhow and left to itself is
governed by the equation of energy. And in the case of
small oscillations about stable equilibrium, the differential
equation of motion, as we shall see, reduces always to the
type § 6 (1).

We denote by ¢ the variable coordinate which specifies
the configuration. As in the case of Fig. 6, this may be
chosen in various ways, but the particular choice made is
immaterial. From the definition of the system it is plain
that each particle is restricted to a certain path. If in
consequence of an infinitesimal variation 8¢ of the coordinate
a particle m describes an element 8s of its path, we have
8s=adq, where a is a coefficient which is in general different
for different particles, and also depends on the particular
configuration ¢ from which the variation is made. Hence,
dividing by the time-element & the velocity of this particle
is v=adg/dt, or in the fluxional notation*, v=aq.

Hence the total kinetic energy, usually denoted by T, is

T=43Z(mv®) =3%ad® .oocvvvinvinnnnnd 1)
where @ =3 (M0, .eeerrrniininiirneiannd 2)
the summation ¥ embracing all the particles of the system.

The coefficient @ is in general a function of ¢; it may be
called the “coefficient of inertia” for the particular configura-
tion q. For example, in the case of the rolling cylinder referred

Fig. 6.

* The use of dots to denote differentiations with respect to ¢ was revived by
L in the Mécanique Analytique (1788), and again in later times by
Thomeon and Tait. We write ¢ for dg/dt and § for d%q/de?.
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to above, it is the (usually variable) moment of inertia about
the line of contact with the horizontal plane, provided g
denote the angular coordinate.

The potential energy of the system, since it depends on the
configuration, will be a function of g only. If we denote it
by V, the conservation of energy gives

Lag®+ V=const, ..oceerrunerernnnns (3)
provided the system be free from extraneous forces. The
value of the constant is of course determined by the initial
circumstances. If we differentiate (3) with respect to ¢, the
resulting equation is divisible by ¢, and we obtain

aq+;fl‘;q +‘é;’—0 .................. (4)
which may be regarded as the equation of free motion of the
system, with the unknown reactions between its parts elim-
inated. In the application to small oscillations it greatly
simplifies.

In order that there may be equilibrium the equation (4)
must be satisfied by ¢=const. This requires that dV/dg=0;
ie. an equilibrium configuration is characterised by the fact
that the potential energy is “stationary” in value for small
deviations from it. By adding or subtracting a constant, we
can choose ¢ 5o as to vanish in the equilibrium configuration
which is under consideration, whenee, expanding in powers of
the small quantity g, we have

V =const. + feg® +. ..(5)
the first power of ¢ being absent on account of the stationary
property. The constant ¢ is positive if the equilibrium con-
figuration be stable, and ¥ accordingly then a minimum*, It
may be called the “coefficient of stability.”

If we substitute from (5) in (4), and omit terms of the
second order in g, ¢, we obtain

aG+eg =0, .iiiirniiiiiiiiiiiian (6)
where ¢ may now be supposed to be constant, and to have the
value corresponding to the equilibrium configuration.

* In the opposite case the solution of (6) below would involve real exponen-
tials instead of circular functions, indicating instability.




Since (6) is of the same type as § 6 (1), with

ME=Cf0 verniiiiiiiiiiiiiiiieaanan, (7
the variation of ¢ is simple-harmonic, sy
q="Ccos(Nt+€), ccooerirrrearernnn... (8)
with the frequency
1 (]
A ©)

Moreover, since the displacement of any particle of the
system along its path, from its equilibrium position, is pro-
portional to g (being equal to ag in the above notation), we see
that each particle will execute a simple-harmonic vibration of
the above frequency, and that the different particles will keep
step with one another, passing through their mean positions
simultaneously. The amplitudes of the respective particles are
moreover in fixed ratios to one another, the absolute amplitude,
and the phase, being alone arbitrary, ie. dependent on the
particular initial conditions.

The kinetic and potential energies are respectively

T =4ad® = }n*aC?sin® (nt + ¢), 10
V=14cq*=3%cC?cos*(nt+¢), J " 10

the sum being
T+ V=40al?*=%cC? .ovvuennnnn. (11)

in virtue of (7). Since the mean values of sin?(nt+e¢) and
cos?(nt + €) arc obviously equal, and therefore each =1, the
energy is on the average half kinetic and half potential.

The application of the theory to particular cases requires
only the caleulation of the cocfficients « and ¢, the latter being
(in mechanical problems) usually the more troublesome. In
the case of a body attached to a vertical wire, and making
torsional oscillations about the axis of the wire, @ is the moment
of inertia about this axis, and ¢ is the modulus of torsion,
ie. cg is the torsional couple when the body is turned through
an angle q.

Again in the casc of a mass suspended by a coiled spring
(Fig. 4), if we assume that the vertical displaccment of any
point of the spring is proportional to its depth z below the
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point of suspension in the unstrained state, the kinetic energy
is given by

14
oT = My + f (LY Epde
0

=(M+3pD) @ e (12)
if p be the line density, ! the unstretched length, and ¢ the
displacement of the weight. The inertia of the spring can
therefore be allowed for by imagining the suspended mass to be
inoreased by one-third that of the spring.

8. Forced Oscillations of a Pendulum.

The vibrations so far considered are “free,” i.e. the system
is supposed subject to no forces except those incidental to its
constitution and its relation to the environment. We have
now to examine the effect of disturbing forces, and in particular
that of a force which is a simple-harmonic function of the time.
This kind of case arises when one vibrating body acts on
another under such conditions that the reaction on the first
body may be neglected.

For definiteness we take the case of a mass movable in a
straight line, the subsequent generalization (§ 9) being a very
simple matter. The equation (1) of § 6 is now replaced by

STLA Y SRS S — @
the last term representing the disturbing force, whose amplitude
F, and frequency p/2m, are regarded as given*. If we write

E/M=w, FIM=f .eiereeaas (2)
dw
we have gEt e FCOS Pt eeieiiiineeeeian, (3)
The complete solution of this equation is
x =4 cosnt+ Bsinnt + n’{p* COSPE,  eereis 4)

as is easily verified by differentiation.
The first part of this, with its arbitrary constants 4, B,
represents a free vibration of the character explained in § 5,

* Theslightly more general case where the force is represented by F cos (pt -+ a)
can be allowed for by changing the origin from which ¢ is reckoned.



with the frequency n/2r proper to the system. On this is
superposed a “forced vibration” represented by the last term.
This is of simple-harmonic type, with the frequency p/27 of the
disturbing force, and the phase is the same as that of the force,
or the opposite, according as p £ =, i.e. according as the imposed
frequency is less or greater than the natural frequency.

Fig. 8.

The above theory is ecasily illustrated by means of the
pendulum. If the upper end of the string, instead of being
fixed, is made to execute a horizontal motion in which the

displacement at time ¢ is £ (Fig. 7), the equation of motion (1)
of § 4 is replaced by

d'z _ x—§
AITJF—_M‘(] T e (5)
or %z%, +rm=n2E (6)

This is the same as if the upper end were fixed, and the bob
were subject to a horizontal force whose accelerative cffcet is
€. If as a particular case we take

E=acospt, ..oviiiiiiiieiiii (7

we get the form (3), with f=n%«. The annexed Fig. 8 rcpre-
sents the forced oscillation in the two cases of p<n and p>n,
respectively. The pendulum oscillates as if ¢ were a fixed
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point, the distance CP being equal to the length of the simple
pendulum whose free period is equal to the imposed period
2m/p.

This example is due to Young*, who applied it to illustrate
the dynamical theory of the tides, where the same question of
phase arises. It appears from this theory that the tides in an
imagined equatorial belt of ocean, of a breadth not exceeding
a few degrees of latitude, and of any depth comparable with
the actual depth of the sea, would be “inverted,” ie. there
would be low water beneath the moon, and high water in
longitudes 90° E. and W. from it, the reason being that the
period of the disturbing force (viz. 12 lunar hours) is less than
the corresponding free period, so that there is opposition of
phase.

The arbitrary constants in the complete solution (4) are
determined by the initial conditions. Suppose, for example,
that the body starts from rest in the zero position at the instant
t=0. We find

w=pg‘f”q (cos b — 08 Pt), weveerns.vnnnn(8)
as may be immediately verified.

When the imposed frequency p/2s is nearly equal to the
natural period, the last term in (4) becomes very large, and it
may be that the assumption as to the smallness of # on which
the equation (1) is usually based (as in the case of the pendulum)
is thereby violated. The result expressed by (4) is then not to
be accepted without reserve, but we have at all events an indica-
tion of the reason why an amplitude of abnormal amount ensues
whenever there is approximate agreement between the free and
the forced period.

In the case (p=n) of cxact coincidence-between the two
periods, the solution (4) becomes altogether unmeaning, but an
intelligible resylt may be obtained if we examine any particular

* Dr Thomas Young (1773—1829), famous for his researches on light, and
other branches of physics. The elementary theory of free and forced oscilla-
tions was given by him in an article on “ A Theory of the Tides, including the
consideration of Resistance,” Nicholson’s Journal, 1813 ; Miscellaneous Works,
London, 1855, vol. 11, p. 262,
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case of (8), the formula may be written

_ f sini(p—-m)t . A
m—p——_*_n.————é(p_n) .sin 3 (p+n)t; eeennn(9)
and as p approaches equality with n this tends to the limiting

form
S
z=g- 25301 A (10)

This may be described (roughly) as a simple vibration
whose amplitnde increases proportionally to t. For a reason
just indicated this is only valid as a representation of the earlier
stages of the motion.

The case of a disturbing force of more general character
may be briefly noticed. The differential equation is then of

the form
A’

W+nw—f(t). .................. (11)
The method of solution, by variation of parameters, or
otherwise, is explained in books on differential equations. The
result, which miay easily be verified, is

w=%sinntff(t) cos nt dt-%cos ntff(t) sinntdt. (12)

It is unnecessary to add explicitly terms of the type
A cosnt+ Bsinnt, which express the free vibrations, since
these are already present in virtue of the arbitrary constants
implied in the indefinite integrals.

If the force f(t) is only sensible for a certain finite range of
t, and if the particle be originally at rest in the position of
eqm]lblmm we may write

== sm ntf f (&) cosntdt—= cos ntf F(@)sinntdt, (13)

since this makes #=0, dm/dt:O for t=— . The vibra-
tion which remains after the force has ceased to be sensible is

accordingly
z=Acosnt+Bsinn, .......ocounii. (14)
where
1/ i 1@
A=—;J J(¢) sin nt dt, =1—J Sf(®)cosntdt. (15)



For example, let
..(16)

BT .
FO=E s

this represents a force which is sensible for a greater or less
interval on both sides of the instant =0, according to the
value of 7, the integral amount or impulse being n*. By
making T sufficiently small we can approximate as closely as
we please to the case of an instantaneous impulse. Since

® cosmidt _m _ . [7 sin nt df _
[} =Tem, [P0, ant

o BET T

we have ..(18)

The exponential factor shews the effect of spreading out
the impulse. This effect is greater, the greater the frequency
of the natural vibration.

9. Forced Oscillations in any System with One Degree
of Freedom. Selective Resonance.

The generalization of these results offers no difficulty. When
given extrancous forces act on a system with one degree of
freedom, whose coordinate is g, the work which they perform in
an infinitely small change of configuration, being proportional to
8¢, may be denoted by @8g. The quantity Q is called the
“force” acting on the system, “referred to the coordinate g.”
For instance, if g be the angular coordinate of a body which can
rotate about a fixed axis, Q is the moment of the extraneous
forces about this axis.

It follows that in any actual motion of the systcm the rate
at which extraneous forces are doing work is Q4. The equation
of energy now takes the form

d .
@ TH+V)=Qd, ceueeeeeaenannnnnn, (1)
whence, inserting the value of 7' from §7 (1), we have
lda .
ag + 3 d_q ¢ + Er = Qe (2)

* The graph of this function is given, for another purpose, in Tig. 14, p.33.
1 The former of these integrals is evaluated in most books on the Integral
Calculus.
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from § 7 (5), we find

‘When @ is of simple-harmonic type, varying (say) as cos pt,
the forced oscillation is given by

Q
q=c—p”u’ ........................ (4)

which is of course merely a generalized form of the last term in
§ 8 (4).

Two special cases may be noticed. When p is very small,
(4) reduces to g=Q/c. This may be described as the “equili-
brium” value* of the displacement, viz. it is the statical
displacement which would be maintained by a constant force
equal to the instantaneous value of Q. In other words, it is
the displacement which would be produced if the system were
devoid of inertia (a=0). Denoting this equilibrium value by
g, we may write (4) in the form

=7
q—l——pﬂ/m’ ..................... (5)

where, as in § 7, n denotes the speed of a free vibration.
When, on the other hand, p is very great compared with =,

(4) reduces to

g=-Q/p°a, .... N (6))
approximately. This is almost the same as if the system were
devoid of potential energy, the inertia alone having any sensible
influence.

When two or more disturbing forces of simple-harmonic
type act on a system, the forced vibrations due to them may be
superposed by mere addition. Thus a disturbing force

Q =/ o8 (pit + o) +£s008 (Pt +@) e .. (T)
will produce the forced oscillation

A L

g= iﬂ-:l_ﬁf cos (pit + &) + i

cos (pd + &) +.... (8)

- ng

* The name is taken from the theory of the tides, where the equilibrium
tide-height is defined as that which wonld be maintained by the disturbing
forces if these were to renain permanently at their instantancous values.
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It will be observed that the amplitudes of the various terms
are not proportional to those of the corresponding terms in the
value of @, owing to the difference in the denominators.

This is an illustration of a remark made in §1 that the
simple-harmonic type is the only one which is unaltered in
character when it is transmitted, the character of the composite
vibration represented by (8) being different from that of the
generating force. In particular if one of the imposed speeds
D1, Dsy ... be nearly coincident with the natural speed =z, the
corresponding element in the forced vibration may greatly
predominate over the rest. This is the theory of selective
“resonance,” so far as it is possible to develop it without
reference to dissipative forces.

10. Superposition of Simple Vibrations.

The superposition of simple-harmonic motions in the same
straight line has many important applications. For instance,
the height of the tide at any station is the algebraic sum of a
number of simple-harmonic com-
ponents, the most considerable
(at many stations) being those
whose periods are half a lunar
and half a solar day, respectively.

The composition of two
simple vibrations may be illus- 4
trated by the geometrical
method of Tig. 2. If two
points @, @ describe concentric
circles with the angular velo-
cities m,, m,, their projections
on a fixed diameter will execute simple-harmonic vibrations
of the forms

Fig. 9.

oy =a,c08 (it + &), @=aCos(Nt+e), ...... 1)

where a,, @, are the radii of the two circles, and ¢, €, are the
initial inclinations of the radii 0Q,, 0¢), to the axis of 2. The
result of the superposition is

T= R 4Ly, eeveriirinieieireennnns 2)



and it appears that the value of  is the projection of OR, the
diagonal of the parallelogram determined by 0@, 0Q,.

If n, = n,, the two component vibrations have the same period,
the angle @,0Q. is constant, and the resultant vibration is
simple-harmonic of the same period.

But if »,, n, ave unequal, the angle @,0Q, will vary between
0 and 180°, and OR will oscillate between the values a, + a,.
In Lord Kelvin’s “tidal clock,” the “hands” 0Q,, 0Q, revolve
in half a lunar and half a solar day, respectively, and the sides
@R, Q.R of the parallelogram arc formed of rods jointed to
these and to one another. The projection of R then indicates
the tide-height due to the superposition of the lunar and solar
semidiurnal tides.

If the periods 2m/n,, 2m/n, are very nearly though not
cxactly equal, the angle @,0Q; will vary very little in the course
of a single revolution of 0@, or 0Q,, and the resultant vibration
may be described, in general terms, as a simple vibration whose
amplitude fluctuates betwcen the limits @, + @,. The period
of a fluctuation is the interval in which one arm 0@, gains four
right angles on the other, or 2m/(n, —n,). Inverting, we see
that the frequency of the fluctuations is the difference of the
frequencies of the two constituent vibrations. We have here
the reason for the alternation of “spring” and “neap” tides,
according as the phases of the lunar and solar semidiurnal
tides agree or are opposed. In acoustics we have the important
phenomenon of “beats” between two tones of slightly difierent
pitch. The contrast between the maximum and minimum
amplitudes is of coursc greatest when the amplibudes a,, ¢, of

the primary vibrations are equal. We then have
z=a cos (nt+ &) + a,cos (nt + &)

=2acos [§(m — o) t+ § (& — &)} cos {§ (m+ 1) t+ § (& + &)}. (3)
This may be described, in the same general manner as before,




as a simple vibration whose period is 27/§ (m + m,), and whose
amplitude oscillates between the limits O and 2a, in the time
w/§(n,—ny). This is illustrated graphically, with  as ordinate
and ¢ as abscissa, in Fig. 10, for the case of ny:n,=41:389.

11. Free Oscillations with Friction.

The conception of a dynamical system as perfectly isolated
and free from dissipative forces, which was adapted provisionally
in§§ 4—10, is of course an ideal one. In practice the energy of
free vibrations is gradually used up, or rather converted into
other forms, although in most cases of acoustical interest the
process is a comparatively slow one, in the sense that the
fraction of the energy which is dissipated in the course of a
single period is very minute.

To represent the effects of dissipation, whether this be due
to causes internal to the system, or to the communication of
energy to a surrounding medium, we introduce forces of resist-
ance which are proportional to velocity. The forees in question
are by hypothesis functions of the velocity*, and when the
motion is small, the first power only need be regarded.

The equation of frec motion of a particle about a position of
equilibrium thus becomes

dz dz
M@—-Km-—R%, .................. (1)
where R is the coefficient of resistance. If we write
KIM=n% R/M=k .ccooeou. 2)
we geb %}? +k % +7222=0. .iiiiiiiirnnnnns (3)

The solution of this equation may be made to depend on
that of § 4 (3) Ly the following artificet. We put

— 3kt
z=gye *,

* We shall see at a later stage (Chap. VIII) that the resistance of a medium
may introduce additional forces depending on the acceleration. These have
the effect of a slight apparent increase of inertia, and contribute nothing to
the dissipation. It is nnnecessary to take explicit account of them at preseut.

4 Another method of solution is given in § 20.



and obtain, on substitution,

2
‘% F =1y =0. ..o (5)
L.
We have now three cases to distingnish. If the friction be
relatively small, more precisely if &k < 2a, we may put

nr=nr =1k, (6)
and the solution of (3) is
y=Acosn't+Bsinn%, ............. (7
whence @ =c HH (A cosn't+ Bsinn't). ............ (8)
Changing the arbitrary constants, and putting
T=2/k, eiiiiiiiiieiiiieeian )
we have s=ae”ITcos(nt+€) erervurnnn. (10)

This may be described as a modified simple-harmonic vibration

in which the amplitude (ae“t/") sinks asymptotically to 0 as ¢
increases. The time 7in which the amplitude is diminished
in the ratin 1/e is called the “modulus of decay.” The
relation between @ and ¢ is exhibited graphically in Tig. 11,

where the dotted lines represent portions of the exponential
curves m=iue“'/r. For the sake of clearness the rapidity
of decay is here taken to be much greater than it would be in

any ordinary acoustical example.
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We have seen that a true simple-harmonic
be regarded as the orthogonal projection of unii
a circle. An analogous representation of the mo
is obtained if we replace the circle by an equ
described with constant angular velocity n” abou
the direction in which the radius vector 7 de
formula (10) is in fact equivalent to z=17cos ¥, |

r=ue_t/', O=nt+e. ...
Eliminating ¢ we have
r=ae™ P .
where 8= (n'7), a= ae®é. This is the polar e
spiral in question. The curve in Fig. 12 corre:
with Fig. 11.
In most acoustical applications the fraction Z
a very small quantity.
In this case, the dif-
ference between n and
n' is a small quantity
of the second order,
and may usually be ig-
nored; in other words,
the effect of friction on
the period is insensible.
It may be noted that
thequantity1/ar,whose
square is neglected, is
the ratio of the period
2/n to the time 27t
in which the amplitude is diminished in the rati
If & be greater than 2n the form of the so
altered, viz. we have

e
Fig. 12.



The particle comes asymptotically to rest but does not osc
in fact we may easily see that it passes once at most th
its zero position. This type of motion is realized in the
a pendulum swinging in a very viscous liquid, and in “dead
galvanometers and other electrical instruments, but it
little interest in acoustics.

If o =2n, exactly, the solution of (8) is of the form

o=(A+Bt)e ™, eorrrrieenieans (
as to which similar remarks may be made.

12. General Dissipative System with One Deg
Freedom. Effect of Periodic Disturbing Forces.
The effect of dissipation on the free motion of any s
having one degree of freedom is allowed for by the assur
that there is a loss of mechanical energy at a rate propo:
to the square of the generalized velocity, so that in the nc
of §7
—%(&aq"l +3eg) =—Dg%,  erirnninnnn,
whence af+0j+cqg=0. ..ol
This is of eourse the same as if we had introduced a fri
force @ = — 0 in § 9 (3).
The equation (1) has the same form as § 11 (3), a1
results will correspond if we put
nt=cla, T=2a/b. .cciiiiiiinann
When the dissipation is small, the rate of decay
amplitude can be estimated by an independent method, |
Stokes*, which we shall often find useful. The period
practically unaffected by vicosity, a considerable num
oscillations can be fairly represented by
q=Ccos(Nt+€), coovrinrrinininnnnn
provided C and e be gradually changed so as to fit the a
circumstances. The average energy over such an intery
be §n2aC? approximately, by § 7 (11); and the ratc of d
tion will be
bg?=%n2bC* {1 — cos 2 (nt +€)},

* 8ir George Gabriel Stokes (1819—1903), Lucasian Professor of Mat]
at Cambridge (1819—1903).




We have seen that a true simple-harmonic vibration may
be regarded as the orthogonal projection of uniform motion in
a circle. An analogous representation of the modified type (10)
is obtained if we replace the circle by an equiangular spiral
described with constant angular velocity »’ about the pole 0, in
the direction in which the radius vector r decreases*. The
formula (10) is in fact equivalent to 2= cos 6, provided

r:ae“llf, O=nt+e «cocevrnnennn (11)
Eliminating ¢ we have
r=ae” Pl (12)

where 8= (n'7), a= ac®. This is the polar equation of the
spiral in question. The curve in Fig. 12 corresponds in scale
with Fig. 11.

In most acoustical applications the fraction &/2n, or 1/nr, is
a very small quantity.
In this case, the dif-
ference between n and
%' is a small quantity
of the second order, \
and may usually be ig-
nored ; in other words,

the effect of friction on o P
the period is insensible,
It may be noted that
thequantity 1/nr,whose
square is neglected, is

the ratio of the period
2ar[n to the time 277
in which the amplitude is diminished in the ratio ¢~ or s

If & be greater than 2n the form of the solution of (3) is
altered, viz. we have

Q

Fig. 12.

g =AMty po VAR (18)
whence z=de” ™+ Be P, (14)
if 2} 1B FAGE =D e (15)

* This theorem was given in 1867 by P. G. Tait (1831—1901), Professor of
Natural Philosoply at Edinburgh (1860—1901).




The particle comes asymptotically to rest but does not oscillate;
in fact we may easily see that it passes once at most through
its zero position. This type of motion is realized in the case of
a pendulum swinging in a very viscous liquid, and in “dead-beat”
galvanometers and other electrical instruments, bub it is of
little interest in acoustics.

If I =2n, exactly, the solution of (8) is of the form

a=(A+Bt)e ™ e (16)
as to which similar remarks may be made.

12. General Dissipative System with One Degree of
Freedom. Effect of Periodic Disturbing Forces.

The effect of dissipation on the free motion of any system
having one degree of freedom is allowed for by the assumption
that there is a loss of mechanical cnergy at a rate proportional
to the square of the generalized velocity, so that in the notation
of §7

%(&aq‘z +3eg)=—0¢" cerirerrnnnnnn 1)
whence af +bg+cqg=0.
This is of course the same as if we had introduced a frictional
force @ =~0gin § 9 (3).

The equation (1) has the same form as § 11 (8), and the
results will correspond if we put

w=cla, T=2afb. .icoicoiiiriiinnns 3)

When the dissipation is small, the rate of decay of the
amplitude can be estimated by an independent method, due to
Stokes*, which we shall often find useful. The period being
practically unaffected ‘by vicosity, a considerable number of
oscillations can be fairly represented by

g=Ccos(E+E), ceverrerrinrinnnnnnn (€)
provided C and e be gradually changed so as to fit the altering
circumstances. The average energy over such an interval will
be $n2aC? approximately, by § 7 (11); and the rate of dissipa-
tion will be

bg* =3n*bC* {1 — cos 2 (nt + €)},

* 8ir George Gabriel Stokes (1819—1903), L ian Professor of Matk
at Cambridge (1819—1903). :
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the mean value of which is §2?0C* Equating the mean rate of
decay of the energy to the mean dissipation, we get

Eﬂzli (GriaC?)=—4n0% «..oooiin (3)

a0 1D
whence i +52 C=0, «oooviiiiiiiniinnns (6)
or C=Ce=tr, i (7

if 7=2a/b, as in (3).
When there are given extraneous forces in addition to the
dissipative influences, the equation of energy takes the form

& (o +hog) =—bgo+ Q4 ®
whence Gii+bi+eg=Q. .......
This equation gives at once the force necessary to maintain
a prescribed simple-harmonic vibration, say
g=Acospl. eieiriiiiiiiiiiins (10)

Thus

Q= A {(c— p*a)cos pt— pbsin pt}. ......... (11)
The first part of this expression has the same form as in § 9,
and depends only on the relation between the inertia and the
elasticity of the system. The second part is required to compen-
sate the dissipation. If we put

c—p'a=Rcosa, pb=Rsina............ (12)
(11) becomes
Q=ARcos (pt+@). ceoeeeerinrnnnnins (13)
The solution for the case of a prescribed force
Q=Ccospt.ceceuieeiinniiinnnnss (14)

follows by writing C/R for 4 and t—a/p for t. The forced
vibration due to (14) is accordingly*

c
q=17; o (L) N (15)
The values of R and a are determined by
2 (o= pray +pb, tana=—PP . ... (16)
P c—pia

R is to be taken positively, and « may be assumed to lie
between 0 and ar.

* Another way of obtaining this solution is explained in § 20,



The equation (9) is still satisfied if we add to (15) terms
representing a free oscillation; and these added terms are
necessary in order to constitute a complete solution capable of
adjustment to arbitrary initial conditions. The free vibration
dies out, however, asymptotically, so that after the lapse of a
sufficient time the forced vibration (15) is alone sensible.

The circumstances which affect the amplitude and phase of
this forced vibration require careful attention. The amplitude
is a maximum when R? is least, i.e. when

3

b3 2
pe=n (1 - m) e an
and the maximum amplitude is accordingly
c pyE
= (1 ) e e, (18)

In most cases of interest 1*/ae is a small quantity of the
second order; the maximum is then C/nb, and occurs when
P =n, very approximately.

Again, it appears from (15) and (16) that the phase of g lags
behind that of the disturbing force by an angle a, which lies
between 0 and o, or between o and 7, according as p* is less
or greater than c/a, ie. according as the imposed frequency
is less or greater than the natural frequency. If, keeping p
constant, we diminish the dissipation-coefficient b, a tends to
the limit 0 or o, respectively, in accordance with § 8, where we
found exact agrcement or opposition of phase in the absence
of resistance. But if, keeping & constant, we make p approach
the value n (= +/(¢/a)) which determines the {requency in the
absence of dissipation, a tends to the limit §or, and the phases
of ¢ and @ differ by an amount corresponding to a quarter-period.
This means that the maxima of the disturbing force are now
synchronous with the maxima of the velocity ¢.

Some light is thrown on these rclations if we cxamine
the case of a pendulum whose bob rcceives equal positive
and negative instantancous impalses alternately at regular
intervals. It is seen at once from Fig. 13 that an impulse in
the direction of motion accelerates or retards the phase of an
otherwise frce vibration, according as it precedes or follows



velocity. Thus if when the particle is at P, on its way to O,
the velocity be increased in the ratio of P@Q to P@,, the phase
is accelerated by the angle QOQ,, whilst a similar impulse at P’
would retard the phase by the angle Q'0Q',.

In order that no effect may be produced oun the phase it
is necessary that the impulse be delivered at the instant of
passing through O. If we imagine that a small assisting
impulse is given at every such passage, as in the case of the
ordinary clock escapement, we have an illustration of the
circumstances of maxi-
mum resonance. The
period of the disturbing
force is exactly equal to
the natnral period, and
the force synchronizes
with the velocity. The
amplitude is deter-
mined by the considera-
tion that the work done
by the impulses must
balance that lost by
friction. The result is
not essentially different
if the impulse be dif-
fused symmetrically about O, as in the case of a simple-
harmonic force, since the acceleration of phase on one side of
0 is cancelled by the retardation on the other.

Next suppose that the assisting impulses are given
each time the bob passes the symmetrically situated points
P, P' dnwards. There is an acceleration of phase at cach
impulse, and the period is shortened. This illustrates the case
of a disturbing force whose period is less than the natural
period, and whose maxima and minima precede the maxima and
minima of the velocity. If on the other hand the impulses are
given as the bob passes the points P and P’ outwards, there is
a repeated retardation of phase, and the period is lengthened.
This corresponds to the case of a disturbing force whose period

Fig. 13.
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is greater than the natural period; the maxima and minima
of the force now jfollow those of the velocity. The reader is
recommended to follow out in detail the argument here sketched,
and to examine the effect of substituting a continuous simple-
harmonic force for the series of disconnected impulses. An
explanation may also be found, on the same principles, of the
fact that a small frictional force varying as the velocity has no
sensible effect on the free period.

We return to the analytical discussion. A difference of
phase between the force and the displacement is essential in
order that the disturbing force may supply energy to compensate
that which is continually being lost by dissipation. When, as
in § 9, there is complete agreement (or opposition) of phase
between ¢ and @, the force is, in astronomical phrase, “in
quadrature ” with the velocity ¢, that is, the phases differ by ,
and the total work done in a complete period is zero. Under
the present circumstances the disturbing force is at any instant
doing work at the rate

Q4= —— ’sin (pt — &) cos pt
=};—(.;3—2 (sina —sin(2pt— @)},  eerereerenns (19)

the mean value of which is

(20)

The same expression is of course obtained as the mean value
of b¢#, since the energy supplied by the disturbing force must
exactly compensate, on the average, that which is continually
being lost by dissipation, the mean energy stored in the system
being constant.

It follows from (16) and (20) that the dissipation is greatest
when a =}, or p=n, i.e. when the imposed frequency coincides
with that of the free vibration in the absence of resistance.
The maximum value is 4C?/b, being grcaler, of course, the
smaller the value of b.



The abnormal amplitude and dissipation which ensue
whenever the imposed period is equal, or nearly equal, to the
natural period constitute the phenomenon of “resonance,”
already referred to in § 8, of which we shall have many
acoustical examples in the sequel. It may be illustrated
mechanically by giving a slight to-and-fro motion of suitable
period to the point of suspension of a simple pendulum, or
better by means of a double pendulum (§ 14), ie. an arrange-
ment in which two weights are attached at different points to
a string hanging vertically from a fixed point. If the upper
weight (M) be considerable, whilst the lower one () is relatively
small, M will swing almost exactly like the bob of a simple
pendulum, the reaction of m being slight. Under these
conditions the motion of m is practically that of a pendulum
whose point of suspension has an imposed simple-harmonic
vibration (§ 8), and if the length of the lower portion of the
string be properly adjusted, a violent motion of m may ensue.

One very important point remains to be mentioned. As the
interval p/n between the forced and the natural frequencies
diverges from unity (on either side), the dissipation falls off
from its maximum the more rapidly, the smaller the value of
the frictional coefficient b. In other words, the greater the
intensity of the resonance in the case of exact coincidence of
frequencies, the narrower the range over which it is approxi-
mately equal to the maximum. For example, a tuning fork, even
when mounted on a “resonance box,” requires very perfect tuning
in order that it may be excited perceptibly by the vibrations of
another fork in the neighbourhood, whereas the column of air
in a nearly closed vessel (e.g. a bottle or an organ pipe) will
respond vigorously to a much wider range of frequencies. To
elucidate the point, we notice that the expression (20) of § 12
for the dissipation may be written

2b ‘(¢ Pa pb_4 ) — e’
sma 1}0 (—————z ), o7a —_—\/( ) ) ( \)z ()

where B=3nbjc=LINT, sireeirrririniiininn. (2)
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in the notation of § 12 (8). The second factor has its maximum
value 1/8 when p=n, and evidently diminishes more rapidly,
as p/n deviates from unity, the smaller the value of 8. The
question may be conveniently illustrated graphically by con-
structing a curve which shall shew the dissipation corresponding
to different frequencies. As regards the abscissa, it would in
strictness be most proper to take, not the ratio p/n, but its
logarithm, since equal intervals (in the musical sense) then
correspond to equal lengths of the axis of . We might
therefore write

8
&= ]og%, 1% =Fr-|:'s‘in§hrz; ............... (3)

but when, as usually happens, the sensible resonance is confined
to a small range of p/n, we may use the simpler formulae

)

The curve represented by the latter equation is symmetrical
about the axis of ¥, and approaches the axis of « asymptotically
as @ increases. It is evident that if B bo increased in any

B

S N
[N

Fig. 14.

ratio, the new curve is obtained by increasing all the abscissae in
that ratio, and diminishing the ordinates in the inverse ratio,
the area () included between the curve and the axis of # being
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unaltered. The intensity sinks to one-half its maximum when
22 = or

Thus if the damping be such that a free vibration would have
its amplitude diminished in the ratio 1/e in 10, 100, 1000
periods *, respectively, the corresponding values of the interval
p/n at which the dissipation would be reduced to one-half the
maximum would be 1 + 016, 1 + ‘0016, 1 + ‘00016, The curve
in (4) is shewn in Fig. 14.

The above argument deals with the dissipation, which is the
most important feature. The consideration of the square of the
amplitude, or of the energy stored in the system, leads to very
similar results, especially when the damping is slight.

14. Systems of Multiple Freedom. Examples. The
Double Pendulum.

We approach the consideration of systems having any finite
number of degrees of freedom. A system is said to have m
such degrees when m independent variables, or “coordinates,”
are required and are sufficient to specify the various configura-
tions which it can assume. The notion, first brought into
formal prominence by Lord Kelvint, has a wide application
in mechanism and in theoretical mechanics. In the case of
the telescope of an altazimuth instrument or of an equatorial
we have m=2; in the gyroscope, or (more generally) in any
case of a rigid body free to turn about a fixed point, m=3;
for a rigid structure or frame movable in two dimcnsions
m=3; for a rigid structure freely movable in space m =6.
The choice of the coordinates in any particular case can be
made in an endless variety of ways, but the number is always
determinate. Thus in technical mechanics we have the pro-
position that a rigid frame movable in one plane can be fixed by

* Inan experiment by Lord Rayleigh, the number of periods for a particular
tuning fork of 256 v.s. was about 5900. When a resonator was used the number
fell to 8300. Theory of Sound, vol. 11., p. 436,

+ Willism Thomson, afterwards Lord Kelvin (1824—1907), Professor of
Natural Philosophy at Glasgow 1846--99. The matter is explained in Thomson
and Tait’s Nutural Philosophy, 2nd ed., §§ 195—201 (1879),
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three fixed points in the plane*. Similarly any rigid three-
dimensional structure can be anchored firmly by six links
connecting six points of it with six points fixed relatively
to the earth.

Proceeding to the vibrations of a multiple system about
a configuration of equilibrium, we begin as before with the
examination of a few particular cases.

Take first the oscillations of a particle in a smooth bowl of
any continuous shape. By means of suitable constraints, the
particle may be restricted to oscillate in any given vertical
plane through the lowest point O, e.g. by confining it between
two frictionless guides infinitely close to one another. In
general there will be a lateral pressure on one or other of these
guides, which will however vanish if the plane in question
passes through either of the principal directions of curvature
at 0. Hence two modes of free simple-harmonic vibration, in
perpendicular directions, are possible, with speeds

m=N(g/R), ma=n(g/Rs), cererrrernie. (1)

where R,, R,,are the radii of curvature of the principal sections
at 0. On account of the assumed smallness of the motion,
these vibrations may be superposed. The result is, if #, y be
horizontal rectangular coordinates through O,

a= A, cos nit + A,sin nyt,
y= DB, cos n;t + B, sin nyt.

Since this contains four arbitrary constants, we can adjust
the solution to given initial values of @, ¥y, &, ¥.

This case is very neatly illustrated by Blackburn’s pen-
dulum+ (Fig. 15). A weight hangs by a string CP from a point
C of a string ACB whose ends 4, Bare fixed. The strings being
supposed destitute of inertia, the point P will always be in the
same plane with 4, B, C. Under this condition the locus of
P is the ring-shaped surface generated by revolving a circle

* Provided the directions of the three links be not concurrent (or parallel).
There is a proviso of a more complex character in the case which follows; but

such details need not occupy us here.
4 H. Blackburn, Prolessor of Mathematics at Glasgow 1849—79.
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with centre C' and radius CP, in the plane ACB, about 4B as
an axis; and the principal radii of curvature at the lowest point
O are R = CO, R,= KO, where E is the point of 4B vertically
above 0. The corresponding directions of vibration are re-
spectively in and perpendicular to the plane 4BO.

A

@
b @

Fig. 15. Fig. 17.

Another very simple case is that of two equal particles M
attached symmetrically at distances @ from the ends of a tense
string, whose total length is, say, 2 (o +b), so that 2b denotes
the length of the central portion. One obvious mode of
simple-harmonic vibration is that in which the deflections of the
two particles are always equal and of the same sign (Fig. 16).
If P be the tension of the string, the equation of motion of
either particle is then

d’z @
M T P S e (3)
and the speed is therefore
=N(P/Ma). coveeerriiiiiinnin (4)

In another mode the two deflections are equal in magnitude
and opposite in sign, so that the middle point of the string is
stationary (Fig. 17). The circumstances are therefore exactly
the same as in § 6, and the speed is

ng«/P‘”b e, 5)

greater, as we should expect, than n,. If we denote the
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deflections of the two particles by =, y, the superposition of
the two modes gives

=4 cos (mt +e)+ B cos (nt +¢),

y=A4 cos (mt + &)~ Bcos (nt + e,),}
where the four constants 4, B, e, €, are arbitrary.

In the case of three attached particles the nature of the

various modes is not so immediately obvious, even in the case
of symmetry. We will suppose that the masses are equal,
and that they divide the line into four equal segments a.
Denoting the deflections by #, y, z, we have

M%%_~P§-P‘%7f,
TR LB L - 10
M%;:—PZ—PZ—;E. ]
If we put, for shortness, ,u. = P/Ma, these may be written
dt*+2’uw py=0,
-,w+‘flf+2,u =01 e ()

d%
-+ +2;w—0.J

To ascertain the existence of modes of vibration in which
the motion of each particle is simple-harmonic, with the same
period and phase, we assume, tentatively,

z=Acos(nt+¢€), y=DBcos(nt+e), z=Ccos(nt+e). (9)
It appears, on substitution in (8), that the equations will be
satisfied provided

(n*—2u) 4 +puB =0,
pd + (2 —2u)B+uC=0,t o (10)
uB +(n*—2u) C'=0.
These three equations determine the two ratios 4 : B:C
and the value of n2. Eliminating the former ratios we have

(n* = 2u) (nf — 4pun? +2p%) =0. ..oooeneeen. (1)
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This is a cubic inn% One root is n2=2p, and we find on
reference to (10) that this makes B,=0, 4,=—C,, and there-
fore

z=A,cos(nt+e), y=0, z=-— A, cos (mt+e). ...(12)
This mode might have been foreseen, and its frequency
determined at once, as in the preceding example.  The
remaining roots of (11) are

ne=(2+N2)p, ni=(2-V2)p;
and it appears from (10) that these make
4,=C, B,=—4y24, and 4,=C),, B;=v24,,

respectively. The corresponding modes are therefore

z=A,cos(nit+e), y=—+v2A,c08(nt+e)

z=A,cos (nt + &), -..(13)

and

z=Azc08 it + &), y=2A4,c08(nt+ ),

2= A4;c08 (ngt +€). ...(14)

These are shewn, along with the former mode, in Fig. 18.
The complete solution of the equations is obtained by super-
position of (12), (18) and (14), and contains the six arbitrary
constants A,, 4,, 4, &, €, &.

We conclude these illustrations with the case of the double
pendulum, where we are entirely dependent on gencral method.
A mass M hangs from a fixed point by a string of length «,
and a second mass m hangs from M by a string of length b.
For simplicity we suppose the motion confined to one vertical
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plane. The horizontal excursions @, y of A, m respectively
being supposed small, the tensions of the upper and lower
strings will be (M +m)g and mg, approximately. The equa-
tions of motion are therefore

d’z

=— z y—z
= (M+7n)ga+mg T .
O (15)
m—y=-—mg -2
e b

To find the possible modes of simple-harmonic vibration we
assume
z=Acos(nt+e), y=Bcos(mt+e). ... (16)

The equations are satisfied provided

1
{a-wwe-gCrilasnin-o

: ..(17)
g 9\ p=
3 4+ (n’ 5) B=0,
where p=mf(M+m). (18)
Eliminating the ratio 4 : B, we find
1Ly, g
(1—/4)’)1‘—9(64-3) 2+ L20, e (19)

which is a quadratic in 2% The condition
for real roots, viz.

1 1\ g
P (5‘7)) 40l >0, (20)

is obviously always fulfilled. Tt is further
casily seen that both roots are positive, so
that n also is real.

The problem includes a number of inter-
esting special cases, but we will only notice
one or two. If the ratio w,=m/(M +m),
be small, the two roots of (19) are n,2=g/a,
n,2=g/b, approximately. In the former
case M oscillates like the bob of a simple
pendulum of length @, whilst m executes
what may be regarded as a forced oscillation

TFig. 19
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of the corresponding frequency; this case has already been
referred to in § 13. In the second mode the ratio 4 : B is small,
as appears from the second of equations (17); M is then nearly
at rest, whilst m oscillates like the bob of a pendulum of
length b.

Since the expression on the left-hand side of (20) cannot
vanish, the two frequencies can never exactly coincide, but they
become approximately equal if a=0>, nearly, and g is small.
A curious phenomenon may then present itself. The motion
of each mass, being made up of two superposed simple-harmonic
vibrations of mnearly equal period, may fluctuate greatly in
extent, and if the amplitudes of the two vibrations are equal
we have periods of approximate rest, as explained in § 10. The
motion then appears to be transferred alternately from m to M,
and from M to i, at regular intervals*.

If, on the other hand, M is small compared with m, u is nearly
equal to unity, and the two roots of (19) are n* = g/(a + b) and
n*=mg/M .(a + b)[ab, approximately. The former root makes
B/4 =(a+ b)/a, nearly, so that the two masses are always
nearly in a line with the point of suspension, 7 now oscillating
like the bob of a pendulum of length a+b. In the second
mode the ratio B[4 is small, so that m is approximately at
rest; the motion of M is then like that of a particle attached
to a string which is stretched between fixed points with a
tension mg (cf. § 6).

Another case of interest is obtained if we make a infinite.
One oot of (19) then vanishes, and the other is

9 _g(i.™
"_m—7’<l+ﬂ)’ R @1)

which makes 4/B = —m/M. This indicates that if the support
of a simple pendulum yield horizontally, but without elasticity,
the frequency is increased in a certain ratio which is of course

* The influence of dissipation is of course here neglected. If m be subject
to a frictional resistance, and especially if the modulus of decay be less than
the period of the fluctuation given by the above theory, the phenomena are
modified, and the illustration of the theory of resonance (§ 12) is improved.
There is now a continual, though possibly a slow, drain ou the original energy
ol I,



smaller the greater the inertia of the support. This is however
more easily seen directly.

15. General Equations of a Multiple System.

The general theory of the small oscillations of a multiple
system can onlybe given here in outline. In the case of one degree
of freedom (§ 7) it was possible to base the theory on the equation
of energy alone, but when we have more than one dependent
variable this is no longer sufficient, and some further appeal
must be made to Dynamics. For brevity of statement we will
suppose that there are two degrees of freedom, but there is
nothing in the argument which cannot at once be extended to
the general case.

We imagine, then, a system such that every configuration
which we need consider can be specified by means of two
independent geometric variables or “coordinates” ¢y, g.. If in
any configuration (g, ¢.) the coordinate g, (alone) receive an
infinitesimal variation 8¢, any particle m of the system will
undergo a displacement 8s,=a,8q, in a certain direction.
Similarly if ¢, alone be varied m will be displaced through a
space 8s, = #,8¢, in a certain direction, different in general from
the former. The resultant displacement 8s when both variations
are made is given by

852 = 85,2 + 285, 8s, cos O + 8s;?
=0,? 89,* + 2042, €08 8 8¢, 85 + 07 8g?,  .u..ian (1)
where @ denotes the angle between the directions of 8s,, 8s..
If we divide by 8t%, we obtain the square of the velocity v
of the particle m, in any motion of the system through the con-
figuration (¢,, ¢,), in terms of the generalized “components of
velocity” ¢;, g, thus
2® = oG, + 205 COS 0GyGp + A2G2. caannnniinnn (2)
The total kinetic energy of the system is therefore given by
27" =T (mv?) = ang)® + 201GiGs + A, eveneen. )
where
an =2 (M), a,=3 (muocos ), =32 (ma?), ...(4)
the summation % extending over all the particles m of the
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system. The coefficients ay, @, amn are in general functions of
¢, ¢=; they are called the “coefficients of inertia” for the par-
ticular configuration considered.

Next, let F, denote the total force acting on m, resolved
in the direction of 8s,, and let F, have the corresponding meaning
for the direction of 8s,. The work done on the system in any
infinitesimal displacement will therefore be

3 (Fy8s, + Fobs,) = = (F) 8 + = (Foy) 8¢. .- .-(5)
If there are no extraneous forces, this work is accounted for
by a diminution in the potential energy ¥V of thesystem. When
extraneous forces act we have in addition the work due to these,
which we may suppose expressed in the form

leql + QaSQz-
The coefficients @, Q. are called, by an obvious analogy, the
generalized “components of (extraneous) force.” Hence
5 (Fyz,) 8y + (Fats) 8gy = — 8V + @u8g, + Qudga, -..(6)

whence

2(F1u1)=“%+ @,

S (Fut) = "g‘g“' Q..

In the application to small oscillations we assume that ¢,, g
are small quantities vanishing in the configuration of equi-
librium, and for comsistency we must also suppose that the
disturbing forces @, @, are small. The quantities &, a, and
therefore also @, @, @ may now be treated as constants.
The velocity of the particle m is made up of components ag,,
g, in the directions 8s, and 8s,, respectively; and if we neglect
the squares of small quantities its acceleration is made up in
like manner of components ad, af,*. Hence resolving in the
direction of 8s, the forces acting on m we have

m (oG, + s cos 0) = F, ,}
and similarly m (i, cos 0+ a,g,) = F,.

* The former of these two quantities is (to the first order) the acceleration

calculated on the supposition that g, alone varies, and the latter is the accelera-

tion when ¢» alone varies. It is only on the hypothesis of infinitely small
motions that the resultant acceleration is obtained by superposition of these.



LTHEORY OF VIBRATIONS 43

If we multiply the former of these equations by & and the
second by a,, and sum for all the particles of the system, we
find, with the notation of (4),

. .. 9
Gy + Wafa = — @;

and similarly s + Coffy = — %’ +@Q,
2

where a,, is of course identical with [

When there are no extraneous forces these equations are by
hypothesis satisfied by g =0, §=0. The configuration of
equilibrium is therefore characterized by the property that

Vo V_

o ' 0g,
in other words, the potential energy is stationary for all infini-
tesimal displacements therefrom. Hence if ¥ be expanded in
powers of g, g;, the terms of the first order will be absent, and
we may write with sufficient approximation

2V = cug® + 200q1qe + Cof?, wvevennn.... (11)
a constant term being omitted. The quantitics ¢y, ¢y, cx are
called the “coefficients of stability.”
Hence (9) may be written

nfh + Q1ags + Cus + Cray = @, }
and, + ooy + Car + Cooy = Q.

0, weverererreen (10)

where ¢, =¢;,.

If we look back to any of the special problems of § 14 we
shall recognize that the equations of motion are in fact of this
type. For example, in the case of the double-pendulum we
have

P= Mt +ma a 2 (y—ay .
20=Mi* +mgpe, 2V=.Mg;+mg {a + 7 b } ...(13)
The formulae thercfore correspond if we put

Q=2 q=y,
=M, a,=0, axr=m, } . (14)
en=(M+m)gja+mg/b, cy=- mg[b, cop=1mg/b.
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The general case of m degrees of freedom hardly differs
except in the length of the formulae. We have then m equations
of the type

Qoify + Gz« .+ Qg + Cay + Coe F - - F ConGon = Qs (15)
where s is any one of the integers 1, 2, 8,...m.

16. Free Periods of a Multiple System. Stationary
Property.

In the case of free vibrations we have @,=0.Q,=0. and
the solution of § 15 (12) then follows exactly the same course
as in the particular examples already given. We assume

g=A,cos(nt+e), q=4d,cos(nt+e), ... (1)

and obtain (¢, —n%ay) 4, + (cp— n%ay) 4, =0, @
(6o ~ 12tty) Ay + (Cp — NPate) A, =0.
Eliminating the ratio 4,: 4,, we obtain
| o, G | @
| ca ~ 2y, Coo — Nty

where (it is to be noticed) the determinant is of the “sym-
metrical” type. This equation gives the two admissible values
of 2. Adopting either of these we obtain a solution in which
the ratio of 4, to 4, is determined by either of the equations
(2). The mode of vibration thus ascertained involves therefore
two arbitrary constants, viz. the absolute value of (say) 4,, and
the initial phase e. The second root of (3) leads to another
solution of like character.

The extension of the method to the general case is obvious,
but it may be well to state the results formally. In any
conservative system of m degrees of freedom there arc in
general o distinct “normal modes” of free vibration about
a configuration of stable equilibrimn, the frequencies of which
arc given by a symmetrical determinantal equation of the mth
order in 2, analogous to (3), and so depend solely on the con-
stitution of the system. Tn each of these modes the system
oscillates exactly as if it had only one degree of freedom, the
coordinates g;, gz, ... ¢ being in constant ratios to one another,
and the description of § 7 therefore applies. The directions of
motion of the various particles and the relative amplitudes are



in any one mode determinate, though usually different for
different modes, the only arbitrary elements being the absolute
amplitude and the phase-constant.

The equations of motion being necessarily linear, since
products and squares of the coordinates and their differential
coefficients with respect to the time are expressly excluded, it
follows that the different solutions may be superposed by
addition of the corresponding expressions. This has been
sufficiently illustrated in the preceding examples. By super-
posing in this way the m normal modes, each with its arbitrary
amplitude and phase, we obtain a solution involving 2m
arbitrary constants, which is exactly the right number to
enable us to represent the effect of arbitrary initial values of
the coordinates ¢y, ¢u, ... gm and velocities G, ¢, ... gm. In
other words, the most general free motion of the system about
a configuration of stable equilibrium may be regarded as made
up of the m normal modes with suitable amplitudes and initial
phases. This principle dates from D. Bernoulli* (1741).

In particular cases it may happen that two (or more) of the
natural periods of the system coincide. There is then a corre-
sponding degree of indeterminateness in the character of the
normal modes. The simplest example is furnished by the
spherical pendulum, or by a particle oscillating in a smooth
spherical bowl. The normal modes may then be taken to
correspond to any two horizontal directions through the position
of equilibrium. From the theoretical standpoint such coinci-
dences may be regarded as accidental, since they are destroyed
by the slightest alteration in the constitution of the system
(e.g. if the bowl in the above illustration be in the slightest
degree ellipsoidal), but in practice they often lead to interesting
results. Cf. § 53 below.

An important characteristic of the normal modes, first
pointed out by Lord Rayleigh in 1883, has still to be referred

* Daniel Bernoulli (1700—1782), one of the younger members of the
distinguished family of Swiss mathematicians. Professor of mathematics at
St Petersburg (1725—33), and of physics at Bile (1750—82). His chief worlk
was on hydrodynamics, on the theory of vibrating strings, and on the flexure
of elastic beams.
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to. If by the introduction of frictionless constraints which do
no work, the system be restricted to vibrate in a mode only
slightly different from one of these, the period will be altered
only by a small quantity of the second order. In other words
the periods of the several normal modes are “stationary ” when
compared with those of slightly different constrained modes.
Suppose, for instance, that the normal mode in question is such
that in it the coordinate ¢, alone varies. We have, then, in (2),
@,=0, ¢;=0, and the natural frequency is determined by
n'=cyfay. If the constraint be expressed by g.=M\g,, the
condition that the constraining forces shall do no work, viz,
Qi+ QuG.=0, or @ +rQ.=0, leads to

(@ 4+ M) Gy + (Cu + M) 1 =0, .rveeennnts 4)
and the speed (p) is accordingly given by
_CntNey
N a'n + )\%; !
When A is small, this differs from #* by a small quantity of
the second order. The proof, although limited to two degrees,
is easily generalized. Owing to our liberty of choice of the
coordinates, we can always arrange that ¢, shall be the only
coordinate which varies in the mode in question, and that
the constraint shall be expressed by a system of relations of
the type ¢.=N\q), ¢s=pq, ¢:=vqs, ...

For an obvious illustration we may have recourse again
to the particle on a smooth surface. If the constrained path
be a vertical section through the lowest point, the period is
2m+/(R]g), where R is the radius of curvature of the section, and
it is known that R is a maximum or minimum for the principal
sections.

The equation (5) shews further that the constrained period is
(as in the particular case) intermediate between the two natural
periods ; this property can also be generalized.

It follows that even when it is not easy to ascertain the
precise character of a particular normal mode, a close approxi-
mation to the frequency can often be obtained on the assumption
of an assumed type which we can judge on independent grounds
to be a fairly good representation of the true one. And in the

2




[ e e S = 4

(§ 14), and consider an assumed type of symmetncal vibration
in which # =2z=2\y. The kinetic energy is then given by

2T =M (#+ 7+ ) =ML+ 227, ......... (6)
so that the inertia-coefficient is 4/ (1 + 2A?). For the potential
energy we have

V=L (et (y—ap +yr ) =S (@ 42y ()

as is found by calculation of the work required to stretch the
string (as in § 22), or otherwise. The coefficient of stability is
therefore Pla . (4\* —4A + 2).  For the speed (p) we then have
. P oAa—4an+2
P T e e (8)
This is stationary for X = + {42, and the corresponding speeds
are as in § 14. In this case it was evident beforehand that the
assumed type would include the true natural modes of sym-
metrical character.

It is unnecessary for the purposes of this book to discuss in
detail the theory of dissipation in a multiple system. The
general effect is the same as in § 12; the free vibrations
gradually die out, but if the dissipative forces be relatively
small the periods are not sensibly affected.

17. Forced Oscillations of a Multiple System. Prin-
ciple of Reciprocity.

The theory of forced oscillations is sufficiently illustrated if
in §15 (12) we assume that @, varies as cospt, whilst @,=0.
The equations will be satisfied if we assume that ¢, and ¢, both
vary as cos pt, provided

(on — PPan) @ + (612 — P°s) o= @), }
(6 = P*Ca) @1+ (00 — P°02) 2 = 0.
These determine the (constant) ratios of ¢, and ¢, to @;; thus

Coo — pa?z _ G TPl P
N @ = 209 Qi
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where A (p) is the determinant on the left-hand side of § 16
(8), with p* written for n2.  The general conclusion is that when
a periodic force of simple-harmonic type acts on any part of
the system, every part will execute a simple-harmonic vibration
of the same period, with synchronism of phase, but the
amplitude will of course be different in different parts. When
the period of the forced vibration nearly coincides with that
of one of the free modes, an abnormal amplitude of forced
vibration will in general result, owing to the smallness of the
denominator in the formulae (2). For a complete account of
this matter we should have to take dissipative forces into
consideration, as in § 12.

A remarkable theorem of reciprocity, first proved by Helmholtz
for aerial vibrations, and afterwards greatly extended by Lord
Rayleigh, follows from (2). If we imagine a second case of
forced vibration (distinguished by accents) in which @’'=0
whilst @ varies as cospt, we shall have

/1 Cn = Pilq pan
@/ =TT ®)
Comparing with (2), we see that
@ Q=q¢"1Q) e reeeens 4)

The interpretation is most easily expressed when the “forces”
@, and @, are of the same character, e.g. both ordinary statical
forces, or both couples, in which case we may put @, = @, and
obtain g;=g¢,". In words: The vibration of type 2 due to a
given periodic force of type 1 agrees in amplitude and phase
with the vibration of type 1 due to an equal force of type 2.
An example from the theory of strings will be found in § 28.
The above proof is easily extended to the general case of
m degrees of freedom.

18. Composition of Simple-Harmonic Vibrations in
Different Directions.

We recur to the subject of composition of simple-harmonic
vibrations which, though not so important as in Optics, claims a
little further attention. If in a freely vibrating system we fix
our attention on a particular particle, the directions in which it



oscillates in the several normal modes will in general be different.
The superposition then takes place of course according to the
law of geometrical or vector addition.

It will suffice to consider the case of two degrees of freedom,
where we have independent simple-harmonic vibrations in the
directions corresponding to the 8s,, 8s, of § 15. The result is a
plane orbit, usually of a complicated character. For instance,
in the case of Blackburn’s pendulum (§ 14), we have

x=Acos(mt+e), y=DBcos(nt+e), ...... (1)
where z, y are rectangular coordinates. The orbit is here
contained within the rectangle bounded by the lines z =+ 4,
y=1 B. If n, n, are commensurable, the values of z, ¥ and
&, y will recur after the lapse of an interval equal to the least
common multiple of the two periods, and the path will be
re-entrant. The resulting figures, obtained in this and in other
ways, are associated with the name of Lissajous*, who has had
many followers in a region which is very attractive from the
experimental point of view.

The simplest case is that of n,=n,. If we eliminate ¢ in
(1) we then obtain

% iﬁécos (a—e)+ Bz—sm (6 =€)  eevenn 2)
This represents an ellipse which, if the initial phases ¢, e,coincide,
or differ by =, degenerates into a straight line (Fig. 20). The
simplest mechanical illustration is furnished by the spherical
pendulum. When the relation is that of the octave (n,=2n,)
we have a curve with two loops, which may degenerate into one
or other of two parabolic ares (Fig. 21). The curves in thesc and
in other cases of commensurability are easily traced from the
formulae (1) with the help of tables. A simple geometrical
construction is indicated in Fig. 22, where the circumferences of
the auxiliary circles are divided into segments corresponding to
equal intervals of time in the two simple-harmonic motions
which are to be compounded. If we start at a corner of any

* J. A. Lissajous (1822—80). Professor of physics at the Lycée St Louis
1850—174 ; rector of the Academy of Chambéry 1874—5, and of Besangon
1875—9. His chief memoir, Etude optique des mouvements vibratoires, was
published in 1873.
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one of the rectangles in the figure, and proceed diagonally, we
pass through a succession of points, equidistant in time, on a
curve of the system.

/T‘—\\

1 [ 1 <
Fig. 22.

Another conception of these figures, also due to Lissajous,
may be mentioned. If we write 6 for n,t, and adjust the origin
of t, the formulae (1) are equivalent, on the hypothesis of
commensurability, to

z=acosd, y=>b cos%(e—a), cereenenneni(3)

where p/q is a fraction in its lowest terms. These equations,
when combined with
(%)

represent a curve of sines traced on the surface of the circular
cylinder

z=asind,

r+=a ... .................. (5)

and going through its period p times in g successive circuits
of the cylinder. The Lissajous curve (3) is the orthogonal
projection of this curve on a plane (z=0) through the axis of
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the cylinder. This is illustrated by Fig. 22, where the dotted
branch may be regarded as the projection of that part of the
sine-curve which lies on the rear half of the curved surface. A
change in the relative phase in (1) is equivalent to a change in
the angle a, and may be represented by a rotation of the cylinder
about its axis, of corresponding amount. This, again, may be
illustrated from Fig. 22 by starting the curve one step further to
the right or lefs. When the ratio of the periods is nearly, but
not exactly, that of two integers, the orbit gradually passes
through the various phases of the commensurable case, in a
recurring cycle*. Thus in the case of approximate unison, or
approximate octave, the cycle includes the phases shewn in
Fig. 21 or 22, followed by the same in reverse order. The same
result is obtained by a continuous rotation of Lissajous’
cylinder.

19. Transition to Continuous Systems.

The space which we have devoted to the study of dynamical
systems of finite freedom is justified by the consideration that
we here meet with principles, in their primitive and most easily
apprehended forms, which run through the whole of theoretical
acoustics. In the subsequent chapters we shall be concerned
with systems such as strings, bars, membranes, columns of air,
where the number of degrees of frecdom is infinite. Mathematic-
ally, it is sometimes possible to pass from one of these classes to
the other bya sort of limiting process,as when D. Bernoulli (1732)
discussed the vibrations of a hanging chain as a limiting form
of the problem where a large number of equal and equidistant
particles are attached to a tense string whose own mass is
neglected. In any case, there can be no question that the
general principles referred to retain their validity. The main
qualification to be noticed is that the normal modes are now
infinite in number. It is usual to consider them as arranged

* In Lissajous’ method the vibrations which are optically compounded are
those of two tuning forks. The figures obtained when the tones sounded by the
forks form any one of the simpler musical intervals give a beautiful verification
of the numerical relations referred to in § 3. In the case of unison, when the
tuning is not quite exact, the cycle of changes synchronises with the beats
which are heard ; sece § 10.



may still be called the “ fundamental,” and is generally the
most important.

Before leaving the general theory it may be desirable to
emphasize once more the importance of the simple-harmonie
type of vibration from the dynamical point of view. We have
seen that it is the characteristic type for africtionlesssystem of one
degree of freedom, or (more generally) for a system oscillating
as if it possessed only one degree, as in the case of the normal
modes. It is also the only type of imposed vibration which is
accurately reproduced, on a larger or smaller scale, in every
part of the system. If a force of perfectly arbitrary type act ab
any point, the vibrations produced in other parts of the system
have as a rule no special resemblance to this or to one another;
it is only in the case of a periodic force following the simple-
harmonic law of variation with the time that the induced
vibrations are exactly similar, and keep step with the force.
Moreover it is only in so far as the disturbing force is simple-
harmonic, or contains simple-harmonic constituents, that it is
capable of generating a forced vibration of abnormal amplitude
when a critical frequency is approached. It is in these circum-
stances that Helmholtz found the clue to his theory of audition,
to which we shall have to refer at a later stage.

20. On the Use of Imaginary Quantities.

The treatment of dynamical equations can often be greatly
simplified by the use of so-called “imaginaries.” As we shall
occasionally have recourse to this procedure, it may be convenient
to explain briefly the principles on which it rests.

The reader will be familiar with the geometrical reprosenta-
tion of a “complex” quantity a+ b, where @, b are real and 7
stands for 4/(— 1), by a vector drawn from the origin to the
point whose rectangular coordinates are (a, b), and with the
fact that addition of imaginavies corresponds to geometrical
addition (or composition) of the respective vectors. The
symbol @+ b when applied as a multiplying operator to any
vector denotes the same process by which the veetor @ + ib may
be supposed to have been derived from the vector 1, viz. it
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olters the length in a certain tatio 7, and turns it throgh
certain angle a. These quantibies are defined by gha
reosa =@, rsina="5, ., wenll)
o r=y(@+D0), o= tan~ (b/a), ()
the quadrant in which « lies being determined by the sigy
attributed to cosa or sin a by (1)- We have then g
a+ib=r(cosa+isin a). ...
Hence a symbol of the form cosa +1sina denotes the opera-
fion of turning a vector
through an angle a without ¥
alteration of length; in par-
ticular the symbol ¢ denotes
the operation of turning
through a right angle in the
Positive (counter-clockwise)
direction.
The symbol
w=cos f +isinf (4)
may be represented by & unit
vector OP drawn from () in
the direction 6. If we regard T 28,
this as a function of 6, and if
-+ 8w be represented by O the angle POL" will be equal
t0 80. The vector PI” which represents 8w will therefore have
a length 86, and since it is turned through a right agle
relubi\'ely to OF, ity 5)‘ml>n] will be 286 .. Hence
dw
a0
It is easily shewn that the only solution of this equation
which fulfils the neeessary condition that w1 for 8=0,i
we el nnnn(0)
where €? 1s to be taken as defined by the ordinary exponential
geries.  Thus

ST e een(B)

oo cos B i sin 0, ceevercrinnnn()
Wo may add that the waeddition-theorem™ of the exponentis
fanction ean now he derived jnmediately from the geometried
representation,



LHEORY OF VIBRATIONS 55

It has been thought worth while to recapitulate these ele-
mentary matters because they have interesting illustrations in
the present subject. Thus if , y be rectangular coordinates,
and we write

Z=EATY, cvveeeiniiiieeeneeeen, 8)
the equation z2=C¢",

where € may of course be complex, expresses that the vector ¢
is turned in a time ¢ through an angle nf in the positive direc-
tion, It therefore represents uniform motion in a circle, with
angular velocity n,in the positive direction. The radius of this
circle is given by the “absolute value” of C, which is often
denoted by | C[; thus if C'=4 + ¢B, where A and B are real, we
have | C'|=4/(42+ B*). In the same way the equation
=0l i (10)

represents uniform motion in a circle, with angular velocity n,
in the negative (or clockwise) direction.

We come now to the application to linear differential
equations with constant coefficients. From our point of view
the simplest case is the equation

Oé—’; +niz=0 . (11)

of §4. In order that every step of the work may admit of
interpretation, we associate with this the independent equation
LY | oy =0 a12)
i TPY=0
as in the theory of the spherical pendulum. The two may be
combined in the one equation
% FNZ=0, cvereerereerereieins (13)
which may indced be regarded as representing directly, without
the intermediary of (11) and (12), the law of acceleration in the
spherical pendulum and similar problems. To solve (13) we
assume z=CeM, and we find that the equation is satisfied
provided A*+n*=0, or A= % in. Since different solutions can
be added, we obtain the form

z=C0¢mt+ C'e™™™, .. (14)
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or r=(?+b), a=tan™(b/a),
the quadrant in which « lies being determined by the sign
attributed to cosa or sin a by (1). We have then
a+ib=r(cosa+isina). .....
Hence a symbol of the form cos«+ isina denotes the opera-
tion of turning a vector
through an angle a without
alteration of length; in par-
ticular the symbol 7 denotes
the operation of turning
through a right angle in the
positive (counter-clockwise)
direction.
The symbol
w=cos f +isinf (4)
may be represented by a unit
vector OP drawn from O in
the direction 6. If we regard g 23.
this as a funection of 6, and if
w+ dw be represented by OP’, the angle POP" will be equal
to 86. The vector PP which represents éw will therefore have
a length 86, and since it is turned through a right angle
relatively to OP, its symbol will be 466.w. Hence

It is easily shewn that the only solution of this equation
which fulfils the necessary condition thatw=1 for =0, is
w=e® (6)

where ¢” is to be taken as defined by the ordinary exponential
series. Thus

e¥=cosf+isinf. ....ccoconnn... (7)
We may add that the “addition-theorem” of the exponential
function can now be derived immediately from the geometrical
representation,



1t bas been thought worth while to recapitulate these ele-
mentary matters because they have interesting illustrations in
the present subject. Thus if , y be rectangular coordinates,
and we write

the equation z2=C06", i 9)

where €' may of coursc be complex, expresses that the vector C
is turned in a time ¢ through an angle nt in the positive direc-
tion. It therefore represents uniform motion in a circle, with
angular velocity n,in the positive direction. The radius of this
circle is given by the “absolute value” of C, which is often
denoted by | C|; thus if ' =4 + iB, where A and B are real, we
have | C'|=4+/(4*+ B?). In the same way the equation
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with two complex arbitrary constants C, (¢’. These can be
determined so as to identify z and 2, at the instant ¢ =0, with
the vectors which represent the initial position and velocity of
the point (#, y). It appears from (14) that the most general
motion of a point subject to (13) may be obtained by the
superposition of two uniform circular motions in opposite direc-
tions. The same problem (virtually) has been treated in § 18,
where the path was found to be an ellipse. This resolution
of an “elliptic harmonic” vibration into two circular vibrations
in opposite directions has important applications in Optics.

The solution of the equation (11) may be derived from (14)
by taking the “real” part of both sides, i.e. by projecting the
motion on to the axis of #. Since C, ¢ are of the forms

C=A4+1B, C'=A"+iB, ....(15)
it might appear at first that the result would involve four
arbitrary constants. These occur, however, in such a way
that they are really equivalent only to two. Thus we find
z=(A4+ A")cosnt—(B—B)sinnt. ...... (16)
The kinematical reason for this is that, as regards their
projections on a straight line, right-handed and left-handed
circular motions are indistinguishable. An important practical
corollary follows. We should have obtained equal gencrality,
so far as the solution of (11) is concerned, if we had contented
ourselves with either solution of (13), for example
2= CE™, oo an

and taken the real part
z=Acosnt — Bsinnt. ....oooiiiill (18)

This conclusion is obviously not restricted to the particular
differential equation (11) with which we started. The use of
an adjunct equation such as (12) has only been resorted to
in order to remove the suspicion of anything that can truly
be called “imaginary” in the work. Such assistance can
always be invoked mentally, but it is as unnccessary as it
would be tedious always formally to introduce it. If in any
case of a linear differential equation between z and ¢, with
constant renl coefficients, we seek for a solution of the type
@=Ce™, the imaginary values (if any) of A will occur in
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conjugate pairs of the form m+in, and we may assert that
the part of the solution corresponding to this pair of roots
will be given with sufficient generality if we make use of one
only of these, writing, for instance,

= Ce(m+m) t,

and taking the real part,
Wu may apply these considerations, for example, to the
equation
2,
‘fl—:f+lc%+w=o v (20)
of resisted motion about an equilibrium position (§ 11). If we
put &= C’e“, we have

MATA+ =0 revvereennen. (2)
Hence AN=—3ktn, .ooveieens ceeaeeians (22)
whero = (=3, i (23)

provided &2 <4u. On the above principle a sufficicnt solution
s w=08—§ht+in’t’
or, in real form,
=g b (4 cosn't — Bsinn't), .eeeee..(24)
which is cquivalent to § 11 (8).
The same method can be followed with regard to the
equation of forced oscillations, say

d’z d

w 95
b +lczi—t+;w~fcospt. ............ (25)
Instead of this we take the equation
4z dz ]
et b e = (26)

the implied adjunct cquation being of the type (23) with
fainpt instead of fcospt on the right hand. A particular
solubion i3

2=CdT e @n

provided (u—=p*+ikp)C=f .ocoviiviinnnn.(28)
ipt

Hence e (29)




58 DYNAMICAL THEORY OF SOUND

If we put p—-p=Reosa, kp=Rsina, .........(30)

this becomes z=%ei(1’t'“), PR en(81)
the real part of which is
w=%cos(pt—a). ceerenen ceeeeenn(32)

This may be compared, for brevity, with the process of § 12.

21. Historical note.

The theory of vibrations has a long and rather intricate
history, in which Pure Mathematics and Mechanics have
reacted on one another with great advantage to the progress
of both sciences. Various special problems of great interest
had been solved by the Bernoullis, Euler*, and other mathe-
maticians, but it is to Lagranget that we owe the general
theory of the small oscillations of a system of finite freedom
treated by means of generalized coordinates. The work of
Lagrange was purposely somewhat abstract in form}; the
full dynamical interpretation was reserved for Thomson and
Tait (Natural Philosophy; 1867), to whom we also owe the
now current terminology of the subject. The theory has
been very greatly extended by Lord Rayleigh, and systematic-
ally applied to acoustics as well as other branches of physics,
in various writings, most of which (down to the year 1896)
are incorporated in his Theory of Sound§

* Leonhard Euler, born at Dile 1707 rhed at St Petersburg 1783. He wrote
extensively on most branches of and hanics, and fixed to
a great extent the notations now in nse.

+ Joseph Louis Lagrange, born at Turin 1736, died at Paris 1813, *“ the
greatest mathematician since the time of Newton.”

$ ““On ne trouvera point de Figures dans cet Ouvrage. Les méthodes que

y expose ne demandent ni constructions, ni raisonnemens ghométriques ou
iques, mais 1 des opérati algébriques, assujétics & une
marche régulidre et uniforme.” (Preface to the Mécanique Analytique, 1788.)

§ 1st ed. London 1877, 2nd ed. London 1894—6. See also his Scicntific

Papers, Cambridge 1899—1922,




CHAPTER II
STRINGS

22. Equation of Motion. Energy.

We proceed to the more or less detailed study of the
vibrations of various types of continuous systems. Amongst
these the first place must for many reasons be assigned to
the transverse vibrations of a uniform tense string. Historically,
this was the first problem of the kind to be treated theoretically.
The mathematical analysis is simple, and various points of the
general theory sketched in the preceding chapter receive
interesting illustrations, which are morcover casily verified
experimentally. Again, the sequence of the natural periods
of free vibration has the special “harmonic” relation which
has long been recognized as in some way essential to good
musical quality, although the true reason, which is ultimately a
matter of physiology, has only in recent times been investigated.
The mathematical theory has farther suggested some remarkable
theorems, as to the resolution of a vibration of arbitrary type
into simple-harmonic constituents, which arc of far-reaching
significance. Finally it is to be noted that in the propagation
of a disturbance along a uniform string we have the first and
simplest type of wave-motion.

The string is supposed to be of uniform line-density p,
and to be stretched with a tension P. The axis of « is taken
along the equilibrium position, and we denote by v the trans-
verse deflection at the point z, at time t. It is assumed that
the gradient 0y/ox of the curve formed by the string at any
instant is so small that the change of tension may be
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neglected. Under these conditions the equation of motion
of an element, 8z is

oy
o
where y denotes the inclination of the tangent line to the
axis of #. The right-hand side is, in fact, the difference of
the tensions on the two ends of the element, when resolved in
the direction of 3. In virtue of the assumption just made we
may write sin y = tan § = dy/s, so that (1) becomes

pdz. 2 =8(Psin), oveerneen ceeen(1)

Py _ Y
3= ¢ Gy e (2)
where = Plp. coviiiiiieeeeii (3)
It is easily seen that the constant ¢ has the dimensions of
a velocity.
The kinetic energy of any portion of the string is given by
T=3pfPdE  eevrreeeeecrieanns (4)

taken between the proper limits. The potential energy may
be calculated in two ways. In the first place we may imagine
the string to be brought from rest in its equilibrium position
to rest in any assigned form by means of lateral pressures
applied to it. For simplicity suppose that at any stage of the
process the ordinates all bear the same ratio (k) to their final
values y, so that the successive forms assumed by the string
differ only in amplitude. The force which must be applied to
an element 8z to balance the tensions on its ends is

-2 (Psiny)b,

where sin - is now to be equated to k9y/0z; and the displace-
ment when % increases by &k is y 8. The total work done on
this element is therefore

1
- Pyy"8z. fo kdk=—% Pyy" 8,

where the .accents indicate differentiations with respect to .
The potential energy is accordingly

V=—3Plyy"ds. eceveerinnnn..... (5)
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In the alternative method we calculate the work done in
stretching the string against the tension P. The increase in
length of an element 8z is

V(1 +y*) dz— 8=}y 0z,
approximately, so that

V=3Pfy*dm. «ocoovrieneninnnnnn. (6)

The formulae (5), (6) lead to identical results when applied to
the whole disturbed extent of the string. For by a partial
integration we have

~[yy"de=—[yy1+[y*de, .coccvvveennns (7)
where the first term refers to the limits. It vanishes at the
extremities of the disturbed portion, since y is there =0.

23. Waves on an Unlimited String.
The solution of § 22 (2) is
y=f(ct—x)+F(ct+2), «.ovvnnnnn (1)

where the functions f, F are arbitrary. It is easily verified
by differentiation that this formula does in fact satisfy the
differential equation, and we shall see presently that by means
of the two arbitrary functions which it contains we are able to
represent the effect of any given initial distribution of displace-
ment (y) and velocity (y). It was published by d’Alembert*
in 1747,

The two terms in (1) admit of simple interpretations.
Taking the first term alone, we see that so far as this is
concerned the value of y is unaltered when z and ct are
increased by equal amounts; the displacement therefore which
exists at the instant ¢ at the point « is found at a later instant
t+ 7 in the position z+4¢r. Hence the equation

y=fct—2) i (2)
represents a wave-form travelling unchanged with the velocity
¢ in the direction of #-positive. The equation

y=F(ct+z) ....ocounnn
represents in like manner a wave travelling with the same
velocity in the direction of z-negative. And it appcars that

* J. le Rond d’Alembert (1717—83), encyclopacdist and mathematician ; he
made important contributions to dynamics and hydrodynamics,
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made up of two such wave-systems superposed.

The form of the expression /(P/p) for the wave-velocity is
to be noticed. As in all analogous cases the wave-velocity
appears as the square root of the ratio of two quantities, one
of which represents (in a general sense) the elasticity, and the
other the inertia, of the medium concerned.

A simple proof of the formula for the wave-velocity has
been given by Prof, Tait*. Imagine a string to be drawn with
constant velocity v through a smooth curved tube, the portions
outside the tube being straight and in the same line. Since
there is no tangential acceleration the tension P is uniform.
Also the resultant of the tensions on the ends of an element
8s, at any point of the tube, will be a force P3s/R in the
direction of the normal, where R is the radius of curvature.
This will balance the “centrifugal force” p8s.v*/R if v*= P/p.
Under this condition the tube may be abolished, since it exerts
no pressure, and we have a standing wave on a moving string.
If we now impress on everything a velocity v in the opposite
direction to the former, we have a wave progressing without
change of form, on a string which is otherwise at rest, with the
velocity 4/(P/p). It will be noticed that this investigation does
not require the displacements to be small.

The motion of an unlimited string consequent on arbitrary
initial conditions

y=¢@), g=v@), [E=0] .. (4)
may be deduced from (1), but it will be sufficient to write down
the result, viz.

y=ipe-cdto@ra+ [ v@d ©

This may be immediately verified.

If the initial disturbance be restricted to a finite extent
of the string, the motion finally resolves itself into two
distinct waves travelling without change in opposite directions.
In these separate waves we have

T=FCY,  cireiiiiiiienicns (6)

* Encyc. Brit. 9th ed. Art. “ Mechanics,”
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as is seen at once by considering two consecutive positions of the
wave-form. Thus if in Fig. 24 the curves 4, B represent the
positions at the instants ¢, ¢+ 8, we have PQ=c8t, RP=—y8t,
RP/PQ =1y, whence the former

of the relations (6). The same P

thing follows of course from Qe
differentiation of (2). Con- R
versely, it is easily seen from 4 Bmg 24

(5), or otherwise, that if the
initial conditions be adjusted so that either of the relations (6)
is everywhere satisfied, a single progressive wave will result.

‘When the string is started with initial displacement, but
no initial velocity, the formula (5) reduces to

y=3p(@—c)+d(@+ct). .uerrrnnn... )
The two component wave-forms resemble the initial profile, but
are of half the height at corresponding points. It is easily seen
without analysis that this hypothesis satisfies the condition of
zero initial velocity.

It appears from (6) that in any case of a single progressive
wave the expressions (4) and (6) of § 22 for the kinetic and
potential energies are equal. Lord Rayleigh has pointed out
that this very general characteristic of wave motion may be
inferred otherwise as follows. Imagine the wave as resulting
from an initial condition in which the string was at rest, and
the energy E therefore all potential, in the manner just
explained. The two derived waves have half the amplitude (at
corresponding points) of the original form, and the potential
energy of each is therefore 1 K. Since the total energy of each
wave must be § I, it follows that the kinetic encrgy of each
must be 1 5.

In mathematical investigations it is not unusual to find the
effect of dissipation represented by the hypothesis that each
element of the string is resisted by a force proportional to its
velocity, so that the differential equation takes the form

PY_ 0% _ L%
L L TR ®)

As regards the theory of stringed instruments this particular
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correction has no importance, the direct influence of the air
being quite insignificant; but the solution of (8) when % is
small is of some interest from the standpoint of wave-theory,
and may therefore find a place here. If the square of k be
neglected, the equation may be written

o ; o
a_ﬁ(yew) — c,a_ﬁ(ye{,m)'

This is of the same form as § 22 (2), and therefore
y=e““tf(ct—m)+e_;~‘k‘F(ct+.z'). veenna(10)
This represents two wave-systems travelling in oI-)pCtSItie
directions with velocity ¢; but there is now a gradual dl'mluu—
tion of amplitude in each case as time goes on, as is 1pd1cated
by the exponential factor. Again, since the functions are
arbitrary, we may replace f(ct —z) and F (ct+z) by
AEC21) gt gy and FFETEI) (ot + ),
respectively, so that the solution may also be written
y=e P f(ot— ) 4 TR (ot @) e 1)
This form is appropriate when a prescribed motion is maintained
at a given point of the string. Thus if the imposed condition

be that y = ¢ (f) for =0, the waves propagated to the right
of the origin are given by

y=€"*’“’°¢(t—§). ............... (12

The exponential shews the decrease of amplitude as the waves
reach portions of the string further and further away from the
origin.

24. Reflection. Periodic Motion of a Finite String.

If a point of the string, say the origin 0, be fixed, we must
have y =0 at this point for all values of . Hence, in § 23 (1),

S(ct)y+ F(ct)=0, or F(z)=—f(2).
The solution therefore takes the form
y=f(ct—2)—f(ct+ ). «eerrrrrarnn.. (1)

As applied for example to the portion of the string which
lies to the left of O, this indicates the superposition of a dircct



or “incident”™ wave represented by the first term, and a “re-
flected ” wave represented by the second. The amplitude of
the reflected wave is equal, at corresponding points, to that
of the incident wave, so that there is no alteration in the
energy, but the sign of y is reversed. It is otherwise obvious
that if on an unlimited string we start two waves which are
antisymmetrical with respect to O, in opposite directions, the

—_— -~
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Fig. 25.

point of the string which is at O will remain at rest, even if
it be free. Hence by the crossing of the waves the circum-
stances of reflection at a fixed point are exactly represented.
It will be noticed that a lateral force is exerted on the fixed
point during the process of reflection.

In the case of a finite string whose ends are (say) at the
points =0, =1, we have the further condition that

Jet=0)—flct+1)=0 ..ccooounrrnnnnnn. (2)
for all values of ¢. If we write z for ¢f — I, this becomes
F@)=f(+2l), cvivriiiiinin. 3)

so that f(2) is a periodic function, its values recurring when-
ever z increases by 2¢. It follows that the motion of the string
is periodic with respect to ¢, the period 2I/c being the time
which a wave would take to travel twice the length. It is
otherwise evident that a disturbance starting from any point
P of the string, in ecither direction, will after two succcssive
reflections at the ends pass P again, in the same dircction as
at first, with its original amplitude and sign.
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When the initial data are of displacement only, ie. with
zero initial velocity, the successive forms assumed by the string
in the course of a period can be obtained by a graphical con-
struction. We suppose the initial form y = ¢ (), where ¢ (2) is
originally defined only for values of # ranging from 0 to /, to be
continued indefinitely both ways, subject to the conditions

P(—a)=—¢(), ¢(@+a)=—¢(—2). ...... (4)
If we imagine curves of the type thus obtained to travel
both ways with velocity ¢, and if we take at each instant the
arithmetic mean of the ordinates, in accordance with § 28 (7),it
is evident that the varying form thus obtained will represent

Fig. 26.

& possible motion on an unlimited string, in which the points
#=0,2=141 o= 1+2l,... remain at rest. The portion between
#=0 and z=1{ will therefore satisfy all the conditions of the
question. The process is illustrated in the annexed Tig. 26;
the initial form here consists of two straight pieces meeting at
an angle, and the result after an interval I/8¢ is ascertained.

In this way we might trace (after Young) the successive
forms assumed by a string excited by « plucking,” one point of
the string being pressed aside out of its equilibrium position,
and then released from rest, but the actual construction can in
such a case be greatly simplified. It is easily seen that the
form of the string at any instant consists in general of three
portions; the outer portions have the same gradients as the
two pieces into which the string was initially divided, whilst
the gradient of the middle portion is the arithmetic mean of



Tig. 27.

In the annexed Fig. 27, which corresponds with Fig. 26, the
plucking is supposed to take place at a distance of one-fourth
the length from one end, and the phases shewn follow one
another at intervals of one-sixteenth of a complete period, the
successive forms being APB, AQ.R,B, AQ,B, AQ,R,B, AQ,R,B,
and so on. It is evident on inspection of the figure that any
point of a plucked string moves backwards and forwards with
constant velocity between two extreme positions, in which it
rests alternately during (in general) unequal intervals. The
space-time diagrams of the middle point, and of the point
plucked, under the conditions of Fig. 27, are given in Fig. 28.
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Tn the latter case one of the intervals of rest vanishes*.

It is of course with the vibrations of a finite string that
we are chiefly concerned in acoustics. The string is usua_lly
stretched with considerable tension between the two points which
limit the vibrating portion. At one at least of these points the
string passes over a bridge resting on a sounding-board, whf)se
function it is to communicate the vibrations to the surrounding
air. The direct action of the string in generating air-waves
is quite insignificant, but by the alternating pressure on the
bridge the whole area of the sounding-board is set into forced
vibration. This implies of course a certain reaction on the
string itself, which is however, in the first approximation,
usually negligible, for the reason given in § 4.

For experimental purposes an arrangement called a “mono-
chord ” is used. The sounding-board here forms the upper face
of a rectangular “resonance chamber.” The distance between
the bridges can be varied and measured, and the tension, being
produced by a weight attached to one end of the wire, which
passes over a smooth pulley, can be regarded, at all events
approximately, as known. For purposes of comparison one or
more additional wires may be stretched alongside the former,
their tension being adjusted, as in the pianoforte, by means of
pegs at the extremities.

25. Normal Modes of Finite String. Harrnonies.

The preceding investigations have been given on account of
their historical importance, and for the sake of the analogies with
other types of wave-motion which we shall meet with later.
From the purely acoustical point of view they are however of
secondary interest. The ear knows nothing of the particular
geometrical forms assumed by the string, and is concerned
solely with the frequencies and intensities of the simple-
harmonic constituents into which the vibration can be resolved.

* The theoretical vibration-forms have been verified experimentally by
Krigar-Menzel and Raps, Wied. 4nn., vol. L., 1893, so far as the initial stages
of the motion are concerned. After a few vibrations the form is secn to be
undergoing a gradual change. This is attributed to a slight yielding of the
supports of the string, in consequence of which the normal frequencies are not
exactly commensurable, and the resulting motion therefore not accurately
pericdic. The construction in Fig. 27 is also due to these writers.



To ascertain the normal modes of vibration of a finite string
we may bave recourse to the general procedure explained in
Chapter I. In any such mode y will vary as a simple-harmonic
function of the time, say cos(nt+e). This makes §j=—n%,
and the equation (2) of § 22 therefore assumes the form

a_
2 m{ 5 2 Ym0 e, (1)
The solution of this, exhibiting the time-factor, is
y=<A cosn?z+B sin%ﬂ 08 (N4 €). +ruvnn.. (2)

The fixed ends of the string being at =0, =1, we must
have A =0, sin (n{/c) =0, whence
nlfme=1,2,8, ... i, (3)
This gives the admissible values of n. In any one normal mode
we have, therefore,

y=C,sin sllw cos (‘37—20— + eg>, ............... (4)

where s is an integer, and the amplitude C and initial phase
e are arbitrary. The gravest, or fundamental mode, which
determines the pitch of note sounded, corresponds to s=1.

Tig. 29.

The string then oscillates in the form of the curve of sines
between the two extreme positions shewn in the upper part of
Fig. 29. The frequency is
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and so varies inversely as the length and as the square root of
the line-density, and directly as the square root of the tension.
These statements, which were formulated as the result of
experiment long before the mathematical theory had been
developed, are known as Mersenne’s laws*. The determination
of absolute pitch by the formula (5) does not admit of very
great accuracy owing to the difficulty in measuring the tension,
which is apt (owing to friction) to be slightly different on the
two sides of a bridge.

The principles that the frequency diminishes with increase
of length and with increase of line-density, have a familiar
illustration in the pianoforte, where longer and intrinsically
heavier strings are used for the graver notes. If the relation
of pitch were adjusted by length alone the strings corresponding
to the lower notes would have to be at least 100 times as long
as those belonging to the highest. In order to secure a suffi-
ciently low pitch within practical limits of length, and with
a sufficient degree of tension, the string is loaded with a coil of
wire wrapped closely round it. This has the effect of increasing
the inertia without seriously impairing the flexibility, which is
an essential point. The influence of tension,again, is illustrated
in the process of tuning, which consists in tightening up the
wires when these have stretched, or the pegs have yielded, so
that the instrument has fallen in pitch, or become “flat.”

In the next normal mode after the fundamental the middle
point z=3}! is at rest (Fig. 29). And in the sth mode, whose
frequency is by (3) s times that of the fundamental, there are
s--1 internal points of rest, or “mnodes,” in addition to the
ends. Midway between these we have the points of maximum
amplitude, or “loops.” Each segment into which the string is
divided by the nodes vibrates as in the fundamental mode of a
string of 1/sth the length.

As already stated (§ 2) the sequence of simple vibrations
with frequencies proportional to the natural numbers 1,2,3, ...,
which we here meet with, has important properties, musically

* M. Mersenne (1588—1648), a Franciscan friar, was a schoolfellow and
lifelong friend of Descartes, and maintained an extensive correspondence with
him and other men of science of the day.
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and physiologically. Its occurrence in vibrating systems is of
course quite exceptional. Even in the present case, if the
string deviate appreciably from uniformity or from perfect
flexibility, the above scale of frequencies is at once departed
from*,

We were led in § 16 to the conclusion, on physical grounds,
that in any system of finite extent the effect of the most
general initial conditions consistent with its constitution may
be obtained by superposition of the several normal modes, with
suitable amplitudes and phase-constants. We infer that the
most general motion of a finite string can be represented by
the formula

[
provided the constants Cy, ¢ be properly determined, the
summation ¥ extending over all integral values of s. An
equivalent form is

y=13C,sin 72 Gos (Sﬂic + e.) [T (6)

y= Z(A cos— +B smmmt) sin s%?, weeen(T)

where A,=0,cose, By=—Csing.
If the string start from rest in a given position at the
instant ¢=0 the coefficients B, will vanish; if it be started
with given velocities from the equilibrium position (y=0)
the coefficients 4, will vanish.

Since the value of every term in (6) or (7) recurs whenever
t is increased by 2l/c, the vibration is essentially periodic, as
already proved in § 24. In all other respects the motion of the
string when started in an arbitrary manner is, from the present
point of view, of a complex character, being made up of an
endless series of simple-harmonic vibrations. The resulting
note is accordingly made up of a series of pure tones, consisting
(in general) of a fundamental, its octave, twelflh, double octave,
and so on.

It is not altogether easy to excite a string in such a way

* The fact that a particular sequence of notes, musically related to one
another, is associnted with lengths of string proportional to the quantities

1, %, ¥, %, ... was known to the Greeks, and was the origin of the name
“harmonic” as applied to the numerical series.
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that the resulting motion shall be strictly simple-harmonic,
and the sensation accordingly that of a pure tone. But, as
will be shewn more fully in § 89, it is possible to suppress
all the tones below any assigned rank (s) by checking the
vibration at a node of the sth mode, as, for instance, by
contact with a camel-hair pencil. The remaining nodal points
of this constituent are then points of rest, whilst half-way
between them there is vigorous vibration. The experiment,
which is very striking, is easily made with the monochord.

The energy in any normal mode is easily calculated. We
find

1 2
T=4p fogﬂdms”;[’””.og sin? (S’T_”‘ + eg), ...... 9

i
7
V=§Pfy \? cos? (f?gc—n.) ...(10)
0
The coefficients are equal, in virtue of § 22 (3), and the total
energy in this mode is
, sm2P
T4 V=20 O e an

1t is further easily proved that the whole energy of the
string is the sum of the energies corresponding to the various
normal modes, viz.

T+V—~——ZS’C’ ——Zs-(A“+B’) ...(12)

This is a general property of the normal modes of a vibrating
system. The proof, in the present case, depends on the fact
that

S L

!
f sin %msm —=dz=0, .ieieere.. (13)

if s, s’ be any two unequal integers. See § 32 (4).

26. String excited by Plucking, or by Impact.

The relative amplitudes of the various modes is of course
a matter of importance, as on it the quality of the note
depends (§ 2). Usually a string is excited in one of three
ways, viz. by plucking (as in the harp, zither, &c.), by striking
with a hammer (pianoforte), or by bowing (violin, violon-
ccllo, &c.).
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If the string be pulled aside through a small space 3, at
a distance a from the end #=0, and then be released, the
values of the coefficients in § 25 (7) are found to be

2Bk . sma
s*sjmsm—l-, By=0, ......... (1)
2R12 <1 smo swx  swet
whence y= ma(l—a a) - sin - sin TSt -(®)

The mode of calculation will be explained in the next chapter
(see § 36). We notice that the harmonic of order s will be
altogether absent if sin (swa/l)=0, ie. if the point of plucking
be at one of its nodes; this was remarked by Young (1841).
Thus if the string be plucked at the centre, all the harmonies
of even order will be absent. The formula (1) combined with
§ 25 (12) shews that, apart from a trigonometrical factor which
lies between 0 and 1, the intensities of the successive harmonics
will vary as 1/, The higher harmonics are therefore relatively
teebly represented in the actual vibration of the string.

The effect of the impact of a hammer depends on the
manner and duoration of the contact, and is more difficult to
estimate. The question is indeed, strictly, one of forced
vibrations (§ 28); but in the somewhat fictitious case where
the duration is so small that the impact has ceased before
the disturbance (travelling with the velocity ¢) has had time
to spread over any appreciable fraction of the length, we
may treat the problem as onc of free motion with given initial
velocity concentrated on a short length.  The result is

[}

where a is the distance from the origin to the point struck,
and p represents the total momentum communicated by the
impact. Hence

A,=0, B———P—s'nsra ............... (3)

. . 3
Y= 2 p) : sin £ gin 7% in ST cerenennn(d)
mpe S i ] l
As in the previous problem, the sth mode is absent if the
origin be at one of its nodes. Apart from the trigonometrical
factor on which this circumstance depends, the intensities of




the successive modes are, according to § 25 (12), now of the
same order of magnitude. The unreal character of the pre-
ceding hypothesis betrays itself in this result; but we may.at
all events infer that in the case of a very brief impact the
higher harmonics are rclatively much more in evidence than
in the former problem.

In reality the impact, even in the case of a metallic
hammer, is far from instantaneous, the time of contact, though
very short as measured by ordinary standards, being at all
events comparable with the period of vibration of the string*
The effect of an impulse of finite duration has been caleulated
by Helmholtz, to whom most of the present theory is due, on
the supposition that the pressure begins at the instant ¢=0,
and lasts for a time 7, during which it rises from zero to a
maximum and falls to zero again, according to the law sin (wrt/7).
A somewhat simpler result is obtained if we imagine the law
of pressure to be

_2 pr
SR Egar e (5)
where p represents the time-integral of the force from = — o0

to t=-+o. This law, whose graphical representation has the
form of the curve in Fig. 14, p. 33, has the defect that there is
no definite instant of beginning or ending, but as the true law
is in any case unknown, it may serve for purposes of illustration.
The interval of time during which the force is sensible is
comparable with 7, and can be made as narrow as we please
by diminishing 7. The details of the calculation will more
convenicntly find a place in the next chapter (§ 38). The
result is

2u 1 _ g
4,=0, Bs_—f'— el T' ......... (6)

‘When 7 is infinitesimal this agrees with (8). In other cases

- 2awcr/l’ if we

the intensities of the higher harmonics vary as e
omit the trigonometrical factor.
Although the pressure is thus rendered less abrupt as

regards its variation with the time, it is still assumed to be

* Kaulmuuy, Wied. dnx., vol. Liv. (1895).
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concentrated at a point. If we were to imagine it distributed
continuously over a short length of the string this would
further increase the relative weight of the lower harmonics
(see § 38).

According to a general principle, which is here exemplified,
and which will be, further referred to in the next chapter,
the higher harmonics are excited in greater relative intensity,
the more abrupt the character of the originating disturbance.
From a musical point of view the harmonics after about the
sixth are to be discouraged, since they come sufficiently
near to one another in the scale to be mutually discordant.
In the pianoforte the hammers are covered with layers of softer
material, so that the variation of pressure during the impact
is rendered more gradual,

The point at which the blow is delivered is also a matter
of importance. To obtain a note of rich musical quality the
lower harmonics should be present in considerable force, and
the middle regions of the string are on this account to be
avoided. On the other hand, the harmonics of higher order
than the sixth are prejudicial, as alrcady stated. Both re-
quirements are met by fixing the striking point at a distance
of about one-seventh of the length from one end. The partial
tones which have nodes at or near this point will then not
be excited at all, or only with comparatively feeble intensity.

27. Vibrations of a Violin String.

The theory of the vibrations of a string when excited by
bowing is somewhat difficult, but the main features have been
elucidated by Helmholtz.  Since the pitch is found to be that
natural to the string, the vibrations are to be rcgarded as in
a sense “free,” the function of the bow being to maintain the
motion by supplying energy to make up for the losses by
dissipation. In the case of the violin &c, where the strings
are of light material and pass over a bridge resting on a very
sensitive surface (of the resonance cavity), these losses may
be relatively considerable. The mode of action of the bow
appears to be that it drags the string with it for a time by
friction, until at length the latter springs back; after a further
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interval the string is carried forward again, and so on*, the
complete cycle taking place in the period of vibration.

In order to obtain data for mathematical analysis Helmholtz
began by an experimental study of the character of the vibration
ab various points. The device was an optical one, of the kind
employed by Lissajous (§ 18), by which the rectilinear vibration
of the point examined is compounded with an independent
vibration at right angles, whose period is commensurable, or
nearly so, with that of the string. A microscope whose axis is
horizontal is directed to the point to be studied, the string
itself being vertical. The eye-piece of the microscope is fixed,
but the objective is carried by one of the prongs of a tuning
fork and vibrates in a vertical direction. When the fork alone
vibrates the image of a bright point on the string is drawn
out into a vertical line; when the string alone vibrates the
appearance is that of a horizontal line. When both vibrations
coexist the result would be a closed curve if the periods were
exactly commensurable. For example, if the period of the fork
were exactly commensurable with that of the string, and if the
vibration of the point examined were simple-harmonic, the
result would be one of the corresponding series of Lissajous
figures (§ 18); whilst if the relation between the periods were
inexact, the curve would pass in succession through the various
phases of the series. In the actual circumstances the forms of
the curves are modificd, and it is possible from the result to
make inferences as to the true nature of the vibration studied.

Fig. 30.

The interpretation is facilitated by the ideal representation
of the successive phases as orthogonal projections of a curve
traced on a revolving cylinder. It was found that the space-

* In order that work may be done it is necessary to suppose that the
frictional force is greater in the first stage than in the second. This is

consistent with the known law that friction of (relative) rest is greatcr than
friction of motion. The remark is due to Lord Rayleigh.



between fork and string. If the portion
of the broken line in Fig. 30 which lics
between A and B be wrapped round a
cylinder whose circumference is equal to
AB, its projections on planes through
the axis will include such forms as are
here shewn (Fig. 31)*.

The period of vibration of the point
examined is made up of two intervals,
usually of unequal duration, during
which the point moves backwards and
forwards, respectively, with constant but
(in general) unequal velocities. The
ratio of the two intervals is further
ascertained to be equal to that of the
two segments into which the string is
divided by the point. These results have
been confirmed by subsequent observers
who have obtained the space-time dia-
gram in a more direct mannert. In
order that they may come out clearly
sonie precautions are nccessary. Some-
thing depends on the skill with which
the bow is used, and apparently on the
quality of the instrument. In order, also,
that the diagram should be free from
minor irregularities the bow should be

* In the actual experiments of Helmholtz the
frequency of the string was four times that of the
fork. The circumference of the cylinder in tho
above mode of representation then includes four
periods of the zig-zag line in Fig. 30.

‘} Krigar-Menzel and Raps, Wied. Adun., vol.
xr1v. (1891).

Fig. 31,




applied at a node of one of the harmonics, and the point
observed should be at another node of the same.

Except at the two instants in each period when the velocity
suddenly changes, the acceleration of the point (P) examined is
gero. Lt follows from § 22 (2) that the curvature of the string
in the neighbourhood of P vanishes, and that the form of the
string at any instant is accordingly made up of straight pieces.

<

Fig. 32.

It appears that all the conditions of the problem can be satisfied
if we assume that the form is always that of two such pieces
meeting at a vaviable point Q. In Fig. 82 let 4B (=1) be the
undisturbed position of the string, and let a (=AN) and B
(=) be the coordinates of @ referred to 4 as origin and 4B
as axis of abscissae. The equations of the two portions of the
string are
h=Bzla, y=Bl—-a)l—a), ........ (1)
and the difference of the velocities near Q on the two sides
is accordingly
—Ba

Almay e ()

In the time 8t a length 4 of the string is traversed by the
point @, so that a mass padt has its velocity increased by the
above amount. This is the effect of the transverse force

.%—y'z=

Py~ Py = — %, ............... )

where P is the tension, acting for the time ¢ Equating the
change of momentum to the impulse of the force we find

@=Plp=¢" oo %)
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The point of discontinuity Q (of the gradient) must therefore
travel right or left with the velocity c.

Let us suppose that @ starts from A at the instant ¢ =0,
and that B is at first positive. The observations of Helmholtz
shew that the velocity at a point =, viz.

. d d/ B
= (Z—w)(ﬁ(li_g-&)=(l—m)c(2a(m) ...... (5)
is during an interval z/c constant, whence

B=Coa(l—a), .cccooerrrininnnnnn.. (6)
no additive constant being admissible, since 8 must vanish with
a. This is the equation of a parabolic arc passing through 4, B.
The conditions of the problem are therefore all fulfilled if we
imagine @ to travel backwards and forwards along two such
arcs, with velocity ¢, in the manner indicated in Fig. 32. In
terms of the maximum displacement B, we have O'= + 48,/I%,
and the equations of the two portions of the string at any
instant are therefore

4
yl=%(l—a)w, y2=4“T[f°a(z-m). o\

It only remains to resolve this motion into its simple-
harmonic constituents. The details of the calculation are
given in § 87. The result is

8By« 1 . smz . swct
y=7r—2"2:9;51n—[—.51n T e (8)
where the summation embraces all integral values of s. Com-
paring with § 25 (7) we have
8
4,=0, B,=58 ()

i’

These results, and indeed the whole investigation, take no
account of the position of the point to which the bow is applied.
It is plain, however, that the position of the bow must have
some influence on the character of the vibration; and it is
found in fact that those normal modes are absent which have a
node ab the point in question. It is for this reason that the
somewhat idealized vibration-form which is adopted as a basis
of ealculation is only obtained in its purity at corresponding
nodes,
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The simplest case of forced vibration is where a given
simple-harmonic motion
y=pRcos(pt+a) .ooeniinnn (1)
is imposed at a point (#=a). The portions of the string on the
two sides of this point are to be treated separately. The
results are

sin 22
$h=——=PBeos(pt+a)  [0<az<al,
. pa
sin == @
sinﬂ%__’”)
%=mﬁcos(pt+a) [a<a;<l],J
c

for these satisfy the general differential equation § 22 (2), they
make g, =0 for =0, and y, =0 for £ =1/, and they agree with
(1) when z=a. The amplitude of ¥, or 7, becomes very great,
owing to the smallness of the denominator, whenever pa/c or
p(l—a)fc is nearly equal to a multiple of 7, ie. when the
imposed period 27r/p approximates to a natural period of a
string of length @ or I — g, respectively. To obtain a practical
result in such cases we should have to tale account of dissipative
forces.

The case is illustrated by pressing the stem of a vibrating
tuning fork on a piano string. The sound swells out powerfully
whenever the portion of the string between the point of contact
and either end has a natural mode in unison with the fork.
This plan isrecommended by Helmholtz as a means of producing
pure tones, since the higher modes of the fork, not being
harmonic with the fundamental, are not reinforced.

When a transverse force of amount ¥ per unit length acts
on the string, the equation (2) of § 22 is replaced by

0% 0°
pai=Pel+¥. ceveneen(3)

In general ¥ will be a function both of # and ¢
The case of a periodic force F cos (pt + a) concentrated on an
infinitely short length of the wire at #=a may be deduced from
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the form}ﬂae (2). The value of B in terms of F is found from
the consideration that the force must just balance the pull of
the string on this point, i.e.

Fcos (pt + a) = Py — Py oo (4)
for z=a. This leads to
sin 13?% s.inPM 7
Y, = 5 13 NN ¢
% Tt P cos (Pt + ) ®)
c c

The formula for y, differs only in that the letters # and @ are
interchanged; we have here an instance of the reciprocal theorem
of § 17, according to which the vibration at a point « due to a
periodic force at a must be the same as the vibration at the
point @ due to an equal force (of the same period) at .

The amplitude becomes as a rule great when sin (pl/c) is
small, i.e. when the imposed period approaches a natural period
of the whole string. An indeterminate case occurs when
sin (pa/c) =0 and sin (pl/c) = 0 simultaneously, the point = a
being then a node.

29. Qualifications to the Theory of Strings.

We have in §§ 26, 27 considered the relative amplitudes of
the different harmonics when a string is excited in various ways,
but we must not assume that the corresponding relative inten-
sities are accurately reproduced in the resulting sound-waves,
which are started indirectly through the sounding board.
If we neglect the reaction on the string, which may for a
considerable number of vibrations be insensible, we may regard
the string as exerting on each bridge a force proportional to
the value of 9y/dx there*, as given by the respective formula.
The differentiation introduces a factor s in the coefficient of
the sth harmonic, and so increases the importance of the
higher modes. On the other hand, the amplitude of vibra-
tion of the sounding board due to a simple-harmonic force
of given amplitude, will vary somewhat with the frequency,

* Thus in the case of the plucked string it appears from Fig. 27 that
the pressure on each end alternates between two constant values of opposite
sign.



on the general principle illustrated in § 9*. This is probably
to the relative advantage of the lower modes. The effect of
yielding of the bridges in modifying the natural frequencies
of the string has been discussed by Rayleight; it is probably
in practice very slight.

Another cause which must be mentioned as affecting our
results to some extent is the imperfect flexibility of the string,
or wire. In-the case of the higher normal modes the segments
into which the string is divided may be so short that flexural
couples come into play, and tend to raise the frequency by
increasing the potential energy of a given deformation. This
will be referred to later (§ 50). A further point is that the
abrupt forms postulated in the theory of plucked or bowed
strings are not exactly realized, and that such investigations as
those of §§ 26, 27 are to be viewed as approximations, which are
however quite adequate so far as the determination of the ampli-
tudes of the graver and more important harmonics is concerned.

80. Vibrations of a Loaded String.

We conclude this chapter with the discussion of one or two
problems which, besides being of some interest in themselves,
may serve to remind us again that the harmonic scale of fre-
quencies is after all an exceptional phenomenon, even in the
case of strings.

Take first the case of a string, otherwise uniform, loaded
with a mass M at its centre. It is obvious that those normal
modes of the unloaded string which have a node at this point
are unaffected. Leaving these on one side, we consider only
those vibrations in which there is at every instant complete
symmetry with regard to the centre. If the lateral displacement
of M be Bcos(nt+¢), we have, for the first half of the string,

sin—
Hh=- 13! B cos (nt + €).
sing=

* Some interesting experiments bearing on these questions have been made
by Barton and Garrett, Phil. Mag. (6), vol. x., 1905. See also Barton, Text-
Book of Sound, London, 1908, § 361,

4+ Theory of Sound, § 135,

(1)
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The equation of motion of M is
Mgy ==2Py/!, eeereeeneaenn (D)
where after the differentiations we must suppose z=%1. This
gives
nl, bl 1

2—0tun2—c_z, ...... veeens cerneeans (3)

where b is written for M/p, i.e. b is the length of string whose
mass would be equal to that of the attached particle. The
frequencies are therefore determined by

Nb[20=@), By, By, cvv) eerereenernnennn. (4)
where @,, &, @y, ... are the roots of the transcendental equation
wtan 2 =1/b. .eeeiiiiiiniiiiininnnn.. (5)

Equations more or less of this character occurin many branches
of mathematical physics, and can often be solved approximately
by graphical construction. Thus in the present instance if we
trace the curves

y=cotz, y=g.m, ............. ceneeens (6)

the abscissae give the roots. If b be relatively small these
fall a little short of }w, §m, §m, ..., respectively, and the

bl

ZX””:

Fig. 83.
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frequencies are therefore slightly lower than in the Symmetric
modes of an unloaded string. As b increases the frequencies
all diminish, the physical reason being of course the increased
inertia. Finally, when Jf is very large compared with the mass
pl of the string, I/b is small, and the lowest root of (5) is given
approximately by a* = {/b, whence

2¢ P
n= =2 N/@‘l) .................. )
in agreement with § 6 (4).

31. Hanging Chain.
The contrast with previous continuous systems is still more

has no immediate acoustic importance, but it is interesting
historically *, and is, from the standpoint of general theory,
instructive in various ways.

We take the origin at the equilibrium position of the free
end. The tension af a height & above this point will be
P=gpa, the vertical motion being neglected as of the second
order, Hence if ¥ denote the horizontal deflection, we have

Py _ 2 /L8y
Pw-a(f’az), ..................... (1)
% _ 0/ By
or L ) N @

To ascertain the normal modes we assume that Y varies ag
cos (nt +¢), and obtain

%(m%>+§y=0. .................. ®)

This can be integrated by a series, but the solution assumes
a somewhat neater form if we introduce a new independent
variable in place of z, The wave-velocity on a string having
a uniform tension equal to that which obtains at the point 2
would be v/(P/p) or v(92). Hence if 7 denotes the time which

* It appears to have been the first instance in which the varions normal
modes of a continuous system were determined, viz, by D. Bernoulli (1782).
The Bessel’s Funetion also makes its first appearance in this connection,
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to travel from the lower end to the point z, we have

f:v(gw) \/ (o B=3g7% e 4)

In terms of T as independent variable the equation (3) becomes
o%y
or

For the present purpose we do not require the complete

solution, but only that solution which remains finite when

7=0. Thisis

+la‘/+n’J 0. v (5)

2.-3 dpd

y=0(1—%+%— >,

where C is arbitrary, as may be verified by actual differentia-

tion, and substitution in (5). The function defined by the

series in brackets presents itself in many physical problems;

it is called the “Bessel's Function of Zero Order,” and is
denoted by J, (nr)*. Hence, inserting the time-factor,

y=CJo(nr)cos(nt+€). .everrrirennnns W)
The value of T corresponding to the upper cnd (z=1) is
=20/g)s ceeererriiineeeen (8)
and the condition that this end should be fixed gives

Jy(nr) =0. ceeeen(9)
This determines the admissible values of n. The first few
roots are given by
wm/m="T655, 17571, 27546,..., ......... (10)
where the numbers tend to the form s —4, s being integral. Tn
the modes after the fivst, the values of = corresponding to the
lower roots give the nodes. Thus in the sccond mode there is
a node at the point /7, =7655/L7571, or a/l=7/r*="190.
The gravest period is 2m/n = 5225 /(l/g), whereas the period
of oscillation of a rigid bar of the same length is 57130 4/({/g).
The comparison verifics a general principle referred to in § 16,

* Blabornte numerical tablea of the Bessel's Functions, ealenlated by
Mcissel and others, are given by Gray and Mathows, L'reatise on Besse,
London, 1895. A convenient abridgment is included in Dule's Five- I°
of Mathematical Functions, London, 1903.

Funetions,
igure Tables

B
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according to which any constraint has the effect of quickening the
gravest oscillation. The first two modes are shewn (on different
scales) in Fig. 34, the two nodal points repre-
senting the point of suspension in the two
cases.

3la. Approximate Determination of
Free Periods.

We may apply some of the results of this
Chapter to illustrate further Rayleigh’s ap-
proximate method, of which some account was
given in §16. It is assumed that by imaginary
frictionless constraints the system is reduced
to one degree of freedom, so that its configura-
tion at any instant depends on a single
coordinate (g), the type of vibration being
accordingly prescribed. The frequency found
on this hypothesis will, in the case of the
gravest mode, be an upper limit to the true
frequency, but will be a good approximation
to it if the assumed type is suitably chosen.

Taking first the case of a uniform string
(§25) of length /, and denoting by z distance
from the middle point, let us write Tig. 34.

T30, e @

so that @ ranges from — 47 to + fm. The simplest symmetrical
assumption which we can make for the deflection is

4z
g/=q(1—l—f>=qcos*0, ............... (2)
the form at any instant being parabolic. Hence

3,
T=p [ irde= oty [ cos0ao= 2 pigs ... )

_pf¥ ., 8P , [ir . 8 p
V~Pf0 ?/’dx——z-q”fo sm’HcosBdH:E.[qa_ @)



coefficients are respectively

4 8P <
a=—1——5~pl, O=FT s severennnnennanes (3)
and the frequency (n/2w) is accordingly given by ;
0P ;
n=cla= i aRIRETER (6)

We have seen that the correct numerical factor of P is i
7% (= 987); the frequency is therefore in excess by less than ri
one per cent. !
A much closer approximation is obtained if in place of (2)
we assume
y=gqcos?@(1+ Bsin?f), ............... V)
where 3 is a constant to be chosen later. This makes
4 \ 8 P
a=z7z 21+ 68+ B89pl, ¢c= 1—05(35+14/3+11B’)7, (8)
and therefore
_35+148+118 6P 9
=TSR GRL P pE 9)
We know that whatever value we assign to 3 the result will be
in excess; we therefore choose B3 so as to make the first fraction

a minimum. It is shewn in books on the Caloulus that the
stationary values of the function

e A +2HB + BB*
a+208+08°
are given by the quadratic

(ab — W) ut —(aB+b4A —2hH)u+ (4B - H%)=0. (11)

In the present case this reduces to
Bur — 56w +84=0. ..ooerrririinnnnd (12)

We must take the lower root, which is

u = 16444958,

2 = 9869748 ’% e (13)

2

............... (10)

Hence (9) gives

Since 7* = 9:8696, the error is very minute.
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The same method may be applied to the hanging chain
(§ 81). Assuming

y:q(%—*—ﬁf—:), .................. (14)

where z is now measured from the top, we find

12
Tetp [ o do= s ol (10 + 156+ 68, ...(15)
0

V= 0p0 B+ 48+ 289 oveveeen (16)
Hence
,_ 5(3B+48+26) g
T 10+158+68* "1
The minimum value of this is found to be 1-4439. The con-
sequent value of the period (2m/n) is therefore 5226 /(I/g), in
almost exact agreement with the correct result.

31b. Aeolian Tones.

When a current of air strikes a tense string or wire at right
angles, especially if the wind is intensified by having to pass
through a narrow slit along which the wire lies, a musical note
is often produced. This is an example of a forced vibration of
a somewhat different kind from those already considered. The
friction of the wind on each side of the wire gives rise to a series
of eddies which follow one another at regular intervals. Obser-
vation in similar cases on a larger scale shew that the two series
are not symmetrical, eddies being shed off alternately on the
two sides. The result is an alternating force on the wire, a¢ right
angles to the wind. If the period is not very different from the
natural period of the wire, a vigorous vibration of the latter may
result. The relation between the frequency &V, the velocity V of
the wind, and the diameter D of the wind has not so far been
deduced from theory. Observation has led to the formula

qax Y
N= 1951—).

ST an



CHAPTER III
FOURIER'S THEOREM

82. The Sine-Series.

The study of the transverse vibrations of strings has
already suggested a remarkable theorem of pure mathematics,
to which some further attention must now be given. The
theory of the normal modes has led us (§ 25) to the conclusion
that the frec motion of a string of length I, started in any
arbitrary manner, can be expressed by a series of the form

y=3 (Agcosﬂ%c—t + Bysin ﬁ?) 'anw, ceeen(1)

where s=1, 2, 3, ..., provided the constants 4,, B; be properly
determined. In particular if the string be supposed to start
from rest at the instant ¢ = 0 in the arbitrary form y = f(z), it
should be possible to determine the coefficients 4 so that

f(z)=2A,sinf’—;f, ..... oo (2)

for values of # ranging from #=0to #=1I. This is a particular
case of “Fourier’'s Theorem*” Since [ is at our disposal we
may conveniently replace it (for general purposes) by ar, and
the statement then is that an arbitrary function f(z) can be
cxpressed, for values of # ranging from 0 to 7, in the form

S@)=A4A,sinz+ 4,sin 2+ ...+ dgsinsz+.... ...(3)

* J. B. J. Fourier (1768—1830). The histoxy of the theorem is closely
interwoven with that of the theory of strings, and of the theory of heat-
conduction. Fourier’s own researches are expounded in his Théorie de la
Chaleur, Paris, 1822. An outline of the history is given in Prof. Carslaw’s
book cited on p. 96. The subject is treated most fully by H. Burkbardt in his
report entitled Entwickelungen nach oscillirenden Funktionen..., Leipzig, 1908.




moreover not referred to the restrictions which physical con-
siderations alone would impose on the character of the arbitrary
function f(z). Leaving such points for the moment, and as-
suming the theorem provisionally, we proceed to the deter-
mination of the coefficients. If we multiply both sides of (3)
by sin sz,and integrate from # =0 to # =, we get on the right
hand a series whose general term is

A, | sinrzsinszdz
0
=§A,f“{cos (r—s)z—cos(r+s)z}dzs. ...(4)
0

When the integers 7, s are unequal this vanishes, since each
cosine goes through its cycle of values, positive and negative,
once or oftener within the range of integration. But when
r=s, the first cosine is replaced by unity, and the result is
imd,. Hence

2 [ .
A,—;fof(m)smswdw. Geesecananiens (5)
The process may be illustrated by a few examples. Take,

first, the case of
S@y==(m—2),

which is represented by an arc of a parabola. We find, after
a series of partial integrations,

2 [ . 4
A.=;Lx(7r—z)smsxdm=;§(l-—cossvr). (7

This is equal to 0 or 8/ms*, according as s is even or odd. The
theorem therefore becomes

8 /. 1.
:v(vr—a:):;—r(smx+§sm3x+5lasin5a;+...). ...(8)
If we put z=4 in this we obtain the formula
L 11
3—2=1—§3+5-,—..., .................. (9)

}vhich is known on other grounds to be correct. The equality
in (8) may also be tested graphically. It is found that the
discrepancy between the graph of #(w —«) and that of the
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function represented by the first three terms on the right hand
is so slight that it would be barely perceptible on a scale
suited to the pages of this book.

In the next example the graph of f(z) consists of two straight
lines through the points # =0, # = m, respectively, meeting at
an angle at the point # =a. If we assume the ordinate at the
latter point to be unity, we have

Sf@)=afa [0<z<a],
f@=(r-2a)/(m-a) [a<z<w].

We find, after some reductions,

} ceeen(10)

2 fo . 2 ™ .
A,=_Ejom sin sz dx + m»:;)f“(vr—m) sin sz da
2 1.
=m,§smsa& .(11)

[s) ™
1
i

o ‘ ™

Fig. 86.
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Thus
(@)= =) (smasm.z:+ 21,5111 2a sin 22

+Slzsin3asin3w+...>. (12)

As a check on this result we may put a=}w, o=3r; this
gives
—-—1+3,+51,+ ....... veeeeen(18)

which is known to be right. This example is of interest in
connection with the theory of the plucked string (§§ 26, 36).
Fig. 85 shews the graph of f(z) together with that of the
function represented by the first eight terms of the series on
the right hand of equation (12), in the case of a=4m. The
fourth and eighth terms contribute nothing to the result in
this case, since they correspond to modes having a node at the
point plucked.

Again, let F@)=sm—s i (14)

We find A, _—f (7 — &) sin swdr = ——2 ............ (15)

The theorem therefore asserts that
T—x=2(sinz+§sin 2z+ §sin3z+...). ...(16)
If we put =}, we obtain
1,1

1_1-—34-3— chy eeeesseseennes (17)

which is Euler’s formula for the quadrature of the circle.
The formula (16) also verifies obviously for &= r; but if we
put =0 we see that there is some limitation to its validity.
The necessary modification is stated in § 84. The series is
moreover much more slowly convergent than in the preceding
case; this is illustrated by Fig. 36, which shews the graph
of m—a together with that of the function represented by
the first eight tertms of the series. For any value of @ other
than O we can obtain an approximation as close as we please,
provided we take a sufficient number of terms, but the smaller
the value of 2 the oreater will be the number of terms reauired



Fig. 36.

The preceding illustrations, with the diagrams, afford at
all events a presumption in favour of the theorem in question,
but shew at the same time that it is subject to some restric-
tions. The theorem admits of independent mathematical proof
under certain conditions as to the nature of the “arbitrary”
function f(z). We shall, however, not enter upon this, but
shall content ourselves with the following formal statement:

If we form the sum of the first m terms of the series (2),
and write

fu(@)=A,sing+ A,sin 2z + ... + A, sin mz, (18)
where A= ;2; f " f@)sinszdz, v, 19)
0

it may be shewn that, for any assigned value of z in the range
from O to o, the sum f;, () will tend with increasing m to the
limit f(x), provided the function f(z) is continuous throughout
the above range, has only a finite number of maxima and
minima, and vanishes for =0 and z=.

It will be noticed that the conditions here postulated are

F
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fulfilled as a matter of course by any function which it is
natural to assume as representing the initial form, or the
initial velocity, of a tense string. We also see that the
difficulty met with in the case of (16) can be accounted for
by the fact that the function does mnot vanish for z=0.
An extension of the statement to meet such cases will be

given presently (§ 34).

33. The Cosine-Series.

The theory of the longitudinal vibrations of rods, or of
columns of air, leads, in addition, to a similar theorem relating
to the expansion of an arbitrary function in a scries of cosines.
The formal statement is now as follows:

If we write
Jm(@)=A4,+ A,cosz + Ayco8 2z + ...+ Ay cosmz, (1)
where A”—%f:f(w) da, ... «2)

whilst for s >0
AFf_J:f(w)cossxdm, ............... 3

it may be shewn that as m increases the sum £, (z) will tend to
the limit f(«), provided f(z) is continuous throughout the
range from O to , and has at most a finite number of
maxima and minima. There is now no restriction as to the
values of f(0) and f(m).

If the determination of the effect of special initial conditions
in a longitudinally vibrating bar which is free at both ends
were as interesting a problem as it is in the case of strings
we should have recourse to the cosine-series.

34. Complete Form of Fourier's Theorem. Discon-
tinuities.

The question arises as to what is represented by the
sine-series or the cosine-series, supposed continued to infinity,
when z lies outside the limits 0 and 7. The answer is supplied
by the consideration that both series are periodic functions
of z, the period being 2, whilst the former is an odd, the



latter an even function of z* This is illustrated by the
annexed graphical representations, in which f(z) is given
primarily only for the range 0—r, but is continued in one
case as an odd and in the other as an even periodic function
of z. It will be noticed that in the former case the stipulation
that f(x) is to vanish for =0 and x== is necessary if
discontinuities are to be avoided.

E]

em

:

Ao

2m
Fig. 37.

Since any function f(z) given arbitrarily for values of =
ranging (say) from —m to 7 can be resolved into the sum of an
even and an odd function, viz.

F@=3f@+f(a)+3f@—f(=a)} -.(D
we derive the more general theorem that the sum

Sn (@)= Ao+ 4 cosz+ A, cos 2z + ... + Apycosma
+ B, sin 2+ B, sin 2z + ... + B sin ma, ..(2)
where
1 [ 1 [
s [ @+ DN do=g [ f@ e
* An «odd” function is one which is simply reversed in sign with z,

like o or sinz. An “even” function is one which is unaltered in value
when the sign of z is changed, like z* or cos &.

i
|
i
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whilst for s >0

A‘=}rf:[f(w) +f(—2)} cossxclm=7lrfj (@) cos szda,

B=2[ (f@=r=o)sin sado=2[" f@)sinsoda,

ko

)

tends with increasing m to the limit f(z), provided f(z) is
continuous from #=—a to #=m and has at most a finite
number of maxima and minima, and provided also that
f(=m)=f(w). For values of « outside this range the limiv
represents, under these conditions, a periodic function of
period 2. This is the complete form of Fourier's Theorem,
and includes the others as special cases.

We should be led directly, on physical grounds, to this form
of the theorem if we were to investigate the “longitudinal”
vibrations of the column of air in a reentrant circular tube.

We have so far supposed the function j(z) to be continuous,
as well as finite, even when continued beyond the original
range as a periodic function. But the theorems hold, with
a modification to be stated immediately, even if f(#) have
a finite number of isolated discontinuities. In such a case
the series fin (2) still converges, with increasing m, to the value
of f(), except at the points of discontinuity. But if a be
a point where f'(z) abruptly changes its value, the sum fn (@)

tends to the limit
2/ @-0)+f(a+ 0}

where f(a —0) and f(a + 0) represent the values of f(z) at
infinitesimal distances to the left and right, respectively, of the
point . For example, in the case of the sine-series § 32 (8),
if f(«) does not vanish when #=0 or when z=mr, there is
discontinuity at these points in the periodic function, and
the series f, (0), for example, has the limit 0, which is
the arithmetic mean of the values of the continued function
on the two sides of the point #=0. This is illustrated in
Fig. 36.

3856. Law of Convergence of Coefficients.
It remains to say something as to the law of decrease of
the successive terms. It is evident at once that under the
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conditions laid down the values of the coefficients 4, and B,
must ultimately diminish indefinitely as s increases, owing to
the more and more rapid fluctuation in sign of cossz and
sin sz, and the consequent more complete cancelling of the
various elements in the definite integrals of § 82 (5) and
§ 33 (3).

More definite results have been formulated by Stokes.
The following statement must be understood to refer to the
function as continued in the manner above cxplained; and
care is necessary, in particular cases, to see whether discon-
tinuities of f(«) or its derivatives are introduced at the
terminal points of the various segments:

If f(#) have (in a period) a finite number of isolated
discontinuities, the coefficients converge ultimately towards
zero like the members of the sequence

1 1 1

Ls 5 ORI

This is exemplified by § 82 (16) and Fig. 36.

If f(#) is everywhere continuous, whilst its first derivative
J'(2) has a finite number of isolated discontinuities, the con-
vergence is ultimately that of the sequence

1 1 1
3 fi’ §2: o
This is illustrated by § 32 (12) and Fig. 35.

If f(x), f'(z) are continuous, whilst f”(z) is discontinuous

at isolated points, the sequence of comparison is

1 1 1

s g g gar

as in the case of §32 (8). And, gencrally, if f(z) and its
derivatives up to the order » — 1 inclusive are continuous, whils
the nth derivative has (in a period) a finite number of isolated
discontinuities, the convergency is ultimately as

1 1 1

? 9n+1? Znil? PRSI

1

1

1

The nature of the proof, which is simple, may be briefly




indicated for the case ol the sine-seri€s. VYyYe nave, Dy a parcial
integration,

Aa=§f:f(m)sinsmdm

= _% [%f(z) cos sm] + %foﬂf’(z) cos sz dw, ...(4)

where the integrated term is to be calculated separately for
each of the segments lying between the points of discontinuity
of f(), if any, which oceur in the range extending from z =0 to
@ = inclusively. For example, if as in § 32 (14) the only
discontinuity is at @ =0, its value is 2/(0)/s7. In any case
there is, for all values of s, an upper limit to the coefficient of
1/sin the first part of (4); we denote this limit by M. The
definite integral in the second term tends ultimately to
zero, as s increases, owing to the fluctuations in sign of cos sx.
Hence 4, is ultimately comparable with M/s. If there is no
discontinuity of f(x), even at the points # =0, # = m, the first
term in the above value of 4, vanishes, and continuing the
integration we find

A,=;15 [;f’(x)siusx] - 6%TI:f"(w) sinszdz. ...(5)

In the first part, regard must be had to the discontinuities of
f(2), if any. Denoting by M the upper limit of the coefficient
of 1/s%, we see that 4, is ultimately comparable with M/s? the
second term in (5) vanishing in comparison, by the principle
of fluctuation. The further course of the argument is now
sufficiently apparent.

36. Physical Approximation. Case of Plucked String.

It has been thought worth while to state Fourier’s theorem
with some care, although we do not enter into the details of the
mathematical proof, which is necessarily somewhat intricate,
owing to the various restrictions which are involved*.

From a physical point of view the matter may be dealt with,
and perhaps adequately, in a much simpler manner. To explain
this, it is best to take a definite problem, for instance that of

* The most recent English treatise on the subject is that of Prof.
H. 8. Carslaw, Fourier’s Series and Integrals, London, 1906,
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the plucked string (§ 26). The differential equation, and the
terminal conditions, are satisfied by the finite series
e 2met

y=A4,sin 7 cos'I;-t+Azsin%7—zcos—l-+

mmra marct

+ A, sin 708 —7—» (1)

each term of which represents a normal mode of vibration.
This makes the initial velocity zero, whilst the initial form is

y=Ausin T2 1 A,sin 2044 Ansin T2, L(2)

The question we now have to consider is, how to determine the
coefficients A4,, 4, ... A, so that (2) may represent, as closely
as may be, a prescribed initial form

Y=F(Z)  orreirenein (3)

There are many reasons why, from the physical point of
view, we may be content with an approximate solution of the
problem. Leaving aside such questions as the resistance of the
air and the yielding of the supports at the ends of the string, we
have still to remember that in substituting a mathematical line
of maftter, capable only of exerting tension, we have considerably
over-idealized the circumstances. In the higher normal modes,
at all events, the imperfect flexibility, and the uncertainty asto
the true nature of the terminal conditions, render this representa-
tion somewhat inadequate, so that a solution which professes to
determine these modes accurately is open to the criticism that
it attempts too much. Again, the assumed initial form in
which two straight pieces meet at a point, is one which can
only be approximately realized ; if we go too far in this direction
we should produce a permanent bend, or kink, in an actual
wire.

The determination of the coefficients in the finite series
(2) will depend on the kind of approximation aimed at. For
example, we might divide the length of the string into m+1
equal parts, and choose the coefficients so that the functions (2)
and (3) should be equal at the m dividing points. The curves
represented by these equations will then intersect in m points in
addition to the ends. Another method is to make the sum of



the squares of the errors involved in the substitution of (2) for
(3) as small as possible. Thus if, for shortness, we replace [ by
=, we have to choose the coefficients so as to make the integral

f"{f(w)— (Aysin @+ dy8i0 22+ ... + Apsinmz)Pdz (%)

0

a minimum. If we differentiate with respect to 4, we get

f”{f(m)—(A\sinz+Agsin2z+...+A,,.sinmw)}sinsmdx=0, 5)
0

or, by § 82 (4),
As.—z_%/:f(w)sin SEAZ.  ereiiiiiannnn (6)

Hence this method of least squares, applied to the expression
(2) consisting of a finite number of terms, gives precisely the
values of the coefficients which were obtained by Fourier’s
process*. Each coefficient is determined by itself, and the
effect of adding more terms to (2) is to improve the approxima-
tion, without affecting the values of the coefficients already
found. If we revert to general units, the formula (6) is
replaced by

2 [t . ,
A= 7‘[0 f(=) smsll'-mdm. ............ {7)

In the case of the plucked string, the form to which we
endeavour to approximate is

y=Rzla [0<z<al, y=B(Ul-a)(l-a) [a<z<l] (8)
The result is obtained at once from § 82 (11) if we write wa/l

for z, and therefore ma/l for , I for 7, and introduce the factor 3.
Thus

o 2gk . sma
*= dra(l—a) S ==, 9)
as stated in § 26 (1). The nature of the approximation is

illustrated in Fig. 85.

37. Application to Violin String.
'E‘o apply the method to the problem of the violin string
(§ 27), we take as origin of ¢ the instant when the point @ in

* This theorew is due to A. Loepler (1876).



FOLULALELS 10LORKEM 101

Fig. 32 starts from A to describe the upper parabolic are. At
this instant we have y=0, everywhere, whilst

y‘=fk’§"—”(l—x) [t=0] weoene(D)

We therefore begin with the finite series

. . 12 .
y=4, sm%gsm ILC—+ A,sin 272% sin 2”7”4.

+ A, sin Wl’llr—% sin mvlrct' (2)

This satisfies the differential equation, and makes y=0fort=0.
It only remains so to determine the constants that the series

T

l

2ma

. . mmz
+ B, sin 7 + oo+ By, sin ——

B, sin T (8)

where By= 'Sl;g Agy e (4)

may represent the initial distribution (1) of velocity, as nearly
as possible. The determination of B, has virtually been made
in § 32 (15). With the necessary modifications of notation we
find

86 1
8T ’ll'g . 821
as stated in § 27. The graph of the initial velocity, and the
approximation attained by taking the first eight terms of the
scrics (8), are shewn in Fig. 36.

It will be noticed that our approximation has even an
advantage over the result obtained by carrying the series to
infinity. In the latter case, the initial velocity, as represented
by (1), is discontinuous when =0, being zero for =0, but
equal to 4B/l when z differs cver so little from 0. The
idealized representation of the motion in § 27 is in this
respect imperfect ; the parabola in Fig. 82 should be slightly
modified so as to touch the line AB at its extremities.

38. String Excited by Impact.
As a final example we take the case of a string started by
an impact, as in §26. We begin with the case of a force
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distributed continuously in space and in time, the differential
equation being

z 7y (1
ag—c§x2+P ................... (1)

as in § 28. Suppose, in the ﬁrst place, that
mr
—f,(t) sm~+f2 ® sm-—+ <+ fm (¢) sin == z ()

the coefﬁments being known functions of £ The equatlon [¢H)
is then satisfied by

.2 . mwe o
y=n,sin1r;+q725m~7—’f+...+77,.lsmT", .. (3)
provided aa% + = s et D=L (). cerirernniinnnnn (4)
The solution of this equatlon has been given in § 8. If we

assume that 7, =0, 5,=0 for £ =~ o0 , and that f; () is sensible
only for a finite range of ¢, the resulting value of 7, is

. st sm:t
775—‘ sin f f;(!) cos ——

sme
_ﬁ sm;t/ Fiysin & smt ()

If as a particular case we put

ﬁ(t)~; “T,, ..................... 6)

we have Ny = _g—i e~smerll gin s'r;ct
by § 8 (18). As a function of £ ¥ now follows the special law
indicated by the last factor in (6), at every point of the string,
but we have not yet made any special assumption as to the
distribution of the force over the length. Its time- -integral is
given by

1[ Ydt = C'sm—-—{-C’sm—-Lf-}- +C'msm~»~ (8)

We may now seek to determine the values of the coefficients
s0 that this expression may be sensible ouly in the neighbour-
hood of the point z=a. We assume, then, that

1r*®
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where ¢ (#) vanishes except between the limits @ — e and o + e
say. The formula (7) of § 36 then gives

2 [t . 2 [ate
Ca::Tfqu(z)sm fl?dx=7fu_.¢(x)sin§?dm. (10)

If € be small, the series thus obtained converges at first very
slowly, and a great many terms might have to be taken to
secure a reasonable approximation. In the terms of lower
order we have

_2 . sma [ote _2u . sma
O’_l sin fa_(qb(w)dw_ﬁ sin ==, ..(11)
ate
nearly, where p=p f (@) dm, i (12)

ie. p represents the total impulse. The corresponding term in
the value (3) of y is
E/i.l et _gin ST gin 872 gin ST ...(18)
prme’s ] ! l
But however small € may be, so long as it is not evanescent,
the value of C, given by (10) will ultimately tend to zero with
increasing s, owing to the more and more complete mutual
destruction of positive and negative elements under the integral
sign. This shews the effect of diffusing the impulse over a
small but finite portion of the string.
The case of an instantaneous local impulse is obtained by
putting 7= 0 (cf. § 26).

39. General Theory of Normal Functions. Har-
monic Analysis.

The space which has been devoted to Fourier's theorem is
no more than is warranted by its importance, especially in rela-
tion to the theory of strings, but it is well to remember that
from the standpoint of the theory of vibrations the theorem is only
onc out of an infinite number which can be based on the same
kind of physical considerations. Every vibratory system has its
own series of “normal functions,” as they are called, which
express the configuration of the system in the various normal
modes. In the case of a uniform string, or of the doubly-open
organ pipe, these functions happen to have the simple form
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sin (sm/l), or cos (smz/l), respectively. More complicated forms
will be met with when we come to the theory of transverse
vibrations of bars, and to that of membranes; and even in the
cases just mentioned the simplicity of type would at once
disappear if the uniformity of line-density, or of cross-section,
respectively, were departed from. In some problems, indeed,
of considerable interest, e.g. that of the vibrations of a rectangular
plate, the precise form of the functions has still to be discovered.
But in any case the functions theoretically exist; and on the
principle that any free motion whatever of the system consists
of some combination or other of the various normal modes, it
must be possible to express any arbitrary initial state, and
therefore any arbitrary function of position in the system, by a
series of normal functions. Such preeminence as attaches to
Fourier’s theorem is, from the present point of view, due merely
to the fact that in it we have the simplest exemplification of
this principle in the case of a continuous system, and the one
where the physical induction has been most fully corroborated
by independent mathematical proof. It may also be added that
it is only in the case of strings that the calculation of the
effect of particular initial conditions has any great interest.

There is however another point of view from which the
resolution of a function into a series of sines or cosines of the
variable is of peculiarimportance, viz. when we are dealing with
functions of the téme. The dynamical reason for this has
already been dwelt upon (§ 19).

When a function f() is known to be periodic, of period T,
its resolution by Fourier’s theorem is

2
f(t):A“+A,cosTﬂ+A2cos¥+A3cos?ﬂ+...
T
. 27t .2
+B,sm%+st1112—:E+Bssin-3§t+..w, (1)

» 1 §
where A= ;/0 F@)dt, i (2)
whilst for s >0,

20 st 207 .. . 2w
A“‘Tjnf(t)ws‘_r‘dt, Bx=;/0f(t)slll%. ...(8)
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This is of course merely a restatement of the theorem of
§ 34, with the necessary changes of notation. It will be noticed
that 4, represents the mean value of the function.

We have already been led to formulae of the type (1) as
expressing the motion at any assigned point of a freely vibrat-
ing string, the period = being equal to 2//c. Another important
acoustical application is to the analysis of a periodic current of
air,as in the siren, or the reed-stops of an organ (§ 90). Again,
in the case of electromagnetically driven tuning forks, a periodic
current can powerfully excite, not only a fork in unison with
itself, but also others whose natural frequencies are respectively,
twice, three times, ... as great. This is due to the fact that the
disturbing force is of the type (1), the selective resonance taking
place according to the principles of § 9.

Various mechanical contrivances for resolving a given
periodic curve into its simple-harmonic constituents, and
conversely for compounding a number of independent sine-
and cosinc-curves whose periods are as 1, }, 4, ..., have been
devised by Lord XKelvin and others. TFrom the standpoint of
the present subject the most remarkable of these is perhaps
the machine constructed by Prof A. A. Michelson, in which
provision is made for as many as 80 constituents*.

It is hardly necessary to say explicitly that the resolution
of a periodic function of ¢in the form (1) can only be effected
in one way, the values of the coefficients as given by (2) and (3)
being determinate. In particular, a series of the above type
cannot vanish for all values of ¢ unless its coefficients severally
vanish, Thus in a freely vibrating string, if the motion at any
given point z be prevented, as by touching with a camel-hair
pencil, the cocfficients of cos(swct/l) and sin(swct/l) in the
general formnla (7) of § 25 must be zero, i.e. we must have

Agsin

STE 0 Brsin STEC0 v (d)

] i

for all values of s. Unless @ be commensurable with 7 this

requires that A4,=0, B;=0, and the whole string will be
* Phil. Mug. (5), vol. xLv. (1898); this paper contains a number of most

interesting examples of results obtained. The construction is also explained in
his book On Light Tlaves and their Uses, Chicago, 1903,
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reduced to rest. In the excepted case the conditions (4) are
satisfied independently of the values of A, and B, whenever
sin (sma/l) = 0, ie. those normal modes remain unaffected
which have a node at the point touched.

A question arises as to the effect of non-periodic forces on
a dynamical system. For the reason already so often insisted
upon, it is convenient, whenever possible, to resolve the force
into a series of terms of the type

Acospt+Bsinpt. .ovcvverennennn(5)

Each element A cospt or Bsinpt then produces throughout
the system its own effect, viz. an oscillation of the same type
and period, the configuration and its amplitude depending on
the speed p. In some cases the resolution presents itself quite
naturally, as for example in the theory of the tides. The
disturbing effect of the sun and moon, when account is taken
of their varying declinations, and of the inequalities in their
orbital motions, can be sufficiently represented by a series of
terms of the type (5). It follows that the tide-height at any
particular place must be expressed by a series of like character,
in which the values of p are known. The theoretical determina-
tion of the coefficients is out of the question for the actual
ocean, with its variable depth and irregular boundaries, but
their values can be inferred @ posteriori with more or less
accuracy from a comparison of the formula with observation,
and when once ascertained can be used for prediction®.

When the disturbing force is perfectly arbitrary in character
without any obvious periodic elements, the question is more
complicated. There is a formn of Fourier’s theorem specially
appropriate to this case, but its application is usually difficult,
and 1t is simpler to have recourse, as in § 38, to the formula (12)
of §8. The objection that this implies a knowledge of the
whole previous history of the system is met if we introduce
the consideration of damping, which is in reality always present.
The equation

2,

%f+k§—f+n’m=f(t) ....... e (6)

* For an elementary account of the matter see Sir G. H. Darwin, The T'ides,
London, 1898.



may be written

2 e
() a0,
provided n?=mn? —1k%
Hence, by the formula referred to,

z= %, e ¥ gin 1L'tfeydf(t) cos n'tdt

- %, e ¥ gog n’tfe;‘“f(t) sinn’tdt. ...(9)

If we bave =0, =0 for t=— o, the limits of integration
are —oo and ¢ For instance, the value of # when ¢t=0
becomes

1

x=— -
'

* A EO) sin wtdh e, (10)
Owing to the presence of the exponential factor it is only for
a certain range of negative values of ¢ that the function under
the integral sign has as a rule an appreciable value. In other
words, the effects of the action of the force prior to a certain
antecedent epoch have practically disappeared.



CHAPTER 1V
BARS

40. Elementary Theory of Elasticity, Strains,

We require a few elementary notiong from the theory of
elasticity, Ag regards the purely geometrical study of de-
formations, or “strains,” it is usual to begin with the con-
sideration of 5 body in a state of uniform or “homogeneous”

dicular after the deformation;; these are called the “principal
axes” of the strain, Tt g unnecessary, for our purposes, to
give the forma] Proof, as the existence of such axes will be
in evidence in such simple cases ag we shall meet with,
It follows from this theorem thas any originally spherical
portion of the substance is deformed into an ellipsoid whoge
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is called the “extension”; it will in general be different for
different directions of Q. In the theory of elastic solids, € is
always a very minute fraction. We denote by €, &, &, the
extensions in the directions of the principal axes.

The ratio of the increase of volume to the original volume
is called the “dilatation.” Denoting it by A, and considering
the change of volume of a cubical block whose edges are along
the principal axes, we have

1+a=(1+e)(1+e)(l+e),
or A =€t e+t €, cevrrrerrnenninnan.. (2)
the products of small quantities being neglected.

There are two special types of homogeneous strain which
require notice. First, suppose e, = e, =&, =¢, say. Any origin-
ally spherical portion of the sub-
stance then remains spherical, and
the extension is therefore the same
in all directions. The strain may
accordingly be described as one of
uniform extension; and we note
that e=JA.

Again, take the case of e, =—e,
= ¢, say, whilst ;=0, and therefore
A=0. A square whose diagonals
AOQOC, BOD are parallel to the axes
1, 2 is converted into a rhombus 4'B’C’D’, and since

A+ef+(1—ef=2,

to the first order, the lengths of the sides are unaltered. Also

1+e
“1—¢
so that the angles of the rhombus are {or + 2e.  Another view
of this state of strain is obtained if we imagine the rhombus
A’B'C'D’ to be moved in its own plane so that A’B’ coincides
with AB. This is legitimate, since no displaccment of the
body as a whole affects the question. We then see that any
two planes of the substance parallel to AB and the axis 8 are
displaced relatively to one another, without change of mutual

Fig. 38.

tan A’B'0 =tan@G 7 re), e d3)
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distance, by an amount Pproportional to this distance, This
kind of strain is called a “shear,” from the fact that it is of the
type which tends to be set up by the action of the two edges
of a pair of shears. The « amount ” () of the shear is specified
by the relative displacement per unit of mutual distance, i.e. by
the ratio DD'/AD, or 2¢, in the first part of Fig. 89. Again,

by moving B'C” into coincidence with BC, we might prove that

D cc A4 D' p

4 B B c
Fig. 39,

41. Stresses.

The name “stress ” is applied to the mutual action which
is exerted across any ideal surface § drawn in a body, between
the portions of matter immediately adjacent to § on either side.

portional to its area, and the intensity of the stress is
accordingly specified by the force Per unit area. This force
may be of the nature either of a push or a pull, and may be
normal or oblique, or even tangential to the area,

For simplicity, it is usual to begin with the notion of a
state of uniform or « homogeneous * stress, ie. the stress over
any plane is assumed to be uniform, and the same ip direction
and intensity for any two parallel planes, Ty will of course in
general be different for planes drawn in different directions,
Tt may be shewn that there are then three mutually perpendic-



in the direction of the normal; but for a reason already indicated
we need not stop to prove this theorem. The planes in question
are called the “ principal planes” of the stress, and the corre-
sponding stress-intensities are called the “principal stresses.”
They are usually reckoned as positive when of the nature of
tensions ; we denote them by p, py, ps.

There are certain special types of stress to be noticed.
First let p,=pa=p,. The stress across every plane is then in
the direction of the normal, and of uniform intensity, as in
hydrostatics.

Next, let p, = — p.,=p, say, whilst p;=0. Consider a unit
cube whose faces arc parallel to the principal planes. The
portion included between the faces represented by 4B, D4, in
the figure, and the diagonal plane represented by BD, is in
equilibrium under three forces. Two of these forces are
parallel and proportional to DA and AB, viz. the forces on AB
and DA, respectively. The third force is therefore along and

TFig. 40. Tig. 41.

proportional to BD; and its amount (=) per unit area is p.
A similar result holds with respeet to the diagonal planc 4C.
A cube four of whose faces arc parallel to these diagonal plancs
is in equilibrium under tangential stresses, in the manner
shewn. This type is accordingly called a “shcaring stress.”
Its amount (=) is specified by the tangential force per unit
area on the planes in question.
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In general the states of strain and stress in a body are not
uniform, or “homogeneous,” but vary contmuously from point
to point; but the above notions are still applicable to.the
infinitely small elements into which the body may be conceived

to be divided.

42. Elastic Constants. Potential Energy of Defor-
mation.

The theory of strains is a matter of pure geometry; that of
stresses one of pure stastics. When we come to connect the two
we tequire some physical assumption. The usual hypothesis,
known as “Hooke's law,”* is that the stresses are linear
functions of the strains. This law ceases to hold, even approxi-
mately, when the strains exceed certain values called the
“clastic limits”; but for the purposes of acoustics it may be
adopted without hesitation, on account of the excessive minute-
ness of the varying strains with which we are concerned .

In an “isotropic” substance, ie. one in which there is no
distinction of properties between one direction and another, the
principal axes of strain must evidently coincide with those of
stress. Moreover the principal stress p, must involve the
principal strains e, e, symmetrically, and so on. The most
general assumption consistent with this requirement, and with
Hooke’s law, is of the form

pr=M(a+ 6+ &)+ 2ue,

Pe=Me+ &+ )+ 2ue, [ oveveniennnnen (1)

Ps= )\'(Gl + e &)+ 2pe,
where N, u are constants depending on the nature of the
material{. It will be noticed that e, €, €, are pure ratios and
that the dimensions of A, u are therefore those of stress, or force

* Robert Hooke (1635—1708), professor of geometry at Gresham College
1665—1703.

+ If Hooke’s law were sensibly departed from, the frequencies of the normal
m.odes of a vibrating bar would no longer be independent of the amplitude.
Since the ear is very sensitive to variation of pitch, this would easily be detected.
This remark is due to Stokes.

+ There is a great diversity of notation as regards these constants. The
ahovg symbols are those introduced by G. Lamé (1795—1870), professor of
physics at the Ecole polytechnique 1832—44,



Ihel‘e are various combinations of the constants A, p which
1}nportm.1b n Physics, as well as in technical mechanics. In
iiform dilatation we have P=m=p; (=p,say), e =e=¢
{A), whence

_ p=(v+ 30 A
ace if we write K=N+%pu,

ill denote the volume-elasticity ” or “cubical elasticity ” of
substance, i.e. the ratio of the uniform stress to the dilatation
ich it involves.
Next suppose that ¢ = —e¢=¢ =0, and therefore
=‘.Pu=10: Ps =0, which is the case of a pure shear,
olving a shearing stress. According to the investigations
§ 40, 41 the shearing stress is @ =p, and the shear is
:2e. Hence, from (1),

T, eeeerrenraiennaneiiaiainas (4)
w denotes the ratio of the stress to the strain (appropriately
asured) in a pure shear. It is called the “ rigidity ” of the
sstance.
Again, suppose we have a bar stretched lengthways, but free
m lateral stress. We put, then, in (1), p,=0, p;=0. This
ds to

Pr=Ley, oot (5)
ere g2 Bep (6)

At p A+p

iis ratio of the longitudinal stress to the corresponding
tension is called “Young’s modulus” of elasticity; its
shnical importance is obvious. We also find

€= €= — G€p,  errrerieemenneneneeanis (7)
A
1cre o= SOgay (8)

Jis finction accordingly measures the ratio of lateral con-
action to longitudinal extension under the circumstances
pposed; it is known as Poisson’s ratio.”*

* 8. D. Poisson (1781—1840). His chief contributions to acoustics relate to
o vibrations of membranes and plates, and to the general theory of sound-

wes in air.
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By solving the equations (1) we can express &, €, € as line
functions of p,, Pa, Ps. Lt is obvious, however, that the formu
for ¢ must involve p, and ps symmetrically; and from th
consideration, and from the physical meanings of the constan
£ and o, it follows immediately that the result must ]
equivalent to
Eea=p,— o (p:+ps)

Bey=p;~ 0 (PsFP1)s [ coveeenerncenns )
Ees=p;— o (pr+p2)-

Of the various elastic constants and their combination
one or other may appear specially important, according to th
nature of the question in view, and this may account for th
great diversity of notations which has arisen. In any case tw
independent quantities are necessary and sufficient to define th
elastic behaviour of an isotropic substance. From a physict
standpoint « and p might appear to be the most fundamental
whilst as regards facility of direct measurement preference ma
be given to £ and g, whence « and o can be derived by th
formulae

B _E_

“=g._sm °=a ) BN ¢ K1)
which follow easily from (3), (6) and (7). On a particula
hypothesis as to the ultimate structure of an elastic soli
Poisson was led to the conclusion that the two elastic constant
are not independent, but are connected by an invariable relation
which in our notation is expressed by A =pu. This makes

c=3%p, E=fp, o=3% ... ...(11)
On experimental grounds Wertheim (1848) proposcd the
relation A =2u, which makes

£=8p, E=r, o=} .ceeereen.. (12)
M.ore accurate methods of measurement, introduced by
]grchhoﬁ’ *and others, support the view, which has been con-
sistently held by English physicists+ that there is no necessary
* G R. Kirchhoff (1824—87), professor of physics at Heidelbe —
at Berlin 1875—87; famous for his share in the dii::;vse:y ofe:p(:ctr:ialiitly;g:

bat the anthor also of important memoirs on th ici
the | 5 e theory of i
applications to the vibrations of bars and plates. 17 of clsticity and it

+ Notably by Green (17 93—1841), Stokes, and Lord Kelvin,




definite relation between X and u, and consequently no universal
Value of o. We may note that in an absolutely incompressible
medium we should have
k=00, E=3u o=} .irinnnnn (13)

The following table gives the results of a few determinations
by Everett (1867). The second column gives the volume-
density in grammes per cubic centimetre. The next three
columns give the respective elastic constants, in dynes per
Square centimetre. These are followed in the last column by
the corresponding values of . The last two rows illustrate the
fact that the elastic constants may vary appreciably in different
Specimens of nominally the same substance.

P E I3 X o

Steel 7849 | 2139 x 101 | 819 x 101 | 1-841x 102 | -310
Tron (wrought)| 7-677 | 1'963x 102 | 7-69x 101 | 1456 x 1012 | -275

Tron (cast) 7235 | 1°349x 1012 | 532 x 101! 964 x 102 | 267
Copper 8'843 | 1-234 x 10'2 | 447x 101 | 1684 x 1012 | 378
Glass (1) 2942 ‘603 x 1012 | 2:40 x 101 415 x 1012 | -258
Glass (2) 2:935 | -B74x1012 | 2:35%x 10! *347x 1012 | 229

For technical purposes the elastic constants E, &, u are
often expressed in gravitation measure, e.g. in grammes per
square centimetre. The corresponding numbers in the above
table are then divided by g. Another mode of specification,
employed by Young, is in terms of the length of a bar of the
particular substance, whose weight per unit area of cross-section
would be equal to the modulus in question when expressed in
gravitation measure; this is called the “length-modulus.” Thus
if L be the length-modulus of extension of a bar free to contract
laterally we have

E=gpL. icviiiivininiinnnne. (14)
Taking g =981, the above table gives, in the case of steel,
L =278 x 10° centimetres,

i
o3



116 DYNAMICAL THEORY OF SOUND

The potential energy (W) per unit volume of a strained
isotropic substance may be found by calculating the work done
by the stresses on the faces of a unit cube, on the hypothesis
that the strains increase from zero to their final values keeping
their mutual ratios unchanged. The average stresses are then
one-half the final stresses.

Thus in the case of a uniform dilatation A we have

W=3pA=3rA% .oveeiiiiennnnnnnd (15)
In the case of a pure shear 7,
W=3an=4%un" v (16)

In the extension of a bar, with freedom of lateral con-
traction,

W=3}pe=3Fe2 .ovreerrivnnnnnnn a1n
In the general case we have
W =4 (pr&2 + Poca + pscs)
=iN(atete)’+u(a?+el+ed)
=3k +3p{(e— el +(a—€)+ (-] ..(18)
This shews that in order that the potential emergy may be
a minimum in the unstrained state « and u must be positive.

It is otherwise obvious from the meaning of the symbols that

if either of these were negative the unstrained state would be
unstable.

43. Longitudinal Vibrations of Bars.

We take the axis of # along the bar, and denote by z+§
the position at time ¢ of that cross-section whose undisturbed
position is z, so that £ denotes the displacement. An element of
length is then altered from 8z to 8(z+ &), or (1 + &) 8z, where
the accent denotes differentiation with respect to 2. Equating
this to (1 +¢€) 8z, we have

The tension across the sectional area (@) is therefore Few.
The acceleration of momentum of the mass included between
the two cross-sections correspondine to z and 2 + 8z is owmdx F.
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pwdz. aE S(Ema—i);

o
oE 9 ( OF
or po 2= —( 8:0) rrereeeeeanees (2)
If the section be uniform, this reduces to
aﬂ ai
aT% —e ’a’f ........................ 3
where E=Flp. i (4)

It will be noticed that in this investigation it is not
necessary to assume the substance of the bar to be isotropic,
provided the proper value of the Young’s modulus be taken*.

The result is also unaffected if the bar, or wire, be subject
to a permanent longitudinal tension, since by Hooke’s law
the stress due to the extension (1) may be superposed on the
permanent tension, so long as the limits of perfect elasticity
are not transgressed.

As in § 23 the general solution of (3) is

E=f(t—a)+ F(cb+2), ovreerereannn (3)
representing two wave-systems travelling unchanged in opposite
directions with the velocity ¢ given by (4). In terms of the
length-modulus, we have by § 42 (14)

C=N(GL); ceveeerriiieeinininnes (6)
this is the velocity due to a fall from rest through a height § L.
Some numerical values of ¢ are given in the last column of the
table on p. 119.

The apphcamon to particular problems may be treated very
briefly. The various cases that arise present themselves in
a more interesting form when we come to the vibrations of
columns of air.

In the case of a rod or wire fixed at both ends, we have
£=0 forz=0 and =1 (say); and the mathematical theory

* In an ‘aeolotropic” or crystalline solid the values of E will be different
for bars cut in different directions from the substance.
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is exactly the same as in the case of the transverse vibrations of
a string. The frequencies of the various modes are given by
N=56/2l, vvoriieeiriiieniinnns (7)

where s=1, 2, 8, .... The result is unaffected by permanent
tension in the wire.

When the rod is free, the condition of zero stress at the
ends gives £ =0 for£=0 and #=1. Introducing this condition
in (5) we find

F'(ct) = f'(ct), F'(ct+D)=f(ct=1), ...... (8)
for all values of . The former of these gives on integration
F(ct)=f(ct), ..o e .(9)

no explicit additive constant being necessary since it may be
supposed included in the value of f(ct). The second relation
then gives

Slet+D)=flet-)+0C .ornnien (10)
The constant C' is connected with the total momentum of the
bar in the direction of its length. We have, from (9) and (10),

f:g‘ dw:of:[f’(ct—w)+f’(ct+z)} do=oC. ..(11)

Since nothing essential is altered if we superpose any uniform
velocity in the direction of the length, we may assume the
mass-centre to be at rest, in which case C=0. The formula
(10) then shews that the residual motion is periodic, since
everything recurs when ¢ increases by 2l/c.

In the analytical process for ascertaining the normal modes
we assume that £ varies as cos (nt + ¢), whence

Pt w

et EE=0 (12)

and E= (A cosﬁg + Bsin n?z) cos(nE+€)  aeeennn.. (18)

The conditions that 0£/dz =0 for =0 and z =1 require B =0,
sin (nl/c) =0, whence

e =87, evviiiiiiiiiiniiiiniia (14)
where s=0, 1, 2, 8, ..., the scale of periods being harmonic.
The nodes (£=0) are given by cos (swa/l) =0, and the loops,



or places of zero stress, by sin (swz/l)=0, In the gravesti mode
(s=1) we have a node at the centre*.

On the principles explained in §§ 16, 32 the most general
free motion of the bar, under the present conditions, may be
expressed by a series

E=2(Asc°slft+Bssins"T“)c R (15)
where §=0,1,2,8,.... Thus if the bar be started from rest
in the state of strain defined by -

E=f(@) [t=0], .ocrrrrenes ....(16)

we have B,;=0; and we infer that it must be possible to
determine the coefficient A, so that

F@)=34,008TF i an

for values of # ranging from 0 to & This is the result referred
to by anticipation in § 33. .

The longitudinal vibrations of bars or wires have hardly
any practical application of importance, except in some primitive
forms of telephone. As regards bars, the pitch is very high
compared with that of the transverse vibrations, which it is
difficult to avoid exciting simultaneously. Again, if we compare
the frequencies of longitudinal vibration of a tense wire with
those of the corresponding transverse modes, the ratio will be
that of the wave-velocities, i.e. of ¥/(E/p) to v/(P/pw), where P
denotes the permanent tcnsion. If ¢ be the extension duc
to P, we have P=TFe¢.w, and the ratio is 1/ye, which is
usually very greatt. Longitudinal vibrations may be clicited
on the monochord by rubbing the wire lengthwise with a picce
of leather sprinkled with resin; the resulting note is very
shrill.

It is assumed in the preceding theory that the extension
and the accompanying stress are at any instant uniform over
the cross-section; in other words, we have assumed that the

* The case s=0 needs, in strictness, separate examination. It loads to
£=4dp (1+at), which may be interpreted as an oscillation of infinitely long
period. If the mass-centre be at rest we have 4o=0,

+ This comparison is due to Poisson (1828).
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lateral contraction adjusts itself instantaneously through the
thickness. This is not quite exact, as there is a certain degree
of lateral inertia, but the error is insignificant so long as the
wave-length is large compared with the diameter. In the
modes of very high order it might become sensible, but these
are in any case of no importance from the point of view
of acoustics,. A correction has been investigated by Lord
Rayleigh.

44. Plane Waves in an Elastic Medium.

The theory of plane waves in an unlimited isotropic elastic
medium is so closely analogous to that of longitudinal waves
in a rod that it may be briefly noticed here. It is assumed
that the state of things is at any instant uniform over any
plane perpendicular to the direction of propagation ().

Such waves may be of two types, which are distinguished
as “dilatational” or “longitudinal,” and “distortional ” or
“transversal,” respectively. In the former class the displace-
ment is wholly in the direction of propagation. Denoting it
by E we have, in the notation of § 42,

6=0f[0x, €=0, &=0,
and therefore p,=(\+2p) e, = (v + $p) 0E/0m. ... (1)

Considering the portion of matter corresponding to unit area
of a stratum of thickness 8z, we have

pde. E=13p,

a'A‘ . 2,
whence a—g =a® a—fz ) eeeerereieeneenieeineens (2)
if @ =(k+4u)p. s 3)

Some numerical values of the wave-velocity a are given on
the next page, and it will be observed that they are in all
cases greater than the corresponding values of ¢, as was to be
expected, since the potential energy due to a given extension
/0w is now greater owing to the absence of lateral yielding.
In the second type of plane waves the displacement is
everywhere at right angles to the direction of propagation.
It may be resolved into two components parallel to y and z
respectively, which may be treated separately. Considering



the Iormer component (%) alone, we see that the strain at
any point consists in a shear of amount d5/6z. The consequent
stress across any plane perpendicular to Oz is parallel to Oy,
and its intensity is wodn/dz. Hence forming the equation of
motion of a portion of matter defined as before we have

pdz.ij=38 (un),

& o
or A e R o
it 2= P e (5) !

Some values of the wave-velocity b are tabulated below.

Wave-velocities (metres per second).

]b~

Steel 611%10% 323x 103 522 % 10°

Iron (wrought) 568 %108 316 x 108 506 x 103

Iron (cast) 481x10% 271 % 108 4:32 % 103
Copper 508 x 10° 2:25x 108 374 %103
Glass (1) 500 % 108 286 x 10% 453 %103
Glass (2) 474 %10% 2:83x 108 4:42x 108

It may be shewn that any local disturbance in an unlimited
elastic medium breaks up into two waves, diverging with the
velocities @ and b, which tend ultimately to assume the
« Jongitudinal ” and “ transverse ” characters, respectively.
The theory is historically important in relation to Optics,
but in our present subjcet great caution is necessary in
drawing inferences as to the propagation of waves in limited
solids. We have already seen that in a cylindrical or prismatic
rod the velocity of longitudinal waves is quite distinct from g,
and the theory becomes altogether different in the case of
flexural vibrations, to be referred to presently. In these cases
o modification was of course to be expected, since the wave-
length is understood to be large compared with the dimensions
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of the cross-section. But even in the other extreme, when all
the dimensions of the body are large compared with the wave-
length, the circumstances may be profoundly modified by the
cxistence of a free boundary. A new type of waves, called
after the discoverer the “Rayleigh waves” (1885), make their
appearance, and under some conditions may become, from the
observational point of view, predominant. These are surface
waves in which the agitation penetrates only to a relatively
small depth. Their velocity is somewhat less than that of
the distortional waves; thus for an incompressible solid it
is "9554 b, whilst on Poisson’s hypothesis (o =1) it is "9194b.
In modern observations of the tremors due to distant earth-
quakes three phases of the disturbance are often recognized
The first is interpreted as due to the arrival of the dilatational
waves, propagated directly through the substance of the earth,
the second as due to that of the distortional waves, also
propagated directly, and the third to that of the Rayleigh
waves, which have travelled over the surface and are therefore
delayed more than in proportion to the difference of wave-
velocity*, The latter waves as they spread over the surface
are less attenuated than the former, which diverge in three
dimensions. It has even been attempted to deduce estimates
of the volume-elasticity and rigidity of the materials of the
earth from the various wave-velocities, as inferred from the
seismic recordst.

45. Flexural Vibrations of a Bar.
We proceed to the transverse F+3F
vibrations of a bar naturally straight.
To avoid unnecessary complications
we will suppose that the bar has a
longitudinal plane of symmetry, and JD @+5M
that the flexure takes place parallel
to this plane. We will also assume
for the present that the total longi-
tudinal stress on any scction is zero. r
The resultant stress at a section there- Fig. 42.

* R. D. Oldham, Phil. Trans. A, 1900.
+ Prof. A. E. H. Love, Phil. I'rans. A, vol. cevir., p. 215 (1908).



fore reduces to a transverse “shearing force” F, and a couple
or “bending moment” M. These will be functions of 2, the
longitudinal coordinate. If 5 denote the lateral displacement,
parallel to the plane of symmetry, then, resolving transversally
the forces acting on an element 8z of the length, we have

powdz .5 =8F,
oy _oF
or PO EE T A e (@Y)

Again, if « denote the radius of gyration of the area of the
cross-section w about an axis through its centre of gravity,
normal to the plane of flexure, the element of mass is
ultimately a disk of area w, thickness &z, and moment of
inertia pwdz.«**. Since the axis of this disk has been turned
through a small angle 97/0z from the position of equilibrium,
the equation of angular motion is

pwsm.,ci( 1) = 53 + Féa,

982 \0:
op _oM
whence pwK? ST = T + o (2)
Tf we eliminate F between (1) and (2) we have
o\ @M
oo (az ﬂaaﬂatﬂ) - TR— 3)

provided the sectional area w be uniform.

We have next to express M in terms of the deformation
of the bar. Consider in the first instance the case of a bar
uniformly bent, so that its axis becomes an arc of a circle.
It is evident from symmetry that the shearing force F now
vanishes, and it hardly needs calculation to shew that the
strain in any part of the cross-section will be proportional to
the curvature. Hence by Hooke’s law the resultant couple 27
will also vary as the curvature, or

M=B/R, ..coeeiriinaan, (4)
where R is the radius of curvature, and 2B 1is a constant
depending on the shape and size of the cross-section, and on
the elastic properties of the material.

* The symbol « is not required at present in its former sense as an clastic
constant.
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The value of 38 is found as follows. We take rectanguls

axes Gy, Gz in the plane of a
section, the origin being at the
centre (i.e. the centre of gravity

of the area), and the axis of z
normal to the plane of flexure.
Assuming the axis of the bar,

ie. the line through the centres

of the sections, to be unex-
tended, we see that if R denote

the radius of the circle into
which it is bent, the length

of a longitudinal linear element
whose distance from the plane

zz is y is altered in the ratio

of R+y to R, and that the
extension is accordingly z/R.
The corresponding stress per
unit area of the section is Ey/R,
where E is the appropriate Young’s modulus.  The total
longitudinal tension is therefore

=%ffydydz=0.

This justifies the provisional assumption that the axis (as
above defined) is on the present hypothesis unextended. Fu
the bending moment we have, taking moments about Gz,
7ok
M——-%ffy’dydz:]y};" © eeeeeeeeeeaeans )

Except in the special case just considered, viz. that of a bar
bent st:.ltically into an arc of uniform curvature, there will be
a shea.fmg of cross-sections relative to one another, and also
a warping of the sections so bhat these do not remain ’accumbcly
plane. An exact investigation is out of the question, but
enough is understood of the matter to warrant the state;uent
that the adﬁitional strains thus introduced are as a rule small
:f)mpure(_i?wn.h those taken account of in the preceding calcula-
ion.  We therefore adopt the formula (5) as sufficiently




Substituting in (8) we obtain
32_7’ — 2 _Bji + Ecom
o 02708 p ot
For most purposes this equation may be simplified by the
omission of the second term, as we shall see immediately.
The kinetic energy of the bar is

T=}p0 f @T?) dot }poe f (5%’;) a5 c(8)

The second term, which represents the energy of rotation of the
elements, is usually negligible.

The potential energy is found, in accordance with § 42 (16),
by integrating the expression }Ee’, =} Ey*/R? first over the
area of the cross-section, and then over the length; thus

V= pBo? f R ©)

Consider for a moment the propagation of a system of waves
of simple-harmonic profile along an unlimited rod, assuming

n=Ccosk(Ct—2). .ervvirirrriernnn. (10)

Since everything here recurs whenever # is increased by 2n/k,
the constant % is connected with the wave-length A by the
relation
E=2m[A rrieeeiiiiiiieeis (11)
On substitution the equation (7) is found to be satisfied
provided po B
K

S e (12)
This gives the wave-velocity ¢, which is seen not to be a definite
quantity fixed by the constitution of the rod, but to depend also
on the wave-length. To trace the progress of a wave of any
type other than (10), it would be necessary to resolve the wave-




form into simple-harmonic functions of z.  Each of these would
travel with its own velocity, so that the resultant wave-profile
would continually alter. For this reason it would be hopeless
to look for a general solution of (7), or even of the modified
form (13) below, of the same simple character that we met
with in the theory of strings (§ 23), and again in that of the
longitudinal vibrations of rods.

A further remark is that when we substitute from (10)
in (7), the second term is of the order k** as compared with
the first. When the wave-length is large compared with the
dimensions of the cross-section this is a very small quantity,
and the term in question, which arose through taking account
of the rotatory inertia of the elements of the bar, viz in
equation (2), may be ncglected. It is easy to see, and it may
be verified a posterior, that the same simplification is legitimate
in discussing the vibrations of a finite bar, at all events so long
as the distance between successive nodes is large compared
with «. We accordingly take the equation

0°n E/czaj_o

e + ‘p— P Rt (13)
as the basis of our subsequent work, together with the formulae
y o oM L0
‘M—__E“’K?B‘z@’ '=—ﬁ=—wac-@. (14)

46. Free-Free Bar.

To ascertain the normal modes of a finite bar we assume as
usual that  varies as cos(nt+e€). The equation (13) of the
preceding section then reduces to

o' _
P MY, rereeieeni 1)
where mt = 00p)kHL e 2)

It is to be noted that m is of the nature of the reciprocal of
a line. The solution of (1) is

7 =4 cosh ma + B sinh ma + C'cos ma + D sinmz, (3)
the time-factor being for the present omitted. The three ratios
A:B:C:D, and the admissible values of m, and thence of n?
are fixed by the four terminal conditions, viz. two for each end.




Take first the case of a perfectly free bar, of length J say.
If we take the origin at the middle*, these conditions are, by
§ 45 (14),
7'=0, 5"=0 [2=431] coovveren..... 4
The normal modes fall naturally into two classes; in one of
these 7 is an even, in the other an odd function of #z. For the
symmetrical vibrations we have
7 =4 coshmz + C cosma, ............... (5)
with the terminal conditions

Acoshéml—-C’cos%ml:O,} ©
........... \%

A sinh yml + Csin fml=0,]

whence tanhdml=—tanyml ...ooooornnnnnl. (7)

Tig. 44.

The roots of this equation avc easily found approximately by
graphical construction, viz. as the abscissac of the intersections
of the curves y =tan a, y=—tanh a, the latter of which is

* This improvement on the ordinary procedure is due to Sir A.G. Greenhill,
Dess. of Math. vol. xvr., p. 115 (1886).
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asymptotic to the line Y=—1. The figure shews that we have
approximately

Fml=(s - DTty e (8)
where =1, 2,8, ..., and a4 is small. Tt follows from (2) that
the frequencies of the successive normal modes of symmetrical
type are approximately Proportional to 82, 72, 11% ... Fora
more exact computation of the roots we have

__tan%mlq'-l_l—tanh;nzg_ ~ml_, 9
T o o = Tt =t )
where Gome™ ™™ (10)

Hence as=tan—l(§e‘2“~)=;,,e“2“-—3t:,3e‘6“»+.... 11)

Since ¢, is small, even for ¢ =1 (viz. & = *00898), this is easily
solved by successive approximation,
In the asymmetric modes we have

7 = Bsinhmz + Dsin MB, vurr... (12)
with the termina] conditions

Bsinh §ml— Dgin -;-ml:O,} 18
B cosh ml — D cos Fm=0f e (13)
whence tanh ol =tan o, ... (14)

The roots of this aye given by the intersections of the curves
Y =tana, y=tanhs, the latter of which is asymptotic to the
line y=1; geo Fig. 44. 11 appears that

bl=(s+f)m—g, . (15)

where s=1, 2,8, ..., and Bs is small. The corresponding
frequencies are approximately Proportional to 52 ge, 13 ...
For the more exact calculation we have

_1——tan§ml_1—ta.nh’§nd_ -ml_ . 98
ta‘nﬁs_ﬁ-ta‘u;}w‘zl—l-rmnhf}ml_e =Le™ (19

where T ..(17)
Hence Bs = tan— & e?ﬂ,) = ;332/3' —3&e” o +
Since & = ‘00089, the approximation ig very .

s=1,

apid, even for
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Combining the results for the two classes it is found that

mijmw=150562, 249975, 350001, ..., ...(19) |

where the values for the symmetric and asymmetric types

alternate. The subsequent numbers are adequately represented

by s+4. The fact that the frequencies are approximately

proportional to 8% 52, 7% ... was ascertained, from observation
alone, by Chladni*.

To examine the form assumed by the bar in any normal
mode, we require the ratio of the arbitrary constants, as deter-
mined by (6) or (13). Thus in the case of symmetry we have

= C(cos § ml cosh ma + cosh § ml cos ma) cos (nt +¢), (20)
where m is a root of (7). The curve may be traced with the
help of a table of hyperbolic functions, and the positions of the
nodes found by interpolation. The form assumed in the
gravest mode is shewn in Fig. 45. The nodes here are at a
distance of *224 of the length from the ends.

Tig. 45.

The corresponding formula for the asymmetric modes is
7= O (sin § ml sinh mz + sinh § ml sin ma) cos (nt+¢), (21)
where m is determined by (14).

47. Clamped-free Bar.

The next most interesting case is that of a bar clamped at
one end and free at the other. Here also there is an advantage
in taking the origin at the middle point of the length+. The
terminal conditions then are

7=0, =0 [2==4] . @)
* E. F. F. Chladni, born at Wittenberg 1756, died at Breslau 1827.
Distinguished by his experi tal r hes in a i These are recorded

in his book Die Akustik, Leipzig, 1802.
+ Greenhill. L c.
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at the clamped end, and

7 =0, <0 le=g) o (2)
for the free end. In one class of vibrations we have
7=4dcoshmz + p sinma, ... (3)

with the conditiong
4 cosh 4ml— Dsin ml=0,
— 4 sinh $ml+ Deog Fmi= 0,}
whence Coth $ml = tap dmlo )

where s = 01,23, - and ay is smg]]. This leads to i
tana) = ¢ 0~ 2"‘,, .
where G=e Bm- i
whence o= e~ 2 _ o0’y 9)
which can easily be solyed by successive approximation, except

in the case of the first roop (5=0). For this special methods
are necessary*, In tpe Temaining tyme of vibrations we have

7 = Bsinh mz+ Ceosmag, ... «..(10)

with = Bsinh ] 4 Ceos fml = O,} ............ an
Bcosh%ml+ Csin%ml:O,

whence Coth §ml=—_ tap dmd (12)

The intersectiong of the curveg Y=tanz y=_ coth 4 are also
shewn in Fig. 44. mThe r00ts of (12) are given by

ml= (s~ DT =B, e (18)
where s=1,92 5 Hence i
fan B/ =g '
where Li=g %mHim
and therefore

* One such method will pe indicated later i, connection with the ragis]
vibrations of giy in a spherica] vessel (§ 84), Another very Powerful method ig



The frequencies of the whole series of normal modes, after the
first, are approximately proportional to 82 5% 7%..., as found
experimentally by Chladni. The accurate solution gives, to
five places,
mljm = 59686, 149418, 250025, .... ...(7)

In the modes which follow the first we have respectively one,
two, three, ... internal nodes. The annexed figure shews the
gravest mode.

Other problems, which are however of less interest, may be
obtained by varying the terminal conditions. We will only
notice the case where both ends are “supported,” ie. fixed in
position but free from terminal couples. The conditions then
are, by §45 (14),

7=0, 7"=0 [z=24I] ... (18)
In the symmetrical class we have
n=Ccosma.cos(nt+¢€), ...c.c...... (19)
with cos $ml =0, whence
mljmr=1,8,5, ce) ciieriiiiinienanns (20)

In the asymmetric class

n = C sin maz.cos(nt +e), .
with mlfr=2,4,6,.
The frequencies are, by § 46 (2), propor tlonal to the values of
% and so to the squares of the natural numbers.

The foundations of the theory of the transverse vibrations
were laid by D. Bernoulli (1735) and Euler (1740). The
Ialter also gave the numerical solution of the period equation
in a few of the more important cases. In more recent times




the calculations, including the determination of the nodes &c.,
have been greatly extended by Lissajous (1850), Seebeck * (1848)
and Lord Rayleigh.

48. Summary of Results. Forced Vibrations.

In any one of the preceding cases, and in any particular
mode, m varies inversely as /, and therefore, by § 46 (2), the
period 2m/n will for bars of the same material vary as */x.
Hence for bars which are in all respects similar to one another
(geometrically) the period will vary as the lincar scale. For
bars of the same section the period is as the square of the |
length. As regards the shape and size of the cross-section,
everything depends on the radius of gyration «; thus for bars of
rectangular section the frequency varies as the thickness in the
plane of vibration, and is independent of the lateral dimension.
This latter statement needs, however, some qualification ; it is
implied that the breadth is small compared with the length of
the bar, or (more precisely) with the distancc between con-
secutive nodes. When this condition is violated the problem
comes under the more complex theory of plates (§ 55).

It is of interest to compare the frequencies of transverse and
longitudinal vibration of a bar in corresponding cases. For a
bar free at both ends we have, in the gravest transverse mode,
il

a0 (o
= ()t = X (IB0362), s o
whilst in the gravest longitudinal mode
FE
W= o i 2
= ®
n P
Hence 17,::7'1222. ........................ (3)

This explains the relative slowness of the transversal modes.
The comparison is duc to Poisson.

We pass over the question of determining the motion
consequent on arbitrary initial conditions, by weans of the
normal functions. In the case of the free-free bar, for example,
these are given by the expressions in brackets in equations (20) !
and (21) of § 46. ;

* L. F. W. A, Seebeck (1805—49), professor of physics at Leipzig.




The theory of forced vibrations again, is of little acoustical i
interest, although it has some technical importance. A simple f
example is furnished by the coupling rod which connects the
wheels of a locomotive. Attending only to the vertical com-
ponent of the motion, and treating the bav as uniform, we have
to solve the equation (13) of § 45 subject to the conditions

n=Bcos(pt+a) 0" =0 [2=130] cver. @
where 7 is the angnlar velocity of the wheels, and 3 is the

vertical amplitude. The forced oscillation is evidently of
symmetrical type, and we therefore assume

7 = (4 cosh mz + Ccos ma) cos (pt +at). ...... (5)

This satisfies the differential equation, provided

M= P2[PE 5 ceveiiiiiii (6)
whilst the terminal conditions give f

A coshgml + Ceosgml=, ) v
A cosh gml —Ceos yml=0, | "7 ™

the latter equation expressing the absence of terminal couples
(" =0). Hence |
_ B __B i
4= S oosh {ol” C= Toosguilt (8) '
The oscillations would become dangerously large if cos}mi
were small, i.e. if the imposed frequency (p/2w) were to ap-
proximate to that of one of the symmetrical free modes of the
bar when “supported ” at the ends (§ 47 (20).

49. Applications.

The usc of transverse vibrations of bars in music is re-
stricted by the fact that the overtones are not harmonic to the
fundamental.  If a flat bar, otherwise free, be supported at the
nodes of the fundamental (Iig. 45), and struck with a soft
hammer, the production of overtones is, however, in some
measire disconraged, and musical instruments of a kind (such
ag the “glass harmonica”) have been constructed on this plan.

The wmost important application is in the tuning fork.

]
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a bar is to lower the pitch of the gravest mode and to make the
podes approach the centre. It was found by Chladni that
when the bar takes the form of an eclongated U, the nodes are
very close to the bend. The amplitude of vibration at the
centre of the bend will therefore be small compared with that
at the end of the prongs. The circumstances are somewhat
modified by the attachment of the stem, but the transmission
of energy is comparatively slow, and the vibrations have con-
siderable persistence. A fork may also be compared to a couple
of bars each clamped at one end, and the formula (2) of § 46,
with smlfm ="59686, may be used to estimate the frequency
theoretically. If this analogy were exact there would of course
be no loss of energy of the kind just referred to.

Massive forks are usually set into vibration by means of
a violoncello bow applied to one prong near the free end. The
production of overtones having nodes in this ncighbourhood is
thus discouraged. The fundamental is further reinforced re-
latively to the other modes if the stem be screwed into the
upper face of a resonance box of suitable dimensions.

When a fork is excited in this or in other ways, it often
happens that the motion is not in the first instance symmetrical
with respect to the medial plane. In that event the vibration |
may be regarded as made up of a symmetrical and an unsym-
metrical component. These will in general have slightly i
different frequencies, and beats may be produced. But unless
the stem be very firmly fixed the vibrations of the latter class |
are rapidly dissipated by being communicated to the support,
since they involve an oscillation of the centre of mass of the
fork.

The first overtone of a fork may be elicited in considerable
intensity by bowing one of the prongs near the bend; the note
produced is very shrill.

50. Effect of Permanent Tension.

In the theory developed in § 45 it was assumed that the
longitudinal tension, when integrated over the area of the
cross-section, vanishes. It is easy to see that the effect of




@ peitalltllv eIV L4 15 nlerely Lo add a term [ To the
equation (13) of § 45, so that
Pn_ 0 «Edq
T e o Bm e 1)
where F=Plpo. ittt (&)
This equation has been employed to estimate the effect of
stiffness of a piano-wire on the sequence of proper tones, but
the matter is complicated by the uncertainty as to the nature
of the terminal conditions. A wire, where it passes over a
bridge, cannot be quite accurately regarded either as merely
“supported” or as “clamped.” The question will perhaps be
sufficiently illustrated if we consider a wave-system i
n=Ccosk (ct —x)
on an unlimited wire. We find, on substitution in (1)

C=Cl 4 € ceeerrirniieneii (4)

where ot= % PR v (5)

ie.c, is the velocity of transverse waves of length 27/k on a bar
free from tension. We have seen that in the case of a piano-
string E/fp is large compared with ¢,*; on the other hand « is
usually an exceedingly minute fraction of the wave-length. In
the graver modes of a piano-string this second influence pre-
dominates, and (c,/c,)* is small; the wave-velocity is practically
unaffected by stiffness, and the harmonic sequence is not
disturbed. It is only in the case of the modes of very high
order, where the length is divided into a large number of
vibrating segments, that a sensible effect could be looked for.
It has already been stated that in the pianoforte such modes are,
30 far as may be, discouraged on independent grounds. In any
case it appears from (4) that the effect of stiffness is relatively
less important, the greater the value of ¢, i.e. the tighter the
wires are strung.

51. Vibrations of a Ring. Flexural and Extensional

Modes.
The theory of the vibrations of a circular ring is important
as throwing light on some later questions which can only be



assumed to be symmetrical with respect to a plane perpen- |
dicular to the axis. We further consider only vibrations !
parallel to this plane. Let u, v be the displacements of an
element of the ring along and at right angles to the original
radius vector, so that the polar coordinates of the element are
changed from (a, ) to (a4 u, 6 + v/a). We require expressions
for the extension, and for the change of curvature. In con-
sequence of the assumed smallness of the displacements, we
may calculate the instalments of these quantities which are due
to u and v separately, and add the results. The radial displace-
ment by itself changes the length of an element from @86 to
(a+u)86, and so causes an extension u/a. The transverse
displacement obviously contributes 9v/adf. The total extension

is therefore
1 v
E("*a?)' et &)

Again, in consequence of the radial displacement alone the
normal to the curve is rotated backwards so as to make an
angle 8u/a06 with the radius, and the mutual inclination of the
normals at the ends of an element a8 is accordingly diminished
by 2*u/adf?.86. Dividing the angle between the normals by
the altered length (@ + u) 86 we get the altered curvature, thus

, (59—2% 59)+(a+u>se=i_$(@+u)_

Since the transverse displacement v by itsclf contributes
nothing, the increase of curvature is

1 1 1 (0"
R~&——E(a?;+u). ............... (2)
The resultant stress across any section may be resolved into

a radial shearing force P, a tangential tension @, and a bending
moment M. On the principles of §§ 43, 45 we have

Q=%‘”(“+g—§)- M=_%‘f‘.’(g§.§+u), . (3)
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the bending moment being now proportional to the ncrease of
curvature.

Resolving along and perpendicular to the radius vector the
forces on a mass-element pwadd, we have (see Fig. 47)

pwadl.ii =8P — Q86, pwadd.v=28Q+ P8f;
and, taking moments about a normal to the plane of the ring,
8M — Padd =0,

the rotational inertia being neglected as in the case of a straight
bar (§ 45). Thus

du_oP o _0Q
poazs=75—Q potgm=sg+P; 1)
au
and ﬁ = Pa.

These, together with (8), are
the equations of our problem.
It is easily seen that they cannot
be satisfied on the assumption
that the tension @ vanishes, and
that accordingly some degree of
extension is involved in any
mode of vibration. This is
readily accounted for, a stress
of this kind being necessarily ¢
called into play by the inertia of @
the different portions swinging
in opposite directions. It may Le shewn however that in the
“flexural” modes to be referred to presently the corresponding
strains are small compared with those involved in the change of
curvature.

Eliminating P, @, M between (8), (4), and (5), we find

12, 2 )2, 4
a;f+£{u+§?+£(@1+a_u)}=o,

Fig. 47,

T L AT T
o B {au d Bu+8”u) o | 7 ©
o patlof T 06 @ (66 6%/ —

To ascertain the normal modes we assume that % and v vary
as cos(nt+¢). Again, the ring being complete, u and v are




necessarily periodic functions of &, the period being 2w, and
can accordingly be expanded by Fourier’s theorem in series of
sines and cosines of multiples of @; moreover it is easily
proved that the terms of any given rank in the expansion must
satisfy the equations separately. We find, in fact, that a
sufficient assumption for our purpose is
w =24 cossf .cos (nt +¢€), v=DBsinsf.cos(nt+e), (7)

where s is integral or zero. This leads to

{B_l—sﬂ <s”—1>§}A‘SB=°’) ceern8)

——{s+s(s’—1)§z}A+(B—s”)B=0,

where B=nap[E. ..ccccvvninnin. TR 9)
Hence

,8”——{s’+1+s"(s“—- 1)22},9 +e(@-1y5=0. (10)

Since #/a is small, the sum of the roots of this quadratic in B is
s*+ 1, approximately, whilst the product s*(s* — 1)* #%/«? is small.
The two roots are thercfore
N 52(82_1)2,62
B=s+l, =" 5 0 (1)

approximately.

On reference to (8) we see that the former root makes
B =s4 nearly. The corresponding modes are closely analogous {
to the longitudinal modes of a straight bar, the potential i
energy being mainly due to the extension ; and the frequencies, i
which are given by

are, for similar dimensions, of the like order of magnitude. The
case s = 0 is that of purely radial vibrations.

The vibrations corresponding to the second root are more |
important. We then have, from (8), 4 + sB =0, neaxly; thus

E i
nr=(s*+1) pr- IR (12) |
1

u=2Acossf.cos(nt+e), v =——%sins€.cos(m+ e), (13)

—‘5.2_(82_ 1) Ext

. . .
with W= it T (14)




It follows from (1) that the extension is negligible, and the
energy mainly flexural. The frequencies are in fact comparable
with those of transverse vibration of a bar. In the mode of
order s there are 2s nodes, or places of vanishing radial motion,
but these are not points of rest, the tangential motion being
there a maximum®*. In the case s=1 the circle is merely
displaced as a whole, without deformation. and the period is

Fig. 48.

accordingly infinite. The most important case is that of s=2,
where the ring oscillates between two slightly elliptical extreme
forms, The arrows in the annexed figure shew the directions of
motion at various parts of the circumference at two epochs,
separated by half a period, when the ring passes through its
equilibrium position. The dotted lines pass through the nodes
of the radial vibration.

One further point is to be noticed. Owing to the assumed
uniformity of the ring the origin of € is arbitrary, and other
modes, with the same frequencies, are obtained by adding a
constant to 6. In particular we have the flexural mode

u=A sinsf.cos (nt + ¢), v=g—cossﬂ.cos(ut+e), (15)

with the same value of »* as in (14). We have here an instance
of the kind referred to in § 16, where two distinct normal modes

* This point is illustrated by the vibrations of a finger-bowl when excited by
drawing a wetted finger along the edge. The point of rubbing is a node as
regards the radial vibration, and the crispalions on the contained water are
accordingly most conspicuous at distances of 452 on either side, where the radial
motion is a maximun,
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have the same frequency, and the modes themselves accordingly
become to some extent indeterminate. The case would be altered
at once if the ring were not quite uniform, e.g. if it were slightly
thicker at one point. The normal modes in which there is a
node or a loop respectively, of radial vibration, at this point
would differ somewhat in character, and have slightly different
frequencies. Accordingly when both modes are excited we
should have beats between the corresponding tones. This isa
phenomenon often noticeable in the case of bells (and finger-
bowls), the inequality being due to a slight defect of symmetry,

The formula (14) is obtained more simply if we assume ab
inalio that the extension may be neglected, so that

w4+ gg =0, (16)

by (1). Assuming then

w=gsinsf, o= :Z c0880, ..o a7

the kinetic energy is

T=1%p f (@ + ) ado =3 5 mpaage. ... 18)
The potentml energy is, 1n fmalogy with Art. 46 (9),

Ew,c-j (— - ‘ add=1 (2 —1pTEO% 6 (19)

c. ay
Hence, putting
g=Ccos(nt+e€), ..coooovrrnniinan. (20)

and expressing that the total energy is constant, we reproduce
(14). It appears from Rayleigh’s principle (§ 16) that the error
involved in this neglect of the extension will be in excess.

The vibrations of a ring in its own planc were first investi-
gated by R. Hoppe (1871); the above simplified treatment of
the flexural modes was subsequently given by Lord Rayleigh.
The theory of vibrations normal to the plane is more intricate,
since torsion is involved as well as flexure. The problem has
been solved by J. H. Michell (188%), who finds, in the case of
circular cross-section,

L (s =1y B

41 Yo pLL‘ ’

RE= = (21)

where ¢ is Poisson’s ratio.




CHAPTER V
MEMBRANES AND PLATES

52. Equation of Motion of a Membrane. Energy.

The vibrations of membranes are not very important in
themselves, and the conditions assumed for the sake of mathe-
matical simplicity are, moreover, not easily realized experi-
mentally. The theory is however, for a two-dimensional system,
comparatively simple, and the results help us to understand in
a general way the character of the normal modes in other cases
where the difficulties of calculation are much greater, and
indeed often insuperable.

The idcal membrane of theory is a material surface such that
the stress across any line-element drawn on it is always in the
tangent plane. We shall consider only cases where the surface
in its undisturbed state is plane, and is in a state of uniform, or
“homogeneous,” stress; i.e. it is assumed that the stresses across
any two parallel and equal lines are the same in direction and
magnitude. We further suppose, for simplicity, that the stress
across any line-element is perpendicular to that clement. It
follows, exactly as in hydrostatics, from a consideration of the
forces acting on the contour of a triangular area, that the stress
(per unit length) is the same for all directions of a line-element.
This uniform stress is called the “tension” of the membrane;
we denote it by P. Its dimensions are those of a force divided
by a line, or [M1*].

We take rectangular axes of z, y in the plane of the
undisturbed membrane, and denote by ¢ the displacement
normal to this plane. The surface-density (i.e. the wass per




form the equations of motion we calculate the forces on the
sides of a rectangular element 828y having its centre at (z, y).
In the displaced position, the gradient of a line parallel to z is
9¢/om, and that of a line parallel to y is 9¢/dy. Hence the stress
across a line through the centre of the element parallel to Jy,
when resolved in the direction of the normal to the plane y, is
Po¢fox.8y. The corresponding components of force on the two
edges 8y of the rectangle are

£P G+ 55) 40 o

where the upper signs relate to the edge whose abscissa is
2 + 82, and the lower to the edge # —}82. The sum of these
gives Pot/oa®. §z8y. A similar calculation for the two edges &z
gives Po¢foy*. 828y. The resultant force on the rectangle is

therefore
P (a A g) LY. e )

oz?

The above may be compared with the investigation by
which, in the theory of Capillarity, the tensions across the
boundary of an element 83 of a soap-film are shewn to be
equivalent to a normal force

1 1
P (5 + )%

where I?;, R, are the principal radii of curvature of the surface.
It is shewn in books on solid geometry that, if & denote distance
from the plane zy, we have

1.1 9 ¢ o

T Ty e (@)
at points where the inclination of the tangent plane to zy is
small.

Equating the expression (1) to the acceleration of momentum

of the element, viz. p828y ., we obtain the equation of motion

L p (P WL "
pe=P (M + ayﬂ) s @)
This is due to Euler (1766).
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The kinetic energy is given by

T=;pﬁ(%§t)“dwdy e )

taken over the area of the membrane.

The potential energy is found most easily as the work
required to stretch the membrane. As in the theory of
capillarity this is equal to the tension P multiplied by the
increase of area. Now if a prism be constructed on a rectangular
element 3z8y of the planc @y as base, this will cut out from the
displaced membrane a nearly rectangular portion whose sides

T @ e @

and whose arca is therefore, to the second order,

A

Hence P'U{( ) g§> dady. ..ooovniinn (5)

The same expression is obtained by calculating, from the
expression (1), the work done by normal pressures applied
(as in § 22) to deform the membrane into its actual shape, the
ratio of ¢ to its final value being, at any stage of the process,
the same all over the membrane. The result is

V__upff” ag)gdm@ ......... ®)

The reader who is familiar with the theory of attractions will
recognize that this is equal to

rese fifarsse (@ e o

where in the first term the integration extends over all the
elements 8s of the contour, and &n is an element of the normal
to 8s drawn inwards, in the plane of the membrane. Since
at a fixed edge ¢ =0, the formula agrees with (5).
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53. Square Membrane. Normal Modes.
To ascertain the normal modes of a limited membrane we
assume as usual that ¢ varies as cos (nf + €), so that

g%;+gi;;+k“§=0, e (1)
where L Y (2)

At a fixed boundary we must have {=0. It is found that
the solution of (1) subject to this condition is possible only
for a series of definite values of %, which determine, by (2), the
corresponding frequencies.

In the case of a rectangular membrane, we take the origin
at a corner, and the axes of z, y along the edges which meet
there. The equations of' the remaining edges being, say,
z=a, y=>b, the equation (1) and the boundary condition
are satisfied by

¢=Csin S—Ef" sin ﬁ;ﬂ €oS (NE+€),  wurenannn (3)

where s, s’ are integers, provided

B=m (2—' + ‘%—z) s @

It may be shewn, by an easy extension of Fourier’s theorem,
that (8) is the only admissible type of solution in the present
case; it was given by Poisson in 1829.

In any normal mode for which s or s'> 1, we have nodal
lines parallel to the edges. It appears from (4) that if the
ratio «* : b* is not equal to that of two integers, the frequencies
are all distinct, and the nodal lines are restricted to these
forms. But if a*:0® is commensurable, some of the periods
coincide, and the corresponding modes may be superposed
in arbitrary proportions (§16). The nodal lines may then
assume a great variety of forms. The simplest instance is
that of the square membrane (@ =b5), when

k-.v___g(se_*_s»z).
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Thus by superposition of the modes for which s =2, s’'=1 and
s=1, s'=2, respectively, we get

™y

. 27w .o 277
;‘ocsmT sm»—+)»smE sin 27

a
c-:sm—smq;y<cos +7~cos—g> e (6)

where X may have any value. For example, in the cases A=#1
the diagonals z + y = a,  — y = 0, respectively, are nodal lines.
The figure shews the cases A=0, A=—4%, A=-1, which
give a sufficient indication of the various forms that may

Iy

20 A=t A1
Fig. 49.

Again, by superposition of the cases s=3,s'=1 and s=1,
& =3, we get

Y

3 . T 3
{msm——sm——khsm;sm—;g

ocsm—sm y{3 45in? T2 +)~<3 4 sin® )} (7

The cases A=0, A=+3%, A=4+1 are shewn in Fig. 50;
intermediate forms are readily supplied in imagination.

A still greater variety is introduced by the fact that a
number which is the sum of two squares can sometimes be
so resolved in morc than one way, For example, the modes
for which

s=4,17,1,8,
§=748, 1,}
respectively, have all the same frequency.
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]

o

= =]
Fig. 50.

64. Circular Membrane. Normal Modes.

In the case of the circular membrane we naturally have
recourse to polar coordinates, with the origin at the centre.
The differential equation may be obtained by transformation
of § 52 (3), but a more direct process is preferable.

Take first the case of the symmetrical vibrations where ¢
is a function of 7, the distance from O, only. The stress across
a circle of radius » has a resultant P. 27 .9¢/dr normal to the
plane of the undisturbed membrane, and the difference of the
stresses on the edges of the annulus whose inner and outer
radii are r and r+ &r gives a force

(P 27r. 6{)

Equating this to p.2m 8r.E, which is the acceleration of
momentum of the annulus, we get

3’{ P2
poi= 87‘( Y SR (L)
If ¢ varies as cos (n + ¢), this reduces to
¢ 193¢ _
z;ﬁ’l-:l'a—”_-}-kzzho, .................. (2)

where k* =n%/P, as before.
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If we assume, as is necessarily the case when the origin is
included within the region to which (2) applies, that ¢ can be
expanded in a series of ascending powers of 7, the coefficients
(after the first) may be found by substitution in (2), and we
obtain

E=CJy(kr) .cos (nt+€), cevrrrrreneenn. (3)
. a 2
provided Jo(z)=1— ;—2 g gpT e e (4)

Thiseis the Bessel’s Function* of zero order, “ of the first kind,”
which we have already met with in § 81; it is represented
graphically in Fig. 51. If a be the radius of the boundary,

Fig. 51.

supposed fixed, the admissible values of & and thence of = arc
determined by the equation
Jo(la)=0, .icoooviiiiiiiiiniiiians (5)

viz. we have
ka/m = 7655, 17571, 27546, 37534,... ...... (6)

the numbers tending to the form m ~ %, where m is integral.
The first of these roots corresponds to the gravest of all the
normal modes of the membrane. In the mth mode there are
m —1 nodal circles, in addition to the edge, whose radii are
given by the roots of lower order. Thus in the case of the
second root we have for the nodal circle &r/m = 7655, whence
r/a ="4356. The characters of the various normal modes will
be understood from Fig. 51, which may be taken to represent
a section through the centre, normal to the plane of the
membrane.

* F. W. Bessel (1784—1846), director of the observatory at Konigsberg
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The complete solution of the dif
which is of the second order, would
two definite functions of kr, each mul
constant ; but the second solution, whi
Function “of the second kind,” becomes
is therefore inapplicable to a complete
case of an annular membrane, however,
circles, both solutions would be admissil
required in order to satisfy the conditio

The theory of the symmetrical vil
membrane was given by Poisson (182¢
approximately a few of the roots of th

When the vibrations are not symme
calculating the forces on a quasi-rectan
bounded by two radii vectores and two
sides being accordingly &r and »86.
curved sides give a resultant

K (P 5. 5)

normal to the plane, whilst the stresses

produce

0 o¢

55 (Pr - 5) 86.
Equating the sum of these expressions tc

JPE _p Lo oty 1
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Since ¢ is a periodic function of 8, of period
expanded (for any particular value of r) in a serie
cosines of multiples of 6, thus

E=R,+ R,cos @+ 8,sinf+...
+ R; cos s8 + S; sin s6 +

by Fourier’s theorem; and this formula will
whole membrane if the coefficients be regardec
of . Moreover on substitution in (8) it appe
term must satisfy the equation separately. T
a typical solution

&= R;cos sf . cos (nt + ¢),
32R3 1— a-RS 82 —_
1 +<ka_7_2) R, =0.

o ' r or
The solution of this, which is finite for » =0, ca
the form of an ascending series. In the accepte
have R, = A4,J;(kr), where the function J; is defis
28 22 2t

Jo(@) =575 {1 T35 +2) T 2.4(2512) (25 + 4)
This is known as the Bessel’s Function of the stl
first kind. As in the case of (2) there is a s
which becomes infinite for » =0, but in the case o
circular membrane this of course is inadmissible.
the normal modes

provided

@ A T TN ommw D o omnanSmt 1N
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We have here s nodal diameters, given b;
s +a=+tim +im,.

and accordingly arranged at intervals of
value of k after the lowest we have one
whose radii are given by the roots of low
s =1, where there is one nodal diameter,

ka/m=12197, 22330, 3'2383,

the numbers tending to the form m 4
the corresponding modes may be gathe:

Fig. 52.

graph of the function J; (2); this may be
a section through the centre, normal to t
the second of the above modes, the radit
given by
rla=12197/22330 ="
Fig. 53 shews in plan the configura
in the first three modes of the types
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ingly given by tan @ =—A4,/B,. If all the coeffi
less than s vanish, we have, for small values of r,

¢= (Ascos s6 + B;sin s6) J, (kr). ..
The node has then s branches passing through O,
angles /s with one another, their directions b

tan 80 =— A,/B,. This isillustrated in the prece
for instance the cases s =2, s =3, s =4 all occur
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When a force Z per unit area acts or
the equation (1) is replaced by
*t (B’C 1 8§>

P~ ortrar

it being supposed, for simplicity, that
regards the distribution of Z and the cor
¢ If, further, Z vary as cos (pt + @), we

P 108, ..
it =
where k2 =pp/P.

If Z be independent of r, so that t
uniform over the membrane, the solutior

Z
f=—ppt CJ, (k
and determining the constant C' so that

- flin) ) 2
IRACONRSY
The amplitude becomes very great whe
to a root of (5), i.e. whenever the impose
that of one of the symmetrical free 1
other hand, the imposed vibration is
small, and we have by (4)

§=% % (a®—1?),
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configuration of the nodal lines can be exhibit
of a little sand previously strewn on the surface
particular normal mode is excited, the sand is
from the places of vigorous motion, and accum
neighbourhood of the nodal lines. Usually the
into vibration by bowing at right angles to the
desired mode is favoured by touching the edge wi
at one or more nodal points. If, as in the case of
plate fixed at the centre, the point of support is
of several normal modes, a great variety of bea
may be obtained. An extensive series of diagra
obtained in this way were given by Chladni; man;
reproduced in the current manuals of experiment:

In the theoretical treatment it is assumed th
principal axes of strain and stress is normal to th
plate, and that the corresponding stress vanish
then, p;=0 in the formulae (9) of § 42, we
remaining principal stresses,

p=LE"(e,+ 0e), p.=E'(e+c¢),
where E'=E/(l=0%. .cceeennn

If R,, R, be the principal radii of curvature at an;
plate, when bent, we have, by an investigation si
of § 45,
‘ g=2/R,, &=2z/R,, ........

where 2 denotes dictance from the medial nlane
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If we substitute from (8), and integrate o
find for the potential energy per unit area

, 1 20 1
VW (gt p R
The formulae (4) may be applied to tk
rectangular section, uniformly bent by
Mpb, where b denotes the breadth. Alo
have J,= 0, and therefore
R '=—coR™
The bending moment is accordingly
Mb= %Eth/Rl:
by (4). This agrees, as it must, with §
xt =102 The formula (7) shews that whe
section is bent in a plane parallel to one pa
or “ anticlastic” cur-
vature is produced in
the plane of the cross-
section, the ratio of
the curvatures being
identical with Pois-
son’s ratio o. This
circumstance  has
been made the basis
of practical methods
of determining o, bv
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Shearing forces will also be called into play norm
of the plate. The circumstances are somewha
but the deduction of the equation of motion for t
plate is a straightforward matter, and presents nc
A more serious question arises when we come to
to be satisfied at a free edge. It appears tl
condition of strain which has been postulated :
the formulae (4) of § 55 cannot be assumed
approximately, right up to the edge. In the im
bourhood of the edge, ie. to a distance inwa
with the thickness, a peculiar state of strain in
one remarkable result of which is a shearing fo
perpendicular to the edge, of quite abnormal am

For the further development of the subject
be made to other works*. We merely quote a f
important results which have been obtained, rel
plates whose edges are free.

It is found that for a plate of given lateral
frequency (n/2) of any particular normal mode

’

n?= %—P hEomd .l

where, as in § 46, m is a constant, of the nature ¢
of a line, given by a certain transcendental e
denotes the volume-density. For plates witl
similar boundaries the frequency accordingly
thickness, and inversely as the square of the lats

Tn the case of a nerfectlv free circular disk
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and ‘842a, and so on, the numbers vary
with the value adopted for &. Accord
values of m for the above modes are giv

m2a? = 88897, 8836,

on the hypothesis that o = .

The complete theory of the free circul
out by Kirchhoff in a celebrated memoir
that the gravest of all the normal m
diameters, and no nodal circle. Its freq

&3/\/ (%) or 517%)\/
according as we adopt the value o=}
ratio. The figure shews the
configuration of the nodal lines
in the simplest cases of one and
two nodal diameters.

The theory of a circular .
plate clamped at the edge has
been treated by Poisson and
others. An approximate estimation of the fr
symmetrical mode can be made as follov

prescribed type <
t=g (1 - W)z

«?

this making £=0, 0¢/or =0 for r=a. The

523
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Multiplying this by 27rdr, and integrating fron
we find

For the kinetic energy we have
7= %ph[a & 2arrdr =} mphat ¢
0

The frequency (n/27) is therefore given by

320 E'h?
9 pa*

n=5963 (ﬁ;'f’ 2 .......

The correct value of n, as deduced from Poisso
a numerical coefficient 5:898. The error in (1
slightly over one per cent.

The investigation is of interest in relation
signalling, but the natural frequency of a plate
ture in the side of a ship is considerably reducec
of the water in contact with the outer face. F«
frequency of an iron plate whose diameter is 7 in
ness one-eighth of an inch is reduced from 1013
in air, to 550. There is also considerable damp
energy conveyed away in sound-waves m the wat

I8 - - N - -1 1

,nﬂ

or
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Fig. 57.

The frequencies of a whole series o
calculated by Ritz (1909) on the assur
the gravest mode he finds in effect

miat = 1243,
if 2a be the side of the square. This
N

332 2 (—
a” P

5%7. Vibrations of Curved Shells

When we proceed to the vibrat
shells, we mect with further complics
no absolutely sharp line can be dra
extensional modes. This has been a
case of the ring (§ 51). It appears, h
ness is (in imagination) reduced the
into two distinct categories. In one
+and to definite limits the deformat
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actual bell is of course out of the question; but
remarkable that no systematic experimental st
have been made until the subject was taker
Rayleigh in 1890. Some unexpected results
To quote a typical case, the normal modes of a
when arranged in ascending order of frequency,
have the following numbers of nodal meridians
and the pitches indicated:

4,0) 4, 1) 6,7 6,7
¢ ¢’ '+ b'b
Of these the only one which has any relation t
pitch (d”) of the bell is the fifth in order, and
an octave. A mistake of an octave in judgin
uncommon, for physiological reasons, but it is
the presence of the lower dissonant tones shou
disrcgarded. It is conceivable that the mode c
be in some degree unfavourable to the producti
discordant elements.

The vibrations of an elastic solid whose din
of the same order of magnitude are from our
view of subordinate interest. The only case v
worked out is that of the sphere. In the most i
one diameter extends and contracts whilst the
diameters simultaneously contract and expand, re:
frequency of this mode is, for such values of o a:



CHAPTER VI
PLANE WAVES OF SOUND

58. Elasticity of Gases.

In any fluid there is a definite relation between the pressure
P, the density p, and the temperature 6, and any two of these
quantities accordingly serve to specify the physical state of
the substance. It is often convenient to use in place of p its
reciprocal , the volume of unit mass.

In thermodynamical investigations the two quantibies
usually chosen as independent variables are p and v. In
Watt’s “indicator diagram” these are taken as rectangular
coordinates, p being the ordinate and » the abscissa. Any
particular state is then represented by a point on the diagram,
and any succession of states by a continuous line. We may
imagine the unit mass of the fluid to be enclosed in a deform-
able envelope, and that an infinitesimal change of volume is
produced by a displacement of the boundary in the direction
of the normal, whose amount is (say) » for any given surface-
clement 8S. The work done by the contained gas in this
process is % (p8S.v), or pdv, since 3 (»8S)=0v. Hence the
work done in any succession of changes, represented by a curve
on the diagram, will be given by [pdy, i.e. by the area included
between the curve, the axis of abscissae, and the first and last
ordinates. This area is of course to be taken with its proper
sign, according as the work is positive or negative.

There are two kinds of successions of states which are
specially important. In the first of these the temperature does
not vary, and the representative lines arc therefore called
“isothermals.” By means of a system of isothermal lines
drawn at sufficiently small intervals the properties of the




substance can be completely mapped out. The other suc-
cessions referred to are those in which there is no gain or loss
of heat to the substance, as if it were enclosed in a vessel (of
variable volume) whose walls are absolute non-conductors. The
corresponding lines are therefore called “adiabatics.”
In a perfect gas we have
p=Rpb, or pp=RO, ... 1)

where 6 is the absolute temperature on the gas thermometer,
and R is a constant depending on the nature of the gas. The
isothermal lines pv = const. are therefore rectangular hyperbolas
asymptotic to the coordinate axes. As regards the adiabatics,
the heat required to increasc the pressure by &p when the
volume is constant will be given by an expression of the form
Pdp. If cdenote the specific heat (per unit mass) at constant
volume, this must be equal to ¢80, where 86 is the corre-
sponding change of temperature. Now when 8v=0 we have
§p/p=386/6, whence, comparing, P =cf/p. Again, the heat
required to augment the volume by dv when the pressure is
constant may be denoted by @8v, which must be equal to ¢'86,
where ¢’ is the specific heat at constant pressure. Since, when
8p=0 we have dv/v=260/6, we find Q=c'0/v. The heat ab-
sorbed when both pressure and volume are varied infinitesimally

is therefore

. 8
P8p+Q8v=€<c%+c 7”) e (2)

and the differential equation of the adiabatics is therefore
Sp v
%+27=
The ratio ¢’/c of the two specific heats is practically constant.
Denoting it by v, we have
log p + vy log v = const.,
or pv¥ =consb,, ...oiiiiiiiis

0. eererererererenenns 3

RN C))
as the equation of the adiabatic lines. The value of y as found
by direct experiment is about 141 for air, oxygen, nitrogen,
and hydrogen. The figure shews the isothermal and adiabatic
lines through a point P of the diagram, the latter curve being
the stecper.

|



162 DYNAMICAL THEORY OF SOUND

When the pressure and volume vary in any connected
manner, the ratio of
the increment 8p of P
the pressure to the
“compression,” i.e. the
negative dilatation
—8ufv, may be called
the “elasticity of
volume.” Its value
will depend not only
on the particular state,
but on the manner in U
which the variations
from that state are

supposed to take place, ¥ 4

ie. on the direction

of the corresponding y
curve on the diagram. ¢ Fig. 58,

If the tangent at the
point P meet the axis of pin U, and NU be the projection of
PU on this axis, we have
~o Lo NP tan UPN =NT; ... ®)

this projection therefore represents the elasticity under the
particular condition. On the isothermal hypothesis, to which
these letters refer in the figure, the elasticity is equal to the
pressure p, as follows at once from (1), or from the fact that
the tangent to a rectangular hyperbola is bisected at the
point of contact. If the variations are subject to the adiabatic
law, the elasticity, as deduced from (4), is yp, and so greater
than in the former case. This is represented by NU’ in the
figure. Even in the case of solid and liquid bodies we ought,
in strictness, to discriminate between isothermal and adiabatic
coefficients of elasticity, but the differences happen not to be
very important.

The work done by unit mass of a gas in expanding between
any two adjacent states is easily read off from a diagram as

F@+p) (0 =v), or py(v%—20)+%(@-p)(w~v), (6)




correct to the second order of small quantities. When the two
states are a finite distance apart we

require to know the manner of transi-

tion. For changes along an isothermal

line pv = pyv, we have

fvnpdv =P logl{" ()
v v Pl (P

For variations along an adiabatic
f * ody= D= P ) ’ ;‘ig%ﬁ)
o P - 59.

59. Plane Waves. Velocity of Sound.

The theory of plane waves of sound is very similar to that
of the longitudinal vibrations of rods (§ 43). We assume that
the motion is everywhere parallel to the axis of , and is the
same at any given instant over any plane perpendicular to this
axis. We denote displacement from the equilibrium position
by £ The symbols p, p, £ are supposed to refer at the time
t to that plane of particles whose undisturbed position is
z; they are therefore functions of the independent variables
z and ¢. The constant equilibrium values of p, p are dis-
tinguished as p,, po.

The dilatation A was defined in § 40 as the ratio of the
increment of volume to the original volume, viz.

A=@w—v)v, v=0%0+4). oo, (1)

In the present branch of the subject it is usual to introduce
a symbol s to denote the “condensation,” i.e. the ratio of the
increment of density to the original density ; thus

s=(p—p)lps, P=p(l+8). eeerreerea(2)
Since v =1/p, we have
(14 +A)=1 i, (3)

The stratum of air which was originally bounded by the
planes « and z+8x is at time ¢ bounded by the planes #+§£ and
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@+ £+ 8w+ 8F, and its thickness is therefore changed from 8z
to 8z + 8, or (1 4 0£/0z) 8z, and the dilatation is accordingly

Hence, in the case of infinitely small disturbances, we have,

by (3),
s=—A=-— 6_
ox
In forming the equation of motion we assume that the
pressure varies with the density according to some definite law.

We have then, for small values of s,

P=PoF S, reeeeenineeniiniaii (6)
where « is a coefficient of cubic elasticity. Considering the
acceleration of momentum of unit area of a stratum originally
bounded by the planes # and # + 8z, we have

podw. E=—8p,
where 8p represents the excess of pressure on the anterior face.
Hence, by (5) and (6),
re_ ¢ i1 (7)
T g e
where C=/(K/pg). rerrrnernreriieiiians 8)
The solution of (7) is as in §§ 23, 43
E=f(ct—m)+ F(ct+2), .oveererennnnns 9

and represents two systems of waves travelling in opposite
directions with the velocity c*.

If we assume, as Newtont did, that the expansions and
contractions of a gas, as a sound-wave passes, take place
isothermally, i.e. without variation of temperature, the relation
between p and p is given by Boyle’s law, viz. p/po=p/p,=1 +s,
whence « =p,, as already proved. This makes

C=N(PofPo). e (10)
Now for air at 0°C. we may put, as corresponding values,
Po=T6x 13:60 x 981, p, =-00129,
* The analytical theory of plane waves of sound is due to Euler (1747) and
Lagrange (1759).

+ The investigation is given in Prop. 48 of the second book of the Principia
(1726).




in absolute centimetre-gramme-second units, whence ¢ =280
metres per second. This is considerably less than the observed
velocity.

The discrepancy was first fully accounted for by Laplace
and Poisson*. When a gas is rarefied or condensed the
temperature tends to fall or rise, except in so far as the
process is mitigated by the supply or abstraction of heat. In
ordinary sound-waves the condensation s changes sign so fre-
quently, and the temperature consequently rises and falls so
rapidly, that there is no time for sensible transfer of heat
between adjacent portions of the gas. The flow of heat has
hardly set in from one element to another before its direction is

reversed, and the conditions are therefore practically adiabatic.
The formula

PIPo= (PP rreeriiiieniiann 1)

becomes, for small values of s,
P=Do(L498), weerrvrrrriiiennnnns (12

whence & =vp,, as in § 58, and
C=A(YPofpo)  creeiiiiiiiiiieann (13)

Putting y=141 we find that the Newtonian velocity of sound
in air must be increased in the ratio 1'187, whence ¢= 332
metres per second at 0°C. This is in good agreement with
divect observation.

As there is now no question as to the soundness of this
explanation, and as the direct determination of y is a matter
of considerable difficulty, the formula (18) is often used in the
inverse manner, as a means of deducing the value of  for
various gases from the observed velocities of sound-waves in
them. TFor example, it was in this way that in 1895 the value
of « for the newly discovered gas argon was found by Lord
Rayleigh to lie between 16 and 1-7. The experimental method
(due to Kundt) is referred to in § 62 below.

Since p/p, = R, the velocity of sound as given by (13) is
independent of the actual density, but will vary as the square
root of the absolute temperature. Also, so far as ¢ has the
same value, the velocity of sound in different gases will vary

* About, or before, the year 1507,
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inversely as the square root of the density, provided the com-
parison be made at the same pressure. These conclusions are
in agreement with observation.

The formula (8) will of course apply to any fluid medium,
provided the proper value of « be taken. In liquids the
difference between the isothermal and adiabatic elasticities
may be neglected. For water at 15°C. we may put
£=222 x 10, p,=1, in c.¢.S. units, whence ¢=1490 metres
per second. The number found by Colladon and Sturm (1826)
by direct observation, in the water of the lake of Geneva, was
1435, at a temperature of about 8° C.

Another formula for the velocity of sound may be noticed.
If H denote the height of a “homogeneous atmosphere,” i.e. of
a column of uniform density p, whose weight would produce the
actual pressure p, per unit area, we have p,=gp,H, and the
Newtonian formula (10) becomes

c=V(gH); i (14)
cf. § 43 (6). The velocity is accordingly that due to a fall from
rest through a height $H. It appears from § 58 (1) that for
a given gas, and at a given place, H depends only on the
temperature. The corresponding adiabatic formula is

c=n(ygH). oo (15)

60. Energy of Sound-Waves.
The kinetic energy of a system of plane waves is, per unit
area of the wave-fronts, X
T'=3%pofeda,

where the integration extends over the space which was occupied
by the disturbed air in the equilibrium state.

The work done by unit mass in expanding throngh a small
range was found in § 58 to be given accurately, to the sccond
order, by the expression

Po(@—=0)+ 5@ =p) (U —0), evrennnns (2)
where the suffix 0 refers to the final state. If we form the sum
of the corresponding quantities for all the mass-elements of the
system, the first term disappears whenever the conditions are
such that the total change of volume is zero. Again, in the




second term we may put, with sufficient accuracy, p — p,= s,
Y —v=1s, and obtain fxs*.v,. The expression 4«s* is there-
fore to be integrated over the volume occupied in the undis-
turbed state. So far nothing is stipnlated as to the hypothesis
to which « relates; but it is only in the case of adiabatic
expansion that the result can be identified with the potential
energy in the strict sense of this term. We then have
V=3%kfedm, .ovivirniniiiiiai (3)

where « =yp,, per unit area of wave-front. If « refer to the
isothermal condition, the expression on the right hand is what
is known in thermodynamics as the “free energy.”

It is unnecessary to repeat what has been said in § 23 as to
the resolution of an arbitrary initial disturbance into two
wave-gystems travelling in opposite directions. In a single
progressive wave-system, say

E=f(ct—a&), ooveeririiiiininnns 4)
we have by § 59 (5) E=08, vvrerereceeeieeaaeaniinens (5)
where £ denotes the particle-velocity in the direction of propa-
gation. Since £ has the same sign as s, an air-particle moves
forwards (i.e. with the waves) as a phase of condensation passes
it, and backwards during a rarefaction. It appears moreover,
from (1), (8), and (5), that the total energy is half kinetic
and half potential. This also follows independently from the
general argument given in § 23.
The case of a simple-harmonic train of progressive waves is
specially important. The formula

E=acosn <t—§)

represents a train of amplitude a, frequency n/2m, and wave-
length A =2mc/n. We find

T= 7p«1ﬁ1‘f sin*n (t —'%) dx

=} pun“cv,’f{l —cos 2n (t—%y)} dz. el (©)

The mean value of the second term under the integral sign is
zero,and the average kinetic energy per unit volume is therefore
1 pon2a?, and the average value of the total energy 4 pemial.
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Since na is the maximum particle-velocity, we see that the
energy in any region including an exact number of wave-lengths
is the same as the kinetic energy of the whole mass when
animated with the maximum velocity of the air-particles. If s,
be used to denote the maximumn condensation, we have s, = na/c,
and the average energy per unit volume may therefore also be
expressed by §p,c’s,®

We can also estimate, incidentally, the nature of the approxi-
mation involved in the derivation of the equation of motion § 59
(7). The approximation consisted in neglecting the square of s,
or —9k[0z. Since s,= 2ma/), this means that the amplitude a is
assumed to be small compared with \/2m, a condition which is
abundantly fulfilled in all ordinary sound-waves.

So far we have traced the course of waves regarded as
already existent, without any reference to their origin. As an
example, though a somewhat artificial one, of the manner in
which waves may be supposed to be generated, imagine a long
straight tube, of sectional area w,in which a piston is made
to move to and fro through a small range, in any arbitrary
manner. The origin of « being taken at the mean position
of the piston, the forced waves in the tube, to the right,
due to a prescribed motion

E= () ovveerinnnns [T 8)
of the piston, will evidently be given by
z
E=f (t - E) s ©
In particular, if Ei=0acoSnt, .eeooiiiiiiiannnns (10)
we have E=acosn (t-%)‘ ............... (11)

The rate at which work is being done by the piston on the air
to the right is

Poky=(po+ s) of,

. &na?
= — powna Sin nt +

wsin?nt. ... (12)

The mean value of the first term is zero, whilst that of the
second is
§ kitdtefo = § patec.  cueeiineen... (13)




which occupy a length ¢ of the tube, and that the piston must
as a matter of course supply the corresponding amount of
energy. It must be remembered, however, that an infinitely
long train of waves of the type (11) would take an infinite time
to establish, and that in the cuse of a finite train the suggested
line of argument would require us to examine into what is
taking place at its front. In the present instance the result
would, it is true, be unaffected, but the case would be altered
if the wave-velocity were different for different wave-lengths,
as it is for example in dispersive media in optics, in deep-water
waves in hydrodynamics, and in the case of flexural waves on a
long straight bar (§ 45). There is then a distinction between
the wave-velocity (for a particular wave-length) and the “gronp-
velocity” which determines the rate of propagation of energy.

In the above problem force must be applied to the piston in
order to maintain the vibration (8) against the reaction of the
air. If the piston be free, the store of energy which it origin-
ally possessed will be gradually used up in the generation of
air-waves. Suppose, for example, that the piston is attached
to a spring, and that in the absence of the air the period of its
free vibrations would be 2m/2. Under the actual conditions,
its equation of motion will be of the form

M(E+az“§)=—(p—pu) [ N (14)
where the variable part of the pressuve alone appears, since the
constant part merely affects the equilibrium position. From
the general theory of progressive waves we have

P=Po=rS=kE[C, werriiiiriinaann (15)
and the equation (14) becomes

L ko
E+mf+n2§=0. ............... (16)

This is of the form discussed in § 11, and the solution is
E=Ce "t cos(nt+ €), wovvrnivunnnnn. (17)
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provided 7= 2Mc/kew = 2M/pywc, n'2=n*—1/7% ... (18)

When nr is large the effect on the period may be neglected.
The condition for this is that 2M* must be large compared
with p,w)/27, where ) is the wave-length. The inertia of the
piston must therefore be great compared with that of the air
contained in a length A/27 of the tube. The same law of
decay would be given also by the indirect method explained
in § 12.

‘We have seen in (18) that the rate of propagation of energy
across unit area of wave-front in a progressive system of waves
of simple-harmonic type is 4 p?a’e, or §puc’s? if s, denote the
maximum condensation. The result was obtained for plane
waves, but will hold for all kinds of wave at a sufficient distance
from the source. Consequently if W denote the total emission
of sonorous energy per second from a source near the ground,
the value of s, at a distance , will be given by the relation

W=1ps® X 2 = wpo 06, veneeenns (19)

This formula was applied by Lord Rayleigh to estimate the
limit of audibility of a sound of given pitch. The value of W,
as inferred from the power spent in actuating the source
(a whistle),is the product of the current into the pressure, and if
7 be the distance at which the sound is just andible, the formula
will give a value of &, which is necessarily, however, greater
than the true limit, since the value of W is too high, not all
the energy being spent in sound. In this way it was ascer-
tained that sounds could be heard in which s, was certainly less
than 4 x107%. The corresponding amplitude as deduced from
the formula na=cs, was 8 x 10-%cm. By an independent
method, in which the above source of uncertainty was avoided,
the limit of audibility was fixed at about s,= 6 x 10, Subse-
quent experiments by Wien (1908) and Rayleight indicate an
increase of sensitiveness with rise of pitch, for tones near the
middle of the ordinary musical scalec.

* The factor 2 would disappear if the piston were supposed to generate waves
on both sides.
 Phil. Mag. (6), vol. xxv. (1907).
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61. Reflection.
When there is a fixed barrier at the origin the general
solution is replaced, as in § 24, by

E=f(ct—a)— fct+a) vrrrninnnnnas (1)

Considering, for example, the region to the left of the origin,
the first term may be interpreted as representing a primary
wave-system approaching the barrier; the sccond term then
represents the rcflected system. The latter has the same
amplitude at corresponding points; the velocity £ is reversed,
but the condensation s (= — 9£/dz) has its sign unchanged. We
have here, in its simplest form, the explanation of echoes.

There is another case of reflection which it is important to
consider. Suppose that at one point (say #=0) the condition
of unvarying pressure (s = 0) is imposed. We must have then,

in § 59 (9),
' F'(ct)y=f"(ct)y orvrrrerriiaeennnenn 2)

which shews that the functions f, F' must differ only by
a constant. Since this constant would merely represent a
displacement common to the whole mass, which is without
influence on the question, it may be ignored. We have then

E=f(ct—2)+ Fet+a), ririinnnnnnn. 3)
where as before the first term may be taken to represent an
incident, and the second a reflected wave-system, in the region
lying to the lefc of O. The velocity £ is here reflected un-
changed, but the sign of s is reversed. The conditions would
be realized if the air were in contact at the plane @ =0 with
a medium capable of exerting pressure, but destitute of inertia.
This is of course an ideal case, but the condition of invariable
pressure is approximated to in some degree at the open end of
a pipe. The present investigation has also an application to
the reflection of longitudinal waves at the free end of a rod
§ 43).

The general problem of (direct) reflection at the common
boundary of two distinct fluid media is hardly more complicated.
The origin being taken in the boundary, a wave-system ap-
proaching from the left will give rise to a reflected wave on the
left and a transmitted wave on the right. We distinguish
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quantities relating to the incident and reflected wave by the
suffixes 1 and 2, respectively, whilst those relating to the
transmitted wave are indicated by (grave) accents. Since the
velocity and the pressure must be the same for the two media
ab the origin, we have
brb=£ wsitrn=ks [2=0], ... (4)

the equilibrium pressure p, being neccssarily the same. Now
£,=cs,, £;=—0s,, £ =c's, whence

c(m—a)=0Cs, k(n+s)=«s [2=0]
Hence 8= % S = Mcifw‘ s [2=0]. ...... (6)
These formulae relate in the first instance to the state of
things at the origin, on the two sides; but it is easily seen that
they will also represent the ratios of amplitudes at correspond-
ing points in the respective waves. If the inertia of the second
medium were infinite, we should have ¢ =0, and therefore
s,=8, as in the case of reflection at a rigid barrier. On the
other hand, if the inertia of the second medium were evanescent,
we should have ¢' = 0 and s,=—s,, as above.

The energies of corresponding portions of the various waves
are proportional to «s?c, xs.’c, €', since the lengths occupied
by these portions will vary as the respective wave-velocities.
The conservation of encrgy therefore requires

K826 = KSZC+ K85} eenirirerannan, (7)
this is easily verified from (6).
If we put & = pc®, &' = po'c’’, we have, from (6),

S, o€ = pC

il SRR (8)
As an cxample, take the case of air-waves incident normally
on the surface of water. We have py/p, =-00129, c/c' =222,
about; whence s./s,="99943. There is thercfore almost com-
plete reflection, with hardly any transmission.

The same result holds when the incidence is in the opposite
direction, from water to air, and in both cases to a still higher
degree when the incidence is oblique. The complete theory was
given by Green (1847). The results arc chicfly of interest for
the optical analogies, but one curious point may be mentioned.




62. Vibrations of a Column of Air.

When we come to the free oscillations of the air contained
in a pipe of finite length, the question definitely arises as to the
condition to be satisfied at an open end. There is here a
transition, more or less rapid, from plane waves in the tube
to diverging spherical waves in the external space, which it is
difficult to allow for exactly. In the usual rudimentary theory,
which dates from D. Bernoulli, Euler, and Lagrange, it is
assumed that the variation of pressure in the tube, at the open
end, may be neglected. As already stated, this would be
accurately the case if the external air were replaced by a
substance capable of exerting pressure (p,) but devoid of
inertia. There would then be no loss of energy on reflection
at the open end (§ 61), and the vibrations in the tube, once
excited, would be persistent. The hypothesis is obviously
an imperfect representation of the facts; the condition s=0
can only be approximately fulfilled, and energy must con-
tinually be spent in the generation of waves diverging outwards
from the month, so that the vibrations if left to themselves will
be sensible only for a very limited time; this may however
cover hundreds of periods. We shall return to these questions
later (Chapter IX); at present we content ourselves with
tracing out the consequences of the approximate theory.

The periodic character of the motion in a finite pipe can be
inferred from the theory of waves, exactly as in the case of
strings (§ 24). Suppose for example that a wave of limited
extent is started in either direction from a point P of a tube
AB. After two reflections, at 4 and B, the wave will pass P
again in the same direction as at first. If both ends be closed,
the sign of s is unaltered at either reflection, whilst that of £ is
twice reversed. Hence after the interval 2I/c, where I=A4B,
the initial circumstances are exactly reproduced. The same
result holds if both ends be open, since there have now been




= e =

v

2l/c, and a further interval of like dur?txon must elapse before
the original state of things at P is restored.

The foregoing theory explains one or two important points
in the theory of organ-pipes. Thus the frequency, in the
gravest mode, is inversely proportional to the length, and is
lower by an octave for a “stopped” pipe, ie. a pipe closed
at one end, than for an “open” pipe, i.e. one open at both ends,
of the same length. It is, again, directly proportional to the
velocity of sound, and so increases with rise of temperature.

In the analytical method for determining the normal modes
we assume as usual that £ varies as cos(n¢+¢). The equation
§ 59 (7) then becomes

aﬂ
afe L o)
the solution of which is
E= (A cos n?x + Bsin 7—?) cos(nt+e€), .eeon. (2)

as in§25. The corresponding wave-length of progressive waves
in free airis M= 2me/n. Hence in any system of standing waves
there is a series of nodes (£ =0) at intervals of )\, and a series
of loops, or places of zero condensation, (9£/dz = 0), half-way
Detween these.

For a tube closed at both ends (z=0, z=1) we have

A =0, sin(nl/c)=0, ...(3)

and therefore

/
E= (/msmﬂcos lerct e,n) S eeenerens (4)
where m=1, 2, 3, ..., the normal modes forming a harmonic

series.
Fora pipe open at both ends, the condition that s=—3§/dz=0
for =0 and z =1 gives
B=0, sin(nl/c)=0, ceeerreeerennn.... (5)
and the typical solution is

&= C,cos Q;E cos (m%t_*_ e,,.) s eeeeenen (6)




where m=1, 2, 8, .... Here, again, the sequence of normal
modes is harmonic. The figure illustrates the cases m=1,
m=2. The arrows shew the direction of motion at the loops,
whose position is indicated by the dotted lines, in two opposite
phases; the nodes are indicated by the full transverse lines.

i [ s

—— L —— I ~——

i s e
Fig. 60.

In the case of a pipe closed at =0 and open at z=/,
we have

A=0, cos(nlfe)=0, ...cvvurrrrruurrs ()
whence nlfc =}mm, the integers m being odd. We thus obtain
L 3
£=C)cos mT'n'lw cos (m;r_c + s,,,) , eeseeenes 8)
where m=1, 3, 5, .... The absence of the harmonics of even
1 ——
| ——

Fig. 61.

order determines the characteristic “ quality ” of stopped pipes
(§ 91). The figure shews the cases m=1, m=3.
The formula (2) can be applied also to the case of forced
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vibrations of given frequency (n/27). Thus if a preseribed
vibration
E=Acos(nt+e) .ooverviiiinnnns 9

be maintained at 2 = 0, and if the tube be closed at z=1, the
motion of the gas is given by

_ 4 . n(l—a)

Eﬂgin(nl/Z) ! c

The amplitude becomes abnormally great, even when we take
account of dissipative forces, if sin (nl/c)=0, or {=}mA, where
m is integral. This is the principle of a method due to Kundt
(1868) by which the velocity of sound in various gases can be
compared by small-scale experiments. The wave-lengths are
found by measuring the distances between the nodes, whose
position is indicated by the heaping up of lycopodium powder
previously scattered in the tube. The vibrations are excited
in the two tubes (containing the two gases to be compared) by
disks fitted to the two ends of a longitudinally vibrating rod.

If the end =1 is open, the formula (10) is replaced by

n(l—x)
o
and the condition of strongest resonance is cos(nl/c)=0, or
I =}m, where m is an odd integer.

The preceding investigations would apply also to the
vibrations of a column of water, or other liquid, contained
in a tube, provided the material of the tube were absolutely
rigid. In practice, however, the yielding of the walls has
an appreciable effect; the potential energy corresponding to
a given strain (2€/0x) of the fluid is diminished, and the wave-
velocity is lowered. The fact was observed by Wertheim (1847),
but the true explanation is due to Helmholtz (1848). The
question has been further investigated by Korteweg (1878)
and the present writer. Owing to the much greater velocities
(§ 44) of elastic waves in solids such as glass or steel, as
compared with the sound-velocity in water, the stresses in
the walls adjust themselves so rapidly that it is legitimate
to assume that the deformation of the tube has the statical
value corresponding to the instantaneous distribution of

cos(nt+e€). ... (10)

cos(nt+e), ...... (11)
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pressure in the liquid. If ¢ be the theoretical velocity of
sound in the liquid, as given by § 59 (8), ¢ the actual velocity,
it is found that in the case of a tube of small thickness A
[

TR Gl e
where o is the internal radius, x is the volume-elasticity of
the liquid, and £ is the value of Young’s modulus for the
material of the tube. Thus in the case of water (x =222 x 10%)
contained in a glass tube (B = (03 x 10%) whose thickness is
one-tenth of the radius, we find ¢=-759c,. Even in the other
extreme, when the walls are very thick, it is found that

ol = /(K + 1), coviiiiiieeennnd (13)

where p is the rigidity. The value of x for glass is, roughly,
about 10 times the value of « for water; this would give
a diminution of about 5 per cent. in the wave-velocity.

=

63. Waves of Finite Amplitude.

The laws of sound propagation, as they are investigated in
this and succeeding chapters, are subject to some qualifications
which may best be considered in relation to plane waves, where
the theory is simplest.

In the first place, it has been assumed that the conden-
sation s may be treated as infinitely small. This hypothesis
is adequate for most purposcs, but there are certain “second
order” effects which are of some theoretical importance.

It is easy to shew that a progressive wave of finite (as
distinguished from infinitely small) amplitude cannot be pro-
pagated without change of type, except on the hypothesis
of a certain special relation between pressure and density.
Assuming, for a moment, that a wave of permanent type is
in progress, we may in imagination impress on the whole
mass of air a velocity equal and opposite to that of the
wave. In this way we obtain a condition of “steady motion”
as it is called, in which the velocity, pressure, and density at
any point of space are constant with respect to the time.
For definiteness we may fix our attention on the air contained
in a long straight tube of unit sectional area. The velocity u




momentum of the mass which at the instant considered lies
between the planes # and z+ 8z, we have

Also, since the same amount of matter crosses each section in
unit time, we have

PU=CONSE. =M, cerriiiiiiiiiin (2)
say. Hence mdu/dz = — dp/dz, and
P=C—mu cerririniiriiiiinninns 3)
1 1
or P—po=m (1 — u)=m? (ﬁ_g)’ ......... (4)

where the symbols po, po, % refer to the parts of the medium
which in the original form of the question were undisturbed.
This gives the special relation referred to. In terms of the
volume per unit mass we have

P=Po=mM (U= 0), ererrereiraiinaes (5)
which is the equation of a straight line on the indicator
diagram. A relation of this type does mnot hold for any
known substance, whether under the adiabatic or the iso-
thermal condition, and could in any case only apply to a
limited range, since the volume would otherwise shrink to
nothing under a certain finite pressure.

If, however, the range of density be small, the equation (5)
can be identified with § 59 (6) provided m?=«p,. Since m=pyu,,
where , is the wave-velocity in the original form of the problem,
this gives uf = «/p,, in agreement with §59 (8). The process
is equivalent to choosing m so that the straight line (5) shall
be a tangent at the point (v, ps) to the curve which on the
indicator diagram gives the effective relation between p and v.

The condition (5) was obtained in different ways by
Earnshaw (1860) and Rankine* (1870).

To ascertain the character of the continual change of type

* W. J. M. Raukine (1820—72), professor of engineering at Glasgow,
18556—72.
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Pom =73, eeereeeeeesenenns
- - 4
i and p=p,/(1 +A)-—pn/(1 +Bm>' ............ )
i Hence, on the adiabatic hypothesis that
l
f P[P = (p[Puo)s  erereiiiiiiianinnn. (8)

we find by elimination ofp and p
o _ ag v+
(1 4a) -

where c? =qp,/p, as before.
For illustrative purposes it is sufficient to consider the
isothermal case, which is derived from the above by putting

y=1, so that
rE_n2¢ ( +a§> ............... (10)

%= 02

ot oz®
We have seen in § 60 that on the hypothesis of infinitely
small vibrations there is a definite relation between particle-
velocity and condensation in a progressive wave. Following
Earnshaw, we assume (tentatively) that the same thing holds
in the general case, and wribe accordingly

9 f( ) ..................... an
where the form of the funcmon is to be determined. From this
we deduce

*E_ L o’ e (43
= (Bw) iy ( e -0

0* . /0 0*
and therefore 5l€ {f (a—i>} . 6—5. ............... (13)
Hence (10) is satisfied provided

f’(§)=i°/(1+g~i)’ ............... 14

or %fzf%i):i“og(l +gf> ......... (15)




E=TFclog(L+5), .oovvrerenrennnns (16)
by § 59 (3). Another form is

plpa=¢
When s is infinitesimal the formula (16) reduces to £= F ¢s, in
agreement with § 60.

To find the rate at which any particular value of s is
propagated, in either of these cases, we note that the value of
9£/0z which is associated with the particle # at the instant ¢
will have been transmitted to the particle # + 8z at the instant
t + 8, provided

=il

£ (23
5030 St + i dx =0,
ie. by (12) and (14),
dztc(l+8)8t=0. .iriierennn. (18)
The phase s is therefore propagated with the velocity
do
Et—=+c(l+s) .................. (19)

relative to the undisturbed medium. To find the rate of
propagation in space we have to take account of the total
variation of « + £, which is

o of
(1 + a—m) S+ =2 8.
The required velocity is therefore
0B\de 0t _  0F
(”a“x)%"ﬁ"f”ﬁ' ....... e (20)

The lower sign relates to a wave travelling in the direction of
z-positive. It appears from (16) that positive values of £ are
then associated with positive values of s, as in the approximate
theory of §60; but the formula (20) shews that the velocity
of propagation is greater, the greater the value of s. The parts
of the wave where the density is greater therefore gain con-
tinually on those where it is less. Thus if the relation between
sand « be exhibited graphically, the curve 4 in the annexed




figure takes after a time some such form as B*. The wave
becomes, so to speak, continually steeper in front, and slopes
more gradually in the rear, until a time arrives at which the
gradient at some point becomes infinite. After this stage the
analysis ceases to have any real meaning.

Fig. 62.

The adiabatic hypothesis leads to results of the same
general character. The reader will find no difficulty in verifying
the following statement. The formula (16) is replaced by

*_, 2 g 2=y,
Bt_"fy-—l{l (1+5s) | H (21)
and the velocity of propagation of a particular value of s is
Fo(4)TOHD (22)
relative to the undisturbed medium, or
_(ap\t | ok
E: ((-i’;) TS J— (23)

in space. In the latter formula the particle-velocity is added
to the velocity of sound proper to the actual density, which is
on the adiabatic hypothesis dependent on the degrce of con-
densation and consequent change of temperature. The general
conclusions are as before.

* It is not very important here whether the coordinate = be supposed (as in

the previous part of this investigation) to refer to the undisturbed medium, or
to be an ordinary space-coordinate. In either case the tendency is the same.
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(9) is not linear, distinet solutions, such as those representing
waves travelling right and left, respectively, which we have
just been considering, cannot be superposed by mere addition.
It may however be remarked that, as a result of a more
complete investigation, Riemann* found (1860) that a localized
arbitrary initial disturbance does eventually resolve itself into
two waves of the above kinds, travelling in opposite directions.

To follow exactly the career of waves of finite amplitude
generated in any given manner is a problem of considerable
difficulty; but some indications may be obtained by methods
of approximation. This procedure was adopted by Airy+(1845)
in his work on the dynamical theory of the tides, where similar
questions arise with respect to tides in shallow seas and
estuaries,

Suppose, for instance, we have a long straight tube in which
a piston (at « = 0) is made to move in an arbitrary manner

E=F() cvrrrrerrereererereeins (24)
The equation (9) becomes, if we neglect terms of the third
order in the derivatives of §,

L oE 0%
Pl Bzz——('y+l)cza—”;373. ceeenennd(25)

If we omit the last term, we have as in § 60 the first

approximagion
o
E=f(t—;). ..................... (26)
Substituting this value of £ in the small term of (25) we
obtain
of_ 0%

3 (7, )3
5= 015;’ -3y + 1)%{}( (t——g)} o eenn(27)
The solution of this which is consistent with (26) is

g:f(t-”f)ﬂ;;,lw {f’(t—g)}", ...... (28)

as is easily verified. The correction to the first approximation

* Bernhard Riemann (1826—66), of h ics at Gotti
1857—66.

+ Sir George Biddell Airy (1801—92), Plumian professor of astronomy at
Cambridge 1828—35, ast royal 1835—81.




(<0) 1s proportional to &, and to vhe square oL the ratio of the
velocity of the piston to the veloeity of sound. This latter ratio
may in practice be exceedingly small, but as we travel to the
right the eorrection continually increases in importance, until at
length the neglect of terms of the third and higher orders
would no longer be justified. This is what we should expect
from the results of Earnshaw’s investigation.
When the motion of the piston is simple-harmonic, say

Sy =acosnt, .oveeriiianniinn (29)
the formula (28) gives

242
E=acosn (t—g) +(1+T10211_a z {1 —cosZn(t—g)}. (30)
The displacement of any particle is no longer simple-harmonie,
but consists of a part independent of ¢ together with two
simple-harmonic terms, one having the frequency of the
imposed vibration (29), and the other a frequency twice as
great. This illustrates the implied limitation to infinitely
small motions in the usual theory of forced oscillations (§ 17).

Again, if the given vibration of the piston be made up of
two simple-harmonic components, say

F) = cosmt+ @08 ngf, ..neenn(31)

we find

E=a,cosn (t—i—c) + agcosng(t -g)
+1 N N . z
+ '—Y‘SET @ {n,'a,’ + et — n,a,® cos 2n, (t—- E)
— N2y’ cos 2n, <t - g)
z
+ 21, 1y, @ty cOS (1, — 1y) <t - 2)

— 20, 1,0, 04 cO8 (1, + n,) (t -—g)} .

‘We thus learn that in addition to the vibrations of double
frequency, other simple-harmonie vibrations whose frequencies
are respectively the difference and the sum of the primary
frequencies now make their appearance. In acoustical language,
two simple vibrations of sufficient amplitude may give rise not



well as to certain “combination-tones,” whose occurrence
reminds us again, that the principle of superposition is no
longer valid. We shall have occasion to refer to this investi-
gation at a later period (Chap. X).

The analogous phenomenon in tidal theory is the production
of “over-tides,” which are in fact appreciable, and have to be
provided for in the Harmonic Analysis referred to in § 39.

We have seen that the main effect of finite amplitude is
that in a progressive wave the gradients, both of pressure and
of density, tend to become infinite. This has suggested the
question whether a wave of discontinuity might not finally be
established, analogous to a “bore” in water-waves. To examine
into the possibility of such a wave we take the question in its
simplest form, and assume that the circumstances are everywhere
uniform, except for the sudden transition at the plane of dis-
continuity, Further, by the superposition of a certain uniform
velocity, we reduce the problem to one of steady motion in
which the plane in question is fixed.

The symbols p,, p, %, will then be supposed to refer to the
region to the left of this plane, whilst the values of the corre-
sponding quantities on the

oy Lo Lile COLIESpLUUlils pulc wilts, UL b vitll DLLaves, 45 1’

right are denoted by p, p, u. i ! "
Since in every unit of time i i
the same mass (m) of fluid .
crosses any unit area normal M
to the direction of flow, we have
PU = Polly =T, O U=MY, U=V .eer.. (33)

Again, since in unit time a mass m has its velocity changed from
%, to u, the momentum of the portion of air included between
two planes in the positions indicated by the dotted lines in
Fig. 63 is increasing at the rate m (u — u,), whence

Do—=P =M(U=Up), errerennnneranns (34)
or, in virtue of (33),
Po—=P=m(V~12), ..cenn vereeraenae (35)
i in agreement with (5). If we now superpose a uniform velocity

=t
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—u, we get the case of a wave advancing into a region
previously at rest. The wave-velocity is given by

P=P,s P~Po
up = mi? = o V2= ﬁ——mﬁ s eened (36)
as first found by Stokes (1848), and afterwards independently
by Earnshaw, Riemann, and Rankine. A difficulty, first pointed
out by Lord Rayleigh, arises, however, as to the conservation of
energy. The rate at which work is being done on the portion
of air above considered is pyu, — pu, whilst that at which the
kinetic energy is increasing is m (w*— u?). The difference is
Doty — Pt — Fm (w2 —®) = Em (po+ p) (= 0). ...(87)

If the two points (v, p), (v, p,) on the indicator diagram be
denoted by P, P, respectively, the expression (87) is m times
the area of the trapezium bounded by the straight line P, P,
the axis of v, and the ordinates p,, p. If the transition be
effected without gain or loss of heat, the points Py, P will lie
on the same adiabatic, and the gain of intrinsic energy will be
represented by the area included between this curve, the axis
of », and the same two ordinates. Since the adiabatics are con-
cave upwards, the latter area is (in absolute value) less than the
former. Hence if v, > v the work done is more than is accounted
for by the increase of the kinetic and intrinsic energies, whilst
if v, < v the work given out would be more than is equivalent
to the apparent loss of energy.

It is evident that a complete theory of waves of even
approximate discontinuity must take account of both viscosity
and thermal conduction, since at the transition the gradients
of velocity and temperature are very great. The question has
been very fully discussed by Rayleigh.

It does not appear probable that under ordinary conditions
the modifications due to finite amplitude are of serious im-
portance. In equation (30), for instance, the ratio of the
amplitude of the vibration of the second order to that of the
primary vibration is comparable with n*aw/c?, or with n*a/g . /H,
where H is the height of the homogeneous atmosphere. With
ordinary amplitudes a, and ordinary distances =, this ratio will
be very small. In three dimensions the effect must be very
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The essence of viscosity is that in a moving fluid the stresses
differ from a state of pressure uniform in all directions about a
point, by quantities depending on the rates of deformation. It
is usually assumed that these quantities are linear functions o
the rates of strain; from our present standpoint this is
sufficiently justified by the fact that the strain-velocities are
regarded as infinitely small. As in §40 there will at any
instant, and at any given point, be three principal axes of the
deformation which is taking place, and these will naturally be
the principal axes of the corresponding stress. We therefore
write, by analogy with § 42 (1),

p=—p+ X,A +2ué,
p==p +NA + b7 (1)
Po=—p+ NA + 24,
where é,, é,, & are the principal strain-velocities, and
A=t été wovvrriirieiriinnans (2)
By the same kind of proof as in § 41, 4’ is recognized as the
coefficient of viscous resistance to a shearing motion in parallel
planes; viz if 5 denote the rate of shear, and = the corre-
sponding stress, we have
T= e (3)
The value of p’ has been determined with considerable accuracy
for a number of fluids, gaseous as well as liquid.

It will be noticed that the meaning of the symbol p, and
consequently the value of N/, is so far indeterminate, since
nothing is altered in the shape of the formulae (1) if we
incorporate in p any constant multiple of A, In the case of
liquids it is in fact usual so to incorporate the second terms in
(1) In the application to gases it is convenient to regard p as
defined by the gaseous laws (p= Rpf). There is at present no

experimental evidence as to how far the mean stress about a
point, viz,

St pAp)=—p+ (N + 304,




PLANE WAVES OF SOUND 187

differs, in a moving gas, from —p, as thus fixed; but from
considerations based on the kinetic theory of gases Maxwell *
inferred (1866) that the two things are identical, and that
accordingly

N=—Fu e (4)

As we are interested chiefly in the order of magnitude of
the effects, the precise determination of A’ is not of much
consequence to us; accordingly Maxwell’'s view is adopted for
simplicity in what follows.

The dimensions of u' are those of a stress multiplied by
a time, or [ML—T~"]. It is found that u’is independent of
the density, but (in gases) increases with rise of temperature.
Its value for air at 0°C. is about 000170 in absolute c.G.s.
units. It will appear however immediately that the effect of
viscosity in modifying motion depends not so much on the
value of u’ as on its ratio to the inertia of the fluid. This
ratio

v=p/py e veenns(B)

is therefore called by Maxwell the “kinematic ” coefficient of
viscosity; its dimensions are [L*7~1). For airat 0° C. its value
is about ‘132 c.a.s.

The rate at which the stresses on the faces of a unit cube
are doing work in changing its size and shape is given by
Piér+ Pobat Pods = — pA + NA 4 20 (62 + &7 + &)

=—pA+3u (&= &P+ (G—al +(G—&r) ..(6)
The term —pA represents the rate at which the intrinsic
energy is increasing. The remaining terms, which are essenti-
ally positive, indicate a dissipation of energy at the rate
3 (=&l + (G— @) + (64— &) e (7
per unit volume. The mechanical energy thus lost is converted
into heat. It will be noticed that (7) vanishes in the case of

uniform expansion (é,= é,=é;); this is a necessary consequence
of our previous assumption as to the value of the constant N

* James Clerk Maxwell (1831—79), professor of experimental physics at
Cambridge (1871—79); author of the electromagnetic theory of light.



takes the shape
TH =R i (8)
In plane waves of sound we have =0, é=0, and therefore
from (1) and (4)
p=—p+ipb=—p-rs+iué e (9)
Moreover, in the notation of § 59,

__% . ok
s=-52, =g (6@) ............... (10)
The equation of motion, viz.
FE _op
Po7; 3T g et (11)

therefore becomes

eE_ 0% i

pr c’aza+ $v e TR (12)

To obtain a solution appropriate to the case of free waves
we putb
E= P cos kz,
where P is a function of ¢, to be determined. We find that
(12) will be satisfied, provided

“Zf: + 4o G a SrHEeP=0. . (14)

This has the form of § 11 (8), and the solution is therefore
P=Ce " cos(nt+€), .oooverrrnnins (15)
provided T=3/20°, wW=ke-1/7% ... (16)

In all cases of interest ¢r is a considerable multiple of the
wave-length (A = 27/k), so that n =ke, practically, the friction
having as usual no appreciable effect on the period. Thus

£ =Ce U cos (ket +€).coskz. ......... a7)
This represents a system of standing waves with fixed nodes
and loops. There is a similar solution in which cos kz is
replaced by sinkz, and by superposition of the two we can
construct a progressive wave-system

E=Cetcosk (b —a). .cooorrrrennnns (18)

Putting »="132 for the case of air, we find 7 ="2887% the
units being the second and the centimetre.




PLANE WAVES OF SOUND 189

The solution of (14) may also be effected concisely by means
of imaginary quantities. Thus in investigating forced simple-
harmonic vibrations of prescribed frequency we assume that

E=ag™tme, e (19)

whence, on substitution,
n’
B AR
The ratio vn/c is usually very small; thus for n =1500 its value
is, with previous data, about 1-8 x 10~ Hence
n 2t
(1 - EF) T (21)

Taking the lower sign, which corresponds to waves travelling in

the direction of z-positive, and rejecting the imaginary part of
(19), we find

md=

‘E=ae"”cosn(t—§), ............... (22)

provided 1=38c%/20m% iivriiiiiieiiiien, (23)

This represents a system of waves generated to the right of
the origin by a prescribed motion £=a cosnt at this point (as
by a piston in a tube if we neglect the friction at the sides).
The waves advance, with (sensibly) the usual velocity ¢, but
diminish exponentially in amplitude as they proceed*. The
linear magnitude [ measures the distance over which the waves
travel before the amplitude is diminished in the ratio 1/e. In
terms of the wave-length we have

1=(8¢/87W) . A% ceiiieiiineinins (24)
or, with previous data, { = 9:56A* x 10%. The effect of viscosity
in stifling the vibrations is therefore very slight except in the
case of sounds of very high frequency and consequently short
wave-length. Even for A =10 c¢m. the value of I is nearly 10
kilometres. When we come to the discussion of three-
dimensional waves it will be clear that the effect of viscosity
may for most purposes be ignored in comparison with the
diminution of intensity due to spherical divergence. It is,
however, of some interest to observe that there is a physical

* This calculation was first made by Stokes (1815).
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limit to the frequency of vibrations which are capable of
propagation for more than a very moderate distance.

The viscosity being small, the rate at which work is done
per unit area by the piston in maintaining the wave-system
(22) must have sensibly the value } p*a’c found in § 60. Since
the energy in the medium to the right is now finite and on the
average constant, this must be equal to the rate of dissipation
of energy by viscosity. The equality is casily verified. The
dissipation is, by (7),

@ © 9 ‘)z
’ 2 = 4, 95V
g,ujo &ide 3;:.'[0 (Bmat da
dq2 [@
- g,ﬂ—‘}f o=l costn (t -5z, ...25)
¢ Jo c
approximately, if we keep only the most important term.
Writing
cos-n(t—z) =% +4cos2n (t_Z)’
and taking the mean value with respect to the time, we obtain

..(26)

néa?
' = 1l=Ypmiacc,

by (23).

65. Effect of Heat Conduction.

A further cause of dissipation of cnergy is to be found in
the thermal processes consequent on the alternate expansions
and rarefactions of the air. If indeed these succeed each other
with sufficient rapidity, the variations are almost accurately
adiabatic, as explained in § 59; but, as was first pointed out by
Kirchhoff (1868), the residual conduction of heat is in any casc
of equal importance with viscosity. On the kinetic theory of
gases the coefficients of “thermometric ” conductivity (»") and
of kinematic viscosity are in fact of the same order of magnitude;
according to Maxwell the relation is v'=4v. For this reason
the preceding calculations of the effect of viscosity on air-waves
must not be looked upon as move than illustrative. A complete
investigation, in which both influences are taken into account,
s]}E\\'s that the effect is equivalent to an increase in the
kinematic viscosity, but the order of magnitude is unaffected.




S O UAS Other  hand the alternations of density were to
tuke place with extreme slowness, as in the case of very long
waves of simple-haymonic type, there would be time for
practical equalization of temperature, and the dissipative
influence of conduction as well as viscosity would again be
insignificant. Since the expansions are here nearly isothermal,
the wave-velocity will approximate to the Newtonian value
§ 59 (10)).

In intermediate cases the theory shews that the wave-
velocity would no longer be constant, but perceptibly dependent
on the frequency. Since no such effect is observed, we infer
that in all ordinary cagses the conditions are practically adiabatie.
It appears also that in such intermediate cases the dissipation
would be very greatly increased. The investigation of Stokes
(1851), which is here referred to, relates to the effect of
radiation ; the extension to conduction was made independently
by Kirchhoff and T.ord Rayleigh. It is probsble that the
effects of radiation alone are of subordinate importance.

The detailed calculation must be passed over, but the
general explanation of the manner in which thermal processes
may operate to produce dissipation of energy has been stated
with such admirable clearness by Stokes that it is worth while
to reproduce the passage in question. The explicit reference is
to radiation, but the same principles are involved in the case of
conduction also.

“Conceive a mass of air contained in a cylinder in which an
air-tight piston fits, which is capable of moving without friction,
and which has its outer face exposed to a constant atmospheric
pressure; and suppose the air alternately compressed and
rarefied by the motion of the piston. If the motion take place
with extreme slowness, there will be no sensible change of
temperature, and therefore the work done on the air during
compression will be given out again by the air during expansion,
inasmuch as the pressure on the piston will be the same when
the piston is at the same point of the cylinder, whether it l?e
moving forwards or backwards. Similarly, the work done in
rarefying the air will be given oub again by the atmosphere as
the piston returns towards its position of equilibrium, so that



192 DYNAMICAL THEORY OF SOUND

the motion would go on without any permanent consumphmn
of labouring force. Next, suppose the motion of the piston
somewhat quicker, so that there is & sensible change of tem pera-
ture produced by condensation and rarefaction. As th.e piston
moves forward in condensing the air, the temperature riscs, and
therefore the piston has to work against a pressure greater t!mu
if there had been mo variation of temperature. By the time
the piston returns, a good portion of the heat developf:d by
compression has passed off, and therefore the piston 1s not
helped as much in its backward motion by the pressure of .the
air in the cylinder as it had been opposed in its forward mot1.ou‘
Similarly, as the piston continues its backward motion, .mr_efymg
the air, the temperature falls, the pressure of the air in the
cylinder is diminished more than corresponds merely to t1.1e
change of density, and therefore the piston is less helped in
opposing the atmospheric pressure than it would have been had
the temperature remained constant. But by the time the
piston is returning towards its position of equilibrium, the cold
has diminished in consequence of the supply of heat from the
sides of the cylinder, and therefore the force urging the piston
forward, arising, as it does, from the excess of the external over
the internal pressure, is less than that which opposed the piston
in moving from its position of equilibrium. Hence in this case
the motion of the piston could not be kept up without a
continual supply of labouring force. Lastly, suppose the piston
to oscillate with great rapidity, so that there is not time for any
sensible quantity of heat to pass and repass between the air and
the sides of the cylinder. In this case the pressures would be
equal when the piston was at a given point of the eylinder,
whether it were going or returning, and consequently therc
would be no permanent consumption of labouring force. I do
not speak of the disturbance of the external air, because I am
not now taking into account the inertia of the air either within
or without the cylinder. The third case, then, is similar to the
first, so far as regards the permanence of the motion; but there
is this difference; that, in consequence of the heat produced by
com.pression and the cold produced by rarefaction, the force
urging the piston towards its position of ecquilibrium, on
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whichever side of that position the piston may happen to be, is
greater than it would have been had the temperature remained
unaltered.

“Now the first case is analogous to that of the sonorous
vibrations of air when the heat and cold produced by sudden
condensation and rarefaction are supposed to pass away with
great rapidity. For we are evidently concerned only with the
relative rates at which the phase of vibration changes, and the
heat causing the excess of temperature 6 passes away, so that
it is perfectly immaterial whether we suppose the change of
motion to be very slow, or the cooling of heated air to be very
rapid. The second case is analogous to that of sound, when we
suppose the constants ¢* and n comparable with each other; and
we thus see how it is, that, on such a supposition, labouring force
would be so rapidly consumed, and the sound so rapidly stifled.
The third case is analogous to that of sound when we make the
usual supposition, that the alternations of condensation and
rarefaction take place with too great rapidity to allow a given
portion of air to acquire or lose any sensible portion of heat by
radiation. The increase in the force of restitution of the piston,
arising from the alternate elevation and depression of tempera-
ture, is analogous to the increase in the forces of restitution
of the particles of air arising from the same cause, to which
corresponds an increase in the velocity of propagation of
sound.”

66. Damping of Waves in Narrow Tubes and Crevices.

A somewhat greater effect of viscosity may be looked for
when the air is in contact with a solid body, as at the walls of
a pipe or resonator, owing to the practically infinite resistance
which the surface opposes to the sliding of the fluid immedi-
ately in contact with it. It seems in fact to be well-established
that the relative velocity vanishes at the surface, whereas in
our theoretical investigations we assume for the most part that
sliding takes place quite freely. A closer examination shews
however that in the case of rapid vibrations, such as we are
concerned with in acoustics, the effect is mainly local, being

* [g is a conslant of radiation.]
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confined, practically, to a very thin layer of air near the
surface, and is except in very narrow spaces unimportant.
The matter may be sufficiently illustrated by a very simple
case. Suppose that the fluid above the plane ¥ =0 is acted on
eriodic force
byep X = fCOSNE, crvvrrennnrerenriinnanns 1)
per unit mass, parallel to Oz, the plane forming a rigid
boundary. The consequent motion being everywhere parallel
to Oz and independent of the coordinate z, there is no variation
of density, and the deformations which are taking place are of
the nature of shearing motions parallel to y = 0. Denoting the
velocity £ by u, the rate of shear will be

)

and the shearing stress on a plane parallel to y = O is accordingly
uoufdy. The stratum bounded by the planes y and y+ 8y
therefore experiences a resultant force

9/ ,ou

oy ( By) 8y,
per unit area, parallel to #, and the equation of motion is of the

form

o
vt X s (3

We have to solve this under the condition that =0 for
y=0. For conciseness we put X = fein, and reject (in the
‘end) the imaginary part of our expressions. The equation is
then satisfied by

U= (5» + Ae”‘y) € i (4)

provided m? =1n/v, or
M=+(1+9)B, tvereeeineninnnn, (5)
where B=w/(nf20). <ioveeeeiiiii (6)

Since we are looking for a solution which shall be finite for
y=oo we take the lower sign. Also, the condition that u = 0
for y =0 requires that 4 =— f/in. Hence

=-7 {1 A L L 10
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or, keeping only the real part,
£ b4

u="-sinnt~"=
n n

ePUsin (b= BY), vereerenen.(8)

a result which is easily verified. When By is moderately large
the value of u reduces practically to the first term, which is
the same as if there had been no friction. The rigid boundary
accordingly acts as a drag only on a thin stratum ; for example
when y=2w/8 the velocity falls short of its value at a great
distance from the surface by about one part in 535.

In actual problems of acoustics (relating for example to
vibrations in pipes) the force pX per unit volume is replaced
Dby the negative pressure-gradient — 9p/oz, and we have of course
changes of density to take into account, but the results have
a similar interpretation. The linear magnitude

h=27/B=n(4mv.27|n) .errveirrnnnn.s )

may be taken to measure the extent to which the dragging
effect penetrates into the fluid. With the previous data its value

in centimetres is about 1-29/N'¥, where I is the frequency; thus
for V=256 we find 2 ="80 mm.

‘We may apply the above investigation to obtain an estimate
of the effect of viscosity on the wave-velocity in a tube, on the
supposition that the diameter is small compared with the
wave-length but large compared with the quantity 4. The
tangential stress on the fluid at the boundary y =0 is, in the
case of (7), , .

-#'%=_(1-¢)*_“§f=—l4—wlhpﬁ ...... (10)
by (9), the time-fuctor '™ being understood. The total tan-
gential force exerted by the walls of a cylindrical tube of radius
@ on the contained air may therefore be equated to

(1 —7) ha .0pjoz
per unit length, where p denotes the mean pressure over the
section (ma?). Hence if @ be the mean velocity, we have,
caleulating the forces on the air contained in an element &z
of the length,
o

2P — ) haP
%= waﬁaz+§(1 1)/1aam,

TP



o 108 h
or at——/—];ax{l—-(l—i)%}‘ ............ (11)
To this we must add the relations
P=PoF P, eererieiiiiiiniian (12)
95 0
e — 13)
The elimination of § and § between these equations leads to
[ RPN
.......... 4
EE {1 1-9 2m} PR s

It is already assumed that the time enters through a factor
¢ ; and the solution of (14) is therefore of the type

G e e, 15)

. . N N
with m _——,{1—(1-@ ﬂ} R (16)
or 'm {1 +(1-2) 57— oy } ............ (17)

approximately, on account of the assumed smallness of hfa.
For waves propagated in the direction of @-positive we take
the lower sign, and write

M=— 100 =& <verrrrrrraniinann (18)
. . h
where = (1 m) Gy eeerreiiiiieniens (19)
and o= nhfATac. it (20)
We have, then w=Ce~or, ginlt=2ld) ... (21)
or, in real form, %= Ce~%cosn (t - ?,) e (22)

The wave-velocity is therefore diminished in the ratio given
by (19). The exponential factor in (22) expresses the law of
decay of the waves as they advance. If I be defined as in
§ 64 (23) it will be found that of is of the order A?/ah. The
rate of decay is therefore much greater under the present
conditions than in the case of sound waves in the open.

A formula equivalent to (19) was published without demon-
stration by Helmholtz in 1863. The above proof is a variation
of that given by Lord Rayleigh in his Theory of Sound.
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A more complete investigation was instituted by Kirchhoff
(1868) in which thermal processes are considered, as well as
viscosity. The effects are thereby increased, as already explained,
but remain of the same order of magnitude.

As already stated, it is implied in the above calculation that
the diameter of the tube greatly exceeds the quantity . When
on the other hand the diameter is comparable with, or less
than %, the walls have relatively a much greater hold on the
vibrating mass, and the character of the motion is entirely
altered by the friction. In particular, when % is large com-
pared with the width the mere inertia of the fluid ceases to
have any appreciable influence, the mean velocity over a
cross-section being determined by an approximately statical
equilibrium between the pressure-gradient (in the direction of
the length) and the friction of the walls. We have, then,

_ 0P
Ri=— Bpo e (23)
where R is a coefficient of resistance, depending on the nature
of the fluid, and on the shape and size of the cross-section.
Again, by Boyle’s law,

F=po(L+5), oeeeeeeeerennans (24)
the isothermal hypothesis being adopted as now the most
appropriate, since, owing to the assumed narrowness of the
tube, transfer of heat can take place freely. Eliminating 7 and
§ between (13), (23), and (24), we find

0 o 00 -

T Rag: e (25)
This has the same form as the equation of linear conduction of
heat. Assuming that

G=Cgtmttms (26)
we have m?=1inR/p,, and therefore

M=+t (L +0)®, ccoerrnerrnnnnnins (27)
if @ =FnB[Pee e (28)

Taking the lower sign we obtain
= Ce—'wawimt-—-wz),

or, in real form, % =Ce~"%cos (Nt — TE).  wevernnnnnns (30)
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The value of R will be sensibly the same as if the fluid were
incompressible. Its determination is therefore the same as in
the case of the steady flow of a liquid under pressure through
a capillary tube. In this case, if the section be circular, the
shearing stress per unit length on a coaxial cylindrical surface
of radius r is 2. p'du/dr, and the resultant of the longitudinal
forces on the two curved faces of a cylindrical shell of thick-

ness & is therefore
,0 ( 0w
o 5 () o

per unit length. The sectional area of the shell being 2mwror,
the requisite pressure-gradient is

9p _p 9/ 0u

0z~ ror (rﬂ) ’
which is independent of 2. There being no radial motion, we
have 3p/or =0, so that p, and therefure gp/dw, is also independent
of . The equation (81) is then satisfied by u=4 +Br,
provided B be properly determined. The constant 4 is fixed
by the consideration that there is no slipping at the wall
(r=a) of the tube. In this way we find

op a*—1*
Um—g S s (32)
The mean velocity over the area of the section is therefore
1 (e e )
u—_lmgfnu.%md?— BB (33)

Hence, for a circular section,

R=8y[a . (34)
The formula (33) contains Poiseuille’s* law of efflux of liquid
through a capillary tube, viz. that the discharge per second
varies as the pressure-gradient and as the fourth power of the

diameter, It may be made the basis of an experimental method
of determining ',

* J. L. M. Poiseuille (1799—1869), a practising physician in Paris, who was
interested in the capillary circulation of the blood. The date of the memoir
referved to is 1844,
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The case of an elliptic section can be solved in a similar

manner. The result, first given by Boussinesq (1868), is

R=4u (0> + b3)[a?l?, ..covevrnnnnnnnn. (35)
where a, b are the semi-axes. If we put a=c we get the
case of a narrow crevice, bounded by parallel planes, the
breadth being 2b, viz.

R=4p/[b% vviiieiiiiniiniinnn, (36)

This can of course be obtained more easily by an independent
process.

The formula (80), when combined with (34) or (36), agrees
with the result of the more complete investigation given by
Lord Rayleigh (1888). It appears that % goes through its
cycle of phases in a distance 27/=, but that within this space
the amplitude is diminished in the ratio ¢ =1/535. In the
case of circular section we have

@ =4 nP, e (37)
by (28) and (34). Hence when the circumstances are such that
the ratio »/na? is large, the distance in question is small com-
pared with the wave-length (A=2mc/n) in the open; for we
have

(A& [2m) = @ /nd =4dw[na® ...l (38)
Hence in a sufficiently narrow tube the waves are rapidly
stifled, the mechanical energy lost being of course converted
into heat.

The investigation has been employed by Lord Rayleigh to
illustrate the absorption of sound by porous bodies. When
a sound-wave impinges on a slab which is permeated by a large
number of very minute channels, part of the energy is lost, so
far as sound is concerned, by dissipation within these channels,
in the way just explained. The interstices in hangings and
carpets act in a similar manner, and it is to this cause that the
effect of such appliances in deadening echoes in a room is to be
ascribed, a certain proportion of the energy being lost at each
reflection. It is to be observed that it is only through the
action of true dissipative forces. such as viscositv and thermal



CHAPTER VII
GENERAL THEORY OF SOUND WAVES

67. Definitions. Flux. Divergence.

In respect of notation it is convenient now to take a point
of view somewhat different from that adopted in the preceding
chapter. We denote by u, », w the component velocities,
parallel to rectangular axes, considered as functions of position
(z, 9, z) and of time ¢. With each point of space there is
accordingly associated, at any given instant, a vector (u, v, w),
and the whole assemblage of such vectors gives an instantaneous
picture of the distribution of velocity*. On the other hand
the variations of u, v, w with the time, for given values of
%, 9, 2, give the history of what goes on at a particular placet,
but supply in the first instance no information as to the
careers of the various particles which (so to speak) successively
cross the scene.

‘When we proceed to caleulate the component accelerations
of the particle which at the instant ¢ is in the position (z, g, 2)
we have to take account of the fact that after the lapse of a
time however short its velocities u, v, w will be given by the
respective functions of the altered position as well as the altered
epoch. Suppose that at two successive instants t,, &, a particle
occupies the positions P and P’, respectively, and that the
corresponding values of the a-component of the velocity are

* M. Marey and others have taken photographs, of short exposure, of a two-
dimensional current of water carrying suspended motes. The image of each
mote is drawn out into a short line, which indicates the direction and magnitude
of the corresponding velocity,

T As if we were to view the surface of a stream through a narrow tube.
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u, 4y at P and w', u/ at P’. The a2-component of the
acceleration of this particle will be the limit of

U = Uy Ug— Uy Uy — Uy

tg?t, = m Zg—-—t: + eetecisseneans (1)
The limit of the first term on the right is du/o¢, the rate of
change of u at P. Again u, —u, is the difference of simul-
taneous velocities at the points P, P’, so that, ultimately,

, 2 , 9
w -u2=5~;‘.PP =a—:q(tg-t,), reereeeenn(2)

where du/0s is a space-differentiation in the direction PP’, and
q is the resultant velocity »/(u?+ v*+w?). The final expression
for the acceleration parallel to  is thercfore

ou, ou
52+q8—5. erereere e ernr e ans 3)

Similar values are obtained in like manner for the other
components. If (I, m, n) be the direction-cosines of PP’
we have

ou_oudz  dudy  dudz

% dads T dyds oz ds

ou ou o
—l$+m5§+n5;, .................. (4)
whilst u=lg, v=mg, W=NQ .eeerrrrrinnnn. (5)
Hence we may write (3) in the form
aiL+7.«,8—7'L+ua—le+w@ ............... (6)

ot oz 0y 0z’
which is familiar to students of Hydrodynamics.

It has been thought worth while, as a matter of principle,
to accentuate the changed point of view, but in the application
to motions which are treated as infinitely slow the distinction
loges its importance. The second term in (3) is then of the
second order in the velocities, and the component particle-
accelerations may be identified with ou/ot, dv/ot, dw/oi. The
extent of the error here involved, in acoustical questions, may

be estimated as in § 60 by a reference to plane waves of sound
If
E=acosk(ct— ), cevierrnns crseenaeand (7)
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the ratio of the maximum value of udu/oz to du/ot is ka. The
restriction to “infinitely slow” motions therefore means that
the amplitude must be small compared with A/2.

If we fix our attention on any geometrical surface, open or
closed, drawn in the region occupied by the fluid, the expression

(lw + mv +nw) 88 . 8t,

where (I, m, n) is the direction of the normal drawn from an
elementary area 83 of the surface, towards one side, measures
the volume which in the infinitely short time 8¢ crosses 8S.
The coefficient of & in this' expression is called the “flux”
across 88, and its integral

f (lu+mv + nw) dS, coiiiiiaieiin (8)

taken over the surface, is called the total flux across the latter
towards the side on which the normals are supposed drawn. It
measures the rate at which fiuid is being carried across the
surface, expressed in terms of volume per unit time.

To calculate the flux outwards across the boundary of an
elementary rectangular region 8z8y8z having its centre P at
the point (7, y, 2), we note that the average velocities parallel
to @, over the faces 8y8z, being equal to the values of u at the
centres of these faces, will be

ou
ui%aﬁ-a—m,

respectively. The difference of the fluxes, from left to right,
across these faces is accordingly du/dz.828y8z. Adding the
corresponding terms for the other pairs of faces, we obtain the
result
(‘% + g—; + aa_:;) 808Y82.  erereerennn, 9)
The expression in brackets gives a sort of measure of the rate
at which the substance in the neighbourhood of P is on the
whole flowing away from P. It is therefore called the
“divergence” of the vector (u, ¥, w), and is denoted by
div (u, v, w); thus
ou v dw

div (u, v, w)=— +é:—y+—a—2. .........
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By dividing any finite region into rectangular elements we
see that the total flux outwards across the boundary must be
equal to the volume-integral of the divergence, or

Bu Bv
jj a/ Bz dwdyolz ff(lu +mv+ nw)dS. (11)
This can of course be proved mathematically without attributing
any kinematical meaning to the symbols.

68. Equations of Motion.

To form the dynamical equations, we fix our attention on
that portion of matter which at the instant ¢ occupies the
rectangular space 8x8y8z On the hypothesis of infinitely
slow motion its acceleration of momentum parallel to « is
pdx8y 8z .0u/dt, where p is the density. The mean pressures
on the respective faces may be taken to be the pressures at the
centres of those faces, and the total pressures on the two faces
perpendicular to z are therefore

(p J_,aa_?;. -}Bz) Sy8z.

The difference gives a force — 8p/ox . 828y 8z in the direction of
z-positive. Equating this to the acceleration of momentum, we
obtain the first of the following system of equations:

ou op w_ op ow p o)

PH= "3 PEE” 8y PET @
Since the variations of p when multiplied by 8u/dt, ..., ... may
be neglected, we may replace p by its equilibrium value p,, but
it will not always be necessary to preserve the suffix.

Asin § 59 we write
P=PoA 8, e (2)

where s denotes the condensation (p — po)/ps, and « 1s the cubic
elasticity of the fluid. If we further write

=[Py, eeveereriniiiieeriananns (3)
as before, we obtain
ou os v as ow .08
%% a- ey wo Ca ®
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equilibrium condition, we evidently have

A . -
3= div (u, v, W),  eeeereiiiinieen, (3)
ov since, in the case of small motions, s=— A,

0s ou v | dw

e (a“m*araz)-
The equations (4), (6) are fundamental in the present branch of
our subject. The purely kinematical relation (6) is sometimes
called the “equation of continuity.”

69. Velocity-Potential.
If we integrate the equations (4) of § 68 with respect to ¢
we obtain

t 13 N
u=~c"a%f sdt + w,, v=—u”;—%f sdi + vy, (
0 0 (1)

za ¢
W=~ a—zfusdt+w‘,, J

where u, %, w, are the values of u, v, w at the point (z, y, 2) at
the instant £=0. In a large class of cases, these initial values
of u, v, w can be expressed as the partial differential coefficients
of a single-valued function of (=, y, 2), thus

Throughout any region to which this statement applies, the
values of u, v, w at any subsequent instant ¢ can be similarly
expressed ; thus, from (1),

-0 % 0
u=—=, U= ay W=—7 e (3)
where b=c [t SAE+ Poe eeveereeriiiiinnns (4)
S0

This function ¢ is called a velocity-potential,” owing to its
analogy with the potential-function which occurs in the theories
of Attractions, Electrostatics, &c. It was introduced into
hydrodynamics by Lagrange.
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as regards both magnitude and direction.

Suppose two consecutive surfaces to be NP’

drawn, for which the values of ¢ differ by . b3
8¢. Let PP’ be drawn normal to these, and
PP, parallel to x; and let PP’ =8y Ac-
cording to (3) the velocity at P, resolved Fig. 64

in the dircetion PP, is

B 8¢ PP’ 0
P%=‘E%'P?,="lé%’ ............ (5)
ultimately, if  denote the cosine of the angle which the normal
PP’ makes with Oz. From this, and from the analogous forms
of v, w, it is seen that the velocity at P is normal to the equi-
potential surface passing through that point, and is equal in
magnitude to the limiting value of 8¢/8v. Hence if a system
of surfaces be drawn corresponding to values of ¢ which differ
by equal infinitesimal amounts, the velocity is everywhere
orthogonal to these, and inversely proportional to 8», the distance
between consecutive surfaces. More precisely, the velocity is
everywhere in the direction in which ¢ decreases* most rapidly,
and is equal in absolute value to the gradient of ¢.

If we draw a linear element PQ (= 8s) in any other direction,
the velocity resolved in the direction of PQ is equal to the limit of

—BB—(f.cos P'PQ, =—%%’, ............... (6)
or — 9¢/os.

The cases in which a velocity-potential exists include all
those where, in the region considered, the fluid was initially at
rest, for we may then put ¢, =0, simply, and the subsequent
value is

ré
b= cﬂj [CL——— 0]

This will hold whenever the motion has been originated by the
vibration of solid or other bodies.

* It should be mentioned that in many books ¢ is taken with the opposite
sign; thus u=0¢/0z, &o,




The real meaning of the property which differentiates the
present type of motion from all others is most clearly expressed
in terms of the “circulation” round a closed curve. If wedivide
the curve into infinitesimal linear elements, and multiply the
length of each element by the tangential component of the
velocity, estimated always in the same direction round the
curve, the result is the “circulation” referred to. It may be
denoted by

f(u%+ﬂfl—‘z+w§—:> ds, or f(udz+ vdy + wdz). ...(8)

On the present hypothesis the tangential velocity is — 9¢/ds, and
the integral of this, taken round the circuit, is zero, the first and
last values of ¢ being the same. The circulation is therefore
zero in every circuit which can be drawn in the region in
question. For a rcason which may be understood by reference
to the case of an infinitesimal circuit, the type of motion now
under consideration is called “irrotational.” The name has the
advantage of calling attention to a geometrical property rather
than to an analytical form of expression.

A dynamical interpretation can also be given to the
velocity-potential. The equations (3), when written in the
forms

pot =~ pd¢p/om, pw=—pP[dy, pw =~ pdp[oz, (9)
shew that ¢ is the potential per unit mass of a system of
extraneous impulsive forces which would generate the actual
motion of the fluid instantaneously from rest.

The theorem as to the persistence of the irrotational character
is most important; but it is necessary to observe the restrictions
under which it has been proved. It was implied, in the first
place, that the fluid was frictionless, and this is essential.
Again the medium has been supposed free from extraneous
forces, but the restriction is easily removed in the case of forces
which, like gravity, have a potential (per unit mass). Finally,
the assumption has been made that the motion is infinitely
small. This simplifies the proof, and covers most cases which are
of interest in acoustics. A more rigorous investigation would
shew that the circulation is (under the above condition) still




constant round any circuit, provided we imagine the circuit to
move with the fluid. If initially zero for every circuit which
can be drawn in a finite portion of the fluid, it will remain zero
for every such circuit.

70. General Equation of Sound Waves.

We postulate henceforth the existence of a velocity potential,
at all events in the case of a uniform medium, to which we
confine ourselves for the present. We have then, from

§ 68 (6)

[
a—j=v2¢, ................... wennn(1)
P,
where V’=B—M+a—~¢+$—,. .................. )

This symbol V? is called the “Laplacian operator,” from its
constant occurrence in the analytical theory of attractions as
first developed by Laplace. Again, by differentiation of § 69 (4)
with respect to ¢ we get

¢’ = aai; ¢ e (3)
TFinally, by elimination of s,

b
e L T )

This may be regarded as the general differential equation of
sound waves in a uniform medinm. If a solution can be
obtained which gives prescribed initial values to ¢ and s
(or 9¢/0t), and satisfies the other conditions of the problem, the
subsequent value of s is given by (8), and the values of u, v, w
by § 69 (3).

We may stop for a moment to notice the form assumed by
the equations when the fluid is incompressible. This may be
regarded as an extreme case, in which ¢ is made infinite, whilst
s is correspondingly diminished, in such a way that ¢%s, which
= (p —py)/ps, remains finite. The equation of continuity, § 68
(6), takes the form




In the case of irrotational motion, this becomes

Vip =0,
which is identical with “Laplace’s equation” in the theory of
attractions. The same equation occurs in the theory of steady
electric (or thermal) conduction in metals. If, for example, ¢
denote the electric potential, the formulae (3) of § 69 give the
components of current, provided the specific resistance of the
substance be taken to be unity. This analogy will be found
useful in the sequel.

The theory of the motion of incompressible fluids is capable
of throwing more light, occasionally, on acoustical phenomena
than might at first sight be anticipated. We are apt to forget
that the velocity with which changes of pressure are propagated
in water is after all only four or five times as great as in air,
and that the visible (or at all events easily imaginable) motions
of water, under circumstances where the compressibility has
obviously little influence, may supply a valuable hint as to the
behaviour of a gaseous substance under similar conditions. This
remark will have frequent illustration in the following chapters.

The kinetic energy of a system of sound waves is

T=%p[ff(u’+v’+w")dzdg/dz

{2+ @} o

The potential energy, as given by the argument of § 60, is
1 [ 1 o\*
Vzgxf”sﬂdxdydm E%fﬂ(ﬁ?) dedyds. ..(8)

The integrations extend over the region affected.

71. Spherical Waves.
In the case of plane waves with fronts perpendicular to Oz
the equation (4) of § 70 reduces to

T _ 2%
Tkt v TR
whence b=rf(ct —2)+F(ct+ ). ..uu

This need not be further discussed.
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The case which comes next in importance is that of
symmetrical spherical waves. If ¢ be a function of the
distance + from the origin and of ¢, only, the velocity is —d¢/or
outwards, in the direction of the radius, and is uniform over
any spherical surface having the origin O as centre.

Instead of applying the general equation to the present
circumstances it is simpler to form the kinematical relation
corresponding to § 70 (1) de novo. The flux outwards across
a sphere of radius r is —9¢/0r . 4%, and the difference of flux
across the outer and inner surfaces of a spherical shell of thick-

ness 8r is accordingly
a [ 0p
o e ( ) 8r.

The volume of the shell being 4r?8r, this must be equal to
AL 4mr*dr or —$.4m? 8, whence

63 _0 (.09
ni=2 ( a: ) e, ®)
Since o% = %% ........................ (4)
B0 [0
as usual, we have i (125;) [ (5)
This may also be written
E(rd) _ .0 (r9)
8= c? T e (6)
The solution of this equation, viz.
r¢=F(ct—7)+ F(t+7), cevreerreeani(T)

represents the superposition of two wave-systems travelling
outwards and inwards, respectively, with the velocity ¢. In
the case of a diverging wave-system ‘

T =f(ct—7) cerriiiiiiiiiiin (8)
we have, by (4), crs=JF(Cb = 1) ceveriiiiieeiieeiins 9)
Any value of rsis propagated unchanged; the condensation s
therefore diminishes in the ratio 1/r as it proceeds, and the
potential energy per unit volume diminishes as 1/r%. Tor the
particle-velocity we have

g=-21 pa-n+h i .n10)
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The law of dependence on distance is here more complicated,
but as the wave spreads outwards the first term ultimately
predominates ; the velocity at corresponding points of the wave
then varies as 1/r, and the kinetic erergy per unit volume
as 1/

In a diverging wave-system we have, from (9),

[}
ors=—= [C2) PP (11)
and similarly, in a converging wave-system,
]
'8 = o civesnes (12
ors=x [C2) A (12)

These relations correspond to (5) of § 60, which is indeed a
particular case, since as r increases our spherical waves tend to
become ultimately plane.

The general argument of § 23 can be adduced to prove that
in a diverging (or a converging) wave-system by itself the
energy is half kinetic and half potential.

The solution (7) can be applied to a region included
between concentric spheres, or to a region having only one
finite spherical boundary, internal or external. In any case,
the conditions to be satisfied at the boundaries, whether finite
or infinite, must be given in order that the problem may be
determinate. In particular, even when the region is otherwise
unlimited, the point »=0 is to be reckoned as an internal
boundary; this point might for instance be occupied by a
“source” of sound (§ 78). When there is no source there, the
flux across a small spherical surface surrounding O must vanish,
ie. we must have

. ¢
Im | =2 4m2) =0, ..ocvveeeee.,
71:?( 3 4;7rr) 0. (13)
When applied to (7) this condition gives
Sy +F(ct)=0, .vvvvvrrrvennann. 14

for all values of ¢, and the general solution therefore takes the
shape
r¢=F(ct+7) = F(ct =1). .vrrrreue... (15)
This formula may be used to determine the motion con-
sequent on arbitrary initial conditions which are symmetrical
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we have
o= Doy e 6)

The former of these functions determines the initial distribution
of velocity, and the latter that of condensation. The function
F must now satisfy the conditions

F@)y=F(=n)=rg(r), coevrvvenn. an
F’(T)—F’(—1')=£xa(r). ............ (18)

It is to be noted that the variable r is essentially positive ; this
explains why two equations are necessary to determine F for
positive and negative values of the argument.

Suppose, for example, that there is no initial velocity
anywhere, but only an initial condensation, so that ¢, (r) =0.
From (17) and (18) we deduce

r

P )= F(=9) =30 0() o (19)

The condensation at time ¢ is given by

s= g = IR (20

This takes different forms according as ¢t is less or greater than
7. In the former case

s= —2%% {(r +ct) xo (r +ct) + (r—ct) o ( —ct)}, ...(21)

and in the latter

o= g (e P X (et +7) = (et =) o (b= ...(22)

As a particular case, suppose we have an initial condensation
which is uniform (= s,) throughout the interior of a sphere of
radius @, and vanishes for »>a; and let us examine the
subsequent variations of s at points outside the originally
disturbed region. Since y,(r) vanishes by hypothesis for » > a,
the first part of the solution (21) or (22) disappears in the




]

present case. So long as ¢t < 7 — a, the second part of (21) will
also vanish, but when ct lies between » — @ and 7 we shall have
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5= % I N (23)

When ct >, the second formula (22) applies, and we find
that, so long as ct<7r +a, the result (23) will still hold.
Finally, when ¢t >7+a we have again s=0. The results
are shewn graphically in the following figure which exhibits
the variation of s with ¢ at a particular point, and the space-

F
i
i
—_—T N
r:w @
H

Fig. 65.

distribution of s at a particular instant, respectively. It
appears that after the lapse of a certain time (2a/c) we have a
diverging wave in the form of a spherical shell of thickness 2q,
and that s is positive through the outer half, and negative
through the inner half of the thickness. The changes in the
velocity may be inferred by means of the formula q=— 8¢/or.
For values of ¢ between (r—~ a)/c and (r + a)/c, ie. during the
time of transit of the wave across the point considered, we find
¢=c”ftsdt=i—s;{a“-(r—ct)ﬂ}; ......... (24)
o

whilst for other values of ¢ we have ¢=0. Hence within the
aforesaid limits of time we have

q =—%if=i—fj;(ae+w—czzr). cerrerenen(25)
When r is large compared with @ this changes sign for ¢t =17/c,
approximately, the velocity being directed outwards in the
outer half, and inwards in the inner half of the shell. At the
boundaries of the disturbed region, where »=ct + a, we have
q =+ cas,/2r. As the diverging wave reaches any point the
velocity suddenly rises from zero to the former of these values,
and as it leaves it the velocity falls suddenly from the latter
(negative) value to 0. The oricin of the discontinuities in +his
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solution is to be sought of course in the discontinuity of the
initial distribution of density. Any difficulty which may be
felt on such grounds may in general be removed by substituting
in imagination an initial distribution in which the discontinuity
is replaced by a very rapid but continuous transition.

The solution of (6) in terms of the general initial con-
ditions (16) may be investigated in a similar manner, but it
must suffice to quote the results. It may easily be verified
that they satisfy all the conditions of the question. They are

rd=1(r +cf) po(r +et) + 3 (r—ot) b (r—ct)
1 [rtet
+5; X (2)dz ...(26)
for ¢t < r, and
v =} (et + ) (ot + )~ (cb— ) ot —7)
1 [et+r
+55 o 60 (2)dz ...(27)
for ct > 7.

Since the origin evidently occupies an exceptional position
in the theory of spherical waves it is desirable to calculate the
value of ¢ there, more especially as the result will be of service
presently when we come to the solution of the general equation
§ 70 (4) of sound waves. The result may be deduced from
(27), or more directly from (15). We find

$=lim TEFN =T _opr 28
7=0 r
and therefore from (17) and (18)
& =txo (ct) + s (ct) + ctepy (ct)
d
=t (68) + 5 090 (GO wonnnannieins (29)

For example, in the special problem above considered, where
o (r) =0, whilst , (r)=¢cs, or 0 according as r = a, we find
¢ =t or 0 according as ¢ S afe. The consequent value of
s at O is s, for t < afc and zero for ¢t >afc, whilst at the instant
t =afc it is negative infinite. To escape this result we must
slightly modify the data, replacing the original distribution
of density by a continuous one. The figure is an attempt to
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shew an initial distribution of s which varies rapidly but
continuously from s, to 0 in the neighbourhood of r=ag,
together with the consequent time-variation of s at O.

]
St L4

o So]
e\ I
O @ r 0,
Fig. 66.

The problem which we have discussed exhibits a marked
contrast with the theory of plane waves, in that the wave
resulting from an arbitrary disturbance contains both con-
densed and rarefied portions, even when there is no initial
velocity and the initial disturbance of density has everywhere
the same sign. The statement is easily generalized by means
of equations (1) of § 69. If we take the integral of the value
of s at any point P over a time which covers the whole transit
of the wave, so that the values of w, v, w vanish at both limits,
we find that its space-derivatives are all zero. The integral
has therefore the same value for all positions of P. And by
taking P at an infinite distance, so that s becomes infinitely
small by spherical divergence, we see that the value is in fach
zero, L.e,

fsdt 200 e (30)

— . ~ B e e e . vy e o
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72. Waves resulting from a given Initial Disturbance.
We have next to trace the effect of initial conditions in an
unlimited region, in the general case. We suppose that at the

instant ¢ =0 we have
0
=20, (2 y, 2), 5%3 =% (% Y 2),  eernne 1)

where the functions are arbitrary. To deduce the effect at any
subsequent instant, at any assigned point P, we consider in the
first instance the average value of ¢ over a sphere of radius
r described with P as centre. This will be denoted by

if Sw represent the elementary solid angle (8S/7%) subtended at
P by any elementary area &S of the sphere. In the same way

we write
_ 1
= ﬁ SAD:  waerriiiiiaineaanan 3)

This, like (2), will be a function of the variables » and # only.
If in §70 (8) we multiply both sides by 8w/4, and integrate
over the aforesaid sphere of radius », we find
__ @
c’s=a~t$ ¢ terrtesreinesiinaecsnns (4)
It is also evident that the average normal velocity over the
sphere will be —9¢/or. The argument by which the rate
of change of s was in §71 inferred from the consideration
of the total flux out of the region bounded by the spheres
7 and r+ & can then be applied to prove that in the present
case _
ds _19/(,0%
Y ) ER—— ()

Eliminating 5, we have

23_20 §§) :

W or

..(6)

o ror

which is identical in form with (5) of § 71. 'We recognize then
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which would result from initial distributions of velocity and
condensation expressed by

b= (7), %‘1’=§,, (1) eeeeenieenen(T)

these functions of r being the average values of ¢,(z, y, 2) and
xo (%, ¥, 2) taken over the aforesaid sphere. It follows from
§ 71 (29) that the value of ¢ at P is given by

bo= () (D) crerrrennen(B)

This gives a rule for calculating the value of ¢ for a point P at
any given instant ¢ It may be stated in words as follows:

To find the part of ¢ due to the given initial distribution
of condensation, we describe about P a sphere of radius cf, and
calculate the average of the given initial values of 0¢/ot, i.e. of
the function x, (%, y, 2), at the points of space through which
this surface passes, and multiply by ¢. To find the part due to
the initial velocities we replace the average of the given values
of 9¢/ot by the average of the given initial values of ¢, ie. of
the function ¢, (z, y, 2), and differentiate the result, as thus
modified, with respect to %

The theorem contained in (8) was given by Poisson (1819);
the actual form (8) and the interpretation are due to Stokes
(1850). It will be seen that the result, as thus stated, is in
reality very simple, if regard be had to the great generality of
the circumstances which are taken into account.

To trace the sequence of events at P we employ a series of
spheres whose radii (ct) increase continually from zero. If P
be external to the region which is the locus of the initial
disturbance, no effect is produced so long as the spheres do
not encroach on this region. If 7, 7, be the least and greatest
distances of P from the boundary, the disturbance at P will
begin after a time 7/c, will last for a time (r,—)/c, and will
then cease.

If with the various points of the boundary of the originally
disturbed region as centres we describe a series of spheres of
radius ct, the outer sheet of the envelope of these spheres will
mark out the boundary of the space which has been invaded by
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the disturbance up to the instant #. The envelopes corre-
sponding to successive values of ¢ will form a series of what are
known in geometry as “ parallel surfaces”; in other words, the
boundary of the disturbed region spreads everywhere normal
to itself with the constant velocity c.

As a simple application of the formula (8) we may take the
problem already discussed in § 71, where an initial uniform
condensation s, was supposed to extend throughout the interior
of a sphere of radius a
having the origin O as Q
centre, When a spherical b
surface of radius cf, de- lk
scribed with P as centre, T P
intersects the boundary of '
the originally disturbed
region, as in the figure,
the area of the portion
included within the latter is 27.P@*(1 —cos OPQ), and the
average of the given initial values of s over the whole surface
(47 . PQP) is therefore

Tig. 67.

1. _a*—(ct—r)
5 (1 —cos OPQ)s, = e

where r=0P, Hence, by the rule,

¢p= % fa2=(ct— 7)), i 9)
in agreement with § 71 (24).

73. Sources of Sound. Reflection.

The very useful conception of a “point-source” was
introduced into the subject by Helmholtz. We may imagine
(with Maxwell and Lord Rayleigh) that at such a point fluid
is introduced or abstracted at a certain rate, and that the
“strength” of the source is measured by the volume thus
introduced per unit time. The wave-train due to a source of
strength f(¢) at the origin is accordingly reprcsented by

drrd = /(t—z—') e 0
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since this makes  lim ( - % T RO — @

rmo \OF
If we differentiate the general equation of sound waves ((4)
of § 70) with respect to @ or y or 2, we recognize that if ¢ is a
solution so also is d¢/ax, or 0¢/dy, or 8¢/dz. Thus from (1) we

derive the solution 4w = ai M s
@ r

which satisfies the general differential equation except at the
singular point » =0. The value of ¢ thus obtained may be inter-
preted as the velocity-potential of a “double source” due to the
juxtaposition of two simple sources which are always in opposite
phases. This will be explained more fully in § 76, in the parti-
cular case where the variation with time is simple-harmonic.

The problem of reflection of sound by a rigid infinite plane is
readily solved by the method of “images.” If with every source
P of sound on the near side of the boundary we associate a similar
source at the geometrical image P’ of P with respect to the
plane, it is obvious that the condition of zero normal velocity over
the plane would still be fulfilled if the boundary were abolished.
Hence, in the actual case, the motion on the near side will be
made up of that due to the given sources P and of that due to
the images P’. It may be mentioned that the present case of a
rigid plane boundary is the only one where the physical “image”
of a point-source is itself accurately a point-source.

In submarine signalling, on the other hand, reflection at the
free surface of the water can be represented by the fiction of a
negative image. Thus in the case of the source (1) the combined

. 1 7 1 2
effect will be 4-n-¢o=(q—.ft——z>—pf(t—-c—>, ............ (4)
where 7’ denotes distance from P’. For this makes
P=ptp %f =0
at the free surface, where r=1". At a great distance the com-
bination is equivalent to a double source. In particular, at
depths which are small compared with the distance there is

almost complete neutralization of the original source by its
image.
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74. Refraction due to Variation of Temperature.

Questions relating to wave-propagation in heterogeneous
media can only be discussed in a general way, and with the
help of conceptions borrowed from geometrical optics. If at
any surface there is an abrupt change of properties the law of
propagation is of course altered. If the dimensions of the
surface, and its radii of curvature, ave large compared with
the wave-length, we have phenomena of regular reflection and
refraction, as in optics. Cases of absolute discontinuity are of
course not met with in the atmosphere, but the theory would
be practically unaffected if the change of properties were
effected within a space which is small compared with the
wave-length.

When on the other hand we have a continuous variation
such that the change of properties within a wave-length is
negligible, the case is analogous to that of atmospheric
refraction of light, which is discussed in books on optics and
astronomy. In an atmosphere of the samec gas, at rest, a
variation in the velocity of sound can only arise through a
variation of temperature (§ 59). The refraction due to varia-
tion of temperature with altitude was first discussed by Osborne
Reynolds (1876). Suppose that, as usually happens, the
temperature diminishes upwards. Since the velocity of sound
varies as the square root of the absolute temperature, the lower
portions of a wave-front will be propagated faster than the upper
ones, so that a front which was originally vertical gets tilted
upwards more and more as it proceeds. The sound will there-
fore, for the most part, pass over the head of an observer at
a sufficient distance, such residual cffects as he perceives being
referable to diffraction. On the other hand, whenever the
temperature increases upwards the waves will be tilted down-
wards, and the effect at a distance will be greater than if the
temperature had been uniform. This latter condition of the
atmosphere sometimes prevails on a clear night following a
warm day, when, owing to the cooling of the ground by
radiation, the lower strata of the atmosphere are reduced in
temperature relatively to the upper ones.
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equal wave-velocity being supposed to be horizontal, each ray
will travel in a vertical plane. The cur-
vature of a ray may be calculated directly

by a method due to Prof. James Thomson *.

If R be the radius of curvature, the two
wave-fronts passing through the extremities

of an element &8s of the path will be 2
inclined at an angle 8s/R, and if 3’ be the
length intercepted on an adjacent ray in

the same vertical plane, we have

8¢ = <1 - %n) 85, wenns 1) : b
bs
Fig, 68.

where &n denotes the distance between
the two rays, the standard case being
that shewn in the figure. Since the elements &8s, 85 are
described in the same time we have

8 8
LB e RN )
whence, by comparison with (1),
1 10c
BT T oam e ceen(3)

When the temperature diminishes upwards, 9c/dn is negative
and the curvature 1/R is positive, as in the figure, and the rays
are curved upwards. But if the temperature increase upwards,
the curvature is downwards, so that an observer at the level of
the source may hear sounds which would othcrwise have been
intercepted by obstacles.

The formula (3) leads to the ordinary law of refraction. If
¥ be the inclination of the ray to the horizontal we may write

o _do c_de .

a—ﬂ-:(ﬁcos«p, g;‘=%sm\}r, [N (4)
if y be the vertical coordinate. Hence, along the course of
a ray,

dy 1 lde
S et LLa )

* James Thomson (1822—92), professor of engineering at Belfast 1857—72
and at Glasgow 1872—89. ’
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or € 86C Y =Const, .....ccciiuiiiiiinins (6)

which is the law in question. Conversely, from (6) we can
derive the formula (3). When ¢ is known as a function of y
the equation (6) determines the paths.

The simplest hypothesis is that the temperature decreases
(or increases) upwards with a uniform gradient. This includes
the particular case of an atmosphere in “convective equili-
brium ” under gravity, where the gradient is

_ ”!Tl .%, ..................... )
H being the height of the homogeneous atmosphere (§ 59)
corresponding to the temperature §*. This is at the rate of
about 1°C. per 100 metres. Ifa law of uniform decrease were
to hold without limitation, we should at a certain altitude
meet with a zero temperature (absolute). If for a moment
we take the origin at this level, and draw the axis of y
downwards, the temperature will be proportional to 7, and the

wave-velocity ¢ to y{’. Hence by (6) we have, along any ray,

y=C0cos Y. i, (8)

The paths are therefore cycloids, the generating circles of which
roll on the under side of the line y =0. If on the other hand
the temperature increases upwards with a uniform gradient, the
paths are the cyeloids whose generating circles roll on the upper
side of the line which corresponds to the zero of temperature.
In any practical case we are concerned only with the portions
of the curves near the vertices. The ares may therefore be
taken to be circular, with a radius double the distance below
(or above) the level of zero temperature. In the extreme case
of upward diminution to which the formula (7) refers, this
radius will therefore be (roughly) 2 x 278 x 100 = 54600 mctres,
for a temperature of 0° C.

* It was pointed out by Lord Kelvin (1862) thet this is the condition into
which the atmosphere would be brought by the free play of convection currenis
alone, without conduction or radiation. Itis thorefore one of neutral equilibrium.
1f the temperature diminish upwards at a greater rate the equilibrium becomes
unstable,
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75. Refraction by Wind.

Another intercsting question is that of refraction by wind.
A uniform motion of the medium introduces of course no
complication, the relative motion of the sound waves being
exactly the same as if the medium were at rest. Usually,
however, the wind-velocity near the ground is less than above,
the motion of the lower layers of air being obstructed. Hence
when a wave-front travels with the wind, the upper portions
are propagated (in space) somewhat faster than the lower, the
velocity of the wind being superposed on that of sound. The
front is therefore continually being tilted downwards. For a
similar reason a wave-front travclling against the wind gets
tilted upwards, so that the sound tends to pass over the
head of an observer at a distance. This explanation of the
familiar fact that sound can be heard better, and further from
the source, when this lies to windward than when it is to
leeward of the observer, was first given by Stokes (1857).
The only previous suggestion had been that a sound which
has travelled a certain distance with the wind has really
traversed a shorter length of air, and has consequently become
less attenuated by spherical divergence, than if the wind had
becn absent. Owing to the smallness of wind-velocities in
comparison with that of sound, this cause is quite inadequate
to explain the very marked effects which are observed. The
true theory was discovered independently by Reynolds (1874),
and confirmed by a number of interesting experiments.

If we proceed to apply optical methods to the question,
it is necessary to dis-
tinguish, as in the theory
of aberration, between the
direction of a ray and that
of a wave-normal. Let S,
represent the position of a
wave-front at time ¢ S’
the position at time ¢+ 8¢
of those particles which
were on 8, and S, the
new position of the wave-
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front. Let P, be any point on §,, and P’ the corresponding
point on §’, so that PP’ is the path of a particle of the
medium in the time &. On the principles of optics, the new
position S, of the wave-front is obtained as the envelope of
a system of spheres of radius ¢8¢, described with the various
points P’ of S’ as centres. If P, be that point on the
envelope which corresponds to P, PP, will be an element of
a ray, and P'P, an element of the wave-normal. Also since
P,P’ = U8, where U is the velocity of the medium, the «ray-
velocity ” (IP,P,/8t) is the resultant of the wave-velocity and
the velocity of the medium.

In the present question the velocity U is horizontal, and
a function of the altitude (y) only. If 4, ¢ denote the
inclinations to the horizontal of the ray and the wave-normal,
respectively, we have

S (= 9) = TS0 o o)

or b=+ Z?fsin Wy e (2)

if UJe be small, as will usually be the case.
To ascertain the law governing
the change of direction of the ray,
consider first the case of refraction at
the common horizontal boundary of
two uniform currents U, U". If ¢, ¢’
be the inclinations of the wave-normal
on the two sides of the plane of
discontinuity, we have
csechp+ U=c'secd' + T, cooovinnennnn, 3)
each side expressing the horizontal velocity of the trace of the
wave-front on the plane in question. Lord Rayleigh points out
that since sec ¢’ 4 1, ¢’ will become imaginary if
U—U>cseedh—C. woveverrirnnnnnnnd (4)

There is therefore total reflection of all wave-fronts whose inclina-
tion (¢) to the vertical falls short of a certain limit.
Since a continuous variation of U can be approximated to
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by a series of small discontinuities, we infer that (3) will still
hold if ¢, ¢, U and ¢’, ¢, U refer to any two positions on the
same ray. The equation is,in fact, a generalization of Art. 74 (6).

If we confine ourselves to the effects of wind alone, so that
¢ is constant, we have along any one ray

sec ¢ + g: (<163 415 RN (5)
or, by (2),
sec Y+ %’sec2 Yr=cConst, evriniiniiiinn.. (6)

provided v be not too great. If we differentiate this with respect
to the arc s, and put dyr/ds=1/R, dy/ds=sin, we find
}13-(1+2~cgsec\!r>=-—%%'. ............ V)

The ray is therefore curved downwards or upwards, according
as dU/dy is positive or negative. If, as usually happens, the
wind increases in force upwards, these two cases will arise
according as U is positive or negative, i.e. according as the ray
is travelling with or against the wind. If the gradient dU/dy
be uniform, the rays have all the same uniform curvature,
approximately, owing to the smallness of the ratio U/c, unless
indeed the inclination 4» becomes considerable. For instance,
a ray starting near the ground at an elevation o, down the
wind, attains an altitude R (1—cosa) and has a horizontal
range 2R sin o, where R =c¢/m, m denoting the upward
gradient of the wind. Again, rays starting from a height %, and
travelling against the wind, have a maximum horizontal range.
This is found, with the same approximation, by drawing a cirele
through the source to touch the line representing the ground;

thus, if # be the range,
—

a*=2Rh, ...(8) - =

since & is small compared &v>
with R. It is to be noticed ~—=
Fig. 7L

that in all these problems the

path of a ray is not reversible (see Fig. 71).
The effects on the propagation of sound of a want of uniformity

in the atmosphere, whether of temperature or velocity, are often

very remarkable. The sound of an explosion, for instance, has
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sometimes been heard at a great distance, whilst over some
intervening areas nothing has been observed. A familiarinstance
is the intermittent or flnctuating character of the sound from
an aeroplane. This is due to refraction of the sound rays as they
traverse masses of air at unequal temperatures. The rays are at
one Instant deviated more or less from the ear of the observer,
and then brought back in greater intensity, the average effect
being unchanged. The phenomenon is analogous, on a different
scale, to the scintillation of stars*.

754a. Acoustic Properties of Buildings.

It is not altogether an easy matter to predict in advance the
acoustic qualities of a room of given design and dimensions, but
it may safely be said that disappointments have been often
caused by the neglect of some very simple considerations. Itisa
matter of common observation that speech in the open air does
not carry very far without great effort, owing to the attcnuation
of the sound waves as they diverge. In an enclosed space a
speaker’s voice is reinforced by echoes from the walls and the
ceiling, and this is (so far) to the good, but it is obvious that
the echoes should not follow the original sounds at too great an
interval, and should be quickly extinguished. Echoes are liable
to be prolonged if the walls are of highly reflecting quality,
marble (for instance) being specially unsuitable. On the other
hand the presence of a reflecting surface close behind the
spealker, or over his head if there is a lofty roof, is advantageous.
When echoes prove to be excessive in duration, a remedy may
be found in the use of more or less porous materials, e.g. in
the form of hangings, on the principle explained in § 66. But
it is possible to carry this device too far, in which case the voice
falls dead, as in open-air specch.

It has sometimes been a.tbcmpted to suppress echoes from a
roof by wires hanging vertically, with the idea of “breaking the
sound waves.” Testimony as to the efficacy of such arrange-
ments is often conflicting, but in the light of the theory of
scattering by a cylinder (§ 81) it is difficult to see how any
considerable effect can be obtained in such a way. It is true

* This explanation is due to Rayleigh.
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that, in the investigation referred to, viscosity is neglected, but
this can hardly affect the general conclusions.

A more difficult question may arise through the unequal
focussing, as it were, of sound in different parts of a room.
This is now beginning to be studied systematically, by means
of models, both in this country, at the National Physical
Laboratory, and in America.

75 b. Doppler’s Principle.

This is a convenient place for a reference to what is known
as “Doppler’s principle” *. Suppose, for instance, that a periodic
source of sound is approaching a stationary observer. The
number of maxima of (say) the condensation s which strike the
ear of the latter in a second is increased, and the pitch is there-
fore raised. The diminution in the period is to the period when
the source is at rest in the ratio of the velocity of approach to
the velocity of sound. When the source recedes from the ob-
server, this ratio is negative, and the pitch is lowered. When
the motion of the source is oblique to the rays by which the
sound is heard, the component of its velocity in the direction of
the ray is alone effective. Analogous effects are produced when
the source is at rest and the observer in motion. The principle
is exemplified in the apparent change of pitch of the whistle of
a locomotive as a train dashes through a station; but its most
striking and fruitful applications are met with in the theory of
radiation.

* Christian Doppler (1803—54), an Austrian mathematician, professor of
physics at Vienna 1851.




CHAPTER VIIL
SIMPLE-HARMONIC WAVES. DIFFRACTION

76. Spherical Waves. Point-Sources of Sound.

From this point it is convenient to consider specially the
case of simple-harmonic vibrations. In problems relating to
the impact of sound waves on obstacles, or their transmission
by apertures in a screen, and so on, the results will vary in
character with the pitch, the determining element being the
relation between the wave-length and the linear dimensions of
the obstacles, &c.

It will be desirable, for the sake of conciseness, to use
imaginary quantities somewhat more freely than in the pre-
ceding chapters. Thus we assume that the velocity-potential
¢ varics as e, or ¢**, where

k=nfc=2m\, ..o (1)

if A be the wave-length of plane waves of the same period 2m/n.
The general equation of sound waves (§ 70 (4)) therefore be-
comes
Vip+Irp=0. oo 2)
In the case of plane waves whose fronts are perpendicular
to the axis of &, we have

P _
SEHB=0, e 3)
the solution of which may be written
¢ =Ade ke 4 Belkr, 4)

or ¢=Ccosko+Dsinkz,  weviinnnnd (3)




e v
p=Adeim-ka (6)
When we proceed to calculations of energy it is of course
necessary to revert to real forms. Thus, taking the real part
of (6), we have
p=Acosk(cE—x). .oooirr nnnnn. ()]
The mean energy per unit volume, as given by § 70 (7), (8),
is $pk*4°, and the mean energy transmitted per unit time,
per unit area of the wave-front, is
spkrcd?, or }pnlc. A% ....(8)
We may call this the *“ energy-flux” in the wave-system (7).

The equation of symmetrical spherical waves, § 71 (6), now
takes the form

z <T¢)+Ic’(1¢) 0, vrevereeraannns (9)

and the solution is
r¢ = Ae 4 Betkr, ...l (10)
or r¢=Ccoskr+Dsinkr, ............ (11)

the time-factor being understood as before. The two terms
in (10) correspond to waves diverging from, or converging to,
the origin, respectively. In particular, the diverging waves
due to a source de¥e at the origin are represented by

¢= % eEEN e, (12)
. A r
or, in real form, qS—mcosn(t-—E) C e (13)

This is of course a particular case of § 73 (1).

The maintenance of such a source in an unlimited medium
requires a certain expenditure of energy. The work done per
unit time at the surface of a sphere of radius 7, on the fluid
outside, is the product of the pressure, the area, and the
outward velocity, or

2 ? )
—(p+ rcs),ﬁl'm"é%:— (pﬂ +p aif) e 219
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It is evident that p, contributes nothing to the average effect,
since the mean value of 9¢/or at any point is zero. If we
substitute from (18) we find that the average of the remaining
part is

_npd® _KpcA?

T 8mc 8
This quantity W is independent of 7, as was to be anticipated,
since the mean energy in the space included between two
concentric spheres is constant. It measures the emission of
energy (per unit time) by the source. The formula may also
be inferred from the consideration that at a great distance the
waves may be regarded as plane. If in (8) we replace 4 by
the A/4arr of (18), and multiply by 4ar7?%, we obtain the result
(15).

It must be remembered that this calculation of the energy
emitted applies only to an isolated source in free space. A
source placed in an enclosure with rigid walls does no work on
the whole, since the energy of the gas is constant. Even in an
open space the emission of energy may be greatly modified by
the neighbourhood of an obstacle. Thus in the case of a source
P close to a rigid plane boundary the amplitude of vibration at
any point is doubled by the reflection as from the image P’
(§78); the intensity is quadrupled, and the emission (on one side)
is therefore twice that of an equal source in free space.

The equation b= 4-73%7‘ et (16)

or, in real form, ¢= Z% cosn (t + %) ) e (17)

may likewise be interpreted as representing a “sink ” of sound,
ie. a point where energy is absorbed, under similar conditions,
at the rate n?p B*/8mc. This conception is however of no great
assistance in acoustics.

The notion of a simple source, valuable as it is for theoretical
purposes, is seldom realized even approximately in practice.
A vibrating body such as a membrane, or cither prong of a
tuning fork, is tending at any instant to produce a condensation
of the air in contact with it on the one side and a rarcfaction
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on the other, and is therefore more adequately represented, in
the simplest cases, by a combination of ¢wo simple sources near
together but in opposite phases. Idealizing this a little further
we are led to the mathematical conception of a “double source.”
We begin with a simple source of strength —m at a point O,
and a simple source of strength +m at an adjacent point 07,
the signs indicating the oppo-
sition of phase. If we next P P
imagine m to become infinitely
great, whilst the distance 00
becomes infinitely small, in such
a way that the product m.00’ 74
remains finite, we have the ideal
“double source ” of theory. The 4
direction 00’ is called the ¢ Fig. 2.
“axis” and the limit of m .00’
is called the “strength.” The resulting motion is evidently
symmetrical about the axis.

If the direction 00’ be that of the axis of x, and O be
taken as origin, the velocity-potential at P due to simple
sources +m at O' and O, respectively, will be given by

7’ r

oikr g—-ikr)
,

dmrp=m (
where r=0P, = 0'P. If we draw PP’ equal and parallel to
0’0, we have "= OP’, and the expression in brackets is equal

to the change of value of the function ¢~*7/r caused by a
displacement of P to P’. Hence, ultimately, if P'P =28z,

9 fe—itr

47r¢=—msx.a;( Bl Ee—— a9
Putting mdz=1, we deduce the formula for a unit double
source at O, having its axis along O, viz.

cp—ikr
drep = _De

AN L (20)

this is a particular case of § 73 (3). When = alone is varied,
whilst ¥ and z are constant, it appears from the figure that
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8r =cos § 8z, where # denotes the inclination of OP to Ou.
Hence 9/0z=cos 0 9/or, and

9 fe—ikr

r

dmp=—2 (——) G080, e (21)

P
Performing the differentiation, we find

(1 +kr)e—itr
== [

4 080, iiennnnll (22)

For small values of k», i.e. within distances from O which are
small compared with A/2u, this becomes
cos 8
amp =2 (23)

On the other band, for large values of &r,
—ikr
dp =ik "T €086, vovirererarrannn (24)

50 that along any one radius vector the condensation (s= g/c?)
varies ultimately as 1/r. The radial and transverse components
of the velocity are to be found by the formula (6) of §69;--
viz. they are —0¢/or and —0¢/rdd, respectively. It appears
that near the origin these are of the same order of magnitude,
whilst at a great distance the lateral velocity is less than the
radial in the ratio 1/kr.

Introducing the factor Ceint in (24), and taking the real
part, we find that the velocity-potential due to a double source,
of strength Ccosnt, at a great distance, is

¢=- %sin n (t—%) cosf. ... cennend (25)

The waves sent out in any direction § are therefore ultimately
plane, of the type (7), provided A =FkCcos@/4wr, the mere
difference of phase being disregarded; and the flux of energy
(across unit area) will therefore be pk*cC?cos? §/327*r%  Multi-
plying by 2mrrsin 6.r86, which is the area of a zone of a
spherical surface of radius r bounded by the circles whose
angular radii are & and @+ 86, and integrating from 6 =10 to
@ =1, we find that the total emission of energy by the double
source C cosnt is
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It will be noticed that as the wave-length N is increased,
and k& accordingly diminished, the fundamental equation (2)
tends to assume the form

Vie=0 ..o TN (27)
which is met with in the dynamics of incompressible fluids, and
in the theories of attractions and of electric and thermal con-
duction. This assimilation may come about in two ways, either
through a diminution in the frequency (n/27), or by an increase
in the elasticity of the medium and consequently in the wave-
velocity. Under the same condition the formula (12)
approximates to the form

b= 1%, ..................... (28)

which is the expression for the potential of a magnetic pole, or
for a source of electricity, and so on; whilst in the case of the
double source (21) the limiting form is (28), which is recognized
as the potential of an infinitely small magnet.

A further remark of great importance is that within any
region, free from sources, whose dimensions are small compared
with A, the configuration of the equipotential surfaces ¢=const
is at any instant sensibly the same as if the fluid were incom-
pressible. For the value of ¢ due to an external source differs
from its value in the case of incompressibility chiefly by a
factor e~i*, where r denotes distance from the source. If
b denote the greatest breadth of the region, this factor can at
most vary in the ratio e~%, which differs very little from unity
when kb is small.

76a. Reflection at a Plane Surface.

"The reflection of waves from a source by a rigid wall ean be
represented by means of an image, as cxplained in § 73, Thus
in the case of a primary source of strength ¢ we have

Ce-ikr (Clg—ikrs
drp == “T— 2 I

1 72

where 7y, 7, denote distances from the source and the image,
respectively. If we put for a moment

mAnm=2r, 11— =25 ... (2)
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this may be written
. 1 1 /1 1y . )
= (g~ ik Pl Tt -
4mp = Ce~*r {(Tx + 7‘2) cos ks +1 (7‘: rg) sin Ics} . (3)

At distant points 7, and 7, will be nearly equal, and the first
term in the large bracket will be the more important.

The maximum value of s is the distance (k) of the primary
source from the wall, and if the wave-length (A = 2 /k) is large
compared with this we have practically at distant points

2 Ce“"'”’

drp =

The combination is thus eqmvalent to a source of strength
20 as was to be expected, but since waves are generated only
on one side of the wall, the supply of energy required to main-
tain the original source is twice what it would be in an unlimited
space.

In the general case the intensity will vary as the square of
the amplitude of the expression on the right-hand side of (3),
ie. as

C"{ +——2—cosk(r.,\—-r,)+ } ........... (5)

This lies always between

C? (le] +7172>2 and C? (71»‘-‘—-;1—2)2

If, in contrast to the former supposition, A is small compared
with %, the upper limit of the intensity is attained at points
such that 7, — 7 is a multiple of A, and the lower limit when
7, — 1, is an odd multiple of $A. The circumstances are analogous
to those of Fresnel's interference experiment in Optics.

The problem of reflection from any system of sources, and in
particular from a double source, can be dealt with in a similar
manner, but the results will vary in character. For instance,
suppose we have a double source at a distance from the wall
which is small compared with the wave-length. If the axis of
this source is parallel to the wall, the effect at distant points is
practically doubled, whereas if it is at right angles pointing
(say) from the wall, the image will also point from the wall
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in the fictitions medium on the other side, and the effect at
distant points will be practically neutralized.

The problem of reflection at the free surface from a source
of sound in water has already been referred to. If we neglect
the waves generated in the air, for the reason indicated in § 61,
we may make use of the conception of a negative image. Thusin
place of (1) we have

— ik, ~ikry
4= C‘;T— SO, (6)

1 Ty

since this makes

at the free surface where 7, =r;. This is equivalent to
—oeur (L1 -(l LA

drp = Ce—thr 1(7'1 T) cos ks + ¢ " + 7*2) sin ks, (8)

and the intensity is consequently proportional to
1 2 1
[o4] {E—mcosk(m—n)+r—;}. ............ ©)

Near the surface this is always relatively small. If A be small
compared with &, we have, at a point whose depth is z and
horizontal distance «,
(z—hy

2+ L)
n=a+ r2=w+(——2w—L)~, ...... (10)

provided z and & are both small compared with . Hence
2Lh dh 2z

k(’)'g—T1)=—w—.Z=~m—-X- ............ (11)
For points on the same vertical the minima of intensity
occur when % (r,— ny) =0, 2, 4, ..., or
z z « 3z
X—O’ G B Bt e 12)

77. Vibrating Sphere.

By means of the fiction of a double source, of suitable
strength, at the centre it is possible to calculate the waves
generated in the surrounding air by a vibrating solid sphere of
any radius. As this is almost the only problem of the kind
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which can be completely solved we devote some space to it. The
work is simple, and the results throw a good deal of light on
other cases.

For reasons just referred to, it is instructive to look first at
the case where the fluid is incompressible. We take the origin
at the mean position of the centre of the sphere, and the axis of
« along the line of its vibration; and we denote its velocity
by U. The velocity of the fluid in contact with the sphere at
any point P, resolved in the direction of the normal, must be
equal to the normal component of the velocity of the point P
of the sphere itself, ie. to Ucos 6, where 8 is the angle POx.
This gives

% Ucos® [r=a] (1)
3 e
if @ be the radius. The velocity due to a double source at O in
an unlimited mass of incompressible fluid is of the form

c
¢= G 008 B v (2)
and in order that this may be consistent with (1) we must have
C=27a*U. .eoveriiiniiininiend 3)

With this determination of € the effect of the sphere on the
fluid is exactly that of the double source, and the solution of
our problem is

g:: COS 0. cvenriiiriiiiiies 4)

b=

This depends only on the instantaneous value of U, as we should
expect, since under the present hypothesis disturbances are
propagated with infinite velocity. It should also be noted that
there is so far no assumption that U is small.

The directions of motion at various points of the field may
be shewn by tracing the “lines of motion,” which are lines
drawn from point to point, always in the direction of the
instantaneous velocity. In the case of small vibratory motion,
which we have especially in view, each particle oscillates
backwards and forwards through a short distance along the line
on which it is situate. If &r, 786 be the radial and transverse
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projections of an element of such a line, these quantities must
be proportional to the radial and transverse components of
velocity, viz. — 3¢/or and — 8¢/r00, respectively. Hence

,SL _ rdf
Sos0 = Femfr e (5)
the integral of which is
P=BSIN G, e, (6)

where b is a parameter which varies from one line of motion
to another. The curves, which are identical in form with the
lines of force due to a small magnet, are shewn in Fig. 73.

Fig. 73.

To calculate the reaction on the sphere we divide the surface
into zones by planes perpendicul:u‘ to Ox. The arca of a zone
being 2mu?sin 686, the resultant force on the sphere in the
divection of z-positive is

X —_-—f peosf. 2 sin 0d6. .. )
0
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The constant part of the pressure contributes nothing to the
resultant. The variable part is, if terms of the second order in
the velocities be neglected,

[} au
p=p£=—§pamcosg, ............... (8)
since ¢ enters only through U. Substituting we find
. au
X SRRt T 9)

The remarkable point here is that the force is independent
of the velocity, and depends only on the acceleration of the
sphere. If the mass of the sphere be 7, and if it be subject to
other extraneous force X, its equation of motion will be

M ‘ifg: XX, oo 10)
av
or (M +§mpa®) T X o (11)

This is the same as if the fluid were abolished, and the inertia
of the sphere were increased by §mpa?, ie. by half that of the
fluid which it displaces. It was shewn by Stokes (1843) that
this conclusion is accurate even when the restriction to small
motions is abandoned.

There is, as we shall see (§ 79), nothing peculiar to the
sphere in the general character of the above result, but the
apparent addition to the inertia will vary of course with the
shape as well as the size of the solid, and will usually be
different for different dircctions of motion, as e.g. in the case of
an ellipsoid. The theory here touched upon has had a great
influence on recent physical speculations, and in particular was
responsible for the suggestion that the apparent inertia of
ordinary matter might be partly or even wholly due to that of
a surrounding aetherial medium.

Turning now to the acoustical problem, let the velocity of
the sphere be expressed symbolically by

U= A6 oo (12)
The surface-condition will have the same form (1) as before.
The velocity-potential of a double source Ce”t at O is

O 3 e-itr ]
¢=-4_1ré-r<e~r—).cos€, ............... (18)
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by § 76 (21), the time-factor €™ being omitted. The ratio of C
to 4 is then determined by (1).

The most interesting case is where the radius o of the
sphere is small compared with A/27, where \ is the wave-length.
In the immediate neighbourhood of the sphere %r will then
be small, and the formula (13) is, for this region, practically
identical with (2). It follows that

C= 2 A, oveveereenreaeeran, (14)
nearly, and further that the lines of motion near the sphere will
have sensibly the configuration shewn in Fig. 73. The apparent
addition to the inertia of the sphere has very approximately
the same value §mpa? as before. On the other hand, at distances
r which are comparable with, or greater than, A, the motion of
the fluid is altogether modified by the compressibility. At
sufficiently great distances we have, by (13) and (14),

¢=liku3'A e———w:cosf} ............... (15)
2 r ’
or, in real form,
¢=—%k—ci—Asinn(t—%)cose, ............ (16)
corresponding to a velocity
U=ACOSN ecvneeivinnaaannns 1)

of the sphere. The amplitude now varies ultimately as 1/r,
instead of 1/r% as in the case of (4).

The investigation so far discloses nothing analogous to
a frictional resistance, whereas we know that owing to the
generation of waves travelling outwards a continual abstraction
of energy must take place. To calculate cither the dissipative
resistance, or the work done, at the surface of the sphere, we
should have to use the complete formula (13); but the emission
of energy may be ascertained independently from the formula
(26) of § 76. The strength of the equivalent double source
being given approximately by (14), we find

W =3§mplta’c A2 .................. (18)
If p’ denote the mean density of the sphere, its energy when
vibrating under the influence of (say) a spring will be
$.4mplad. A
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If, following a procedure explained in § 11, we equate the rate
of decay of this energy to W, we find

d4 A
v F==0, i 19)
and therefore A=Adgetr, (20)
. __ 8 f
provided TE ey g (21)

The ratio (n7/27) of the modulus of decay to the period is
therefore usually very great.

78. Effect of a Local Periodic Force.

Corresponding results can, with the help of more or less
intuitive considerations, be obtained for other forms of vibrating
solid, but the work is much simplified by a preliminary theorem,
which has also an independent interest. This relates to the
effect of a periodic extraneous force concentrated about a point
in a gaseous medium.

An elementary proof can be derived at once from the pre-
ceding investigation. The result will obviously be the same if
the force be imagined to act on an infinitely small sphere
having the same density as the surrounding fluid. The effect
is therefore that of a double source; and if we now denote the
concentrated force, supposed acting parallel to z, by Pe, we
find, putting M = $mpa® in § 77 (11),

P=2mphca® A, .ooooveviiiiiiinnn.n 1)

and therefore, by § 77 (15), for large values of kr,
P e—ikr 9 9
b= Tmpe T cos b i 2)

Comparing with § 76 (24) we see that the strength of the
double source is — 1Pe™t/pke, or, taking the real part,
P .
—— sin nt.
phe
It follows from § 76 (26) that the work done by a periodic force
Psinnt in generating the diverging waves is
P
SRy e (3)
per unit time. For a given medium this varies inversely as the
square of the frequency.
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We return to the problem of investigating the waves
generated by a vibrating body. In order not to complicate the
question too much we will assume that the body has some sort
of symmetry with respect to an axis; thus it may be a form
of revolution about this axis, or it may have two mutually
perpendicular planes of symmetry meeting in this axis, or
(again) a single plane of symmetry perpendicular to the axis.
In any case this axis is taken to be the direction (Oz) of
vibration.

The dimensions of the solid being supposed small in com-
parison with /27, the motion of the fluid in the immediate
neighbourhood will be sensibly the same as in the case of
incompressibility, and the principal effect on the body will there-
fore be equivalent to an increase of inertia. To establish this
latter point in a general manner, we note that the (irrotational)
motion of a frictionless liquid due to the motion of a solid in it
will have the velocity at every point in a determinate ratio
to the velocity U of the solid, and that the total kinetic energy
of the fluid may therefore be expressed by §0Q’U?, where @' is
a constant, of the nature of a volume, depending only on the
size and shape of the solid and the direction of its vibration.
Hence if M be the mass of the body, the equation of energy
takes the form

gdt(%MUZHpQ‘UZ):XU, ............... @)

where the right-hand member represents the rate at which
work is being done by the extraneous force X. Thus

(M + pQ’)Oil—ZtLX, .................. (2)

which shews that the inertia of the body is apparently increased
by the amount p@’. An equivalent statement is that the
reaction of the liquid is equivalent to a force — pQ'dU/dt.
In the actual case of the gaseous medium, it is plain that if
the solid were removed, and its place supplied by fluid, the
motion at a distance would be very approximately the same as
would be produced by a suitable periodic force from without,




the volume dispiaced by the solid, as well as to balance the
reaction just referred to, its amount would be

P=P(Q+Q’)%r=inp(Q+Q’)Ae""‘, ...... 3)

if U= Aein,
By § 78 (2), the velocity-potential at a great distance r will
therefore be
_ P i ACEX
¢—% 7 cos 0= e Aetet=n cos §. ...(5)

Comparing with § 76 (24) we see that the effect of the vibrating
solid is equivalent to a double source of strength O=(Q + Q') 4,
and that the emission of energy is accordingly

I ,.
W=L;Z£(Q+Q)‘A*, ............... (6)

by §76 (26). In the case of the sphere we have Q=4$wa?,
Q'=14@Q, and the result accordingly agrees with § 77 (18). It
can be shewn that for a circular disk of radius @, moving
broadside on, Q= §ma?, whilst @ of course =0.

80. Communication of Vibrations to a Gas.

The circumstances which govern the efficiency of a vibrating
body in generating sound waves, and the comparative effects in
different gases, were elucidated by Stokes in a classical memoir
“On the Communication of Vibrations from a Vibrating Body
to a surrounding Gas*.” The starting point of the investigation
was an observation by Prof. J. Leslie (1837), who found that the
sound emitted by a bell vibrating in an atmosphere of hydrogen
was extremely feeble as compared with the effect in air. No
satisfactory explanation of this phenomenon was forthcoming
up to the time of Stokes’ paper. The essence of the matter is
conveyed in the following quotation :

“When a body is slowly moved to and fro in any gas, the
gas behaves almost exactly like an incompressible fluid, and

* Phil. Trans. 1868. The passage which follows below is from the
“ ghstract” in the Proc, Roy. Soc.



anterior pecomes posterior. 1l tne raté ol alternatioil Ol Lt
body’s motion be taken greater and greater, or, in other words,
the periodic time less and less, the condensation and rarefaction
of the gas, which in the first instance was utterly insensible,
presently becomes sensible, and sound waves (or waves of the
same nature in case the periodic time be beyond the limits of
audibility) are produce&, and exist along with the reciprocating
flow. As the periodic time is diminished, more and more of the
encroachment of the vibrating body on the gas goes to produce
a true sound wave, less and less a mere local reciprocating flow.
Tor a given periodic time, and given size, form, and mode of
vibration of the vibrating body, the gas behaves so much the
more nearly like an incompressible fluid as the velocity of
propagation of sound in it is greater; and on this account the
intensity of the sonorous vibrations excited in air as compared
with hydrogen may be vastly greater than corresponds merely
with the difference of density of the two gases.”

These remarks are exemplified in the results of § 77 (13),
(14). If we fix our attention on a point at a distance from the
sphere, supposed vibrating with the velocity

U=A4c0Snt, cevererrrireeernieenes (1)

the motion there is given, when the period is sufficiently long,
by the formula

A 3
¢= 2—:’ €08 0.COSNE,  veeerrrniennininn &)
as if the fluid were incompressible. But when the frequency is
increased until the wave-length is small compared with the
distance » from the centre, the appropriate formula is

_ ket . 7
¢——7 cosﬁ.smn(t—Q,

and the amplitude is accordingly greater than in the former
case in the ratio r, or 27r/A. For the same frequency, the
amplitude, which depends on k/c or n/c?, will in different gases
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now vary inversely as the square of the wave-velocity. Again,
the emission of energy is, by § 77 (17),

W =3mplta’ed*=Fmpniu®/cs. 42 ............ 4)
and so varies (for the same gas) as the fourth power of the
frequency. The emission in different gases will (for the same
frequency) vary inversely as the fifth power of the wave-
velocity, if we assume (§ 59) that the latter varies inversely as
the square root of the density. For instance it will be about
1000 times less in hydrogen than in oxygen.

In order further to illustrate the effect of the lateral motion
of the gas, near the surface of the sphere, from the hemisphere
which is at the moment moving outwards to that which is
moving inwards, in wecakening the intensity of the waves
propagahed to a distance, we may calculate what the emission
would be if this lateral motion were prevented. For this
purpose we may (after Stokes) imagine a large number of fixed
partitions to extend radially outwards from near the surface.
In any one of the narrow conical tubes thus formed, the motion
will be of the same character as in the case of symmetrical
spherical waves. Now a uniform radial velocity Ccosnt over
the surface of a sphere would be equivalent to a simple source
4qra? C'cos nt, and the corresponding emission per unit area
would be $4%*oc C? by § 76 (15). If we now put O'= A cosé,
and integrate over the surface, we get the total emission in our
system of conical tubes. The result is

W' =§nmkiaipcd?, .oooveeconnnnnnn. (5)

since the average of cos®@ for all directions in space is §. If
we compare this with (4), we see that the effect of the lateral
motion is to diminish the emission in the ratio } /%%

When, as for example in the case of a plate or a bell, the
surface is divided by nodal lines into a number of compart-
ments vibrating in opposite phases, the opportunity of lateral
motion is increased, and the emission of energy correspondingly
weakened. For facility of calculation Stokes took the case of
a spherical surface, with various symmetrical arrangements of
nodal lines. In the problem of the oscillating sphere we have
one such line, viz. the great circle = }r, and the emission, as
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we have just seen, is diminished by the lateral motion in the
ratio $k%a%. For a spherical surface with two nodal great circles
meeting at right angles the effect is much greater, the ratio
being grk‘a’.  And as we increase the number of compartments
into which the sphere is divided, the ratio, already very small,
decreases with enormous rapidity.

For the sake of simplicity it has been assumed in the
preceding statements that the perimeter 2ma of the sphere is
small compared with A. The influence of lateral motion is
however not confined to this case, but will make itself felt
whenever the dimensions of the compartments referred to are
small compared with A. In the case of the oscillating sphere
there is no difficulty in working out the result without any
restriction to the value of ka, starting from the formula (13) of
§77.

Stokes has also investigated mathematically the case of a
cylinder vibrating at right angles to its length, where the same
cause is of course operative. In this way an estimate is
obtained of the direct effect of a vibrating string in generating
air-waves. This involves the ratio of the perimeter of the
cross-section of the string to the length of the air-waves, and
is in any practical case extraordinarily minute. As explained
in § 24, almost the whole of the sound given out when a piano
string is struck comes from the sounding board.

81. Scattering of Sound Waves by an Obstacle.

‘We have next to consider the disturbance produced in a
train of sound waves by a rigid obstacle whose dimensions are
small compared with the wave-length. The scattered waves
which are sensible at a distance are due mainly to two causes.
If the obstacle were absent the space which it occupies wonld
be the seat of alternate condensations and rarefactions. The
effect of the obstacle in refusing to execute the corresponding
contractions and expansions of volume is, at a distance,
approximately the same as if in a medium otherwise at rest its
volume were to undergo a periodic change of just the opposite
character. The result is equivalent to a simple source. On
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ave-system, which is due to the immobility of the obstacle.
f the latter were freely movable, and if it had moreover the
wme density as the surrounding air, it would swing to and fro
ith the air-particles, and the second wave-system would be
bsent. This system is accordingly the same as would be
roduced if the obstacle were constrained to oscillate with
motion exactly equal and opposite to that of the air in the
rimary waves when undisturbed. The effect is, as we have
sen in § 79, that of a double source. It might appear, at first
ght, that the former of these disturbing influences would be
wch less important than the second, but in its effect at a
istance it becomes comparable, owing to the greater attenuation
y lateral motion of the waves proceeding from a double source.

If @ be the volume of the obstacle, the strength of the
mple source due to the first cause is

here s, ¢ refer to the primary waves. In the case of a system
f plane waves

$=Ce= i, )
icident on a small obstacle at O, this gives a velocity-potential
EQC _.. o
¢y == 4—?[_7 e, (3)

As regards the second cause, we will assume for simplicity
hat the obstacle has the degree of symmetry postulated in
79 with respect to the direction (Oz) of the vibration in the
ir-waves. If the wave-system (2) were undisturbed, the
elocity of the air-particles at O would be represented
ymbolically by i%C, and the strength of the double source due
» the obstacle moving with this velocity reversed would be
ik (@ + @) C, in the notation of § 79. The scattered waves at
distance, due to the immobility, arc therefore represented by

4’”:]02((2‘1,’—”{7@,296_“7 cosf, .veeen... (4)

y §76 (24). The complete result is given by ¢ =, + ¢b,.
It follows that the amplitude of the scattered waves at any
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distant point is, for similar forms, directly proportional to the
volume of the obstacle and inversely proportional to the
square of the wave-length. This latter particular might have
been foreseen without calculation. The ratio to the original
amplitude must necessarily vary directly as the volume @),
and inversely as the distance », and in order that the result
may come out a pure number we must divide by N2, since A
is the only other linear magnitude involved. The emission
of energy, being proportional to the square of the amplitude,
will therefore vary as At This law of the inverse fourth
power holds also in optics, and for a similar reason, with respect
to the scattering of light by particles whose dimensions are
small compared with the dimensions of the light-waves. The
blue of the sky, for instance, is attributed to the relative
preponderance of the shorter waves in the light scattered by
the molecules of air, and possibly by other particles; in the
transmitted light, on the other hand, the longer waves pre-
dominate. The theory is due to Lord Rayleigh, who has also
pointed to an acoustic illustration in what are called “harmonic
echoes.” If a composite musical note, consisting of a funda-
mental tone with its octave, &c., be sounded near a grove
of trees, for example, the ratio of the intensity of the octave to
that of the fundamental will in the scattered sound be 16 times
what it was in the original note. The scattered sound may
therefore appear to be raised in pitch by an octave.

The actual scattering of energy is found by adding the
results due to the simple and the double source. This may be
proved by calculating the work done at the surface of a sphere
of large radius 7. The terms due to the combined action of the
two sources contain a factor cosd, and so disappear when
integrated over the surface. Hence, by § 76 (15), (26),

W= Bk%qz @+3@+Q)M v (3)

The energy-flux in the primary waves being }pk%cC?, by
§ 76 (8), vhe ratio which the energy scattered per second bears
to this is

g,{Q"‘+:’x(Q+ 10 PO (6)
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In the case of the sphere we found Q'=1Q =4$wa?, and the
expression (6) therefore reduces to

Flhay .ma® i (7

In other words, the sphere scatters only the fraction % (ka)t of
the energy which falls upon it. For example, if the wave-
length be a metre (which corresponds to a frequency of about
332), and the diameter of the sphere 1mm., the fraction is
roughly 76 x 10~ In the case of the circular disk, where
Q' =§ma?, @=0, the ratio of the scattered to the incident
encrgy is 3% (ka).

The mathematical theory of the scattering by cylindrical
obstacles is more difficult. We will merely quote the result,
based on Lord Rayleigh’s calculations, that when plane waves
are incident on a circular eylinder of radius @ the fraction of the
incident energy which is scattered is §=*(ka), approximately,
it being assumed as usual that Za is small. For a wire of
diameter 1 mm., and a wave-length of a metre, this

=115x%10-7,

It is to be observed however that in the case of very minute
obstacles the order of magnitude of the results may be con-
siderably modified by viscosity. The determining element here
is the ratio of the diameter of the obstacle to the quantity
h which was introduced in § 66 as a measure of the thickness of
the air-stratum, at the surface of the obstacle, whose motion
is appreciably affected by the friction. When the ratio in
question is modcrately large the influence of viscosity on the
results will be very slight.

The distribution of velocity in the immediate neighbourhood
of the obstacle will be sensibly the same as in the case of a
uniform current of incompressible fluid flowing past the body.
In the case of the sphere it can be determined completely, but
the following approximation will be sufficient. We assume

¢= C‘e‘”‘"‘-‘““"-l—gcos 0, eeeennns ..(8)

where the first term represents the incident waves, and the




248 DYNAMICAL THEORY OF SOUND

second is the form which the velocity-potential of a double
source assumes (§ 76) when &r is small. This makes
- % ' =1kC cos fe=ikr + 27—}5 cosf, e, )
and the condition of zero normal velocity for r =a is therefore
approximately satisfied provided B= —4vka’C. Hence in the
neighbourhood of the sphere we have
3

$=C {1 —ik (’r n 237—) cos e} Ve (10)
nearly. The velocities are therefore nearly the same as if the
fluid were incompressible. The pressure is given by

D=0+ pd =D+ PP cerrrrnnn 11)
This differs from the pressure (p, +npC) which would obtain
at the origin if the obstacle were absent by a term which
is small, of the order Ar, in comparison. At points whose
distance 7 is a moderate multiple of a, whilst still small
compared with A, the pressure approximates even more closely
to that due to the incident waves alone.

82. Transmission of Sound by an Aperture.

In discussing the transmission of sound waves by an aperture
in a thin screen we will suppose, in the first instance, that the
dimensions of the aperture are small compared with the wave-
length. This is of course the most interesting case from an
acoustical point of view.

The screen being supposed to occupy the plane z=0, and
the origin being taken in the aperture (S), let a wave-train
represented by

G=Co  iiiiieierieeen )
be incident from the left. If we distinguish the functions
relating to the two sides of the screen by the suffixes 1 and 2,
we should have, if the screen were complete,

¢, = Ceihe 4 Ceikr, b, =0, ..ovevvrren (2)
the second term in ¢,, which represents reflected waves, being
chosen 50 as to make 0¢,/0x =0 for 2 =0.

In the actual problem the disturbance due to the aperture
will be confined mainly to the immediate neighbourhood of S,
and may be taken to be very small at distances from O which,
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though large as compared with the linear dimensions of S,
are small compared with A. Let two surfaces be drawn, on
the two sides, at some such distance from O, each abutting
on the screen in the manner indicated by the dotted lines
in the figure. Within the region thus bounded, the fluid
oscillates backwards and forwards almost as if it were in-
compressible, and the total flnx (§ 67) through the aperture
will therefore bear a constant ratio to the difference of the
velocity-potentials at the two sarfaces. This will perhaps be
understood more clearly if we have
recourse to the analogy of electric
conduction. Suppose we have a e S
large metallic mass, severed almost - “
in two by a non-conducting parti- ! J
tion occupying the place of the

screen. If this mass form part of | TN\
an electric circuit, there will be A /
little variation of potential in it RN /
except in the neighbourhood of the N I
narrow neck which connects the two
portions. The electric potentials Tig. T,
at a distance on the two sides being

¢, and ¢,, the current through the neck will be

- NS 3)

where K may be called the “conductivity ” of the neck, the
specific conductivity of the substance being taken to be unity.
In the hydrodynamical question, also, the quantity K may
appropriately be called the conductivity of the aperture. It is
easily seen that it is of the nature of a length.
At the two surfaces shewn in the figure we have ¢, =20,
, =0, approximately, and the total flux through the aperture
is therefore 2KC. If an equal flux were directed symmetrically
from the aperture on the left-hand side, the combination would
be equivalent, in an unlimited medium, to a simple source of
strength 4KC. Hence, by § 76 (12),
e

$i= e (4)
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The corresponding velocity-potential on the near side is
evidently

. e KC _.
- ~ikz ke -1k
¢, = Ce~i 4 Ce €T (5)

The energy (W) transmitted by the aperture per second is
by the above reasoning one-half that due to a simple source
4KC at O, whence, by § 76 (15),

W= pRCR . v, )

The energy-flux in the primary waves (1) being §pk*C? the
ratio of W to this is 2K?*/m It is to be noted that this is
independent of the wave-length A, so long, of course, as \ is
large compared with the linear dimensions of S.

The exact calculation of K for various forms of aperture is
naturally a matter of some difficulty. For a circular aperture
of radius @ it is found that K = 2a; for other forms differing
little from a circle the value is sensibly the same as for a
circular aperture of the same area, the circle being evidently
a “stationary ” form, in the sense in which this term is used
in the theory of maxima and minima. It appears then that
a circular (or nearly circular) aperture transmits the fraction
8w, or ‘816, of the energy propagated across an equal area
(ma?) in the primary waves. This is, under the present
limitation as to size, very great compared with the energy
intercepted by a disk of the same dimensions (§ 81). The
figure opposite gives the shapes of the surfaces of equal
pressure (¢, = const.), drawn for equidistant values of ¢,,in the
immediate neighbourhood of a circular aperture, and shews
how rapidly these tend to assume the spherical form. The
directions of vibration of the air-particles are of course normal
to these surfaces.

With regard to further problems of the kind we must
content ourselves with a few statements of results. In the
case of an aperture in the shape of a long narrow slit, whose
breadth is small compared with A, the energy transmitted is
again comparable with, and may even considerably excced,
that corresponding to an equal area of wave-front in the
primary waves, In the case of a grating composed of equal,
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parallel, and equidistant slits in a thin screen, the fraction of
the total incident energy which is transmitted is found to be
1/(L + 1), where k = 27/x, as usual, and
a+b b
l=—7r logsecz(aer), ............... (7
where @ denotes the breadth of an opening, and b that of each
intervening portion of the screen. As a numerical example,

Tig. 75.

suppose the wave-length to be ten times the interval a+b
between the centres of successive apertures; then even if the
apertures form only one-tenth part of the whole arca of the
screen, 88 per cent. of the sound will get through, In the
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case of a grating formed by equidistant bars of circular section,
the corresponding value of [ is

L= 788, errerrereenrseennean, ®)

where b is the radius of the section, and @ the distance between
the axes of consecutive bars. It is implied, however, that the
ratio b/a must not exceed (say) %.

83. Contrast between Diffraction Effects in Sound and
Light. Influence of Wave-Length.

In the investigation of § 82 an aperture was found to act as
a simple source from which sound diverges on the farther side
uniformly in all directions. This is in striking contrast with
what is usually observed in the case of light. We have so far
no indication of anything of the nature of beams or rays of
sound, just as when sound waves were incident on an obstacle
we found nothing of the nature of a sound-shadow. The
difference in the results is due to the fact that the dimensions
of the aperture (or obstacle) have been supposed small in
comparison with the wave-length, whereas with light the
relation is usually the reverse.

‘We have avoided trespassing on the domain of Optics, but
as the dynamical conditions are in the present subject perfectly
definite, it may be permissible to examine this question of the
influence of wave-length a little more fully.

Consider the region of space lying to the right of the plane
z=0. If this plane were a fixed boundary, and if there were
no sources of sound in the region, any disturbance would
ultimately pass away. Any steady periodic motion in the
region must thercfore in the absence of internal sources be due
to motion of the boundary, and will be determinate when the
value of the normal component of the velocity at every point of
the latter is given. It can, moreover, be expressed in terms of
this distribution of normal velocity, as follows. The flux out-
wards from an element 8S of the plane is —3¢/on. 8S, if &n
denote an element of the normal drawn inwards from 8S, and
if in imagination we associate with this an equal flux in the
opposite direction on the other side, the result is equivalent
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to a source — 20¢/dn . 88 in infinite space. The corresponding
velocity-potential at a point P is

12 S g~ikr

2ron v

where 7 denotes the distance of 88 from I. Integrating over
all the elements &S of the plane, we have

~~~ﬂ3¢e’lk' ............... o)

which is the required formula.

The motion to the right of the plane 2 = 0 is also determinate
when the value of ¢ at every point of the plane, and thence
the pressure, is given, these two quantities being connected by
the relation p = p,+ p=p, +ikcpp. Suppose for a moment
that in an otherwise unlimited medium we have a thin massless
membrane occupying the plane 2= 0, and that on each clement
of this a normal force X per unit area is exerted, which is
adjusted so as to produce the actual periodic pressure, and
therefore the actual value of ¢, on the positive face of the
membrane. By the thcorem of § 78 (15), the effect for an
element &S, will be equivalent to a double source, and the
corresponding velocity-potential at a point P will be

2 0 se—ikr o
Ty T (5 ) e @

The variable parts of the pressures on the two faces of the
membrane, viz. + p¢= + tkcpgp, must balance the force X, so
that X =2ikcpp. Substituting in (2), and integrating over the
plane =0, we obtain

bp=— 27Jf¢. ( —i“ ............ ®)

The structure of the integrals in (1) and (3) recalls the
process by which “ Huygens’ principle ” is applied in optics to
find the disturbance at any point P in terms of “secondary waves”
supposed to issue from the various elements of a wave-front.
There was at one time much discussion as to the exact character
to be assigned to these secondary waves, more especially as to
the law of intensity in different directions. We now recognize
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that the problem has mathematically more than one solution ;
either of the above formulae will lead to an exact resuls, and
we might even use a combination of the two, in any arbitrary
proportions. This resolution of a historic controversy is due to
Lord Rayleigh.

As a verification of (3), suppose that the value of ¢ at =0
is that due to a train of plane waves ¢ =e~#= Let = denote
the distance of 8S from the orthogonal projection of the point
P on the plane =0, so that =2+ & For the aggregate
of elements 8S forming a certain annulus of the plane we
may write 2nwdw =2mrrdr. We have also orfdz=u/r. The
formula (3) therefore gives

¢P=‘§‘ K ( _m) 2rwda

o 0w
=——mfwaar( hth) dr=e"i%, |, (4)

In the case of waves transmitted by an aperture in a plane
screen (z = 0), we have, in (1), 0¢/dn = 0 except over the area of
the aperture. If, further, the dimensions of the aperture S are
small compared with A, then at a point P whose distance 7 is
large compared with X, the function e~*"/r will have sensibly
the same value for all the elements of S, and we may write

=-ﬂa¢dS e, )

2mr

where the first factor represents the total flux through S.
Under these circumstances the aperture acts like a simple
source, as in § 82.

It is understood of course that the expression —d¢/an in
(1) or (5) represents the normal component of the velocity, as
modified by the action of the screen. When as in the case just
considered the aperture is relatively small, the distribution of
normal velocity over it will differ considerably from that due to
the primary waves alone. This distribution can be ascertained
approximately, in the case of plane waves incident directly on
a circular opening, from the electrical analogy of § 82, The
lines of flow have the same configuration as the lines of force




due to an electrified disk*, and the normal velocity has the
distribution
9 B
Tan T @y e (6)

where @ denotes the distance of any point of the aperture from
its centre. The velocity becomes very great near the edge, and
is mathematically infinitet at the edge itself (w=a), but it
appears on integration that the parts of the area near the edge
contribute little to the total flux, which is

-~ j:g% 2rwde =27aB. .. (7)

If the incident waves be represented by

¢="Ce %2, 8)
the same flux will as in § 82 be expressed by 2KC, or 4aC.
Hence, comparing,

B=2/m.C. coeeiiiiiniiiiiniinnn, 9)

In the other extreme, where the wave-length is only a

minute fraction of the dimensions of the aperture, the effect of
the screen in modifying the distribution of normal velocity over
the latter is practically confined to a distance of a few wave-
lengths from the edge, and the corresponding part of the integral
in (1) is quite unimportant. In this case, the incident waves
being still expressed by (8), we can put —d¢/on = ikC with
sufficient accuracy over the whole arca of the aperture, whence

—ikr
bo= ";“S He A8, o, (10)

For the methods of approximating to the value of this integral,
Dy the use of Huygens' or Fresnel’s “zones,” or otherwise, we
must refer to books on Optics. It is found that the amplitude
is nearly uniform within the space bounded by a ecylindrical
surface whose generators are normal to the screen through the
edge of the aperture, and is nearly zero in the surrounding
region. Near the cylindrical boundary, on either side, we have

* See Fig. 75, p. 247, which represents the configuration of the equipotential
surfaces.

+ The awkwardness of this conclusion may be avoided by giving the sereen
& certain thickness, and rounding the edges.
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the diffraction effects which are especially studied in the theory
of Light.

The question of the impact of waves on a plane lamina can
be treated in a similar manner. For this purpose the formula
(8) is most convenient. The lamina being in the plane =0,
and the primary waves being represented by (8), we may write

=0 4y, i, (11)
where % is the velocity-potential due to a vibration of the
lamina normal to its plane with the velocity —1kC, equal and
opposite to that in the primary waves. It is evident that the
values of this function at any two points which are symmetric-
ally situated with respect to the plane =0 will be equal in
magnitude but opposite in sign. We have then, to the right

of the lamina i
Xo=— %f Xax( - )ds. ............ 12)

This only requires a knowledge of the value of  at the positive
face of the lamina, the value at all other points of the plane
z=0 being obviously zero. The case where the dimensions of
the lamina are small compared with A has been noticed in
§ 81; the scattered waves have then a much smaller intensity
than those transmitted by an aperture of the same size and
shape. In the opposite extreme, the value of y near the
positive face is, except near the edge, the same as in the case

of an infinite vibrating plate, viz. ¥ =~ Ce™?, so that we have
with sufficient accuracy
rgikr
x=0 f 2(55) a8 v (13)

A detailed study of this integral would indicate, in the complete
solution expressed by (11), the existence of a sound-shadow to
the right of the lamina. For large valucs of kr the formula
(18) may be replaced by

- ’."g / f T 08008, v, 14)

and for small obliquities «9 we may further put cos=1. The
formula then becomes, except as to sign, identical with (10),
shewing that the disturbunce produced by the lunina is, under
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the conditions postulated, exactly opposite to that transmitted
by an aperture of the same dimensions. This is a familiar
fact in Optics; but the preceding considerations shew that it
may be utterly wide of the mark when the wave-length is no
longer small compared with the linear dimensions concerned.

It need hardly be said that there are acoustical phenomena
where, as in the case of large reflecting or obstructing surfaces,
optical relations are approximated to. The results are then
analogous, the resemblance being more complete the higher
the pitch of the note sounded. By the use of a source of very
high pitch, and of a seusitive flame as a detector, Lord Rayleigh
has succeeded in imitating some of the most delicate phenomena
of physical optics.

In the above theoretical investigation we have been obliged
to rely to some extent on intuitive considerations, as e.g. in the
assumed distribution of velocity over the area of an aperture
when the wave-length is relatively small. It is therefore
desirable that such assumptions should be tested if possible by
exact calculation. The only instance, at present, where this has
been successfully carried out is thab of waves incident on a
plane screen with a straight edge. The reflection by the screen,
the transmission past the edge, the formation of a shadow
behind the screen, and the diffraction phenomena near the
boundaries 0. the respective regions, all come out in practical
accordance with the usual theory. The investigation was
published by Sommerteld in 1895*.

* A simplified version is given in the Proc. Lond. Math. Soc. (2), vol. 1v,
(1906).



CHAPTER IX
PIPES AND RESONATORS

84. Normal Modes of Rectangular and Spherical
Vessels.

The main object in this chapter is to develop the laws of
vibration of air contained in cavities, such as those of resonators
and organ pipes, which are in communication with the external
atmosphere. A little space may however be devoted in the
first instance to some problems relating to the vibrations of air
in spaces which are completely enclosed by rigid walls. These
will at all events supply some interesting examples of the
general theory of normal modes (§ 16).

The analytical process consists in finding solutions of the
equation

Vi +1d=0 evrrierinniiiinniinnn. (1)
consistent with the condition
¢ _
s 0, e 2)

which expresses that the component of the fluid velocity in
the direction of the normal (n) vanishes at the boundary. It
appears that, as in former analogous problems, this is only
possible for a certain sequence of values of %, which determine
the nature and the frequency of the respective normal modes.

In the case of a rectangular cavity we take the origin at a
corner, and the coordinate axes along the edges which mcet
there. If the lengths of these edges be «, b, ¢, the condition
(2) is fulfilled by

= 00 P g 7Y 40 7T
¢=C cos 4 o8 T cos — 3)
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where p, g, » are any integers; and the equation (1) is also
satisfied provided
2 2 7%
Jra— (§+ z +E). .................. @
If we put ¢ =0, r=0, the case degenerates into that of the
doubly closed pipe (§ 62).

A more interesting case is that of a spherical cavity. The
symmetrical radial vibrations come under the methods of §§ 71,
76. The formula (15) of § 71, which implies that there is no
source at the origin, gives, in the case of simple-harmonie
vibrations,

gikr — gikr

=48 | ()

or, say, ¢=0C T e (6)

Tig. 76.
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The condition (2) requires that 9¢/dr =0 for r = a, the radius of
the cavity. Hence

tanka =ka. ocoviiiiiiiiiniiin (7
This is a transcendental equation to find &, and thence n (= kc).
The roots are obtained graphically (see Fig. 76) as the abscissae
of the intersections of the lines y =tanz, y =2, the zero root
being of course excepted as irrelevant. We have, approximately,

ka = (m +§)m, where m=1, 2, 3, .... More accurate values of
the first three roots are
kajm =14303, 24590, 34709. ............ 8)

The numbers give the ratio of the diameter 2a of the cavity to
the wave-length. In the modes after the first there are internal
spherical nodes (i.e. surfaces of zero velocity) whose relative
positions are indicated by the roots of inferior rank. In the
higher modes the nodal surfaces tend, as we should expect, to
become equidistant, since the conditions, except near the centre,
approximate to those of plane waves.

Equations of somewhat similar structure to (7) occur (as
we have seen) in various parts of our subject, as well as in
other branches of mathematical physics, and processes of
numerical solution have been de-
vised by Euler, Lord Rayleigh /
and others. There is one method,
of very general application, which
is so elegant, and at the same
time so little known, thut it may T3
be worth while to explain it. It £
is given by Fourier in his Thcorie Xy,
de la Chaleur (1822). Starting z
with a rough approximation, say
z=ua,, to a particular root of (7),
we calculate in succession the
quantities &, @, #;, ... determined Tig. 77.
by the relations

Ly

zy=tan"' @, &y=tan~l @, @, =tan"'z,, ... ...(9)
The figure illustrates the manner in which these converge
towards the desired root as a limiting valuc, no matter from
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which side we start. Some fairly obvious precautions are
necessary in using the method, and it is easily seen that the
convergence will be slow if the two curves have nearly the
same inclination (in the same or in opposite senses) to the axis
of . Expressed as multiples of r, the successive approximations
obtained in this way to the first root of (7) are*

15, 1433435, 1430444, 1430304, 1430297, ..,

The same analysis can obviously be applied to the theory of
vibrations in a conical pipe whose generating lines meet in O.
If the tube extend from the origin to = a, the usual approxi-
mate condition (s= 0) to be satisfied at the open end gives

sinka =0, .cooeiriiiiiiiiiiinid (10)

the same as for a doubly open pipe of length a (§ 62). For the
case of a tube extending from r =0 to 7 =0, and open at both
ends, we require the complete solution

r¢p=Acoskr+ Bsinkr. ............... 1r)

The conditions give
Acoska+ Bsinka=0, 4coskb+ Bsinkb=0, (12)
whence sink(d—a)=0, .......... . ...(18)

as in the case of a doubly open pipe of length b — a.

If y be any solution of the general equation (1), it appears
on differentiation throughout with respect to # that the equation
is also satisfied by ¢ =0x/dz We have already had an example
of this in the gencral double source of §73. From (6) we
derive in this way the solution

~ ..(14)

or, if z=7cos 6,
9 /sinkr C .
b= OD—— (T) cos f = " (Jer cos Jer — sin kr) cos 8. (15)
i -
This leads to another serics of normal modes of the air con-
* In caleulations of this kind, and for the purposes of mathematical physies
generally, trigonometrical tables bused on tho centesimal division of the

quadrant are most convenient. A four-figare table of this type is included in
J. Hoiiel's Recueil de Formules et de Tables Numérigues, 8rd ed., Puris, 1885.
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tained in a spherical cavity. The condition d¢/or =0 is satisfied

for r = a, provided

o
tan ka = 2-?]3—“2. .................. (16)

The solution can be carried out as in the case of (7). The
annexed diagram of the curves y = cot @, y = (2 — 2%)/22, shews
that the roots tend after a time to the form mar. Approximate
values of the first few roots are

kajm=-6625, 1:891, 2930, 3948, 4959, ...(17)
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Fig. 78.

the first of which alone gives any trouble. This root corresponds
to the gravest of all the normal modes of the cavity. The air
swings from side to side, much as in the case of a doubly closed
pipe, and the wave-length is A =2w/k=1509 x2a. The
forms of the equipotential surfaces, to which the directions of
vibration of the air-particles are orthogonal, are shewn in Fig. 79.
In the next mode the radial velocity vanishes over the sphere
7ja=-6625/1-891 =350.

The study of the more complicated normal modes of vibra-
tion in a spherical vessel would lead us too far. The problem
is fully discussed in Lord Rayleigh’s treatise.
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Fig. 79.

85. Vibrations in a Cylindrical Vessel.

The theory of the purely transversal vibrations of the air
enclosed by a circular cylinder is very similar. As in § 54, the
equation

b P
a—jﬁ TpT =0 )
where =, y are Cartesian coordinates in the plane of a cross-
section, becomes in polar coordinates
¢  10¢ 184 B
W’I—;E;‘"l‘;,é—e‘z-l‘kg{b—o, ............ (2)
and the typical solution, when there is no source at the
origin, is
¢ =CJy(krycosmb. ...cocoenvinnnnnis (3)
The admissible values of k& are determined by the condition that
d¢/or =0 for r =a, or
Tl (B) = 0. eoveeeeeeeeneerann )
For the radial vibrations (m = 0) the earlier roots are given by

fea/m =1-2179, 22330, 32383, ..., .ccoov... (5)
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the limiting form being integer + 2. In the case m =1, which
includes the gravest mode,

ka/m = '586, 1697, 2717,..., .ccoeeee.d (6)
the limiting form being integer — }.

The purely longitudinal modes of a closed circular cylinder
come under § 62. There remain the vibrations of mixed type.
The equation (2) has now to be modified by the inclusion of
a term 3°}/0z’, where z is the longitudinal coordinate. It is
found that the equation is satisfied by

¢=C’cosmll7rz.fm (Br)cosmb, ............ )
provided B=p24m 2wl 8)

the origin being taken at the centre of one end. The condition
of zero normal velocity (9¢/0z) at the other end (z2=1) is
satisfied if m’ be integral. The corresponding condition at the
cylindrical surface requires that 8 should be a root of

T (Ba)=0.  crvrerrrerrrerenns )

86. Free Vibrations of a Resonator. Dissipation.

The foregoing examples are of theoretical rather than
practical interest, since the vibrations of a mass of air enclosed
by rigid walls would be completely isolated. For acoustical
purposes the vibrating mass must have some communication
with the external atmosphere ; on the other hand it is essential
that the communication should be so restricted that the frac-
tion of the energy which is used up in a single period in
the generation of diverging waves shall still be very small.
Otherwise the free vibrations could hardly be regarded as
approximately simple-harmonic, and might even resemble
the “dead-beat” type (§11).

The theory is simplest in the case of “resonators” such as
were employed by Helmholtz in his researches on the quality
of musical notes. These are nearly closed vessels, with an
aperture, and are used to intensify, by sympathetic vibration of
the enclosed air, the effect of a simple tone produced in the
neighbourhood. The precise form is not important; it may
be spherical or cylindrical, or almost any shape, so long as
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the least diameter considerably exceeds the dimensions of
the aperture. In his synthetic work on the vowel sounds
Helmholtz used cylindrical resonators having a circular opening
at the centre of one end. When the object was to detect and
to isolate a particular overtone in a complex sound, he used
the more convenient form shewn in Fig. 80. The small open
nipple opposite the mouth is inserted into the ear cavity, so
that the tympanic membrane becomes part of the internal wall
of the resonator.

Fig. 80. Fig. 8L

The theory of resonators was treated mathematically for the
first time by Helmholtz in 1860, and was afterwards greatly
simplified by Lord Rayleigh (1871). Suppose in the first place
that we have a vessel with a narrow cylindrical neck which is
occupied by a plug or piston freely movable to and fro (Fig.
81). Let @ denote the capacity of the vessel,  the length of
the neck, w its sectional area, p’ the density of the piston. We
will assume that the period of vibration is so long that the
corresponding wave-length (M) in air is large compared with
the diameter of the vessel. Under this condition the con-
densation s will at any instant be almost uniform throughout
the interior, and we may put s = — wz/Q, where x denotes the
small displacement of the piston outwards from its mean
position. The resulting excess of pressure on the base of the
piston is pcisw, or — pctw'z/Q, and the equation of motion of
the system is, approximately,

pwli=—plo*x[Q. eieriiiiin. 1)
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The motion is accordingly simple-harmonic, with a period 2a/n,
provided

The nature of the piston is of little importance, provided
its mass be sufficiently small. We may even replace it by air,
if the length ! be small compared with A, for under this
condition the column of air in the neck will behave almost as if
it were incompressible. We have then p’ = p, and

Even in the case of a resonator whose mouth consists of
a mere opening in the wall, without a neck, the theory is not
very different. It is only a question of obtaining a proper
measure of the inertia of the mass of air in the immediate
neighbourhood of the mouth, inside and outside, which takes
the place of the piston in the above problem. The flow
through the aperture at any instant is still regulated, ap-
proximately, by the same laws as that of an incompressible
fluid, or of electricity in a uniform conductor. There being
little motion in the interior, the
value of ¢ there will be sensibly
uniform ; we denote it by ¢,. Out-
side, at a short distance beyond the
mouth, we shall have ¢ =0, nearly.
If g denote the volume of air which
has passed through the aperture
outwards up to time ¢, the current,
or flux, outwards at this instant will
be ¢, and we have, by the electric analogy,

G=Ed1,  rrererereeeerinn ()

where £ is the “conductivity ” (§ 82), which depends, of course,
on the shape and size of the aperture and the configuration of
the wall in its neighbourhood. It is to be observed that this
relation (4) is purely kinematical; from the point of view of the
generalized dynamics of a system of one degree of frecdom

Fig. 82.
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(§ 7), it expresses the momentum (which may be symbolized by
p¢y) in terms of the velocity §. The dynamical equation

C3S=(hy wrverrrerrreeaeeinareianns (5)
of § 70 (3) may in like manner be interpreted as expressing
the relation between change of momentum and force. If the
zero of g correspond to the equilibrium state, we have

. S==q[Q. ererrerrereeiran (6)
Eliminating s and ¢, between (4), (5), and (6), we obtain

dig | Ke

d—g G A=0 (1)

The motion is therefore of the type

q=Ccos (nt+e),
provided n? = Kc*/Q.
If we write n = ke, this gives

PF=K[Q A=2my/(Q/K). ...............(10)

The wave-length depends,as we should expect, solely on the linear
dimensions of the resonator and its aperture. For resonators
which are geometrically similar in all respects, it varies directly
as the linear dimension. This is in accordance with a general
principle which may be inferred from the differential equation
(2) of § 76, or otherwise. The formula (9) indicates further that
the pitch of the resonator is lowered by contracting or partially
obstructing the aperture, whilst it is raised by diminishing the
internal capacity.

The kinetic energy, being mainly resident in the neighbour-
hood of the mouth, may be calculated from the principles
applicable to an incompressible fluid. If the actual motion
were generated instantaneously from rest, the work required
would be the sum of half the products of the impulses into
the corresponding velocities. The equations (9) of § 69 shew
that the requisite impulsive pressure is p¢,; henee

T=3phd=3/K) - @ weveerrveecnn. (11)
The potential encrgy is, by § 70 (8),
V=4pcsQ=3(pc*(Q)-¢* orerrennnn (12)

The coefficicnts in these expressions being known, the speed
2 of the oscillations can be inferred at once by the gencral
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formula (7) of § 7. It was under this form that the theory was
presented by Lord Rayleigh. It is to be noticed that the
inertia-coefficient is proportional to the “resistance” of the
aperture (in the electrical sense), whilst the coefficient of
stability, or elasticity, varies inversely as the capacity Q.

The preceding theory applies only to the gravest mode of the
resonator. In the higher modes the internal space is divided
into compartments by one or more “loop surfaces” (i.e. surfaces
of constant pressure, where ¢ =0), and the frequencies are
much greater. The wave-length is then at most comparable
with the linear dimensions, as in the problems of § 84.

As already stated (§82) the calculation of K is usuallydifficult.
For a circular aperture in a thin wall K is equal to the
diameter, and for any form differing not too much from a circle
we may put K = 24/(w/), approximately, where o is the area.
The frequency, as determined by (9), will then vary as ot/Qh,
% is remarkable that this law was arrived at empirically by
Sondhauss at a date (1850) anterior to the theory. When the
aperture is fitted with a cylindrical neck, the conductivity is
limited mainly by the neck itself, and we may put K =w/l,
approximately, where ! is the length. The formula (9) then
agrecs with (3). It is implied that Z is small compared with A,
and ab the same time large compared with the diameter of the
channel.

We have in the above theory allowed for the inertia of the
external atmosphere, but not for its compressibility, and the
vibrations as given by (8) are accordingly persistent. In other
words, we have neglected the apparent* dissipation of the
energy of the resonator due to air-waves diverging outwards
from the neighbourhood of the mouth. This will have, in
general, no appreciable influence on the period, but wil’
manifest itsclf by a gradual decay of the amplitude.

The effect can be estimated with sufficient accuracy in-
directly. The flux outwards at the mouth is, by (8),

G=—nCsin(nf +e). coeeerrieerinnnn. (13)

* True dissipative influences such as viscosity and thermal conduction are
ignored in the present investigation. They probably play as a rule a wholly
subordinate part.
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If the resonator were practically isolated in space, then on
account of the assumed smallness of its dimensions as com-
pared with A, the effect of the flux at a distance would be that
of a simple source of strength nC, and the rate of emission of
energy would accordingly be

W=wpC?/8c, wveeeeerriieninnnns (14)

by the formula (15) of §76. The energy E of the motion,
being equal to the potential energy abt its maximum, is,

approximately,
E=%pc*C?Q, e (15)

by (12). Equating, on the principles of § 11, the rate of decay
of this energy to the emission W, we find

ac ¢

& + 7= 0, v (16)
and therefore g=Ciecos (nt+€), ..oorvunennnnn. 17
provided T=8nc¥/nQ =8nQ/K%, ........... (18)

in virtue of (9). The ratio of the modulus of decay to the
period (2m/ke) is given by

ARQ/K> =4QYKE. (19)

Since K is at most comparable with the mean breadth of the
aperture, this ratio is usually very great, and the preliminary
assumptions implied in the above process are amply justified.

If the mouth of the resonator were furnished with an
infinite flange, i.e. one whose breadth is large compared with X,
the equivalent source would, as explained in § 82, have double
the strength above assumed, and the cmission of energy, now
operative in one half of the surrounding region, would be twice
as great. The modulus (18) would accordingly be halved.

As a numerical illustration of the theoretical results, take
the case of a spherical vessel 10 em. in diameter, with a circular
aperture 1 em. in radius, so that Q@ =5236, K =2. The wave-
length, calculated from (10), is 1016 ; and the frequency there-
fore about 327. The modulus of decay, as given by (18), is
about one-tenth of a second.
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87. Corrected Theory of the Organ Pipe.

The same principles can be applied to obtain a correction
to the imperfect theory of the open pipe which was given in
§62. We may begin by a brief examination of the slightly
simpler problem of reflection at an open end of an infinitely
long pipe (§ 61).

Fig. 83.

Near the open end there is a certain region, whose dimensions
are small compared with the wave-length, within which the
transition takes place from plane waves within the tube to
diverging spherical waves outside*. We take the origin inside
the tube, near the mouth, but in the region of plane waves, and
the positive direction of the axis of # along the tube. TFor the
region of plane waves we may write

¢=Ae 4 Bemthr, ...l (1)
where the first term may be taken to represent a train of waves
approaching the end, from the right, whilst the second term

* The figure, which is based on formulae given by Helmholtz in another
connection, relates to the two-dimensional form of the problem, In three
dimensions the transition to a state of uniform radial flow outwards from the
mouth would be still more rapid.
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represents the reflected waves. The outward velocity at O is
therefore represented by ik (4 — B), and the flux is
§=k0 (A = B), crevreereeererrnnan. @)

where o is the sectional area. The velocity-potential at O is
A +B. The “resistance” between the section #=0 and the
external region to the left may be specified as equivalent to
that of a certain length « of the pipe, and is accordingly
denoted by a/w. Hence, by the electrical analogy,

A+B=%xika:(A—B), ............... 3)
B 1 —dka
whence A= T oo (4)
If we put ko = tan kB,
this may be written BJA =—¢%H8, .
Hence ¢ =4 {e* — g~k letp},

The reflected train is therefore equal in amplitude to the
incident one, as was to be expected, since the inertia only of the
external air is so far taken into account ; but there is a difference
of phase. In the theory of § 61 the condition to be satisfied at
an open end was s=0, or ¢ =0. Hence if we write (7) in the
form
b= Ae Bt Hp) _ g} ®)

we recognize that the circumstances are the same as if the pipe
were prolonged to the left for a length 3, and the reflection at the
mouth were to take place according to the rudimentary theory.
The wave-length being assumed to be large compared with the
diameter of the pipe, ka will usually be small, so that B=a,
nearly. But if the pipe be very much contracted or obstructed
at the mouth, ka may be considerable, and k8 will in that case
approach 7. We then have B =4, nearly, and the circum-
stances approximate to those of reflection at a closed end.

The actual determination of « is a problem in electric
conduction which has at present only been solved, even
approximately, in a very few cases. Lord Rayleigh estimates
that for an accurately cylindrical tube fitted with an infinite
flange the value of « is about 82 of the sectional radius. For
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an unflanged cylindrical tube experiment scems to indicate a
value of about ‘6 of the radius.

We will next suppose the pipe to be of finite length, and to
be closed at =1, the origin being chosen as before, near the
mouth, in the region of plane waves. For this latter region we
may assume

p=Acosk(l—2), .viiiiiiiriinns (©))
since 9¢/ox must vamsh for @#=1I The flux outwards at
the mouth is therefore

§=0dp/0r=kod sinkl, .. .............. (10)

and the potential at O is Acoskl. Hence with the same
meaning of a as before we have

Acoskl= g x koA sin &,

or cotkl=Fhka. ...o.coooviinniinnnn. (11)
This equation determines the wave-lengths (2m/k) of the
various normal modes. Usually, ka is small, and the solution
of (11) is then

kl=m+%)m— ko,
or El+oa)y=(m+3m e, (12)
where m is integral. The character of the normal modes is there-
fore the same as on the rudimentary theory (§ 62), provided we
imagine the length of the pipe to be increased by the quantity
o. In particular, the frequencies are as the odd integers
1,8, 5, ..., so long as the wave-length remains large compared
with the diameter.

If the aperture be contracted the value of a is increased,
and the result tends to become less simple. In particular, the
harmonic relation of the successive frequencies is violated, as
may easily be seen from a graphical discussion of the equation
(11). When the pipe is almost closed, a is relatively great, and
the solution of (11)is &l=1/ka, or k*=1/la. This agrees with
the formula (10) of § 86, if we put wl=Q, w/a= K.

In the case of a pipe open at both ends the period equation
is found to be

tankl=—Fk(a+a), .cooerinnnn (13)
where a, o’ are the corrections for the two ends, but the calcula-
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tion implies that ka and ko’ are small. It is, however, only on
this condition that the conductivities at the two ends can, as a
rule, be estimated independently of one another. The equation
is then equivalent to

sink(l+a+a)=0, .oovcureneeen.. (14)

and the frequencies are therefore those which are assigned to
a pipe of length I+ a+a by the rudimentary theory. The
harmonic relation between the various normal modes is pre-
served, but it must be remembered that the approximation is
the more precarious, the higher the order of the harmonie.

The wave-lengths of the proper tones are in all cases fixed
by the linear dimensions, but the frequencies, which vary as
the velocity of sound, will rise or fall with the temperature.
An “open” organ pipe is tuned by means of a contrivance
which increases or diminishes the effective aperture at the open
end, ie. the end remote from the “mouth” proper. The pitch
of a “closed” pipe is regulated by adjusting the position of a
plug which forms the barrier.

To calculate the rate of decay of the free vibrations it will
be sufficient to take the case of the stopped pipe. The kinetic
energy corresponding to

p=Acosk(l—z)cosnt .......ce...... (15)

is given with sufficient accuracy by
7=} fz 22V do = 4l A cost 16
=§pw 0(3@ x = }pk’wl. A2cos*nt, ...(16)

if ka be small, since cos &l =0, nearly. A more careful calcula-
tion, taking account of the transition region between the plane
and the spherical waves, replaces ! by !+ a, approximately, in
this formula, but the correction is not important. The total
energy, being equal to the kinetic energy at its maximum, is
accordingly
E=}pltwl A% .o an
If the mouth be unflanged it acts, in relation to the external
space, as a simple source of strength kw4 sin ki, or kwd, nearly,
and the consequent emission of energy per second is accordingly
W = pltwcd/8m, cevieeririnnnnnnn. (18)
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by § 76 (15). Equating the rate of decay of the energy to W,
we are led to the equation

dA  Foc
T am A=0, v, (19)
and the modulus of decay is therefore
T=A4wl/kPwc. ..o (20)

The ratio of this to the peviod (2w/kc) is 2I/kw, or (in the
gravest mode) 4/%/mw, nearly. Since the moduli of the various
normal modes are proportional to the squares of the respective
wave-lengths, the decay is the more rapid the higher the order.
For a flanged pipe the result (20) would be halved.

88. Resonator under Influence of External Source.
Reaction on the Source.

The theory of forced vibrations due to an external source
of sound, to which we now proceed, involves some rather
delicate considerations, and is often misunderstood. That
the mass of air contained in a resonator or an organ pipe
should be set into vigorous vibration by a source in approxi-
mate unison with it is intelligible enough; but it is further
desirable to have some estimate of the amplitude of the forced
vibration, and in particular to understand why the sound which
is apparently emitted by the resonator should under certain
conditions enormously exceed that which would be produced
by the original source alone.

For simplicity we will suppose that this source is main-
tained at constant amplitude by a suitable supply of energy,
so that the vibration of the air is everywhere steady. It is
evident at once that under this condition no work is done,
on the average of a whole period, at the mouth of a resonator
on the contained air, the energy of the latter being constant,
and consequently that no work can in turn be done by the
reaction of this mass on the external atmosphere. Any
increased propagation of sound to a distance must be due to
the changed conditions which the action of the resonator has
introduced in the neighbourhood of the original source. If
this source be not maintained constant, but merely started
with an initial fund of energy (as in the case of a tuning
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fork), this fund will under the influence of the resonator be
more rapidly consumed.

In order to treat the question in a form free from unessential
details, which may vary from one case to another, we take the
case of a resonator of the type considered in § 86, whose
dimensions are small compared with the wave-length.

The theory is simplest when the frequency of the source
is very nearly equal to the natural frequency of the resonator,
as determined by § 86 (9), so that the forced vibration in the
latter is at its strongest. It will perhaps make the matter
clearer if we imagine in the first instance that the resonator
has a short cylindrical neck in which a thin massless disk,
almost exactly fitting it, can be made to move to and fro by
a suitable application of force. Suppose then that the disk
is made to execute a vibration such that the volume swept
over by it outwards up to time ¢ is

g=CCoSnl; tevriririreiiiieaennnn. 1)
and let the extraneous force which must be applied to the
disk to compensate the difference of the air-pressures on the
two sides be denoted by

Acosnt +Bsinnt, ...oceceierninnns (2)

this expression being (say) positive when the force is outwards.
The component A cosnt which keeps step with the displace-
ment is required to control the inertia of the air. From the
general theory of forced vibrations (§§ 9, 12) it appears that the
coefficient 4 can be made to have one sign or the other
by adjusting the value of n, the sign being the same as that
of ¢ when the imposed vibration is relatively slow, and the
opposite when it is reclatively rapid. We may therefore
suppose 7 to be so adjusted that 4 =0. The circumstances
are then very nearly those of a free vibration, and the required
value of n is given by

n2=KQ, viviiriiniiiiiiii 3)
very approximately. The second component of the force (2),
which keeps step with the velocity (§), is required to maintain
the emission of energy outwards, which is, by § 76 (15),

W = n4pC*/8rc.
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This must be equal to the mean value of pg, where p is the
pressure at the outer face of the disk. Hence by comparison
we find that p must have the form
_ npC . .
p—p,,+Dcosnt—msm e e (3)

The corresponding pressure on the inner face will be
p=po+Decosnt, ......oceeoiiinn. (6)

simply, since no work is done, on the whole, on the air
contained in the resonator.

We may now invoke the action of the external source.
If this be such as would produce the pressure

$oC .
p=p.,-0~z;—£c SINNE  eeeiieiienen. ()

at the mouth of the resonator if the disk were at rest, then
in the motion which is compounded of that due to the source
and that due to the disk no extraneous force will be required,
and the disk may therefore be annihilated without causing
any appreciable change in the conditions. 1f ¢, be the
velocity-potential due to the source alone, at the mouth of
the resonator, we must have, in this case,

¢2=—?;C;cosnt,
since (7) must be identical with p = p, + p,.

The hypothesis of a rigid disk vibrating in a cylindrical
space was merely introduced for facility of conception, and
is in no way essential to the argument. The disk may, if
we please, be replaced by a flexible and extensible membrane
enclosing the aperture of the resonator, and abutting on the
external wall in the region of diverging waves.

Comparing (1) with (8) we see that to a disturbing potential
whose value at the mouth is

Pr=J oS (NE—€)  ceirriieinninnnn. 9)

will correspond a vibration

4are
q=—FJcos(nt—e) ............... (10)
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under the condition of maximum resonance, when n is given
by (8) approximately. The corresponding flux is

'=4—’]2—‘fsin(nt—e). (11)

The emission of energy is best calculated from a con-
sideration of the circumstances at a great distance. The
velocity-potential will be compounded of that due to the
original source and that due to the flux ¢, and under certain
conditions the latter component may greatly preponderate.
The emission of energy is then

W= 277ch’, ..................... (12)
approximately, by § 76 (15).
Thus if ¢, be due to a simple source 4 coskct at a distance b
from the aperture, we have

¢= 4‘—‘7‘:[’ o8k (Cb—=bB). wererrerriannas (18)
Hence J = A/4mb,
and g= sm VG 2R ) RN (14)

This is equivalent to a source whose amplitude is to that of
the primary source in the ratio 1/kb. If b be small compared
with A/27 this ratio is large; and the emission of energy
exceeds that due to the original source in the ratio 1/k%b%

In the case of a double source Bcoskct we may write,
if kb be small,

¢, = s bacosacosk(ct-—b) ............ (15)

by § 76 (23), if a denote the angle which the axis of the source
makes with the line drawn from it to the aperture. Hence
J = Bcos a/4l? and the emission, as given by (12), is

W=pcBicos?a[8mhh  ...ccevinnnn. (16)

The emission due to the original (double) source alone would
be pktcB*/247r, by § 76 (26). The ratio in which the emission
is increased is therefore 3cos®a/k'd. Since the mean valuc
of cos*a is 3§, the mean value of this ratio, for all directions
of the axis of the double source, is 1/&'0*. That the ratio
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should, under the given conditions, be so much greater than
in the preceding case is due to the relatively smaller efficiency
of a double source, as compared with a simple one, in propagating
energy outwards (§ 80).

It may be well to insist again that the increased output
of energy is an indirect consequence of the presence of the
resonator, which itself does no work. The whole energy is
supplied by the original source, where the motion takes place
against an augmented component of pressure in the same phase
with the velocity. The velocity-potential due to the flux ¢
outwards from the resonator, as given by (11), is

Gum L sin (at = b~ @), o an
and the resultant pressure is
p—_—p‘,-;-f—:‘—fcos (mt—Fkr—e). .o (18)

In the case of a simple primary source we had J =4 /4mb,
e=1Fkb; hence, putting r=>5, we find that the consequent
pressure in the neighbourhood of this source is

pP=Dp+ % cos (nt — 2kb).  ............ 19)

Since the imposed outward flux is 4 cosnt, the mean rate of
work against this part of the pressure is

2
’éffz,» COS KD, reverenrirnrenenns (20)

The output is therefore greater than it would be in the
absence of the resonator, in the ratio cos 2kb/k%% This agrees
with the former result, obtained on thc hypothesis that &b is
small.

The energy stored in the resonator under the conditions of
maximum vibration is, by § 86 (15),

E =8mpc J2niQ = 8mpQJY K> ......... (21)
This varies directly as the capacity @, and is for apertures of

similar form inversely proportional to the area.
The effect of a resonator under the influence of a distant
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source in unison with it may be sufficiently illustrated on the
assumption that the incident waves are plane. If

by =J oSk (Cb—&), eevvrnirinnnnians (22)

the ratio of the energy scattered by the resonator, which is
given by (12), to the energy-flux in the primary waves, viz.
$pkcJ?, is 4w[k%, or Nm. The energy diverted per second,
at its maximum, is therefore equal to "818 of that which in
the primary waves is transmitted across a square area whose
side is the wave-length.

‘When approximate agreement between the frequency
(n/2m) of the source and the natural frequency (n,/2m) of the
resonator is no longer assumed, the external pressure which is
required to maintain a steady vibration (1) through the aperture
will consist of two parts. In the first place we have a component
keeping step with the displacement, which is required in order
to control the inertia of the air. This is easily found by an
extension of the method of § 86. If ¢, denote the velocity-
potential in the interior of the resonator, ¢, that at a short
distance outside the aperture, in the region of approximately
spherical waves, we have

G=K ($= $2) cevrerrrrirriennas (23)

in accordance with the electrical analogy. In the interior we
have s=—q/Q, c*s = ¢, as before. Hence

GHnig=— Ky, wverreieiienn... (24)
where n?=KeQ. oot (25)
This gives, for the external pressure,
L . 2
P—po=pd= r%pCcosnt. ......... (26)

The second part, which is in the same phase as ¢, is needed in
order that there may on the average be no gain or loss of energy
to the air contained in the resonator, and is accordingly given
by (7). Hence we have, altogether,

n?— ng?

p=po+p0(

n . .
cosnt+4—7ws1n M) ;o -(27)
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and the complete expression for the disturbing velocity-potential
near the mouth must be

¢, = 7_‘}? {( - 5’-) sin n¢ —IZTKcos nt} o eeen(28)
In the problem as it actually presents itself the value of ¢,
at the mouth is prescribed, say
Go=J oS (Wt~ €);  trrerernnen..(29)
and in order to identify this with (28) we must have

kK nC . nC
J'cose-———— T’ Jsme—(l—;?i. (30)
J? _ 1 ne?\? PK?
Hence sl v {(1 - F) + 16“3} ......... (31)

This determines €' in terms of J. If T denote the modulus of
decay of free vibrations, as given by § 86 (18), the formula may
also be written

Jr _ 1 N, 4w .
w0 KE {(1 —'i> +mﬁ} vere..(82)

Except in the case of approximate synchronism the second
term within the brackets will be small compared with the
first. Hence for a given value of J, the value of nC' (which is
the amplitude of the flux §) will be greatest when n=mn,,
approximately. Moreover, for a given deviation of the ratio n/n,
from unity the intensity of the resonance falls short of the
maximum in a greater proportion the greater the value of ngr,
ie. the greater the ratio of the modulus of decay to the free
period. In other words, the smaller the damping of free
vibrations, the more sharply defined is the pitch of maximum
resonance. This is in accordance with the general theory
of §13.

The vibrations of a resonator under the influence of an
internal source of sound are discussed in § 90 with special
reference to the theory of reed-pipes.

89. Mode of Action of an Organ Pipe. Vibrations
caused by Heat.

Although the loss of energy in a single period may be small,
the free vibrations of the column of air contained in an organ
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pipe are practically dissipated in a fraction of a second; this is
owing to the small inertia as compared with that of a piano-
wire. For musical purposes some device for sustaining the
note is required. In the ordinary “flute pipe,”
the lower part of which is shewn in section in
Tig. 84, a thin stream of air is driven by pressure
from a wind-chest so as to strike against the
bevelled lip of the aperture. Under these cir-
cumstances a very slight cause will make the jet

pass either wholly inside or wholly outside the <
pipe. The precise mode of action is obscurc, but
there can hardly be any doubt that in its main '\

features it is analogous to that of a clock-escape-
ment, Periodic impulses are given by the jet,
alternately inwards and outwards, to the air near
the mouth, always in the direction in which the
air is tending ; whilst the vibrating column itself
mainly determines the epochs at which these impulses shall
occur. The circumstances are accurately periodic, so that
the driving force can be resolved by Fourier’s theorem into
a series of harmonic components whose frequencies are as
1, 2, 3, .... The relative amplitudes with which these are
reproduced in the vibrating column will depend on the
closeness of their frequencies to the natural frequencies. Thus
in a “closed” pipe, ie. one closed at the upper end, the
harmonics of odd order are alone excited. Again the theory
of § 87 indicates that in a sufficiently wide pipe the natural
frequencies may deviate sensibly from the harmonic relation,
in which case only the lower harmonics (after the funda-
mental) will be sensible; in particular, a wide closed pipe
gives almost a pure tone. On the other hand a pipe which is
narrow in comparison with the length may give a note rich in
harmonics. Indecd, if such a pipe be blown with sufficient
force, the fundamental is not sounded at all, the period becoming
that of the first harmonic; if the strength of the blast be
further increased the note may jump to the next member of
the series, and so on. An explanation is probably to be found
in the sort of dynamical elasticity possessed by the jet.

Fig. 84,
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Metal pipes are richer in harmonics than wooden pipes of
the same dimensions. This may be partly due to the greater
fineness of the lip, which introduces a greater degree of abrupt-
ness in the action of the jet, and so favours the amplitude of
the terms of higher order in the Fourier series which expresses
the driving force. Another source of the contrast in quality
may be found in the smaller rigidity and imperfect elasticity
of the walls of a wooden pipe, which may tend to absorb the
energy, especially in the case of the higher harmonics.

The “speaking” of a resonator of any kind, when a jet of
air is blown across its mouth, is to be explained on the same
principles. In a resonator of the usual type the normal modes
after the first are far removed in pitch from the fundamental,
and are not sensibly excited by the essentially periodic impulse.
The note obtained is therefore a pure tone.

The vibrations of a column of air may also be excited by the
periodic application of heat, as in the well-known experiment
of the “singing flame,” where a jet of hydrogen burns within an
open cylindrical pipe. For the maintenance of the vibration it
is necessary that heat should be supplied at a moment of con-
densation, or abstracted at a moment of rarefaction. To explain
how the adjustment is effected, it would be necessary to tuke
account of the fact that the vibrating system includes the gas
contained in the supply tube of the jet, as well as the column
of air in the pipe. The matter is thus somewhat intricate,
but a satisfactory theory has been made out, which accounts
clearly for the several conditions under which the experiment
is found to succeed or to fail*,

90. Theory of Reed-Pipes.

The mechanism of the reed stops of the organ is quite
different. The current of air issuing from the wind-chest is
made intermittent by its passage through a rectangular
aperture in a metal plate, which is periodically opened and
closed (partially) by a vibrating metal tongue, or “reed.” The
period is accordingly determined mainly by the elasticity and
inertia of the tongue itself. The vibrations of the latter were

* Loud Rayleigh, T'heory of Sound, § 822 h.
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found by Helmholtz, by direct observation, to be of the simple-
harmonic type, but the fluctuations in the current of air are
necessarily of a more complex character. If the periodic
current be expressed by a Fourier series

Co+ Creos(nt + &)+ Cp cos (2t + 6) + ooy ..n(1)
the coefficients C,, 0, ... are usually by no means insensible
as compared with C), and accordingly if the sound is heard
directly it has a very harsh and nasal character. In practice,
the reed is fitted with a suitable resonator, or “sound-pipe,”
which specially reinforces one or more of the lower clements in
the harmonic series (1).

For the purposes of mathematical treatment we may
idealize the question somewhat, and imagine that at a given
point in the interior of the resonator we have a simple source
of the type corresponding to one of the terms in (1). It
appears from the elementary theory of § 62 that in the case of
a cylindrical pipe, with the source at one end, the frequencies
of maximum resonance are very approximately those of the
free vibrations when that end is closed. Hence a reed fitted
with a cylindrical sound-pipe of suitable length will emit
a series of tones whose frequencies arc proportional to the odd
integers 1, 8, 5,.... Ina conical pipe, on the other hand, with
the source near the vertex, we have the complete series of
harmonics with frequencies proportional to 1, 2, 3, 4, ... (sce
§84). But in cither casc the harmonics of high order are
discouraged by the increasing deviation of the frequencies of
maximum resonance from the harmonic relation which neces-
sarily holds in the expression for the essentially periodic current
of air.

As the question is instructive in various ways it may be
worth while to examine more in detail the case of a eylindrical
sound-pipe (of any form of section), applying the correction
for the open end, and allowing for the dissipation duc to the
escape of sound outwards. The plan of the investigation is
gimilar to that of § 87, the difference being that we now have
a source Ce'™ (say) at the end z=10. For simplicity we will
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assume this source to be distributed uniformly over the cross-
section, so that
ad’ = C int
=- =10 2
o w le=1] @

Let us suppose for a moment that we have a flux
G=A oSt iieeirniiiiiieiii, (3)

outwards from the mouth. The pressure at O will consist of
two components. We have first the part necessary to control
the inertia of the air near the mouth; the corresponding part
of the velocity-potential just inside is

¢=Eq=oi§~cosnt, .................. 4)

(o]

where a has the same meaning as in § 87. Next we have the
part which is effective in generating diverging waves outside.
On the principles of § 88 this is found to be

2,
’34'f—:A COBTME  vevrerreneesesnenens (%)

corresponding to ¢= % SINNE,  eeveiiereiieeeens (6)

since k=n/c. The total velocity-potential at O, corresponding
to (3), is therefore

o k. )
Po= (Z, cosné + - sin nt) Ao )
Generalizing this, we may say that to a flux
Gg=AdAem™ (8)
ho\ 4
corresponds b= (a - 2—:) 5 M e 9)

the expression (7) being in fact the real part of (9), when A4

is real. The correspondence will hold even if A be complex,

since this is merely equivalent to a change in the origin of .
We now assume, for the region of plane waves,

¢=kiw (Beosk(l—a)—C ink (l—z)ein, ..(10)
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where the constants have been adjusted so as to satisfy (2).
Comparing with (8) and (9) we find

Bsinkl + Ceos kl= A4,
Beos k.~ O'sin i = —M)A.} """ an
Hence

B=A4 {ain kl+ (Ica - %‘%?) cos lcl} s

C=4 {cos kl— (lca - —iﬁ—) sin Al}

The latter equation gives 4 in terms of C. Considering only
absolute values we have

2
‘% = (cos kil ~ Fea sin k)2 + ( ) skl ...(18)
Since 4% is usually a small fraction, the emission of energy,
which varies as | A?|, will be greatest for a given source ('cos nt
when
cos &l = kasin ki,

nearly, i.e. when the imposed frequency approximates to that
of one of the normal modes of the pipe when closed at z =1,
as determined by § 87 (11). In the case of the rced-pipe,
therefore, the tones which are specially reinforced consist of
the fundamental and the harmonics of odd order.

‘When (14) is satisfied, we have by (12)

%—?sinlzl [T (15)

This determines the relation between the flux outwards at the
mouth, and that constituting the source. The former now greatly
exceeds the latter in amplitude, and the factor ¢ shews that it
differs in phase by a quarter-period.

Again, from (10) and (11) we have

¢=- {sm ka + ke cos ke — 71— cos ki } et .. (16)
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When (14) holds, this reduces to

=1 :}n ) {cos k(l—a2)— 'LM sin %1 cos lca:} eint

. 4miC

= —Fotsint il {cos k(l—2) —%’ sin kL cos Ica:}ei"”. 17)

The real part gives

4

¢ =m{cosk(l—m)sin nt — @sinklcoskx cosnt} s

4

corresponding to a source Ccosnt. The variable part of the
pressure at the source (z=1) is

P =Po=pp= k-w‘snfg/cl (cos nt + ’:—: sin kI cos &l sin nt). (19)

The first part of this is by far the more considerable; it is,
moreover, the only part which is effective in doing work. The
mean rate of work done at the source, ie. the mean value of
pCcosnt, is

We 2mpcC'? )
krw?sin? il
It may easily be verified that this is equal to the work spent in
generating waves at the mouth, where, by (15),

sinnd. ...

4d7rC
g= P sin kl

It appears further from (19) that the maximum of pres-
sure at w=1 synchronises almost with the maximum influx
of air, following it however by a short interval. There is
therefore a tendency slightly to lower the pitch of the reed,
which is, in the instruments here referred to, of the “in-
beating type,” ie. the passage is opened when the reed swings
inwaids, towards the wind-chest. The fact that the resultant
force on the reed is approximately in the same phase with the
displacement indicates that the reed is vibrating with a
frequency somewhat less than that natural to it (§ 12).
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The reed-stops of an organ fall in pitch as the temperature
rises, owing to the diminished elasticity of the metal tongues;
this is the opposite of what happens with regard to the flute-
pipes (§ 62). A reed-pipe is tuned by a contrivance which
alters the cffective length of the vibrating tongue.

It should be mentioned that there is another class of
instruments in which the “rced” has a much smaller elasticity
and is mainly controlled by the reaction of the resonant
chamber, its own natural frequency being relatively low. The
reed is then of the “out-beating type,” the aperture being
widest when the reed swings outwards, i.e. with the wind.
The human larynx comes essentially under this class.

904a. Multiple Resonance.

Some other forms of resonator besides the simple type
described in § 86 may be noticed.

In the first place suppose we have a resonator with two
apertures so far apart as not to interfere with one another. The
flux outwards through these being denoted by ¢, and ¢., and
the conductivities by KX, K,, we have

=K¢ ¢=K¢ ¢s=¢ s=—(a+@)/Q @
by the same reasoning as in § 86. Hence

. Kie? "
bty @rw=0, & Q C i+ @ =0. ...(2)

One solution is evidently ¢, + ¢, = 0, which represents merely a
current through the resonator. The alternative solution is

LT Coos(ut+a) eerveenrnnn 3
K= Ccos(nt +a), ... (3)
where nl= (K, +K) Q. e 4

Again, take the case of a “double resonator,” consisting of
two cavities connected by a narrow opening. Let the volumes
be denoted by @), @ and the fluxes outwards from these by ¢, q',
and the conductivities of the two apertures by K, K'.

We have then with an obvious notation

G=K¢, ¢=K(p'~¢), cs=¢ =4, ..(5)

and =—(¢-¢)Q, §=~¢[Q. .oirrren.. (6)
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Hence

. Ke  Ke

Qg a=

(K [ O
g ( : 0.

i+ (rg)d —Tg e
Assuming that ¢ and ¢’ vary as cos(nt+a), and eliminating
the ratio ¢’/g, we obtain the following quadratic in n*:

7 o2 2
(n ——%) (n”-—%?)—g@—c— =0, ... (8)
If we put n*=0 or = oo, the expression on the left-hand side is
positive, whilst it is negative if 7= K¢*/@, or = K'¢*/Q’. Hence
one root lies between zero and the smaller of the two latter
quantities, whilst the other is greater than either. Moreover,
since the first of the equations (7) gives

(nz_l_(Q_c.z)q+%§q =0, cieririinnenns )

it appears that in the case of the lower root g and ¢’ have the
same sign, whilst the signs are opposite in the higher mode.

90b. The Hot-Wire Resonator.

Increased sensitiveness in the use of resonators of the Helm-
holtz type (§ 86) for the analysis of complex sounds can be
secured by electrical means. In the “selective hot-wire micro-
phone” as it is called, an electrically heated platinum grid is
placed in the neck of a cylindrical Helmholtz resonator which
is capable of being tuned by a sliding piston. The subject of
observation is the change of resistance of the grid owing to the
cooling effect of the air flowing to and fro in the ncck. This
change consists of a steady and a periodic part, cither of which
can be made the subject of measurement; the stcady part, for
instance, by means of a Wheatstone bridge in one arm of which
the grid is inserted. The resonator itsclf must be calibrated
independently, e.g. by means of a series of tuning-forks of known
pitch. The method has recently been applicd to the analysis of
the various periods of vibration of an airscrew *.

* A. Fage, Proc. Roy. Soc. vol. cviL. p. 451 (1925).



CHAPTER X
PHYSIOLOGICAL ACOUSTICS

91. Analysis of Sound Sensations. Musical Notes.

The vibrations of elastic bodies and the propagation of
waves through the atmosphere are subject to well-ascertained
mechanical laws, and the inferences drawn from these can be
controlled by more or less decisive experiments. But when
we approach the field where the human mechanism comes into
play, we are met by the peculiar difficulties which are inherent
in the observation and study of subjective phenomena. In
particular, when we endeavour to analyse a familiar complex
sensation into its elements, we are attempting a task for which
the experience of daily life has peculiarly unfitted us. Thus
we may have been accustomed to interpret the sensation in
question as indicating the presence of a particular object, or
the occurrence of a particular kind of event, in a particular
place. The elements of which it is made up give individually
little or no information; it is the combination which is significant,
and attention to the details would only distract from what is of
immediate practical interest. To use a rough and indeed an
utterly inadequate illustration, it is as if we were to insist upon
spelling every word we read.

The theory of sense-perception, especially in relation to
optics and acoustics, is a fascinating subject, but it cannot be
dealt with here. The student who is unversed in it may be
referred to the writings of Helmholtz*.

* The theory is explained in 1ts acoustical boarings in the Tonempfindungen,
already cited (p. 3). It is also discussed from the optical point of view n his
Handbuch der physiologischen Optik, 2nd cd., Hamburg and Leipzig, 1896,
Elementary expositions will be found in the two volumes of his Vortrige und

Reden, Brunswick, 1884, of which there is an English translation by E. Atkinson,
with the title: Popular Lectures on Scientific Subjects, 2nd ed., London, 1893.




first point on which the student should satisiy himself 1s that
the various simple-harmonic vibrations which are as a rule
combined in the production of a musical note are really
represented by independent elements in the resulting sensation ;
that the latter can in fact be resolved into a fundamental tone
and a series of harmonics. For this a slight course of education
is necessary. A series of resonators of the type shewn in
Fig. 80, p. 261, tuned to the overtones which it is desired to
detect, are of great service for this purpose*. But such
assistance is not indispensable, and a good deal can be effected
with the piano or monochord. Take for instance the note c,
whose harmonies are ¢, ¢/, ¢”, ¢”, 9, .... If on the piano one
of these, say ¢, be gently sounded, and the key then released,
so that the vibration is stopped, and if immediately afterwards
the note ¢ be struck with full intensity, it is not difficult to
recognize in the compound sensation the presence of the
element previously heard. This is often more perceptible as
the sound dies away, the overtones being apparently extinguished
more slowly than the fundamental. A wmore immediately
convincing series of experiments can be made with the
monochord, or with a piano whose strings are horizontal and
therefore easily accessible. If a string be set into vibration
whilst damped at a nodal point of one of the harmonics by
contact with a hair-pencil, the fundamental tone and all the
harmonics of lower rank may be reduced in intensity or
altogether extinguished, according to the degree and duration
of the pressure applied. In this way a whole series of types
of vibration can be produced in which the harmonic in question
is accompanied by a varying admixture of the fundamental, &e.
The occurrence throughout of the corresponding sensation as
an independent element in the resulting sound is in this way
easily appreciated. The piano also lends itself readily to the

* It may be noted that the external ear-cavity is itself a resonator,
responding most intensely to a certain tone, which varies for different
individuals but is usually in the neighbourhood of e—giv. The aperture
being relatively large, the damping and consequently the range of resonance
is considerable.
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92. Influence of Overtone:

The quality of a musical not
number and relative intensities
compose it. The kind of influence w
ranks exercise on the quality is st
somewhat as follows:

1. Pure tones like those of tuning forks with resonar
boxes, or of wide stopped organ pipes, are soft and pleasin,,
smooth, but wanting in power.

2. Notes which contain a series of overtones up to the
fifth or sixth in rank are richer and more musical, and are
perfectly smooth so long as no higher overtones are sensible.
The notes of the piano and of open organ pipes are examples,
whilst those of the flute, and of the flute-stops on the organ
when softly played, approximate more to the character of pure
tones. In the “mixture” stops of the organ the lower
harmonics are expressly provided in greater intensity by
auxiliary pipes which are played automatically along with that
which gives its name to the note.

8% When the harmonics of even order are absent, as in the
case of a stopped organ pipe, or a piano string struck at the
middle point, the note has a hollow, and even a nasal character,
if the odd harmonics are numerous.
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4, The sound may further be described as “full,” if the
fundamental tone be predominant, and as “empty” if it be
relatively feeble. This is exemplified in the difference of
quality between the sound of a piano-wire when struck with
a soft or a hard hammer, respectively (§§ 26, 38).

5°. When harmonics beyond the sixth or seventh are
present in considerable intensity, the sound is harsh and
rough, owing to the discords which these higher overtones
make with one another. If, however, the higher harmonics,
though present, are relatively weak, as in the case of the
stringed instruments of the orchestra, reed-pipes, and the
human voice, they are useful as giving character and expression
to the sound. Brass instruments, on the other hand, with
their long series of powerful overtones, are as a rule only
tolerable in combination with others, or for the sake of
particular effects.

The analysis of the sounds of the human voice is naturally
a more difficult matter. In particular, the constitution of the
vowel sounds has been much debated, without any very definite
conclusion. The same vowel may be sung on a wide range of
notes, but preserves its peculiar character throughout; and the
question arises, does this special quality depend solely on the
relative intensities of the various partial tones, or on the
predominance of one or more overtones of, or near to, a
particular pitch ? It will be remembered that the vibration of
the larynx is periodic, and that particular harmonics may be
reinforced by the resonance of the mouth-cavity, as in the case
of a reed-pipe (§ 90). The balance of authority appears to
incline, though not very decisively, to the “fixed-pitch ” theory,
which is the second of the two alternatives above stated. A
review of the subject down to the year 1896 will be found in
the concluding chapter of Lord Rayleigh’s treatise.

93. Interference of Pure Tones. Influence on the
Definition of Intervals.

It has so far been assumed that the sensations doe to
two cocxistent simple-harmonic vibrations are produced quite
independently of one another. This appears to be in fact the
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case when the interval between the two tones is sufficiently
great; but when the interval is small we have “interference,”
as we should expect from the analysis of § 10, and the sensation
is in whole or in part intermittent. The phenomenon of “ beats”
hardly needs description ; it is often met with in mistuned pairs
of piano-wires, in the vibrations of finger-bowls, and so on. For
methodical study two pure tones are required of equal intensity,
as e.g. from two tuning forks (with resonators), or two stopped
argan pipes, which can be made to differ in pitch by a variable
amount. As unison is departed from, the beats (whose
frequency is always equal to the difference of the frequencies
of the primary tones) are at first slow and easily counted. As
the interval widens they become more rapid, and a sensation of
roughness or discord is experienced; imnoreover, the primary
tones are now heard along with the beats. Finally, as the
interval is continually increased, the beats and the consequent
roughness gradually cease to be perceptible.

The intervals at which roughness begins and ceases, vary in
different parts of the scale. For the same interval the rough-
ness is less, the higher the pitch; on the other hand for a given
number of beats per second the roughness is greater in the
higher octaves.

In the casc of two (or more) compound musical notes, we
may have beats and eventual roughness between any constituent
tones which are sufficiently ncar in the scale. We may even
have interference between the higher overtones of the same
note; and it is for this reason that harmonics of higher order
than the sixth are prejudicial to good musical quality.

It is through the interference of pairs of overtones that
deviations from the consonant intervals (§ 3) usually make
themselves felt.  Thus in the case of the Octave ¢’ we have
tones with the frequencies

c=132, 2064, 396,
= 244,

660, 792, ...,
792,

veey

and if this be mistuned all the harmonics of ¢ are interfered
with by the cven haronics of e,
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In the case of the Fifth cg we have

c=132, 264, 396, 528, 660, 792, ...,

9= 198, 396, 594, 792, ...,
and if this be mistuned the second tone of g beats with the
third tone of ¢, and so on. When the ratio of the vibration
numbers of the fundamentals is less simple, the harmonics
which can interfere are of higher order. Thus in the case of
the Major Third, where the ratio is 4:5, the first pair of
interfering overtones consists of the fifth tone of the lower note,
and the fourth of the higher. Since in many musical instruments
the fifth tone is very feeble, this consonance is less well defined
than the preceding ones. On the other hand the fundamentals
may fall, in the lower parts of the scale, within beating distance
(for example ¢ = 132, ¢=165), so that this consonance is to be
reckoned also as less perfect than the former ones. Similar
remarks apply with greater force to such cases as the Minor
Third (5:6) and the Minor Sixth (5:8).

94, Helmholtz Theory of Audition.

The connection between primary sensations and simple-
harmonic vibrations has still to be accounted for. The problem
is a physiological one; but the theory which Helmholtz has
framed to explain Ohm’s law, so far as it holds, and the various
deviations from it, is in its essentials so simple, and is so
successful in binding together the facts of audition into a
coherent system, that a brief statement of it may be attempted.

In its simplest form the theory postulates the existence,
somewhere in the internal ear, of a series of structures each
of which has a natural period of vibration, and is connected
with a distinct nerve-ending. For brevity we will speak of
these structures as “resonators,” since that is their proper
function. A particular resomator is excited whenever a
vibration of suitable frequency impinges on the car; the
appropriate nerve is stimulated; and the sensation is com-
municated to the brain. In this way the resolution of a
musical note into its constituent tones is at once accounted
for.

It is necessary to suppose that the resonators are subject
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to & considerable amount of damping. If it were not so,
each resonator would go on vibrating, and the corresponding
sensation would persist, for an appreciable time after the
exciting canse had ceased. A similar interval of time would
elapse before the sensation reached its full intensity when the
cause first sets in. The effect would be that the sensations
due to a sufficiently rapid succession of distinct notes would
not be altogether detached from one another in point of time.
From considerations of this kind Helmholtz estimated that
the degree of damping must be such that the intensity (as
measured by the energy) of a free vibration would sink to
one-tenth of its initial value in about ten complete vibrations.
It follows, as explained in § 13, that each resonmator will
respond to a certain range of frequencies on each side of
the one which has maximum effect. It is assumed, further,
that the difference of pitch of adjacent resonators is so small
that the same simple-harmonic vibration will excite a whole
group, the intensity falling off from the centre on either side.

8

L WO
S S —
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Tig. 85.

This is illustrated by the annexed figure, repeated from § 13,
which may now serve to exhibit the distribution of intensity
over a continuous series of resonators under the influence of
a given simple-harmonic vibration. The abscissa is p/n—1,
where p is now taken to represent the natural frequency of a
resonator, and 7 that of the imposed vibration. The horizontal
scale depends on the value of B, or 1l/ar, where 7 is the



modulus of decay of a free vibration, On the above estimate
of Helmholtz we shall have

- 407 [nT
o0 =15

whence B="018. The intensity is therefore one-half the
maximum for

P_1+018
n

It will be observed that on the above view we ought in
strictness to speak of “simplest” rather than of “simple”
sensations of sound, absolutely simple sensations, in the strict
physiological meaning, being impossible to excite.

When two simple-harmonic vibrations, sufficiently far apart
in the scale, are in operation, the two groups of resonators
which are affected will be practically independent, and the
two sensations (of pure tones) will coexist. But when the
interval between the frequencies is sufficiently small, the two
groups will overlap, and the energy of vibration of those
resonators which are common to them will fluctuate in the
manner explained in §10. The excitation of the corresponding
nerve-endings will therefore be intermittent, with a frequency
cqual to the difference of those of the two originating vibrations.
This is, on the theory, the explanation of beats. As the interval
is increased, the beats become more rapid. The “roughness”
which is ultimately perceived, in spite of the diminishing
amplitude of the fluctuations, has a more remote physiological
explanation. According to Helmholtz, there is herc an analogy
with the painful effect produced by a flickering light, and in
other cases where a nerve is stimulated repeatedly at intervals
of time which are neither too great nor too small. When the
intervals are sufficiently long, the nerve has time to recover
its initial sensibility, and so experiences the full effect of cach
recurring stimulus. When on the other hand the intervals
are sufficiently short, the sensation tends to become continuous.
It is for this reason that beats exceeding, say, 132 per sccond
cease to produce the sensation of roughness, even although
the interval between the beating tones be such as would be
perceptibly discordant in a lower part of the scale.

_—‘l
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The student of dynamies cannot fail to admire the beauty
of a theory which lends itself readily to the explanation of so
many complicated relations; but it is with the physiologist
and the anatomist that in the last resort it lies to decide
whether a mechanism of the kind postulated is really to be
found in the internal ear. In the original form of the theory
(1862) the resonators were identified with the structures known
as “Corti’s rods,” which are found arranged, some 3000 in
number, along the basilar membrane in the spiral cavity
of the cochlea. A disturbing discovery by Hasse that these
structures do not occur in the ears of birds, to whom we can
hardly deny the perception of pitch, led to a modified form
of the theory. In the third edition of the Tonempfindungen
(1870) Helmholtz propounded the view that the resonators
consist of the various parts of the basilar membrane itself.
This membrane varies in breadth from one end to another,
like a very acute-angled triangle, and the tension appears to
be very much less in the direction of length than in that
of breadth. On this view the different parts could be set
into sympathetic vibration, much as in the case of a series
of strings of variable length placed side by side, except that
the independence of adjacent parts would be approximate
instead of absolute. For a full description of the complicated
structure of the internal ear, and for further speculations as
to the functions performed by its various parts, we must refer
to books on physiology.

95. Combination-Tones.

In one important respect the theory as so far developed
is inadequate. The explanation of consonant intervals outlined
in § 93 assumes that one at least, and generally both, of the
notes concerned is complex, and contains one or more overtones
in addition to the fundamental. It was in fact through the
interference of two tones, one at least of which is an overtone,
that departure from the exact relation of pitch was stated to
make itself manifest. When both tones are pure this means
of definition is wanting, and on the theory of audition sketched
in the preceding section there appears to be no rcason why
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the octave (for example) should be distinguished by any
character of smoothness from adjacent intervals on either
side, the two groups of sensations being in any case quite
independent. Since the more consonant intervals at all events
are as a matter of fact easily recognized by the ear, even in
the case of apparently pure tones, and are thoroughly well
defined, the difficulty is a serious one. To meet it, Helmholtz
developed his theory of “combination-tones,” which are assumed
to supply the function of the missing overtones.

In most of our investigations it has been assumed that the
amplitude of the vibrations may be treated as infinitely small,
so that disturbances due to different sources may be super-
posed by mere addition. In the theory now in question this
assumption is abandoned; the vibrations are regarded as
small, but not as infinitely small, and the interaction of the
disturbances due to different causes is, to a certain degree of
approximation, investigated.

We have already had an indication in § 63 of the manner
in which two imposed simple-harmonic disturbing forces of
small but finite amplitude, with frequencies V,, IV, respectively,
may generate in the air other simple-harmonic vibrations
whose frequencies are

2y, 2N, N,—-DN., Ni+DN,

and whose amplitudes involve the squares or product of the
amplitudes of the two primaries. If the approximation were
continued we should meet with further vibrations whose fre-
quencies are of the type p,V, + p. Vs, where p,, p, are integers.
In acoustical language, two simple-harmonic vibrations can, if
of sufficient intensity, give rise not only to the pure tones
usually associated with therm, but also to a series of other pure
tones of higher order. The fact that a single harmonic vibration
can by itself give rise to a pure tone together with its octave, &c.
is itself of some importance, but the most interesting result is
due to the interaction, viz. the difference-tone” (N, — NV,).
The existence of difference-tones was observed, apart from
all theory, by Sorge (1745) and Tartini (1754). The “sum-
mation-tone ” (N, + N,) is more difficult to hear, and its
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existence has even been denied. It has however been objectively
demonstrated by Riicker and Edser*, by its effect on a tuning
fork of the same frequency.

Difference-tones due to the causes just considered are most
easily perceptible where we have a mass of air which is subject
to the joint and vigorous action of the primary vibrations, as
in the harmonium and the siren; they can then, like other
tones, be reinforced by suitable resonators.

There is however a way in which combination tones may
conceivably be originated in the ear itself. To explain this
it is necessary briefly to consider the forced vibrations of an
unsymmetrical system. When a particle, or any system having
virtually one degree of freedom, receives a displacement 2, the
force (intrinsic to the system) which tends to restore equilibrium
is a function of #, and may be supposed expressed, for small
values of z, by a series

e+ an? + Bt 4 s .l (1)
An example is furnished by the common pendulum where
the force of restitution is proportional to gsin#é, or
90 =198+ 1k 96"~

but here, on account of the symmetry with respect to the
vertical, the force changes sign with 6, so that
only odd powers of & occur. The correction for
small finite amplitudes depends therefore on the
term of the third order in 6. But if the system
be unsymmetrical, as in the case of a pendulum
hanging from the circumference of a horizontal
cylindert, the term of the second order comes in,
and the correction is more important. Helmholtz
lays stress on the fact that in the slightly

Fig. 8G.

* Phil. Mag. (5), vol. xzxix. (1895).
4 If a be the radius, and I the length of the free portion of the string when
vertical, the potential energy is
1mg , 1mga
=37 g Ot
where s is the arc described by the bob from the lowest position. The restoring
force is therefore



funnel-shaped tympanic membrane and its connections we
have precisely such an unsymmetrical system, the restoring
force being somewhat greater for inward than for outward
displacements of the same extent*. If we keep only the first
two terms in (1), the equation of motion is of the type
Bhpr=—®+X, errrereeenn(2)

where X represents the disturbing forcet. The joint action
of two simple-harmonic forces will be represented by

X =ficos b+ /€08 Nt cevvurennnnnns (3)
Neglecting, for a first approximation, the square of x, we have
A S
&= frymynss cos mt + Pone COSNE,  eurerenn. (4)

the terms which represent the free vibrations being omitted,
since these are rapidly destroyed by dissipation. If we sub-
stitute this value of @ on the right hand of (2), and write for
shortness

A=) =g, fflp=nD)=g, .eeeeeii(5)
we obtain the differential equation

&+ pw=2X ~ o (g +g:°) — $ag® cos 2nt — Jag.? cos 2n,t

~ agygs €08 (1, — n2) t — agy 9o €08 (ny + 1) 8, ...(6)
correct to the second order of £, f;. The terms written in full
on"the right hand may be regarded as a correction to the
disturbing force X. The solution of (6) gives, in addition to
(4), the terms

1 _ag? age

la 1
g g — . _
2#(91 + gy 2#_%12%5 2t DTy c0s 25t

__apg a9,
-y ey e
The first term wmerely indicates a shift of the mean position

cos (1, — M)t — cos (0, +na)t. (7)

* It may be noted that the same element of asymmetry is present in the
investigation of § 63. When we procecd to the second order of small quantities,
the changes of pressure due to condensations £s are no longer equal in
amount.

4 It is unnecessary to take account of the variability of inertia, since this
can be got rid of by a proper choice of the coordinate x. In any case
it will not alter the general character of the results obtained in the second
approxiwmation.
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about which the oscillations take place. For the rest, we have
octaves of the primary tones, together with a difference- and
a summation-tone. If the approximation were continued we
should obtain combination-tones of higher order, as in the
former case.

When, as in the case of the tympanic membrane, the
free period 2m/y/u is relatively long, the most important
combination-tone is the difference-tone (n, —n,), on account of
the relative smallness of the corresponding denominator in (7).

The theory of combination-tones here reproduced has not
been accepted without question. The difference-tones, as
already mentioned, were known as a fact since the time of
Tartini, and a plausible explanation had been given by
Thomas Young (1800). According to this view the beats
between the two tones, as the interval increases, ultimately
blend, as if they were so many separate impulses, into
a continuous tone having the frequency of the beats. The
difficulty of this explanation is that the actual impulses
during a beat are as much positive as negative, so that
it does not appear how any appreciable residual effect in
either direction could be produced, if the vibrating system
be symmetrical. It is true that if we turn to the figure on
p- 23, it is apparently periodic, with the period of the in-
termittence ; but from the point of view of Fourier’s theorem
the lower harmonics are all wanting, and the only two which are
present are precisely the two which are used in constructing the
figure. On the Helmholtz theory of andition the intermittent
excitation of a particular resonator m times a second is a wholly
different phenomenon from the excitation of an altogether
distinct resonator whose natural frequency is m. Young’s
view appears indeed to be inadmissible on any dynamical
theory of audition, at least in the case of infinitely small
vibrations. On the other hand it is true, as we have seen,
that given a finite amplitude, and an unsymmetrical system,
a vibration of the type shewn in Fig. 10, p. 23, does actually
generate (among others) a vibration whose period corresponds
to the fluctuations there shewn. The distinction between the
two theories might therefore, from a merely practical point of




view, be held to be almost verbal, were it not that Young’s
theory fails to give an explanation of combination-tones other
than the first difference-tone.

96. Influence of Combination-Tones on Musical In-
tervals.

A Drief indication of the way in which combination-tones
may assist in defining the consonant intervals is all that can be
attempted here. Take first the case of (primarily) pure tones.
In the case of a slightly mistuned Octave, say N, =100,
N,=201, we have N, — N, =101, which gives a difference-tone
making 1 beat per second with &V;.

For the Fifth, let N, = 200, NV, =301. We have

N, - N,=101, 2N, — IV, = 99,

giving combination-tones with 2 beats per second.
For the Fourth, let N;= 300, N.=401. Then

2N, -~ N,=199, 2N,— 2N, =202,

and the corresponding tones make 3 beats per second.

For the Major Third, let N,=400, N,=501. We have
2N,—2N,=202, 8N,—2N,= 198, giving 4 beats per second.

‘We might proceed further in the list, but it will already
have been remarked that combination-tones of increasingly
high order are being invoked. This is quite in conformity
with the observed fact that the beats are, in all cases after the
octave, very faint unless the primaries be especially vigorous.

A more effective part is played by the combination-tones
when the notes concerned have one or two overtones, but not a
sufficient range of them to account for the definition on the
principles of § 93. Take for instance the case of the Fifth,
when cach mnote has a first harmonic in addition to the
fundamental. If the interval be slightly mistuned, we have say
the primary tones: 200, 400; 301, 602. These give the two
difference-tones 301 — 200 =101, 400 — 301 =99, which inter-
fere with one another.

The combination-tones have an influence again, in the case

—
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of consonant triads, especially of simple tones, but enough
has been said to shew their importance from the musical point
of view. For further developments reference must be made to
the work of Helmholtz*.

97. Perception of Direction of Sound.

One important question of physiological acoustics in which
dynamical principles are involved remains to be mentioned.
An observer, even when blindfolded, and with no adventitious
circumstances to guide him, is in general able to indicate with
great accuracy the direction from which a sound proceeds. In
the case of pure tones the discrimination between back and
front is indeed lost, as was to be expected, considering the
symmetry with respect to the medial plane of the head, but
right and left are clearly distinguished. For tones of small
wave-length this may be accounted for by the difference of
intensity of the sensation in the two ears, since the head acts
to some extent as a screen, as regards the further ear. But
when the wave-length of the sound much exceeds the peri-
meter of the head the mvestlgatmn g1ven near the end of § 81
shews that this differenc
the most recent investi,
terpretation depends on t...
reach the two ears, a difference o
being effective. He found that
different channels to the two ears, and all extrancvus ws-
turbances be excluded, the sound can be made to appear to
come from the right or left at will, by adjusting the relative
phase. The origin of the sound was always attributed to that
side on which the phase is in advance (by less than half a
period). The result, which has been arrived at independently
by other observers, is at present unexplained. It has been
suggested that the phenomena may really be due to a differ-
ence of intensity. A fraction of the sound may be transmitted
from each side to the opposile internal ear, through the bones of

* See also Sedley Taylor, Sound and Music, London, 1873,
+ Phil. Mag., (8}, vol. xx. (1907).



the head, in which case the original difference of phase would
produce a slight difference of intensity on the two sides owing
to interference between the direct and transmitted vibrations*,

Rayleigh’s results have found a practical application to direc-
tion-finding in submarine audition. Two receivers at a fixed
horizontal distance d apart communicate with the ears of the
observer by two channels, one of which is variable in length.
The observation consists in adjusting the length until the source
of sound appears to be straight ahead. If 6 be the true azimuth
of the source, the excess of length of the adjustable channel will
be + dsin 6, according to the side on which the source lies. The
instrument carries a graduation which enables 8 to be read off
directly.

* Myers and Wilson, Proc. Roy. Soc. vol. Lxxx. A, p. 260 (1908). This
hypothesis is discussed by Lord Rayleigh, Proc. Roy. Soc. vol. LxxxuL A, p. 61
(1909).
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Extensional vibrations of a rod, 116
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Finite amplitude, air-waves of, 177

TFlexure, uniform, of a bar, 123
of a plate, 152

Flexural vibrations, of a bar, 122
of a ring, 13
of a plate, 154

¢ Flux’ defined, 202

‘Flux of energy,’ 168, 228

Forced oscillations, 16, 20, 47
effect of friction on, 28, 57

Fork, tuning, 133

Fourier’s theorem, 89, 94
influence of discontinuities in, 94
lagcuf convergence of coefficients in,
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Freedom, degrees of, 12, 34
Free~free bar, transverse vibrations of
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general theory of, 44
Frequency, range of, for audibility, 8
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Gas, elasticity of a, 160
igothermal and adiabatic lines of a,
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Harmonic analysis, 103
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Local periodic force, effect of, in a
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Longitudinal vnbrahons, of bars, 116
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141
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Mersenne’s laws, 70
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of a pipe, 274
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Multiple system, equations of motion
of a, 41, 44
normal modes of a, 44
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147, 151
of a plate, 155, 157
Nodes, in a vibrating string, 70
in a bar, 118, 129
in a pipe, 174
‘Normal funetions,’ 103, 132
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Noteg, musical, 3, 289

Ohm's law, 2, 290, 294
Organ pipe, normal modes of, 174
corrected theory of, 270
mode of action of, 281
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influence of, on quality, 291
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intervals, 293

Pendulum, 8, 16
Blackburn’s, 35
double, 38
Period-equations, graphical solution
of, 83, 127, 130, 260, 262
Permanency of type, condition for, in
air-waves, 178
Pipe, normal modes of a, 174
modulus of decay of a, 274
velocity of sound in a narrow, 196
Plane waves in an elastic mediam, 120
in air, 163, 177, 228
Plate, transverse vibrations of a cir-
cular, 155; of a square, 157
Plucked string, theory of, 66, 100
Poiseuille’s law, 198
Poisson’s ratio, 113
Propagation in water, 234

‘Quality’ of musical notes, 4
influence of overtones on, 291

Reciprocity, principle of, 47, 81
Rectangular vessel, normal mades of
a, 258
Reed-pipes, theory of, 282
Reflection of waves, 64, 171, 218, 232,
271
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Refraction of sound, due to variation
of temperature, 219
to wind, 222
Resonance, 18, 20, 22, 32, 274
Resonator, 265, 287
free vibrations of a, 267
forced vibrations of a, 274
Ring, normal modes of a, 135

Senttering of sound waves by obstacles,
244

Sensations, analysis of, 2, 289
Shearing strain, 110
stress, 111
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energy of, 15
superposition of, 22, 48
¢ Simple source’ of sound, 217, 228
Sine-series, 89
Sound, velocity of, in air, 163, 165
in water, 165
Sound waves, plane, 163
spherical, 208, 228
general, 207, 215, 217
of finite amplitude, 177
Sounding board, function of, 68, 81
Source of sound, simple, 217, 228
double, 218, 230
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Sphere, waves produced by oscillating,
234
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Spherical vessel, normal modes of a,
259, 262
Stability, coefficients of, 43
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5

Stiffness of piano-wire, effect of, 82,
135

Strains, 108

Stresses, 110

String excited by plucking, 66, 72, 100
by impact, 73, 101

String excited by bowing, 75, 100
String, transverse vibrations of a, 59

waves on a, 61, 64

normal modes of a finite, 68

forced vibrations of a, 80
Submarine signalling, 157, 218, 304
Superposition of vibrations, 22, 48

Temperament, equal, 7

Temperature, effect of unequal, on
propagation of sound, 219

Tension, effect of permanent on the
vibrations of a bar, 184

Tones, pure, 1
interference of, 292

Transmission of sound by an aperture,

248

by a grating, 251
Transverse vibrations, of strings, 59
of bars, 122
of membranes, 141
of plates, 154
Tuning fork, 133

Velocity of sound, 163, 165
in a narrow pipe, 196
« Velocity-potential,” 204
Violin-string, 75, 100
Viscosity, 186
effect of, on air-waves, 188, 189
on waves in a narrow pipe, 193

Water, velocity of sound in, 165
vibrations of a column of, 175
Watt’s indicator diagram, 160
‘Waves, on a string, 61, 64
in a bar, 117, 125
in an elastic medium, 120. See
also Sound waves
‘Wind, influence of, on sound propa-
gation, 222

Young’s modulus, 113
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Cohen, Wesleyan U., analyzes implications of Hertzs thought and logic of science. 13 a
introduction hy Helmholtz. xlii + 274pp. 5% x 8. $316 Clothbound $3 50
S$317 Paperbound $1.75

MATHEMATICAL FOUNDATIONS OF STATISTICAL MECHANICS, A. 1. Khinchin. A thoroughly
up-to-date introduction, offering a precise and mamemanca\ly rigorous formulation of the
problems of statistical mechanics. Provides analytical tools to replace many commonly
used cumbersome concepts and devices. Partial contents: Geometry, kinematics of phase
space; ergodic problem; theory of probability; central limit theorem; ideal monatomic gas;
foundation of thermodynamics; dispersion, distribution of sum iunctmns etc. “Excel!em
introduction . . . clear, concise, rigorous,” Quarterly of Applied Mathematics. viii + 179p|
$146 Clothbound $2.! 95
$147 Paperbound $1.35

MECHANICS OF THE GYROSCOPE, THE DYNAMICS OF ROTATION, R. F. Deimel, Prof. of Me-
chanical Engineering, Stevens lnsl of Tech. Elememary, general trealmen! of dynamics of
rotation, with special of of vectors
needed. Velocity of a moving curve, acceleravon to a point, general equations of motion,
gyroscopic_horizon, free gyro, mohon of discs, the damped gyro, 103 similar topics. Exer-
cises. 75 figures. 208pp. 5% X $66 Paperbound $1.65

MECHANICS VIA THE CALCULUS, P. W. Norris, W. S. Legge. Wme coverage, from linear motion
to vector analysis; equations determining manon linear methods, compounding of simple
harmonic motions, Newton's laws of mn\mn Hooke's law, the 5|mple pendulum, motion of

a particle in 1 plane, centers of gravi irtual work, friction, kinetic energy of rotating
bodies, equilibrium of strings, hydrosutlc. sneermg stresses elastlclty, etc. Many worked-
out exsmples 550 problems. 3rd revised edition. xii + 367 $207 Clothbound $3.95

A TREATISE ON THE MATHEMATICAL THEORY OF ELASTICITY, A. E. H. Love. An indispensable
reference work for engineers, mathematicians, physicists, the most complete, authoritative
treatment of classical elasticity in one volume. Proceeds from elementary notions of exten-
sion to types of strain, cubical dilatation, general theory of strains. Covers relation between
mathematical theory of elasticity and technical mechanics; eq rium of isotropic elastic
solids and aelotropic_solid bodies; nature of force transm|ssnon. Volterra's theory of
dislocations; theory of elastic spheres in relation to tidal, rotational, gravitational effects
on earth; genera\ theary of bending; deformation of curved plates; bucklmg effects; much
more. “The standard_treatise on elastlclty,’ American Math. Monthly. 4th revised edition.
76 figures. xviii + 643pp. 6% X 9% §174 Paperbound $2.95

NUCLEAR PHYSICS, QUANTUM THEORY, RELATIVITY

MESON PHYSICS, R. E. Marshak. Presents basn: theory, and results of experiments with em-
phasis on thearetical significance. Phenomena involving mesons as virtual transltions
avoided, eliminating some of least sanshcmry predictions of meson theory. Includes pro-
duction study of = mesons at nonrelativistic nucleon energies contracts between = and u
mesons, phenomena associated with nuclear interaction of 7 mesons, etc. Presents early
evidence for new classes of particles, indicates (heorehcal dlfﬂcul!les crealed by discovery
of heavy mesons and hyperons. viii + 378pp. 53 x 500 Paperbound $1.95

THE FUNDAMENTAL PRINCIPLES OF QUANTUM MECHANICS, WITH ELEMENTARY APPLICATIONS,

mble. Inductive presentation, for graduate student specialists in other branches of
physlcs Apparatus necessary beyond differential equations and advanced calculus developed
as needed. Though general exposmon of principles, hundreds of individual problems fully

treated. “Excellent book . . . of great value to every student . . . rigorous and detailed
mathematical discussion . .. has succeeded in Keeping his presentation clear and under-
standable,” Dr, Linus Pauling, J. of Amerlcan Cnemwal Society. Appendices: calculus of
variations, math. notes, etc. Gllpp 55 X T472 Paperbound $2.85

WAVE PROPAGATION IN PERIODIC STRUCTURES, L. Brillouin, General method, application to
different problems: pure physics—scattering of X-rays in crystals, thermal vibration in
crystal lattices, electronic motion in metals; problems in eiectrical engineering. Partial
contents: elastic waves along 1-dimensional lattices of point masses. Propagation of waves
along 1-dimensional lattices. Energy flow. 2, 3 dimensional lattices. Mathieu's equation.
Matrices and propagahun of waves along an electric line. Continuous electric lines. 131
illustrations. xii 253pp. x 8. $34 Paperbound $1.85




'"é:gﬂvﬂ OraneI;‘EtETRI)NS AND ITS APPLICATION TO THE PHENOMENA OF LIGHT AND RADIANT
histotical sentz. Lectures delivered at Columbia Univ., by Nobel laureate. Unabridged, form
optical phennen'r‘:%: ?'11 trr‘\"eq?lr’%gofbafé,eees eletctrorﬁ)9 motion, ab!smp!mn of heat, Zeeman effect,

, etc. pages notes expl. -
tions. 9 figures. 352pp." S35 x ¢ A, S e 1o
gg;ngﬁmeﬁPERS ON ﬂUANTg‘I{Iu ELECTRODYNAMICS, eﬂlted by !l Schwinger. Facsimiles of
DERarS e ing to present position as part
Dlrac,gl;yso:myre:.;:ft P:;:mpﬁbhcatmn in any Ianiuage ol collected _papers nf Beu\e. Bloch,

Tomonoga Wensskopl Wigner, “etc. 34
3 papers: 29 in En Ish 1
1 in Malian. Historical commentary by eﬁnor i+ 52'3 6'/2 imm S German,

Ya
$444 Paperbound $2.45

FOUNDATIONS OF NUCLEAR PHYSICS, edited by
N y R. T. Beyer. 13 of the most important it
gln‘er&uclea{r thsxcs reproduced in facsimile in_the original languages; the paper:'s mostpau?teeﬁ
for whou notes, bibliographies. Anderson, Curie, Joliot, Chadwick, Fermi, Lawrence, Cack~
Y lahn, Yukawa. Unparalleled bibliography: 122 douhle columned pages, ovel 000
articles, books, classified. 57 figures. 288pp. 6% X 9% S$19 Paperbaund ;! 75

TNE THEORY OF GROUPS AND QUANTUM MECHANICS, H. We:
y yl. Schroedinger's wave equation,
f: Bnglles waves of a particle, Jordon-Hoelder theorem, Lie's continuous groups ulq trans-
Urr;m ions, Pauli exclusion principle, quantization of Mawell-Dirac field equations, etc.
nitary geometry, quantum theory, groups, application of groups to quantum mechanics,
glymmetvy permutatlon group, algebra of symmetric transformations, etc. 2nd revised edi-
on. xxii + 422pp. $268 Clothbound $4.50
$269 Paperbound $1.85

PHYSICAL PRINCIPLES OF THE QUANTUM THEORY, Werner Heisenber

g. Nobel laureate dis-
Cusses guantum theory; his own work, Cnmptun, Schroedinger, Wilson, Einstein, many
others. For physicists, chemists, not specialists in quantum theory. Only elémentary formulae
consldered in  text; mathematical appendix for specialists. Profound without “sacrificing
clarity. Translated by C. Eckart, F. Hoyt. 18 figures. 192pp.

S113 Paperbound $1.25

INVESTIGATIONS ON THE THEORY OF THE BROWNIAN MOVEMENT, Albert Einstein. Reprints
from rare European journals, translated into English. 5 basic papers, including Elementary
Theory of the Brownian Movement, written at request of Lorentz to provide a simple
explanation. Translated bfy A. D. Cowper. Annotated, edited by R. Firth. 33pp. of notes
elucidate, give history of previous investigations. 62 footnotes. 124pp, 5% x 8.

S304 Faperbound $1.25

THE PRINCIPLE OF RELATIVITY, E. Einstein, H. Lorentz, M. Minkowskl, H. Weyl. The 11 basic
papers that founded the general and special_theories of relativity, "translated into English.
2 papers by Lorentz on the Micheison experiment,
“*Space and Time,” and Weyl's “Gravitation and Electricity.” 7_epoch- ‘making papers by Ein-
"Electromagnet(cs of Moving Bodies,” “Influence of Gravitation in Propagation ot

'‘Cosmological cunsnderahons" 'General Theory,” 3 others. 7 diagrams. Special
nntes by A. Sommerfeld. 224pp. 5% x 893 Paperbound $1.75

STATISTICS

ELEMENTARY STATISTICS, WITH APPLICATIONS IN MEDICINE AND THE BIOLOGICAL SCIENCES,
F. E. Croxton. Based pnmanly on biological sciences, but can be used by anyone deslnng
lntroduchnn to statistics. Assumes no prior acquaintance, requires only modest knowledge
of Al basic formulas carefully explained, illustrated; all necessary reference tables
Included From basic terms and concepts, proceeds to frequency distribution, linear, non-
linear, mulitiple correlation, elc Contains _concrete examples from medicine, biology. 101
charts. 57 tables. 14 appendi v + 376pp. 5% X 8. $506 Papemound $1.95

ANALVSIS AND DESIGN OF EXPERIMENTS, H. B. Mann. Offers method for grasping analysis ot
variance, variance design quickly. Partial contents: Chi-square distribution, analysis of
variance distribution, matrices, quadratic forms, likelihood ration tests, test of linear
hypon\eses, power of analysis, Galois fields, non-orthogonal data, interblock estimates, etc.

15pp. of useful tables. x + 195pp. 5 X 7%. $180 Paperbound $1.45

FREQUENCY CURVES AND CORRELATION, W. P. Eiderton. 4th revised edition of standard
work on classical statistics. Practical, one of few books constantly referred to for clear
presentation of basic material. Partial contents: Frequency Distributions; Pearsons Fre-
quency Curves; Theoretical Distributions; Standard Errors; Correlation Ratio—Contingency;
Corrections_for. Moments, Beta, Gamma Functinns etc. Key to terms, symbols. 25 examples.

40 tables. 16 figures. xi + 272pp. 5% x 812 Clothbound $1.: 49




CATALOGUE OF

HYDRODYNAMICS, ETC.

HYDRODYNAMICS, Horace Lamb. Standard reference work on dynamics of liquids and gases.
Fundamental theorems, equatlons, methods, solutions, hackgronnd for classical hydrody-
namics. Chapter: of Motion, of Special Gases, Vortex
Motion, Tldal Waves Ruln!mg Masses_of Liquids, etc. Excellently planned arranged, Clear,
lucid presentation. 6th enlarged, revised edition. Over 900 footnotes, mostly bibliograph-

jcal. 119 figures. xv -+ 738pp. 6% X 9Va. $256 Paperbound $2.95
HYDRODYNAMICS, A STUDY OF LOGIC, FACT, AND SIMILITUDE, Garrett Birkhoff. A stimulatin
application of pure mathematics to an applied problem. Emphasis is on correlation o

theory and deduction with experiment. Examlnes racently discovered paradoxes, theory of
modelling and dimensional analysis, paradox and error in flows and free boundary theory.
Classical theory of virtual mass derived from homogenous spaces; group theory applied
to fluid mechanics. 20 figures, 3 plates. xiii + 186pp. 5% x 8. §22 Paperbound $1.85

HYDRODYNAMICS, H. Dryden, F. Murhaghan, H. Bateman. Published by National Research
Council, 1932, Complete coverage of classical hydrodynamics, encyclopedic in quality.
Pamal contents: physics of fluids, motion, turbulent flow, compressible fluids, motion in

dimensions; laminar motion, resistance of motlon through viscous fluid, eddy
vlscosnty, discharge of gases, flow past obstacles, etc. Over 2900-item bibliography. 23
figures.” 634pp. 5% X 8. $303 Paperbound $2.75

ACOUSTICS AND OPTICS

PRINCIPLES OF PHYSICAL OPTICS, Ernst Mach. Classwal exammahon of prupagahon of light,
color, polarization, etc. Historical, ent breadth and
readability. Contents: Rectilinear propaganun, reﬂectlon, reiraclmn, diopts 1cs, composmon
of light, periodicity, theory of interference, polarization, mathemancal representation of
properties, etc. 279 illustrations. 10 portraits. 324pp. 53 x 8. §170 Paperbound $1.75

THE THEORY OF SOUND, Lord Rayleigh. Written by Nobel laureate, classical methods here
will cover most vlbraimg systems likely to be encountered in practice. Complete coverage
of experlmental, mathematical aspects. Partial contents: Harmonic motions, lateral vibra-
tions of bars, curved plates or shells, applications of Laplace’s functions to acoustical
problems, fluid friction, etc. First low-priced edition of this great reference-study work.
Historical introduction by R. B. Lindsay. 1040pp 97 figures. 5% x 8.

, §293, Two volume set, paperbound $4.00

THEORY OF VIBRATIONS, N. W. McLachlan. Based on excephnnally successful graduate
course, Brown University. Discusses linear systems having 1 degree of freedom, forced
vibrations of simple linear systems, vibration of flexible strings, transverse vibrations of
bars and tubes, of circular plate, sound waves of finite amplitude, etc. 99 diagrams. 160pp.
5% x 8. 8190 Paperbound $1.35

APPLIED OPTICS AND OPTICAL DESIGN, A. Conrady. Thorough systemahc presentation of
physical and mathematical aspects, ||mIted mostly to ‘‘real optics.” Stresses practical
problem of maximum aberration permissible without affecting performance. Ordinary ray
tracing methods; complete theory ray iracing methods, primary aberrations; enough higher
aberration to deslgn telescopes, low powered microscopes, photographic equipment. Covers
fundamental equations, extra-axial image points, transverse chromatic abevrahan. angular
magnification, similar topics. Tables of functions of N. Over 150 dlagrams

Y8 x 8%. 8366 Psperhaund $2 98

RAYLEIGH'S PRINCIPLE AND TS APPLICATIONS TO ENGINEERING, G. Temple, W. Bickley.
Rayleigh’s principle developed to provide upper, lower estimates of true value of funda-
mental period of vibrating system, or condition of stability of elastic system. Examples,
rigorous proofs. Partial contents: Energy method of discussing vibrations, stability. Per-
turbation theory, whirling of uniform shafts. Proof, accuracy, successive approximations,
applxcatmns of Raylelghs theory. Numerical, graphical methods. Ritz’s method. 22 figures.

X -+ 156pp. 53 X $307 Paperbound SI 50

OPTICKS, Sir Isaac Newton. In its discussion of light, reflection, color, refraction, theories
of wave and corpuscular theories of light, this work is packed with scores of mSlng and
discoveries. In its precise and practical of of optical

contemporary understanding of pnenamena. it is truly fascinating to modern scientists.
Foreword by Albert Einstein. Preface by | B. Cohen, Harvard. 7 pages of pm!ran!s facsimile
pages, letters, etc. cxvi -+ 414pp. 53 X 8 $205 Paperbound $2.00




DOVER SCIENCE BOOKS

ON THE SENSATIONS OF TONE, Hermann Using i ysics, i
experiment, history of music, cuvers entire gamut of musical tone: relation of music
science to acou: '-r phy acoustics, vibration, resonance, tonality,
progression of parts. apj endlxes on various aspects of sound, physics, acoustics,
music, etc. Translated by J Ellls New introduction by H. Margenau, 'Yale. 68 figures. 43
musical passages analyzed. Over 100 tables. xix + 576pp. 618 x 9V

5114 Clothbound $4.85

ELECTROMAGNETICS, ENGINEERING, TECHNOLOGY

INTRODUCTION TO RELAXATION METHODS, F. S. shaw. Descrlbes almus! all manlpula!lve re-
sources of value in solution of Treatm: is her

than_ physical. Extends general computational process to lnclude almost all brancnes of
applied math and physics. Approximate numerical methods are demunstrated although high
accuracy is obtainabie without undue expenditure of time. 48pp. of tables for computing
irregular star first and second derlvntwes. |rregu|ar star _coefficients for second order

equations, for fourth order equations. “‘Use! . . . exposition is clear, simple . .
previous_ acquaintance with numerical methods is assumed,” Science Progress. 253 m a-
grams. 72 tables. 400pp. 5% x 8. §244 Paperbound $2.45

THE ELECTROMAGNETIC FIELD, M. Mason, W., Weaver. Used constantly by graduate engineers.
Vector methods exclusively; detailed treatment of electrostatics, expansion methods, with
tables converting any quantity into absolute elect absol ic, prac-
tical units. Discrete charges, ponderable bodies. Maxwell field equations, etc. 416pp.
53% x 8. $185 Paperbound $2.00

ELASTICITY, PLASTICITY AND STRUCTURE OF MATTER, R. Houwink. Standard treatise un
rheological aspects of different technically important solids: crystals, resins, textiles, rubber,
ciay, etc. Investigates general laws for deformations; determines dwergences Covers gen-
eral physical and mathematical aspects of plasticity, elasticity, viscosity. Detailed examina-
tion of deformations, internal structure of matter in relation to elastic, plastic behaviour,
formation of solid matter from a fluid, etc. Treats glass, asphalt, balata, proteins, baker's
dough, others. 2nd revised, enlarged edition. Extensive revised hmluograpny in over 500
footnotes. 214 figures. xvii + 368pp. 6 X 9%a. $385 Paperbound $2.45

DESIGN AND USE OF INSTRUMENTS AND ACCURATE MECHANISM, T. N. Whitehead. For the
instrument designer, engineer; how to combine necessary mathematical abstractions with
independent observations of actual facts. Partial contents: instruments and their parts,
theory of errors, systematic errors, probability, short period errors, erratic errors, design
precision, kinematic, semikinematic design, snffness, plannlng of an instrument, human
factor, etc. 85 photos, diagrams. xii + 288pp. 5% §270 Paperhuund $1.95

APPLIED HYDRO- AND AEROMECHANICS, L. Prandtl, 0. G. Tietjens. Presents, for most part,
methods valuable to engineers. Flow in pipes, boundary layers, airfoil theory, entry condi-
tions, turbulent flow, boundary layer, determining drag from pressure and veloclty, etc.
“Will be welcomed by all students of aerodynamics,’” Nature. Unabridged, unaltered. An
Engineering Society Munugraph 1934 Index. 226 figures. 28 photugraphlc plates illustrating
flow patterns. xvi + 31ipp. 5% x 8. 8375 Paperbound $1.85

FUNDAMENTALS OF HYDRO- AND AEROMECHANICS, L. Prandtl, 0. G. Tietjens. Standard work,
based on Prandtl’s lectures at Goettingen. Wherever pusswb\e hydrodynamics theory is
referred to practical considerations in hydraulics, unifying theory and experience. Presenta-
tion extremely clear. Though primarily physical, pran!s are rigorous and use vector analysis
to a great extent. An Engineering Soclety Monograph, 1934. ‘'Still recommended as an
exceuen( introduction to this area,” PNysIksllsche Blatter. 186 flgures xvi

53 x §374 Paperbound $1. 85

GASEOUS CONDUCTORS: THEORY AND ENGINEERING APPLICATIONS, J. D. Cobine. Indispensable
text, reference, to gaseous conduction phenomena, with engineering viewpoint prevailing
throughout. Studies Kinetic theory of gases, ionization, emlssion phenomena; gas breakdown,
spark characteristics, glow, discharges; engineering applxcatmns in circuit interrupters, recti-
fiers, etc. Detailed treatment of high pressure arcs (Suits); low pressure arcs (Lzngmuir,
'lonks) Much more. “Well organized, clear, straightforward,”” Tonks, Review of Scientific
Instruments. 83 practice problems. Over 600 figures. 58 tables. xx -+ 606pp.

5% x 8. S442 Paperbound $2.75

PHOTOELASTICITY: PRINCIPLES AND METHODS, H. T. Jessop, F. C. Harris. For engineer, spe-
cific problems of stress analysis. Latest time- saving methods of checking calculations in
2-dlmensional design problems, new techniques for stresses in 3 dimensions, lucid descrip-
tion of optical systems used in practical photoelectricity. Useful sugges!mns hints based
on on-the-job experience Included. Partial contenis: strain, stress-strain relations, circular
disc_under thrust along diameler, rectangular block with square hold under vertical thrust,
simply supported rectangular beam under central concenirated load, etc. Thenry held to
minimum, no advanced mathematical training needed. 164 illustrations. viii 184pp.

614 X 9% S1. Clo [hbound $3. 75




CATALOGUE OF

HYDRODYNAMICS, ETC.

HYDRODYNAMICS, Horace Lamb. Standard reference work on dynamics of liquids and gases.
Fundamen‘lal theurems. eauahons, meihods solunnns backgruund for classical hydrody-
. In Special Gases, Vnrtex
Muhun, Tldal Waves, Rotating Masses of Liquids, etc Excellently planned, arranged, Clea
lucid presentation. 6th enlarged, revised edition. Over 900 footnotes, mnsny hwblmgraplv
Ical, 119 figures, xv + 738pp. 6% X 9%. 5256 Paperbound $2.95

HYDRODYNAMICS, A STUDY OF LOGIC, FACT, AND SIMILITUDE, Garrett Birkhoff. A stlmulatmg
application of pure mathematics to an_applied problem. ‘Emphasis is on correlation of
theory and deduction with experiment. Examines recently discovered paradoxes, theory of
modelling and dimensional analysis, paradox and error in flows and free boundary theary.
Classical theory of virtual mass derived from homogenous spaces; group theory applied
to fluid mechanics. 20 figures, 3 plates. xiii + 186pp. 5% X 8. §22 Paperbound $1.85

HYDRODYNAMICS, H. Dryden, F. Murhaghan, H. Bateman. Published by National Research
Council, 1932. Cumpleie coverage of classical hydrodynamics, encyclopedic in quality.
Partml contents: physics of fluids, motion, turbulent flow, compressible flulds, motion in
dimensions; laminar motion, resistance of motion through viscous fluid edﬂy
v]scusny, u|scharge of gases, flow past obstacles, etc. Over 2900-item mbhcgraphy

figures. 634pp. 5% x 8. $303 Paperbound $2. 75

ACOUSTICS AND OPTICS

PRINCIPLES OF PHYSICAL OPTICS, Ernst Mach. Classfal examination of propagation of light,

colar _polarization, etc. Historical, eatment for breadth and
Re: tllmear p reflection, refraction, d:omru:s, comuusmun

uf light, periodicity, theory of interfer

properties, etc. 279 Illustraﬂuns. 10 partralts. 324pp. 5% x 8. s170 Paperbound $1. 75

THE THEORY OF SDUND, Lord Rayleigh. Written by Nobel laureate, classical methods here
will cover most vibrating systems likely to be encountered in practice. Complete coverage
of experimental, mathematical aspects. Partial contents: Harmonic motjons, lateral vibra-
tions of bars, curved plates or shells, applications of Laplace’s functions to acoustical
problems, fluid friction, etc. First low-priced edition of Nus greal referenwstudy wark.
Historical introduction by R. B. Lindsay. IDAUpp 97 figuri

2, §293, Twu volume sel paperbound $4.00

THEORY OF VIBRATIONS, N. W. Mclachlan. Based on exceptionally successful graduate
course, Brown University. Discusses linear systems having 1 degree of freedom, forced
vibrations of simple linear systems, vibration of flexible strings, transverse vibrations of
bars and tubes, of circular piate, sound waves of finite amplitude, etc. 99 diagrams. 160pp.
5% x 8. $190 Paperbound $1.35

APPLIED OPTICS AND OPTICAL DESIGN, A. E. Conrady. Thorough systematic presentation of
physical and mathematical aspects, fimited mostly to ‘‘real optics.” Stresses practical
problem of maximum aberration permissible wnthuu( affecting performance. Ordinary ray
tracing methods; complete theory ray iracing methods, primary aberrations; enough higher
aberration to deslgn telescopes, low powered microscopes, photographic equipment. Covers
fundamental equations, extra-axial image points, transverse chromatic aberrahcn, angular
magnification, similar topics. Tables of functions of N. Over 150 dlagrams

Y& x 858, $366 Paperbaund $2 98

RAYLEIGH'S PRINCIPLE AND TS APPLICATIONS TO ENGINEERING, G. Temple, W. Bickley.
Rayleigh's principle developed to provide upper, lower estimates of true value of funda-
mental period of vibrating system, or condition of stability of elastic system. Examples,

rigorous proofs. Partial contents: Energy method of discussing vibrations, stability. Per-
turbation theory, whirling of uniform shafts. Proof, accuracy, successive approximations,
applications of Raylelgh's theory. Numerical, graphical methods. Ritz's method. 22 figures.
Ix + 156pp. 5% x $307 Paperbound $1.50

OPTICKS, Sir Isaac Newton. In its discussion of light, reflectlun, color, refraction, theories
of wave and corpuscular theories of light, this work is packed with scores of mslghts and
discoveries. In its precise and practical dlscusswns of construction of optical apparatus,

Is truly fascinating to modern scientlsts.
Foreword hy Albert Einstein. Preface by 1. 8. Cnhen Harvard. 7 pages of portraits, facsimile
pages, letters, etc. cxvi + 414pp. 5% x 8. $205 Paperbound $2.00




DOVER SCIENCE BOOKS

ON THE SENSATIONS OF TONE,
musi

H . Usi : . "
experiment, history ~of ermann Helmholtz. Using acoustical physics, physiology,

y covers entire gamut of musical tone: relation of music
science to acoustics, phy: vs. physiological acoustics, vibration, resonance, tonality,
progression of parts, etc. -3 appendixes on various aspects of sound, physics, acoustics,
music, etc. Translated by £ J, Ellis. New introduction by H. Margenau, Yale. 68 figures. 43
musical passages analyzed. Over 100 tables. xix + 576pp. 6%

a.
S114 Clothbound $4.95

ELECTROMAGNETICS, ENGINEERING, TECHNOLOGY

INTRODUCTION TO RELAXATION METHODS, F. S. Shaw. Describes almost all manipulative re-
sources of value in solution of differential equations. Treatment is mathematical rather
than physical. Extends general computational process to include almost all branches of
applied math and physics. Approximate numerical methods are demonstrated, although high
accuracy s obtainable without undue expenditure of time. 48pp. of tables for computing
irregular star first and second derivatives, irregular star coefficients for second order
equations, for fourth order equations. “‘Useful. . . . exposition is clear, simple . . . no
previous_ acquaintance with numerical methods is assumed,’” Science Progress. 253 dia-
grams. 72 tables. 400pp. 5% x 8. $244 Paperbound $2.45

THE ELECTROMAGNETIC FIELD, M. Mason, W., Weaver. Used constantly by graduate engineers.
Vector methods exclusively; detailed treatment of electrostatics, expansion methods, with
tables converting any quantity into absolute electromagnetic, absolute electrostatic, prac-
tical units. Discrete charges, ponderable bodies. Maxwell field equations, etc. 416pp.
538 x 8. $185 Paperbound $2.00

ELASTICITY, PLASTICITY AND STRUCTURE OF MATTER, R. Houwink. Standard treatise on
rheological aspects of different technically important solids: crystals, resins, textiles, rubber,
clay, etc. Investigates general laws for deformations; determines divergences. Cavers gen-
eral physical and mathematical aspects of plasticity, elasticity, viscosity. Detailed examina-
tlon of deformations, internal structure of matter in relation to elastic, plastic behaviour,
formation of solid matter from a fluid, etc. Treats glass, asphalt, balata, proteins, baker's
dough, others. 2nd revised, enlarged edition. Extensive revised bibliography in over 500
footnotes. 214 figures. xvii + 368pp. 6 X 9V4. $385 Paperbound $2.45

DESIGN AND USE OF INSTRUMENTS AND ACCURATE MECHANISM, T. N. Whitehead. For the
Instrument designer, engineer; how to combine necessary mathematical dbstractions with
independent observations of actual facts. Partial contents: instruments and their parts,
theory of errors, systematic errors, probability, short period errors, erratic errors, design
precision, kinematic, semikinematic design, stiffness, planning of an instrument, human
factor, etc. 85 photos, diagrams. xii + 288pp. 53% x 8. $270 Paperbound $1.95

APPLIED HYDRD- AND AERDMECHANICS, L. Prandtl, 0. G. Tietjens. Presents, for most part,
methods valuable to engineers. Flow in pipes, boundary layers, airfoil theory, entry condi-
tions, turbulent flow, boundary layer, determining drag from pressure and velocity, etc.
“WIIl be welcomed by all students of aerodynamics,’ Nature. Unabridged, unaltered. An
Engineering Society Monograph, 1934. Index. 226 figures. 28 photographic plates illustrating
flow patterns. xvi + 3ilpp. 5% x 8. §375 Paperbound $1.85

FUNDAMENTALS OF HYDRO- AND AEROMECHANICS, L. Prandtl, 0. G. Tietjens. Standard work,
based on Prandtl's lectures at Goettingen. Wherever possible hydrodynamics theory is
referred to practical considerations in hydraulics, unifying theory and experience. Presenta-
tion cxtremely clear. Though primarilv nhuciral nranfe’ ara rimaraue and wico ventnr analveic
to a great extent. An Engineeri

excellent introduction to this a

¥ x 8.

a

GASEOUS CONDUCTORS: THEORY AND ENGINEERING . . -

text, reference, to gaseous conduction phenomena, with engineering vi

throughout. Studies Kinetic theory of gases, ionization, emission phenomen. .
spark characteristics, glow, discharges; engineering applications in circuit interrupters, recti-
fiers, etc. Detailed treatment of high pressure arcs (Suits); low pressure arcs (Langmuir,
Tonks). Much more. “‘Well organized, clear, straightforward,” Tonks, Review of Scientific
Instruments. 83 practice problems. Over 600 figures. S8 tables. xx + 606pp.

5% x 8. $442 Paperbound $2.75

PHOTOELASTICITY; PRINCIPLES AND METHODS, H. T. Jessop, F. C. Harris. For engineer, spe-
clfic problems of stress analysis. Latest time-saving methods of checking calculations in
2-dimensjonal deslgn problems, new techniques for stresses in 3 dimensions, lucid descrip-
tion of optical systems used in practical icity. Useful 4 _hints based
on on-the-job experience included. Partial contents: strain, stress-strain relations, circuiar
disc under thrust along diameter, rectangular block with square hold under vertical thrust,
simply supported rectangular beam under central concentrated load, etc. Theory held to
minlmum, no advanced mathematical training needed. 164 illustrations. viii Dp.
648 x 9%a. $137 Clothbound $3.75
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CATALOGUE OF

MICROWAVE TRANSMISSION DESIGN DATA, T. Moreno. 0r|gmally classified, now rewritten,
enlar¥ed (14 new chapters) under auspices of Sperry Corp. Of immediate value or reference
use system: ied etc. Ordinar;
line thenry, attenuatmn parameters of auaxnal hnes, flexible cables; tuneable wave guide
|mpedance transformers; effects of temperature, humidity; much more. *‘Packed with informa-
. theoretical discussions are directly related tn practical questions,” U. ol Ro al
Nava\ Scientific Service. Tables of dielectrics, flexible cable, etc. ix + 248pp. 5%
$549 Paperhound $1 50

THE THEORY OF THE PROPERTIES OF METALS AND ALLOYS, H. F. Mott, H. Jones. Quantum
methods develop mathematical models showing |nterrelat|onsmp of fundamental chemical
phenomena wtih crystal structure, electrical, optical properties, etc. Examines electron
motion in applied field, cohesion, heat capaclty, refraction, noble metals, transition and

di-valent metals, etc. ‘‘Exposition is as clear . . . mathematical treatment as simple and
reliable as we have become used to expect of . . . Prof. Mott,” Nature. 138 figures. xiii +
0pp. 538 X 8. $456 Paperbound $1.85

THE MEASUREMENT OF POWER SPECTRA FROM THE POINT OF VIEW OF COMMUNICATIONS
ENGINEERING, R. B. Blackman, J. W. Tukey. Pathfinding work reprinted from ‘‘Bell System
Technical Journal.” Various ways of getting practically useful answers in power spectra
measurement, using results from both and theory. Treats:
Autocuvanance. Functions_and Power Spectra, Dnstnrtmn, Heterodyne Filtering, Smoothing,
Decimation Procedures, Transversal Filtering, much more. Appendix reviews fundamental
Fourier techniques. Index of notation. Glossary of terms. 24 figures. 12 tables. 192pp.
% X 8%. §507 Paperbound $1.85

TREATISE ON ELECTRICITY AND MAGNETISM, James Clerk Maxwell. For more than 80 years

a seemingly inexhaustible source of leads "tor physicists, mathematicians, engineers. Total
f 1082pp. on such_ topics as Measurement of Quantities, Electrostatics, Elementary Mathe-

mahcal Theory of Electricity, Electrical Work and Energy in a System of Conductors, Gen-

eral Theorems, Theory of Electrical Images, Electrolysis, Conduction, Polarlzanon Dlelectncs,

Resistance, much more. “The greatest mathematical physlcust since_ Newton

Jeans. 3rd edition. 107 figures, 21 plates. 1082pp. 5% x 8. $186 cmthbuund $4 ss

CHEMISTRY AND PHYSICAL CHEMISTRY

THE PHASE RULE AND ITS APPLICATIONS, Alexander Findlay. Covers chemical phenomena of
1 to 4 multiple component systems, the ‘'standard work on the subject’ (Nature). Completely
revised, brought up to date by A. N. Campbell, N. 0. Smith. New material on binary, tertiary
liuid_equilibria, solid solutions  in’ ternary systems, quinary systems of salts, water, etc.
Completely revised to triangular coordinates in ternary systems, clarified graphic répresenta-
tion, solid models, iﬁ 9th revised edition. 236 figures. 505 loomotes, mostly bibliographic.

xil 449pp. 5% x 8. S92 Paperbound $2.45

DYNAMICAL THEORY OF GASES, James Jeans. Divided into mathematical, physical chapters for
convenience of those not expert in mathematics. Discusses mathematical theory of gas
in steady state, thermodynamics, Bolzmann, Maxwell, kinetic theory, quantum theury. expo-
nentials, etc. “lOne of the classics of scientific wntmg . . . as lucid and comprehensive
an exposition of the kinetic theory as has ever been written,” J. of Institute of Engineers.
4th enlarged edmon with new material on quantum theory, quantum dynamics, etc. 28 figures.
444pp. 6Y8 x V. S136 Paperhnund $2.45

POLAR MOLECULES, Pieter Debye. Nobel laureate offers complete guide to fundamental
electrostatic field refations, polarizability, molecular structure. Partial contents: electric
intensity, displacement, force, polarization by orientation, molar polarization, molar refrac-
tion, halogen-hydrides, polar hqmds, ionic saturation, dielectric constant, etc. Special
chapter considers quantum theory. *Clear and concise . . . coordination of expenmental
results with theory will be readily appreciated,” Eleclromcs Industnes 172pp. 5%

Clotnhnund 53 5n
864 Paperbound $1.50

ATOMIC SPECTRA AND ATOMIC STRUCTURE, G. Herzherg. Excellent general survey for chem-
ists, physicists specializing in other fields. Partial contents: simplest line spectra, elements
of atomic theory; multiple structure of line spectra, electron spin; building-up principle,
periodic system of elements; finer details of atomic spectra; hyperfine structure of spectral
lines; some experimental results and applications. 80 figures. 20 lahles xiii -+

5% x 8. 115 Paperbound 51 95

TREATISE ON THERMODYNAMICS, Max Planck. Classic based on his original papers. Brilliant
concepts of Nobel laureate make no assumptions regarding nature of heat, rejects earlier
approaches of Helmholtz, Maxwell, to offer uniform point of view for entire field. Seminal
work by founder of quantum meory, deducing new physical, chemical laws. A standard
text, an excellent introduction to field for students with knowledge of elementary chemistry,
physn:s, calculus. 3rd English edition. xvi + 297pp. 5% x 8. $219 Paperbound $1.75
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KINETIC THEORY OF LIQUIDS, J. Frenkel. Regards kinetic theory of liquids as generalization,
extension of !heury of solld bodies, covers all types of arrangements of solids; thermal
of ato atoms, ions; orientational, rotational motion "of mule-
cules; transition hetween states of matter. Mathematical menry developed close to physical
suhject maner “Dlscussed in a simple yet deeply penetrating fashion . . . will serve as
seeds a any basic and applied developments in chemistry,” J. of the Amer.
Chemlcal Snc 216 hlblmgraphxcal footnotes. 55 figures. xi + 485pp. 53
354 Clu!hbound $3.95

95 Paperbound $2.45

ASTRONOMY

OUT OF THE SKY, H. H. Nininger. Non-technical, comprehensive introduction to '‘meteoritics”
—science concerned with arrival of matter from outer space.’ By one of world's experts
on meteorites, this book defines meteors and meteorites; stumes fireball clusters and
prncessxcns, meteorite comnasmon, size, distribution, showers, explosions, origins, much
more. viii + 336pp. 5% x 8. 1519 Paperhound $1.85

AN INTRODUCTION TO THE STUDY OF STELLAR STRUCTURE, S. Chandrasekhar. Outstanding
treatise on stellar dynamics by one of greatest astro- physuclsls Examines relationship be-
tween lass of energy, mass, and radius of stars in steady state. Discusses thermadynamic
laws matic adiabatic, polytropic_laws; work of Ritter,
Emden, Kelvm, ete.; stroemgren envelopes as starter for theory of gaseous stars; Gibbs

stellar configuration, theory of white dwarfs;
ete. “nghest level of scientific merit,”” Bulletin. Amer. Math. Soc. 33 figures. 509pp.
5% x 8413 Paperbound $2.75

LES METHODES NOVELLES DE LA MECANIQUE CELESTE H. Poincaré. Complete French text

of one of Poincaré’s most important works. Revolutionized celestial mechanics: first use of

integral invariants, first major application of linear differential equations, study of periodic

orbits, lunar mation and Jupiter’s satellnes, three body problem, and many other important

topics. ‘‘Started a new era 0 extremely modern that even today few have mastered
his weapons,” E. T. Bell. 3 volumes. Total 1282pp. 6% X 9‘/n-

1 8401 Paperbound $2.75

Vol 2 8402 Paperbound $2.75

Vol. 3 S403 Papevbnund $2.75

he set $7.50

THE REALM OF THE NEBULAE, E. Hubble. One of the great astronomers of our time presents
his concept of “island universes,” and describes its effect on astronomy. Covers velocity-
distance relation; classification, nature, distances, general field of nebulae; cosmological
theorles; nebulae in the nelghhorhoud of the Milky way; etc. 39 photos, including velocity-
distance relations shown by spectrum comparison. ‘‘One of the most progressive lines
of astronomical research,” The Times, London. New Introduction by A. Sandage. 55 illustra-
fions. xxiv + 201pp. 5% x 8. $455 Paperbound $1.50

HOW TO MAKE A TELESCOPE, Jean Texercau. Design, build an f/6 or f/8 Newtonian type
reflecting telescope, with altazimuth Couder mounting, suitable for planetary, lunar, and
stellar observation. Covers every operation szep by-step, every piece of equipment. Dis-
cusses basic principles of geometric and pl ysma\ nptlcs (unnecessary to construction),
comparative merits of reflectors, thor of . finders,
grinding, installation, testing, etc. 241 figu res, 38 photos, show almost every npera!vun
and tool. Pctentual errnrs are anticipated. Foreword by A. Couder. Sources of ‘supply. xili
+ 191pp. 6Ya X T464 Clothbound $3.50

BIOLOGICAL SCIENCES3

THE BIOLOGY OF THE AMPHIBIA, G. K. Noble, Late Curator of Herpetology at Am. Mus. of
Nat. Hist. Probably most used text on amphibia, most comprehensive, clear, detailed. 19
chapters, 85 page supplement: development; heredity; life history; specnatlon adaptation;
sex, integument, respiratory, circulatory, dlgeshve, muscular, nervous syskems‘ mstmcl,

intelligence, hablls, economic value on, environment r *'Nothing
comparable to it,;’ C. H. Pope, curator of Amphlbva Chicago Mus. of Nat. His L ‘1047 item
bibliography. 174 iliustrations. 600pp. 5% x 8. $206 Paperbound $2.98

THE ORIGIN OF LIFE, A. 1. Oparin. A classic of biology. This is the first modern statement
of theory of gradual evolution of life from nitrocarbon compounds. A brand-new evaluation
of Oparin’s lheury m )lgm of later research, by Dr. S. Margulis, University of Nebraska.
xxv -+ 270pp. $213 Paperbound $1.75



CATALOGUE OF

THE BIOLOGY OF THE LABORATORY MOUSE, edited by G. D. Snell. Prepared in 1941 by staff
of Roscoe B. Jackson Memorial Laburatury still the standard treatise on the mouse,
assembling enormous amount of material for which otherwise you spend hours of research.
Embryology, reproduction, histology, and muta-
tions, genetics of spontaneous tumor formations, of tumor transplantatmn endocrine secre-
tion and tumor formation, milk influence and tumor formation, inbred, hybrid animals,
parasltes. infectious diseases, care and recording. ‘A wealth of information” of vital con-
recommended to all wmz_ could use sdboaklzg sn;‘cht a suh]ei( ';gl;latuve l/(:Iassnaf‘ed
i Im raphy of 1122 items. 172 fi ures, includin photos. ix
Biodrsiy € ¢ $248 Cloihbound. 56.06

THE TRAVELS OF WILLIAM BARTRAM, edited hy Mark Van Doran. Famous source-book of
American anthropology, natural history, geography, is record kept by Bartram in 1770's on
travels through wilderness of Florida, Georgia, Carolinas. Containing accurate, beautiful
descriptions of Indians, settlers, fauna, ﬂura, it is one of finest pieces of Americana
ever written, 13 Dr[gmal |Ilustrahons 448pp. 5% x 8. T13 Paperbound $2.00

BEHAVIOUR AND SOCIAL LIFE OF THE HONEYBEE, Ronald Rihbands. Outstanding scientific
study; a compendium of practically everything known of social life of honeybee. Stresses
behaviour of individual bees in field, hive. Extends von Frisch’s experiments on communi-
cation among bees. Covers percepﬂnn of temperature, gravity, distance, vibration; sound
production; glands; structural differences; wax production; temperature regulation; recogni-
tion, communication; drifting, mating behawour other highly interesting topics. “This
valuable work is sure of a cordial reception by laymen, beekeepers and scientists,” Prof.
Karl von Frisch, Brit. J. of Animal Behaviour. Bmhngraphy of 690 references. 127 dia agrams,
graphs, sections of bee anatomy, fine photographs. 352pp. §410 Clothbound $4.50

ELEMENTS OF MATHEMATICAL BIOLOGY, A. ). Lotka. Pioneer classic, 1st major attempt to
apply modern mathematical techniques on large scale to phenomena of biology, biochem-
istry, psychology, ecology, similar life sciences. Partial contents: Statistical meaning of
irreversibility; Evolution as redistribution; Equations of kinetics of evolving systems; Chem-
ical, inter-species equilibrium; parameters of state; Energy transformers of nature, etc.
Can’ be read with profit by even those having no advanced math; unsurpassed as study-
reference. Formerly titled “‘Elements of Physical Biology.” 72 figures. xxx + 460pp. 5% x 8.

$346 Paperbound $2.45

TREES OF THE EASTERN AND CENTRAL UNITED STATES AND CANADA, W. M. Harlow. Serious
middle-level text covering more than 140 native trees, important escapes, with informa-
tion on general appearance, growth habit, leaf forms, flowers, fruit, bark, commercial use,
dls!nbutuon, habitat, woodiore, etc. Keys within text enable you to locate various species

easily, to know wil hich have edible fruit, much more useful, interesting information. “Well
illustrated to make identification very easy," Standard Cat. for Public Libraries. Over 600
photographs, figures. xiii + 288pp. 558 X 1395 Paperbound $1.35

FRUIT KEY AND TWIG KEY TO TREES AND SHRUBS (Fruit key tn Northeastern Trees, Twig key
to Deciduous Woody Plants of Eastern North America), W. M. Harlow. Only guides with photo-
graphs of every twig, fruit described. Especiaily valuable to novice. Fruit key (both deciduous
trees, evergreens) has introduction on seeding, organs invojved, types, habits. Twig key
introduction treats growth, morphology. In keys proper, identification is almost automatic.
Exceptional work, widely Used in university courses, especially useful for identification |n
winter, or from Fruit or seed only. Over 350 photos, up to 3 times natural size. Index of
common, scientific names, in each key. xvii + 125pp. 5% x 8%. T511 Paperbound $1.25

INSECT LIFE AND INSECT NATURAL HISTORY, S. W. Frost. Unusual for emphasmng habits, social
life, ecological relations of insects rather than more academic aspects of classwhcatmn
morphoiogy. Prof. Frost's enthusiasm and knowledge are everywhere evident as he discusses
insect associations, specialized habits like leaf-rolling, leaf mining, case-making, the gall
insects, boring insects, etc. Examines matters not usually covered in general works: insects
as human food; insect’ music, musicians; |nsecl response to radio waves; use of insects in
art, literature. “Distinctly different, possesses an mmvwdualny all its' uwn ' Journal of
Fnrestry. Over 700 illustrations. Extensive bibliﬂgraphy. x + 524pp. 5% x

7519 Papcrhbunn $2.49

A WAY OF LIFE, AND OTHER SELECTED WRITINGS, Sir William Osler. Physician, humanist,
Osler discusses brilliantly Thomas Browne, Gui Patin, Robert Burton, Michael Servetus,
William Beaumont, Laennec. Includes such favcme wnlmg as title essay, “The Old Human-
ities and the New Science,’”’ “Books and Men,” Student Life,” more of his best
discussions of philosophy, hleratura rellgmn 'Tne swee;: of his mmd and interests em-
braced every phase of human ac\lvny G. L. Keynes. 5 photographs. Introductien by G. L.
Keynes, M.D.,, F.R.C.S. xx + 278pp. 5% x 8. T488 Paperbound $1.50

THE GENETICAL THEORY OF NATURAL SELECTION, R. A. Fisher. 2nd revised edition of vital
reviewing of Darwin's Selection Theory in terms of particulate inheritance, by one of
greatest authorities on experimental, theoretical genetics. Theory stated in mathematical
form. Special features of particulate inheritance are examined: evoiution of dominance, main-
tenance of specific variability, mimicry, sexual selection, etc. 5 chapters on man's Special
circumstances as a social animal. 16 photographs. x -+ 310pp. 5% x 8.

$466 Paperbound $1.85
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B':Ewnﬁ“B‘é?L?n“~'l‘§$X ,gCFmgH:‘RléEf‘ynlmww,'Auu SELECTED LETTERS, edited by Francis
! - val > £al i historic voyage aboard ‘‘Beagle;” furore surround-
ing evolution, his replies; reminiscences of his son. Letts t c i
Huxley, Wallace, Kingsley, etc., and thoughts on religion. visisectc et ou,, Lyell,  Hooker:
xiey gl A 3 tion. We see how he revo-
Jutionized geology with concepts of ocean SUDSIGEH%E‘" nEW'sﬁf t iati
) e o0 S i books on variation
of plants and animals, primitive man, expression of emoti g o il
tion, carnivorous plants, protective coloration, etc., ca"mé“’?nfé"%lgin;“?géﬁl ;gggtxlesr'nma-
T479 Paperbound $1.65

ANIMALS IN MOTION, Eadweard Muybridge. Largest, most i i
bﬂdge"s) f%rlr‘wlésm:?élnutn ae‘l;rt:‘tanlss oé. znimgls.léron{g his "An‘\mgfnl‘.%rcenhrggtsig:."Seigﬁgo?]i:rt-szﬂelgé
. birds, in 123 types of action; i

goats, camels, elephants, dogs, cats guarlan:nsy,p sloths, Hnné, h:rgseerss,v Tal‘éssa'rsux?géngt;ﬁi’
baboons, deer, elk, gnus, kangaroos, many others, walking, running, fiying, leaping. Horse
alone in over 40 waysu. Phabtos taken against ruled backgrounds; most actions taken from
3 ,ang_les at once: 90° 60°, rear. Most plates original size. Of considerable interest to
scientists as biology classic, records of actual facts of natural history, physiology. "Really

marvelous series of plates,” Nature, “Monumental work,” Waldemar K:
L. S. Brown, 74 page introduction on mechanics of motion. 340|Jp.r wia:ﬂrt‘g:masgg“gﬂo%f
graphs. 416pp. Deluxe binding, paper. (Weight: 4% Ibs) 7% X 10%.

T203 Clothbound $10.00

THE HUMAN FIGURE IN MOTION, Eadweard Muybridge. New edition of great classic in hi:
of science and photography, largest selection” ever made from origmag\ Muyhrifisglg ;;‘hnlllnsstogyf
human action: 4789 photographs, illustrating 163 types of motion: walking, running, lifting,
etc. in time-exposure sequence photos at speeds up to 1/6000th of a second. Men, women,
children, mostly undraped, showing bone, muscle positions against ruled hackgruunds'
mostly taken at 3 angles at once. Not only was this a great work of photography, acclaimed
by contemporary critics as work of genius, but it was also a greal 19th century landmark
in_ biological research, Historical introduction by Prof. Roberl Taft, U. of Kansas. Plates
orlginal size, full of detall, Over 500 action strips. 407pp. 73 x 10%. Deluxe edition.
7204 Clothbound $10.00

AN INTRODUCTION TO THE STUDY OF EXPERIMENTAL MEDICINE, Claude Bernard. 90-year old
classic of medical science, only major work of Bernard available in English, records his
efforts to transform physiclogy into exact science. Principles of scientific research illus-
trated by specified case histories from his work; roles of chance, error, preliminary taise
conclusion, in leading eventually to scientific truth; use of hypothesis. Much of modern
application of mathematics to biology rests on foundalion set down here. “The presentation
Is polished . . . reading is casy,” Revue des questions scientifiques. New foreword by Prof.
1. B. Cohen, Harvard U. xxv + 266pp. 5% x 8. T400 Paperbound $1.50

STUDIES ON THE STRUCTURE AND DEVELOPMENT OF VERTEBRATES, E. S. Goodrich. Definitive
study by greatest modern i tomist. i mor i {
expositions  of skeleton, fins, limbs, skeletal visceral arches, labial cartilages, visceral
clefts, gills, vascular, respiratory, excretory, periphal nervous systems, efc., fish to
higher mammals. “'For many a day this will certainly be the standard textbook on Vertebrate
Morphology in the English language,” Journal of Anatomy. 754 illustrations. 69 page bio-
graphical study by C. C. Hardy. Bibllography of 1186 references. Two volumes, total 906pp.
5% x 8. Two vol. set S449, 450 Paperbound $5.00

EARTH SCIENCES

THE EVOLUTION OF IGNEOUS BOOKS, N. L. Bowen. lnvaluable serious introduction applies
techniques of physics, chemistry to explain Igneous rock diversity in terms of chemical
composition, fraclional crystallization, Disct s liquid immiscibility in silicate magmas,
crystal sorting, hquid lines of descenl, fraclional resorption of complex minerals, petrogen,
ete. Of prime importance 1 ologlsts, mining engineers; physicisls, chemists working with
high temperature, pressur ‘Most impartant,” Times, London. 263 bibliographic notes.

i i -+ 334pp. 4 x 8. $311 Paperbound $1.85

82 figures. xviii
GEDGRAPH:CAL ESSAYS, M. Davis. Madern peography, geomorphology rest on fundamental
k of 1 ) i

oK

wor list, 26 tamou, o resent most imporlant theories, field researches.
Partial conlenls: Geographeal Cycle; P of Marine, Subaerial Denudation; The Peneplain;
Rive alleys af Penntylvaaa:” Oulline of Cape Cod: Sculpture of Mountains by Glaciers;

cte. “Long the leader and gude,
raphy . . . models of clear thoughl,

nomic Geography. “Part of the very texiure of geog-
ographic Review. 130 figures. vi + 777pp. 5% X 8.
$383 Paperbound $2.85

URANIUM PROSPECTING, H. L. Barnes. For immediate praclical use, professional geologist
considers uranium are ealogical  oceurrences, field condltions, all aspects of highly
profilable o i ipful formation . . . casy-to-use, easy-to-find style,” Geotimes.
x + 117pp 8. 7309 Paperbound $1.00




CATALOGUE OF

DE RE METALLICA, Georgius Agricola. 400 year old classic translated, annotated by former
President Herberi Hoover. 1st scientific study of mineralogy, mining, for over 200 years
after its appearance in 1556 the standard treatise. 12 books, exhaustively annotated, discuss
history of mining, selection of sites, types of deposits, making pits, shafts, venhlahng,
pumps, crushing machinery; assaying, smelting, refining metals; also salt alum, nitre, glass
making. Definitive edition, with all 289 16th century woodcuts of ungmal Biographical,
historical introductions. Bibliography, survey of ancient authors. Indexes. A fascinating book
for anyone interested in art, history of science, geology, etc. Deluxe Edition. 289 illustra-
tions. 672pp. 6% X 10. Library cloth. $6 Clothbound $10.00

INTERNAL CONSTITUTION OF THE EARTH, edited by Beno Gutenberg. Prepared for National
Research Council, this is a complete, thumugh coverage of earth origins, continent forma-
tion, nature and behaviour of eart’s core, petrology of crust, cooling forces in_ core,
seismic and earthquake material, gravity, elastic cunstants, strain characteristics, similar
topics. “One is filled with admiration . . . a high standard . . . there is no reader who
will not fearn something from this book,” London

Largest Bibliography in print: 1127 classified |tems Table of constsnts. 43 diagrams.
439pp. 6% x 9Y. §414 Paperbound* $2.45

THE BIRTH AND DEVELOPMENT OF THE GEOLOGICAL SCIENCES, F. D. Adams, Most thorough
history of earth sciences ever written. Geological thought from earliest times to end of
19th century, covering over 300 early thinkers and Systems; fossils and their explanation,
vulcanists vs. neptunists, figured stones and paleontology, generation of stones, dozens of
similar topics. 91 illustrations, |nclud|ng Medieval, Renaissance woodcuts, etc. 632 faotnotes,
mostly bibliographical. 511pp. 5% x 5 Paperbound $2.00

HYDROLOGY, edited by 0. E. Meinzer, prepared for the National Research Council. Detailed,
complete reference library on precipitation, evaporation, snow, snow surveying, glamers,
lakes, infiltration, soil moisture, ground water, runoff, drought, physical changes produced
by water hydrology of limestone terranes etc. Pracncal in application, especially valuable
for engineers. 24 experts have created ‘the most up-to-date, most complete treatment of
the subject,” Am. Assoc. of Petroleum Geologists. 165 illustrations. xi + 712pp. 6Y8 x SVa.

$191 Paperbound $2.95

LANGUAGE AND TRAVEL AIDS FOR SCIENTISTS

SAY IT language phrase books

“SAY IT' in the foreign language of your choice! We have sold over %2 million copies of
these popular, useful language books. They will not make you an. expert linguist overnight,
but they do cover most practical matters of everyaay hle abroad.

Over 1000 useful phrases, expressions, additional variants, substitutions.

tMndeﬂrn' u‘seful' Hundreds of phrases not available in other texts: *Nylon,” *“air-condi-
ioned,” etc.

The ONLY inexpensive phrase book completely indexed. Everything is available at a flip
of your finger, ready to use.

Prepared by native linguists, travel experts.
Based on years of travel experience abroad.
May be used by itself, or to supplement any other text or course. Provides a living ele-

ment. Used by many colleges, institutions: Hunter College; Barnard College; Army Ordinance
School, Aberdeen; etc.

Available, 1 book per language:

Danish (Tals) 75¢ talian (T806) 60¢
Outch (T817) 75¢ lapanese (T807) 75
English (for German-speaking people) (T801) 60¢ ‘lnrwegian (T814) 5¢
English (for Italian-speaking peaple) (T816) 60¢ ( 10) 7!

English (for Spamsh-speakmg people) (T802) 60¢
Esperanto (1820) 75¢

French (T803) 60¢

German (T804) 60¢

Modern Greek (T813) 75¢

Hebrew (T805) 60¢ Portuguese (T809) 75¢
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MONEY CONVERTER AND TIPPING GUIDE FOR EUROPEAN TRAVEL, C. Vomacka. Purse-size hand-
book crammed with information on currency regulations, tipping for every European country,
including Israel, Turkey, Czechoslovakia, Rumania, Egypt, Russia, Poland. Telephone, postal
rates; duty-free imports, passports, visas, health certificates; foreign clothing sizes; weather
tables. What, when to tip. 5th year of puhllcahon 128pp. 31/2 X 5Ya. 1260 Paperhbound 60¢

NEW RUSSIAN-ENGLISH AND ENGLISH-RUSSIAN DICTIONARY, M. A. 0'Brien. Unusually com-
prehensive guide to reading, speaking, writing Russian, for both advanced, beginning Stu-
dents. Over 70,000 entries in new orthography, full information on accemuatmn grammatical
classifications. Shades of meaning, idiomatic uses, colloquialisms, tables of uregular verbs
for both languages. Individual entries indicate stems, transitiveness, perfective, imper-
fective aspects, conjugation, sound changes, accenl etc. Includes pronunciation instruction.
Used at Harvard, Yale, Cornell, etc. 738pp. 53 x 8. T208 Paperbound § 2.00

PHRASE AND SENTENCE DICTIONARY OF SPOKEN RUSSIAN, English-Russian, Russnan -English.
Based on phrases, complete sentences, not isolated WOrds—ri recognized as one of best
methods of learning idiomatic speech. Over 11 500 entries, mdexed by smgle words, over
32,000 English, Russian phrases, eable “form. Shows accent
changes in conjugation, declension; irregular (nrms listed bnth alphabehcally under main
form of word. 15,000 word introduction covers Russian sounds, writing, grammar, syntax.
15 page 3 penmx of geographical names, money, important 5|gns. given names, foods,
speclal Sovlet terms, etc. Originally puhllshed as U.S. Gov't Manual TI 30-944 iv + 573 3pp.
5% x T496 Paperbound $2.75

PHRASE AND SENTENCE DICTIONARY OF SPOKEN SPANISH, Spanish-English, English-Spanish.
Cum iled from spoken Spanish, based on phrases, complete sentences rather than isolated
—not an ordinary dictionary. Over 16,000 entries indexed under single words, both
Casnllan, Latin-American. Language in |mmed|ately useable form. 25 page introduction
provides rapid survey of sounds, grammar, syntax, full consideration of irregular verbs.
Especially apt in modern treatment of phrases, structure. 17 page glossary gives translations
of geographical names, money values, numbers, national holidays, important street signs,
useful expressions of b gh frequency, plus unl'que page glossary of Spanish, Spanish-
American foods. Dngma\ly published as U.S. Gov't Manual T™ 30-900. iv + 513pp. 5% X 8%.
T495 Paperbound $1.75

SAY IT CORRECTLY language record sets

The best inexpensive pronunciation aids on the market. Spoken by native linguists asso-
ciated with major American universities, each record contains:

14 minutes of speech—12 minutes of normal, relatively slow speech, 2 minutes of
normal conversational speed.

120 basic phrases, sentences, covering nearly every aspect of everyday life, travel—
introducing ynurself travel in autes buses, taxis,” etc., walking, sightseeing, hotels,
restaurants, ‘money, shopping, e

32 page booklet containing everytmng on record plus English translations easy-to-follow
phonetic guide.

Clear, high-fidelity recordings.

Unlque bracketing systems, selection of basic sentences enabling you to expand use of
SAY IT CORRECTLY records with a dictionary, to fit thousands of “additional situations.

Use this record to supplement any course or text. All sounds in each language illustrated
perfectly—imitate speaker in pause which follows each foreign phrase in slow section,
and gefamazed at increased ease, accuracy of pronounciation. Available, one language per
record for

French Spanish German

Italian Dutch Modern Greek

Japanese Russian Portuguese

Polish Swedish Hebrew

English (for German-speaking people) English (for Spanish-speaking people)

77 (33 1/3 rpm) record, album, bookiet. $1.00 each,

SPEAK MY LANGUAGE- SPANISH FOR YOUNG BEGINNERS, M. Ahiman, Z. Gilbert. Records pro-
vide one of est, most entertaining methods of |ntraducmg a _foreign language to
children. Wutmn (ramework of train trip from Portugal to Spain, an English-speaking child
is introduced to Spanish by native companion. (Adapted imm successful radio program of
Y. State Educational Department.) A dozen different categories of expressmns, including
greeting, numbers, time, weather, food, clothes, family members, etc. Drill is combined
with poetry and contextual use. 'Authentic background ~music. Accumpanymg book enables
a reader to follow records, includes vocabulary of over 350 recorded expressnons Two
107 33 1/3 records, total of 40 minutes. Book. 40 illustrations. 69pp. 54 x_ 10%;

T890 The set $4.95
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LISTEN & LEARN language record sets

LISTEN & LEARN is the only extensive language record course designed especially to _meet
your travel and everyday needs. Separate sets for each language, each containing three 33 1/3
rpm  long-playing records—1 1/2 hours of recorded speech by eminent native speakers
who are professors at Columbia, New Yark U., Queens College.

Check the following features found only in LISTEN & LEARN:

Dua! language recording. 812 selected phrases, sentences, over 3200 words, spoken first
in English, then foreign equivalent. Pause after each foreign phrase allows time to
repeat expression,

128-page manual (196 page for Russian)—everything on records, plus simple transcrip-

tion. Indexed for convenience. Only set on the market completely indexed.

Practical. No time wasted on material you can find in any grammar. No dead words.
Covers central core material with phrase approach. Ideal far person with limited time.
Living, modern expressions, not inung in other courses. Hygienic products, modern

shopping, ‘“‘ai etc. Everything is immediately useable.

High-fidelity recording, equal in clarity ta any costing up to $6 per record.

“Excellent . . . impress me as being among the very best on the market,” Prof. Mario
Pei, Dept. of Romance Languages, Columbia U. *‘Inexpensive and well done . . . ideal
present,” Chicago Sunday Tribune. “More genuinely helpful than anything of its kind,"”
Sidney Ciark, well-known "author of "All the Best travel books.

UNCONDITIONAL GUARANTEE. Try LISTEN & LEARN, then return it within 10 days for full
refund, if you are not satisfied.” It is guaranteed after you actually use it.

6 modern languages—FRENCH, SPANISH, GERMAN, ITALIAN, RUSSIAN, or JAPANESE *—one
language to each set of 3 records (33 1/3 rpm). 128 page manual. Album.

Spanish the set $4.95 German the set $4.95 Japanese* the set $5.95
French the set $4.95 Italian the set $4.95 Russian the set $5.95

* Available Oct. 1959.

TRUBNER COLLOQUIAL SERIES

These unusual books are members of the famous Triibner series of colloguial manuals. They
have been written to provide aduits with a sound colloguial knowledge of a foreign lan-
guage, and are suited for either class use or self-study. Each book is a complete course in
itself, with progressive, easy to follow lessons. Phonetics, grammar, and syntax are covered,
while hundreds of phrases and idioms, reading texts, exercises, and vocabulary are included.
These books are unusual in being neither skimpy nor overdetailed in grammatical matters,
and in presenting up-to-date, colloquial, and practical phrase material. Bilingual presentation
is stressed, to make thorough self-study easier for the reader.

COLLOQUIAL HINDUSTANI, A. H. Harley, formerly Nizam’'s Reader in Urdu, U. of London. 30
pages on phonetics and scripts (devanagari & "Arabic-Persian) are followed by 29 lessons,
including material on English and Arabic-Persian influences. Key to all exercises. Vocabufary.
5 x 7Va. 147pp. Clothbound $1.75

COLLOQUIAL ARABIC, DeLacy O0’Leary. Foremost Islamic scholar covers language of Egypt,

Syria, Palestine, & Northern Arabia. Extremely clear coverage of complex Arabic verbs & noun

plurals; also cultural aspects of language. Vacabulary. xviii + 192pp. 5 x 7%.
Clothbound $1.75

COLLOQUIAL GERMAN, P. F. Doring. Intensive thorough coverage of grammar in easily-followed
form. Exceilent for_brush-up, with hundreds of colloquial phrases. 34 pages of bilingual
texts. 224pp. 5 x 7Y. Clothbound $1.75

COLLOQUIAL SPANISH, W. R. Patterson. Castilian grammar and colloquial language, loaded
with bilingual phrases and colloguialisms. Excellent for review or self-study. 164pp. 5 x 7V/a.
Clothbound $1.75

COLLOQUJAL FRENCH, W. R. Patterson. 16th revised edition of this extremely popular manual.
Grammar explained with madel clarity, and hundreds of useful expressions and phrases;
exercises, reading texts, etc. Appendixes of new and useful words and phrases. 223pp.

1a. Clothbound $1.75
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COLLOQUIAL PERSIAN, L. P. Elwell-Sutton. Best introduction to modern Persian, with 90 page
grammatical section followed by conversations, 35 page vocabulary. 139pp.  Clothbound $1.75

COLLOQUIAL CZECH, ). Schwarz, former headmaster of Lingua Institute, Prague. Full easily
followed coverage of grammar, hundreds of immediately useable phrases, texis. Perhaps the
best Czech grammar in print. “An absolutely successful textbook,” JOURNAL OF CZECHO-
SLOVAK FORCES IN GREAT BRITAIN. 252pp. 5 x 7%2. Clothbound $2.50

COLLOQUIAL RUMANIAN, G. Nandris, Professor of University of London. Extremely thorough
coverage of phonetics, grammar, syntax; also included 70 page reader, and 70 page vocabulary.
5 x 7Y

Probably the best grammar for this increasingly important language. 340pp 5
Clothbound $2.50
COLLOQUIAL ITALIAN, A. L. Hayward. Excellent self-study course in grammar, vocabulary,

idioms, and reading. Easy progressive lessons will give a good working knowiedge of lItalian
in the shortest possible time. 5 x 7¥%2. Clothbound $1.75

MISCELLANEOQOUS

TREASURY OF THE WORLD'S COINS, Fred Reinfeld. Finest general introduction to numis-
matics; non-technical, thorough, always fascinating. Coins of Greece, Rome, modern coun-
tries of every continent, primitive societies, such oddities as 200-lb stone money of Yap,
nail coinage of New England; all mirror man's economy, custems, religion, politics, philo:
ophy, art. Entertaining, absorbing study; novel view of history. Over 750 illustrations.
Table of value of coins illustrated. List of U.S. coin clubs. 224pp. 6Y2 x 9.

T433 Paperbound $1.75

JLLUSIONS AND DELUSIONS OF THE SUPERNATURAL AND THE OCCULT, D. H. Rawcliffe. Ra-
tionally examines hundreds of persistent delusions including witchcraft, trances, mental
healing, peyotl, poltergeists, stigmata, lycanthropy, live buriai, auras, Indian rope trick,
spiritualism, dowsing, telepathy, ghosts, 'ESP, etc. Explains, exposes mental, physical de-
ceptions involved, making this not only an exposé of supernatural phenomena, but a valuable
exposition of characteristic types of abnormal psychology. Originally ‘‘The Psychology of
the Occult.”” Introduction by Julian Huxley. 14 illustrations. 551pp.

53 x 8.
T503 Paperbound $2.00

HOAXES, C. D. MacDougall. Shows how art, science, history, journalism can be perverted
for private purposes. Hours of delightful entertainment, a work of scholarly value, often
shocking. Examines nonsense news, Cardiff giant, Shakespeare forgeries, Loch Ness monster,
biblical frauds, political schemes, literary hoaxers like Chatterton, Ossian, disumbrationist
school of painting, lady in black at Valentino’s tomb, over 250 others. Will probably reveal
truth about few things you've believed, will help you spot more easily the editorial
tigander’ or planted publicity release. ‘A stupendous collection . . . and shrewd analysis,”
New Yorker. New revised edition. 54 photographs. 320pp. 5% x 8. T465 Paperbound $1.75

YOGA: A SCIENTIFIC EVALUATION, Kovoor T. Behanan. Book that for first time gave Western
readers a sane, scientific explanation, analysis yoga. Author draws on laboratory
experiments, personal records of year as disciple of yoga, to investigate yoga psychology,
physiology, ‘supernatural”’ phenomena, ability to plumb deepest human powers. In this
study under auspices of Yale University Institute of Human Relations, strictest principles
of physiological, psychological inquiry are followed. Foreword by W. A. Miles, Yale University.
17 photographs. xx -+ 270pp. 5% x 8. 1505 Paperbound $1.65

°
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Write for free catalogs!
Indicate your field of inferest. Dover publishes books on physics, carth
sciences, mathematics, engincering, chemistry, astronomy, anthropol-
ogy, biology, psychology, philosophy, religion, history, literature, math-
ematical recreations, languages, crafts, art, graphic arts, ete.

Write to Dept. catr
Dover Publications, Inc.
Science B 180 Varick St., N. Y. 14, N. Y.
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Vector and Tensor Analysis, G. E. Hay $1.75
Theary of Fun:ttom of a Real Variable and Theory of Fourier’s Series,
. W. Hobson Two volume set $6.00

Introduction to Differential Equations in Physics, L. Hopf $1.25
The Continuum and Other Types of Serial Order, E. V. Huntington $1.00

Ordinary Differential Equation- ~ $2.55
Table of Fun-+" cat GeiB %.00
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By Horace Lamb

This book is a comprehensive mathematical treatment of the physical aspects of sound,
covering the theory of vibrations, the general theory of sound, and the equations of
motion of strings, bars, membranes, pipes, and resonators. The author also includes
chapters on plane waves, spherical waves, and simple harmonic waves, thus giving a
connected view of all the more important branches in the dynamics of sound. A con-
cluding chapter covering the analysis of sound sensations, the influence of overtones
on quality, and the Helmholtz Theory of Audition extends the domain of the book to
inciude physiological acoustics.

The student and specialist will find in this book a complete and self-contained develop-
ment of the theory of sound. All the fund tal differential ti ate constructed
from the physical conditions and solved completely. The author provides the specific
mathematical details for such important phenomena as harmonics, normal modes, forced
vibrations of strings, plane and longitudinal waves in a bar, vibrations of a column of
air, the theory of reed pipes, and many similar topics. Relevant mathematical ideas
which may not be familiar to the reader, such as Fourier series and concepts of vector
analysis, are explained in the text.

FARTIAL CONTENTS: THEORY OF VIBRATIONS: The Pendulum, Forced {scillations, Selec-
- tive Resonance, Effect of Damping, The Double Pendulum, General Liuations of a Mul-
tiple System. STRINGS: Energy, Free Periods, Forced Vibrations, Aeolian Tone. FOURIER'S
THEOREM: Sine and Cosine Series, Complete Form, Application to Violin String. BARS:
Theory of Elasticity, Effect of Permanent Tensions, Theory of Deformation. MEMBRANES
AND PLATES: Energy, Normal Modes, Uniform Fiexure. PLANE WAVES OF SOUND: Velocity,
Viscosity, Effect of Heat Conduction. GENFRAL THEORY OF SOUND WAVES: Flux, Diver-
gence, Velocity-Potential, Spherical Waves, Reflection, Acoustic Properties. SIMPLE
HARMONIC WAVES. DIFFRACTION: Point Sources, Vibrating Sphere, Scattering, Trans-
mission. PIPES AND RESONATORS: Normal Modes, Free Vibrations, Dissipation, Multiple
Resonance. PHYSIOLOGICAL ACOUSTICS: Musical Notes, Combination Tones, Perception
of Direction of Sound.

Unabridged republication of 2nd, revised, corrected edition. Index. Bibliography in notes.
86 diagrams. viii + 307pp. 5% x 8. $655 Paperbound $1.50

THIS DOVER EDITION IS DESIGNED FOR YEARS OF USE

- THE PAPER is chemically the same quality as you would find in books priced $5.00 or more.
1t does not discolor or become brittle with age. Not artificially bulked, either; this edition
is an unabridged full-length book, but is still easy to handle.

THE BINDING: The pages in this book are SEWN in signatures, in the method traditionally
used for the best books. These books open flat for easy reading and reference. Pages do -

not drop out, the binding does not crack and split (as is thé case with many paperbooks
heald tnoether with olue)



