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é The Breit Frame (alias, the brick wall frame)

| a In a 2-to-2 reaction where p) + pp goes. to p, + p4, it is always possible to
find a Lorentz frame in whieh the momentum of one of the final particles, say
Pz, is equal and opposite the momentum of one of the initials, say pj. In such

_ a frame, particle one appears to bounce straight back and becomes particle 3.| The reason suck a frame is possible is this: Start with:

A

‘

rnFi= (a,»,¢,4) ps = Cefiqsh)
These are arbitrary but timelike 4-veotors. Now go to rest frame of p;:

lad a Ja ~| B= (B.9.0,9) j Be = © F5,8)
Next, rotate so that p; has only a z-momentum. p, is unaffected:

aoe
,

x = iaP= (G0, 0,0) QS = (€, 0,0, h)
Now boost in the z direction (passive boost). This causes p3, to decrease to
@ smaller positive value (assuming h is positive) and causes pj, to go
negative. Stop boosting when these momenta are equal and oppésite, You have
arrived in the Breit frame on the s axis:

Bow i e
t= (B,0,058) = (Ey m9, +2)

@ By assuming that h was positive, we now have z positive. Of course, at the hstage we could have rotated 180 degrees around y, say, to get -h instead of h,
so in fact, 2 has no sign restriction.

For some weird mass configuration, then, the Breit frame gives:
! 4

.

1 oR 3

}

In general, 2 does not bounee off the briek wall in a very nice way to become 4.

However, if the mass strueture is like PI-N or equal mass, then:

=a 2 a . aeMEM MyM Pe-B > BRE 9 EE, & \l=lh]

ond (RU) CRD = PP= QR) ~, .‘The requirement that p4 and -p2 have eqhal length a Ze 2band opequal transverse momenta restricts these

vectors to have tips on the dotted line, Thus: | Pe
a

; / Given the misses, the two degreese@ ' of freedom (s and t) are now

" \ y . Nt the length of p, and the angle
. Ke? : of pot: eo: Ht He

. / yt 2
Now we have/a true "briek wall". ' ow .
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Se These simple facts concerning the Breit frame are to benoted ( here we are
again in the PI-N mass struoture or equati masses only):

fh —y
—>3 i A

y P= (- Pose, p,smo pe pa = Vfl
2

‘ 1

: ¥ a R= CA,8 ' 2,0
ot a3 L
\: Pceso se, | BrP. = — pprese = ~¢

‘The explicit ‘expressions for s and t are:

ae 2. a, gt * aS=(te) = mame +2| meept | me Pi +e] = S(P,9)cos"
= oa yh

Ke epd = - 49 ;
Unlike the oms expressions for s and t, here the angle appears only in s- Thus,
a fixed-t process with s varying (energy oms varying) has a simple picture
im the Breit frame. Changing s merely changes the angle 0, Now the rangeof
© is 0 to 90°. For « given t, the physical region starts at the value of 8
obtained with © = 0, Then as = gets infinite, 9 approaches 90°.

1

s A convenient aspeet of the Breit frame (again, in special mass case) is that
the momentum transfer has vanishing energy component:

Gehef = (0,6,0)-2—) +
As discussed in AFFR, this makes some daluluations easier, In passing, I notiee
that in the following special ease, the Breit frame coincides with the frames
used with the BCP variables ( "Standard Toller frame!’)

nr <VT :
In other wiras, if you do a Toller decomposition of 2 2-to-2 amplitude, then
the Toller frames (marked with x's) coineide with Breit frames.

= 4 \_——>

é ; By the way, in a general<~ G mass situation, the .
A a

! 2=2 momentum transfer is

tag not always spacelike.o> fy See Mandlestanm diagrans
eS in Kibble, Ones Froissart.

oe References: .1( AFFR page 400 , use of Breit frame
2( MS page 210, problem 6 on Breit frame
3( Omes Froissart, p 68 and 70, ‘why + not always spacelike

‘
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3 Ze = ewsei = cos (rx) = | cose = - Ze
i

I seem to forget that this simple fact is independent of all the masses, etc.

Just for fun, lets compute them and compapre:

e S= Crepe) = atemt - 2g - Re]
= owraant — ALE faze] |

i sektus 2
A Sarg + RELY 2 2 !

Ret |

iRe EL= Sewhiwd  Co = deem Pr> NCAme)2A ‘

UR
~

ae

= \Cyatontfs ‘ata x) ‘
t

So Be = Geert)AE2 ACeewh mt td ons)
FE pant ome) SCR AE oe

{

ala= Fa Rs-2)+ (ok (dad) flow do Zery
e Ge yh wk) ACE vad bo)'

.

|

ae = Kak Qu- 2) & Cwmty ois) Lee]
WE what) KOR aay’ wm)



:

- Quest: Doce R<o odoaye Ualinside ALO? 2.

D oko, daw <a =Aso? .. Leh Keen— amet - : |
TO SLTO x a

EP ae 2 Ba Co8©,=eelke) WAV se, -
- OD fale: a a. A ENS: Fa Fee .

—-stte. 2 ook eee ee
_— OY) Ba = cosGas = Ses lth F%)+ ae - - --.

4h bene . op Feed fo
adsCem omimt) iswhew awsyw
a Aat Cnt =) on - mt) 1. Es WE EES EK

_ eeee ee ao - oe
Qe =JAS)/2 5s B= qos Og = Sslek-sZ)+0-Gso. ~\SEme Me) IS” tT asenq

_- ge -= OG LS Cone
S81.0 ea 7 _
. ee! ste Ae ES fetch one + mst mys. -

©. @® ¥so.@ FRA Uae} go an
~ . (Sasthoalea) 4 (sesgicwen) y (Ses@e-aea)
|SOR \os" 956. 9x. » IORI

= (Se sfrhra] sa) GS sireyray Gestet-ey ta) go,
. 2 BUST Seqh ah :

~ Diya Nia Wd Mtbly Shs ghgdar -ae
Lda N+ Lqi e+ Xz NX INNNIs = RGyH <0Teo visakug Ny = 28k +Ac MS so Sosa "he.m4 Qhows cee j tt one ~

ue. aad .Oe (asked qh (Laat)+96 (2ahee  CLE SANAA 2aA)
a — —lesesexay SO Ro awe BL,



li te _ — Re eggs). we ee
Qa deve : AOR Say Ge = G6) —aft Ses _. €
_== A Gat gaan = fp GOA I > Toee eae SO

ns inida sacle Frm ou eh. 2
Mee Ee ad Sd as
Yuaklee Qack. ay ia <b Whey Oe

7 i

is an

Yeo , ws. erradroaia.qoms bs Sa axlaona all Maso ; e
oS SL se

. AE MSS ee eeeee

_ - Oo <aech. : an .

So. lB GatY ey Goss cdeGaOa a
TA he BAABEAD shag Sy SO |

Ruste voieg ES B= (Bt IRQ
ee oe. 2 Myrehow 8. - oe. . -

Alidate) 4. (20k 2TH) ~ 4 hbk
_ WCB Bek +6, BeBGK+ BBG) wee
_ ~Gediahess ek) eleC Zevg Ki By DW KBr t Ze HK B) Sayin,+ GogBeaBE ols: BE) Ue -< O° 2

= Selle S7Y - et -



.

Oo

1

.

1

<, t

e ; Sone thawed ajowackion SORA).
>dain.SGoAaa) = $\—aGet)| | ~ H Utrte,

| ick, <0 = A270)a oR (vb) kit, DO andi A rn <O. _

|| i _
| bb Qos :. LL Po and AAtAL) <0, Non

: a a) <\
by cam Sax = Swe © quadsank A.| | OSS = ~r-k| k

yl SUK = J=OG840/ 2 Wot.
. d\ vos cmald posonah_s Mees fos srk.

. ewe bok) 2 1
[

Dd) __ Qasas sa = WNW “a .: 4 Ms Mk fe)
ag = \e=Ai=k ZN ~tt

‘e doh sss : a(t =+ PoGede)2 r ) te °

é cau: ( ara

J iw pos. onlin sh Livro AYO.| b) Thom. 9% => “geal 20

p= Ya 204:



Abe 4 jaae - Apbi-Qeg— AdePF aohwrie! saw | | | agno= oe

1 ronmled sets
. anne ae itakSES)- ales)
SO ge dette 7 _

jay! satu) || Py ne
| Aitcapy,s) —#(Srb-e)+ FG)

+ i+ 1 :@ deat| oeAG@rals fs angrye Hs 1 ||

Ht lL} tbl te 4 L race et /a \| Cus emer: A fou ba) Mae pp
*

Yai vo ab Iy abt) ech = labs a)
ih sorts peel Le Rect = (ern)leet TT |!



—:\

1

PcllongtesEnc iBo
ok d@ Sak PD, ond 0. Du uw tnaAi 2 POCA  anynurte "

1 ANTS
ME)

@Yoe_pluysical sqion jer thr vorialedeas —pi* and f° io tre

ees

ea Cerne eee{\ :

H
.

Cn ofror wd.ad, [ee varralae, p+ Pap cow Bins eno fu
8
i

i

~emmy

ee

.

Pop = Sib Fp = IENGI- BR > le ie)—lele

3 pop. +Ceteme lorem) ~ Wau

Rat, Tied = p+ $m/p + bene hou al sage) ee
OM comida —nneflnonasibss a MgpO

$Cype) = [Gama =e LE = £f

& lick toca Quin Lancto
Lonk Dike? | Q

@) ao Lng ao “th, #0 O, lawn ia

posskud dehinsle| | fe



4 ° ~2- ‘N

Due Stan) = 9 [Yau — pl = \alf, —> £2. oero 2

ites om Dar =o Q,= 0 boundcmee io oak in
fe nd

w= OC = fhm) =8
an \
af = O = acme) =

oe JQh, peau :
—

_

i jl Pa PlCQetme
: a Oeeee

FCfir RG), fe) = mm NY
d

; PLY

= = Rife _ oh = fh (erste) - 0. _Sp = SR

O,py= am,lpm7 RY gest awe)

Que =O urn R= ez



iy -3-1
@_ So, id Wooly 9,9. one tnkue, nif bothore pavk, Gross uso

_ asa Mok 2p. Wye Or Daber woos dm Saad Glia

a) Oonm Oot eilles % Yom, on _S ~ "YH

o $

=: = lelel+ép. 7 IeBl-ff =f 20.

i(hue 9:0: £0 9 pp, < rymq

kodak, ep = Bef =eA
9 < - E1\ 0 Pe

< — Cp ,ou

Bk Fe mm, so —F <=-mim, => 0-0, S- mw, 7 |
H

Aluka, Cag) Oy SAwee
ACnCasy GON 20 | ZA
ani.

i

QOS sous duced orm (Aad Vea), 2S, on tuo Argon, 82 docs

re t °

Syd Cony he) == SS <>+

QQ. > TA, ~:~. S ~ WM

ZTya
7

;

a

SR 0 OQ i

— gunele “ow



r

oe ‘N
(10) ee Qaida dp a QawnAs lous dAnn ea oA A ‘\ wz =0

-  \fF :
suk ont20 UK Sw ___. 2 Sant ee

Onan fo 7iolan ; Ae yakenasasnda A hes DSuafacewil, s= 0" plame- 10 wt Yours =o E(w \s\e0-
A sete

Pas wbevsoedun of AC Sl cM Sle Qs] pone >

_ ASepak a seh

(A LATN\
Kx 3

_ ) = dG,get) = owe

wil Sorsded odora ulead onsen doa fowk wwRo A) : 6 ‘ —

Nanl



ee] CREE nn
a EIR SCOOP CICS CUE C CS)
27 Bjiae Ge

~  G[Gepaithoa ava) aed Tee 2
a | TOO SP Pa CC Ces ere eco

a :



. Fodsobat Bo Ln
~-\yegte 2 be

. - - VOR aan - we eee
1 setarts nteat-2(6f= ppanen) | oR

= sombamis — Uebel anti) 4 pACups i@Lone. ose ae NEE
8 Seamed —. deCeestang)bets amt) + Ze ZeMk,1d Mey)

= Sp sent EES = BOCA BeBe (G8) NaN) _
SD tke Oe Dk KE Sad a) -CONSRAN
a . elo . a

Sansks +e 1 .
oe Be

Wu gia fetetet} jas Otay) oo LL eee

® Ss sal. 2 Be = K+ Ks ~ 8) + ComesOey) aae eye oe Rn)MG]
Qua gine 2s) 20 2 ek a
Nauta four wor dh YK PsP skphs. Veer _ -  .

© aS RI ee Ake = shyge + ez) .
4 pits a pits .

= S/appee ACh wosea. \ : — :
Quéie Qe memo 2EAL f- Doe _

- @ Wake SRA?STAs Qe(ed.
gO Wk SEA eet Lk

H eu =

Po MSEN Bens peste s Eaaliscelaio.
kus “fee ea Co ee



Y

| So ws ean eowgens' : -.eBux KrkQa+e K So o
a ESS oe

joa Kak@ed- a|

SS.- ABr2)HO =EKCa- P+a/ - ye

=Ky- =O ASSAJFARKO LLL a - a

© QueSatta bea sakoke fee
8 2 het BELO Kesenicso/| -

@ads rados, Wee, aoe fasme Gr
«(WE -Eake-o2s = sieho 7 L

_ 2 Nae)RZE HO = & : .
2h .

_ Vonpy stats ay § aeo| re
© DB gown deacker B= S/Oppeed :
ssGam

— . sbat\= G?-3)-2pfeo7

- @ Ya, Cat) A. Wer -Kak oma Aunak. :
. - - oe ce wee

Qua. wenskr€l sq... 2 Lee ee

©. stele Fskez- 4a | |

N . . -



0a

z3 <—s +_
To > a PE Ve ee. temuUphllere —eensap Be eteae = affsesso] —
fp —- Pp aaa. ea! Rx Ps omecd snsbh ia| ae aioe eee ee

we a a) AI ag tm a)
= ib 22obeaeadea, Tac dhueniaedeely alaebe wattle oe yen aL Lt  opaana Joe --
3 } Shalt Na ua Qu = dbhaidy

' 1 i

OTe Gr) meg ings ay hia a aegleetoma
Brey che Mraghovh.. bn 2 baal yon (0) eoeires oe

aa | ; | booe~ LI | bo .
- i.e. ce>

Chee 3 = Shaped) ne Garmin)

arent es Oe ar pens an Loe . ooLap ar~My, § lnnioler060 nndoarantaol She anauth tar .
a ee cee

-_wean ACR = ads aed)me ato. . a a

ate Ep etn) ly ene ee“OTTiy!a
+ LnaBakionlet| age 20% tess ATA



a
_ mpamd we. pour oA _(i/s\.

ey. le

ae

appeno ure Sand Orch:° ‘

3CX) = 9, G)+b GQ) se ay ee

Qhos! et pe a a
Mile fassurseptastessesy

4
a

=(aa)S_+(abrbads + G@oqrcarxhbe)S +:

2 = (safpe-slsre\(faads+ [abbals +lacscatbhsS|
A & cS

= (s+ [et-slsre)(ASa@SeCS)

= sfs+FS + Gs «--+

sant R= A
R= ACt-2)+ 8.
= A: a+ AM-B+eC

Ware! A= aa, t
R= abe ba i

CQ = ac +caetbb, |

a =| . a, ee
Cha Ta)". [sta reig = Gay |

(= 2mm) Ss GuyST



,

”

-a- q

a

gy a

[ixaxsbe*| = | -sCoxsbe) + C)fe)z lant)4
os?

etcole tb te SANK
is ise

os ~ 20m ae

= (mb-9 a
ae

f -(ha Ou =_ S| LEGS 493 Cine) — ECE WES |
= _S [ls Gibews)S + Fenton) + datas fs |
= S| TS Grbewy) Se Comer+ Geto) S|

@! Yawn, crwslovne durch free:

whe . =\

Qu) x) = ST) (oivwe) s+ Gites Guia) S [T+ (ase) @
+ Chew) Naty) S

a
=eS & Creme)Ss + Comte amd + Gavtane) S

(was at a, =
bi sXottome| by = am ya _

Q. = 1

bi = ons tWMe
__

On = abe+ NON a

SE



Awd = (any Q bb; = +0, + bb.
‘

= yam) tone.
zwey He eee Cone Oke

i

neh ame ms MP |e se kek= (h-~ ~My’ Me MY | 30 ~

= Cay — Goto H

a _ Cony= Menv Cmte at ong ag’ 3

@ Veo B=A = :
= b(h-2)+e= {
= LA+ F(t-2) 3c!

@_ Ta mgsdia auwplticohom: ipat
.

Ree = CMC ae) — (ne waisaMe) +O

=O = One = bei) = 2 Cole)
OSM SH) WTAE) nse’) Oma Cw |

= Contam Ombre) — OwWe) (NiWY) Dantasa Lops wy
= = Devens— 2etband a wie athe
= aCatay comme— tt was) = 26.

eee)One
jas| + QE)S + Qk8+2E)SeT
ereseee

vg = _ ott ee !
’

= ante arnt ome — thug = 3



SvE-uw



@ od wa- ©.dwe ok shu, {apical Sashonmd quence: _ Lo,
Dab tae dates Soaks vn se chanba - \ Ge ]
Quick &. & Soman Td dae a

— WX cons od Ya wayrug do kao ee ., |

-. 09hda squal moed, ROR, pot eee
-@ You, mon US ge, We. dada HU ou go of ee wong bo eo |

w= = Nak UNL deg AM abr Dea everduabic loomadaw. CosiatA) , 2
- “yy WAL sar: we ae ‘oe - -

ie we 22 2 ite _
re . \ . afl

- © Gay to daudole oclusl va olS-va a oes
aw oy -. -

. to — ReGags owsawh ALE - RE LL- A - a ror, ate ye Yee ety Vy ue gt

sane | oe oe

~—— Aun osemank B E:9\s0 come, faswoad a oe
Ree= ovbcut_= Se | Got ntleemi-an) = Seating) ole rm mT,t

_. oeJang S Lenk was Blapsss sant eee |HLA= Fee sched aceerciey o aseted) eetated
ty)

_. Ce ee wae 3 TORO) LL
Qa a a a _ ae



"S, Jxconcg RAS ae] abner onsen] PS
@ Qe ua tues, Pex te muralworpe magabia , (ae skew

@ You Via sihuokee : i hoin go arden Lo ow
Quocrodeor Namwdise & f look Qa ski a. \s-

pre sod. Darah cotlenGatad Quce,

: — LO ®

ee . Se

oo, ~~ 8



anole on avin sak audi. dual ssshanakiow.
@ © Crd, rarchiny Fes daa wo Lend oak

3) Se 1

aad @-05 Kehoe = - 3S,
_ - : “ So quam. 34828 se mk rat 1K <n C0.
@ Ba cur Sadler nuedsle,puenows ' ;

- Vea mp g(t tute) ont exons fo shite! on trong. Mun,
JasWL 2 rwadl ampbitmas |

OW Va vousdse B= Sm ha Qa gap ent :
e Bo C/ste\= yay yes Yor
S 7 S503 ‘

Dual road = agp uy. (“E*) — Im Cls3e), = = Yuu

Qn gee apes wvaiten Vous) nanan «
\bah= om ‘ .

So cnn | Ugee Yon Lows
+ lo i ~O

+) 1 ~Ye|
40 bay — Shab bee ew

~\ 173 iy .| -t { wld

© @ Ow,ad aap srivks Vein a p dots db de. QueOO
Se AS reales chub Aug Qala a, an angen

fe teed gee eM > OF a
t



628 +

Aon str Kinematias Qustalew + - . a
- -— _ we ee - -

@ “Brqpwalomas cass, aA. Come ate) COM, MT So.WSK.S = Congety”
«a aa physical Ourashadd un Oee sectbrndd. OK Oia Quast, uk

| wolusa oundetentoy Com at!" _
i

ee _ bo. SK ie cha powk,
H
i

We com onnndian+ i
- - - _ ee

Bost owdony: + TAGminAG,wh nh) = Sa se-z) + nme |S 1HS)
Baal boundany: ~a . >“

- ! Loe eee

Qk. s=Guraty, AG mi}=0, Jud, Vol squatas sited ck baesaws Wma), 80 aaven, bo selva Sa Kt : .

Dom Capen creel ak-2) + commons)
Ae CwstMay = ACsewed\ — Cyrwd — a ant )Cws= ey)

- - i . rn oe

| DAR S—Cevady— Girmaond rnd Ss.
Gg) .

- i
B= adenylylyh ~ mv, — | On—mboHg=md)' Cty +m)

-_ 7 (egrsrm YComrals ~2erts) — CoE Grae /Cstme) = J dass.

| = [omenk= Uy+myeng-yi avi, Waaame Vege)
> Larson sen 2g ~2-msm Wns, = Leahwrngnel any = ney Ye

© = 4 Loins ens) =r {
-o ole Crista) ;_ - - 3 k= hacake)+ vty Coot H5)



Vy

Se, = ms(memd)+ wn(whns) = Sa.
_ — COMM)

: t
Neonat 5 Ws -S~KAZ = ~sCnyewd) —Onseme] — aAnstun)

_ msty

Ve. Cog ts) ~ rt vee) — ey (mt) — rites cme?) (igty)

= Ch cont ny) Lngeny Gn swk swf, eva] eee
= = =Bribe —B mand — wy — wom smoteMya 4 vty WEmateMy ~ ME = WE hy — wbany— WHE ny ~ WgoMy —Yity>

Loe a 4Qrakeod LSQASAL CoA8At “ ivA asi a3© s4lmwowwe3 HHO. Y 1 SN

@TN anaz ON,= T= agam, K=O VA 6) ASD.

t= Thy = M.

@ Wadee aoees eeML Em, Leh AE M.S

t= aaa wt) = & (mye) 4 :
ame _

Drie agrtanuintewie G88,©.

\ .



(of i4 ‘

sn ot bein Lonoraac soa :

© Ww gat inal squationss uilshchrdaleronins (ha physical so9in.
'

'

b As, 2O Kiltble Vonnctnon Ase WS. 9. \IS~

Jf

@ Verona, vse Mavi A [2°] <1 on! dodenowtmiass) mtu the s-olrasanal

7 " <

~~ i
.

. fl

in e un RACY = tas int + 20,0
BT

\ @c@. 16). H

an uanor pose. Owa: ~mtomt = - BESy +20

aA Ze pS *
;

H

oo: WEN] Sy Lae FRET YeaA
7

dn comme dedocd:
aan h —_ay® ty als, mat)a (3 om at

.

a gual. We bron od $L-T. uroguadit, aks Gx of
Dronannsla xen Mejia Ton, uralea S&F Mm. (rt 8,
wisi ‘ne Che ons candi jrok urilea 24 s0can abst ae
—> Grom urnbeod ask Kho debe th Pind Trot 21S ia EAU

S53 bit _fIZ1 ce Kb Se “s<ot >



Ruwonle ov le) <i
—-—

a

x A hano oxpdrsitliy compwbed oud OVS wise e
= OD, Que be omnos*

N\ <\p hans d} = 4 ———__—.

OV om tocpbrcdy compen (|S, oar qake

(2s (Fw Ze) gp
2s (29% o@)VY*

18 23(Eoooh coms) Gtwhe me) (SMS lata ocala]
Qa Lava oa. Yiu are oat Noobuoosss Maa so Quod 5, Qasdoflertnetd
AM Son neg doce ad\ wilh 2A Sta

See

Ady = [5 = Carma" ][s= Curved SS = Gayeres T[S = Gre tol a

La Qing as (sat CO
bolita Vo Vnang, Ad =|. Ono o cnme Irae condel oomneasad

____diwasd so.

doson: dn any plysical ssquiin, 1Od| =- a. Ga Cicer cons
th ce ule Mag ih ace rand dveeD opeh:

| sQG.t) So.

-

zm sso} 6 CV



.

po

‘

@_Vn_ormokr od conedox Mw cosa altace, we san ATM

aT ee a. Ys
ESSE Se
a ELON

era ZOee TitwR

_ os PX NEE!
aAN

rmante

Qua 2 =~\ eunur . eeok Dwusaotd va fas @ “Mas oapesla oh flor gamesol) dragas
Mramondol vislersa. Go) no eaanues at olivousQuin vo clovious, because aaywololic, dp s=0 ,t=0.

y

slick (as sows bowin Ca Que channel with Cal |

: Dusted cola f|

—fid-e Trou mits (ho Wighodk DWwodald hon -emdiady usdAuosynglola Coro obsyy Se
_ a

Ma ede roll thal Gn Me cbes pote Z
i

Vas nada a faVe Ms ola da Orne alorae AL S 2 Q)

ee

® Example: gn com ovauea rrddace OS M\~ 12) wid
Sea) o_o ~126), Men au

0 oe coma coat omens Gro Mar olor
A exonplo, suppsor usotcoas of owe. linod USO.

i



oo -3-

Me work do bw (he value cl 8 unre Ghai olusicol s-d

ed = \ +

a
Sie 1<\ sos. oe’ Se
s ae

aeBudody S7Sa aunts yom sah Qlunsséol - Te —:
gyEE

\e"\-\) <O = S~Sa(S- St)%O =
— 1

lee w[s=mrom4 2G ET gy
WO OF GVAG2 lot BA Auanca wSo }

> 2

Ok, Clete 266,—20.9,)ASS te ERSA|Se eC
e S%Sa SE SM. sa “Toke s

: +os a a C) be) G)atg = EME EZ pp [see Reatoanl Sawdon
a<r= <> or

Masaya Asi _O ad |S >
a) QePy = WV Cod == TEPa—ph pO ay | = Gawnnt)/2

sy) Pa = = (OA GPS)= ~ LAE -PE Ps ea [= Gen me7

: Game TO + DEM Ey
-

J ay = Sr ar

I Sk =
GT
i
a



. -4-
,

Ch cournn Oy) <> (lal sy
dM gamsral: 1

Sree

eefa, = [Seawemy eee TT
foe

pMa a
Noro, (2) a a chonwwsl AW. And ii dorole whida ween

ia dp lag loobinson. Aud ge Qe 9s) All amamneute

Qoust on9 annmat \roune Si, = 0 cA _ornunad
f

9 2 Nk Nis odanaicall s- ohawnl. .

Ada WiAadnmsnd 2 p

t

Qe yom => S% mem  _@ GCN) SO eke.
DyPy > “tH Sy wa A

00s <= my =3 tS Cm ~nmy™ \L“|

pots <=Wi, Sa < Genoa <n
; es

1

@ Os yor Wt Qa a= @ Oho 2 distaibuins
Dat A (re amannta AS

pe cane oprunphoy PZ KN See
om)» : SN
aOe



'

GD 0 We queued preted. - m CN re _.
____Nesisle&e k sennea se. wie £ ——__
w= Ow grenade Fal ZL. -

BAR. 2 CORA, WA ara __ - toe
me ee me SONY cant!

. -- - Suice Wok Oa Be
—- larsause shud, dead “WE O, K0. D x= 22, GK ok

a Qwia powk,s=2,s0. x24 Le C2-O): emt enk= Vet _
==) es ee _

“© Waean axgread Sauk av Seas. i - .

Sat 3 S_sexties 2 .~e Ae stu= ZZ) _ws-x tks . _. — ..
! .

_8 _- -: . ~ fo “a eae a
hue,Ore Lime SHO nmuth be: REZ ve [Sopa= 2.

— we Mint aso. omwek her he -2x+Z ee

-@Se sn genial Soman apnesa yoy ACS) =O be gkApps! Sok Aas do opal Gutd}=o, len aed.
i

@ Graminghe:Ik Le dwhetmy eatin WN. Qh Zeal qeee wheRe0) Wh Woke Byerh? _— .

AHL Seana = Beker)k=,
> S-4sG@)+ohwls ko | a
3 s[s-24k}+ = 0 -poe Teg as

eo (KrOYsagaaseo| 9 Xz A) «Bro
gas Gees 2 ad et A Pare) ete keteee,

Rasy ad of We, 3c0 adhuro
— — Wypreete, orymetoiabeant i erate



. Oo, Xeo BS ks £28se
YawSoa, gosro Nook lesle2,se-  _ . ;
Oden  Sves0SUXS THO, sommmstbd SEQAunO. eOd, ke = xa sl.Go Stated Jape
wo ee eR

@Yiw weed: clued2a Doh Grane: KWAE DO
— Oe 2 Lee = : -e nee -

re aes) XP Qo. .

Givaains owksids One Waypeitotn
,

-

:

© Gk Waramedan wewek Bycl=m> t<o.... @

® Soy Dat wnagolond oh Sol® adun mu) WeaYan OnaitQae s aS chennai ee ee

| @® Wa 25 42 OW ve quasar, “z= coudlenh ? -
OO "rebasttaD oS eats GL
— Wetual Stst= x= aeye a
Se oma (BERSOTR

oe C4CRA 4 EE =o ndehd cone,

son t+ Gxt + FY<t[eal +(e3) @
O cai, couduadsh. x=0,k=t amd solaled unleas&= lA.So w= amd on ety. eat



_ _2- |!
1

® Foe wocek = OrDA+
WH. We lkeund Ok B=0_kOre 5m Oedutle, So KES ales, ond saber)...6. Quite,, We Ger cave nmuil are Om Dest Sh pout aale

QD aggpia? Gasae, S29 sof OF GYM 7. ~s(\- De1k=0_9. re S@)/a .
wo BRA Keon.2 Robe! Ue ctMoe

t

- a \+ pa ae ENG He _ SO
- => (en\q-th-4e)=th 9 KeixQx-£) 7 <= 25.
©

So ast & Keo 5 eel 3 az se ker UxtZ Quro
~~ ragnarok , Za coksa a shock Quis | es

Byeerue a ketx-de . oo
— - ' <a = «=> = ~

NaBAP, RAV, sv. kK x2),- eeeet
Yes 2, da-3,s0 e~ Sx ade,

. Wears, a= +T,s0 = Ip oF Ra ed +0

Ji ye

STA”
(/ i vee

~ " vapid’ - ~

& pent
7 oe -

|



Pusetons sl faa i
Do We bron 1 i pam oa OG8)=0 , ba aden

—@ Tre quaskion Mhod cnrara ie Moen st ular a |2 >\ equal do fe
— Qwusicod sro, and ude co (21S cased do kh?

s ;

‘ Mgt. H )buck nail ony stad" - 4 t —$
wat Qt 7
wl OQ oe do Vihite th soil

eet @ = foON 2 LZduwugha. |
_ weet Q + / Uy XN

eA Q -
: p= she Guedaath

. Se AV s VVNR
Z ‘

——@ the nage mings gist Dae sigon A AAS = AA. Dow uae
.

. Q_l#1St =, 868 20 x
|

GS)=) ZO

nd sonenns Sm sso- bP

—— © Wa cinaded aagint oii agen 0S Oaaaim cache,ad gies oun. tagn A $+ Ohua im 2acke again wasarrows Ai) vn hs arpqanparale “as praa nas atin" oA fe ICLbl _
——rodatuinOF esunat no otwua sgn (sive), (now ana be

a d

=O Sond ots), the wcrammul doce quit nutes yousnd S=0, Qo
nak 2) > soba QS puiccat u- i

tJ i
es

i



ed >

~e esassasesresoessssssoasssessassstsitasstesessesoaseesesas, HistsssseeesseeseeeteeetEeCSSISEREEEIES. hed 7
gecainA ae aly tan dy, ae et 4panne Sle enrtsMeeSSSentah pdr neeaeeen el a .sperms eet fy muneee road 4ErgeSeieatthSelmet artars ektstris fen gegen ‘STSies seaneine a eon :SEE Mien aiette ane eai
Eis matarcbarecnanas Sultanagee one ra ae{ Slut coantees eatin nt schantteaset geo, teams ig! + Betsy eeatiacta inh ce oe lay as :| Hick Gamlaid ktatenaied atin gcerte set jo cnrj Teoindieheme ang nO Eerar monet unter shih fe{ Timi aor Sebel See ot grin nl, nn hh: se ertoesy i Gielenem :; acteris RS Semen ibe pees oy iy rt . :1 shock pres ee coe gomant. However, i our ‘es. seman4 ‘etraion saponin tad the esa the ae ssFaw be wer guar noms . ahi ucRegattas GMC heme tte pedaEichtenat bas pe tan tle cha a : LE| Scie ireg echaabrmaeie PopetenwettedWenn pre rayeieat saviee tosous os, wowea ramones &: siimenrcreac pei Fines snepanme teenth Stone a“ “1 :vk re ned Wendonot ene mentees ate Rinewaten Sertoyng Pacer tad GOTSea eyteiciateet mgcteatiees auevoaatt E General Seating roe tdhe Nes Rep nisi Sinem ewctnanas spi cutee tere ed Sen! Eitamaraeae Fete Free eta 7a Piped fey rameg pore ?: Sieeyege Seieiany Telarcems ne i a es a: RetSee ea eee neni neue 4ite Reet ets tie Biogeni ayo tere | Biersstognenuwemtengetenmreeeeneaue ¥Teal iom Anand te neo the pean esr" unite ec al he pet ig SS Sina ah acne eterna at. SEINP itis eh Ae ch ere ! rere he og re ea oa eee iEe Ebceilionmalieseitiede Sisachicuacietanced SS citi aa ea eee :Rijoemmonerm nares tedene nae Rey wheter | IERooas amarinnerrhse se Alias ne Tee eae foe —Teliieesremac'nfartiny ne weebee ime arte sh ‘rooacron ‘here aiafr tateeter (Sn a0 any gen enn M2221s7it0 hr wey py «rg b tsaaate ‘‘Stineeis pn voy an eae gua memati ate ad de ‘etalon a tec a; 3d e| See RRcersls Hag metiroane sree soten mney ohn neste te 2 MEBs ,econ te cut off thealnorptivepars Ay Ayana Ay arth wil doors be sekeedace heey ei ‘sumption sboot ka behavierts 2h aolgieens A et. ‘sigh emerson, hear eleating the sngslaies of tautan forthe approstionthet Une Sonat ‘two arabe, be eegy tad amenaZt= AMGIOY Th campeon fan nd tpi pa wl be{Below angular monenor atten tenn erin. sreapretnaionik donne hc pearl He hes ao ten ale to thom? are mare mee] ete And athe pares i be tad oC *;Hower the coolly sped aievete Siete fone iespasmte oes roctat he repraetnton Seideduy Reloces opei ferme ceed eich neste ied bretfaseme ei re Eo he romintanci ttt “Ea tw ereyore ic:Enola, ee niin apres Soper acide nate i pon cn te esa eng etl i ee ar ‘= Remain Tile thst eneaty coche forthe Paes ot SUS SOM fe the sepeerition Sota who to ea eet ees :, "Thcpptimatncro berene ee be tof a : SL inlay raion! ine tropercesors une af efor pr The meets Ree :' ‘Seeantabutewhepcr fecal ayy sw na i de mae tin he etewionof his procs. tPA reposar then bounded by nadieetl weainay mach cnnhatte rel Bt acter bl ' fr eset pt ir pte foe aa ik 4: cotter Sevemopnain tines Cs rr ROot Tae pt, tpn ne rene eeFs ScatESSENSE. SESS | eee mae mes onlays1 + pmtiabaStigeemcgi Samat rears anCae O TES Sea ime carmelSi oe Sl es i2 | *S: Mandewam,Pape Rev. 118 183 {/839) WV: toe d4see 2

NS ee ad



Ve e €
i S wantsssosasananagananagggggggggausagngege_

1 aasadesassesonsgsessssssestessssssussanessssssesnaenl Lf}
100 - en Tid Upon owing tte pi mayb st in, 5H Auepol Tem oe rt eT cies pr egcetany perth a ce tons ca ep a a rrrfr eteCEG Reet ergrty Lane so Pre Sveputne acre fare eaome pean ‘ete eo hee datyoann nets Hatvanecreetnvatnecnegey con 1 Satay weyara Se netaigtne ea :Set ea teu eyel a ye em fei iyo hohe ppl smn wht oma ay :iEMainepaced tart 2 predict ts caster fe

.
SOM meshes iene flwigoe maT th cece Adenohaer*ferensins—mDnnnge my)” i)SCout inca neo weds alts nce2 a

:Fothncvmemrinmmetet Sieftde lem 9 mtoccmtn OO aintah- nites oy HPiha fem Ta tama fe eg where Bhp bel oschgratyth he ren 1Y allowed tas wheeAy dy and ertothe pcs .: icfeehsaane arcs poe ye bin “oP Beblon SESScl Setbeat whee ud danej ‘abbhing of he devine lbh beh PP onevet he strip (10) everep, at the region TW Te Uhm 344, Ix.i ee neeanee “Taney be ena hogs nyt Sx i IBoRS KBers o 4 Marogisrax sermasanrArion amp Be Haesa ae hte mae mootedits) Eaa sept, Tae rereFarce, iy Theis ada win Se b{ eestimeme huesett rg ein SESE ttstay te neti . 0 Rectngercnvaniartetnteee, Reset ic is ea rs SSRIS ENS prem ue tons :manzeme!  Rening i emaa niet deren Soe aeatteBem ep :i . Daze frcekicamacrrarcoran, Bei Reedy rinema 10 Etstenegiin.op Gary temocis a actestn, @ Rcmntoarenartarontoniy ecmechasiimcn aden Pattie Sy reece ere oo}3 Spee eR ae lnswi SUS Seam agence afee Sain drane uii
(althoughin that case we assume that it has vanishing. sencouscosetinatesa's plane io ‘the line ‘Banaof theca ideand lve sein Iorl-aedepdH,i uy). He all che the ramen othe eagercommieries foee Istemedate stern the proces Leapecyce MH aa Eienag Yen ote randnym 4-6 Tn (© bbl . ths sane usuapting we a eee eee 2th we 4] 5i nanamnivenemaral SSeRGT iden te Ge ea BS gywe Hascate Sega 4 sororrls BET a 5i wpe Sipe : iste orate ar se mares che

: a

th
euar

eth atid, ° Brat ann,tedelay tak Ine rh bei Terk en a eden tone hie waar So Reda meRe cmande ono ceo ;Vi Tessie em Eimbek nthrirepein DRSacease aa ssi Se hn re mie EE cen res ee SReee ete, Otto ton ;‘ retnt rita net pak, ‘Sirdarase be onan Rete in ntemetinewsaiheee Tha wig de dleiimecteinencesed +te OtAmine (me RR ew ee “y Aion tinind shagemt 4} Ty ttm

= ae rye ily positive, « mine mt mttmtnty mtmees fyathe on Oo sanemioi seasonal ict ame, See BEE semen oo P‘ revtteKomtimttnttnd, 0) fay erste Ap 1 ag se ESE BASIS weftiy “iat
-ta ai cotratnam gen br pce Bi artaraient eto so Be naar ~The man I ae A ST WS 7. tmentaare oe (Eve r= (Ea eos en(~Eu, KA, Eenpret88 igs ke seme of te nby cedeageg eas ee5 prot Bad. tie eta 8 eee esr WZ n'y iiaelemaod Ths. tentiali oseat ia OO aj GES I % ert

wetia Seer i oma :: PAW We Et Eem Bebb ey aera Autad=(0/t09fernat;s0as fancinny wt have t nbasineat) oe ce 2. Mempindadiitmetanndnaly — casonccsef Neder: acta, i) Semen Mata ae es OO iydeghe lace LoCo, _ LX ten be ne ante GO Gace howe elec iste ake. Po eG eS Gl _ Rete” MUN re ra wh a ete Plater, (9)Fete ele MIN; sapphicamen tes tt tobe a heppl egertr my .1 shia : OD Ne ESSEpangs Rimtvaremdesoatiaa f:
rerteeretnntednale oy an aa RisenSees: iai where er mnicenane Papa ndan tio og Se nal f-

4 4

H

&i
awe BGCKT fanash P|

ak

a



"7 ye .

O Srowle ya promos a ae Frou, :
EN nie D = A Ask Sined Sy a

—________@) __duspsmas cach A ok dia 5 ee

Rakesja esVEETSW

ens tyete = te hae, hae ao ¢ bicitt :
de . { :

a
he

ad ere=}
a oeWe Deck So. passiehe obs ua Liged R asgisu, susst anlar (rose

— Pruloin (pans Wr i

— sie=o. be duéclog = Ye. Ywe, ak Kable

FXO = [Ete ehh = [or |="
ss

KGS = Goes 2k (2exth +S

K=O (he £ —(URESO Ly,|Stes | Rems SE NC Y= VG ey VE



— OWomindeWok Tip Stak of OS a chow kG) eennea egos tund nA teti= 2 12d Deas” nnaa oA,
ns(19008 VO? | —

— ke0| F277SEE? _
eg
—— © Dinos pte bans _Ge -ond Qs Ss
— @ Auswoded Asgrpiars Uae Louse oxacASGUOLAD 5 roune oxackJanta & Qe.0 (6)

|

dur, On = 9 (este) I a

——@ Invendd ta pimebls do Due So, Tos body alosPumesgla do Tie Sa Tan bods asks,hen a

a e



, é
7:

—

, yooeGe PEt Se Ee

1 ——EE

VASA
he im _

z ro lraad Sook AE cpeea do
TE 2 the, thts branches, cosad =

[ y 4) A ee
Tua: g(A)=_—t— ta |$I
a , C) OL

egpeFe

) fai
__

Fa}
_

3 as. Om | et4 = c
Qhom She Ost slerba ok Aa sree flor 0.

:

= :



GeAaM



“4 . 4

Ln Qmute iit Joniom.s2> + Rymemotica) 7

JON mvanaoaike  Guem.o ast of Y-vwma pip... a’. ulaat aro
Mo Cowadtauckikels wvourpadd ?

P-P: . includes omassem. uy flswsan, “dm Lrog Gren Grsro ax
aca=\) dwvonola A Qlaia Sri oxDartinne Amos
2s

9. 5

:

Qadas ornlesin Dares pain wivarg, : °

:

Q Q,-+P-0 = 490- aec

so: _ had ncaa frost signa Art

eA alana eH

Pr,fa = 02 Ox" Oe = _ scalar alan.

n 6 . et Y

Debut te, 9° 0% PyKe pee AS OS = eelam Sanaa P< car Kasda
Louw: : . .

ig. ley =

) One adn e@angl eeae
ea



—~2- :
Soa _ 43.4), ae as 7 = >

a OS

= ak (PARA) aggq) =ak
(OTNN

= aah ote NG etl = aad fae\PUet 7

8
—_

ECpute fogs) = [PP pe MT = ear PX ph Ps Pe |
a

F

v 8 D |
— SaQ\co tx Quek of dre Qanuwi age gos P\OO WU)oamboos

—— Gus
¢

Q.a.a.9,\ = — BGs) Ver:

= — Ak (4 Me grque)

wh $0a AtgAs No owly —nsed one Slaw do kinma Bho stqree
.

338 ~_ .

fo) nsonyshuctiou dl! One onomela + Che olusicol Argus _

A= Cer Te= 2,0 )

Py= Lp PeMp poe Poh DO) _ate



Y o —'3- 4

mon: Men — & q

N= dtxe GO)= akiopi=& wo lQQ=le |

ssvep uke, Ps.= P.= (8.9! 0.9
_

1

5
p= esp = \-aQ ate = Tear ome) 2 \—4a)|i

Q De Tyeps GPMhy Ore = 6@y= UC

Wg= GGG) pf |b)”.gy
™

i ayo Pfs e I |a = lees tals |C= eS eae 7ee
anew-<4)) = o()68) — cyo@.|

= -GG8 :

A= GCG

; be Qa-Ph |. = soG\- 6G)6G,
1

Jon pain ou faon Gla fap wilh tee dene Cae (ert,|

cuovire O52 De emudh lee trok og = ae Sus
Si

p:Oe = AD: 1

t Ps

oe @P\a, = (pba Pe pp un
ae. i _

4



v ~4~ ~ 4]

hf we a easily

‘Sak De.

SO

eee :
GQ =Gl 6as yi loud hnak ca Awad “nero

ee = haa “ 4 : f 7 : : —
a posvl%e wit at Roask maa £0, oh Vook 2 ur last D

eS Zaphp =o 27 @PAa =O al. 5:

_ MO Vey jy of = _ H -

__

5

iL 20S ya nik of in spon duck Uscdina, Dasayeu saan Za Be Me mt ol gosq

Wain => aM —— anbsad. dk ffi =O . Que: ee



-s- york 43
dsj 2 6 CEH) =o tule) =O ob. .|

(auig)=o [OE
] obs po

. Lae
_

_ 2 G@J>oa GER)So __
~ . : _ All Yoleda one

|ay aS Zo aI) << Adfeeed
= ao | _

oe) GUE)= 0 i _
i

‘

OROT TO

E01 eTOwainGla Saws ST
oo _ me Q. 2 Q2, Ps

‘ Vow J=O = |e ——

7
3{

=Mie Min Mee Mael ON SS

Ss aeRO NT NC NG Ci ‘Ba =o —

&= pss eet (Qe bP) pop) flaca F



/ —6- -

9). o 5 deonmuincule Dahir ay y= dyes Ui = UN.
WO OMan, dali digaspe Wan oovabnar:

Tou Aye ae :
:

_

.

aTilda ds dss ee
_ _

QoVe ds de _
= CNT Ye te ae eS ths don _
ID2
Ny(i

__ Ve? at i
— VE da tse oo |= dal es |

KX \“erT\\ \oO

\_£

ee 10 Mu Zid dy |
_ Vide Yds do |

1 dis Ad Ody _
\ dy dy O : a

—— Mk Gaga Sey AWN isfuckod oo

_ a a eee ee~ |odyfaiamdey dnd, dn iI dy dy || ded dy desde day = GV] dy da
(Gada tseda dy de df
moa a ©

Y

dandy = (.-) -G= 0p— 29-0,~ 2fype-
-

\-se0 *y ¥
.

do = RQUA fe = dy tidy Ch Pe | “Windle Satter %



“ p22. 5 oe4
. 3

On _rstacimo Mra Crowe onad ar\or, elenrmimawts 4
@ Toa W=2 ng areuitk bo pare Maok :

a . = SOT °Q e-P. pt
enoe ee i (ep Ot
oe pC pt of|col Pi
re Cate

~@ Basa: tea Glromaoun ice? Coadt reales noe Be
ea) Dadinn mo od- doa eillaan 2 4 add Cil* last ond to “oak

_ oCPR) =: Sey a PArn pt

en 3 Bt °
-

= OTE OBtee
_ Ew (_pt-2p. ~Pe

Thnk { ee tee ex ||

a 4 — a
—_@ Naas Jako _=9F x \st co add do ar cond .

es ~20ipa may | PP]aTs Tan gl]Lea
.

a”
.

Aad wih le 42) +3
- ° i) a Goi)OG)ES)

Ann (ne bun dak Ard end tae s\roll acl up a =

_

fA Q {



Poet

CN ° he .
ea70 )

_ t CBi-P) PwPed ux$a)* ott
_ 1 pf pe Q a

Tole) Sout eo odd do ald) Dena excep Sok
__ oo oo. _S tl _

{4 a eSi SeI po ~20-P PS =2pef : : .

| P= 26ity pt= 2py6 ae | _4 pe Fa a to|

—tasd i aooad, —9tkld thud ec ef
ny ~2ppe _

a cd 2 Nv ar ——

[| Reps a fy tl
eeBE ~2pe

{o} O_. ic] _

7 Fat, Guia mann hacia eS ER
en

ye '
oe

__

: :

_

Cau\ei = G2)-Gy * Crown eo
Se

~ ranye K



‘e ‘ 42

Qo Gran Reagorins Qua pre :

=[ A aeispeh TP P| eeBae

1

| sj] fp pape = GCP EY a
f

i

@ Tay onsact Nasphata scorer: ‘y
pnt [eReSHUG pe ped = lempanes ‘Gasp

3

;
2

|
a

3 $ Hi

[op Se SS Sw
= Sep SaSSSSw |E00 0 0
a

[sySg
j
i



7 .

et od .

3) Yaw toler ~ a * Ish ce aad dn soomd:

[RO \ hse\ [9 Se | (
Ca) | Safi |e [SaSe [= [S.-Sie |

[Ss | [Sis Sin[ [sy See]
\Swhf  \Sw Sin}\Si:Sea

ed fe See fu: Ses Q: Sao

Sach Sg Sea Sis Sig: Sew

wf Siw Sa Sw Sey Syn Sed

© Wan dake Cav Juak A + odd dy ax cord
:

Ea ‘3 S See
:

+ : Sat BY Sia: Sew

_ = Sn SaSq Se Sra Su Sw) @

Lay

Qe | 7 Se Ss Seo
[S04 Sr\% Sa Ses Seu Sew _|
| Sio-9 SiySer___StaSa Sa Sew |

| syy-See_ | | Spots J Sy. Sy J
Sen Se an So

h $$



“

| SuS.  SwoSa Se Sea pS Seo |
Piss sat “sa S Se See)

Sua: SwiSe StoSis : Sau Sia} Wee aapdrcn) |

= Su:Sn__SuSee_ Su Ss Sus Sas

[Sa Sy  SuSe eS | Sa Sw |
| Sus Sv Sis'See Sus:Sas_ Ss Sw |
[Sens SwSte Sys Sy Sw Sw|t

do BS un Dat Uno ” '
t :

= SwSi Sw See Sv Sx Sv San

Se: Sv Sa Su Se Sw] Se Sap
Sy-Su____ Sa Su Say Sysif Se Sew
S & Ssu- Sei San-Sow

Okie Wer panera unl mtatev Qerlea Dee

| SSn Su Se Ss SieSy Soo [OTSesSt SaSu SuiSs Bw Se

a a ce
ni__Sen* Ga: i Stee [OT

H

| Lndsxback srgnr ols tron ah) ol amor, (ron ol? (de) =

soo mot "orb 2 of =>? She do gu

1‘

@ Wade: Moro Aspva condd mast loo pulled padior |
6 — i

@ Soy ko amu susheau al signa . (ain Masrome caher.10 0 | iy a

be Q.= CA pe) Qs = GR +A +s) a4 al +.



‘

“Ne oe——- © Siyuhodmoe of Can Osdanig Groen + Gas /Cay er: ___

Sateeee
FE S _

Sune an a pe (on
7 dam de, (#R+ A. — APN = Fo Lak Ne y.

= + oe

yy > dyaaey © Sasy

syeg

oes toe oa oe We dye > {

— Be gunn tie ncn Bhs BS Soe

(We 3 bowdanie a: 2, 0 Sy Su, Sar _

Ee3 —_ -1
os O dy dye de|} Ss By © _ \ _

_

tS Se Ss_ 9
_

!_™T-wt#NNTuwuswvawvwre’"
SySy SS



ss —s- 4
-

;

43
.

0:@ So Oaba dnawd anne dyes ob. QaliBon Buta asunphie :

aQa
oS

a S
en> fo]
—

~

6
=

Ts 5 —
4 > ° NS S33 SO a

es a) _ (SS. Sa Siw Ol

a — 5____@ Fh opus 4 ee
_ L Sa SO

_

_

1 Sa Sy Sy OO= U Sus Sur Su Ss O [|

_ 1S Sy =: Saxe D
i

fe) thea do uae Qomam Sn ETE _
q

:

—

;

©

_

__

Cs 0—— +t
= |oot! =a |sss)50 5S 350
1
etsat SSa

:

Anat foe damasdalce postiune amooaes Aron ddes4 of



, ~6- ws
<

o) N= 2 Y\<o = Joist

aL 3
+ ss ~

Ua: oe = oT eee -

——
| ss Se 8

= (8 GS = CNG =e Ge = So) __
_ VES) he Ppl JO CSS) = 252. |

Piss se I ss,
= Gy PEs) BesSe

_

= GUESS. = Gas
= S44, = 2US. = _ 7 /

_

= A(Si,5.S j

: [orQo roauth Wrest ta Mok —_ACSS.,Sa) > 0, 1 emmy
LZ ‘:

a2 Ont ont Oo. YJ. ‘

Gm 7) ‘
[i aanne) | \

__ aen | ‘ _

PoAset.
7 7, 7ny, ~ Mm .

Ss Casta 7 Os Sa {panes “| ‘Meas “ha sy a6 ; pee

coat be So ALIA Arar troleLe

Vw olanse he oll+ oomukim . 2



Ce

a aA 43
1 Wale ox aug connaabery (he Weniowd qpams immisalibia cae
Oduye imdthowde eyt ‘

;

CGel= GRe) dy
H

Quo, Shr _wnrvqualtics ose Mee aime In ony Jaleo Mi
3 4

(Se IS
P SAS fy 0 (a

@ Naw t sromad dn amo Got kaoan Qasas quam dot eorditese
gue homadoled viato S~ cordate, Sherombleay |
Jao <T. _OnA Su Sean pA SU/wa war ust (lao ono
aslo €hera Qeboy

Ln omy oosr. “nia ta

lismd a Qa squalima maled by NEqnen |awe, A Vhs squakdma imal sd lov oY
Quix hwo ews: A ‘

J ; ACue it, (+9) ) > O
atm me, Oey >o

PS

(a

PEAS

AAVVANRXVEtYR

a,

. HI nad uno \pone sodaclee me. sed Daire ragoas (OA P = Ss.

Ms ia tu rsgqeim A Qron COA) =S > Comet) > RP, >
Buk f.-0. > oniis <> C~pr\t <a fone $ Te ta araies AD |0 Rev A ‘ Se —



, ie

~g- .

0 ah thos :

BGWS SNS Oe eg
GAG ws S) = (Sa Guawa ([S=Gr =m) | . _

_ ance “~— a _
a = Fe Come ha

Yodo ue Aude ack sk mam) hh ie eB <M
Wis,
— Fe a = Po _

Q; ey Eh E>0 ss eastbo ve Geeta cum, 0 @

beano wm <0

—@ASwowoy: jd) lod 2 ono on sama sido (aos asunisle
Mala ® tp =htP) amd onndarkery ei Se CmameS

4) Wand Vaneance, sider, Vowsider, VaomArmatileyoraadele
_ i = Ch= PS) and onachedet io KE x Com nm

GWE ha 2 wasaali, one,SySO
= = Guus S=Cues| > O-

| £ = St = s[2Caisn)l (mm) >o C
XessGOW) = Yoient)— Ga

_ kVSs ott = [ante = Ce



Pa Owe quectm cost vancho .oy “a1 "an odes wankee 43
@So, Vue W= now aimed) (he sSNendard oodatrmna on

5 Cen pe OJaS |eeee ;
— = a wae é aera 9 ] 2 f)
es

Te Gren . To a
a en a ee k= he osntfs =P So Sted

Jf , suk Pu 0.3 Aes AL sf = (oP _

liters bts da senqaach) tos Gon Shiota
a) 3 aj j>0 _Vow 2 = =

2A

K‘
_

‘

GS s- CMI.Sy
he AKA E) =AL)de aks Kid
oo

Wak 208) VaAtt, 4>t)>o 9 ena
__

aOY eS

© Maybe Js dd srdonwe (ro ays dit boop wns _€COP) Sucks A
—_p*= Lee Vege 0,0,02 Sand aWdnning spacaliler 1

p*= SG ovo, (py s-p) PKseT
s BS 0 IO= oO, 0, PRANN



~l0- oy

DOC, gue Ming ak a dime MP... fs one aalorhany fmol

\ineQshe nookra DL)(a
eee

ps (EQ pe, © 0,0) . __

P= pt = ( he e@ Pep 89)
|

oe a and =a BEic) _

o-Ps = feds Lye] tof eA) =Ph

__ 2, = (PP. — Par }—_§_!——.ee
TF LO =>-(e)-( . — OW

— Sip a scagt _C4:3.12) and vincorkagin Tay awed _

TT

=frtr ft
a

GCs (i: a

Chuckussim

oo diaemoaed Deep syNN



ie Aha |
7 4d

\

QRooadd \Qro aeturn We kan Te suas Oust AOLD _somabike (Suda).

Bes anomie Wea 6 Je Cun,= 0. Fy

Oo _UAD ANA we. ok NGS Kid Ao:
77 [DlNSRitX te ASO inch alin camtk oh

ZX
ZN

ES \ LK

wie in OP nviwuit Vuk tnoe Aunt pane’ omBuaud, Mak 2, >0
—_\2__}iifad.han.- Te Gt ro-taccat sng ad A Was noir:a

p Asta fse =A: Sp 9 5

0) =



é . =)4- “
8

ao 7:
_

,

a

ISa3 Oo - [A
a oe es

:

AAS oa

—

ot ot Lit a
1 Om tk mt .

©

Oc0 © Os

Qin deinen fa bea pluysised areco fr. Sb: .
(ulhast : ‘ . 8 *

_o Oo ie) i
eeRe

ies
sas

[{i een aw nf|
ee2

1 1 Ss
_

ay :

__ sat(\ [=e nme = | _
a =w=Stm ye -2s Be)
ee —y'~ GMS —2myb

- oun fe) fe) _ _

= = FECA) (Ysa = (s- mF) ) + (sempem")(



) fa 43

FO Neko: Ouie nulajst vio enigrinalis Bhaoss wrasas, On oxtionse ~& Wound

. . 6) iN}
is .
lg CO, 3, S-%

AG Yada pod uu oad daca bakit bar can
SG:a lela, Mee fp lats-G@y Leal

< Wael dh ais)ee eto Sx ;
- Orr qussby Siete 2.2 = G9)/€ ard Crew

=3)\-3-k = “@-kyo = AGEL) SO
Qn Qaida Aagusens gza +a, cmush' les spacelike, ie aon

=Vira < p< = [ren e)
© Gall 4 ERI, Dee le, A=
prcam Sleonck onoary Mea

_____ Na, 22 = som on @ Seah AS 2th yO

@ Petine: te iy ~
ae | 4

NOT} Gall, Sells s pacllien

s ; t\ 2

: fn
> A

7 |\ear,Basp sQauds



| ,

3

© Polmah viforprotetena

+ .Ga Wh ae (oo aeSE
Ti dn Daelant,en quasi bdr Dak

i Oe
ee VEN
— “t LOK AA DEMANorg a,vr ae

e eee),

_ Se

Gon: ew, 9, = O,0,0,% E , |
_ = (€,o,0 \. XZ _ secs:
OO SEE -_

Diydean Goa ows clas BookcoudianSLAcanyg

— Ae

RAS —
—

hore ia _Sno ee A —



Pa : 43
Baohic Unnihanitiy - dre Quo dlursicadnso oy Gow"

@Wad consider, a9 tol seacellee dv agemoral . Le, uoillemad

DinXO H AE

ttn A ADL SePabASe ancaeUagaating
5 ve ——

A. : [tT

i aOe te; Qa a - -
1

ce

aAT 2G) RE SE2a

Nes = |AK AR AC ADT = 4 _
BAT BH BC" BOF _

_ CAT CBF Cer C- Oe]
__DAT DRT O-ct 0-0* 7

= | Gee np Pot) O-B) ps OA) @-Hl |
L(=@)- (fe) Chea) (faefe) —C@e03) Ps (Per (Qf) |I]
a



-2- Q= (0, 0,0) =

a Ode Q,- XS) _——_—a y

_

“Repo

Wa,Da cndihnn @ SO bieman’

Sa VOCE We We EU Ve aOR Wn ve er
fs wrrhomts obepel
SasSG)SeasTsfaleGay

SVahdida dt 6COSETE BCasad) Sat -
fine wags Dabs,

SNOICNC eed Sale

~@ Dux sadn spall poses ond ova fuer tQ=ER = ER iDrooae aond Tun. RQ=E8 = ER

SEGee tlesy 2 fog | prey Se Qt?) CHP) P

ene (Ee AAAS
Zo eA cgi OE PRT CE]



’ v

/

‘

3 aa 43

A Yc7
Gal hfe a Pups Ye :

_ ese Rafe rat gle _
_ Se Pe Ya Ss. __

| =u |-m@ ep ~ee __ __.
2 Ufa ~Uwb = Bef 4s _

=2p Py -Ue Ut Ls _
: SS

a) Wot JS
7

i Va, sided do «
-~
4
_

.=v A Qe APs = Ye _
= Qo fe Pw =Afy Ha |. _

: ~Untr  -Uefs Uk fe
_

-s -3 —3 1 3s

oe + = Sad ao

Pe aa ek __oe Fae Eeeeee —Ul Ju |>_ ahh hp he -te le |e :

— Oooo tes

Veodasa ck pbs Gade Yes 2 C= 20']
se:= Be =eke = KAT ~
a

i 4 ~Sor Zerker Ae PAT A

ZOOL [ee Be eve | = Sap KT
kateh  datept — epht ae }

808Bg SAR ET ESTE) 2p Ge EL LY
_ =See\§ Ree stk 2p" (bE thet ite) Hol (katate) = ox

< 1 = 2 ude\_|

= = BONSSo: tel g es
=e) — 6p" phAK = Et YT peert) TY

+ (Eek) Pg! 6

© SIT PR che = IP Atha — 2  A00.)



( a mn
@QReoth ssomaAnbon:

S= G(R Re) =o [accorSe] —
Yas, & boat alasodn wad B= + i8/yche,so smug

Tin. SG

=Sahat dear 00) 8 _a adon

Ne Ste=) SCox)tn BV eee Bise 48

=e=
Maa: AAS Sag 4 = GAG)

—Didsagth Cais agath def olf bg I. scan Ta a “AR dhd
yi toa sd Da psc angie a deeally daled do

sre Sashanmninsaiy oh ods Ye

a OO oP



AQ, jel.u.



tie ons nesting chase szace fommlas 4
tosy

1, Consider this situatii : Wp

ag"= acea\. OF [vse d, .
f

4

Wes AL BCR rctebendTE Lead]
GQ 2 Shee AVE Wass

NSB, dayeie Ge) Sogn on Be Qe
*aQhr @, a(R ote Py Me) xX Lead}. x [sale BGr-s)h

Saee = GO-\ba x
e AY |

\8@ = GQO\asy . Yaa, S aa

Saw (Smee) = ay Sa se) 3,(5 Sis)

“\ ’N0G. Gee mend) = WO) Shsehy dee mS) AQ (SH). i

Integrate cms over the last two particles ', and 5, then do a 4-body phase space,

finally integrate over mass 6,5. Here T pm showing how you expose just the last
ems phase space. Obviously I could continue this iteration some more:

j

av ¢e \aQ Grates ss) = Ores): Kass 4s (sy S58) HSQA See NSSe
v 4

“a SSaaalesantaes S30) = OS Vise Sao.s nls) 40. 60 #5)



S Sex

So wa Suid: a
®

SAGs (SH wh rely a 2)

ye 52= Bel © \tse dss de

% AQ, (Sas HE oe)

* AQ Sap: aH, Sas)

AQ Sar md Ss)
yA Q.055I Sar)

@

e



—-2e -

hy oma orcad Gea apes ca © Be aBaahin, snicanity, Qhiae glans apres egpiawe aio

® tore a= SeGhmy aSGewy SGree8) etn Wisahh wae SK demeaFe
a ee Sos. FS tM ee OE san £

Scpeasy = OCP) SG) ae . Behe 7-  Eepee ~ - a oe Be i ke nee et
@ Comadano Oak in omarauyslewd LO any ema ays hanes ean

das Fam whe ge Sr) Reoncom shaw a = -- aoe,
:

we . us
.

aO. = dhtte SE “eek TTT
aha dade an n= ahd” Beggs FRESE

@ Kew com Sends - : uh RG mad) = Seated- Laem! _ oe os

AG TR Bah ee ee Sob ows) : one. PasPuQe ante saagachine, owed rmamsneyeq), ae mmm *
«Neady som giaody pact4 . pe = Ayn) (aT “Landy Sots,TeaSm Ye ee ee ee ee ef 7 ID. a

: te aah r ne eet

@ Cress Quek «Se TM Dower BOY Nalgene Bee yom aa “ A i, oS eat Merman wlan Som Po
rot Rg 2 ~- > Cr) * weeConstante SRR Yr eGo) AT Ales dQ desea: Ze ee I

rua 7 * of mea OA y Som,
a ae

: dae rend 5 Bay > ake @® \ am squab, sed ~ --
-

mm Tome RY 1
~

souw) VO
CU spun ooh MW) we Ka, Trad eeka)

@ Weowingu: pelos Sika, COP, COeik she, owlsJom oben
CA ne

Ankndkion A Ay ABal, VomA% an oaaunnsd saths daniieal rwoarsa) squab on wi, 5 eeSEO SD coat apece Gang omen rah. , . @ Waster * . 4 oeam too°

Wye) ~ 4S SGA, . fo
Alajbye) = taeH LeeVee Lae RG) = 48 ) ne a)

:

.

= pak, Cat.Fa Sons3, day dh da BE Tey
‘ \

neee ey eee ere apne inmate pipe a ey app

;



Bolade a ScpysCte pes) _ Fis. Wsdod
andl cesrsons veniam BAS. Cyr salamokeds oun oma pao

. vedmeael Ma ei),so £70 Jorauts 80. saw allan 184:
- 3 & Loge Nghe pak eS-

__. dy. Sas. Veep aevae, ci ee ee
© DMA,eres angen de, “SatBshag Sogghi a _... . ree , - oe
ert+t= Nan: re FOG) Wena,(sas r2hA) Le@)eea)}
- Fa Qvale ning, Dake Inet SELES) ah on Met we 7 -
__®Mat, Bs FE- WRVPIE, so aRowe: fees

.* DMSaE, EF CAo(ls tw) Seas- WE rele) eEle(%e)a . see a ~ - :

Dedus JAE, ws pidle up * vee E oS
es ae _ es

— sea emt echletmia) sees). CE seal
duh moor -B = SSP Remyb 0 7, a

@ Neswr ents ord See Sn + Qe de Le Ad doh
Piggg ET aa ae bot _we Sb hee Zee) LOA © ogyectine@nerets!

Maatnata tr fowl gghone
2y aaa Be A SoG). S'S.Qopre onde Keevet; Gul 2SwWOK Tee! “gkVa ee Le eee

-@ =SGieitesthe eSrdnot,

ye Sroma.. Se BSA)
It) ~\e aSaeyie,—— (eee \ aU pba



Yr

Bo a: , a et
prackunt ELEGY. Bub mn Pik promt, EtEL=O

- .. dhe (84= 9. Ane
eeea .

ead Y
- oe Hephe — ay ares

ane -- \e-€ —~wselato 2 LL _.
. yee tl ee rr

as : ;dasa EY =e onsen. Me jis Barth Wat canst and & #
GEssasp SANBAG so YE Cs-scsse
bee cee eo + Sas,

Qo Fay = GSosetSe) — Assy Ar a
t

= Pl  SAFHSLR UH WIA US, “USO
-- QW scowm Nan ang doe! 2 ! me pe ee eee ee

OW, wd AGIS) 29; Ban. & Asalod. fs 20. Soe Seni
AS Sate |) D2, win & seal Va, O69. nus

@inat nas veen toarmd here?! Tf you try, to qvalutate &@p in an arbitrary frames it can bedone. Even if s.[f.0, you can still do it if. you drop the positive energy conditions.
(Keeping these conditions .forces-dQ>-= 0, that-is for sure because-you-can-go to a Breit -
frame and show it.) Most interesting'is this: if s.LT.0, you can still define a 2; as
the physical angle “of vector pr. However,it turns out that this.variable ts totallyirrelevant.This is clearly indicated by themessy functional,form of 21that appears4n our dz, dzz integral in addition to the K-function. In fact, when you are doing
Breit kinematics,‘it is. the, "angleof the versor:that ds the significant variable, chg,not the angle-of the vector. It is this versor angle which is related to ‘a physical
vector angle in thecms frame’ connected to this Breit frame by’ the operator o, which

we recall was (-i) tings an imaginary ‘2-bpost. : oar e

coe ee ey ae ee

‘ - > - ad Bene , ee



,

i a

0 %

Sn_
él ‘

s {le oama Jeroranns

@ Yowwen, om som altro uaity Pate:

to

dQ,= (4 AES mi ce 1
¢

© Vgw suppose Usdinas antadrouas lao Tee 1422 3e4 soohening

{ rn 8

® Zo
g ar

i

> ol pastes mo, br wwillens ST3 ‘ f

eeeRei



- Coons wn -laody, adaast Space. foe

Tadgs spaces ae Scgs0) Saqe8) rTee ae

eeSECs) -_

DY se £>0, bromo cue tnawue triste, and wrcon Orr go_ gaNeaeenston £=0. Vora, poe eee e
ee ~ Hee eeeae ee t = sewn oe -

~~ BBL = de, Sees) SC UR- pV #-8) - .

~@ Siw Fe HERD, we om tuompwae dhe ded
= Tey cam do Wale mreilee rornyd far amy) Srabisinn oaota, Que

- iw dowd ban Seite yocslanae # Pr= IBlsvie,eesd, ok \laasd on Euabidson geom.

Syne” dace Gap Setiy San.SGOT)YY

GO & dagiudqlab WET Dare: wte@eaya i &
a t

eo= S38 5 DRT CR) -S a2 8 (s 2886) +8,-50.
a :

Ho De kk EL) AQ EMMI SCR): te oO Be@ a2,
Pie \ 4G58 7) SAS SSEwea mor (hie [AGEs — oe

Oe parler, on SCE) aanaraid@® =O Un sdo y.
Qin Wa d>0, Wrens TE = iat stad > S mst rand.

e i



/
+

}‘

Wie} partxcte Pa 22 800.52 2Ad
-

pantechg
i

dQ = 4%. do, 3S, ‘ \aoan p= (P-p,
ee T
o a i

@_ dQ,= AXX: Sap lode \ih. dyed
_

= Qua, Sah, |SarSia S|
EAEHRES Set
a

i aa

B®Our wien sa to conpuhs jana Piso ews Poms:
-—— stL= Sac.) fap. Gamer) 3 CE= ve = my
SaSrp a SE a) SE Pe) OE-)

, ;

a b Y= =

_ So: 2 B= \et-me

SESSBS CEES Caio) CEB)es .

db: SCE 26.6, 4mt— mt

a * 4 __
= +8 oS =

to —.

= :

ee



i .

aaa lboxed Ow asd: Lt

Jim ask!) nami(Ge) ff
ang rack thrd Un pure

1

+

WEG jwise cmoama thePT
dolla Tot bok Vous: .

bo Shor yy = SVG)OKeR) | REZ*
1

: °
,

g aay TON Rte! pee os cttiumstl (lymloannodSlalo.FoxerparTH8\UMowkeals row, |
ada + do RU dows U2)uoctenis

@_Bn Seleuiteqrademaydr bow Molto Qe Mote Seber Tho |& oul (hows ww ot fro sind og} eCA).

i t > tel Ateee ee Oe TS



/ 4

| Slashic Midonitin; onwvension doGiag stony
——— :BD ahaa dQ, = Sed) Yds Wid'aS
ased alg aR

@_ Conver to ww augie usronotano vey Vand
-

_

-

= (Git). fas 2 Ke)SOEAQ, = Ske pts 4.40 5 af

ee

i

PTR=Te = CN a0, TAT a
$$$$$ # a

Mole: dn squad anossoe is ACs wl omt = + )\s-40e
a Tdgu, Gz oh: bets (ny? =Cm s

one mot Sou: +

i

ae 18] = anFe Nag ee

'

—@ Brgpanal caning, howmdsimeomadybeta,wat qk
_

{Fi due) = Ge). ag Dat Te Es

ee RO | a

—————==-SQhoss aie (eee fo oapicidedtical om, tol emnse a Ly ant
— ‘ e iD —

ld) dnl = Fyqe VAD Te Te
: jo
TE



/

Cons St =
D_Goriag ana urd, sd ooas S04! 1 (a

fi 4,
dQ $= (G2) Vissi tg FS ET

flaw odd: ‘ &

Da

Sda-f = (GX): Sahat, FG SSSG)
|J
=(AX) \ ok dh, § QG Autes ee

tnn Oa

a @ Asdenmakurcl ne com whkosk wil:

nd “4s

2 GrredFe. Sah dhe F

t

ee —

Q ; rare fat!

falbind-= aes

i



a1

‘

Pima: 4 * a Af
4> GD Ree

RPa NS Pe Era
Ss T :

S = Sado, Saz, [k= wt = ms + LEER ~2ppal 8 k.=(pj-p.)°

= ever dp, S\4.- t=4 DE Ea!~ 20,00 Ba

2.7 2B + Versi alates coy d~) (ee

GsFee Nh Skink 4 Rees — eq 2H 3Uppa Hrela]
= .. pe LHD Sines cos ca dete valued
RPERTL SRT SHOPGane)

Ae Zomd dioQa “Wk vasa! dA 2, and &

Naowdty : Sei Jas - sin (G4) t= [2 0-y- eels Degas at
‘ ,

= |petR-eevean]= [+ rates —teaa) |
Ro

= _\-k@aag daw ko 4 RGRe)=SFBQe Ey, a

¥ bd KE, Sea)
a

:
2

A

ska) = US AGA pe= 2s ia

= asd) OO

; Ss Riesike) f
-



-'

|

a

|
Al_omuy among is. baconnsa.?
eea
a RLA 3 ES GT

A =o, po f and =k— QI-4/s_, so

G
; i

~ Ce, GE)

t

"AEE= die GO 5 O Vag Te 1

faa =i WG Ee EH Teo
$

| ® Sromap ds: dow / HY) Socks, S: 4X Sy = Cry = Uy

Alan, disc, TRS = Qi Ae? nod oanodylic..

$l bowl = apie J pe a GANT GA) GIL|

|i

t

i

‘ 3



y

emonal YE fasts aikonaty
SSEee

Qnorchne: : i :
OTE= da Tes i yaa ee = Dw Te .

aie CRUG: PEAT EE TGS Gt)

ZsS$ + 3(%k-2)+8 4% ape d
4593 <u

= dada, = dh dhi- Soe

2 dk dt = Pr Pad dad y
A

we

ne Yl| «as HG) = i Oe SE NSS Ga Ga) |
|

@ Trompe: in Wh, WOE = HC) od pd 2

1 Ou. Te Gal= pet ee TTT

peefae
(hue:

dad Sky det
(se Se
ee



¢
.

,

(he double valusdren arid” |

or :
iad

R(eosf =) = —'—SC 45") + SE 8 g~ia5%)Sug t MAD

= de \S(d-v5\+ 3Co-;
Qu = wt As

— '

t

i

tT

‘

}

ee

.



,
'

i

cr
° °° *

“

Sas) = S@-e)+ 8-2) |v

t ° ov

—___ i= fey sith = eG yO
a;

- * 2a 2 \-e%y

NOK aS ore OS CES RES CEO)
oe = 7

= \oddq.=. : Bla-4) = -
° ve 4 ARPT t

a i ca . = A

= .

{

= ETE TS 1 Sy TP Gp tg SZ



y “ 4

AYN oppsadss (rok : x
= a: de 4,02) Axd = dade

_

~~ 26.4) :

x aw, |S,

“x= (peg) = ptah+2pq caso
j= (Q2g) = pag’ = 204 ce

ey Ot .

XU = pra = (Wis asks 9. Ys
= = oq cose Sua

Ly values 1 8. D |
_ few 9.4) = volume rdain = [ amy

QC) AG 9)

Bub: Gay [aa af ey
a@ad = Jay 3a [|fathead Gea |fae gee

= r} ~a@yo ~ iw = \d AA

= lor en qenph taiaph = gbaph_ \

pe = ote

GRY Ga=PY Cay at apt) = .pape ety aftlaph = easy tp) = leay- 2)
= \* ter (Gua: T= a puyyare = Jy Te a

= reps) gy[ES=

alee west (f= Fagg} Pca) id
. = ee



Pe Beat RS SST aR I RIEGa I
. es q .a. ae
en

A Ba a!
a so that

a ee (218) HG, By 8) = HOHE BEL+ 2 + ORE i

He IVE represents the, arca of the plane triangle, whose sides are VE, VE, VE.iz os. In the following: we shall use the notation .ci H

4 4

‘es, eu HEE8) _ ante 6, 69 |
‘

*

In the variables:,, & 04. (2.11) becomes 1
has % 1

Ma. dat at ae. w 218) (at Ne + 1) BO, tt) FTE ,
\ [. aa : 890 Sq

; \ | -fosadteafasfaciae-2meetoR(wisrmer M2, ferme). gy
“ y \ One can easily ‘verify the following identity, which will often be useful

*® Q 36) 116, §4.£) = 2[840((@ + 9-8)Ki —9B, :
3 é

ol 5 ‘ where p is a two-dimensional vector such thar De— 1 2).
a ( Using (2.16), eq, (2.15) can be expressed in the weetul form

' "

ae. \ 1
. ' C217) mb BNE HBO, fy a) = EE

i '.
: ; Bg Sgt

i | ar.asie aef ahr a( so, Oe ee .)
at [ ‘An interesting point concerning the asymptotic limit is to consider what

; happens in the forward direction where we know that the kinematical condi-

ee r ' i tions impose that Y= %4—%,=0. If we consider the kinematics of the prob-
oF a 1 lem more closely, we sce that |I’|<Val. This means that if we set #00

"i

ie

1 before ¢->0 the integral equation we are considering no longer contains this

4 2 {| limitation. |
yk i ' 1 In fact if we take tho limit for t-+0 of our asymptotic equation (2.17)
vO Qua Le Se 8G Qo) = = a . |

' poe Wy. ee) ;.@ alone =o. SO ye.
PP cs eT Raat ea meee REE WT Sean ER re hie Te ere

das Sr Meg asTR ee reals SethOEE ais PR Ce IMTS a Bah aeBe wth os Me SPESF hh MMB ERpeaks I al ge Es
=a RET



s , in
-

,

/

¢ i

AG = duel =  OxX dk, dk a Ss
a crea

i

@® Moa doled do consort bp 5
‘ '

Qe: AG Ak) = At ee  DKG
3 G

i} od .
AB= OWGG e\ dx \ dy CUSFES TSG ew Tsay) |

as a eee

5 : x

@ Consuten : \ dy OES \ = Vay FO = HEeSo - #50).
wo 9 Vetee® 2 * yen

;

©

Av= tG¥GG% Vax TGXOT Ged
\S ray

Quik =so> tet = So K= 2K omd dx= 24k
sa: : i) “z

SS q \gee TS EseT
i

1



i Woks 7 eae

Bkgemnal, a Sha asks Ze BO
On:

olHk Bs
a

z=e\+ Bo Mans A= ACs, me, ms) —

« %
;

| Mai

OD © Om AS audusame so: Ot Assa. -
p= (1+. :

_ R= (\+oak) + (itat) + Cirati) -1 - 2 (leat C+ au) (rat)
le £4 On ot UM) Vf = Ba teh
~

H=Mad (Hy +tter tt) ~!2 03 £44,
;

_

=o Alby)= AeA, 1
_ = ot & ~— Qaktke

Qhessfou: R@a2 = FS) 1) AGt,4) - SB kha 7 ~

©Nai_gp to tll squad nnons ly A> AG ntm*)= s(s—Yeme° { = Use

© Nde —
= —

\_ as \-a + (sh ——

dn squad nao Ws 2NaA 8 (3 Ut4 GA)— "PF as

t = e—



| ae ar ty onan {

SF _6 Shoanguior says. the sasme. jai, ges lsae (s(s- 4d "= 55 S=Fa

— "=E€g ghak. VY Se) —Chasy—— ~
PAs = Ala)+ OSA) ki

2 2 ee
ee

—_—— 3 9

houpeAsn my /2fB
So. ence _omnt: wae SS es At Sy

Sn a

ne



~woiti. W(a22) osm S|

t ——
= \+QpyS + CkKE*2G)S + “20 Kung

7 =(l+axsbe| = lean wars Kathe A Qabx

GS ES RESQsSY7 at OCS=ei+Ubs + 4 fkZ* G\S" wee
\

@ “flow, ro weed 2. i

Grade Kat

aOYSS

+

= Ls (Bb+HHW)S

2 + CARIN UGARE

FG AUG _—_ EST SrsO
GSWUAZ+EAt Tet CG 6 + Utht-.) S

ar |
— ——_ +0hd + GEtesb)S)

ao A s
— — &=D =A = TRC EAE CACOCOGCHY) S|
re eee

= lee oS +08 eb 4e Us" atkt) TTaTa a= = Ce, A a



|

ch

Ag DUNT
|

Q 00 Lee Wa Ms hyYuh ALD WG AN _O WADO, CVI AD OM M3 Wy

S 19 why im (no _onoxitordn AS) ak wast! d _

See

ee OC Teore vod lee aap davwanin of
——wiiegastian Sin oo bse, um cheb
$a pry

arep Dinde, vowuidaa, “oo 3-90 Je KO.
ny ; -

On jock, Qe Rome s geha, (ro one re tty dannaun
wi ,) KroS OF

a



do...

n



y NORMALIZATION Dic TLONARY.
=44.G7 Qete :

Soke a? : aw@ ster = ceesteepy (~ acc bey se) abit

Te LOT pd, CHIR= Cy S-B), Oye A, Cn"l= IRD Olu? = 03a)

p> = TE att inei Hee x = Se 40,4Cy) Th Sent)Tes <PeI TPB

> As = GSient)- TT Xs dyXe ety + RR A ON THe
ee 2 Sut = Wepre abet cbs mel. 55 lil. Gee)Sy Catia A(Tae . + 2% =

Yeftae | Se TRESS A(TE-Te) = Q Za THToA
Aoe AW Sats [eta a = QomTe Ww Teste
s 5 « Satie y "

. ¥) (8: g dee @deG Eh) Tea Sa = {acuta ced bate a a neeCAN, ae 75 Ceeoh Fle

Fiddtun: = See lacscte"] ore lane , bavetl= is ©F Ay .6 de Ce ln> Ru aT= am/le Coe 1, me, 2E ealemal worehncbeaiywtu = viv = 26/6 oa

ap = \ Bes Leue”+ dtve"], cos VRE Vy Y= Jes" uy
Noles <pLPD= <a Latin 9 Tach] ac ea? (ep)
Tastes] aute STIR? ee

| “ Coneninas Mee + Git Qt ae a |
Sakewrat Ms ~ Gx Gave VER Year: Aw

| 1 Kallen sind + Qa @ukve (Fe em
| RjokauBal Wee — Cw Ye YPREGAR flees me

' Yoder aed ~ Qa @he RE fer |
| {| Howes The © Ge @lke YRE ~ Yom?
| * Glapilalsn — Sse - Gr! ye fe 3

Raa TF + mt @a Yeon? Ris 1 bese® CivarSpian Gis) GN Re Ye =& few
ive

. Sms 4 3Wiliams Tse + (on Gry 7 rh Ym volumesof botGasinowens = Tee - @ & \ Va
WoxtrisSpomen <M sid) + \ \ t ( ;



a1

‘

osksar. Nona Frnnuale ik Qs +1SS_——S—SS—_—_ +

20a SD

= 3s ae Sd

opkcal » Rw T = A = VA- of

a) plawas spaces: dQ, = mba.) TT SF peSGy -wHh& ary

a Exc ees Vac

do = —\ __
p dk lorsA

@ High auosan: Qk AG—S. !
{ $

@ Ww pores. cme prone paca?

dp, Siem) dlp, Segiewt) Sle) = Fg. S

Aer Ady ushooratum. Vaasis b= S-
$ 6 y

fi

'
>

T

a
fi

a



P.w A.



-- Vu virfomousd. Jo _) Dasdnam calewotin -

es OM pasta ind Sinrd att fad One slebee\ Dare
OO et

We. rasa: KN? = Q\e>- <x"). a

—- a ABC SA LECT SR) _

- ~- = Bile). <eer SO

Rife oo Path, Pf = Pe.
ae T= 2068) 2 Sadea DL #Pae-

Exe Seay - -

e 2 Seomaegh= J SCP-LS ce-w) .
7 Danuta: 2 A726 Cn.  Sle-e)

- — = & SCR-R KP che che”

@ Meo inamsory wai. We aSraadig kanad Jeo tderulrane hak; /
Vat SG aly.Seetmg) set) = AO aot
a 4 fs

©

@ Toa Yoke. Ge) ond comulh botasrchen oy dp,Shag)dlp, S-mn'}Que quae: - _
| ES 26 Ce dlp BM SGA) AMAT Cm)SHB
Gy Bhat) cale’> ap, FOE wad) dpa pdms a
Dor do eB ilaspote on Vath sdeatoge —
tray 7 EGE OSS ERR) SoianeiieeiielES og)aedSSC

CD Sea :ei) Sea a



r.4

—Aa ae eee__
yaoi. & a a vs]

Qhuschon: w> = dis S(R=)
a = 20<>

Ne lay = aglietcehittleetsacar bTS
~

~ _ 1 ORE RED ¥.SbOg ) _-—_

SONNE HED Neg Ne .

= Wearscra TNS cana aatigs eeap =_ “Js y=.) __
Pt fi .

~~ @ Gono) sand: — sce | —

___ URE 2 partante stake. |



. 3

_. Ghee ofl maim. oredire of <elsM> LoL

“L171 @ipd= SE sco) » ‘a ~ Re: a “ “ENC OT
_. @a?=5 s@-3') ae
— ___? oe C3 a _ _

 @ Weolse ual, bower, Mook —— - -
gesldey= BQ) Le oS

\ed> = d os (Ge-d) \am> - 4 a
; oe ne ° own tee

—- @ Souporwion slraue God, a a _

~. i= kleod | Dex BO:

<eig> = 38 Ciims= 2Sae Asoy —_

a

= > ajo

© Vader,
eo= KASD I | —

-- Sml@eks bd = kG  _ _

oe 1 Seefeld « fe .

___ _2e| b= a Bee ea -i= , feet
@ hus. ~ : -7 Sa: Bet > +
TO - Hot EE S| = -



ae So 3

—@ Shiu j ;

———- fa ToeMeaTal 39
EE err Oa OW “Sgn dichuingnss
Te Xe
—________-_ wpe ——— _ _
a see = _crioa) TOE vs -_
_ fe) Mind d cata shanQak: A= 230 [ge os
Raw dslonemy - a

\dQi \te{aa

— Qa, d-omaar, Ties Go Ca. Le TT j —

m4 i :

x

4 as

Tide= Can Ydy SarleoremlTIpypES “ ae

——— Ste A ee

Es = \e> = Whe! sho "TW slain oA} ;
—__ Dat _ounas Vu No aneided Mar { dow, Cs

Mra Side yla_cnee Qacheneaa



a . ™~

a13

<; oe SAXeS _

—[QmarlTs l= 1 Sanh Thyp2arl + KeySu,
— = Th WS. Bidinsc ee /

EES wo

| Gosling far guar
"

5 — Re

Sux * Tr ~
rn =

— = Tr (i as 4 —_

—@ Miwa, De oO omaa

ae) = a ss Fe Taal]
a

a Ipoene cmalea fre ronal 509rsod vaula? _

. Li _Alienpels 2 lds} s a= (Sal => Wsmin T “ H :



“OA \
About fas sstahe ef

ne A
2 < g. m, 4 2 mn a ude Pur 4 2, de; sa on > ~

= SOMA Ary! © SEEM @ . © BCGicps) De SAM Sanh

fw Sina PI)= HCCC) unbem
Tt

"

r

: = Soy V1S8fejzed Ge

J 1 NY By Syy yy:
.

. i

2 Yl 4 - Ja= a‘Ce-@) ain ae iq Ue bell

: ce cehOb r Es:a
AQ Kin da, dS = By 1 PR SOR) Saw _

= TI

0 i is

30, Zahn, SS =! Sa Sale

DD Wen crn balla sscea ty |R'™NY cook oust 4 Xtand an!

OAC



-2= 4

_ @ Was AD. Oa % esonotun2 (Vico pooss: co ™ KW. Rack

sh sa mabla core ° :

tr» UV

Marky eit fa the ons connect ommrOolanse sQatin»

Que tition nora Uumoddl let +

, a

ro J = +i

0 . Cate\ Sgla = <Hbleai) + ids Cela:
}

fe)

THE Mes

. m= baby *
3 i

|

GD
Ghos Qno drial cra ochre a”

eee BR



ao ~35 4

O_S Wets Soa ee es
a

CS
—___@_U_SS=sS's1,ond A S= iT Glow yor of

at2 im ee NT

—

;

2 dn S<ind|= 1 a
—

728 ited

—

Ea



o ~~

Se le
me - _ a

oe = A a ! VK Wh, 2d;

oe =A GG bel Tel ri aM Sye
Dhan,® becomes

7 Vines.Qhok Gaia noo a oguct wdkses =

OT



,

“ 5
.

0 Uwde ‘
|
yt

. [|

acts ace

lear, Gro slate TMG Ws wsk Pro prmectrm oA

mw Ss) = SS

Nokoo Gaack IM va 1 .

fovea aquol dp a= U~Me = Gr usw slate eg=oo.
@ Nad Qeke on badex oyamune umitondy dA Sb w
Oo "eg : "

NOAA Ane!@ \

“
T 7 a

Que: _ a

Fyjg)+ [xem 2a\Selrwmasl=t7 |cing : Se

. ee
@ Puting od ody de | = 2 el d= -c| me" I

Og= oh (ae) ns) Z :
eS.

| { :

ic
_

. (yuu: Cin = sey Ue He,



{ +e

” U-' 5
Portia! une curclivaie H

i. @) Sp jar Vrouw Draws Mes vnoun pouk oaendta:‘ ¢

eS

Te = we (ores) \invgl |
eos

t= Oe F QCi- ny es(2ssTTbe S ,

@ Drouin, Qhatk rae Worx = =ieS
clash — i

Sb: '

:

.

;

5

@\bwrtariti, ro ctichuna on pbuckrl-amo cas trrchos |:

No aso Mork Wy ofudiata1 Qne onsen of ro Lowtre
Mas nuaLornmit Ad

: 1 SEO, Heat avsapies

ue 7 a

ir O => W=T FZ Qyn) jp

Tm == FY Oy) |

Tet = Br (av+1)
: pee +



- ad

- —3T 5
patized urane comosi:

4 @) Owlonpast Miia coault :

Negee ose) P| Se re) |
es keS

= Te29. Soto he wiQo ted. So a Mee total |Cowoh oar,
.

§ Q

-

n= 2asaj.sivR oe=A&R

Bit, unavods, Oia discs roe a shodnd. (hat Graded |
Seaslenix passat: don oatot aomceldatim wills She,

ola. '

e cs(un: Sm SO
GM= =I Timea@ijalwee j -

[oy = SEZ (vu) sw = gf

: :



aay y

TS Yee amos On neue be ig Cin SP ge) alse tte 2!
[oe Grow) = a (a5) J :
a<S

Sy=@90", Qian: , : . 3
: Los (wee) = Ur (2541 |

[Sie Caer) = Yor GS).
)

’

|

:

; = =

:

: 24ne —

=i = BE. .

;

.

a

:|

a
i

ee

nv vei

Oe

i

.
{
t

nN



coe
:

a

- 76> 6

Ss = => = Tt = -3(7-1
H

stalsa oso camasard so Gack |

aon : dp: +
\atas AQ. = sext). [LS Ceo- mt) Node Guck Glaose

io_oon CaS tm Qe Ancram oh Vy oss rca _(2r\3_ inn

- Ng sake vv onawa .
H

@ Ghus, oemsal onaubarctiy a

4a ; Ka TRS = -2|Td— Git |. |F 7 :

A Que someon S
=

1

@_\ usr nsatusk 1a amd be te he Vopiin2on shade stedon

Teas = +2 Dan Leeitiayl|

ey rorlonduy= only, Ardirarcked mikoni ja fas S~ Dacrsmoll

g39

a
>

4 7



| oo -~7- 6
 Aacducrion,fo gasgnlan wibsgaad

@ oSo joe Moe
“at= RG ae
TS — de

oS 2 Sand Ge SE TEOTEL
a ee ¥ dp. apy —

oka Set)SCR fer pt) Ok anor uae aa danes. bo:

mL Deets = t ZSap, Sl gemsene FEAVEL)”
~ muck... an ee
htere
eee ~~

— ow Sas ped at a Lem] e 8-25 - ets ar]
_ 2Rak2% Ad, 8 le-28hae aewl] ©

“ee% =TeMed gk
= pe RRQa -_ = —- = :

SaALe_coneonuatuan. So. ee

— © Goa diffe Seon muy CHS. anda by Gee sepaced Gx.

=e Pee ekerhseas=
TneS SE VL TESTE



c —8- 6 ;
Sedu paste) waie yanihontty WS

am rea =o = \ ag\a(ead) (3,6) 1 (s,6"~

x ads

Se

‘S 2) = ja 3 23) mes ts G __eeSn,

x 8

oS ee a it asawak
QM Jo Sak a 2 i aah KA. r

tre a) = el = 0d bnls = 2 bab.

a's. cy T o)



a

- se P

~@] & Sawn WS. (0) 2 oom B= AMS marder ee own Dek
Tt)= Tear Gat)SL= ee Keg cA Telooab)

@ Fiom MS. (iu!) a alse fom. ~3~ use Manse Daler opptasion:
. Lagsd\ Bloat = Gel SPE 2 ssi) Be Coy Coal [a6

—— @ Bathing Dean dagen, we Si -
ast)

=f & OETAOsa Are) Toa (S |> GH se¢ e ‘asCoss) dyeco) “Taaau (9) oo
_ @ Fastestfia hoon

a Tet) =f & {Sass Pleo) Ts) vy
.— (Giggs a

—- -@Wienon Se = FF Taye aheadOntee ae gck : Copiers)
a SQ9= see Z sry Peles RI. C4an\.
~Qkit Smo shoes, Oer Sewdoad 2 tackn. ce tha paatsal

-- + Gy hwo Asoeeme SL _ =

a A) vasa Tso dofan= 180 CHzg)s 2a 0 sloudandiyednap.
oe 8) uae Tao TS ace oe he unit euicle. .

OB ee



tT rot “ye . get esFe

CE RRC ae
ao oT oe ens aesnn

-a -

Hat [aecgaia@oae@\—

Stat ROMS

-

Made Oaat . phsicod: anpgeo, dmb) =O, Dh suikanitn ikagd| ee cSoO_-- -- Mea,jpaty 2, aed C38) ofoe eon lena Qaik —
ON aROPA)= Sol SERe)
_ dee ES Bat Wat JI-BF 008 (4-@.), Chua aay Hin,

TEE TT a)0 |a ib you oblewae G=lrg oa rs a
wee ' pee

ee og Fy gh —_Bake BE LatoTTiilg do GS ated CStie?Niro alia yon ek be



2 Ceotl)RanoOrn. oupirakinn tha(Beg)
adHeong Aa B.akat $e

t—— eC TE Dion ante A= Re? fa Be

_ ag Rae akfe

D8 oy ft poh we eee

a “ae 9B ted kslige. cobalt, a hanitd Doe
MlC= Io, ok Laas shane, ¢ esemall Wat baka fogen oiae..

Seefoot we
aieSRO
QalaSaye tat amae ton Yad REL. ee achat)

Gt nena A nsbn



SS—_f ~ sath i fo ok MG) au Oe onde. se dgaesac“aaa =Tato Ba)_. &S= aang =[¢ 6% oa fo
-

Sapte enytede
~ ster

: Thaai ae

i ced Tf ———-a



Hana 64



hs : ap
th rHysICan ReviEW VOLUME 136, NUitDER op 26 OCTOBER i964 |i J Analyticity Properties of Helicity Amplitudes and Construction of Kinematical :Fa Singularity-FreeAmplitudés for Any Spin* :(

Ye HatCalifornia tnsitute of Teebntory, Pasadena, California5
(Received 11 June 1964)eh 1ify

“The analytcity properties of helicity amplitudes for binary [ton of partic with arbitrary apna ae Ha
these are correctly predicted by perturhation theory; (ii) the crassing relations of helicity amplitudes neat, |if polio he subd airof cette atodinds Noepease ish repro treamoliude for any spin are contracted bylmodivieg hlicig aha, eel |ae he igk aeaealied to arbitrary pin, Helty amples are proved fo ate eae ee eel i¥ atthe high-energy limit H |2 ‘| 1. INTRODUCTION For ni! scattering®® . |i” "HE S-matrix theoryof strong interactionsis based =i ey i4 T On the analyticity properties of sattering ample _ f+ fsDL2MA+ WM y9B,w+

tudes. Among various kinds of amplitudes, the helicity © f,,_=: in (0/2) CW MA (11) .{ amplitude introduced by Jacob and Wick? is most +P 30+.) MB WA,t convenient for practical applications. Until now, if one a:
Santed to know the analyticity properties of helicity orWY scatteringt |! amplitudes, one had to look for the linearlv.independent- WetaSe)= BG 2p' Get m'G,, {: Lorentz-invariant scalars built up from the fom {ect )= (BG mG)e—ps |“momentaand spin parameters of the externalparticles, fret fir) = (Br PG,

!: the coefficients of which are free from kinematical A+ fa (If, =p, {‘ singularities and satisfy ‘the Mandelstam epresene | (=coss), (1.2) itation. (Here, the spin parameters include Dirac
ede toa GhBG. ! ?‘matrices,

polarization vectors, and fermion spinors) 3L( + Sma (2) Jam'Gy Ge, i ;"NP Then, one had to know the relation between helicity CU) fora —-WEG+G,), (y=sind). 3. amplitudes and these coefficients. This has been done i
: | j: for wz, aN, and NN scatterings*4 and their crossed For the pr —+ NW process! | {- reactions.‘ For more complicated scattering problems, a

| :1] 4 prescription for finding kinematial singeketeene 1 feat 294+ 2mgh cod], ; ;: amplitudes has been given. However, it is not easy to San. 2EQB sind, (1.3) | .follow the prescription. For example, it was dificult
,

5
"1 even for

179 scattering, ‘Therefore, this indirect metliod Readers rae fromEas. (1) to (1.3) that the ! 31] will not be used in the following, Instead, we will ™0di icity amplitude,
H ;‘ Investigate the analyticity properties of helicity ampli- Inaarerses[o0s(0/2)-™Hl[sin(9/2)]--a1 H i. ‘tudes from the beginning. t xseyp, : z1} AS will be shown in the following, the analyticity Dahan, neNods, 40 fort a9 1:{1 Properties

of helicity amplitudes are not80 complicated The May Bs " - i[f(r simple scattering problems? jf Md Actas is even (or odd), | gfo
—— satisfies the Mandelstam’ representation if we neglect I éF combetk, supported in part by, the U. S, Atomic Energy Possible (kinematical) poles at s=0 and p=0. We can : :‘mmission, ; ib ed ibeHE Qn due of absence from Phynics Department, Tokyo Uni- get rid of these by multiplying Eq, (1.4) by stand p*1 venityof Baueation Toker‘apes Deva ve Gand Z gan be predicted).© pmzesicee BEMBIAG:F CheaCompany, LTRS, WORe ~The aniplitude (1-4) doée not satisfy the Mandelstam %ey Seale pany, Tae, * representhtion in general. However, it will be shown

,1) 2b foeeb and G. C. Wick, Ann. Phys. (N. ¥.) 7, 404 (1959). that we can modify helicity amplitudes for any spin in
£vi Haye ew 106 eT EE BB Tow and'Y. Namba, oh a Yay that the modified amplitudes satisfy a5 HEY Cottversee ME, Gris, 8. wr. MacDowell and Mandelstam representations. A list of kinematical : :OK Ming Ps Te Yay aaliey an (ivy, Singularity-free amplitudes will be given in See VILLRAC ateaen, Nino Cimaneae ae Making use of this result, a generalized MacDowell
.nicslees alo pp oe deteo reciprocity will be proved in Sec. V. Helicity amplitudes@ saicyamidesfee fay GOeon ee for any spin will be proved to satisfy the Froissart limit

presentation, at high energies (Sec. Vi). :4 .
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i It. ANALYTICITY IN coso AND IN ¢! system of the s channel, 0, is the scattering angle in the”
a In the following, we assume that the analyticity  ‘tterof-mass system of the s channel, and
i properties of scattering amplitudes are correctly pre: = (s+mge—me

ie dicted by perturbation theory. Then it has been shownt pam (otme—me)/26),iq that the amplitudes of binary reactions e+b4>c+d 4 Pa [s— (matin) Ls— (mem Y (As), (25)

: can be written ast ji ; THE BANG), — 4 Qa) HORLALE LE met (mdm (me—me)] :
ig

;

1 xspp. E
a where T is relatedto the corresponding Stmatri> a{ F element through we corresponding Simatsis yy (2.3), 0 (or 1) if noanene=1(or —1) due totheae P invariance of the strong interactions* 3

‘a (ebalS—A1| paps)= (2x)8'(d.t Pa Pa Br) / Next let us consider the following amplitude: aa
i XCespeveErAT] 2), CD eo0(0/2) H™MLsin(O/)H¥-PTraaddsiB BA(s4.u) is an analytic function of , and and. Nedende and peededa). (2.6)

4 safes the Mande reprtniation A(v@) 0 g and wedehd. (26)ig polynomial in the four momenta of the exterrial par- (Chis amplitude has been shown" to denend on cos6,
a ticles p; and spin parameters B; which include Dirac but not on_cos(0/2) and sin(0/2). Then, we can write
“a matrices, fermion spinors, and polarization vectors. it as.
“A ‘The expectationvalue of (2.1) between helicity states + we :d in the center-of-mass system of the s channel (helicity Thaaren’=E By(s,h#)[Polynomial in p22
; | amplitudes) can be written as 1iE /2, pp’, and cos. p* or pt: TrasseseE BAstalEPolmnoialin 8 2, per sod extn #5

4 . 7 \ x TL Coetmds, (27) _
‘i 2%, pp’, sin(0/2) andc0s(0/2)IC9" of 9° fed Tisanshq Hence, we have found that for: reals, 7” is analytic

. , HL Corte"! (23) “in the cosd plane with cuts on the real axis, Since cosd
A | is Tinear in, we have also found that 7” is analytic in
‘A In deriving (2.3) we have made usé of the fact that the the cut plane (for fixed s)_with cuts! (twin) and?
+H helicity states are linear combinationsof direct products (—@, Dim?—s—tais). Therefore, we have only to
78 of af() and 1(p) (\ stands for helicity ang y is a study the analyticity properties of helicity amplitudes

i Lorentz index), where. H as functions of s. 4
‘ it e1(9)=(05 cose i, ~sinf) NP, { : TIL ANALYTICITY IN 5; GENERAL CASE a4i c= 5 P sin 0,P cosh/m, ‘Thus far, we have only considered the helicity ampli-a 1*(p)= (0; —c0s8, i, sind)/V2, { tude for the s reaction (Taay.a.,")- As has been shown
oH yya(@)=L (0+) 05 (0/2), (P+) sin(0/2), ¢ in the previous section, the helicity amplitudes for the FE

i pcos (0/2), sin(0/2)}L2m(ge-+m)yy", -Lteaction (Taya) ss no kinematical singularities —it A re, in s if it is divided by ;i waa(p)=L— (p+) sin(@/2), (p+) cos(0/2), « :

oo psin(0/2},—p cos(/2)]— st Leos (o/ yyrrnifsin(O/T A.
: } X[2m(P+m pi) Crossing relations between helicity amplitudes in the2 1 (9, sin For exam ‘city 3 channel, Tsy.s.', and helicity amplitudes in the ¢

fl ‘The becty amplitude, Tapencny in (23) is rlated 884 Wick" and by Muzinich* According to Trueman¢ to the conventional helicity ‘amplitude of ‘absand Wick,tH Wick? through —
oa Hi * 91 is defined in Ref.} Tracrasm DCHfroaroade/a-a|19} 24) gtaSF Gadus £53 Low, © Mary aad; Tn (2.3), pois the energyof the particle iin thé center ASRS PekardECintes (to be published); [: of-mass system of the s channel,p(p") is the moientusn Calogeroand J. Charap, Ana. Phys (N ¥.) 26,44 (1964),it of the initial (final) particles in the onerltanues Clasp Tren and G:C. Wick, Ann. PAS ¥) a2

y TeGekpo (repos — telbe-pdte(n— pd and Tae ooRRS reat be ri, 83 (be = (Det pad’, (= (de— Pa) = (po pa) and ®, on Muzinich's relations can given in the
; PTR ESTess aia somaiey. a i



Wang 66

1



_ Phil's comments on Kinematic Singularities March 11, 1977.
N

@ Tem thinksne in terms of Ling-Lie Wang at the monent. Normally, you write
; the t-channel helicity amplitude as a JW expansion in the t-channel, and you

___ observe that it ig nice. to "pull" the half-dngle factor. Thus: _

~ oy B - 8

. ae = Leong) fe)" at (a) ghey Rx(eosSe)SE ee ae

. See ( TK ews) _- L-
' zk ~ = 7

The function f? “defined in this way has on}y dynamical cutsin the z, plane, theplane you use for going over toe FG projection. This same function, st) 38 cor~~
the same reason analytic ins . ~ —

Here is an important point, however. In defining the function £''*)(s,t), we

have explicitly removed a factor which you can see is singular at the t-channel@ errerhoras. Ie, at such thresholds, the p's in the denominator go to zero so the

factor which was removed blows up. BUT —- nevertheless —- the "cleansed" amplitude
~ ~ ltS 45 stillcontains tile t-chennel threbhold singularities. | ~ 7
- i “apyother words, by exposing the half-angle actor as above, you have not

exposedythe t-channel threshold singularities of the,t-channel helicity anplitudes,
although the half-ange factor pulled out doe’ have, t~-channel threshold singularities.

~The Gésired ” singularites are actually contained in thecrossing matricesaa wal,
ay -o- kg-
eeGa = Moy Sadcad ke x2)

; . _ Y v te orale nLnnn. cmala\ei oaGEL. Doses Spans waded bo gk

- 2. The fact thet ydu have to include not “only the h(@y) but also the d.did.d factors

~ explaind“\ihy my haive FFoissaré-Gribov-Projection with spin Method did not give the

.  cdrect answer!Tf “You Start off with f-channel JW expansion} you puli off the half-
@- sele factor thereby getting analyticity-in a, which ablows the FOP. But, you never

expose fully the t~channel threshold sings in'the discontinuity you are integrating,
80 you do not "Learn" the threshold behavior in this manner.

"



: 12, FRONSDAL'S MODEL ror LEPTONIC INTERACTIONS 1187 E:
FQ} | / Thee results tead us to the following conclusions : 3fe a et ae FA bd ldE concerning the lowest onler radiative corrections to Fi€.S.Diagrams peo- i, portbnal to Che Pi y muon-decay: . oe Fay bag tbat aw EFH. (1) There is no infinite renormalization of the direct 1 :
i : term (oroportional to D). There is no renormalization When we have only to deal with the dzect four 4i Ce fermion interaction, the lowest order radiative correc. b{ (2) The coupling constant Cy suffers an infinite ‘tion gives a divergent renormalization of the coupling

§; i renormalization, constaht. Also, after introduction of the charged scalar 3ae intermediate boson, we get in addition to an infinite
ne Fhe ceaacmpare the model proposed by Fronsdal intermbdiate, bosor § an infinite renormalization of Cs, E*H and the conventional approach, we sce that the situa-

contrary to the statement made by Fronsdal. So in this TEpact tion in Fronsdal’s model as far as u decay is concerned. case Fronsdal’s model does not give an improvement of .
4: i worse than in the conventional treatment, because cofventional approach either. This result contra- ES. of theakeaen® OF am Infinite coupling-constant 5% Fyonsdal’s statement that the coupling constant 44 ;

rn

renormalization is finite in this case. . Fi Mi. § DECAY OF NEUTRON

3; f We consider the radiative corrections in lowest order 1 ACKNOWLEDGMENTS
. :

:

to the process The futhor is especially indebted to Professor D. R. a» no phe t, Yennie; who drew his attention to Fronsdal’s model, for 4ot We proceed in exactly the same way as in the case of many étimulating and enlightening discussions. ‘The .
afi the decay. We state the results without going into the assistance of Rae in the checking of some of the calew, FE+

|, details of the calculation, lations js gratefully acknowledged, - TE1
i —. Bi:

| MYSTICAL REVIEW vouume 142, wusoee « FEBRUARY 1966 :
"] General Method of Constructing Helicity Amplitudes Free from: PKinematic Singularities and Zeros

aan

Lane-Lan Cuav Wax, . 7“RG
Lawrence Radistion Laboratory, Univerity of Californie, Berkeley, California

2all: 4 (Recved 16 July 1965f » TE‘
A simy

.

andstraightstforward method to identify and ‘the kinematic singularities of helicity . ‘ai amp cee ened matbdto dent roasngvelalon, A ast of ssplonce fe ot an ea”: matic sgularteand zeros is obained for two particle ewopgice reactions any epee ood en,a ‘except that for boson-fermion interactions with general mass ‘assignments there is still a kinematic‘singularity lefe in the amplitude. ‘
. q'

1. INTRODUCTION amplitudes and then analytically continue their partial q2
Samet . . ‘ wave heligity amplitudes with definite parity n the total a1 JN dynamical calculations of scattering amplitudes, ngular omentum plane’ ‘Theres kinematic-singy- ;: riceaeeeea, 0, we Koematiesinglarin-fee joey omentum plan! Therefore Moemat i ai Grblitudes, which have only singularities of dynamical —latitv-fte helicity. amplitudes are not only suitable for_i rigin and satisfy the Mandelstam representation. D.N. 2 cal sal ult ca bat alia fulluble-lo- Renee{+ Williams has succeeded in constructing a complete set ee ei notvati city amplivaenene Se af “ invariant scalar amplitudes free of kinematic singu- we y amplitudes.

frites and suitable for dynamical calculations. How. _,Recently, ¥, Hara has proposed a method to removet nes and suitable for dynami ization, the Kinematic singularities of helicity amplitudes by a{_ Ser, his amplitudes are not suitable for Reggeization, the kinematic si
P . 5

a

‘nematic SiNg perturbation field theory, with emphasis onJ Reaseiae, first we have to remove all the kinematic threshold behavior of partial-wave amplitudes and : oo1 SRilesteomthesocale party-conservinghelcty {esol iPlationsJn ths paper we dence nant Eion
yan Cogstruton of favariantSealc Amplitudes “GM. GallMann, M. Goliberger, F. Low, E. Marg, and Pe =©] ccd GitesCouuin oto Seale Amplitudes Zachariasent Vie. ev. 133 BLAS(anode © MAP fgs dealigh Setter Prone Lawrence Katon Labora: *¥ Hart Wigs Ret 16 HOY 190 Far eompason of *fry Report UCRL-TIS- (unpublished), results and ours, see Rel. 9,

¥



¥ x

. @ 1. Perhaps this is best, discussed by Wang. Consider HE) 64), where. the twiddle -
= means that the famous factor of Gs has been removed. This function is analytic
- in t except, for usual dynamical cuts. However, it does have threshold and other

_.  Signularities ins. aa se as
__-A.similer statenentcan then be made jfor t+) (s,t) . . -

. —- The untwiddledamplitudes are connected by the Trueman Wick crossing relations,-
- . 80 that Wang's equation (III.4) really says it all. All the kinematic singularities
— of FS) must be sitting in the crossing d-functiong in equation (III.4).

_ 2. Looking naively at these. crossing functions,the desired factors. seem to appear —
-— -  An.the, denominators if you think of dé) =(osx)* . so.you immediately pick up

-. things like s, 45. What you are developing here is Jackson Hite formula (26).

Jackson's formila ig much more efficient, J think,. Obviously, since Wang does 2 lot
of work, _you cannot. just think of the cosines. ..-. _. :

3. Notice that Ling-Lie does not particularly mention any "partial wave threshold
behavrio" whereas Jackson.and Hite.use.this as their.physical..starting-point.~ Both

e methods have e certain elégance, but there “$8.0 deaying: --Jacksons is. simpler,
ke I would._note that, Hera does use the threshold behavior as a starting point, but.

. Somehow the whole paper as obscure tome because, there are. no d-functions of Jacob _-
and Wick. lWnag claimes that Hara is based somehow, on, perturbative field theory, a
thoughI didnt “hoticy that whenI perised Hera's paper. : --

5. Colling and Squirés basically quotes Wang's regult's and thus endorees Wangs method. . —
_. Jackson andHite was "not,done, but does get tentioned in CS note added. --

! -

. . - 6+Z find the Wang solution rather complicated, just hard to even read the -—.
- = Tegults.I prefer Jackson and Hite presentation. a ~

: - i oboe - -

— oo . wee eee - oa ee
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JOURNAL OF MATMEMATICAL PHYSICS VOLUME 9, NUMBER I} NOVEMBER 1968

Kinematic Singularities of Helicity and ffransyersity Amplitudes and wede
Asymptotic Regge-Pole Contributions

{ Department of Applied Mathematics and Theoretical Physic, University of Cambridge, England The

(Received 24 January 1968) . ‘group‘The crossing relation for transversity amplitudes is used in'a simple proof of the kinematic-singularitsrsctue othc amplitudes, both pentane ang ireneoseey
Parson with earlier results is made, The kinematic properties of helicity and transverity amplludes are
Employed in the derivation of an asymptotic expression [of the contribution of Regge poles to theamplitude. ;

3 i - Two

¥ 1. INTRODUCTION transversity amplitudes may make for a simpler frame4 The kinematic-singularity structure of helicity Phenomenological analysis, in spite of the various single
y amplitudes has been given by Harat and by Wang. helicity-dependent kinematic factors. Since this part
: Both the proofs and the final results are, however, of the paper is for application to inelastic processes, th} rather complicated. At thresholds and pseudothresh- Where 'data are at present rather inadequate, no where
é olds the behavior of helicity amplitudes may be apology is made for the somewhat crude approxima- netrelated to that of partial-wave amplitudes, and tions suggested. . a omerFrautschi and Jones* have shown how, at least in TheAppendixis devoted to showingthe equivalence moms,

certain cases, this relationship may be used to obtain of the results of Sec. 2 with those of Wang** and to acts acs
. the powers of the singularities very simply. We show the derivation of the kinematic-singularity structure Pipval: that this result is quite general. of thefelicity amplitudes in various particular-mass . _
4 Cohen-Tannoudji er ai. also derived the kinematic. cases. i ad, “cohen 7 ema

a' singularity structure of helicity amplitudes, this time) memaric.“SINGULARITY STRUCTURE OF 1 an! from the properties of invariant amplitudes, without s“HELICITY AMPLITUDES. ¢
using crossing, and Stapp obtained similar results vi . - reaction. from basic analyticity properties. Reference4 also , We review briefly the properties of helicity states‘
employs the transversity amplitudes of Kotariski® in a_i? ordet to establish some notations and conventions. ‘nthewploy: y ampli af Kotariski i .

iderivation
of kinematic constraints on the helicity Single-Rarticle rest states of a particle of massm and that the‘4 amplitudes. Section 2 of the present paper is devoted SPiN s transform under rotations according to

largely to the presentation of a very simple proofof the RIB) =X sR) lie), B=(m,0). (1) dokinematic-singularity structure of helicity amplitudes. 1 * dti
‘The method employs the same physical assumptions We use the conventions ofEdmonds" for the rotation whereas does Wang,? but by using transversity amplitudes* matrices.

:: and their kinematic propertiest great simplification is States of momentum p with p* = m* are defined by 8obtained.
- Ip2) = H(p) pa), 2) Parity oIn Sec. 3 some results on the high-energy limit ofa where’

Regge-pole contribution’ to the helicity amplitude H(p) = RZ), @) Se: are derived (for general mass), and questions about and, for! in agreedaughter contributions, conspiracy, and evasion are) 7 inh 2(si:
considered. In See. 4 it is shown how recourse to ? = !m Gosh £, msinh Z(sin Dos g,i a_ sin 0 sin p, cos'0)}, (4) (We assi‘a * Present address: Department of Applied Mathematics, The we have
University, Liverpool 3, Englond.

, Trans3

2 Y. Hara, Phys. Rev. 136, BSO7 (1964). Z(p) = exp (—ifK,), ro} helicity 2: SLL Wang, Phys, Rev. 142, 1187 (966)
: ; .4 28” Franchiand L. Jones, Phys. Rev. 164, 1918 (1967). Rp) & exp (—ips,) exp (—I04,) exp (—ipd,). (6) Tan+ G. Cohen-Tannoudji, A. Morel, and H. Navelet, Ano. Phys, fi 5 oeYBBa 48 ge In partichlar, for :. £14, P. Bap, Phys. Rev. 180-4251 (1967), t where

TACTGREL AEE Poe aan 9 9io, 4% = (7,0, 0,9), 0)1M. Gell Munn, ger, F. E. Low, E. Marg,a ;4] Zachariasen, Phy, Rev 138, Bas C1968), # 9= (72,009, 920, ®4 ‘LL. Wang, Phys. Rev. Letters, 16, 756 (1966). =5 2LoL, Wang, Phys: Rev. 183, 1664 (196) 5A. R: Edmonds, Angular Momentum in Quantum Meckanles —i @ "A. MeKerreland L.Serio,Nuovo Cimento S2A, 1223(1967), (Princeton Universiy Press, Princston, Nox 19o0) sna eat Mt Jac
Bi 18246 ‘
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aris - ionatéc sings -
- - ~ t - tee

e NoKerrel achieves «simplification over Hang by using the transversity amplitudes.
He does not explain thesé objects, but it looks like it has something, to da with

quantizing spin transversely ta the scattering pldne, maybe, Cohen- etc. in their _
hugongous 80 page paper on this. subject use such amplitudes, and they were invented

-  — dy Kotanski in 196. 2 eee ee -

sees The relation of transversity amplitudes to_the usual JWhelicity amplitudes - —
.- ---is given.in (21).Basically, the matrix uis.u (R,(90°)). As youmight guess, .

. convoluting in. thése u-matrices asin (21) causes the helicity crossing matrices
to go away. and.you get a simple phase xelation, 1 gather that equation (27). really .

-  - links the.tzchannel.cms transversity_amplitudesto the s-channel cms trensyersity _
angles. .It 1léoka like you get the usual angies_in there,.‘byt they appéar just

~ ~as phases. eee eee - —-
. The. general philosohpy_of identifying the Ininematic_sings is the same as. -

that.of Wang. You_assume. they are all_given.by the famous balf-angle factor, and. .
- =~ then you. use crossing. Its just. that here, trossingisso simple. For.the. = —

- trensverity. amplitudes, the 4 threshold conditions are.given in (49) through. _

(52). Then all you have to do is conyebt. these back, inté the helcity. amplitudes._ -e@ The full answer.is stated. in.(7Q), like Jackson Hite (26). The thetas indicate.

the, parity step-ups which, may, beneeded. we ee eee

Section 3 of. the paper digals_with suggested forms for regge fitting, and __
- Section , déals generally. with phenomonology:using transvertity, amplitudes, I note

. ~. that he does. showthe "pole.factors" in the fitting formulas. I amnot sure _ _

-- whether McKerrell has fully considered. the constraints that. go along with the._

-kine sings. Jackson and Hite_showed that thape_dn_fact removye_the poles, we
. In the, appendix, results ane. shown. to agree with those of Wang at Berkeley. -

: ~Jackson Hite. is notedin a Noted Addedin Proof. eee ee ee

- oe to ape eee -

_- St Fee Bobet Le - --

‘
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Reprinted from Ture Putysicat, Review, Vol. 169, No. 5, 1248-1274, 25 May 1968
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Kinematic Singularities and Threshold Relations for
‘Helicity Amplifudes*

J. D. Jacesoks
Department of Physics ond Lawrence Radiation Loboraory, University of Californie, Berkey, Cekfornia 94720

a0

6. = amt

Deportes of Phi, Universo pe, Urtoe, Minas 6101® (Received4 December 1967)
‘The kinematic singularities of two-body helicity amplitudes at thresholds and the concomitant relations

among these araplitudes are discussed in a direct and elenientary way, without recourse to the singularity

structure of the crossing matrix. The tools are those of nonrelativistic quantum mechanics, as bets a ’situation where p—-0, with spins combined into channel spins S and Ruseell-Saunders coupling of
L48=J. The kinemati singularitiesare shown to follow from a mismatch between J and Z for each termin the pattialwave series, ‘The method is applicable at peeudothresholds (on—m)* as well as notmal
‘thresholds (m:-+-m)¥ with two formal changes invelvingap intrinsic party and a belicty-dependent phase.‘The relations among the different helicity amplitudes at the thresholdsare shown to result from the presenceat threshold of fewer Russell-Saunders amplitudes than there are independent helicity aroplitudes. The wse‘of invariant amplitudesis shown to be an alternative which automatically yields the kinematic singularitiesand als the threshold relations among the helicity amplitudes. A discuaion is gvea of dynamical exceptionsto the threshold constraints, resulting from lesssingularthgn standard behavior ata threshold. The thresholdrelations are-important constraints on the amplitudes, and must be satisGed by any realistic model. In the
use of channel amplitudesfor peripheral processes in the # channel, teexplicit imposition af al therlationsat the tchannel thresholds is necessary in order to assbre a diferential cross section without spurious,
Polelike singularities in¢ whoee variation could in some circumstances completely control the/ dependence‘The reactions #WKYand +N —» x’ are used asillstyations, The latter proces is expecially illuminatingbecause

its -channel amplitudes have a pote (rather than a simple inverse-square-root singularity) at the‘a pseudotheshold, £=0.09 (GeV/c).The praximity ofthis point to the physical region ofthe¢ channelmedins that the threshold relations there are of erucal importance. The consequences of these constraintson the erosscction and decay density matrix ofthe 8 ard discussed within the iramework ofthe Reggepolemodel. Comparison with experiment implies that the dynamics make the amplitudes for wx’—>4 haveless-than the standard kinematic singularity at 41 pseudathreshold and so avoid almost all the threshold
constraints. Examplesare cited from the literature where'useof Regge-pole formulas possessing the spuriouskinematic factors bas led to incorrect inferences conceming the dynamic behaviorof Regge residues.

1. INTRODUCTION the external masses, has received considerable attention

“TE suestion of kinematicsnguate of Smatix_ 3 he past few years, Historia, the ut of fvarant
clements, that is, singularities associated with nd by thé United StatesOfice of Naval Research under Contractthe threshold values of s, 4, and, and so depending'on No. NONR 1834(05).

— }Present address! Department of Physics, University of: * Supported in part by the U. S. Atomic Energy Cotumission Oregon, Eugene, Ore.
1
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1249 KINEMATIC SINGULARITIES AND THRESHOLD RELATIONS 169

amplitudes in combination with explicit kinematic G a ;
factors made up from the momenta and the spin or e
Dirac operators automatically took into account the

kinematic singularities of the problem Classinexamples.are the A and B amplitudes in pion-nucleon scattering Fis. 1. Diagram forthe = * —*‘and the four invariant amplitudes Ay, ---, As in pion procem eth~so4d,
photoproduction. ‘The existence and construction of
invariant amplitudes free of kinematic singularities for

ageneral process has been discussed by Hepp? Williams . t >
and more recently by Fox.‘ But with the consideration .

ise of helichy amplitudes* became prevalent, chiefly But the structure of the formulas of Ref. 12 has been
because (a) the formalism is completely generat, (b) questioned, with special reference to the point /=0

the angular momentum and parity expansions are by Lin'*and on general grounds by Stack.’*straightforward, and finally (c) the helicity amplitudes Another aspect of this general problem, recognized
satisfy elegant crossing relations.*? The work of Hara during the past year, is the existence of relationships
and Wang? solved, apart from a few details, the problem between various helicity amplitudes at the kinematic
of determining the kinematic singularities of helicity thresholds. These_threshold_ conditions _or_hinematic
amplitudes. Wang made extensive use of the crossing constrainis are discussed by Jones" in terms of partial-

sy Batti, whle Hara used partial vaye threshold behavior Wave expansions and orbital angular momentum for theandl the crossing mairis.Since then, other discussions normal thresholds, by Diu and LeBellac"* in terms of
‘of the kinematic-singularity structure of heligity ampli the connection between invariant and helicity ampli-
tudes have been given from other points of view. tudes, with special emphasis on ¢=0, and also by
In peripheral, reactions, the (channel amplitudes Cohen-Tannoudji, Morel and Navelet)® and Fox.” Ia,

often posseés kinematic singularities that are'sometimes Regge-pole theory with two particles of equal massclose to the physical region of large s and small (nega- TEELNN=>sp) the appropriate peeudothresholdtive) 1. For example,in the process ab—> cd, illustfated moves to T=0. we problem of kinematic con-in Fig. 1, the ¢-channel helicity amplitudes may have Straits 1 solved by “conspiracy” or “evasion,”™
inverse-square-root (or worse) singularities at one or dependingon wiWhetherGF not 8nae heeds
more of the points (= (matm.)), (mo-tm4)* and the assistance of another trajectory in order to satisfy @
{= Gne-m,), (omy—mig)', the norgnal thresholds and the conditions in a nontrivial fashion,
pseudothresholds, respectively. The pseudothresholds —The main purposes of the present paper are (1) to.‘can lie considerably closer to re-physteal vchannel present a uniied and_straightforwacd treatment of
fegion than dynamic singularities, such as Achannel_ the kinematic singularities and threshold conditis
oles. Consequently, it séems imporlantto take proper” Telicty amplitudes using orbital angular momentum,account of such Kinematic singularitiesin a theoretical. to show within the framework of the Regge-‘model that is to be confronted with experiment, An’ pole model how to incorporate properly the kinematic

__ attempt was made for the Regge-pole model to do this’ structure into the cross sections and density matrices.
by exhibiting in the s-chdniel cross section all the We show that the general results of Refs, 9 and 10 arc
t-channel kinematic singularities, leaving supposedly obtainable byconsiderations

of the thresholds alone,smoothly varying residue functions for phenomeno- Without reference to the crossing matrix, Our use of
logical fitting. This compendium of formulas for many orbital angular momentum parallels the original work
different reactions was then'to be viewed as the ultimate of Hara,* but we are careful to distinguish between
in Regge-pole phenomenology. Some analysis of data normal thresholds and pseudothresholds. Frautschi and
on the basis of these forrnulashas already been done.#4 Jones! have also used orbital angular momentumara arguments to verify and interpret the singularity struc-ye EaChae MidGaltier: FB Low, and ¥. Nembsy ure in a number of specific examples.TE. arg te. Phys Aca 3,55 1968) The end results of the proper incorporation of theroeNi inns, Lawrence Ralston Laboratory Report No. Kinematic structure into the cross section and density4G,

C. Fox, Phys. Rev. 157, 1493967), matrices are phenomenological formulas very different1M feepbind CMe, ann Ps Gx) 7,404 ps9), from those of Wang™ in that they conform to thegh Trosman and GC. Wick, Anu. Pye. (N.Y) 26,422 requizements of Lin!* and Stack'* and possess noTJ Musil, J ‘Math, Phys. 5, 1481 (1964), +-channel kinematic-singularity factors. The somewhat

TELE Ehan Wang Pion Revs 1,187 0969 TF, Li, Ps. Rev, 15,1515 (1961«gt Gpeengsis A Morcha Nove An, Pon, in Sackeesti(N, ¥) 45, 259 (1968). . RHEE. Joes, Nuovg Cimento 80, S14 96D,«NHCP, Stapp, Phys: Rev. 160, 1251 (1967), 4B. Diu and M. LeBellac, Nuovo ito SSA, 158 (1968).
TEE RE oe ego gt ae BoE Se. QB
2ARenab Ror,CeoS04 9(96. bi,WS, Frautachi and L, Jones, Phys. Rev. 164, 918 (1967). ‘SE, Leader, Phys. Rev. 166, 1599 (1968).
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- Jackson and Hite. . . Read March 11, 1977

- I..Introduction. Work of. other people is reviewed briefly: .

e Hepp, Williams, Fox: construction of invariant amplitudes in special cases
- Jatob, “Wick : tHe general theory ‘ . TF a

— Wang: used croséing.matrices | _ eee ee
Hara: partial wave threshold behavior’ and crossing matrices

- Jones: threshold conditions= “kinematic constraints “(Note!)~ - ~~
on Diu and IeBeIlac: kc... .- — -

Cohen-T, Morel, Navelet: Fox: more on k.c. ;

——" + McKerrwit: ‘Has a paper on“thts whole subject, note addedcin proof, — -
a Barmawi:- ‘regge. theor'y in LS coupling. we eekSince pseudothresholds lie very clése to physical scattering region, they should be

taken into account? They ‘will obtein previdus-results without going to crossing
matrices... Sop eee ee ee

Il. Notation and Basic Concepts. They will#base their arguments on non-rel QM concepts
which ere-valid at threshold etoz ‘They are tie first to-show-that thesé “Simple ideas

- . are enough to explain.everything.. Since regge theory in tachannel ig df. interest, that
is their choice of channels here.

- -— A, Notation. Eigure 2 sayet' all.Panticld helicities. dre not given. .Ty ete areclearly, defined." Certain nice’ kinematic relations are noted.

- B. No spins. The' angular momentum behavior -is ‘taken’ as a "law. of nature™. They say it
can be shown from FGP, but they will later not show this in the spin case, but rather

will again take “it ds ‘Tawof nature. For novspiss, they” show'fow thfeshola behavior@ = Wctly compenstates Py, function to give. ne kine’ sings in spinless scattering.. 7

~ G. Outline-of-Method. They-will do ‘standard-non-rel 1S coupling. Ie, nd need Tor the
complicated relativistic exactness of McKerrellsL$ states... Everything will boildown to sor t .of @ counting problem.

D. Helicity Amplitudes arti Pil expansions. ie open with the usual JW expansion-and
show the kine factor in the d-functions. Partial wave amplitudes of definite natruality

- arg defined in the usual-way (see ms) in the helicity formatism. Putting this back into
~ the JW expansion, you get can define full amplitudes of_definite naturality. These -

full amplitudes appearing in (15) have the kin sing factor cleaned out; ie, these amp.ituee
-- > are-clear in-z. ~Equation-(16} shows-the factors - soe

-_—-— In order to express the full naturelity amps in termsof partial wave naturalityamps,
you have to shuffle around the d-fynctions. This gives the e-functions of ofGGLMZ; No big deal. Since these functions are shuffled d-functiions withthe

_ kin factor removed, they have large z-dependence as shown in (18), Fine. No complaints.
—  E, Pseudothresholds are anlittle-different..s Consider-the usual-two-body helicity state.As

you go déwn to the pseudothrehold, the State of the lighter particle m, has energyE = -m, which is.certainly a bit strange: Ig, you need a complex LT to take your
~ single particle~hebicity state to this point. This thing is just a phasg. So, whynot redefing amplitude to incporporate that phase as in (19). The ray is just

arbitrary, keeps exponent integral. Called,a poeudoanpl:itise.Second -compliéation is -m tne parity re ation of amptitudes when you are at—— peeuddthrehold. I_am not. surprised to find that the lighter_perticle hasan "effective"

parity = parity times (-1)28 .° These, thep, are the two important changes.eo Inplications: (1) "different threshold power of Tp versus Ty for fermion amps.In general, this affects the contraints too ‘for botb bosons and fermions.

Threshold behavior of partial wave amps of definite naturality is then

|
reduced toe "counting problen" im (20). Recall: law of nature.

| :
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IIL. Kinematic Singularities.

A._An example PI PI to N DBETA: ‘Here is an example where you’sit dovn and @
‘compute up the Various miniimm values of L allowed by, arigulak momentum'apd
parity considerations. For the fernion side of the system, thé lightér ferminn
has its intrinsic parity effectively reversed at the pseudothreshold, do the
entries in the table are not the same for N vérsug P.. -

I have dorie dut this example fully on an attached sheet. Looks good.

B. Physical Boundary: powers of t.° The “half-anglé factor" given in (16). has

certain singularities at t=O." These aré shown above equation {243s . For allmasses different, the helicity amplitudes (full, left side ‘of (10))" do not have
any such singularities, sincé in physical region . Thérefore,. from &), ‘thedefinite naturality full amplitudes do Have t=0 sings. These are sfiown in (24).

On the other hand, you can show that the definite -naturality functions, (15)have no singularities at Kibble 9 = 0, and tha therefore the regular helicity
amplitudes 10, do have singularitigs at fs 0. Thus, to write a correct regular
helicity amplitude, you should include this fact to make the thing smobth at g-0,
as done in (25). .

Bothe these effects have a common cause: the half-angle factor.

. the general forma. For low values of J, as we have seen, ther'é. is "erratic
behavior" of the mingmum L values. When J is lerger than all channel spins, a
standard behavior sets in. For these low J values, the difference between the

general form and the exact, result is full zeros. Thus; the singularities are,
correctly, given by the ‘general forma, See footnote 30, ,

The, general formula is given in (26).. Clearly, the minimuni value of L goes

with the maximum value of the channel spin which is 51 ¢ 21 for exemple. However, @parity may increase the minimum L by one unit, as we have geen in the example. This
fact is shown ,in equation (27) andthe preceeding equation. - :

Note: general formula (26) is not same thing as (20). Equatich (20) ‘is showing
the threshold behavior of the definite-naturality partial wave amplitudes. I think
the general form of (20) in the, general (large J ) case is this:

:

Seb 4y=
Years + Anan GO Se da CXEGEbpm Tose + EOWC = Be

in lis Trey + ELC, CCV . “28a
Le Ht WS, Ste Se Lei GN LT egy

: . ‘ wes ol daw
These are the general minimum L values above the erratic region. Note that the

.  pseudothreshold intrinsic effect is already built into these formules. Notice
that these things have a very intuitive form, aside from the parity factor which

may step up'L4,. by one.unit. The ,totel J. minum the maximum spin. What could be
more easy $o remember! !!1! as + wo ot -

Equation: (26) is+showing not the partial wave thresli¢ld behavior; ‘ut ‘ratherthe kin sings in the fuli-(bpt definite naturality) amplitudes. Ag noted'alreddy,
theis is due to the "Mismatch". iis you can geé from equation’*(17) and (18), the7 GGLM e-functions have -as*their Yedding* power zJ-” where m is usual‘max of Is NF.

| The "mismatch" is between this power (jim) and the minimum L'listed above. @Thus: ’
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. Comments: _ Notice that the fhresbold behavior of the partial wave amplitudes daes
not: depend on the helicity. of the particles involved, only on their spin. However,

~ one ‘could view thts as~ai.z- s4i+ maxinum -hebicitiess ,- modwhothe-parity-factorr -
which.might step you up one unit, ‘and mucdulo the ‘low J erratic. beliavior.

In contrast, the: "cinematic singulapitiest: ‘of the full amplitude do depénd- om the value mermax( /A7/,/X /Jetr> = boo mn eeeee

| ~ Comparison ath” crossirig method-results: —4put these comments-sorieshere"elew: -
- oe ee wo ee

;IV. Threshold Relations (also called Kinematic Constraints) At the t-channel threbholds,~~

the t-chamnél helicity amplitudes have the Kinematic singularities, we have already@_ noticed sue to the mibmatch of thnehtold tebavdor_of the partial wave amplitudes,versus the behavior of the group functions.

The t-channiel helicity amplitudes atthe t~channel-threshoids, have also ~certain linesr‘ relations called kinematic constraints, an exampleof which is. _.shown in (40). Often, both concepts must bé dealt with together. Toller has shown
~ how the two ideas are quite trivially connected as an inverston-problem © —~ -
- ... Notice that the t-channelhelicity amplitudes do not have s-channel, __

thresholds, etc and etc. Ie, the t-channel helicity amplitudes do not have s-channel
kinematic singularities, How do I know this?| L4ugink tba reasonis ThIST two| Be the t-channe} oi expansron tet Ime e=tepinnde pehedrs inside cos@ =z. Bub :frow|5), zs\linear in’s. Each term in the JW_ehynsignje-poignonial in z,
there! ialThus he\t~channel peFOtry amplitudes tre aplytic in-se- ~~ -es Aetes Lictdp procsly wos where +f t~chann Diexnansion, __cohvet’g¢gJunich is only nagatafe s. Howevs ‘ink the argument coulthe

extendf Uy replacing the JW with a Si representation. Then-agaim, I'm not Swreof tb “|Wont-RNOW How oné knows this. _..
ave _sicipped reading, this section for’ now.

: — + SO. ee
¥. Cross Sections and Decays. _ to - -

As we well know, in the large s physical s-channel, you can write the DCSin terms of the t-channel helicity emplitudés, due to the orthogonality of the
helicity crossing matrices in the physical s-channel. But these t-channel helicity -
amplitudes have the kinematic singularities already noted. Thus, these kine sings
should -be taken into accouht when writing regge formulas, eg, as in equation (57).
Te, you will_see the usual powers of t and "pole-like factors"

in the denominator.e T have seen this many times in regge fitting formilas. Fine.

BAL (over), :
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First, consider this fact: the t-channel helicity amplitudes have kinematic
singularities at thresholds in the variables t (tOchannel thresholds), because

the arguments in the half-angle factor go infinite at these points. Going infinite @takes you to the branch point in these functions.

However, a finite value of the variables is never going to make one of
the half-angle factor arguemtns infinite.

Therefore, the t-channel helicity amplitudes do not have the s-channel
threshold singularities, and vice versa. The t-charinel helicity amplitudes have
only the t-channel threshold singularities.

Knowin g this fact, how do we justify the equation (55)? Thé answer seems to
be that this replacement is only valid in the physical s-channel, so,you would
never "hit" upon the t-channel threshold singularities which are present in the
right side of (55) outside the physical s-channel.

If you try to make a more general version of (55) which ‘is valid everlythere, it
would have to show how the singularities work. ‘The cfossing.matrices would have
to exhibit singularities in the right way to make things work.

_ So.this is.why.it is permissable to have. "pole like " factors 'as in equation(57). You would never be allowed to continue this equation td positive t, because
those poles do not exist: in the t-channel. Equations,like (57) are only. applicable
at negative t, Of course, that is where they are intended.

It turns out that the pole-like factors will be eliminated if you incorporate
the kine constrains aswell as the sings. Stack thought this up.

Stop reading at this point, on to conclusions.

Vi. Summary “atid “Cénclusiviis. -A_good “summary. , Hote:on some ‘@ynamical exceptions,eg,if some chahniel spin is excluded‘by. isospin or womething LiKe "that. ~They do nét cYeiin to do this for the first, time. Claim is ‘that “the use | eof non-re] QM ig better way to go than via the, crossing matrices. |,

A comment rear’ the, énd about, Wetting Yeing, ricer’, but, no merition ofToller at ‘all. ’ The ‘obviotis Yeason 4s that to)lgr's fi¥st metinion of these fungtionsis later in 1966 in tHé 4-0 paper, arid Cozensa Papers.) ~ |
a 5 sath tt ere weed 8 fautAppendix D: Regge theory" consissbitig altgr the sbovs, ‘ilat” should g Tegge. poleterm look 1ike?, They show the Kirlematic singularities, factor called K(t) here,

and they assume “shooses sénse" which I would always do. End regult is (D.7).
Atain effect facto? is mentioned which does ‘something at, very smallt.

Finally, the "chooses nonsesne" mechahism (¢alled GeIl-Mann) ‘is defined and
they show what happens'if you use jt. oo .

to :
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In the chart I have circled the "winners", You consider all possible S systems, and
pick the lowest L you get throughout. Fine, I agree, all works good,

‘
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Partial Wave Analysis with 1S. coupling. i ewe eee oe -
-

1. I have never really done this before. Read about it in Werle. I think with the@  ititeriar of vexerret1”i sould be able to quickly run through ‘the theory. I'am interested 1
. in-thresholds in this scheme. : -

- 2° How Should we start off? Perhaps we should start with ai S-matrix elemént in the ~
two particle canonical states: -- Sieecelied

_ — - Srl - 4 ~ ae ee -

eee ee S995 ge A
"ietssay that initial andfinalare cms systems. Perhapsa) and q,are directed along. the z axis, but the other system is rotated at some angle. So pulf the rotation to get

tee eee eee -- 2 wee ,
a. AWM. LMG Me = =H -- ~

= = Cs _ 4
mae AO = Re LQavsgude Le Le
eee a A Logg _—— -

~ wtog: -  S4e%a esl Ro Tala he -— —— -- -4
Now the idea is simply to expand the two stite systems into HeKerreil's Is states. ~

. - Lone 4 a —_..

© Ste Gus), o _- —t--. wee ae 4
x, ’ _& Vat “Ot um) \P Mess.—- — —. \fm Logis = & — aa CUsgtessm) 17”MUssse) _- wee

eB SELL Cone, rn
ee, Re ep ee Qe ee ee

i, * Ow) % .TT Waray = ALS ‘aeQ(s,84sa4). DasslOee)
+--+ ~ cee ae -——-— —

1ee - -4 ~\-gly-- A Nv
oa eo. -- Claseswves) RGR n#,9) lamas .
ue. we oe eee ae

- oly Gh vadhead! agate,atk UQ\Y4, . p= G- Mow
._ . §$ a rr -

y

y : Ay xVQ aewde Fe Leman eal Gg Dea cee ee

-e-- 286 ATED. ay Sea 2. Oks, \WGene 3- ae aka K*_JFE. aw S ea) z Asytassmn) Doaylasg) C (31823 YUe3s
- . oe ee a ee 4 - = eeeee



-2-

‘ ,

oe - Petes . - -eo | De COO)Pay Ham

-- Hm Ha ntriodss pom _— oe -
Ww wadMako TL LG. Tk. 7

_

sO

_ Qs MrCssesvyss) -

eo. Fl VeepCUS C&sustvansh)
J. TLD. etoyptel dagets 7

TL Bhagat Cea VET pm beady .

J7Slce BTU Gs

Do wk \PeTAS= Pea GR) Veo wa his):
CS r= FG Soh Ae) Cea taryal Tete)
Oe - Sati S53 .

caw Dain RYSY Cow oi Tg oy.

@ AR AL ek _

see — _

‘
- - - ~ en



—34

.

Sr oo oe

-@ SoYagavs.\Tlavawer - - - - .

FL \stFRYORR| sew ste- -. Bs --b - foes

- - 2 ae Ty CUsihasve) Ussgyvsy 2 ee .
meee ROOMS Msht) CGrasam) Le
- ee eee eee -

_- 2+ DanEY Gi LSE)TT Got Cae -
aoe \. -TeAas Per s® ona 4 Ogesdy lo ‘yey table
7 Herets"the-Ls ‘expansion: For each value ot J,you"must sufi overall Yeasonable L aids: 7

. —- A.dont understand why there are &.delta functions_on the right. - —

— —— am ee eee ee ee woe

e@ So rn ~
— — see

.

-_— ———T meee ee —_— we oe

a .

ee SG Ce

eeeee

. eek a -

- . \ -

ee —— _ a

‘
-

H



mek (2)



e 6
-

"

’*J1'S4
i : ‘

IL NUOVO CIMENTO: Vou. LVI A, Nb 1° Luglio 1963
|

ait 1
:ef On the Elimination of ¢ Channel Threshold Singularities 7h

: frém the Differential Cross-Section.aH

fi qif 8A. sexe: 7i
Department of Applied Mathematics and heoretfent Physics, qi

University of Cambridge -| _(eiovato il 28 Maggio 1908) |
‘

f

} Ts was pointed out by Jacxsox and Ire (!) that the kinematio singularities (+4)iA of channel helicity amplitudes at thresholds and pseudo-thitsholds in ¢ do uot lead
! to corresponding singularities in the differential éross-scetion.| In ref. (1) certain reac
: lions are studied im detail to demonstrato the cancellation of the pole, and now for. j
4 swulae azo givon for the differential eross-scetion to replaco those of ref. (). .

cans Jn this letter the relation between helicity and transversity amplitudes (7) is em-
oa ployed to prove, in the case of general mass andarbitrary a that tho square of thet modulus of a transvorsity ainplitude, with the correct intexptotation of its continua,
an tion to tho neighbourhood of thresholds and sendo-threshold} in t, has no singularityi ‘there. Explicit formulao are given which allow a parametrizatjon truly independent oftho kinematics,

qJ
Wo shall uso much of the notation and some of the result of ret.) which, with ;i {ts numbered equations, will bo referred to in tho following as M. Any explanations.|

necessary for an understanding of tho argument will, however, bo given,“| ‘Tho tchannel process considered is +b -+e+d, and it will bo assumed that thisal
channel has integral spin. It follows from the results of M thgt tho contribution of aii Kegge pole of trajectory « to the tchannel helicity amplituje for negative t and s §:
aaymptotically large may be written '
a) Sel KeaalOYeaalt\R(0,0). 4

.:

—— Hl a: (0) 1.B. 3nexson and G. 3 Laem: Ktnematte singularities and there ieatons for htely ewplte :i
ules, Woskoley preprint, UCILA17959, Novenber 1967; Phym. lee. (bo bp publlsned), . i| YY, Mata: Pye. stee., 188, 33 507 (1008), i :! () Yesta, Wax? Pina, tons 142, 1487 (1000),

:it (9 i. Courae-taxswunay, A. Monks, and If, Nave: Kinemallal Hvmntarilce, evssing mainte:
find incmatice constratnts for two-body hellily amplitudes, Haclsy prepnt, Apel 196Ts ee of Pie tj
(Go vo pune. Hl t -i () Ay Mokimiurts: Kinematic sinndaritin of helicly ona transernith amplitudes ond angie :
Reape mir contrintions, Caniuridge prevrint, DAMTY 68/1, Nuvenver IM Journ, Male Then te ive abled),

.(9

ban Wana: Dae. He, 188, 1685 (1902), \ }' © A. Roxas dete Papas Petr, 29, 009 (1900). '
q
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question, The method of Wang makes essential use of _partile j is expressed in terms of its coyariant velocity ean extra assumption, This assumption is that if certain’ a= 9y/m, by a
singular Kinematic functions with zeros are divided out BaD" BE 24),
of the helicity amplitude, then the resulting function nM by multiplication|tcom eGRForhas

no Kinematic singularities incertain variables. Any DSiEie associated with a lower] dotted index’ the_ such singularities necessaily arse-from a faire ofa *Paftcle lower| dotted index‘ ; ot is given by the same function ofits velocity actinggeneralized Legendre expansion to converge, and it is by the n 'end " ve nd it is on Mi by multiplication from the riglt. For any unitaryasserted thet this is a dynamical question, While this 9% MpPY mulllication from the Hig Hast the QU-41),seems reasonable, itis not absolutely convincing; since 5°),sreaeirir that “as the Dotation specifTee)
not yet fully understand. the dynaraics of 4) 7 ss che (2)-+1)-dimensional irreducible representa-elementary-particle systems. Thus it is not absolutely DY 447 y A :elements stems. “hus it is tion 6f the rotation group. The matrix elements of theinconceivable that a kinematic singularity could cause trix el bs

. " 4 " DTA] are homogeneous polynomials in the matrixthe
series to diverge. In any case the question arises gueents of A, and DLA] for generalA is delined by‘whether this assumption is a dynamical assumption Clements of 4, and D viethat
goes beyond the basic analyticity properties used “02° 1 _ sath e spibyHeppandWillams: We Bnd that this extra assump Lopiiier_ Saat,svatem_somaltinnaf sne_ssin3_ Bynot really needed. fattee nl one nee‘An assumption essentially equivalent to the extra ‘K€the formassumption of Wang is made also by Hara, who relies 1 BD UL(-2)7]*

heavily on perturbation theory. :
As in the work of Hara and Wang, onlyfour-particle

_ * = (aya) v_Heactions are considered, Jt is further assumed that the =(o/+1-vye) ye‘wo initial particles have unequal masses,-and that the . (Pt 1— vy 9)/(20?+2) \/two final particles have unequal masses. The passage | 1to equal-mass limits has been discussed by Wang. H alee) D0]. (2.5)
_it SINGULARITIES AT ¢=0 ‘he rhation mati Rj is eements

A “he heftyazuplitude is given by | Breede, 1 2) @<r HERS, (21) wheretne signis minus for'—n=—1,and plus other-pike Sis the S matrix and Ris a product of rotation wise, :
‘QperaiorsRy one for each final patie.The eenter-o- \Thel basic analyticity assumption is that the‘mass frame is used and the s axis is taken to lie along functions are analytic functions of the com nts ofthe direction of one of the incoming particles, ‘The “the momeatan-watom exept af dunembal singe
helicity A; of this particle is just the s component of its _Tarities.* It follows from this, and Lorentz invariance,
spin. The other incoming particle has helicity Xs, which “that Af{can be written in, the form?
is minus the component of its spin. The two final r owe
articles movi in the «-s plane, the fist moving in the Pasretbeeetaeetdsrow sere, (27)
“rection @, the second in the opposite direction. where the coefficients , 5, ¢ and d are meromorphic

‘The two rotations Ry act on the spin spaces of the _functioiis'of the scalar jnvatiants with, at most, Slle
twoinal Particles, and each gives a rotation through "poles at 6=0. Here ¢ is given by™angle 8. Speci it cle j, onegle 6. Specifically, for citer final particle j, one has 1 ge(shi—sol—Gt-uct+2abe), es).

. Rex iin), (2.2) here 474, and w are the Mandelstam variables andwhere Jy i the component ofthe spin vector J that "| ttn‘ets in the spin space of the final particle j. ' (rie tamat—aat— amet)»‘The S matrix is related to the Mf function by* a’ b= hmm mtn),

SeBM, 29 Po cod me—m—m).where
B is a product of boosts, one for each particles! The surface ¢=0, which is the set of points where the‘Me nor in dhe spesenttian ohare al id ae rankofthe gram determingnt isles than three, includessither lower dotted or lower undotted. For a particle the boundaries of the physical regions. The possibilityofassociated

with a lower undotted index the boosts for “Tp witner, Group Theory and Its Application to the Quantum= Mehavicl of “Alomie Spectra (Academie: Press Tne, New York,,, {Henry P. Stapp, Phys. Rev. 125, 2139 (1962); also in Proceed. 1989), ¥ .
Bed ie rts 2 ih Energy Rlesics and Elementary wieIL Muzinich, and D. N. Williams, Phys. Rev. 130, e@ries, ternal , na
Vienne, 968)ph e400 Bey Mam A leedce 5,218"
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Analyticity Properties of Helicity Amplitudes* 5 = Pa

‘Henay'P, Starr cae aoeLawrence Radiation Labrtery, Unvery of Caforna,Birkny,C2ijernia’ ade
(Received3 April 1967) ‘ tee

‘The analytic structureof helicity amplitudes fs detived from baie anslyticity properties, Previousderivations relied op erosing properties and extra assumptions, :

ey@ I. INTRODUCTION momentum vectors become functions of scalar invari-
:

j ts . ants, However, the functions’ that express these com-“TiS problem of expressing catering amplitudes ever, ns thi
in terms of functions of scalar invariants without Ponents.in termsof the invariants haye. numerousintroducing extra singularities has been solved by ‘inematic singularities; which the amplitude, itselfjsHepp? and Williims.? Their solution has a form that ¢Pected to inherit. Also, the various rotations.nd

isnot convenient, however, for many practical purposes, boosts needed to define the helicity amplitudes haveThe ie oat Decors if involves p veduetioa'et the Xibematic singularities. Phus the analvtic structure of
amplitude to its iereducible onfonente? Though sun, ibe-belicity amplitudes; considered as functions ofthe
fa reduction is in principle straightforward, it is in -2-aatinvatiants. would be¢ faapractice cumbersome. Moreover, the irreducible com- ~<ted. Tt tims out, however, that.most of the sing
ponents, though the natural mathematical quantities, {=ztie¥ cancel. leaving the helicity amplinades w
are not nice physically: For example, the irreducible Tessonably_ simple analvticity properties, The Purposecomponents mix different parity eigenstates. This Thevendt face ae mks wow bes tained vfreedteats that the condition of invariance under space, THe Tullis not new, having beenobtaiaed alreadyreflection does not lead to any simple reduction in the PYHara’and Wang. their meted ass evenumber of irreducible components. It leads rather to *Cuitous. Rather than starting directly from the basiccomplicated relations between different irreducible mO™entum-spaceanalyticity properties, or equivalently‘components, For this reason, among others, the elegant {rom the analyticity properties deduced-by Hepp and
results of Hepp and Williams have had Tittle or no, Willams, they ‘base their conclusions consistencyfeaults of Hepp and Willams have had Title or no with well-known crossing relations for helicity ampli-
Tar may parpons the most convesient form of the Tw4es- Since the crossing. felations_are_themsey

scattering amplitudeis in terms of helicity amplitudes, etived_from_the basic momentum-space_analyticity. /,Tie helity amplitudes, like any others, become func. —BEQBErtes. thelr procedure is, evidently permissibi.tions of scalar invariants wheh evaluated in the center- But itis roundabout, One wolild expect it to be:simplerof-mass frame. This is because the components of the {0 orkdirectly with the basic properties, and thisofmass fr i indeed the case.
napognaas under the ausces oftheU. &:Atomic "There is, a second teasorr. for zrgéonsidering” the

"Tiltas Hepp, Helv. Phys: Acta37, 55 (1968). =, A te eaeaeeeTe sorta Report” + YanusHae, PrysReg 136,507 Pee isco o>No. UERE-I1113, 1968 (anpublished). ‘Ling-Lie Chau Wang, Pays, Rev.142, 1187 1966),' *~*
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read July 29, 1977

Analytic Properties of Helicity Amplitudes

e 1, Henry observes that the fancy invariants} scheme of Willidms and everybody simplydoes not help much in paractice, people are/still going to use the helicity amplitudes.
What singularities do they have? Hara and Wang answered this using crossing stuff. Since
crossing follows from p-analyticity, Henry thinks there should be a faster way to
show this. He seems to elimitate some assumption used by Wang and Hara.

2. The main content of the paper is to examine the various sing's by comparing helicity
amplitudes to the M-functioris. Henry only ¢onsiders 4-particle amplitudes in the xz
plane. Unequal masses all round are assumed. As usual, Henry treats general spin
particle as combination of spin-+ with Clebsh's.

3. Sings come im the usual varieties: |
A. s=0. Turns out things are analytid as Jongs as f 4 0.5
B. threshold and pseudothreshold appeat in this paper as v[ = 4 1 sings.
C. B = 0. (Kade) {

4. I have not read this paper so much for the results as for studying a little Henry's
M-function notation, since we are about to discuss this. So, for this purpose only the

first section of the paper ie rAlevant. We dtudy the various equations:
:

(2.1). H= RS. I believe that Henry alwayd uses S when he speake of "canonical
amplitudes" of McKerrelt, Then the R here are the regular rotations which convert
you to helicity amplitudes. So I would sayy S=T, and H= Ty.“4

ie (2.3) S = BM. Here the B are just the L(p) of McKerrell which convert Tg tom. I
see no problem here. H

(2.5) gave me a problem because I did algebra wrong, now OK. Point is the square root
is gone. {
(2.7) says that for the simple case of spin-O and spin-$ you can write amplitude
in terms of 4 scaler functions. This is explained in some other peper. I think
probably parity would reduce-this to 2 functions. Not imortant now.

1So
really there is not much here that is helpful to me in understanding henry's notation .I think I do understand it already. File the paper and store for later use.

i

1

e@ i
i
'

‘

1



Stap p ‘68

TT x



2092 HENRY P. STAPP m4
only through the factors A(s—1)'* and X(#—1)!, the explicit definition ao)
respectively, whereas Ria(@) is known. y

If one chodses the frame where o4=03.and 0,=—o [ | seseanee jean entsthen the the mets ements of Hae the “transverse LQOM#[™ 2, a(eer sears sean ean ed
amplitudes” of Kotanski.® Then the rotation matrix
‘RO is diagonal, instead of BG?) and B(6%2), This Kee
representation of H is denoted by Har. X TL @Bi(02 sees) WeertRi(P)Bi(09y6e1)
Note that if (®—1) [or (#=1)] is zero, then the oo

boost factor B(0.,4) [or B(8,2)] becomes unity. Then ea

the dependence of H on A ort fh on K or #7) i deter. x TOBi(odseu)W iar1Ry(0)B,(vv',¢x3). (2.90)
mined by the matrix elements of the known rotation

operator R(@). This iinmediately: gives the kinematic Thesummationon the right is over the4¥ combinationsconstraints, as we shall see in the next section. of signs of the various gai, where aa, b, c, or d. It was
Processes with higher spins are dealt with by con- shown in Ref. 4 that the.coefficients a(¢:;s,f) can be

structing their amplitudes {rom tensor productsofspin-$ made functions of the invariants s and f that are free ofamplitudes. For the purpose of this (purely mathe- kinematic singularities at 4x40.
matical) construction one can considera particle of spin One can write the equation. analogous to (2.9a) forJ and velocity » to be a composite system (in apurely either the M function or the S matrix by simply
mathematical sense) of n> 2/ spin-t particlesof velocity replacing the Hf and H; either by M and My or by S», Let the labels on the particles of o+b—>ctd be and S;, respectively. The conversions between the three
thosen so that Ja=Je(mod}) and Je=Ju(modl). Let forms go through because both the boosts and the
Nae=max(2J.,2J.) and Now=max(2Jy2J4).. Then rotations are converted in passage through the $C,

itnagine aProcess with Mach Num spin- particles, 9 the form appropriate tothespact ‘on the other side.*
Sian elocty-os dnd Jenve with velocity ng Let @, £449" ove obtains from (2.9) the analog of (28);
represent the. set of Clebsch-Gordan operators that rrndet © Fradeaat® a (2,108)combine the last 27 ofthe Ws particles constituting Mra E Frasa.tRraaat, (2400)particle @ into a particle with spin Je, Let @s, @., and .)
€4 be similarly defined, Let 8, bé the operator that where the sum over7 is a sum arising from the lineatprojects e1ch’of the first. (@.<—J) pairs’ of particles combinations implied by the factors $@ Cz. The factorfrom the sct of Ng particles constituting particle aonto Riaaa\(@) is a linear combination of products of NVa spin-0 system, ‘That is, 8 is a tensor product of elementary rotation operator matrix elements Ryn)
@N..—J.) singlet projection operators, acting on these and Ri,.c(9), which must satisfy
QNee~J) pairs of particles. And let 8s, 8, and $4 be

similarly defined. Then Z for, the composite system is Daido (2.10b)
veritten as,

.
‘The function F,aap.” is @ linear combination of prod-

= ucts of N factors like Fuypay and Fayige of (2.80) whichH=[6.8C)8(8:8C2)] IT OH: also must satisfy (2.10b). In particular, we have
XLSO6)8 (XE). (2.90) Prova ?=IL e+",t (xen) J Das(voP—1)'";544; WI], (2.100)This equation is schematic, for it does not “make . de eat

explicit the particular way that the W’ variables for the Where the Aes on the right-hand side satisfy (2.10b).
operator in the center are separated into the four ‘The representation (2.10) is discussedin detail in thespaces of the outer operators. But this separation has Appendix. The main pertinent features are that the
already been explained. (See, also, the Appendix.) Also, dependence of Fray.’ upon ds enters only -through
(2.94) does not convey the informationthatin forming the factors Nes(te'—1)'", and Rraans(@) is o linearthe tensor product [I] ©2//} each of the four terms combination of products of matrix elements.of WV ele-
corresponding to the four different possible values of mentary rotations (2.5) having the correct total helici-(Ged) in Hy is to be combined independently with each ties Nw as specified by (2.10b).

.

ach “The arguments that follow hold for each term of theof the four terms of each of the other Hj, to give rn ‘Thus the inde ‘ll ited,altogether 4¥ terms, which have independent. cocffici- SW" in (2-108), Thus the indexy will be omjttedents a(@s,*+-205 ¢x**-eyr5f). This fact is exhibited in ———— -
——. ngs efi Precisoe Temata Sev~~ fihetnergy Pipsiesond. Elementary Portides, Trieste"aA.
Rota,Ati Phy, Poon, 29, 69 (1966);30,629 (196). feppsteal Atomic Brergy Agency, Vienna, 1565), Bq2.29)
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Kinematic Constraints on Helicity Amplitudes

@ im sings of helicity amplitudes was a hot subject at the time 1968. Between the tine
of this and Henry's prededing paper, Jacksof and Hite came out with their version based

on partial wave analysis. Here, Henry cae [eo his earlier paper, There, ke located
the singulardity branch points, but {ignored the poles and zeros. Here he follows
the others by computing the strengths of the various pole powers and zeros. As usual,

he is forced into all kinds of messy stuff to explain the general spin case. Not very

degant, also the notation is mesgy. I see thy Jackson and Hite eaught on so well
compared to this, say, although in principlg this is a more basic derivation.

I have not read this paper, just a quik scan. Sotre for later use maybe.
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