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_Review of my review of Reif _6.10.78
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. [ _Chapter_l: __An int.roduction to statistics. Considers drunk in two-dimensions. You

compute his mean number of steps-to-the-righg in terms of total N.

. Solution_shows answer given, blhml_iﬂmi% For given N, you
can compute the mean number Df f right-steps n1 _for &nsemhle _of drunks. Can also

_ _ compute the rms dispersion. For large N the dispersion _getq small relative to mean,
and binomial hecomes a_gaussian distribution. Chapter illustrates how a statistical

peak gets sharp for large N; also shows how to_compute means_and dlspersions and

— average values of thivgs. = _ _  _ . . e et e -
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Chapter 2: Gunsider one system A made up of many part.icles. Has ansrgf,r E. Typically
the number of states “accessible" to one particle (or degree of freedom)
is proportional to total system E, so total states accessible to entire

_ system is order of EI. a rapidly increasing function of energy if =

. _ _f=N,. This is the key fact! System A also described by scme parameters y; like
~ volume. System A spontaneously spreads itself equally into all accessible states,
_ie, an ensemble of system-A's would do this. -

_To talk about a "process" or "interaction" you need two s;,rst.ems A and ﬁ'

__ If work-parameters like volume are held fixed dur:.n&_an interaction, only "thermal
. interactim" _can occur. Heat will flow to maximize the accessible states of ent.ire
__system, ie, to ma.‘ximize entropy of A+A'. If adiabatic Ehieldiqgl_yuu can have a purely

_ meghmﬂcal_y.iﬁﬁsac?imt_pﬂrbe work pdv done. General interaction allows both kinds
of interaction. In order to have well-dediified "generalized forces” like p conjugate
to V, interaction must always be guasi-static. It is noted that dW and dq are “inexact"
differentiels. = __ —— — —— e I

Once again on tmtjhﬂm&mt&raction« In emsemble of AsA'_systems, you will find
_ "_that mean\fﬁﬂmpﬂr&tnrﬂs_eguﬂlize_._ﬁut,in .&_particular ensemble this might not gquite be
_ the case, actual temps may differ. Tts Jjust that the probablility that a particular
—e - «...&nsenble bas T = T' _is huge because this configuration hes by far the grestest number _
o ___of statgs. _iWbep A+A' _comes to_"equilibrium", its "existence probabliltires" are all
described by the_statistics of accessible states. That is why £ = T'._ If you initially
— put_a_system like A+A' _in_an_accessihle state_that has relatively low probablility,
o (1like different temperatures), the thing just spreads out into_all its acceissible -
e —— __gtates [ _process of achieving equilihrium] and peak happens to bhe at T=T'. The enly .__
o postulate we make is this: _in equilibrium, ensemble spreads out equally into its __

'LA.‘ _. accessible states. . ____ . _ — —_—— -




Chapter 3+ As-another example of the above discussion, consider two-compartment box
—— — ——  with movealbe -partition at position y¥. How can you explain the -fact—that-

- =—— —2—— —— .- the-partition-adjusts in such a way that the pressures are-equal-on—— .
- -the-two-sides?- Answer: -system was-initially set in an accessible state of -low - ——

probablility. " Ensmelbe-then -spreads-out., Most likely-accessible states- happen
— — to-have—equal pressures. So -same -analysis as before. Another wemrte—say--it is-this
— ——but no- newmastk}abe—iﬂ—impl—i&d}* parameters vary in such a wayx- as- to-madimize - -
- nimber—of--accessible-states. Stetemént -is-a little unlclear because all-states-for —— -
all -y are accessible. You-can make another cut and—speak of- NM(E;y)-as number of- -—-—
- states accetsslbe for E and particlar y.. Then y will "spenteneoulsy™ adjust so— — ¢——
that H{E,yl) 4s t.he max. I-think a picture will help -here:
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—— —~ Berailss rumbers &are so large, dispersions are usually extremely small, super Marrow
- © Tpeaks. THusS we say’ py=p, at equilibrium, there is nn‘rea.t need to specify that actudlly -
7T T T 7Py end p, &re likely to differ by one part in 110 « “Tertairly " pl p2 y BXACELly. T T 7
- In pictures and™ éxaﬂfplh"a‘bnve,.l‘l{yinlt_ial} was leéss than H(Lyﬁml) . This process
- (the partition sIiding to teénter of box) is calledT irreversible™ . Orce the systém —
T ° T hds spread out &nd thé most-probable valués set, 1t s not going to ever again” squeeze
baék into the initial cénfigufation, except maybE™ mm2 3 cases or something.”
~ P6r & reversible procees, I1ké chatgifig a battery, the aceéessible-state density

LLl

must stay thie sdme as parameter (voltage) varies.

Tfi the above bok examplé, &5 y thangéd, the number of accessible stites N(E,y) —~ ~
T Increased, 80 thé entfopy increased. A process in which entropy inicTéasés is thereforé

Yrreversible. Thé fact that anErdpy wants to increase is nothing new £0 be added, just. '

a regtatement of” thé above spreading discussion. -

" 77 WHen A and A" interact thermally, you gef ug:b: N, (B = H(E}N"(E ¢ “EY, the™

~ 7 " product of two steep functions. System goes to the™ peak. J& this peak 'E_'Eh s;rstams )

“have the same value of a certain parameter d 1nN/dR . Ie, further trasfer of E

~ does not increase N. This paraméter is called Tempeeature. Entropy 5 = k In(X). .
Zeroth Law states that A.te.B and B.te.C implies A.te.C and B is called o

- -a—"thermometer". - - - -
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_. increase entropy of resewoir, Triviall;r, = dQ/‘I:. This assumes no work dnne on
the reservior. This result must be trus no matter hD:nT non-quasi-statically Q is

Now congider A and A' interacting with some work done. In order even to talk
_about the work done like pdV  interaction has to be quasi-static so that p is defined.
In a general imteraction, the entropy of system A' (now not necessarily a reservoir)
changes for twoe reasons: 1) by doing work on A' you change the total energy of A'; _
_ 2) by changing the woi‘k—-paratrmarS you change the states-structure of system A’ egm,

dumped.

dS t.akin,g both t-hEsE t.hings into accr:rmt, it. t.mns n:mt- b:.r mﬂgic t.hat. you get _
precisely the result dS = deT, but now the process must be guasistatic or the
_ derivation of this result is no good. This is the Second Law, The Third law says

_ __ that as T goes to zero, S ggq_é to_some constant, the mirﬁ.ma,l,__diﬁpman._ Oftne_puclear
spins are still random at wery low temp where evergt-hing else has stopped._ _ o
- ) The First Law is just that dB = d9 - dW_ for system 4; chapge in its internal eénergy E___
. is given by hegi_mdﬂmm_Lmuﬂrk dene by system A on_some other system.

} _ Chapter 4t  We have at this point derived from microphysics the Laws. These laws__
. govern the macrophysics and there is much you can do without even knowing
o ﬂhout. the microphysics, if you accept these laws. This is the subject _ = _
c-f t.hermodynamics. This chapter tells you how to specify'as macrostate of a system
- _ {give its energy, pressure, volume, termperature, etc) Alse tella you how to_ measure

various things like specific heat. You can even measure s_mjﬂnm%_rrm__ _
a_peint of reference. ' :

. S - — e —— r—

— -

*M J‘h&m@d:ma_mic ﬁppli;ﬂtima_in_&hejiﬁljﬁrlﬂ,_m&mahicm state for _____

- — .ﬂ% (3ﬂeﬂmneglihehﬂﬁJamcle Anteractions; even a _ _____
- e . fermi slﬁganeratﬁ gas_wan_be_ideal) i& teken as empirical m.thamo. t.hnugh__
_ we know_also hg'g_t_g ;Juri'l.re. it, Irm thg,m;[m:o,_ _I.Ising,,:bhis equation of st.at.g ﬂn:i t.h&. ———

- _ tirsi»-sgcond_laus_ﬂb_ﬂugmﬂ_m_ﬁamahﬂn_that_ __Ef T! .._Thua_in__a_fn&e o
— Jo_r.'ulg_expansmn _in_i,ap_].a‘l;,g_d box__ Lhe__'.l'._dusﬁ. not. .ﬂhang&.*no_moling-_ _Iﬂu_can also —

~  -.-showthat ¢ = c +R for any ideal gas and ¥ = c /o, _For_fonatons_ ¢, ~ 3R/2 and____

_h- 5/30 Adiabatit: _gas law n'v’p__cnnai,._iﬂ_ﬂnrixedm_

. . - . 4 "pure" or "homogeneous" sybstgnce is_something whose_only desceriptive. . .__ —
— . - &xternal parameter is volumwe, like a solid or .a .gas.. For such.substances dW. = pdV -
e _only,.and :;LoJ.l_canﬂﬁﬂ.ﬂfﬁnﬂsﬂ&m&}l&s.mlabima@e&mempaﬂi&lh_-_...._ —

- - —— s - —— = —m mm e o omm E Em e—



Very mysteriously- the functions H,F and G are defined: - -

H=EepV FaE-TS G=FE-TS+pV_

and the point of doing so is not made clear. Recell that dE = TdS - ndv Thus, E

TrigEe - ---5-——.-.—

is assockited automatically with variables 5,V. In a q_uasi—st.atic process o of
el el ree e g = -

constant entropy and volume, E cannot change. The reason for definigg the ﬂih_e_{' . )

"energies" is 'g.-ﬁa_:c._ _each of them gets connected with a s}:eci&l pair of variables:

L]

dﬂ-TdE+?:%p dF = -SdT —pdV 4G = -SdT_+ Vdp.

P

___Thus, eg, in a quasi-st.at.ic _process where T and p are held fixed, G cannut change.

__ These functions are _‘W“ H, Helmholts free e g F‘, and Gibbs free energy G.

g el

Sn what else elsa caﬂ be said about a pure substance? Twu easi.l;r measuraable _
_paramters araLcW/dT}P and {-d?/‘d_pilw called axpanslon coefficient and compressiblity.
These are called o and | b . Using them you can relate ¢y to Cp in a simple way. You
find that for a solid which is highly nnn—compressihle ( small{ }, C al:l.'d. | C,, are about
tha S8ME S

Van der Waals _ges: (not. 1daal} Equation given, conclude that C:_,.r = E_?{T} only

like ideal 25, but,_ 'E = E(__._‘IJ'}, unlike ideal gas. Reif c:vmput.es temp_rature change .

when van der Waals gas is | 30111-_&-__1‘1*&_& g::_tp_and_&;h In t-his “prucess“. nr.:t.e that dE = 0.

MsnLMim_iﬂﬂﬂx - “m ma ma o=

_ _J_pu.lg_'rhpjn;on Thratt.li_x_lg, very interesting and basic. When: steady state reached,
pipe walls thgm&lizi 20 dQ = O for mess dM going 1 thru the t.hrnt.tlaﬂ valve. But. pressure

r——.

—— gaa_nmiumpmasura ,sid.e*_ﬂc dE does. qhanga. Tu:ms qnt. that_enthalpy H is constant,

so this _process_ d.ascribad _hLdH-O. pl:edmxme thiﬂ is Hb}' H was _invented. For

idesal gas.Hl =_H2_ implma_ﬂleTE o not useful. A real gas typically has_a_throttling
curve with a _certain "ingersi-:m" curve. Th:;sLj.s in the. T-p plane_. Throt.tling may either
heat or cool.gas depending on ‘where _you are in_the plane (algn_nf.jl.l‘__llsnally_m

have. toigaecnula gaa. before throttling will cool it more. The effect is. physically
explained 2s low-temperature attractions versus high temperature repulsions in collision.

.. _Chapter .ends.with discussion of. heat engines (to get out work) and refrigerators

(to cool things—off). Conditlion that_dS positive .gives theoretical max efficiencies._
A "heat_pump!— heat.éur_mur house by refrigerating the outdoors. In effect,.it sucks_
heat .out_of_the low temperature outdoors. and adds it to its dw to give you more heat
than-you would-get with resistance heating. Kelvin and Clausius "statements, of

the second law" say: -you.cannot. make a .perfect heat_éngine 'or refrigemator. _ . _ __
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Chapter 6: Theory of Statistital Mechanics. In_last two chapters we did: the macro - —
_. . __theory and_applications, now comes the hicor theory. PFirst comes the  _
- —— MMMQNBLLMMMMMW&M
_ a large system A' [ eg, A might be one gas molecule, A" the rest.of the——
i gasy and "contact! is made by collisional thermalization]. Since-B'_swamps- —
[, . E, ﬂasLtn_shﬂ}Lthat_HL(Emt:E)_Lﬂﬂ_Ihua,ther_or_accéssible— —
ot stakes is given by N(E) exp(-BE). The idea is simply that if you suck
— energy dE out. of the large system A' and give it to A,-you-have done
- — a severe restriction on the number of states-available to-A'; this-is-what-the—expo— —— -
— factor says. Of course.if A_is also large, N(E). rapidly-increases-and both-eombine- —-— - ——
to make the gauseian. But now we ®re more interested in A-being.rasther small- system.
_ . Immediate examples of the Boltzmann Factor are: 1) paramagnetismi—system—A— — — — —
—— --. ds one_spin, Boltzmann Factor causes it.to.want to align with-external-H«At—low
_ —temp.all tend to .align, at high temp.. ﬁrnuﬁcmhuw_i:hat-_%--w-cnnsb%—!l-'-"—:!'-'r known-as——— ——
_ —Lurie's Law. _Thus in-a-hugeensemble-of-systems-{-pitk -one—in-edchy-one-spin)y
— -~ the distribution.of-alignments. J\,—or-Prob(p), is-really controlled-entirely-by-the-- ——- —
-Boltzmann Factor. _Such-a-distribution-is called-a“cannonical distribution™ 2)}-Next— —-
- - example. is-Maxwell Velocity distribution-and-Speed-distributieny—alse-with-gravity—Gives—
._ usual .atmosphere deay with-hiéight. i e it o
- — Now finally comes the_idea_bf—&@iiioﬁ—ﬂunctian.wzmﬁwweﬂw—%iﬂhing—
- is a-tool.- Its various derivatives.tell-youthings-you-want—to know,-like-meam — - ————— -
——  -8Rergy,-mean-pressure,-dispersion.--This.object X-Z is rclosely connected o entropy: - -
S-o-k(InZ +-BE)—where £ is mean energy of an ensemble of systems. Alsoy F = —kTInZ - - —
— - - teo-Z-is very close-to the Helmholts-free—energy—Essentially Z conteins—the—same—————
—- — —energy-as-S and therefore-anything-can-be—ealeulated—frem—it—Remember—that—it4is-the— ———
- structure- of accessible-states—that—bells—all, - —— —
- - ~ - For-weakly- coupled systems—{-Iike-two melecutes in-a gas) -entropies-are — ————
- additive- so /Z'ﬁ—:&re--ml&'b-i:pafk(}ﬁtrﬁ!h-"—:—'":_'— e s — - =
- - —{:alculat.:’cml—Tricl-E:—-in—ccmiautdmg—ﬁ—ymant-tﬂ"sumwer*ﬁﬂrmeisslbeﬂstntem - T
—== - -If-system A under -inspection—has-defintte—energy-¥-to-B+dE; this sum can be hard -
-— to-dow Put A in contact with reservoir whose T is same—as T of-Av—Then energy can
—— ——transfer—and-restriction removed -from-your—sum:—*"Grand—Canonical-Ensemble™ s the —
===~ -= -same idea except-youalsoatlow-free flow-of number of particles ss weTl Y ernergy. - -
- You make-sure that Boo— B 34 o  and-simidarly-forfr —--—— —————-= ——




— - Lhapter 7: Applications of_ Statistical Mechanics, the Micro-theory.

1. Ideal Gas. For monetoms, you cen compute Z' = ;H "where z = partition .
function for one molecule (atom). This in turn is computed using the phase

space eveileble to the e.t.em, and of course the Boltzmann factor. In the end
you have to correct your Z' by saying Z = Z'/N! because particles are
identicazl and we multiply counted them in our partition sum. If you

fail to correct like this, you find your entropy S is nof "extensive" ,
a problem known as Gibbs Peredex. This ideal gas, by the way, is only useful for

real gases when T is high or n is low enough so that quantum makes no difference.

A condition is given for when gu;ln um is eignificent. Considition involves h_, nand T

and also m. He at room T is OK, fermi electron gas in metal at room T is degeneret.e.

e wm—— — - —

2. Equipartition Theorem. For non-gquantum eitue.t.:.ene dnl;.r (1 ), each quadratic term

. . —

“in Hamiltonian yields eentﬂbut:.en 2kT to the mean energy of a mbeyet.em in eqlﬂ.llhrimn.

= [N, ——

_ Thus, a non-quantum harmonic oscillator (mass on epring} has & = KT. Gopd application

A = =

_ of this is solids: for the crystal lattice, you get BkT since each is a H.O. , sp

—_ —— = R —_ -

__you expect that Cy = 3R. which is really true! The t.empereture berrier below which

_ quantum must_be considered for the lattice ions is eellef_:)fut g t.he "Einstein Temperatpre".
Below this temperature you can make simplest medel that ions are on eingle erpinge of s
some OMEGA that is fixed: this mddel then gi'l.res C‘!.f goes to O e:eh_&' deee, wpieh must

always be true.

_.3. Here par ggget.iem. This time general spin J considered Z is eemput.ed. and then
,1 given by a funetimel form knowns as the "brillouin fmetien“

4. More on Maxwell ‘.feleeit.x Diet.ribut.ien. This time shewn for general ideel gas . T’ne

_ various peak ,mean, and rms values are givep. Th This. ehepter ende with kinetic theory
of gases; exact flux against a surface is ‘}mr, from which ypu can :I‘."ind the belenee

_ condition for effusion-connected cativies fileled with gas. Exact pressure on y_ell
. _._...—.2 P— P - PN N——
is (1/3)0m v pps - o
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Chaptér 8: Phase-Transitions. This is why I did this review in the first place, to
learn sbout second-order phase transitions. Turns ‘out that Reif says nothing about them,
___but background will now help me find out from some other source, _
Free Energy: suppose you put water, ice and water vapor in a constant vélume .
___container and call the whole thing system A, A' is the outside, a reservoir at temperature _
T which is fixed. A is prevented from doing any work on A'. A process of_ _ﬁpmmﬂ,_smﬁ_

she_w that. 3incq _clSt ot fur A-h!.' must. ?ae_ Ep_glt.ive. df fc:r__A_,nmat_ _ba nagati'-.re. Thus

any process inside-A can only lower F, the Helmholts free epergy. Equilibrium is then_ _.__
determined by F = minimum, The system A internally adjusts in_such a way that F is

ade a minimum. Now suppoge é&n € ibrium is reached ingide A, Thing just_sits there
forever, Netice that free enérgy F is usef n T,V held ‘constant. _The condition
L __that F of A = minimum can then tell you howm much ice, etc. -
- oo ___ Similarly, suppose you put ice, water, and vapor in .a ballcon, and immerse. ... _____
this in air bath of contant T . Ag a process occurs inside A, _the volume V _

. may change and so- A can now do wor If nq other work is done other than this
_ . _pdV work,_you can show that the requirement tha be_positive requires that
__ _ _any process in A will lower G; and A will e = mimimom.
‘._ __Example of latter .case: consider mathemstical chunk_of matter in bulk matter.. ...
_ This chunk is at constant. T and P. Consiiion_that G = minimum_yi&lds these two. -

) resulte; 1) T = T, .. i 2) Cy positive. .__ _ et
Now_consider a 2-phase _system in a P,T reservoir. If both_phases.are to.be

present in equilibrium, the condition that G = min tells you that_g,=g, . This in-turmn—
— — leads at. onee_to the "Clapeyron. Equation" for the 2-phase line in the. pT -plané. -As an— ————
_ application of the Clapeyron_Equation, Reif computes vapro pressure over-a-liquid,—sows———

- — expo_dependehce. on_tenperature. — - —_— — -

_ - — Chemistry: . suppose_you have some. reaction-going-on.--Now-you-can—{partially)
—-—- — change, say,. G by changing the number of particles.of spme apeciaa,—s&nce—@d@/dﬂi},r
does not_vanish. _So you_simply add a term to,your dG-equation: -watch:

Ip'l‘

Y T A

Thus you get an_glilihhum condition in t.verms of the potentials. But you can go on 1 't-u

compute the potential for each Species: how? Potertial u is (dF/dN) but F related to
Z, and you can slways compute Z in terms of the single-moelcule partition function z,

e

this all leads to the famous law of mass action with its temperature-dependent
—. _equilibrium constant. Of course we are talking about gases , not chemicals in a sulv&nt




The lines in the P-T plane show where phase transitions ovcur. Whan you cross

_ & 1_13&1_'@11_&1 goLu_m_a_gz'l_d_egb ,ropy etc undergo finite changes. Such a t.ranait.inn is .
_ called first order. I dont know anything yet about the more subl2esecond-order
transition. The "critical point" here is a location (Po+T,) where volume of
liquid and gas becomes the same, so through this point you might. be ta}king abcut )

M. I —— ks s

a_second-order phase transition.

— —— == = P

_Chapter 9: Quantum Statistics, The point here is simple: when you c::rmpute tha t.c-t.al
partition function Z for a gas, say an ideal gas, how
R _ should you count? Ie, what afe the conttraints oo
_ your sum ]!ﬁ ggﬂngg the ga;ﬂigim function Z Glassicall;,r, you congider all
particles different and you Jjust do the sum frﬂel.'f_- ﬂﬂlj‘-ﬂns’ﬁr_ﬂiﬂ“ . This leads
_to the "Maxwell-Boltzmann" predictions for the occupation ng of level of emergy E,
_ . _ and also leads.to a certain 2. — S
) Jhat about the Photon Gas Case? This 1s exﬂctly like the classical amation_,_

__ _except_yonu J.g_a;.:a_m,ﬂ;._qll, the factorials because :.ndist.inguisha‘@gz %eadx As in the =
classical. case you sum freely with no constraints. You get a certain Z and a certain
“3 known_as the Plangk dist.ributic:-m L
- - _,__,___EQI__BOﬁE-EinSt-Ein :.rcu dg t,_h‘_ same sum_as for photons, but. t_you t have a_number
_ coostraint. You remove this number constraint by doing a trick, ‘then _you_sun freely._

_ Result is a Z and_an n_._In the free sum you.allow any # Part.iclﬁ?_.-‘n.n._%. state, For _
_Fermi Dirac_you repeat_the trick but sum, only n=0,1, get answer t«.ii@!s_,i_@,_aimi.la_r but
signs changed. _A_certain constant called & _ appears in the latter answers. It happens
to be.the chemical potential, but can.be_claculated by insiting that_the ny add up to

N. Of. course_this requires knowledge of all energies E, of your quantum_system; since
_ this information. is. already contained in Z, you might just as well compute ALPHA _

from Z in usual way. Its different far different f;m;!tym gases of course, _for photons

it is zero. —-— - - - - — -
In the se-called "claas:.cal.limit..“ -of low density n or high T, thq occupation__
of any-level_is so amall_t.hat. ~both HE and FD stabistics predictions far 11 reduce

+0 -the MB—predictions. Th!hir. Z's-::educ& to the HB Z_but. corrected for L}ibbs paradox.

I choose not to sunmarize the rest. of mar review, Deals wit.h applicationﬁ of numputing

B S -

equilibrium constant for H dissociat.ion, pol;,ratnmic mulucles Z calc:a, applicatlnn

m—— e e H.-—...-I-—J.n.-—-.-l.o—.-..—u-..--p‘."‘-q.— & T ———— P

of Planck dist.ribut.ion to get Blackbody rormula, the radlatinn apactrum fr:rm a hn}t

o R T T ST ¥ P g

c-b,‘ject computed by the BB 'c.ricl-c, and the ide& of a Fermi degenerate gas.
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1953 Review
The Ising Model, Comments:

-

In 1925 student Ising propsed this thing as a real model for a ferromagnet. Turned
out not to useful for such, but is now used as model for binary metal alloys. The
interest in the model is now mainly theoretical: in 2-D you'#ah solve the model and
you get'a secorid-6¥dar phase transitioh “WHer& vartous” %ﬁé?mﬁwquanitfﬁs. Hbmhbly

the s‘ﬁbtific hedt, are” sitifidar’ StTiMeeritIcdl ténperatire. - e

LR TR I-H!qr Be o= apb g

In 1941 Kramers snd Wannier | 1ocat.ed the critical temperature, but could not
solve the model. Edrliér-ifi-1936 Pelerls argied ‘that ‘there shéuld be a trahgitisn.
Then the ice bioke "iri-194L ‘wheh Onsager actually ‘dolved “the 2-D miedél cempletely,
The solution (no magnetic field) shows a logarithmic diveﬂ'gericfe ‘of the specific
heat at a certain‘critical®fefperatitre. " v

This i¥"“therefére-ir the class™ of t.ransit.ions called lambda: there is no
latent heat, so not ~..',‘EI.:::EI:'PJ:. uf‘d&:‘. Réeilly a‘sédib:ﬁ-‘fa‘rder with- fnf:hﬂte Ca

ik o b J R &

In 1953 the 2-D model ‘had beén solved by two methods: Onsager s oroginal matrix
‘methéd “with subsequént Iie Algsbraic commutator stuff. Then “others™invehted s
combinatoric ‘method wherein you could ‘Sowcalléd closed loops in’ the lattice. By
the way this all refers t~o a simple square lattice. Both méthods are very messy.
Kaufmann-féund a ‘simple method im*1952, not duplicated in the 1953 Review

No one in 1953 had a complete solution to the 2-D Ising with a H field, but
you could do it approx for small H and indeed you did find that-there was
"ferromageetism”., The spins want to sponkaneously line up. Also no one had
solved the 3-D even without an-H field. -

The 1-D model with H can be solved completely but is not interesting: there
is no t.ransit.iuu, and no magnat-izat.‘lon gpontanedsoy N

The met.huds involved are messy but the idea is Eimple: &ll you have to do
is calculate the partition function for the lattice. This is some function of T.
If analytic in T fot all positive real T,'then there is no transition. -To get
a critical témperatute youw-need your Z(T) to be singular somewhere. Specifically,
when you -compute dinZ/dT you censtruct the mean energy E, and then dE/AT is
the specif-heat: here is where you are lookdng for a singularit.y.

I guess before this Onsager work it was not known that you could actually
calculate anything near a critical point. Various earlier approximation methods
simply ‘failed to produce the log singulﬂritr because something essent.ial was
left out of the -analysis.

I will now have to read what has happend since 1953, Ken Wilson in 1971
did some big thing invelving the renormalization group. I dont think T will
prusue the solid state stuff much further. But I-had to review Reif to recall
what a partition function was and its relation to specific heat #d the meaning-
of a second-order phase transition. I feel I now have the basics and can resume
the particle physics course.
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Kondo problem*t
Kenneth G. Wilson

‘The renormalization group: Critical phenomena and the

Laboratory of Nuclear Studies, Cornell University, Ithaca, New York 14850

This review covers several topics involving renormalization group ideas. The
solution of the s-wave Kondo Hamiltonian, describing a single magnetic
impurity in a nonmagnetic metal, is explained in detail. See Secs. VII-IX.
“Block spin™ methods, applied to the two dimensional Ising model, are
explained in Sec. VL. The first three sections give a relatively short review of
basic renormalization group ideas, mainly in the context of critical phenomena.
The relationship of the modern renormalization group to the older problems of
divergences in statistical mechanics and field theory and field theoretic
renormalization is discussed in Sec. IV. In Sec. ¥ the special case of “marginal
variables” is discussed in detail, along with the relationship of the modern
renormalization group to its original formulation by Gell-Mann and Low and

‘others.
CONTENTS
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INTRODUCTION

One of the most basic themes in theoretical physics is the
idea that nature is described locally. The basic equations
of all physics are'local. For example, Maxwell’s equatmns
specify the behavior of electric and magnetic fields in an
infinitesimal neighborhood of a point x. IEMHJP_'E_EHL

Md’g local equations it is necessary to define continuum
limits, namely the limits which define derivatives. The I.dtﬂj

of the derivative and the idea of a continuum limit that
underlies the derivative is themfore of great importance in

all of physics.

It is now becoming clear that there is'a second form of
continuum limit, called the statistical continuum limit,
which also has & very broad range of applicability through-
out physics. In the statistical continuum limit functions of a

continuous variable are themsgelves independent variables,

For etic fields throughout
space can be the independent variables in a statistical
continuum limit. This happens in statistical or quantum
mechanical problems where there are field fluctuations, so

d:t one has to compute averages over an ensemble of fields.

tatistical calculations one does not compute the field at a

* Supported in part by the National Science Foundation.
t This paper is a compilation of material presented as a series of
nine lectures at Cargese in Summer 1973.

Raviews of Modarn Physics, Vol. 47, No. 4, Oclober 1975

point x. Instead one computes correlation functions;
that is, expectation values of products of fields such as
(E(x,8)E(y,t')). In quantum mechanical problems the corre-
lation functions are sometimes replaced by vacuum expec-
tation values of products of fields. In the simplest cases a
field average determining a correlation function can be
written formally as a functional integral. In the func-
tional integral the fields are the independent variables of

797 integration.

There are two ways in which a statistical continuum
limit can arise. The obvious way is when the independent
field variables are defined on a continuous space; the case
of statistical or quantum fluctuations of the electromagnetic
field is an example. If one were to replace the continuum by
a discrete lattice of points, the field averages would consist
of integrals over the value of the field E at each lattice
site n. Thus for the discrete lattice case one has a multiple
integration, [Ja [dE., the variables of integration being
the fields E.. In the continuum limit one has infinitely many
integration variables E.. Problems with infinitely many
variables can be very difficult to solve.

‘The semnd mm of statistical continuum limits is the
situation where one has a lattice with a fixed lattice spacing,
usuzlly an atomic lattice. The number of independent
variables {le independent degrees of freedom) at each

lattice site is ﬁxod and finite. The continuum limit arises
when one considers large slzc_‘_gmns containing very many

lattice sites. When the lattice is viewed on a macroscopic

scale one normally expects the lattice structure to be
invisible. That is, large scale effects should be describable

by a continuum picture making no reference to the lattice

spacing.

Consider, for example, critical phenomena in a magnet.
A magnet is built of atoms and the atomic spacing provides
a fixed shortest length which does not go to zero. At the
critical point (the critical point occurs at the Curie tempera-
ture) there are long wavelength fluctuations of the magnet-
ization signalling the onset of spontaneous magnetization,

The maximum wavelength of the fluctuations is the corre-

Copyright © 1975 American Physlcal Soclaty i
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Outline c:f 'Ba.'rber s Review

Lecture:

. 1

10

Subject:

review of critical order parameter, correlation length
critical exponents, univarsality, scaling(homogeneous functiums}
and exponent relations; spin correlation function ! and FT P

Basics of renormalization group: effective Hamiltonian and the
operation Ry, scalae parameter is b. Look for fixed point H* . Rule
for how F t.ransforms, t.hﬂ axponent ¥y related to 11, determined by Rb

Renorm group near & fixed point: linearization of R, to Lh, use of
eig&nnparaturs Qi and eigenvalues vi, Express H near' H* using these.
Relevant vs. irrelevant critical operators Q. The basic one Qg+ (j’E = 1/y)

Notion of critical surfaﬁe where "fieldsa" Ji=0 of relevant operators.
H on eritical’ uurfaca goes to H* under repeated L, application.
Critical dimensian of operator Qi derined. Scaling laws and derivation
or bauic expnnent relatiunu.

Wikdon's rﬂugh recursion formulal an attempt to find H* ror spin

system. Gives1l 0. Tou get a recursion formula for Q ‘which determines
HIr Hhich appmach&s H¥. In d-3 gives )J- .609 for 3-D Ising, good.

Analxgls ford = 4 - G. For d=4 gat classical gausainn model and Q*=0.

Assuma Q= r52+ush and expand ewﬂrwthlng in powers of € . Exponents

*

improve fram their classical valuas.

Peynman expansions.l Since s is like @, a ﬂel-:i, and (x,x') is like

a VEV of some fialds, can use Feynmanpnysun axpansion in graphs to

get ¢ to given power of € [ ceupl:l.ng constant is 1,1 of u, ai" is orger¢ ]
Hence improved calculation of exponents in,powers crf €.

ey

Alternative expansion for &xp-:}nsnt.a asm This is perturbation around
the n=® spherical model. 51m.1.lar results to the € expﬂnsions.

£l

M:.tempt. to imprmre calculation of the ﬂxad paint H* and R,. (ie,
derive exact recuraian relation) "~ ¢ o

Specisal calculations for spin systema with d=2, sma e idea, various

-----

methods. Exponanﬁs don't come out very well in general here.
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g s at this point: it is not that anybody is really interested in d_= h«T dimensions;

it is just that when d-is-near 4 and you -use-the simple gaussian fixed point Q* = O

to perturb around, din-this case-you-can actually. compute the exponents. The model with .

d=l, itself gives the-classical-exponents- which we know .are not quite right. In an entirely

separate- and- numbrical- ealculation, -Wislon-computed-the d=3 Ising expoments; -of .course

no one—knows what-these—are because the model- has never been solved, but his results agree
—with -hi=temp -expansion-calculations.

- -— -— Basically, Wilsen-bakes-a—ferromagnetic hamiltonian-with interactingspins, and —
e processes it in—=su5h~a;way+that—é:t—jean-b& seen—that—the-thing does—in fact-scale— —-—
into its samé functional form—under-"renorm-group-transformationst e, fancy-scalings.-—
By requiring-that- H-goes—to-a—fixed -peint- i*, which-is the—same- se-Q- going- to Q%, he———-
is able to compute—the—exponents:— The way ha—do:fes—t.his - think is to-assume—that— — -
these is-onltyone-"relevant"—operatorj—the Qg s-which has-as its exponent—yp h‘hé‘ih——-——

- ——gonewhere-atong—thé-Yine-was shown-to be 1/NU. But-yp and therefore-V-appears 4n -the
——Qi—re‘n:urs:’cm*refatims-, and 4s thus findeble numerically, The expment.-rm?is 2ero.

- ———Since Renorm Group method has- twowexponent scaling, all exponents are determined by
— — your computation of-Vs -For -d=3 Ising he got v = .609, for e xample, whereas -for near-i
e gets v = «5 3 epsilon/12:
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———Comment: ust -a-statisticel sum with—usuai Boltzman factor to—————
— — — get-the mean value—of -something, here A: You sumover all the "spin states', just ad ~——
- ———if -you-were—computing-anyother—partition functionZ:— BUT; on the othesr harnd, this — —
4thing—louks-‘bu—m—mcﬂy—lﬁce thepath integral- WEMW_WW
- ————value—of -some-operators—A;ie;-this might—be = greens functiom — Ther you tar THIAK 6F
——————H-as-a usual- paﬂirremtw'stcmtemttm—lagrangtan— “Ther you tan use nsual Path -
—*mmﬁwnmﬁamﬂwhammmt&rirmWﬁnﬁ*m— -
- these—things are—so-simitar:~¥s-it- WMHH‘WM@& eéxponential
nctm—mmmmtm—mltmfam Note that ‘there is, hHowever,
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‘)1 E - %ﬂm«mw&wu Wilson's strategy-is getting clearer

all the time. In the last section-we -computed-the spin-spin- correlatioh-function-only-
40 lowest—order-in-C.- -But-now with the Feynman graph interpretation, -we -can-compute- -
%} in principle to-any -order-in- €. If we are-lucky, we can-use-thisexpansion-for- large
€, for exampley &7 unity, -in-which case- H;tﬂﬂﬂﬂné dm3+—Then we-can compute the -
critical exponents- fm*—d-f-lﬂand sée-if answeris-thé same as the-hi-temperature- expansions
-~ [~ for the-Tatrig moter—-— - - - -

7.1 Homentmn integgals in d dimensions. Instead of giving a general theory of how to
do t.his. it turns out that. oniy the moset s:.rmmet;ric two integrais will be needed, and

each of these T know how to do, even when d = genarél nunHer.I Mm’mf_k& Sipl.:.-. ‘“’!Sw‘““\

_ e et T - ——p—— e —— - -

J.A._q‘}_wgd.aa.. Qs | __ e _

Bl = e ax- 1300~ 260) roo a TR g
R s R

- = W(Lk,r’*)‘ N

— D_ - - - '\ WM&%{M d:% 0\1!-‘"1 ‘{‘[o _,..E_D\D!-Qll-ui S



. - R

Snonna MM\ ﬁm_m .&mﬁ:# o -~- e
o R0 s_x_-x-:(%%)_u;ﬂmm AN ) TN
S ) ot . - .
Bl W Mo bon ¥ cogla el b L
—— Ll.g__a.a._ﬁo-»m-!\ - ——y, = ;
S ¢ P _:@r“_:—..—j.i: .'_'E_.--,ﬁt + efc. "

L e —— B

(U Ju)) =\ (RS (W) g Q) (el

= e 0T " L

. IS N— A i
—_— ; _'ﬁ_\md}d_w _GLRMEI»“MML_M K"w_
—_ iy} m_.é-u_ﬁﬁu.k—_._ - - et e —— = 1_ - I..., e

T A comqude 3 ok €5 (o vk Ao beanns

TR ~ D S 4 0E) RO ekl !
o AnrEY . - b
) R Al - .
N=0O + be” / becovar, _ M@Mﬂ?{_ﬂ_&}_mlﬂ ;;, _,__ - j :
o , [ L

= S S A O T

L éﬁf&i@ﬂ_;_w@;:f I

= %ﬁn adas E-L

. 3 L ‘ =X |
. ok ¥ dmadmn e Wa. mw,gk::_ﬂ_vm g ~Ce) R
wd o= U(h=0) 5o fode for .

N < B A P £ A
N S R o R /NS e XS N W TR T éﬁ
R ) —clodd b rdine K & odi €




% Wl Oxdan. _OY. Q\WE,.)MWWM dbo € ol E°
DN TR VYRV E S PN S %ﬂ T ©

—_—— = - - .

(1 Oﬁwm . The hi-temp series calcs and the e-expans:.on agree quit.e well to
second order, at_least for GAMMA exponent. Then in next order it seems to get_worse.
They asy, well, maybe it is an "asymptotic® series which has a best point and then
diverges. But the best point locks very good. This comment refers to usage of the
epsilon-expansion for & = 1 which is rather large, not surprising that thing does not

— __ CONVEerge.. — - - R s —

gp_ansims irrrolvigg lin. Amazing similarities to Chew's tapnlaﬁical ax'pansion.

Here, you use the same formalism as above except you assume that u, = order{l/ﬁ) instead

o order(€). "Te, now instead of expanding around the classical gaussian model with d=l,

———— e ——— e e — - [P,

_you are expmﬁhm around the classical spherical model with n -ng I think this

— % e e S — — i ——

spherical model has the same elassical expnnenta as the d l:l-h gaussian model.

—— = = . am e _

So you go through the same deal. calt:ulat.ing vaﬂous Feyman diagrams as needed.

[ S —

Int.arastingly, cloaed loorps glve rac:tor of n as you “can sum over spin degre.es or freedom

e —— = o= o=

of the fields in a closed loop ( just like quarks) This lets you inow wh:lch graphs

B —— —_—— ——

to thrml away.

e mmm e — i — — ——— —

FE——— ==

Barber procedes to review the computation of the axponent.s '51 and 3 in the

[P —

1/n method £t for genaral d. ‘I‘hen fur 1:1-3:..1;3; :r&_;e_e:t;a_g;e‘_eﬁ v_;r:.r well with the .

e—expansion calculated exponenta, ther&b:,r strenght.&ning ones belief in ‘both met.hnds.

—- 8.5 Scaling Laws.and_the 1/n. The point made here is that the 1/n method never makes — — - -
use of the homogeneity/scaling stuff and can therefore be used to.test the scaling . -
ideas. Loocks OK except -there is_some trouble ("anocmoly®) for exponent o for-certain - -
values of d,-including d=3, which-casts some .doublt on -the formula dy= 2-g.- Recall-
that -this -is-the -only.exponent .relation that .contains d. -
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- — Milson- and -Kogut— - e e s e e s e e - ———— e — =
—-—-— The Renormalization-Group-and the €= expansion” JM “3%--_1 "% -

-Rapuﬂa—-ie-z—{%}—n-—lmagas

p77. L Intn-::duct.inn.

— " — 151-Philbsophy.-To deal with a phyaieal-pr::-blem usually—you—only-hm—to—deal-w%hi
____ the degrees-of freedon which describie’a piece -of the’ System smdller than the correlation
" length which s {isually only a few &tomic dfameters. The properties of the bulk can
e e — e pgduced- -4 0 -the- propertiés -of -& -small- }:ﬂ.ece of-the--bulk,-andthispiece—has-endyp— ——-
a few degrees of freedom and therefore can be handled.
However, critical phenomena are those described by a very large correlation length;
— - -- <‘-—there—are thenmso many-degrees of freedomw-within- the- correlation length that-you-dont- —
know what 8o do! The renormalization group is a method telling you what 6o do. You

try to thin out the number of degrees of freedom systematically, You start with

- a-small block-of -matter-described—by Hamiltonian-H>—with-handleable-number- of degrees ——

of freedom. ‘Then you mové up to larger seale, say guice, and try to compute H, in
termé of “the bluk parameters invented by studying H « Jle, you compute Hy in terms

of -H a:ﬂ-thi‘ﬂfstep—mhiterati:mﬁopefuﬂ:ywimohas -egein—ea-finitenumber—of-degrees—

of freedum. Then you keep on iterating until you get to-the correlaticn length. _ _ _

This is inifithite at critical point, eo iterate many times. The assumption here

s realiy-that-the-golngs -omat-the-scale-~ ay are-determined-—by -the goings-om—
_only at the preceding scale Hy ( which includes the effect of all smaller seales).

Thus you are assuming & sort. of scale-locality, Underlying uicmsmpic H must- therefore
——— — - be-local-itselfi—Analogy-made-to hydrodynamics-where-you-deal-with density RHO(x)} — —
_and you simply ignore fluctuations on the microscopic level, Thus you have reduced
the degrees of freedom-to something you-can-do. -

—. Hopefully-the-effectiveHamiltonian H -you start-with will lead to a £1xed-point -~
Then_ the large-scale or cooperative _Blggllquanu is described -not_so much by the micro- .
physies H, as by the nature of the transformation of which H* s a solution.

‘———‘Fi"uienﬂrﬂi-rferent systems with-different Hj's t-ait-havethesame 1imit—H* -and— -

—  therefore have the same type -of. cﬂp.isgl.bghﬂiﬂr.-.,_wﬁwrsality. ‘Theremight be several
competing fixed puint-s.

_— 1. _Histy of the Renorm Grmlp method. In 1930 landau proposed sort of ,hgﬁnmwnﬂ&,__ _
theory. Im 951, Gell-Mann Low showed that meny renormalized charges e go to the same

T T ufigue bare charge & 7in QFT. By~the wayy QFT has-Yots-of degrees of fresdom berxuse

- e _P(x)-is_inifintte number of objects for x_in .a finite volume. Connertion between QFT. _ __
and Crit Phen not yet- clear to me. Bogoliubov and Shirkov summarized things. Then
—in 196075 Kadarof £ did spin~-block  thing w:!.thout‘“a “*shredm “*af“"‘juﬂiric’atimf. This was —
—_—— . ...the basic. idea_though.. . S Tl F o e - o —
Gurrent ideas which lnnk lika ‘but areé ncrt the renorm grcmp are:

—_—

a) Migdal-Polyakov bootstrap apprﬂach to crﬁ:t. _phenom.

—— —— i — = — m— e —_— — = — ——

L b) Jormm-ﬂakar-wiuev formulation of QED.
- They make_no_attempt to. :educe_thu_nmbur_or_.degx:aea_of_freedm._ﬁnauxr_callan—_ —_—
S:_.nnanz.ik is a3 recant. development to J.pak into. X

— ——1.2 Current-references:.a few given on the connection between crit phen and QFT. _ _ __ _
Wilson himself has a review on QFT applications of the RG. Some comment.s about

non-integer dimensionality d: t-Hooft Veltman 4150 usé€ 1it.
—Finally: - "particle. p}grsicistsﬁrﬂ it takes a long time to-understand-all this stuf
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. Comments on this review up to section 9: . The opening section on the philosophy. was-
4._My_ugond_, the_introductory sections defining exponents_were. good..Kadanoff description—-
; was_helpful, then the highlight was the discussion of the Gaussian Model. In Section—————
e L__t.hﬂ_a.uthm:a_vantm:ed-inho._.the_“si_mndal"__wher&_t.hings suddenly. became_very-complicated.—
/_At._that point they went so heawily into technical detail that it was no.-longer-profitable-
udy the paper carefully. They go into the recursion formula with-the-Qp —————
and so on, and discuss technical details of the speed with which H-goes-to-H*-fixed-point.-
In Section 8 the_idea for computing the critical exponents. via_the correlation functions-—
i t'.n_highar order in.epsilon.is discased.and_the results_are_summarized.-
The._sections 9. and .10 .still to_come are supposed to_say something-about-guantum—
— - field theory. These are the reasons I_.have born with this paper so far.: I am hoping — —
mm_,ﬂlsmmxnptjihamming_rmalﬂimﬂ_ammmi@m—to—ﬁem theory———
o Me shall see_soon: —

"

e Mwaﬁ&_—,ﬂ:i—& This_ sactionﬂaimpl;t..means_nnthing_.to _me.
e ___ _Consider, they say, the expectation value of twa spin operators_s(x)¥ _and. s(y) inside
e — the [ _ ] along with some operator called T_ which is.a double.gradient
. sandwiched hetween twa fields at x=O._ This operator means nothing tome whatscever. —
f Regardless of what _this operator T is, maybe I can figure out_what the.hell thay.are . . _
—————trying to_say ,ahmxt'. it_?7__They. are xkmlable to.compuate.the "anomolous dimension" ——
for this_operator, called dp.  Since "anomolous_dimension" .also has-no-significance ——-
e fOP M, this whole section is a total loss. Lets move on. - = -

10 Oanseon Rabussomn S\t Vst ond, Fid Draou, MM& kol
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This topology section is mw@@giilg than preceding sections. You consider
the space of parameters which someone called K. This space is called S, and might have
— — ———axes u and" r-for gaussianlike models.~ “This is the space where -things happ-an; -
~ - ~-—- - - —For example, each point in this space has some value of correlation length, so
you could draw contours of constant correlation length through S. The one with &= ¢
. is the curface ofcriticality, or-simply-the-critical-—surfaces——{-in-S) ~Other- - - -
interesting surfaces within S might be: the Wcanbnical surfaces", ie, the locations
of simple standard models in this space. Or surfaces of some kind of symmetry. -
The points in the spare which are -Iabelled:by-paratmers—are -catled-"interactions"
- because a Hamiltonian H is labelled by its parameters, eg, H(K) or H(r,u). .If you
start at some point in the space, some H , s you take t to infinity you ‘might .
" “go along a ﬁ*a“j‘e“é‘f.‘(ﬁ'j“ﬁfﬁ"‘brﬂ_ﬁp at-a fived point-lying-on- tune—%—-wﬁrmma_vbr-f; =0 . -
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In this m:mplicat.ed d.i.sm:ssion, the

[J“' act of uf renormalizing a i‘ield t.heor;r wit a fixed physical mass is interpreted as
T motion through the space S. The idea is to end up &t & point with infinife correlaiion
—— —Length,- You-want to choose-f\,—= -(mass)-x (correlation length) holding that mass — ———
fixed. You end up with your "renormalized theory™ at a poijt in the space'S on
TTTTT T ¢Re critical surface whereg = oo and therefore \, = @ . [0Ls final point must also
— . lie-along-a "canonical surface” which is the -form-your-simple field-theory -takes,
modelo adjustment of its paratmers. The act of renormalizing takes you along this
B canonical surface towards the-desired point on the critical surface.
- == L - —Thus,-crdticality--is -associatedwith taking the-cutoff to-infindty., — — - -

T T 7T " TWext subject Is: what happens 1Y you have several Pixed points. Which one does
a starting-theory-H. —evelve-toward. Discussion—of-"tri-critical™-and-all that. -
Section ends with dgscussiun of symmetry which I skip.

§ &

12, {;—Fi—xad—peirrt s—and-snomolous-dimensions,-—Aha.—"Anemoleus—dimension™ refers—to———

— ——the—eigenv&lues— of the- tcritical -crperatnrs"—wh&n—yeu—&ina&rize—your—m -transformations——
— —————JF-think what-Wilsen—calls—the- ancmolerus-—djanansiaanndﬁw-—d—-—y“?—whem—?m—ia -the -notation—
—————of Barberv—Thusy if ¥--is-negative,—dy is greater-than-d-and-yeu-have-irrelevant - -
——————operators -Also, -b——ely—Ror—each-relevant- operater-in-the-theory;—the—fixed-point— ———
— - —has-another-degree—of-instability! —Seems—right.Hemember-that all-the-relevant
—‘“—ﬁperaturnﬂﬂﬂadsmhaw—tuqmsmat. the—fixed-point, -- —---— — — - -

—  — Section-13:-This -final-section deals-with-this—question:—-we have seen-in-the-case—of —
- «————gf* theory (—gaussian model-in stat mech)-that-there—is—e-trivial-fixed—point in-dwl——
— —which correponds to no interactions When-you start-with a-theory-with slight integation—
—em—ymmmmﬂmd—itf—ymr&duinrmnmﬁﬁaﬁm—grmﬂmfmﬁmﬁmrd
— - ————the-renormalbzed-theory-with-infinite “cutoff. -The triviality-of—thefixed point-is—- - —
---— - that- th&-d"- coupling -vanishes, so you have-no- -interaction.— -
— —— Question:——4if-you-start—with—a large chM.ng constant,-is it possible to end
- — up—at—unother—nm:—t.rhﬁc&l—fhad—pnint where -there- is smne-interact:tun"lrnﬁ”#—m—“ -
— ——march—for—sunhﬂarnomtriﬁaﬂrﬁxed—pointr has so far been futile,—~——""— - - =

s Conclusioms —A-suggestionr—just—as criticality is a -border between single phase
————— --and dual phase reglon; maybe you should-think—of—hadrom phystcs—trtimt—way: To - - - —
—Xearm about = phase;" :rmr'nzeﬂ-mt.—brat*aﬁtrcal point, le, you cam deal with & "I.Hatit'y—
—with=® st.mng‘“cutnrf ‘Haybe hadrms*‘and—quarkrarrdiﬂerent—phases of the same— —— —
R —""systum"arﬂ*w-have-nbt'bumblrw—gut ‘tn the quark Mmfmﬁrs—
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oL mmnnucnon
The basicidea of the renormalization group is easy
: understand but the mathematical complication
Mvndtctdstommltup,Eadyadvanmuithe

s

; o f‘%‘m and Ef;rg;mu for Pure and Applied Physical Sclences, trnmnmrqrmumm at San

muwmmmmmmmmmmm Emphasis
the applicatidn to the theory of oritloal phenomens, Thia article is

m:r-.m understind.

ar grydunte student in physical sclences

lﬂdtmunlnﬂm the contrary, we lmit the scope to the tnost baal espects, We
g S S e X G
g y. We foel onee aspeot are no
‘-l-ihwﬁ‘“’““““‘mm”"’"m T
R
L var gn U CONTENTS renormealization group idea apbeared in relativistic
Lin'ﬁ-i;d _.f...Hl;h....::_h % field theory [Gell-Mann ingLE (1954)] and in the
gm"l‘ - & um Leng Y theory of critical
B, mﬁmﬂ“ Hypothesis,+ e 5o More recently, Wilson {19{11-1973_}_1:“ made important
L %hﬁwtlinn-;u'feuh--f-w-. “Baaad ' : ggi progress in bringing the idea into-useful and concrete
it m‘g‘%“m m;d...::: """" "o ts énd successfully applled. them to different
B. Motel and Notation. ..., ...0ocoiuieriins 892  areas of physica. So far the most successful application
Emﬁuoﬁmﬁﬂmmm ...... I % has been to the theory of critical phenomena. Existing
E. mnm,mr"m“-m Ghomg 71T 504 knowledge of critical phennmmn has been very helpful
F. 'Ry s a Refined Scale Transformation 595 in understanding the renormalization group as well.
EL'!"..‘I."‘I’““F i"“““l " "““‘1 F : : % Work in this area has been expanding very rapidly.
1. A Reésiinder’ . vttt tay However, the name renorma.l.i:-qtiun group’ together
I E:hninr t Laige:ud&h@h‘pmmu Ve % with the mathematical complexity going with it hes
ThecLinearized Equation.......coeevvcennnni made the subject appear m}rsbmuus to many people.
E’ﬁﬁmugljﬂn:mﬁ “d t han;rel l tm Le ngth % The purpose of this arficle is not to review what has
s Nongzerd Magnetiadtion. .............,..0...0 600 been done. We attempt to introduce”this subject at a
X k_' wl?es“mﬁr?"‘““h‘gm]:ﬁéﬂa 0 yery elementary level. We shall elaborate only on the
ﬁlﬁm%m&m ...................... % most Ibasic ideas' and offer :ﬂlmple examples. A more
RATTY ITTTTITT TP complete :cbverage at an sdvanced level does exist
¢ mhuﬁ‘“";'n.“‘:f’.‘?:":::*:::.':::.‘::::':.'::: &3 [Wilson and Kogut (1972)]. Complete references on
3 #'Critiéal Surface and the Fixed Point. ... ... 604 the renormalization gréup can be found there and will
g . rﬁ:ll'hlhnrlgf R.:md Er!tiul E:punents % not be given here. At the end-of this article, we shall,,
" Gﬁfhwn&ﬁﬁﬂ E RN i 606 give a short guide to'the more recent work on this sub-
T % .',*."...-.*. ........... n . 606 t. iy
e jec
' E_ ;,Hum hmml“ ﬁ;ﬁlﬁﬁ ‘d};@,ﬁi&.iﬁ, t %’ The conventional’ furnnulat.ion of the renormalization
E. %ﬁﬁim e mndgﬁiu ............... g group in re;atwlsnc field theory [see Bogoliohov and
E- EmArks:, .. 5L ffe. L it Shirkov (1959), for example] will not be discussed
""ﬁ“g‘b“ﬂ“"‘*““”ﬁ?_‘?ffﬁeﬁf‘{fﬁ?’{j_ oy here. The ‘picture and formulation introduced here is
609 based on that put forth by Kadanoff and Wilson. The

basic idea behind the two formulations is the same and
justifies the same namé, even thoiigh the two appear
very different: The latter is more general and more
easily visualized; in our opisiion. .
We want to do two things in’ this article. First, we
introduce the ba&:c idea and give a
Second, we go thruugh two
examplﬁ The basic idea is slmple and a precise defini-
tion is not difficult although it takes a lot of words. The
real difficulty is that the properties of the renormaliza-
tion group are completely unclear from the definition
and no classification scheme or rigorous theorem is
available. Our general understanding is rather poor at

e
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