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The Breit Prame (alias, the brick wall frame)

¥

In a 2-to-2 resetion where p; + p, goes to py + P4y it is always possible te
find a Lorentz frame in whieh the momentum of one of the final particles, say
Pyy is equal and opposite the momentum of one of the initials, say py. In such
2 frame, particle one appears to bounce straight back and becomes particle 3.
The reason suck a frame is possible is this: Start with:

PV= (a,5,c,d) i3 = (=5,9,)

These are arbitrary but timelike 4-vectors. Now go to rest frame of pj:

M - TA —
\ﬁ = (a,}ayn,a) i ?g, = (5;: 13'1,1:.)
Next, rotate mo that Py has only a z-momentum. p, is unaffected:

xﬂ_ 3 v D X

P = (0-10:.01”) ﬁ); = (9101-0‘: h)
Now boost in the z direction (passive ?uout). This causes p;, to decrease to
& smaller poasitive values (assuming h is positive) and camsez py, to go
negative. Stop boosting when these momenta are equal and oppisite, You have
arrived in the Breit frame on the z axis:

&
?;‘:: (E%u 5,9, +E€)

BPIH = (E‘*}GJQ;_"!)

By assuming that h wae positive, we now have z positive, Of course, at the h
stage we could have rotated 180 degrees around y, say, to get —h instead of h,
so in faet, z has no sign restrietion.

For smsome weird maea configuration, thu?, the Breit frame gives:

L]
In general, 2 does not bounee off the ?riak wall in a very nice way to become 4.

However, if the mgses strueture is like PI-N or equal mas=s, then:

IIl.':ﬂl.‘:I“lrﬁ*i?a 'm-._:"ﬂh Fl“ "'?& 5? iET.:EG =;’ E'::E"{ = \P:-il="|ﬂl
owd, (;533'*'Q*?£)ﬂ= ﬁ:"$£ = Clﬁl) i‘ﬂ“\si 1

. -
The requirement that 34 and -ﬁg have eghal length ‘ﬁ}ﬂ ,ffk 2f

and opegual transverse momenta restriets these —
vectore to have tips on the dotted line. Thus: b‘%ﬁ_ "Pﬁ
—

Given the sses, the two degrees
of freedom (= and t) are now

the length of p; and the angle
of pse

“L

.'1'\&

a true "briek wall". ' LT

—.“’—:)l«Z;———» a

How we have




These simple facts concerning the Breit frame are to benoted ( here we are
again in the PI-N mass strueture or equali masmes only):

> ST ) ‘
/ I. Po= (- P88, p,Swmey t>e P2 = Ftl
}\;3_. Ne F:t (_Ps ,©) p.>o

vl f §) N =
® ) ; ~ o .
z ‘. Plu'[ﬁﬂ = ?1 Pt'P'l- = = P‘?.LE:E.BB" = - ?I.

) !
The expllicit expressions for s and 1t are:

S = (?,-o.-g:,jﬂ- = M My *'7*1:5"“7“' iy E'm: + _ﬁ:s__ - ?ﬂ =s(p,9)
n Cos
:k:: (Eg'f{) = = q ?} *

Unlike the cms expressions for s and t, here the angle appears only in s. Thus,
a fixed-t process with s varying (energy ems varying) has a simple picture

in the Breit frame. Changing s merely changes the angle &, Now the rangeof

9 im 0 to 90°. For a given %, the physical region staris at the value of s
obtained with @ = 0. Then as & gets infinite, @ a2pproaches 90°,

!
A gonvenient aspeect of the Breit frame (ag;in, in special mass ease) is that
the momentum transfer has a vanishing energy component:

= ] - %
@E P20y = (O‘u"jp‘r”) "2?‘) '

As discussed in AFFR, this makes some caluluations easier. In passimg, I notiee
that in the followimg speeial case, the Breit frame esoincides with the frameS
used with the BCP variables ( "Standard Toller framef)

gt

R/

In other words, if you de a Toller decompositiom of a 2-to-2 amplitude, thex
the Toller frames (marked with x's) coineide with Breit frames.

-

= "f !
e—> .\'"_'FA By the way, in a general
"R!; mass situatiom, the
\ 2. ! 2-2 momentum transfer is
: :t-ﬁT not always spaeelike.
e i See Mandlestam diagranms
T in Kibble, Omnes Froissart.
k=
References: .

1( AFFR page 400 , use of Breit frame

2( MS page 210, problem 6 on Breit frame _

3( Ommes Froissart, p 68 and 70, why t not always spacelike
i
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I seem to forget that this simple fact ia‘ independent of all the masses, etec.

Just for fun, lets compute them and compa%‘r‘e:
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1380 5. MANDELSTAM

Ento {318 The spectre] function A » weuld he rerg fn
this approximurion,

The usitzrity conditlon lor the higher angelar mo-
menlum slates of the reaction [ is o0 longer sailuficd,
However, the brrea neglected appear by their form 1o
arise froes Intermediate states of Ube reaction 11T with
Esate thas two particles, so that the approaimation i
in the spirit of the approsimations siresdy made. We
have in Fact made precisely this sppmsimation jn (he
uritarity cosition lor the 5 waves of the reaction 171
The unitarity conditios for the low nagulsr momentsm
states of the reactlon I, and In particutar for the saies
with f=§ o |, iy wtill sutiafied, wa it has been inroduced
separately. The presst spprocimatlon ireats the re
wetbens 1, 11, and 110 on the same fosting.

To summarize, then, our method af procedure will
be the lollowing: The Ertl lew anpuler momentum
states of A, and Ay are foand on the assampiion that
each angular momentem stabe is an snalytic fusciben
of the square of the contbor-of-mass energy except, fo¢ the
prrtmrbation stnpelarities and the ots en the positive
real wels, This calealathen cas be done exartly |f the
distestinuity serms the cul alosg the pmitive pral azim
is determined by wnisarity (complicatioss arise, as the
relations cotmecting ¢ and b wik 4 and B isvolve
ware fools of hinematical factors, but the nectbads
can be medified arcordinglyl .4 o ard A o sre slso found
s josl doscriberd. The sralytic properiies of the low
angular momentsm sTalos sre now determined (o 1he
anadytic propeniies of the scattering ampSiede gives by
{210, The singalarities ran be calcutaved in terma of
Ap As A These sbsonsive parts-cas in tem be
Tosinad from 4 s and Ay by meass of the Saperion rela-

stions (L1684, (A7), [119), with seldmction terma
which can b obiained bram the low-asgulsr-mameniam
statrs, I the nev iveration, all the singelaritics of the
bow angulst momeniem states esvepl thal along the

~positive rrabasivane insnd-lfrom thequantities-cbos
taved in the first iveration, and the singulasity slong the
peitive real wais b redetermingd (e whe unitarity
cenditivn, The iteration procebert iy repeated undil it
ceeverges. As i the ealmlations of Bec 4, B is found
necomary e cul ol the abeorprive para 4y, Ay and A,
at high energies, belore raleubuing Lhe singelarities of
the low anguint mementam slates in the neat eeasion.
Hlowever, the cutall is raly applied whowe the threshobd
for processes. mrglected in the usitarily ondition, snd
i particulas, sbove the thersbeld for pair prodisctiss [n
the rraction 1.

This approvimation ceubl be regurded sx tbe Gt of
& mfies of approsinations in which mare snd more of
the eoniributions ta e spectral fungtors sre incheded,
undil we ulibnately reach o seluthes {n which the enitar.
ity cendition in the cne-mesan spprosimation i satbdfed

m by perterbatian theary, bet, once the contriba:
tian. lrgn the cromiag toom enters, they will have to
b recabozluted nfter ench iteration, Mowever, It would
be more worlhwhile 1o go beysnd the one-messn
spprdaimation sl (he same lime as we took the higher
comiributiong s the gpecimal funcijoes isto sccoust,
Tn ather words, we contbawe fo put the reactions 1, 1,
and [Il on the ssme leslieg, bringing in the higher
i 1e states of all ibtee together. I the approzi-
mation scheme converged, Uhe exact wnitarity cendition
of the three reactioss would lisally be satisfied for all
mngalar mamesium sotes. Neediess 1o my, one would
nas in practice be able to go beyond the frst ane or twa
approximationg,

The nember of angulsr monsentem states for which
the uphasiyy coadition ls applied scparately will, as
ks boem explained s the last section, depend on 1he
behavior of A ard 5 as 1§ (or 2.} tends to inknity with s
cangiinl. Hlowever, in ous fet approsimation, it

be solficient 19 ireat separately anly sintes with
Joubgnd fa= ), 56 wbe sther angular momenium states
will ot be dmportant Lelow the threshadd for pion
pelisction. I we went beyond the ome-meson apprad-
matios we weuld probably have 1o treat sore higher
angalyr momeniam states scparately in amy case, since,
lew indtance, two pions bath in a (3,3} rescnance sate
with g nischeon could lonm & £y state. For reaction T1U,
onc wiuld have to treat separately 5 states and possibly
F stajes wa well, .

T eae neghroied the muclcon-amtinudieon intermediate

#dale im the reacthen DIT and omly took the iwo-pien

Maie inte aceount, all three specteal fums-
tions dya Aus and Ay would be cero, since they all
begin above the threshold for procowes which are
being meghecied. The entire scattering srmplituds would
then cpnalsl of “subtraction terns™ for one or other of

the relatbyns, This be the best first
“apprdgidatiod frod : iew ol Thi asigi
HIH; eequited and the sccamcy of the result, as the

muglean-satinecieon inermodiate state is a_good deal
heaviey than malikpion states which are being peglected.
Th the speciral fusctions are ot now brought in
at all, it will ol gorse be realized that the only fugsifi-
cation for the approximation is that it ks the st of &
seriea of appronimations which do fnvelve the speciral
funciigp. Im ikis spgroaimation, i the crossing terms
s neghpeied in the caloslation of the phen-pen scal Lering
amplitude, enly intermediate 5 nate soour iu reaction
21, »o that the wnitarity condition for the P states will
ol enler,
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L. INTRODUCTION

ANDELSTAL! has recent &
M serdation of the scattering ?hmw lﬂm-m
scleon scatiering, which is shinbed lroen & plasaitle

plion abwat its behavi a3 an snalytic fusctian
of two variabies, the Energy and mamsentum ranaler,
chu:hnhrmlhhmm,'hrtmnunl
proerms, that the representation is sativficd by the lower
ordem of II:: Lllrll-lllnl.im series, and that this series
an aclua consiracted from the fepresestation
md_thr wnitariny relations? in 5 tera-pariiche ajoni-
matin. In this paper we shall divcuss sertain s,
mialy kinematical, of ihe exlension of this represen-
hﬂur-:nm-lpmweuuahupihm

Callrgy, Londsn, England,
' Klancstm, Vhrs Rev, 112, 034 (1958
45 Manddbitam, [
it i i

there proceses
Lo 142 = 3y,
b1 B,

I 143343
mm_uwww will b
Mm.lﬁ:pwidnwmhwm s be
wiabile

(113

In!'-w.i_-:hlindlhﬂhhlrcﬁm-h
mmuuumgmjumﬂmmm
Bty v, 4, 4, whose pem is equal 1o the pam ol speared
masses of the four partiches. These [svaris rld muy be
regarded s homoagmesus coordinatcs In 5 plang, and
ﬂe_p;h}hﬂr;ﬁmmlhenhﬂuhdrdhrlnﬂ:mm
_[-uh;phag.mnmmmmmhnlﬂmmd-
luummaﬂdnﬁmhthmﬁn:m}q

tiangle. The interior of this chosed waudd
tﬂqmdmﬂlmmﬁfmwm
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1180 T. W. B.

il thsis =gr purafile, The form of the druble dFomersion
relation for.such processes has been gven by haandel
wtamt

In Sec. 3 we shall discuss the enitarity conditien for
& ypical process in the twopariice spproximatioa,,
By making uss of the det erminant of sealar products of
the independent moseats, the snitniny condition tan
be written in the farm of sn integral ever the invaniants.
From thia we ate ablevo derive the selatioa giving the
speciral functions in terms of the absomptive pams, is
a similar lorm. The beandarths of the regions where
the spectral fenciioas wre ponzere will be given by the
wasishing of the determinant., °

1. EINEMATICE

For comrvenscnce, we ghall asstume that the mases of
the four particles invedved in the proceses I, 11, [T1
satify the Enequalitien
- LIEL MR Pl i)

-yt @

thes the decay process 1V b alss energetically possihile
(althaugh im thal case we that it has vanishisg
probability). We shall chaese the moemenia of the
Inroming and cuigeing particles to be py and =y,
rexpectively, s that the conservation equation is always

P peb b pa=0, Tom
“The matric ls chosen w0 that )= m).

In addiion to the masses, there ate two independent
scalar peoducts It by, however, convenint 1o use Lhe
thiee lovariants
P (k= (k0
=gl =t pd", 4
AdmiptpP={prtpf == = ==

— -

which satisly
e K mem omydmbal (5
In the center-ol-mass system for proces I, the mo-
mentaare py= (Evgal, po= By —qul, po= (= Es, =0l
#o= [ = Eu ). The nvasiant ¢ & theo the square of
e total ohergy,
r=lY, e EdEy= Fot B,
The magritudes of the sparial meenenta sre given by
Argites [r— (ot mma ) — = my)],
A= [r— (et W r— (m—my']L
unad the imvarianty o asd § may be related 1o the scat-
tering engle by :
L= K=rddgigu— (m— m) (m,? = m7)r, i
Db JC e gt b oy — ) (" — ),
wheere o= coi(fu .

[ i 4 "

KIBDLE

The conditions for & phyzical acat
now be expressed in tems ol o8 £
condijlon

precess
nec e

&

& po iy

ra{mebmd' or e {my=my)t,

and gredlar inoqualities for ciher pairy of masses.
requinement. that the scaltering anglo Lo real can
Mn:l'-t'h:‘mn

|.h’ P ol

g% 3

PO O L .
i ek B

‘This may be writlen os & homogeneoes inequality o

"R s e et ®

where the dimensionless constants a, b, ¢ wre glves by
e ey — gt ey — T,
F“Il- o P — ot T P i i
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finally integrate over mass 8),5°

Here 1 ;am. showing how you expose Just the last
cms phase space. Obviously I could continue this iteration some more:
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@Hhat. has been learned here?! If you try to evalutate dSEein an arbitrary frame, it can be
done. Even if s.LT.0, you can still do it if. you drop positive energy “conditions.

(Keeping these conditions.forces -dQo—= O, that-is for sure ‘because-you-can-go to a Breit
frame and show it.) Most interesting'is -this: if s.LT.0, you can still define a z, as
the physical angle -of* vector py. However, -it turns out that this.variable is: tot
irrelevant. This is clearly indicated by the messy functional form of zq that appears
in our dz; dzp integral in addifion to the k-fmmt.ion. ‘In fact, when you are doing
Breit klnem&tics,.’:.t. is. the. "angle".xof the. versor: ‘that ‘is the dignificant variable, ch?.
not the angle-of the vector. It is this versor angle which is related to a physical
vector angle in thecms frame connected to this Breit frame by the operéatvr o, which

we recall was (-i) times an imaag:ﬁ.nfar':!r ‘z-bpost.. . . .
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6a2 L. BERTOCCHI, 8. FURINI and M. TONIY
g0 that
(2.13) H(E &y &) = H—8—§ — &+ 285 4 286+ 264,

3/ H represents the arca of the plane triangle, whose sides are v/, V&, V.
In the following: we shall use the notation

A
H(E, 8, ;
(2.14) o (65 f‘:' = 2T, &, &) -
VH(E, &is &)
& " In the variables: £, & eq. (2.11) becomes i
N _ 1
n I_ll - (2.15)  (wy + pt)(us + p®) Bls, 1, 4y tg) = m : )
i v N
i . a1 , ol :
. ’ - ll 'Jdﬂ.d.{&u}fﬂwfﬂﬁdh'ET[E. 517-51}3((3‘”1‘tl'§l+“1‘r + 1'1,__,;’ E’+ Uyl - 1—.’,5) " ﬁ
BtF P 4 0
..'-‘I i !
. Ty l One can easily verily the following identity, which will often be uselul
. ,
(2.16) T(E, £t &) = 2[d2qd((p ~ 0)* — £)8((p — 4)* — &), '
. where p i8 & two-dimensional vector such ﬂm@—rtl —a).
i Using (2.16), eq, (2.15) ean be expressed in the nseful form
| 1
; (2.17) (u, -+ w®)ue+ w?) Bls, 8, 1wy, 1) = {2 ]l
i
o b
l'_ {ds. r,[n}fdmfd}qﬂ g, b, (p + Q) 4w + o {p— g + ta -I— = m) .
}. An interesting point concerning the asymptotic limit is to consider what
r happens in the forvward divection where we know that the kinematieal condi-
d ] tions impose that V=u;—u. =0, If we consider the kinematics of the prab-
lem more closely, we see that |17|<+/st. This means that if we set & = oo
| before ¢ — 0 the integral equation we are considering no longer contains this
limitation. i

- mmm

In fact if we take the limit for £ =0 of our asymptotic equation (2.17) *
R
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' [ : - ol _ sta
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!
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Singularity-Free ﬁmplitud?s for Any Spin*
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(Received 11 June 1964)
i

The analyticity properties of helicity amplitudes for binary Lz:mlinns of particles with arbitrary spins are
raf

studied using the fol lowing three properties: (i) the analylicity
j i (i)

these are correctly predicted by

ierties of scatiering amplitudes, assuming

i Making use of these properties, kinematical

singularity-free amplitudes for ANy spin are constructed bylmadifying helicity amplitides, MacDowell

reciprocity is generalized to arhitrary spin. Helicity amplitudes are proved to satisly the Frofssart limit
i N

at the high-energy limit.

L INTRODUCTION

y l ‘HE S-matrix theory of strong interactions is based
on the analyticity properties of scattering ampli-

tudes.! Among various kinds of amplitudes, the helicity

amplitude introduced by Jacob and Wick? is most
convenient for practical applications, Until now, if one
wanted to know the analytici rties of helicit
amplitudes, one had to Jook for theli -
Lorentz-invariant scalars built up from the four-
momenta and spin parameters of the external particles,
the coefficients of which are free from kinematical
singularities and satisfly “the Mandelstam

tation. (Here, the spin parameters include Dirac
matrices, polarization vectors, and fermion spinors.)
Then, one had to know the relation between helicity
amplitudes and these coefficients. This has been done
for =r, =N, and NN scatterings®™ and their crossed
reactions.*# For more complicated scattering problems,
a prescription for finding kinematical singularity-free
amplitudes has been given. s However, it is not easy to
follow the prescription. For example, it was difficult
even for NN scattering, Therefore, this indirect method
will not be used in the following. Instead, we will

|

Mh—ﬂiﬂﬂ\@ﬂtmmugmmm
tudes from the beginning,

As will be shown in the following, the analyticity
properties of helicity amplitudes are not s0 complicated
for simple scattering problems,”

P

*Work supported in part by, the U. 5 Atomic Energy
ommissin
ton Il:avr: of absence from Physics Department, Taokyo Uni-

versily of Education, Tok Lpan.
! See, for example th;, JC&»-, S-Matrix T.oawil:yr -Skl;rarr:“
. New York,

;;;?;mim {W. A. Benjamin and Company, Ine

*M. Jacoh and G. C, Wick, Ann, Phys. (N. Y.} 7, 404 (1959),
6. . Chew, M. L. Goldberger, I, E, Low, and Y. Nambn,
i-l:_u Rev. 106, 1337 (1957),

M. L. Gold v M. T\ Grisaru, 5 W, MucDowell, and
0. Y. Wong, Phys. Rev, 120, 2250 (1960).

YW, K, Frazer and J. R. Fulco, Phys. Rev. 117, 1603 (19a0),

"A. C. Hearn, Nuove'Gimentu 21, 333 {1961},

T Note a difference by a laclor of %:p;fp;}m in ot definition of
. wliclly&mpltiluth.-s [see Eap. (2431, In our tlelimitiom, the helicty

for

anplity r  scallering salisfies  (he

Mardelstam

representation,
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H

] %
i h - Tryreed
For m‘i-' scattering?

Foos =080/ DLIMA+ (W= b ) 5],

Jrm=sin(0/)[ (W4 M2— 504 (L.1)
I + (WM MBI,

For N'¥ scattering

i;ff okt~ g, )= LG~ 2p°Got-m'Gy,
(ot Jrg)= {E’Gg+m’G.}z—-p!G.,
A+~ ':1‘5)_‘I4—.-+]’= — Gy,
. (s=cost), (1.2)
i[{1+=i'_!f+—.1—-+ (1‘3)_1f+—e+:|='"“G=+E’f?| :
(/N frs 4= =mE(GHG,), (y=sinf).
For thejfnr — NN process

{ fir=[~2pd+2mgB cosd],
j =2EqB sing, (1.3)

Readers will see from Eqgs. (1.1) to (1.3) that the
modified helicity amplitude,

Inaaran 08 (0/2) -+ [sin(a/2)-vn
xrmfmd-lﬂlr
[Aha=ds, w=X=Ay, £=0 (or 1)

j I Aa—Xa—AAAsis even (or odd)],

satisfies ¥ ion if we neglect
possible (kinematical) poles at s=0 and t=0. We can
get rid of these by multiplying Eq. (1.4) by sfand p*&
(f and L ¢an be predicted).

The amiplitude (1.4) doés not satisfy the Mandelstam
representation in general, However, it will be shown
that we can modify helicity amplitudes for any spin in
such a way that the modified amplitudes satisfy
Mandelstam representations, A list of kinematical
singularity-free amplitudes will be given in Sec, VII.
Muking use of this result, a generalized MacDowell
reciprocity, will be proved in Sec. V. Helicity amplitudes
for any spin will be proved (o sais ¥ the Frobsart limit
at high energies (Sec. VI).

(1.4)

T T b

#
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¥
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IL ANALYTICITY IN COS0 AND IN ¢ i

In the following, we assume that the analyticity
properties of scattering amplitudes are correctly pre-
dicted by perturbation theory. Then it has been shown®
that the amplitudes of binary reactions a-+b> ¢ctd
can be written as? ,

T'% By{s,t ) N;(ps8i) , (EeRY

1
where T iz related to the corresponding Svmatrix
element through I

(pepal S—1] papr)= (22)4i8 (pet pi—pa—p1)
' X (ppipipdyor) (22)

B st} is an analytic function of s, { and = and.

“This amplitude h

satisfies the Mandelstam representation, Ny(pafo is a
polynomial in the four momenta of the external par-
ticles p; and spin parameters f; which include Dirac
matrices, fermion spinors, and polarization vectors.
The expectation value of (2.1) between helicity states
in the center-of-mass system of the s channel (helicity
amplitudes) can be written as j

Traaaars=5 Bj{s,,4)[Polynomial in p2, #%,
¥

2%, ¥/, sin(0/2) and cos(8/2)1(3* of /]
X TI [pemdn| (23)

4z fermiom

In deriving (2.3) we have made use of the fact that the
helicity states are linear combinations of direct products
of e*(p) and u\(p) (A stands for helicity and u is a
Lorentz index), where . |
11'(?}“ ':{Il {.‘IIIEH', ’l'l —SIIIH}M,
w*(p)= (P; " sind,0,p° Cﬂﬁﬂfﬂl, * I
e_*()=(0; —cosb, £, sind) VI, f '
s172(9) =[($74+m) cos(8/2),(#*+m) sin(8/2), |
 cos(0/2),p 5in (0/2) J[2m(pP+m) 11,
u_ya(p)=[— (#*+m) sin(8/2), (p"+m) cos(6/2),
psin(8/2), —p cos(8/2)] i
| XL2m(p+m) T,
for p*= (#*,# sind,0,p cosf). For example, the h{]jcity 1
state of a spin § particle is ey, )
The helicity amplitude, T, in (2.3) is related
to the conventional helicity amplitude of J and
Wick? through

Tapanas=2x(sp/ )" frpsnan(do/d=| f%) t (2.4)

In (2.3), p2is the energy of the particle i in the center-
uf-mass system of the s channel, p(p") is the mu?icntum
of the initial (final) particles in the centerfof-mass

b (py ‘p:)‘ {;; E’;:';f G, I= (= pdt= (- ,b.:}f! anil

= LPJ "'f'-l:'

system of the s channel, 9, is the Q::m-:ﬁng angle in the
center-of-mass system of the s channel, and
pa=(s+mgt—my?)/2(sM7),
p*=Ls— (matmf Js— (me—ma)7)/ (45), (2.5)

cosf=[2si-+s2—s = mit (m2—msd) (m2—ma)]
W (4spp' )yt

In (2.3), 9=0 (or 1) if nananene=1 (or —1) due to the
P invariance of the strong interactions.?
Next let us consider the following amplitude:

T a8 [o08 (0/2) M sin(8/2) T HT5 s g ors
(A=Xs=2p and p=k.—lkg). (2.6)

n_shown'™!
but not on cos{f/2) and sin{#/2). Then, we can write

it as

Tia a.;.u'=E! Bj(s,t,u)[ Polynomial in p&, 9%,

", pp', and cosd][p* or 7]
x II  [pl+mdm. (2.7)
iz fermioa

Hence, we have found that for fixed real 5, T is analytic _

in the cosd plane with cuts on the real axis Since cosf

is linear in §, we have also found that 7" is analytic in
the cut f plane (for fixed 5) with cuts' (fmin,) and'
(=, ¥ i MF—5—thmi,). Therefore, we have only to
study the analyticity properties of helicity amplitudes
as functions of 5.

I ANALYTICITY IN s; GENERAL CASE

Thus far, we have only considered the helicity ampli-
tude for the 5 reaction (T ,.0.2.%). As has been shown
in the previous section, the helicity amplitudes for the
i reaction (T has no kinematical si iti
in s if it is divided by

[cos(8,/2) M ++I[sin(8,/2) J-1>=l.

Crossing relations between helicity amplitudes in the
5 channel, Tyype*, and helicity amplitudes in the ¢
channel, Tya o', have been proposed by Trueman
and Wick” and by Muzinich.'* According to Trueman
and Wick, 1

¥ g is defined in lef, 2.

wp, Gell-Mann, M. L. GoldUerger, F. E. Low, E. Marz, and
T. #achariasen, Phys, ey, 133, D145 (1964).

u¥, Calagers, J. Churup, and E. Squires (to be published);
I, Calogero and J. Clm.r.'lﬁt, Ann, Phys. (N. Y.) 26, 44 (1964).

a1, L, Trudman and G, C. Wick, Ann, Phya, (N. Y.) 26, 322

(1964).

31, Muzinich (to be puldished).

WA proof based en Llu:inich': relations can be given in the
same way.







¥ inematic Si arities March 11, 1977.
1. I am thinking in terms of Ling-Lie Wang at the moment. Normally, you write
the t-channel helicity amplitude as a JVW expansion in the {-channel, and you
cbserve that it is nige to "pull" the half-dngle factor. Thus:

_%f:’# _ L@ﬂ%)mu( )‘M\\l i(t 1) L}H\&\ %&(mbi)

e——

. E-"«E_‘iﬂ- L*‘-‘" (f J ) ,

Wi, e eme®y = K'?-'S‘t"r*- + 1)
e SE-CEL

The function f’ defined in this way has only dymamlcal cuts in the 2y plane, the

plana you use for going over to e FG projection. ThlE same function, f'(t}. i; for

the same reason analytic in s .

Here 15 an important peint, however. In defining the function f'[tjfs,t), we
have explicitly removed a factor which you can see is singular at the t-channel
threbhelds. Ie, at such thresholds, tha p's in the dennmlnator 80 to zero so the

factor which was removed blows up. BUT — nevertheless —— th& "cleansed” amplitude
f'(t}-fs t) stlll contains tae t-chan:nel threkhold slngula:itias

‘Ip other wnrds. by exp951ng the half-angle #ctor as ahove you have not
e;paéed the t-channel threshold singularities of the t-channel helicity amplitudes,
althﬂugh the half—ange factor pulled out does have thchannsl threshald singularities.

The desired singularites are actﬁﬂlly contained 1n the chsslng matTiCESﬂﬂ_UﬁJ“

- —

_%‘(ﬁ;\; V(s - 23\“;\ \\(ql‘x (s 2

- '-‘.-U-l.t-r
ey

k*ﬁq. Mw

2. The fact that you have to include not only the h(&g ) but also the d.d.d.d factors
explains why my naive Froissart-Gribov-Proje¢tion with spin Method did not give the

cofrect answer!T! “You start off with t-channel JW expansion; you pull off the half-
angle factor thereby getting analyticity--in zy which allows the FGP. But, you never
expose fully the t-channel threshold sings in the discontinuity you are integrating,
so you do not "learn" the threshold behavior in this manner.



YT T gt e T

M s L )+

Pl L
AL MERY P W AR T

B et e by e

- =4 gue
T It Ao
.

A d

e

*®

o

T Pt am,
—

e

-

2 o m

.

e R n— e me n-.-T

e e Rt

¥ p el
I

el i, W ek i -
A R e

12

These results lead us 1o the following conclusions
concerning the lowest onder radintive corrections to

muon-tecay:

(1) There is no infinite renormalization of the direct
term (proportional to D). There is no renormilization
of Cy '

(2) The coupling constant Cy suffers an infinite
renormalization,

When we compare the model proposed by Fronsdal
and the conventional approach, we sce that the situa-
tion in Fronsdal’s model as far as decay is concerned
is worse than in the conventionaj treatment, because
of the occurrence of an infinite coupling-constant
renormalization,

INl. § DECAY OF NEUTRON

We consider the radiative corrections in lowest order
1o the process

= pte+5,.

We proceed in exactly the same way as in the case of
the u decay, We state the results without going into the
details of the calculation,

A R s
R Ay LT e e L

FRONSDAL'S MODEL FOR LERTONIC

L
R s el SRR Ve

X r, | T
oS5 Ry s ]

INTERACTIONS 1187

o i H H H |T.,"| H H

|
1

When we have only to deal with the direct four-
fermiop interaction, the lowest order radiative correc-
tion gives a divergent renormalization of the coupling
constaht. Also, after introduction of the charged scalar
intermediate boson, we get in addition to an infinite
renormalization of § an infinite renormalization of Cs,
contraty to the statement made by Fronsdal. So in this
case Fronsdal’s model does not give an improvement of
the cofiventional approach either. This result contra-
dicts Fronsdal's statement that the coupling constant
rennnnf,lizatiun is finite in this case.
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General Method of Constructing Helici
Kinematic Singularities
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Amplitudes Free from:
nd Zeros

i
Live-Lie Cuap Waxe,
Lawrence Radiation Laboralary, Undversity of California, Berkeey, Colifornia

",

A simple and
amplitudes
matic singularities and zeros is obtained
except that for boson-fermion
singularity left in the amplitude.

I. INTRODUCTION

IN dynamical calculations of scattering amplitudes,
it is necessary to use kinematic-singularity-free
amplitudes, which have only singularities of dynamical
origin and satisfy the Mandelstam representation. D. N.
Williams! has succeeded in constructling a complete set
of invariant scalar amplitudes free of kinematic singu-
larities and suitable for dynamical calculations. How-
£ver, his amplitudes are not suitable for Reggeization.
© Reggeize, first we have to remove all the kinematic
singularities from the so-called parity-conserving helicity
l--_'_-ﬁ
2 IV N. Williams, Construction of Invariant Sealar itudes
Without Kinematical Singularitics for Arbitrary-Spin Nonzcro-

Ma Two-Hody Scattering rocess, Lawrence Rudiation Lahora.
by Keport UCRIL-1113 {unpublished).

e — B2 ke | 2 s 3 .

larity-freb helicity. amplitudes are not
ical calculat

(Received 16 July 1965}

sm;i;gbﬁorwa:d method to identify and remmg
is constructed from the Trueman-Wick crossing relations. A set of amplitudes free of all kine-

for two-particle — two-pprticle reactions of any spins and masses,
interactions with general

the kinematic singularities of helicity

mass as‘signmmts there iz still a kinematic g
i

amplitudes and then analytically continue their partial-
wave helicity amplitudes with definite parity in the total
angular momentum plane.? Therefore kinematic-singu.

only suitable for

n ilso suita

~ton,_This is our motivation for investigating the

kinematic singularities of helicity amplitudes,
Recently, Y. Hara has proposed a methed to remove
the kinemalic singularities of helicity amplitudes by
using perturbation field theory, with emphasis on
threshold behavior of partial-wave amplitudes and

crossing rblations.* In this paper, we develop a more
N

L3M. GelliMann, M. Goldberger, I, Low, E. Marx, and F.
iasen! I'hys. Rev. 133, 5145 (1064),

'Y, Haraf Ihys. Rev. 136, K507 (1964), Var comparison of his
results and ours, see R, 9,
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means that the famous factor of 93_ has been removed. This function is analytic
in t except for usual dynamical cuts. However, it does have threshold and other
signularities in_s.
_ A similar statement can then he made Ift::r 'l:(t') (s,t) . _.
. The untwiddled amplitudes are connected by the _‘I‘rueman Wick crossing relations, -
so that Wang's eguation (III.}) really says it all. All the .kinematic singularities
of T (s) must be sitting in the crossing cl-—qunct,ipna in equation (III.L).

. 1. Perhaps this is best discussed by Wang. _Consider T(S){s,t) where. the twiddle -

- - - - - - - - v whos - b & - — - — —— — - -

2 Lm:ric;pg_ paurel;.: at _these_ crnsa,‘u;g _Ij.mctn.pns, the desired factors. seem to appear —_
in_the_denominators if you think of d{!-} —(g:nsy.} .+ 50.you immediately pick up
- . things like s, + ss. What you are developing here is Jackson Hite formula (26).
Jackson's _formula is much more efficient, I think,_ Obviously, since Wang does a lot
of work, you cannot_just think of the cosipes. _ __. __

- — m m —_ == —merwm mmwem amom - - -

3. Notice that Ling-lie does not particularly mention any "partial wave threshold
behavrio™ whereas Jackann and Hite..use.this as their.physical. starting:point.- -Both
. methods h,ave a ce:rt.ain elegance, but there -8 no dgngjng' *,Jacksnns is. simpler.
I

- —_— a— tr - = ' - =

L. I would. nnte t.h:—.lt. Hara does use the thr‘éshuld Dbehavior as a starting ’polnt. but. —
somehow the whole paper %s obscure t.ct me because there are no d~functions of Jacob --

and Wick. Wnag claimes that Hara is based somehow on perturbative field theory, - —
though 1 didnt hotict that when I perised Hara's paper. :

1

- - — = ,_,._,_,__._,,___.‘ - -——

5. Collins and Squires basically qpot.as Hang's results and t.hus endoraes Wangs method. . -

Jackson and_Hite was not, done, but does get mentioned in CS note &dded.. -
i

—— ——— £

6. I find tha Wang solut.icm rather cnmplicat.&d. Just hard to even read the N
results._I prefer Jackson and Hite presentatfon.
1

— maem phem
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Kinematic Singularities .of Helicity and Transversity Amplitudes and

Asymptotic Regge-Pole Contributions

A, MCKERRELL®! :
Departmenit of Applied Mathematics and Theoretical Physics, University of Cambridpe, England

(Received 24 January 1968) '

The crossing relation for transversity amplitudes is used in simple proof of the kinematic-singularity
structure of helicity amplitudes, both in the peneral-mass and in varigus particular-mass cases. A com-
parison with carlier results is made. The kinematic propertics of helicity and transversity amplitudes are

am

L INTRODUCTION

The kinematic-singularity structure of helicity
amplitudes has been given by Hara! and by Wang®
Both the proofs and the final results are, however,
rather complicated. At thresholds and pseudothresh-
olds the behavior of helicity amplitudes may be
related to that of partial-wave amplitudes, ‘and
Frautschi and Jones® have shown how, at least in
certain cases, this relationship may be used to obtain
the powers of the singularities very simply. We show
that this result is quite general.

Cohen-Tannoudji et a/.* also dérived the kinematic-
singularity structure of helicity amplitudes, this time
from the properties of invariant amplitudes, without
using crossing, and Stapp® obtained similar results
from basic analyticity properties. Reference 4 alsp
employs the transversity amplitudes of Kotafski®in a
derivation of kinematic constraints on the helicity
amplitudes. Section 2 of the present paper is devoted
largely to the presentation of a very simple proof of the
kinematic-singularity structure of helicity amplitudes.
The method employs the same physical assumptions
as does Wang,? but by using transversity amplitudes®
and their kinematic properties® great simplification is
obtained,

In Sec. 3 some results on the high-energy limit of a
Regge-pole contribution™® to the helicity amplitude
are derived (for general mass), and questions about
daughter contributions, conspiracy, and evasion are
considered. In Sec. 4 it is shown how recourse to

* Present address: Department of Applied Mathematics, The
University, Liverpool 3, England.

Y. Hara, Phys. Rev. 136, B507 (1964),

TL-L. Wang, Phys. Rev. 142, 1187 {1966).

* 5. Frautechi and L. Jones, Phys. Rev. 164, 1918 (1967).

* G. Cohen-Tannoudji, A. Morcl, and H. Navelet, Ann. Phys.
(N.Y.) 46, 239 (1968),

Y H. P. Swpp. Phys. Rev. 150, 1251 {1967),

* A, Kotanski, Acta Phys. Polon. 29, 699 {1966).

" M. Gell-Mann, M. L. Goldberger, F. E. Low, E. Marx, and
F. Zachariasen, Phys. Rev, 133, BI45 (1964),

* L-L. Wang, Phys. Rev. Letters, 16, T56-(1966).

* L.-L. Wang, Phys. Rev. 153, 1664 (1967).

employed in the derivation of an asymptotic expression [of the contribution of Repee poles to the

- -

transversity amplitudes may make for a simpler
phenomenological analysis, in spite of the various
helicit}-dcpendcnt kinematic factors, Since this part
of the jpaper is for application to inelastic processes,
where 'data are at present rather inadequate, no
apology is made for the somewhat crude approxima-
tions suggested. )

The Appendix is devoted to showing the equivalence
of the results of Sec. 2 with those of Wang**® and to
the derivation of the kinematic-singularity structure
of the helicity amplitudes in various particular-mass
cases. |

2. KINEMATIC-SINGULARITY STRUCTURE OF
¥ HELICITY AMPLITUDES
We vaicw briefly the properties of helicity states
in ordcg to establish some notations and conventions.
Single-particle rest states of a particle of mass m and
spin 5 hignsform under rotations according to

RIp2)y =23 Dy(R) ), p=(m0). (1)

We use the conventions of Edmonds™ for the rotation
matrices,

States of momentum p with p* = m* are defined by
lp2) = H(p) |pA), 2)

H '::P:I = RfF)z{P}r (3}

where

and, for!
p = [méosh [, m sinh Z(sin 0 cos P,

sin 0 sin @, cos 0)], (4)
we have

Z(p) = exp (—ilK)), (%)
R(p) = exp (—igpJ,) exp (—i0J,) exp (—igJ). (6)

In particE.llar, for )
g1 =(m,0,0,q), M
I 92=1(m,0,0,—q), ¢20, ®

"L A. R. Edmonds, Angular Momentam in Quantum Mechanics
(Princeton Universily Press, Princeton, M.J., 1960), 2nd ed.

1824 '
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. McKerrel .achieves a..,&implifig?tio:} o_'.r':e:r Wang by using the ,tr_agﬁversj.}y amplitudes.
He does not explain thesé objects, hut it logks like it has something, to -dq with
quantizing spin transversely to the scattering. pldne, maybe., Cohen- etc. in their .
hugongous .80 page paper on this subject use Isuch__amplit.udes, and they were invented

— by Kotanski in 1966. e e e — .- — -

e — - The relation of transversity amplitudes to_the usual JW helicity amplitudes _ -

. . --.s given.in (21)._Basically, the matrix u is u (_R.(90%)). 4As yoy might guess, .
convoluting in thése u-matrices as .ir; (21) causes the helicity crossing matrices
to go away. and_yon get a simple phase relation. _I gather that equation (27). really,

— - Jlinks the t-channel ems transyersity amplitudes_to the s-chanmel ems transyersity _
angles. .It _ldoks .!.ike you get the usual angies_in tRere, but ‘they appéar just

. .A5 phases. - e e e— - '

- e ——— - [ ——

The. general philoschpy _of identifying the kinematic_sings is the same as. __ .
that.of Wang. Yon_assume.they are all given,by the famous half-angle factor,_and. _
- ~ then you.use crossing.. Its just. that. here,_trossipng is so simple. . For the_.__ -
- transverity. amplitudes, the .l threshold copditions. are.given in (49) through . _
(52). Then all jJou have to do is convett. these back intd the helcity amplitudes._ -
.‘; The full answer.is stated.in .(70), like Jack:aon Hite (26). The thetas indicate.
the. parity step-ups which. pay be needed. - e e e
Section 3 of_the paper.digals_with suggested forns for regge fitting, and . _.
. Section 4 déals generally with_phenemonclogy, using tmansversity amplitudez. I note
_. that he does show the "pole factors" in the fitting formulas. _I am_pot sure _ _
-~  whether McKerrell has fully consjdered the constraints that go along with the.
ine sings. .Jackson and Hite_showed that t _in_fact remove_the poles, -
In the appendix, reaults_are shown Lo agree with those of Wang at Berkeley. -

~Jackson Hite is noted in a Noted Added in Proof. e o
- = e s —_ == e — - I — —— —_ -——
— nempm e 2 s e - bt ol i -t e e - -
e = - r — - B "3 L -
¥
- - \ - . .
w— - - — - —-1— A s i - - *“_ ._'
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Kinematic Singularities and Threshold Relations for
Helicity Amplifudes*

i
J. D, Jacmsow
Deparlmend of Pliysies and Lawrence Radiation Laboratory, University of California, Berkeley, California 04720
AND

G, E. Hrm#
Department of Physics, Universily of Ilinois, Urbana, Mincis 61801

". (Received 4 December 1967)

The kinematic singularities of two-body helicity amplitudes at thresholds and the concomitant relations
among these amplitudes are discussed in a direct and elendentary way, without recourse to the singularity
structure of the crossing matrix. The tocls are those of nonrelativistic quantum mechanics, as befits a
situation where p— 0, with spins combined into channel spins 8 and Russell-Saunders coupling of
L48=J. The kinematic singularities are shown to follew from a mizmatch between J and L for each term
in the partial-wave series. The method is applicable at pseudothresholds (o —ms)® as well as normal
thresholds (my4-me)® with two formal changes invelving an intrinsic parity and a helicity-dependent phase,
The relations ameng the different helicity amplitudes at the thresholds are shown to result from the presence
at threshold of fewer Russell-Saunders amplitudes than there are independent helicity amplitudes, The use
of invariant amplitudes is shown to be an alternative which automatically yiclds the kinematic singularities
and also'the threshold relations among the helicity amplitudes, A discussion is given of dynamica] exceptions
to the threshold constraints, resulting from less singular than standard behavior at a threshold. The threshold
relations are-important constraints on the amplitudes, and must be satisfied by any realistic model. In the
use of i-channe] amplitudes for peripheral processes in the 5 channel, the explicit imposition of all the relations
at the t-channel thresholds is necessary in order to asshre a differential eross section without spurious,
palelike singularities in ¢ whose variation could in some citcumstances completely control the ¢ dependence.
The reactions »N — KV and =¥ — ='A are used as illustgations, The latter protess is especially illuminating
because its (-channe] amplitudes have a pole {rather than a simple inverse-square-root singularity) at the
R A pseudothreshold, 1=0.09 (GeV/e)t. The proximity of this peint to the physical region of the s channel
medns that the threshold relations there are of crucial importance, The consequences of these constraints
on the cross-section and decay density matrix of the A ¢ discussed within the framework of the R le
model. Comparison with experiment implies that the dynamics make the amplitudes for ==’ — NA have
less-than the standard kinernatic singularity at #4 pseudothreshold and so aveid almost all the threshold
constraints. Examples are cited from the literature where'use of Regge-pole formulas possessing the spurious
kinematic factors has led to incorrect inferences concerning the dynamic behavior of Regge residues.

L INTRODUCTION the external masses, has received considerable attention

T HE question of kinematic singularities of S-matrix 1% the past few years. Historically, the use of invariant
elements, that is, sipgularities associated with  gng by the United States Office of Naval Research under Contract
the thresheld values of 5, f, and u, and so depending'on  No. NONR 1834(05).
—_— t Present address: Department of Physics, Univessity of
l : * Supported in part by the U. 8, Atomic Energy Cofmission Oregon, Eugene, Ore, :
1
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amplitudes in combination with explicit kinematic
factors made up from the momenta and the spin or
Dirac operators automatically took into account the
kinematic singularities of the problem.C

are the 4 and B amplitudes in pion-nucleon smttenng
and the four invariant amplitudes 44, ---, 44 in pion
photoproduction.! The existence and cm:strudxim of
invariant amplitudes free of kinematic singularities for
a general process has been discussed by Hepp,? Williams,?*
and more recently by Fox.! But with the mnsldemhnn
of processes invelvin I

use of helicity amplitudes® became prevalent, chiefly

~ matrix, whi

because (a) the formalism is completely general, (b)
the angular momentum and parity expansions are
straightforward, and finally (c) the helicity amplitudes
satisfy elegant crossing relations.®? The work of Hara®
and Wang?® solved, apart from a few details, the problem
of determining the kinematic singularities of helicity
amplitudes. Wang made extensive use of the crossing
ara.used rtial- 1d behavior
ince ‘r.hm other discussions

of the kinermﬁc-si.ngulant}r structure of helidity ampli-
tudes have been given from other points of view.!0t
In peripheral reactions, the {-channel amphtudta
often possess kinematic singularities that are sometimes
close to the physical region of large s and small (nega-
tive) 1. For example, in the process ab— cd, illustrated
in Fig. 1, the i-channel helicity amplitudes mdy have
inverse-square-root (or worse) singularities at one or
more of the points f=(m.+m.)?, (mst+mae) and
= (m.— m.}’ {my—my)?, the normal thresholds and
pseudothresholds, respectively. The pseudothresholds

KINEMATIC SINGULARITIES AND THRESHOLD

RELATIONS

: '@

Fic. 1. Diagram for the
process a+-b — c4-d.

But the structure of the formulas of Ref. 12 has been
questioned, with special reference to the point [=0
by Lin** and on general grounds by Stack.'®

Another aspect of this general problem, recognized
during the past year, is the existence of relationships
between various helicity amplitudes at the kinematic
thresholds. These threshold conditions or kinematic
consiraints are discussed by Jones'? in terms of partial-
wave expansions and orbital angular momentum for the
normal thresholds, by Diu and LeBellac'® in terms of
the -connection between invariant and helicity ampli-
tudes, with special emphasis on {=0, and also by
Cohen-Tannoudji, Morel and Navelet® and Fox.!* In
Regge-pole theory with two particles of equal mass
{e.g, NN—=p), the appropriate pseudothreshold
moves to {=0. There the problem of kinematic con-
straimnts 15 solved by “conspiracy” or “cvasion’®

can lie considerably closer to the physical s-channel
region than dynamic simgularities, such as {-channel

depending on whether or not a given trajectory needs
the assistance of another trajectory in order to satisfy
the conditions in a nontriviel fashion.
1
t 2 unified and straight t of
the kinematic singularities and threshold conditions for

poles. Consequently, it séems important to take proper

Thelicity amplitudes using orbital angular momentumn,

account of such kinematic singularities in a theo
model that is to _be confronted with experiment, An

attempt was made for the Regge-pole model to'do this-

' by exhibiting in the s-chanmel cross section all the

and (2) to show within the framework of the Regge-
pole model how to incorporate propetly the kinematic
structure into the cross sections and density matrices.
We show that the general results of Refs 9 and

t-channel kinemafic singularities, leaving supposedly obtainable by considerations of the thresholds alone,

smoothly varying residue .functions for phenomeno-
logical fitting.”? This cdmpendium of formulas for many
different reactions was then'to be viéwed as the ultimate
in Regge-pole phenomenology. Some analysis of data
on the basis of these formulas has already been done 4

VG, F. Chew, M. L.Galdhe:ger,F E. Low, and Y. MNambu,
Fhys. Rev. 106, 1345 (1957).
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without reference to the crossing matrix. Our use of

orbital angular momentum parallels the original work
of Hara,® but we are careful to distinguish between
normal thresholds and pseudothresholds. Frautschi and
Jones! have slso used orbital angular momentum
arguments to verify and interpret the singularity struc-
ture in a number of specific examples,

The end results of the proper incorporation of the
kinematic structure into the cross section and density
matrices are phenomenological formulas very different
from those of Wang® in that they conform to the
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{-channel kinematic-singularity factors. The somewhat
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— Jackson and Hite i _ _Read March 11, 1977

- . I..Introduction. Work of other people is reviewed briefly: -
Hepp, Williams, Fox: construction l+::|nf invariant amplitudes in e‘.}:nﬂr::ia'.ﬂj cases
- Jatob, Wick : the generdl theory ' , = - ar
— Wang: used crossing matrices _  _ .. - - J .
Hara: partial wave threshold behavior and crossing matrices
- Jones: threshold ‘conditions = ‘kinematic constraints“(Note!)- -
Diu and LeBellac: k.c. - . - —_— -
Cohen-T, Morel, Navelet: Fox: more on k.c. .
— g McKerr#ll: ‘ligs a ‘Paper om-this whole subject, mote added—in proof.
- Barmawi: _ ‘regge. theory in LS coupling. ——— e — — -+ w
Since pseudothresholds lie very cldse to physical scattering region, they should be
taken into account? They ‘will obtain- previ&us**resplts without going to c¢rossing

matrices. = - e e - \ e e e e e

-

- - —_— - et o A o — e e

II. Notation and Basic Concepts. They willdbase their arguments on non-rel QM concepts
which ere walid at threshold eteo They are .the first .to-show that thesé “simple ideas

. . are enough to explain everything.. Since regge theory in tzchannel is of interest, that
is their choice of channels here.

- - — A. Notation. Eigure. saysAit’ all. Particle helicities, dre .nat given. _ y etc are
clearly defined.” Certain nmice' kinematic relations .are noted.

o

—_— wr -

I — - - — - - -

- B. No spine. The' angular momentum behavior .is‘taken as a "law of nature™. They say it
can be shown from FGP, but they will later not show this in the spin case, but rather
will again ‘take "It 4 Tawof nature. For no"spiny, they shdw Fow thieshold behavior

. exactly compenstates Py function to give ne kine’sings in spinless .scattering.

]
= C. Outline—of-Method. They-will do ‘standard—mon-rel LS coupling. 1€, fid need Tor the
complicated relativistic exactness of McKerrells LS states.. Everything will boil.
down to sor t of a counting problem.
——— e = e == " -t - - - =
D. Helicity Amplitudes and PW expansions. We open with the usuel JW expansion.and
show the kine factor in the d-functions. Partial wave amplitudes of definite natruality
- are defined in the usual-way (see ms) in the helicity formatism. Puttifig this back into
the JW expansign, you get can define full amplitudes of definite naturality. These -
full amplitudeg appearing in (15) have the kin sing factor cleaned out; ie, these amp.ituees
-~ = are-cleam imz. - Equation—(16) shows-the factor: - - -
in order to express the full paturality amps in terms of partial wave naturality
amps, you have to shuffle around the d-fynctions. This gives the e-functions of of
GGLMZ: -No big deal. Since these functions are- shuffled d-functions with-the
kin factor removed, they have large z—dapg_rﬁence as showpn in (18), Fine. No complaints.

— E. Pseudothresholds are a-little-different. Consider-the usual-two-body helicity state.
As you go down to the pséudothrehold, the state of the lighter particle m, has Energy
E = -m, whith is.certainly a bit strange: Ié, you need a complex LT to take your
- single particle-helicity state to this point. This thing is just a hasg. So, why
not redefine amplitude to incporporate that phase as in (l?)_, The F—l} is Just
arbitrary, keeps exponent intégral. Called,a _fseudoamplit.ude.
Second -complication is “in the—par:i?\.re ation of amptitudes wher you are at
peeudothrehold. I_am pot surprised to find that the lighter particle has_an "effective™ -
parity = parity times (—-1}25 . These, thepm, are the two important changes.
- Implications: (1) -different threkhold power of T, wversus Ty for fefmion amps.
In general, this affects the contraints too:for both bosons and fermlons,
Threshold behavior of partial wave amps of definite naturality is then
reduced to -a "counting- problem" -im (‘203- R¥cail: law of nature.

— [



ITI. Kinematic Singularities.

A._An example PI PI to N DELTA: <Her€ is an example where you 'sit doun and .
‘compute up the various minimum vaiues of L allowed by, anigula® momentum' and

parity considerations., For the fernion side of the system, theé lightér ferminn

has its insrinsic parity effectively reversed at the paaudcthrashold, go the

entries in the table are not the same for N versug P.

I have dorie 6ut this example fully on an attached sheet. Looks gaod.

B. Physical Boundary: powers of t.  The "half-anglé Factor” given in (16) has
certain singularities at t=0. ' These are shown abu?a equation 24).  For all
masses different, the kelicity amplitudes (full, 1éft, side ‘of 10}] do not have
any such singularities, sincé in physical region . Therefore, £r'om {éﬁ , the

o

definite naturality full amplitudes do Have t=0 slngs. These are s

wn in (24).

On the other hand, you can show that the definite naturality functions (15)
have no singularities at Kibble @ = 0, and thé therefore the regular helicity
amplitudes 10, do have singularitigs at fl= 0. Thus, to write a correct regular
helicity amplitude, .you should include this fact to make the thing smobth at @=0,

as ‘done in (25).

Bothe these effects have a common cause: the half-angle factor.

C. the general formula. For low values of J, as we have seen, theré is "erratic
behavior” of the minimum L values. When J is larger than all channel spins, a
standard behavior sets in. For these low J values, the difference between the
general form gnd the exact, result is .full zeros. Thus; the singularities are

correctly given by the ‘general formula. See footnote 30.

The, general formula is given in {26).. Clearly, the minimun value of L goes
with the maximum value of the channel spin which is s[]{ # 85, for example. However, .
a

parity may increase the minimum L by one unit, as we
fact is shown in equation (27) and “the prEteeding equation.

Note: general formula (26) is not same thing as (20).

ve sean in the example. This

b

Equation (20) is showing

the threshold behavior of the definlte-naturality partial wave amplitudes. I think

the general form of (20) in the general ﬂlargg J ) case is this:

S~V
_LLI — 3’.‘" F\_h?‘t_l. 'LK-". ]rﬂ'fl'qr ('.'") -

3

Lp = T-si=sy + 202 i 1=‘f“u"’1*-f

.LMJ -5‘-' !1“--'5'.‘. + LI{['W? hr( 3519‘ ,v(] &
+

Ly & T, 340 oy (S 14

|

1 - 4

These are the general minimum L values above the er:atic region. lote that the
pseudothreshold intrinsie effect is already built.into these formulas. Notice
that these things have a2 very intuitive form, aside from the parity factor which
may step up:L . . by one.unit. The .total J. mlnum the maximum spin. What could be

*

more easy to remember!!!d! ..

2

v T -

Equation- (26) is:showing not the partial wave threshéld behaviorg'ﬂut‘ratner
the kin sings in the full“[bpt defanite naturality} amplitudss.
theis is due to the "mishatch". As you ¢an dee from equation’*
GGLM e-functdons have -as*their Yeading power zJ ™ where m is usual'max orj}ilﬁt
The "mismatch" i's between this power (j<m) and the minimum L'l¥sted gbove.

Thus:

1 =

As noted'alreddy,
(17) and (18), the

1
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. Comments: _ Notice that, the fhreshold behavior of the partial wdve amplitudes dqes
ot depend on the helicity of the particles.involved, only on their spin. However,
- one -could view this as~alp 7o ik + maxinfum helicities: ,- modulo-the-parity-factor
which might step you up one unit, ‘and muodulo the low J erratic beHavior.
In contrast, the, "kinematic singularities" of the full amplitude do depénd
- o the value m-=-max {( /AY/,/N /=" - T-t—‘ - T e e e = = e

- —— L — - —

-
L i -

= Comparison with” rrossing method-result's: —Iput these comments-somesherz-elsy: -

- — - r— —— — - -

=g - — - - —— ol

! i

IV. Threshold Relations (also called Kinematic Constraints) At the t-channel threkholds,

=< the t-channel helicity amplitudes have the kinematic singularities we have already
. noticed due to the mismatch of threhhold bYehavior_of the partial mave amplitudes,
versus the behavior of the group flunctions.

The t-chanrel helicity amplitudes at",the t=channel-threshoids have also —
certain linear relations called kinemtatic constraints, an example of which is
shown in (40). Often, both concepts must bé dealt with together. Toller has shown

= how the two ideas are qutte trivially connected as an inversion—problem; —

_ Notice that the t-channel helicity amplitudes do not have s-channel — __
thresholds, etc and etc, Ie, the t-channel helicity amplitudes do not have s-channel
kinematic singularitie How do I know this? - 3Y
& i =CNaife \ =¥ » {5 [ f

Each term in the J

aont™ rfiow one_ knows this. '
ave skipped reading, this section for now.

-« e — | - - — . m—
V. Cross Sections and Decays. 1 X X _
As we well know, in the large s physical s-channel, you can write the DCS
in terms of the t-channel -helicity amplitudés, due to the orthogonality of the
helicity crossing matrices in the physical s-channel. But these t-channel helicity
amplitudes have the kinematic singularities already noted. Thus, these kine sings
should -be taken into :account when writing regge formulas, eg, -as in equation (57).
Te, you will see the usual powers of t and "pole-like factors" in the denomipator..
. I have seen this many times in regge fitting formulas. Fine.

Bﬁk)—) ( MAB_




First, consider this fact: the t-channel helicity amplitudes have kinematic
singularities at thresholds in the variablex t (tOchannel thresholds), because
the arguments in the half-gngle factor go infinite at these points. Going infinite .
takes you to the branch point in these functions.
However, a finite wvalue of the variable 8 is never going to make one of
the half-angle factor arguemtns infinite.
Therefore, the t-channel helicity amplitudes do not have the s-channel
threshold singularities, and vice versa. The t-charinel helicity amplitudes have
only the t-channel threshold singularities.

Knowin g this fact, how do we justify the equation (55)? Thé answer seems to
be that this replacement is only valid in the physical s-channel, so, you would
never "hit" upon the t-channel threshold singularities which are present in the
right side of (55) outside the physical s-channel.

If you try +o make a more general version of (55) which is valid evenywhere, it
-would have to show how the singularities work. The cfossing matrices would have
to exhibit singularities in the r'ight way to make things work.

. So.this is_why.it is permissable to have. "pole dike " factors 'as in equation
(57). You would never be alléwed to continue this equation td positive t, because
those poles do not exist in the t-channel. Equations,like (57) are only applicable
at negative t, Of course, that is where they are intended.

It turns out that the pole-like factors will be eliminated if you incorporate
the kine constrains asg -well -as -the sings. -Stack thought this up.

Stop reading at this point, on to conclusions.

VI. Summiry ‘arid ‘Cénclusichs. -A good summary. Note-on some dyndmical exceptions,
eg, if some channel spin is excluded by. isospin or womething Tike *t,hata . y
They do nét cIeilm to do this for the first, ]Eim;a. Claim is ‘that "the use , .
of non-rel QM is better way to go than via 'tHe,,,crLossing, matrices._ |, , \
A ¢omment riear’ the, end about, ij-"f:_gqct.jl.oné‘ being ricer, put. no merition of
Toller st 'all. ' The obviotis réason is that,Tollgr's first métnion of these fungtions
is later in 1068 inthe t=Q paper, and ;}C’a_?pn;sg_ﬁaﬁe;:s'.j e LT,

!

T . it F L . N TR . T -} Lt
Appendix D: Regge ‘t‘}'sebrf.ﬁ*ﬁ*ﬂ.onsiiiejfﬁlg all; of the above, what' shopld, a rL&gg& pole
term look 1iRe? They show the Kirematic Singuldrities factor called K(t) here,
and they asgume "shooses seénse™ which I would dlways do. End regult is (D.7).
At effeét factor is menfioned which does ‘something at, very smallt,

min

Finally, the "chooses nonsesnpl" mechahism (¢alled GeIl-Mann) is defined and
they show what happens™if you use jt.

i

i
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In the chart I have circled the "winners". You consider all possible S systems, and
pick the lowest L you get throughout. Fine, I agree, all works good,

’ h .
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Partial Wave.Analysis with .LS. coupling. 1 e e —m -

¥

1. I have never reall;.r done this before. Read sbout it in- Werle. I think with the
material of McKerrell i sould be aEle t6 quickly run fhrough the theory. I am interested
Adn-threshelds in this scheme. - =

2. How should we start off? Pernaps we should start with &n S-mafrix elemenf in the
two particle canbnical s‘t.a't.as —_ e -

- — - mremEer e ¢ o e -
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Lets say that initial and final are cms system. Pe:-ha s q and g, are directed along
the z axis, but the other system is rotated at some angi_e Sn puli the rotation to get
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On the Elimination of ¢ Channel Threshold ,Singularities
i

from the Differential Cross-Section.
i
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]
It was pointed out by Jacksox and INirte (*) that the l;ii:mn:tt.in singularities (3-%)
‘ of t-channel helicity amplitudes at thresholds and psendo-thrksholds in ¢ do not lead
to eorresponding singularitics in the differential cross-scetion.| In ref. (1) certain reac-
tions aro studied in detail to demonstrate the cancellation of the pole, and now for-
mulae are given for the differentinl cross-seetion to replace those of ref. (%),

-In this letter the relation between helicity and transversity amplitudes (") is em-
ployed to prove, in the case of general maes and arbitrary spip, that the square of tho
H modulus of a transversity mmnplitude, with the eorrect interpretation of its continua-
tion 1o the neighbourhood of thresholds and psendo-thresholdy in ¢, has no singularity
there. Explicit formulae are given which allow a parametrizatjon truly indopendent of
the kinematies,

We shall use much of the notation and some of the results of ref. (*), which, with
its numbered equations, will be referred to in the following as M. Any explanations
neccssary for an understanding of the argument will, however, be given.

The t-channel process considered is 6+b —+e4-d, and it will bo assumed that this
channel has integral spin. It follows from the results of M ihgt the contribution of a

Negze pole of trajectory « to the t-channel helicity amplitude for negative ¢ and #
asymptotically large may be written

——

(1) Jeanr(8, €)= K pun(8) Yeass(t) R(e, 1) .

e -

(') 1. D, Jacksox and O, 3, Ilere: Kinematis singnluritics and H-rrtlmfd felutioms for helleity anpli-
fuilen, Nurkoloy mreprint, TOCRL-1T7050, Noveuber 1067 Phyw, Jev. (Lo e published), .

9 W, Lama: Phye. Mav,, 138, 1 507 (10645, 1

U LoTe, Waxe: Fhoe, Nav.; 142, 1187 (1008,
v f VY G, Cottes-TaNsounal, A, Mogkr and 17, Waverer: Kinemalical Sivirularilics, cromsing malriz
. o kincmebicel congltratnle fur fva-body helicily amplitudes, sacloy preprint, Apri] 96T ; Ann, of ks,
{ o L 1mb]l!'hl;=|'1,'|. |
] ") A. McKuunerr: Kinematls singularities of helicity and trawsversily annylitudes umd arympdotic
Frmpe-pule eonlrilndtions, Conibridge preprint, DAMTL 681, November 1007; Jowrn, Math, Phya, (ta

5 ams mew W

) Foele, Waxa: Mhys, Ilee,, 153, 10604 {1907},
I (") A. Korasuxi: Acla Phys, I'olon., 28, 609 (1966).
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question. The method of Wang makes essential use of

an extra assumption. This assumption is that if certain
singular kinematic functions with zeros are divided out
of the helicity amplitude, then the resulting function
has no kinematic singularities in certain variables. Any
. such singularities necessarily arise‘from a failure of a
generalized Legendre expansion to converge, and it is
asserted that this is a dynamical question. While this
seems reasonable, it is not absolutely convincing; since
we do not yet fully understand the dynamics of
elementary-particle systems. Thus it is not absolutely
inconceivable that a kinematic singularity could cause
the series to diverge. In any case the question arises
whether this assumption is a dynamical assumption
that goes beyond the basic analyticity properties used

by Hepp and Williams. We find that this extra assump-

tion is not really needed.

An assumption essentially equivalent to the extra
assumption of Wang is made also by Hara, who relies
heavily on perturbation theory.

As in the work of Hara and Wang, oply four-particle - cl

-reactions are copsideced, It is further assumed that the
two initial particles have unequal masses,-and that the
two final particles have unequal masses. The passage
to equal-mass limits has been discussed by Wang.

II. SINGULARITIES AT s=0
The h{:linit}r_gm;ﬂimdg is given by
Af " - HERSt (2.1

Py S is the S matrix and R is a product of rotation
mﬂﬂ one for each final particle. The center-of-
mass frame is used and the zaxis is taken to lic along
the direction of one of the incoming particles. The
heiﬁcity Ay of this particle is just the s component of its
spin. The other incoming particle has helicity \s, which
1s minus the z component of its spin.
particles move in the x-3 plane, the first moving in the
direction #, the second in the opposite direction.
The two rotations R; act on the spin spaces of the
two final particles, and each gives a rotation through
angle 6. Specifically, for either final particle 7, one has

Ry=explid]y,), (22)

where J;, is the y component of the spin vector J, that
acts in the spin space of the final particle j.
The § matrix is related to the M function by*

S=BM, (2.3)
whchi%apmductofbmm,m: for each parti
Ve wor the ion where all indices are
ither lower d or lowe otted, For a particle

associated with a lower undotted index the boosts for

. VHenry P. Stapp, Phys. Rev. 125, 2139 (1962); also in Proceed-
?gﬂﬂ ﬁﬁ;_ :ﬁ'am?;“ mﬂﬂigﬁéﬁmﬁ ik:.ufra and Elemeniary

y d rieste, nternat tomic Elﬂg}' J‘Gﬂl e
Vienna, 1965), pp. 3 19 40. .
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160
partjde J is expressed in terms of its coy

vy=f;/m; by
Bj=D"i{(v;8)""]

'
whi n mult t
a particle associated with a lower| dotted index the
boost is given by the same function of its velocity acting
on M by multiplication from the right. For any unitary
2-by-Z matrix 4 the matrix D[ 4 | is just the (274-1)-
by-(274-1) matrix that represents the rotation specified
by 4 in the (274-1)-dimensional irreducible representa-
tion of the rotation group.® The matrix elements of the
D'[A] are homogeneous polynomials in the matrix
elements of A, and D[ 4] for general A is defined by

one _spin
e boosts By

C 5] = A SVE COMS)S in 4
%' and one spin-zero particle. Then
take the form

i By=DV(v;3)"]

= (1521

o

=@l (D
* . \\’/

1
P =Lt ye]. (25

The r(jtaﬁon'matﬁ;: Ry has elements
v Ry z(cosho)MHGsinge) i, L (2.6)
e sign is minus for'’h—p=—1 and plus other-

where
wise, .
LThe[hasic analyticity assumption is that the M
functions are analytic functions of the com nts of
the momentum_vectors, except at dxnam'ﬁ singu-
larities s It follows from this, apd Lorentz invariance,
that Mjcan be written in the form™*

M =av;-o+bvi ot cw-otdvp-ow-dvice,  (2.7)

whére the coefficients @, &, ¢, and d are meromorphic
functionsof the scalar jnvariants with, at most, simple
poles at ¢=0. Here ¢ is given by™*

Vo é=(shi—so'— (h*—uc?+42abc) , (2.8)
where 5 {, and % are the Mandelstam variables and

o

a=§(m+ma"—ma’—m),
N7 o=yt mit—mai—ame?),
P cmdimmi—mai—mad),

The surface $=0, which is the set of points where the

rank of the gram determingnt is less than three, includes

the buun:daqe? u_fq‘h.e physical regions. The possibility of
'E. Wigner, & T and [tz A pplication o the Quantum

ﬁ;ﬁm af A.r.::f S:;?c {Acedemic Press Inc, Nt?-r York,
1A, 0. Barut, L. Muzinich, and D. N. Williams, Phys. Rev. 130,

Gy ru s u, l.n inms, v. 130
* Referedice 5, p. 2136, .
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The analytic structure of helicity amplitudes is derived from basic analyticity properties, Pl;emus
derivations relied :m :ms:mg properties and utm assumptions,

o

I. INTRODUCTION

HE preblem of expréssing scattering amplitudes

in terms of functions of scalar invariants without
introducing extra singularities has been solved by
Hq:np and Willidms.? Their solution has a form that
is not convenient, however, for many practical purposes.
This is ifi part because it involves a rew:;uctmn ‘of the
amplitude to its irreducible components” Though such
& reduction is in principle straightforward, it is in
practice cumbersome. Moreover, the irreducible com-
ponents, though the natural mathematical quantities,
are not nice physically: For example, the irreducible
components mix different parity eigenstates. This
means that the condition of invariance under space
reflection does not lead to any simple reduction in the
number of irreducible components. It leads rather to
complicated relations between different irreducible
components. For this feason, among ot

results of Hcpp and Williams have had little or no

. R
momentum vectors become functions of scalar invari-
ants, However, the functiong that express these com-

ponents in terms ,of the invariants have numerous
kinematic singularities; which thq a.mphtud.q itse]i-ris
expected to inherit. Also, the varipus rotations.and
boosts needed.to define the helicity amplitudes have
k-I].'IJ:I'I'!ath smgulant:&u TFhus the analytic structure of
the helicity amghtudes,: considered as functions of:the
scalar invariants; would be & to be v mpli-

scalar invariants; would be éxpected to be very compli-
-::a.tel:l It turns out, hnwgy_er. that.most of the singu-

practical application.

For many purposes the most convenient form of the
scattering amplitude is in terms of helicity amplitudes.
Thie helicity amplitudes, like any others, become func-
tions of scalar invariants when evaluated in the center-
of-mass frame. This is because the components of the

* This work was done under the ausgices of the U. 5: Atomic
Energy Commission.

1 Klaus Helv. Fhys. Acta 37, 55 (1964).

*David N. Williams, Lawrence Radiation Laboratory. Report
No. UCRL-11113, 1963 (unpublished).

he helicity_ampli wi

of the present paper is;to show this. vt
The result is not new, having been obtained ah-qady
by Hara® and Wang.*® Their method is, however,
circuitous. Rather than-starting directly from the basic
momentum-space analyticity properties, or equivalently
from the analyticity properties deduced by Hepp and
Williams, they base their conclusions on consistency
with well-known crossing relations for helicity ampli-
tudes. Since the crossing relations are themselves
derived from the basic momentum-space analyticity

properties, their procedure’ is evidently permissible.

But it is roundabout. One would expect it to be simple
to work directly ‘ﬁ"lth ‘the ha.su: properties, and this is
indeed the case.

'I‘I:nme is a second rpa.m;r for trqqpnmdermg* the

“Rev. 136, B507 L

* Yasuo-Hara,
ang, Phys. Rev. 1 118? {19’6&},

* Ling-Lie Chau
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1

. 1. Henry observes that the fancy invariants:scheme of Williams and everybody simply
does not help much in paractice, people arelstill going to use the helicity amplitudes.
What singularities do they have? Hara and Wang answered this using crossing stuff. Since
crossing follows from p-analyticity, Henry thinks there should be a faster way to
show this. He seems to elimidate some assumption used by Wang and Hara.

2, The main content of the paper is to examine the various sing's by comparing helicity
amplitudes to the M-functioris. Henry only ¢onsiders 4-particle amplitudes in the xz
plane. Unequal masses all round are assumed. As usual, Henry treats general spin
particle as combination of spin—% with Clebsh's,

3. Sings come in the usual varieties: 1
A, 8s0. Turns out things are analytid as longs as @ 4 O.
B. threshold and pseudothreshold :5|lpp¢:e1.1l in this paper as '.r;
C. @ = 0. (Kaans) E

L. T have not read this paper so much for the results as for studying a little Henry's
M-function notation, since we are about to c!.iscuss this. So, for this purpose only the
first section of the paper ie rgélevant. We S‘t.udy the various equations:

= + 1 sings.

(2.1). H = RS. I believe that Henry alwayel uses S when he speaks of "canonical
amplitudes® of McKerrell. Then the R here ar;'e the regular rotations which convert
you to helicity amplitudes. So I would sayy S= TG and H = TH'

|

. (2.3) 5 = BM. Here the B are just the L(p) of McKerrell which convert T

o toM. I
see no problem here. :

(2.5) gave me a problem because L did algebr;a wrong, now OK. Point is the square root
is gone.

¥
(2.7) says that for the simple case of spin-O and spin-? you can write amplitude
in terms of 4 scalar functions. This is explained in some other pwper. I think
probably parity would reduce-this to 2 functions. Not imortant now.

i

i
So really there is not much here that is helpful to me in understanding henry's notation .
I think I do understand it already. File the paper and store for later use.

|

.
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only through the factors A(w®—1)2 and A({P2—1)'",
respectively, whereas Ri,(8) is known.

If one chooses the frame =g, and oy=—
then the the matrix elements of H are the “transversity

HENRY P. STAPP

amplitudes” nzki,® Then the rotation matrix
R(6) is diagonal, instead of B(s*,¢) and B(#%2). This
representation of H is denoted by Hs,.

Note that if (*—1) [or (##—1)] is zero then the
boost factor B(ve,t) [or B(8,2)] becomes unity. Then
the dependence of H on A or r [or on & or #] is deter-
mined by the matrix elements of the known rotation
operator R{#). This immediately gives the kinematic
constraints, as we shall see in the next section,

Processes with_higher spins are dealt with by con-
structing their amplitudes from tensor products of spin-}
amplitudes, For the purpose of this (purely mathe-
matical) construction one can consider a particle of spin
J and velocity v to be a composite system (in a purely
mathematical sense) of #2 2./ spin-} particles of velocity
v. Let the labels on the particles of a+b— ¢+d be
chosen so that J.=J.{modl) and Jy=Js(modl). Let
Nae=max(2J,27.) and Ns=max(27,,2J5). Then
imagine a process with N+ =V spin-§ particles,
such that first N,; particles-come ih with velocity v, and
leave with' velocity v., and last Ny particles come in
‘with -velocity ‘vp and Jeave with velocity va. Let €,
represent the. set of Clebsch-Gordan operators that
combine the last 275 of the N, particles constituling
particle a into a particle with spin J.. Let €, €, and
@4 be similarly defined. Let $, be the operator that
projects ewch-of the first. (3N ..— J.) pairs of particles
from the sot of V.. particles constituting particle a onto
a spin-0 system, That is, 8, is a tensor product of
(3N ,s— J.) singlet projection operators, acting on these
(3N oe—J.) pairs of particles. And let 8s, S,, and §; be
similarly defined. Then H for. the composite system is
written as

H-[(s,m.}ais@eﬂ]fll ®H;

X[(8.8C.)® ($pX )] (2.9a)

This equation is schematic, for it does not“make
explicit the particular way that the ¥ variables for the
operator in the center are separated into the four
spaces of the outer operators, But this separation has
already been explained. (Sce, also, the Appendix.} Also,
(2.9a) does not convey the information that in forming
the tensor product [J] ®H,], each of the four terms
corresponding to the four different possible values of
{a;,e;]! in H; is to be combined independently with each
of the four terms of each of the other H,, to give
altogether 4¥ terms, which have independent coeffici-
ents a(y, - -&x; €y, « -en,5,f). This fact is exhibited in

-‘-.'-Uh Keotanski, Acti Phys. Polon. 29, 699 (1966); 30, 629 (1966).,

the explicit definition

= 350

eai=tf

gl "eq1 " " €1 " "Em1"

ﬁ @Ht-l-

i=1 -

Nae
XTI @ Bi(vs ec) W'eeitesi R (6) By(va 1)
i=l

Nyd
X 1 @ B;(vd,eas) Wit Ry (0)B, (v es5) . (2.9D)
=1

The summation on the right is over the 4¥ combinations
of signs of the various gai, where a=a, b, ¢, or d. It was
shown in Ref. 4 that the.coefficients a{eq; 5,{) can be
made functions of the invariants 5 and ¢ that are free of
kinematic singularities at ¢#£0. -

One can write the equation.analogous to (2.9a) for
either the M function or the S matrix by simply
replacing the I and H; either by M and M; or by §
and S, respectively. The conversions between the three
forms go through because both the boosts and the
rotations are converted in passage through the 5,@C,
to the form appropriate to the space on the other side.®

Going to the helicity reprr_aEnta.tion and regrouping
factors, one obtains from (2.9) the analog of (2.8);

Hipos.=L Froon Riaxan (), q‘;I.lﬂa}
T

where the sum over 7 is a sum arising from the linear
combinations implied by the factors $.® €. The factor
Ryaan (6) is a linear combination of products of ¥
elementary rotation operator matrix elements Ry, (@)
and Ry .. (6), which must satisfy

¥ Aei= A

The function Fyp 0, is & linear combination of prod-
ucts of NV factors like Fy ., and B a,, of (2.8b) which
also must satisfy (2.10b). In particular, we have

(2.10b)

Frpap= F'-r[ {(n.04 I}Hf:
Mas(te2— DV 5,0, W[, (2.10c)

where the Mg on the right-hand side satisfy (2.10b).

The representation (2.10) is discussed in detail in the
Appendix. The main pertinent features are that the
dependence of Fipap,” upon A, enters only -through
the factors Aai(wd—1)12, and Rapaap,7(0) is a linear
combination of products of matrix elements of N ele-
mentary rotations (2.5) having the correct total helici-
ties A, as specified by (2.10b}.

The arguments that follow hold for each term of the
sum in (2.10a). Thus the index v will be omitted.

¢H. P. Stapp, in Proceedings af the Internalional Seminar ]
High-Energy Plysies and Elementory _Particles, Triesie, 1963

(Interpational Alomic Energy Agency, Vienna, 1965), Eq..(2.29).
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. 1. The sings of helicity amplitudes was a h?t subject at the time 1963. Between the time
of this and Henry's prededing paper, Jackson and Hite came out with their version based
on partial wave analysis. Here, Henry addsito his earlier paper. There, Wwe located
the singulardity branch pcrints, but ignoredithe poles and zeros. Here he follows
the others by computing the strengths of the various pole powers and zeros. As usual,
he is forced into all kinds of messy stuff to explain the general spin case. Not very
dlegant, also the notation is mespy. I see 4]13 Jackson and Hite aaught on so well
compared to this, say, although in principle; this is a more basic derivation.

I have not read this paper, just a quig¢k scan. Sotre for later use maybe.
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