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_ 1. Introduction The "k-function",

L - < RGyE) = e Ee Rxye sl - -

i
is one -of a small set of functions which.appear quite-commonly 4n particle
]

kinematics calculations. Another of thesg unsung heroes. of the kinematic -high

wire is the more commonplace "triangle ﬁ;nction[‘ 3

- ARy = - "}EE—‘%LJFEL -f’l*x;gs ~ '?_'Y.'E-Q\@E y

so called-because the area- of--a trdangle ;Df sides—a,b, and c-is equal to #S'ﬁ{n'ibj ¢ .
There seems.to be no such _glamorous int{trpretatinn_far k(x,y,z)} 50 -we--just -call it-
th,e k»funct.mn. o I o . -

Considered as a fun-::tion uf one o;f its variables, the k-function is Juet™

a non—descrlpt quadratic form, hardly worthy of cnnslderatiﬂn. Nevertheless, its

persistence in appearing 921l over the pl]ace#f has mutivat.ed the author to collect
several formulas involving the k-function info one place.
None 6f thé formilEs présented here is néw. In fact, most of them are
given in-an-appendix of -a 1962 paper of -de #kfaro; Regge and Rossetti | | 1
. - Some -aleo -appear- in -the brief--appendix ofi reference- (7). -Gn-the other hand,
one does.not_find these results in such. .ciomprehensive works as-Bateman (2) and
Gradshteyn and Ryzhik ((f_ Je : -

— - o

8. G&umat.ric Intararata‘b:.nn. The k—funct'icrn 15 raf course symnetnc in its three
arguments, which are taken here to be real, fbut we choose one argument z to

classify thingg-below. One is always int rested in wheré the k-fundtion vanishes,
and where it is positive or negative. This information 1s best summarized

< *
graphically. R(22) = Ea—a"»«a,"—“a 222,

L —
2.1 the elliptic case . For fixed 3, /d4/ < 1, the boundary k (z,2f1,2R) = 0
appears as an ellipse 1q the egl—z;_. plane.: This el}i_pse is rotated L5° relative
to the axes and is inscribed in the "unit' square" whose edge is actually two
units. XMEXMEXXMMXEXXXEEE R is negative inside the ellipse, positive outside.
In the figure ( | ) we have drawn this éliiipae for 0 <2z < 1. Obviously it tilts
‘the other way if -1< 2<0. When 2=0 wé have & wiit circle.
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2.2 the hyperbolic case.,Nwv the boundary k(z,21,22) = O is a hyperbola in the
,_,_hm_u e ! -

zy-2p plane as shown k is nagati\f inside the hyperbola, positive outside.
Tfme ske;cpchiis shown for z5 1. For 2 ¢ -rj.‘l. the_hfpérbnla tilts the other Way.

at z = wox 1 + € , the hyperbola is very thin and nearly touches the unit box,
and as z goes to 1 - €, it transforms into a thin’ellipsé inZide the box )aa above.
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2.3 terminologyw Let us define scme spe;',ial terminology to describe the
_ location of a point (21,25) in the z,-z, rlane We will say that (z1,22)

is "inside" 1f both (2, £\ " and H‘.z'l. < u}f I (&l > and H.;k >, then

_{;:_l,z._'z'_j' is "outside” . D'Eflerwise,‘ i’,zl 22) is "mixed." These regions are shoml
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.1 _Th&_m_ Integral Representation. . The usual“elastic unitar—ity’ilintegral
_‘has the form,

_ - . g(1\=%¢51.“ o o® .
where,
e S =zt 4 SGoa(-TYy wsd' L
By introduing 1 = %eﬁ S(=-T') tne gets i

We identify this last-integral -as a jaco

T- 3. M«:‘aa 3y

- T e -

‘an, but”®valiidte it directly:

mgw (2 - 22’ —_ S0y cosd) _ . ;
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where cos & = Lt - e L" A theéK Shows that,
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Thus. we arrive at the follawingd_*lntegra representation Tor ﬂ

Eﬁ@‘.@.f‘m = %ﬂlﬁ (éiax{- M-yt mé;,) (3)
i

A_R(E'i?"-}iﬁ

This derivation is valid for (z1:23) eitl{t&r inside or- outside, -where the square-
root is real. For —(zI,zzj mixed, _both aidle& vanish; the left side due to. E(."'F')
aad the right side because the square ruot _goes imaginarjr and the delta function
is not "hit." Thus, the integral repreaehtat.ion-a(-bm is walid for all real
Z,2],2p « Two other equivalent integre}: representations are obtained by
permiting the z's in the integral. Thia.a is so because the int.e_gra_i ia- actually
gymmetric in tha z's, as the left side sh;ows, together with the fact that the

the representation is valid for &all z,zl j@nd 227 FW‘M Qﬂ'wéf ok ™ak
(2 o afan Jvar Wl e _ pla adgw vy ek e :q\wmxs"\-m L ,N{U nda

2.2 Some integrals involg ng Y‘T“ . We shall be interested in certain integrals

of the form, ]

TERY = D de §G) STEGRRY
Jd"llc-(i,,iLL'Er_'}

According to our discussion of k, the segments of the z integration which actually
contribute bto-the—a—inbogrebion are as shmm b&low (now in the 22 planep):
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and,choose the branch :k- Y0 and the
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If we assume that a<z_ , then k(a,z1,23)%

principal branch of the logarithm. For z_4 a { 2z, we have k& O and the answer

can~be shuffled to read,

- L; Y _5E _ -1 G- = - -
. I = .S*K(qﬁi,ir}) Ll AM E-k(u.,mtu.‘hl )
! - - ;, - : -

For a9 3z, the result. ( ff ) must be Ucotrected” by adding a term * iW/§K

“'_*‘“—*ﬁ*

|
‘depending on whether the integration contour!runs sbove or below- the pole. In this - -
case the result ( |4 ) stands true as a:priﬁcip"&l part integral. Of doursé with
the right interpretation of the branches of ihe logerithm, equation ( # ) is really
o

valid in all cases. I

l
423 Rldon & (78 Yle o Someu vateansk. :
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Whenever single variable dispersion relations are combined with elastic unitarity,
- = 1

the following special case of equation ( | ) tends to arise:( footnote: for
example, in Mandlestam's analysis of the d e spectral boundary. See Collins and —

Squires page 35’ . ‘Note theiomrrax ty]:icgraphmal erroerdin their definition of

® atf:kf&niﬁionia Sax adar’ :LW LWaksmu page 6057 quatims (UF) (tﬁ);
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The point to notice here is that on the I":I.kht.- 311:1& he z~dependence is buried

-away- as pert- of the definition.of t.he_bnmﬁar}c of integration in-the z'-g" plane-— —

( see ellipse fmrfigure { )y whereas on-the left—side the z daperdence is =
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4.4 The Q) — separation int.esral. We se€ek a result analogous to ( H ), so it

seems reasonable to start directly with (| 0. ). (footnote: Abarbanel and Saunders
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1. Our -first success was .a clear geometric understanding of the k(x,y,z). function.
See page 2 for ellipse, hyperbolas, i‘agiuns where k.GT.0, and so on.

2. Next, we obtained an integral repres¢ntation for &(-K)/J-K', valid for all real
values of the arguments. If any argument leaves "the unit box"™, both sidés of
this relation vanish, for different reasons. See page 1 and page 12. Result:

EQ‘ KCE@\,‘EQ‘) I ! . ‘
NREmry Eﬂ 4o S{z-22, * JOARE®Y wsé)

Of course this has symmetric variat.i:pnﬁ. or you can run to 2y,
niinwlving an integral over 8-%. It was:

3. On page 13 we proved a little theore
Bd'& oY R
5—‘.:.(; 2,2 Q Amixed

-Also, some variations shown on page 13.

i
L. Next, we concocted an integral representation furﬁ(,#h‘}fﬁ-ﬁ. See pages 3,4,5 and
improved version on page 25 valil:l forjall 2l and 22. Result:

SSISSLILY) S NP si( -2+ T D0 S
:S-H:.(i,a;%q % I §

5. On page 15 we showed a connecticn betp&an a -k and a +k. Result was:

T / 5:.'*‘ (}"\q‘h‘h}l. M
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N L KGR, 12) i O Aunash .
S Than we locked at the same integral with #k. See pages 17,18. Result was:
z.n.% GC"\' 'IR'.(E 'itit-)\ __| I (EI. .,ig_" )L\
L K QK (2,5 A0 i
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7. Finally, on pages 22,23,24 we diacusned a certain symmetry property of the
integral rep in é: for I, and we derived the result on page 605 of GW:
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ion (A.7) is incorrect, since... (see p 24).

W o = 2R, * d@-GL-Y
18. Thus, the Abarbanel and Saunders equa
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