[ —— Tl L)

e W A e e A




| |

]

Phil's Short Bibliography ef Group khlury
I

[} 11 - 1
| ., 1. Wybourne (1974): Clamssical Group%: for Physicimts.

Thims 400 page, Hell—printld,util-urittel book is & very thorough
‘ treatment of Lie Groups. There!is mueh disoussiom of weights, Dymkin
| diagrams, Cartan matrices. Thut;yiu & speoial section on the 3I-parameter
| groups which show up a lot in pics. The text concludes with three
case studies: the isotropic HOj the hydrogen atom, and shell strueture.
What ie pot foumd im this beok are: (1) details of the Poincare
and restrieted Lorentz groups.|(2) details of SU(3).

2, Lyubarskii (1960): Applications Jf Group Theory in Fhysies.
i

This 380 page Russian translation startes out with the finite greups
agd all the hasie group theorems, However, it does have 50 pages
speoifically on the raprusnntniiunu of the Lorentz group and the
epinor and tensor algebras. Alse, disoussiom ef invariant wave
equations. The book is exceedingly denme in print, but good enough
that Weinberg references it alone for this Lorent: subjeot.

i
‘ 3, Ruhl (1970): the Loremtz Group néd Harmonie Analyeis.

300 pagee and much more specialized than the above texte, this book
has long Bections on the represnetations of SL$2,C). Semehow, the
accent of this book seems to b4 funotions of group spaces, Plancherel
measures, and stuff like omne would find in a Teller paper. Sort of
the generalized Fburierflaplaud business. In faet, the eap of the boek
is a chapter on Regge and Toller poles.

There is nothimg in thie book sbout Lie Algebras or SU(3), although
dotted and undotted spiners do rnt mentioned. Not a partioularly good

o

place to start.

{
4. Naimark (1964): Linear Representations of the Loreatz Oreup.

A translation frem the Russian Lf Naimark's 1958 text. 450 pages,
good printing. Lote of stuff onfﬂpinnr representations and
integral business. Concludes with discussion of Invariat Bquationms.
This book has too many proofs for my liking. Too specialized.

|
5. Gelfand Minlos Shapiroe (1963): Reps of the Rot and Lor groups with Apppioa.

Another 1958 Russian text translation. Lote and lots of talk about
gpinors in both the Rot and Lor|groups, and invariant equations.
This book was recommended by Mahike. The authors refer tc Naimark's
book as being more detailed. I agree. Looks good.




1
6. Lichtenberg (1970): Unitary Sym ;nd Elementary Particles.
]

230 pages, well organiszed and érint-d. Opens with eomments on Lie
Groups and algebras. A lot ea'the Youmg Tableaux methode for
deseribing multiplets. Dees the SU(3d Clebsch's, discusses 8-fold
Way , thuyhnptar on SUg. Glum:s with diseussion of quark models.
I like.

7. Hammermesh (1962): Group Thaorg;!

1
A nise shapter om Lis groups, @ut beyond that it is all basice. There
is a small piece about Loremts way at the end. Do not bother with
this boek, though it is an aanllnni group theory temxt in general.

8. Lipkin (1966): Lie Groups for peJaatrialu-
Not very orgamized, but has higher groups mentioned like SU4 and sSuU6.

There is a piece on the Youmg dtuff, and mention of eharm. 180 pages.
Obviously no mentriom of ihe Lérentz group.
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18,19,20: I am just giving the references for these books here.

18, L.0. Raifeartaigh : Lectures on Local Lie Graups and their Representations
Matsclence Report 25, India. QA385 )63' 196,  Inst. of Math. Studies, Madras-20, I.
- Well written notes: Goes into some of the pareameter ‘stuff that Bargmanm uses ard
- —  this was very helpful. He also doea~roa% diagrams etc with a—special section on the
- construction of invariants._ List of otﬁer‘Hatucinnss given on .back cover..

19, "Topological Groups™ L. Pantrjagln {Hﬂacow) Princetnn U Press, 1939
QABES P6 1939. i
This older book is cunsidared one cfithe standard references. Contents:
a) abstract groups ;
b) topological spaces
-— ¢) topological groups
d) representations of compact tupalOg#cal groups
e) abelain cases

f) concept of a lie group

. g) structure of compact t.opnlogical gi-nups
) h) 1ncally isomorphic groups ( and un}veraal covering gruups]
- i) structure of 'Lie Groups. 0
: i
-~ - —20. Logbl;~Group Theory and Its Application$, ITT - - QA 171 162 v. 3 PHYS

This has- an article by- Windternitz'on two variable expansions and reduction
of scattering amplitudes to the ultimatel? dymanic. "Lorentz amplitudes:"™. Seems
rather complicated. |
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Carruthers: "Introduction to Unitary Symmetry"

ref: QC721 C29 1966 Interscience ‘Tracts.

_ Constents:
1. su(2).

T 2. 8U(3). Cartan Weyl stendard form. U and F stuff. Weyl group of —~ -

of ruf}ectimu. Regular rep = generator rep.

. 3_. Thu_ IRi.wDifguu_us direct pfodfct_a._cnimirs,‘ m:_i m}ﬂme to pnr'f:icles.
~ R Properties of the IR?_. Ei.al:_sc_rﬂ'u. Tensor analysis.
I -2 SU(3) invariant vertices and amplitues. Ratios. o
6. Breaking. Both kinds of mass formulas. Magnetic mnt;. -
7s Groua;g symmetry. Isospin croésing-u:tr;:es. SU(B):I‘G;in; matrices! o

Appendix hae isoscalar factors.

—— ——t— ——#Added-nete on—currentsy - —— - — -~ = - — — -

This book is number 27 in a serles of m—nugraphs_ in physics. Some of the
1 - _other onesare of some interest. One on optical models. ——
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book: Unitary Symmetry and Elementary Particles
D.B. Lichtenberg AP (1970) QC721 L4B6 250 pages

. Contents: _ __ _ - -~ - (nupber _af_pngy:_im_chnptul ______
1. Introduction 10

S . 2. Properties of Groups 12
3. Symmetry, Reps, Multiplets I Y
L+ The Symmetric Group and Identical Particles 12v

T 5. Lie groups and wlgebras— i « - S
6. Multiplets 23 .

m e ey YoungTableaux—and-Unitary-Symmetry — — —— 24/ weex —
8. Clebsh's 36y ey

- oo 9. The Eightfold way = _ _ _ _ B 32 _
10. The SU(6) 11
11. The Quark Model 3z
12. Variants of quark modeI —~ ~~ ~ B 10

1.Introduction. erview with some interesting facts.

a) Jacobi, Schiitz, Herglotz in 1842,1897,1911 did invariances -of -class. lagrangid
b) Wigner showed that sym trans are gither unitary or anti. Only the unitary
_ _ .._____ ones bave conservation laws; thus, no law for T, or TCP.
2. Groups. All old hat. Some facts that are in Tinkham; mention of Sy groups.
3. Grab Bag. Vector space of QM, anilinears, antiunitaries; group representations. O0ldj
L.L. Symmetric Group. Short deal on Young Tables. Sée copy, see notes. ~~ 1
5. Lie algebras. All this stuff is done in Wybourne. Cartan Weyl standard form. Licht
- —-does better by distinguishing root vectors from—rootsy—otherwise same old-thingﬁ—g]
._ 6. Multiplets. The generators, D and F, d and f, etc. Weight theory. L calls the
- est weight. Mdominant weight.”_ Highest weight p q sum theorem. SU(3) multiplets
and tensor operators. Uses m for weight. Again, all known stuff, do not read this.
— _ ___7. Young Tableaux and SU(n). Very nice stuff. See copy and notes.Class and triality!
8. Clebsch's. Nice, uses Youngs. Lots of tables, Wigner Eckart. See copy and notes.
9, 8Fold Way. The basic multiplets of particles. U-spin section, the uz Q axes.
does - claim EM 15 & perfect U singlet, Just to theextent that U is good— |
for strongs. Does all the standard U-spin predictions: mass splkts, Coleman
- Glashow 1961 law, reaction-rate ratios, photopreduction-ratios,-photon decays.
Photon is supposed to be a U singlet, hence ratios easy to get. Then GellMann
— _ _ _Okubos. The invariant D_and F couplings written out in full, no formalism chosen.
eWill copy page 178-9.




bookt

1. The SU(3) group.

Undtary Symmelzies..
Gourdin,, Wiley, 1967 QC 721 G65 300 pages
Contents:

2. Physical Interpretations

3. Particle Classification
L. Strong Interactions

o Elsctromagmetics——— — — -
6. Weaks

6) model.

T+ Nonleptonic—weake R
8. The SU{E} group.
e 94 The 8U

10. Iie Algebra of Currents
11. Physical Conseq's of SU(6)

T 12, Lie groups and algebras

13. ILie transformation groups
14 Topologicats—- - -

15. Lie algebras of the Bu:is.tnplas
—16. Representations e
17. Tensor algebra of t.he linsar greup
appendix :

isometries

21 —— . - -

s s Tf T have more time to spend, this 'would be—w good place tou spsrmd it — T
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Summary of Major Theorems in Tinckham June 15, 1979

|

E

1. Rearrangement Theorem: group rearranged by left or right multiply by fixed element.
Leads to Haar invariant measure for contifuous group.

2. A Euhgrcup and its cosets (either left or right) partition a group whose order is h.
Thus, since order of cosets = order of subgroup'= g, you must have h/g = integer .

3. If & is fixed, and X runs over group, the XAKHI generates all elements of the class
containing A. Elements of same class are ¢alled conjugates. Tdentity in its own
private class. Chidsses always partition the group. -

L. Great Orthogonality Theorem: the matrices:for the irreducible reps are orthogonal.

1
5. Dimensionality Theorem: sum of li = h, the order, where Ii = dimensicnality of
representztion i.
I

6. Character is trace of matiix. Characters 4f two different reps are otthogonal. If
two group elements are in the same class, fthey have the same character. Thus, the
rows of a character table are orthogonal when weighted with class multiplicity.

7. Second-Orthogonality Theorem: the different columns of character table are orthogonal.

8. Reduction: to figure out how a rep reduces, realize that the character of the reducible
rep must be sum of characters in the direct sum. This is how you do it.

9. Celebrated Theorem: The regular rep » 1., = h , contains each UIR i 1, times.

eg
10. Kumber of UIR's is equal to the number of} classes.

Vo
11. Abeliam groups: obviously each element if in its own class, so h = number of
UIR's, so each UIR. has dimension 1.
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Factas to Ratain from Wybourne,

Chapter 3. definitions of basic cortinuous matrix groupe
(1ike GL(n,C) etc.)
matrix theorems.
Chapter 4. the parameter mpace .
generators ae gradient at identity which is parameter origin.
the commatator of two group elements :
atructure constants and properties of
the infinitesimal operators
the general exponential form of fimite group eslement.
Chapter 5. definition of a lie algebra

basis transformations of the X's

homomorphisms, isomorphisms

automorphisms, inner and outer; the automorphic group
ideals, proper and improper (invariant subalgebras)
subalgebras

adjoint representations

complex extensions

simple and semisimple algabras

the metric tensor or Killing form

the kth derived algebra of an algebra

a solveable lie .algebra

direct sums and semidirect sums

the Casimir operator of a semisimple algebra

the correspoading group statements.

theorem: a memisimple lie algebra can alwayes be written as a

direct sum of idsals, eath Tdail Torming a eimple glgebra.

example: Weinberg's decomposition of the Lorentz group into two

SU(2) algebras.

theorem: a 1ie algebra is semisimple iff the metriec tenmor is invertible.

One can always check this directly from the structure constants.

theorem: any lie algebra can be written as the semidirect sum of a

golveable lie algebra and a smmisimple lie algebra.

example: Poincare group, Euclidean groups. Remember that in the def

of semidirect product, the first group (usually translations)

-— Will bs an ideal of the complete group. - - e

Chapter 6.

Chapter T.

Chapter 8.

the Cartan Weyl basis, the Cartan subalgebra
roots, their properties and theoresms

Dynkin disgrame and the Cartan matrix
enumaration of the basic lie algebras.

the Chevalley basis



Chapter

Chapter
Chapter
Chapter
Chapter
Chapter
Chapter

Chapter
Chapter
Chapter

Chaptenr -

finglly,

9. rapres-ntaiiulu, redugibility of
contragradient reps, adjoint reps, real and complex reps.

theorem: a eoclveable group has no finite dimensional frreducible

example!

theorem:

example:

theorem:

axample:

reps except one dimensional reps.

tranelations, abelian groups. There are no matrices used
to desoribe translations, eg.

the irreducible unitary reps of a eonnected, simple,
compact group are all of finite dimensiom,

the rotation group or SU(n).

the irredueible unitary representations of a nomcompact
connected almple lis group are sll of infinite dimension,
except for the trivial rep.

in 50(2,1) or 3U(1'1l), the matrices you naﬁ construct are
all non-unitary. (eg, the bocst matrices)

weights and how t0 label irred reps.

Kronecker products

more on labelling repe with weights -
the exceptional groups

dimensions of the 'irred reps

the Casimirs
representations of SO(3) and S0(2,1) compared

theorem: a semisimple lie group of rank L has-L invariant

the case studies.

Capimirs. All may be oonstructed from one formula.
_Noreover, the values of the Capimirs label completely
any rep.{irred rup}

glebal properties of lie groups

the 3-parameter groups and realizations
applications of su(l,1)

genesralized lie algebra Wigner Eckhart _theoram
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Vilenkin Chédptér 7

i

Joduy15; 1977

Very unfortunately I overlooked this chapter. It contains much information I thought

was being originally presented in LBL-5527.

1. Hypergeometric Furiction. '
1. Definition
2. Relations
3. Integrals involving

50 pages long, -I. have no Xerox of it.

L. Jacobie (first kind only) polynopials exressed in terms of HGF.

2. Th? FFDHE %LjEtR!.

1. Remarks: accent here will be on

diagonal matrices

2, Parametrization. Theorem: you cah write g = d,pd, or similar, where are
diagonal (unimddular) and p is either a y-boost or y-rotation form matrix. Close to

the Euler angles k but not quite due to det
3. Lle algebra stated

3. Irreducible Representations.

s I have left out.

[

1. Description: converts the QU(2) shift rep to SL(@,R).Converts toc usual

multiplier rep in one real variable x.
2. Another realization: Mellin's

£(x) and f£(-x) are called F_(\) and F().

Group action on f(x) is then convebted to action on Fy (A). This group fction is
then written as an integral, there are always two terms because 2x2 sense. Kernels

of integrals are the famous K++':}'Jl" 1% ig).

By v

Re@ Ry = 2

q_-{ﬂ

%ru \i*ﬂ(}ﬁﬂ

The reps are labelled by XK= (§&) so we are
are writtén as integral representations

You have:

%) 08

doing Bargmann's C_ series. The kernels
hére. q

4. Infinitesimal operators. Ie, generators are written in ters of varisble x

L. Caleulation of the Kernels.

1. Calculation of the K's for case
Also does for tribgulr matrices. For the y-

e (Td«si swe
T\ she dwo

of y-bookt (called h) or y-rotation (called u).
-rotation matrix he gets:

2L

Yy
Kosr Q“;}-‘-i'}f;\\;= A PN 28 (ske) A F(Hm'k}‘u*ﬁ""u]_iie—-)

P=28)

By doing a c¢-a,c~b thing I could write thi
BF th& Wa}'-, K = D-
2. Th& case of triangular matrices:

( &531 TR
in terms of my function Ql‘;—l@w).

K's recomputed

3. The general case. Multiply eariler results together.

4. Some hypergeometric integral tr

sforms. Nothing exciting here.



I

E. Recurrence Formulas. Derives the usual recurrence formulas as in Bateman by first
ting the operation of differentialtion in terms of generatoss, then converting

the generatosrs to the Mellin gpace. The K's are used here. .

6. Integral reps, and composition formula.

1. Intro: from the group property, the kernels must compose with no constants
at all, just Mellin-Barnes contour with adjacent "helicity" indices touching.

Rest: by choosing simple K's inside (ie, simple £"s) you can make lots of
integral representations for thHe outside K function. Also, various special cases of
the composition formula (addition theorem) are done. '

7. Triangular and Hankel: a different representaiton of same.group. ééma representations,
but new way to do it. Thé kemnel now ls some kind of Hanekel function. Very short sec
nothing super.

Jend

Comments: MNowhere in this chapter do we find any reference to Azimov's work. Nor

is anything said about "Legendre" . Nothing about "second kind Iegendre™. Why bother
if you are interested in the HGF per se. No need to convert to Legendre. No one would
know that these kernels are slose to associated Legendre functions. Vilenkin simply
does not associatéd the word "Legendre" with the seocond kind functions.

Also, there is no comment about the Dk+ fepresentations.

Of course nothing on diagonalization.

This work was referenced by ‘one of the.Abarbanel and ..‘:maunder's .papers. They c:rnvert.ed.
to e-functions.

I would eriticize Vilenkin for emitting to mention Legendre, and alsc for
making the artifical separationg between QU(2) and SL(2,R). The real difference in
these two chapters is not the group but rather the EEEEE' The chapter 6 is in the
discrete basis and so involved first kind loegendre functions; chapter 7 has chosen
the continuous basisz and involves the second-kind legendre functions.
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As I see it, this result must be true for all "el” and for (m'n') on either lattice.
After all, we obtained this result from Vilenkins general representation. .
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"7 "But this cannot be true because look at Vilenkins symmtry rule top of page 124. This
shows clearly that his P's are not the same

— -faked us out by using different Jacobis. Hi
‘ functions. So this throws lots of tings 1ff

s Azimovs. Therefore, -he must have
P functions must be more like my.d

Comment: I simply do not trust Vilenkin's A:Cculatims because he refuses to standardize
things using hypergeometric functions. I hai that, no way to tell where you are. So
I shaiild really only use him for kdeas, not explicit results.
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_Comment on a Common Error in Group Reﬂ Theory:
i

-.f; 1. Usually, t.he at.andard group rep formula reads:

- 1( %\ﬁ-L\___&.C_% A e )

———— - — - R —_——

One gets the errcne#nus impression that _gz_l will be the first group element

t.:a "touch" x:

- - - - —h-—-—--— - - - _— e ——————

e —— _-_._hTK%QT(%z,).%@) I_(%L\..EL(%LK)_ _— e -
- - < 4o ;(%1':5'1, x):

- These. equations are wrong. .In fact, .gl_l Ais the first group element to touch
~X._ _The above equations are simply aimisunderstanding of ‘the notation. The

bra-ket notation makes this very cle?r:

SATNEY = el 8D ia b waswing o TOFE) =4G)
S TENTENER) wedvo XA T(RNT(3 D

® o = (ﬁ\T(%-\Jf? = L \’k) - 4&.1%’)
<'}¢ \ TC'%:) ';5 < ‘\i‘\ Q? = < %‘b%x 'Q>
< _(3&5{,5 x\¥) _= l. <\ .
s LTS - awm__ - Thadt &).
Basenk: x| T(%TQ%BD - <%‘x\TQC5Q¥>
o o R mohe @ Q donadaa X _gm
i’?.?)t ‘3‘\ Q> < (%ﬂf'.\“\'q'>

= <"‘-\ T(eq2) S—>

L T

1
1
P

S — -
[



Comment_on Normalizers ﬂ\. \ilemk iy, -

1. So far I have been thinking in terms of having complete freedom in
choosing d normalizer A, for a replesentation. However, I now think
certain choices are more natural than others. For example, lock at
page 307 of Vilenkin where he deals with SU(1,1) matrix elements.
There, equations (1) and (2) dfe updenyably true: these equations
give you the representations irredycibles. Now, if you _choose basis
functions in this space which are normalized and otthogonal, ie,

_ Fu@) = fg S

~++ wWell, this.choice is orthonormgl with.respect_to.the simple scalar

product kiven in (4) page 30L. Wheén you do this, you get a very explicit
matrix element without any "normalizer freedom". See (4).

2. How then can we understand the idp% of changing normsligzers?

Luley e AL ™

T

3‘1 Yo tlipore A?m=".,,kaou.|rttnk (%Y aa n-.au".-l.nl Qux S
caudd alao alicote 2 .

-4

A = e ey =
R T R S 2y e
0K, then all you have to do is rﬁE:_ﬂ}m the scalar product fo normalize

your basis sates., In-fact, now look -at-Vilenkin-page-118 to- see that this
is exactly what he does for SU(2) patrix elements. !

3. Thus, here is what i have learnedh First, for SU(2), Vilenkin used the
'standard normalizer that everybody] uses. The only other think you have to
" know is that he chooses exp(+i@ ?‘) for his central group .element thus
obtaining the rotation matrix functions which he calls 15‘1;11—{;}.

Second, for SU(1,1) in thk continuous series Vilenkin chooses
the unit normalizer A, = 1. Then, hs shown on page 309, he chooses for
his central element exp(-iTK;) «{The resulting matrix elements are then
called ijn (ehT). 'f-'Ljuﬁ

L+ Keep in mind that Andrews and Gunspn usé Jo as their central generator.
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-= Jets review this magic show starting lwith section 2.l1.- First, we show that you

.can set up. a group representdtion T(g) whichf{is an operator acting on a function of
2. complex variables (for SL(2,C) ). This upeﬁatur takes your function of two variables
and generates a new function by replacing thQse variables with new complex variables
obtained simply by multiplying the old variables backwards by a 2x2 matrix rep for g.
6ddly Enuﬁgh, we start with a 2-dimensional matrix representation of group G and from
that we construct a more general representation as an operator on a function space.
Since this funétiorn ‘space has invariant subspaces under T(g) consisting of homogeneous
‘polynomials of degree 2L, we conclude that T(g) is a highly reducible representation.

In fact, we-are easily able to deduce the effect of T(g) on a function @#(z)
which is restricted to the Hilbert subspace of degree 2L polynomials. This is shown
in equation (8).

In this section 2.3, we show that the representation T; does not itself have
invariant subspaces and is therefore irreduc% e. Later, we will show how equation (8)
can be used to get the matrix elements of the irreducible reps in some basis.
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A summary ?f ﬁarmaqn.ﬂhaggﬁr_gt- 1)
1. Introduction: the
between the first and second kind functions
of certain ‘simplé formilas which relzdte the
these Neuman fnrmul;a. ‘The trick for doing
to be matrix elements of an operator -D(g) i

¥

Exl (3.\ = < DYy
When label j takes special values [(integers
space a certaln .space Hj. This is the ususl

L

6(%\'\“\’“0 -

that (j/k') is not Just a Kroenecker delta,
divergent, or-otherwise poorly defined. Ie

Caudly Tegeds , ond -a"

the purpose of this chapter is to learn about the relatiﬂnship

, As his starting point; H reminds us
Pj'amﬁ'qj functions. He shall generalize

80 is outlined: you want your e—functions

Duk &y \‘Pﬂ>

Now suppusa it happans that these basis Iunlticns are -not -really the usual things, and

some appropriate. space. . For example:

— —— — _—

(1)
.28 L, the vectors shown are supposed. to
space connected with Dj, ie,

- (2)

fbut rather, suppose thiu;guantitx is
y we are not useing & real scalar product

here, just a bihinear form. Claarlxtuthen,rjg do not have an orthonormal basis in

our space H' of dimension 2j+l. Therefo

you cannnt simply substitute equation

(2) into ¢1) and conclude that the E functidns are the same as the D functions. This

would be the conclusion if we did have an ©
that.

Ee(ag) = iD@aHD

= < DS(_-\B Ny \D* \"ﬁ>

Pause before finishing. The -first step fo

g group representation -by -operators in.our

honromal basis, so we had better not have

Although you tannot put (2? into fl‘ as shown, you can do what follows:

F e\ D) D)

(3)

ws because D(g) is supposed to be

sce. The second step involves some

kind of "adjoint™ operator with respect to t s craszy scalr—like product. Now

from (2), taking the adjoint we get:
can easily prove that the adjoint object is
calls D! Jfg}:

i1

S W

= m% g o\ N
éi @\o& (%3 Ek‘¥® L

o R

Hrﬂmglkdénstaad, the next step is this: you

50 & rEpraééntatiun, the one that H

It is this representation-which is supposed to do (2) above. If-
it does, then you can insert (2) (with a prihh

on~D) into (3) to get:

L.
1 — !

-



i

S0, what H is showing us.is how that "group-like property" might coie about. we
repeat that there is something rather tricky about the scelar product like form.

W b

2. General Remarks’ ebout Cauchy Kernels for Complex Lie Groups.

- - - +“

Here we obtain a method of sort of "extending" a fuhctitn oA G to a new
function om G, (minus G, however), where G, is the complexification of G. The
new function P(g.) is generated by integration of oroginal f(g) over G, weighted
by a special. so-called "Cauchy'kernel”. v

By, requiring thatthis kernel have the special form G(g, 4 g) .= J:(g_lgc),
the new function F(g,.) bears a special relation to f(g), nemely: if f£(g] maps
into F{g';j,' then f(gog) maps into F{gogc). Somehow, left-translation "shines
through" this "transformation". Right translation does not, however. (Here, 8
'must of Coiirse be if G). " ’

== -—Next; for reason-unknown, H-points out-that-you can; if -you Tike; also insist
that the your Cauchy kernel -be ™invariant undér Ad K '* where X -is ‘some subgroup of G.
The notation Ad K*means the set of inmer automaorphisms of G which are generated
Ad K" is a fancy way of saying that C(g,) = Clkgk™).

If this condition is also met, then not' only will jour cuachy transformation
be left-translation "invariant" for all G, it will also be right-translation'~
invariant Tor K. Of course'this implies that for K, tHe map b¢ right- and left-
translation invariant. The significance of all this is: in this case, if f(g)
is a spherical function, then so is F(g.). We have in mind, of course, that f(g)
is like -Pj{a}- and F(gg)- is like Qj(zc}.

For the reconrd, the phrase "spherical function" means two things
1) the function is eigenfunction.of differential casimir
2) the function is left-and-right translation invariant. Clearly, Pj and Qy are

both spherical. I

o

3. Hua's FonstPuction 'of Cauchy Kernels.

o emey o -

El - r

This is a-strange-digression which is rather vague. Apparantly, Hua has
a method_ which gives you a formula for the Cauchy kernel for G = GL(n,R). H
claims, without explaining why, that this nice general method simply does not .
apply to the Lorentz group cases. Hua was 1963, by the way.



e W1 £ner d-functions of the secnn& kiqg_ |

_ e = memm ] -

I will simply state the gist of this

section which is very clear. Suppose

you actually Have some D and E fihctions ﬂﬁiﬁh aré related as shown in (4.6) and

{4.7) (the E and D functions-are so=related:

Ej{-g}—am:l Bj-[g] in obvious way. It follows

!)./ Then, you can invent operators

o all in reverse,—that -these operators

are related by.the Cuchy Earqq}.transfurmatLon shown in (4.3), and the actual

kernel itself is given in (4.1). _However,

e functions.  The point is not that thers it

Cauchylkernel

-
operators are so felgteq.
SRS B i,

l-.-a.l.-.

Pora bEt.. L

q
L -

t is given as 3 sum over the d and

some fancy compact form for this

Ths point 15 that thara exists such a kernel, and the D and E

A A e . « i . 1

ﬁ. Group theo}etic megggggnuf the-integgal TﬁEresentatinna.

Here at.last wg_ge;,gpepifiq._Eg:st¢H quotes_the standard integerl reps _

_for, the agsociated P and Q functions and notes that. they look similar.

Then

he sets up a standard (to me, by now), rgslization of the SL(2,R) lie algebrs

very much like the g variable of Mukunda,
gensratorg and their eigenfunctions without

he sets up what he hopes are going to bé th

as differential operators in a real ﬂar.iahlq

scalar product,; suggested by the integ{gl_népreaentatigng

S 0F) =

The most important thing t& ‘Yealize “at ‘the
we ‘are ussd 'tb. ' Thede are -sctually 'states %

which he calls THETA, but which is

qtipq_that you can talk about these

using any scalar_ product. Next, _ .
e-functions by choosing = particular
He says:. .

%;E__EWRE oxg {E{; ﬁgé;:\_s" Q"ﬂb
o) @0

start iW' tHat these are not the states /m)

cH diagdnalize orle of the hyperbolic

genef'ators. But, he is taking this gemerator to. be anti-hermitian (formally, and

also wrt to his scalar product).
never says his m is raal, but I suspect it i

i

1

gas @S

That is Hh& he gets m, where I would get ip. He

5 supposed to be real. Therefore:

m}zma\‘: =+ Qg

After this, H comes wp with a very niceitrick for expoentiating the differential

gnerator. This was a problem I could never seem to solve.

diff gens always corresponded to Ehltiﬁliar

I knew that first order
éps, but could never do it so explicitly!!!!



the integral in question does in fact lead
So huuray, he has explicitly written

rep.
curtaln operator in some space.

we never stated anything explicit for the ok&r
Here, things are mgda explicit.

for the scalar product.
Next, we change variables to w -'Eq!
the generators in the new variable -and not

map the resl line into the resdl line, and t
either of these sets of the u-plane is a go
functions-on-the-real-line are napggd into
have already used the real axis to get the {
that the unit circle gives the integral rep
This section is then closed out by H
and showing the D = DE addifion thedYem.

6. The technique.in general terms. L

So, having shown how to find the multiplier rep, _H proceeds to show that
}o the function qj“‘ in its usual integral
the Q functinns as matrix elements of
Back in sebtion 4 we had done this formally, but

ators D and E, and nnthing explicit

or as H says, u = ea «» He rewrites

2s that -these-are the enes-having to do-
with the linear fractional transformations if the u-plene .

For sL(2,R), these

e circle into the unit circle. Thus,

cancidate for a scalar product (because,
We
rep. It turns out. as one might expect,

tions-on-the-real-line, stc.

for the P functions, and H shows it.

computing the explicit "adjoint"rep

I am not quite up to this, but will Lry anyway. You have a group G and

a subgroup L, and somehow this gives a spacej
by p. This must be that transitive space M
Recall that all homogeneous spaces must be H

So, now make up some functions on this M-space, f(p).

multiplier representation aS shown in fax@f
Then, take everything complex, so thi

GfL whose pointu are denoted simply
hat Vilenkin mentions, the coset space.
omorphic to G/L Tor séiie subggroup L.

Then, make a
(6.1).
at M goes to space M, = Eﬂ/Lh. Then

in this space M,, taeke some other manifold, Tall it N, a certain loci of points Pg-

Use this manifold to define a scalar product
I am not sure I am getting the point

kind" functions by somghow changing the domai

as shown in p 113,
i It seems that you generate "seconhd
n of your scalar pfoduct. The reason

I am unclear is that I do not see exactly hoy you make G/L = the unit circle. I

will go look at H 's other book to see this.

I bet fiber bundles will get in there.
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Emamesh Chapter 3 \ Group Representations.

3-1.Linear vector spaces.
3-2. Linear dependence.
2-3. Notion of basis vectors in a space.

3=4.linear operators, equivalence of two matri

ces (similarity).

3=5. Representation of a group by matrices. Multiplication formula.

3-6. Character.

Notion of two representations being eqﬂivalent by similarly. Character is easily

seen to be invariant under similarity, so a u

X (R)

Ky 1Kpe oo oKy

= the character in scme fp

= the classes.

Elements of same class have same character.
3-7.Notion of direct sum representation . Blo
3-8. Idea of a function being invariant under
2=9. Scalar products, unitary matrices.
2=10. Adjoint and Unitary operators.

eful guantity. Called CHI. Notation is:

for group element R

ck form.

some group (belongs to identity rep). QM.

2-11. Theorem: for finite groups, you can allays arrange all representations to be

unitary. Ie, every representation is aqpivlﬁ
3-12. Definition of a Hilbert Space.
3-13. Reduciblitty.
Fully reducible means block form.
invariant subspaces until there are no more,

net to a unitary rep.

This Es a direct sum. You keep looking for

hen you have fully reduced to irredubibles.

a; = multiplicity of some rep
3-14. Shur Lemmas. 1
1. Two UIR's u; different dimensions ¢
2. The only matrix which intertwines a
3-15. Orthogonality Relations.
Here based on the Shur lemmas is an exc
Theorems gn'\J”Ifal:’
sumy $9R),, B

From this, characger orthogonality is derive

SN -

R R L

in a reduction.

ot be intertwined by any matrix.
R with itself is the identity.

lent derivation of the Great Orthogonality

- s 3y gm (3-143)

UL

Eﬁ ) x¥(r)*

|
= JE;YJV y can also write as class sum.

|
I

Theorem: number of UIR's equals number;nf clagses
. Theorem: sum of squared of dim's of :

133

#b‘*

‘L Y i"J* J
é{:_?(; Q{i ESi

the order

—

vt 0l

—

—_—

% S

A —— et

oot
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(chapter 3, hamermesh)

13-16. If a rep is a sum of reps, the characters add in the obvious way. Thus:
P

()
R = 2L a0y D)
v
- '7([_&\} = Z_: Qg ?{E (?‘3

i

Bas. Suonoches wdﬁaaﬁh & Soon:

e S

Ay = riwiﬂwglaaﬂﬁ
(o)
?(;Iz ;Efdgixi

!

[a\oan. A,

B e T T ee——

This tells you how many times a UIR occurs injthe reduction of an arbitrary rept!!
While were here, lets write the other main théorems out:

T
]

l .
| ¥)
2 el 35

W o
K g = g

Li%EE;L-

|
|

|
»

i

|
Next comes a potenti little theorem. Take so$e arbitrary rep, get its character Ki‘

Then compute the LHS of this equation:
4 T &3
skl Za G
Thus, you have computed the sum of the sguare

in your original rep. If that sum comes out 1

2, you know your thing reduces into a sum .of {

\ L& oflf:nfi E\)

p of the multiplicities of reps present
} your rep was ar UIR! If the sum was

two different UIR's, each cccurs once, and

s0 on. This is a

criterion for irreducibiiitz

The idea is extended, I skip for now.

3-17. Group Albegra used to prove main theorefs.

Here group albegra is defined, fine. Cel
contains each UIR n, times. This is then used

the UIR's, an equality. Next, the group alge]

|

gra is used to show that:

btated Theorem is proved: regular rep

to confirm that g = sum of =mux nu? of

This is "second orthogonality” ie
the columns are orthogonl. This also
convirms that the number of UIR's
equals the number of classes.

‘éi;f § S 1XQE = (:%%—)QE;ié
) 3
i® Sum
owtand]
APERS
2-\7. Qﬂﬂ é%nm\ A~0K
'3:;ﬂ1_'bLAJLk 0 od W 1



—ﬁh
apter 5.
m

Comment: I just want to track down a few new

(H amermesh, Ch

5-1. Gives the concept of a direct product re
lectures on this subject. In particular:

D ®) = o{Y ) o)

fdeas I see sitting in this chapter.

presentation. This is very similar to my

| = the direct product matrix

You pair the first index in each pair, and thg second indices.

Theorem: the character of the direct product

rep 1s simply the product of the

two factor characters. Could not be simplar.lrﬂ see this, just set j1 = ik in the

above formula and then sum.

5.2, The notion of even and odd reps. Wyl

Theorem: if you take DuxDu, ie the direct pr
the same, you can do a preliminary reduction

st gk

oduct of two representations which are

of the result thbo two pieces, each

of which may then be further reducible. =The jtwo basis functions are:

PR - [Duxnuf ® {‘Du
sym

A N
SRR Wi, = A m K BJ';\ = A
I will use S and A superscripts instead of H

and antisymmetrize on the first-indéces. Yow

two invariant subspaces. The basis functions

e 1)

S;kl ¥ oYY Bnmhiﬂjfﬂ- Iﬁfw* Fﬁfa :
As e = v & DWWV

It is trivial to compute the character of t
their /definitions. You get:

o %‘”"“E R) = < \W @ ®E
/X[i’“’f\'h(&\ _ .LE et Aol
= T \PR) = xR

[

A
u
n

W_&;‘&Hfm‘ﬁ = SME_ED":?BL-& —-i Slkl[?j:ﬁlaiﬂ]

I
\;1{ u.iA.
s bracket notation. The idea is to symmetrize
* direct product space then breaks intpo

are:

i, = ‘!‘1_- ﬁ'\}m(“uhpﬂrk\

daion = AMA (=Y,

e 5 and A representations, just from

N

'Y



5=3. Definition: the ad oint representation
def's

fact: for unitary reps, oo

fact: the various theorems involving X{R)*

the complex conjugate rep of D(R)
-_— *
D(R) = D (R),

(chapter 5, hamermesh)

-1

3 D(R) s D(R) T , called D(R) with bar.

is obviously D(Rs.

80 no need to distinguish them.

gan with

that being X(R™1) = X(R),.

Thus, the character of the adjoint rep appearT naturally in various statements.

5=k4. Existence of hermitian invariants. Skip.

5-5. Classification of Representations.

UIR

This section is new to me and interestiné. If you pick a particular IR of some

group, 1t must fall into one of three classes]

*
(2) D equivalent to D

but D

( we are only talking unitary reps here)

cannot be made real such that DrD.

(1) D equivalent to D*¥ and can be gought to real form DeD*

/this type of IR is

galled a "real representation”

In both the above cases, the character is real for all group elements.

(3) D and D are not equivalent

There is a tricky way to tell which of these
LRy = o
:‘Q-‘r‘

& KR = oy

Wigner calls: type (1) = "integer"

type (2) = half integer.

Example from self: I wanted to say that the

( and here character must be complex).

catagories a rep falls. You have this:

! \
Q.lr] = {jl ((:1;}
C  (3)

spin-% matrices involve complex numbers

which you can never get rid of by equivalencing, even thout the trace (characters)

are real. This is a "half-integral rep". On
made real. This is an integral rep. On,ly pr
group, but probably this classification can

The other hand, the J=1 matrices can be

blem is that g = infinity for rotation

carried over somehow,

Next comes a bunch of strange theorems about things like 3 (8) which is the

number of sguare roots of group element S. 1
something here about ambivahedt classes whic

5-6. Clebsch —Gordon Series for product redu
Here is the basic stuff, the character

Q- = qw{ = g 2% (8!

will skip thése for now. There is

h I skip.
ttion.
miltiplication idea. Here is the multiplicity:

v (0
( (RYW (R)

)

q(f %nqﬁIﬁ1_
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Theorem: (froved easily from the preceding equ:atim}. Consider D" x ]3"'

a) if u=v, the identity rep occurs exact

i

once in the reduction

b) if ufv, the identity does not .occur aff all.

Example: In SU(3), the 3 and 3 reps are not €qui¥alent, but 3 x 3 containts the

identity exactly once. I-think this is an exa

£E~7. The Clebsch Gordon Coefficients. This ig
time. The Clebsch symbols are introduced and é
index, .s0 : '

M, )
S

If the representations are unitmry, then the
standard properties that I recall from SU(2)

5-8. Simply Reducible Groups

Here we restrict interest itn two ways:
real which excludes groups with type-3 repre
without multiplicity.
prove several interesting theorems. By the

and 5#'

Such groups are then

rotation group, 53

ple.

the section I have been after all this
f course you have to include a multiplicity

()*3}“’*‘>’f13;>

Clebsch's are unitery and have &rious
analysiéh like the DD = D theorem etec.

first, assume that all characters are

tentations. second, restrict to groups
talled SH.

wLy, these

For such groups we can

restrictions apply to the

lemma: in direct products, integrality beha:t
two half-integral rpps gives only integral ]

Sublemma: , D"xD" can contain only inteﬁ;al (
familiar from the rotation group.

Theorem: if a UIR occurs in DuxDu, then tqg
DxD]S , one or t'other. A rep must be eithe

appeer ins some pD“D" no statement may be

Example: Consider 1x1 in rotation group. Yo
since they occur in a p"xA". Since %_in thejl
the "evens", so O and 2 are even, and 1 is

s reasonably. Eg, direct product of

ps, etc.

type-1) reps. This notion is of course

t UIR must belong either to DxD)° or
"eyen" or "odd". For reps which dont

de.

get 0+142, Thus 0,1,2 are either even or odd.
x1 is integral, the symmetric ones are

d. Consider #x3=0+1. Here, since % is

half-integral, the symmetric which is 1 is palled "odd". Consistent! . The half-integral

reps do not occur in D'xD”  and are this neit

5-9. The 3-] symbols. Skip.

her even or odd in this sense.



JHammermesh on Symmetric Group S Chay V.
{

SW'\-L ."51 T}:L

. Comment: This is an excellent reference. All those tricky rules Just stated by Licht.
are derived in detall here, though I have not| studied it. Chapter is 100 pages or so.

o
|

1-1. This section discusses a method of constjucting character tables for the Sn groups
by & sort of building-up method. Ie, you use finformation on the Sn-l characters to gt
the 5 characters. I have not studied the secticn, but its gaol is clear. Here for

example are some character tables:

\ i i C 3 v 2 .

Oa \ W) @) Sa I Wi G (3)
'K“} | | ..}(.:u \ : \ \ l' -.I
rK{t} \ -\ ,xu‘_. \ E - : l. ‘
M 2 b o A

Lets get clear what these tables are doing. Since group elements in same class always
have same character, you need only list the classes across the top. For the symmetric
groups classes are characterized by their cyelic structure. Thus, ih the S, table above

you have (1,1,1) referring to the identity,
and (3) refers to full cylecis made by combini

reas (2,1) refers to transpdsitions
two transpostitns. All the single

transpostions are in the same class, etc. The other number tells how many elements

are in the class shown.

7-2. This section derives Frobenius'
the phrase "simple character"
compound character refers the character of a
of polynomials and thinga. Looks "horrible.

gener

7-2. But here are the mneumonic results of
dimensionality of each UIR of S, simply by
the tableau.
increase both across and down.

formula for characters of Sn. By the way,

refers to the icharacter of an irreducible rep, whereas

ducible rep. Here we get into all kinds

First, you can deduce the

the above work.
ounting the "standafd arranglements" of

In a standard arrangement, all ‘the n numbers must appear, numbers must

7-4. A graphical method for getting the chéracghra.

‘Characters by recursion formulas ( bad

7=5.

How to use Frobenius form ula £o comput

7-6.

Comment: All of the preceding 6 sections,

of character tables for symmetric groups!

ed on Freobenius formula)

e characters.,

L4

33 thick pages, are devoted to construction




~1~

7-7. Here is a method for constructing not the characters but the actual detailed
represenation matrices. Follows paper of Yamanouchi 1937. The section ends with

a large table which gives the matrices for all representations of S115y, through 8§
Here is the 53 table, for example:

5’

St uas WY slemede .
H & o
e ') (22) (13)
=] o - L A - ~J:
Sy 13 By P

o s -
Details: the matricesf;re always symmetric so lower off diagonal not stated, you can
£i11 it in obviously. Also, matrices are only given for transpositions. You can get
the matrices for the rest of the group elements by multiplying transposition matrices.

By the way, these are the same as the matrices of Tinckham for E rep of DB' Identify
(12)=4; (23)=B, (13) = C etc. See page 8 of Tinckham.

7-8. This section discusses "H{pnd's Method" of constructing wavefunctions £(1,2....n) .
of maximal symmetry or antiisymmetry. There is a direct connection between such functions
and the Young bhsiness. I have not studied this and will not because I think later
aectinnrs'are more relevant.
7-9. Group Algebra Approach. This seems to be the best way of doing things.

First, if you take any linear combination of group operators, you have a linear
combination of h = n! (for S ) operators. The coefficients may be regarded as components
of an h-fold vector. Two such linear combinations may be multiplied together in an

obvious way to get a new vector. Each linear combination is regarded as a vector in
group albegra space. Pozzi had much to say about this stuff. Given an irreducible
representation of the group, you can generate an irreducible representation of the
group alpebra in obvious way.

The idea is to decompose the group algebra into a direct sum of minimal ideals,
and these guys in turn correspond to the UIR's of the group. It is possible to
constrcut projection operators called "idempotents™ which take any element x of the
group albegra and project out that portion which belongs to a particular ideal minimale
These are called ey,e,... by Hammermesh. If you can find these projectors, then the .v
problem of finding basis functions belonging to UIR's is mostly sclved.
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7-10. Young Operators. Here is the fundamentgl stuff: consider a given Young Tableux,

ie, a young "pattern" or "diagram" which is filled in with numbers in some standard
arrengement, all numbers appearing once. The|obvious one is all numbers in increasing
order, called normal tableau by Messiah. For this particular tableam, you can construct

an operator S and another one called A. Thes¢ are best defined by Messiah page 111L

and are called P and Q by Hammermesh. The P S operator is a special symmetrizer:

it is a sum of all the permutations (group el¢ments) which do not mix rows. The symmetrizer
is supposed to not mix rows, the anti is supp?sed to not mix columns.

Example 1: 53

nEa P = o)+ +Q3) + (123) + (132)

ons and thus have even "parity".

Here there is nothing to antisymmetrize. Note} how the 6 elements of 53 are labelled
here. The last two are made of two transposi

Example 2: 33

E Q= e -@)- ()~ (f’h\ + () + (132

And here there is nothing to symmetrize.

T P= [‘?_'\" G2 + () +(23) + () lﬁl)lleﬂr L*fs‘)] |

Q= le-M\le- ) = e - ~Gas)+ (W),

In the first line I have added all possible permutation operators which do not mix
the two rows. There are 12 such operators. qus the sum, with parities, of all operators

which dont mix columms. i
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You know that a
(ie, the group algebra) N times, where N is

Now, here is the main poop:

are, I think, correspondent to the N possible
in the pattern or diagram. I am now going to
for each of these N uir's. (bﬂii-

First, each
of Messiah.
algebra elementsx until you obtain a basi51*~

=

Example: Consider 53. The two-dim rep occcur
the projector:

ng P= e £(w)
. Q= €-03) = & ~(\3) +
t Eﬂ No= AnSe = Y? 9 + ol leeliy)

Lets work first with the top copy. Take the
Messiah shows) onto various elements of the

Y, = eole-0® +(») -] = (W)- (us

O, = O e~ () + (v - @) = (W-e -

ziven UIR occurs in the regular gep

the dimensionality. These N occurances
standard arrangements you can make

show how you find a set of basis functions

gets its own pyojection operator called Y = QP , the j
You take each projection operator and apply it to all possible group

s twice . For each copy we can construct

o

V=af = AaSn = (e~ )fereo)

Uﬂu(ﬁqﬁm“m'=Y5ﬂ_

i 1

e~ 0 () - @) =YY ¥

ojector Y; and apply it from the right (as
oup algebras:

)+ e - (23)

-\

- () = (1)

(Y, = (ﬂ”ﬂ_ﬁ - () * () ~ (anﬁ - A= (W) 4 (zu) = (™) = \{1_\{:

I am convinced that if you go on and apply ¥;]to all other group elements (thereby
spanning the group algebra), you will never get anything cther than a linear combination

of Yi and Yl‘.

Thus, these may be taken as "gpanners" of the first copy of the two-dim

rep of 53' In fact they correspond exactly to Lickienbergs PSI1 and PSI2.

If you want an orthonormal basis, you jt
In similar manner, I could take ¥, and ge
operators spanning the other uir's "ideal:".

st do it in obvious way.
nerate a Iz' such that Iz and YE‘ are

Then finally to get functions which corjespong to representations, just apply

¥y and ¥;' to f(xy,X5,X3) and you have it!




For example, we have:
%(ﬁ.,?ﬁﬁ = Y, $G) = $02) + f@s) 4 f(n) - @)
3 = Y S0 = Sl S § H0) - f@e

Now any permutation acting on one of these functicns can only linear-combine them
because we have already shown that Y, is a pright-acting projector [ this proves
that (12) £,(123) = £,'(123), egl. But, Y;' | (12) ¥;. Thus GY,' =G' Y, = in
the manifold. In other words, Yl' is also alrighmwacting projector into this lisle
UIR manifodd.

Conclusion: Both of the abowe linear cnmhinjtiona "belong" to the first copy of the

2-dim VIR occuring in the regular rep dec sition.

Normalization: Since I falled to normalize (P and Q above, le = constant times Y,
so not quite normalized right. No big deal.

Conclusion: I now know exactly how to constJuct a set of basis functions for each

copy of each UIR appearing in a regular-rep ecomposition of Sn‘ For each pattern

(ie, each UIR) draw the various standard aryangements. Each arrangement corresponds

to one copy of the UIR whose pattern the arrangement is in. Then , for each arrangement
construct the projector. Apply that projecto from-the—right—only elements off the perm
group until a basis has been generated. Then{apply the bais elements to an arbitrary
function to get the basis functions. Ie, a fimction f£(123....n) .

By the way, I think the basis functions for different coples of the same UIR or
different UIR's are automdtically orthogonalj becausse the projectors really are
projectors in this sense.

Hammermesh then wraps up this section 7-10 finding the symmetrizers and implicitly
the projectors for the various representations of S,. Fine, now lets continue to

N
the naxt section.
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J-11. Fork, and contruction of definite symmetry wayefunctions.

Up to now we have been considering bry ggneral stuff, functions £(1,2,3). Suppose
now that this function £(1,2,3.....n) is peally a product of n different, orthonormal
functions. IN quantum mechanics, in the indepéndent particle approximation the energy
of such a state is the sum of thersingle state energies, and therefore the energy is
invariant under permuations. You can then apply permutations to get linear combinations
which belongs to the UIR's of growp 5_ . '

Example: n=2, you can have u(1)v(2)+u(2)v(1), and the obher one. You start here
with two independent functions, and you regrogp them so that they classify into the
UIR's.

For n=3 there are 6 degenerate starting %unctions. He classffies them into
the UIR's. He only gives two functions for ti 2-dim UIR, s so he only has a total
of 6 functions. I know how to make the other T:n‘

Next, he says: suppose instead of all tﬂe little functions being different, only
two different functions were availble. Think what happens: you go ahead and construct
your projectors ¥ = QP. When you apply this Yito any starting function, you will always
get zero if your tableau had more than two rows: reason bs that you are trying to
antisymmetrize . Ie, suppose you start with g tableau having three rows. You simply
cannot make an antisymmetric rank-3 function jf only two functions are availble,

In general, if you have k different stat s only ( and not the full n), you can
never have any functions belongs to UIR's witH more than k rows!

The rest of this section is some Fock t I skip for now. I think the above thing
is what is important here.

1-12: OQuter products. I have to do a simpler e&ample then he gives to see what is going
on here. Consider this: you have a function which is symmetric , £(1,2) and is a function
for particles 1,2. Then imagine you have another "system" consisting of particles 3 and
Ly also described by a symmetric function g(3,L). The function £(1,2) belongs to a definite
representation of 85, and so does g(3,4).

Now suppose you multiply these functions pogether:, F1(1,2,3,4) = £(1,2) g(3,4).
If you only apply (12) or (34) bype operationsy this function always goes irto itself
and 1s in that sense irreducible. But, what hbppens if you apply arbitrary group
permubations of the group S, ??? Bg, (23) on|this func tion gives you a new function.

So here is what you might do: Apply elements of E# to this function to generate
all possible new functions.I will do this on the next page:

i
i

o e i



1 .__‘?,_
‘1‘2';3 R (nan = TOH Gy = F 0wy
) @ § (aw) = £00 36 = | (e

0D (ke = £ 3y = R (r23y)
(=) & - ‘F{'L,H”} 3(! 3) = Fs(113y) :
Fs (1usvy.

]

i

T =
(3 Fs- £(3,4) a.(4,2) :
: i
Further applications of SI+ operators will never yleld any new functions.

So we now have a set of 6 functions whicl transform among themselves under Sy
ie, we have a 6-dimensional representation of Sﬁ' The claim is that this thing
is in fact reducible, reducible into UIR's of Sh' For example, if you took the sum

of these 6 functions, you would get a funntioq belonging to four boxes horizontale.

3
Mo m - oD + 0= « W,

So this is an example of an "outer prod It" representation.

In general, here is what you do to make cuter product rep: +take a set of
. n+m particles, Assume that you have a function £(1,2....n) descitbing the first .
set of n particles and this belongs to one ofjthe UIR's of Sn . This function has
lets .say N-1 partners, because this rep of S lhas dimension N. This set of N functins
spans the UIR of sh.
Similarly the second set of particles is}described by a set of M functions which
span the M dimensional rep of S . Now multiply these two sets of functions together

in all possible ways: Yyou now have a set of product functions. Fext, apply all
elements of the larger group Sm+n to all of %hese product functions. In this way
you will generate a huges set of functions which transform among themselves under
group action of elements of S . Since therg are (men/n) ways to choose n particles
to belong to the first set, I would claim this:

e T, "
( ﬁL‘)Tﬂ$3==; éuﬂhmasmwmﬁl3 J} tJJhA Fuxhkdgf¢ﬂ]
Hammermesh then does an gxample which agrees with my anélysis above. He then
gives the rules for decomposing the outer pru{uc t rep inte irreducibles. Looks familar
to me. Many examples are glven.
. This is clear, but I don't yet know the Iefulness (applicedility ) of an outer
product. Notice that in the outer product you gan take the "product" of representations

of two different groups (possibly the same) you then reduce this product relative
to the larger group S . Very different from inner product.




7-13. Inner products. Now we take two UIR's of S, and reduce the result according

to S,. What does this mean? Take an N dimensional rep of S, and take its N basis

functions. Also take an M dimensional rep of 5 and its N bais functions. Multiply .
. these functions together in all possible ways. You now have NM functions. Now

application of group elements of % Sn to this set of functions transforms them

among themselves. Eg,

(‘ﬁ‘\l
N=¥ M=5§ =3 Q) %Q‘\l:—ﬂ %HO-‘E‘;Q
= —E(z}ulg %ﬁ(zbu,ij
:.(é%—&(t,t,b)&;}(é EJ 950;1,5))

= lany Swedgi0)
. S T

In this example, the inner product rep has dimension 20 and it can be somehow reduced.
So what are the rules for reducing inner products?

. Special Case: Suppose you want to compute (y) x (n-1,1). This is to say,

you want (¥4s¥5s1s++) % (n-1,1). Recall that the numbers in this notation are just
telling you abouv the Young patterm: ¥, = boxes in first row, and so. on. These are
partitions of n, ie, Yq#yo+e+. = n because there must be n bosmeds if you are talking
about a rep of Sn.

The answer is this: pull a box off (y) and stick it back on in all possible
reasonable places. Each rep you thereby get is containted in the innre product. On
top of that, (y) itself is conbained in the inner product a number of times equal
to the number of different values of the ¥y less one.

Bxample: 31
(9 (e

v WrH= H+@gew = @
(19 CN)!

o N B - Mt = W

() ()

JSM M&a&w mﬁmzm @ obvine .
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This last result follows since £(1,2) g(1,2){is obviously IE'EEAMBﬁ?iC if both
functions are seperately. Thus, the totally s?mmetric representation of Sn is like
the singlet of rotation group or any sU(n) grbup.

Notice that these results tell you: "thejproduct of a symmetric fuhction with
an antisymmetric function must be antisymmetr?c" and so on.

Example S,: Cone 3
3 % % 11 / ci"nvum —?‘I‘ﬁ 'I‘L.!r-}'?.rﬁr([?_g.) muf‘r— {“55
uq.n.v-..,n_ | hﬂm-'inoh]-- s Mh’; d“bfhﬁj

Coatl , Caar. 0)
I___m‘ﬂ-m'-_—m /‘;Ji.ua.luu-!.

1

from= Bed /o Skl -

For any S, group these three products are allays obvious: total symmetry and total
antisymmetry. The difficult stuff is what happens with the other reps:

| 1 (Coar 0)
T 3= Py @Dgep) = R
» @) Coer | st consns - ‘

- Caael o
{:E:j % %5:] = 0 + %%k * (\t}j ¢u¢%~»L) = [T i;Eéﬁ'*r Egj

B B = (B T

("ﬂ .b] Q.' lﬁ

el v —

And there you have it: I finally see where F an got those facts ( eg, mixed times
mixed = S + A + M etc.

Hammermesh gives some usaf?l general formulas and has a table for S# and 55.
7=1L. Now comes_the Clbbsh problem: for example, we see above how the inner produc
of two (2,1) reps of S5 can be reduced into (2) + (2,1) +'(13). What we do not yet
kndw is which linear combination of the 4 functions you get by multiplying the two
starting rep functions belong to which reps inm the reduction. Ie, we don't yet know
the Clebscho Gordon coefficients!




Aside on Yamanouthi Symbols. Recall that a UIR of S, of dimension N has N so-called
standard arrangemehts. We sort of identify each standerd arrangement with a row of

the N dimensional represantation matrix. The Yama symbol can be regarded as a linear .
way' to describe the standard arrangement. Easler to write the Y symbol than to draw

the piture everytime. Example:

“E%E o [
o

How did I do this? Look for the highest number, the 6. It is in row 1 of the tableau,
so put a 1 as first symbol in [ J. Where is the 57 Row 2, so next symbol is a 2. And
SO On.

Fact.l: if you read the symbol in reverse, it is always a "lattice permutation”,
ie, there are always more 1's than 2's, more 2's than 3's and so on. I guess this
can be shown to be true, glven the rules for making the standard arrangement: increase
to the right and down!

Now back to computing the Clkbsch's. Hammermesh gets very general and complicated
recursion relations and so on, but he also does some special cases. .

Case 1: When you combine a rep with itself, the identity (totally symmetric thing) occurs
once in the result. The Clebsh for that combination is very simple. Example:

cz,n ,U ") {5} (21 a (;3)

xR = m+ E’F’ﬂ-ﬁ
Ly

(3) (g0 (3,4 1
ktm_.mwimba—&m = S : 3 = ET_‘ S"c\,

Ll \. AN -i>
B e

= 14 = ﬁ{ (G, l\h[mq].[(z,m)im}’ o G sl o Stk et s ) TR

10 MR i B 4=
=\
Eﬂ = (= i)

Notice that the Y-gymbol actually includes information about which rep you have: ié,
all by itself it tells you which UIR and which standard arrengement (row). My results

here .agree with the }bable they give later.

|
\ e, Loy = {':\T} ; R_'M\ang
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Let, me répeat: this last.example:

. [w.'l - ‘

R 2 DL DLE) ~ Dyl -3y l

( [otagis, b

:[‘E { ,P‘“@‘T."-“-li + Dl l'_]“i

af

m=f~;{ gz;.*+ EEE"E

This tells you exactly what linear combinati

P
¥

E:

-
(3
-

nl of "basis objects"™ goes with the totally

symmetric rep. I think it would be useful to gee examtly what this means. Each of these
M (mixed) representations has two basis functions. Then here is the claim:

Flpp) = j‘{g SRS o (0,2,3) + £, dy) qe us)i

Oy Flasy =gy | ok

It certainly is not obvious to me that the

However, we can show that it really wo

rk
arbitrary rep with itself, and you are ldbkinj

SYIRNEIRY ,
Lo, = 2@. S, . \ DA

|-

= 25

1
= L
s '%?f— BRG

So now I believe it. This is a good Clebsh

two 1like objects to see what combination is 4

RIoN= 5 2~ R

l®

tion so con structed is’ totally symmetric.

as fpllows: consider combining an

at the identity in the product. You have :
I

= 2. Db

1 R

ROy a}'

o N

J

Di(R) [Ff—q D}}c(‘ﬁ O
D ® DB
- R0 - e

Eﬁﬁ to know because you are often combining
tally symmetric or whatever.



Case 2: VWhen you combine a UIR with the transposed UIR, among other things you get

the totally anti sym rep once, the (1") rep. Here are the Clebsh's for this case: .
f"&‘“’@ : , ®
_q,.__ d ad '
LN = o 25 Q) DALY
%

Here the parity is just the number of transpositions away from the standard normal
arrangement. Here is a simple example:

EDily\B=%l

v |
b= 7 G %
3
ol
B = Taw) G,
Here you are combining two ‘one-dim reps, so not much to do. Since only one possible

arrangement in each, parity is +1:
Ancther example:

RS S NS O B O N LT SRSV N
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Case 3: General Rule: when you combine any

of the original rep and nothing else! 1In th#

XA = A DAoL
Examght, - Pxl- m
- B-®§
P-c®

rep with the TA rep you get the transpose
s case we also know the clebshces.

%‘*%=m'
- ma- B

(alﬂ;gzq:'\l . . § s

@*E=E ol S AN

Conclusion: for 53, almost all the Clébshes dre covered by the above special cases,

see labelling in red. The case missed is also
Note, by the way, that the Clebshc's are

given in a table which I will quote below.
based on a definite convention for

the representation matrices. In other words, :rulreally have to coordinate your

representation tables with your Clebsch table

On the next page I give a complete 53 Cle&sh table:

(see next page) By the way, I think there is a

symmetry property which sgys it

doesnot matter which order you put your two objkects.

End Of Hammermesh Chapter 7 on Symmetric Grouw
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Complete Clebsch Table for S, ( see ear]ier for 2-dim rep matrices )

00 00 | o e | H*H & &

® [T L
- ) L

™ - T~
1 = WD) a ° ° T
ILE A
e = 0 * || -% o
!

_ i - A
o= G T ° ° =
i S o R || F

AT Vi ©




ow could one compute the Clebsch's from scratch for thi

. 1. First lets find out how to make a totally Symmetric combination since this is the
easiest to do. We know there is some linear cbmbination that works, call it Ve

\]33 %Qi EG\'}. Q) W Tl e T Gy € ®
!

RVs= Vg ¥ R (2)

If we insert equation (1) into equation (2) aTd‘apply group operation R to the M basis
functions we get this:

, 3
57y Dl V() BGe = l 25 Q% 65
= )

i

= G =51 QG WK VR
LG _.

——— e et ——_—

= CAR-O O

I examined this in some detail, but now I see g fast ways: Cs is a matrix which commutes
with all the matrices of a UIR. Shurt tells us

that ¢° is popportional to the identity.
Thus we may conclude that:

A
3 3 s .
To figure out the constant, we can apply the com y general formula {5-111) which

reads: ]
2 OB P (v (NS = B B D

For our application here u=v= the mixed rep, there are no multiplicitly labels needed
so we have a shorter version:

& < 4 |
. % Q:’s [_CL: l = %}\)\*ﬂﬁl (™)

where here s is the row index for the rep you gre "combining inteo". For our present
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case we insert our result in the diagonal verbion of (3) to get:

As
@ <=1 5> et
b 75 5 - ZR=21=2
\d b =

(B::Sﬁ= \
Y S
s K = =2 K= 5 €

This phase is chosen zeroc and we have duplicaped the results of Ham's table.

2. Comment:

Notice that this family of Clebs

not change sign under interchange of i and j.

According to later discussion in Hamermesh, I|think this
contained in the symmetrized subspace of the
the group we know that all reps are type
all integra

(SIROND = (S\M M),

representations in Wigner sense.

3. Now lets look for Clebshcs into the A rep:

L& W
R = 27 Do\ =

=)

This appears as (5-114) Hamermesh.
compute any Clebsch's.

' K
hY
= ¢§ii_ (EL

Lakkl

ch coefficients into the S rep does
Ie, we have:

ans that the rep S is

?rﬂdunt D and its delta=+1. For

1), real representations, ie, they are
Thus, rep S is an "even" rep.

gml' ¢ A Ao el Q\u.«

9 AR ) Nont '
27 Dot (&Y Cpe TG
;' Dkt U‘-Yb:;‘é (&) Eq:. O

Noved P
Vum (@ T = £ O

vt (R) Bﬂj@‘} (q)

This is the type of relation that allows you to
Along with the normaliizing consitions which I!1l record here:

*
Yo
La Q\& QL_&
F 4

3#& o
% Cy Y

D %n.i‘m

—
—

g;:l" EH.I

| (s)

| ()
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Now rewrite in matrix notation, then specializtte to the A-rep:

. A !
% Qm!‘m (_ﬁ.\ Q—k\;" =

%’_’ Dui
= ibm_ © 1 - wend

Boa <A Qun Dhn®) = B B

rfq Qi}; SL\F (R

e}

<
T (1= DETLL T
w G\ [ Oy Qﬂ- — Ve 011.'\! v S
(C"u Q1.> E}u %13 % 'D'u ?)u..) ch Q‘l.‘- }

Because of that delta, I no longer have a "Sh

. and see what we get.
Qy Qs
Q,-_ C‘H—)Q *t) Lﬂ) =

“\_\J_ugx Qﬁ=~e'e_1_. = .

=0y =

Q\.\*\i LQ\‘LQ}‘EL Qu Dti— Ig
Quady Cay Dn
=2 Q\L = 'b'ﬂ‘_ .
Cay = Day

i;L'\ &11\'\% ;%: (‘-\}KD=K::{__E +"t) =

N /o 1\ A
$=<~\ D)k.

Se.
o
; (ﬂs}mswﬁ:

=
i

(M-t 5]

ir" bet, so have to look at warious R's

| © Cu Qin Qu=- Ol[
0’\“ "") Ca Q-uf) = Cue= -G
= Y Qe Dy Qi l
’glLQ'u Dh Q\L
Q!,,L _ Q"J%!L) B l
C.?-'x ( —\) (" IVLJ )

'T.‘.lk-,t‘

- GO

\w A( ) =12 k’*l




3. Now lets get these phases right. Suppose [
Then I am probably not free to &ocose this phaL

N

M Q_ f___(j Qﬁ e' ﬂ';
Gk Oun O A i becllase Jn oy

4)

I think that each family of C coefficients can

choose the S-rep phase to be zero.

e also because we have a condition:

- Q R@T&(f:‘)

Sa. Ak S5

have its own arbitrary overall phase

(the same for all m if there is an m row label). You caen see by inspection that
equation (4), the primal one, is invariant under an overall phase change of the

C families. The same applies to (5) and (6)
Since the D's are all real, you know you

So I will choose to agree with Hamermeshs

A
Q‘-- :_ —u:) =) Cw =

= CANME M) = = (AN rYy

ince the * appears there.

can make the C's all real. But there

X

is still an arbitrary overall + 1 for each C family.

A A_
At Qu_ -

Therefore we find that the A-rep is an "odd" nepresention.

L. Now comes the toughie. Let\ be the mixed ,'rEp. Then you have:

w® Cbe) - el

dx  R= (o). (N

1= Gel A

[€162= ()T

Al T~



Q‘-.l & C\L "l NER Q".: o
1'.) \ = --L) lr -4 !
TSQUL Q'ﬂ, ILF{'& ~\ 3 o Q'LL.
"‘\?u - "‘BQU_,-\ rjﬁ [Qu ~QGe ‘} = -2 Jﬁ Q'LL
\
LY C) - -*ﬂ? O R O R [
S Qy 4300 =-2C, thc -1z Co
-~ Q-:; * C'in. = —1(':; E’Cll - “— = %2 Q:"‘Lf
= QL‘*Q:;:G = Qu == Q\t& ]T_Q“;:%g
= Q‘lﬂ."“ Q;r..‘-— "-?.C'.l:. = Qz‘.L “_ :‘J =) Q:.+ Cu] = -1Q, M«SL";L/L,
£ Cu=a.
O D ) -

-5

So that was rather helpful. Now lets go to R=

,f_., D_;i () K_gr]l = Py ('Cxl . Q?M (v3) Y_CL]

—

- -+1S1-2 (¢
S %mémd (1) +Hgﬂ:

N

(13):

@)= ("

G—&

)

So we¢ have reduced it to a single parameter, a

Now apply equation 7 in all ways to see wlat gives:

S P A S S S A

4\[% g_,\" Y (= a) &\R(u
NLESRNRN

(5)

~os -~ Mw)(

EM .

w\-*-;Lq =
):o = -1 &KG c,) :.C)"/_

=B
Lo
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So lets convention that a = +1/SQRT2. Then we have:

A L S
Qu = v Qn.‘ T oL

\ A L n
Q'L'i'-= TR C'U. = T

This agrees exactly with the table.

The M rep must be even because switching the labels 12 does not change sign.
Ie,

CHm M i) =+ (M w) Mgh M) w=\ea.

Conclusion:

1) I have derived all Hamermesh's coefficients for S,

2) In each family, an overall phase can be added. Don't do it.

3) The S and M reps are "even" having delta =+, whereas the A rep is "odd", d=—.

The significance is this: suppose you are dofng MxM into M,5, or A, If you switch
your initial labels, the coefficient will charige sign if it is going into an odd rep.
You can check that this rule works for the whdle subtable.

L) If you switch in this sense in any of the gther subtables, you get a plus sign.

This is a general symmetry rule derived by H in later chapter, something I could
probably show but am too lazy now.
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Hammermesh, Chapter 10: Irreducible Tengofs Lnﬂ all that.

]

10-1. The most general line€ar group of transzrmatibns is of course GL(n), . All groups
of interest are subgroups of GL(n), so anythidg you can say ingéneral about 8L(n)'is
very nice.
The first thing you can do is define a "yector" with respect to GL(n), X;y having
of course n compenents. In SU(3), eg, a "vector? therefore has 3-components. Of course
there are two inequivalent 3-dim reps of su(@) sc there are really two kinds of vectors,
but consider either kind.
Next, a tensor of rank r with respect tolGL(n) , or with respect to some n-dim
matrix group, is defined. Just a transformation law. Cne obvious way to make such a
tensor is Fi fmeoodi = xil) xizj « Ig, you can combbne r different wvectors '

gust multiplied tagegher. H%ticazthat there age subindices on the indices. This tensor
has n times r independent components if all yectors are different.
10-2. Decomposition of space of rank-r tensorgd into invariant subspaces.

Lonsider some rank-l4 tensor, say Gili '!i « Pick ‘one of the Young symmetrizers
for the,group Sﬁ and apply it -to the J subindices of .this tensor. In that
way you pxmEMex produce a tensor having a definite symmetry wrt group Sh

Naw teke this new tensor and think~abcutlit. Eg, you might have this:

i
Fﬂj " This ‘tensbr is asaociated with a jparticular row of a particular representation
E%EE{ of grcup Sh What happens if you japply a general GL(n) transformation
"%o this tananr”
i

) = O Hap Qi Qi \@ : ~
s Cov
Y )
= Qg Q;,L‘ELQLESE Qi \Y@ﬁ Gi*i"lh‘a‘fx
Vg G
e Giiinia

Tou see that the "rotated” tensor has the samq symmetry classification of the origianl
tensor. Any tensor can be projected into irreducible components which belong to UIR
rows of UIR's of S, where r is the tensor rank.. Of course the reason this is true

is that the GL(n) or whateber group "transformations" commute with the permutation
group action of the S group.




This is important and is worth some time. A rank-r tensor can be acted upon by
group operators in two different senses: elements of S. can permute the subindices, .
and elements of say GL{n) can act on the tensor in the usual sense. The reason these ‘

actions commute is rather obvious, eg,

(T = T R = 0 20ty Ry

= zﬂ:: qili‘la;"lkﬁ‘- F}i'l"--}"' = z q‘_ ﬁ" qt'-hj.,‘_ F::].._&
b T M
T S Ag e (W T\ = T Qo) T,

O, [T, =0 | commsk

Now, is there any connection between the rank r and the vector size n? Not
really, except this: in any Sr tableua there are going to be a certain number of
rows. Thig number is of course some number less than or equal to r. For that tableau
with R rows, there will exist no tensors at all if n is larger than R. Reason: in
first column you must put R numbers, but at least one number must be repeated and this .
kills you under antisymmetrization: Remember that Y=QP so the antisym is done last.
In particular, if n is greater than r you get no tensors. Another way to say it:
if you are given a value of n, then the only tensors you can have correspond to Young
diagrams with less than or equal to n rows.
Once more: suppose someone asks you: What irreducible tensors can you make
wrt group SU(3)? Answer: you can make tensors of any rank r you want. For given rank
r, the tensor is classified by Young diagram with r boxes but cannot have more than
three bexe=swimx rows in Young pattern.
By the way, at this point, "irreducible tensor" means a tensor of some rank r
which belongs to & particular UIR of S,. So far we have said nothing about representaticns
of the group GL(n).
Next, H shows how to make TS or TA tensors out of vectors. It is very easy to
make a TS tensor of rank-r. All you need is one vector x, then multiply r of them
togehter and you are done. To make an TA rank-r tensor, you need r different vectors.
The TA tensor is then just the Slater determinant. Of course if you are making TA tensors,
you cannot make one with rank r greater than n, as discussed above. If r=n the tensor .
you get 15 maximal in some sense énd is proportional to the epsilon tensor.!!
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10-3. UIR's of GL(n) , their dimensionality. .
WE know that when the GL(n) group acts a rank-r tensor, the components of this

tensor get mixed around.In particular, suppose we have an irreducible rank—r.tenscr.
We lmow that after action by GL(n) operator, tensor keeps its symmetry relative to
Sr.

Lets get to the point. Suppose you have g rank-r tensor and you have GL(n). This
tensor then has r x n components which are mixed among themselves by GL(n). Thus,
the components of this tensor form a mxr dimepsional representation of GL(n). But
such a representation in general is reduciblel -

Here is the deal: 'now take a rank-r tengor which belongs to some UIR of S.. Because
this tensor has certain symmetry properties’ (¢g, might be totally symmetric), not all
nxr.elements are "independent" ( ie, they arg§ not linearly independent; eg, perhaps
F123 = FQIB). Suppose there are really only N |inddpdnenet elements. Then clearly these
N elements are getting mixed among themselves GL(n). Thus, this irreducible tensor
is.giving you a representation of GL(n) of dij:nsionality N; of course it is also in
a representation of Sr of some other dimensi

We need an example: Consider a rank-3 tj:sor belenging to (3) rep ( ie, the TS).

Under the action of elements of Sq, this tensor transforms as a one dimensional rep of S5 __
regardless of the value of n. But, it turns out that the number of independent

elements of this tensor 1is (n+2/3) binomial poefficient. If n-2, this tensor

transforms as a four-dimensional rep of GL(n).

Recall that the elements of 53 here act o on the subindices; that is to say,
elements of 53 act on the positions of indices. When you are counting the dimensionality
of the 53 representition, you are counting linkar combinations of the three objects
(three positions, or three subindices) which, transgérm among themselves. On the other
hand, when you are counting. the dimensiunality{af the GL(n) UIR, you are interested
in how many values an indEx can take. .

So here is the big question: for GL(n) fOr some fixed n, and for a tensor of
fixed rank r, and for a particular Young diagrdm with r boxes, exactly how many components
of this tensor aré independent? How do you coynt the independent components of a
tensor of rank r which is irreducible with respect to GL(n) according to some Young
diagram?? Answer: you count the "standard ar&ang&ments“. When we compute the
dimensiocnality of a UIR of S,. when also count {standard arranggments, but in that
case every integer from 1 to r must appear onced. In this case, only numbers in the
range 1 to n can appear ( n may be smaller or larger than r), and most importantly,
numbers <an appear more than onte, as long as :c]]l'le:,r give a "stdndard arrangment” with
numbers’ the same or increasing across, increasﬁng down

I had, better do an example to understand the origin of this counting rule, other
wise I'11l forget it quickly.




Example: Consider a rank-3 irreducible tensor belonging to the M rep of S3. Lets
count the components of this tensorf

gzéi:k = o ﬁ:tfﬂ - —a \ $:E?5 = ESEL:L 1%§F3 = f:éig, = O,
F%a = b.

F%E:-L
3 _ 3

So, in general a tensor of this form would have n
particular case you see that 4 elements vanish, and the other four are pairwise
related, so really there are only two independent components.

I don't really understand this counting stuff in more gmplicated cases, but I
accept the result. I could figure it out if I wanted to invest the time, but right now
I do not.

But I know the rule: Just count the standard arrangements.

T also know a shortcut to the rule which I call the a/b method. This is a fast
method of counting the standard arrangments. Here it is:

Fﬁ%£:1 Eig | = ?g::;)%'ﬂ) = {zfi%}:L. TR Sl

I learned this shortcut in Iichtenberg.
So, by examining irreducible tensors and counting their indpendent elements,

we are really counting the dimensionality of UIR's of GL(n).

= B components. But for this

Outer Product Analysis. Now, observe that a "vector" is a rank-1 tensor and it

beloﬁgs to the [ representation of groupl Sy, rather trivial.

Now suppose you want t6 combine two different vectors (two systems) fo make a
rank-2 tensor. This is brecisly what that outer product deal did for you!l! Recall
that you combined an S, with an 5  and classified results into Sn*m. So consider:

NoD = M)+ Br_‘k

A
K Lﬁi Y‘i'j_ﬁ"hli -+ (\k;v53~x; le
7 I

7
M oaad “ Here we are combining two rank-1 tensors to get some rank-2
e tenscrs. BUT, each irreducible tensor is associated with a2 UIR
™7 of GL{n;, 80 this plcture also does reduction of products .
of GL{n) UIR's, . ( Of course in that sense it is an inner

product since each diagram refers to a rep of 8L(n).)
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Example 2: Here is something interesting. What rank-3 tensors can you make by

m::m;:rining a symmetric rank-2 tensor with a ve

lien = ELE#-E&

Now I will be very explicit with an example:

w
—
<

This is the only completely symmetric tensor !

Lvor??

£,y Plus a momtnum, n=l4 Lorentz.

T O PPN 3 psp Pﬂq

rou can make from these objects. Next:

\f ? = é_ A\';S.w — %_ U_ “%1&:":“")& %"y‘*u f'..#t-.r
khhﬁ_____rfijlﬁgﬂ;fiﬁ
i b Opd — Qppe an] "

Y@ — -;l; [t-(u}][h-{u‘}l 3}1_\1}“_ P)‘l

¥ L9 i~ Sy o

.

Tm= % Lf’w«-?ra 3

TEP = T [yeen —Jpsm

T~ 51

+ 8!(*4

%fn-(lk}) (Cﬂ.ﬁujﬂ Oy + Fpshe F"H'\

|

SPAt Gy P |
P~ 1
o g O |

]

T = Spelp,

Notice that the "other" combination g Py - &
. two M tensors shown, it is not linearly fndepe
. tensors having any 33 symmetry that it is poss

;?“3 is a linear combination of the
ent. So, we have constructed all the

Ilile to construct fom these objects!!

And they add up right. Obviously there is no pgssible TA contribution here.



10-4. About the subgroups of GL(n).
The point here is this: if you restrcit yourself to certain subgroups of GL(n),
the UIR's you found (and counted) in the preceding sections still apply. Ie, if you .
have a UIR of GL(n) and you restrict it to GL(n)' ( real only, GL(n,R) if you like),
the rep is still irreducible. That might not have been the case.
Here is a picture shoing the subgroups where irreduciblity is maintained:

dah = |
L

S | 5

SUA ) S
{E“"f \] Uy | e

Thus, the above analysis gives the dimensionalities of the reps of SU(n), for example.
In passing, H has a few comments about Ile Algebras for some of these groups

GL Lie algebra: _
(n) XL’.ET‘: E-.& =) W“C- \deaia IS PYPIIR P (Zﬂr}m .Pw-«\’

N

Dﬁﬂx_hw\ = gil)f\;}w- Vim Khl Lie Ag. %ﬂ: m-,_gé

: ¢
U(n) Lie Algebra: X.‘_'}"; 3.@ 81\18"?\ -H-%‘w.b}aﬂ
Y . LT )
(3% 8
Ki‘é‘ = 11.53&

Fact: if you take any Young tableua which stands for a rep of one of these
groups, and if you add a column of n boxes, the claims is that you make no significant
change to the representiation: you causes it to have extra factor i:d.et.a)s carried
along if you add s columns cf n boxes. Thus, essentially you eme free to always cross
out "full colums". Thus, the UIR's of GL(n) or one of the above subgroups are

really enumerated by Young diagrams having less than n rows.
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10-5+ The case of O(n). Now something slightly different happens: here, wheh you
centract a tensor on two indices (take its "tface" on that pair of indieces) the
. object you get transforms as a tensor of ranki2 lower than the original tensor. In
the GL(n) case you could still do this contragtion, but the object you get would
not transform as a tensor: in O(n) you have zhat extra property of the ay j which
makes this work: nafpiely, '&ijjai‘fdjk .0 J " i '
So what, is the significance of this fact3?? Suppose you take a tensor Fi
which belongs to some symmetry of 53. You might think that this tensor has
independent components and these are shuffled around in an invariant subspace
by the O(n) operations and this subspace is inreducible: not so! The reason is
that this tensor, or this invariant subspace, |actually is reducible further into

11214

two piécas. ConsiderL:

Ficuty = (F:ilta.\ B < Suin W+ Bigy Liu s gh!! kh)

The claim is that any tensor can be broken intlo two pieces as suggested here: the first
piece is completely traceless ( ie, contract nln any pair of indices and you get zero).

The second piece-is the remainder.
You can show that each of these pieces trhnsforms only into itself under O(n)
. tranaformations, theé reason being that "contr 1:'I:.i::at:u" operation, like the symmetries,
commutes with the O(n) transformastions. You can compute H,L,K the three vectors
appearing in the above just by taking traces.
The usual simplest cdse is this: T

a o

: SR
.'EILL = E-_l;h. + E'-:.'h, EA =3 Fll. = “"Y = Ftr’r-t.: ‘Ii“- + u[':*h- "\:L

' - T N
S Rim | R S B s, B
Here you see the general idea: first you compyte ;c.he Plece with the trace, then
subtract to find the traceless pensor.

Any tensor can be decompoesed in this way? Into traceless plus d; 3 times lower
rank tensors.

10-6. Now consider the traceless tensors. The space of traceless tensors is invariant
under Sr permutations! So if you apply a Young symmetrizer to traceless tensors,
. you generate irreducible tensors wrt O(n).




The problem now for O(n) is to count the dimensionality of tensors of various
S, symmetry which are traceless, Obvicusly this extra tracelessness condition is

going to lower the number of indepdndent components. .

Exaﬁgle=
ﬁ?jgﬁl ?ﬂ\} Fﬂzﬁ fittj Fﬁzx. ;Xé;\ f;L(?ﬁ
R, Ry /4 Oy

Here the trace conditions easily give you the second pair of elements in terms of
the first, hence only 2 independent elements.
Before we learn the general rule for counting in O(n), here is a theorem:

Theorem: if your Young diagram of 5, for a rank r tensor has more than n boxes in
the sum of the first two colums, then the corresponding traceless tensor vanishes

jdentically, ie, has zero independent elements.

examples FEEIQ = O ..ﬂ..»:--l. jj: 3\?’?. -%‘-\ @K_@‘ D(?.)?

Thus, ‘you simply cannot make a traceless rank-3 tensor relative to 0O(2) which has .
this symmetry!

Now H goes on to get counting rules for special cases like 0(3) arid 0(5). Basically
you just count how many conditions tracelessness implies, ther subtract those off the

count. for GL(n).

Next H shows how O(n)™ is special case of O(n)

10-7. Now recondider the decomposition of tensor = traceless tnesor + extra piece.
The traceless tensor with S_ rep choise forms an irreducible ¥p of 0O(n). But the
extra piece can be further reduced. Write second piece as (double traceless tneosr
+ residuel lower piece having two dij functions and so on.

The point of doing this is simply that you are shoiing how to "reduce" a GL(n)
representation into O(n) representations: I dont care now about this.

10-8,10-9. Symplectic groups. Skipped. ;




