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Invariance in Relativistic Quantum Mechanics > ALS. Wightman

‘The principal aim of these conferences is to present the techniques of invariance@ theory which are neeessary in order to approach the study of elementary particle
physics. However, they try equally to give a summary of the, basis of current
ideas on relativistic invariance. I thank .... and abové all Bargmann and Wigner
for sone discussions and communications of unpublished results.

I. The Lorentz and Poincare Groups. ‘The Lorentz Group L is the set of real linear
transformationswhich leave invariant the bilinear form: ;

wy *Y-FZ = qwy |

1 eee

S = Lqwh = ote °0 5 pe = 01,23
o eo 0

o eo ont

(The repeated greek indices will be summed without explicit indication). We write
A a

Ra Mx .Then
AN

A a my ' for all x,y
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is equivalent to

K »

Ny Que Nye Sid .
or, with (T))S= Rp, +

NGA=G. . (2.3)
‘In taking the determinant of (1.1) one sees that

ak A= +\.

If det = +1, one says that A is proper; if det = -1, that A is improper.
For example, the transformations

\eoo 1 :

sos Ae pole ok ~f4 :
ona. - (oe ba

are proper, and the transformations G and -G dre improper: With the aid of (1.1)
one sees also that . .

2. 3 .

G >e WS- Y= 4 (1.2)



and consequently, ea

Ie AL %4, one says that A. is orthochronouss if At<—\ , one says that A. mm )
non-orthochronous.

~Theproduct of two transfdrniations is given by
A K K

(WyS = NMS. (1.3)

Evidentally, the product of two proper Lorentz transformations is proper. The set
of these transformations is a subgroup, the proper Lorentz group we call L, . The
product of two orthochronous Lorentz transformations is also orthochronoust

° 2

(tye = AONS 25 ARNG 7 Ast sini (my ox
The last inequality follows from >

Mee Jie ye
which is none other than (1.2), and

Ke = ) \4Z (MY
which follows frop (1.2) and the fact that, if A is a Lorentz transformation,then so is (A)~*, and, from (1.1), (A 3-1 = GAG. The orthochronous Lorentz
transformations constitute a subgroup, the orthochronous Lorentz group I*.

The intersection of L, and I is a subgroup, the restricted Lorentz Group I* .We
are going to determiné its structure in detail. A physicist must know by heart )two classes of the elements of If, : the pure Lorentz transformations in the directaHo and speed v = c tanhy:

4 an
Rea hx ge shy BR .
R =

R= [R-RAAT4 (SRRRe dace) R
and the rotations around an axis H by an angle ©

Ren xe

R = (eset + (ease) ROM + SMO A KR
We have this

Theorem. Each elementA of I* can be written Ach, where.A is a pure Lorentztransformation and My is a rotation. & and Ay are uniquely determined by A..

We will prove this a little later using the polar decomposition. However, it is
instructive to do a direct proof. For this, one first observes that the transformation

A maps the vector (1,0,0,0) onto the vector (N%,N¢NB,he). If (AKGM3) = 0, one has=
1, and, from (1.1), N= 0 (j=1,2,3). Thus, \. already has the form of a rotation.FF thle sare 3-vector does not vanish, iet Ry be @ rotation which takes this vector

into the plus x direction. Then ones has:

®e= aR RR
ie eR RP

oO! asys AL AS
3 reON KR RK
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where the 3-vectors,

oye yo REP mR

e CARS» ORR A) CANN)
are orthogonal. There exists a rotation Rt which maps these 3~vectors onto

Vern (9,90, Gye), Coon). =
We then have,

:

: Roa ) “yee
rk az 425)RAR, = As = af

\

\

Then the Ay and A, of the theorem are
“t sy

,De RAR Mae WR

(For the details of this proof one can consult M.A. HAUPMAK) ( a book only in russian)

Exercise. 1.1. Show that any orthogonal Loretnz transformation ( ie, MA™\ ) is
. of the form (1.5), or as well G times, ~G times, or -1 times one of the form (1.5)

@ From this theorem, and from formulas (1.4) and (1.5), it follows at once thatthe group 1% is connected. This means that each pair of elements is linked by a
continuous curve of elements. The group L has four connected components which
are shown in the figure.
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There are three subgroups:

orthochronous we oe ot .

proper Lee thu Ly r)(no name) De hy Lt .
The last group has no name, although it is apparantly the group which appears in
nature.

We will elgo concern ourselves with the inhomogeneous Lorentz group, or, as we
sey, the Poincare Group (this designation has been introduced by Wigner, Bargmann,
and myself; it is customary, and moreovedr, mxak correct from the historic viewpoint).
The Poincare group is formed from transformations

7 7
Pea Rye ®

which we denote (a,A-). The composition law is the following:

GAYhe) = Crt Avae, AA) (1.6)

Like the Lorentz group L, the Poincare group has four connected pieces. One obtains
them by considering (a,\) with a arbitrary and A in one or the other of the four
‘Yoréntz pieces already noted.

‘The Lorentz group is directly linked to SL(2,C), the complex unimodular group of
two dimensions. This group is formed of all linear transformations with unit
determinent in a two-dimensional complex vector space. There is a 2:1 homomorphism

from this group onto the group Lt : SA ~9 nee given by
a :

Aaya = & WC GABA) (4.7)
with the inverse (given in this form by H. Joos) e

Py A
3

u .sAe WS ER w (Rade AG F
an aWe La RAY) CRAY =e PAR UTE (1.8)

. Here we have taken

we GY «= Gs) ae (QS) age G4)
One may simplify these formulas by using the quaternion formalism. With each l-vector
xU one identifies a 2x2 matrix

. Xe (1.9)

Cleerly X is hermitian iff x is real. Moreover,

=% weakK= 2x 2 Eh(HK) (1,10)
‘The homomorphism may then be written

‘“ 'X= AXA x= A(AYx (1.21)

KAYE cer Ke th (AA)90, od, @

akh= + ak] ZhonZ] - iz ok Zea Awa=|
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Here we have written .

2, = (9 3. soya >e Fae (pes Z (Spe PEON Ape he
and have used

,| 2, BagBee aSpe|
ond cy Aa

dim.| &K(A@8) = (ia) (ak8)
Exercise 1.2. Verify that (1.8) satisfies (1.11). This is done directly but if
one wants

to find a formula like that which follows it can be useful.| Notation. .
| a) Gwe Serieuey : :

| THES TBS ~-HHL + % Se ale
BUTT =

Here, €;5," is the totally antisymmetric tenmor with €yo5 1.
b) If A= a° 4 Be, then

e NAY = Sy (le= RF) a; Be +Faecaleye Be 1G Spee ag
Ala\e = War's &%

° <ot . =AA)

= PR 4 Taj cies aera| AY2 = Pa, 50.3%; heat ane
The formulas imply X*,, = yjar\t + and

@ (4%) = Rixde. 3m (3) = - Sua Abe ‘x? Ky

+ aThus .

.

‘

= pK ° : i| Azv Udip + Aad 25 ~ Le AG]
where N can be found from ( detA = 1)... a

To calculate with SL(2,C) is often more convenient than calculation with 1%..
We illustzate this point. Bach non-singular matrix A has a unique polar decomposition:

| A=W Durty (1.12)
where U is unitary and H is hermitian positive ( which means that the eigenvalues

of H ere positives. One shows directly, thanks to (1.12) that@
. =

| Rew) we JRA 0s AR



The uniquenss of the decomposition (1.12) is a consequence of the uniqueness
of the positive square root of a positive definite matrix. One can give an explicit
form to these formulas:

If as x as
Az 8eRT oh B= AA = Bebe

one has ae ae
Sea allay

Bae wR RR GL RR (1.13)

“Os he
Nader oe") (1.14)

To complete the proof of the sbove theorem, it sufficesto show that A(A) is a
rotation if and only if A is unitary, andA(A) is a pure Lorentz transformation
if and only if Ais hermitian. The first of these claims is a dirdct consequance
of (1.10) and (1.11). One sees that, if

it
AK=\

Ree LKCALM) a x
and using the result of exercise (1.1),A (A) is of the form (1.5). If A is hermitian

one can, by a unitary transformation, bring it to the diagonal form ‘
A= u(t en

An elementary calculation shows that (She) corresponds to a A given by
Bom de fh tox?

Ree

Re x

Ba hee + en x?

This is a pure Lorentz transformation along the z axis. U (fo ut is a pure
Iorentz transformation along an axis obtained by leaving the z-axis by a rotation
corresponding to U.

If A is hermitian,\(A) is symmetric, as (1.7) clearly shows. Reciprocally,
if A. is symmetric, (1.8) gives a hermitian matrix A.

There are two automorphisms of SL(2,¢) which are important in practice (recall
that an automorphisms is a bicontinuous one-to-one of the group onto itself which

respects the law of multiplication):

A> (AY! ond A>A
The first has the property > AgAes

- ) 4 oO. (1.15)o
:(KS = FAL Cue ge Go),

This (1.15) is a simple consequence of the structure of the & matrices: @
iS aTh Tot Te-th WH
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B= a A eget ty Ae

r ) In Bact, +
(84-2) = Re AT AAT & AyTe .

ew» =e
RaRTY = L-VT

(do riot ‘forget that @*3-2" = 1 by hypothesis)
and

Caen ot °

(MHEG = Fat cat -acs

The image of this automorphism in If is

A> AB)AARS)
with

AQ) 7 Ti, ‘ : (1.16)

the product of the reflection symmetries in the 3-planes orthogonal to the’ axes
x and z respectively: . .

3 wk Le ye .x= - x? bak yy rts, ks
There is no linear transformation §, having the property

z =\e
R-=sae «

.for all A. The image of the automorphism A> A in Ly is determined by

ee kes x ty
Ay = tKGAGA) =e h(ADAG)= 2 AGATA)

je, :

AA) = 3 ACAVT

where I, is the symmetry whieh changes the sense of the axis x7.
The tiatrix € plays an important role in the spinor caleulaus. There, one

constructs the bilinear form

age = 2 Ag Sapo bp (1.18)
where a and b are vectors of two complex components. One has

4(Aa)-€-(Ab) = a AgAb=aghe aby

«Where one defines sone contravarient components related to aq by .
. oe :

B= Lap A
One can equally consider some more general quantities

e Faden igo
. which transform according to aa:

4 X, eats Os 'Mode sorb Aaa! Aoeed ove Appts Baila. Bible



( the dotted indices transform with A, the undotted with A). The matrix { is
again employed to raise and lower indices. Under these conditions,

a Khao fifeRaden bpere

; eis an invariant form, One is referred to the bibliography for more information
on this formalsim.

The introduction above to the group SL(2,C) was not well motivated, The physical
Justification will appear farther down the road (sections 2 and 7), but here we
shall introduce in a crude rianner an important mathmatical ‘idea: that of‘auniversal covering group of a connected group. This is defined as the "smallest"
group which is simply connected and homomorphic to a given group. (A group is
simply connected if all continuous closed curves can be continuously deformed
to a point)( It is well known that the rotation group is not simply connected; and
the same is true for the Lorentz end Poincare groups). More precisely, one considers
the set of continuous curves on the group of the form

gh oo etey vhs ge)= \penliy
One introduces in this set an equivalence relation: two curves g,(t) end g,(t)
are equivalent if there exists a continuous function g(t,s) for ~ os %,s¢1
such that 3.(4\=9 (40) and g.Gi~ (i), which is to say that the curve gl
can be continuously deformed into the curve g2. The set of these equivalence
classes constitutes the universal covering group. The multiplication law for this
group is defined as follows: if [gi] and [g2] are two equivalence classes, one
chooses some curves gl and g2(t) in these classes and forms the curve

BQ) Qk) ofks\

which joins element for element g)(1) g(1). It belongs to an equivalence class ewhich is, by definition, Telltezt: We refer to Pottrjagin's book for the proof of
the fact that this definition does not depend on the classes of equivalence. One
also finds there a didcussion of the topology of this group.

For the case of a connected group, the universal covering group is determined in
a unigue manner. When the group has several disjoin§§ connected components, one may
have several non-isomorphic covering groups. Cansider the ‘case of the group L. Over
the connected component of the identity, Lt , we have constructed the group SL(2,C).
The other elements of L can be obtained by’multiplying Uf by the three following
elements

Ts a Ta
such that

\Re § ER

eySee = - CES

x= -%

Take % (1.19)(note: x is the 2x2 matrix I used to call X; also, Y = 0 Pauli),One an write all the elements of L in the form

AAe, Anak

with t )
A Wu, Ba oar

R= cyan’, WA (1.20)
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Here, fl; and py are mod-2 integers and K is the complex conjugation operator.

One obtains the aovering groups by introducing an associatéve law of multiplicatione@ in the set of triples (j1,2,A):
Lat vos BeWapskIORHS AT =f ae! marl, © nappa)AKM A KM © (22)where’ 6(pypeynipi) ds a solution of .

+ ECA pes By) ECT MetAL y BAL pel) =
Sat paola a! ths » 1.22)Grimey lap, pote)eCal ee | pspat) (

The solutions of (1.22) are pape pups aed: ayaa Cae yet, Me Madd

$y yt THE Cay ik
' , Luau 1

Ca) PES HSAE ay il ae pga (1.239
Since all these solutions are different at least for the values of the squares of
the elements above I.I,T., ( by definition, such an element has for a square + 1

SL(2,C) ) they givé iién-isomorphic groups. We will show that the significanceof
these divers possible groups is altogether.different when one applies them inthe
theory of states or in the theory of fields. If one considers only I_ , onehas two non-isomorphic covering groups which correspond to the two kinds 8f

spinors introduced by Cartan. :

e One can give the analogous extensions of the Poincare group. One has, in this case,
Var ga pype AGTAL wat AZ =

5 ae sutyty AEA eeLaseMA CHARM) ayatals Betty €(uypeymipt) ACMA 'K qe)

Finally, we consider the complex extensions of the Lorentz and -Poincare groups.The elements of the complex Lorentz groupa&, are the complex linear transformations
satisfying (1.1). If one adds a complex translation a to A one has an element
(a,A), of the complex Poincare group. As before, detA= 41, and the proper
group&y has those elements with det = 41. It is @ very important fact for
applications ( the TCP theorem) thatiy (contains 1%, and I?) is connected. To
show this, consider for example

hx ° e she

° os ~si °7 aa ef
. Oo, Kd cosh °

shy ° ° oy

for all%, complex or real. If one varies (2jg) continuously from (0,0) to (4PI,PI)one obtains a curve continuously linking 1 and -1 in L, (See figure 1.1).

The complex Lorentz group has a universal covering group which one obtainsby
a simple generalization of (1,11). One can use the notation g for a complex@ 4mvector 2%. Then , for each pair of 2x2 unimodular matrices, the transformation

cS x (2.26)zx Age
is linear.



rs BAZ = NAB) and has the property 22 = 2.2! since

Beet Tak Carz’) — ah Z—aha'z , .
The same calculation made before in the case B = A ‘shows that detA (A,B) = 1. @
Evidently, the pairs (+A,+ B) determine the same A_. The multiplication law for
pairs, dictated by (1.26), is simply (A,B)(A',B') = (AA',BB') and, in consequence,
their group is SL(2,C)xSL(2,C). The formula giving A. in terms of (A,B) ( enal-
ogous to (1.7)0) is:

w

MAS = ah CHADS) (1.27)
The inverse is

\

5

° ktA= ELAAAD +m (AAD KAROY + gla) de

. (1.28)

Exercise 1.3 Demonstrate (1.28)

Exercise 1.4 Show that the pairs (A,B) arising from (1.25) by (1.28) give
a continuous curve linking (1,1) to (-1,1). -

In the following we will use the representations Dd) of the group su(2,C)
and D (3,439) of the Lorentz group obtained as follows: Let e@

+ pit

ma Sy was 4
> ees amend Sf

with j = integer or half-integer. These K") with J fixed form a basis for the
homogeneous polynomials in ¢,,q of degre’ 2. If :

G) Pa& % a : :gw QA then > Dawe (CO) Se)
Now let me os ges ete cotts

yy

7 v0 7

=

{eed eng Crema Gaameny!Then, if a G VG we ~ eet Geaway\-5 \ ‘sWeAG) 2 (RB 6 (8)
then tia aanfmame!

yi SaoXie= PDsonata (A\8) Kase (1.30)
This representation is defined for SL(2,C) X SL(2,C). For SL(2,C) itself one
must pub A= B. We might point out thet these representations of the groups

' SU(2,C) and SL(2,C) can be extended to GL(2,C) ; which is to say, to the group
of all non-singular transformations. We will use this later.

There remains the ¥-gymastics. We want only to present the notation and
some basic facts. The Dirac matrices ( Clifford numbers) satisfy: e@



”

6.
7

Wve WIS HQ”? (1.32)

e (1.32)
The complex conjugate, adjoint, and transpose of ¥ are related to ¥ty

and one has also

with

‘The relations between S(D) and A,B,C,4> are

e@ The fact that ¥¥ commutes with S(D) allows us to diagonalize these two matrices
simultaneously. We arrive thereby at the notion of chirality. One says that
the vectors v4 satisfying

have a chirality +. A choice of appropriate basis leads to a form

and one sees that the notion of chirality conforms with that of undotted and
dotted indices used in the spinor calculus.

Bibliographie

Spinor Calculus: Uhlenbeck and LaPorte Phys,Rev 37, 1380 (1931)
Bade Jehle

Representations of SU(2,C) and SL(2,C): some russian book
Cartan french reference

Universal covering group: Pontjrjagin
Wigner book for rotations case

Covering groups: Shirkov “Space and Time reflections in Rela theory NP 15,1(1960)e also see JETP 36, 620 (1959)

Gamma gymnastique: Jauch Rorlick
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The_parityproblem in si(2.c),

® 1, We kmow that according to X' = aXa*, any element of SL(2,C) maps into an elemtnKi of the restricted Lorentz group, according to the usual forma. Since parity
is not in this restricted Lorentz group, we know ahead of time that there will be no

matrix a with deta=1 which will "do" the parity transformation x to xy But lets
try to find an a anyway and see what happens.

x +Kuz aq 9 (Te AGF AB aesn.
.

=\-% = ana = ana
But on data sheet I have shown that the only matrix which does this last is a=0. So,

not only is there no SL(2,C) matrix which does parity, there is no GL(2,C) matrix

either. There is no matrix period.

Theorem: there is no matrix a which does this:

xKha al tgns

2. So we have a problem: how are we going to "fake up" parity in the world of 2x2

matrices? One suggestion (SW) is to first complex conjugate X, then apply some@ astrices.

YpGe= ae Re — assume Yrnrwh. Var mea aneYop Te Yor ase. RE AGA
= x +DS Ha aL GWG Agys Gee ay OMG CRF - yn

d

A B= gpabol) > pene 2 be See)getebeB S| ba wk

Ss Gz a Cxtgye atOyH)= eh AS Ae em.

a . a .War das Cade,= gO =\3 atte.
Theorem: if you agree to simulate parity by first complex conjugating,

+y= aCtgay a
then you can find a's that work. In general adci . In fact, if you want

ana < SL(2,C), you can choose either a=Y or Pann .
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June 3, 1977

: functi (0S) (a) .

e 1, In agreement with Taylor, we agree that| DO#) (2) « al. this shows at
once that D(a”) = a? =D(a)? and the same for * and + Totally trivial
for this representation. Even if we had teken D(a) = a” or D(a) =a! or at,
we would still get that D(a") = D(a)’ where * = T, *, or +.

2. We would now like to prove that D(a‘) = D(a)" for the representation (0,5).
I will do an induction proof making use of this ruhe:

)

Dawe Ca) = EL Cem) sets tyme) Goon| see and | Bem)
Cs, 8-4) lors

» Dane CY DEL) cay
We have already shown that D(a) = D(a)” for se}. Now we use induction and show

that if true for sf, then true for s. First, since the Clebsh's are real, the

result is transparent for* = *. For the case ‘= 1, the result again follows

because we can interchange the two Clebshes. Combining, we get true for - = +.

QED. Conclusion:

Coan Ca

e Daw CZ) = DLC ee Tat
3. Similarly, we can prove by induction that D(-1) = (-i)°° . We know true for s+ .
Thus: tony is

Dee GAD = GN Saw

L. The functions D'51°) may be dfined in this way, so no need to show anything:

Gs rea, ©s)Dew CY = Dawe G) = Dawe C2)

4. The explicit functions can be obtained by a simple generalization of the rotation

group functions, as done in Vilenkin. If you like, you can write everything as

exponentiated generators. Thus, eg: a i" . a2
. BT eK 23 ee”ATU olomya pork A ae © < ~e<

aiex 2

= Daj. SE Te Grd) quale.



gm 1 Here is the algebra'wewant to satisfy: — 7 — a
.

~ - Wid= deg 2 2. - a

_ —  BuKD- deak ~ AM Kye -eg Le

__. Now, suppose you finda realizationJ, which satisfies the SU(2) algebra. Ie,J, are. __some’ matrices. Then I'1i bet that if” you take K, = iJ, , you can satisfy the fal
— —Loretnz albegra:- --- --S- - 5 . .
~ SuaoS eS _ \ ae ~——- eS Jey aan ee
— TKhe.DSle - DES)sate 7 oe .
——~ > ~Uprto now I hat only vtsulaized-this for the de2 representation, but now I séé that~—~- obviously it also works for anyfinite=dimensional matrix representation (as notedin Taylor).

"> -Of course} ‘such representations extst “of all dimensions sincewe-knbw rep's of =~
~-———-SU(2) exist for all, dimensions. None_of_these. representations can he unitary, since. :

the boost matrices are always hermitian rather than unitary.

—- 2+-Gonclusion: Kj = iJ and.J,, allov_you to trivially construct_a nealication
e of SL(2,C)of any finite dimensioh, not Just d=2.
——- 3. Furthex_comment: We know. that_every element of SL(2,c) can be written as a boost...

times a rotation like so:

coe eee Qe ob las gg. —-- -—- --
~~ aus, we recognise the D°°%*!() representations of SL(2,C) as being just those
~~" mentioned-above: cot 3s + ne -

~ -- eK tT wee ee -~~ TROBE oT Reishe o4 ~—- —BD™@)- DIONfe. oe .

- ~ yoo : :
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The Generators “aiid Ohe Pardnetar Subgroups: ae 2 ans 1. The Lie Albegra of the-Lorentz-group =-S0(3,1) —SL(2,C) -is-as-follows: -

LBS = dep Se 2 8 _- Din qanwradns -
Uk kdeniceTk 2 Le Te TuTs , KyKa, Ke

{K, = LSKl = hei Ke. wees - -
2. We can easily form a-two dimensional realization of the six generators as

follows: -- -  - - a - -

Ls ee aK eho. -
- where-#; are the hermitian Pauli matrices. Notice that in this particulan-realization

the three rotation generators are hermitien, whereas the three. boost generators_
ere anti-Hermitian. . _ . .

~

3, In my usual minus sign convention I can now calculate the finite one-parameter
subgroups. Thus,I am constructing a two dimentional represeritation of the

2 . group SL(2,C). Howevér, “sémé “OF thé group opeFatorxs Will be Unitary, (the ~
° rotations), ‘whereas other operators will -be- anti—unitarx (the -bodsts).

shOT 7 °SE = ccsehnismsge fo. ;
. “ ona FASh Ke ies _ ARQ %
CT = dea e shri /= G@ =e

het «(ses Ale mastale) -~wKi- (wh shilee = \ntswge sd f — © = \sht. oe

: eh (cesdhy “sate wih = (s “nosh,Sidi, tose Nd hte

SCN ode =k;

ees é ° )' em (e* °+5§e 7 ~ —!° ol _ \o eo).

’ ;
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4. Now wecan express an‘arbitrery SL(2,0) elementas Follows: ~~

- = : - wk feReeKY iL tak] : *VOy)= Q- ~ = © _.

2 ort serene- -= CL. ae : -- ee - oe

In other words, we just let our three original rotation parameters take complex
values; this must cover all of SL(2,C). In fact we find:

]e “=. ges(tX)_- ie su(ay). Cx-2)
rr j th ay pooLh aoube Le Lex] . = (ar ole $olg ) v. -

- ee| re Soe
7

ae he eye . re
Tease y= (te eta kV

wor @ and bb ae rsh, : :
5.-Lets check-to see-if our-group- element. so constructed is unidodular as

desired: (le, 1 6 indrguterk hoedtere, 2¥L rmatincee) e
4) hek fonda) © /. e--\=F= ee. = ©e=l

6. Biabély which Fepresentation of the Lorenty group haVe we constructed here?

~~ -We have alreazdy noted that itis not a unitary represnetation (these are

all infinite- dimensional). Recall in Liubarski-that you can "separate" -the

Lie. algebra into two non-overlapping. sets (direct. product). The reps-there -

oo. were Labelled Seg, « Since we have represented all our generatoss by Pauli
. matrices, we mustin fact be talking about the representation Gy which,

we recall, is the "vector'representation. The action on vectors in the 2x2 /
SL(2,C) Space canbe found in this way: ~

7 Te Tacha! 77. In fact, the standard ix, matrix representation of these (active) group operations

may be simply constructed from this complex 2x2 representation in the following

manner (I have only checked the 2 boost): \yok Ane Drudar,

ll og

Ra GFKOC we K= kL OL @
.

= (A® Ka La&= (x), meting KE



@ os Firs 1 thought this was true, then I thought it was false, now i think it is
true again. The only confusion was with complex three vectors. .

- 2 lemma CARY A wweeda -

cove Lie gongian

at By nde ariswots: (Chay = (* = 2 GY) eeghiecklymaid wes

- a at . s3\ Gar

poh: (Fe (Rea) 2 P- 4i LED, A,
mw wt RRS - oe +

- ae A - oe 2Qa a= (sive = o-b4+ Bsa a . .

GS nmoin sree: ~ |eN=  e lL ety es t -
{

- - ~ - ~~

. BabaW a ve a-vaaas |

3. Vn conisr: ao ~ -
bed As-_

Cte) 5 «aay St Sx, (a3) --Sade T + aLCc = ao om azeaa- penne _—
. = dat shad) .

Qua: | ae _ .
So = Maa ase (4-F) R= quamal coupler

: aa leereay = 8 compen :
- = - Notice -that: there~is- ambiguity in finding complex-n-because if-y: $s found-to be the -

square root, then >% is also a square root. But this-minus sign is seem to have no -

effect on the theorem as- stated in the box because - - «+.

4. Here is a case of the above just rewritten: - .

e ARS ean 2!e =. WAG) AA sum(a).(BF) P= qual comgux

. 2. & + ABTAPT SBS = org.  .. .
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Sewell gg, Piesse ee

Z e 9 ry My rps = pape oyv ‘ = np — xp = 2p — ®,

‘A vector » is called time-like if v « v = v* > 0, space-like if v* <0 and aThe Lorentz Group al vector if vt = 0.1 ‘The relativistic energy-momentum relation for
wees particle, E? = p'ct + mic! when written in terms of the (time-

.

visti . ‘ Tike) energy-momentum four-vector of the particle, p = (B/o, p}, reads2a. Relativistic Notation - « pi= mic, The operator relation E iha,, p> —ih¥ can now be writ-
Before embarking upon a descripti isti ten08fo iption of the relativistic one-particleequations, let us briefly introduce the relativist i i win 3, = ita, ©used throughout the bosk, ivistic notation that will be Pe oe
We shall denote the space-time co-ordinates by z* (which as a four- In this connectionit should be noted that since 2* isa contravariant vector

veotor is denoted tra Jlight-faced x) with the understanding that 2* = c, aja’ = 2, is 2 covariant vector withtis z, = y and 2° = 2; 2 = {2%, x}. We shall us i i
Gu With compocents }. We shall use a metric tensor ae & - {2,, o} (ta)

( ) 9 = gu = —ge = —gn = +1 andM

4
Ge = 0 for

u x» ® an 2-{% -v} ()la We must therefore distinguish between covariant and contravariant vec- oe etSuwace tors. A contravariant vector (one which transforms like the co-ordinate ‘The wave operator, or the D’Alembertian operatoras it is often called,80, vector 2+) is denotedby », a covariant one (which transforms like the 1agradient)
by v,, and similarly for tensors. In general, Greek indices will O-s%-" @)beused todenote the components (0, 1, 2, 3) of a space-time tensor whereasLatin indices will be used to denote spatial components only (1, 2, 3). can thus be written as (] = gpd*d" = 0, .

‘Theraising and lowering of indices is defined in terms of the metiie terse, ‘We shall have frequent occasion to make use of the step functions 0(a)
with ’ and e(a) which are defined as follows:= Oot” (a) a) = +1 ifa>0

th = go, (2b) =-l ifa<0 (a)wherea repeated index implies a summatic
ee

peated Greek index impliesa summation over that index from0 . 6(a) = 4+ e@)) =1 ifa>0
3 =0 ifa<0 (9b)

Gea = Yo Ona o) . sts in whi i
:

a Finally we shall almost always use natural units in which ¢, the velocity’
‘The tensorg* is defined by the equation of light, and f, Planck's constant divided by 2x, are set equal to one:hecaL. In this system of units, energy, mass, inverse length, and]

Ode = 8 @ inverse timo all have the same dimension.
where &*, is the Kronecker ee ie Krone symbol: &, = 1 if a = » and &, = 0 otherwise. 4 Note that by »* we mean wo? — v*,

Sonw . =: Weloen, =



3B ‘THE LORENTZ GROUP (2 Ee 2b) ‘THE HOMOGENEOUS LORENTZ GROUP 39" = 2) ACh) ACR) ‘2b. The HomolBeous Lorentz Group 3 e A= A) AG) AP) @ ‘# here A(R;) and A(R.) are spatial rotations and A(h) a Lorentz transtOhma-
‘We shall briefly recall in this section a few facts about homogeneous. a tion in the 2' direction.

orentz transformations. For two frames in relative motion along the 34 Ti we set ¢ = » = 0 in Eq, (13b), we then obtain
2? axis, the Lorentz transformation relating them is i 3

2! = o(a! — Br!) = 2° coshu — 2! sinhwv 4 Gyt=1+ Dewi >t 8)
#) = Ga! ~ Ba!) = xt coshu — 2? sinhw y so that A% >I or A& <1. A Lorente transformation for whichwe xt a ‘A% > 1 is called an orthochronous Lorentz transformation. A Lorentz
gta (0) “ transformation is orthochronous if and only if it transforms every positive

where “| time-like vector into a positive time-like vector. The set of all ortho-
1=Q-By p= o/c (is) 4 ebronous Lorentz transformations forms a group: the orthochronous

y Lorentz group. The sct of alll A can be divided into four subsets accord-tanhu = qb) <I ing to whether detA equals plus or minus one and A% is greater than oneand ris the relative velocity of the two frames. This Lorentz transforma- “4 on less than minus one. The subset with det A = +1 and A% >1 istion leaves the quadratic form 2° invariant. Note also that at time called the group of restricted homogeneous Lorentz transformations. The
re = 0 the origins of the two co-ordinate systems coincide. ‘The most + restricted homogeneous Lorentz group is a six-parameter continuous group.
general homogencous Lorentz transformation between two co-ordinate sys | ‘The other subsets ean be obtained by adjoining to the restricted Lorentz
tems is a linear transformation group the following three transformations:

vrei wy 1. Space insersion: Ben tox 4 =x
or in matrix form 2’ = Az, which leaves invariant the quadratic form 1 0 0 O
1,1, ic., for which 2? = 2/2, The transformation cocfficients A*, are all J 0-1 0 0
real. The condition that the quadratic form 2° be invariant requires that | A@=(9 9 -1 0 ay

AyMy = AAN = 8 (130) 0 0 0-1
We can write this last equation in the form 2. Time inversion: By m4, x98

MgueMte = oe (1b) 4 -

or in matrix form as q AG) = 1 1 (1s)
ATA = 9 (180) . 1

where the superscript 1” denotes the transposed matrix. It follows from 3 .
this equation that det A = kl and therefore that for every homogeneous 3. Space-time inversion zone
Liorentz transformation there exists an inverse transformation. Since the Ala) = AG) AG) :
product of two Lorentz transformations is again a Lorentz transformation,
the set of all homogeneous Lorentz transformations form a group. a

‘The group of Lorentz transformations contains a subgroup which is = 1 et)
isomorphic to the three-dimensional rotation group. This subgroup con- ot
sists of all the A’, of the form -1

A(R) = ( 2) a) ‘These subsets are disjoint and are not continuously connected.oR : ‘As in the case of the rotation group, we can easily determine the form

where R is a 3X 3 matrix with RR’ =R7R=1. We call suchaAa | of the generators of an infinitesimal Lorenta transformation, For an
spatial rotation. Every homogeneous Lorentz. transformation can be de- infinitesimal Lorentz transformation
composed as follows: A= tO, (20)

-_-
=



‘ 40 ‘Tine LORENTZ GROUP (2 2%) ‘THE ROMOGENEOUS LORENTZ © “ain order that Eqs. (18a, b, c) be satisfied, we must require that AG; u) = ee” 7
w= (1 One verifies that the infinitesimal generators, 9,,, satisfy the following

which is a necessary as well as sufficient condition for M” to correspond {, comamutation rules:
to an infinitesimal Lorents transformation. The infinitesimal transforma- [3tery Me] = Guo Thae + OrMlae — OueMy — DrSMine (28)
tion which is the inverse of AM isthus A” ‘Thus if the'four indices wvpe are all the same or all different the matrices‘The explicit matrix representation of a restricted homogeneous Lorenta, commute. On the other hand if one index is common to both matrices,
transformation in the 2' direction (rotation in 22! plane) is given by soy = yy the right-hand side is proportional to 3s.

coshu —sinhu 0 0 Tf D(A) is any representation of the restricted Lorents group, we shall
Ado, -(—smb  coshu 00 call the infinitesimal generators for that representation Mf». Therefore(0, =| 9 0 1 0 (22) if A is of the form given by Eq. (26)

0 0 o 1 Dio) = 1+ owe (29)

‘The infinitesimal generator sm" for this rotation is defined as Since the My, are representations of the generators of Lie algebra, they
a satisfy the same commutation rules as the Sy», viz.,sw = ACO, »| (23a)dis exhibited bs ue wna (By Moe] = Quelle + Greue — DroMne — Goel 0)

sad 8exe

o-1 0 O
‘The problem of finding the representations of the restricted Lorents group

-1 000
is equivalent to finding all the representations of the commutation rules

m=17 9 9 9 0 (23b) @). The following important fact about representationsof the restricted |
0 0 0. homogencous Lorentz group will be used in the sequel [see Van der Wacrden

_. oe

.

(1932), Bargmann (1947), Naimark (1957). The group bas both finite |

Similarly the infinitesimal generators ‘go and 9° for rotations in the ‘and infinite dimensional irreducible representations. However, the only“20” and “30” planes respectively, are exhibited by finite unitary representation is the one-dimensional trivial representation
0 0-1 Oo 0 0 0-1 ‘A-—1. ‘The finite dimensional irreducible representation of the restricted

w.{ 9 0 0 0) i 0 0 0 0 group can be labeled by two diserete indices which can take on as valuesm=| 7 9 9 of ™=l 0 0 0 0 ey) the positive integers, the positive half-odd integers, and zero, ‘That this
0 0 0 0, -1 0 0 0 is 60 can be seen as follows. Let us define the operators

‘The infinitesimal generators for rotations in the z‘z/ plane, i., spatial M,= (Ms, Mu, Mn) Bn)
rotations, are N= lou Men Blea) @2)

‘0 0 0 0 ‘0 oO 0 0 ‘Their commutation rules are
0 0 L 0 0 oO 0 oOen ne Mi) = eam=(9 3 9 9) alo 0 0 2 fy My] = adhe (83a)
9 0 0 9, 0 0 -1 0 (M, Nal = ~ ead (3b)

0 0 9 0 [fe Nil = eae (33e)
ma{[® ® 0 -1 (28) ‘From these operators we can construct the operators M* — N® = 4ilwAl""0 0 0 0 and t¢"'AM,, = ~M-N,? which commute with all the Af, and Ns.

0 1 0 9, They are therefore the invariants of the group and they are multiples of
‘We define sm” = —9m, An arbitrary infinitesimal Lorentz transforma- the identity in any irreducible representation. ‘The representations can
tion ean be written as thus be labeled by the values of these operators in the given representation.

A@) = I+ Jorot, (26) the fs rank four, whi
; am . + em ia the antisymmetric tensorof rank four, which equals +1 if swoe is an evenwhere w = —w", A finite rotation in the pr plane (in the sense 1 to »), serutaton of 0135 cous “Tipe na edd permutation of 0123, aodualsste

iagain obtained by exponentiation: AE the indices nrpe are not distinct, -



» 2 ‘THE LORENTZ GROUP (2 eo. 2) nn HOMOGENEOUS LORENTA ono 43
‘To make the range of values of the label more transparent let us introduce ‘To summarize, there are a denumerable infinity of nofiequivalent finitethe following operators: dimensional (in general nonunitary) irreducible representations. TheseJie HOR + iN) @ Gimepefabeled by two non-negative indices (j,j) where 3, 7) = 0,
and

.

1, d+. The dimension of the representation is (i + ) @ +)
Ky = KGL — iM) (35) and DU) is single-valued if j +J' is integer and double-valued other-

which satisfy the following commutation rules: tse. In an irreducible representation the value of the invariont
a

Mt? —N}) is UG + 1) -+4'G" + 1) times the unit matrix of dimen=
(Wu Si) = feted (38) in (+1) Qj +) and the valueof the second invariants (GG + 0) =

(Kt, Ku) = ietneBn oo) Gt + 1)} times the unit matrix. The basis vectors spanning the
Us Ka] = 0 38) representation space (EF) and DG?) ean be so chosen that the repre-

It follows from these commutation rules that a finite dimensional (3irreducible’ representation space, V# can be spanned by a set of sentation matrices for D’ +) are just the complex conjugate of those
Gir) (2j' + 1) basis vectors |jm; j’m') where j, m, j’, m’ are integers or fo PGs 5).al integers,—j <m <j, —j' <m' <j and in i TO antit iJand K operators tase the folowing“rceustion. secs of which the “A quantity which transforms under D®® is called a sealar, one which

Oe Towing robs

traneforms under D7 four-component vector, one which tins
Sa limi. m’) = Sit i) |5,miim) forms under the (4, 0) representation a two-component spinor. A quan-= VGEMUEMFD [ime Lim) tity which transforms under (0, 3) is ealled a conjugate spinor. For the

Salis mil) = m | ism)

Tian aad the D'22 representations an explicit matrix representation of

and
ali miss emis, (39) the initial generators can be given in terms of the Pauli matriceswil

Ka lis mjj', m') = (Ki aK) |j,mij,m)
MR = yoy MO? = Hos (1s)

= VG ER) GF Sw FD Is mim! £1)
Nye tey NINE = I a

Kaljsmij/,m) =m! ,

‘Those are clearly inequivalent representations, since there exists no 2X 2

a | Jp msm’) = ma | j, mij’, m’) (40) anatrix which anticommutes with all the 2, two-component spinor, &‘The matrix representing any particular Lorents transformation D(A) rratstorms under a spatial rotation as in the three-dimensional situation.is now easily obtained from this representation and it will be noticed that For example, under an infinitesimal rotation about the Ith axis,
ibis ety in general, unitary. The representations we have obtained are ba a(t Heodt (a2all finite dimensional. 1 he i ntatior : enfnitest . i ion, thi
where jis integer or half-integer and positive and » is a complex number. spinor transforms according Yo
TE 9 (js-+n)* for some integer m, then the representation is nite

go = (Lt dade @s)

dimensional. [f, however, #* # (Jo + n)? for any integer n, then the Note, however, that the quantity £*& is not a scalar. This is a conse-representation isinfinite dimensional. We shall actually only be concerned. quence of the fact that the representation D®* © ig pot unitary. On thewith the finite dimensional representations since for physical applications
.

thee hand if £' is a spinor which transforms according to D®2, one
ive are interested in the classification of quantities which have a finite Qetifes that $f isa scalar. Quite generally if the representations Tand
number ‘of components and which transform according to a finite dimen- U* are equivalent, this implies the existence of nondegenerate matrix,onal representation of the Lorentz group. ‘The unitary infinite dimen- B, such that U = B-'U**B. This in turn implies that if [y) is a vector
sional irreducible representationsare, however, of relevance in the elassifi- erick transforms according to U, namely, \¥) |v) = Ul ¥), thencation of the irreducible unitary representation of the inhomogeneous Gi Bt |v) isa scolar invariant. ‘The proof is as follows:

'

Lorentz group (see Seo. 2c). ‘The reader interested in a unified derivation

“any .

|

of all the irreducible representations of the restricted Lorenta group is W [Bt Lv) = 1 CBT |) = | BRUTY) = wiley GA
referred to the very readable review artiole of Natmark (1957). The converse is also true, For a unitary representation clearly B = 1-_



wow e {THE LORENTZ GROUP & IuE INHOMOGENEOUS LORENTE OHO} 4s> 2%). ‘We shall not consider the representations of the full Lorentz group in- after the homogeneous Lorentz transformation, It chur ‘conveniently be
cluding the inversion operations. A complete and simple discussion of represented by the following matrix equation:i PI ythe finite dimensional irreducible representations of the full Lorentz rarCeeCi Can War, o
‘group may be found in Heine (1957) (see also Watanabe (1951, 1955) and Re oat) fe mA
Shirokov (1960a, b)]. We shall, however, at the appropriate places dis- re im en oe z)e{ 2) ao
cuss the inversion properties of the relativistio wave functions and oper- we oa a ”ators describing free particles. We here note that the commutation rules ere ea Hi 1
of the operators for the inversions Z,, I, Zx, with the generators are:

Us, Md = Uw NJ = 0 (450) here the last co-ordinate, 1, has no physical significance and is left
Th =U, M, 5) invariant by the transformation, The product of two inhomogeneous(Nae = Uy Md = 0 (45b) Lorentz transformations {a1, As} and {az, As} is given by
Un Nae = Un Af) = 0 (A5e) fs, Ad} (00, Aa} = (01 -F Aras, Ards} 0)

‘To conclude this section, we briefly consider the vectors which span ani ‘The inhomogeneous Lorenta transformations form a ten-parameter contin-
reducible representation of the orthochronous, improper (Le. det A= 1) ‘uous group. ‘The generators for infinitesimal translations ate the Hermit-
Lorenta group. This is the group obtained by adjoining the space inver~ jan operators 7», and their commutation relations with the Hermitiansion operation to the elements of the restricted group. It follows from. ‘aerators? for Sotations” in the 2-2" plane, My = —Mf,, are
‘the commutation rules (45e) that ee (Ale, pal = ae ) @Mon Pe] = t(GeePn — IuePr)

LK =Jl, (46 "Ly = ue on ‘The commutation rules of these generators with themselves are
. .

tor 1 Pe] =O 2)
so that the basis vectors |jm;j’m’) for j #4’ which transform under a

©» pd

restricted Lorentz transformation aceording to Ds do not transform (Man, My] = —iGorMve — Grobe + SeeMyr ~ QreMnw) (53)
{nto one another under J. In fact, in view of (46) ‘The problem ofclassifying all the irreducible unitary representations of the

AsCL, | jm; j'm')) = m'(E, | mj j'm’) an inhomogeneous Lorentz group (Wigner (1939), Bargmann (1948), Shirokovso that I, | jm; j’m’) behaves like a base vector )| j’m'; jm) where d is a (19582, b)] ean again be formulated in terms of finding all the representa-constant ‘which depends on 4, j', m, m’. ‘The vectors |j, mj, m’) and tions ¢f the commutation rules (51), (62), (63) by self-adjoint operators.
1.15, m;j’, m’) thus transform under restricted Lorentz transformations ‘The first task is to find all the invariants of the group. Clearly onlyunder different irreducible representations and are therefore orthogonal to scalar operators can be invariants of the rou and we arethusconfronted
‘one another. To obtain’ vector space invariant under the improper with the problem of sonstensting We angcuanttteg whieh comm
‘orthochronous Lorentz group itis therefore necessaryto take the 2(2j + 1) with p, and My», Let us define the following quantities(2j' + 1) linearly independent vectors |jm; j’m’) and |j’m'; jm) together. arp = PMay + BeMoe + Pelle
‘We thus expect the vector space V#’ © Vi to be an irreducible vector . 54)
space for the representations of the improper orthochronous group. ‘This

= Mape + Mospe+ MP (A)
is indeed the case for jj’. and the pseudovector femal 6)We = Kern p* 15)

‘so that
0, ot, wi, wt)= (@, v8, 0M, vi) 56

2c. The Inhomogeneous Lorentz Group (ut 8, ww) = 0H a Om) 6)
,

or in vector notation

‘An inhomogeneous Lorenta transformation, L = {a, A}, is defined by w= pM (eta)
aim (La), = Myre + Op (48) w= pM —pXxN (7b)

i.e., as the product operation of a translation by a real vector a, and a Wet ‘es j F ‘i ‘
a

* 2 We have appended a factor —i to our previous definition of the infinitesimal gen-
homogeneous Lorents transformation, A, the translation being performed Pats foneoor . =_

»

=



7 @ @z @~ 48 {THE LORENTS GROUP (2 Foy stu INNOMOGENFOUS LORENTE GROUT a
We note-that “» certain invariant parameters which in physical applications are the eigen

wep =0 (58) “, Yatues of those operators which must be added to the set (p,, ws) to make‘The commutation rules of wy are: 2° jr'a complete sot of observables. In what follows we often suppress the
P - & dependence on a of the basis vectors |p; a). Note that for such » basis(yn we) = Tmt, ~ gute.) (9) the operation of translation is very simple. The set of all four-dimensional

(wp) =0 (60) % translations is a commutative subgroup of the inhomogeneous Lorentz
= tepmew” z ‘ip. Since it is commutative, the irreducible unitary representations(il, 2} = feaveD 1) group. esi ybtained by exponentia-- ‘of this subgroup are all one dimensional and are obtained by expoOne

then verifies that the following sealar operators ~ tion, ‘The operator corresponding to the translation by the four-vector 4
P=pPpy, (62) ‘is givenand ” © a is given

by U(@) = exp (—ta,p") (64)=
Geta = wr, * Jn an irreducible representation, the operation of sroaation bye thus= WL,M*p.pt — oe rresponds to multiplying each basis vector |p’; $) by exp (—ia,p"*).

= lbh pept ~ MaedlPrPs (63) vote amatueible representations of the inhomogeneous Lorentz groupcommute
with all the infinitesimal generators, fw aud ps. They are can now be classified according to whether 7, is a space-like, time-like, ottherefore
multiples of the identity for every irreducible representation of null vector, or Py is equalto zero. For this last ense, p, = 0, the completethe inhomogeneous Lorentz group and their eigenvalues can be used to system of unitary representations coincides with the complete system of

classify the irreducible representations. Gafinite dimensional) unitary representations of the homogeneous group
__Itis convenient for the classification of the unitary representations of the {Bargmann (1947), Natmark (1957)]. ‘They will not be considered furtherinhomogeneous Lorentzgroup to choose adefinite basis in the veotor space fs they do not seem to have any correspondence with physical systems‘on

which the representations are defined. To define a basis, we select except for the important case of the (trivial) identity representation which
from. among the infinitesimal operators of the group a complete set of is one dimensionalcommuting operators. | Many different sets of commuting operators can, ‘The representations of principal interest for physical applications areof course, be constructed. These different sets will then give rise to ‘those for which p? = m* = positive constant, and those for which p* = 0.
equivalent representations. We could, for example, choose as a complete saree ret dismucs the ease p* = m?. In that case, po/Lps, the sign of the
set the operators M,.1*", &Mf, M? and WM; but such a choice would ‘energy, commutes with all the infinitesimal generators and is therefore
not be transintionally invariant. A complete commuting sot that is secrevieiantof the group. There are thus two irreducible representationstranslationally invariant consists of the operators p, and of one of the for cach value of Pand WW, one for each sign of ps/|po|. An irreduciblecomponents

of w,, say ws. We adopt this set for our subsoquent discus- ‘ctor space, for pr > 0, is spanned by basis veetors all belonging to thesion.
The eigenvalue spectrum of these operators then specifies the range ree ironeatue m* of pt and having pe = +Vp?+ me, We can there-of

the variables labeling the basis vectors. Furthermore we note that for ae asd.‘an
irreducible vector space, only three of the four momenta are independ- fore write |p, $05 IPs 2) ectrum of ty in an irreducible representationent since p* is an invariant of the group and has a constant value in an sn ord eo oo OL) within the manifold obtained from liuear combinairreducible representation. The basis functions for an irreducible repre- we consider ¥mt ( 3 with fixed p’. No difficulty or ambiguity arises sincesentation

can thus be written as |p'o, p's, p's, p's; ¢) where p'* is equal to Sand v mute It is convenient, furthermore, to make a Lorentzsome
constant and ¢ is the variable corresponding to the ws eigenvalue. Fae loan to the “rest frame” in which p’ = 0, plo=m. In theIt is important to note that although we have chosen a eomplete set of transformation

commuting operators from among the operators of the group, this set rest frame wt = m0, Mz, Mus, 3s)
will not in general be s complete set of commuting obsereables for a physi- , May, May, Mes 9cal system. There will be in general other invariant operators (such as = m(0, Su Sr 51)

the total charge and nucleonic charge, for example) which commute with with . (68)the group operators and whose cigenvalues together with p,’ and ¢ char- [St, Si] = famSe ;
acterize states of the system. Therofore, the basis vectors of au irreducible ‘The Si obey angular momentum commutation rules. Tho eigenvalues of
Tepresentation more generally can be written as [p'; £3 a) where a denotes S* are therefore s(s + 1) where s = 0, 4, 1, 3,2, --- , and the S; are the

=
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13.-Gonelusion. The invariance group of a lightlike 4-vector happens to be the

group E2--- The-rotataon- of E2 corresponds to the obvious rotation which: does e
not change a particular lightlike. vector. The two translations of E2 do not
correspond to translations but to lightlike boosts. .

1h. Firther remarks: recall from Wybourne the definition of an invariant subalgebra
(corresponding to invariant subgroup). (See page 44). The group SO(3) has three

“one” pérémetéF subgroups, bit vidhe of thésyis ati invariant subgroup, whiich“is to

say, S0(3) has no’ proper ideals. Thus, SO(3) is simple (and thus also semisimple).

Same -goes-for SO(2,1). Also, note that--Sh(3)-has no two-parameter subgroups
atall. — - - - .

15. Now look at the group E2. It has a two dimensional abelian subalgebra consisting
of the two lightlike boost generators. Moreover, this subalgebra is invariant!

Thus, the group E2 is not even semisimple, much less simple.

16. Like SO(3), E2 is a subgroup of SO(3,1). Thus, going through E(2), we find

finally a-two dimensional subgroup of SO(3,1)+ ®
. 7 Sof3,1)

a \ ™ €@)

so(3) S04) NViN AL?) aberhran odylon.
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Se Notation for Lorentz Rotations
First, Halpern's notation as used in Physics 230A:

:

a

. voUs= exp (é aw Ti”) ~ {+i 0”
, ov av 9 ov

Kn = Au Xv Ne = SP 2a,
' v

B= Mp @ Wyo

Next, Bjorken and Drells notation for the same thing:

é ae 4% ay?U= exp Cargo”) ~ 1 - ih EwM
“ ‘ v v ? v

a oy = S46

a v

Ta Kur Guok

The relationship between the two notations is very simple:

v v

On = N-

So = — Qa

Wramankumn
APea WaPo

AIM Pls => P¢e+d= eC PH ES
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--A Pew-Comments -on the Relatton between $0(3,1) and SL(2,C). --

r ) 1._First,. lets make sure_we_know akhet we mean. by notation S0(3,1).. This is-group. -
a of Lx} matrives whichpreserve the. usual’ form x.x, and which! ivelaet, = +l. The

— "preservation", condition. is. the thing you usally: see_inyolving the mtsric. tensor.
_ au ~~ . Actually, once yon have. the"preservation.of x.x" condition,Yet.can only be-+1.  - —
——-— be The group.9(3.1) mould. dliow both, but S0(3,1)-picksout det=sl.This-is. — ———___. the pieceof 0(5,2) whichiia connected th the identity transformation... -—.

. 2. Now $0(3,1) ig nok the “proper Loretnz. group!.. If you.take. only the piece-of-
__..  80(341). such that, a2o _is positive, then_you_have somthing-I.have called. $0(3,1)*. —-

_______This obiect is the. proper Larents group,.called €¢._by Buhl,or_just.&o. -by Messiah.
_-— ~~ Se) theproper Loretna group.is $0(3,1)". Cannot,change a_future_timelike vector
______ intoa past timelike vector, etc. meee ee

——- —— - 3 NowAf you add to.$0(3,1)" the parity operation s, then.you.would have both. = — —
—— dete possible,Luould call this grqup0(3,1)% Messiah.calls itMeY of. this —-

__-—. —. group is galled the “orthochrongus, Loretnz group". Just the proper plus parity. _

. e ~ 4+ Finally, or almost finally, we note, that. the group.S0(3,1) where.you atlow-— -
- = ceDoth Signs’ of. the 24,component has no.name. It would’be L4-usion sth... -— -.

———..—— 5 The_"complete" Lorentz group allows.for hoth signs of_det,..and_for_both signs... — -
— — - f ago: This group I_would call, just_0(3,1), wee ee ~

Te go “soot AD LO 7 7

——p-thet are. -—s2Nt oman solsy)f - > - ee eeea} thet otto soa Sd | Lk.
— -.f bad=- ome asthe.
aw ALL. Oke -, feo 8 —. ke wee ee _

2 = TS OnKowma,2 wee woe eee
——---— ~6+ Now. the-question: to-which of these groups does Sl(2;C) vorrespont?-~Kecording  ~

~ _ ~to the connection that F use;-a%-<#tr(gg*)yo since the trace of ‘such a matrix =~
~ + + ds always positive-{seematric notes)= “Moreover;“E cannot seem to-gener'atea4

—— - ~~ G,00)0) Thus,-dtseems-that-Sh(2j¢}-isrelated: 2:4 +0-S0y13? = proper, — — -
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‘ August 24, 1976

Mote-on the relation between SO(3,1;8} and SL(25;0) -
@_t This was done to veitty facts tilt T have béext Using fortwo YeBrs fw,

2. The basic idea is this: there éxists a 2:1 homomorphism between these two groups.
One way to connect the two is to “embed the usual Lorentz transformations into
SL(2,C) matricesin this way: X' = gkg* - Here, X= x" ets Axtqgy+% oe

As a single matrix this is: ( t+z xdy )+ Glearly detx = x,x", the quantity
we want to be preserved under **Y 2 Lorentz transformations. Since detg = 1
we see that our embedding insures this fact. The fact that the right side is

bilinera in g shows the 2:1 fact. In addition to preserving length, you want your

LT to keep the components real. This means that X is unitary. That is why X' = geX
is not acceptible, for exemple. Ie, unitarity of X mst be presenved. If you put

the daggar on the other side, you get the standard SL(2,C) generators identified
with passive Lorentz boosts. Of cqurse this is all just convention.

3. Now on these eheets I have showii that assuming"X' = gXg*, you'can easily solve

for Ay in terms or ge . Ra = trope oye") _.
Is Now I assume the-standars generators for SL(2jC) so that Jj = 30; and Ky = idy «

Then general SL(2,¢) elements is HXEX exp(-il a.J + b.K]). If you put thise ‘in for g, you can then solve for \. On page 3 I find the. infinitesimal result:

Ree \! Ku = be Ns = Sy -eqeae
° 5. Now you define S0(3,1) generators in the samé way as Tor SL(2,C) . Then you will

find the standard forms which yield the standard active boosts and rotations.

Te, you get:

ole rbar k= ifo & ow be]
It is clear that this duplicates the fe 2 =a a

- bo 42 Oo ~Q, |

sefiseible" generators which go with — bs -@, a, ©
the active boosts. 1

6. Earlier, I did the reverse problem: given the standerd 50(3;1) generators, I~ ~~ J
solved for the SL(2,C) generators. Got same answer!

.® :
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incorporating parity into the complex Lorentz group.

@ 1. We know what the parity operator does to real Lorentz transformations:
2 =

a(aa8 = 9 s@. 28 = Coy>z)
Here, s is a Axi matrix which is, I presume, diag (1,-1,-1,-1).“The commutation of

s with the generators must be, tn order to make the above work out,

Ie, if we write a power series for'the finite LT’s, then this rule for the generators gives

the above rule. Similarly, we can show for simultaneous rotation/boost LT that: .

x

s@Q,s = @-2)} .

aifexte-f] = ~ilez-2 kK)cy se Ss =e

Da adedt,Sahs duckbe anh:
* ey le,

e sw Pc{a tee ee = Lclax-2 ch
ou: AL ol, © ST 2 Pormrms) 4F H1e 78s Se \ = |0% (oo

Ly alee est [ “1 “a | som| ot~Y dhey,-99 © i oatSA

os 5. 2
% :

a | ome%

2. Now, we know that the real Lorentz group is homo to SL(2,C), and we know that rotations

do thie: at = a7! whereas boosts ido this: a‘ = a. Thus, in the world of SL(2,0), we
want an operator that does this:

= +1sas s(a).

Ie, rotations unchanged, boosts negated. However, as discussed in parity misc notes,

there is no 2x2 matrix which performs this task (because a and at are not equivalent
representations of SL(2,C) ). Thus, we mist here regard s not as a 2x2 matrix, but es
an outside operator.

@ > Bow ve con just tet the parameters THETA and SIGMA go complex. The action of ses?
on the Axi, generators is unchanged, just variables go complex. Thus, we conclude that:

a

s@xssla-) N Cact)=9 ¢ LC)



ha Now that we haye established what = does to g, we can convert the result to (a,b)

Notation using facts recorded in cémplex IG section. We have:

si (@rig)-Z aA(Q-1x)-L “= @S QD? (8-f) > ae — © = @)

~i(R+iz)-3 ~ ie=. b= eye RE) Yast=. be —> eC =@y'.

= gst

3 s(abyS = Cady, ctl)

5. lets compare this to Toller's claim made in the Cozensa paper. Recall that Toller

and I differ in that he chooses tr(o ao x’) whereas I choose tr(o aob*). To
keep track of things, I will here always slash his $. Obviously the relations between
his stuff and mine are:

fea and  -(otyt
Well, this does not agree with Toller's version which is o(4,6)s7> = (6,4). I think
the @ifference is perhaps that he seeks analyticity in a,b whereas I want it in THETA

and SIGMA, the Lorentz group parameters. @

6. We both agree, however, that:

x

SQ —)s = ©)

Ye daude : On)= at
Q\yZze

apy =

Qna: z m yee Th segs, | Sk= eis
gfe Gad =G0= © 55 gE GHdG, =e so | gine

BRA HY



June 2, 1977

Comparison of Comex Lorentz Group and Si(2,c) x SL(2.6).

e@ 1, An element of the group SL(2,¢)* will be called (a,b). Each a dand b is
2 unimodular 2x2 complex matrix. The meaning of a "direct product " group| is contained in the imltiplication rule: (a,b)(c,d) = (acybd). " Any

| representation of this group must have this multiplication rule.
|

2. Let us now construct @ representation of this direct product group. The

representation space will be the space of 2x2 complex matrices. The representation

is defined on this space as follows:

RAYX= Xo = axtt

To show that this is in fact a representation, we prove the group multiplication:

| RW REQAYK = RE, Lexd*] = acxdter
= Casyu(va® = R(as, bayKX

Notice why the transpose was needed on b. I think this could equally well be an

inverse or a daggar. These would give equivalent representations, related 1:1.
Aw

e 3. Now we connect to the Lorentz group. We begin by making a 1:1 map between
the space of matrices X and the spacé of 4-vectors x4:

w= 2h (Xy) BK= Horr.
Ka gp

We see that the above mapping of X into X' defines a map of x" into x"™. Since

it is obvious that detX' = det x (since det a = det a? = det a“! = det at = 1),
we ee that, whatever ‘this transformation does, it preserves the length of the
A-vector. Also, we have at once that:

Ma thigaslhxy, :
This shows that the transformation is linear. Finally, fromthe fact proved in

subroutine 1, namely

& [ det (X,+X,) - det X, - det %) = Xye%y
you can obviously show that in general x.y is pregerved under the transformations

in question. But this allows one to concludé at once that .e@ a Ris

=Bp Nakp= ae



Therefore, the transformation which maps x into xt is some kind of Lorentz

transformation. *

2 e4. The elements of the group SL(2,C)~ which we called (a,b) are clearly azll

connected. Ie, you can go from (a,b) to (c,d) smoothly. In fact we have mapped

SL(2,C) x SL(2,C) into the group called 1,(c) which is one of the two connected
pieces of the complex Lorentz group. We know we have gone into this piece because

(a,b) = (1,1) means X' = X means x' = x which is the identity. Thus, we

have the "proper complex Lorenta group". Since detA = +1, we may deduce this

perhaps non-obvious identity:

dak (tose [oa % #4) ee A dos dates 1
Ie, this determinanat of a Mth matrix is independent of a and b! You can quickly

check the norm by setting a=bse and using Hr(F6,) = dj, + Since det and summation
do not commute, I think this identify is highly non-obvious.

5. Where is the real Lorentz group? So far, the elements of AU, are in general
complex numbers. You can show that if you want these elements to be real, then

b and a must be related in a special way, namely a = (complex conjugation).

Proof: . ya eThay)= th( gan bt)
P= ERGEE M2 a(bdol = t(hedlg) = ah(mboaty
Ba rcgantyen(pra at) var
SB ask Ras-b (som rg)

If we choose b-=+ a, then we get X' = axa" and AY = dr(oasy at). since
this again contains the identity and is connected, it mst be L® . If we took
the other choice, b = -a , we would get the piece of L containing A = -1, namely,
¥

uy .

6. What have we shown in terms of analyticity? If b =a , the 6 Lorentz parameters

are all real, As we move slowly away by slightly varying b, these parameters go

complex. It would be nice to know the 6 usual parameters in terms of a and b.

7. We note here ancthedr non-trivial identity which follows from the above: e
gp KGagdyn (Gags) = 4 aap Nab > dctasakbo|
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@ 1. Actually, by "Lorentz group" I here mean exactly SL(2,C). This thing is 2:1 in
relation to i + In the group SL(2,C), the elements 1 and -1 are distinct.

) 2. By the phrase " complex Lorentz group" I mean for the moment SL(2,C) x SL(2,C).
| The matrix elements of the FDI! representations are given by this formula:

5) 8,0) (2,9) =.

Dannie ab) = Dae) DEP

The functions appearing on the right are the standard FD (s,0) representations of

| the real Lorentz group, or SL(2,C), used eg by Taylor. I will summarize the
properties of these standard functions on ahother sheet. The only properties we

will are here are these:

(39) (9) GP)D w= 4 DP @=D™®

Ge) 2s tes)RD CH= V4 = D' Ca)

r ) 3. Using the above form for the representation functions, it is easy to
verify the SL(2,C) x SL(2,C) multiplication group property, which is (a,b).(a',b")

= (aa',bb'). Thus, we have ab least verified that the above representation is

in fact a group representation of SL(2,C) x SL(2,C).” The fact that it is irreducible
is almost obvious but will be reviewed below. :

4, The way you generate your complex Lorente transformations in I* is as follows:

aM +NGS ty = 4 hae (Rae ty
_ Notice that (a,b) and (-a,-b) both map into the same complex Lorentz ransformation.

In order to show that this really is a LT, you must show this:

x

qwhtahp = ge
This is true, but easier to show indirectly, see other sheets. We find that we have

mapped the group SL(2,C) x SL(2,C) onto the group 3,(c) in a 2:1 fashion.

e 5. Some special cases of the above formila:
ae Ge) Ge)

Dawoyto (PY = Dawes (as) = Dawa? ()

od) 80) ~ (e,s:)
o 1 Cab) = Y*" (a,b) = (Sy) = 952)eo Denne CUP) = DMC) = Da CO)



Thus, when we go to the veal Lorents transformations we find:

COmmmEN G6)

DS (ad = Re e
52) los)

Devon (ao) = Draws (a)
6. We are now ready to prove the rule given in (1.). First, we use the direct-product
property as given in Liubarski:

(uso (3,9) (0,52)

Danmar Cb) = Danan Cart) Danae Cas)

Next, we observe that, the rep (s,o) can, be found in a certain product of lower

reps. We write this as follows:

Gus) “Re)Di Gab) = Wedabary WDC
(25) (2)
Dra@r = Wasery Td’ “O)

These facts are just like those in SU(2) and follow, for example, from:

ACAIA). SH Gp) tee e
The point is that p(21+°) (a,b) is independent of b , so we can set-b =a to get
the regular real Lorentz transformation. The second line is independent of a so

we setLa=b. This then gives:

ae ior G9)Do cary= DP Ca) = Do Ca) .

(50) (5) (5) Gp) oYG» = DO,8) = DEG) = OG
We have thus proven formula (1). In addition, we find these’ extra properties:

Gus) a GySx)
Vermaming CBB) = DR Cad)

G59) Ges) .
Verret C0) = DEP Case)

G32) , So
De a) = Saw «Sant
asd as @

Venom tl G4) = CY SmtSmam de
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) How do you connect: the 12 parameters of L (c) to those of SL(2 oc) 2

r ) 1, We have a and b as our two SL(2,C) matrices. Actually, we are using SL(2,C) xS1(2,C)~bar since this makes for easier rpletions, Eg, q,real Lorentz transformation
then occurs when a= b. Let ® = rotation parameters and o’ = boost parameters.

‘Then: beets~i [Se-D+ GK] nope wae cel eehe

Re = anal = comple rolabin peromnulne.
-k@e rk Cee +(x)Qu. an e**) ga peor) L tee

S
:Ny = + a pant)

cheg, 97 4£aesa , s[@ten ky ak Re | :(et ) ye t (eS nle
We dont want to show that this is true because we already know it is true. All we want

@ _ 3s the elation between the paraneters, so we may for this purpose go te infinitesinals:

cal é ei Fe)ayy i [etek oe fm (\-t 2) % (ets)|
a : —

= ~ileuesk|s = -da- (smd) +g kh +(ae 2)

° . _

f= -i\ekeck].c = Ga h(ag)+ yh has)

|

=. ~25 ak aaa S| Ve: 4 ash, In gek on G-ai= Bd bya = ALE} 3%

ei =-t Se CD) \wrrk|.

ae ee “ha KORE) HE ning)



3 SEHD be pC eres) —ag Co 2)

= &) ek lh i eyd~ a Les | e
Shy Ege 7Ej

i= G4) yen [Leal = Ga)2 da Laan] = th [Beall

Sea +t laski|

MadeWW prod eae: aaA et Lacee)= ra lateal -+/
weS anh:

\

O: = - + €yk }cd\ eds Kl.

w= foolerekl(, e

From Dee ae And

e= a lark] a= SV. FLOM

K= & la-%| w= Shri),

fer = + |@*% +s) So kalae
fad =e lor] T= &e + dno,

Baer = zlo:- OM] = Ror+ Ano e@
dm% = -£[6.-©] B= hao bn8;
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Exons San

o &GYy =a Sein 3 bnew > Sf=-T. :e epa4T

S [RAwGS] = _Caby= CRED, ROH),

@ [NY [Re Gy Cab) = CR, Ree),

@ Wwe: | My L&GDRO)| eo Cab) = (4-4) | O
NY, [BeGr) ROM > Gb) = C4, 4) we)

Ol muse WoTA Pree oe Rye Oo a Ment,
Here is a simple application of this last redsult: consider the M-functions of

Taylor, functions of the helicities and 4-momenta. Lorentz invariance on L,(¢)e tells us that:

&)Mayes Coe)= TW DE Ga) Ma CAG M8, )

= Mae Cry) oy (+)| = WON Mate) by 0)

| = YOYe +h a alaseww 9 3
The number of half-integral spin particles must be even, or the sum of all spins
must be an integer. Of course this is obvious, but amusing to chekc in this way.

|

|
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duly 19, 1977

Complex Lorentz Group and Analytic Continuation.

1, Let g, be elements of the abstract real Lorentz group. This group has 6 generatorse called the J, and the K, , the rotations and boosts. Since no rotation can change the
parity of a 3-vector, and since no LT can change the futureness of a l-vector, the group

generated by just these 6 generators is $0(3,1)* or I. This is the first of the four
pieces of the real Lorentz group, sometimes called the restricted Lorentz group. This

piece is 1:2 homomorhpic with SL(2,C). .

We can label each g; in xt with a set of 6 parameters called By = (Gi Si). These
parameters are real, three boost and three rotation parameters. The group multipliestion

when converted to these parameters'is really a set of equations:

83 = B80 is same as Bg = £(2y»P2)

Ie, given any two group elements with parameters p, and po, there is a function f which

tells you the parameters of the new group dlement g, whoses parameters are py. Really
this is 6 functions and each function is a function of 12 real parameters.

2, Analytics: if we simply continue these parameterg equations go that they are functions

of 12 complex parameters, we know what we mean by g, = 68) where all g, are now elements

of the complex Lorentz group 4,(C). Te, given any points gj and g>, each described bye 6 complex parameters, I can tell you the 6 complex parameters of the point & by just
computing them from the analytically continued equations shown above. This is what

you mean by saying that 1,(c) is just a complexification of ut + Complexification
and analytic continuation are the same thing.

3.'The (a,b) notation. Any point g; in the complex Lorentz group cah be labelled either

by the 6 complex paratmers p = (®%), or by a pair of SL(2,C) matrices a and b. In

other words, there is a 1:2 homomorphism between the groups L,(C) and SL(2,C) x SL(2,C).
If p corresponds to (a,b), then it also corresponds to (~a,-b), hence the 2:1 stuff.
To show we have a homomorphism, we can say: .

SUC SY % SCZ)! yr Cai,be)

| BwR=4s —F — Cab) Caa,be) = Caraejbibe) = Cas, ba)

@ 22 3 Koc)
a y a

AWR=EQB NoCe) Na Qe) = N-«Qs)
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comps Sn gy

Yrwaylesdan: Bo ae mee . jeex

: Tete

Re Qe) 2 are one Je(aeiy TT e\ y & x mk: 9),G anh a:=b;Rooper bi exp bess + igy-T] {
To show homomorphism, not only must you make the 1:1 correppohdence, but also you have

to show that group multip;lication corresponds:

A a * nN *Ro@) = NiGakd = Eh paw) = ERC RaawW bbs)
4 a :

= KiaGyby ACs Ga,be) oy rasa Yaseen ibe
ra 4. = Aa (ay AY (es)

S y RSA Gb) | Den .

Py Pe > hs co e
A (anyfeste) + (ooh) v.

Lu. Representation functions: Because we know the representations of SL(2,C), we also
know the representations of SL(2,C) x SL(2,C). This means that, using the (a,b)

peraneteization, we already know the matrix elements of the complex Lorentz group.

Recall that the representations are the same for complex IG as for real 1G because

the Lie algebra is the same. Roughly speaking, we had I* = SU, x SU, which toled
us how to make FDR's of real 1G (diagonalize Ay and B, ete). Now we extend things
to L4(C) = SL(2,C) x SL(2,C).

In perticuler, in the (a,b) parameters we know that:

baate vecka = \Sy824 awe yteD

(54) A 8
Dating rad-nd Cay = a,seywy yy | UG?) | sisej mgt wet

yer, Nae e

=e Di Fee apprentice, |
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In general, we may replace (a,b) with abstract element g and write p(®1982) (g)
e with the understanding thet if you are given g in terms of the p parameters, you mst

convert to the a,b form to see what you have. In particular:

-i\erig |.RG) = Rea = VC) wae oe we
5. The Special LT for Zope

| Bes tookot NYG)= A= & kh (Gan
WY),| Wo ack= waegk N(aw= Sh,

Qk AN m-8) = NoGen)= -8'. bit

a=% SQ-B 9 Seo % ga-ig HE,
b=-% > b= WH BHiE=W A g-ig-ardt

e SS eaTrm ad v= iat

To. summmanige>:
G@ey= GN DS NSS HTL ok (QC)= CR dt)

GN~ uy A NAH gd (ere Cra, -deed,Wee eT oe ey Neidaneaingit minds
stacy L4 Ce)

a : 4 : a

Avehuan con *

= OY Ss Nv= tS wd x)= (2)

De NV = AN nd BL) = (AWA,Q) ang gostiUle ondidnle

so GU) > nad Ee nstatien,
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Comments on the Complex Lorentz Transformation Business. a a

e
— 1. Basically, there ared~two -kinds-of -things: I-want-to "explain" with these -

— complex Lorentz transformations. First, I want to show. whyit-isthat the- ----

a Breit frame kinematics look so much like cms Jinematicas, Secondly, I. want -

to understand the great similarity between the single parameter subgroup matrix

elements for SO(3) and for SO(2,1), namely, ihy they look the same except for

"the fact that cosp gets replaced with coshy . 7

2. I am now beginning to tliink that these two questions have essentially different
types of answers. The first question I can explain by using my Very special
$0(3,1;C) x SU(1) transformation which connects a t-z cms frame to a t-2 bws

- frame of. two particles. This transformation shows clearly-why things have the

. same form, and it realy issome_kind of complex, unphysical lorentz transformation. _

/

3. On the other hand, the second question may be answerable without going to these
complex Lorentz transformations. We know that when we are dealing with the
matrix elements of SO(3) and S0(2,1), we are really operating with sU(2) and

e SU(1,1) whiéh are both subgroups of SL(2,C): But, we already have shown that
inside -SL(2,C) a real y-rotation is equivalent in all respects to an imaginary

y boost: ie, it is completely indistinguisheble, Thus, if-you are doing your

usual SO(3) with a real_y rotation in-these, and if you are doing your. usual
90(2,1) with a real y boost, in there, then ‘hex anything SL(2,C) involvikng .

these two (such as matrix elements) will have a very simple relation. Ie, if
you let that y rotation go imaginary, then you have the same thing as a real

y boost and you effectively go over from SO(3) 80 SO(2,1). HII!

e .

7 /
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Recall that operator O takes you from your cms frame to a bws frame in which all masses
squared are exactly negated. Thus, all timelike cms vectors become spacelike vectors in
the bws. Thus, the ‘above equation shows”ts that a real X-boost by ¢ done in the bws
appears as a purely imaginary Y-rotation when viewed from the cms system, tes ‘Thus,I now understand the meaning of cos(p) = 2 cosh, HOWEVER, we have only been able to

connect the cms and bws when triangle(t,t1,t2) is -positive.. This situation obtains in -ea ‘the conventional A, enalysis with all masses® positive. In the sector of the bws where
triangle ‘is negative; there is no such-simpke~connection between’% and-¢ .-In factI have showed that_z connects to a combination of & and an azimuth.
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Comments on Chapter on HDR's of Lorentz group,

1, Notation: the symbol if, stands for the"proper"Lorentz group. When this group@ is combined with the inversion operator called I, you get the "full"Lorentz group

called %. As best as I can tell, Liubarskiis throwing out the time reversal
operator from his discussion? Remember that "proper" just means detA= +1 and

includds the pieces 1% and If which are disconnected. So here Liu simply ignored
the fact that L, =&, happens to have two disconnected pieces. .

Further notation: I, = rotation generators = Ry = iJ,, my usual J,
Jy = boost generators = By = 4K,, my usual Kj

This mixup adds to the general confusion.

The Ay and B; are the generators which separate the algebra, and (P,Q)

are the Casimirs which go with Aland B. Tpq is a rep. of L, + Obvious. Then
| pq BFC Supposed to be the basis tectors of such a rep. Stnetines ui, and v..
| are used as basis vectors for reps. Symbols Spa and },, are used as coefficients
| of @ vector in sone rep. Ie, they are coefficients of the basis vectors ike e,4+ |

2. Summary of the chapter:

1, Algebra is stated in terms of I J and then in terms of AB.t ) 2. Reps are classified. The UIR's are'mentioned in passing.| 3. Clebsh decomposition rule is stated. :
4s. Complex conjugate rep is defined. (ne finds thie equivalence: Tp) = Tap. this|

is the source of Bade Jehle stuff where (0,$) and (3,0) are complex conjugates.
5. Spinor algebra: general spinors with any numbef of dotted and undotted indices.

Note that (2,0) is called first kind = undotted. Spinor "of rani mn" “obvious.

The metrix spinor is called a metric ‘tensér g,, but it is not discussed at all.| 6. Tensor algebra: the (2,4) basis vectors are cénnected to usual x" basis vectors.

Tensor of "rank n" is obvious. g, = diag(1,-1,-1,-1) is actually stated, as opposed
to metric spinor before, was not stated.

3. last section is about parity. First, he shows that parity negates the boost

generators, but leaves the rotation generators unchanged (as I have always said).

Therefore, the operator I (parity) interchanges the A and B ! This is why parity|
converts Tpq into Top If ep, is basis vectors of fo and ugg basis vectors of Tat
then parity does this: Te, =... This is why parity will be identified with

complex conjugation, which also related the PQ to the QP.@
For the (P,P) type reps like vector, something special happens. Either| Ugp = + egy OF minus sign. This leads to Tp and Tp which ere scalar and pseudo.



So, to summarize this parity business, here are the representations

of the full Lorentz group: . : PS
Tr = Tate . |)

a ” se Tea P4Q
: , . a7 Tete Tp PRQTet TO% = ot
RO

£ &

For P #Q, the parity, operator, connects the te to the aay so that neither rep
is a rep of L because neither piece is:invariant under the operators of L (which

include I). However, the sum of these two. representations does meke an invariant

subspace, Thus, we call these reps of L by the name Tho +
This ig why,,for.example,.the-Dirac particle is (0,4) + (4,0). A particle

must be a representation of the full Lorentz group, not just the proper Lorentz

group, as long as parity is a good symmetryo of the physics of the particle.

Similarly, ax a spin-1 particle must become (1,0) + (0,1), if you are talking

about @ rep of the Lorentfz group full.
When P=P as in the vector case (3,3), it happens that the Tp, rep has r

two invarient subspaces which form the + end - reps as above. Thus, in the full
Lorentz classification a particle is not just a vector. It is a regular vector

(is, TZ ) whose components change sign under. parity, or it is an axial vector cam
On the last page he shows that there are only two-tensors of rank n, one is + end

one is -.
.

:

.

Liubarski does not talk about the direct, product and reduction of full

Lorentz group representations, but here is my-guess for what happens: .

5 ? ar woe :
Tole = T

% ~ oe ae
TOG = yO Tryon © Lou : ;
\eotn= tohecl+ 4 DBO nO

Nrgiavecta,  \ serdar . :
s,

G' © Tea= Tha : : :
«

% :

B® Vee ~ Tren OTugi@ twee ; 6
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Prom these equations and fro (65,1) 1t follows that

Ry FOR) = eu IK) ay IR. (65,2)chapter 3 :

Yo ave that the aatrices « f with ordi. .tad i jo ave that the atrices forma group with orii-PUpintticdimensionl, suenwnthouy, Gadus— ) nary matrix aultiplication a the Lax of couposteion,Representations of the Lorente Group ¥e have coenaRAK (5.9)
SosEnelorents

Group Tas grpao te galled the ful] Lorents roan, No. shellIn the tersinology of the theory of relativity the fence it .
set consisting of the three Cartesian coordinates 2,7, ‘The fall Lorente group has as a subgroup the so=
Frand the tize t 15 called an event “occurring” at the eee eatsene ae ee cuteicel if amasPoint x,y.2 at the instant of tine t, The numbers x,y, colted prover Lorents group,itte obtained tf anong,|Fand t/are called the four-dinensional coordinates of S12 inertial eyetons we select only the left( or on .the event, pond fo, transitionsfron one 2eft handed ysten toabother left banded eyeten evidently form a group. ThisAccording #0 the epectal theory of relativity the mother left handed oysten ovidently fora 4 group. Thtcoondinetesof the’ sane event in different inertial grouSe sunt, the opooer Lorents gpoun, z ;ayetene of reference aay be exprecsod linearly in terns : et

Of each other in such a way that the interval The ‘fall Lorents group contains the inversion ope~ :
rator I,defined tySua VEG—@)—Ga—*9 —Oa— I Ga = ; ?Fa PCa teens yalny, ree, Wet, (65,4)

detween any two events - ‘hie operator aakes the transition from an arbitrary :

ayoten E to a eyeten k at reot with respect to it and .Aleayu tact) an8 Blen.ynta.4) frston Ete og ovsten Ki gtrest rien segnectto ty 'Erlagenely fne/Gquare of the inversign operator te gaunt +i ‘ayiténs, to the unit operator, Zhe operator-d, 19 repreaenterenaine the case in all uch ayatéae fethe, anit
In order to arrive at the concept of the lorentz 1 0 0 .

group,we have to single out from all inertial reference 0 1 0 0 (65,5) j
Syetens thove mhose origins coincide at a certain in- Ho 1 oof
stant of tine and take thie instant as the origin of 1°
Hae neasuroasnt for ailof thea. "In'the follptines n=when speaking of inertial syatens of reference we shall oe .
eh speakingof inertial aye : is ue give ciplicttely the miteix dy for a vesr !

: important particular case. Assume that the axee of the =.Evidently, on event with coordinates (0,0,0,0) in aystens K' and K are parallel and that K' 1s noving ione inertial’ cyeten hae the sane coordinates in any Felative to £ with a velocity V in tho OX direction.se ;
other inertial syeten. Hence the relation between the imown, the transforaation formulae in this case are:

coordinates of a coreain event in different inersial vay .tens ie not only linear but also hosogentous.Let us ma yery, pon to SE
denote by aes the aatrix describing the tranei- * ur” % Vue (65,6)
458 eE,OB cuertiztes an cae ayaten K to thone tn so are called Loregts traseformations, secorting #0the ayeten K*,e0 that -

+

REELS greens iieeias | (65.3) 65,8) the satrix “jy io thie case 40 equal to" aeBeds ee Hey He .

If.in the systen K!! the coordinates of the sane ;

_.@WMRE are denoted by xj'(E=0,1,2,3) we can write: :
Asay(Wy 0 xy aU) t

= 206 - ‘

Lyuboaskee
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o-109)

tFn Rader why oe i}1 (66,2)never 7 NGL). (65,7) 0 900 >
° oo .

° oon where ty (tylo0,2,2,3) 18 the aatets in which the elo: ye+
ue Lorents group 410 a Le group. he group para Bont _at the intersection of the 1-th row. anf k-th columnweit: one can choose the three projections of Pay Ee equal to 1 white alt ito other etenense are ero.locity of the system K* relative to the system e " .

‘any three parasetere, describing the rotation to be 5 aroTEeTHRE, 0,else permutation of the indices 2,2,
performed on the axes of the oysten K in order that 5 . (66,2)
‘they should become parallel to the corresponding axes haere hte C
of the eysten K", Thus, the total number of paranetere To obtain I, we shall start from the relations '
of the Lorents group @ji0 six. wens, Yaycoapising, Ya—yenatscoss, Y=t (66,3) }
GG,Intinitesinal Operators of the Lorentz Group detween the coordinates of an event in the ayotens Kand K',the latter being rotated with respect to the

As we shall use Lie's infinitesian) .nethod to find former through an angle @ about the OX oxis.From

all finite, ginenstonal irreducible representationg of (66,3) 4t follows that the matrix 4, correspondingthe group &j,we cust find the commutation relations . i
for the Tnfinitesinad operators of this group. ~ to such . Fotation te equal& oj - a

Let us make a choice of parameters. The operator lor 0 0
a(K'K)depende on nothing but the relative notion of sa=/0 0 oma el”
the reference systens K and K'. This motion can be de~ 0 0 —use cone
scribed completely by giving. the three projections, Differentiating this expression with reepect toaand

sys da, of fue rotation svector’ of the eyeten K! with then patting &=0,we obtain 1)= €5,~ €3, . The expresJepect to the systen K and the three projections v,, stone for Ipend J, can now be obtained ty cyclic per
yys%q of the velocity v of the origin of the system K* mutation, Tans vefind
an the eyeten

E ea (6644) i:

We denote ty By means of (66,1)(66,2) and (66,4) we easily find all H

] Be te Be Ss yeEs See. the commutation relations:aed “ a Thmfab lbs) = 0,the tnfinitestaa! operstore corresponding to the otz Lala H
parameters : » (66,5)WARM a ty bende> WoORS Usd—Je tht Uh :-_ Not T= tal=—h thhl=—be :i

Since the elenanteof the Lorents group ars opers-, tetors in a four-dinensional veotor space,they themselves <~ . :
Constitute’ representation of the Lorentz group. This Together with the operators IpsJy ( Ke1,2,3) 1t 18 con

: representation is called the vector representation. venient to use the operators
L

| sven wlth operator din. the vector representation can be & (Coniaan Cane Wan 2m. (66,6)easily evaluated. To do thie we differentiate the ox ‘The commutation relations for these operators have wi © ~* se
preseion (65,7) with reepect to@and put P=0, We have especially simple form:

i Als tad, BB taaB IAB =O (66,7) .
7 Usb tah, 295 reat . i
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2-4,we obtainswhich
follows fron the commutation relations (66,5). 14 wo act on (sr) anaware“4tne Rtn= SolerWo strese that the conmutation relations for the Nem — ep: (on)

operators Ay(k=1,2,3) are the ease as those for the in= Formlas (67,5)(67,6) and_(67,7) show that the linear| finttesinal operators of the dedigensional rotation Closure of the ‘vectore (67,4) ia invariant with respect

{ group. This is aleo true for the operators 2. fo the operators Ayy3.Hence, it coincides with the
' gpace 1, the veotare (6744) form « baote tn Ly nhtle! S1.Claseitication of the Irreducible Hepresentations the relations (67,5), (67,6), (67,7) completely define
| ofthe Lorente Grou : the operators A. sAgedesB, im 18:

To find all possible irreducible representations of Wo seo that the infinitestnal operators are conple-! ‘the group, it ia sufficient to find all forms of the foly defined ir the muntereP, 9 are given, consequent: operators Jy,J,(i=1,2,3) that eatiofy the commutation 4o each pair of numbers ear

relations (66,5). This problea ie equivalent to that pes oa AT feasts hie renli Sf finting the operators Ayely, (eaicee3) saat eatiaty ane‘
the considerably simpler commutation relations (66,7).

Yo find these operators 1t 1s convenient to use the ert neat,
+ theoren of sec, 46. Gtuansions, the oniy onenitzenstoual representationof} fe foe We shall cali the pair o}Let L be a linear space that transforne accomting fhe Lorents 62007 6 Rte aes ee es eeto a certain irreducible representation~ of the Lo- manboreP,Q the weight of the representa .

L rentz group, Let us introduce the notation Beads ey te gutted tae vanoatced basse

| Noman weaken Moe} | 67D It can be shown thet the representation %, isf Wiccan tne single valued if Psq is a integer,wut that if P49 10According to the above-uentioned theoren ,thore EDP eres ee Sooantasion Epa to doubeenvextete

in La vector © such that valued. ‘1 :i , Mme Beem, (61,2) Im conclusion wo must mention the intintte-ataension=

where Q 1s sone integer or half integer. We denote by au -Sgeedns eybeoectationa Gevang Porests eroupeS BTOUDy

Zp the subspace of ail vectors inl that satisfy a Tea, Ge ‘and M.4.Nadmark.Hl (81,2), tas subspace is invariant under the operators Bvery infinite-dinensional irregucible representa‘A Aprkivig Dechuse they conute witn sae operetsre BoB, |. 4 sson'ekkyty) of the hovense eroupesie detined oy 2904 B,- Hence in the subspace Lq there exist vectors Max | anatees k, and ky. The index Kk, can take on all inte4
5} talPnnP. Pt ens PLP Ped ete): figs «OF and hale snteger valuse{ tat transfora under the action of the operators A,A- — |% Betebyet coi} By BOCOTHINE, C0 One Oeegeth (67,3) while the index kj can take on any value, including @Hy ate Mat itmn | Complex one, Buty if the difference kyu, ie an inte-

' a nstruct the vectors xthis representation degenerates into a finite=di-

H Zot as now co pnd Pe ga (67,4) Sendionel representation. ie shall ascune in the fol-esA ee Towing that the difference k,-k, ie not an integer,| << ip eeasis or therecubrence relation’ ako Se“ae

Doin= toe (67,5) Choose the basis .I According to the theorem of sec. 46,we have: Bont, AIF .yi a (67,6): = Bina Bere He a the space L, in which the operators of the repre-| esta vachan rear Rito Be eideation tlx,rq) act and define ty meane of St
| AR 4 : .

f : .
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| the dntinitesinal operatore of the Lorentz group. In
| bread of the infinivesieal operators 1,44; (U=1,2,3)3¢i Hill be more convenient to use the eix*opbratora: fora a basie in the product of there spaces.\ ee nea haePad, Fake Fete let us first consider the case Qy=P,=0.%e note that

the Srreducible| fhe jsereduottle representation Wik,siq) 0 derined by coldeh lestrdaicets). 1¢, C= LA\* IOC
| anai. WV ERATE. where ¢ is ony infinitesimal operator or a linear comeS nea paid lng ee qunztion of euch operators. It can be easily seen tySVT NEA tee Bnaster ise formule, that the matrices of the operatorsWP VEEAOR + Anis Aprda Bye are identical in the ‘basis

AVEFSF NOPE Brie coYoo 2a = VREAEPBEVEEA OPEDA and in the basis »| VORPFMPED One : ia
: 2-8 = Vib PT Bath VRPEDD Aalges + ‘Mie means that the product of the represent: 'ey smALigre Ee MTng 18 tbe preducs of terenegete

where the baste| : ED IGE) 7

aa aeeT “Yee ad Fane 4 aane ¢: the baste 6!

‘The paire of nambers k,,k, and -k,y-K, define equi—
© of the ype ae Pa

valent representations. In all other caves we obtain . Bane (68,2)nonce . . :quivalent representations. tats result reducse the problen of decomposing the pro-

= the representation t(k,.k)) te.unitary, if the - dots of the genorel type 0 the probes of expanding
nunter X, ie purely inaginary or if k,x0 and k, real. he Frotucte :
Tt can easily be seen that in these cases the opera . TreX tee ODE eq, XRG .
Tore Tysdy afe anticioraition which proves that the theoe acoaposttiony are carriedout exactly in tt :7 ation ‘i Jase way ao tho decompositions of the reprecentationsprgstatation i unttery (ove sroblen 1¥yo00-43)- Se Daan ststhie gaees Reanes Sumbatie
68,Product of Irreductble Representations of the Lo- enter? me tux
Sarees ~ aX re nonHenan XO 9 aiMeasa

Consider the product of two 4 7 the relation betwoen the basic vectors is expreseed bytions Ep g ond To Sg eer ge eh abaa means of the Slenacn-dorten. ‘coefficients:| 1 2% Rm D PPnnleorebiess.i conpose 1% into irreducible representations. Bo Began nl nesta 68,0)Be Z aneloned- oe (68,2
| Let us denote by

ste

»
Now we can easily sultiply the representations tg

ye and ie ‘and Wo have + 2|. - --—the-canonteal bases in the, spaces Jy .and Ly which | antBapgyBe hare!
Ii transform according to the representations Tp. 4, and Lg (craton Ha Tan Bim Ee Bae oe
\; Tp,qy-e Me protucts

“0

4 ee
. -  naX an * 68,

1] eigen ra Xtra pnscrcranda-arcecarn (513)
i! ‘ |
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i Hence 4t follows that the product & QX f 9 contains Recalling the expression (54,22) for

.

i the unit representation only when 22 22 CP rr,
we averfl PsP, and Q=@, yreanae inv.| i.e, when the factor’representations are equivalent. rer saet emt (68,7)

‘The vectors Similarly, from the relation (68,6) it follows:
R . Beer yn geo. (68,8)

of the canoni #
fhe canonical baste in the subspace Ipq which trane— In conclusion let us make clear the connection betweenform
accorting to the representation tyq ,are expres= the representations of the Lorentz group and those ofed by means of the rotation group.

. nee ‘The rotation group ie a subgroup of the Lorentz

! 89 follows: group. Honce_every representation of the lorenta eran: ~ ie at the ‘tine a representation of the rota| RS PPannlPoe, nm al (68,4) As as Soe Sas oe conaldee ane Papreaeetation eatot us how consider the representation etn

i mate fee Ceol nen cean ee ena ehis representation the operators’ By,Bp,B, are aero andi Gordan coofticiente are unitasy, (68,4) can be Gemrite consequently Ayn, (i=1,2,3),000 (66,6).2he eigen-va-i ten in the form n ues of the operator I, are -P,...,P. This means that

i BIAS Ze PrevelPMaAnelanen | - the repregentation tp ,contidered as a representation
: htPegat0. oe of the rotation group, is equivalent to the representai The formulae 63,4; and (68, fully solve the prob- tion Bes, In the Sane way, it can be shown that the repre-‘ lei of decompos: ie product of representations- sentation T%jq 19 equivalent to Do. Hence the repre-

; Let us consider sone of the consequences of the re- —fentation é ;- lations we-obtained, an the Ten . Ag nX*e

: Let -48_equivelent to the representation 7=e 2 -
)

Sed and Gah PrXDem sperg!
be two arbitrary vectore in the spaces Ly and Lp.the ofthe sotation sian -vector + 2 piats4 bate PTS ‘$9,Complex-coniugate Representations

Let us consider the representation complex-conjugateoan be represented in the form to the representation pq. let ue denote it oy ee
1 Sara EE = BiksaMra(Ps PoP. Pel PMG, 81441 O02. In the complex conjugate basis the matrices of the infinitesinal operatore are complex. conjugate to the mat—

Hence it followe that the expressions Fisee ofthe corresponding Anfinitesiaal operators of! the original representation
4 = "Pas |P PQ: ras :

| | Fm BsgagPPPIP NAH HIOD atm — (68,6) Ounhe Oucde
Ay _ ap the coordinates of a certain veotor of, the space Omitting the indices of the matrices, we Have hence:i “wnlch ‘traerorme according to the representation To. yo ta dye hG Te

:

a Re UDS PGS Be oe eeeee

E Ye give the iaportent particular owe of (68,4) ob- . 1G, law <i,
| tained’ wren we patFysPasGyrGsPaGeOs pe BahT= pFi] ~ Furthermore, 7

Bm Bisgen PPPs Pel 0012, G99410052058.qi : ‘

if ;
Wi . ; . ;
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5 7 ‘Thus, finally

°

Knit Mai +8=—8 R=. . es‘The operators
.

Fe gy (69,3)

AL BLD. Recalling the relations (68,7) and (68,8),we have
can be evaluated in the some way. Ae a reault we have ~

‘the following relations: : Bitoni. (69,4)aee : Shamir. (69,5)
Rok took, slooef "e690 Rhee

Let us denote ‘the_canontc: © ‘To.Spinor Algebrawhich transforms se +0 mae sareanteiion & :ae the rotation group the Pf
I .wnich transforms according to - tara that transform acéording to’

- nan of (67,5),(67,6) and (67,7) we can - aoe reas tationpa led the epinors of. the‘@asily see how the operators (69,1) act upon the vec- os ind, In epinortora e,,. after simple operations we obtain: ‘Space the vectors of Sanonical bdasie are usually
os > we z. or denoted as follows: _Miglin, Nig—Soi Kinn—fine| (69,2) feno’ ~ Gamay dd :Mei Big= —HFeipeige Bote= —85l pie Sra nome, Kae (70,2) 7‘the first column shows that the vectors® are the ‘e he e.

eigenvectors of the operators AF and & ‘Hence they Wo write out for further reference the formulne defin-
differ only by a constant factor from the vectors of ing the action of the operators A,, B,, on these vec-the canonical baste o tore:

3 peedten MaeZ leeFeber
7 aes i‘We seo that the first index takes.on (2Q+1) ¥alues Beyeye Bere (70,2) +

+ ang the second (2P+1) ‘values. Hence the representation . eats Asti Boats = Boo ite equivalent to the representation 1 eee, }

We determine the coefficients ,, using the sxcont . Ase Be i
pair of relations (69,2). . ‘The_spinor components are denoted respectively by nl

We never Aig med Andg p= Ape leteg tp (kare) amd, (Ea. HY . :
Sees : erie tleee ng following©relations play a fundamental role in the

3 , the spinore:ant Nigger pepe ni : oo ad serene eae| 79,3)(TPF ahaeiet-eat . . Reactor, Ghlo "3|. , Hence 4% follows that fot ee ‘they are particular cases of (68,7) and (68,8).Introduc— _

Be tye " = (Er ea?)ant . . . eG Gd (To)

~ Agee, -: \

3G
: -
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~ "we can rewrite (70,3) a¢

.

eee ene (10,5) . BaasBe NR a Sah :
" 4.e. ae a spinor of {(m2)+n} the rank. The transition

e Bu shomeat of the space that transforms according from @ spinor Cao gpthm .
. PCy “ena . $0 a.epinor Coste hoo te , i8, for example, is called simplification of spinore over the indicesAERTS

puro pam mate Five for oman ys dy shesimplification can also be carried outts tno, PEBBLE: over any otner, pair.of intscee tor oy, pair of indices9 @ spinor of rank 3+2, : ~ Ag a result of #! cation the rankof a spinorPade is Ae usualy denoved Wy 18 decreased by #0. i
In denoting by lettere the indices of a ‘The_natrix gyy.is called tho setric tensor, here :

incrank aysm, the Gate are not placed above thelevterss exiets a simple relation between spinore teinstead of this, the first m indices are denoted by eases tethe letters and vectors, that transform according to the representa—
while th

Bee Bae Bae ores Some tion a which 1@ defined by the following theorem:.
e the other indice: aefarener aie m, indices are denoted by the letters ‘Thoorea.the subspace of .epinors f,

‘The product of ‘two spinors of rank - that-are eynnetrical with-reepect to all permutations.myym, and y+ of the indices

}

te a opinor of roak(non,)+(apen,).foncert? fete .
Can. " and all permutations of the indices fi. -.-+ faane : ¢

transforms accorting to the representations f.,- :
‘Thies theorem is proved in the same way as that of wt

are the coefficients of two spinors, their producta sec, 50. Prove’ iad icate Mahe Cette Ngee . fi
ie tat ie Wa Padi Just as spinors of rank(men) can be constructed rtare the coefficients of a spinor of rak (n+m')+(nen'). from the representations Ty gandhyy tensors of ‘rank can.

In addition to multiplication there is encti ‘ be constructed by ues of thetour-dineneseneioe :ration with
other ope presentation tus consider this representation . ‘

_

Behe ‘epinore-simplificatton, which we now consi- more closely, representation ‘of the rotation group
‘the splitting of the components of & four-dimensional .-_ Be Sepinor of rank (ayn).It transforae as the product ra Vector into ite three spatial componente and one tine

of tro epinore one of fire¥ and the other of {(a-2)en} th hos components Hage neatner oe these subspaces (21g 2,0): ranks. we 70,0,%) 40 invariantwith respect to the Lorents
Sete opts terete mem aes ENGRete Meet tee & . |group, “the’ vector representation ie irreducible and,  ,) .Hence, the ‘expression Totes . “pk sonsequentiy,.it coingidea with therepresentationTy + oa

: . C. . J) The two other four-dinension: [Freducibie repre—
ee

fransfornp, just ag Cte te ole . . Ratutione tyoandoy cannot te equal to the, vector rexjsentations e.g. because they are irreducible repreo to
‘tations of the rotation group. N

“- aa . .

7
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“ Let us set up the relation between the canonical

basis ? 1 1 “
fate aed ted -ae oat 1 a aof

the representation€, yand the “natural * baste t{i oo-\ tt fe-¥
reyala oo} good. rod (aayHRC OOH 40100, qm @019, g=O00H (71,2) : owt H 1

set, meadTo
do this, let as find in the natural basis some .Counon
eigen-vector of the operators I, and J, We now define o tensor of rmk n.

Using (66,2) and (66,4) we writes Every eleaent of the epace 1,, which transforms ac-
WemO timmy cham he =0, cording to the representation’?of the loreats group,Mate deme iy —ey ie called a tensor of rankn. A bests in the space L,,Hence it follows that -is_called ¢ tensor of rank n. 4 best
Arlette). yley—le 20 which is of the same type as the basisand 7 2 lias BB BRO AZw,Ma W=— Fle), Byala—4 14 te). will be called a natural basis and will be denoted: by

Comparing these relations with (67,6) and (67,7) ,we tre (71,5)see that the vector @z-ie, is parallel to the yector wae
:yy Hence, we put - Every tensor é.

nea a fae Hi

mye lala Cyan ER Oo iBy operating on this expression with A and 2 we can te fully defined by the set of its coordinates oogasily express the other vectors of thé canonical basis (72,65 :ia terms ‘of the vectors ‘of the natural basis. As a re- Can rat "ty we Bave :

:=F ieye ebe alled a tensorof rank n. Let us denote :SEAT EtO Cez pete. eeLCF Sees t,ke0,1,2,3) the matrix of the opemz oate aime ge—inten | (72,2) rator%,(6) in the natural baste, It is evident that .Ta VE sata bes Z* 4(g) the vectors2gtus aleewrite gown the expression for the vectors tinder thp action of the operator ©} 4(¢ cof
the natu: sis in te: ft tl s theCanonical basist HO vectorsof the ofthenatural basi in 1, transfor according to ,ri 1ampg(i—esa)  aecelates FPWtan np, Oo iy Oly og! :Wat VET) | ys FpOtani Oo Miro — (TTD:

pe MVR E a) OTe) ~ > Ph decdrdandé with this, the cdordinites of the’tensor 7
*

' f the cooMdinatesThas,the transition from the natural basis tp the Zhy(e) © aay de expressed in terns 0} co ;canonical basis is done by means of the formula + of the tensor ¢ by the formula “oe

gage ei TIA Le TPT aS Rta aletinse OL I
+ rely, every set of 4" numbers, which trans .imo 1 8 : forks according’ to the formula (71,8) when one goes: over to the new system of coordinates, represents a tenem .

. sorof rank n, Hence the product of two tensors of ranks

: : '
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“ mand n is a tensor of rank mn,

Talat.We introduce now the operation of simplification of ,
tensors similar to that of simplification of ors. 4s called simplification of a tensor over the indices

Yevstart from the fact that the expression | Pn Syxy A, temeor 4s staplified over any other potr of inSETSeaeee a oe, dices in a completely similar way.28 invartant. In terms of the vectors of the natural ‘T2.Repreeentations of the PullLorentsGroupdasie,
this expression can be rewritten in the fom In this section we shall find all finite~dimension-

ee te tos = Tay IBY, al representations of.the full Lorentz group.To solve
the inversion operator ahd the0 hoe Boe T0Hee
derive them we can conveniently use the expressiono-+

3 ol .wf o-1 0 (71,9) RBA Goo 00 0,0 91! 210 00—v, 00). (72,2)
0 0-1

significance of thie expression lies in the factHence 4 ualin Gagnitudeand opposite in eign. Force
8 fotions that Zirq2) tan be gusty obtained by matipiying, tneand Tats ates Bal oy = Yetety matrices (65,5) and (65,7).

7 th (g€&) form some representaTewmtarieath ry ay | ntonn SESE ERGS Ts TRE {6Sithe Pia, FP?onat +In this identity we pass to the im tet ‘s()4(0 0 0040.0) (/-H=4(0 00—e50 0). .a8

ne PE werse matrices and Differentiating thie expression with ny tov,Te Tat 45). (71,2) and putting ¥,=0,we pare nN oy _ ;Somatines it
$0 useful to rewrite (71,10) in the fora Since all directions in space are equivalent,we can of

write: i
. wen Teeth (71,32) Onn Gon. (12,2) :rt ys 3Zas on nom consider theexpression Note that the"operator €{Z) cosautes with the Anfint-

id tesimal operatore I, (ke1,2,3): . .and
see how it transforus under ‘transformations of the pena 12,3) 7Lorentz groap. According to (71,11) we have . Ob(9 = he (72,3

1)++ Ry 2 Talus... Fe =a * * &
m2 TOMBe tOBS= Ay (72,4) .Thus the set of 47°? nusdere and OM“)=By asOemAe. te.) :. Ta an... ae en ae eee—— 4 2 ee . . . | Let Bre any irreducible xepresentation of the*f#atisrorns asthe ¢oliponvnts of'a tenor of rank ‘n=2. ~ group 2 Cc das a representationof. thé subarbap™ ’ “*pe ip Considered a8 a rep:‘he Sraneition fron ¢ tensor of a-sh rank

&, 1 contains at least one irreducible representation

to the tensor Come ‘Thq of this subgroup. Denote by H, the subspace that:

transforms according to the representation By Let
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.

tc —Sonsidered representation ofin PEEP. 0605 up, it deconpoaee into the representations

be the canonical basis in Hy. Consider now the vectors =e ‘

a» LaertOrm gady wuld buch CZ oNow one cannot say that the vectors 0, and ,We haver Bap constitute a linearly independent system of vec~ 4
Nab AIH egg Dlg = MEO Mg tors. Cn the contrary, it can be easily proved that .

.

and . . som tter
Dlg To show this, let ue consider the set of vectors

Cerrying out similar calculations we Sa tpg = tog (PSP ITSP afobtains

Maa Wlay Ailey Ratiee Blin according to (67,3) and (72,6) we haver .ee a ae (72,6) we ha Mie tie A= Fuviue A=OF sy ooje have Fe -The relations (72,6) show that the subspace Hj ,baing sides, pa (i.8) oe eve hat ‘he operators 2o. Be 4@ linear closure of vectors e'  ,transforns acconting 0 ee anniek at . yt
to the representation Tp, the vectors ° NE p= 2 gg Hie) = Cay eg =F Me

Let us denote by H, and H_ the linear closures of theY\ vwererra, (72,7) veotore us, ant W's, respectively. The relations ob- ,
forming the canonical basis. tained show that the subspaces H, and H| are invariant .

the Linear closure of with respect to ali the cleuente of the. e 1
Bs Linear closure of —Tyo) Pe ee ec ee

i oF ‘ana #20. ?OPENGI Y ss = AL)e =Car ° ‘vectors ¢, and aie invariant © In the first case B97? pq and MI)e, 205+ In the se-ith respect & Hus tneze ox :
2 ite of the proper Lorentz group.Besides, on ac.

cont cee Ria ot Urepgs ap nas Shere eX t

count of the relations * a Ast two different representations i+ -

Wet © gee (72,8) «tue torent th ant te stab 4 whe° jorent, gFoup, sagh-os, mht considered a

wnteh foltow fron (72,7) thie closure cre — ‘a Fepresentation of the (prope Lorentz group, coincidesx

ith fespect tothe inversiow onetatixe dene “With the reprecentation typ. The operator correspondit ieinvariantwithrecpectto thd full\Lorents group .PEER TEETER eeeee Le ‘ing in thie representation to the inversion is defined
which the representation T acts, tet us consider now w * :
‘two separate cases, BOM BO —y (12,9)

1.Béq In this case the representations jg and The Ainensionality of the representations TS andty :
op are not equivalent and,consequontly, the vectors a9 (emea®, . Leake
pq S04 yy are Linearly independent.ence,they fora a fherepresentations2 and @>_are called scalar

paste in the space I, We chali call this the ~gipamudo-scalar respectively; quantities =
+8). We shall.denose the, representation Eby Tp, and psoudo-scalars. The representation T, ts called a - seyeee

‘Top: The dimensionality of the representatio 2, a vector representationin accordance with the fact =" "=? mt: “tut the orlinary veotore of four-dimensional apace
ae 7 4 P+ nde ont tine transform according to it; the representation Tq.

4 ehh Qurnc Ue ,J

e '
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‘This book is based on.a course of lectures given by

tue author over a munver of years at the Gorki Univer
Riis hacker, Te ts written for physiciste speciali-
Sing ih theoretical physics, the author had three
2ing Th cnltine the book: to present in detail, consis

|

wimtiy end as concisely as poveible those parte of the
Heer) of reprecontations of finite and continuous aroups

i - that are moot important in application; to considerFraps oc interes? in theorevical physica; and, finally,
Ge abeonstrate the principies according to which the

; Mbetract concepts and the theorens of representation
Gheory are applied in theoretical physica, At the end of
Ene beok tatlee are given for the devailed description of
the 250'apace groupe ant for the characters of certain
groups, The book contains a considerable number of -

| proviens.
7 A kfiowledge of ‘the elements of linear algebra is’as=

- subed ae ene level given in the firet two chapters ‘of

She book Lessons in Linear Algebra by Iu. Gel' fend.
i : ‘The author has included in the book chapters on the

L representations of the rotation group and the Lorentz- . group, although an-article by-I.M, Gel'fand and Z.¥a, 9. -
- . Fapifo'on the firet subject end one by MwA, Naimark ,
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of completeness.
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oy do you find the metric spinor 2

Dek abace Su :
e 1, Start with the contra and covariant first kind spinor reps:

A AD Es ChoeoO a Nox Ns = Py @ = @o  @

A wv we eiDO Fpeake me A = ye CHM = Tw
We know that the co. is related to the contra. in this way becausé that is the only
way which will cause x.y to be ascalar. 1 :

2, Now assume there exists a lowering "metric spinor” G which does this:

’ :

p= Gue Gs)
If we insert this assumed fact into both sides of (2). and then use (1), and (3) and
(4) for the matrix elements, we get: yal

Ga = oe

Here, all indeices are lower and there is no, confusion about what is meant by matrix

multiplication. Having made a study of this little equation, we know that the solution

ist G-= 20, where 2 = any complex number. This means G is anti-symmetric! Thus,
e to lower an index you must apply G from the left, or you will be off by a sign. So:

L . :

Spo = WG)pd det) ;
3. Next, lets look for a raising metric spinor. For now I will call it Hy, + I want
to keep indices down for the moment to avoid confusing matrix mult. Then:

x*= Hyo Xs (6)
<ARepeating the above procedure, we get an equation for H: W@)y= al -

5 R ' .
2 She Sa (po

4, Now lets use up/down notation and here is what we have so far:

Spo = A: CR)po .
GM = de: (RYpd .

5. Now we dpply a further constraint, namely, that + This tells us:

day, a“ ¥e HEE = ETL Sp) & .
co + ‘

SGps Bp = dag=rl :



. 5. So here are the conclusions so far: if you define your raising and lowering

metric spinors to do their thing applied both before a xmekmx spinor (which is not .

the choice made by Bade J), then you conclude that:  )
>

Gra aCe)

AYSp = eS) G)ypd
I think it is important to realide that the decision of where to put your metric

is also a convention, I think Taylor's convention is to-take both after. BJ take

one before and the other after. I thikk I will try to use these conventions:

a) raise or lower by putting metric before spinor of interest

b) I also want GY =G,, so there will be no confusion there.

It seems to me that the obvious choice to make is:

GY = Gy = Walp
6, However, I suddenly see why people dont do this. The reason i's that now the elements

of G are imaginary, and that means ... well no, I think it would all work if you

took: well, Gis supposed to be a rank-2 spinor of the first kind, and to get to e
the object of the second kind you should complex conjugate. Otherwise the thing

will not transform right. But this would imply:

ae = - ‘

NS Taylor does not really face this problem.
7. So, lets_start over with a new starting convention:

to Raise, put the metric before the vector

to Lower, put the metric after the vector.

Now lets see where this convention leads us. As before, equations (1) thru (4) are

still valid. Now however,

ee “

ee Gay GC) @ EY saGe

w=MG (6) 3

An y eQO) = @)yo

4 a.ic) Epa pvR
~
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Slow down. Do tHiis olit_in detail for both cases:
A ‘ :e.
a oeaan ‘

2 = « Poypax? Pye

Kx Opp SM = GP vn .Tn
eeGS" xe Jel gS as Ger)

'

.

= GN = x Gaps

iS hy ‘ .ZS Ha KG .

v SN t > Gar Gav = on GyBy a). 4 x! Ww te oY
Ooh Ghee, ia :-\ vr.3

Gd = OE,XP Cpe

3 Gyo = ta yp
Whatever they ere, we know for sure that GY end Gy are both anti-symmetric. Now

e we add the fact that if you raise then lower you have to recover the same thing:
v, aBe xy = OM Gn) = Sart YL

om

2 6"Gu28. 8

We may regard the first netric as rhasing the first index ff the second (at proceeds,
which is correct), or the second metric as lowering the sécond index of the first (it

follows) which is correct. Then we must conclude that:

Gras - Se omk leot = — I. 2
y y

.

'Nx Se = Gay Oa EPOg oo ek
Now, if we impose a condition of convenience, nemelx, that G2 we conclude
that 4e.= AL = * 4, take your choice. The choice made by JB is +i so that:

\ 5 _ o1convention: Go = C= ies = Yo = (s)

.) Pe \e Gir= Gp = = Ga Gs)
. vKa GP, =*

g Ko wa% a
Nenpebe satan akinte lows.
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8, Here then are the conventions we made and the non-conventions:

A) we first define the meaning of raising and lowering metric spinors ( in this r )
convention, raise metire goes before, lower metric goes after, nearest indices

matchup, all is conventional definition of the raising and lowering operators).

B) we define the undotted spinor rep ( again, we use the convention that x"

goes with (a), , but we could have used a" yy or anything else)

C) from the requirement that x,x" be a scalar, we deduce what the dotted spinor
must do under transformation ( if the undotted is (a),,, , then the dotted must

goo as (a" -1) yy )s

So far, then, we have developed equations (1), (2), (5'), (6)' of last page.

D) we demand consistncy of these equations and we conclude that G,, and GY must
be (possibly different) multiples of the matrix 0, . At this point we know that

Gyy and GY as well as the dotted counterparts must be antisymmetric, in
contrast to the usual metric tensor g,, associated with 4-ectors. The fact

*

that GUY and G,, are anti-symmetric is not_a convenction. It has to do with e@
the fact that the solution of GaG7? = (aT)-! 4s G = multiple of 0 and is
therefore antisymmetric.

E) next, we use another consistency: raise then lower, must get same thing. This then

forces the product Ade = -1. This is not a convention.

F) Next, for convenience, we try to make G,, = G'Y, which is a convention. This
forces edt so that d&+( and thus Axsi.

E) arbitrarily, we choose 4 = +i so that the results come out as stated.

F) since Gyy = cl” are real, the dotted objects are just the same, another bonus.
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| + Bade ana-Jenie RUP- article.
2. Liubarski. chapter of book.

3. Barut appendix 2, book.

-4, Taylor, -section- of paper.
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-6,. Wightman, seotion.in-wefill @mes book Disp-Rels.and E. particles(frnech)
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“" """" Binite-Dim Reps of Lorentz Group ; Weaning of Pauli matrices as spinors.

e 1. There is much convention going on herd, Combining notations of Liubarski| ;
and Baade-Jehle I-might say this? : oo

Zao SdyuhKind syne, aap — - - a
ee ene eee ae - sy

— Cea ost ii sinceenitiaumion. y-- Se ML. .
“

« cas) aa ie :

- Avs D0. G)= 9 6 StQ@s).- ee He

- Syria ae- ee i) =_arcmd kink comtavoriantsovner - g = Med -
neee ot) ee . cee eee ee --

.= = € 2,e--. Ne=dD Qe Zesty. . .
i

-@ 2.Comment: thie is not quite the way Barut does things. He tekes g = D(Ok) and”
~~ then D(GO) = D(0f)*“* the aavantage ofBérut ia thet forrotations which area

unitary, you get D(Qk) = DO), whereas in the above scheme you got equivalence.
but hot equality. On the other hand, the above scheme gives the mch desired —

7" result: Nive Ten Miioh as @ part 6f By+s Sonventions. -
ee ee - - -- we Le mam ° Py mee

3.In either spinor space, rather obvious How you might define basis spinors.

- 4+ Now, accerding to LIU, we know that the vector representation is this: |.

wae = CRASy OLoy ames pL . .
———-— An object transforming -accor@ing-to this-rep can-be viewed-as the-outer~product ~ —

- of firet- and second kind spinorsy—ie, somebhing like this: —e =

. x CC an et BB ee~~ Me Tee > cay = Na NeGey! - -—-- .
eA

~ . ot)— = = AB eR ge Oe
eee ee 2 oo eH Bl s)Fa8! Le 2 ORD.)

5

. _- = @QauQw. - ole
—- Iam not putting contr/covariant pndices on the D functions. 3s =

‘7
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_ 5+ Therefore, a Lorents group vector is a 2x2 matrix with one index dotted and

6 the other index undotted. The reason is thata vector is the direct product
of the two different spinor reps. ,

6. Recall this fact: for the Lorentz group, the two spinor reps are not equivalent
_ Because you cannot connect matrices g to matrices Z for g in SL(2,C). For g
___just in Su(2), you can make sucha connection, so from the point of SU(2) alone,
_ ____. the two spinor reps are the same. But not in terms of the Lorentz group (proper).

“T+ Just as one might imagine the two objects Q) and(4) forming a sot af basis
__ spinors in one of the spinor spaces (dotted or undotted, first or second kind),

you might imagine forming a basis in the (23) space, like (59), etc. Obviously —
_ you need 4 basis objects. These are what the Pauli matrices do:

- . GY" papanp see .
- ~~ The four. Pauli matrices form.a basis in H(3}) space. Any veotor in this space must_ _

of course have the right spinor inoax. structure, and these Pauli's do as I have

-- = gust labelled them. -

—-- 8, Obviously a Lorett, transformation will mess up the Pauli's just as the

—— - same would shift. up the little spinors like (7) . In any. given frame, you
es take paulis as. the basis, that's all. . _ - : -

8,. Based on the above. discussion, one might take as Lorents group_irreducible

finite dim rep matrices (non unitary of course): ___ -

. D (a) aw =D G)oe DO)w _

- wen DC)aw SL ey.
- -Or, you-might break-up g into is so-called polar decomposition.g.= hu where

AVE sie k a . + - -
wee ee LS = Awd Beak n= hoten -

wed ns _ oeHe GS HQ ee. FMS aridhony
—- w= wrt - - sae ee -

@ - REA t= Ww= khe WS he Jagat _

_- oe ee a ou wy .
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- With the polar decomposition, .@ convenient way to define. the D functions is:

e P@= v©%~) - psy - oy pes) a
- we ERRKE WeeB a#2 71© _ Krik .

- - Basically, we see. that. we. ara. just letting the Buler. angles -go-complex to get
~- -6-parameters instead of-3. The-boost_generators-K are always just. iJ, no matter

-how-large -the dimension. of. the.rep.- As. noted above, to-get the full D(j,Jp) -
rep-for-.some g in-SL(2,C), you just multiply but.then complex conjugate the

second--function. --- - _ - - -

- 9s The objects which belong to the rep (j,J2) will resemble-rectanguler matrices. -|
Tho matrix. indices are no longer spinor indices because, mturally, you are no -

longer -in the spinor rep. 9 - -~ — — foe ee -

- oe 10, Lets.now.return_to_the_vector rep. So. far_avector_is-a 2x2 matrix. But, -- -

when we-expand such. a vector-matrix. onto the basis: consisting of the Paul

matrices, the.coefficienta in this. expangionmay be. identified with the usual
e Minkowski. vector which. is the lowest tensor. Thus: — -

Tats Ze | 2 yt wos
AD NR cote .

- From the way in which the M®®-transform under Ls (ie, HS= gt), we can figure
out how the NM“ -transform. This will Bive’ the usual 4x4 Lorén'tg matricés. In dre

~ 7-7 - @etail: Te errr ee ee

— AMY = NS EE GY) - ee

-. Ra AS = ue3 = Kee ge 5 an Ve
Que Ma soade yin smote width, “Was Gar Gu Wee

: vores ee _

a ~M= Mg - as dash * :
- -— - Thus, ve arrive at.the_famous form." = gilg* in a very systematic.way. Note that

: +--+ you must dot the second index toidentify. with matrix to. get this to work. I-have
@ —-shown clecwhere how the Lorentz matrices follow from this identification.
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“11.7 More on spinors: the way I have arranged thinge, we have: .

--- QE NF dws Net gu. geSi@ a Yo -

— ~ "if other words, thé comtravariant first and sddnd Kind epinore go with gand gt.

a “~" How do the covariant spinors transform? Forget to say this: Te :

TL eee AS ASS GA Qae = GeNYO

“Os, Me geyee TD. a ,

a oveee eee ee

~ = awk (RN kowehromewith GV = GQ).

e@ - wane we ee ~ -



Zoos OF MODERN PHYSrES VOLUME 2s, NUMMER 3 puny, if,
: . *An Introduction to Spinors However, the
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necessary to attribute certain transformation proper- When a charged particle is’in an electromagnetic field ,

ties to the four-component wave function appearing its total energy is H=E-+-qV. The world momentuma § rere the y ofthere. In 1929, van der Waerden (20)! devised an a particle in a field should have the property that ite “here the ¥ of (1
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the formalism from the restrictions of special relativity single seconid-order wave equation: eee thdtheory and permitted the employmentof spinors against * ; ‘ew (A). The]the background of a general Ricmannian metric. In SMLthdat (G/c)duILihdct (g/cc=mec, (13) form as compane}addition, ‘many other contributions to the subject by virtue of gtinti=t. Equation (C5) is learn. p Guassume than:appeared. following Dirac, tot of a contravariany‘The purpose of the present article is to offer an ex- are covariant wit}
position of spinor calculus which will be more elemen- P*(rtici Wau, (10) However, takin:
tary and more accessible than those which constitute vith the conditions J Slates the spirit
the original literature. for the followin

Lawtnopuetion
DPHEP 2g, GB vector, the of wi

_ mn : For abbreviation, we have set (19) only in cer‘As
a preliminary to description of the spinor formal- quence, the four vism, the following brief discussion is intended to show e=—9/ (he), w= me/h. 4 written out in fullhow the concept of spinors arises. This discussion will J, jg well known that (17) can be satisfiedwith matric } fmes.also serve to define the notations to be used in this paying four rows and columns, but not with mats View (B). ‘The

article having fewer rows and columns of feed matrices; th
|The suthor wish to express thet indebtednessto the Vale ar a enti Eqs. (T 10), it wilversity of Nebraska Research Counel, which generously supported formulasof See. VIT with minus signs in a very uly wap. aThis work. Sensrouslysuoperiel ould be most caturbing in ane (VIL6) and (Viti. 4 ansformationyr‘Arabic,

mumerals ence by pasentheses and inserted into Hgaature (L2}, however inplies the inconvenience that pata ¥ When this procexthe text refer to items inthe List of References atthe end of (his entavariant and covafiant vector components fle ina of an appropriatemee " Whereas nonelaviste quantum theory we work withawgadd pO “tHe fundamental mathematical discoveries underiing the metric -+-+-+ which makes it porible to equate acovarant tee, functions€ and yihr pin te mace by Caran Cd) abd! Woy (3, Gnayant clone mdedfePye slau We'mls te The matrices a(ip, See ‘tansition toa relativisticmetric (2) byidentifyingthose Py?,,+The shinoe notation used js taken from the paper of Infeld , with the contravariant components. Tin the special easand van der Waerden (14). Gaussian units ate used for clectro- For a more precise way ofarriving at (4), consult Cha Ji qyft thespecial ea‘magnetic quantities; the charge of a pattice is denoted by q. and Stehle @), p. 349, sah pressorpeeShino analysis necessitates the choice (12) forthe sgnatueof"SeeHitand Landahol (43) andthenumerousreeenaagina @ HLJobe, Phys Rev]the
special relativistic metrie, unless one Would load some of i there, ssgmpariene m4 3



. Comments: .

ee nis‘paper was rofdenced by Batut, Wosinich, Widliaris sé a source of information@ -on spirior analysis. Mainly, the notion of covariant’ atid contravarient spinors

— -both-of dotted and undotted type, how you-Faise and lower, aiid -the dnatogy-
~s#ith usual "world" tensors. | ~ * te . - °

. aner a eeSe a uo

- 2. Summary of this papers” Tat Sok.
—— -Section-I: a setup of the-Dirac equation and notion of constait gamita ratrices.

_ Section II: review of tensor- analysis soe - -

- Section III: Basic spinr data, Transformation matfix is called A‘y which is of

- ‘course -a 2x2-matrix. “Dotting” is identified with complex conjugation, although

- - this need net be doney they note, Contracted indices -must-match. Very similar

- - to tensor analysis in that you make invartants by contracting; oto.

—- Section IV: the (antisymmetric) metric spinor which does raising and loweringy

— + + #8 called ” do not confuse-with gamma matrices. (General -form,
Sectiom ¥ properties of spinors: eg, Ayk=0 and same for odd rank contraction.

— -Section VI: special case: Lovents transformationsy det = +1.~Then-the metric --  —

spinor takes simple form. :

Sectiom VIi:relation between 4-vectors and rank-2 hermitian spinors, This ie the

@ «-_wsue2 homomorphism of SL(2;C) with $0(3,1),-but these words-are not used.
- -Section VIII: Here is the trick for "keeping the Pauli sigma m4rices-constant" = -
- - when you do--a- Lorentz transformation. To get-o’= g/ you have-to compensate -

: —--—- -the- action of the Lf in the tensor sense on the vector index-of @# with

-a contrived spinor action om the two spinor-indices. For any given LT ally,

the necessary spinor transformation is determined by this requirement, up -

---- to-a sign. - - =

wee Thus, look-at -the Dirac equation. presented im form-I 11, Each equation  -

--- --— --has-a matéh-up of spinor-and tensor character on the to sides, so you know

-- -—  -right away that such an equation is covariant,-In order that the new-frame.
- 9 ve the same $4. in ola frame, you must apply the "correspondent" spinor
— - transformtion to-all spinor objects, including the Dirac-2-spinors. Thus,

- covariance is obvious. 7 .

- : Much of Section S-deals with showing-that Dirac is also covariant

under "inversions", ie, Lf which include inversion and-so have det = -1.

The Seotion- ends--with -some unrelated remarks about specific forms in SL(2,C)

- for boosts and-rotations, all of which agrees with-my-fermalism-- -- — -

® -- +



+ te .

Section 9: shows how you can convert Maxwell's Equations and the Dingo equation
ve ¥0 full spinor form, his is the first timeI have seen onething like a)sot too sure what its ussfullnessine whee ¢ woe €Seotion 10: spinor conversion of general relativity equations. Discussion of how

you check irivariance of such equations involving Christoffels, affine

connections, and so on. Agaim, unique discussione =|, .
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Some important facts about relating Bade/ Jehle to Lucht notation. - . ~

-o- 1. One decision which mst always be made is: what do you meanby matrix
multiplication? Ie, which tessor/spinor "matrix" @o you want to identify

with the matrix array of nunbers. For tensors, one always chooses this: —

—_— + ---— + ot AGM 2 2). = wmA s

-—-- Kol)es e L feo. aneo Ve a
-- woe Ae 8. on : - - - nee

~ a = ae -

wee A = We fone
"~~" mereGs acertain sense to this choice because when you multiply matrices, ~ ~

“ *" youare attaching indices in a covariant way. ~

. 2. However, for spinors the convention seems to be different. i thitk this difference

~ "follows from the traditional way of treating Pauli matrices as just regular matrices

“~~~ “with no mind given to contra versus covariant. See ~
In the following, I will use the symbol Jj to indicate the usual Pauli |

watrices , Thus,

. am ~e "ONAN = . a ° :# (y=. so) . Gye Lor oo
-- ~ Bye symbol-o is reserved for Bade's objects with true spinor-indicess “The -- ———

a connectiom between our objects tsthis: oe 7 —

wan ee 7 ares - - :
- oe - AY = dg Te ee
—

fo check hermitibity (knowing that the 7 are all hermitian): =~ =
- ° y = -- & _

e a

__ CAR _LGAY a. GdalE = (Wal = Ceyrva LE -
-- - ve ial te * —-~ tEn --

ea, <awee = = @*) = OY ow Lee _

— - Now, for spinors of rank 2 with first. index dotted, by. matrix mult we _ --
—_— - Will mean the linking of upper indices. Thus: -

as A) wyde ght ee

- -- CARY = A ROLL eee ee
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Comments on Baade Jehle regarding convention for chodsing explicit form

for objects of . _

e 1.0n sheet one top, I show the three conditions which the objects % must
. satisfy. On sheets 2 and 3 I show how these conditions arise fromthe_

. _ desired requirement that (in BJ form): \ _

meee - - AY Rae RiBw
“ " ghig factgivem two of the properties. You can almost prove property II from I

(as labelled on sheet 3), but not quite. This proof ends up with:

ee cect) pHa r6Se- [orutgy”= SS] AM Ra = OL K
~  "~ “Buf you cannot claim bracket “= 0 because it is not obvious that you can independently

i set the 16 inimbare whiéh miltiplyT 7 Oe ns .

_ 2. I have then shown that BJ's choice for thew objects does in fact satisfy
_ all three conditions. To prove conditiom (1), 4 reduce the proof to a stetement
_. about Pauli matrices that I know is true, namely:

e EHEC= Bo .
— - ~ To prove property (II), I had to. explicitly check all 16 terms, see-sheet 5.

~ ----—Thie shows that BJ's. convention works: they sayz — -

— ayes oe -- _ -

oo. ATAY™ = poe FE -- -
~~ "37 I have shown aIso on gheet 4 thidt thé followiiig dlteFWative choice dlso

7 “Bpatisfies all the conditioré of “tid sigmas: 7 .

-- se = 5B ee ye — -- :

_-. GOL a. Gor’a a
- Although BJ do. not use. this. second convention, I like it better because it. agrees

- with the standard mathod of converting to SL(2,C), namely: -

- ane et ae : Le
we Re OTA - .
- + 4s There.is always. the factor of {2 to think about, It has to appear somewhere,

different authors cause it to appear in. different.places. - — . -

. -.- 4 a -



os) ONE Co) = cat ~ ao : .| ee ee ° - es Sant - ©
OL BROUM = gy” VL .

“OS @ YaneGeMn .

“Pa. To gp com Biome CO ON Ta To
SL Waaetper Nh crustee coisa bychase CPN
OQ wegant © Jpem ot ath wath stead. by me Aerie

aS yt? = OOP ARORMB) (GY? L-
Doge ane Pe eo.

(@ CER ensddy studhgng. oe .
- TRE = Aw ew eeeoe oe eeeon

_ Token oe cam do Qin va ae soma ncn going, BO.
© @Wdhdoa nmserden nace’ Wham Mappers wa wen unadoyr

YALAfe aaee LoSansas AY eedBle akeJayne baaie. So Tt. eee eeee _.
AT Stee Sap TT

= Worneok 2 GY aeTrek Oensayny doit.

ne a nen

- te @® GY Ga 9 ee
= +7= y ba va ¥ AHH aay eee y-©
= gS @®-E Be ww.



Sos Sot cmsitins on. Rads's cbyds Cab --

Awe Ge DIG DL. .

TMals g@ TTT a
=. @ Upn Bavi Some d, Chanatase, Dnjee dapaskine anh (2OEOSE SIDA Boonton ew panache amd ©)

SL STA Bas RB wh OO T@

ro Ras SENE FLAP
-e@ -- 2 BAe= AS / _

~ G Reey eG) ta ak ON LETT ;

a TNAn = GG)Ke lgvR= XK

New ea rset yn ant 7 “o)
«© Qaawaniny Dy eneeros WARY, aatace, Maw sole. 34:

-- gab 2 Nek 7 Vey + aA a

- NY Qu =Lo*) AaWGy Reel. = AY (GY Aza Bes
2 LO CARTAN BR

° Qaodps, src wat canendegandonlsQuesting in AL, uns eanstide
GNESI SESS Vevettut.|



.

—~2— Slat 3 ., (ait oan) z
otk Ma enti, 282 oman 7: Lo

e BB n cacattaie andarheong. 22 crenhede. -- . -

ow Bt GAY 4 ae metus Warde Acta oucmdihins
ol Aloe 9? @. ee
2. (rts eeAay Ae ont AL ght im rma) Maadaoae olds |es Rated awalie Leven 9p and sealsA Xoo. Se, ath
eeeee eee - - a cose bb

@ Geatuk deeds. Ne Oa A Ve OB

To] Gedte 3, OY" omd. AetyYorbats Ken aad i |
7 K- ny A® 2 as Nee = &\ea AT =X

@Fram eoodsbum CL)can daha @ soydps
mee ee pe Ago ' - a oe

Do OTR RR ENR. -o
“©, Prodsade woah ©, oor rmudt oaaume athGA ave woarbile DK

--Bi Goader do aval wa wad an Moqeraby we»  .-

— 2D iP Awe SS GY OL

DL GRETA a
"____.@_Gonetusion: you gannotprove propertyT from propertyIi, nor oanyoudo. |e it vice versa, Thus, you must really check that your candidates satisfy both = = _

properties! . . - . ~ ---



Nest at Rode cteoiee Cay) satan perperkse (FV ond (3).

e mee = Ge. So
S pwitte C)oar Ce ee
eeCe - aw - : -

- Wax Cou. LO) ee ad @ 1
Los. be he (Gpewmae gh
EE ECARNICR CCAS Sper

- AL hoe LKQ Es. qs an

Sm gw te aGde| < aLesagls gohlaz)
: Be OW Spo eh

© Conmsil: Wok needa AYN GAYA tbat
- ~ eS sar. Sand up oe. ~ eee . - -

8. GS = Dae > ene salt sin Qragy ee
~ OQepubyTa hedee ee

oo. @AY*s Gee wh so .
rs ypu AY Ct? TE i aOe

= soy = =e - 5

- -- po Ga\ oA (Na = Bea Cab _.

© Comma: Woduesah CO\=CH) wah aed upuh
oT a Tt “ald game meant | _



: Sw .

(gw Gratin 2 Gage GaGa a.
ew - So

ow av, LOK ys Gs Va Ce Cy hee (uw | x Jadwe be We
ww fra. e eo LN} we 8 } f.2 fay vwjpe 2 je
wey fall. teLo YM 8 SS LSV_f Oday ape rte

_ an gt tO \ eo ef pela bt oe |e.

- Ru. | ° oN \ ee LN | Ala fv nl 2
neafuow oe safe. t ~*~ ofol wale site

- WV fol mh. Le PO Lt wb 2tL Oj a fo oe fo]
ww ila Vb @ JO bo rt LO Napa vet oy fre

~- MM VL. 28 o ws te lst tol oly als 6 feo

Pwudltoel se Apo & eleva ne7 o.,
wee Ma felk los ef o V GS Leelmaby ade a fre

uw |e \ ts ° ° \ ¢ ° ole wie e °
a wa \ ° o nN } u v Ol oO jaz ajo A o

e wapr le @ Sfv “o> oe Pate edi} 2
wafpe Lom of tle o >) |e jie a2} ule |e
ual o vt (ef ye eo = Vote ley Je

se i oO -t jlo jaz ejee je

ae =) I
een * GnnRennEnD -e ON Ne mm mee - -
-— Wor, - (Gdns sored Radi's x= Gey 7%

- Walon Suu, pod, Quake - -- oe ee

. Qe” Ep\sto (We = UA) Yawlb . .

ee aen .



Divae Gey



Vn * @ ‘THE THEORYOP GROUPSws e
4e called _pseutowect: sentation. The correspond~

. —

ing quantitiesaso Sulled vootore ant posuds -weotore,
Quantities that transform according to thewon ath 2 1g to the repre. Chapter XVICorea vistically Invariant Equations

are called te: rank . \° 2B Aca
nsors of (aen).Tt con be easily seen he Wave Punction

(atmesy . According tp the classical theory of elementary parHence, there tro ty: t files(electronoyvarious kinds of aeaone,and others)jsors of one z @ state of every free clenentary particle can be do

sentation pe Mranstors acco! 0 She Tepre= scribed by means of a wave function ¢)mVte Ans)oo he function can have one, several or even aSeer ace gt ORTa SEENand those of the other according to Hante'isFinite: we-onall Genote that number ty c.inSe terus of the wave function the Lagrangian of the par

: ticle 1s a quadratic functional:The
latter are called pseudotensore to distinguish Lele .thea from the quantities of the firet kind,which are

called simply tensors, ‘The form of this functional 1s in general different

Nn for various particles. The integral of the Lagrangianlote aleo that gras,the wbgle of fou dimensional gpacecting io ¢al-. in this theory the principle of leas

SXGaY and gxyag. action is valid, according to which the wave: function
satisfies the equation 88-0, This equation reduces to

If we consider a scalar as a tensor of rank 0, then we @ systen of Linear homogeneous differential equations,
‘can formulate the following obvious rule: the product which can always be reduced to the fora

Of two pseudotensore ie a tensor, while the product of_ asensor anda pasudo-tensor ig a paeudo-tensor, MGM rated RL, Bo oJ 01,%3. (7341)i i ~ ae " .

(On account of the homogeneity of space and tine, theJ coafficiente ajy and Xj, depend neither on the coon
@inates nor on tine.

, . With the aid of the L jan the energy and the
: momentum of the particle ( orthedr values averaged

over tine) can be expressed in terms of the wave func-
tion p.

:

In mechanics and electrodynamics quantities charac—

: oe terizing the motion of matter ( velocity; onergy,elec—tric and magnetic fields,etc.) take on different va~
: lues indifferent coordinate systens. In complete ac~

cordance with thie, the state of an elementary particle; fe described in different systens of coordinates ty dif~
‘ - . . . . . ferent wave functions. It is of a fundamental importance

PE tee mong ee pte eee . . an that the transformation undergone by the wave function :
+ Gn passing from éné ¢odrdinate systen‘totanctier-ts Mie te hce:

‘ near.More precisely, this means the following: Consider
* : any point ,say x=y=2-0,t-0.Let K' be any oyotem of co—
coos - ordinates whose origin at the tine t-0 coincides with :

7
‘the origin of the original system K~ If we denote by

- 307 - .



- ‘THE THEORY OF GROUPS RELATIVISTICALLY INVARIANT EQUATIONS e. e Lets. A7t Somponents of the wave function in the system Ginates ye, {referring to this basis as the compo° Kijjthe linear character of the transformation 19 ex- Rents of the wave function,pressed by the relations
.

0.0.0,Tato 'a00.0, 0,0. (73,2) Ts,Relatiyistically Invariant EquationsHere
7, a juare matrix of By virtue of the principle of equivalence of allx(a) tet auuame aatrix of o sore and o coluans, inertial eystens the field equations (73,1) should boGis the elenent of the fall Lorentz group which con of the sane fora( and consequently choad pane atearerenag, t© the transition fron the eysten K to the Sane coefficients) in all inertial coordinate’ stevens.ereton Kr.

Squations that have this property are called felathn) 8t in 8 section we derive the ge-Zet us prove that the matrices Tuy(g) (gE) rea Hepa Tore oF SHEE Shastry oe Mertve the2ize a representation of the full Lorente group.to 4 enhtneRadeyne introduce another eyatenoe ren niSre ee, ° We note first-of all that in as much as the coeffi~hose origin also coincided at t=0 with the origin Of Gieate of the equation (73,1) do not depend upon thethe
eyaten K, We denote by g) the transition free tee qoordinates x,y,2,t its invariance at one point, say(0,0,0,0),has"as a consequence its invariance af a1gyoten K’ to the systes Kt" and by hb the transition other points. We shall therefore consider the left handEe torenty we2k to Ki". Then by the definition of

| side of the equation (73,1) only at the point (0,0,0,0)the Lorentz group we have hogye.0n the other handy we ,can write down the expression

Por simplicity we shall consider that tho matrixHm Ty (elt andz7—T, 0%. X4y has an inverse, In this case we may, withoutangfor the components ¥y' of the wave function in‘the further Ioss of generality,put
gyotea K''. Comparing these expressions with (13.2), wate FO,ve haver

TAM=TyETrAW. 1.0. Tame TED. Thus we consider the aysten -‘Thie
relation shows that the set of o numbers 2x) . AaB try —0, (74,2)(t=1,25.49) for a fixed x,can be considered as the set

+

.

of Components of a certain vedtor q(x) tm a-oodiseee 2% An the new notation. .sponel space © that realizes the representation To Baccee Get me haw (1442)he full Le Boab

.

mente

We consider first what equiresants ore imposed by ineOf course, the choice of coordinates for the vector variance Ww: Fespec’ e_proper Lore) aysP de HOt unique: by changing the basis in the space ‘Lek us e60,bow the Rambe Re ROE AIUD is‘aée,how the numbersRe can go over fron old to new coordinates that are ~ Seonjar combinations of the old ones, In appiiccrions oes48
49 natural and convenient to choose a becls sescted transform in a transitton from one inertial eyaten ofto the decomposition of B into irreducible suboneces coordinates to mother. From (73,2) we have:

pre Nc re SMe gay Seed 2 ye an thers .semen oe wg > (33) Fie Betton oe.fore is an irreducible representation of the ‘groupLsthat

transforms the aubspace By,. The index scores We sce that the 40 arto label the sudspaces, which trans% according to ory
.the sane representation Erin cach sores Bey leteus (ei z0" are fixed) transforn’as the coordinates in, the :BOW single out a canonical basis * space realized by the representation PX a ay ee. -_ ¢ Sweeter ee "

1e1 ton*X*:1 does not contain the re-tne set of atl vectors e, ; forms a basie in E. qf poe repress mretion Lnvne coatisation ot tan .In the following we shall continue to usé the coon Presentation €, then no

Y_— t | —



RO ‘THE THEORY OP GROUPS t BRELAPIVISTICALLY INVARIANT EQUATIONS 31

7 Seer
.

quantities “y«" trensfome as the y,,; dence if tis otSet
not contained inYX*:1,those equations of the syste Link with the representation Tog (Q0),and similarly
(74,2),wnteh on thear right hand eide contain ty (e410 ‘the representations

fixed) do aot contain the derivatives*" on the left Seb and PYside,

7 link with the representation T)(P40).Pinally onlyaig shall sev that 9 meopesentation ie Linked with one representation €,slinke with the unit representera fepresentarion the product exe,contains. tion Too
‘The result obtained can now be formulated as follows: ’
if a representation ¢'does not link with a representa- If two representations t end t’ are linked, the sumo
tion t, then all the coefficients 4j,,, are equal to of their indices P+Q and P'4Q' are simultanesously
seme. either integers or half integers.

‘Prom_what has been said this conclusion follomss 1¢_ Let us evaluate the coefficients Piygz -¥e sam .a
representation @ is contained in Ty then at least ond that the operators *SE therestesentationslinked with ete soneeingd tatezie contained in uno. :act ,were -§ not true the lel and sides o: 1S ‘s

equations (14,2) corresponding to a given © would in- ‘transform as the components of a four-vector in theelude no teras and we would arrive at the absurd con— natural basis. Using the aatrix (71,4) for the trans=
clusion that fym0. ° formation from the natural to the canonical basis,we

. can easily obtain the operatore :If the repregontation e'is linked with © ,then the o,2 serdar?
representation€xz; contains the representation ¢ only Caeligtag: bEaR tan .
once,as follows trom (68,3).Hence apart from a factor a enti e. ae gent Zag (45)
Independent of ¢ and 7’ there exists for fixed ¢’and fo ee ‘
# only one eet of linear expressions

Phen Hee at, > that transform in the same way as the conponente of aa Pee Meee80 (74,3) vector in the canonical basis, Bquation (74,3) can now tthat tralsforas’de the wt of componente. tu (2s1,2+;10)° +> be remrstten os - e ~ ‘jence
relativistically invarient equatjone can be writ— we +Tea ae ea net nase Phar ime Pardee (74,8) ;2. tevr e

wee Phar FEE tah = 0.S) hy 7 (144) According to (68,4) the coefficients Pa are equal to
R :

where the coefficients Zz, aigr are, arbitrary, if it iexe v's! + 1 py ps\(not required that the equations be invariant with ree Pate(a Pao P\ a eer (ee. (anpect to inversion. .
where P,Q 49 the weight of the representation T3P",Q*

According to formula (68,3) two representations the weight of the representation tj pra the indices .
Spgand Tpyq, are Linked if of the basic vector y,,$ p'sa' the indices of the
.

qe e ‘ 7 1 . basic vector Yexs' - oe weP— Pim. —vi=}.

Pim} and [0-1-5 Suystituting (74,6) into (74,4) and using (74,5)
In other words,if P40,(/0,four representations and (74,7) we obtainsto

Sretioed Tretiod? Totoedt Tpetott : . a we . . . ae

sav Thaw with ‘thi! Ripiesentation | tpg. Only two Feo se Re tredib esa)Re Frien(—tae tis) see aoe Eepresentations . Lp tet o4,8 '

. +(e Par lPo)(g <—Fe 1e)(1B) + :
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HEP arr Ee Flee) three Pe OH wt. a,dst. |+(EP ar 1A e—Fe ler)id+ 2} x PeraPa tei. Ppt | (74,20)
Xtrevre+Hmom=2 (74,8) If in theee equations we make the eubstitution '* :

Be -% tok ro?Ihe Clabech ~cortan cooftict at wk eH ta e-
gyaluated in sec. 54. Subeei tating Pee Tene ete ae ntge abtalan tt te Srmmetry of the coefficientsre into (74,8) we finally haver Pai we obtain:

3% Peer —Paten, Pler=iPlzzy U=L2I% (74,22)
ALveranieeyVP ++ Detar) x Turphermore,the Globee2-ondan coeffiotents here the(124 2 following property (see (55,6)):x(-ah+, tet

(1a Ee) rere tet h—m—mJ —9) (I | J).+:HetNOE)HE peg tat Hence Potem( nhhe-Ortpee,,te Pt ete e ait Retarning to (74,11) ,e find hence thatv

: ui tet Ha reemtegt RevrciP etry tee L Oy ay)te Part Dew ize), Pera Tee Gm. 9). *( aba #) roenigt} + Por further use we need another general relation+r ==. among the coefficients Agy of equation (74,1)-0n ecesunt
tere peshenp—ppands=u—n(Q—g)*) (14,9) of therelativistic invarlance of this equation the

. b= TahIf we put x=0 in thie equation it will,” aieAll, ofrennin
relativistically invariass, course, uust satisfy the equation . .*

[let us note certuin syanetry propert: ~ O . ah awimo Clea _ }
fietente pier. «Pron (74,1) At foliowe tiiet oie; nose or Aaa aane ;not change as a result of the substitution

trate t-tet °. ‘PRO
PEO, pte 204, mss, Aaa Gt Tate 0. (14,4)‘This

can be written as: On the other hand ,equation (74,1) can be rewritten in

the fom ~ ,were For = Pap. (74,20) Aa totemo
= . Substituting here 4 for 2 and multiplying by 24, (6),Te Fate FO. TGP) etc. we haves Tatts Akagle) 2% 4-174) =0.- If in (74,6) we substitute the 0 ar -

_for gq and then equate thecoefficients rethedos Comparing this with (74,14) we see that
vatives 2. we obtain: Au =TeO Mayo .7

or, omitting the matrix. indices, jSe
ee

i.

ce RDA Neg wg 25) one aSign
xel,if x0 and sign x=-1,if 20 In particular,for Y=0 :

.

:

.

Te SATO— AG. oot

ii) =
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. ve Prvcrsare this expression with respect to A= spect to inversion of the spatial coortinaten. sin=v,/e and then put ere. Paring (66,1) inte ‘aecount, “ (heh ou(D= ent) aay —lewe obtain: see mle Oat
HIEA AN, then for g-I and Y=0,1,2,3 (74,15) reduces to

Since the x,y,2 axes are equivalent, we oan write Pea, Tataat a2 (74,29)down
a nore general relation: In other words, in order that the equation (74,2) be

. eA

¥

ect to inversion it is necess:Meoubie

dW A129 (74416) 1 Skytagtichent thatthe gatrix 4° should couputy withlatug ase non unex what conditions equation (74.]), SE SAESR OPeERROR gas ee OEE TESAU AT ne = -s. th respect to inversion. AP should anticommute with it.
,

ong (74,19) are relatedNote that the inversion operator carries any baste UNS Beefelounteay Cctote that the last three re-vector ¢,,, that transforms according to the repre- to the cos: » elon the-condition 4°L-I4°.Ae-
sentation T=tjq of the proper Lorents group, into tates(Tega bnown in soeeT2 that, the Anveveton ope=a baste vector us,_,that transforms according to the rator anticommutes with the infinitesimal operators
representation F=%p.If PeQ,then the representation Lydarts-
‘Fis equivalent to the representation w.In this caseat « Hence, "ama — = — rs =a (hal, 2 Oh‘the dnversion operator 1s defined by the equation MIR GA—AM AGA MISE .. Let us consider the condition a°l-Ia°.acting with

votn sides of this operator equation on the basic vec-Kearns
OF DY Legg —tey- tor yy and taking into account (74,17) we get:Hence

it follows that the space B of the wave func- =u, ‘tions contains the sane number of subspaces, trans— sansa =forming according to the representations © and © Hence, since _ :
Let us goree,te Taber then in suck a way that the aud Nea=TiPerabeers .spaces B and Bz, with the sane label 3 transform int wa thats ea ate ,“taghother titel the action of the invéreton;fhue if” AF fonoMe TNO Ah edie MON orderen i"

es, tents of@,,pand tuking into account ia
» iii Bquatne coer tifuens tint’the following condition forBat

Af TE, then evidently the invariance of the equation (74,1) with respect to
Vere Coca ~ inversion:-

bey = — oo seni —tent Zit, (14,20)‘These
three expressions can be given a Common form: 15,The Lagrangian

Mogg Hottez, the theory of elementary particles,the .

Af we introduce the notation . fom - as aha) xe o (15,2)
1 AL sete PHO,

. sgutmcigntn} ol df resp. . (74,28) whore y is the wave function of the particle and theoe oe ee bth at Fe arn 2 e20,1,2,3) are o-dimensional matrices. ‘The ‘expres~

Pm (wip) de a bilinar fom Which ca bé"vepresented. ~~»b As its derivation shows, (74,15) should aleo. be valid as follows: *
for g=I, if.the equation (74,1) is invariant with re- . . .

7
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. . Thus,we see that only euch differential equations S
. (74,1) can be derived from a principle of least action,=

Band (75,2) Sn'tnich toe cositiciont-extrloes gF sre, gntt-terai-(gumnation over the indices 1,4 from 1 too 18 secu Glan with respect to the bilinear form (75,2):
ahaa. (15,3) .

7 Let us.see what the natrices [*cients and the coefri- Consider now the conditions that ensure that the
‘enta By, must be in order that the Lagrungian be ine Lagrangian (75,1) 18 invariant, We note, first of all,

variant and that the principle of least action ~ that the serene * ~ oe .Sat f Lessee, drfthy m0 bas .be equivalent to the equations (74,1) transforas in the sane way as the funotion #. ‘This ieanes ensured by the relativistic invariance of (74,1).
Let us calculate §S. We have Henossif the operators AX are chosen as indicated in
satfies Bence peg vncction, “then in onder that the Lagran=

a gian be invariant it 10 sufficient that the bilinear~—APRE. 9) + (OB. Ws ren nee were for (15,2) be invartant.af 2 . w 7 detailsLeer pees f f(y. ge) Let us write down the form (75,2) in more detai: .
whore [15 PK. w)26. w} os, (9. N=,Bavertadhear:
Fuapect to thebilinearfone (is, 35 fhe astraPiven ‘the componentsivr transform according to the repre—

the _ sentation conjugate tot. Hence (see sec. 69) out of .last oxpeeeet se teeralon the Hee, hand.’side of the the products of the fora | = .en comes zero wea certain ‘outeide .SofaEnrs? Trion o¢ fotlamnttont specttishsand e Segpheseg Ta Te BAP Eta te he fe”- Sa si)dn— r fions pand } should transform uccording to the sane :Seren f(t Btw yen 22. _ -HObSedntation net only of the proper but aleo of the : i
Since Sy ie arbitrary,it follows that: EP ioreats exoen. woot

(®A x)—0, In sec.69 it was angen that the. sum i
P ane te uch an invariant eZproonignlnoe the invariant \rom the: as 9, uel warkan sion. Hen:
follow, provided the bilineasfose G33, S] eine 7422) bilinear form can be represented as follows: 512) 48 non-dege- —

nerate *) ee BS = :and if = EFButBtaniivw (5.4) ’
Parana where the coefficients Byyg, are completely arbitrary.

“ a
.

+) In other words, the ex; fhe ¢ondition that the form (#¥) be non~legenerate .
. pression Oy y= 0FY 3 euch 5 -* ms regardless Of what the ‘edinensionel vectors foghar there ‘should exist for each € and = such 9}

Fut (15,5)

ee ++) The form (Poy) is said to: be ~ .te dow FoF YAOone. ceaae tondegenerate,if eee Paar asy Sea eey in euch a wi \ + scYa-order-that the action $ should takeon only. zeal :40, ‘that order : monty. real... :Sey) ay Shas valenectne roma (git) pact be feraition, ives 1t aot an
: . . Batisfy the condition (¥.9)=(#.%)-Hence' the coefficients

a ~ . Byge: ofe also, Hermitian

:

'
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Bue Bz (75,6) event in the two systems are related by the expressionIn
conelusion,let us consider the condition that sate (16,2)the forn (@,¥ )'be invariant with respect to invere

Sion. Taking’ into account (74,17),we obtain: ence the ware function x) te transformed in the .Oe.ZB Ow Zag Div = system K' into the function y'(x'),given by
ERom Btiathon? =~ ¥@ = R=He he). (76,2) ~Changing

the summation indices,we find: he translation group is evidently a four-paraneter
= LBs; law turally choose for its parameters theOFWBE Pw Frontier Kapehents ofthe vector q that characterizes theHence

it follows that the invariance of the fora (49) franslation t, .sef ue evaluate tho infinitesinal opeTith respect to inversion is equivalent to the reqaine~ ratore ¥,(kx08,2,3) that correspond to these pare-Yy(te20471,25,

Fae Bagge neters.the relations (76,2) can de rewritten in the
(15,7) fora T@H=VE+O.Equation

(75,4) defines a Hermitian fora which 19 non- with respect to @, anddegenerate and invariant with reapect to the full Loe Differentiating thie expression i. alrentz group, provided that the coefficients By... sa- then putting a=0,we obtain
Esty the conditions (75,5)(75,6) and (75,7) but are wert. (76,3).

''

seiee eens

Let us now consider *rotations* in foundinensional .1
‘16,Conservation Lane epace-tine, i.e, the transformation of the full Lorentz1

group. The relation between the coordinates xj and x,i
‘The fact that all inertial systens are equivalent ference eystens K* and K| has aa a consequence that in any relativietically in- of the sane event in the reference ay ;~~ -Farlant theory there are at least eleven conservation . are expre ~  emeeorns ”~ . uTews, Not all of these laws are independent of each OO ae (76,4) -other. Thus, for example, the constancy of py yD, and a ‘ey 'y fe the function y(x') in the syaten .4, 19 a consequence of the constancy of Pall ead ly xe aetarin'the gave function’ $(z) elven dn Ete

Cp,se,the monentun of @ closed aysten, and M ite af- transformed .Zo do this let us consider any point ;i far monentum). ~ 22 in the eysten K. The coordinates of this sane point,
Let us try to establish the forn of these laws for in the eyetea K' are B| a field ydencribed by the equation (74,1) and the Te qmaKns (16,5)ntation 7. :Presentation 2

Wo now introduce two ouxiliary reference systens K,To
do this, we evaluate how the field @ transforms . fs the aystens K and K', by means| im passing from one inertial system to anttien and E*qsobtathed fron the ay! - .| of the translationsLet
us start with translations. If a system K' is genet Gat (76,6);

obtained fron K by geans of a translation t, (a ie a : tag. .,
four-dimensional vector) the coordinates of ‘the same The traneformation formulae from E, to K', have the—
Witt Gal ip Gg Eas wn ++ foltowing form: BeaET 0 Sei Note that if t= Tpa,then Eis understood to be the

° ed by subtracting (76,5) trom (76,4).Aepresentation Tip. . Raey ane opratnes Po “and ye ane wave fanetions 4ha“ the systeas K, and Ki . According to (76,2) and (76,6)
we can write:”
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a

LOH HOM (09. (16,7) Seana om (ard mee) + (0m 38) — ;
2 22hmy She detantston (72.2) of he supresmsation & the (rane) wrds)on jon the quantities yr (0) = a0it,.9)=0.Eiltion between26 ai j2(0) ond yz (0) has . HE) . *"1 - _fhe operator M varies over acontinous set of ope—MOATYO (76,8) ratore corresponting to all tie poosinye transTations -

:

Gnd transformations of the full Lorentz group, and we

Combining the equations (76,6) and (76,8) and omit obtain an infinite set of relations of the fora
‘ting the index 0,we got: (76,12). All of these however, are not independent.

.

In order to obtain a finite nuaber of relations of the

HAT. (16,9) type (76,12),from whieh all the others follow,"e shall.
tte denote ty bth

, pass fron the operators M to infinitesimal operators.

jo denote by h that elenent of the Lorent:Fealizes the transition tron the eysteak te the’ yer If we aitrorentiate (16,12) with respect to one oftea K', Since hxex',this last equation can be rewrit— ‘the parameters @, ,on which the operator depends,weten in’ the fom nave:
2

Eyer =O. (76,33)Ke=tynrqare (76,10)
or 4 where I, is the infinitesinal operator that corresponds -

Ue) = Talia), Yo the'*paraneter %, let us afd to (76,13) the rele
(76,21) tion .We see that the representation 7, which tronsfoms the Ege N= 0. (76,14) ‘

field y is in general not equal to the representation 6,12) t M=iB, ( the f: =
_. _ Be AS 6 simple illustration of a similar situation we etek te gbtaane tae echt eee Le fen ‘Give -the-vector-field-fr)=r ,which remains invariant  — - oe ~ i

Under rotations of the coordinate eysten about ite ort- be real) more so %
Gin walle ite value ataay fixed point x transforms ° runder the rotations about this point according to the If we deal with the Lorentz group, it can be easily E

Vector representation D, of the rotation group. shown that222, the Relations (783) follow fron the: Felatione (76,13) and (76,14). In the case of the fullLet M be any operator of the translations group or Foetone re rme ohoud add to (76,13) and (76,14) one‘the fall Lorentz group,which tranéforas the function more relation:
@ into Y* according to (76,2) or (16,10).We write 2 anh. =0down the wave equation (74,1} satisfied by the func- ~ aa (76,15)tion g in the vector fom:

:

mitts
where I derictes the inversion operator. é

; mae ‘the relations (76,13),(76,24) and (75,15) are cal-
Since all inertial systens are equivalent,thie same yea conservation law, They can be given'the form of :
‘equation is satisfied by q'=Kp X. | continuity equation

Maurine a Brame. + (76,36)
<tc agqPypm these two, equalitiesthe for, .- “ : : : :~ wea bBads gektowss: SMe Hee the folowing Antortane .” °. eembore ee eee wee ak sabe1 =.

2 poate. =O A=29 (76,17)
. monn n—o- (76,22) .14s any infinitesimal operator, the unit operator or .

In tact since 4X e-a* ,we have The inversion operator.eat t
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‘The relation (76,16) has the following integral fora: where Y4, te the natrixz (71,9) and the &,, are e

{ ranctere describing the given transformation.Theae po-

efron foe (76,28) Funetere are connected by the conditionThus, the quantities (At.%)(#—!,2,3) can be considered Tak Tatte .
as the componente of the current density related to If the are quell quantities, then apart fron :‘the density 1 eat) ks“16.18) higher order infinitesinale, the last condition indi~

Note also that 1f in (76,18) V and-S go to infinity, sates that - :
we have ew - _

Srermconit (16,19) ‘Thue,the nomber of independent parameters €, 18 six,Wo can take as these parameters
Consider now in moze detail the conservation low: as wae to be expected. ‘

connected with the translation group. According to. Gay independent set of six nanbers €,,. We denote by(76,3)equation (76,13) can be written as Igy the infinitesinal operators corresponding to these

(mst s)mo. paraneters, Svidently{ Introducing the notats famate th sm t. 3 3roducing the notation et tsaring to sec. 44 the expression T@-"t. TE

16,20) ser ean eeeDovesTumter(arzt. )- Ot where the coefficients of Ipsgs do not depend on thewe hares

« representation T . Evaluating these coefficients for
iat (16,22) the vectorrepresentation,jwe obtain the relation 5

4‘The quantities Ty (4./=0,1,2,3) form a tensor,culled the Tia TE) ay 0) ew lew ere ¢ enethe energy-momentum density tensor, The four-dinension- which is valid for any-representation 2 0! proper :|
— SL divergence of this tensor equated to zero expresses Lorentz group. i} the conservation laws for onérey and sbmentus, oO the Speratore 1, sie dominbted:withthe-oporatore- :; To see that the quantities Z,, form a tensor we pen Ips 4(041,2,3) ae Potions: ee ~ |

. form the transformation from the reference system K to feeb eke hee
: K*. Taking into account (74,15),"e obtain: ooe oot core : t

Terme (in 9) Rene ri@ SE, Tere) esl -*° ‘This can be easily seen by direct calculation . :
! Toten(rie meted) let as now see tow the tefinitentaal opérstor pg

merrier Re(ft, ¢) mersiedevnie) Tar acts on the wave, field p(x). To do thie,lot us differ. :; which proves the tensor nature of the quantities f,;. entiate (6a) with respect to the parameter &, of .the eleaent n7> and then put bee, According to problea

Consider now the conservation lave related to the V,eec. 43,me obtaintproper Lorentz group. in order to obtain these lane 4n —kewa— tt

UePaeetaaneteie form if ta coaventont fo change, the Wem Gt Sar be? (16,24)ghotee of the paranetere describing t) ni
: Lated to the representations 2, and T,yeh*x.Let is ~~Write the general Lorentz transformation in the form calculate

: 4atbtonete to Meh —~ wae (16,22) Si ad :
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a We start from the identity

a se . angular ponentum density.

\ Differentiating with respect to &(m7) we obtains Taking into account (76,27) ,we can write:

2 .Oy Tae Lemna NU (M09. 9) Ue (aE 4) (7a)
Sadstitating this expression into (16,24),me find: ‘tne corresponding expressions for J, and J, are obtain

| 9G taht) (rats— rian ge (16325) = ed trom (17,1) dy cgelie permutation of XJ,
a f angular nonentum density can beYe can now write down the six conservation laws, con- Senos the vestor 0!

nected with the Lorents group &. according to (76,13) written dn the Zora
we have mo, gest, (77,2)Ga

" (76,26) where| wnere mt Smaren MAO D (113)ee TH +HetTad(A FE, 9) (16,27) and t ai
The numbers Jj,, form a tensor of rank three: Thie fol- acth (bonne pots). (tray
lows directly from (74,15) and (76,23).The tensorJ." oes 4 the density of the spin angularfe called the angular-nomentun density tensar. Tt 12 Tae vector She particlesue vectoral Le the deneityanti-ayanetrical with respect to the second and third of orbital anguler momentum, provided the function ¥1sAnta ens

- normalized by

~ (76,28) fomoaer. (77,5) .The
relation (76,26) expresses the law of conservation Rote that if the condition (77,5) 18 satisfied at aof angular momentum in a relativistically invariant certain initial instant of time it is satisfied for

- form, - - . all times. Thig Zoljows from (76,19). _ .
} ‘The angular momentum tensor consists of two terns In accordance with the non-relativistic approach of i
i “ thie aection we shall consider the representation T as

{ : Jum Spat Mow (76,29) a representation of the rotation group 2. ig g6R 8 “+
& rotation, then it follows from (74,15) that ¢|}. metures torte catiea she spin axgular nopentun den- ce)

jensor and the second, the orbital angular ma GER ct tum density tensor. nonen= baicdiataiad ae 21 We denote ty BE, the set of all vectors of B,which are
i ‘The conservation law, °° }\ evidently de of the fora one Ponsing 0 Anverston, transformed by the operator A° into zero: :
1 EONFyAe Het teIO > AO ERD.
4 It 4s called the law of conservation of parity. Pron (77,6) it follows that the subspace By is inva-
ii

twith respect to the rotation group. Let us de-
_ Taseta we Rote by 'E, therepresentation of the rotation group

‘The concept of-spin is closely connected with the under which 8 transforms, Singling out from {the re-. .

|... + nomepelativistie concept of angular somentum, ae 43 . Poe obtaia: Pee cee weeWell known, the components J.,Jy,J, of the angular mo- ptesentation T, we obtain:
. mentum density vectorJ are equal to the components TaBtTe

. ~~. Hoagrlo31 #84 Joye Of the four-dimensional tensor of The subspace that transforms accorting to the represen=
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tation 2, 1s denoted ty By.” (77,6) we haver

Let us write y in the fora tmhth (Eee REED RATE=TEMA EN =O CER
We ha Let us decompose the subspace B(p,) into irreduc~
Oe ce Able subspaces, We asauze that ¢, delongs to one such

Tee adm Ae G). , 4 audemce By (t= @,), Then the wave function (77,9) de~
(7.0 scribes a state of the particle in which tHe value" of -Thus, in the expression for tae density of spin angu the opin ie equal to Py and the four-dimensional an—lar pouentun we have only the component % of the wave guler momentum 1s equal to (n0,0,0) .Since the sub=

function p . Hence, the operatorg can be replaced ty Smage By has (2Pe1) dinensions, ‘there exist consequent—the
operator 9 ,related to the representation Ty. Ip Grey "nearly indepenteny’ states with the givenyntun and the given value ¥ of the spin.The

operator 9, 1s called the spin operator,mhile sonentun on 8 i 3 5the operator [r,p] 19 called the orbital angul ‘The Relativistical: ariant Operati Tipesenedd'Speratol'2l ele ate is Setacset aioe ater
tal As 19 well known, the equations of mechanics are in—If the representation Z, contains only one irreduc— variant with reapect to tine inversion,i.e. to theAble representation of the rotation group once or Substitution of =t for t. The equations of electrody-

Several tines ,then the weight P of the representation namics Lew, 19 te,‘% ie called the opin of the particle in question.1 ER TG ETT
‘the representation 2, contains irreducible representa- MEM, AHO, Pe cE-+ FIOM
tions of different weights P,F5,..,P, then these are invariant with respect to the substitution
weights can naturally be considered gs the possible fon ER Hanh_-Yallien ‘of the spin of the particle.t) witch alsa contelne tian daversion.

If the wave function ¥ belongs to one of the irre—
° .

tativietica- —~duoitie subspaces E8,y then it ie eaid that the ap bag Eid te songz fora of she re ; .opin of the particle in the state y is equal to P,
7

| where P ie the weight of the representation ©, that fame goat (78,1)
| “transforms the subspace By- which coptaine tine inversion. .Let the wave function y be a plane wave with the m e nfourcdinenelonal nomeatua'p, i.e. Ageuge,thatthewave function@ in the referenceHiattOrme—Pe Pe (TTB) oyWe consider the plane waves Yate (18,2) :

ich A= A—n=0 Substituting ti with respect to K, vis the velocity of the origin o: :
, tne equation (74,1);we have: “ate SxPFession An Theresoraiaaees Kt ¥ith Feopect to the aysten K).On

+ Watadead. (77,20) account of the relativietio invuriant of the opemution
} ... « anptangby 3(p0) fhe euvsgace consisting of 12 vec- (702), othe funetien Be figs inversion the vector :. ich satisfy the equation (77,10), it canbe BY, ° re -2 :‘|: "+ + eastty°seen that tnesabsyace 8(p,) ie invariant with dovenot change,while the velocity ¥ Tevoreee the tt ctsFeepect to all rotations,in fact, taking into account Pee! " My = Tee, — 9D. .

SF should te noted, however, that up to now no par 5 we obtticles with yartable spin Bave been observed. Substituting here @ from (78,2),we obtain
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.

satisfies the condition (78,4) has the form:

AT(e, = Tis, —o)M. (78,3) Mg = DM otio (78,7)Differentiating
this equation with respect to the pax ly arbitrary coefficients.1 rameters of the proper Lorentz group, wo find: where the Hygrg are completely et

Operating with K om the function q,we get +q MN hah m1, 2,9, (78,4) 7
5oe ob - = Sten Mev -Frou the formulae connecting the operstord 4,3, tue. mem Bentewith

the operators 1,,J,(k=1,2,3), it now follows that Oa B Me Fay (78,8)
AM — FUT) Mm FOU) MB, Let us see,whether the cosfficiente Keg, can be460, AeMB,.In the sane oT the relativistically invariant equationAgkeMBy-In the sone way the relation BiieiAy may (7003"Ge Invariant aleo with reopect to tine invereion,be obtained, arthernore, Substituting the function .

+ Adm (A, — AM M(B, —B,) = MB, 78,
H AMOMD, AKAD, Baim As, B= may } (785) Beartee te He{ Let Peon, de one of the componente of the wave func- _ on the left hand ‘side of (T4s8) in place of the tance' tion ¥ Sorresponting to the basic vector © cagq of tion tae tees) 8j the representationG= 3, of the Lorents group: en 3 — EZ ee .ana :; oF proteor Frew —Perare Pee Pron Vals 2 3)f According to (78,5) we haver :

we easily find that (74,4) is invariant with respect :-
dea that tAte cgg = MB age = — LG Mecap, to time inversion provic , :7 oe Palle ges = MNtape = — PMecagye - - Magy Maer signe— signe Me (78,9) 4We

see that the vector Wey, transforms as a zp" for any pair of linked representations. 4,where a is the vector of the canonical basis *
tw yf linked representutions

the condition (76,9) is never contradictory. Prom nowMonto (78,6) on we shall consider it to be satisfied. Besides,""

assume that the coefficient M, are equal toYo determine the covfticiohts A,, we operate on this eh
expression with 4, ond 2, .Since AM-MB | we have “Let us see how the charge density p=e(A°y, 4) andI

MB tape = beeh sHieg the enerey density of theaoe ‘ :- :

so(w a) : :=
Bee ee ee change under time inverwion .According to (75,4) »we

haves —|
ou, Halen 48 follows that Ay Agytae, the munbere, A... . Meme MIKES Bee AMI aM gE oeh. <- --n@o-ngt depend upon q. They also do‘not depend upon pe’ fe ay BWM Rgcvtocpten . ee

as it can be easily seen by acting on both siden of FH ae

(78,6) with the operator B.,. Therefore Apga%. Hence Substituting here, lfor %,U and recalling thata, —8:,.| ~ tt follows.rrom (78,6) that’ the linear operator & that and Lave—Aisreen, WO BO

'
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. ar case the summation over

' . Boge Linked oevout, Tt ie convenient. to simplifyME, BM MsMeeesbnesticL= Pee amdo arpPaesoribe the wave function components.
HE ae A MM. (78,10) Me POE ymin tate ton betelMie ber

= Let us evaluate tne product - ue ‘now usLet a 1MMz = ga eM sen. - - ell SO ee Ok Coe Tead a -
, Since in epane. from any representation & to the repre- in (74,9).¥e so obtain the following equation: . .sentation’ Hinata with 36 te gutter Shane ie . ee eeeee ich 3 ite sign, iz is n .~ Speen ‘envthe product Be evidently equal In a similar way we obtain the other three equations:

ppm eevee dla}
where v is the number of steps needed in order to pass 1 oe o.,2 -

froa the representation € to the representation & sAt Peete Cag tanta (GF) a] +r| each step the index P changes by 1/2. Hence, the num 1 aye a.e +
fer of necessary stepo is even if P-3 is an integer Pals tea(hra)abreine
and oda if P-q 19 9 half integer, 1n other words ,v to ie art f the eque=even if the spin of the particle 4s an integer,andy he condition (74,20) for the invartence o: a
{a odd 4f the apin of the particle 4e not an integer. iRone ith respect to inversion gives:
Introducing the constant product hy Mg under the oun Zsa Aie

zation sign in (78,10),we obtain: pee Re . . .| Peery (78,21) Hence we out va ns aV? }
yeep “ai?In

a completely states way v obtain: and obtain the following eysten of equations: ,=e aot Mag (Mi :

~~ Prom*these “oxpréneids ‘the Pauli “theorea ‘fd110wés any note ae a ere Aa 2ea ee 7195.The energy density of a particle with half integer Ae (1990) ;spin can have both positive and negative values. ate thet 1h th 0, }
The charge density of a particle with integer pin ats nith itp; m0. :

: Thus the matrices of the operator a’ (j=0,1,2,3)
‘19.The Dirac Equation . have the following form + .

. - 0 00 iIf we consider the relativistically invariant eque- oetions
satisfied by the wave function that transforse maf? 2 oH ef 88 ool; according to the representation T=, 4,1, we obtain =~ -1 0 0 oO 0 10%

the Diree equations for the electron. om a)°
Pirst of all let us find the form of these equa @ o-10 vel? 9 OF

-

: tions, To do this let us use formula (74,9).in the Bolg 1 oof - “lr 0 00b+ -. - ease-we are considering each of the irreducible repre- Se a No ae ovo+ % © Sentations-contataed -fn.f-eppeare-tn D-omly once. Hence -.- SO a eeer
the index s, labelling the subspaces that transform ac~ (the rows and colunne correspond to the following "or=

" . Gording to the sane reoresentation is not necessary der of the indices: elyly-2s2
_ here '.Only one repreeentation Ye is linked with the r . SSareo equations th the ‘or! ~ repre¥entation toy. «ith tgp raleo,only one representa In order to obtain the Dirac eq!- éinary tora

i
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’ or. ce tasbihtnt nine Heo, eT ee et eewhere

Te tt 1, are the Dirac matrices: Iyen|t PIG PDO te10 0 o oon culate the energy density
wor 0 o Parner Fron (76,20)we cal:BTleg—1 of tl o 1 o of em tante(Wih. a= ig Mela atta ~= (10 ~ 7 ae

< nz y Mig4 MG, |.. ooo dong wnRaehit antoor
0 000-1 : tion corresponds toum one . lar, if the wave func’ onde $0

At 4s sufficient to chunge from the components peep DE,
tot:ter fe tte He

trom the lost expression that:to their linear combinutions then it follows from

eej WHEheeHemt (7902), thas,z playe the role of energy per unit density.i
Let us now set up the invariont bilineur fo: : (76,20) and (76,27) wee" a ra . yf the formulae ry —{ (15,2) according to ¢75y4) if nas here the rolseing PZatgalate the other componente of the enerey BO-

DBL Ft REDS, ORAS AT falar momentum tensor. We shall not, {* | . an

do this. . }‘he condition that (75,6) be Hermitian indicates that - ig
riog cat Teeands’ the condition of davartarce Let us eet up the eptn operator singe iwith resect to the inversion (75,7),it reduces to o it de first of all necessary to _the
equality B)y'aBy). Staple verification atoms thst 7” our tn’ Gastopace Htha. subenseefp of ROG eCRere,the aatrices 4P are onti-Fornitiun with respect to the Which becoge sero under,the cotton of the operator& -invariant fora, as it should be. (see sec. 77). torte determinant 18 equal to one) and oe

B
talc ae

-

: sconsequently,i \ Pantitate (1944) See ee eae tl, end tei
a tors7H ‘Let us consider certuin properties of the electron I, are the infinitesimal opera’ ,; "that follow from the equations (79,1) und the tose oF where Eysd ond 13 Or meoentation Tt, 70 ythe invariant expression (79,4). the representstions connected with the rep: # ¥Trowndeozconsidered as the representutions of the :

te write down explicitly the operator, for the z= ;| rotation group, are equal to the representation zy component‘of the spin:i
‘This corresponds to the fact that the spin of an etec- 1» ool *it tron is equal to 1/2, Purthermore, according to (76,14) ma

.

the four-dinensional current vector of the electron is . of 00, Lo. ee HAN.

. . ach 1 ghee ccceaeeac aJs «+ .+@min-component form: ~~ . " . cont . 7 ‘ o oF

Let oo oF -iB PO EAM TUT PH PI
:

‘ ~ ANALHE HTi ce
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, ie Chapter XVII
Hones tt foliows that in the stutes |) .| tne z-compo-

“nent
e 0 Nuclear Reactions

Bpge of the opin 40 -1/2ywntle in she wneelt tie .ot

/

80, ‘The Scattering Matrixcant tS? 185, spnasser, the solutions of the oyaten ofa 41) that have the form of plane waveat In this section we consider certain general proper
.

ties connected with the isotropy of space for nuclear

Pag OAIe0, Feactions of the type ssPeBsQ. At the seue time no
. Substituting this into (79,1),we get: Sieuxoticns are nade about the nature of the muolear

at obi +0,—10);= ;! wat Fevabiniriaiin Jet as consider the collision of two particles A andat: PFI HOtAt =O, P ( dy a particle we-nean either on elenentary particle: Pts ARAW hy =o, or a nucleus), Ae a result of the collision one or moreH
AAFP ~ particles may be formed. We limit ourselves to the casea The detersin-nt

a 0 Shen two particles B and Q are formed, Such a process

: cnt of this aysten aust be equal to cero: ie usually denoted as followes
3 ros ALPaB+O (80,2)

an x Attn te | Of course, 1f only the species of particles B and Q,
j

Atte 9 7 produced in'the reaction, are indicated ,thie does not

—A—'y a—m 0k By any means describe the reaction exhaustively. ToExpanding the determinant,we get the equation: Aoscride the reaction fully we must deteraine she de-
ao ~ i

° pendenceof the wave function J" of the system BsQA-A-ARP. |} Epon the-wave functionof the. systen 4+¢P. oanThus,if the state of an electron 4s dese:of 3 s described by a Since the Schrédinger equation is linear, ' de -Beeee meres teee, the following simple relation exists pende linearly upon YW . If we,therefore, introduce x
FEY P and 188 momentum pm in tin tha: Zhe orthonormalized basis Y¥, ‘in the spice of the4 Prost AaVPFA ‘Fonction and the basis Yj" in the epace of thefy Squal go tee eeseM tefoldows that.the quantity w te function P , the coordinates Oj of the: function| tron of zero monentun, nergy of an elec realor) will be expressed in terns of the

I

.

coordinatesC, of the function yw—-5cv) dy means
it of a matriz Si Om Bh
i . . : Cn BSrkr * (80,2). 4
& The S matrix completely describes the reaction (80,1)
Hl and is called the scattering matrix.
Fl eeeLe ke ee «1. «The Jeotropy of ‘epacé places certain fundanental 11- ant wttations upos the slononts of thie matrizt“*-):Below= © <%= -SS4
fi . GIN the soneway as tho symmetryof a crystal

nee - places certain linitations upop the tensors that des.- o~ - Eribe its physical properties (see sec. 41).

r .
~ 335 -

|
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. SCHWEBER DAY Dec. 19, 1973.
1

1. The passive physical three dimensional rotation matrices and corresponding

generators. Beema3 representationof the FRG. :
. 2. The rix2 representation: passive spinor rotation matrices. Here, the hermition

generators are $ the usual Pauli matrices.

3. The boosts of the Lorentz group are examined:
a) the "sense"

is indicated clearly (sign of lorentz angle); passive like othersbb) the three generator matrices are given
fe) the actual lorentz transformation boost matrices are stated; all three.
d) the infinitesimal transformation boost is stated also.

4. The dotations of the Lorentz group are examined. The actual matrices and
generators can be cribbed from the work done in section 1 above.

5.sve notations are given gor the finite general lorentz transformation.»

6. The algebras are stated for the MYY. The objects N,M,J,K are all listed.

7. The spinor transformation matrices $ are given for rotations and boosts. Great
care was taken to get the signs right here,.

8. Next, the boosts were practived. Starting with the 1000 spinor ( spin in the

plus z), I first boosted to get the spinor for an electron going in the xoe and then in the z direction. Results match familiar ones off B+D.

9. The relatitity algebra is fully worked’ out. See page 5. Vf, Hokus

10. Next, we figure out how to actively rotate 2 spinor which starts with 2 momentum

and x (2) spin quantization. We rotate: this spinor in two steps to get a pure
helicity state spinor at angles THETA, BHI. We do not yet prerotate by -¢
In the Jacob Wick sense. The full rotation matrix is stated on p 7.

11. For jpractive, the PhL pure helicity spinors are found. Later, on p 11, the
Jacow Wick prerotation convention is added and new helicity spinors are
Yous, “Result is subtle differential rephasing of the two spinors for
the electron, No positron calculations; are done here.

12, The helicity amplitudes for PI-N scattering are then related to the A and B
amplitudes as in Truman Wick introduction. This was actually the motivation
for this entire paper. Results are obtained in both phase conventions.

13. The Pauli and Schweber gamma matrices!and dot products are related cleanly.
14. Finally, by taking J = 0 we obtain, up to an overall minus sign, the exact

results stated in Trueman and Wick. ,

.
15. Halpern's and Schwebers generator notations are compared.

we

6
‘
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< Hunt_for Siga Error

é First, we have to determine whether or not there really is a sign error.a This can be sled for sure:

If

1) my boost operators mean what! I think they mean
2) 4f Bjorken's results mean what I think they mean

‘Then

1) there is a sign error because the third compoent sign dees not match.

Ideas? .
(1) Maybe B+D have some kind of different conventions om spiners?? No, they certainly
agree, see page 8 of Schweber.

(2) maybe beests sense is mot what I thimk. Yes, this might be so. Leck at Bjorken
page 29. There, they give the z-beest matrix and there are these minus signs,
‘but the angle wis alse negative, so all matrix entries are pesitive. This
is in contradiction te my matrix signs. Go back te page 36 of Schweber where

the x axis transfornztion matrix is giver. Beth sinh's appear with minus signs
. which is the same as in BD p 22. B and D confirm ny interpretation that the

primed frame moves in pesitive x direction so that w is pesitive. This idea is
also confirmed by Williams in his appendix p 189.

(3) The error could be in the step going ‘from the lorentz transformation to the
operator S. Remember that these two guys are not the same, Yes, here it is.

. é Schweber and BD disagree on the sign of S for beosts.
+ (ala),BD poge 23 S=e 7"

Be,
SH page.78 : Sy) 2

ot ,x (o he qkSa dt (S o) ats evr
Possibly the answer is hidden in this question: dees the sign of ALPHA change

an the index goes up and down? In Schweber, all the indices on the alphas are
up until we come to the equation that is‘ the point of confusion en page 78. There,

for the first time in the entire book, alpha is written with a lower subscript.
What a booboo. In Bjorken's book the alpha's are introduced always with lower

subscripts. In fact, we have: j

a0p. a oe | Xe. => dilaw = #4 oth hangsount¥, Yeseu 64 vis gat, l0 Seto
OK, problem is solved. My error was to misinterpret Schweber's alpha. The correct

result is this:

w gt

Eat 1 foe!@ S(Lyw)= © Ure ll = (23) ve = (28),

a
‘

ra

i=
'

-
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Rotation Group : Show how to build more complicated reps from simpler ones. :

[7 1. Por some reason this has taken a while to soak in. Suppose you know the p(#)
matrix elements. How would you construct the matrix elements of the higher

representations? The idea is that you can do everything with Clebshes. These

coefficients always couple two angular momenta at a time. Thus, eg, consider:

tOL= Cel

Ry

VaseXS = Sime Thay = Cyr leon tidy <a [ tran eae
» Camel U Leyes tomyCees eee

() a)=
Daarmy (A) Darang ()

Now gpwaeeey Sk sos, = ...©80.
Gs) (Si GyDoew 1) = <symel sirmng secmadn Cava sismns Seamed Donoas GS Danang (+)

2. So whenever you have an s contained in the product of sl and s2, you can always

@ get the matrix elements of s just by using clebshes. Think of the Clebshes as

| changing the basis in a Hilbert space, dnd the operator U stays the same.
| 3. These facts are stated in Martin Spearman appendix.

4. Notice that this same idea works for ‘combineing (s1,0) x (92,0) = ...+(s,0)+.-.
reps of SL(2,C). Loos

i

1
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Defining a regular CMS. amplitude on 0(3)- ca ut. “ane tne sen

e 1. For some reason, this is slippery. Firet, set up aclear pictures |
» RS » nae 7 ye a

7 We have two standard Feferéfce frames if iiind, a and b. 1

~ 2. Is it correct to- give a "ket". a frame label? I think this is reasonable on

- two examples. Fitst, consider a rest frame for a single particle and we. speack_

of /jm)* as peing-a state in frame.a . This means that in coordinate system

- _called."a” ..the particle is in.a Js eigenstate and 3 means.the 2 axis. We

could put the same particle in a different staste, jm)” such that it is
in an eigenstate of J, where now 3 means the new 2 axis in frame b, related
to frame a by a rotation. Usually, we do not use “state-external labels" but.

- - T think they should’ be kept in mind.

Similarly, we are used to applyirig arbitrary LI's to helicity states

(single -as well as double). Thus, we-may integpret L(g)/1) = /1)! as givingt us the same state.observed in a new frame. Eg, Bz(2)/f) = /p)’ could be
- _ read to mean: " a rest particle in frame S, when observed in frame S', has,

_-- =. & momentum p." : _

3. The point of the above paragraph is to support our desire to characterize the

~ above amplitude in this way:

oT co To EaComp) = Zpras eohv| T'12,Pehus Puli - a
- - ee too ’

Thon: 140% = Gg) lar. . .

Baby Mayle Zeal amdfay eller, 7wey Laue ) ok § Ny ello , se
~ ~

° 2

‘

ry 2 7 ~aT@)= %aalT- LG) (42 = Zaw\lG) Thd
This last expréssion gives us the amplituile ds "viewed" from frame b, so that

e the final particles appear at strange angles. This is the usual situation.
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Constructing the Representations of $U(2)

; We know what the generators of SU(2) are, which is to say, we know
the Lie Algebra for this group. In order to construct a matrix representation
of arder (dimension) n, say, we have to find 3 generators of this dimension.

But this problem has already been solved. The elements of thegenerator matrices are the matrix elements of the usual angular momentum
operators between angular momentum eigenstates. We know all about this.

In particular, since Jy is hermitian, those matrices are all
hermitian. Also, except for the trivial J,, there are no diagonal elements.
The only non-zero elements are one removed from the diagonal. Thus, to
find the 6-dimensional representation of J, you only have to use the
formulae below 5 times. In general, n-1 tihes.

1

Qe (m1/3,/m) = SoRTL(I-m)(Som2)] wet
Ox (m+1/Jy/m) = SoRT[(j-m)(J+m+1)](-4) = (-i) x the above element.

:‘Qx
(/3,/m) = 2m \ wate ple,
Of course, exeept for j = 3, the matrix-squared will not be unity and the

eponential expansions will be a little rough when you get around to looking6 for the representations generated by these generators.
Examples:
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Comments about: S0(2), SO(1,1), Fourier, Laplace, Mellin

= 1 First, about S0(2), By definition, this group gongists of 2x2 matrices whichy have real elements, unimodular, and preserve x“+y*. The word "rotation" need
—— not—be-used,—Al1_such_matrices may, if we like, be_parametrizedby the obviousangle and we may identify this parameter with a rotation if we like. Y

— 25-Hte-may~consider-80(2)-as-a more abstract-entity>—an-abstract-groups Then the-
set of 2x2 matrices which are the original definition happen to form a

two-dimensional representation of this abstract group. This Lie group has -_

only one generator, thits the 2-dim rep must be reducible. 7

—_—3;-Suppose-we-ask: --what are the unitary representations of this abstract Lie —
. group S0(2), Abstractly, these are given by ei°J, where J is the abstract

— — generator. This abstract generator must be Hermitian, but such_as statement,
as well as unitarity, only have meaning when referred to some hilbert space,

- _ so We assume the presence of some abstract Hilbert Space. oe
4. We could, og, take as our Hilbert space E*. The elements of this space are

‘tuo-vactors. (x,y). Any operatior in this space is a 2x2 matrix , Thus, we
may speak of unitary two dimensional representations if we can construct
Jas a hermitian 2x2 matrix. We could take J to be any of the 3 Pauli

natrices, or the 2 dim unit matrix. Any choice gives us a thitaty two dim ~~ "|rep of the Lie group S0(2). 4

5. Of course we can form our unitary two dim rep by letting J be any two dim
hermitian matrix. However, any such matrix can be formed from a real linear

~———“coribination of tHe Foir Hatrices alreadymentioned,——">
_.  _ 6+, Mot_all of these conform to the original narrow defintion of S0(2) as a
—@ matrix group. Eg, if you take J = unit matrix, then the elements are notreal, and det 4 1. Nothing is wrong with this, but we just mention the old

———""—-__‘$arting definition.Similarly; any Pauli matrix as J-will give a det = I~
rep (because Pauli's are traceless), but only "Jo" gives 2x2 matrices with /

—7 - real-elementss———_—__ —___—- ——— — = -
7. Notice that the original definition of the group serves to provide us with

~~ “~ “the” paranetrization.Thar we generalize, keeping the parametrtzetion= ——————
8. Clearly one can make a threedim rep unitaire in many ways. One could insistthat such a rep have real elements and have det=l. Still there would ‘be nore

than one possibility. v

9. As an alternative Hilbert space, one could take the single-valued functions

_ --__ defined on the unit circle, ie, functions of theta, the parameter. The
scalar product is the obvious one.A potential realization of the hermitian -generator would be d/d0 i . Such a Hilbert space is infinite dimensional unlike

~~ —~—“the ‘ones consideredabove. But;-if-one restricts to functions of the form - _2, then one has a subspace that is invariant under the one generator. In
——____-—-order that-—such-a—function-be single. valued, we must_havea= im-where m = intog

x. These functions are eigenfunctions of the generator in the rep, and they

_ .... form a basis for the full hilbert space. - Y

10. If we go into one of these subspaces, say the one labelled by m, we may

. —— compute. the matrix element. It is just a single number. Thus, thie UIR is -~
one dimensional. In fact, the UIR's are 0%" for group S0(2). Notice that

_ . the huge inf dim hil space contained each UIR one time. v

=@ 1l. If we project some function f(@) onto these UIR's and also recover, we arey _ _.. talking about fourier_series analysis... ____ - oe 4



te |

22. Now lets try to repeat all these statements for the group SO(1,1). By=@® the formal definjtion, the matrix group is 2x2 matrices, real, det=l,
which preserve x~y2. Clearly, the way to parametrize this is chu,shu, etc

~--- ———-vhere-a-runs-over-the-entire-real-tines-He-may-thenyif we like, think-- - -of this as a boost. y

————""—T 3, Now extend to general lie group SO(1,1). The rep above is just a 2 dimension
rep of SO(1,1) which happens to have real elements and det=l. Obviously this

—. t+wo-dim-rep is- not unitary ( transpose and-stear—does-net-give-inverse)-and '
this we know in general because all finite reps of a noncompact group must

a . in fact be noncunitary. — ee :

14. Next: what are the unitary reps of SO(1,1) ? Abstractly, these are eX

—— —-~ - —where-u-is-on-real-axis—(u-the parameter already Knonw)—and—k-must_be——¢an anti-hermitean operator in soge Hilbert space. In the Hilbert Space = E°,

-—-— —--wa_may_use any, antihermitean matrix as. generator, Traceless ones will_give ,
det=l reps (specials). Only if we use K = iJy 33 we get the real rep of theoriginal group SO(1,1). Easy to make, say, an rep of SO(1,1). Just put-

~ unity in the unused sectors. / .

— — . 15+ Me can construct_an infinite din Hilbert space consisting of functions.of the parameter u in L®, ie, square integrable on the real line u. Again 5
we use the obvious scalar product. We can choose to represent the anti-herm

—_ ——‘geiieratforK'= d/du. “Theeigenfinctions of Kare just o% witheigenvalue
§. Off hand, I would say that the eigenvalues of an antiherm op must be pure '

-———imaginary;-so-we-take-s-=-ik-with k real; so-fine. The-functione-elE-- =.
presume form a basis as s ranges over the im axis for this H space. Of course,

~~—_if_you_ restrict to. the function e" this formaan_invariant subspace and = ¢—@ >’ suggests an irreducible rep. The larger H space contained all the UIR's once.,
SD  »_ The little hilbert space consists of just one function, eSY, labeled by s.|+

‘There is now no single valued problem so s does not get quantized. i_Y 16, Honever,2°" must. not_be izreducible becausethen you would have a UIR ofdimension one for a noncompact group which is no go. Dont know why this

______¢an bereduced. Lets call these guys: UR's of dim one of SO{1,1).
17. If we project some function f(u) onto these UR's, we get F(k) and the

a _ Corresponding recovery, This is the fourier integral analysis. Here kis _
real and we are talking:

et 2 nik oe SARL -

a Yada $@y =" FL) wh® = Suak FRe—
ee we eee —-- im ne -ok ~su ~ Su

NL, Saas) eTE FO) eH = Yas ORS
When we write these things for UR's, we have in mind that kereal or s=imag.~
But in generalno reason not to let 8 go complex,as [ong as things” ~~ ~~converge.

oo

18. If we for some reason restrict this last transform to functions yin
by construction vanish for u.LT.0, we get the Laplace Transform. Thenee

~~ P(e) is analyticsuff far to fhe right in s-plane.For u.LT.0, we closeinversion contour to right and recover this fact, that f(u) vanishes there.

r 19. Finally, by changing variablesfrom u to x = e%, we geth the Meliin fransfor!© w = ~

pS YE = ROY 2 8H) o- Fae ye FQ}——_. -
Agait, if we restrict f(u) as before, the lower limit of the Mellin projectia

- Deconiés “I instéad of 0. This allows more Pinotionsto be projectablé, agwe already know from the fouerier to Laplace.
y
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Phe two separate sectors of SO(1,1) and the discrete index.

a —- -—Recali that_by_definition—theelementsof -S0(1,,1)-can-be-param— 4
| _etrined in this way, where u rune over the real axis: _ — - - |

7 oN ORR SH nn |
fy=. (SLE) ke Asha ORK
a

It suddenly occurs to me that all elements of S0(1,1) arenot

~~ reachable via this particular param. In fact, so(1,1) is a mlti-sectored |
a group.The elements of the other sector are given byt = =~~ ——SS
rr fond ~ TUOC TI MYOCstaeeX!””:C~™oa| aG) EE) 2NGS Ud

| ashe kn} a |
— __noSt 3 ominantly clear why one needs "the real line twice" to |Parametrize this group. Notice that both forms (with either sign) are

————F"SU(I,1) becuase both preservex--y*,.==~=~C~*~<“‘“<=~S*‘“‘~S*S*™*S*S*S”S:SSS |
_— I tHe Single hyperbolic generator K. To get unitary reps we 1

~ jeeded-K-anti-hermitran;-but-lets forget that. Lets take K hariitian y
ee 80 We will be talking anti-uniary. reps(of-one-dimension}—Then;

we -"——" -}= | Ao not (I dont think) need aiaorate iabelo-in the sigenrestone ier |
.- we do have to use two separate params to got the matrix elements: __.i]
- +- eee eee eee

—+4% KbmexldxeR
OBGFNYT,

—. |. -UDM=Ae lS =+S nek, ueR |
—-— me SR Rten
DOsdl-e w= -e 5

aa

weNS eS weee
—__--.|- Thasa_are the one dim reps of SO(1,1). The + part ia really tha group of
--- --positive real numbers undermultiplication, end the —part is the negative _,reale under same. The full SO(1,1) is the sumof these two pieces, i,

- ® all reals under mult.
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- [16Comments _on the _groups__SO(2) and _S0(1,1) 4 7
e@ . In the pages that follow we have explicitly constructed two finite-dimensional

unitary representations of SO(2). Of course since this is an abelian group,

only the one-dimensional uintazry rep. is a UIR. The two-dim rep can be brought

into block form by a similarity and then it is the direct product of two one

dimensional reps. We have also constructed a rep of SO(2) as operators in a

Hilbert Space with an infinite discrete basis. This is indeed an infinite-

dimensional representation unitaire of S0(2), but looking at the matrix elements

it is clearly highly reducible to am direct product of an infinite number of

one-dimensional UIR's. The one-~dim UIR is also known as SU(1).

2. Next, we condidered the group SO(1,1) dnd found that this group has two parts

only one of which contains the identity. Calling that part S0(1,1)* , we were

again abole to construct representations in 1 and 2 dimsnsions. Neither of these

reps was unitary, but no doubt the 2-dim rep was reducible to a pairs of ones,

because the IR's of an abelian group are all of one-dimension. Then we proceeded

to construct the first unitary rep of SO(1,1) es operators in a Hilbert Space

e. which an infinéte and continuous basis. Prabably this can be decomposed into
a continuous direct sum of the one-dim reps, but again those are non-unitary

because the generator is anfi-hermitian. Thus you are stuck with your only

VIR being of infinite dimension, In some sense this infinite dim UIR is

really Irreducible in the correct sense. The one-dim IR of $0(1,1) we also

called Rt the group of positive real numbers under multiplication. Clearly

this group also translates functions so is also called T(1). The fact that

$0(1,1) has the two "halves" introduces the notion of "parity", mk by the

way.

This type of analysis would be worth while for the higher groups. When we deal

with S}(2,1), we have really been dealing only with the S0(2,1)* part and

have been tgnoring the question of parity.

I do not think that this index on SO(1,1) is that same index on the C4 matrix

elements of SO(2,1)0, but very tempting to associate them. Later!

e
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Understanding SU(1) _and- $0(2). _ . )
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