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__. Introduction The"k-function", wee -

@ ~ ~~ RE We) = ered Rayeel
wen eeeee! —- ae -- e

is one-of a small set of functions which appear quite-commonly in particle
kinematics calculations. Another of these unsung.heroes. of the kinematic -high
wire is the more commonplace “triangle function" , _ .

~ Aus ~Geghes® Ixy Cee Age > oO

so called-because the area-of-a triangle pF sides-a,b, and c-is equal to sae .
There seems.to be no such glamorous interpretation.for k(x1¥42)) 80 -we--just call it-“the k-function."_ rs - ---

Considered as a function of one of itsvariables, the k-function is juet—
a non-descript quadratic form, hardly worthy of consideration. Nevertheless, its

persistence in appearing 9211 over the placer has motivated the author to collect
several formulas involving the k-functior{ into one place. 7

‘None of’ thé ‘fovmilas” presented here is ew. Ih fact, most of them are
given in -an-appendix of -a 1962 paper of de Atfaro; Regge and Rossetti [ | }.

@ - Some -aleo -appear-in-the brief-appendix of! reference- (7Z.).--Gn-the other hand,. one does_not_ find. these results. in such. clomprehensive works as-Bateman (2) and
.  Gradshteyn and Ryzhik (¥¢ ). ae Lee

@. Geonetric Interpretation, The ——is of course symmetric in its three
arguments, which are taken here fo be regl, but we choose one argument 2 to
classify“things"below. One is always interested in wher’é the k-funétion vanishes,
and where it is positive or negative. This information is best summarized

graphically. R@aAWD =e Seabee Qeea.-|
2.1 the elliptic case. For fixed 2, /2f <1, the boundary k(z,2f1,22) = 0
appears as an ellipse in the fi-z2 plane This ellipse isrotated 45° relative
to the axes and is inscribed in the “unit! square" whose edge is actually two

unite. THNOGUODGKE is negativd inside the ellipse, positive outside.
In the figure ( | ) we have drawn this ellipse for O<¢2<1. Obviously it tilts
‘the other way'if -1¢ 20. When 2-0 we"have & unit circle.
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2.2 the hyperbolic case. Now the boundary} k(z,21122) = O is a hyperbola in the _.21-2 plane as shownpcekis negative inside the hyperbola, positive outside.7

"The sketch is shown for z>1. For 2 < ~1 the hyperbola tilts the other way.
~

at a = wax 1+ € 4 the hyperbola is very thin and nearly touches the unit box,

afd as 2 goes t0 1 -€, it transforms int stHin“ellipse “inside the boxcya above.
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_ __ Bebiterminologye Let us define somepep terminology to describe the _
a

_ __location of a point (21122) in the 24-22 Plane. te will say that (21,22) _s is "inside" if both (@\ <\ and \2el<l) . Tf (@d>t and \2%>1, then
7 “(24122)is “outside”. Otherwise, Gaps "mixed." These regions are shownbelow. Te

/

7

a ooo pdsite | Ag)” east a
77;

- a “== gieag— be ose - -
- ce wee eee eT a oe

~ 3. Some S=K formless ~~~ f - - -
~ wa eee eh _--

31 he \-K. Integral. Representation, — The ususl elastic unitanity’ integral
~-has the form 9 2 oe - aeae

an —-a@\= Sartore) 2... Cb).e where,
7

-. B=A(a)= ae" 4 JORGBY) es"
By Antroduing 1 = Sae! 5(@!-?') {ne gets, - -

- so ne --——-}t- ari

_ 0) = See"Sae! be“p - Lae S28). C2)- We identify this Zast~integral-as a jacobian, but“evalllite it directly:

° acd) ak vim -
J= 3G 7 Sav BoB.

spans we .

FS Aad Se - ae” —AMAG-29 ws¥)_ _ -- _.

~ x <a se-8} | Sheek -
_— SOBIGEES SISA OP TID ST

. ; i
where cos @* 2 = BAL |, 4 ence snoiis that,

© A =e)O- et) | See
a oC lerF=i) =. SCkese)) cee
— \eencea")) sad[ = onKesia a
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Thus, we arrive

at the following "teers, fepresentation” Tor J-K*: -e@ x 1ek(22,2) 7 7 Sy oe ~ rTSee = Nag S(etees- SOR (GRD eas). (3)A-K@ 2) ° '
- we kee _- a -.

This derivation is valid for (21122) either inside or- outside, where the square-

root is real. For-(21s29) mixed,both sides vanish; the left side due to. ack), .
mi the right side because the square robt_goes imaginary and the delta function
is not "hit." Thus, the integral represchtation Soove is valid for all real
2421;29+ Two other equivalent integret representations are obtained by
permuting the z's in the integral. This is so because the integral is actually

symmetric in the z's, as the left side“Shows, together with the fact that the
~

the representation is valid for dll 2,21 pnd -22T Fada one goudsok wkCA) te odes dune Wt apleaig ig ReeAh ba squat raction Sha malt side.

. 3.2 Sone integrals involving (Xe, ve bana be interested in certain integrals _
of the form, 1~

L
- eee

7 . : Qy 4)SCkKRaAR) 77e Ter) = Yaesta SSK Ta)
. Le __ . i~ KE Myee)

According to our discussion of k, the seghents of the 2 integration. which actually

contribute to-the-c-integretien are ee, shown bélow, (now in the z-2, planey):
> { aad Quo,

-- - 4 = a

a Gite) wsidw (Quon Bz, 20)
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If we assume that adz_, then k(a,z1+22)>0 and,choose the branch{kK >@ and the
principal branch of the logarithm. For z.4a<.24 we.have, k@O and the. answer

canbe shuffled to read, { - -
- - i

ant <a yoo (BREA VIO

eS — Re—e . SK@RRS T+ A J=R@RR)
’ - —pe te a - -

Fora} 2, the result. ( /6 ) mst be tcotrected” by adding a term.+ aw/JK
i

“depending on whether the integration contour!runs above or below the pole. In this- —

case the result ( /4 ) stands tive as alprincipal part integral. Of coursé with
the right interpretation of the branches of {he Logarithm, equation (  ) is really

i
.

velid in ell cases. |

,

.

H43 Qipao& C1 Db 2 Loos sistent, -
~

 \menever single variable dispersion relation are combined with elastic uniterity,
= - i

the following special case of equation ( 1] ) tends to arise:( footnote: for

example, in Mandlestam's analysis of the doabre spectral boundary. See Collins and 4
Squires page 35. Note thesoxmxxex ‘yspersphical errorsin their definition of -

eo tunctiong| See Soe FrddlengatWatsry page 605, oqumbins (2IF), (22) }.‘ ondoe ear -- . - +Akon Ts S wtv a~ “Ben meth) 2 3 80 re Bec
. - - 4 ee eee ee -
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The point, to notice here isthat on the right_side,\ he 2~dependenceis buried -

® -away-as part- of the definition. of the-boustiary: of integration in-the z'-2" plane— —
( see ellipse-tr-figure i} )y whereas jen-the left-side the zdepéridérite is ~
exteemely simple. ne i ~ 7 a

. : ~~ od _ a ~

wi The Op —separationintegral. We otek a result, analogous to ( ), 00 tt
seens reasonable to start directly with (1 (0. ). (footnote: Abarbanel and Saunders
used this methody-although they have certdin-endpoint-errors )s For (z',z") inside

the unit béx we have, - -— | -— -
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| August 4, 1975Recap of principle results so far. i

1. Our-first success was a clear geousttte understanding of. the k(x,y,z) function.@ See page 2 for ellipse, hyperbolas, fegions where k.GT.0, and so on.

2. Next, we obtained an integral represgntation for @CK)/J-K , valid for all real
values of the arguments. If eny argupent leaves "the unit box", both sidés of

this relation vanish, for differenti See page 1 and page 12. Result:oCkERR) g i
SS OE S(e-2e, + Oancee- Jaana” Yas (-22. t JORRERY ws)

Of course this has symmetric variatibna, or you can run to 24,
3. On page 13 we proved a little theorer involving an integral over (*k. It wast

Sae SCHL $3: eee~& Saka) oO! ewixod
-Also, some variations shown on page 13.

4. Next, we concocted an integral repressntation for OGO/WK See pages 3445 andAmproved version on page 25 valid forlall 21 and 22, Regults

sor@etd . a Gag sl e- aac scDbb)

5. On page 15 we showed a connection between a -k and a +k. Result waste y

; 1\) de Skea) 1 [T/ARGARS |-
Qe BK iw =

; Be RR TE Lava,
6. Then we looked at the same integral with #k. See pages 17,18. Result wast

aes) de oGkeaed) i! ea,p)
om te JFKRAD (\ -$ —=SaQtn dy tate cee) =} 2g, [ete+ 3K) =3 ~ Boh RAE EG noe) iG |S KC AR)

Se A&= wre we EE unten Il<iSay e-ay(RQ-22) a > Js
2 {

= What Nie Ye auvens ganaun Sunny BOVE TURE EK, YA) Sang g
=i ax

wS Gana) Se= Drsdiass ne vasodo tn Fru.
7. Finally, on pages 22,23,2h we discussed a certain symmetry property of the

e integral rep in 6: for I, and we derived the result on page 605 of GW:! eS

i & NBerl, Wish = Ts Um \ SS
aw. SeR Raewun be aasiaaae} ob Cereus)

8+ Thus, the Abarbanel and Saunders sufi (A.7) is incorrect, since... (see p 24).
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