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Invariance in Relativistic Quantum uechﬁcg ,- A.§. Hight@

The principal aim of these conferences is to present the techniques of invariance
theory which are nesessary in order to approach the study of elementary particle
physics. However, they try edqually to give a summary of the basis of current
ideas on relativistic invariance. I thank .... and aboveé all Bargmann and Wigner
for some discussions and communications of unpublished results.

1. Thé Lorentz and Poincare Groups. The Lorentz Group L is the set of real linear
transformations which leave invariant the bilinear form:

*y m RE-EL = Ky

& = EEHE = o =\ o o 1 ).a - 0\1‘1‘1

(The repeated greek indices will be summed without explicit indication). We write

A ao_
= Ny, K
Then

‘{"A% - *‘?Lt$ for all x,y

is equivalent to
¥ M
f\ S 3"9“- )‘\ o 3}.#

or, with U\TJ,H- K.-’“;

-
nh'n G‘.I'I\ = G- {1_1:'
In taking the determinant of (1.1) one sees that

ak A= x\,

If det = 41, one says that A is proper; if det = -1, that A is improper.
For example, the transformations

0 -

A= - ’

o
at L T— O

rgVE= 0, O

are proper, and the transfomat.inms G ami -G are inmmper. 'IiuIit.h t.he aid of (1.1)
one sees also that

Y - «é—- (RY = 1 (1.2)



and consequently, ] .,I'\‘L\ 21

If A. »\, cne says that A is urthochronous; if AL 4¢-\ , one says that A is.
non-orthochronous.
e product of two transformations is given by

WY = K M5 . (1.3)

Evidentally, the prioduct of two proper Lorentz transformations is proper. The set

of these transformations is a subgroup, the proper lorentz group we call L . The
product of two orthochronous Leorentz transformations is also orthochronous?

ARV = AW -2 KNG AH — Si.ﬁ") mw

The last 1ne:_:_ual:|.t.y follows from
Nezmiy

which is none other than (1.2), and

e (BY

which follcws froT (1.2) and the fact that if A is a Lorentz transformation,
then so is (A )~*, and, from (1.1), {}"\_5 = G NG. The orthochronous Lorentz
transformations cnnstit.uiae a subgroup, the orthochronous Lorentz group I*.

The intersection of L, and r is a subgroup, the restricted Lorentz Group I.+
We are going to determme its struct.ure in detail. A physicist must know by heaf't
t,wn classes of the elements of L ¢ the pure Lorentz transformations in the directf
B and speed v = ¢ tanhy :

X = g s W

R = [R-GERal+ (3x3R+ duxnr)A

and the rotations around an axis h by an angle ®
So o o

2 = (emed +(\—ms)rﬁ'ni + smMswm K-S'i
We have this

Theorem. Each element A of IT can be written A=MMhy where A, is a pure Lorentz
transformation and My is a rotation. A, and A, are uniquely determined by A-.

We will prove this a little later using the polar decomposition. However, it is
instructive to do a direct proof. For this, one first cbserves that. the transformation
h maps the vector (1,0,0 0? onto the vector (h‘ n h"' Mde  If (MLAS A3) = O, one has
o= 1, and, from [1.1) h‘;- 0 (j=1,2,3). Thus, A_ slready has the fcrm of a rotation.
thia same 3-vector does not vanish, let R; be a rotetion which takes this wector
into the plus x directlion. Then ones has:

Ko NN Ay @
RA = iii@{: A A A L

o ! Ko K R

Q ,r"l.?‘ -‘E:., ;E& ]




where the 3-vectors,
e SR It
mrAy, (RER) . (RRA
are orthogonal. There exists a rotation thl which maps these 3-vectors onto
- L}
Ei(lﬁlﬂﬂl} (.1105‘3\] ) (,'D;\\‘u\} ) (OEQ\‘L) .
We then have,

- A‘; a: A= E Z. Q\p} \}‘L .

th&b‘: hl = 4 h“

Then the Ay and \, of the theorem are

=\ -y

=\
hq,= RHJ\S?\E lr\-;_: R\R‘{. *
(For the details of this proof one can consult M.A. HAUPMAK) ( a book only in russian)

Exercise. 1.1. Show that any ‘orthogonal Loretnz transformation ( ie, !Th'l ) is
of the form (1.5), or as well G times, -G times, or -1 times one of the form (1.5)

From this theorem, and from formulas (1.4) and (1.5), it follows at once that
the group I’y is connected. This means that each pair of elements is linked by a
continuous curve of elements. The group L has four connected components which
are shown in the figure.
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These connected components contain reppectively
.rr
L+  the identity A
L?_ space inversion T
1
L_ time inversion I

Lt space~time inversion Tt



There are three subgroups:

orthochronous L' . ﬁi o LY
proper L, = L1 v Lt .
(no name) L' = LY v LY

The last group has no name, although it is apparantly the group which appears in
nature.

We will slso coricern ourselves with the inhomogeneous Lorentz group, or, as we
say, the Poincare Group (this designation has been introduced by Wigner, Bargmann,
and myself; it is customary, and moreovedr, exax correct from the historic viewpoint).
The Poincare group is formed from transformations

. v
AL Ny A
which we denote (a,A ). The composition law is the following:

@AY A, A = @A A, AAL) (1.6)

Like the Lorentz group L, the Poincare group has four connécted pleces. One cbtains
them by considering (a, N) with a arbitrary and A in one or the other of the four
Toréntz pieces already noted.

The Lorentz group is directly linked to SL(2,C), the complex unimodular group of
two dimensions. This group is formed of all linear transformations with unit
determinent in a two-dimensional complex vect.or(sgace. There is a 2:1 homomorphism

A

from this group onto the group L_?_' : TA A given by
ARy = £ W (mAnAY) ' (1.7)
with the inverse (given in this form by H. Joos) .
*A= N (N~ (A, Ny =Cepa N9 @ g
M= 18- ROY + (WAY —ce™a% AT (1.8)

Here we have taken
Ve o'-) o = -]
Uo = ot E e oL = -Ze) gy = (o-l)

One may simplify these formulas by using the quaternion formalism. With each 4-vector
x% one identifies a 2x2 matrix

X = oy (1.9)
Clearly X is hermitian iff x is real. Moreover,
akK= x¥ X = g R (X)) (1.10)
The homomorphism may then be written
X'= AXA x= A(AYx (1.11)
AN e Ko sh(AD>0 amd ®

A= L a2 (ReN] - 7 ok FE ak AvA =)



Here we have written

%@ = (B %rf (Fpe % peona Hpe Lt

and have used

%ﬂ (‘?‘;)*F‘(%)fé = a%-te%p.f

ax (A0]) = XA (axe)*!

Exercise 1.2. Verify that (1.8) satisfies (1.11). This is done directly but if
one wants to find 2 formula like that which follows it can be useful.

and

Notation.
a)  T,Te= Oy ~ (€30 Ty
OOy = T, Sl ~ Tk 531 Ty Sk + L6
LT QT =
Here, €, ik "is the totally antisymmetric tenmor with E123 = 1.
b) If A = a° 4+ B.¢, then
’h - r o = . L] — & m—
ACA)y = 83(\«'** AR ) AT+ Ak A S W 1T S Ay
A(A\e = \a“f‘* ES
o = = . —_
ﬂ(ﬁ)i = QA 4+ ded) +ien)) Aedd
5 — - - = —
The formulas imply A{}.. - ‘,‘.-."1..'4- y and

. . " : " %
W(F)= Bl de(F)- - S
» S

Thus !
A= 1:-31 Lhﬂﬂ -+ (.ﬁ-!-ﬂui)fi -\ e‘hk"‘ /\k_" 'f}’]

where N can be found from ( detA = 1). .
To calculate with SL(2,C) is often more convenient than calculation with Lt .
We illustzate this peint. Each non-singular matrix A has a unique polar decomposition

A=TUH N (1.12)

-,

where U is unit and H is hermitian positive ( which means that the eigenvalues
of H are positive). One shows directly, thanks to (1.12) that

A= _ w= JRA V= AW



The uniquenss of the deccmposition (1.12) is a consequence of the unigueness
of the positive sguare root of a positive definite matrix. One can give an explicit

form to these formulas:
If o == =

A= 2+ T Sk, E-_-AA, +'h.¢' .
one has -

€=l \AL

-'; = ‘BLQE - ;:"?s + .i. i‘i‘-i ' (1_13}
" ow =

B = '.3,1

.\-
9.(‘:!’+ Je5) 1 (1.14)

To complete the proof of the sbove theorem, it sufficesto show that A(A) is a
rotation if and only if A is unitarg, and A (A) 1is a pure Lorentz transformation
if and only if A is hermitian. The first of these claims is a direct consequence
of (1.10) and (1.11). Cne sees that, if

ﬁ
AN=1
xo= 2 W(AxAY =X
and using the result of exercise (1.1),A (A) is of the form (1.5). If A is hermitian

one can, by a unitary transformation, bring it to the diagonal form

P\. Uk Q:'Ha. o Qul"r

An elementary calculation shows that ( -,.r...) corresponds to a A given by

A

K o= ek x4 suxod
" 1

¥ = ™"

‘?"tt: x*

A

%

It

e x° + adax d
. &y
This is a pure Lorentz transformation along the z axis. U (& &) U* is a pure
Lorentz transformation along an axis obtained by leaving the z-axis by a rotation
corresponding to 1.

If A is hermitian,/\ (A) is spmmetric, as (1.7) clearly shows. Reciprocally,
if A is symmetric, (1.8) gives a hermitian matrix A.

There are two automorphisms of SL{2,C) which are important in practice (recall

that an automorphisms is a bicontinuous one-to-cne of the group onto itself which
respects the law of multiplication):

A= (AT ond. A—= A

The first has the property > Ar FA={
= h i (1.15)
(AN = TAX W § = (\'“’)-
This (1.15) is a simple consequence of the structure of the Z matrices: .
. T iy T
Ti=\ T =T Tz ~To T, = Ta



_hT A

Th= i 5 €yl 1y 4 ¥k
~ In Bact,
( *;"_- 2T =Ty 3
- o — =
( A+ 'r\} a- aT

¥ A L=
do rot forget that Gd-2 = 1 by hypothesis)
: g
an

- [ - = =1 -
(24X = X-aT, €2 TL ~ 2Ty

The .image of this automorphism in ﬂE is

A= AAAEY
with

ARy = T, T, : (1.16)

&+

the product of the reflection symmetries in the 3—planea orthogonal to the axes
x and =z respectlvely t

. k -
QIjﬂ = =% bk ) = 4 xS , e # |

There is no linear transformation €, havéng the property

~ =%

A;= §1P\§1 ﬁ¢
. for all A. The image of the automorphism A => A in L., 1is determined by

T\ M X s T T AT
AR = £ R@G AL A) = 4 R(ADA T ) = ¢ h(TATA)
ie, )
ARY = = ANT,
where I, is the symmetry whith changes the sense of the axis xz.
The matrix { plays an important role in the spinor calculaus. There, one
constructs the bilinear form
4.
aghe = g L‘f-ﬁ,p'bp (1.18)
where a and b are vectors of two complex components. One has
u,
(A -§-(Ab) = a- ATAN = afb= ab,
where one defines some contravariant components related to an by
{ +
A= farr.a Ap

One can equally consider some more general guantities

Ei*\*m“' ?m?t"'

)
which transform according to a —»a :

A

Rt = Adg! Aaad o Apploe Al gL



( the dotted indices transform with A, the undotted with A). The matrix € is
again employed to raise and lower indices. Under these conditions,

3\.4,&,_.._%‘{;1_“ lh"qh.--,{.'n,r,l,_‘

is an invariant form. One is referred to the bibliography for more information
on this formalsim.

The introduction above to the group SL(2,C) was not well motivated. The physical
Justification will appear farther down the road (sections 2 and 7), but here we
shall introduce in a crude ranner an important mathmatical 'idea: tHat of 'a
universal covering group of a connected group. This is defined as the "smallest"
group which is simply connected and homomorphic to a given group. ( A group is
simply connected if all continuous closed curves can bé continuously deformed
to a point)( It is well known that the rotation group is not simply connected; and
the same is true for the Lorentz and Poincare groups). More precisely, one considers
the set of continuous curves on the group of the form

aX) o <F<d Wt )= (ool

One introduces in this set an equivalence relation: two curves gl{t} and gz{t)
are equivalent if there exists a continuous function g(t,s) for ~ ost,s¢l

such that 5.8 =3 (%) and Jot\~9g(%) , which is to say that the curve gl
can be continuously deformed into the curve g2. The set of these equivalence
classes constitutes the universal covering group. The multiplication law for this
group is defined as follows: if [gl] and [g2] are two equivalence classes, one
chooses some curves gl and g2(t) in these classes and forms the curve

@A) k) oLkl

which joins element for element g,(1) 52{1}+ It belongs to an equivalence class .
which is, by definition, [gl][gzﬁ. We refer to Pohmtrjagin's book for the proof of

the fact that this definition does not depend on the classes of equivalence. One

also finds there a didcussion of the topology of this group.

For the case of a connected group, the universal covering group is determined in
a unique manner. When the group has several disjoin& connected components, one may
have several non-isomorphic covering groups. Consider the case of the group L. Over
the connected. component of the identity, 1¢ y we have constructed the group SL(2,C).
The other elements of L can be cobtained by multiplying ﬁr by the three following

elements
:IS ]&: TEEL
such that \
Tx = § £
- =\
B = — TRS

‘I:‘-é-?f = =% {1_1,9}

(note: x is the 2x2 matrix I used to call X; also, ¥ =@ Pauli).
One can write all the elements of L in the form

M,
Ael | Ax=%
with

2= VA" KMA (1.20)
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Here, §q and n, are mod-2 integers and K is the complex conjugation operator.
One obtains the novering groups by introducing an associative law of multiplication
in the set of triples (pl,p2,A):
AR = e, paspb, € Qoo pls) ARP A K] S
r-:l‘neretr E{Jﬁ,ﬁ;‘,)-..' , ﬁ;} is a solution of

o € pel ) €C e, oty B ') =

e (P piapty potpd ) E()-\:}}n;_ ;)N'“I.H't‘) (1.22)
The solutions of (1.22) are | . % :
1-} - 1.> .:"'"}.’*: {__"}_,Mfﬂf x (ut)ﬁjp‘?fftj .L—-'.) H'ﬁ" 'Hl}/u"
(.“) P*L‘t‘}-"’“{} (_,‘)F]}":-\-ﬁl_.}*tz '\'}*yﬂ-:_ {1.23¢

Since all these solutions are different at least for the values of the squares of
the elements above I I,T_ ( by definition, such an element has for a square +1
SL(2,C) ) they .give non-isomorphic groups. We will show that the significance
of these divers possible groups is altogether different when one applies them in
the theory of states or in the theory of fields. If one considers only I_ , one
has two non-isomorphic covering groups which correspond to the two kinds 3f
spinors introduced by Cartan.

One can give the analogous extensions of the Poincare group. One has, in this case,
T poper A4S, g, AT =
wy! v
T ax e A QAR alpeily popty €Qupapipt) ACAKAS (1.2)

Finally, we consider the complex extensions of the Lorentz and -Poincare groups.
The elements of the complex Lorentz groupéf, are the complex linear transformations
satisfying (1.1). If one adds a complex translation a to A one has an element
(a,A)_ of the complex Poincare group. As before, detA = + 1 , and the proper
groupz[* has those elements with det = +1. It is & very important fact for
applications ( the TCP theorem) thatf, (contains I, and I?) is connected. To
show this, consider for example

‘ JnX o e sk
o eosd ~swb © e ﬂ
o %-Lub (.‘.m‘.* o

shX ° @ Sk

for all % complex or real. If one varies (%)) continuously from (0,0) o (iPI,PI)
one obtains a curve continuously linking 1 and -1 in L_ (See figure 1.1).

The complex Lorentz group *_q- has a universal cnvarIng group which one obtains
by a simple generalizetion of (1,11). One can use the notation Z for a complex

h~vector g%. Then , for each pair of 2x2 unimodular matriges, the transformation

% _ A§€ (1.26)

is linear.



Jni- Aﬂlf I
Z = N(A,B) 2 and has the property 22 = 2.2  since

22y Tk (2eR) ok 2—akp'? ! ,

The same calculation made before in the case B = A 'shows that det A (A,B) = 1. .
Evidently, the pairs (+A,+ B) determine the same A— . The multiplication law for
pairs, dictated by (1.26), is simply (A,B)(A',B') = (AA',BB') and, in consequence,
their group is SL(2,C)xSL(2,C). The formula giving A~ in terms of (A,B) ( anal-
ogous to (1.7)0) is:

MARYS = 1 % (B Az &) (1.27)
The inverse is .
A= = (RAGRY + 7 ( AAB) < A(R8Y ~+ ¢ € Aifﬂ.,nfi) <te
(1.28)

Exercise 1.3 Demonstrate (1.28)

Exercise 1.4 Show that the pairs (A,B) arising from (1.25) by (1.28) give
a continuous curve linking (1,1) to (-1,1). -

In the following we will use the representations D(‘” of the group sU(2,C)
and D {jl’dz} of the Lorentz group obtained as follows: Let .
- ‘r‘h t‘;ﬂw. ) )
7(\.5 = o Gl il b > 3
with j = integer or half-integer. These X™: with J fixed form a basis for the
homogeneous polynomials in g, {. of degree 2. If

- (; w
o (§)— ACD) e X DedWK . )

Now let Lo - ]
oW 1e xi';!;::, — .“3:5.\“ E-LB‘W\ ; 11"“"‘ E‘EL-E*\M‘_
Then, if % < '\E (el yx ”‘;:‘l'l UL Claa !
‘ 3
then R Tyid o
Kige = Dot angng (18 i (1.30)

This representation is defined for SL(2,C) X SL(2,C). For SL(2,C) itself one
must put A = B. We might point out that these representations of the groups
st(2,c) and SL(2,C) can be extended to GL(2,C) ; which is to say, to the group
of all non-singular transformations. We will use this later.

There remains the "—g;.rrmastics. We -want only to present the notation and
some basic facts. The Dirac matrices ( Clifford numbers) satisfy: .
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A4 Vo A JA-)
(1.32)
The complex conjugate, adjoint, and transposes of ¥ are related to X/by

and one has also

with

The relations between S(D) and A,B,C,% 5 are

The fact that €7 commutes with (D) allows us to diagonalize these two matrices
simultaneously. We arrive thereby at the notion of chirality. One says that
the vectors v , satisfying

have a chirality + . A choice of appropriate basis leads to a form

and one sees that the notion of chirality conforms with that of undotted and
dotted indices used in the spinor calculus.
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Spinor Calculus: Uhlenbeck and LaPorte Phys,Rev 37, 1380 (1931)
Bade Jehle
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Universal covering group: Pontjrjagin
Wigner book for rotations case
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also see JETP 36, 620 (1959)

Gamma gymnastique: Jauch Rorlick
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The paritv problem in SI(2,C),

1. We know that according to X' = aXa®, any element of SL(2,C) maps into an elemtn
f(‘f J of the restricted Lorentz group, according to the usual formula. Since parity
is not in this restricted Lorentz group, we know ahead of time that there will be no
matrix a with deta=1 which will "do® the parity transformation x" to X, But lets
try to find an a anyway and see what happens.

X = aq(‘q};a, 3 o2 = &_ﬂ_@ﬂz{ D o, €S¢.

+ -\
But on data sheet I have shown that the only matrix which does this last is a=0. So,

not only is there no SL(2,C) matrix which does parity, there is no GL(2,C) matrix
either. There is no matrix period.

Theorem: there is no matrix a which does ihis:
t
Qpdp)= 2 (g

2. So we have a problem: how are we going to "fake up" parity in the world of 2x2

matrices? One suggestion (SW) is to first complex conjugate X, then apply some
matrices. )

YpTa = AKX G ™ ECLIWINY W?ﬁﬁ~ng§L. (\WPS qp~='ii7gait
= I = U"T- 3FQ(¢Lfv (‘SS ‘}3” » I = 3}“" (02 T (MS ‘ 65!‘}“

J
A = quebwb) A ?nuw =\ esoe)
g=+bxd 2 a4 WK

S ()= (Xl a2 & a= v
VYoo dXa=  C ddé, = &i‘,(-t\; =\ =) Q=%

Theorem: if you agree to simulate parity by first complex conjugating,
* %
(K3 = 2 (g &

then you can find a's that work. In general a< o . In fact, if you want
-1

an a <« SL{2,C), you can choose either a =Y or Y
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June 3, 1977
Braperties of the functions D{O'E] (a). -

1, 1In agreement with Taylor, we agree that D(D’éa (a) = a| . This shows at

once that D( @ ) = a' =D (a) © and the same for * and + . Totally trivial

for this representation. Even if we had teken D(a) = a' or D(a) = al or & ;

we would still get that D(a") = D(2)* where * = T, *, or +.

2. We would now like to prove that D(a") = D(a)" for the representation (o,s).
I will do an induction proof making use of this ruhe:

(=y%)
Dot (2) = S Csom) 5oty 4wy Cogo | 5ok, w3 £rwd)

e o |
-3 (e %‘,

* b“"‘”"ﬂx (1\3 ID l{i}

We have already shown that D(a®) = D(a)” for s=% . Now we use induction and show
that if true for s—%, then true for s. First, since the Clebsh's are real, the
result is transparant for * = # . For the case * = T , the result again follows
because we can interchange the two Clebshes. Combining, we get true for - = +.
QED. Conclusion:

(GO (G
Dw.,.: (‘15 = D__mt (13 . = T} X 11'

3. Similarly, we can prove by induction that D(-1) = {—1)25 . We know true for s=% .
Thus:

( 1.'} ( 1) = (___‘3‘15 E“MH

L. The functions ﬁ{&’&) may be dfined in this way, so no need to show anything:
ything

(ﬁ:s“} {0,‘5-‘1
I B,\.W () = bmq (1') = Bmw (1)
4. The explicit functions can be obtained by a simple generalization of the rotation
group functions, as done in Vilenkin. If you like, you can write everything as

exponentiated generators. Thus, eg: R . - 2
o 8T sak el FT
A= UW ﬂhﬂ‘ﬂ&,ﬁ. rntxdtj-l. = A= = < = =

re.y =3
EIE

= D@}ﬂ(ﬂ*g e W 3 = Qe %,mwicm.
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1. Here is the algebra'we mant to sstisfy:

O Greseds R

C o Wl - —;uf:aik‘?fk.” — - . -

Y:Sla K :.1 = ui Ei;K’F-

——___Now, suppose you find a ?gglizai_;ig)p_ﬁid which satisfies the SU(2) algebra. Ie, J are _
some matrices. Then I'll bet that if you take ‘Ki = i-..Ti y you can satisfy the full
— —Loretnz albegra: - -— - —— e - “- - .
—— E ool W& - - o TS M
SENRNRT KAV« ARSI 7 o

TGN N AN R AR o

—— = ~Up~to now 1 had only visulaized-this for the d<2 representativn, but how I séé that —
obviously it also works for any finite=dimensional matrix representation (as noted

in Taylor).
- - "Of course; such Tepresentationy exist "of all dimeh=ions since W& knbw rep's of

e SU(2) exist for all dimensions. . None_of_these representations can he nnitary, since..
the boost matrices are always hermitian rather than unitary.

-——

— - 2._Conclusion: Ky = 1d; and Jg allm-f_;mu to trivially construct_a. realization
of SL{2,C) of any finite dimension, not just d=2.

*._, et .-

- 3. Further compent: We kngw. that _every element. of SL(2,c) can be written as a boost.. _
times a rotation like so:

—————— —

e = oA = W \a= 5.3%..-__._ . - —

Thus, we recognise the D‘{“o;sir(‘g} representations of EL(é,C) as be-ing, Just those
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.1 1. The Lie Albegra of the-Lorentz-group =.50(3,1)} —-8L(2,C).is-as-follows:

[-51.:5;& = ACi dk - - - D GINARENS 1 -
N R T A ¢

30 = LK = sk Ke - L0 )
2. We can easily form a-two dimensional realization of the six generators as

To= sl K = s34 _

where-#}; are the. hermitian Paull matrices. Natice that in this particular realization

follows: - -

the three rotetion generators are hermitian, whereas the three boogt generators _

are anti-Hermitian. o ~ .

3. In my usual minus E:ig,nqcomrentinn I can now calculate the finite Snauparaﬂmter
subgroups. Thus, I am constructing a two dimentional representation of the
‘ group SL(2,C). Howevér, somé of theé gFoup Jperators will be uiitary, (the —
‘ rotations), ‘whereas other operators will-be- anti-unitary (the -boosts).
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In other words, we just let our three original rotation parameters take complex

values; this must cover all of SL(2,C). In fact we find:
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5—Lets checl{l—ttc see-if our-group- element- so censtructed is unidodular as

6.

desired: .(\'54 36 W howlsan, %L _m) .

[ = ™l el

Exactly which Tepresentation of the Lorentt grdip hive we constructed here?
~We have alreazdy noted that it -is not a unitary represnetation (these are

all infinite- dimensional). Recall -in Liubarski -that you-can "separate"-the
Lie. algebra into two .non-overlapping sets (direct. product). The reps-there .
were labglled}h . Since we have represented all our generatoss by Pauli
metrices, we must in fact be talking about the representation 'h-i which, /

we recamll, is the "*vactor“reprasent.at.ion. The action on vectors in the 2x2

sL(2,C) space can be found in this way: B
T T T et
In fact, the standard 4x) matrix representation of these (active) group operations

may be simply constructed from this complex 2x2 representation in the following
manner (I have only checked the 2z boost): \yo% or o0 aecdany.
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The Lorentz Group

2a. Relativistic Notation .

Before embarking upon a description of the relativistic one-particle
equations, let us briefly introduce the relativistic notation that will be
used throughout the book.

We shall denote the space-time co-ordinates by z* (which as a four-
vector is denoted by a light-faced x) with the understanding that z° = ef,
' =z 2 =yand 2* = 2; £ = {2 x}. We shall use a metric tensor
Jur With components

! g = —fu= —gn= —ga=+1
-l‘l—'{ Joe = 0 fﬂrﬂ. > p (l]

7 We must therefore distinguish between covariant and contravariant veo-
Somue add tors. A contravariant vector (one which transforms like the co-ordinate
BD. vector z#) is denoted by v, a covariant one {(which transforms like the
gradient) by v,, and similarly for tensors. In general, Greek indices will

be used to denote the components (0, 1, 2, 3) of a space-time tensor whereas

Latin indices will be used to denote spatial components only (1, 2, 3).

The-raising and lowering of indices is defined in terms of the metric tensor,

with
Vs = Gut” (2a)
o= gy, (2b)
where a repeated Greek index implies a summation over that index from 0
to 3, ie.,
3
Gul” = D Guit” @3)
ra
*  The tensor g* is defined by the equation
P e = 5, ':4]

where &, is the Kronecker symbol: &, = 1if u = v and #, = 0 otheruwise.

Prumsssws e = s
2.

-t gPty = Pt =P % i \
=T — X p = 2P — (&),
ifu-u—u’}ﬂ,apace-ﬁksiiu‘{Qam}a
ivisti - tum relation for
if v? =00 The relativistic energy-momen :
w:!l :ﬂczﬁinlavﬂ = p%? + mi* when written in terms of the (time-
;kerf enirgy-m::-mentum four-vector of the pa.rtmle,_p = {E/e, p{; readsmw
pt = m%!. The operator relation E — thd,, p — —iAV can now be

ten a8

A vector v is called time-like

p—ih 25 = ih0, ®)

In this connection it should be noted that since z* is & contravariant vector
3/dzF = @, is a covariant vector with

2 (L} (7a)
=35~ {:‘:‘cf v
and
bk oW det
The wave operator, or the D'Alembertian operator as it is often called,
LES_ . ' (3]
= ¢t ae* v

i = 3" = 0,
can thus be written as [] = g,d )
W shall have frequent oceasion to make use of the step functions 8(a)

and e(a) which are defined as follows:
efa) = +1 ifa>0

=—1 ifa<O (9a)
ola) = (1 +ela)) =1 ifea=>0
-0 ifa<0 (9b)

Finally we shall almost always use natural units in which ¢, ttf] vt?o;::;
of light, and h, Planck's constan.t_divided by 2m, are set eqlun o o
h=¢=1 In this system of units, energy, mass, inverse length,
inverse time all have the same dimension.

! Note that by v? we mean w? — v%
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Zh. ﬂ;e Hamn’eaus Lorentz Group

“We shall briefly recall in this section a few facts about homogencous
Borentz transformations. For two frames in relative motion along the
x! axis, the Lorentz transflormation relating them is

z'0 = y(z° — f1') = 2°cosh u — z'sinh u

'l = y(z' — gz%) = 2! cosh u — 2%&inh u

puE
't =g (10)
where
¥=(l—pg)-v: A =uv/c {11a)
tanhu = g (11b)

and r is the relative velocity of the two frames. This Lorentz transforma-
tion lenves the quadratic form x® invariant. Nole also that at time
ro = 0 the origins of the two co-ordingote systems coincide. The most
penera] homogencous Lorentz transformation between two co-ordinate sys-
teme ig a linear transformation
a'r = Avgr (12)

or in matrix form ' = Az, which leaves invariant the quadratic form
1,1%, 1., for which z* = 2" The transformation cocflicienis A%, are all
real.  The eondition that the quadratic ferm z* be invariant requires that

AJSAY = Al = 60 {13a)
We can write this last equation in the form
Mol = Goe (13b)
or in matrix form as
ATFJ'-'I = g {13':}

where the superseript 7' denoles the transposed matrix, It follows from
this equation that det & = =1 and therefore that for every homogeneous
Liorentz transformation there exists an inverse transformation. Since the
product of two Lorentz transiormations is again a Lorentz transformation,
the sct of all homogeneous Lorentz transformations form a group.

The group of Lorentz transformations contains & subgroup which is
isomorphic to the three-dimensional rotation group. This subgroup con-
sisis of all the A”, of the form

@ =(y %) (19

where R is 8 3 X 3 matrix with RRT = R"R = 1. We call such a A a
spatial rotation. Every homogeneous Lorentz transformation can be de-
composed as follows:

2b] THE HOMOGENEOQUS LORENTZ GROUT 39
A = A(R:) A(L) A(RY) M
where A(R;) and A(R:) are epatial rotations and A(l;) a Lorentz transiChifia-

tion in the ! direction. |
If we set ¢ = » = 0in Eq. (13b), we then obtain

3
(A% =14 ) (A%)?* > 1 (16)
=1

so that A% > 1 or A% < —1. A Lorentz transformation for which
A% > 1 is called an orthochronous Lorentz transformation. A Lorents
transformation is orthochronous if and only if it transforms every positive
time-like veetor into a positive time-like vector. The set of all ortho-
chronous Lorentz transformations forms a group: the orthochronous
Lorentz group. The sct of all A can be divided into four subsets accord-
ing to whether det A equals plus or minus one and A% is greater than one
or less than minus one. The subsct with det A = +1 and A% > 1 18
called the group of restricted homogeneous Lorentz transformations.  The
restricted homogencous Lorentz group is a six-parameter continuous group.
The other subsets can be obtained by adjoining to the restricted Lorentz
group the following three transformations:

1. Space inversion: T =+ g, X —+ —X

1 o 0 0
. 0 -1 Do
A1) = 0 0 —1 0 (17)
0 0 0 =1
2. Time inversion: Ty — —Tg, X —+ X
-1
Al = oy (18)
1
3. Space-time inpersion: T —+ —T
ﬂ{‘-ﬂ] = J!'l[i-sj !l-'[ir} -
-1
=1
- . 19)
-1

These subsets are disjoint and are not continuously eonnected.

As in the case of the rotation group, we can easily determine the form
of the generators of an infinitesimal Lorentz transformation. For an
infinitesimal Lorentz transformation

A, = 5, + O (20)

\\



40 THE LORENTZ GROUP [2b
in order that Eqs. (13a, b, c) be satisfied, we must require that
M= = (21)

which is a necessary as well as sufficient condition for M to correspond
to an infinitesimal Lorentz transformation. The infinitesimal transforma-
tion which is the inverse of A* is thus A™.

The explicit matrix representation of a restricted homogeneous Lorentz
transformation in the z! direction (rotation in z°z! plane) is given by

coshuy —sinhu 0 0
_ [ —sichu  ecoshu O O
A0, = | T PSR 22)
" 0 0 0 1
The infinitesimal generator W!° for this rotation is defined as
d
me = T A0, u) - (23a)
and is exhibited by
0 -1 0 0
-1 0 0 0
0 =
! o 0 0 0 (23b)
0 0 0 0

Similarly the infinitesimal geherators 97* and 9 for rotations in the
“90"” and 30" planes respectively, are exhibited by

0 0 =1 0 0o 0 0 -1
0o 0 0 0 o 0 0 0
mwo=( 1 0 o o ™= o 0o o o @
o 0 0 0 -1 0 0 0

The infinitesimal generators for rotations in the z’-z/ plane, ie., spatial
rotations, are

0. 0 0 0 0 0 0 0
0O 0 1 0 0o 0 0 0
12 = E
L 0o -1 0o o) "™=lo o o 1
o 0 0 0 0 0 -1 0
o 0 o0 0
0 0 0 -1
- | R—
MmM=ly 0o o o0 (25)
o 1 0 0

We define 91 = —9. An arbitrary infinitesimal Lorentz transforma-
tion can be written as
Alw) = I + Jorimt,, (26)

where w** = —w*. A finite rotation in the pr plane (in the sense x to ¥),
is again obtained by exponentiation:

s
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;1{]-“'; u} - 'ﬁm' {27}

One verifies that the infinitesimal generators, M., satisfy the following
commutation rules:
(M, Moe] = GueTw + Fre T — GuiaTMop = Frp Mus (28)

Thus if the'four indices pvpe are all the same or oll different the matrices
commute. On the other hand if one index is common to both matrices,
say ¢ = g, the right-hand side is proportional to M.

If D(A) is any representation of the restricted Lorents group, we shall
call the infinitesimal generators for that representation Al Therefore
if A is of the form given by Eq. (26)

D(w) = I+ 3=, (29)

Since the M,, are representations of the generators of Lie algebra, they
satisfy the same commutation rules as the 9., viz.,

(M., H-nl'] = gl + ynMu = GoaM e — yrj"[-n {3['}

The problem of finding the representations of the restricted Lorentz

is equivalent to finding all the representations of the commutation rules
(80). The following important fact about representations of the restricted
homogencous Lorentz group will be used in the sequel [see Van der Waerden
(1032), Bargmann (1047), Naimark (1957)]. The group has both finite
and infinite dimensional irreducible representations. However, the only
finite unitary representation is the one-dimensional trivial representation
A—s1. The finite dimensional irreducible representation of the restricted
group ean be labeled by two discrete indices which can take on as velues
the positive integers, the positive half-odd integers, and zero. That this
is s0 can be seen as follows. Let us define the operators

M. = (Mg, My, M) (31)
N. = (3o, My, Ma) (32)
Their commutation rules are
[Miy M;] = epdle (33a)
[No Ni] = —ens (33b)
[y N i) = el (33c)

From these operators we can construct the operators M? — N? = yal,a[*
and YAl M, = —M - N,* which commute with all the Af; and N
They are therefore the invariants of the group and they are multiples af
the identity in any irreducible representation. The representations can
thus be labeled by the values of these operators in the given representation.

1 g ig the antisymmetric tensor of rank four, which equals +1 if wepe is on oven
permutation of 0123, cquals — 1 if pepe is an odd permutation of 0123, and equals zerc
if the indices pwoe are not distinct.

—
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To make the range of values of the label more transparent let us introduce
the following operators:

Ji = (M +iNY) (34)
and
K, = H(M, —iN) (35)
which satisfy the following commutation rules:
Ve Ji] = terimd (38)
[Kh K-t] = Tepmalia {3‘?}
/i, Kn] =0 (38)

!l:. follows 'Ernm these commutation rules that a finite dimensional
irreducible * representation space, V7' can be spanned by a set of
27+ 1) 1;2_1" + 1) basis vectors |jm; j'm') where j, m, j', m' are integers or
hali-odd intcgers, —j <m < j, —j <«m' < and in terms of which the
J and K operators have the following representation:
Jolg o mpj,my = (Jy £ i3 | J, mig, m)
=ViFm) (GEm+1)|imxzlj,m)
Ji|j, mid', my = m|j,mij’, m’ (39)

and

Kylj,mij,m’) = (K 2iKe) |4, mi ), m)

=G Fm) (G =m +1)]jmi,m£1)
Ki|j, m; ', my = m' |, m;j’, m’) (40)

The matrix representing any particular Lorents transformation DUI(A)
is now easily obtained from this representation and it will be noticed that
it is not, in general, unitary. The representations we have obtained are
all finite dimensional. More generally, the irreducible representations of
the restricted Lorentz group can be specified by a pair of indices (o, ¥}
where jp is integer or half-integer and positive and » is a complex number.
If_ ¥ = (jo 4+ n)? for some integer n, then the representation is finite
dimensional. If, however, »* # (jo + n)* for any integer n, then the
representation is infinite dimensional. We shall actually only be concerned
with the finite dimensional representations since for physical applications
we are interested in the classification of quantities which have a finite
n_umber of compouents and which transform according to a finite dimen-
s_mnul representation of the Lorentz group. The unitary infinite dimen-
Sl.ﬂl:i&l irreducible representations are, however, of relevance in the classifi-
cation of the irreducible unitary representation of the inhomogeneous
Lorentz group (see Sec. 2¢). The reader interested in a unified derivation
of all the irreducible representations of the restricted Lorentz group is
referred to the very readable review article of Naimark (1957).
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To summarize, there are a denumerable infinity of nonequivalent finite

dimensional (in general nonunitary) irreducible representations. These
can be labeled by two non-negative indices (j,j7) -where i, 7=0%
1, 4, +--. The dimension of the representation is (27 + 12+ 1
and DU is single-valued if j + §' is integer and double-valued other-
wise. In an irreducible represenia ion the value of the invariont
(M — N¥) is — GG+ 10 +570 + 1)} times the unit matrix of dimen-
sion (27 + 1) (2" + 1) and the value of the second invariantis i{§(7 + 1) —
— (5 + 1)} times the unit mateix. The basis vectors spanning the

. as
representation space D(2 ' ) and D(* “) can be so chosen that the repre-
n, m
sentation matrices for D(* ’) are just the complex conjugate of those

for D\2 )

A quantity which transforms under D®©® is called a scalar, ove which
transforms under DWWV o four-component vector, one which trans-
forms under the (4, 0) representation o two-component spinor. A quan-
tity which transforms under (0, §) is called & conjugate spinor. For the
DD and the D% represontations an explicit mabrix representation of
the infinitesimal generntors can be given in terms of the Pauli matrices
with

M‘{:m.m = }io’j M}.:u.u:} - ifﬂ {-llﬂ-]
NAEO =Ygy N0 = —}a; (41b)

These are clearly inequivalent representations, since there exists no 2 X 2
matrix which anticommutes with all the e;. A two-component spinor, &,
transforms under a spatial rotation as i the three-dimensional situation.
For example, under an infinitesimal rotation about the Ith axis,

£= ¢t = (14 Hea)d (42)
Under an infinitesimal Lorentz transformation in the z° direction, this
spinor transforms according to

E— b = (1 + deoidk (43)

Note, however, that the quantity £*f is not & gealar. This is o conse-
quence of the fact that the representation Do is pot unitary.  On the
other hand if & is a spinor which transiorms aceording to D'-H¥, one
verifies that £*& is a scalar. Quite generally if the representations U and
[/*=* are equivalent, this implies the existence of a nondegenerate matrix,
B, such that U = B-'U*'B. This in turn implies that if |} is a vector
which transforms according to U, namely, [¢) — ¥ = Ul ¥, then
(¢| B*| ¢)is a sealar invariant. The proof is as follows:

W B* | ¥) = | LB U = (] BrU-U | ) = (| B* ) ()

The converse is also true. For a unitary representation clearly B =1

—
i
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We shall not consider the representations of the full Lorentz group in-
cluding the inversion operations. A complete and simple discussion of
the finite dimensional irreducible representations of the full Lorentz
group may be found in Heine (1957) [see also Watanabe (1051, 1953) and
Shirokov (1960z, b)]. We shall, however, at the appropriate places dis-
cuss the inversion properties of the relativistic wave functions and oper-
ators describing free particles. We here note that the commutation rules
of the operators for the inversions I,, Iy, I,,, with the generators are:

(I Mi) = ([, N3] =0 {45a)
(IyNdy =[I, M) =0 (45h)
U, Ny =L, M] =0 (45¢)

To conclude this section, we briefly consider the vectors which span an ir-
reducible representation of the orthochronous, improper (Le., det A = —1)
Lorentz group. This is the group obtained by adjoining the space inver-
sion operation to the elements of the restricted group. It follows from
the commutation rules (45¢) that

-I-rlK = JI: {'1:6&}
I.J = KI, (46b)

so that the basis vectors |jm;j'm’) for j # j' which transform under a
restricted Lorentz transformation according to DY do not transform
into one another under I,. In fact, in view of (46)
Jo(T, | m; 'm')) = m'(L | jm; i'm')) (47)

so that I, | jm;j'm’) behaves like & base vector A [j'm’; jm) where A is a
constant which depends on j, 7/, m, m’. The vectors |j, m; j', m"} and
1,14, m; 7, m") thus transform under restricted Lorentz transformations
under different irreducible representations and are therefore orthogonal to
one another. To obtain & vector space invariant under the improper
orthochronous Lorentz group it is therefore necessary to take the 2(2j + 1)
(2j' + 1) linearly independent vectors |jm; 7'm’) and |j'm’; jm) together.
We thus expect the vector space Vi’ @ V77 to be an irreducible vector
space for the representations of the improper orthochronous group. This
is indeed the case for j # j'.

2¢. The Inhomogeneous Lorentz Group

An inhomogeneous Lorentz transformation, I = {@, A}, is defined by
7'y = (Lz), = AT, + @ (48)

i.e., as the product operation of a translation by a real vector a, and a
homogeneous Lorenta transformation, A, the translation being performed

= @
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after the homogeneous Lorentz transformation. It tonveniently be
represented by the following matrix equation:

ﬂ‘q J.*l.oj_ ﬁ.‘] AIJ-I_ a? 0 :I:m

Al AL Aly Al at zl 'L

AL, Ay AN AhR at 2 | = | = {49)

Al AN Ay Ay a? zt !

0 0 0 0 1 1 1

where the last co-ordinate, 1, has no physical significance and iz left
invariant by the transformation. The product of two inhomogeneous
Lorentz transformations {ay, Ai} and {az, As} i8 given by
{ay, A} {ag, Ad = {a1 + Aus, AsAs} (50)

The inhomogeneous Lorents transformations form a ten-parameter cunti}:l—
uous group. ‘The generators for infinitesimal translations are the Hermit-
ian operators p,, and their commutation relations with the Hermilian
generators® for swrotations” in the z#-z* plane, M, = —M,, are

(M, Pl = 2(gusls — Guev) (51)
The commutation rules of these generators with themselves are
(Pe pe] =0 (52)

[M,., -M-!-' = -i{g”M,. - E.,M,.. + g,,ﬂ'f,, - ﬂ"-afﬂl] (53:'

The problem of_classifying all the irreducible unitary representations of the
inhomogeneous Lorentz group [Wigner (1939), Bargmann (1948), Shirokov
(1958a, b}] can again be formulated in terms of finding all the representa-
tions of the commutation rules (51), (52), (53) by self-adjoint operators.
The first task is to find all the invariants of the group. Clearly only
scalar operators can be invariants of the group and we are thus confronted
with the problem of constructing the scalar quantities which commute
with p, and 3M,,. Let us define the following quantities

Varg = M, + Ppﬂfu + ‘P'pll'rp-

= M,p, + Mape + Mo (5"1}

and the pseudovector
W, = deadvp* (55)

so that

{wﬁl wll w:I wl} = {uﬂij ﬂ'ﬂﬂ' ullﬂ, ul!!} {aﬁ}

or in vector notation
w=p-M (57a)
w=pM—pXN (537b)

1 We have appended a factor —1 to our previous definition of the infinitesiraal gen-
erators to make them Hermitian.
a—
f
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We note-that
wep* =0 (58)
The commutation rules of w, are:
(M, ] = i(gaw, = gew.) (39)
[w#r F'] =0 (60)
(W, W] = feumet®p” (61)
One then verifies that the following scalar operators
o P =pp. (62)
. W o= Jurey,, = —ww,
= M Mo pp — M Mpp. (63)

commutte with‘ all the infinitesimal generators, Af,. and p,. They are
then_rt’ure multiples of the identity for every irreducible mpr‘;sontut,i!;n of
the {nhumogcnmus Loreutz group and their eigenvalues can be used to
GlﬂSS{f]? the irreducible representations.

_ It is convenient for the classification of the unitary representations of the
mhumclrgenmuu.'; Lorentz group to choose a definite basis in the vector space
on which the representations are defined. To define a basis, we select
from. among the infinitesimal operators of the group a cump:letc set of
commuting operators. Many different sets of commuting operators can
of course, be constructed. These different sets will then give rise tr;
equivalent representations. We could, for example, choose as a complete
set the operators A0, e[ 0 ,., M* and J; but such a choice would
not be translationally invariant. A complete ecommuting sot that i
translationally invariant consists of the operators p. and ?rf one of tl::
components _nf wy, say wy. We adopt this set for our subsequent discus-
sion. Tha} eigenvalue spectrum of these operators then specifies the ran

of t:l'lf: 'I.'l'll'llﬂ.bll‘_‘ﬁ labeling the basis vectors. Furthermore we note that ff.:
an 1rfeduc1h]f: vector space, only three of the four momenta are independ-
ent since p* is an invariant of the group and has a constant value in an
u‘redui:lhle representation. The basis funetions for an irreducible repre-
sentation ean thus be written as |p', Py, p's, p's; ) where p'2is e uai; to
some constant and [ is the variable corresponding to the w; Eige:ix'ulue
It is lm!:-nrtant to note that although we have chosen a complete set ui
commuting operators from among the operators of the group, this set
will not in general be a complete set of commuting obsercables fu; a physi-
cal system.  There will be in general other invariant operators (such as
the total charge and nucleonic charge, for example) which commute with
the group operators and whose cigenvalues together with p,' and ¢ ehar-
acterize stales of the system. Therciore, the basis vectors of an irreducible
representation more generally can be written as [p'; §; &) where « denotes

iy,

wr

%
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certain invariant parameters which in physical applications are the eigen-
values of those operators which must be added to the set (Pas ws) to make
it & complete set of observables. In what follows we often suppress the
dependence on « of the basis vectors |p; 3 «). Note that for such & basis
the operation of translation is very simple. The set of all four-dimensional
translations is & commutative subgroup of the inhomogeneous Lorentz
group. Since it is commutative, the irreducible unitary representations
of this subgroup are all one dimensional and are obtained by exponentio-
tion. The operator corresponding to the transiation by the four-vector @,
is given by
Ula) = exp (—ia,p*) (64)

In an irreducible representation, the operation of translation by a thus
corresponds to multiplying each basis vector [p'; £) by exp (—ia,p"™).

The irreducible representations of the inhomogeneous Lotentz group
can now be classified according to whether p, is o space-like, time-like, or
null vector, or p, is equal to zero. For this last case, p, = 0, the complete
system of unitary representations coincides with the complete system of
(infinite dimensional) unitary representations of the homogeneous group
[Bargmann (1947), Nalmark (1957)]. They will not be considered further
as they do not seem to have any correspondence with physical systems
except for the important case of the (trivial) identity representation which
is one dimensional.

The representations of principal interest for physical applications are
those for which p! = m? = positive constant, and those for which p* = 0.
Let us first discuss the case p* = m®  In that case, po/|pel, the sigu of the
energy, commutes with all the infinitesimal generators and is therefore
an invariant of the group. There are thus two irreducible representations
for cach value of P and W, one for each sign of po/\psl.  An irreducible
vector space, for po > 0, 1S spanned by basis vectors all belonging to the
same cizenvalue m? of p* and having po = ++'p* + m®  We can there-
fore write |p, {) as |p, {)-

In order to obtain the spectrum of ws in an irreducible representation
we consider Eq. (61) within the manifold obtained from linear combina-
tions of vectors |p’, ) with fixed p’. No difficulty or ambiguity arises since
p* and w* commute. It is convenient, furthermore, to make a Loventz
transformation to the “rest frame™ in which p’ =0, p'o = m. In the
rest frame

1w = m[l], J”-;;. qu, ﬂ-fu]
= m{ﬂ, Sl- S‘!l SI] (55]
with
[k, Si] = itxtaSn (66)
The §; obey angular momentum commutation rules. The eigenvalues of
S? are therefore s(s + 1) wheres =0, 4,1, 3, 2, -, and the S; are thﬁ__

_—_
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13.Conclusion. The invariance group of a lightlike L—wvector happens to be the
group E2-+ The-rotation- of E2 corresponds to the obvious rotation which- does .
not change a particular lightlike vector. The two translations of E2 do not

correspond to translations but to lightlike boosts. i

14. Firther re;uarks: recall from Wybourne the da_fin:i.t.inn of an invariant subalgebra
(corresponding to invariant subgroup). (See page 44). The group SO(3) has three
“one” parametdF sibgroups, but Tiche of thks¢is &n invariant subgroip, whichis to
gay, S0(3) has mo proper ideals. Thus, SO(3) is simple (and thus also semisimple).
Same -goes-for S0(2,1). Also, note that--S§(3)-has no two-parameter subgroups

at..all. — _ - -

15. Now lock at the group E2. It has a two dimensional abelian subalgebra consisting
of the two lightlike boost generators. Moreover, this subalgebra is invariant!
Thus, the group E2 is not even semisimple, much less simple.

16. Like S0(3), E2 is a subgroup of 50(3,1). Thus, going through E(2), we find
finally- a-two dimensional subgroup of S0(3,1): ‘

i ) So3,1)
- 4 \/ I E{j}

so(3) so(y 1)
A2) & alacdran aQgalinn,
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w Notation for Lorentz Hotations

First, Halpern's notation as used in Physics 230A:

U= Exp(fﬂypuwﬂ) ~ j'|_+Eww'}’J?‘Mr

/ .V . . .
79¢= /\/,ULK‘:J' /\)& =§;p _‘Q,f‘;jru.
1/1=>5p- Q..U}mxﬂ

Next, Bjorken and Drells notation for the same thing:

U= oxp (asn™) = L = th gum”

4.; ’}: = 'D-j). ‘},'-Li D_J,_g = é‘:’{_e—{“\)
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- -4 ] - ~Om- between 1) and 5 -

- - — - it b i P —

. 1, F‘lrﬁt,_lgt.g make sure. kanqy ahhat we meap. by notation EQ{LJ_)._ This is.group - -
of L.x!,-, matrices th_:l.c'n _prese::{e the. usual forn %.x, and which' h‘ave .det = +1.. The
e ‘:_preservai_long_gggﬂiti_qn_iﬁ the ;t.hin.g,ym uspdally: see_ wplv:.ng_,t.he mteric tensor.
_Actually, once you have the "preservition.of x.x" condition, Het.can only be. +1- . —
or. -1. The group 0(3,1) monld. allow both, _but S0(3,1) picks out_det=+l.. This-is— - ——
e miece of QIS,*J;} which is connected to the identity transformation. — . — wm e om.

R

- - e —— — - e boaow PE— [ — -

2. How 50(3,1) is nut,, the 'lprupar .I.rore.tnz_grﬂula . If you take only the piece_of-
S0(341). such that a-o _is pusi_tive_ a4 theupu.have BDmthi;:g...I,haIe_calledd so(3,1)*. —-
_This object is the preper lgrentgz group,.called S4._ by ,E‘.uhl.._nr...,just..io. -by Messiah.
__Seo, the_proper Loretnz group is 50(3,1)" Cannot_change a_future_timelike vector
_into a_past timelike vector, stc. —- e . e e

[ —— — P a——— M s 4 msee s W e w—— —_ —_— - = e = — —— -

. _3.] ch Af you _gdj t0.80(3,1)" the parity operation s, thén.yon. would have both. - —
_dets possible, I would call this grqup=0(3,1)"» Messiah.calls. it dh V) .s-ﬁr.... This. -
group is called the "prthpchronqrfls_ iﬂret.nz group". Just the proper plus parity. —

¥
o ——n P - - . om

) ’ . _ k4. Finally, or almogt fipally, we note that. the group S0(3,1) where_ you atlow.- -
- both signs ?f- the &, component, has no name. It would be Lg__udion stL . . .. .

- B em——a -

——

[UNS— = cmp— g - - - [e—

e — — - -

5. The “cﬂm]:ilete" Lorentz g;oyp_allaws for hoth signs oi‘_dﬁi. and_for.both signs. . — .

— mm—

— of a,,.. This group I would call just 0(3,1), e e == - —
Iﬁ_&ﬁt_‘?.'!',._rﬁnﬂ', [ 3;:.(} ll* - 5&-3-.}‘) - — _— =
Cad=a L ailo  so(3y) S 3;)_ - A
=—-. oo . T . stde . L (L . C e —e
k= - gieo . —. &L . e _
_ o oMothwowwa., . - ) S - .

————v =~ ~b.. Now- the-question: to -which of these groups does SLk(27C) “correspord?-AeCoYding
-  -to the -connection that- F use ,—-a‘lﬁ*—vé-l:.rfgg"}}-g since the trace of "guch a matrix -
- = - 1s always positive—{see matrix notes): -Moreover;y T -canmot seem ‘t:o‘gehefate"a
—— = -= (60,0} Thus,-itseems-that-SE(2;6)—is related 2: 1 to-S0(371) = m — -

- - . - - . o T T Ty "
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August 24, 1976
Note-on the relation hetween SO(3,1.B} and SL(2.0) -
1, This was done to verify facts that I have béer tsing for twé yéars fow.

2. The basic idea is thi's: there éxists a 2:1 homomorphism between these two groups.
One way to connect the two is to ™embed" the usual Lorentz transformatians into
sL(2,C) matrices in wthia way: X' = ng+ » Here, JLvn?j;:-Eu =t + A X+ +0 2.

As a single matrix this is: ( t+z x-diy )+ Clearly detX = xux , the quantity

Xy t-z Lorentz transformations. Since detg = 1

we want to be preserved under
we see that our embedding insures this fact. The fact that the right side is
bilinera in g shows the 2:1 fact. In addition to preserving length, you want your
LT to keep the components real.dThis means that X i? unitary. That is why X' = ggX
is not acceptible, for example. Ie, unitarity of X must be presemved. If you put
the daggar on the other side, you get the spgndard SL(?,C} generators ldentified

with passive Lorentz boosts. Of cqurse this is all just convention.

3. Now on these sheets I have showh t.ha't assmn:l.ng X' = gXg*, you can easily solve
for A t f :
or A’y in terms of g: /\ .= 3 tr(o gﬂ'ﬁg"')

l» Now I assume the--standars generators for SL(2;C) so that Jj = Uy and Kj = iJy .
Then general SL(2,€- elements is B2 exp(~il a.J + b.K]). If you put this
'in for g, you can then solve for A. On page 3 I find the.infinitesimal result:

Nd‘-‘-‘ V. )\u.h,"‘ b N.} = E'"h — &4 O

5. Now you define S0(3,I) generators in the samé way as Tor SL(2,C) . Then you will
find the standard forms which yield the standard active boosts and rotations.
Ie, you get:

P R T - N

_— : ] e © =43 a,
It is clear that this duplicates the b G2 o -q

"senseible" generators which go wit.h
g g .b?., -q-L au| o |

- - -

the active boosts.
6. Earlier, T did the reverse pr?:hl_em: given the standard Eﬁ{fi':rf}_gh-rﬁatars,”I -
solved for the SL(2,C) generators. Got same answer!
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Incorporating parity into the complex Lorentz group.

II 1

We kmow what the parity operator does to real Lorentz transformations:

(2,08 = (2,9 10, 0)E = (og)

Here, 8 is a Lx4 matrix which is, I presume, diag (l,—l,nl,-l}.”’ﬁhe commutation of
5 with the generators must be, &n order to make the above work out,

EE I R E

Ie, if we write a power series for 'the finite LT's, then this rule for the generators gives
the above rule. Similarly, we can show for simultaneous rotation/boost LT that:

st - -0y |

— ) K _ —-Jut_gi —I’-E.
o s. ﬁEJu%iIt+I:~1 &} - o 1

Qo odedk, s chask & o Y

° <. Ct*'iiﬂ:i*‘* ¢ < - - lx-= el

g_-3,|lu-1 L W |,| ? o = =Wy =Ty | /
L:Ii =g -8B - -0 B
R o l By © e [ = - -a::_ Sowa, l e
= L] -k —
Ty =By t'. [+

=dy
-

2. Now, we know that the real Lorentz group is homo to SL(2,C), and we know that rotations
do this: a' = a_l whereas boosts do this: at = a,

Thus, in the world of SL(2,C), we
want an operator that does this:

\ sas T - {a+)_1 :\

However, as discussed in parity misc notes,
there is no 2x2 matrix which performs this task (because a and a+-1 are not equivalent
representations of SL(2,C) ).

an outside operator.

Ie, rotations unchanged, boosts negated.
Thus, we must here regard s not as a 2x2 matrix, but as

. 3. Now we can just let the parameters THETA and SIGMA go complex. The action of Sevs

on the Lx) generators is unchanged, just variables go complex. Thus, we conclude that:

se)s = (290 N (x2)=q < L)




L. Now that we have established what s does to g, we can convert the result to (a,b)
NOtation using facts recorded in complex LG section. We have:

-i(oxig\.J ~r(8-ix) X - .
\ E’J\ == (_HB !

S: (@) (8-X) = o=1¢C —
-LLE*":E\':T —i(B=(T). _
= o= ETTEE L SR gyt
= s(a s = (@ @)

5. Lets compare this to Toller's claim made in the Cozensa paper. Hecall that Toller
-1

and I differ in that he chooses tr{o a o Jf ) whereas I choose tr(o a o b*). To

keep track of things, I will here always slash his g. Obviously the relations between

his stuff and mine are:

d=a and ¥ =(b""}'l

Well, this does not agree with Toller's version which is s{;(,ﬁ)s-j' = (]ﬁ,,i). I think
the @ifference is perhaps that he seeks analyticity in a,b whereas I want it in THETA

and SIGMA, the Lorentz group parameters. .

6. We both agree, however, that:

[56:98 = @\
y\m Saanche. | L\,*\.?E qt

O = e |

) = €
Fi

J
e (aaﬁ = E‘gt\ | s on VoW soas, \:{k: e’jl‘\a%\

Tooak s O =00= e s ig‘;u)

| 3 %y]




June 2, 1977
Comparison of Complex Lorentz Group and SI(2,C) x SL(2.C). _
1. An element of the group SLI(Q,G}?' will be called (a,b). Each a dend b is
a unimodular 2x2" complex mat.rilx. The meaning of a "direct product " group
is contained in the multiplicatibn rule: (a,b)(c,d) = (ac,bd). ~Any
representation of this group must have this multiplication rule.

2. Let us now construct a repr:esantat.iun of this direct product 'group. The
representation Space will be the space of 2x2 complex matrices. The representation
is defined on this space as follows:

RE@HHX = X' = aXer
To show that this is in fact a representation, we prove the group multiplication:
R REANYK = R(=,%) ['-"—‘?Qﬁl*l = awaXdleh

- &
= (HXN(SAT = R(as, b)X
Notice why the transpose was needed on b. I think this could equally well be an

inverse or a daggar. These would give equivalent representations, related 1:1.
S

3. Now we connect to the Lorentz group. We begin by making a 1:1 map between
the space of matrices X and the spack of L-vectors x':

= 1 W (Xa) AR = %,
K= o
We see that the above mapping of X into X' defines a map of x? into x'% . Since
it is obvious that detX' = det X (since det a = det al = det a + = det a* = 1),
We see 'c.hat’c;,i whatever this transformation does, it preserves the length of the
L-vector. Also, we have at once that:
= £ hepan vy ‘

This shows that the transformation is linear. Finally, from the fact proved in
subroutine 1, namely

% [ det(X+X;) - det X; - det L] = Xy X,

you can obviously show that in general x.y is preserved under the transformations
in question. But this allows one to conclude at once that

W
gﬁa )\EJMP = 3»19



Therefore, the transformation which maps x into x' is some kind of Lorentz

transformation.

L. The elements of the group SL{E,E)Z which we called (a,b) are clearly aszll
connected. Ie, you can go from (a,b) to {¢,&] smoothly. In fact we have mapped
sL(2,C) x 5:1.(2,0) into the group called L+(G) which is one of the two connected
pieces of the complex Lorentz group. We know we have gone into this piece because
(a,b) = (1,1) means X' = X means x' = x which is the identity. Thus, we

have the "proper complex Lorentz group". Since detA = +1, we may dsdun; this

perhaps non-obvious identity:
&i(hﬁm[%m%hﬂj=+'& ;Jé dsfa = dskb= L

Ie, this determinanat of a 4%} matrix is independent of a and b! You can quickly
check the norm by setting a=b=e and using éﬁr{ﬂaﬁ;} = d,, + Since det and summation

do not commute, I think this identify is highly non-obvious.

5. Where is the real Lorentz group? OSo far, the elements of ’\?v are in general
complex numbers. You can show that if you want these elements to be real, then
b and a must be related in a special way, namely a = (complex conjugation).
Proof: :

th(mas, ) = th(goan ity
D = Er@GEH WM . (b - t(bvas) = L (oph o)
= A f.@wﬁ*; =R (pbd) o:'*) Ya'b
s a=% ok a=z-b (sems ﬂﬂf“‘)
If we choose b = + a , then we get X' = aXa' and J\?v = #tr(oafy a*). Sikce
this again contains the identity and is connected, it must be L&f « If we took

the other choice, b = -a , we would get the piece of L con%aining-f\ = -1, namely,
¥

6. What have we shown in terms of analyticity? If b = a , the & Lorentz parameters
are all real. As we move slowly away by slightly varying b, these parameters go
complex. It would be nice to know the 6 usual parameters in terms of a and b.

7. We note here anothedr non-trivial identity which follows from the above:

Qp LGk (@aimb) = Y g Nab 5 ddazadbosy,
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1. Actually, by "Lorentz group" I here mean exactly SL(2,C). This thing is 2:1 in
relation to I:: . In the group SL(2,C), the elements 1 and -1 are distinct.

2. By the phrase " complex Lorentz group" I mean for the moment SL(2,C) x SL(2,C).
The matrix elements of the FﬂIErspTesentatinns are given by this formula:

(5,,52) '-, %2,9)

The functions appearing on the right are the standard FD (s,0) representations of

the real Lorentz group, or SL(2,C), used eg by Taylor. I will summarize the
properties of these standard functions on ahother sheet. The only properties we
will are here are these:

(s,9 (5,9) 5,9)
Dy - 4 DR = DT
D) = ¢y 4 - D¢

3. Using the above form for the representation functions, it is easy to

verify the SL(2,C) x SL(2,C) multiplication group property, which is (a,b).(a',b')
= (aa',bb'). Thus, we have at least verified, that the above .representation is

in fact a group repreésentation of SL(2,C) x SL(E,G}.V’The fact that it is irreducible
is almost obvious but will be reviewed below.

L. The way you generate your complex Lorentz transformations in ﬁ: is as follows:

ANaYy = + aw(ono \;1')

Notice that (a,b) and [—a,-b);both map into the same complex Lorentz gransformation.
In order to show that this really is a LT, you must show this:

9w A Y PR

This is true, but easier to show indirectly, see other sheets. We find that we have
mapped the group SL(2,C) x SL(2,C) onto the group L (C) in a 2:1 fashion.

5. Some special cases of the above formula:

(5.9 Ge) (3.9
Dmm mlo (330) = Dm,m; (2% = Dﬂ‘w ()
°,8)
Diﬂm o, ab) = ’h} a [. ) [ 52)
wew G0 = DT (ab) = [DASH () = D (V)



Thus, when we go to the real Lorentz transformations we .find:

D[’\ﬂ (q_'q:) _ D:l;ﬂ (.;\) .

v N

DLW (v = D:i ()

6. We are now ready to prove the rule given in (1.). First, we use the direct-product
property as given in Liubarski:
(3,52) (3 =) (e, 5;

D"'ﬁ-."rh{‘m:"l'-i C_q,‘b\ = D'W;n., CH Dﬁm,‘-m Cm,‘b‘)

Next, we observe that the rep (s,0) can be found in a certain product of lower

reps. We write this as follows:

(sne) (1)
D7 (s = T UD (o
D[ﬂ,ﬁh (b)) = T Subi T D o{)('n)

These facts are just like those in SU(2) and follow, for example, from:

T, @(t)® (1,9) ... = ... + (50)4... ] .

The point is that D{sl,o] (a,b) is independent of b , so we can set.b = a to get
the regular real Lorentz transformation. The second line is independent of a so

we set a = b . This then gives:

{511.‘:'\ { 1.‘&\

D (a,b) = (o, a) = mlu}(“\-
D™ am = D, = 07 = 0™

We have thus proven formula (1). In addition, we find these extra properties:

(31,89 (3,54)

D :ﬂtllr'm'ut ( A h) = D-\q;mhw}mf (“‘1\"\}
(51,59 (5:,5) ‘
- vt o} Loy (h o) = Dmi—-n,,;n;m: (“‘r\“)

(5,30) .
Do (40) = S St

{.sl.m 15,
\}Mm,w‘m'ﬂi (_1' A = 6N Sroe gwﬁ &




How do you connect- the 12 parameters of Li(l'.':} to those of SL(2,0}2 ?

. 1. We have & and b as our two SL(2,C) matrices. Actually, we are using SL(2,C) x
51{2_,12:_]}—1::«9:-'5.’5:11:? this makes for easier r¢latigns, Eg, g rgal Lorentz transformation
then occurs when a = b. Let ® < rotation parameters and ¢ = boost parameters.

Then: o
. o= ‘EiT.l ":&:-1*— e k] _ ‘"’"?\E‘ [‘Eéﬂ“.&l;':k _ E;T laarinl- €
BE 2% @il = onegr aslabion poramctan.
Asn - o= 55_':%‘ 2-Z) kb E_‘_‘%Ch-gj) . Ei: (%)

L % -

(_;:
Ry = % w(suam¥)

. Ny ! 4%
e X+~T K\A LM k.o ]
= ((.?,[ 13}‘: 3 Ku}(f‘l )oﬁ_,(e,

We dont want to show that this is true because we already know it is true. All we want
. is the relation between the parameters, so we may for this purpose go tq infinitesimals:

4 ¢ : ; [y sl Tl
Ay —i iﬁ'ﬁ'ﬂ:*ﬁl v Ty "*L'E'U}# (‘E‘E K'I) L (‘H%_E-Eﬂ

= - 1??*%1{1}?0 = %o o (wng)+ L b4 (0w 2)
Maw spaciad asata s - : o2 e
Sileyark] e = -f 2 W (w)+ § k- h(wg)

=6
I

| Mok & azh Ban 2=k omd - =R e ='a-'~.é? - o= 9 /
® ,,
o =-% Sy 9 \ﬁ:'i"'ﬂ"f.].m

cx e | Ak (Rag) + LR (g



5 e [ e o nos]

= (T ik \‘bj_ ﬁ&ﬂ-m i%l

5 Y €= T€a
Oi= @'Lﬂ) Sk E Lk Lgl_“‘q!ll = ("‘51) et EC,L I_‘bl aq_{l = #%Rf.t.q;-&

S S = *"'-E\Q'd-"—bLl.
@.».o.q"tr.;u». rool caen aale A+ RQL*E“A-_ Tél_[z&&q‘-s E.nl.ﬁ;;-'l/
S uwwou |

& = -+ €ik EE-*?L)\Q-:@:-\- j{~£1&?k

- §eolrieeklf,

S, = EL' \q; +‘o£1 Q. = @) + 1@
7 = = \QL - Ec-} b= @)+ (@),

s

e = + @) + (&N
1‘1 1 ‘E';_ == F\Q'E;_ - &mu-‘t

A LCA TR CAN % = R+ duo,

P o, = t[(qqyt.-(ﬂ’h)f} 513 = Re + du
b = £ [N~ () R




ExomgOan

.G:I %t(ms = 9;=_LTT -3 Bn,\ﬂ';-="{'-.' = E:::- -T

E'::-#Tf

<. }}\M\,\R%('w\)l e (q)‘b) = (‘ R_,_(*-T)’ ﬂt(ﬂﬁ) )

@ AL R e (ap) = (R, ke,

& M: /\ﬂ\,} L Bt(iTBRt{I\l &— (ﬂt ,1‘0\ = (:’1_) - 1) i."'\
[N TBelmy Rty e Gy = G2, 4 | @

0& wwar o uS Mot o Ny = = 8% o A=-1

Here is a simple application of this last redsult: consider the M-functions of

Taylor, functions of the helicities and 4-momenta. Lorentz invariance on L (C)
. tells us that:

Mfm,‘,.., (E'H'} = 1 D(b,ﬂ(ﬂj'ﬁ) ﬂ“‘: ( f\(ﬂr.‘u"}?,] . )

n

Mm‘... . (—-E"-} e \ \OU ("'-B
‘ = T (“\)Ei Mfﬂ.,,- - (" - ) l‘j (b)

| = E(‘t\li+f\_ o aFls = wen 5 |Fsi= it

The number of half-integral spin particles must be even, or the sum of 211 spins
must be an integer. Of course this is cbvious, but amusing to chekc in this way.
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Complex Lorentz Group and Anal;rtic Gt}r_zl;inuation.

1. Iet g; be elements of the abstract real Lorentz group. This group has 6 generators
. called the Ji and the K:I. y the rotations and boosts. GSince no rotation can change the
parity of a 3-vector, and since no LT can change the futureness of a L-vector, the group
generated by just these 6 generators is 80(3,1)* or LI . This is the first of the four
pieces of the real Lorentz group, sometimes called the restricted Lorentz group. This
piece is 1:2 homomorhpic with SL(2,C).
We can label each g, in L'r with a set of 6 parameters caIJ.ed Py = (@i ,2; ). These
parameters are real, three honst-. and three rotation parameters. The group multiplieation

when converted to these parameters 'is really a set of equations:

83 = €18, is same as py = £(py20,)

Ie, given any two group elements with parameters p, and p,, there is a function f which
tells you the parameters of the new group Zlement 83 whoses parameters are EB' Really
this is 6 functions and each function ie a function of 12 real parameters.

2. Analytics: 1if we simply continue these parametery equations o that they are functions
of 12 complex parameters, we know what we mean by 83 = £18; where all g4 are now elements
of the complex Lorentz group L+{C}. Ie, given any points gj and Eot each described by
. 6 complex parameters, I can tell you the 6 complex parameters of the point gy by Just
computing them from the analytically continued equations shown above. This is what
you mean by saying that L (C) is Just a complexification of LI . Complexification
and analytic continuation are the same thing.
3."The (a,b) notation. Any point g; in the complex Lorentz group cah be labelled either
by the 6 complex paratmers p = (®,€), or by a pair of SL(2,C) matrices a and b. In
other words, there is a 1:2 hcmnmnx"phism between the grotps L (G} and SL(2,C) x SL(2,C).
If p corresponds to (a,b), then it 'also corresponds to (—a,—b}, hence the 2:1 stuff.

To show we have a homumﬂrphlsm, we can say:

SL(z, % SW(?,S) Qi = (ai,b)

Q=92 > Cab)-(an,b) = (aagbi) = (as,by)

. _Li(_tl; 9 — N.a(?)
MN3e= G~ I\M-d e f\ﬂ-gf‘?% = f\HAC?t)
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MMZ pie— (a;, by a;= ~ 22 i""""‘
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3@%#4 hi = exp i-; (E - {ﬂ*) ;j:] ke e
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To show homomorphism, not only must you make the 1:1 correppohdence, but also you have
to show that group multip;lication corresponds:

o) = Nolased) » £ h(masn i) = 3 h(gag.mod V)
- Ka@od Ao Gube) /oy bt Soamon i
Nia (o) ALy (02
Do 1 b &P (ﬁ115i\_, Rorsn

PP — £ v
@
= (@) = (oab) v

L. Representation functions: Because we know the representations of SL(2,C), we also
know the repres;entations of sL(2,¢) x SL(2,C). This means that, using the (a,b)
parameteization, we already know the matrix elements of the complex Lurentz group..
Recall that the representations are the same for complex LG as for real I.G because
the Lie algebra is the same. Roughly spe&king. we had I} - sU, x SU, which toled
us how to make FDR's ::nf r!aal 1G (diagonalize ‘6‘3 and BB at.c_} _Hw, we extend things
to Ly(C) = SL(2,C) x SL(2,C).

In particular, in the {a,b) parameters we know t.ha'L:

.\:am wacko, = \lshg?-"; q“:: 1“':‘7
(5152 8
D'm‘;‘“ﬁr A d (ﬂ.,\:) = ASHSZ W, Iw‘!, \ LL(%E)\%H;“;’*,W:.E\)
I RPN ¢
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In general, we may replace (a,b) with abstract element g and write D{SI'BE) (g)
. with the understanding that if you are given g in terms of the p parameters, you must
convert to the a,b form to see what you have. In particular:

) 0,5) (o,5) -ievig)-g
Dwﬂi‘ (?) = BE\'\I\‘M‘ (“11"0) = D-wm* (“3 wan. o= C esie).

5. The BE clal LT for Iat‘—
30s Jeok & AN(F) = RLv@WN)= & k (guag W),

Woambe o waak N(m@)e 8.
Rk AN(mea) = Nofam)= =35, Wk

A= = o =0 =3 S+i{T=0 = o=-(g H4.

—Yﬂ ﬁwwd.aa;):
(n.,‘n) = (1 ,""\u = .N'lo = _1"‘, Qe Qﬂ‘f""' = (h‘l‘i#.,ju'fﬂt)

(ae) = R hﬂa = "f\)

and (R,0) = (wak,-twed),
IL--__..w,_.--_-- '\n.._.,‘_.._r [ " —

3\.(‘1,&')2‘ Le(R)
=] : A . &L
AMM csal *

)= 0 = Av=10 aa @0)=(22)
. (@9 = ()= A =AY ad (R0 = (ar®,Q) e poss\AL camdidale

so  (-4,V) € jandk T petenen.



[
"
rl

Comments on the Complex lorentz Transformation Business. T

— 1.

2.

Basicaldy, there ared-two-kinds-of -things-I-want—to "explain™ with these
complex Lorentz transformations. First, I want to show why-it-is-that the-
Breit frame kinematigs lock so much like ems finematicas, Secondly, I want

to understand the great similarity between the single parameter subgroup matrix
elements for 50{3} and for 50(2,1). namely, ihy they look the same except for

t.he fact t.hat. cc&sp get.s replaced with coshf .

I am now beginning to think that these two questions have essentially different
types of answers. The first question I can explain by using my very special
S0(3,1;C) x SU(1) transformation which connects a t-z cms frame to a t-z bws
frame of. two particles. This transformation shows clearly-why things have the

same form, and it realj}y is some_kind .of complex, unphysical lorentz transformation. _

On the other hand, the second _question may be answerable without going to these
complex Lorentz transformations. We know that when We are deallng with the
matrix elements of SO(3) and SO(2,1), we are really operatimg with SU(2) and
SU(1,1) whi€h are both subgroups of SL(2,C). But, we already have shown that
inside -8L(2,C) a real yrotation is eguivalent in all respEcts to an imaginary
¥y boost: ie, it is completely indistinguishable. Thus, if -you are doing your
usual SO(3) with a real_y rotation in-these, and if you .are doing your. usual
S0(2,1) with a real y boost in there, then kkex anything SL(2,C) involvikng
these two (such as matrix elements) will have a very simple relation. Ie, if
you let that ¥ rotation go imaginary, then you have the same thing as a real
¥ boost and yﬁu effectively go over from 50[3} so 50(2, 1). 1'1!!1
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Recall that operator O takes you from your cms frame to a bws frame in which all masses

squared are exactly negated. Thus, all timelike cms vectors become spacelike vectors in

the bws. Thus, the ‘above-equation shows is that a real X-boost by ¢ done in the bws

appears as a purely imag:mary Y-rotation when viewed from the cms system, ¢=\3. Thus,

T now understand the meaning of cos( P) =2 = cosh‘g 'HOWEVER, we have onl;.r een able to

connect the cms and bws when trianglﬂ(t,tl,t.z} is .positive.. This situation obtains in
. the conventiocnal A; analysis with all masses? positive. In the sector of the bws where

triangle -is" negative,; there is no such—simple—connection between % and-g % -In fact

I have showed that z connects to a combination of ¢ and an azimuth.
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Comments on Chapter on FNE's of Torventz group,
1. Notation: the symbol jf, stands for the"proper"Lorentz group. When this group
is combined with the inversion operator called I, you get the "full"Lorentz group
called ¥ . As best as I can tell, Liubarski.is throwing out the time reversal
operator from his discussion? Remember that "proper" just means detA = +1 and
includds the pieces I’ and IY which are disconnected. So here Liu simply ignored
the fact that L =EE4 happens to have two discomnected pieces.

Further notation: Ii = rotation generators = Rl = iJi. my usual Ji

J; = boost generators = By = iEi, my usual K
This mixup adds to the general confusion.

The A; and B; are the generators which separate the algebra, and (P,Q)
are the Casimirs which go with A'and B. Tpq is a rep. of I, . Obvious. Then
ﬁpq are supposed to be the basis Wectors of such & rep. Sometimes u'_ and qu
are used as basis vectoms for reps. Symbols qu and Hbq are used as coefficients

of a vector in snma rep. le, they are coefficiénts of the basis vectors like qu

2. Summary of the chapter:

1. Algebra is stated in terms of I J and then in terms of A B.

2. Reps are classified. The UIR's &re'mentioned in passing.

3. Clebsh decomposition rule is stated. s

L. Complex conjugate rep is defined. One finds this eguivalence: T = chF. This

is the source of Bade Jehle stuff where (0,%) and (3,0) are complex conjugates.

5. Spinor algebra: general spinors with any numbef of dotted and undotted indices.
Note that (%,0) is called first kind = undotted. Spinor "of rank m+n" obvious.

The metriz spinor is called a metric ‘tensér Eij but it is not discussed at all.

6. Tensor algebra: the (%,%4) basis vectors are cénnected to usudl x“ basis vectors.

Tensor of "rank n" is obvious. g = diag(l,~1,-1,-1) is actually stated, as opposed

to metric spinor before, was not stated.

3. last section is about parity. First, he shows that parity negates the boost
generators, but leaves the rotation generators unchanged (as I have always said).
Therefore, the operator I (parity) interchanges the A and B ! This is why parity
converts Tpy into Top. If e, is basis vectors of 1;& and u:;.basia vectors of Tge
then parity does this: I epq = qu. This is why parity will be iden%if%ed with
complex conjugation, which also related the PQ to the QP.

For the (P,P) type reps like vector, something special happens. Either

Ugp = * €qp OF minus sign. This leads to 'ﬂF and 'EE' which &re scalar and pseudo.



So, to summarize this parity business, here are the representations
of the full Lorentz group:

_1?¥§ = Tfﬂi GD'ZEE ‘ . : ‘ "'
K/

i ia TFQ ?’t‘ﬁ?

| G p=

Tes %o = HoX s
<o O

£ £

-

For P ﬁ Q.'thﬂ parity operator canneuts.the 1¥Q to the TEP so that neither rep
is a rep of L because neither piece ia»in?ariant under the operators of L (which
include I). Howe;er. the sum of these' two,representations -does make an invariant
subspace. Thus, we call these reps of L by the ptqmahTPQ .

This is why, for example, the.Dirac particle is (0,%) + (#,0). A particle
must be & representation of the full Lorentz group, not just the proper Lorentz
group, as long as parity is a good symmetryo of the physics of the particle.
Similarly, as & spin-1 particle must become (1,0) + (0,1), if you are talking
about & rep of the Lorentfz group full.

When P=P &s in the vector case (%,3), it happens that the Tp, rep has .
two invarient subspaces which form the + and - reps as .above. Thus, in the full
Lorentz classification a particle is not just a vector. It is a regular vector
) (is, ‘tf ] whose components change slgn under. parity, or it is an axial vector Tﬁ.

(n the last page he shows that thﬁre are only two.tensors of rank n, cne is + and
cne is -. - . ,

Liubarski does not talk about the direct, product and reduction of full

Llorentz group representations, but hergs is my.-guess gur what happens:

u

L4

Tuﬁ ® f: = f? ‘

o

o o L
Lok = %y® Ty ® T

WOT, = o l,® rc:f}
"*-Mgu&um’m. AC seallan .

al ® e = Tpq

v,
Y -
y ® (e TP+J,-_1@+J;__ @ﬁﬁ'%l{#hii@ 2 amat
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Chapter IV

=D Yimiti-dimams onal., wenumoss, hmdmﬂs-h——-)

Bepresentations of the Lorentz Group

65,The lorentz Group

In the terzinoclogy of the theory of relativity the
set consisting of the three Cartesian coordinates x,y,
g and the ti=ze %t is called an event "ocourring® at the
point x,¥,% at the instant of times t, The numbers x,.v,
s and t are called the four-dimensional coordinates of
the svent,

According to the specisl theory of relativity the
coordinates of the same event in different inertial
systems of reference may be expressed linearly in terms
of sach other in such a way that the interval

[T T e ——— — e —— TP
betwean any two events -

Aflzg, ya, 24.84) gad Biza.yr. 25 15)

remains the sase in all such ayaféms.

In order to arrive at the concept of the Lorentsz
group,we have to single out from all inertlal reference
systems thoss whoss origine coincide at a certain in- .
stant of tize and take thia instant as the origin of
tims measurs=zesnt for all of them. Irn the following,

when speaking of inertial syeteme of refersnce we al;n;l._:!. ”

understand just such systema.

Evidently, en event with coordinates (0,0,0,0) in
one inertial syetem has the samé coordinates in any
other inertial system, Hence the relation betwesen the
coordinatea of a certain event in different inertial
systems is not only linear but alsc homogenecus.Let us
dencte by uuu:-x the patrix describing the transi-

tion from the coordinates in ths aystem K to those in
the ayatem K',s0 that
b 8 g . g {'.fﬂﬂ(f(:ﬂx_h{!.i,_,—ﬂ._l,_ﬂ. k5

(l, X, he Xyms g X, =)

_f‘_“. -tﬁsll}
If in the ayastem K'' the coordinates of the asame

L 'rﬂ_‘; are. g;_:r;n"ﬁgd hjr xj‘[ 1=0,1,2,3) we can write:

.r;:—_-l:u[ﬂ"ﬂ'}rj ] .t; =ay (KK} =

- 2B6 =

Lgubmsk‘:.é

-
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Prom these equations and from (65,1) 1t follows that
oy (K°K) = 2y (XK ) 2y (XKD (65,2)

We ase that the matrices o form a group with ordi-
nary matrir multiplication as the law of composition.

Ta hﬂ“ l{rn.;.:{rﬂl{rn (65‘13}

This up is called the full Lorents v
enota 1t N

The full Lorentz group has as a subgroup the so-
called proper Lorentz group. It ies obtained if among
all inertial asystems we select only the left ( or only
the right) handed systems. The operators that corre-
spond to transitionsa from one left handed system to
anpother laft handed aystem evidently form a group. This

Eumup is just the proper Lorentz { or simply the
rentz group) and {s denoted by g.
The full Lorentz group contsina the inversion ope-
rator I,dafined hy
(65,4)

btes—x, Iyt —y, lzemez, lt=t.

This oparator makes the transition from an arbltrary
system £ to a system K' at rest with respect to it and
having axes cpposite in direction to the axes of K,
Evidently the aquare cof the inversion operator is equal
to the unit operator. The operator-l is represented by
the matrix

1 o o
g —1 0 ©

I~lg o —1 of
S W

(65,5)

Let us give axplicitely the matrix o, for a very

important particular cases, Assumes that the axes of the
syatems K' and K are parallel and that K' is moving
relative to K with a velocity V in the OX directiom.As
known, the transformpation formulae in this case are:

v
i —
r— =

7 v v SN O RO

and are called Lorentz transformations. according to
(65,6) the matrix <, in this case is equal to

de

iy

E BT E U i —————— A g o

a

- B e
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The Lorentz group &3is a Lie group. Aes group para-
asters one can choose the threes projections of the ve-
locity of the system K' relative.to the system K and
any three paramsters, describing the rotation to be
parformsd on the axea of the system K in order that
they should become parallel to -the corresponding axes
of the system K'. Thus, the total pumber of parameters
of the lLorentz group &,ls six.

66, Infinitesinal Operators of the Lorentz Group

As we shall use Lie's infinitesiga]l pethod to find
all finite dimensional irreducible representations of
the group &%,we must find the commutation relations
for the infinitesimal operators of this group.

Let us make & choica of parumeters. The gperator
o (K'K)depends on nothing but the relative motion of
the reference systems K and K'. This motion can be de-
scribed completely by giving tha three projectlons«,
k- oy of the rotation "vector” of the system K' with
spect to the system E and the three projections v,

*r,,'r‘ of the wveloeity v of the origin of the aystem K'
in the aystem K,

¥e denote by
R N i
the infinitesimal operstors corresponding to the six

parsmsters

Sinece the elepments of the Lorsntz group ars opera-
tors in a four-dimensional vector U}:unnn,they themselvesd ™
constitute a representation of the lorentz group. This
representation is called the vector repressntation.

o e PG OPATAEOT éljn_.tha vector representation can be

easily evaluated, To do this we differentiate the ex-
pression (65,7) with respect tof and put p=0. We have

|9

REPRESZNTATIONS OF THE LORENTZ GROUP O
0 —1 00
5 -1 o0 0 — N
o 000 b (66,1)
0 o 00

where €, (1,k=0,1,2,3) is the matrix in which the ele- r,&L

pent at the intersection of the i-th row and k-th column
8 aqual to 1l w s other elements are Tero.

Performing a cyclic permutation of the indices 1,2,
3 in (66,1) we obtain: :

b=ty iy h=—ta—t (66,2)
To obtain I, we shall start from the relations

g, ye=yiaafraina ¥e=-—ysda--roosa, =t (66,3)

betwesn the coordinates of an event in the aystems K
and K',the latter being rotated with respsct to the
former through an angle & about the OX axis.PFrom

(66,3) 1t follows that the matrix 9, corresponding

to such a_rotation 1= egual to

- P 0 1] 0
01 1] [']
=y o cosn snz|’

0 0 —sinz cosa
Differentiating this expression with respsct to«and
then putting «=0,we obtain I,= EEJ“ 532 . The axpres—

aiona for lea.nﬂ 13 can now be obtained by cyclic per-

mutation. Thus' we find
h=tp—tn b=ty —ts b=y —e (66,4)
By means of (66,1)(66,2) and (66,4) we easily find all
the commutation relationss
o= (k] == {leds} =0,
Mdl=—=—N [hi=—h [Al=—1 (66,5)

L=—0 [hi=—h Lil=—"L
hl=h Uhi=h  Bdl=hk
Together with the operators I.,J, ( k=1,2,3) 1% is con- ;

venient to use the cperators

—tao(B)=—Th—t) *=129-  (66,6)

- a M"FM'HWW Fac?

The commutation relations for these operators hawe ma =~ ==
espeacially simple form:
Aphal = oAy, (BB ==epBy, (A8, =0 (66,7)

O b I=1. 2, 3y

‘T;?, \ . :-
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which follows from the commutation relations (66,5).
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We stress that the commutation relations for the
operators Ak{k-l,E.lJ are the same as those for the in-

finitesimal operators of the 3»dimensional rotation
groap. This is also true for the operators l_?.k'.

67.Classification of the Irreducible Hepresentations
of the Lorentz Group R

To find all possible irreducible representations of
the group &3, it is sufficient to find all forms of the
operators I,,J, (k=1,2,3) that eatisfy the commutation

relations (66,5). This problem is equivalent to that
of finding the operators A,,B, (k=1,2,3) that satisty

the considerably simpler commutation relations (66,7).
To find these oparators 1t 18 convenient to use the
theorem of sec, 46.

Lat L be a linear space that transforms according
to a certain irreducible represantation ¢ of the Lo-
rentz group. Let us introduce the notation

Ap=IA—Ap A_maiby-f Ay Ag= Ay
By =i, —B, B_=iB,+B, B,=B, l (67,1)
According to the above-mentioned theorem ,there
‘exists in L a vector & such that
B ==Qe, Bie=0, (67,2)

whare { is some integer or half integer. We denote by
:h2 the subspace of aell vectors in L that satisfy
(

+2).This subspace is invariant under the operators
A vA_ A, because they commute with the operators B ,B ,

. Hence in the subspace Lq thare exist vectoras

e,.q{p-—p'. P4, P=1LP P=0, 5, L )

that transform under the action of the operators 4,4 _
A, sccording. to the formulae

5,

Aeg=ele, g A= (67,3)
th:.'” Im‘l‘._
Let o= now construct vectors
[ tpglpe=—P, ... P g=—@, ... & {571"}
" . tf means O & -pacurrance relations
means of th e (67.5)

4 &R

According to the theorem of sec. 46,wa have:
» (67,6)

Bty = T ifpqrls 'n"ﬂ“_"q'ﬂ'
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I we aot on (67,3) with the operator (B¢ %,we obtain:

A.I'n-‘:‘r-lr -'Ll‘n=°;rl‘rﬂr

Aotgy=—IPtpq- ] (67,7)
Pormulae (67,5)(67,6) and (67,7) show that the linear
elosure of the wvectors (67,4) is invariant with respect
to the opesratoras h.&.ﬂence, it coincides with the

space L. The vectors (67,4) form a basis in L, while
the relations (67,5),(67,6),(67,7) completely define
the operators 5:'50'-3-.*."5:: in it.

We sas that the infinitesimal operators are comple-
tely defined if the numbers F, § are given :
1ly to esach pair of pumbers P,Q (P,Q=0

: 3 nly one Irreducible repre
H 21T denote thi

J P+ 1 2Q+1).

dimensions, the only one=~dimensional representation of
the Lorents group is tao" We shall call the pair of

numbars P,Q the weight of the representation -
The basis . 8 calle @ canonic 8,
It cap ba mhown that the repressntation ‘I"-E is

single wvalued if P+Q is a integer,but that if FeQ 1s
half an integer the representation tbq is double=
wvalued, 5

and E.A.Nalmark,

Every infinite-dimensional irreducible representa-
tion 'I:(h:uklj of the Lorentz group&jis defined by two
indices k, and k,. The index k, can take on all inte-
L'I?'. . @ger and half integer wvalues

L =0, 3%*ﬁl. T

(] I.M,Ga

while the index kl gan take an any value, including a
complex one, But, if the differsnce kl-ko is an inte-

ger,this representation degenerates into a finite=di-
mensional representation, We shall assume in the fol-
lowing that the difference k;-k 1is not an integer.

Choose the basis

Glo=h d—1, ..., —kh=|kl|k]+1 ..

4n the space L, in which the operators of the repre-
sentation t{kﬁ,klj act ond define by means of it

In conclusion we must mention the infinite—dfmension-
al 1 g Ie enta Orants ET0WP,

R e e e 1
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the infinitesimal operators of the lorentz group. In-

stead of the infinitesimal operators ;_I,;_su-l.z,lht

will be mors convenient to use the six opérators:
W=l H =k B =Ll

he P=—l FP=—h—i, F=—Li+i,
The rg::ldﬁihlc representation Wk A ,hlj is defined by
=ik, WE=VR+pk—p+t.
H = — Vi FpF D=7} .
2P == — (B P (A —P) Baly ™" - pAaiy +

+Vii T+ Dr—p+ 1) Baniy™
W =V R A+ r— 1) By +VR+9) (=t 1) Ayt
+Via—pFje—p+0Buiizi
2P = Vi — sk —p— 1) Baipsi—V (o D A— 1) A+
+VaFp+DRFp+ 2B

TEE THEQRY OF GROUFS

whare
— 2 R,
asrEEn ST D)

The pairs of nombers kd,kl and 'kb"kl define sgqui-

valent representations. In all other cases we obtain
non-equivalent representations.
- The representation t{kﬂh} is unitary, if .the _

pumber X, is purely imagipary or if kn-ﬂ and k, real,
It can easily be smeen that in these cases the opéra-
tors L,,J, are anti-Hermitian, which proves that the

representation ie unitary (see problem IV,sec.43).

68, Product o mducible- Representations of the Lo=

Consider the product of two irreducible representa-
tions ¥ and ‘I.:P of the Lorentz group ond de=
£ 2% '

composs it into irreducible representations,

Let us denote by
a0 and vid
° - -~the-canonical -bases in tlu.gpgﬂa,hl .and L, which
transform mccording to the representatlions trlql and

T The oducts
R ks

o R

ERPRESENTATIONS OF THE LOREKTZ GROUP .5

fora a basis in the product of these spaces,

Let us first consider tha case lel-"znﬂ.‘lc note that

RS = (e + 40 8. 1, C= 1B\ TIBC

where C is ony infinitesimal operator or a linear com~
bination of such operators., It can be easily seen by
mans of this formule: that the matrices of the operatora
&.h.go.g‘t are identical in the basis

]
£
and in the basis
. -3
Thies means that the product of the ngnmntgignﬁ
o #q ia egquivalen [3] A represen on Rg=
Thae basis
Ly
4s of the same type as the basis 01;2

.=.|£—l=. {E'BII-}

This result reduces the problem of decomposing the pro-
ducts of the general type to the problem of expanding
the producta

T K %py GOA  my My

These dscompositions are carried out exactly in the
same way as the decompositions of the repressntations
npxgr of the rotation group. Hence, we can write at

2
ﬂn}ﬁt
e X %=, n-r..§.=.-...-.'~ Yo x‘“"“m—mécmm o

The relation betwesn the basic vectors is expre=sed by
means of the Clebsch-Gordan.coefficlents:

F=_3 (PPnp|Poid.
W= 2 QunalQaed o
How we can easily multiply the representations tllql

(68,2)

and tp Q W9 _have :
1“.

< (68,3)

T, b ] = E
L R R W S PR R

1!&!11‘&—1'._,‘)(1“)(‘;;)(%“;15?(Eq‘rvjidﬁ':ﬁ-;- I i
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Hence it followas that the product LY QX 5 q, contains
the unit representation only when "2

THE THEORY OF GROUPS

EI‘PE and Q].-qﬂ
i.s. when the factor representations are equivalent,

The wectors
.# -
of the canopical basis in the subspace I‘Pq which trans-—
fora according to the representation ':Pq PATE AXDTOS-
sed by means of
. af ol
&8 follows:
‘#_!*LE".._'{P:F‘,F.“[ij[QIQ'ﬁhqu],:&-ﬁﬂ:ﬂ-l—B (68,4)

Thie= followe from (68,1) and (68,2)., Since the Clebsch-
Gordan coefficlents are unitary, (68,4) can be pewrit-
ten in the form

' &W -z‘_": Pypy 2| P RYGh L ‘il'llQﬂf_:l (68 5)
(5 =p+ Py §= 00 '
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Hecalling the expression (54,22) for

(PP oy | 00)
we haver e o
- =¥, ™ ==inv.
ST ey (68,7)
Similarly, from the relation (68,6) it follows:
(68,8)

Do A

In conclusion let us make clear the connection batweasn
the representations of the Lorentz group and thoae of
the rotation group.

The rotation group is a subgroup of the Lorentz
group. Hance ew? representation of the Lorentz sroup
is at the tize a representation of the rota
group, Let us now consider the representation .1n
this representation the opumton'gl.gz.]_al are zero and
consequently A =-I, (k=1,2,3),80e (66,6).The eigen-va-
luss of the operator 13 are =FPy...,P. This means that

- the representation %, ,con¥idered as a representation

The formulas {68,1) and (68 fully sclve the probe
lem of decomposing the product u% Tepreosentatlons,
Let us consider some of the consequencsa of the re—

lations we obtalned,
Let

Led  amd 5,908
be two arbltrary wvectors in the spaces 1.1 and I.zd.'he
vector 1
LRt

can be represented in the form

a0 = B8, (P Pep P2l PPIQ, 0, 0,1 Q9 Y.
Hance it follows that the expressicna

[es N PPip s PAIQ Q01 6| Qo™ (68,6)

NEPR=R =T

_ the coordinates of a certain vector of the space

“which transférias according ‘to the repreeentation Bg

Ve give the important particular cmse of (68,4) ob-
‘tained when we put FIE?!E'}_‘QQ 1P=Q=0;

n= E‘.ﬂ-l PPy ;| 00)(Q, Qg ftlﬁ“}d“gﬁ.

of the rotation group, is equivalent to the representa-

tion D, In the same way it can be shown that the repre-
ssntatlon %q is egquivalent to gq. Hence the repre-
sentation )
) ) =T X %
L~ ent t santatl
= D,
DrX Do mm?)‘;na I
tha o u

69,.Complex-conjugate Repreasentations
Let us consider the representation complex-conj te
to the representation 'Pq' Let us denote it by PQ°

In the complex -conjugate basis the matrices of the in-
finitesimal operators are complex conjugate to the mat-
rices of the corresponding infinitesimal operators of
the original representation
M=l Fu=Ts
Omitting the indices of the matrices, we have hence:
e R = =g O =B

| By o= — g (o — B = — g B+ 00 =Ry

Furthermore,

# g rie e L T



.~ 296 . THE THEORY OF GROUFS

AL s iA] 4 Ay == 1B, B, = — B, + B, = — ..
The operators
A, 55,05

can be avaluyated in the same way, A & result we have
the following relationsa:

-l;lti.. A:——i,. ﬂ:.=:r--i_-
BR=hAe Bl=—A, B.=—A.

" (69,1)

éasily see how the operators (69,1) act upon the vec-

tors U After aimple operations we obtain:

E-:ﬂ'l‘-ﬂ. A'.t-,.ﬂ—s.?“:.,.. ﬁ.:.;n=—-qg; _|,] (69 2}
Berpy=iptpy. Bty =—=tpitpeiy Bitpy=—23e, '

The first column shows that the vectors ¥  gare the

sigen-vectors of the ogeratora ¥ and _% ?ﬁlnct they

differ only by a constant fector from the vectors of
the canonical basis u
~a-P
Ty =lpyt_g-p
We ses that the first index takee.on (2Qsl) walues
-and the second (2P+1) values. Hence the representation
is equivalent to the representation E-'m,;

-Tp=Tor
¥a determine the coefficients lpq using the smcond
pair of relations (69,2).

Vo Baver  Alin=lmAlegp=imale g -,=
= et = = 2k kgt -y ;
By o Bt hpgt g s =

. “'-l';omut.ll = ':ﬂ"!* ot B S
_Henee it follows that

and

pmrpe———el . e ogll o = i PR S -1 .
’ 3!—--—'—}“-—'. —ﬂ'-—%r’-"-l "o -
et " Lyry -y
and . .
l"-;_. uﬂ*?-l-r_

P L

B REPEESENTATIONS OF THE LORENTZ GROUP EiT

Thus, finally
;ﬂj (- |f*l“-rr,_*_r (Eg’ ] ]
Becalling the relations (68,7) and (68,8),v8 have
T, tyyipp = nv: (69,4)
b3 (69,5)
Et"q. tav.
0.5 r ClFy Y
th tatlo roup the L .
in gontiaat :u m;nr:n‘ x:;rrum ations ¢, and T

T

Aal ]

that transform ac ur%ing to
“the .

he two-dimensiondl vectors
1€ spresentationgafa ca

e the vectora of

denoted as follows: o\*}
{ s -}r: l_'i " Ir:.’-t' Q
WP (= fggmen L) o)

¥e write out for further reference the formulhs defin-
ing the action of the opsrators gﬁ’iu on these vec-
tors: = 1

A1 —éﬂ-u lc-“:--"1l[~"l++
i, L
By =gty B =—7gls | (70,2)

Ayt = Ayu®i =B,,¢,=B,, 4 =0,
A=A =B ;=B e;=C

Ao = Bey=¢:
ﬁ._!l-l_ » ‘__‘t - _i
The spinor co ta denoted ec
(g 80d. (E5. &) .

Thé following relations play a fugdaqsptal role in the
theory of apinors:
on_, —e_m =lav, -;n_l—t_*q:uw.,l (70.3)
gﬂ_'_t_ﬁ'-lmr. By — iy =lav, 'l
fhey are particular cases of (68,7) and (68,8).Introduc-
ing the matrix . .. .. . . .

el = E|| Cr
o~ g(F :I:t]=.(_]_ nj, (70,4)
1 T
v

L

W, i e ke ®
= .

Hpsr
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we can rewrite (70,3) as _
gty =1ov, gyepay =lov,
subay=1ov. gyufyny =iov
ament of the space that t
EDRCDN
Thus, for example,
he product

{70,5)

aforzs

L]
slement that transforms “as

PP
is a spinor of rank 3+2, It 19 usually denoted by:
Frali- )
In denoting by letters the indices of a spimor of
rank B+l the dots are not placed above the laetters;
instead of this, the first o indices are denoted by

the
letters b B e 102 B

while the other o, 1ndj.nts‘m dencted by the letters

[N S
The product of ‘two spinors of rank B+, and ny4n,
is 8 spinor of rank(m +n,)+(my+n,).Hence,tf ' ’

c\'l!.lhl.
Clite b Kl b

are the coefficients of two epinors, their products

€yt Wy By oy i B by

-c"“

m -

s By e g Byl cee BByly o S
are the coefficients of a spinor of ramk (mem')s(nen’').

In addition to multiplication there is another ope-
ration with epinorsesimplification, which we now consi-

. der, Let
h [T T

be a spinor of rank (mn).It transforms as the product

* of two spinors one of first and the other of {(~2)+n}th
. ranks . T A : : o .

o w . L T ;.qm:,i 'qa.-!#!‘_‘"" "1: '

LI 3

Eence,the ‘expression

Laalap, .. g B in By

transforms just as _

| &

" | the splitting of the ccmponents

< component.

.. Jconsequently, it coincides with the represedtation

REPRESENTATIONS OF THE LORENTZ GROUP

é
m‘h’cﬁ-‘;h ...l.-fl"*cq... g b Mg
j.e. as a spinor of {(m-2)+n} the rank. The transition
from & spinor Cor oo g b By
to a epinor Copove e B e P

called simplification of spinors over the indicea
1;1. %, .‘!he”;mpliﬂcation can also be carried out

other pair.of ipndices @ or any pair of indices
mf iiwa nmlg of simplification the rank of a spinor

is decreased by two.
al tric tensor, There

exists a simple relation between apinors
C,, ... g B e iy

and vectors,that transform according to the representa-

tion ¥ which 1a defined by the following theorem:

Theoren.The subspace of .spinors
Q cn g Boeee P

- that are symmetrical with respect to all permutations
of the indices g nnns B

and all permutations of ths indices Bie o vve s
tranaferms according to the ruprlnntation}a fm.

This theorsm is proved in the same way as that of
sec, 50. -

J1,Tensor Algebra
Just as spinors of rank(men) can be constructed
from the npguuntaﬂons ftomaﬁi.tonmra of rank n can.

use nf_mix.o_uﬁgamzumgggnl
nlI b{ct, us consider this representation

TehS & sentation of the rotatiom Eroun
of a foun;:imu:m
into its three spatial components one
oason Since meither of thess subspaces (x,7,2,0)
and (0,0,0,%) is invariant with respect to the rents
group, -the vectqr repressntation iw irreducible and,

a two other four- mensicn ue
hnti%iann t.pudta cannot bte equal to the

ipresentations e.g. becauss they are irreducible repres
lsentations of the rotatlon group. ~

+)

vactor re-

.

e

g

.

1 ot S
s v g Rt

L
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mi:-:t us set up the relation between the canonical
‘eiey

of the npnuntninnftimd the “natural * basis

L=(1000. 4=(0100. #=0010 e=@©001) (71,1)

To do this, let us find in the natural baeis some
common eigen-vector of the operators I, and J, .

3
Using (66,2) and (66,4) we write:

bty =0, Lpyw—py - lyymme,, Lty =0,
Hence it follows that
bylts— o)== b{ey—1In). Jy(eg—Ley) =0

and .
Adles—ley=—gl(ey—ie). Byley—ie) = — % L (ey—ley.

with (67,6) and (67,7) . L
is parallsl to the yector 1

Comparing these relations
##8 that the wvector e "’"1

2
"Ii-'mn"' we put ,

'%Tlr-??“l‘“ﬁt}*
By operating on this sxpression with and B we can
easily express the other vectors of ths canonlcal basis

in-terms 0of the vectors of the natu ‘A
e, me oree ral basias, Am & Ie-

a'{_;_-?[?ml+ﬁ1 "‘i"i'_?i?h-l-"}'

Let us also write down the expression for th

e vectora
of the natural basis in terms of th ’
° ol an ot e vactors I:of the

T iRt
S TR T e (TGRS

Thus,the transition froz the natural basis to the
canonical basis is done by means of the formula

a=p i

R Ll - S T - N T S

(71,3)

a=ary ad

P A T I

REFRESERTATIONS OF THE LOBRENTZ GROUP

¢

i 1 -
A=, = -
o i1 P PR | /
I =T 7
VRl 00 — A=— g, 1=y (11,4)
0D =1 i X 1
kem—vg, F=—x

¥& now define a tensor of rank n.

Every element of the space L , which transforms ac-
cording to the Hpnuntatiunt; i of the Lorentz group,

is called a tensor of rank n, A basis in the space Lo»

st

which is of the same type as the basise

P e e (=0, 1,2 % i=1,2...,08)
will be called a natural basis and will be denoted by

e 2y (71,5)
Every tensor i
e=Cpp, . 7 I v Py :
1g fully definad by the set of its coordinates 5’ i
Copr (71,6 -

which is also called a tensor of rank n. Let us dencte
by «,.(g) (g€, 1,k=0,1,2,3) the matrir of the ope-

rator &) in the natural basis. It is evident that .
A
tnder the action of the operator t'&'!n:{gl the vectors

of the natural basis in L transform according to the
formula

- .

(11,7)

iIn accordance with this, the coordinates o6f the tensor
2, ,(g) @ may be expressed in terms of the coordinates

L0 @, D

has

of the temsor e by the formula .y - -
N NS o A SR T oY RO ¢ & 11} NN

And, conversely, every aet of 4D numbers, which trans-
forms according to the formula (71,8) when one goes
over to the new system of coordinates, represents a ten-
sor of rank n. Hence the product of two tensors of ranks
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B and n is a tensor of rank men,

We introduce now the operation of simplificatio
n of

tensors similar to that of simplification of spinors,
Ve ltairt from the fact that the expression

[ m—— —

L S S S e LT
is invariapt. In terms of the wvectors of the natural

8, thia expresaion can be rewritten in the form

T ah b — ety = Taam = oy,

where i
] ] 1]
- 0 =1 b ]
o I (71,9)
Q [ I |

Hence 1t follows that
and Tuf ™ Ta% O @) 68, = 7008,

Tow ™ Ta%, @), ).

iy _— [Tl.lﬂj R

:;:.tth:l.ﬂ ilentity we pass to the inverse matricesa and
]
Tew = Taly @ay. (g). (11 '111
Sometimea it }u ussful t:; rewrite (71,10) in the form
s ) Tpope = T8 (8D (71,12)
¥
Let us now consider the expression
: ToCut...
and ses how it transforms under ‘tranaf ti
Lorents group. According to {Tl,v.'l.ll noh.r::t ons of the
TewCowr oy = TewSp @8 @ 5 () - 2 IV Cy =
g () - - €y (0 TuCo .

Thus the aest of 4‘1'2 nusbers

C - 'fl.lcﬂ s
© - trdnsYorms as “the ‘doXponents of 4 tenwsor of Tank n-2, -
The transition from a tensor of m-th rank ’ :

Ci...p
.. to the tensor .

o

REFHESENTATIONS OF THE LORENTZ GROUF ‘

- Tﬂ'ﬂlﬂ...'
is called simplification of a tensor over the indices
1,k. A teneor is simplifiad over any other pair of in-
dices in a completely similar way.

12,Bepresentations of the Pull Lorentz Group

In this section we shall find all finite-dimension-
al representations of .the full Lorentz group.To solve
sd I -_--_..‘1: tion s ] g fadal- 1= 4.1 b

derive them we can conveniently use the expression

Ql”-:vh’\f’? G}m 009,001 =2(0 0 0—2,00) (72,1)

The significance of this expression liss in the faot

that the velocity componentes in the systems E and K's

IK are equal in magnitude and oppoeite in sign. For-
(72,1) can be easi

matrices 165,5] and (65,7).

If the operators ﬂf} (g€&) form some representa-
tionas of the group & , it follows from (72,1) that-
()0 0 00, 0 Q) u (/- Yuux(00O0—r 00
Differentiating this sxpression with respect to Ty
and putting v =0,we hn.v‘:.‘ .-'HA .
(A3 () =—1dy - P
Since all directions in space are equivalent,we can
write:

DAY=ty (=129,

{?2;2}

Note that the operator %(I) commutes with the infini-
tesimal operators I, (k=1,2,3): )
8

O =t (72,3)
because the i
tiona,From » ’ ollows that .
DA (D=By, (DB (N=A, (72,4)
and (DA s () =By 1, T(NBy 1371 (/) s Ay 5. (12,5)

" Let T.be any ':l.:::l::éd't.mibie representation of the

" group<# ,Considered as a representation of thé subgivup

&,, 1t contains at least one irreducible representation
fPQ of this subgroup. Denote by K, the subspace that

transforms according to the representation Eq. Lat

->

obtained by multiplying the

e 3

R
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".‘ (—P{F-‘P, -ﬂ{f{m
be the canonical basis in H,. Consider now the vectors

. By Lamrom pelywesddbua

M'ﬂ-&r‘i[ﬂl‘" ma gl m’.l-— —-M"(ﬂl‘n"—‘i‘"ﬂ
and &
By = — P
Carrying out similar calculations we obtain:
Mu==My A= o . Aty =t
Bep=—ipey, B =af.e . B <ol . (72,6)
The relations (72,6) show that the subspace H{ ,being
& linear closure of veectors e' ,transforms according
to the representation 1%;1?‘ the vectora

YN \erGrrioe, (72,7)
foroing the canonical basis.
The linear closu £
2P 411294~ 1)
vectora e and u  is invariant with respect to the
el%;_n? of the proper Lorentz group.Besides, on ac-
count o o relations
-“’ﬂf-,:n“ " w(lag=u,, (TE.E]

and,consaguent 1

which the representation T acts.
two separate cases,

8t us cnnaidr now

¢ 1.F#Q .In this case the representations ‘EEQ and
tﬁl‘ are not egquivalent and,consequently, the vectors
'pq and u__ are linearly independent.Hence,they form a

basis in the space L. We shall call this the canonical
basis. The operator T(I) is defined by the equalities

B 229 + @Q+ 1)

o

wﬂu
A

(72,8). Ve shell denote the representation Tby Tp .
"qu,. The dimensionality of the representatio b3

R

8

[} ﬂEmauutn.t on of :
repreasantatlon
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Considered re tion of

a8
'—ﬁufi 1t decomposes into the representations
an . :

mﬂow one cannot say that the vectors ‘pq and

a__ constitute a linearly independent system of vecw
tors, Cn the contrary, it can be easily proved that
fp= iy

To show this, let ua conaider the set of wvectors

Tty (PP ISF)
According to (67,3) and (72,6) we haves:

Aoha=—1p% AvR=cgutun ASR=90 1
We have analogous formulae for the operators B, Be-
sides, from (72,8) we see that
1T =21} (g 2 g} = £y oy = = 05

Let us denote by E+ and H_ the linear closures of the
vectors u' and T respectively. The relations ob-
tained ah.uE that the subspaces H and E are invariant

with respect %o all the a;egegt& of tl_lg-ﬁg& ngﬁtg
group. Hence, elther = or and =0,

L N - +
= . t -
In the first case uTltt 'pq ?;.t]iﬂlhpq—-*u%pmaL: ehﬂ :e
= =] - -
cond case l.lpq 'pq_ and T ‘pq qu berse ex
t ] antations
TE =

hich, if considered a
OTeNLZ EIOUp, COiNCides

"ing in this representation to the inversion is defined

. Gy =t, Gle,=—e, (12,9)
The dimensionality of the representations ¥j en

18 (2P+1)2,

The representations :: and £~ are called scalar

; quantities that trans-—
form under these representations are called scalars
end pseudo-ecalars. The representation T, is called a -
a vector representation in accordance with the fact
that the ordinary vectors of four-dimensional space-
time transform according to it; the .representation 1.';;

('h“ va Dac \'l.'tlJ’ )

L ]

e

-

L

g T

T B
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abstract concepts and the theorems of representation
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How do you find the metrdc spinor 2
Qekeaback SAR

1, Start with the contra and covariant first kind spinor reps:

(=1)
= N A =0l = @, O

Rps Kl xe A = Dol () = @)

We know that the co. is related to the contra. in this way becausé that is the only
way which will cause x.¥y to be a scslar.

2. Now assume there exists a lowering "metric spinor" G which does this:

.y
Y= Gox S
If we insert this assumed fact into both sides of (2) and then use (1), and (3) and
(4) for the matrix elements, we get:

Ga = (@Y G

Here, all indeices are lower and there is no confusion about what is meant by matrix
multiplication. Having made a study of this little equation, we mow that the solution
ist G == G’-g_ where 2 = any complex number. This means G i.s anti-symmetric! Thus,
to lower an in:iex you must apply G from the left, or you will be off by a sign. So:

Gpo = - @) d < @

3. Next, lets look for a raising metric spinor. For now I will call it H,, « I want
to keep indices down for the moment to avoid confusing matrix mult. Then:

XJL= HJ.-:J baS (E’)

=\
Repeating the above procedure, we get an equation for H: H'@T) = ai

= Gf,} = o () ' *

-

L. Now lets use up/down notation and here is what we have so far:

G-JM; = A (R
™ = de (T

5. Now we dpply a further constraint, namely, that - This tells us:

9
G‘dep= Efp = didg =1\ .



5. So here are the conclusions so far: if you define your raising and lowering
metric spinors to do their thing applied both before a xmegkmr spinor (which is not
the choice made by Bade J), then you conclude that:

GACIETRCAW

Gy = @S ()

I think it is important to realiZe that the decisicn of where to put your metric
is also a convention. I think Taylor's convention is to-.take both after. BJ take
one before and the other after. I thikk I will try to use these conventions:

a) raisze or lower by putting metric before spinor of interest
b) I also want ¢ - G,, S° there will be no confusion there.

It seems to me that the obvious choice to make is:

6. However, I suddenly see why people dont do this, The reason i's that now the elements
of G are imaginary, and that means ... well no, I think it would all work if &ou
took; well, G is supposed to be a rank-2 spinor of the first kind, and to get to .
the object of the second kind you should complex conjugate. Otherwise the thing
will not transform right. But this would imply:

'@F}—f G:;l& - - @"—)ﬁ |
Taylor does not really face this problem.

7. So, lets_stark over with a new starting convention:

to Raise, put the metric before the vector
to Lower, put the metric after the wvector.

Now lets see where this convention leads us. As before, equations (1) thru (4) are
still wvalid. Now however,

o PPy ) @ =G

1¢u==—?¢“t3)xﬁ (ﬁ‘> =3

) 3= @K

(3 Zp= R
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Slow down. Do this out_in detail for both cases:

GOV I @y CUNNN Cadr® WO
T; G{“M el s a6 e G @)

q L]
G‘Jh = olp- @’%}n\? .

=¥

A
T |

f =) G{M R&t)ﬁﬂ = (Q-T\:‘.ﬁg G)nﬂ
= - u;:»:IIL = o' G..

=) G;Lu? = - ( t—)}“"

Whatever they are, we know for sure that 6™ and Guv are both anti-symmetric. Now

we add the fact that _if you raise then lower you have to recover the same thing:
) Jaw? o v o,
=My = (X 6w) = X L

5 P een T = | Gun

We may regard the first metric as radsing the first index pf the second (it proceeds,
which is correct), or the second metric as lowering the sgcond index of the first (it

follows_} which is correct. Then we must conclude that:
A J
G{‘.{ = _E.-{_ amd d‘..dl :--’L
VM v )
At\‘.m —g{.‘.\ = G@g G = "Gﬁ@,,{ SR o

Now, if we impose a condition of convenience, namely, that G = QU'V we conclude

that 4¢_ = A, = T i, take your choice. The choice made by JB is +i so that:

\

sy i o o

convention: G:._'}w = F = -"-(?"1‘))@ = 4w = (3 u)
G = Gp = 6= ¢*= (31)
v J )

xM = (‘;:* % Kpn =X G\j&.ﬁ

bafpe, &o et @kilw.




g, Here then are the conventions we made and the non-conventions:

A) we first define the meaning of raising and lowering metric spinors ( in this .
convention, raise metirc goes before, lower metric goes after, nearest indices
match up, all is conventional definition of the raising and lowering operabors).
B) we define the undotted spinor rep ( again, we use the convention that X"
goes with (a)mr , but we could have used aafw,_l.'Ir or anything else)
C) from the requirement that xuxu be a scalar, we deduce what the dotted spinor
must do under transformetion ( 4if the undotted is (a)uy y then the dotted must

goe as (aT -1) )
So far, then, we have developed equations (1), (2), (5'), (6)' of last page.

D) we demand consistncy of these equations and we conclude that Guv and G°' must
be (possibly different) multiples of the matrix 03 . At this point we know that
G . and GU? as well as the dotted counterparts must be antisymmetric, in

uv -
dontrast to the usual metric tensor Buv associated with L-Wectors. The fact

that G% and G,y are anti-symmetric is not a conwenction. It has to do with
the fact that the solution of GaG ~ = (aT)~! is @ = multiple of 0y and is

therefore antisymmetric.

E) next, we use another consistency: raise then lower, must get same thing. This then

forces the product ﬂﬁ;_== -1l. This is not a convention.

F) Next, for convenience, we try to make E— Gpv. which is a convention. This
forces A dt so that d%e -l and thus A=#i .

E) arbitrarily, we choose 4 = +i so that the results come out as stated.

uv

F) since Gyy = G are real, the ﬁptte& objects are just the same, ancther bonus.
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References for Spinors--and Related -material-

1 -Bade and-Jehle RMP- article.
-2+ Liubarski. chapter of book.
3+ Barut appendix 2, book.

4+ Taylor, -section- of paper.
5. -Ruhl,- somewherse--in- book.

-6.- Wightman, section.in--weWill Bmnes book -Disp-Rels. and E. particles(frnech)

T+ Corson, Book in -libe-about 4953.
8. Barut, Muzinich, Williame paper 1962..
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F_init "ﬁiu Reps of Lorents G;Jup z Meaning of Pauli matricas as ap_ nors,

-

—_ - - -

1+ There is much uonven‘tmn gomg -:m hera. Gﬂmh:.nxng notations of Liuharsk:i

a.nd. Baade~Jehle I. m.gh‘t say tlus.

- —_—— = —_— - - —— — - —_— e

Tio _.._)ﬁuul‘tm:;.q.mﬁap R . . .
e e . e e - - =~ g
e AER &s\stkm& s.gmiuﬂ_mimmm@ - - = Nl - -
xo) - - - - -
No=_0.(3),= 13 SRS
fmﬁmwww@ cme s e i - - -

-

o m———— [ — - —_— - - e

(&D- _ancsud k-.mk em&uwm-i - é_a" Y NES E-b

T e e D s ——— “ - ‘e e = =a

— -

-
e

P

—_—

Ne=D (:b VI K C X I

2.Comment: this is not ﬁ*nita the way Barut does things. He takes g - Ii(()}) and
then D(£0) = D(D%}‘t't . The advantage of Barut is that for rotations which are
unitary, you get D(0%) = ]‘.‘Ir%ﬂ'}, whereas in the above scheme you got equivalence

_ ——— —— -

but not equalit:,r. Dn th& other hanﬂ., the above scheme gives the much dea:.red
result: j"\ % L whm-h is a part of BJ's conventions.
= N

- -
i_
3 In e:l.t!mr Epmur spaca, rather o’wimu how you m:.ght define basis spmurs.

— —_— — —— — - - s [P —— e -

4. Now, acceording o LIU, we know that the vector representation is this:_

- - = —_— - - - P — P S

. Tiie. Ze®Zay  dim=d - _ :

of first and eecond kind spinorssy—ie, Bom&ihing like this: — - -

We Ter » @)= N2 Ny
_—

- - 'tt__'ci. R S 1, . .
R Ce =D (:5)_4': .= ii‘:}:%_ﬂ?w (@)
& - T L W)a®w. L

I am not putting contr/covariant imdices on the P functions.

b - = —_— - -

- - — —a [ —

An object transforming -according-to this-rep can-be -viewed--ag the-outer-product

-



-2 -
5. Therefore, a Lorentsz group vector is a 2x2 matrix with one index dotted and

. the other index undotted. The rb_‘asan iz that a vector is the direct p::oduc‘t
of the two different spinor reps.

6. Recall this fact: for the Lorentsz _g“:rnqp, the two spinor reps hara nchI: equivalent

bf_cguse you cannot ecnna_o‘t_ n}_atriaea g to _ma'triceg g for g in S5L(2,C). “F'or 4
__Jjust in 8U(2), you can make such-a connection, so from the point of SU(2) al-:u;e‘n,
131'_@ ko E_}Eninor reps are the same. But not in terrrm arf the Lomentz group (prop'e;* Je

-

Te Just as one might imagine 'Eha two o'b,jacta (‘.’) a.nd._u] forming & set of basis
L sp:._nﬂg in one of the Bpn.nor gpaces {dot‘tad or undotted, first or second kinﬁ.),

you | might imagine forming a ba.sis in tha (ﬁé‘] space, like o etc. ﬂ'hviuusly
you need 4 basie objecta. These are Hha:t +the Paulli matrices do.

_

- . (}A\ )A:ﬁ.\}l} e _
- - - .The four. Pauli matrices form.a basis.in H(%4) space. Any vector in this space must
of course have the right spinor incex. structure, and these Pauli's do as I have
-- - just labelled them. 1 -
., 8. Obviously a loretts traneformation will mess up the Pauli's just as the
e - Same would shift. up the litile spinors. like, (f} s+ .In any given frame, you
—— take .paulis as. the basis, that's all. . _ — . -

= o= _ = P -

8,.. Baged on the .above. discussion, one might take as Lorentsz gro_up*i‘rraﬁuqibla
finite dim rep matrices (non unitary of course): ___ _

-t ﬂie}(ﬂ) ad b -.? D(&) (%} oes ﬁ(ﬂ(&«r};’; -

- Wee DF\JQQML = & : - }.h e _

- -Or, you might break-up g into is .so~called polar decompoeition g = hu where

-2 UEY =ik - - -

Wl T T2 T E N fmd ¥EoK = ki
wﬁ&.’i ™\ 4;;" * -

_w=sC_ . =y w=w —> m:——mw

@ - ST Ay wiVa W o ke S T
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With- the polar decompositiony .a-convenient way to define-the -D functions is:

. D{Qﬁ(%\i= 'Dwn}(‘g) - Biﬁi‘“\,&;\!lk\ - TE_'}H?\‘F(_L) ijt“)(y) -: :
— RS ST
NG _ K=iZ *
- -Basically, we see-that we are just _letiing the Euler angles go—complex to get
-- -6-parameters instead of-3. The-boosi_generators-K are always -just iJ, no matter
--how-large -the dimension-of the.rep.- -As noted above, to.get the full D(;]l;lz_.'l -
rep- for-some g in-SL(2,C), you just multiply but--then complex conjugate the

second--function. - - - —_— - _ -

9. The objects which belong to the rep (jyJjp) will resemble-rectangular matrices.
The -matrix- indices are no longer spinor indices because, me-turally, you are no -

longer -in the spinor rep.. — - - .- - . -

- - - 10. Lets..now.return_to_the.vector rep.. So. far _a vector-is.a 2x2 matrix. But, --
when we.expand such a vector-matrix onto the basim consisting of the Paule
matrices, the. coefficienta in this. expangion .may be. identified with the usual

. Minkowski. vector which.is the lowest tensor. Thus: - -

-l ﬂ'_é - o -

b, & M w ald
B \ G ._i@;\ *nt WM WM Nas
# aoﬂgmk
hn.,q";. "'n"‘ d-"s' = = =

- From the way in which the Hah*transfurm under LTs (ie, M® = gMg*), we can figure

ont” Mow the MY “tranaform.” This will give  the usual 4x4 Lorénts matrides,. In mdre

=T T fetail: . = - s = = === =

- - - & - P T

_ c:wcs*““ N m Q«g o
B T\ SIS N LIS A L

- = " 1] aat, . T
@mmﬂmmmm&hu Moo= gaal Aol W
X : B
- __'.W\=,§ﬁ'k&- L VY d.ums}. ' -
- == = .Thus, we arrive.at._the_famous form. ' = gllg"' in a very.systematic way._ Note that
e —ew. yau muet dot the second index_to identify with_matrix to. get this to work. I.have
. shown elsewhere how the Lorentz matrices follow from this identification.

- = - ——— == - -

— alr pa - -— —— — - me— am -
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11. More on spinors the way I hav; a:rra;gad_thingn, we have:

® e e N
- (§)= }\.bg YIS Ny = Qe - ye SWR9)- o %) -
- —— - - .« - as - e —— - -

QY. ""g.l - s f\*u—.%e. RPN

T " Ifi other words, ‘the contravariant first and second kind spinors g'n with g and g*,
T 7 77 7 How do the cwariﬂ‘t spinors ‘liraanurm? Furgnt to say 'I'.h:.s T
1
L
('g')f Ao. é\u ) (ﬂ )\4\,‘ (_‘Qm _fo)m‘/\ v (D
—— —_ ‘ ——— e eead 5 — - - -
- 59 S = {r%ﬁ 'ﬁ%__- __,(Cgf} - : .- —
e == - e =I‘_I_.L..__......-_ A
______ > (e snw oM @Y - o -
- _(g;ﬂ me Q}L (G I
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N order to give a satisfactory account of the Lorentz:

covariance of Dirac’s equation for the electron, it is
necessary to attribute certain translormation proper-
ties to the four-component wave function appearing
there. In 1929, van der Waerden (200 devised an
algebra of spinors which plays a role in the trans,
formation theory of such wave functions analogous to
that played in special relativity theory by tensor
algebra. Four years later, in 1933, van der Waerden and
Infeld (14) presented a spinor analysis which liberated
the formalism from the restrictions of special relativity
theory and permitted the employment of spinors against
the background of a geaecral Ricmanmian metrie. In
addition, many other contributions to the subject
appeared.

The purpese of the present article is to offer an ex-
position of spinor ealeulus which will be more elemen-
tary and more accessible than those which constitute
the original literature. ’

L INTRODUCTION

As a preliminary to description of the spinor formal-
ism, the following bricl discussion is intended to show
how the concept of spinors arises. This discussion will
also serve to define the notations Lo be used in this
article.?

* The authors wish to express theic indelitedness 1o the Uni-
versity of Mebraska Research Couneil, which generously supported
this work.

" Arabic numerals encluged by parentheses and inserted inlo
the text refor to items in 1he List of References nt the end of this
paper.

he fundamental mathematical discoveries underlying the
thecry of spinors were made by Cartan (13) and Weyl (12),
Chap. ITT, . B,

2 The spinor notation used is taken from the paper of Inleld
and van der Wacrden (14). Gaussian units are used for electro-
magnetic quantities; the charge of a particle is denoted by g.

Spinor analysis necessitates the choice (1 2) for the sipnalure of
the special relativistic metric, unless ene would load some of the

VOLUME 25,

i

NUMBER 2 JULY, i98)

However, the ¢

(asterisk denotes
certain resembla.

% two-row mairices

L

) i
Schridinger's representation in nonrelativistic quas- § . 1
tum mechanics is characterized by the equations * . I¢“=;‘E(
Hp=ikad/dt, Pab=—ihdgSox, ---. (1) {
Our choice for the metric of special relativity theory is ,i=5(

4

goe=1, gumgun=gu=—1 gu=0 (k=h. (12)

With the four-velocity n*=dx*/ds we can form the fren
particle world momentum ¢ oo

. -
menp= (Ef¢c, =P, =Py, = P,). P

We choose the sign of the four potential in such a way-
as to retain the conventional form of the field equatipns
(IX 2) and (IX 4):

Py [_ Vl Aﬁrr Al.-: AI:I- {['H
When a charged particle is in an electromagnetic ficld,
its total energy is H=E+qV. The world momentum of

a particle in a field should have the property that its
time-like tomponent is H/c. This consideration? leads lo

(14)
With ‘the relativistic generalization of (I 1
Pup=ihdwd (where 9,=20/0z"), one can construct &
single second-order wave equation:
lihdst (/e dlikdrt (g/)bdb=meH, (13)
by virtue of gtuu=1. Equation (L 5) is linearized, .
following Dirac, to*
I (dat-ieulfm= w, (18}
with the conditions o

DI T = — 2gh], i 1

" Since (I 7) can be

" hecause of (18), |
ias o set of two iy

)

where the  of (1

Pr=mcus— (g/c)ds.

Now, the cova
be viewed in eithr

View (A). The
form as companes
can assume that
of & contravariani
are covariant witl
However, taking
violates the spirit
for the following
vector, the of wil
{19) only in cer
quence, the four
writien out in full

For abbreviation, we have sel

e=—g/(he), p=mc/h.

It is well known that (I 7) can be satisfied with malrico
having four rows and columns, but not with matrioa
having fewer rows and colummns, Kxed matrices; thy
Eqs. (T 10), it wil
transformation 1r
When this proce
o an appropriate
funclions £ and 4

The matrices a;

frames,
View (B). The

formulas of Sec. VII wilth minus signs in a very ugly way. Thi !
would be most disturbing in Eqs, (VII&) and (VIL11). Th
signature (I 2), however, implies the inconvenience that spatsl
contravarient and covariant vector components differ in W
whereas in nonrelativistic quantum theory we work with 2 ;;m
metric 44+ which makes it possible to equale a covariant tos
contravariant vector: mdx/dis P,= —iha 3y, We make U
transition to a relativistic metric {I 2) by identiiyving these Py, Fo
P, with the contravariant components.

¥ For a more procise way olp:rriving at (I4), consult Corbew o
and Stehle (3), mﬂ,
h‘ See Hill and Landshoff (43), and the numerous refercnces pirm
there,

Hn the special ca.
tathe (wo-componen!
I, Jehle, Phys. Rev,
For comparison of «
Waerden, see foolnot.

i




Comments:

v J e By

1. This paper Has refarenead "b;r Barut, Huzmlﬂhi Willianis a8 a source of information
-on BplnGI‘ a.nalysia. HH.J.II:'].‘J‘, the notion of covariant and contravariant spinors

-— -both-of dotted and undotted ‘tj'pa, how you “Faise and lower, and “the ﬂnalogy

~#ith usual “"world" tensors. * i ) - 7
- —— ) _i ] LL . L a T . - i B - "
- 2. Summary of -this paper: T L 4. -
—— —Section-I: a setup of the-Dirac equation and notion of constant gamma matrices.
—_ Section II: review of tenser-analysis e - -
- Section -III: Basic spinr datas Transformation matfix is called N'p which is of
- -course -a 2x2- matrix, "Dotting"” is identified with complex -conjugation, although

— - 4hie need net be done; they note. Contracted indices -mus+t- match. Very similar
- - to tensor- analysis in that you make invarianis by contracting; etc.
— -~ BSection IV: the (antisymmetric) metric spinor which does raising and loweringys
— - - is called ’b”, do not confuse- with gamma matrices. Oeneral -form.
Sectiom ¥+ properties of spinors: eg, \,A =2 and same for odd rank contraction.
—_ --Section VI: special case: Lopentz transformations, det = +l.~Then-the metric -- -
gpinor takes simple form.
Sectiom VIi:relation between 4-vectors and rank-2 hermitian spinors. This ie the
. - usual homomorphism of SL(2;C) with SO(3,1),-but these words-are not used.
- -Section VIII: Here is the trick for "keeping the Pauli sigma mtrices-constant" -
- - when you do--a- Lorentz transformation. To get 4 = ¢ you have-to compensate
- — - -the- action of the LT in the tensor sense on- the -vector index-of o/* with
-a contrived spiner action -on- the two spinor--indices. For any given LT a“..;.-,
the- necessary spinor transformation is determined by this requirement, up -
-= -= t0-a Bign.- - - _
- 4 = = Thus, look -at -the Dirac egquation- presented im form-I -11. Bach equation -
——- --— --has-a matéh-up of spinor-and -tensor character on the two sides, so you know
- " -right away that such an equation is covariant,-In order that the new-frame-
- 7~ be the- same tf .‘5 4in old frame, you must apply the "correspondent" spinor
— - transformatiom to- all spinor objects, including the Dirac-2-spinors. Thus,
- covariance is obvious.
- - Muich of Section Bi-deals with showing-that Dirac is also covariant
under "inversions®, ie, LT which include #nversion and-so have det = -l.
The Section- ends-with -some unrelated remarks about specific forms in SL(2,C)
— for boosts and-rotations, all of which agrees with- ay -fermalisme, - - - —

r.
. P —
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Section G: shcwa lmu you cs.n convert Maxwell' .8 Equa.tmna and the Dirac equation

gl b e

. to. full spinnr form. T‘hia iB the f,i:i_rst time R hzwu uan Iﬂuma*thin.g like thu.
Hot too sure what ibs uaefu]llnau is. 3o . -
Eactinn 10: spinor conversion of gﬂn-ral relativit,r {gqua‘tinna. Dismasian of how

you check invariance of such equations invelving Christoffels, affins

connections, and so on. Agaim, unique d.iscuaaiqlr}_. L a3 e .
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) Some important facts about relating Bade/ Jehle to Lucht notation.

- . i 1. One demamn which must alwaars be made is: what do you nm*by matrix
mltlplication? Ie, which te-nnrfspinar "matrix"” d@o you want to identify

with the matrix array of numbarﬂ. For tensors, one a.lwaya chooses this:

— e - - - = - “""S‘&'ﬁ e o |. - e e

e “;-(‘f-.\ U I AR U T - - ——_— -
o O '

- - - - . e e €3 - a o, - - - - - - -

R (. W R VA PR W S S

There is a certain sense to *thls choice because when you mltiply ma.tricaa,
" . Fnu-m-re attaching indices in a covariant Way. -
2. Howaver, for spinurs- the convention seems to be different. I thittk this difference
" follows from the traditional way of treating Pnull matrices as just regular matrices
"7 with no mind given to contra versus covariant, T T T o -
In the following, I will use the symbol i to indicate the usual Pauli ~

. patrices , Thus, o\
' - ) Yo -
@ (2 =. n(‘x 0) i} (To iy = LGJ).-._ .

-= = The symbol-¢ is reserved for- Bade's objects with -true spinor-indices: -The -— ———o
- connectionr between our objects ‘te—this: - - - _—_

- — —— _— . . - -_— -

o @MY = (B 77 el ol
T To check hermititity (knowing that the T are all hermitian): T T
o (J'_'."P‘) I-h __ AL U'M ‘)i‘ "-E..-{E:)A‘)wh .{tﬁ- (f’l\_)n'iiﬁri- (._‘C:m>‘nm. jﬁ -
— - - - = = - . t m———— g - -
I 2 _Q‘:}fﬁ)h = (g* f)lﬂ v —— —

— - Now, for spinore of rank 2 with first. index doited, by matrix mult we _ -
e - Will mean the linking of upper indices. Thus: -

L AR = AT RS L

. i i e———— =
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Comments on Baade Jehle regarﬂing convention for chovsing explicit form
for objects o . _

_l 1. On sheet one top, I show the three conditions which the objects ‘:ﬁ musgt
o satisfy. On sheets 2 and 3 I show how these conditions arise from the
desired requirement that (in BJ form):

S o AR AR

= e o me

—— _

Thia fac‘t gurqﬁ twﬂ of the prﬂpar'tias. You can a.lms‘l‘- pro‘ve propsrty II from I

(as labelled on sheet 3]1 but not quite. This proof ends up with:

) ‘.@:‘"‘hdﬂ})ﬂ-- -3?%:] /:\“ Rat = O

‘Fuf you cannof claim bracket = 0 because it i® mot obvious that you can inﬂapenﬂ.an‘tiy
set the 16 numbérs which milt¥iplyl B B - T

2, 1 ha.ve than shmm tha'l:- BJ's chnica fur the v"i"- abjec-ts duﬁs in fact satisfy
_all three conditions. To prove conditiom (1), & reduce the proof to a statement

- - Lo

about Pauli matrices that I know ia true, namely:

N ; C e -
® t%_[’fﬁfd]u Sy -

— . - .To prove property (II), I had to explicitly check all 16 iferms, see.sheet 5.
- ==« -—This shows- that BJ'-8. convention works: they say:. - -

— —_—— — - ":L'ﬁ - - - - - I -
- (O T = @) T .- _
- 3, I have shown also on sheet 4 that the followiidg dltefnative choice &lso
T “satisfies all the conditiond of the sigmas: - -

N 50 =
—_ (%_ (’Zﬁ)aﬁo e e - -
- Although BJ do. not use.this. second convention, I like_ it better because it. agrees
- with ihe standard mathod of converting to SL(2,C), .namely:

Y N A Y _

- - 4. There.is always. the .factor of,rf to think about, It has to appear somewhere,
different authors cause it to appear in. d.;tffarant- places. - = . -

- s ———— —— — —— - -
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306 . THE THEORY OF GROUPS
is called me“%ﬁ Egnntqion. The correspond-
ing quantitise are ca vectors and peeudo-vectors,

Quantities that transform according to the repre-

santations
(" ()"
:.:h:tcallml tensors of rank (m+n).It can be sasily seen

santation .
("~

and those of the other according to
bl

i::u l?ttnrt;ﬂ called pseudotensors to distinguish
rom the gquantities of the firat kind,which are
called simply tensors, ) ' '

Note also that
T X timef and o Xeramer
If wa conasider a scalar as a tensor of rank 0, then we
can formulate the following obvious rule: the prodact

of two pssudo-tensors is a teamsor, while the product of /
a_teneor and & pasudo-tensor im a psesudo-tansor,

7

Chapter IVI

vistic In ant Bguationa

!3,1:1:: Wave Punction

According tp the classical theory of elementary par-
ticles (electrons,various kinds of mesons and others)
the state of every free elementary particle can be de-
scribed by means of a wave function ¢(X)m¢(fe 5. 5n %) .

The function can haye opne, geve or aysn -
— 17 the numbsr o

nite number of components ts compo-
nents 1s Tinite, we &EII denote that number by g.ln
terms of the wave function the Lagranglian of the par-
ticle is & quadratiec functiocnal:

L= L§)

The form of this functional ia in general different
for various particles, The integral of the Lagrangien
over the whole of four-dimensional space-time is cal-
led In this theory the principle of least
action is valid, according to which -the wave- function
satisfies the equation 85=0, This equation reduces to
a aystem of linear homogeneous differential ‘aquations,
which can always be reduced to the form

&%—!—mj.—u (0 k=12 ..., & /=0,1,23) {73,1)

On mccount of the homogenmeity of space and time,the
coafficiants and ¥;, depend neither on the coor-

dinates nor on time.

With the aid of the L an the energy and the
momentum of the partiele { or their walues averaged
nIur ;hn} can be expressed in terms of the wave func-
tion ¢.

Iy mechanics and electrodynamics guantities charac-
terizing the motion of matter ( velocity;energy,elec-
trie and magnetic fields,etc.) take on different va-
lues in different coordinate systems. In complete ac-
cordance with this,the state of an elementary particle
is desceribed in different systems of coordinates by dif-
ferent wave functions. It is of a fundamental importance
that the trunsformation undergone by the wave function
in passing frod oné ¢odrdinate system-totanother-is lis
near.More precisely,this meuns the following: Consider
any point ,say x=y=2=0,%t=0,Let K' be any syetem of co-
ordinates whose origin at thé time t=0 coincides with
the origin of the original system K. If we denote by

- 307 -
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ﬂg components of the wave function in the system

K',the linear character of the transformation is ex-
pressed by the relations

9. 0,0, 0) == 7y (9240, 0, 0, 0). (73,2)

Here Tn{g] is & square matrix of o rows and o columna,

€ is the element of the full Lorentz group which cor-
responds to the transition from the aysten K to the
system K*,

Let us prove that the matrices !I.‘u{g} (2€EL) rea-

lize & representation of the full Lorentz group.To do
this,we introduce another system of coordinates K'',

- Whose origin also coincided at t=0 with the origin or

the aystem X, We denote by & the trunsition from the

aystea K' to the systex K'' and by h the trsnsition
from the aystem E to K'*, Then by the definition of
the Lorentz group we hsve h- 2.0n the other hand, we
can write down the elpﬂﬂsiﬂﬂ

H=T, (£)% and 4 = s ().

" for the components T¢' of the wave function in tha

system K'', Comparing these expressions with (73,2),
wa haver

TaW =Ty Talp, 1.8, T =TT
at the set =] bers

(1=1,2,.,0) for a fized X,can be considered as the set
componants o a.ce n yector " A~J=01men—
a8 [] at ™ Zag representa 1+ o
-] Ients UDs

Of course, the choice of coordinates for the vector
Y ie not unique: by changing the basis in the space
E we can go over from old to new coordinates that are
linear combinations of the old ones, In applications
it is natural and convenient to choose a basis related
to the decomposition of E into irreducible subspaces

Em¥r, (73,3)
[T S L

Here ® 1s an irreducible representation of the group
L,that tracsforms the subapace .E“, The index s serves

to label the subspaces, which transfomm ageording to
the sams representation T .In each space R“ let us
now single out a canonical baais '

e = R Ll
The smet of all vectors ®ra L forms a basis in E,

In the following we .shall continye to use the coor—

a ation shows

BETATIVISTICALLY INVARIANT EQUATIONS ‘ﬂg
g e TS '
dinates . § Teferring to this basis as the compo=
¥
nenta of the wave fanction.

Ii,RglatiIZ stically Invariant Egquations

virtue of the principle of equivalence of all
inagial' Systens the field equations (73,1) should be
of the same form{ and conauqu&htH should have the
same coefficients) in all inertial coordinate asystens,
uations that have this property are called =
atle nva o LI 8 segtion we ﬂa]_.-i_rw the ge=
orm ol Buch eguations.

We note first-of all that in as much as the coeffi-
clents of the equation (73,1) do not depend upon the
¢oordinates x,y,z,t its invariance at one point, say
(0,0,0,0),has as a consequence its invariance at a1l
other points. We shall therefore consider the left hand
side of the equation (73,1) only at the point (o,0,0,01

Por simplicity we shall consider that the matrix
‘tn has an inverse, In this case we may, without. any

further loss of generality,put

g =l (x 0).
Thus we consider the gyatem
R - (74,1)
df-g%«f—:h o, ’
or, in the new notation

& numbhers
MHewrr

We consider first what re uirements a
variance With nEgau‘E To %Ea proper Iummg group g,,

8t us sea, how
f

transform in a transitfon from one inertial aysten of

coordinates to amother, From (73,2) we have:

“‘ ; - & u'd e 'y ﬁ“"‘
ﬁ‘;,:"' =t {g) ;;’ "a‘iﬂ‘wlﬂ'ﬁiﬂv_‘-

We see that the 4o numbers
.#_"'.[-;'. 5
(g',8" are fixed) transform as the coordinates in the
space realized by the representation LR Y S

Ir thle mpresanta.tian"x‘;_;.duaa not contain the re—
presentation ¢, then no linear combination of the



&,
quastities —i<L transforms as the p ., .dence ifEis

not contained in" X%i1,thoss equutions of the system
(74,2),wnich on their right hand side contain by (¢ is

filﬂﬂ.} do not contain the derivatives My +
hand side, —s, o8 he left

o sball sey that o representation T ia linked with .
a representation the product wcontaina
The result obtalned can now be romulatﬁ as followa:

if a repres:ntation ¢ does not link with a representa-
tion ¥, then all the coefficients 44 .. are equal to
zero.

L) H
a mpresentation © is contatned in T ,then at least one

of the representations linked with % 15 contalned in T.
In fact,were this not true the laf® ;iani ufiea oT the

egl.mtiunu (74,2) corresponding to a given € would in-
clude no terms and we would arrive at the absurd con-
elusion that pymo.

If the representation v is linked with T ,then the
representation eXg, jcontaina the npmatntat{un € only

once,as follows £rom (68,3).Hence apart from a factor
independent of [ and ' there exists for fixed ¢'and
&' only one sst of linear expreasions

Pler 'E;-:r U=1,2, ..., 5\

(T4,3)

~ “that transforms as the sst of componenfs % (7=1,2,,,s)’

Hence relativistically invariant tquat}nnu can be writ-
ten in- the form .
z ZawwPlur -ﬁ—f:r + =0,

» v'r]

(74,4)

@ where the coafficients Em z'st BT® arbitrary, if it ias

not required that the egquations be invariant with res-
pect to inversion.

According to formula (68,3) two representations
tpqﬂ.ﬂll ‘!‘.‘.,. q are linked if
‘ o -
[P—Plmg and lQ—Ql=73-

L}
In other words,if P£0,Q{0,four representations

L [ S ir T v T .
Pogi Qeg Pad, gy r-‘i. ey et n—;

|7 &% Tinke [ with the Tepresentation Tpye Only two re-

presentations -

BELATIVISTICALLY IKVARIANT EQUATIORS J11
n

ol oy

link with the representation Ty, (Q#0) . And similarly
the representations

'n%.'; and "1"%.
link with the representation ‘EPO{P;ED_]_HMJJ.; only

one npﬂmntatinntiilim with the unit representa-
tion By,
If two representations € and € are linked,the sums

of their indices P+Q and P'+Q' ars simultanescusly
aither integers or half integera.

Let us evaluate the coefficients Pj.'h.*l Ne saw
that the cperators N ; :
&, U=0.1.2.9)

transform as the components of a four-¥ector in the
natural basis. Using the matrix (71,4) for the trans-
formation from the natural to the canmonical basis,we
can easlly obtain the operators

2, 2 e d ., R
d._l._" _‘E+E—‘ ‘u%,.{:‘E—l—fﬁl

. -
@ d 8, e (74,5)

O =l tia f = —tgta
that transform in the same way as the components of a
gyector in the canonieal basis. Equation (74,3) can now

ba rewrttten as - -

) P&r%ﬂ-—- arac T T R

- -

(74,6)
According to (68,4) the coefficients P3Y are equal to

1 1
PEir = (3 Pmr/| o) (3 @ 1Q0). (78,7)
where P i3 the weight of the representation T3P,
t:u niéﬁt of the representation <%'; p,q the indices
of the basic vector § ,; p'.q' the indices of the

™
basic vectory,. g . .

Suustituting (74,6) into (74,4) and using (74,5)
and (T4,7) we obtain:

e b Trome {(3 7 5E1RR) (3O § i) (=), . e L

oy
+zP 7 1Pp)(3 @— 37 1Q0)(— 1 L+ 2) +

s wa

-,



-

[
P = 1Pr)(30 Lg100)(1 Lt 2)
+{§F—}rlfp}{}ﬂ*-—~i—rlw}{!';_';l—lv-;:—‘}}x

X brovye +cirgn=0. (T4,8)

The Cladsch -Gordan coaefficients 2

appearing he
Svaluated in ssc, 54, Subatituting the rafuur:b:::ll.:ed
there into (74,8) we finally have:

R e e
X {_‘Edi + J%J Yrouptest
+V (Pt 1) (@) (—t 2 4 P reuptes +
a A G | e éh.wf”};,_ +
+o) (P ~pet7) (@ =+ i) ’””"‘E‘*i’} +
SR —
where pesignp—pjands=igm(@—q) +) (14,9

If“put "la 1ﬂthiﬂ‘ e
remain relativistically invartaes, .’ "i11+ Of course,

“Let us note certuin symmet

¥ propartie -
ficients p!{... .Prom (T4 o 7] it tollnfr: thb: % th;n:z'r
not changs as a result of the substitution o

P2Q, Py,

PRIy a
This can be written as: =

Py =P
m“ I+ :T"‘l' 10}

T, ;-1“,_ b~(p. b T=(q. P} lt-'.‘-,

. If in (74,6) we substitute t
he explicit forms (74
1 for &m and then equate the coefficlents of tlﬁa d’lus.l!-
vatives & s¥8 obtain:
7l

T

4+
Sign x=1,1f x30 and sign x==1,if x<0

RELATIVISTICALLY INVARIANT EQUATIOES 313
. .

L]

i ] i
=Py P —IPa

1 &
P PRI PR Y P ‘
i s i i
P =Pl V4 PL. Py =-le‘.7+1?1,_,'!'. (74,11)
If in theses equations we make the substitution
) Tt ¥ ¥, [l I +F
and take into account the symmetry of the coefficienta
p=s.; Wwe obtain: -
P’*’*“_P=I;Fl 'Hﬂl‘l'-"ﬂ*-r‘rp u'l!lin {T‘|l‘2}
Furthermore,the Clebsch~Gordan coefficients hdve the
following property (see (55,6)):
Unfy— ey —my | J — m) = (=15 (] ey | Jm).

Pt == ) T R
Beturning to (74,11) ,we find hence that
Prger=(—=1)""""%0, (@=0,1),
" 1. 13
Aoy r=—(=0""" %0 ¢=23 (74,13)

For further use we need another general relation
among the coefficients ‘1k of equation (74,1).0n aceount

of the relativistic invariance of this equation the
function ,
h—'!uwh

‘Heance

must satisfy the equation
a;.f‘—;:r+:ﬁ-o (7 o= 2y ) X)) _

or
T =,
i B+ omon
On the other hand ,eguation (T4,l) can be rewritten in
the form o
J‘LF‘-:-‘,Q{IJ"‘F#{—D'
Subatituting heres 1 for [ and sultiplying by j;“{g_},
we have: Ta) Ahaa () 3+ 1Tap = 0.
- . T
Comparing this with (74,14) we ses that
ALT“(H—THMJ;G,'(H.
or, omitting the matrix indices,
' . .',-m-umm-:ﬂq(p-

In particular,for Y=0
' T HAT @ =A@

r. f"hlﬂ L1 TR T
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Ve &.”tmtiut this ression with respect to
-rl/c end then put g-t:xgaking (66,1) into ucuurﬂ:f:
we ohtain:

= Jy A% AP, = e AL,

Since the x,¥,% axes are sguivalent, we can writ
down a more sen’u'-al nlntion:q ' ¢

AV [ AT eI A" —AS), (k== 2, 3). (74,16)

et us ase naw under whal conditions eguation (74,1)

is invariant with respect to inversion.

Note that the inversion operator carries any basiec
vector L Q that transforms according to the repre-

sentation T of the proper Lorentz group, into
a basic vector u. _,that transforms according to the
representation =%p+If P=Q,then the representation
€ is equivalent to the representation 1 .In this case
the inversion operator is defined by the equation

leme=tes or by Leopy == — tigy-

Hence it follows that the space E of the wave fune—
tions contains the same number of subspaces,irans-
forming mccording to the representations Tand .

Let us agree to label them in such a way that the sub-
spacea B and Eg,with the same label s transform into

‘each other iMder the action of the invErsion Th i
¢4 €, then ~Hias 1t

- Wowe ™ “5or
But if T=7,then evidently
Ly = Cragps
ar
gy = — Fagy-

These three expressions can be given a common form:

‘ b = sigmre, (Ta,1T)
Af we introduce the notation ' ’
1. if =t PRQ
L oif sewp :

=l A v=vp L L

Hen v sign ¥ = _ (74,18)

As its derivation shows,{74,15) should also. be valid
for g=I, if the eguation (74,1) is invariant with re—
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spect to inversion of the spatial cun:ﬂinatu.&im’
() = 1, 8y (/) = 0y (1) gy () =—1.
then for g=I and y=0,1,2,3 (74,15) reduces to
FAT=A%, AN=—A" (=12, 3) (74,29)

In other words, in order that the equation (74,1) be
invariant with respect to inversion it ia necess
and-sufficient that_ the matrix A° should co_nTuta_w th
t&n inversion operator-and the other threw At,

A° should anticommute with 1%.

let us ses how the conditions (74,19) are related
to the coefficenta z= .Note that the last three re-

o 0
lations (74,19) follow from the-condition A 'I=IA".Ac-
tually,it w;.s ghown in seec.72 that the inversion ope-
rator anticommutes with the infinitesimal operators

i]_i!.z'-'.r.],'
Hence, AM = (AP — AV T — L AP — AR = —IAY (k=1 2. B

. .0 o
Let us consider the condition A I=IA .Actirng with

both sides of this operator equation op the basic vec-
tor ey, and taking into account (T4,17) we get:

siga shteg, 7 =A%y
Hence,since i

Aeg == TPt st
1% LoX1owS BRA 28 pite n= WO TP ie i
Equat coefficients of#, Jand tuking into accoun®
tm :f. 4= —PiraWe f:l.ndﬁ:m following condition for

the invariance of the egquation (74,1) with respect to
inversion:

sign ez = —wgu e 2L (74,20}
15.The an

eccording to the theory of elementary particles,the
I.ag:nngim gr' an elementary particle has the following

form .
L= 4)+e6 D (75,2)

where ¢ is the wave function of the particle and the
*(x=0,1,2,3) are o-dimensional matrices. "The ‘expres-’

and—- -

A oy

sion (¥.¢) is a bilinar form which can b Pepresented- -~ ...

as followa:

£
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(. $)=Bypdy
{ o ? ¥) o= Bymhy (75,2)
‘daim over the indices 1,1 from 1 to o is A8 SN

Let us.see what the patri = :
ces and the coe -
clenta Bl.‘r must be in order that the I,ggmngia:f]iu in-

variant and that the principle of least action
m_afr;u,qd.q'ﬁ,-u
be equivalent to the equations (74,1).

Let us calculate $S. We have
“’=l L".I-‘:ls

--f{{r'-:;‘}. 6+ (P2 8)+eop D4, W} dix =
=— [ e @4, e [{(m, ) -

rx" —(™ 2L u)— ) o
where is a matrix co -

te v
respect to the bilinear t:'jmug?ﬁ.;?.:?n patrix ith

The first integral on the
t hand.’
t expression is zero whan ghbacdnuua:::quu:g:de

a cartain
b 4 e regicn of four-dimensional space=time,and we

- 5= I{M;%..TH]##.—J(ﬁ§+;P- W)aw=o. .
Since Sy 1a arbitrary,it follows that:
(. ™ 2 —xp) o,

From the (l';‘th “) -
m 88 relations the diff t
follow,provided the bilinear ;:ﬁr: %%'S%uﬂiﬁg;_ﬂ;ﬂ}

-

I*-: - I_'F_ a‘-‘.

+) In other words,the ex
1a P10 ot . pression (v §) =iy I*%.
¢ and v af:f-dlns of what the o—dimensional vectors

++) The form {:5_13} is said to be ' |
s sai - non=-degensrate,if
“onecHr GhOS36 Y in such a way that

e e -

BRLATIVISTICALLY INVARIANT EQUATIORS 3L

Thus,ws mses that only such diffesrential equations
(74,1) can be derived from a principle of léast action,
in whkich the coafficient-matrices are anti-Hermi-
tian with respect to the bilinear form (75,2):

(15,3) .

Consider now the conditions that ensure that the

A =AY

_ Lagrangian (75,1) is invariant, We note, firat of all,

that the expressiom — --- - - — ..
P Ak .

transforms in the same way as the -functicn #. This is
ensured by the relativistic invariance of £74,1).
Hence,if the operators AK are chosen as indicated in
the preceding =ection, then im oxder that the Lagran-
gian be invariant it is sufficient that the bilinear

fora (75,2) be invariant,
" Let us write down the form (75,2) in more detailt .
@ 9=_3T Bawsrtutbesr:

The components s transform according to the repre—

:tntnmn conjugate ;-:: . Hence (see sec. 69) out of .
he ucts of the form —— - -
P ° Yadbirr (67 :
(e ,‘t'bei.ng fixed) we can form an invariant expression
only in the gase.when €'=%. We stress that the func-
tions pand ¢ ahould transform sccording to the same
™ sentation pgt only of the proper but aleo of the
£ Lorentz group. . =

. -

s de gasd ow

In sec.69 1t was shown that the sum
E'r._h'rp'
is such an invariant expression.Hence the invariant
bilinear form can be represented as follows:

. )= B, - .
v 9 2:‘;(1 ‘“"E'ﬂﬂﬁ“'ﬂ' {fﬁi"} 1
where the coefficients B, _, are completely arbitrary.

L L

The ¢omndition that the form (4§) be non-degenerate x
ie that there should exist for each T and s such sg *

that
| _ e M _ (75,5)

- .In-order-that the action 5 should takmn_gnlz,;enl v e
values,the form (9.¢) must be Hermitian, i.e. it must )
satisfy the condition ($.49)=(¥.9).Hence the coefficients
B g+ OT® alag Hemmitian . . .

e
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Buee= B (75,6)

In conclusion,let us consider the condition that
the form (¢ ,¥% ) be invariant with respect to inver-
sion. Taking into account (74,17),we obtain:

o 1) =2 3 0w ,§ 019),pq ()5 gy =
=D Z B T v
Changing the summation indices,we find:

Eﬁﬂ#-‘ggﬂ:.réhﬂ‘?:w
Hence it follows that the invariunce of the form (¢,9)
with respect to inversion is egquivalent to the require-
oent that

Biw =8,

(75,7)

Bquation (75,4) defines a Hermitian form which is mon—
degenerate and invariant with respect to the full Lo-
rentz group, provided that the coefficients B, g 98-

tiafy the conditions (75,5)(75,6) and (75,7) but are
otherwise arbitrary,

16,Conservation Laws

The fact that all inertial systems are equi¥alent
has as a consequence that in any relativiatically in-
JYariant theory there are at least slaven conservation
laws. Not all of these laws are independent of each
other. Thus, for example, the eunstmjmjr of px’pr and

K, is a consequence of the constancy of Pyl and H.F
( p is the momentum of a closed systen, and M its an-
ar momentum).

Let uas try to establish the form of these laws for
8 field ¢ described by the equation (74,1) and the re-
Presentation T. -

To do this, we evaluate how the fisld 4 transformg
in passing from one inertial aystem to another,

Let us start with translations. If a aystem K' is
obtained from K by ceans of a translation t'ﬂ (ais a
four-dimensional vector) the coordinates of the same

Note that if §= Ty then Tis understood to be the
Tepresentation . . '

I
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avent in the two systeme are related by the expression
=x—0 (76,1)

in the
Henca the wawve function 'HJ:E is transformed
system E' into the function ¢'(x'),given by

four-parageter
+ranslation group is evidently a

gr::;. OI::EM naturally choose for ite parametaers the
components of the vector that characterizes the
translation ¢t .Let us @& te the infinitesimal ope-

rators Ik{hﬂ?.l.,zi,j} that correspond to these para-
meters,The relations (76,2) can be rewritten in- the

form T (0 (=) =4 +a)

Differentiating this expression with respect to & and
then putting a=0,we obtain

V() =20 (16,3)

Let us now consider "rotatioms* in four-dimensional

Lorentz
ime, 1,8, the transformation of the full
;’:ﬁ;:ti'he'nlatiun batween the coordinates z‘k and X,

of the =ame event in the reference systems X' and X
are expressed by L . '

'} in the system
Let us evaluate the function ¢ (x')
K', into which the wave function $(x) given in K is
tra;.naromﬂ .To do this let as consider any polnt

xi in the system K, The coordinates of this same point

in the aten E' are
93 o vy (K°K) 5. (716,5)

We now introduce two auxiliary reference systems Ko
and E' ,obtained from the systems K and II: , by means
o .
of the translations
' ‘ (76,6)
The traneformation formulae from K  to K' have the
following form: "' = “¢uiaeKe

tracting (76,5) from (76,4).
Egzxu:rgﬂg:::i%;d ;{a ﬂa.:d ¢ () the ‘l':;-'l"ﬂ funct:l.un; in
the systems K  and K} . According to {(76,2) and (76,6)

we can write:°

f=x—s, f=x—i.

L ST RU

aty
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@

RO =4 O = (=) (76,7)

By the definition (73,2) of the regresentatign T the
relation between the quantities ¢.(0) and ¢ (0] has
the following form: ) *
¥ =T, (K"K (D) (76,8)
Combining the equations (76,6) and (76,8) and omit-
ting the index O,wa geot:
¥ (&) =Ty, (KK 4y (=), (76,9)
We denote by h that slement of the Lorents group,which
renlizes the transition from the aystem K to the aya-

tem K', Since hx=x',this last squation can be rewrit-
ten in the form

76,10
D =T, (M4, a-'x) (76,20)

or -
‘l,{l}m-‘rw;‘-- ).

(76,11)
¥e see that the representation 1."_1 which trunaforms the

field ¢ ia in general mot equal to the representation
Y. As a simple illustration of a similar situation we
e “I:hr'"otnr"!iatd‘ﬂ;}nr «Which remsins invariant
under rotations of the coordinate system sbout its ori-
gin while its value at any fixed point r transforme
under the rotations about this point according to the
rvector representation _111 of the rotation Zroup.

Let M be any operator of the translations group or
the full Lorentz group,which tranéforms the function
@ into Y* according to (76,2) or (76,10).¥We write
down the wave equation l'.'H.li satisfied by the func- ~
tion ¢ in the vector fomm:

L

Since all inertial ayatems ,are equivalent,this same
equation is satisfied by Q=g

A Mgy =0

Prom these two equalities the following important
‘relation followa: ~ o '

- .

. g (AN ) =0.

In fact since f‘.—;k ,we have

I(?E;lzl

e
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L. =AM o)+ (arme. )=
o) (o )=
e (M 3) 4 (M )= 0.

_.The_operator M varies over a continous set of ope-
rators cgamspunﬁing to all the possible translations
and transformations of the full lLorentz group, and we
obtain an infinite set of relations of the form
(76,12). All of these ,however, are not independent.
In order to obtain & finite number of relations of the
type (76,12),from which all the others follow,we shall
pass from the operators K to infinitesimal operators.

1 we aifferentiate (76,12) with respect to one of
the parameters &_ ,on which the operator dependa,wa
have: .

LA D=0 (16,13)

I 1im the infinitesizal operator that corresponds
ﬁit“ht"'p_a:utpr «. Let us edd to (76,13) the rela~
tion

éuﬂﬂ=~ﬂ- (76,1a4)

which is obtained,if in (76,12) we put M=iB ( the fac-
tor 1 is included in order that the expressiona

be real), N ANy e ’ -

If we deal with the lLorentsz a:rous. it can be easily
ahown that all the relations (76,12) follow from the

relations (76,13) and (76,14). In the case ?r the full
Lorentz group ws should add to (76,13) and (76,14) one

more relation: ’ o
& W = (76,15)

where 1 denotes the inversion operator.

: relations (76,11),(76,14) and (75,15) are cal-
l'adT::;n::::atE:n laws, They can bs given the form of
a continuity equation

‘.hﬂ'm : - e ] -7 ¥ L ] .:.-_ R e . rd' paea .
p=L(AMh. 9 h=0A1%Y (=L23  (76,17)

I is any infinitesipal operator, the unit operator or
The inversion operator.

Lorte BT o U

o
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The relation (76,16) has the following integral form:
a
-?J ety —;[f“ (76,18)

Thus,the quantities (A'H, %) (k=1,2,3) can be considered
as the components of the current density related to
the density 1 (A5, 3)

= L 4.

Bote also that if in (76,1B) V and--8S -go to infinity,
wa have

[ 74V = const. " (16,19)
Consider nmow in more detail the conservation laws

connascted with the translation group.iccording to
(76,3)equation (76,13) can be written as

'] &
E{“E -:?)-'u'-
Introducing the notation

Tu=Rei(arL, ¢). .
Cials " (76,21)

The quantities Ty (1/=0,1,2,3) form a tensor,culled the

the energy-momentum density tensor, The four-dimension-
al divergence of this temsor equated to zero expresses
the conservation laws for endrgy and mbmentum.

(76,20)

wé have:

To ses that the quantities Ikl form & tensor we per-

form the transformation from the reference system K to
K*. Tuking into account (74,15),%e obtain:

Thp mRe [IA¥ % f) —Re(IA¥ T () }:: T@Y)ari @) =

=R (T I T Y, )=

e D @Re (1M 3, ¢) =ari@ars@) Ta
which proves the tengor nature of the quantitiee II:I'

Consider now the conservation laws related to the
proper Lorentz group. ln order to obtain these laws in
the most symmetric form it is convenient to change the
choliece of the parameters describing the elements of
the group & .. ., . .. o _

Write the general lorentz transformation in the form

=1, Tatwts ’ (16, 22)

*
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where ¥, is the matrix (71,9) and the &, ., aré pa-
ranaters describing the given transformation,.These pa-
rameters are connected by the condition

TR = Tty
1f the & are emall quantities,then apart from

higher order infinitesimala, the last condition indi-
.catea that

=g —

Thus,ths number of independent parameters cka is sirx,

as was to be expected, We can take as these parmmetars
any independent set of six numbers L We denote by

Ly, the infinitesimal operators corresponding to these
]

parageters. Svidently
la=—0ls (k 5s=0 1 2 3)
; TE-9h, T is a
Accordl to sec.44 the expression T s
linsar nunmnt:ion of the infinitesimal operators -[Ir.fa'
whers the coefficients of Lt'u‘ do not depend on the

representation T . Evaluating these coefficlients for
-thg ﬂntnr-reprcnntmon-tkkn obtain the relation

T iaTE) =uy @) 2w @ v EEZ). (76,23)
which is valid for any -representation I of the proper
Lorentz group.

The operators L dre corffetted witi“the-operators-

!II E.;{P-’-ifzdi as followa:

o=k ly=—h h=—h
==t ety lp=—t

This camr be easily seen by direct calculation .

Let us now see how the infinitesimal opeérator I, ..
acts on the wave field y(x). To do this,let us differ-
entiate (76,11) with respect to the parameter g of

the elemant n~t and then put h=e, According to problem
V,aec. 43,we obtain:

& — EG' ﬂ .
—Repiny= "”“’Ha:i«..u-'a L. (76,24)

where 1, and -]-:~kn are the infinitesimal operatora re-

lated to the representations T, and 7,y=b"Yx,Let s - -

calculate
. T
Beph~) b

L L e e ] aad

T -

-
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We start from the identity

P 5y - Tate (87 25 . '
Jfferentiating with respect to ln{h'l} we obtain:

THE THEORY OF GROUPS

T TR T
Substituting this expression into (76,24),we find:
- ey B ;
Ko 90 i (5) == (108, ~ Tigka) - (76,25)
¥We can now write down the eix conservation laws, cone

nected with the Lorents u « According t
nected group #&. icco g to ITE,I]J‘

L) (76,26)
where T = L N, )
=Wl O+t n—taz) (A 3L 4). (16,27)

The numbers ‘Ijka form a tensor of rank three; This fol-
lows directly from (74,15) and (76,23).The tensor djxe

is called the angular-momentum density tensor. It is
anti-sympetrical with respect to the second snd third
indices .

==y (76,28)

The relation (76,26) expresses the law of conservation

:f angular momentum in a relativistically invariant
orm, - .

The engular momentum tensor consists of two terms
Jog = Spa -t My, (76,29)
The first term ie called the apin angular momentum den-
sty tensor and the second, the orbital angular momen
tum density tensor.

The conservation law, corresponding to inversion,
evidently ia of the form

AR — 5 — 3o —5 Hx 5 2y 5)) =0,

"It is called the law of conservation of parity.

17, _Spin .

The concept of .epin is closely connected with the
non~-relativistic .concept of angular momentum.- s is
well Jmown,the components Jx.Jr,Jz of the angular mo-

. mentum denzity vector J are equal to the ‘components
. dp230dp31 a0d Loy, of

the four-dimensional tensor of

¢

.
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®
sngular ponentum density.
Taking into account (76,27) ,we can write:
fomiut 9038, 0) s ()
The corresponding expressions far .I;‘r and J are obtaln-
ed_from (17,1) by eyclic permutation of x,¥,%.

Hence the vector of angular momentum density can be
written in the form

(17,1)

S5+ M, (77,2}

where
Sem(h'oh, §)  M=(A'[rplh ¥) (77,3)
and a=th (s=L23 p=ig). ey

The vector 5 is called the density of the epin angular
momentum of the particle,the vector M is the density
of orbital angular momentum, provided the function §is

‘-pormalized by

j’w;. v o 1. (77,5)

Note that if the condition (77,5) is satisfied at a
certain ihitial instant of time it is satisfied for
all times. This Zollows from (76,19).

In sccordance with the non-relativistic approach of
this aection we shall consider the representation T as

a representation of the rotation up B, If g€R i3
a m:atiun,_ then it follows from (74,15) that
T IANT@=A  (ER- " (77,6)

We denote by Ko the set of all vectors of E,which are
tranaformed by the operator .f into zero:

~ A0 REEY.
From (77,6) it follows that the subspace B, is inva-

riant with nnpﬂeut to the rotation groap. Let us de-
note. by g_:n the representation of the rotation group

under which B transforms. Singling out from I. the re-
presentation I_, we obtain: : -

T=Ty+ T,
Ths subspace that transforms mnxﬁﬁ:g to the represen-

s e o ome e

et
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tation _;'_. is dsnoted by 11,
Lot us write ¢ in the form ¢=~h+& (WEE. WEE)

Ye have: S (A% $)= (A%, §) = —(o%. AN)=

——rly M) (A B
(77,7)

Thus, in the expression for tae density of spin angu-
lar momentum we have only the component W of the wave
funetion ¥ . Hence, the operator o can be replaced by
the operator g; srelated to the representation L.

The operator 9 is called the spin operator,while
the operator ;:,, ] is called the orbital angular mo-
méntum operator.

If the representation ;ﬂ containa only one irreduc-
ibls representation of the rotation group once or

several times ,then the weight P of the representation
ie called the spin of the particle in question.If

the representation I, contains irreducible representa-
tions of different weights PJ.’EE""PI. then these

weights can naturslly be considered the ivl

values of the apin of the partil:li."?a possIate
If the wave function ¥ belongs to one of the irre~

ducidle subspaces ES=E,, then it is said that the

apin of the particle in the state ¢ is equal %o P,
where P ia the weight of the representation €,that

‘transforms the subspace E_.

Let the wave function ba a planes wave with the
four-dimensicnal mumentunwp.i.u.

S(x) =r'P® (X wm Pty — PyX, — Pyty— Pry)- (77,8)
Wa consider the plane waves
Glz) = e, 1\77,9)

in which p=p=p=0. Sunstitutin
£ this axpressio
the squation (74,1),;we have: P A in

(A% ayp =0, (77,10)
Denoting by E(po) the subspace consisting of all vee-
tors 9, which satisfy the eguation (77,10),it can be

. a h . .
eaaily #seem that the sibapace B(ps) 18 invariant with

respact to all rotations,.In fact,taking into account

+) It should be noted,however,that up to now no par-
ticles with variable spin have been observed.

4
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(77,6) we have:

At 40 Tig) o= T () (AR 2l =0 (EER).
Let us decompose the subapzce E{po} into irreduc-
ible subapaces, We assume that *n belongs to one such
@:qpne B, (= 'EP], Then the wave function (77,9) de-

soribes a state of the particle in which the value of
the spin ie equal to P, and the four-dimensional en-
gular mnm:untuT is aqu.ai to (n0,0,0) .Since the sub-
space Ey has (2P+l) dimensions, there exist consequent-
1y (2P+l) linearly independent states with the given
momentum and the given value F of the spin.

The -Relativistically lnvariant Operati £ Time
Yersion an ® Fa sorem -

Am 1a well kn::;m,the equations 6f mechanics are in—
variant with respect to time inversion,i.e. to the
subatitution of -t for t. The equations of electrody-
namics

1 N 1€ , 4=

Qv Emtip, v H=0, FomeE4Z[oH)
are invariant with respect to the subatitution
f—+—Ff E=E Hs—H

which also contains time inversion.

Let us find the general form of the relativistical-
1y invariant linear operation .

tr—t, G-+M3, {78,1)

which contains time inversion. -
Assume that the wave function § in the reference
system K becomes in the system K' n
=T o)} {78,2)

(the vector o describes the rotution of the system K'
with respect to K, ¥ is the velocity of the origin of
the coordinates K' with respect to the system K).On
account of the relativiatic invariant of the operution
(78,1) ,the function M¢ should, in the system K'become
the function M¥'. After time inversion the wvector
does not change,while the velocity ¥ reverses its di- -
rection ,hence : I T T
My’ = T{a, — o) M}

Substituting here ¥ from (78,2),we obtain
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NTe, #)=Tis. —e) M. (78,3)

Differentiating this eguation with respect to the pa~
Tameters of the proper Lorentz group, we find: ?

{ M=, Mh=—M (=1, 2 3. (78,4)
Pron the formulae,connecting the operators gk,gk

Asl o — 7 (O H-103) Mo — - M1y — i3y} = B,

) 1l.e. i «In the same way the relation Bh=HA may
be obtained. Purthermore,

AM=NB_, AM=MB, B, MuMA,, BM = MA,,
Let ?EIN be one of the components of the wave funo—
tion ¥ correspending to the basic vector e of
Tpag
the representation T= qu of the Lorentz group:
=2 bareterr
According to (78,5) we haver
By == MAY e = e gy -
We mee that the wvector "'tpsq transforma as u ¥op?

where u ? is the wector of the canonical basis
the repreasentation T= *EQP

- - - -

B e =¥ (78,6)
To determine the coefficients A_ we operate on this
expression with 4 + and B . «Since AFI:_II_I; L havs
. llﬁwwili,
or | |

< Popet Se1p™ w- 155

4.~ - :»30-0at depend- upon . They also domot depend upont p -

as it can be easily seen by acting on both sides of
[T_a'.s} I'i?-h the oparator E.+- Tharefora F | ,1‘ Hence

- -1t follows.from (78,6) that the linear operator E that

e e T P T T T e A T e S T R N, i B s i o

with the operators lk'ik{k’l'z'ﬂf it now follows that

AN s (1A, — A M = M (1B, —B,) = M8, (78,5) -

_Henge 1t follows that .Amd-' A r1-0, the numbers. A

°
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L3

satisfies the condition (78,4) has the form:
M= IM, oy (78,7)

whers the ut'a' g BT® completely arbitrury coafficlents.
Operating with E omr the funetion §,we got @

e Mo Do Mo _

i.e.
) gy = T M $2 0y (78,8)

Let us see,whether the coefficients k __, can be
s0 chosen that the relativistically invariant equation
(74,4) is invariant also with respect to time inversion.
Substituting the function .
;n_f"'ﬂ{‘_':ﬂ Xy X X3}

on the left hand side of (74,4) in place of the fune-
tlon  $(%. 5.5 x) and waing the relationa

signeZy g = —sigan v, .,
Pap=—Figaps Php=Plyzp  U=1.29

we samily find that (74,4) is invarient with respect
to time inversion provided that

- oMy o M B signeM, = — signv'My. (78,9)
for any pair of linked representations.

Since olosed chain of linked repredentutions
always cnﬁst: of an even number of representations,
the condition (78,9) is never contradictory. Prom now
on we shall consider it to be satiafied, DBesides,we
assume that the coefficient He are equal %o

ﬂ.-il.

" Let us see how the charge density p=e(s’ ¢, ¢) and

the snergy density of the particle ) oo
=9 .

change under time inversion .iccording to (75,4) ,we
havet ) L= .

- Myrmre (AN, M4) = T, By (M), (M4)5, 5 =
T T e B MM A i e S

Ca

$ubstituting hereT,lfor %, and recalling thats —8:,.
and Ay =—Atirien WO get:

and

I R T

s sty o

P
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m.

M= —r*_g_l_ B MM Ao ot i
=—e L B (A haMM;.
Let us evaluate the product
MM = sign v M sign TMs. -

Since in going from any representation € to the repre-
sentation linked with it, the quantity signTH_

changes its sign,the product K, Mf is evidently equal
to

(78,10)

MMz (1),

where v is the pumher of steps needed in order tg, pass
from the representation “E to the fepresentation 1 .4t
each step the index P changes by 1/2. Hence, the num-
ter of necessary steps is even if P-3 is an integer
and odd if P=qQ is a half integer, in gther words ,v is
aven if the apin of the pirticle is an integer,and v
is odd if the apin of the particle is not an integer,
Introducing the constant product ki, mg under the sum—
zation sign in (78,10) ,#e¢ obtain:

(78,11)

My = (—1)"*"p

In a completely =imilar way we obtain:
Me == (— 17r.

From"these “expressidos ‘the Pauli “theorea followa:

The energy density of a particle with half integer
8pin can have both positive and negative values.

The charge density of a particle with intwgn.: apin
ezn have both positive and negative vulues,

79.The Dirac Bguation

If we consider the relativistically invariant equa-
tions satisfied by the wave function that transforms
according to the representation T=w + %,1. We obteln

the Diree agquations for the alantmht. *

First of all let us find the form of these egua-
tions, To do this let us use formula (74,9).In the

- caseé-we are considering each of the irreducible repre-

sentations-centained -in.2- appears-in T-only once. Hence
the index s, labelling the subspaces that tronsform ac-
cording to the same representation 1is not neces

here .Only one representation ¢y, is linked with the

reprefentatidn t"i' aith “i' so,only one representa-

A

®

W

“tion 13 linked., Hence,

RELATIVISTICALLY INVARIANT EQUATIONS

@

in our case the amatianli;er
Q' ' a out. It is convenlent to simplily
zh;ﬂinmu: tgﬂpdaacrlbl the wave function conponents.

We put :
R T T ML T AL

Let us now pu::z—lrn. g=0, =0, Qr-’%:_ F"'% . '=q'-_
in (74,9).7e so obtuln the following sguation:
‘ LA
FiZsaar] (bt i) —(ta ) =
In a similar way we obtain the other three eguations:
. d .. 23y,
ﬁz%--%{{lﬁ""a:_,]?—i —{‘.,'F,'!';,—Jfr E+*?-l==ﬂ.
1 4 , @ a . @ , -
ﬁz'%*l{{_vlﬁu"ﬁ?-l“{'ﬁ'r*ﬁl}?:l"l"?[ =0,
Fras sl )= ) el =
the condition (74,20) for the invariance of the equa-

tions with respect to inversion glven:

-z_:“.i--ﬂz‘_:?i‘ .

T LAY
and obtain the following system of eguations:

L I R

Hence we put

- oW P—

(Té.ll

__;%14_%: 4%_1%%&“ -0,

thus the matrices of the operator Al(3j=0,1,2,3)
have the following form :

0 0 —t o 00 )
o 0 0 —i | 0 o0}

M=l 0 0 of Xl o -1
o0 —1 0 i 0 0D

s o 0 —i . (79,2)
wal® 0 -1 0} oal0 0 0
0 —1 00 Tt o o0
'.- u-. '!}Iq b ..-_',- oo

( the rows and column ;
der of the indices: ~lgly=1,1

In order to oht:;.in the Dirac eguations in the or-
dinary form

S T oy P A e ae ) ta ey
e correspond to the following or-

DR TN

= =

A s R
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ToiE T+ T A1 2 om0,
where Te Tu i 7; are the Dirac matrices:
1 l: : ; 0 001
- ¢c 010
"=loo -1 oft m= 0 —1 0 0
a 0 =1 —1 ¢ oo/
G 00 —yg 00|
-] 00 0 000 —
Ta 0 i 0 ol® Ta= —1 0 0 X - ’
=-={ O 0 0, 01 0 Q
it is sufficient to chunge from the components
e B o0 i

F
to their linear combinuticna

7|=*—£‘+?-|- ?1-_¢|_?|' ?jﬂ*-—*_ll""g'._f« "—fl—?r_ t?g’]} ]

Let us now set up the invarient biline:
ur form
}:;j’;‘?]dccurding to f’?ﬁ.t] it has here the following

(3. s . 3 ) )

he condition that (75,6) be dermitian ipdicuatas that
°$1-3°é +A8 regards the condition of invariance
with redpect to the inversion (75,7),it reduces t
: ] 0
the eouality Bﬁi "Hin' Simple verification shows thut

the Mir’iﬂl! are anti-Hermiti
invariant ruri', as 1t should be, with respect to the

Therefore,

€N ?}“'F:;i+T-|$_i+?];l_+?_l$_d_ (79,4)

‘Let us wnaidﬂr'certuin pro
perties of the elesct
that follow from the equations V\79,1) und tha fnngg
t.'é“ invariant expression (79,4). The reuresentstions
i_uandtn*eunaidemd as the representutions of the

rotation group, are equal to the representation ..

This corresponds to the fact that the spin of an elec-

tron is egual to 1/2, Furthermore, according t
. Q TE
the four-dimensional current vector of the Elact;:-un’};}

S Ja=1(A%, $).

v ¢~ -prin-copponent form: - 0 - - < . . )

1, 1 ,
_ p=h= gl HvaP+ P+ ).
A= =4 = 5

) RELATIVISTICALLY INVARIANT EQUATIONS "’3

Jy=—1i “‘i i'.-i -7 I-EI ++-|T!'|. _‘?l.;- I-li"
Jya| bz P41 Ploa IR
Prom (76,20) we calculate the energy density

_ _-_rr..-nn(.vt'&. 3=
. - »_, - . M j- '+ﬂ-1;. .
"'E”J;—."!-r'c‘;;;h-’r-;;?_. 5 h

4f the wave function corresponds to

In particular, it has the following form:

a stationary state, i.e, if
Yyt 2y 2D,
then it follows from the last expression thaot:
a= o )
Thus,B plays the role of energy per unit density.

By means of the formulas ( 76,20) and (76,27) we

M=
1ate the other components of the energy
:::tﬁ:l::nsur and also all the compoments of t&u a;::
gular momentum tensor. Wa shall not, however,stop

do this,
Let us sst up the spin operator.

to aingle
#30 this it is first of all necessary
butmindghthupau E--the. mhsﬁciiﬂnn gi :I}:ﬁ:_a: P.::': :g::a&
which become zero under the actlo o T
rator A is not a 8
AT o . Iéowwer tmmgp:nt is equal to one) and
gular operator * 1ts determin APy
there is no subspace E . The components of the =p
’ operator are ;consequently,
tesimal operators
where L,,1 and I, are the infini ooins +f..
connected with the representation L, Tl

We write down expliecitly the operator for the z-
component ‘of the spin:

a
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THE THSORY OP GROUPS

P
Henes 1t fol1 t )
ows that in the stutea 4.i| the z-compo-
o

)

Ti

Let us now consider the solutions ' '
. of th
equations (79,1) that have the form of pla:ea‘::'::un:“'

. 0
nent
Y, of the spin 1s -1/2,while in the s,tate_a(#' t ia

=% A2
Substituting this inte (79,1),.we get:
=, 4+ Py—r)v_ i +(p,—ip)s; =0,
— +(_-Pl+:’.;:: : t‘P.+-‘ﬂi 1-': i+,+ P.H';::l.
(P ip)e_ (Py— )+ = i)
The deterain=nt of this system must be equal ltn Zero:

; 0 A—n p—ip
b Al ptpy
Atp —p =gy x o =0,
—A—=ln  m—p O .

Expanding the determinant,we get the equation:
T TG =A==,
Thus,if the state of an electro
) n iz describe
g&:::':n;:.thau the following simple nlatiu: Ej.:ta
3 energy p, and its momentum P=lp, 4 Jr 4 kp"
. - A=VFAFS
Prom this relation it follows that the quantity w is

egual to the rest ener .
tron of zero mnmtntu.m.g'i % 10 the enezey of an alee-

2

Chapter XVII

Nuclear Reactions

80, The Scatte Matrix

In this section we conaider certaln gensral proper-
ties connected with the isotropy of space for nuclear
reactions of the type A+F=B+Q. At the same time no
assumptions are made about the nature of the nuclear
foreas.,

Let us consider the collision of two particles A and
P ( by s particle we mean either an elementary particle
or a naclsua), As a result of the collision one or mors
particles may be formed. We limit ourselves o the case
whan two particles B and § are formed. Such a process
is ususlly denotsd am followa:

Of course, 1f only the species of particles B and Q,
produced in the reaction, are indicated ,this does not
by any means deseribe the resmotion exhaustively. To
describe the reaction fully we most determine the de-
pe:mllnac\ur the wave function W' of the system BsQ
upon the-wave function{ -of the-system A+F. - .

Since the Schrédinger esquation is linsar, V' de-
pends linearly upon V¥ . If we,therefore, introduce
the orthonormalized basis V., in the space of the

V¥-funotion and the basis '-f'i in the space of the
funotion ¥' , the coordinates C! of ths function

TP =0T will be expressed in terms of the
coordinates C, of the function ¢w-TFcw, bty means
of a matrix s (=26

C’r"gsrﬂ.ﬁ (80,2) - o

The 5 matrix completsly describes the reaction (80,1)
and is called the ascattering matrix.

... The isotyopy of space places certain fundagental li-"" - -
mitations upon the slemsnts of this matrft( ) Below- @ -* "~'2

{+) In the same way as the symmetry of a crystal
Places certaln limitations upog the tensors that des—
eribe its physical properties (ses sec. 41).
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SCHWEBER DAY Dec. 19, 1973.
i
1. The passive s%xsical three dimensional rotation matrices and currespnnding
genuﬁ;tars. is is the n=3 representation of the FRG.
2. The n=2 representation: passive sggnnr rotation mgtrices. Here, the hermitiam
generators are & the usual Pauli matrices.
3. The boosts of the Lorentz group are examined:
@) the "sense" 1s indicated clearly (sign of lorentz angle); passive like others
b) the three generator matrices are given
] the actual lorentz transformation boost matrices are stated; all three.
d) the infinitesimal transformation boost is stated also.

L. The ﬁotagiggp of the Lorenkz group are examined. The actual matrices and
generators can be cribbed from the work done in section 1 above.

5. Two notations are given for the finite general lorentz transformation.
v
6. The algebras are stated for the MYV, The objects N,M,J,K are all listed.

7. The spinor transformation matrice are given for rotations and boosts. Great
care was baken Lo gel Lhe signs right here,.

8. Next, the boosts wer actived. Starting with the 1000 spinor ( spin in the
plus z), I I first boosted to gef the spinur for an electron going in the x

and then in the z direction. Results match familiar ones off B4D.

9. The rglatiiitg algebra is fully worked out. See page 5. ﬁﬂa Jouhu -

10. Next, we figure out how to actively rotate & spinor which starts with z momentum
and x (2) spin quantization. We rotate this spinor in two steps to get a pure
helicity state spinor at angles THETA, BHI. We do not yet prerctate by -
in the Jacob Wick sense. The full rotation matrix is stated on p 7.

11. For ‘pmactige, the PhL pure helicity spunnrs are found. Later, on p 11, the
Jacow Wick rotatd convention is added and new helicity spinors are
found. Result is a subtle differential rephasing of the two spinors for
the electron. No positron calculations; are done here.

12, The hellcity amplltudes for FI-N scattering are then related to the A and B
amplitudes as in Truman Wick introduction. This was actually the motivation
for this entire paper. HResults are obtained in both phase conventions.

13. The Pauli and Schweber gamma matrices! and dot products are related cleanly.

1. Finally, by taking @ = O we obtain, up to an overall minus sign, the exact
results stated in Trueman and Wick.

15. Halpern's and Schwebers generator notations ars cempared.

t
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¥ Hunt for Sigm Error
‘ First, we have to determime whether or mot there really is a sign error.
4 This can be siasd fer sure:

If
1; my beost operators meam what I thinrk they mean
2) if Bjorkem's results meam what I thimk they meam

Then
1) there is a sigm error because the third cempoent sigm dees not match.

Tdeas? '

(1) Maybe B+D have some kimnd of differemt comvemtioms om spimers?? No, they certaimly
agree, see page 84 of Schweber.

(2) maybe beests semse is mot what I thimk. Yes, this might be so. Leck at Bjorkem
page 29. There, they give the z-beest matrix amd there are these mimus sigms,
but the angle w is alse megative, se all matrix emtries are pesitive. This
is in cemtradictiem te my matrix sigms. Go back te page 38 ef Schweber whers

the x axis tramsfermztiem matrix is giyem. Beth sinh's appear with mimus signs
which is the same as im BD p 22. B ard D cenfirm ny imterpretatiom that the
primed frame meves im pesitive x directiem se that w is pesitive. This idea is
also confirmed by Williams im his appemdix p 489.

(3) The errer could be im the step goimg frem the loremtz tramsformatiem to the
operator S. Remember that these two guys are mot the same, Yes, here it is.

,'- Schweber and BD disagree om the sign of S for beosts.
+ (1)«
BD poqis 23 SL = C a
TH paan 78 ¢ s(L)= <€ '

o o . Y K
Seh: Cih= (a’h l:‘.l) ﬁhc eVl n‘—"
Possibly the answer is hiddem in this question: does the sign of ALPHA chamrge

ém the index goes up and down? Im Schweber, all the imdices om the alphas are
up until we come to the equatien that is' the point of comfusion en page 78. There,
for the first time in the entire bock, alpha is writter with a lower subscript.

What a booboo. In Bjorken's bock the alpha's are introduced always with lower
subscripts. In fact, we have: |

a+0 p. ¢ A= [Rel :
¢ @ié}

, _ pof hamasownt ¥ 1
Scd p 61 {i= pd

d{i‘lﬁrﬁl = ot 13‘:&1]

0K, problem is solved. My error was to misinterpret Schweber's alpha. The correct
result is this:

. rm €3 e n (57) e 22 0

- o~
]
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Rotation Group : Show how to build more complicated reps from simpler ones,

1. For some reason this has taken a while to soak in. Suppose you know the D(%}
matrix elements. How would you construct the matrix elements of the higher

representations? The idea is that you can do everything with Clebshes. These
coefficients always couple two angular momenta at a time. Thus, eg, consider:

]

20% = o®)\
(4}
Do (0 = Ligw) TWhim> = dmigms oy Qo [ m S

" E#-.“""l.ll.l-i,"‘“*l."l, ﬁ \%,M:,{mij

o ]

@ Y
- Dm;\n: (u..) Dﬂ“ﬂ".:‘. (“‘)
D{\‘\\m M" Sk 5385, = ... 2D ...
s) (sh (S¢,
Y)‘m—m‘ {*u“} = <5\“1'| g'i-m‘.l 5"-1*"‘) <-;‘1,.}1 51_1'\“._',; d” |w"‘> bﬂﬁ": (u.\ b""""‘1-3""'!: (“b

2. So whenever you have an s contained in the product of sl and s2, you can always
get the matrix elements of s just by usfng clebshes. Think of the Clebshes as
changing the basis in a Hilbert space, &nd the operator U stays the same.

3. These facts are stated in Martin Spearman appendix.

L. Notice that this same idea works for ‘combineing (s1,0) x (s2,0) = eost(8,0) 4.
reps of SL(2,C). . ,
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1. For some réléanlﬁthi; ;aislipneqy. First, set up a clear picture: .

We have two standard referénce framés ifh hidnd, a axd b.

.

2. I; it correct to-give & "ket” . a frame label? I think this is reasonable on
two examples. Fiist, consider a rest frame for a single particle and we. speack._
of /jm)* as peing-a state in frame. a . This means that in coordinate system
_called."a" ..the particle is in a J3 eigenstate and 3 means the z axis., We
could put the same particle in a diffarent stazte, /jm)b .such that it is
in an eigenutate of Jy where now 3 melna the new z axis in frame b, related
to frame a by & rotation. Usually, we do mot use "state-external labels" but
I think they should be kept in mind,

Similarly, we are used to ;ppiyiﬁg arbitrary LT's to helicity states
(single -as well as double). Thua,~wen£ly integpret L(g)/1)} = /1)!' as giving
us the .same state.observed in a new frame. Eg, Bz(2)/B) = /p)' could be
read to mean: " a rest particle in frame 5, when observed in frame S', has
a momentum p."

3. The point of the above paragraph is to support our desire to characterize the
above amplitude in this way:

o - i
(omp). = ;Z-f!:i’a;‘nz'm-‘hfu.h\ T\&.fz.,‘u-._,', \,F,Jk.7 :

“Than: \% Dj‘; _- L-(.?}) \3-,\)1’,_

R, *adle 84 awk | ,_h,z‘;‘ =[t,17',4 se

T@= AT LUYLS = Ll TI

This last expréssion gives us the amplitufe ds "viewed" from frame b, so that
the final par%iclas appear at strange angles. This is the usual situation.
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Constructing the Representations of SU(2)

We know what the generators of SU(2) are, which is to say, we know
the Lie Algebra for this group. In order to construct & matrix representation
of arder (dimension) n, say, we have to find 3 generators of this dimension.

But this problem hae alrea-:l?' been solved. The elements of the
generator matrices are the matrix elements of the usual angular momentum
operators between angular momentum eigenstates. We know all about this.

In particular, since J; is hermitian, those matrices are all
hermitian. Also, except for the trivial J_,, there are no diagonal elements.
The only non-zerc elements are one removed from the diagonal. Thus, to
find the f-dimensional representation of J_, you only have to use the
formulae below 5 times. In general, n-1 times.

|
2(m41/3 /n) = ST (3-m)(3sms1)] ®=1
¥ (m+1/dy/m) = SQRT[(j-m)(j+m+1)](-i) = (-i) x the above element.
¥ (0/3,/m) = 20 \ Wlaos Pl

Of course, exeept for j = %, the matrix-squared will not be unity and the
eponential expansions will be a little rough when you get around to locking
for the representations generated by these generators.
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Comments about: 80(2), 80(1,1), Fourier, Laplace, Mellin

_’ 1 First, about s0(2). By definition, this group Snnsiats of 2x2 matrices which
have real elements, unimodular, and preserve X +:.r + The word "rotation" need
- not-be used. ALl such matrices may, if we like, be parametrized by the obwions
angle and we may identify this parameter with a rotation if we like. 4

— 27 e may coneider—50(2)as—a more abstract entity:—an-sbstract group: Then the———
set of 2x2 matrices which are the original definition happen to form a
——two-dimensional representation of this abstract group. This Lies group has.. __
only one generator, thiis the 2-dim rep must be reducible. 4

3 Suppose-we-ask: --what are the unitary representations of this -abstract Lie —
) group 50(2). Abstractly, these are given by 193, where J is the abstract
R — generator. This abstract generator must be Hermitian, but _such as statemsnt, =
as well as unitarity, only have meaning when referrsd to some hilbert spacs,
so _we assume the presence of some abstract Hilbert Space, -

4. He could, eg, tazke as our Hilbert space Ez The slements of this space are
two-vectors (x,y). Any operattor in this space is a 2x2 matrix . Thus, we
may speak of unitary two dimensional representations if we can comnstruct
J as a hermitian 2x2 matrix. We could take J to be any of the 3 Pauli
matrices, or the 2 dim unit matrix. Any choice gives us a unitary two dim
rep of the Lie group 50(2).

5. 0f course Wwe can form our unitary two dim rep by letting J be any two dim
hermitian matrix. However, any such matrix can be formed from a real linear

" combination of the Tour matrices alraady mentionad. - R

6., Not all of these conform to the original narrow defintion of 50(2) as a

_. matrix group. Eg, if 3 you take J = unit matrix, then the elements ars not
real, and det ¢ 1, Nothing is wrong with this, but we just mention the old
sfarting definition,., SimilaTrly, any Fauli matrix s T will give B dét = I~ =
rep (bacause Pauli's are traceless), but only “Jg givas 2x2 matrices with s

— - - — real-elementsy - -

T« Notice that the original definition of the group serves to provide us with
- -~ " the parametrization. Tham m—mmﬁrmﬁtw"’parﬁmﬁﬁm . T

8. Clearly one can make a three dim rep unitaire in many ways. One could insist

that such a rep have real eslements and have det=l., Still thers would be more
than one possibility. o

9. As an alternative Hilbert space, onu could ta.ka the single-~valued functions
_ ___  _defined on the unit circle, ie, functions of thesa, the parameter. The
scalar product is the obvious ons. A potential realization of the hermitian
generator would be d/d0 i . Such a Hilbert space is infinite dimensional unlike
-7 T 7"ths onag considered-gbove,  Butyif-ons restricts to functione of the form- -
ea‘:', then one has a subspace that is invariant under the one generator. In
———order that sucha—funciion-be .single- valued, we musi have a = im-where m = intege
. These functions are eigenfunctions of the generator in the rep, and they
form a basis for the full hilbsrt space. i

10. If we go into one of tpese subspaces, say the one labelled 'b:,r m, We may
- —— compute. the matrix element. It is just a axngla number. Thus, this UIR is S
ons dimensional. In fact, the UIR's are eim® for group S0(2). Notice that

. _ _the huge inf dim hil space contained each UIR one time. v
* 11, If we project some function f(8) onto these UIR's and also recover, we are
. - — ..-talking about fourier series analyeis _ __ __ . - /




-2‘—-

2. Now lets try to repeat all these statements for the group S0(1,1). By

E. the formal dqfingtion, the matrix group is 2x2 matrices, real, det=l,
which presesrve x -3 « Clearly, the way to parametrize this is chu,shu, etc
- - where—u—runs—over—theentire—real—3ine: He-may-theny -if we Iike, think-- - -
of this as a boost. vy

13, Now extend to general lie group BOU(I,1). The Tep &bove i& just & 2 dimension
rep of S0(1,1) which happens to have real elements and det=l. Obviously this
B two- dim- rep ig not unitary ( transpose and-ster does—mnet-give-inverse)-and !

this we know in general because all finkte reps of a noncompact group must

...... ..in fact be non-unitary. — e - - ]

14, Next: what are the unitary repe of 30(1,1) 7 Abetractly, these are eu.K
—— ——— - —where—u—is-on-reel—axis (u=the parameter already knonw) and—K-must—be—+#—
an anti-hermitean operator in soge Hilbert space. In the Hilbert Space = E-,
o _Ye may use. antihermitean matrix as generator. Traceless ones will give
det=1 reps (spscials). Only if we use K = iJ; we get the real rep of the
original group SO(1,1). Easy to make, say, a.u rep of 50(1,1). Just put
unity in the unused sesctors. o

_ . 15. We _cgn_c_auaimu_t_au__mzlnitu dim Hilbert space consisting of functione _ __ .
of the parameter u in L, ies, sguare integrable on the real line u. Again 8
we use the obvious acalar product. We can chocse to reprasent the anti-herm
generator K = d/du. The eigenfunctions of K are just e?¢ with eigenvalue
5 O0ff hand, I would say that the eigenvalues of an antiherm op must be puru '
- imaginary; so—we—take s-=-ik-with k real; so -fine., The functiong eI - '
presume form a basis as B ranges over thu im axis for this H space. Of course,
if_you restrict to. the function &% this forma an invariant subspace aad

__. }P suggasts an irpeducible rep. The larger H space contained all the UIR's »t:nm::u;.l!rII
o7 The little hilbert space consists of just one ﬂmc‘tmy,__u’m, labeled by s. .
/}. There is now no single valued problem so s does not get guantized. i

4].5_._&1{515:. _°" must. not_be irreducible because then you would have a UIR of
dimension one for & noncompact group which is no go. Dont know why this
can be reduced. Lets call these guys: UR's of dim one of S0(1,1).

17. If we project some function f(u) onto these UR's, we get F(k) and the
— . corresponding regovery. This is the fourier integral analysis. Here k im __ __
real and we are talking:

- © —i = AR
- /,, _Scl;; fy e kkb=_ FR) — 7 Prd (W = Sﬂd‘k'F—@Y@LK - -
L SateetiBe wse = Yas fo e

When we write these things for UR's, we have in mind that k=real or s=imag.
But in general no reason not To let & go complex, as long as thinga - -
converge.

18. If we for some reason restrict this last transform to functions }mich
by construction wvanish for uw.LT.0, we get the Laplace Transform.” Then

T " P(s) is énalytic sufl far to the right in s-plahe. For u.LT.0, we cIlose
inversion contour to right and recover this fact, that f(u) vanishes there.

.- 19 Finall:.r, by changing variables from u to X = e”, we geth the Mellin Transfor)

Saxv 2 ¥y = By 280 = RS B ——

Agai®, if we restrict f({u) as before, the lower limit of the Mellin projectia
beconés 1 instead of 0. This allows more Functions to be projectable, as
we already know from the fouerier to Laplace.

— - — - — — - Y




The two separate sectors of S0(1,1) and the discrete index.

-—---—n- e -—Racall-thatby—definition-the—elemente—of S0(1,1)-ocan-be-param— — — —
etrized in this wWay, where u_runs over the real axia: _ _ - -

1 U(g__(‘ﬂ it VR

ik - 4 W & %9

I‘I: sudﬁanly occurs to me that all elements of Eﬁ{l 1) arenoct

reachable via this par‘ticula.r param. In fact, so(l,l) is a multi-sectored

group, The elements of the other “sector are given by:

el TR = (=S —shan B U O\ VRN

How it is aminantly clear why one needs "the real line twice" %o

parametrize this group. Notice that both forms [H:L't:h either sign) are

" SU(T,1) becuase both preserve x°-y*©, I
Recull the sifigle hypsrbolic generator K. To get unitary reps we h
— ————— —needed—E-anti-hermittan;-but—lets forget that. Lets take K hermitian 1

_ | B0 We will be talking anti-uniary Nps“-{ﬂf‘"ﬂnt'ﬁm!mi‘ﬁnjﬂlﬁﬂ'r"ﬁ"' I
1 do not (I dont “'_thinl;j"na_aﬂ_ﬁiﬂﬂruia_lahnh—inﬂthe—aigeHVe&‘bﬂrs,—bu‘r—
We d_c_havu to use two separate params to Zet the matrix slements:

Sl g K= xeR
] UR ST = ST ek, wek ]

e o S —— —- — e e - — - -

(‘“L“@L-@... K= - o

Z.-oo=oooo |- These_are the one dim reps of S0{1,1). The 4 park is really the group of
positive real numbers under multiplication, and the - part is the negative

reale under ‘same. Thﬂ full 50{1 1) is the sum of these two pieces, 1&,

- ' all reals under mult.

i 9ng
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Comments on the groups S0(2) and S0(1,1)

- In the pages that follow we have explicitly constructed two finite-dimensional

2.

unitary representations of SO(2). Of course since this is an abelian group,
only the one-dimensional uintazry rep. is a UIR. The two—dim rep can be brought
into block form by a similarity and then it is the direct product of two cne
dimensional reps. We have also constructed a rep of SO(2) as operators in a
Hilbert Space with an infinite discrete basis. This is indeed an infinite-
dimensional representation unitaire of 50(2), but looking at the matrix elements
it is clearly highly reducible to am direct product of an infinite number of
one-dimensional UIR's. The one-dim UIR is also known as SU(1).

Next, we condidered the group SO(1,1) dand found that this group has two parts
only one of which contains the identity. Calling that part SG[I,I]* ¢ We were
again abole to construct representations in 1 and 2 dimsnsions. Neither of these
reps was unitary, but no doubt the 2-dim rep was reducible to a pairs of ones,
because the IR's of an abelian group are all of one-dimension. Then we proceeded
to construct the first unitary rep of 50(1,1) as operators in a Hilbert Space
which an infintte and continuous basis. Prabably this can be decomposed into

a continuous direct sum of the one-dim reps, but again those are non-unitary
because the generator is anti-hermitian. Thus you are stuck with your only

UIR being of infinite dimension. In some sense this infinite dim UIR is

really Irreducible in the correct sense. The one-dim IR of S0(1,1) we also
called R* the group of positive real numbers under multiplication. Clearly
this group also translates functions so is also called T(1). The fact that
S0(1,1) has the two "halves"™ introduces the notion of "parity", Emk by the

way.

This type of analysis would be worth while for the higher groups. When we deal
with 53(2,1), we have really been dealing only with the 50(2,1)" part and
have been bgnoring the question of parity.

I do not think that this index on S0(1,1) is that same index on the CY matrix
elements of S0(2,1)0, but very tempting to associate them. Later!



Understanding SU(1) and S0(2).
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Understanding T(1) and S0(1,1). t
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