
|

Pooks of Grou THeoay
i

1 Pha Lucht
|

|
|
|

|
|
i



| 1

Phil's Short Bibliography of Group {fheory
t

: = 1, Wybourne (1974): Classical Groupe for Physicists.
This 400 page, well-printed, well-written book is a very thorough| treatment of Lie Groups. There/is much discussion of weights, Dyakin
diagrams, Cartan matrices. Thefe is a special section on the 3-paraneter
groups which show up a lot in physios. The text concludes with three

case studies: the isotropic HO) the hydrogen ston, and shell strusture,What is not found in this book are: (1) details of the Poincare

and restrioted Lorentz groups. |(2) details of SU(3),
2, Lyubarskii (1960): Applications bs Group Theory in Physics.

i

This 380 page Russian translation starts out with the finite groups
ad all the basic group theorems. However, it does have 50 pages
specifically on the representations of the Lorentz group and the
spinor and tensor algebras. Also, disoussion of invariant wave
equations. The book is exceedingly dense in priat, but good enough
that Weinberg references it alone for this Lorentz subject.

\| 3. Ruhl (1970): the Lorentz Group and Harmonic Analysis.

300 pages and much more specialised than the above texts, this book

has long sections on the repremnetations of SL§2,C). Somehow, the2 accent of this book seems to bq functions of group spaces, Plancherel
measures, and stuff like one would find in a Toller paper. Sort of
the generalized Fourier/Laplacd business. In faet, the eap of the boek
is a chapter on Regge and Toller poles.

There is nothing in this book about Lie Algebras or SU(3), although
dotted and undotted spiners do ‘get mentioned. Not a particularly good

place to start. Fr
{

4. Naimark (1964): Linear Representations of the Lorentz Group.

A tpanslation from the Russian bf Waimark's 1958 text. 450 pages,
good printing. Lote of stuff on' spinor representations and
integral business. Concludes with discussion of Invariat Equations.
This book has too many proofs for my liking. Too specialized.

t

5. Gelfand Minlos Shapiro (1963): Rebs of the Rot and Lor groups with Abpbioa.

Another 1958 Russian text transjation. Lots and lots of talk about
spinors in both the Rot and Lor| groups, and invariant equations.

This book was recommended by MN: niko. The authors refer to Naimark's
book as being more detailed. I agree. Looks good.
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6. Lioktenberg (1970): Unitary Sym dnd Elementary Particles.
fi

r 2 230 pages, well organized and printed. Opens with eomments om LieGroups and algebras, A lot ea'the Young Tableaux methods for
deseribing multiplets. Dees the SU(3) Clebsch's, discusses 6-fold
way, then ghapter on SUg. Closgs with discussion of quark models.

I like. Wa |7. Hammermesh (1962): Group Theory.|
A nice ehapter on Lie groups, Yut beyond that it is all basice. There
is a small piece about Lorents way at the end. Do not bother with
this book, though it is an excellent group theory text in general.

8, Lipkin (1966): Lie Groups for pedestrian. 7
Not very organized, but has higher groups mentioned like SU4 and SU6,
‘Tyere is a piece on the Young dtuff, and mention of ekarm, 160 pages.

Obviously no mentrion of the arent group.
Qaaratrara) * !
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18,19,20: I am just giving the references! for these books here.

18. L.O. Raifeartaigh : Lectures on Local im Groups and their Representations
Matscience Report 25, India. QA385 63! 1964 * Inst. of Math. Studies, Madras-20, I.

-- —~ = Well written notes: ‘Goes into some of the parameter ‘stuff that Bargmann uses~and

- += this was very helpful. He also does root diagrams etc with especial section on the  -

- construction of invariants._ List of other “Matecinces given on back cover...

We "Topological Groupe” L. Ponta jegin, (Moscow) Princeton U Press, 1939
A385 P6 1939. \

This dlder book is considered one of ithe standard references. Contents:
7 a) abstract groups

. ;

b) topological spaces’ .

-- ¢) topological groups |
d). representations of compact topological groups .

e) abelain cases i .f) concept of a lie group

e g) structure of compact topological ghoups
- ~h) localiy isomorphic groups ( and unjversal covering groups)

~ 4) structure of Lie Groups. 4 ~

~~ = 20. Lyebl;-Group Theory and Its Applications, III - - QA 171 162 v. 3 PHYS
This has- an article by. Windternits!on two variable expansions and reduction

of scattering amplitudes to the ultimately dymanic. "Lorentz amplitudes:". Seems
_ rather complicated. | -

|

: \
-- |

-

-- - -

i:

i



: bode : DS. Gee. onk Spa Sparen.
e Siqudiun Yelqasow _ Coryee be Laud Ag. Wel Guacee

Ze Bae uns t ohahoe Cue)

3. SSia's ‘ (32) |

4: Symwalic sehen @)

s. decengontrnra\ ) is)
(coma SS.

2 Ne Mumcemgadd 35.

Chow SS. -

a. dears, ss.
to. Sedvs m. iL anil Obamdan Wet.



Mdis Oks Vash Chandan Sota? \\Wagson
@ © Bk "Syrwnbicr pain” oe. ‘He suepng dG. fk 6: G96,

‘Vr sevis abuts dH wilson pr unde oj eal Mea We,
Ona A Wasera ha wibby (Helo, Daun (Gy1) ce amnnntden
gr Bo SHS Hee \ Adg.Cd) © cangnct, Jha
* Riemann syn pore: Cay)

SUP VGH) = aah difrediad eprnerd wid aa wruamrt
wads Dar active AG) wdradt om O/H. So De ak we
Coan\ 2 wed rong. ;
Warne

23 (930d) XE g(LA), De DG) Nae
Leo @ ptp wx VERSame saearelue i S maga ath boy ef

Crollonn 208 (p85) Gay D © DCEG/H) com Var apepeeeedoe
De Doam.. FB

AY deme

Quam 2A 1939 Wa sdawende  DOGIH) vem!
Yer Ul (an). Ont, Nt Leeca) helena Oca. vavernonch

®U: spare Lanch~ Ke eagat

G = bake om EK,exquO/k na ee daca on obvieny
- dunckia on &,



ae A ‘
.

te 4 eae yet “Aesunne 8 tre = Bide4,e
Qaawe gg week

Game DR= dQ VD Ww DBGk).
Brow A en agQuneed Lchin.

OE om Semsa 4: rca 2) a O26)Cage!)= Als)

yore 3% (pa) Beck S646. gu a sghucack 4
San FGxyy= Sasyy Wry é G,

. Senate mb.

© asin: cghanicad Sehas (Bum 63) oss pacdily Wa fehvao\
VO CCS ~ XCaR) .
Wwe Ke odorster A Sade atin ae T te

KER = Hwee).

Yun 6-16 [Horta Wendel) bh ee Zs (sugte reds
Jk 9: MMe © vie Wp Gee nome eoamchin do

ran or geval Que agamwiacl Setar Wye
&e—= Pe eng 1 -8) Wed]



: Carruthers: "Introduction to Unitary Symmetry”
: e ] ‘reft QC721 629 1966 Interscience Tracts. —§ _ LL

_ Constents: - oo oS

1. su(2).

To Dy SUG). Cartan Weyl standard fora. Vand F starr. Weyl group or ~ ———
_ _ _ |. of reflections. Regular rep =generator rep.

| _ 3s TheIRs. Discusses direct products, Casimirs, and relevance to particles.

4. Properties of the IRs. Clebsch*s. Tensor analysis.

5. SU(3) invariant vertices and amplitues. Ratios.

6. Breaking. Both kinds of mass formulas. Magnetic moments.

7. Crossing symmetry. Isospin crossing matrices. SU(3) crossing matrices!

Appendix has isoscalar factors.-—— ——Added-nete-on-currentay — —- -— - — - 7 -

This book 4s number 27 in a series of monographs in physics. Sone of the
- ~ |——~ctherones_ere-of-some.interest.One_on_opticalmodels. — — ——

-- e -b -e L + one —
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book: Unitary Symmetry and Elenentary Particles

D.B. Lichtenberg AP (1970) QC721 L486 250 pagesdb Contents:eee — ~~ ~-—.(nupber of_pages_in_chapter)_—____1. Introduction tO" pee
~— ~~. . 2. Propertiesof Groups 123. Symmetry, Reps, Multiplets OS

i. The Symmetric Group and Identical Particles 12V

— 5. Lie ‘groups-and-wlgebras-——8B
6. Multiplets 23 :

-- —— JvYoung—Tableaux-and_Unitary-Symmetry———— —2/,-seer____________ __
8. Clebsh's B6V ey

— —~-— -~9+ The Eightfold way 2 - 32 -
10. The sU(6) 11
11. The Quark Model 32

12, Variants of quark imédel ~~ ~- ~~ — ‘10

1Introduction. Anpverview with some interesting facts.

4) saccbt, Schitz, Herglotz in 1842,1697,1911 did invariances of-class. lagr:b) Wigner showed that sym trans are either unitary or anti. Only the unitery
_ — ..——.ones. have conservationJawa; thus, no Taw for T, or TCP.2. Groups. All old hat. Some facts that are in Tinkham; mention of Sy groups.

3. Grab Bag. Vector space of QM, anilinears, antiunitaries; group representations. 01
iyehe Symmetric Group. Short deal on YoungTables.Ste copy, see notes. ~~5. Te algebras. All this stuff is done in Wybourne. Cartan Weyl standard form. Licht

- “does better by ‘distinguishing root vectors fromroote; otherwise sane old-things\9D. _ %,taltizlete. The generators, D and Fs d and f, etc. Weight theory. L calls the_ est weight. "dominant weight." Highest_weight_p_qsum theorem. SU(3) mitipletsand tensor operators. Uses m for weight. Again, all imown stuff, do not read this.

__. 7s Young Tableaux and SU(n). Very nice stuff. See copy andnotes.Class_and triality!
&. Clebsch’s. Nice, uses Youngs. Lots of tables, Wigner Eckart. See copy and notes.
9. 8Fold Way. The basic multiplets of particles. U-spin section, the ug Q axes.

—— 2 aa et claix miss perfect U singlet, just to the-extent: that U is good——
for strongs. Does all the standard U-spin predictions: mass splkts, Coleman

~ Glashow 1961 law, reaction-rate ratios, photopreduction-ratios,-photon decays.Photon is supposed to be @ U singlet, hence ratios easy to get. Then GellMann

~—— -Okubos. The invariant_Dand F couplings written out in full, no_formaliam chosen.eWill copy page 178-9.
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book: Unitars Symatries. 1| Gourdin. Wiley, 1967 QC 721 G65 300 pages

“= Contents:1. The SU(3) group. 25
_2.Physical Interpretations 7
3. Particle Classification 12 ~ —
4. Strong Interactions 35

———r Eiectromguetios———- — - 26. Weaks 26

7+Nonleptonio—weake————_-—~—-- wg
8. The site) group. 994.The 80(6)_ model . ----——-- ——10. Ide Algebra of Currents 20
11. Physical Conseq's of SU(6) 9

~ ~—""""~Ie Tie groups and algebras To Se 7
13. Ide transformation groups 30
the Topologicats—- - - - 3a -
15. Lie algebras of the semisimples 19

—16. Representations ~— a -
17. Tensor algebra of the linear group 12

appendix: isometries000
TEThave more time to ‘spend, this’would-bew-good place-to sport its — aaa
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/ Summary of Major Theorems in Tinckham i} June 15, 1979
i® 1, Rearrangement Theorem: group rearranged by left or right miltiply by fixed element.

Jeads to Haar invariant measure for contihuous group.

2. A Subgroup and its cosets (either left orlright) partition a group whose order is h.
Thus, since order of cosets = order of subgroup’= g, you must have h/g = integer .

3. If Ais fixed, and X runs over group, the XAX> generates all elements of the class
containing A. Elements of same class are dalled conjugates. Identity in its own
private class. CBAsses always partition the group. ~ -

4. Great Orthogonality Theorem: the matrices jfor the irreducible reps are orthogonal.
A5. Dimensionality Theorem: sum of 1,” = h, the order, where 1, = dimensionality of

representation i.
i

6. Character is trace of mattix. Characters df two different reps are obthogonal. If
two group elements are in the same class, jthey have the same character. Thus, the
rows of a character table are orthogonal when weighted with class multiplicity.

7. Second-Orthogonality Theorem: the aittordhe columns of character table are orthogonal.
8. Reduction: to figure out how a rep reduced, realize that the character of the reducible
rep mst be sum of characters in the direct a This is how you do it.
9. Celebrated Theorem: The regular rep, 1g, =h , contains each UIR4 1, tines.

@ 0. mumer of u's is equal to the number ot} classes.
{11. Abeliam groups: obviously each element ip in its own class, so h = number of

| UIR's, so each UIR, has dimension 1, |
4
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Facts to Retain from Wybourne.

Chapter 3. definitions of basic coritinuous matrix groups +
(like GL(n,C) eto.)
matrix theorems.

Chapter 4. the parameter space
generators as gradient at identity which is parameter origin.
the commutator of two group elements
structure constants and properties of

the infinitesimal operators

the general exponential form of finite group element.

Chapter 5. definition of a lie algebra

“-"~ basis’ transforsiations of the X's
homomorphisms, isomorphisms

automorphisms, inner and outer; the automorphic group
ideals, proper and improper (invariant subalgebras)
subalgebras
adjoint representations

complex extensions __
simple and semisimple algebras
the metric tensor or Killing form
the kth derived algebra of an algebra
a solveable lie algebra

direct sums and semidirect suns=m the Casimir operator of a semisinple algebra
the corresponding group statements. .

theorem: a semisimple lie algebra can always be written as a
. direct sum of ideals, eath ideal forming a sitiple glgebra.

example: Weinberg's decomposition of the Lorentz group into two
$U(2) algebras.

theorem: a lie algebra is semisimple iff the metric tensor is invertible.
One can always. check this directly from the structure constants.

theorem: any lie algebra can be written as the semidirect. sum of a
solveable lie algebra and a semisimple lie algebra.

example: Poincare group, Euclidean groups. Remember that in the def
of semidirect product, the first group (usually translations)

- —-— Will be an ideal of the complete group. -- Z

Chapter 6. the Cartan Weyl basis, the Carten subalgebra
roots, their properties and theorens

Chapter 7. Dynkin diagrams and the Cartan matrix -

enumeration of the basic lie algebras.

Chapter 8. tle Chevalley basis
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=e Chapter 9. represantations, redueibility of i
contragradient reps, adjoint reps, real and complexreps. — j

theorem: a solveable group hae no finite dimensional irreducible
reps except one dimensional reps.

example: translations, abelian groups. There are no matrices used

to describe translations, eg.

theorem: the irreducible unitary reps of a connected, simple,
compact group are all of finite dimension,

. example? the rotation group or SU(n).

theorem: the irredueible unitary representations of a noacompact
connected simple lie group are all of infinite dimension,
except for the trivial rep.

example: in SO(2,1) or SU(1'1), the matrices you can construct are
all non-unitary. (eg, the boost matrices) _

Chapter 10 weights and how to label irred reps.

Chapter 11 Kronecker products

Chapter 12 more on labelling reps with weights -

Chapter 13 the exceptional groups

_—*» Chapter 14 dimensions of the ‘irred reps
Chapter 15 the Casimirs

representations of SO(3) and SO(2,1) compared

- theorem: a semisimple lie group of rank L has-L invariant
Casimirs, 411 may be constructed from one formula.

— -Noreover, the values of the Casimirs labe} completely

any rep. lirred rep)
Chapter 16 global properties of lie groups

Chapter 17 the 3-parameter groups and realizations

Chapter 18 applications of su(1,1)

Chapter -19 generalized lie algebra Wigner Eckhart theorem

_ finglly, the case studies. - oe.
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| Tayig, 1977Ylenkin Chapter 7 |

@ very wrrortunately T overlooked this chaptel. It contains mich information T thought
was being originally presented in IBL-5527.| 50 pages long, -I. have no Xerox of it.

1. Hypergeometric Furiction, 2
1, Definition

2. Relations .

3. Integrals involving
4. Jadobie (first kind only) polynomials exressed in terms of. HGF. .

2 The GRoup SL(2,R). .
1, Remarks: accent here will be onl diagonal matrices

2, Parametrization. Theorem: you csh write g = d,pd, or similar, where d, arediagonal (unimédular) and p is either a y-boost or y-rotation form matrix. Close to

the Euler angles but not quite due to detajis I have left out.3, Lie algebra stated

3. Irreducible Representations. . | .1. Description: converts the QU(2) shift rep to SL(@,R).Converts to usual
multiplie# rep in one real variable x.

2. Another realization: Mellin's of f(x) and 1) are called F,() and F(s).Group action on f(x) is then convetted to action on Fy (x). This group Action isthen
written as an integral, there are always two terms because 2x2 sense. Kernelse of integrals are the famous K,,(ya3\%ig).{ You have:

ario

R@ERO = Z .XOKO) = Z S. ay Kae afiteig) Fels
The reps are labelled by ‘X= (Iu) so we are|doing Bargmann's C, series. The kernels
are writtén as integral representations hére. a

4. Infinitesimal operators. Ie, generators are written in ters of variable x

As Calculation of the Kernels.

1, Calculation of the K's for case bf y-boobt (called h) or y-rotation (called u).Also does for tribgulr matrices. For the ytrotation matrix he gets:

he (28 80~

she ahs

WathKee Quer %h) = 1 POTEA22) che ow ctQpimh) = AL POMTPerrs le Dera PBNBon th “BEP28)
| @s) aBy doing a c~a,c-b thing I could write thig in terms of my function 93)“(ewe).By the way, K,_ = 0. »

2. thé'case of triangular matrices: | K's recomputede 3. The general case. Multiply earildr results together.
44, Some hypergeometric integral trarjsforms. Nothing exciting here.
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. Recurrence Formulas. Derives the usual recurrence formilas as in Bateman by first

Satineng theoperation of differentialtion in terms of generatozs, then converting

the generatosrs to the Mellin space. The K's are used here. e
6. Integral reps, and composition formula.

1. Intro: from the group property, the kernels must compose with no constants
at all, just Mellin-Barnes contour with adjacent "helicity" indices touching.

Rest: by choosing simple K's inside (ie, simple g's) you can make lots of
integral representations for the outside K function. Also, various special cases of
the composition formula (addition theorem) are done. .

7. Triangular and Hankel: a different representaiton of same group. Sathe representations,
but new way to doit. Thé kennel now is some kind of Hanekel function. ‘Very short sec
nothing super.

Jena :

Comments: Nowhere in this chapter do we find any reference to Azimév's work. Nor

is anything said about "Legendre" . Nothing about "second kind Legendre". Why bother

4f you are interested in the HGF per se. No need to convert to Legendre. No one would

know that these kernels are slose to associated Legentre functions. Vilenkin simply

does not associatéd the word "Legendre" with the seocond kind functions:
Also, there is no comment about tie D,,* fepresentations.
Of course nothing on diagonalization.

This work was referenced by ‘one of the-Abarbanel and Saunder's papers. They converted
to e-functions.

I would criticize Vilenkin for omitting to mention Legendre, and also for

making the artifical separationg between QU(2) and SL(2,R). The real difference in

these two chapters is not the group but rather the basis. The chapter 6 is in the
discrete basis and so involved first kind loegendre functions; chapter 7 has chosen
the continuous basis and involves the second-kind legendre functions.
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As I see it, thie result must be true for all mel" and for (mtn') on either lattice.
After all, we obtained this result from Vilenkins general representation, _ @
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"~ “But this cannot be true because look at Vilenkins symmitry rule top of page 124. This

shows clearly that his P's are not the same jas Azimovs. Therefore, -he must have .

— faked us out by using different Jacobis. Hig P functions must be more like my.d a

6 functions. So this throws lots of tings lff.

Comment: I simply do not trust Vilenkin's eretions because he refuses to standardizethings using hypergeonetric functions. I hate thet, no way to tell where you are. So

I shdiild really only use him for kdeas, notr results.
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Comment _on a Common Error in Group / Theory:
|

>: 1 Usually, the standard group rep foryula reads: 7 - 7 -
a C3 ES 0
—_ : One, ate the erronefous impression thet go" will be the firet group elenent
. _.. te "touch" x: le . re .

— Bo 2TOOT) HO =T|eax.  -
. — : Toe Saige).

-- These. equationsare wrong, In facts Br is the first, group element to touch
— ~%2.The above equationsare simply almisunderstanding of thenotation.The __|

. bra-ket notation makes this very clepre __

, STAD = Cabal » ia. Bea rnanning, TDSC) =$Gx).
©. Ser SENT SO), i elTat(9)

SH dw = TOFD = GNDBD
= <x Td = Lak RP = <aigixl
a <x Laad'x RQ = <jgax\ >. - oe _we ALTGADA GTQ god. =Tego4 &). .

 Baseat: xl TEATEIN =f < gtx (TGs
i | RK makeGh dockx Jost

= hax\P> = Ce@gax|>

= Sxl Tq | :
. . | -
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e Gonment_on Normalizers_ ch Vilemewy,
1. So far I have been thinking in sexks of having complete freedom in

choosing™s"normalizer Aq for a repfesentation. However, I’now think
certain choices are more natural than others. For example, look at
page 307 of Vilenkin where he deal§ with SU(1,1) matrix elements.
There, equations (1) and (2) afe updengably true: these equations
give you the representations irred{cibles. Now, if you-choose basis
functions in this space which are normalized and otthogonal, ie,

swe”

- $m) =. fon € ee
-  s+e well, this choiceis orthonormdl with.respect_to.the simple scalarproduct given in (4) page 304. whan you do this, you get a very explicit

matrix element without any "normaljzer freedom". See (4).

2. How then can we understand the 404 of changing normalizers?
“TNS ime soneeene -

fuls\= Ane

A da.3 se vn= ow :\ Yor Caso = 1 .gou (Van nuded. Bub qo

e coudatin akoote / 1
en) | - “\A Selher = ZT Guest~*~

Toagesr * 2 QeioeOK, then all you have to do is retiefine the scalar product to normalize
your basis sates. In-fact, now look -at-Viienkin~page-118 to-see that this
is exactly what he does for SU(2) jpatrix elements. 1 .

3. Thus, here is what i have learned First, for SU(2), Vilenkin used the

standard normalizer that everybody uses. The only other thing you have to
“knowis that he chooses exp(+i0 U4) for bis centrel group elenent thus7
obtaining the rotation matrix functions which he calls PJpn(z).

Second, for SU(1,1) in thp’ continuous series Vilenkin chooses

the unit normalizer A, = 1. Then, hs shown on page 309, he chooses for
his central element exp(-itK,) «|The resulting matrix elements are then

; 1"called Bm (cht). thie _

4. Keep in mind that Andrews and 1 use Jz as their central generator.
..

'

|
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Aof Hermann Chapter 3. “A SURED of Hermann Shaper 35 arTnteqets, ond PQ”e@ 1. Introduction? the purpose of this chapter is to learn about the relationship
7 between the first and second kind functions} As His starting ‘point;H reminds us

of certain ‘simple Tormulus whith rélute the|P, and-Q; functions. He shall generalize
these Neuman formlae. ‘The trick for doing}so is outlined: you want your e-functions

to be matrix elements. of an operator -D(g) in some appropriate. space. _ For example:
Ter Gt ee oo --

ExCay = <oel BG) KP . “ me)
When label j takes special values (integers|.eg), the vectors shown are supposed to

space a certain space HJ. This is the _usuallspace connected with DJ, ie,

- + -" s - -.t

| Vay = Zo BROW  _ (2)
Now suppose it happens that these basis funttions are-not-really the usual things, and

that (j/k') is not Just a Kroenecker delta,|but rather, suppose this quantity. is
| divergent, or-otherwise poorly defined. Ie} we are not useing @ real scaler product

here, just a bidinear form. Clearly, then, ¥e do not have an orthonormal basis in

our space H' of dimension 2j+1. Thereforg, you cannot simply substitute equatione@ (2) into @1) and conclude that the E functidns are the same as the D functions. This

would be the conclusion if we did have an olthonromal basis, so we had better not have
that. . -

. Although you tannot put (2) into (1) as shown, you can do what, follows:

Ven enicg i Vent) AN A

ERCP Qs GIOGd f AVE)DQ .
. + . ~-

=" \,

= K DS) KDpw @)Pause before finishing. The first step follows because D(g) is supposed to be

a group representation -by operators in-our space. The second step involves some

kind of "adjoint" operator with respect to this crazy scalr-like product. Now
fi °from (2), taking the adjoint we get: wrongl Instead, the next step is this: you

can easily prove that the adjoint object is base a representation, the one that H
calls D' J(g). It is this representation-which is supposed to do (2) above. If-

it” does, then you cen insert (2) (with a prihie on"D) into (3) to get:
- ar ae ~

om EL Dag "Cay) Ge IB@VTEDe «
.

w

. \oe 4 odes _ >

: S 7a 3S
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So, what His showing us.is how that “group-like property" might coine about. we

repeat that there is something rather tricky about the scalar product like form. e
2. General Remarks’ about Cauchy Kernels for Complex Lie Groups.

Here we obtain a method of ‘sort of “extenting" a function oh G to a new

function on G, (minus G, however), where G, is the complexification of G. The
new function P(g.) is generated by integration of oroginal f(g) over G, weighted
by @ special so-called "Cauchy'kernel". .

By, requiring that-this kernel have the special form G(g. + g) =.C(gg,),
the new function F(g,) bears a special relation to f(g), namely: if f(g) maps

into F(g,); then £(g,g) maps into F(g.g,)- Somehow, left~translation "shines
through" this "transformation". Right translation does not, however. (Here, 8
‘mst of Goiirse be if G).” 7
-~ >Next; forreason-unknown, H-points ‘out-that-you can;“if-you Tike; “also insist

that the your Cauchy kernel-be "invariant undér Ad K'* whereX is ‘some subgroup of G.
‘The notation Ad K*means the set’ of inner automorphisms of G which are generated

by the elements of K. Ie, g maps into-kgk is an automorphism. “invariance under

Ad'K" is a fancy way of saying that C(g,) = 0(kgk™). e
If this condition is also met, then not’ only will your cuachy transformation

be left-translation "invariant" for all G, it will also be right-translation’~ *

invariant Tor XK. Of course 'this implies that for K, tle map és ‘rilght~ and left- .
translation invariant. The significance of all this is: in this case, if f(g)

is a spherical function, then so is F(ge). We have in mind, of course, that f(g)
is like -P;(z) and F(g¢)- 4s like Q;(z¢).

For the reconrd, the phrase "spherical function" means two things

1) the function is eigenfunction.of differential casimir | .

2) the function is left-and-right, translation invariant. Clearly, Py and Q; are
both spherical. oa

3. Hua's Constfuction of Cauchy Kernels. .

This is a-strange digression which is rather vague. Apparently, Hua has

a method_ which gives.you a formula for the Cauchy kernel for G = GL(n,R). H

claims, without explaining why, that this nice generel method simply does not e
apply to the Lorentz group cases. Hua was 1963, by the way.

‘ _ Oo
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. Wigner d-functions of the second kind. { ;-
Cee _ ~ -ry I will simply state the gist of this section which is very clear. Suppose“"

"you actually Have some D and E fictions witch aré related as shown in (4.6) and- Au.7) (the-E and-D functions-are so-related!)./ Then, you can invent operators

- By(g)-and D,(g) in obvious way. Tt follows all in reverse,—that -these operators .are related by.the Cuchy kernel tranaformpttion shawn in (4.3), and the actual
kernel Atself 4s given in (iy1). However, kt is given as @ aun over the. d and

e functions, , The point is not that there ? some fancy compact form for thisCauchy kernel. Thepoint,is thatthere exists such a kernel, and theD and Eoperators

are s@ Telateds | esau. wt [ fem Ls5s Group theoretic meaning-of the-integral tepresentations.

Here ab.last we. get.specific. Rirst!# quotes the standard integer] reps _
for the associated P and Q functions and notes that. they look similar, Then -

he sets up.a standard (tome, by now), realibation of the SL(2,R) lie algebra |
as 6ifferential operators in areal “variablé which he cells THETA, but which, is,

@ very meh Like the q variable of Muiunda, foie that you can talk about these °™

generators and heir eigerfunctions without! using any scalar product. Next, ,

he sets up what he hopes are going to bs “td e-functions by chédsing @ particuler
scalar products suggestedby the integral répresentations He. sayst..

Sag 2 S50 Se. aw est
Vee CRY = Sac_s™ exp ft h®)

. (x) -

CetSM by
Themost important thing tS edlide “at ‘the atart ib’ that these are not the states /m)

we ‘are uBbd''to. | These aie actually ‘states Which diagtrialize one of tHe hyperbolic

gene¥ators.’ But, he is taking this generator! to..be anti-hermitian (formally, and

also wrt to his scalar product). That is why he gets m, where I would get ip. He

never says his mis real, but I suspect it supposed to be real. Therefore:Lali SSS GROOM) | = nadia bE Sage!-s

After this, H comes up with a very scsi for expoentiating the differential
e gnérator. This was a problem I could never seem to solve. I knew that first order

- diff gens always corresponded t6 multiplier Toe, ‘but could never do it so explicitly!!!



- |
-- 80, having shown how to find the multiplier rep, _H proceeds to show that

the integral in question does in fact leadfous function Q,™ in its usual integral= ) rep. So huuray, he has explicitly written the Q functions as matrix elements of
certain operator in some space. Back in sebtion 4 we had done this formally, but

we never stated anything explicit for the oberators D and E, and nothing explicit
for the scalar product.” Here, things are méde explicit. .

Next, we change variables to w al or as H says, uo. He rewritesthe generators in the-new variable -and notés that these-are the ones -having to do-
with the linear fractional transformations i the u-plane . For SL(2,R), thesemap the real line into the real line, and the circle into the unit circle. Thus,

either of these sets of the u-plane is a gogd cancidate for a scalar product (because,

functions-on-the-real-line are mapped into functions-on-the-real-line, etc. We
have already used the real axis to get the rep. It turns out, as one might expect,

that the unit circle gives the integral melee the P functions, and H shows it.
This section is then closed out by # computing the explicit "adjoint"rep

and showing the D = DE addition theorem. | -
e 6, The technique.in general terms. _ -| _

I am not quite up to this, but will ley anyway. You have a group G and
a subgroup L, and somehow this gives a spacelG/L whose points are dencted simply

by p. This must be that transitive space M pe Vileniin mentions, the coset space.Recall thet all homogeneous spaces must be Hpmomorphic to G/L Yor sGifie subggroup Le
So, now make up some functions on this M-space, f(p). Then, make a

multiplier representation aS shown incoil (6.1).Then, take everything complex, so thht M goes to space M, = Go/L,- Then
in this space M,, take some other manifold, tall St N, a certain loci of points Pe
Use this manifold to define a scalar produst| ae shown in p 113.

I an not sure I am getting the point! It soens that you generate "second
kind" functions by somehow changing the domain of your scalar product. The reason
I am unclear is that I do not see exactly hoy you make G/L = the unit circle. I

will go look at H's other book to see this.| I bet fiber bundles will get in there.

: |
--- - - - i

|
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[see Chapter 3 \ Group Representations.
3:1-Linear vector spaces.e 3:2. Linear dependence.

3:3. Notion of basis vectors in a space.

3:4.Linear operators, equivalence of two matrices (similarity).
3x5. Representation of a group by matrices. Multiplication formula.

3-6. Character. i
Notion of two representations being eghivalent by similarly. Character is easily

seen to be invariant under similarity, so a ther quantity. Called CHI. Notation is:
X%(R) = the character in some "| for group element RKy )Kyee++Ky = the classes.

Elements of same class have same character.

327,-Notion of direct sum representation . Blokk form.

3:8. Idea of a function being invariant under} some group (belongs to identity rep). QM.
2:9. Scalar products, unitary matrices.

3210. Adjoint and Unitary operators. |3x11. Theorem: for finite groups, you can alkays arrange all representations to be

unitary. Ie, every representation is coupe to a unitary rep.e 3-12. Definition of a Hilbert Space.

3213. Reduciblitty.

Fully reducible means block form. This fis a direct sum. You keep looking for

invariant subspaces until there are no more, then you have fully reduced to irredubibles.|
a; = multiplicity of some rep L a reduction.| 3o1k. Shitr Lemmas.

;

1. Two UIR's of different dimensions canhot be intertwined by any matrix.| 2. The only matrix which intertwines a UIR with itself is the identity.
3:15. Orthogonality Relations.

Here based on the Shur lenmas is an excellent derivation of the Great Orthogonality 4
Theorem: SnVIR' |

sum B%R),, "4 io ON) ay Sq (9-103) |
From this, characger orthogonality is derived) .

uses: | fm HR) xR)" = d yy | > can also write as class sun. et
Theorem: number of UIR's equals number/of classes L x 4r ) Theorem: sum of squared of dim's of ULR's = at the order Zex” aeaeoem 4 po AY

aan ae
| Ome, x wo. T= de| CCR)= (R)) suaee vaileyen — J



4| -2- | (chapter 3, hamermesh)
13-16. If a rep is a sum of reps, the characters add in the obvious way. Thus:

® ©

We Bad@ ay = : cna)ro) a
) = K®=ZwK@O a Ke MavKi

Yaw deorocker arog ds Jam:
TCC Pe i

A ama bgKOK 1 pleat au,
ar |

This tells you how many times a UIR occurs inj the reduction of an arbitrary rep!!!

While were here, lets write the other main form outs
nn —| (F), Ox:

= SU .ZV@RW'= Sydybe. |
t 1

+ |wa
!e | sagt g = & Be

pro .
Next comes a potenti little theorem. Take sohe arbitrary rep, get its character Xe
Then compute the LHS of this equation:

a (o ha 1. \SZ gins Ze G]igavse)
Thusy you have computed the sum of the squareS of the multiplicities of reps, present
in your original rep. If that sum comes out 1} your rep was an UIR! If the sum was

2, you know your thing reduces into a sum of {wo different UIR's, each occurs once, and
so on. This is a criterion for irreducibilit; The idea is extended, I skip for now.

3217. Group Albegra used to prove main cimoree,
Here group albegra is defined, fine. carpeted Theorem is proved: regular repcontains each UIR ny times. This is then used|to confirm that g = sum of sux n? of

the UIR's, an equality. Next, the group algebra is used to show that:

Ss 6) o)*
J. OK = (BYTE This is “second orthogonality” tee@ var , = Gq) %S ‘the columns are orthogonl. This also© sum ay convirms that the number of UIR's
aad equals the number of classes.“rae |

Bat. Progctna ALOK
2a push Vad v®



Hamermesh, Chapter 5.

e
Comment: I just want to track down a few new fideas I see sitting in this chapter.

Sol. Gives the concept of a direct product representation. This is very similar to ay

lectures on this subject. In particular:

vier) @) = ofr) ofp) = the direct product matrix
You pair the first index in each pair, and the second indices.

Theorem: the character of the direct product kep is simply the product of the

two factor characters, Could not be simpler. To see this, just set jl - ik in the

above formula and then sum. |

5-2. The notion of even and odd reps. Wa wed ak.
Theorem: if you take D'xD", ie the direct poduet of two representations which are
the same, you can do a preliminary reduction lof the result thho two pieces, each

of which may then be further reducible. ~The jtwo basis functions are:

'SSex - jis @ foypryh

e sym ant{isym
s. oyos Ay ' a

* = * RWyss leg Sal Oy Dax | Ss. [Bel »)
yh aN ne

(Ow Vas > Aw We Ml = a lWens\.
I will use S and A superscripts instead of H]s bracket notation. The idea is to symmetrize

and entisynmetrize on the first~indéces. Your direct product space then breaks into

two invariant subspaces. The basis raeWau A aS Look
See = ede LAST | dad = A MU)

2) A = -Aa
Ney = Va be wy dain = EMA OYR~ 1)It is trivial to compute the charactér of tHe S and A representations, just from

their /definitions. You get:

s) may@ *e= tw xe
A(py aL Wray nKR ® = = NOCOY = CR.
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ot -523, Definition: the adjoint representation gf D(R) is D(R) » called D(R) with bar.
e def: the complex conjugate rep of D(R)|is obviously D(R).

= *

fact: for unitary reps, Roxx D(R) = D'(R)} so no need to distinguish them.

fact: the various theorems involving x(r)” Yes™ “th shat being x(n!) = E(R),.

Thus, the character of the adjoint rep appear naturally in various statements.

Sake Existence of hermitian invariants. a
525. Classification of Representations. ur

This section is new to me and interestin}. If you pick a particular IR of some
group, it must fall into one of three classes} ( we are only talking unitary reps here)

*(2) D equivalent to D” buti be made real such that D-D™(1) D equivalent to D¥ and sah be oughtto real form DeD*/this type of IR is galled a “real representation"

In both the above cases, the chpracter is real for all group elements.

(3) D and DY are not equivalent] ( and here character must be complex).

e
There is a tricky way to tell which of these tatagories a rep falls. You have this:

Va ry +t)
AKER) = a". ePe ti ay
& o 8)

Wigner calls: type (1) = "integer" j
type (2) = half integer.

Example from self: I wanted to say that the|spin-$ matrices involve complex numbers

which you can never get rid of by equivalencing, even thout the trace (characters)

are real. This is a “half—integral rep". On he other hand, the J=l matrices can be

made real. This is an integral rep. On,ly préblem is that g = infinity for rotation

group, but probably this classification can $e carried over somehow.
Next comes a bunch of strange theorems tbout things like $ (S) which is the

number of square roots of group element S. I]will skip thése for now. There is

something here about ambivateht classes which I skip.

5-6. Clebsch ~Gordon Series for product redubtion.

Here is the basic stuff, the character Multiplication idea. Here is the multiplicity:

e@ " » fo wea K vaQe = (wey 2 ZX) ® (a=

Gyr) 5 ak orn
«x

x fever
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: i
Theorem: (Proved easily from the preceding equation). Consider pDixD y

e a) if usv, the identity rep occurs exactly once in the reductionb) if ufv, the identity does not occur at all.

Example: In SU(3), the 3 and 3 reps are not dquitalent, but 3 x 3 containts the

identity exactly once. I: think this is an exarple.

5-7. The Clebsch Gordon Coefficients. This i the section I have been after all this
time. The Clebsch symbols are introduced and gf course you have to include a multiplicity

i \sot
ery 60 Fore ua

* Om) an6Ss = a Ase SOT CA [gs)
If the representations are unitgry, then the|Clebsch's are unitary and have uricus

standard properties that I recall from SU(2) analysig,, like the DD = D theorem etc.

528. Simply Reducible Groups i

Here we restrict interest in two ways: [tirst, assume that all characters are
real which excludes groups with type-3 reprepentations. second, restrict to groups

e without multiplicity. Such groups are then falled SR. For such groups we can
prove several interesting theorems. By the way, these restrictions apply to the

rotation group, S3 and S,.

Lemma: in direct products, integrality behaves reasonably. Eg, direct product of

two half-integral rpps gives only integral ps, etc.

Sublenma: , D'xD" can contain only integral (type-1) reps. This notion is of course
familiar from the rotation group. |
Theorem: 4f a UIR occurs in D'xD", then that UIR must belong either to DxD)$ or
DxD)® , one or tother. A rep must be eithe# "even" or "odd", For reps which dont

. appear ins some D'xD" no statement may be fade.

Example: Consider 1x1 in rotation group. Yop get 0+1+2. Thus 0,1,2 are either even or odd.

since they occur in a D'xB". Since 1 in the] 1x1 is integral, the symmetric ones ere
the "evens", so 0 and 2 are even, and 1 is pdd. Consider $x}-0+1. Here, since # is

half-integral, the symuetric which is 1 is falled "odd". Consistent! . The half-integral| reps do not occur in D'xD" and are this neither even or odd in this sense.e 5-9. The 3-j symbols. Skip.
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Hanmermesh_on Synmetric Group S, aay.
1@ J comment: mis is an excertent reference. All those tricky rules just stated by Licht.

are derived in detail here, though I have not} studied it. Chapter is 100 pages or so.

EL, This section discusses a method of constfucting character tables for the §, groups
by @ sort of bullding-up method. Te, you use information on the S,, characters to pt
the S, characters. I have not studied the section, but its gaol is clear. Here for
example are some character tables: |

'

\ \ re as 12 ,S, o @ Sa} OO}: ot @»
xe 1 1 An ee ec

xo ,oos\ Po a

KY 2 | of mt!lets
get clear what these tables are doing. Gince group elenents in sane class alwayshave same character, you need only list the classes across the top. For the symmetric

groups classes are characterized by their cyqlic structure. Thus, in the S, table above
you have (1,1,1) referring to the identity, reas (2,1) refers to transpositions

‘and (3) refers to full cyleis made by combining two transpostiéns. All the singlee transpostions are in the same class, etc. Tha other number tells how many elements
are in the class shown.

2-2. This section derives Frobenius’ gvvre forme for characters of S,. By the way,the phrase “simple character" refers to the lcharacter of an irreducible rep, whereas

compound character refers the character of afreducible rep. Here we get into all kinds

of polynomials and things. Looks ‘horrible.

‘ZB. But here are the meumonic results of qll the above work. First, you can deduce the
dimensionality of each UIR of S, simply by dounting the "standafd arranglements" of
the tableau. In a standard arrangement, all ‘the n numbers must appear, numbers must
increase both across and down.

‘eke A graphical method for getting the chdracgers.

Je. “Characters by recursion formulas ( baded on Freobertius formula)

e ‘1-8 How to use Frobenius form ula fo compute characters.

A Comment: All of’ te preceding 6 sections, {33 thick pages, are devoted to constructionof character tables for symmetric groups!



oe

~te

Jel. Here is a method for constructing not the characters but the actual detailed

represenation matrices. Follows paper of Yamanouchi 1937. The section ends with t )
a large table which gives the matrices for all representations of 51,52, through S,.
Here is the S3 table, for example:

Ss on TV donne,

A ee ayoy ey

e ary (aay as)Fag rey ye 3 & wyela Tay bal [ |
Details: the matricestare "always symmetric so loner off diagonal not stated, you can
fill it in obviously. Also, matrices are only given for transpositions. You can get
the matrices for the rest of the group elements by multiplying transposition matrices.

By’ the way, these are the same as the matricesof Tinckham for B rep of Dj. Identify(12)=2A; (23)=B, (13) = C etc. See page 8 of Tinckham.

7-8. This section discusses "H{md's Method" of constructing wavefunctions 2(1,2...n)@
of maximal symmetry or antisymmetry. There is a direct connection between such functions

and the Young bisiness. I have not studied this and will not because I think later

section 8 are more relevant.

29. Group Algebra Approach. This seems to be the best way of doing things.

First, if you take any linear combination of group operators, you have a linear

combination of h = n! (for S,) operators. The coefficients may be regarded as components
of an h-fold vector. Two such linear combinations may be multiplied together in an

obvious way to get a new vector. Each linear combination is regarded as a vector in

group albegra space. Pozzi had much to say about this stuff. Given an irreducible

representation of the group, you can generate an irreducible representation of the

group algebra in obvious way.

The idea is to decompose the group algebra into a direct sum of minimal ideals,

and these guys in turn correspond to the UIR's of the group. It is possible to .
constreut projection operators called "idempotents" which take any element x of the

group albegra and project out that portion which belongs to a particular ideal minimale,

These are called 0, ,€p... by Hammermesh. If you can find these projectors, then the e
problem of finding basis functions belonging to UIR's is mostly solved.
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7-10. Young Operators. Here is the fundamenthl stuff: consider a given Young Tableux,

ie, a young "pattern" or "diagram" which is fjlled in with numbers in some standardr ) arrengement, all numbers appéaring once. The|obvious one is all numbers in increasing
order, called normal tableau by Messiah. For this particular tableau, you can construct

an operator S and another one called A. Thest are best defined by Messiah page 1114

and are called P and Q by Hanmermesh. The P 6r S operator is a special symmetrizer:
it is a sum of all the permutations (group elements) which do not mix rows. The symmetrizer

is supposed to not mix rows, the anti is supppsed to not mix colums.

Example 1: 8, |
B= ee Ca) eQd +033) # Cray + (32)

Here there is nothing to entisymnetrize. Note| how the 6 elenents of S, are labelled
here. The lest two are made of two transposithons and thus have even "parity".

{

Example 2: s, | :
s El Qe e~@)- Y= GP + Gea (az)

And here there is nothing to symnetrize.

Example 3: 85

nen P= [ere\s on tea oAe(oayT] e+(05)]Kaa

Qe le-@\\fe- GP] = © - GN -Gs) + (yes).
In the first line I have added all possible permutation operators which do not mix

the two rows. There are 12 such operators. al the sum, with parities, of all operators
which dont mix colums. i

Theoyém: I think this is the main ideay/in o¥der to generfte the "basis fyfctions"

whjéh belong to a YIR of S,, you first list dff the standard arrangement. Recall tha!
cg) Phere are exactly/as many of these ag there ave dimensigns of the UIR. TMen, for each

standard errangefent, construct P, zhen Q, and then ofnstruct ¥ = QP (this correspgnds
to the J objecfs of Messiah). This/operator Yjwill bya projector whi¢h will give yfo
the basis funétion corresponding Ao your chosen tableau.



~h-

Now, here is the main poop: You know that a kiven UIR occurs in the regular gep

(ie, the group algebra) N times, where N is the dimensionality. These N occurancese are, I think, correspondent to the N possible} standard arrangements you can make

in the pattern or diagram. I am now going tol show how you find a set of basis functions.

for each of these N uirts. (wil...

First, each ER eoguugnes.gets its om projection operator called ¥Y = QP , the jof
Messiah. You take each projection operator and apply it to all possible group

algebra elementsx until you obtein a stp eryfF
Example: Consider Se The two-dim rep occur$ twice . For each copy we can construct
the projector: “

Pe este Yoar= Ann = [e-Gijeroo)a
Qe e-08) = © -08) f0) ~ Gar) ve HEYA,

! 5

a Y= AnSa = VWercattens} = ee)4 OS) - Gy = YH.
Lets work first with the top copy. Take the projector Yy, and apply it from the right (as

e
Messiah shows) onto various elements of the joup algebra:

é naGODY = GdTe~O9 409 - (9) = GQ-(usf+e -@) 2 Y/ SRT AL,

GO = GHYe~CY +x) - GY} = (D-e +@y ce) = -\
:CY = CTE ~Grs 69-2] = GY= GH) + Gu) —@) = YOY

. I am convinced that if you go on and apply ¥,|to all other group elements (thereby
spanning the group algebra), you will never gdt anything other than a linear combination

of XY and Y's Thus, these may be taken as “gpanners" of the first copy of the two-dim
rep of 83+ In fact they correspond exactly t: Lickenbergs PSI1 and PSI2.

If you want an orthonormal basis, you jist do it in obvious way.

In similar manner, I could take XQ and g¢nerate a YX," such that Tp andYt)" are
operators spanning the other uir's ‘ideal:".

.

Then finally to get functions which corfespong to representations, just apply
Yy and ¥,' to f(x;,x21x3) and you have it!
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For example, we have:

AGasy = XY FG) = $03) + Fas) 4 {Gry - @)
' 1

F.2d) = YX Fad = FUed)> 48) F3d - Asie)
Now any permutation acting on one of these fictions can only linear-conbine them
because we have already shown that Y, is abignt-acting projector [ this proves
that (12) £,(123) = £11(123), eg]. But, ¥," F (12) Y. Thus GY," =G' ¥, = in

the manifold. In other words, ¥,' is also a pright-acting projector into this litle
UIR manifoad.

Conclusion: Both of the above linear combingtions "belong" to the first copy of the

2-dim UIR occuring in the regular rep decompdsition.

Normalization: Since I failed to normalize |P and Q above, ¥,” = constant times Y,
s0 not quite normalized right. No big deal.

Conclusion: I now know exactly how to constquct a set of basis functions for each@ copy of each UIR appearing in a regular-rep decomposition of S,. For each pattern
(ie, each UIR) draw the various standard aryangements. Each arrangement corresponds

to one copy of the UIR whose pattern the artangement is in. Then , for each arrangement

construct the projector. Apply that projectof fromthe-right-only elements of the perm

group until a basis has been generated. Thenjapply the bais elements to an arbitrary

function to get the basis functions. Ie, a fimction f(123....n) .

By the wey, I think the basis functions for different copies of the same UIR or

: different UIR's are automatically orthogonal} becausse the projectors really are

projectors in this sense.

Hammermesh then wraps up this section 7-10 ty finding the symmetrizers and implicitly
the projectors for the various representaticns of S,. Fine, now lets continue to

the next section. |
{
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411. Fork, and contruction of definite symmetry wayefunctions.

Up to now we have been considering try gbneral stuff, functions £(1,2,3). Suppose©
now that this function £(1,2,3.....n) is pealiy a product of n different, orthonormal
functions. IN quantum mechanics, in the indepbndent particle approximation the energy

of such a state is the sum of the single state energies, and therefore the energy is
invariant under permuations. You can then only permutations to get linear combinations
which belongs to the UIR's of group S,. |

Example: n=2, you can have u(1)v(2)+u(2)v(1), and the obher one. You start here

with two independent functions, and you regrofp them so that they classify into the
vIR's.

For ne3 there are 6 degenerate starting functions. He classffies them into
the UIR's. He only gives two functions for the 2-dim UI, © so he only has a totel

of 6 functions. I know how to make the other re
Next, he says: suppose instead of all the little functions being different, only

two different functions were availble. Think What happens: you go ahead and construct

your projectors ¥ = QP. When you apply this ¥{to any starting function, you will always
get zero if your tableau had more than two rows: reason bs that you are trying to

antisymmetrize . Ie, suppose you start with 4 tableau having three rows. You simply
cannot make an antisymmetric rank-3 function i only two functions are availble.e In general, if you have k different states only ( and not the full n), you can
never have any functions belongs to UIR's witl more than k rows!

The rest of this section is some Fock whe I skip for now. I think the above thingis whet is important here.

‘Tl2: Outer products. I have to doa simpler exemple then he gives to see what is going
on here. Consider this: you have a function which is symmetric , f(1,2) and is a function

for particles 1,2, Then imagine you have another "system" consisting of particles 3 and
4, also described by a symmetric function g(3,h). The function f(1,2) belongs to a definite
representation of 85, and so does g(3,4)-

Now suppose you miltiply these functions fogether:, Fy (1,2,3,4) = £(1,2) ¢(3,4)-If you only apply (12) or (34) bype operations} this function always goes irito itself
end is in that sense irreducible. But, what hbppens if you apply arbitrary group
permutations of the group 8, 22? Eg, (23) on|this func tion gives you a new function.

So here is what you might do: Apply elements of S, to this function to generate

all possible new functions.I will do tris on the next page:@ :

1

\
=

1
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ce Riaw= FO9 3@x) = Bae)

e OD Fla) = £09 96,2) = Buy | e
(2) Fa(esy) = $3) gGs) = Fliesy) |
eR = ts = Flay) |¢ 903)= fru),

'

Cafe = $y) x02) = Gury
Further applications of S, operators will nevdr yield any new functions.

So we now have a set of 6 functions wie transform among thenselves under S),

ie, we have a 6-dimensional representation a The claim is that this thingis in fact reducible, reducible into UIR's of |S). For example, if you took the sum
of these 6 functions, you would get a function belonging to four boxes horizontale.

¥

Mem-= mau+ + by .
So this is an example of an “outer produet" representation. .

In general, here is what you do to make én outer product rep: take a set of@ ven partictes. assume that you have a function £(1,2....n) descitbing the first r )
set of n particles and this belongs to one of|the UIR's of S_. This function has
lets say N-1 partners, because this rep of S,|hes dimension N, This set of N functins

spans the UIR of S,-
Similarly the second set of particles is{described by a set of M functions which

span the M dimensional rep of S,. Now multiply these two sets of functions together

in ell possible ways: you now have a set of WN product functions. Next, apply ell
elements of the larger group S,, to all of these product functions. In this way
you will generate a huges set of functions which transform among themselves under

group action of elements of S,,.. Since test are (mn/n) ways to choose n particles
to belong to the first set, I would claim =“)

Cut) a = Sumsusroarlly 2) oul pos wg,
Hanmermesh then does an example which earlees with my analysis above. He then

gives the rules for decomposing the outer eof + rep into irreducibles. Looks familarto me. Many examples are given.

r ) This is clear, but f don't yet know the spotutnes (applicebility ) of an outer t )
product. Notice that in the outer product you pan tke the "product" of representations

of two different groups (possibly the same) | you then reduce this product relativeto the larger group S.... Very different from inner product.



woe

7-13. Inner products. Now we take two UIR's of S, and reduce the result according

to S. What does this mean? Take an N dimensional rep of Sy and take its N basis

functions. Also take an M dimensional rep of Ss, and its N bais functions. Multiply ee these functions together in all possible ways. You now have NM functions. Now

application of group elements of 4S, to this set of functions transforms them

among themselves. Eg, a
We# W=5q naa: cv) £23) ga(ur,3)

1 x

=(Z fesya VSsb; 9G) ),i
= Zar 2d\q (1s

In this example, the inner product rep has dimension 20 and it can be somehow reduced.

So what are the rules for reducing inner products? .

e Special Case: Suppose you want to compute (y) x (n-1,1). This is to say, e@you want (¥1:Yp110++) x (n-1,1). Recall that the numbers in this notation are just
telling you abouv the Young patterm: yy boxes in first row, and so. on. These are

partitions of n, ie, Yyt¥g++++ =n because there must be n boseds if you are talking
about a rep of S,.

The answer is this: pull a box off (y) and stick it back on in all possible

reasonable places. Each rep you thereby get is containted in the, innre product. On.
top of that, (y) itself is contained in the inner product a number of times equal
to the number of different values of the vy less one.

Example: Sa

oy)

2) m*B = & + QD gecko) = ray
OF

a BeBe MBs= eOy
A) oot Da ack at WA sD = [2 deine
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This last result follows since £(1,2) g(1,2){is obviously 12 symmetric if both

functions are seperately. Thus, the totally spnmetric representation of Sis likee the singlet of rotation group or any SU(n) grpup.

Notice that these results tell you: “the] product of a symmetric function with

an antisymmetric function mist be antisymmetric" and so on. 7
1

Example 53}, Cane
3Bea -o0 J donee Racraiy faster) mare (ns)

ak omy amsgosby ne. aaty coped '
- Coaty Cass. 0)

. TE) EY = EIT [yu ote

1Cane
3 1Aer = 8 end [ode Son We) fe Qi) = TH

For any S, group these three products are alfays obvious: total symmetry and total
antisymmetry. The difficult stuff is what hapbens’ with the other reps:

(Coan2)

°
Ty FS = PRs Gye) =
io) ay) Crer. | wot .

- Saat =fey w= ay A+ (Pot) = mors
ay Gy

urvele -Cone3

Be P= Pe(@\b Ro.
prem {
And thete you have it: I finally see whére Feynman got those facts ( eg, mixed times
mixed= S+A+Metc.

Hanmermesh gives some useful general fordulas and has a table for S, and S..

Te1k. Now comes_the Clbbsh problem: for example, we see above how the inner produc

of two (2)1) reps of S3 can be reduced into 42 + (241) + (13). What we do not yet
knéw is'which linear combination of the 4 functions you get by multiplying the two@ starting rep functions belong to which reps inl the reduction. Ie, we don't yet. know
the Clebscho Gordon coefficients!

| |;



Aside on Yananouthi Symbols. Recall that a UIR of S, of dimension N has if so-called
standard arrangements. We sort of identify each standerd arrangement with a row of
the N dimensional representation matrix. The Yama symbol can be regarded as a linear e
way’ to describe the standard arrangement. Eabier to write the Y symbol then to draw

the piture everytime. Example:

Weld aaaist (esa
ch

How did I do this? Look for the highest number, the 6, It is in row 1 of the tebleau,

so put a 1 as first symbol in [ J. Where is the 5? Row 2, so next symbol is a 2. And
50 on.

Fact: if you read the symbol in reverse, it is always a “lattice permutation",

ie, there are always more 1's than 2's, more 2's than 3's and so on. I guess this

can be shown to be true, given the rules for making the standard arrangement: increase

to the right and down!

Now back to computing the Clebsch's. Hanmermesh gets very general and complicated

recursion relations and so on, but he also does some special cases. @

Case 1: When you combine a rep with itself, the identity (totally symmetric thing) occurs
once in the result. The Glebsh for that combination is very simple. Example:

an Oy @® al’
Px = m+ fP+F

L}—l 59 i) GY anyz = eck &Luarmay poleing Wes. Ox a 4G iva
Bia \Wrp 7oo“ '

sane Sobek [ne rmaFTO = PPG, 1@, Lad) Gre aye \e

+ [eqtrg’? a (Pe t= pinmM =-luyy
: ® ~ ¢sfirg

Notice that the Y-symbol actually includes information about which rep you have: i8,

all by itself it telys you which UIR and which standard arrangement (row). My results

here agree with the fable they give later. @
:

\ 1

\e Ot) = w\RYLe, Yonds FZ wig
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Let, me: repeat: this last.example: | vr .
Wi + zi taytany toatindl a ae

an oe

ca: {PR + eel‘This tells you exactly what Linear combination of "basis objects" goes with the totally

symmetric rep. I think it would be useful to dee exantly what this means. Each of these

M (mixed) representations has two basis functdons. Then here is the claim:

a .Fars = xe Sau 3. (ye) + £desy gerng

Qe) FAS) FOB) | ote | .It certainly is not obvious to me that the function so con structed is‘ totally symmetric.

However, we can show that dt really workd es follows: consider conbining an

e arbitrary rep with itself, and you are =" the identity in the product. You have :OX X , 1leq=e 2S, 5. DoD a pva\eyal1 SSC} apy &
we

= vyCrcanstan? Rios Fe AMoeRog
» — 2 ,

= E¢Di(e\ [rs = Di® DY
= \ » ay ‘
* & De@PDe @ DADS

BE AD CAD LE) = Dale ~3g1 ne | LA peel
TA y Ry si > [- we a SUA + To.So
now T belfeve it. This is « good Clebsh sgt to know because you are often combiningtwo
like objects to see what combination is 4 tally symmetric or whatever.



Case 2: When you combine a UIR with the transposed UIR, among other things you get

the totally anti sym rep once, the (1") rep. Here are the Clebsh's for this case: \

tina) . , ®om a erent :LO FAWAcey
Here the parity is just the number of transpositions away from the standard normal

arrangement. Here is a simple example:
.

a 1aI eG) Te) eI .
bays lw) ti).

Here you are combining two ‘one-dim reps, so not much to do. Since only one possible

arrangement in each, parity is +1+

Another example: e
: ue

: coke (ht (R= Dt) a OeRx fP= +
a eek.

= + ‘ 4

ta, PP + OPWe
x ' a kAtye AL byten- Tey fa? Jequacate
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Case 3: General Rule: when you combine any|rep with the TA rep you get the transposee of the original rep and nothing else! In th4s case we also know the clebshces.

Me. a

Ba= A bALOXAL, |
From Px G- Bangle *

‘ q * A * W_ B- BE '
7

p-cpy pom: Oe

: a@ mw: A = > MY .
3 | |.

Conclusion: for S31 almost all the Clébshes dre covered by the above special cases,

see labelling in red. The case missed is alsoFiver in a table which I will quote below.
Note, by the way, that the Clebshc's ore based on a definite convention forthe
representation matrices. In other words, pe really have to coordinate yourrepresentation tables with your Clebsch table:

On the next page I give a complete S, cicbsh table:

(see next page) By the way, I think there is | symmetry property which says it
doesnot matter which order you put your two objects.

End_ Of Hammermesh Chapter 7 on Symmetric
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Gomplete Clebsch Table for S, ( see sels for 2-dim rep matrices )

a
m8 [mB] |
ee

fe of: fe
a

ear | §P | ge |
e fe| sf

iee i ee

SE | ee lee (ep | pe]

mr | -[xtiale|



Problem: How could one compute the Clebsch's from scratch for thig group?

@ +: First ete sind out how to make a totally bymmetric combination since this is the
easiest to do. We know there is some linear cbnbination that works, call it V,t

= |Ng = ES RG Q) dhe FeB Ge BR
1

Rix= Ve VR @) |If
we insert equation (1) into equation (2) as .apply group operation R to the M basisfunctions we get this:

Ss4

8& Sy VUMDBINKGE =|2Q HG;qe <8 sy eS ny
:

s 8

= Ge 2 mOE) ve:% .

s so j yee. f= DED ;>* D=DB=H
i

t

= Ss=

FIW= WS |I examined this in some detail, but now I see p fast wey: C, is a matrix which conmtes
with all the matrices of a UIR. Shurt tells us| that C° is pooportional to the identity.
Thus we may conclude that:

,Ss 8 s -Cy = KS Ks amahendd, Cy
To figure out the constant, we can apply the completély general formula (5-111) which

OM tury \Cud yeZ Aes VEYNGEVYIMBS) = Spy BugSee
For our application here uev= the mixed rep, there are no miltiplicitly labels needed
80 we have a shorter version:

|

:

Xs! ds \*

e ZL. CHIC y= Sale o

where here s is the row index for the rep you f "combining into". For our present



case we insert our result in the diagonal =p of (3) to get:
dee cs u@ Sisl-t se Kr Zlayy=1

. s &
Spa tL et.G Zyye Ze zie 2p Kiag Ake Pe

This phase is chosen zero and we have duplicated the results of Ham's table.

2. Comment: Notice that this family of Clebsth coefficients into the S rep does

not change sign under interchange of i and Sze, we have:

(SIMA)= CS1Wj, Mi), \
According to later discussion in Hanermesh, I] think thie peans that the rep S iscontained in the symmetrized subspace of the product D! and its delta=+l. For

the group Sy we know that all reps are type (1), real representations, ie, they areall integral representations in Wigner sense.{Thus, rep $ is an "even" rep.

3. Now lets look for Clebshcs into the A rep! |

Sit Yon mony Yocdong | he ans He a» (ey) ~ Sie@
ah-2Viot ~ 2 Octre

dw

= A Cy Dec (O Des C YR Get
Ayre

N ay wm

=> | DanQ@® Cre = = Vy DelODBR*) | (4)t

‘This appears as (5-114) Hamermesh. This is tHe type of relation that allows you to

compute any Clebsch's. Along with the normal: zing consitions which I}1l record here:

Sot at
tated (5)

ry Cy C5 = Serban
yen H4

Sem Om 2 Sy ded &)
¥ BMY Brey
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Now rewrite in matrix notation, then ol to the A-rep:
e a wt | Yo LT

ZVa Ces Z DYO CT DEM‘Sy

nN yt law -\> ZnO IL T= RATES]

WreA, Oe Dee Sedu | oe

A <\Be (I= Dele Wow.
!

Ge Ca \ (Os Gre = (Ow Ory (ey &. (SGSS en an Ne ek)
Because of that delta, I no longer have a "Shpr" bet, so have to look at various R's

e and see what we get.
GWC(t © o\ (ey© Qe-&aon s (ANG EIGS) > Ske

Qua, ate ch =o.
Qua: Cady Ca Dee. Yer WS

ee Ca a | Ls Da cl
ar @ = De. |Cay SDa

J4 | Ae)= see He,| GQ, Ly LLHeo DrCen) = B= Seay oh
kr °o 1 A at on Ate~ ee Le : - Go)¥

:

.

A AA . arty (fie AteNom sea: in( cre y=\ 5 WAG) = oe
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3. Now lets get these phases right. Suppose f choose the S-rep phase to be zero.@ ment am probably not free to Boose this phabe also because we have a condition:

Yet dont(aIe" Ts Ba Be) (9)
s Aah |ar lE SX |=o

Bey + 3GSs Ao A 1 eM A/o re onlte C-kG) Ge "Gs gh-aSe 7G?)
softBk Or SA a pectuceJn erg Se. Andes SS,

I think that each family of C coefficients cal have its own arbitrary overall phase
(the same for all m if there is an m row labe}). You can see by inspection that

equation (4), the primal one, is invariant under an overall phase change of the

C families. The same applies to (5) and (6) dince the * appears there.

Since the D's are all real, you know youjcan make the C's all real. But there@ is still an arbitrary overall +1 for each C family.

So I will choose to agree with Hamermesh:

Ot A ja ALGh. +e Ge) al Cw ye Qe

2 CAsmimyy= = CA\AyKd
Therefore we find that the A-rep is an "odd" xepresention.

4. Now comes the toughie. Let be the mixed hep. Then you have:
i

: i

" ™J Dan(®) UWE) - QU) os
Cuz Ca=o *Yar Re Qe). Quan

yal 1

\ ¢ Ch =) . \ )Vyryo 1s Z T = v v

e (ei= GAYLE] Ga [> Ce FNS) —Cae/
. oy = (2 Ts"\ ah aN



So that was rather helpful. Now lets go to R= 13):

e AV W[Cl=  WOC + Gace LC]
= -1)e')-8rd*) - “cy |B Ce

Sy footsoh Ch) beet: | \
RACY Bar) 1 & - \S\/G& 2ch AER,8)- cafes) &)

‘ a \ u5 Reals eG Lx Ica Ge|= -2 Bea

sYaley sce] = fc He Gch) =H ER)
O43 = 220) ects -feektL ees = -2¢) 3Cy- Ca = +2 Ch

3 Gsdeo alee) [ead

a xe +7 3 Jen -s) me ae -tt eed,
Br Crea. Oa

\ a 0 a o 78
4 = ond =y= (B=) (c Co)

So wé have reduced it to a single parameter, a

Now apply equation 7 in all ways to see wiat gives:

algighye a fal Ctr ta Geb,
kIS PV=C A cat a(CEGs}s (= tea sone@
id theoy 2 K(sayhijeo=-4 KC} oY
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6. |So
lets convention that a = +1/SQRT2. Then | have:
vt 7 \@

Qu: k Que - i\ 2 :
es -#Cus Ca = HE

This agrees exactly with the table.

The M rep must be even because switching the labels 12 does not change sign.
Te,

Ci(Ig) =F Cth GRC) wma har

Conclusion:

1) T have derived ll Hanermesh's coefficientd for S,
2) In each family, an overall phase can be added. Don't do it.

3) The S and M reps are "even" having delta =|+, whereas the A rep is "odd", de~.
The significance is this: suppose you are dofng MxM into M,S, or A. If you switch
your initial labels, the coefficient will charge sign if it is going into an odd rep.

You can check that this rule works for the whdle subtable.e@ 4) If you switch in this sense in any of the dther subtables, you get a plus sign.
This is a general symmetry rule derived by H in later chapter, something I could
probably show but am too lazy now.

i
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Hamermesh, ‘Chapter 10: Irreducible Tensofs ba all that. .

e 10-1. The most general linear group of sd un is of course GL(n), . All groups
of interest are subgroups of GL(n), so anythifg you can say ingéneral about 6L(n) ‘is

very nice.

The first thing you can do is define a "Yector" with respect to GL(n), x,, having
of course n components. In SU(3), eg, a "vectér£ therefore has 3-components. Of course

there are two inequivalent 3-dim reps of su(B) so there are really two kinds of vectors,
but consider either kind.

Next, a tensor of rank r with respect tolGL(n) , or with respect to some n-dim

matrix group, is defined. Just a transformatign law. One obvious way to make’such a

tensor is Fug go ea x?) 1d, you can combiner different vectors
gust multiplied together. Notice“that there afe subindices on the indices. This tensor
has n times r independent components if all yectors are different.

10-2. Decomposition of space of rank-r tensor into invariant subspaces.

Gonsider some rank-4 tensor, sey Gy145); » Pik one of the Young symnetrizers
for the,group S, and apply it-to the + + subindices of this tensor. In that
way you prnmuxc produce @ tensor having a definite symmetry wrt group S).

Nw take this new tensor and think sbout Ht. Bg, you might have this:e@ 2

a

tem A . 1# “This ‘tensor is associated with a particular row of a particuler representation. et of group S,. What happens if you lapply a general GL(n) transformation
“Yo this tensor? |  * |

1

Fx = Diy tig, Bini Bia y hel is | . .i . RS

= AWApayy, ag, \Vomi Go.. Ay ee Quis Qingy Sivysyy

4,

- Tips Goniiy
You see that the "rotated" tensor has the samd symmetry classification of the origianl

tensor. Any tensor can be projected into irreducible components which belong to UIR

rows of UIR's of S, where r is the tensor rank.. Of course the reason this is truee is that the GL(n) or whatever group "transformations" commute with the permutation
group action of the S group.



This is important end is worth some time. A rank-r tensor can be acted upon by

group operators in two different senses: elements of S. cen permite the subindices,
cand elements of say GL(n) can act on the tensor in the usual sense. The reason these é
actions commute is rether obvious, eg,

’

CHR = GOT Ra = Gd Sawai Ry vo
= z Aas Ae Rae = = 4 Gaye Puy

‘ = z Ae Fie (OY) Fd = Te Od Fra

Que, [Tad =O | comme
Now, is there any connection between the rank r and the vector size n? Not

really, except this: in any S, tableua there are going to be a certain number of
rows. Thig number is of course some number less than or equal to r. For that tableau

with R rows, there will exist no tensors at all if n is larger than R. Reason: in

first colum. yop mst put R numbers, but at, least. one number must be repeated and this e
kills you under antisymmetrization: Remember that Y=QP so the entisym is done last.

In particular, if n is greater than r you get no tensors. Another, way to say it:

if you are given a value of n, then the only tensors you can have correspond to Young

diagrams with less than or equal to n rows.

Once more: suppose someone asks you: What irreducible tensors can you make

wrt group SU(3)? Answer: you can make tensors of any rank r you want. For given rank

r, the tensor is classified by Young diagram with r boxes but cannot have more than

three hmurmcknx rows in Young pattern.

By the way, at this point, “irreducible tensor" means a tensor of some rank r

which belongs to a particular UIR of S,. So far we have said nothing about representations
of the group GL(n).

Next, H shows how to make TS or TA tensors out of vectors. It is very easy to

make a TS tensor of rank-r. All you need is one vector x, then multiply r of them

togehter and you are done. To make an TA rank-r tensor, you need r different vectors.

The TA tensor is then just’ the Slater determinant. Of course if you are making TA tensors,

you cannot make one with rank r greater than n, as discussed above. If ren the tensor eyou get 18 maximal in some sense and is proportional to the epsilon tensor.!!
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10:3, UIR's of GL(n) , their dimensionality. te

WE know that when the GL(n) group acts oh a rank-r tensor, the components of thise tensor get mixed around.In particular, suppose we have an irreducible rank-r tensor.
We know that after action by GL(n) operator, tensor keeps its symmetry relative to
Sp

Lets get to the point. Suppose you have 4 rénk-r tensor and you have GL(n). This
tensor then has r xn components which are mixed among themselves by GL(n). Thus,
‘the components, of this tensor form a mxr dimensional representation of GL(n). But
such a representation in general is reducible} -

Here is the deal: ‘now take a rank-r tengor which belongs to some UIR of S,. Becausethis tensor has certain symmetry properties’ (dg, might be totally symmetric), not all

nxr elements are "independent" ( ie, they ar§ not linearly independent; eg, perhaps
Fig = Fo13)+ Suppose there are really only N|inddpdnenet elements. Then clearly these
N elements are getting mixed among themselves joy GL(n). Thus, this irreducible tensor

is.giving you a representation of GL(n) of sift Nj Of course it is also ina representation of S of some other dimensidn.

We need an example: Consider a rank-3 tensor belonging to (3) rep ( ie, the TS).

Under the action of elements of S3, this ai transforms as 2 one dimensional rep ofS, __regardless
of the value of n, But, it turns ont that the number of independente@ elements of this tensor is (n+2/3) binomial poefficient. If n«2, this tensor

transforms as a four-dimensional rep of GL(n).!

Recall that the elements of S; here act ohly on ‘the subindices; that is to say,
elements of S, act on the positions of indices. When you are counting the dimensionality

of the S, representation, you are counting Linbar combinations of the three objects
(three positions, or three subindices) which, thansSérm among themselves. On the other

hand, when you are counting. the ems the GL(n) UIR, you are interested
in how many, Values an index can take. .

So here is the big question: for GL(n) for some fixed n, and for a tensor of

fixed rank.r, and for a particular Young diagram with r boxes, exactly how many components
of this tensor are independent? How do you cont the independent components of a
tensor of rank r which is irreducible with respect to GL(n) according to some Young
@iagram?? Answer: you count the “standard ardangenents". When we compute the

dimensionality of a UIR of S, when also oho arrangéments, but in thatcase every integer from 1 to r must appear oned. In this case, only numbers in the

range 1 to n can appear ( n may be smaller or Jarger than r), and most importantly,

numbers can appear more than onte, ais long as they give a "stendard arrangment" withe numbers’ the same or increasing across, increasihg down.

T had, better do an example ‘to understand the origin of this counting rule, other
wise I'll forget it quickly.



Example: Consider a rank-3 irreducible tensor belonging to the M rep of 33. Lets
count the components of this tensorf

Tes | Fp --~ | fip-fp-fip- fp -°
| Re ab. Fe _-b |

So, in general a tensor of this form would have n? = 2? = 8 components. But for this
particular case you see that 4 elements vanish, and the other four are pairwise

related, so really there are only two independent components.

I don't really understand this counting stuff in more gmplicated cases, but I

accept the result. I could figure it out if I wanted to invest the time, but right now
T do not.

But I know the rule: just count the standard arrangements.

I also know a shortcut to the rule which I call the a/b method. This is a fast

method of counting the standard arrangments. Here it is:

aa fei on zEE ges ts
=> 3 Sa ogee,48 e

I learned this shortcut in, Lichtenberg.

So, by examining irreducible tensors and counting their indpendent elements,

we are really counting the dimensionality of UIR's of GL(n).

Outer Product Analysis. Now, observe that a "vector" is a rank-1 tensor and it

belongs to the [) representation of groupl S,, rather trivial.
Now suppose you want to combine two different vectors (two systems) go make a

rank-2 tensor. This is precisly what that outer product deal did for you!!! Recall

that you combined an S, with an §, and classified results into S,._. So consider:

Den-= m+ A- \
Xe YS KYA + HHS Y]ie ee ee

HOt ” Here we are combining two rank-1 tensors to get some rank-2
= tensors. BUT, each irreducible tensor is associated with e UIR
.™~ of GL(n), so this picture also does reduction of products e

of GL(n) UIR's, . ( Of course in that sense it is an inner
product since each diagram refers to a rep of 6L(n).)
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- |Example 2: Here is something interesting. it rank-3 tensors can you make by

e combining a symmetric rank-2 tensor with a “peer?
Men= On+ a)

Now I will be very explicit with an example: | g., plus a momtnum, nel Lorenta.

Yn,=CaP om
.Yama Syste =F L gph Ga + Sagti Say P|

This is the only completely symmetric tensor You can make from these objects. Next:

XB = TAS A ELA GIL Que das
2 dpe Py

=>

SL apm Pad — Qe fa] :

Yeo SDH COMON, Gaye fs = [FOOD] (Lyre Bog + Joye fn)
*

a

=3 Lopype fa = vent .
“Tn = 3 Lapp Pee Sik Pat says pa]

~ 2Tp =F Lae ens -amyd pa - q
/

Te st * Spy a — Syme Pr | ;
To Sp

Notice that the "other" combination ey -@ Pu3 is a linear combination of the
.

two M tensors shown, it is not linearly {esos So, we have constructed all thee tensors having any S3 symmetry that it is possible to construct fom these objects!!And

they add up right. Obviously there is no in TA contribution here.



10-k. About the subgroups of GL(n).

The point here is this: if you restreit yourself to certain subgroups of GL(n),

the UIR's you found (and counted) in the preceding sections still apply. Ie, if you e
have a VIR of GL(n) and you restrict it to GL(n)' ( real only, GL(n,R) if you like),
the rep is still irreducible. That might not have been the case.

Here is a picture shoing the subgroups where irreduciblity is maintained:

aArt

L

rT

. —s

Thus, the above analysis gives the dimensionalities of the reps of SU(n), for example.

In passing, H has a few comments about Lie Algebras for some of these groups

GL(n) Lie algebra: 2

{n) Kg= Bg vd bets demanle. (28 pad gore AD
AD5, Kaw) = Baye Son Kh Lie At- Xy= 3;:

Qu)U(n) Lie Algebra: @
Yay = %@ Sabh.+ body

UJn) . . a .KO. Bide—C Se HL A haste econ,ky Aoy y
ws)

Xy = 53,3
Fact: if you take any Young tableua which stands for a rep of one of these

groups, and if you add 2 colum of n boxes, the claims is that you make no significant

change to the representiation: you causes it to have extra factor (deta)® carried

along if you add s columns of n boxes. Thus, essentially you ene free to always cross

out "full colums". Thus, the UIR's of GL(n) or one of the above subgroups are

really enumerated by Young diagrams having less than n rows.



10-5+ the case of O(n). Now something anteney different happens: here, wheh you
centract a tensor on two indices (take its "tface" on that pair of indieces) thee object you get transforms as a tensor of rank|2 lower than the original tensor. In

the GL(n) case you could still do this contragtion, but the object you get would

not transform as a tensor: in O(n) you have that extra property of the aj 5 which

makes this work: nefiely, a jaiyndye + * ” | boa, :
So what, is the significance of this tact? Suppose you take @ tensor Fy 4,which belongs to some synmetry of 3. You miglt think that this tensor has

independent components and these are shuffled around in an invariant subspaceby the O(n) operations and this subspace is a srt not so! The reason is
that this tensor, or this invariant subapace, [actually is reducible further into

two pieces. ConsiderL:

Fouts = (Fens) + ( daa Ha+ Sa Lae ti Ki)mh

The claim is that any tensor can be broken wa two pieces as suggested here: the first
piece is completely traceless ( ie, contract oh any pair of indices and you get zero).
The second piece. is the remainder.

You can show that each of these pieces transforms only into itself under 0(n)e
transformations, thé reason being that "contraption" operation, like the symmetries,

commutes with the O(n) transformastions. You can compute H,L,K the three vectors

appearing in the above just by taking traces.

The usual simplest case i this: “>

Ra = Rat Sav = F 3 Ras fat Ga Bi=o Ras [hae Ba cy BE
Here you see the general idea: first you con he ‘the piece with the trace, then
subtract to find the traceless pensor.

Any tensor can be decompoesed in this way} Into traceless plus 4, ) tines Loverrank tensors.

10-6. Now consider the traceless tensors. The |space of traceless tensors is invariant

under S_, permutations! So if you apply a Young symmetrizer to traceless tensors,e@ you generate irreducible tensors wrt O(n).

{



The problem now for O(n) is to count the dimensionality of tensors of various

S,, symmetry which ere traceless, Obviously this extra tracelessness condition is

going to lower the number of indepéndent components. r )
Example:

View Fin, Fay Fae, Rae Bn 6t(2)
Fa, Poe ty /4. O@).

Here the trace conditions easily give you the second pair of elements in terms of

the first, hence only 2 independent elements.

Before we learn the general rule for counting in O(n), here is a theorem:

Theorem: if your Young diagram of S, for a rank r tensor has more then n boxes in
the sum of the first two colums, then the corresponding traceless tensor vanishes
identically, ie, has zero independent elements.

ome Fam =O ate Ze Bt 4x 6h}. ©),
Thus, ‘you simply cannot make a traceless rank-3 tensor relative to 0(2) which has e
this symmetry!

Now H goes on to get counting rules for special cases like 0(3) arid 0(5). Basically

you just count how many conditions tracelessness implies, ther subtract those off the

count for GL(n).

Next H shows how O(n)* is special case of O(n)

10-7. Now recondider the decomposition of tensor = traceless tnesor + extra piece.

The traceless tensor with S, rep choise forms an irreducible ¥p of O(n). But the
extra piece can be further reduced. Write second piece as (double traceless tneosr

+ residuel’ lower piece having two dj, functions and so on.
‘The point of doing this is simply that you are shoiring how to "reduce" a GL(n)

representation into O(n) representations: I dont care now about this.

10-8,10-9. Symplectic groups. Skipped. .


