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[In the swuedy ol the partial amplitades Tor many- ;MrtlLle |:-m-lic54c1 anel also for processes involving particlds
with spin, use is made of mutrix clements ol the rotation group, dutz). In this paper the generalization of the
functions dy,Xz) o arbitrary arguments and indices is SII.I{‘|IE(1 At the same time the functions of 1he second kind,
analogous o Legendre functions of the second kind, arc invegligated. The results obiained play an important
part in the introduction of complex angular momenta in many*particle processes,

The study of the partial amplitudes for elastic seat-
tering of two spinless particles for complex orbital
angular momenta requires a knowledye of the proper-
ties of the lLegendre functions Pjz) and Qz) for
arbitrary values of the argument and index. In the
case of the scattering of particles with spin or of
many-particle processes the expansion of the total

.unp]lmdc I5.C irried out in le::m ulw

- ﬂu.—lT.IOT'I
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— g2
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] (z)=0.

Therefore in order to continue the partial amplitudes
of such processes to complex values ol the angular
momentum it is first necgssary to generalize the func-
tions di.(z) and the Lﬂkicspunding lunctions of the
second kind to arbitrary values of the indices and the
argument. In the treatment of the clastic scattering of
particles with spin it is suflicient to have the functions
dw/(z) for arbitrary j and z, but for “physical” values
of the helicities g and ¥ (ie., for & and » either both
integers or both half-integers). This case has been

investigated, for example, in ", For_many-particle
amplitudes, however, cven a preliminary swidy shows
that they must obviously be continued not only swith

respect to the total auhuiar momentum, _but also with

respect to the helicitics ¥ Owing 10 this we Shall con-
sider in the present puper the continuation of the fune-
tions d, Mz} 1o arbivrary values of z. /. p, v. Since, how-
ever, it turns out that the dz) themselves have
nonessentinl cuts in j. &, and », we study instead of
them functions which differ Cram o, hy a factor which
does not depend on 2. These functions are a general-
ization ol the associated Legendre functions, so that it
is natural o call them generalized Legendre functions,

The present paper contins a description of the
fundamental properties of the generalized legendre

functjons, and is an aid in the study of many-particle
amplitudes lor complex angular momenta,

i
1. DEFINITION OF THE GENERALIZED

i LEGENDRE FUNCTIONS

W¢ define the generalized Legendre functions of
the fipst kind, -“‘#,.*’[:_}, and of the seeand kind, (,,7(2),
lor arbitrary values of j. g, v, and 2. by the equations
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Hcrc‘ F(a, b; ¢: x) is the hypergeomctric function, and
arg(zi— 1) =arg(z+ 1) =0 for real z > 1. It is not hard
to verily that the functions P,0z) and Q.(2) defined
by (2) and (3) satisfy Eq. (1). .

It follows directly from (2) and (3) that for v = 0
the functions %,/ and Q.7 go over into the associated
Legendre [unctions: .
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whete Pfz) and Qf(z) are the associated Legendre
fundtions.™* In the general case rhe gcncrah?-::t[
[.egendre I'um.'L:nm are_connec
ur example,

Pu'(z) = Ps*(z), Qu’(z) = @Q(2),
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oy Y Qut (20) =0 = (3, — 2,) D) each relation’ for generalized Legendre funciions

R o Aevemn " there are some corresponding relations for hyper-

" o "r" " geometric functions. In particular, there are some

e *‘Q"X (— 1}“&#1‘1{31] Pi4 (22) ei™ , rather complicated nonlinear relations between hyper-
» geometric functions which «correspond o the addi-

! i;j" . . tion and multiplication theorems. ]]m_d,uumt_dg_cs_

- g 0 (22—zy) E (—1)8=> Ppsd (21) Qaed (25) 619 " not know whether these relations existin the mathe-

o ;11 . FY— (47) * matical literature, At any rate they are notig the well-

I‘In (47) a runs through all integer values, and @(x) E
_1.! 'the usual discontinuous function: HNxy=1forx >
*0°und 9(x) = 0 for x < 0. It is easy to write down one |
' Iunhcr addition theorem: {uhas. Avn) |
i
]

rﬂWJP JEZBJ e "Vﬂl.

ol ."¥;I +w
R = (2 — ) p [_.1}npﬂ,_i(51]ph.i(zﬂem~*
: LI Leyemnem—ca !
G . b

Fola—z) X (—1)"Pud(21) Pavi () e, |
L f A—jpmmfm— {48}
: It is not hard to verify that (47) is equivalent to the i
.malym: continuation of (42) 1o imaginary values of
; ‘a. The addition theorem for P,/ can also be written
in integral form. It is, however, much more cumber-
some that (42) and we shall not write it out here.
In conclusion we note the following. As can be seen .
'i-‘ rom the definitions (2) and (3), the theory of gen- I
“eralized Legendre functions is equivalent to the i
. thcury ol hypergcometric functions. Therefore for

Lknown rchr;nc; books.

An important part in the accomplishment of this
work has been played by discussions with A. A,
Ansel'm, V. N, Gribov, G. 5 Danilov, and 1. T.
Dyatlov, and some of the formulas relating to gen-
eralized Legendre functions were deived in collabora-
tion with them. Y
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Notes. on Cronstrom's Dec 6 1974 Dl:gﬂnalization Preprint 1949§

1
The guestion im to find out: what,does he do, what doe= he not do?!
I will takt ucmi 1yp|ﬂ notes then ?ummariz- at the end,
2. Integral equgtiom for the uca‘ttgpiug aplitude.
He starts here by writifig & standard integral equation where d4Q
runs ‘over all npac-tlm-. He gois 1o versor notation, quoting old Serteiio
and Toller, and separates iningraliinto timelike versor piece plus spacelike
versor piece (does not use the wnrﬁ "versor". ) His group variables are
& boost and a rotatiom; mo I's say he was d-flnltoly in the 7T basis.
i
3+ The gtn-ralisod 6[1,2) trnnafpfﬁs.
=  Quotes from his earlier pﬁbir:—Firut;*ﬁ-ctimm #3A does the Q;(chb)
tranaform. He shows how you invert: the Q. projection, and shows thefre is
a class of equivalent projections.. Then section 3B repeats this with
a so-called Q;(i shb) “transform, IE, he writes projection then =earches
for inversions Lois of crud ahputtyhat classew of functions you can do
'I:l}ﬁ,a for. !

- - —_— A —

- ot

4. The j=plane nquntlcnu. '
Holy cow! I think he does everything via the kinematic k-function

method. He wriles.the abstracted integral equatiom amd replaces the

azimith by a theat(k)/SQRT(k) thing. Much yak about convergence etc.

Then he get¥ all.-lost 'in a thing that looks Tike my Qﬂ-!tparntion-int-gral,

but he .intagrates only from 1 to inf this casuing lota af extra terms.
Next, he repeatms all this for spacelike versor case, 4B. The

ﬂlagnnallzid equatién applars ds 4.26 Which ham & j-integral in it and

some kernel stuff. Them 4.91 gives his total result: _not very_enlightening

to ma, who has spent months at this game.

5. Reduction of the j-plane squation to albegra. -
This is just a mess. Eomﬁifﬁu}tb Serferio Toller. -
6. Summary and Dimcussion
OK, here he says what he duta, good summary. Seeks &an approach to
reggeom calculus complimentary to White. (ie, 0(2,1) not u{3). )

" Appendix A, The P, meparation intugrnI:_fhl Q; ssparation Wwith same mimtake

that--appears inm-AS, I think, . ! . _____ _ R

Comments after smcanning: There ia mo mention of Hamr invariance. Everytlding
is done by brute force. Group r-prtulnfaticnu art not m-ntiun-d, groups
are not mentioned, There is no ﬂJmn « Not even P.™, Only P Ie,

he i= only analyzing spinlese-four-point functin%.(BSE]. . sp:aﬂa
AS am Deing "simpler" than his stuff,

_In my humble opiniom, C has simply failed to use the group machinery to
his advantage, It smits idle in this paper. Lucky for me.

However, he doe= speak 1ht_quts¥in§= doe= the modified transform atill
diagonalize ‘integral equations? .- - = =

i
1
i
i
- - '
|



_!""

Here is a guick summary of Cronstroems method of diagonalization. It htar‘.

"starss on page 25, There he =hows gn integral equation with

dg = dgd(chv) in notation. Then he replaces the dff integral with
a dx integral and k-function square root. So far then

a0 K B
=N\4g Alng) -
= Sa) flog) 3 x Ko ® == e’@

I mhow here only the right- hand—sidu. Next, he applies 'tlu Qj to both sidens
amrd intcgratm ‘so thatr -

= Naswel, @«%ﬁ a Ko @) Xda« ‘ E’@ ®3L(Q‘~{—‘)

Hére he uses the Q snparation integral as in 4.12. Y-s, he does realize
that there are extra terms du. to the endpointx being I. ° Eg,

b= Joakealag - Sove) B o

It is 'bll.’.'-ﬂ.'l.lgl the Q did not cleanly separate
that ¢ now has to make mome new moves. He next
expands -K(x) onto Q's, then he does the @ integral

K6 = P KO Q-

His final result is given in .4.26. It is:

%&k(&ﬂ) K_VQ}; e Liraidon. Janam.,
(r= (A L+0) ’

., Where all projections are =tandard Q-projections.

Thi= is not a standard helicity contpur. I &am not sure this is even
a group diagénalisation! I, 'suspect that the failure of C to get the simpls
result iz due to his remaining in the TT" bamis for his Haar measures
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b

we introduee

fu-1u)

(G-11)
ontragredient

(612)

(-1:4)

v |
@
&

bech-Gordan

ansformation
10T invarianis
new feature is
ree of the ex-

1 the identily

{fi-153)

M By, mye T 10
Jogous to the
se former case.
7, and of x;.
?“'ﬁm of :,huir

xpansion (4-9)

; G (6-18)

%
§

4 I

On non-compact groups. 11 547

i; With these new ranges of tho parumeters (6-13) apd (6-14) also eontinue to hold,
exeept that the normalizers N, of the rotation gropp must be replaced by the nor-
malizers (4-8) appropriate to I;]n.. 241 Lorente group.

It is easy to extend the discussion of the 111!.'n.1*1.1.11tu to the.other products; c.g.
to the product of two representations of the prznmpa,l aerles However, even when
a Tormal invariant gtllsta between, say, By, 7, and 2 it'is not always true that it
cau be written in terms of lmrmnijz!.n.h'Ee veetors in the Hilbert space of the product
representation 2, ® &£, We hope to complete our Work o) this problem in a future
‘ report. !

7, MATRIX ELEMENTS FOR FINITE TiiA.NSFOR}LtTlONS
One advantage of the representation theory based on the multispinors (3-1)
is that it allows us in a straightforward manner tp evaluate the matrix elements
of finite transfor matiops. These are the quantities corresponding to the well known

@-functions il the case of the rotation group and are important quantities for
applications.

Lot us denote a representation of an element of the spinor group (27) by S{g).
Noting the inverse transformation ¢

=5 e
S0 10, = NG (P42

Because the binomial expansions can be daﬁjfcd even for complex powers a
and b we can expand the right hand of (7-1) and uhtaln v

o GVF (- E}bj'ﬂ-

we have (7-1)

= M | Eatb—z—g' fL .
S{E}Iqjﬂﬂl’jll H-l:\fmg %l{ 1 x‘ﬁ: I{ﬂ- $]r{f] } !b'gl E!! . ITE]
Let us now put in (7-2) Gib—z—2 =a',|
_xr_l_xi = 5:’1
and Ha'=b") = Ha+b)—(x+2") = O—[z+2") = m' + B;.
We then obtain S(g) | D, m) = 'L‘.Sﬁm,{g} i:ﬂ:,m’}, (7-3)
where the matrix elements are given by
Ny (@ +m+E) (D—m—Eg)l_o. | , :
¢ Sanle) =F o rm“]I 1’lm.}l =L g 04 5y 0oy
LTS
¥ — 1= (eZ) = (- gpyFim —m)t i
: x ‘E[ b [‘11+m+E,,—:a:]I[¢—1:a’-i-f€n—x]!z!{m‘—m+:t:}|l (74)
yJ
with e=0+m+E, b=0-tn-F,.

; In the lagt sum we recognize the expansion c!l' the hypergeometric function
Fla,b,¢; —z) of argument

2 = (aa) (- ff) = —ﬂﬁ‘[(l +/B)
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iid ] 1. T DANMEN nd G, JONA-LASINIO

TOROTD YPABHENAN), BEIBCAEHIOTO B neproil cTaTee ITOR Cepint. Hecnenosanne nposg-
ONTN MYTEM  JAMEHE: PEINETKH TOYEX JUIA METHIPEXMCPHOre MPOCTPAHCTBA M BPeMenn
KOHRyyMOM:. 3ATes: YpABHEHHE CROOMTCH K CHCTeMe yparHeHnll B MACTHRIX NPOMIBO-
ARba ¢ pegoeTodmdeiere koodduumentasmy, CrpyxTypa 3roil cucTeMul moopobro ama-
MTHINFYETCR, H° Mbb DDMXOOHM K BRBOAY, YTO TONLKO MOOMHOMECTDO 3ITHUX YPAGHEHWR
AVIERC PACCMATPHBATECA KAK YPABHCHIA B YACTHBIX MPOHIBOAHEIX, 3 GCTABIINCCA HMEOT
- anreOpanyeckoe comepsadne, JaTem Mbl MCPCXOUAHM K HEMOCPCOCTBCHHOMY KOQH-
TPMIDOBRHMIO PeLEHK, YNORNETBOPAKILHY DOMOAHWTENLHLIM OFPaHHYEHHAM CAM-
Ty u TpancantmonHod wwsapuanTnocT.  Jam 3Toro knacca peueHni  CHCTeMa
ENHANCHPYET B CHCTEMY OOWKNODEHRLX onddepeHimansinix ypasuennll, 3To cyme-
CIBHOE YNPOIESHHE NOIBONACT CEOHCTRYUPOBATE TOWHRIC PCLUCHMH, KOTOPBE obHapy-
WHKCOTF CYLICCTBEHNYI0 OCODeMHOCTL ANIA MCHEIAoie Manoil BEAHMHHLL KOHCTAHTL
teatt. PRCtORueccs NepTYPSaUnonNoe pelueHne AR 2Toll cHeTeMed MoweT HuTh mouy-
WHe K TOYROFD eI, HCIONBIYA HCIOCPEACTBEHHYIO TIPOUCIYPY, KOTOPAA 3aMEHACT
TPOe BRIDAMCHHE ANA OcTaTka paga. M3 9Toro muano, uTo NpH COOTRETCTRYMOULMX
GrPEHHYCHIAX M3 MATPHUY PACHPOCTPEHCHHA nMepTypDauonios pasiowenie MOweT
f = acummroTukofl onA Tomibx pewcHmil. Jonmyckaetcs, wTofsl NPOMATATORLL MpH
e ICPAHHYEHHAX He TPCOCTABMANM © HEOOXOAMMOCTLIO (HIMYCCKH IHAYALIME TPO-
I .aTopsl, OMHAKO, AMCCTCA OPYIOe PAMIOMEHNE NIH ITHX PemeHuil, KOTOPOE CXOONTCH
16 MUOBENHYIHHET §°, oTawnol OT Hyas, npu cnabely GrpaHHMCHUAX HA MATPUIY pacmpo-
upanedns. Bompoc 0 TOM, KAKHE M3 MONYSEHHEX 3AKIT0YEIHI CIpaseiinekl AN PEIIETRH,
EOTOPAR MOWET OLITE PACOPOCTPAHEHA HA HETHIPEXMEPILIA MPOCTPAHCTEEHHO-DPEMEHOMR
TOHTHHYYM, HE WCCNEeIyeTCH B 3TOH CTAThe,

1L NUOVDO CIMENTO VoL, LXIT A, N, 4 21 Agosto 1969

Harmonic Analysis in an SU,, Basis,

N. W. MAQFADTEN

Department of Applied Mathematies anid Theorelical Physics
Onicersity of Cambridge - Camdridge

(ricevuto il 26 Febbreaio 196G0)

Summary. — The theory of harmonic analysis on 8L, 5 is developed using
an 807, , basis. It is found that regarded as an integral kernel. the Fourier
transform (FT) of a function defined over the group nequires two addition-
al labels ¢ representing the two disjoint subapaces needed in the analveis.
The representation funetions are used lo discuss §07, \-beovariant distribu-
tiona: we find that the FT cannot be carried out using them alone, because
of parametrization difficultics. The problem of equivalence is disenssed;
= » -conditions.upon.the. transforme obbained; and functions-s of tho.eecond -
kind » shown to be just the representalion functions ihemsclves, The
work is applied to analysis of the two-particle elastic-seatiering amplitude
at and away fromn i, = 0, and nonunitary representations used to give a
natural description of daughter trajectories and their propertics.

1. - Introduection.

In & previous paper (') we have examined the decomposition of SL, . under

the aut_ug:gug SU” and evaluated the matrix elements in the corresponding

basis of finite transformations of the group. That paper ended with an indiea-

tion of the applicability of the work to the description of danghter trajectories:
in the present article we intend to give a more detailed and rigorous demon-
stration of this.

The motivation of our discussion is the need to parametrize the scattering
amplitude in such a way that the « daughterss of a Lorentz pole appear
Daturally. We have been struck by the apparent inconsistency in spirit of

LY

refer to thia u I. .
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equation. In fact, this phenomena occurs for all
values of A closed to the square of an integer, but
for A > 36 the unstable zones are so small that they
cannot be shown on Fig. 1. If Q/A is small enough the
width of each zone is of the order of A-}{Q/A4)¥“ and
in the adiabatic limit such an elTéct is totally ignored.

On the x curve of Fig. 2 these instable zones
1! appear around A = 25 and 4 = 16. We ‘notice that
' fta just bridges the discontinuities of the exact w
curve and comes back on this last curve while the
4, approximation is definitively too large. Finally, for
thie value 4 < 10 the adiabatic limit has no meaning,

We notice the large improvement of the u, approxi-
mation upon the lowest-order WKB method.

T
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it The Reduction O(3, 1) =.0(2,1) = O(1, 1)
Lok MW, MACFAI:}YEN
E.: . . Carnepie-Mellon University, FPitisburgh, Pennsylvania 15213
g ! (Received 26 Jund 1970)
We set up a representation of the principal series of ihie group SL(2, €) in terms of the sequence of
+ poncompact subgroups SL(2, C) = SU(1, 1) = o1, ]}.i']"ht basis funclions are just the cross-basis
matrix elements of SU(1, 1) between @{2) and O(1, 1) bases, and we derive much material on ihese before
- using them 1o calculale the representation functions. Tthaller have two pairs of discrete labels distin-
. 4 §uishing belween equivalent representations occurring in the reduction, and these are related to two
iscrete reflection operators that are introduced in order to obtain 2 maximal Abelian set.

-

INTRODUCTION Much of the paper is devoted to defining and examin-
In a previous paper’ (to be referred to as I) we _ingthese functions; indeed the first two sections and

examined the reductions SL(2, C) = SU(l, 1) > 0(2) Appendix A are devoted entirely to these preliminaries,

. and SL(2, R) = O(1, 1) and gave a complete account am’! only in Sec. 1II do we at last discuss the epon-
of the global properties of the irreducible representa- YMDUS pri?blcm, . _ . ,

tions in the corresponding bases. We did not, however, e achieve a formulation of the reduction that in

! consider the reduction in the sequence of noncdmpact  Prificiple is complete, but in practice the only coset

subgroups SL(2, C) = SU(1, 1) = O(l1, 1); while this f:[ags whose representation funictions we can calculafe

has no very new features, it is of interest to see how 15 lihﬂl one which we were una_.l:_a]& to treat in I’. As

our previous results combine, and so here we present “ﬁﬂﬂﬂd, the asymptotic behavior of these functions

the theory of this reduction for the principal con- 0 the complex plane of the Casimir operator ¢ is just

tinuous series of representations. ) tha‘t of I, we can also show that with this basis we do

The interesting part of the problem is concerned: not obtain matrix elements of an element a ¢ SU(L, 1)

with the basis functions we must use-There are nowno  thal are slirnultanmusly of simple behavior in both ¢

fewer than four sets of these, distinguished by a P“ir ang f, th_us dispcaing of any hgp:s of a.*-camp]:tdj

' of degeneracy labels, because each group representa- -3¢ “d_'kllﬂ " set of representation I."um:tmns: H.cm:c,

tion contains those of its subgroup twice over; and lhﬁmﬂlﬂfnlerﬂt: (or usefulness!) of the work lies in the

they are just the “cross-basis” matrix elements of crass-basis matrix elements; there are some indications
SU(L, 1) that we can label schematically that these may be of use in the multi-Regge theory.

his paper is essentially a sequel to [, to which we

(O(2)] exp (iK.€) 101, 1)). refér copstantly; hence all the results of that paper
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EXPANSION THEORY AND THE LORENTZ GROUFS
IN NON-CANONICAL BASESt

N. W. Macfadyen#
Physics Department
Carnegie-Mellon University
Pittsburgh, Pennsylvania

I. Introduction

There are several reasons for studying the reduction O(3,1) 2
0{2,1): the intrinsic interest of the topic; the elucidation of the rol
of "second-kind" func:ticns:” the possible application to Regge
theory: and, most pertinent to this symposium, the study of how
things can go wrong if we choose an unusual basis. GSince there are
so many reductions of 50(4,2), it may be of interest to examine the
unexpected behavior of such a well known group as SL(2,C) in an
81U(1,1) basis.

The results I shall present are by no means all new: _the

- - -reductions-ﬂL{E,G[D*SUjllﬁg}-am-BLszlgi >0fl :1133} have been

treated by many people, and I cannot mention them all here. As far
a & The actual use of the matrix elements of finite trans-
formations in this basis to expand functions defined over the group i
new, as is also the brief summary I shall give of the chain SL(Z,C) =
SU(1,1)> 0(1,1).4) This is not the place to give explicit oraais or
detailed arguments, and so these will be almost completely absent.
They can be found in the references.

II. The Reduction SL{Z ,R) = O{1,1)

Because this problem displays so many features of the higher
dimensionality without also having its complexities, I shall go into
most detail here and simply give an umbrella assu.ra?ce that proofs
for that more interesting case follow the same li.l'I.E5+1 I apologize to
all those to whom this 1s quite familiar,

Consider then a representation j of SL{2,R). Instead of letti
the operators act on special functions defined over a homogeneous
space of the group--i.e.,

tPresented at the Symposium on De Sitter and Conformal Groups,

University of Colorado, Summer 1370,
#Present address: DAMTP, University of Cambridge, England.
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sy My M
T.: Yj ) Yj i) (1)

it % much more convenient carry the j-dependence

the ogerators Ty, and let the basis functions be simple. Following

the Pmesian school, we set up our representation on a space of func-
tions defined over a hyperbola we shall parametrize by B: the t-label
specfies the sheet, and 8 € (-=, =) the position thereon, and the
opedtors Trj are specified by

fTrj: 1" (8) = hlzj (sign 1)" t'T:{B’] {2)

whers the parameters are defined uniquely by

( l)p(-::h B8/2 shﬁﬂ)(r” Erg
-1 shp/2 chp/2 )

Ta1 Ta2

1_1 u 1\" /ch B’/2 shp’/2
L)L )C ) &
v et o MAASL LA AshB' A2 chpt/e) .

- —_

¥,
or in matrix notaticn, epBr = kep B'. The parameters v and p are
discrete; v =+l only and p =#(1 - ¢). The label v is aither O or 1,
desending on whether the eigenvalues of [, in the given representa-

tien are integer or half-integer.
It i5 easy to check that this is indeed a representation of

diagonalized the generator ¥, , conju-

fate to the boost B: that is,

['r; :£)78) =18 +8°) . (4)
1

The new feature is the appearance of the label 7. We can lock a

this in two ways ..zuf which the simpler is algebraic: the operators
=7 2-%,2 -k % and K| do not form a maximal Abelian set but |\
can Sbe augman?&d by a reflection R which in the standard homo-

morphism of S8L(2,R) and O(2,1) has the significance of a change of
sign of the 2-axis:

R: ﬁﬂct xla xZJ - EKO' xl.t -le'. (5)

o ‘
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The other way of regarding this is as a corollary of Gel'fand's horo-
spheric method--it 1s exactly analogous to the two terms required4) ,5)
to expand a function defined over a hyperboloid with a hyperbolic co-
ordinate system. In either case, (2) tells us that provided the repre-
sentation j is irreducible, each representation p of SO(L,1) is doubly

degenerate therein. “We shall treat principal series represeniations:
if Re | = -% , we can introduce an jnner product
o
_ 1 T T
o) =g ) | f@deras f ®
T

and then provided f(g) belongs to a certain space of functions ﬂj, the
representation is both unitary and Ureducible.

Having thus set up a representation, we must choose a set of
basis functions., Since the 7 are discrete labels, these are obviously

——————
also 2Z-vectors, and a convenlent cholce is just
.\ eluﬁ ) 0
v (B) = p (8) = . (7)
0 e
. Obvidusly many other cioices afe poggibles “with some”

advantages (particularly for the supplementary series of representa-

tions) isto take the Sup and difference of these, corespondina to

th
eigenvalues of the reflection R, Clearly, fp , » )=6__r8Q-n').
TR

The vectors actually do not belong to 8; because they are not square-
integrable, but we can regard them as members of the dual space in
the usual wavy.

IfI. Matrix Elements
Let ug first consider what we have to calculate. It is found

that the parametrization,r = gb3’' covers SL(2,R) only with three
choices of b: convenient ones are;
A R
b =€ = by =8¢ =
e~ £/2 HE-EI’Z
cos 8/2 sin 8/2
by =28 = (8)

-sin 8,/2 cos B§/2
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with = < £< =, -2 s 8 < 2v, The first double coset class is
wactly the analogue of the single one in the canonical parametriza-

thnr =8¢ 8', and we calculate its matrix elements in a straight-
foaward manner.

inds=d, by (2) we find
o't 6= @7 o 8/2 - of 1 5/2)) 97 6")
n:e'1 @ =0

B 29707 ) = 5 ok 5/2 - 0% st 5/2 78"

[%:07" 6 = (-sign )" (ag st 0/2 - ™ o 8/2) 076" (@)
whare
thg’/2 =e® th g/2
th g’ /2 =e"% ths/2
T T ez = e % coth 8/2 T (10)

Botice that although the subspace 1 = + is invariant, i{ts complement
T = - is not so; for £ < 0 the situation is reversed. Inserting the
bazis functions we find

J - T{-1- (- ¥ - - ¥
du;u[E] = r{_zn AL * Fl {sh %fﬂzj {th Ef”ﬂ} 1EIJ-+IJ ) X
X F(-i+ip, -j+u’; -2f; -1/sh® £/2) (11)
+1) T(j-iut] d-]-l—wﬁ} a2)

u'p [El 1“[1+!u +1) T{§=ip” +1)

1=+ gy =
d., B =0

cos ﬂﬂwﬁﬂ}d ' "(€) = cos (i’ =v/2) d » "(€) - cos ﬂ[m-xlf?.}dj++f§]

{13}

Clearly these will have a pair of T-labels attached:

N

] g

. J
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All this is valid for £ > 0; if & < 0 we find
-1

’” {Jm—d” (g =a7 ”uan (14)

MNow notice what effect this decomposition has had upon the
matrix elements, Consider in particular the integral defining (11):
— ’ #
-{5-1 8 Sha ﬁ;"’z}j aj-l..l.B dB .
15)

j=-- ni " E .2 - -E
du,u[g} 2 I_ﬂe {e’ ch® p/2 - e

The term in parentheses is always positive; and since it has a mini-
mum value of unity, the asymptotic behavior in the complex j-plane
{or the £ -plane) comes entirely from the ends of the integration, at
both of which it has behavior e This agrees with (11}. Similarly,
{12) has specific and simple behavior of the opposite klnd: only (13)
is of mixed type. ser ion shows tha 11
exactly the classical "second kind" functions for the group
Alcally continued to imaginary values of m =iy (that is, rnudulcr
frrelevant phase factors). The significance of (13) we shall see
shortly ... F =10 the first two matr ments d n-
erate into &

We just mention that the matrix elements of the other double-
coset classes can be calculated similarly. We find

L PN (R VIS L S

. (8€) = (-1) du_u; (&) . (16)
and ﬂj {8) turnsout 1) to be just a represamatmn function nf SU{ZJ
after analytic continuation in j, y, p’. The discrete series k =z,
of representations of SL{Z,R) behave simi].arly, but O(1,1) is nnt
degenerate in any of these representations and consequently all the
matrix elements vanish if sign (ru) # t. Those remaining are exactly
the continuations of the principal continuous series matrix elements.

Now let us return to (12) and (13). Since these relate expres

sions invelving | and -j-1, which label equivalent representations,
we expect that a study of the intertwining operator will be useful.
Recall that this iz an isometric operator A: ﬁj - "-j—l . which satisfle:

|
Arf_-'r

. A ¥ resL(z,R .

(17)
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Crossing-Symmetric Expiméiﬂns of Scatteritig Amplitudes,
Threshold Behhvior, and Asymptotics®

N. . Maceaovent .
Deparinent of Plysics, Carnegie-Alellon U niversity, Pitishurgh, Peunsyleania 15243

AND

T T WisTeeniTad :
Depaciment of Pliysics, qunr;ie-ﬂrﬂm wivessity, Pittshurgh, Pennsylotnia 15213
and =4
' Departuient of Plyrics, Unir:rsfi!r of Pittsburgh, Pitlsburgh, Pennsylrania 13213%
[]{cc.qﬁu::{l 25 Movember 1970}

A two-varinhle, explicitly cms&[ngnsymmﬂlt"ic expansion of Lhe seatLering amplitnde is discussed for the
two-hody scattering o{spipless particles {with hrbiteary masses), It converges simultanconsly in the physical
regions of at least two channels, had the cogrect threshold Lehavior, and allews [or amplitedes growing i
asymptotically as arbitrary powers of s and § The expansion is based on the representation theory of the
group O(2,1) in a basis nut corresponding Lo gry subgroup reduction and making use of Lamé {unctions.

1. INTRODUCTION J two-variable (or more generally, multivariable) expan-

. . . : sions of scattering amplitudes. The dependence on all

RE P:ﬂ“{u“r t.]n;srpﬂrein'f. lo discuss :1 rlmw kinematic parameters (energies, angles, etc.) is made

uII m‘ﬁi}:nﬁ' mnp;‘;rl:ldcs EI: d hﬂ:fg ntﬁemfgl' cj?’: explicit, the dynamics are contained in the expansion |
° g . Mg Hhe iT" % coefficients, so that a greater separation of “kinemalics’

Properties. , and “dvnamics” is_achieved, thus giving a Lool for
(i) Tt is a two-vgyrighle sxpansion, simultanedus in implementing general principles, making dynamical
terms of both the Mandelstam variables s and :.; assumplions, and performing phenomenoliogical fits
(ii) The expansion is explicitly crossing-syminetric  to larger hodies of data. |
term by term in Lwo channels and converses simul- ‘The method of this approach (so far for twa-body
taneously for amplitudes defined in_the pliv i scattering) is to consider the scattering amplitude as a

regions of both channels. Both the direct and inverse function of the momenta p; (or rather the relalivistic
expansion formulas involve only amplitudes defihied in  velocities o= pi/mi) of Lhe parlicles involved (i=1,
physical regions. .., 4) and then show that, making use of the conservi-
tion laws and relativistic invariance, it 1s ible ta

(iii) It automatically incorporates the correct {hresh- n
old behavior. 1 express_the compouents of three of the momenta_in
terms of the fourth. The scattering amplitude cag thus

(iv) The simplest assumptions ahout the analylic g .
continuation of the expansion leads 1o amplitudes grow- b'El':Pr.'s"]"‘:cd to be the i[um:u!m of om.-]:’nur:ﬂtimmm!tun:
" ing asymptotically as arbitrary powers of s and I. E“I ¥y LCa cu & - na three Cimensiond
i | S0 - mnrhnlmd F=pt—1 —pl—pt=1 {or on the mass
(v) The expansion s based on the represcfitation g of one of the partides). Lhe group of motions of
theory of the group O(2,1), using a basis that does not  his space is the homogencous Lorentz group 0G,1)
correspond to the reduction of O(2,1) to any subgroups.  ,nd the natural thing to do is to expand the amplitude

The basis functions turn out to be Lamé functions. f(3) in-terms of the basis functions of this group.
" Our approach is part of a general program i~ the Crucial in the obtaining of such expansions are three
- aim of which is to develop a scattering theory bLsed on  related fealurcs—the choice of a Lorentz frame of

. reference, choice of coordinates on the hyperboloid, .

. . . RSP S :
u,.ﬂ;i, Hﬂﬁ#&fiﬁﬁ?ﬁmﬁ Atomic Eneryy Commission 4 choice of a basis for group representations. 3

t Present ardress: Department ‘of Applicd Mathematics and In this paper our principal aim is o discuss crossing-
Theoretical Ihysics, University of Camliridge, England.. symmelric expansions, so we must choose such a frame
'Cj.-:-iﬂt.ﬂ:k r.ipi‘nlntn:: from the Nuclear Hescarch Institute, ez, of refercnce and such coordinates that we obtain a
| § Present address. I symmetric mapping of the Mandelstam variables s and
» i UN. Vilenkin and ], Smerodinsky, Zh. Eksperim. i Peor. Fia. ¢ ODLO sume curvi..lmlzar coordinates a, A on the hyper-
46, 1793 (1963) [Soviet Phys, JETT'19, 1209 (1964)]. boloid, In a previous publication,® we have eonsidered

1P, Winternitz, J. Smoradinsky, and M, Shefuel Yadern, Fir.  Lhis problem for the two-body scallering of spinless
’ particles with equal masses. Here we shall consitler a
more generyl case. :

8, 433 (106%) [Sovict ). Nucl. Phys. 8, 459 09691
2 b, Pujas and 1%, Winternitz, Vhys. Rév. D 1, 1105 :lv‘.-m.
PP, Winternile, in Jedlnres in Theoretical Physics, Gelitel I

W. K. lrittin e of. {Gordon aml Breach, New York, 1971), Val.
NI This paper aml Red, 3 cominin pumeruus refdnmees 1o
revious work.
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. 11 MAPPING OF MANDELSTAM VARIABLES
.- ONTO VELOCITY SPACE

Az in [, we simplily the mathematics by restricting
wrichves to spinless particles and cheosing the seatter-
¢ plane to be such that the third space components of
gl the momenla vanish. This makes it possible Lo
-msider the momenta as three-dimensional objecis and
w consider an 0(2,1) hyperboloid, instead of an
Ji41) one.

To muke the choice of the curvilinear coordinates
nique, we demand that the Laplace operator on the
yeperboloid allow, the separation of variables in these
«ordinates and that the corresponding eigenfunctions.
~the basis functions for our expansions—can be
written as the product of two identical functions. An-
inspection of separable coordinates®? leads us directly
1o elliplic coordinates (see I), in which the nonzero
components of the momenta are

—r————

CROSSING-SYMMETRIC 1~::~:t=;\ﬂs|uﬁs...

regions -n.-E(.lh PN-FIRY, B2 (iR, iIK+H2R), where
K= ],.-"I\f:r is the quarter-peried of the elliptic
functions, .

In order to oblain simple pmpcrties under the crossing
transforhation, we let av=a, f:=8 and demand that
the translormation a—g, #— 2K —, fila—* ity
Wiy =Mz, #ky =+, mg—+ g should correspond to

— —Ds, pa—% —ps, pr— p1, pa—> ps. Furlher we
specily our frame of reference (a generalization of the
brick-wall svst ) by putting piflps (see Tig. 1), [t is
easy to check that in such o frame of reference we have

P1=(—1‘-:"3l. cnay cnfy, —i(a+134, —i(a-+1)B, 0},
pa=ms(—cnaeng, i sne dng, i dna sng, 0) ,""

s, =i, (—cna, cnB,, i snee, dog,, § dne, snf,, 0}, py=a(*=cnar cof, =i dnx snf, —i snax dng, 0) , @)
r=1...,4. (1) P‘l“(—'ﬁi’h ciiery enf i+ (3 —ma) ena cnf,
and d —iad, —iaB,0),
Junctions® of modulus k=1/vZ, with arguments in the where i
¥ = ‘
A =mssna dnf+my dnasng, @)
. 8 =my dna snf4-m, sna-dngd, i
Q lcn“ml F(a+1)2(A2 = BY) ~ ([2my*— (a+1)2(A HB)T ] 22— (a+1)2(Ad — B ]2 "
. s, 2y '
1
’ and | are identical. Eet us further assume that ‘ma=mis. In

: a=[ ¥+ (PP—-4X2)'n]2X (5)
‘ xith

N =4(A*4-B7) (meFma) [ 2mamy (A+B) 4 (m —mf)],
F=4(A24B2) (ma4-ma)*{ 2mamy (4 + B)?

+ (ma-tma)’[ (my—mg) ~m24-mZ]) ,  (6)
L= 2mama(A+BY 4+ (matma)i[ (ma—my)t—m,?

—mE ] Hamd (matm ) (AP B—my?)

Such a frame of reference exists if a is real, the condition ,
fur which is
= (ma—ma)?< (my—m)? . (1)

In the chosen. frame of reference, all moments
U:Jit']ﬂgﬁw depend op g and 8 nniz, which in'turn can be
daled 10 the Mindelstam varigbles i‘EEQ so_Lha

Lhat

'ﬂ'u. properties under the cmssm;, Lr.msi'onn.mnn are
) ol lllli.n_-s.t mainly when the two exchanged particles

:JI N. Olevsky,"Mat, Shornik-27(67), 379 {1950).
I, Winternite, 1. Lukaé, and |, Smorodinsky, Yadern, Fiz. 7,
-‘Itwru; [Sovict J. Nucl, Phys. 7, 139 (1968},
' lateman M.musqﬁgu Project, Hf[hr Transcendental Func-
s it Ly A. Enlélyi cjai (MeGraw-10EL New York, 1953),
. vl " Chagp. 13,

such a cise the formulas (2)-(6) simplify considerably,
Indeed for ma=m; we can give the relation between
5, &, u and a, # explicitly:

i
lsl = m;’+iﬂz‘+ 2[ + sy
!

XLL=(1/8my ma®e®) (2mata®+ gt —m 3)T) 1

= (2mdx 4wyt —m3)), (8)
1o Eﬁztfx‘ . o
1 By-Ty
1
1
L]
L]
2
i
1 N
(M
i
' . 1
{ Fra, 1. Symmetric frame of reference,
1 L}
!
il ]

i et
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MacFadyen ( Carnegie-Mellon) and Winternits (same): o k/QSKﬁ?
. "Crossi ﬁg—-Sg'mmet.ric .Expansions..."

D3,1875 (1971) . , . Ew g s o
P W%&‘ Jud-

\ o
This paper strikes me as rather & curivsity. In-the case of Z to 2
scattering (which i1d the only’case théy treat),*the authors’ write the
spinless amplitude in téerms ‘of Gitﬁ& in place of usual (s,t). These new
variables are just coordinates of a polnt on‘a vélocity hyperboloid. See, eg,
equation (2) lihe 2. The E}perbaloid is an 0(2,1) one here because z—component
is dropped {apinleaa]; vz = 1 so has two sheets. Upper sheet point are the
s channel, lower sheet points are the t-channel.
Once you have your scattering amplitude defined on an 0(2,1) surface, it
is clear that some kind of 0(2,1) expansion will work out. It was shown in

¥

"

-
-

s

an earlier paper that if you want some 0(2,1) functions that separate in

the « (* sense (ie, separate in elliptic coprdinates), then you must diagonalize

the usual 0(2,1) casimit as well as (Klz - J32}. Also, certain reflections

X and Y will be diagonalized by the bagis functiens. This peculiar choice

of the second diagonal cobject leads to the Lame differential equation instead
. of the Legendre, and the expansion functions are then products of Lame
functions. Lables% and h are"rep labels".

The expansion theorem is then st.atecﬁg n (19) and (20). APY(p, h) is the
partial wave amplitude.for the expansion of the s-channel amplitude. The
t-channel expansion is then shown in (24) end (25). Crossing is then conveyed
term by term via (27). This simple crossing relation is one of their claims
to success.

Somehow, power asymptotic behavior and correct threshgld behavior come
out naturally. Welk,xomexcmmlebooxkhak thExikikmxxrmupxanskysizxappiimdx
sk xkpx@xeasexeepkawreoooonkixy  graupoaariabiexxycenkceave xxckodeaee ki
i3, Why is this method better than the usual 0(2,1) little group method?

Answer: for spinless 2-2 case, the littlge group method would
replace s with group variable z, but would leave t fixed, ie, a one-varialbe
expansion. The two-variable expansion gets both variables into a group
theoretic significance.

I might counter that to me, the strneght of the little group method it its
ability to handle spin (helicity carried by the azimuthals). Oh, but I guess
. ;,rm[1 cnrulid do this analysis starting with M-functions and write Hﬂl“‘z"‘gmh Eq, [ 2.

over



A stronger crit.iqua of t.he two—varialbe expansion, m:i.ght- be t.his' you want
to keep the variable b beﬂa‘uu it is tha ragge m&au 'varia.blu ‘and :rou want to
see Poincare group ent.it.iaa "exchanged ¥ Thuaa exchangas will be totally
unclear in the t.wo—va.rialb& formaiiam I think the .'I‘.‘adt. that suclv excharges

are important a:gpariuntally will kill the usefullness of the Z-variable
approach. But I may be WIOng. .

The authors admit that: they are still working on the, colmnection t¢ Regge
theory, j.l_s;::- :l;h_e:.r#hn'e %o -add spin. Their .exyi’n;}ag dogs, have some niceities
though, I do not mean to dump op,it. '
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Absrract, Asa first step in the gencralisation of the Laplace transiorm Lo a non abelian
group, we examine the representations of the groups S04¢n, 1} by means of transformations
of (not necessarily integrabled functions defined over the hyperboloids Gn. WV OIm)l We
define a regularised version of the GelTand-Graev iransformation lrom the a-dimensional
hyperboloid 1o its associated cone, which is valid (under ceriain restrictions) for polyno-
miully bounded functions. Upon the cone we then carry out a pair of classical Laplace
transforms parallel to & generator, We give inversion lormulas for both these procedures.
and express the Laplace transform/inversion pair directly in terms of the function on the
hyperboloid.

For integrable funciions our resuigs reduce 1o those already known; in the non-

.. integrable case they are new. Mew leatures include the divergence of the transform for

ceriain discrete asymptotic behaviours: the existence of a finite dimensional icmcl'subsﬁac:
which is annihilated; pood asymplotic behaviour of both Laplace projection and inversion
formulas: and the existence of discrete terfns contributing o the inversion formula for
even dimension. Our resulis are valid or all dimensions and are completely independent
of the usual “Laplace transforms™ involving projection by " -ki

tation funclions : in @ inal section of the paper we examine briefly the significance of that

approach in the light of cur own.

I. Introduction

There has been recently [1,2] considerable interest in possible
gencralisations of the Fourier transform on locally compact non-Abelian
groups, with the hope of deriving expansion theorems valid for non-
square-integrable lunclions over a non-compact group — typically one
of the Lorentz groups SO(n, 1). Two approaches to the problem can be
distinguished: the distribution-valued-transform methods, as exemplified
by (for instance) the work of Rithl [2]; and the special-lunction approach
[1] which is often called the Laplace transform but which we shall call
the Legendre transform. The former is the direct analogue of the classical
one-dimensional theory; but it has the disadvantage that the function
Slg) with which we are concerned has to be regarded as a distribution, and
although the Fourier transform is then certainly defined, there is no
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general way ol evaluating it without a regularisation procedure mvolving
[{g) itseli. We shall not consider this method further.

The second approach is more interesting, although the theory behind
it is somewhat ad hoc. Despite a i i i ists, i
still_rests essentially _upon the integra

8 M. W, Macladyen:
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functions

1 P Q) dx = [0 =) U+ + 1] (1)
(]

[valid for Re{l—=/7>0 and Re(/+j)> —1], and its gencralisations
whereby the P, become the representation functions (matrix c‘l%:{
of the group and the Q, the so-called “second-kind™ lunctions (347 There
are three limitations to this approach: one (the asymptotic behaviour)
we shall discuss shortly; a second is that the entire theory is cast in very
strongly basis-dependent language: and the third (and most significant)
is that it is restricted to SO(2, 1) and is incapable of generalisation [4]
to higher groups like $O(3, 1). The last point tells us at once that if there
exists a generalisation of the Laplace transform to non-Abelian groups,

then this is not it.

Nonetheless, because no other approach to this important problem
has so far been found, there is a considerable literature on the subject.
Several authors [ 5] have noticed inde at ig a non- L basj
representation functions themselves are of “second-kind” [o]

bul_unfortunately this tantalisi iscovery merely _cxchan [
divergent integral for another. and we are no further advanced. Otherwise,
the complete reliance upon special-function theory in a particular basis
is in striking contrast to the basis-independent formalism [4. 6] develo
for Fourier transforms.

In_this paper we make a start on the problem of defining a true
Laplace transform over a group, using the methods of group th and
integral geometry. For the sake of clarily and intuitiveness, we discuss
first not the regular representation itself (that is, the “non-integrable
regular representation™) but rather the quasi-regular representation of
$0({n, 1) by means of transformations of functions defined over one sheet
of the hyperboloid O(n, 1)/0(n); we shall extend our results to the regular
representations themselves in a later paper. Lel us summarise the
Legendre theory for SO(2, 1), in the especially simple case of a function
f(u) over the 2-dimensional hyperboloid u-u =1 which in a spherical
coordinate system has no angular dependence: f(u)= f(chl). We have
the transform pair

fiy= Tﬂcn 0) @ (ch{) d(chl), (2a)

J(eh)= 5= § @1+1) J PichD)dl 2b)

»

€ 4

1

. 89

where C is a contour running from C —ieo to C + ieo: C = Relis chosen
to the right of the least value for which (2a) converges. If indeed [ is
intcgrable we can take instead

Laplace Transform on the Loreniz Groups

Jin= Tﬂchnﬂ[ch{]dff-‘l{}. (3a}
1

Flchl)= El‘* [ @14+ D) f Qs r(chDdl:  (3b)
ni

but (3a) diverges lor general f, whereas (2a) may converge,_The pair (J)

is_generally calied the Laplace transform: opnlv the pajr (31 cap be
wsilended L4110 Dighel SIOUDS .

This theory suffers however from an important defect. The classical
Laplace transform on the real line converges lor all exponentially bounded
[{x); and it gains a large measure ol its usefulness from the fact that when
the contour of integration in the inversion formula is pulled back to the
left hall-plane, we can ultimately ignore its contribution to the integral
—-—-—--E-——EY---———-—-—--——Lﬁ"'—-—-——E—'! Tl i Tailss it L Such |

when compar 5
the case in (2 b): the Legendre P-functions are ill-behaved as Rel— +ao.
Certainly 1t 15 true that {3b) is satisfactory as Rel— — oo: but then (3a)

does not usually converge. Thus the Legendre transfonm pair for SO(2, 1) .
can-¢ither be.arranged -ta have.a convergent-projection losmula or to - f“

«\
A

have an attractive inversion formula — but no
th { a Laplace wransform where both t ir

To see how our results arise, consider the classical Laplace transform.
This is wsually {incorrectly) stated to be an expansion in non-unitary
representations of the additive group of the reals; in fact, it derives its
entire usefulness from the fact that it is no such thing. Instead, it is a
transform over representations of a semigroup (the transform integral is
only from zero to infinity); the group property is possessed only by the
two-sided Laplace transform, whose domain of definition is small
indeed. Il we want to recover the entire function f(x), —o0 <x <o,
we need a pair of Laplace transforms — one for each half of the real axis.

[his idea tells us how to proceed: the (generalised) Laplace transform

e oD dentiiied O OV enreceniat

ErCOLLD L X Ll 3 5 gl L ]

some semigroup contained jn GG. We shall elaborate these ideas il@ I8l Zl
aper}; here we concern ourselves only with the “quasi-regular” represen-

tations of SO(n, 1), which we know how to treat. The general procedure

for decomposing an (integrable) function on the hyperboloid into its

irreducible components has been given by Gel'fand and Graev [7]; see

also Ref. [6], Chapters V, VI, and Refs. [8-10]. Its cardinal feature is the

T
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1. Introduction. He notes that there ibk an "interest™ in this matter, due to
Abarbanel&Saunders, Cronstrom&Klmhk, JonesLow, Young; separately Ruhl. There
are two separate .methods:’ distribution, .and special functions; we %ill only
consider the second one: ' .

Claims that the éntire theory rests on a simple integral repation between the
P and Q functions, (I agiret). Talks about you have .2 choise: either take a
divergent recovery, .of a no good. projection. The problem is not really' solved.

To solve this pfoblem, Mac will use the hyperboloid/cone technique of GG.
He will do this._for the general case SO(n,1), then at the end will consider our
special case of 0(2,1). Should be interesting. Mentions some:"later paper".

2. The Gél'Fand-Graev Transform. = Define the following junk:

H = upper hyperbolbid with points u and measure du
K = upper light-cone with points k and measure dk

Suppose’ you integrate some function f(u) over the part of the hyperb which satisfies
the condition u.k=1 for some fixed k on the.light cone K: This surface is I think
a surface of one dimension less than the hyperb and is called a horosphere . You
can do this for each k on K, and thereby you construct a function Fiki on the
light—cone! ’

GGV book shows that if f(u) is very nice (compact support), then F(k) is
infinitely differentisble and vanishes at infinitey and at the origin of the
light cone.

Creating F(k) from f(u) in this way (integrating over a horosphere) is called
the Gel'fand-Graev transform.

P = space of functions on H f{u) which are polynomially bounded.

F, = subspace of P which have compact supprt, called f,(u) 1

Fp = subspace of P of functions which grow faster than Ju/*™", where
» n is of course the O(n,1) dimension.

Q = space of functions which are linear combinations of the appropriate
Gegenbaur functions for,this value of n. These functions aré polynomials,
like the Legendre polynomials for 0(2,1) case. Variable ¢ 1is hyberbolic
variable as usual. .

Lemma 1 says: xf yowr fumckimn ffu) grows faskex tham axcextaim pmwarxxx no. If
your function has certain integer fixed powers in it, then the GGT screws up
and does not exist. The exact type of "disallowed power" depends on whetner
n is even or odd integer. Also, the "kernel" of the GGT consists of functions

in the space Q defined above.

So the conclusion is: as long as you.avoid certain singular cases, the GGT
generalized to any. power bounded functidn' is valid. We have successfully converted
our representation from functlons on the hyperb into a representationz with
functions moving on a cone. Heminds me of Kalnins.

3. The Inversion Formula. If someone gives you F(k), how do you reconstruct f£(u)?
The answer is given here as Theorem 1. Note that you recover your starting function
modulo arbitrary functions in the space Q. This does not seem helpful...
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L. Laplace Transform. Recall that k was a point on the cone. Through such a ,
point there is a line passing through the origin of the.cone. Mac says to do

a fourier analysis propection by integrating the function over.this semi-infinite
lime. Or, to get convergence , only go half way and you have your "honesxt"

Laplace transform. The projection is now a function of some " " parameter,

but it is also a function of I think the azimuth of the cone defining your line.

Thus, we see f(k, g, ).

If we combine: this true Laplace projection with: the GGT generaization given
in (8), we get the full "Laplace. projection:" (29) with kernel (32). Not too
messy at that!l . . &0 '

= s =  S—— T
5. Laplace Inversion. Now mess around by cembinmg t.he nsual Laplace inversion
with the GGT inversion.

Full result is stated as Theorem 2.

Comments: it is pointed dut that now in the Tecovery Tormul you can move the
contour to the left and have your backgrouhd integration disappear. Thus, he
has solved a problem which earlier shad causéd trouble. Secondly, it is noted
that in the even case only, n-evén, yéu get scme sums in the recovery. Bery
reminiscent of the "discrete series™ .of usual threyr. Nut he notes that a baloid
really ¢annot do discrete series. Not fully understood.

Earlier, restrictioh,on the transform is removd in Lemma §.

6. The 0(2,1) case. He shows that if you start with the P and Q funckions and
compute the GGT, .you get very simfile first and second kind functions on the
cope, very nice indeed. .

The P-projection as shown in (50} is exactly the same as doing a fuurler
projection on the cone.

But the Q-projection is not .like doing a Laplace transformation &n the
cone because, I gather, there is an extra tangent factor floating around. Not
very clear .why the Q fails the criterion. 4

Recall that he was saying in the. very beginning that the Q-projection idea
was non-generalizeable to higher groups.

Anyway, he does not say what. the .0(2, 1) trye Laplace. looks like in u-space.

Pinal note: .Cronstrom. has done my Q—Q*t-hing it ie.elaimed! IG,K?E/!..I.
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IRREDUCIBLE UNITARY REPRESENTATIONS
OF THE LORENTZ GROUP

By V. Banaumany
(Received September 18, 1046)

Parr I
Introduction

It is the purpose of this paper to construct and to analyze the irreducible
unitary representations of the Lorentz group which satisfy certain regularity
conditions stated below. More specifieally, we deal with the proper Lorents
group, ie., the group of all homogencous linear transformations in four vari-
ables 2°, 21,2, 2’ which leave the quadratic form (z%)? — () — (=% - ()
invariant, have the determinant 1, and do not reverse the direction of time
(the variable z°). This group will be denoted by 2. It is known that @,
(as well as the group & defined below) has only infinite-dimensional unitary
representations (by operators in Hilbert space) except for the trivial onc-dimen-
sional case, where every group element is represented by 1 [Wigner, p. 165].1
In addition to ¥ we shall also investigate the corresponding group 2 of all
homogeneous linear transformations in the three variables 2°, z', z* which leave
the form (z))" — (3')* — (z*)? invariant—with the same restrictions as above.

\ Apart from possible applications in Mathematical Physics [ef. Dirac 2] this

, Investigation_has an intrinsic_mathematical .interest.as.a. detailed analysis-of -
the unitary representations of a non-compact group. This holds in particular

l in the case of & where the results are fairly explicit and complete. Morcover,

) the representations of hoth % and g play a part in Wigner's classification of
the unitary represenlations of the snhomogeneous Lorentz grou Wigner, p. 192},

| % being the “little group” in the casc P < 0, and €, being the little group in
the case 0y (the representations of these two groups are not classified in Wigner’s

\ paper). It should be noted however that the conditions which we impose on
the representations are more stringent than Wigner’s.

Prax or THE INVESTIGATION. We shall discuss both single- and double-

valued representations and hence des : ¢ i
If & (which stands here for ecither

€3] and &, rather than with]%fand g,

&, or &) is represented on a Hilbert space § by unitary operators U(a) which®

, are continuous in a (a is & group element of &), every one parameter subgroup

may be expressed, by Stone’s theorem, in the form U tH) where H

is a self-adjoint operator on §. Since on the other hand, ¢very one parameter

subgroup is gencrated by an infinitesimal transformation (an element of the -
ie algebraf8)|of the group &, there is a correspondence between the operators

and
define a representation-of 8 which will be ealled an infinilesimal representation of 5,
T

T i

|
|[ ! See bibliography at the end of the paper.
. 568

the elements of 8, Our main assumption will be that the operators H™ 1

=

@

’ tﬂl
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©. It is suflicient to require that the sum of two clements, of 8 is mapped into
the sum of the corresponding operators H. The K being unbounded, their
sum can only be properly defined if the common part of the domaing of the
diffcrent H is Jarge cnough.  We need, therefore, a condition about these domains,
which will be stated in §5. If theso requirements are satisfied the possible ir-
reducible infinitesimal representations of & may be classified. DBy an explicit

nstruction it i to every infinitesima ion

an irreducible unitary representation of Sitself, In cach case the llilbert space )
£ is defined as o function space over o properly cho anifold M on which
& acts as a transformation group (to every element a of & corresponds a homeo- =
morphism of I into itself denoted by y = azx, where z, y are points on .
The group property requires that a(bz) = (ab)z). The operators U(a) are
obtained as follows. If f(z) is an element of $, then U(a)f(z) = u(a. a'z)-
f(a”'z), where u(a, z) is a fixed non-vanishing function of the group clement g
and the point z which satisfies the condition u(ab, ) = wl(a, bx)-p(b, r), and
is called a multiplier of the transformation group. It is easily seen that U(ab) =
U(a)U(b), and with a suitable definition of the inner product the operators
Ula) are unitary. We turn now to a brief summary of the results obtained.

I. The group &;. The infinitesimal representation contains three linearly
independent clements Hy,, Hap, and Hy , where Hy; corresponds to a irans-
formation of the (k — I} planc into itself. For any irreducible represeniation
the nperator

- -mn

| = (Huft (o (Hy)~

is o scalar, i.e., it has the form @ = g¢-1, g being a real number.
wh etrum iz always diserete. has simple valu

all fntegral or all half-indegral and which

lons in —

Morcaver, H;,,
whi i

tations o
ane. In the half-integral case we obtain s double-
valued representation of % . The representations may be classified nccording

to the value of ¢ and the values of m. The following posaibilities nre found:
(1) €7 : gmay be any positive number while m assumes all integral values 0, £1, ~ gy

. (2) Ci:g may be any number in thé interval 1 < g < =, while m assumes

all half integral values 4, ==}, ---. (3) D{:k may be one of the numbers

%, 1,1, - - -; g has the value k(1 — k), and m assumes all valuesk, k4 1,k 4+ 2,

(4) Di: % may be one of the numbers 3L, 4 -+ gisequal to k(1 — k),

and m assumes all values —k, —(k + 1), —(k + 2), ---. The two classes

C; and C} are termed confinuous because in each case the possible values of ¢

fill an interval. By contrast, the two classes Df are termed discrete, because q
may only assume the values k(1 — k).

s L1 L L i )

the manifold M mentioned above, with suitably chosen multipliers The group
,—and hence also the group ©;—acts on I as the group of the projective
transformations of M into itself. Aslong as g = 1, the Hilbert space D consists
of all square integrable functions over 9, while the inner product in D is defined
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o 2) 1.:_!1:-;.r are t-ha_ "mt.rix elements” ai_gm_l_gunctipn_a 01: the Gasigi_r‘i

1. In_ans;er to the first question, we knpw that there is such a _thing as the X

b

matrix because this is a certain derivative of the § function. Also, we know
that ‘the Y functions atisfy & certdlh equatioh involving thé structure constants.
‘It i8 easy tu show that the -differential generators {which are defined in terms
} o —-"!ﬂ.l*v-.-
of the-%'-fum:'t.ionsr} satisfy the Lie- .kignhrar sing this equation.~I proved this
—as Result 1l.. As sort of a corollary,.we know that thse )\ functions satisfy the - —.
same structure constants equation as thﬂ K 's. Thus, the M-space generators
called fu by Bargmann must also sat.:l.sfy the Lie Algebra.

1]
1

2. A8 rar the second quest.:l.on, I quot.e Bargma.tm:

fé‘?ﬁry‘ irreducible re'pre sa;rt.ation

of G, the operator Q has the constantjvalue q. Now, if you go inside an irred

- ucibll;e rep, you will have some little basis vectors ard Q /&) ="qgfa) for all the

bisis vectors /a). If you act -on’ /a) -with a group element operator U{g)/s), the
result-is- a linear combination--of the basis.elements, .ie,-liesdin-the same space —
and- is therefore. still an_eigenfunctimiu of the operator Q. In specific coordinates,
if you use_the r,§ for the light cone’ting, you will find that Q = d/dr roughly
and b:ﬂﬁiﬂ functions in a given IR all have the same r dependence, hence the above
will be true.

This leads at once to the idea t—hal*. matrix elements are eigenfunctions

of the Casimir operator. Hecall that you apply the group-diffop to the matrix

element and move that operator inside to act directly upon T(a)/m). More
specifically, the -group-operator acts I:iin T(a) £,(x) where x are some kindx of
<coerdinates. Since this is a.simple mﬂ;tiplier representation,.you-can replace .-
the group-diff-op with an M-space diffdp. But, once you are in the M-space, you
realige that the thing is an aigeni‘mct.lon because you have an IR . OK, so this
is really no big thing.
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Calculation of the Invariant Measure @s g Detérinanit. — (Bargmann) ™ ~ ~ -

— —_ = [p— — T - - - -

t. Here is what -we want a-right- im’arianti; measure to doi- -

- Ddardan, %@ A = e don Ve Fad) o

G
The game isto find a right-invariant meabure \'Ir(a) that makes this equation -true.

-Define ¢- = ab. Then we-have a jacobian, ‘. - - e

dq: - da,, = 9(a,....a) doi.... don = V. &, .- don
3(“\,'1*(‘1}. £

;'_,-_S_,'f 3(“.1-.":,{:'1\}_ = ‘M
Iad

'aiq,‘.---q“‘s

- \ o). \“VZ @) = i\%)l_ )

Here we have made use of Bargmanns equation 1.1 which tells how the new parameters ¢

_Vvary as t.hg Earamrhﬂrg a are r_v_aried. We also use fact that ¥ is the inverse matrix

of %+ So far, our equation bexcmes:

- - - - 3 - — - -
- e U 3O = ;_m X Ve £

2. There is a slight question as to the range of integration in the second integral.
On the left a’iﬂa, you integrité over &y hoWévér is necessary to cover the group. ~—
As the a 1.3113& over G, &b is clear t.hat. the ¢ are also on the group, but it is
not exactly clear-that the c¢- exhaust- t,ha group -just because the a do. But clearly

we want this-to be-the..case .so.we can'run the second integral also over G. I wi,l____ .
skip this point for now and assume grl.iq.

3. The nbvious chuice for t.ha invariant maaure is‘
l

\ ¥
LY = e K@) . _
l

o L e -
5 o xS A=Y L $6).

4. We can repeat for a laft.-in‘mrina’ﬁ neasura by using f(ba). We énd up with

_ Y@ = \x@ * )YM 3 Q).
i

. ) | |
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6.96

The Basic Facts about Multiplier B:epresantatiens.

i

. 1. First [ we must review some c-f the charaéteristic funetions 'Whll‘.‘.h are involved.
When you consider simple shift raprasentatianu on some M-space, you run into
some functions :

dad)="os "?-(g.(‘oﬁ = Qﬁi—w—ﬂ ) ae G beG

— - - - - e - = --—.—j - -

A T iﬁ(}) - 9...2,£(_ﬂ-*~3\ S eeG e

In terms of these very speclal functions, ‘we may write down some differential
operators which satisfy the lie algebra df the group:

- -

i ¢, 5 i
_"Xti = —_ 'Xr ("'\j % i
;

Res = = 20D 2 <« W%#%%WWT"

. If Tn(ab ie a simple left-shift representation (no multiplier), then we know we get

magic e ion: - - o °
T s % [T = & Tete],

- 2, Now we move to the -context of m:lt.ipliar: representations. A multiplier is analytic
in both variables and satisfies two equa;biuns- The "wultiplier representation®

then indeed is a group representation: |,
1

TC"5 Q("‘:ﬁ = pla, EE:-:\ % C&{;.)

Py =\ JRCEARNSNCRANVSNCRIN
Given some multiplier, you-can then- show t.hat. certain- new funntluns can be defined
- namely: \a.- o

- | ’Z:‘(I‘) = _(X-(}k(ﬂf‘qi

}
ﬁ\a\m:- Ke )A('_Q,X\j (Z') (QV‘B _)“"[‘P"‘-'Y")
' One then defines some differential operaﬁ.ara N\ on the M-space with no superscript:

N 1

; _-_..Ar %+ Ao _ i



You then show that- these new operators satisfy the "magit equation™ for the
multiplier represefitation:

A \_T@\ Y = Ke [T MR ;

ahd theh it fdllows 4t once that these A operators are the differential generators
of the multiplier representiation!-They satisfy the 1ie algebra, ie.

Cne other interesting fact is that the product of two multipliers is
again a multiplier, and the new 7T function is the_sum of the two T functions..

3. The scene is now set to investigate some of the dynomite aspects of multip;ier
representations. I will do these on separate sheets because I know they will take

some work.

b

L+ One other detail. Corresponding to the diff gena IL of the mult rep on the gro up
are certain diff gens of the mult rep on the H—agace. These are given in an obviocus

way:
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— - Herey-you-tan -consider T to be either & regular dleft shift rep,-of a smultiplier
——rep, with /> the. corrréespondin g gﬂnerat.orﬁl.
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A comment on ihvariant deng

|
. 1. Having considered Bargmann- pages élr:)-f:lé, it seems to me that wyou could have a
i
local .scalar product for real j if ;l,r:uu_r.;ould solve this equation:

i — '”":-';b
" w(a- i3
\ut-nr(i‘%, W) = W) = W~ e el
Ie, if you could solve this for W, thén W would be the invariant density and
you would have a nice local scalar product for the D.* scalarl product, say.

2. The nature of the above equatign is thi 32

. o) S}Qq = gi}n@l\;} I

!
You are given & and b and are told to fmd f. I have never thought about this

type of equation before. I am not even gure what the .conditions are that this
- equation have a solution. Does this aquat:icrn have some name??
L]

3. I have asked Hassam about this, didnt know. Halpern mentioned it once. I could
probably drag it up somewhere, but will not bother. The point is clear: in some
. cases this thing will not have a solution. This translates into the statement:

in some' cases, you will not get a local scalar ﬁ?ﬁuﬁ# in your M-space,
- Ay - e -

L

- k. Comments on Dy« In the z-rep on this dié;c, you do get a local scalar product,
but in the f-rep, you get a non-local scalar product. Bargmann gives an example

_ of a non-local scalar product for his exceptional interval. In the m-space
representatbon of Dy, the scalar product lagain becomes local with a simple
weight function. .

B sl g e - - -
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!
- _ia;.@nn Introduction | (5 pages) _ . _
= 4
. L 1. The_idea that you associate a one-parameter subgroup unitary operator as an

eq-:panmt.iated hermitian operator is’called Stone's Theorem.

- ———— —— o ——

2. Lots of notation is set up . &L stapds for a group which we would call S0(2,1) ~
I think, the group of Lob motions. fvlhereas, X stands for the related "spinor
group™ whetrein you often nee'd"‘iﬁ“‘m-ycrur‘rnﬂatiunrto’ return to unity. The T
- carrier-space;j -or-rep -space; of & rep will be-called “N; y-a-Hilbert-Spacer The —-
M-space -on- which functions of W are defined is called M,. The generators
- are taken as Hp1, Hpg (the boosts) apd Hise The specturm of this last
— ———__generator is discreet.

—_—— el L et - — e —r -

s

3. Bargmann summarizes first the U{?.,l} results. He lists off “t.he UIR'&._ including
the exceptional as part of C%,. Except for the trivial, then, there are really ~
four kinds of series. Note that group elements are calléd ¢y n hot g. The -

‘operators ure called Ufa). Basis fynctions are f;: -Matix elements of the
- -xform operators which define & rep eire called ugy.

R — A new idea for me. pepsented_here is this: _you know what dg.is,. and.
’ — ;,ro'l,z ¢an loock at the asymptotic bahav:.nr of the matrix elements in the various
clhsses of reps. It turns out, eg, tr'hat. p* P blows up so fast that you can not

_ integrate it on dg. This is connected with the fact that D*y does not show
up'in t.he expansinn theorem, . hlso,; concerning expansiun thanrem, the idea

of g means, basically, that &rb :E‘unnj.:l.bn cdfll be Eﬁtpamlud" if “them. -

L. Next, he summarizes some results fa'r the group-S0(3,1). Again,. the series are
listed off, /Casimirs are stated, it.- is remarked that there are no discreet series,
etc. However, B will discuss this gr-::-up S0(3,1) which he calls&* in another
paper called "Part II". The paper I have is Part I, and will stick to 50(2,1)

except that certain parts of I are general to both papers.
1 ) |

!

e e e -



= FAENLY

Bargmann Section 1
-

la. introduction. When you do ab=c ifd a group, Ehis means that two vectors in
parameter space are mapped into a third, called ® (a,b) = ci. If you differentiate

which wéré distussed in Wybourne. Theses derivatives are described by a set of
entities called the 'x,i k[g). Certain combinations of these objects with their own

- - first derivatives. gives certain primitive .commutation relations, as in 1.2 . In

fact, these appear in_Wybourne page 31.- e L

1b. one parameter subgrnups. Let. ai be | polnt in parameter space. Let t. be the
paraneter of a OPS {one parameter subggroup} Then as t ch;ﬁg;s- ) at change for all i.
In fact 1.6a shows exact.l;.r how. Acertain linear comb of thoae%‘lk gives you an B
ohject"!i which = dalfdt. Of course, 1, runs from 1 to A whéTe n parameter Lie group,
su'y. is the vector whose components are "p Basically, ﬂwsrohjectsi (g) act

as a set of generators. They are really- the mfinitasi:maLt.ransfnrmatiuns when you
take the group itslef as an M-space. Hokever,. ﬂhes&’xf' are not the same as the usual

X1 because (I suspect) thay are more general, not taken to be near the identity.

_ _Thus, the comrels 1.10 are not yet AB-BA, but appear as 1.9 instead. Adjoint

group is mentioned here.

lc. group invariant integration. It turns out that the inverse of the determinant

of the cbjécts j;";ﬁ(g) is the invariant measure, up to¢ a horm factor. I bef this ties

~—in with Vilenkinpage 159.— The existence—of an equal right and left invariant - -

measure is-tied to a condition on the structure constants, 1.18, new to me. We shall
stick to such cases. '

* ;
l.d realization of G on the M-space. Here, things are repeated as before. Instead
of using G itself as the H—space," ﬁse soéme arbitrary M-space whose coords are xi/' .
G will act on this "transitively" such that x goks into Zi(a,x}, which plays the role
of {:} (a,b) earlier. Now the derivatives of these Z; are given in terms of some old
dbjects 1'1';': (inverse of 'xli} which are functions on G, and in terms of some new
obaectg).“{x} which are functions on ‘H‘L These new objects )\; then satisfy the
primitive. com rels 1.21, still not ﬁB—BA,

Now, out of the blue sky comes : ‘the standard (ie, shift) representation.

This is : T(a)f(y) = £(a~ly) which he also calls g(yja). Look at 1.25 and 1.26.
These define X; are the differential geperatnrs of the Lie algebra acting on G,
whereas )\1 are the diff generators whicht act on the M-space[ Fresum.a.bly these are
in 1-to-1 correspdndence, they just act.l on different spaces. Thus, in 1.27 'x is

' 1
- § I

~” this Tunction wrt af of B, you gef eqyafions liké I.I and 1.3, special casés of



! -

(section 1, page 2) '

¥

some ‘arbitrary gene:-atar act.ing on the IG space. Cﬂrrespond:.ng to it., is N!« given
The action of générators X(&) On_"('y,:i) 15 thé same as thé dction of A@ !
See 1.29. Now these new generat-ors*wlﬂ.c:h act on x, t.hesﬂ‘A'-’,(x), these aré the guys

¥

which satisfy-the AB-BA com rels ! - - - o - - -

la. ,:remarks on the linear reps of G. ligplg_'lgacl; at 1,19 and 1.20.. If € our ,_ _
transformations on the space M are linear ( like SL(n,c)), then the objects )t‘-(x}
appearing in 1.20 must be linear in the Xt Thus, the objar.:ts L r @ppear, as nxn
.mat.ricas. These are the usual generator matrices {lika I-‘aull mat.rlcas) which you
assocj.azte with a lie algebra. Of coursg they satisfy the Lie algebra. When you
exponentiaté these matrices, you get fihife dimensional linea? group representations.
(of course for so(2,1) all such reps wigl.l be non-unitary). -

Bargman makes a good point here. In the -compact-theory, -you always

deal m.t.h generator matrices L, and mathx reps. U(a) acting on.vectors in-the
flnita dim vector space. In the noncompact theory, umx our generators are A-,, ~
and our rep operators are T(a). These act on an infinite dim Hilberts space of
funetions of x. B:gr the waur. not.ice thﬂ.t the shift represent.at:.an is charact.arized
by a linear operator T(a), even though the action nf XXX group | element a on x

may be highly non Iinear. Proof: m % S'Lu.M M T{‘)& -Q,} +1§ t>'3 =TEK -1-'1[@}\{',_)
: Dastn T (@), G Sumaan, e aoan -
Wae Neons. ¥t _ . ‘ -
. GATE\E = z.u\m = S5(ax) .
B Sa()= S+ fq) VYyeM Mn Ny = § (M*)ﬂ“ x(aﬁ)
S Zx1T@) 14D = cxrw‘im WY = B = Seie 9‘
= AR )+ G A) = GATENSD + HATENLD. | )
TSN+ UN = =T YT o .

By the way, the symbol 7% will always d{enc-te an-arbitrary gaseratdr of the Lie
Albegra, iey -a lineazr combination of some chosen basis generators "xf'.

1f. multipliers. 4 multiplier is dgfine& on both G and M, hence u(ajx). If it
satisfies two simple properties: (1) u(e,x) = 1 for all x; and (2) u(ab;x) =
u{a,bac) u (bjx) for all a,b,x; then it IreaJ_'l.y is & "multiplier? and the
ganerahﬁed shift operators T(a)f(x) = d(a;a~ x} £(a~1x) clefine a linear rep
of your group. It is noted that the aatir of mlt.iplwrs forms a group under

I 1

|
: E—_— R -



(section 1, page 3)

1 = — —_—— = - = = W —_—

mult.lpl:l.catlun. Also, it is nﬂrt.ed t-hat if you can find. a function g(x:l that

is invariant under your multiplier rep' T(a}. then the multiplier must he

none other than u(ajx) = r(ax)/r(x) I o

lg. infinitesimal piltipliers. "SincE ﬁ?&;ﬂ'}"‘i’ﬂ 4 funiction of X7 we can obviously  ~ — -
try to apply our M-space diff -generatofs“kto-the multiplier. Here is what you find:
& u(asx) = [ u(a?‘i}l.m] xu(a;x)- -« —-In other words, the-multiplier is an
eigenvector of the operator x with eigenvalue as shown. This eigenvalue is given
a new notation: ¥ (ax). The object Px(a) = Ku(ajx)he - This thing is called
the "infinitesmial multiplier". Actually, it is a particular derivative of the
multd;pliar near the identity. (at the jdentity). " See 1.45.

Now, let T(a) be some multiplier'rep, denote by T°(a) the bare shift rep.
What is the action of 4 on {T(a)f{x}]* ? Back in 1.29 we Tound the action of
% on [1°(a)f(x)]. There we learned that ~T%a)f(x) 'A’!- (on same).(Let us
now use j\-xfnr the differential- generat(ora of the bare shift rep.) Then, the -- --
new result we find .is this: : - -

X(2(a)e(x)] = (%) +r\'¢> fre)x)] - - - -
Thus, define new diff oprs as: - - - - .
1

- “Ap ()72 R0+ Bys) - -
Here is thepoint: if you know the 1:Iif1fI ops- of the bare- shift rep; -and if you know
the "infinitesimal multiplier™ of -your 'multiplier rep, then you get the new diff
ops..of the multiplier rep as .shown by tfhis eguation. ! Of course these new diff
ops "realize" the com rels just as the did. _ ~

This sectlon clos&s wit.h various comments abuut. how multipliers
nrultiplied give an infinitesimal mult.lpllierx as a sum, etc. Things are also
stated in temrs of ¢ (x) which we recall ms a way to reparametrize the multiplier.
i

1lh. Het.'hcd of constructing Multipliers.’ This section Will, I feel, be fundamental
for Bgrgmmms purposes later on. It invhrl'l.res fiber bundles -and; I think, induced
representations, but- these things are nbver really mentionad. Here is the idea;
start with a space M having m=1 coordinates x. (Treat as base of bundle). The
group acts on M* in some known way Ei(a',xj Now, for each point in M* define a
line over t.hat. point ( a fiber) whose parameter is x™ + & new coordinate. Thus,
a point in the fiber has m coordinates.’The actiun of the group on this fiber
requires extra knowhedge about what hap?ens to this extra coordinate. Suppose
we try: Ugx(g) x™ = ulg;x") xP . Te, tl?is is the action of the group G on the
fiver over point X'+ - Theh ‘the rule for the consistency 0f 4 homogefieous fiber

S I .

1 1 B o ' .
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bundle becomes exactly the rule for ﬁ{:g;x) to be a multiplier!!!!
¢ - - Now suppose wé 'Hm*gpsléés*b{* and M (ie, a Bundle) with Ehe
- —— -multiplier-ufa;x )= Because u-is-a-multiplier;j we~have ‘ourselves a multipler
- -rep on M* {not on M).Te,-T{a)&(x¥) =iu(a;a"-1x*)f(&"1x*} . What Bargmann now
wants. to_do is_construct. multiplier re{:-s which have powers-of this-multiplier
as the new multiplier. So, let T%(a) bé this new rep on M*. Now, he is going to
construct a new rep, the bare shift rep on the space M, called T%(a). If you
restrict your functions (on which T° shall act) to functions of the form
F(x) = () lig(x™), then you can show this : T°(a) F(x) = (x™)~P Th(a)r(x*).
“Te, the action of T° 6n its space of FL is equal to a multiple of the action
of the  h*P multiplier rep-on M* on fun¢tions ih its domain. Similarly, the
-- - action of-the-generator-Y-on the—"out.céme" of ‘T°F is given in terms of the action
of Y- on the outcome .of T'f, see imder,1.57. . -

. My own comments: Possilily the space M* contains a point x*,
which has an invariance group H, a subgroup of G. If so, then the fiber bundle
characterized by Bargmenn's multiplier could also be characterized by some
_rapre‘sentatior: of the s:n;;?uup: H Perhaps then some correspondence could be
made petwean induced reps and nmlt.ipliar TEps.

. N ~ In the laSt secticn here B shows how you might actually construct
a multiplier to“go from M* to Mi- S@ﬁ?s‘é you start with some space M Bnd some
linear- transformations of-M onto-M (liKe SL(m,C) !). Denote the fransformatipi
matrices by uij. Then you can define t:he space M* by- taking as coordinates

- the ratios X =¥/ where ﬁs the last coordinate.of space M. Let x™ = §".
Then the x* up to m-1 are coords of H*.E_argd coords up to m are coords of M,
and the multiplier connecting them is given in 1.59 in terms of the matrices w _ij !
Therefara, from the m-dimensional (nonunitary) rep of Sxx GL(m,C) (ie t.lznse
matrices) apparantly you can explicitly construct a multiplier rep”on tha space
M* of m-1 coordinates. Moreover, as distussed above, the various "multiples" of

B this miltiplier rep on M* can be gsgociated with bare shift reps in the larger

- m-coordinate space My provided that thej functions under these bare shift repa
are suitable restricted as in 1.56 ! I!think this is very significant. For
example, the reps a:r: GL(2,C) should be realizeable either as multiplier reps
on a 2-dime space i y Or as a bare ahif!t. rep on a restriction of the space of
functions of 2 variables. I bet the splfme H is the circle, and the 2 dim space
is (zl 125) where the restnctmn 15 hombgeneaus polys, or something like that.

1i. (last) invariantx densifies. Define I[a),m(x].‘lz (a,x). Save a reading of

“ this section until it i needed:™ i ————

= - m—— e . —
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2a. linear transformations leaving a quadratic form invariant. Very nice section.
Here all at once B treats the st.andardz analyais of 80(p, ) where p+q = m, fixed,.
There is a certain dlagcmal metric t.ensor, 513‘ The requirement that any generator
‘x acting on x.x do nct.h:.ng [invar:.ant'} forces the mim generator matrices to

by antisymmetric, as in 2.5 . Thus, there are only m{m-1/2 indep generafors, end
that is the ‘order of the Lie group. The standdrd generdrties are defined—in terms
of the metric tensor as in 2.6, the wai,r I likes Then the-structure constants are ---
impldcitly as shown in 2.7 and it is -hoted that these yields.a right/left invariant
measure on. the group.. Theses generatpra so far act on m—component vectors and _

_we can talk about the finite dim reps. The scene now shifts to the standard

"bare" shift representation on functiohs of m—variables xi. The generarors of
this rep are given in 2.8, along with Il.he reminding notation K-; where A= (k1)
labels the generator of interest. 3

T think this is new to pe. The différential operators that T have
alwa:?s used for angular momentum, eg, "are the ‘generators of the shift representation
where the M-space is E>. The oribts-in‘E> are-of -course spheres.—Since -S0(:3)
preselmres the lehgth of vector x1, the unit sphere alone can be used for the.
carrier space of this shift reprqaentai_ipn. Notice that the action of group
elements on the points in the M-space gre given by the m-dimensional group
rep, whereas the action of group cparaﬁor_s. on the space of functions is given

by a shift. Thus, we have here a case 0f a linear rep being def:i.n;ad in terms a_f

another linear rep. I susﬁect that the general shift rep so described is highly o

reducible in general. i
«i. —— - -
2b. tshe adjoint group. Not clear what fthis is all about. If you similarity transform
all your genemator by -some fixed npera’q.nr U(b), you get a.new set of generators.
This .similarigy xform that generatres ﬂ neW generator ‘x: 'LT h}‘xr U(h}_l
can of course be written as = S.;(b) z’h because the original generators spagsn
the lie algebra. The set of matrices S forms a new flnlte dim redp of the group,
of size m. This is called the "ad,joint" rep. Equatinn 2 10a shows how you can
¢onat.lrunt this rep from the usual ﬁn:.tie dim rep, t-.F'-J.
I iy
2c, '_t.ha operatofs Qafid K . Q'is the Iusual Casimir = i-l'..{leJ. In" three dimensions
(iey m=3) it is the only one. Ie; there is no other way you can-combine the tensors-
Lijj to get a scalar.- All- you have to us“e is-g4j and e’ijk‘ But when you.go to -

m=l, you-can also use R = 3 jkI ‘LijLMi'."THESE scakars Q and R—correspond to the
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labels (P,Q) used in Liubarski's book.Recall that Lorentz group reps there were

charactenzed by a'PQ Jl "'."ect-or“ pnrt.:l.cle belonged th the rep '{‘ y Wwhereas a

Dirac spinor part.ir:le was something “like ?ok,@ ﬁ’t" Ete.
But now we are not reall;: interestedc in ED[3 1}, so drop this

R

stuff for now.
L - .

-1
H

+

-2e, the case m=3. first, the generatnré-are-renaat into thE"thraa-Li. These will

be the same..generators_for 50(3) as far 50(2,1). Remember that the metric tensor
appears in the com rels!! So, 2.18 sh?wa the com rels for SO(3). and 2.19. gives
Q. Similarly, for S0(2,1), equation 2.22 gives the algebra. It is observed that
for the first case, the "definite metric" means that k.k is always negative, so
only one case t.-:: considef. In the lat.te,r case, t.he metric is "indefinite" so
you have to consider three kinds of "orbits" depending on nature of k.k. These
Parabolic means "on the light cone".”
Orr a parabollc orbit,—you can find a point (say, (1,1,0)) whose little group

are chiled elliptic, parabolic, hyperbolic.

-is a ‘one-parameter group-whose 5ingle-g&nerator 1s the lightlike boost. On

a n elliptic. orbit, you can. find a.point, say (0,0,1), whose one-parameter
little group is S0(1,1). Finally, t.heré is always a point on a hyperbolic orbit,
THe point is that depending on your type
of nrbit., there are three kinds of little groups to think abnut here, whereas
for the rotations group, only one little group: S0(2).

say (1,0,0) with little group S0(2).

i
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. Qa. The group G;. _By plopping the L t:ompcnants of vector xi into a 2x2 matrix __

= - — e s sy B o - —

in the usual way, see 3.1, we construct an element of group SL(2,C). This matrix
realization of the h—vector is Herm.t.:l.a.n and has detaruﬁnant equal to the inva.’i:lant
length of the vector. If you act on t..'pia on both sides by some unimodular
matrix, say W, the determinant is preserved. Thus, any real Lorentz transformation
can be cast into some SL(Z,C) ‘elemerit W. Of tourse (-W) als§6 works. The map from
group Gy, = SL(2,c¢) to L, = 50(3;1) is Ii;herafore 2-to 1; These two groups are
"locally isomorphic¢" and- therefore -have- the same lie algebra.

I - l - —— —
3b. The group G3. There are baalcally two ways to do this. First, take a subgroup
of SL(2,C) with the usual (.'Q"?, Set ;ﬁj = 0 to get new X as in 3.4+, Now, if
you consider the Mobius transformation z' = (:'J.z+ v/ lpz + 4} as a map from the

plane C to itself, you see that act.ualiy r;.rn::u are mapping the interior of the
unit circle onto itself. ~ ‘ ) )

On the othér hand, t.here iy another Way o EG_G-B iging 2x2 matrices
with rreal elements. This is SL(27R)«Given any SU(Lyl) matrix, you can make the -
isomorphic 8L(2,R) matrix -as-shown in 3.6. . If you.condiser the same mobius —
transform with this new real o t-C » you find_that. your group G 3- can be realized
as transformations of the upper half z-*pla.na into itself, instead of the interior -
of the unit circle. Just two ways to d? it.

By the Wayy these SU(1,1) matrices hava a property that looks like
unitarity, but not quit.a. Vilenkin raférs to SU(J. l) as QU{E] for "gquasiunitary™.

If you restrict to that part of SL(2,C) shich gives you su(2), your 2x2 matrices
come out really being unitariy. See 3.%.

! i

- Je. multi-valued reps ? Take the "elementary rep" of su(1l,1), namely, those 2x2

matrices themselves. Obviously, in trhia: rep , the "rep" of. W.is different from
the rep of Jxx (-W) because rep(W) = W'and rep(-W) = ~W. But both W and -W are
the same group alemant._ from the point c;f view of 50(2,_ 1). Thus, the "elem rep"
of su(1,1), when considered as a rep for S0(2,1), is double-valued. Each point
in 50(2,1) has two matrices associated With it. In general, if you examine some
rep of SU(1,1) and you find that rep(W)l £ rep(-ii), then as a rep of 50(2,1), that
rep i5 double valuéd. If rep(W) = rep(-W), then it is Eingle valued. The usual
exarmple is that R,(0) = rep(I) and- R,(2w) = rep(-I). (You can show this). Thus,
in a double -valued rep of S0(2,1),- t.hes;e two things are not the same!

- _ L -
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Howsver,_ there is another sense' of "multi valued" that I want to get _

straight. The topological space associated with SU(2) (I think a 3-sphere)

is simﬁ?on—nected + This means thath‘SU(E_} ia_it.s oWn um._'versal ¢a;ve_;eing

group, and it also means that the representations of SU(2) are always

single-vaiued representations of m (notation Tor the covering group).

On the other hand, the group SU(1) has; a topology which is inj__:l.nit.aly c:or_mected

(iey the circle)s The representations of the covering group -SU(1) ar&we:-"m; where -

m is any real number. For example, if h = %, then.such.a rep would be a four- -

valued rep of SU(1). (I think) This single valued rep of m) N _eiﬁ! b, is called

a "p::_-o,iactive rep” of su(l). ' L o
Similarly, it turns out that the top space associated with su(l,1) is

circle x plane and is therefore infinitely connected, just like su(1). Thus,

there will be reps of m which uill be many-valued reps of su(i,1). As

just stated, these are called pru,jec't.i?e reps of su(l,1). See page 193-4 Wybourne.

3f. infinitesimal -xforms for spinor group . The point here is to find the action
of the generators .on-some Hxx X. These turn out-to be 2x2 matrices given
in. 3,_:10. For Gg these are not quite tilE Pauli matrices. Of course for su(2)
that is exactly what they are. ¥

H - i - = -

‘ e ol
Jg. remarks on spinors. We know that wé can parametrize a 4-vector or three vector

by the 2x2 matrix called X, eg, 3.4+. ! Call elements of this matrix x3J. Thus,
3.12 shows group action in this notation. - T -
‘Wow for some reason I do not yet ‘See, he wants to imagine that our 4= or 3-
vector is lightlike ("null")s Then you 'can define two 2-spinors as in 3.14
such that x1J = sisJ®, Notice that thid must mive det(X) = 0 .
’ Next, you can also parametrize tihese xtd by three polar variables as shown.
Then 3.16a shown how the spinor and polar params compare. (Note that the first
spinor is real, so in fact only three ;farama in the spinor param). Now, if you
insist that x3 = O (ie, restrict to G3), then x1 = x*7 and you get 3.17. e
Now comes the point. Suppose you loock at a G3 transformation 3.12::ih;re
thé initial and Iinal 3-vevtors are param'd by polars, ie, r and @ for initidl X
and r' and @' for resultant Y. Then Df.! course you can compute T'(r,f,« (¥) and
also @'(same). These are given in 3.18 and 3.19. Remember that this only applies
to transformations -"on the light oone" pf 50(2,1). These little formulas look
extremely familiar in another context. ;:ia. Vilenkin's QU(2) reps). _
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La. 1nt.raduct1c-n of parameters. The firat. set nf paramat.ars tu be introduced are

the complex number fwhln:h really is @'/I( ’ ﬂnd the real parameter (X which is

the phase of ol. In terma of these new '.rar'iables.lt and (Pare given in 4.2 .

From the unimodularity condition, we sl&e that \-{] % |fo\, and that therefore the
variable ¥ is restriced to 1i& inside ‘theé uRit circle Semewhere. For the group

G (=G3 from now on) variable ¢d lies in) (=W, ®). For the covering group, (> lies
anywhere on the real- line, as already ﬁiacu&aed- - - - - -

_’f

_4b. linfinitesimals and invariant int.egrat.lun. Note the usage of symbols |4 |{ Kt

Thesé define a particular linear cumb:.hatmn of the standard generators ‘}(.... Ie,

you write an arbitrary generator as 'x ® }(r. Recall that these generators ‘)‘

act as diff ops right on the group G parametrlzed by some at,” Now we already

found the 2x2 generators for aNY generator of SL(2,C) back in 3.10. Now, bL.7

merely specializes to afi arbitrary Iiﬂéomh"of the base ‘generators of G. Now, the =~ -
idea is to insert these- known generatm;-a- My and-to -solve the first equation—in

k.7 for the numbers ¥*(a). These -numbers ')';i'r{a}_racall are very fundamental to

the gruup, and were introduced_back. onipage 1 of this paper! So, once _you calculate
these x,r for this specail parametrization, you can at once do two things: (1) you

can write out the explicit G—diff genegftt.nra “Xr 8s in 4.8; and (2) you can compute

up the determinant of the X r(a) becayse you know its inverse gives the invariant
1

i
4¢. the parametérs yp, ,¥. “Very familiar-terraim. Under the standard ranges

shown in 4.15, we are reminded t.hat.-ﬂevefrr 803 the-group G is covered-twice. These

measure, hence Le9 o

new parameters give back the original. o:nes ¥,¢> as shown in 4.16. Again, you
can solve up equation 4.7 for the varin:;us 2x2 generators to compute the diff ops
%, as shown in 4.17. And the inveriant measure shown in 4.20. In fact, Bargmann
even goes so far as to cumput.e the diff op for Q, which he calls £, see 4.19. I
skip section 4d which discusses dsz md15eomet.r:,r

i
Le. conformal xforms of unit circle fo itséTf. Here weé have an example of that M and
M* buiness encountered earlier, in tha cage m = 2, Start with a-two dim space M
with wlj given just by-d (» matrix. Atjonce from 1.59 we can calculate the
multiplier u(ajz) and we have therefore'construced a multiplier rep on the space
M which has just one(complex)variable ; ie, z. The multiplier is Just (o + e 2).
He then computes the three infinitesimal multipliers, see 4e26. Recall that these
are needed to ccmpute up the H—space d.'Eff gens-
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ﬁa. intrnduct.o_z_x remarks. Set-s up nut.atfmn for Hilbert Space scalar product and
norm, follows QM insbead of math notat.icn. Then he carefully defines what a

UIR is: unitary operators on a Hill:ue:r'i:t Space X , -::peratura are U(a). Must satisfy
the "rep property" which I call the mu:lit.:.pl:..catiun rule. Alsm, certain continuity
condition which I will always skip :we::!. Finally, no invariant subspaces.

5b. criterion for-irreducibility. Here we have Lemma 1 which is a modification

of Schur's Lemma.. .Schur..says that in.a UIR, any- all commuting -operator must -

be a multiple of the identity. Here he iL:.lzatims_,‘.:.l'Jlt-. same, and more: if a rep is

reducible, then there does exist some dther all commuting operator. This operator

can be expl:.cltly constructed, it is m:-t. Just a multiple of 1, and is called E.
Basically, it is the ﬂperat.ur which pru',]e::t.s functmns 1n4(,onto the invariant

subspace &_ '

5c. one-parameter subgroups. Here againf we have Stone's Theorem which says the
imxax one -parameter subgroups can be set-up as--exponentiated Hermitian generators.

Thus, we hayve generators Hﬁ or, if you still insist. on. arbitrary 1in combs, He

fd. asst_l_mp‘_binns about infinitesimal reps. Warning: do not confuse the notation 9.‘.
with the same symbol used in Vilenkin. Think of “X as labelling one of your gens,

xX-1 y2+3 lets say. I really dont ca.re: much for this subsactinn. The end result
is that each generator Hy on our Hilbert Space has its own domain, called 9;-,
and the intersedtiol of these domairis is called ([,. As far as I am concerned,

this “.,is the same as 1“» i : -

5e. the operator Q. Of course the apei-atur Q-acting on _‘a is. given in terms of

the generators H, acting on same, Page 1502 is a long harangue that coneludes that
Q is a hermitian nperat.ur Hhich in a UIR is a multiple of the identlty. Ie, see
equation 5.14. The "multipla" of the idant.:.t.y is called q. Thus, g is real. Also,
he concludes in 5. 1? that 9 y the doma_in of the one compact generator, ixm equal
to ([, the intersection of the domains :af all three generators.

) e e - . L
5f. playing- with- the generators.-We kmnow that the compact subgroup =cting on our
Hilbeft. Space locks -like-so, g&neratc:rwise: HoBn -)\ngh* Lf we impose at worst
douple valuedpess here, we get the usuA‘} int.egral/half. integral spectrum.. So,

= ——— _..i. - -

[ - e



L-—rﬁ T

( section 5, page 2)

let g be some eigenfunction of H, andj{.et_ S&_ha__its eigenvalue. Define: H, = F
and H_ = G. Then 5.21 is standard. So is 5.22. Note that F® means F applies
s times. Now, notice that GF+FG is a Eaganal operator and has a:.genvalue (qf}?')
when applied to function g. See 5. 23+.: Next define &, and 0y as what you get
when you apply GF and then FG, reéﬁect.iiirél;.r, to g. See 5.2, t0 get these in ferms
of g and%. It does not take much then to-get 5.25. If you raise s ‘steps, then
Iower one, you get ?‘-t'xmes something.- -Also, 5.26 follows--at once. -Thereforey -

you are forced to have #, and 3 be pﬁri'iti:.re { - -

First, assume that‘r is integra]iand thera is no t.rm:cat:.:rn 50 we go all
the way in both directions. Choose N = 0. The requirement that all those little
% and 0% be positive zm forces you to jkeep to q »0 only! ™ Then 5.28 gives you
your basis f; functions. Theé wholse shoW iS summ&d in 5.29. Notice that He allows
each basis function to have an arbitrary phase. - - -

5g. classlficat-lr:m of the reps.

Next; assume no truncation againl. but -half-integral- spectrum on H..-Then -
choose N = %. Turns. out that you need d %% now. All rest is same. These two classes
are called C/ O and Cq %, ~ i L

Next, assume trun-:.at.:.nn on t.ha right. Chonae g and. its L as the rlghtmust
eigenyalue. Ie, H,g = O. Thus,g= 0, and g locks onto ) = —}(L+1} Easy
to show that N€ 0. If N\ =0, then &' 0 also and you "die" on one step in
either direction. This is the trivial reprfesentation. If N&® (of course must
be half or intégral), then I Havé shown that €% = (3 + k)? @lere k = —N\. This,
"‘5 is always positive def and thing does-not truncate on the left. NB: there is
no such thing as a-finite dim--UIR here ! Or with any noncaompact group. Repeat

arguments to get the other type of disr::raet series. So far, there is nothing
exceptional about the exceptional Ija.nga! of the continuous integral series.

5h. discussion. Although we have onl;r set gf the infinitesimal generat.urs (13,

‘we know the actmn of F,B,H; on a.n:.r hasis function f in the Hilbert space spanned
by such functions gor a given WEMETRMN PI ' cIalm that the finite group
transforms so generated are the UIR's i

I
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6a. transforms on the light cone. Here at last is the s-.ect.:r.on where all our wnrk

begins to pay off, especailly that st.u%f about multipliers. By simply considering
the transformations of vectors on the Future light cone, we are going to end up

- with*specific GperatdFs whkich represent the finite group transformations on

a8 carrier-space. This Rep will be valiii for the q‘?i- part of c° , the~so-called

q!

nonexceptional-interval. - - - -

As we know well by now, echideian vectors on the future light cone can
be paramed by r,;.’i With no trouble at,all, we can write down the diff generators
whlch give the bare shift rep in tL& Euclidean space. Thus, we just copy
result.s fram 2.8a and change to these i‘ »@ coordinates. Hence:, you have 6.4.

Keep, in mind that functions f(r,ﬁ] fnrl}l the Hilbert Space upon which these

/4: r generators act, and this bare shifli'. rep is not an irreducible rep by any

means. Ie, it contains lots of invariant subspaces, and we are about to6 identify
cneof-these subspaces! To this end, we note that any function of the form -
6.6b is -an-eigenvector of -diff-op Q. Thus, if you stick within the subspace

of functions of this form, you might be staying within a. UIR because Q is the
same for all function in this subspace. Notation ¢/ is for later use.

éb. transfcmatn.ons of the unit clrcle. The above sect:l.nn was mot.:l.vatmn for
this 'section. “We shall use the result of the prev:.c-us sect.i:m to chonse a
prcaper power of a certain multiplier, ie h =% + i9 where o= m .

' So, her¢we go. Let the space M have variables r and @. TLet this'i be
the "added coordinate. Notice from 6. ?‘ haw you get r' from r.-This is exactly -
what you want_such that I"‘-'l'F' ﬂeiﬁ[ i,s a multiplier for a representation
in the space M* whose only variable is.). (M* was the base of fiber bundle M).
Now, take & power h of this mult.iplierj We know that is also a multiplier. Henceg
we have ﬂonstructed the multiplier rep:‘asantatlon 6.11; there is no question now

about, what is go:.ng on. Equation 6.10, shows how this multiplier rep is related

to a simple shift rep on a certain subspace of the larger spar,;e M. In fact, we

see that that subspzce is exactly functions of the form 6.6b which we found abovef
Next, we Wtilize the "sandwich Tule™ 1.58 to constfuct the gerierators

-of our multiplier- reps Ergoy equation E&.—lz. Again, no muss, no fuss. -By

i I
comparing the )\;.u. the. Aﬂf -we-know we <an get the "infinitesimal multipliers"
by just taking the difference, s*;:r,;ﬁv...‘lji.1 Finally, 6.1k gives the. operator. Q in
our new multiplier rep, again via the sandwich rule.
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-6c, ‘discussion—of-this new multiplier qEE -Out of-the blue;-once- again, Bargmann

i
|
!

quess the scalar-product_6.15..Looks simple. encugh.__Craftily., .he. shows that-if you

choose q so that p is imaginary, then :t._hi.}_ operators Tg(a) will be unitary (with

respect to the chosen scalar _Eogmt_)+_: In 6.18, elements ug, are defined for later

caleulation.

éd. reps of the nonexceptional &ﬂa

i
{

|
series. Note that B.p - if\g- We have just

found a set of A= . He claims that t?héji'du in fact satisfy the equations 5.29,

provided the phases ware chosen in a -speeial ways (Not trivial).
5.29 follows just- from the Lie- Algebra,-really,-so -any Yinfinitesimal rep" must
satisfy them. Without. further ado, we_state that these generators As acting on
the circle_with scalar product as showr and with q % so that ov = imag = is with
s real, ... these generators are the in:f rep for the UIR's so claimed. It follws
that the finite transform ops defined by our multiplier rep or by the assocaited

Remember that

shift rep on M, these finita transf-::rma are the rep operators.

n 6.25 he simply rephases the basis vectors. Then matrix elements will be

called vy instead of ..

- - —_— —
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Connection between the. theorey of: multiplier _representations and . -
the theory of induced representations. . o

1. I think this is the way it workss | start with a group G and take as yuur
subgroup the trivial subgroup E. Thlaisubgruup has one representation, namely
the real number 1. As the base of your fiber bundle choose some homogeneous
space of m-1 dimensions; this will be:Bargmanhs space M". This will therd be
Mackey's space S. Any point iIn this space can serve as the invariance point =
of the base, s,. That is because the Lrivial subgroup E is- an invardiant-
subgroup (recall this detail). So pick-sama-sDF For our fibers, over each _
pcié@ in the base put a "complex linej'. Ie, the vector space which is each
fibér is just a complex plane. Thus, the elements of these fibers are merely
comple; numbers. In general, the “fiLer operator"™ is supposed to act on

a véctor in your hilbert space (fiber), but here the vector space is so éimple

that the fiber operator is just itself a complex number. Ie, that is a

possible fiber operator. "Let us now identify the fibér apératﬁr'Us(S) -

with -the multiplier u{:x" ie8)) wharel of course x" is a point on-the base -

M" -and plays the role of- 5. -Notice that the-rules of multipliers are S

two. One of them we identify with the{fiber operator consistency conditian

for ;a homogeneous fiber bundle. The other we realize says that for h in H

(ie, for g = e), the fiber operator i supposed to form a rep of subgroup

H. But the multiplier rule says that this partlcular fiber cperator ix reduces

to ynity for g = e, ie, for h in H. But unity is a rep of our subgroup H (ie,

the%trlvial subgoup; it is the only rep.) Thus, everything is hanging together.”
However, I thought that the trivial rep of the triviidl Subgroup always -

induced just the regular representation! Ah, but I think that is-only true

if you use the coset space G/H for your base S.-Here, that coset space would

be G itself, but this is not what we ére using. for S here. Ergo, the bundle

is not completely determined by specifying G, H=E, and L(h) = 1. What you

really need to completely specify your bundle is the multiplier, For each

multiplier you get a unique bundel whose fiber operator is dﬂfined_;n be that

multiplier. Then that bundle together with G,H=E and LEh} =1 -ﬁpecifies a

unique induced representation. ! B )

i Think back. Thé induced represeétatiﬁn is Just & shift dperator which acts
on things we called £(g) or A (g) as in Hermann. These are points in the reference -
fiber which you get via -some "referende" cross- section. In our present case, ;
the reference cross section is.a complex function on M*, ie, f£(x*). To get

_the objects f (g), you act on the crods section with Ug(g™). But this is
i

1. - — - - — -

- - 1 - e - —— = --—-?"
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1
-2 a

just u(x*; g=1)+Thus; we idantﬂ‘y—t.h:e elementsof the feference fiber f(g)
with u(x*,g~1) £(x*). —-This—is very-close-to Bargmann's-1.56, considering
his 1.54._ Details aside, we .concludd that Bargmanns _"multiplier rep" in.—
eit.lher of its forms (ie, as multiplier rep on M*, or as shift rep on a piece
of ;‘*I:_! is to be identified with th?_:l.ti;duced. representation of the group G

by the subgroup E, rep 1, on the fiber bundle whose base is M* and which
is effectively labelled by the mul!'.ip:liar itself. -
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ﬁiBarémann__ Section 7 _ . _

- e @

—T—r'—r - =
?a. reps of t.he half—mt.egral pr:.m:.ipler ser:.es. The nmltiplier we used for

the integers was pos def, no guod here because we want ﬁE u[-e,x ) = -1. Tt

turns out that only a small change is needad. This new rep called T.. (a) is
obtained on the same space by the rap,T.,(a} miltiplied by thé phade of the
quantity w(a,@), see~7.4. Hence, ’i".ffrwill ‘be the new rep: In general, it turns
out that in order to get--operators -il'l;trhiﬂ- new rep from the integer rep, you use
a modified sandwich rule, as in 7.7 f?r the differeptial generators, and as in 7.8
for Q.

]

i

7b. reps of the claasﬂé_,_.é; Now :ﬂe;‘.‘inf_:,::{iilr_hasis functions .Faé f,' shown in"
7.9. You can then show that your new A on these f,' give you the desired

Lie algebra stuff, except again you have to clicosé the phases in a certain way,
viz. 7.10. Agaimn, jou usé e ="i¥, 804q = 3+ % and you again get ‘g 9%4: This
is the same range covered in the-integral case. Finelly, they note that again

you can rephase your basis. states to fet gm's and .again there will be two kinds
of matrix elements ugy and Vppe. Sactjcn_ closes with a comment on these reps _ _
for the covering group. rgqs_ically_t.hére is a new continuous lsbel called h

(I see this as Ep) which specifies the arbitrary real starting point for the
spectrum of Hg, which is sull discreét., T -

¥

4

Bargmann Section 8 Exceptional Interval for cg.

8a. the kernel L{é.ﬂ‘} _ We cannot just carry over previous stuff because in order
to make it work you need &~ complex, not just imaginary (maybe real), but then your
operators are no longer kexmix unitarp. This will be cured simply by doctoring

up the scalar -product. Hopefully, we shall find a nonlocal scalar product of the
form 8.1 that will work. Notice that tihis scalar product carries a_rep label!

It is important to understand that, although we are about to change the
scalar product, this only has an inflyence on the matrix elements. The basis
functions will be the same as in the ntanexcept.iunal interval (up to norm) because
the generatoﬁ are the same. The rep is the same also, of course. The only place
t-hatf the scalar product is felt {s when you go to compute matrix elements. So
tEi's; entire section™is just a 'sédfeh fﬁr a scdlar product relative to which xxE our
already established rep is Lmitary—uhe'fl q ldes in (0,%). The solution is given
in equaion 8.l4s but--the constant—is not-yet fixed. -But in 8.7 the kernel is

g



(section 8, page 2)

- e i

stated again with a constant such t.ha't. the unit function on the unit circle has
unit. norm. MNext, B shows that if a .t;_unct.inn on the unit circle has _finite norm

via the old scalar prudunt. then the morm is als-'.': f:.mt.e under this new scalar
i
product. This proof is lengthy. 1

Be, the Hilbert Space ul" . Here is j:US't. remarked that ¥ou can define new basis
functions -that -are- normalized by using gp instead of f. The notation M just -
reminds us to use this new " g#" scaf:ar product. Only the type v - matrix

elements will be used. However, these are not involved in the expansion theorem

i
to pome, so not important to me. P

!

Bargmann Section 9 The Dis?creﬁ' Elagées

9a. the multiplier rep Ty ~Look bacl-q; for 'a mdmeént at pdge 597. There we used

for the space M (the- fiber) little complex tw-vectors ("f\ We allowed these

to be acted upon by the.elementary rel: of SL(2,C).. Then-we took the -top variable
31 as our "add-on variable" and the ratio z =2, /f, as the variable of the space
M*. We found that if you shuffle the points in the space M* by the usual fractional
linéar transfnrmation, then ' that coi‘responﬂed exactly to shufflmg the little
two-spinors by the usual 2x2 SL(.? Cc) inat.rlces. Also, t.he variable §; ends up

Just getting multiplied by a certain guantlty. which we identify with the
multiplier. Thus, e cleanly defined.a multiplier representation on the space

M* (notice that M® ts the spate of z, which in turn is just the iriside of the =~ — -
unit circle for SU(1,1). ) Eih'lrioualy; you can -use-the multiplier raised to any
power and you still have a m:ltiplieri rep. Going back to the space of ({L). we
know that the rep appears as a bare sl_i'jift rep on a certain class of function

of these two variables. From page 583) we see that that class of functions is
precisely: functions of the form (i.)_h £(32/%) , where h is the power you
chose. This certainly locks like Vilenkin's equation (5), page 109. (Of course
there he is talking about SU(2) piece.of SL(2,C). )

So, to get on with it, Bargmahnfis going to use M = unit disc to deal with
the ;discreet UIR's: It seems that Vilgnkin got gwWay With doing everjtling on the
circle itself, but remember that at-his "integral points™ the reps he- got were
actﬁ-ally reducible and extra work was'needed. to- get- the discreet UIR's. -He is
ver:,f sloppy on this business, I thought. Bargmann uses the circle for the. continuous
UIR's, but he uses the disc for the djscreets.
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(Bargmann section 9, page 2)
-F - - — - e - e -
So, having .said all{his, we anciept-H* =.disc in-z-plane and- we-have -the
multiplier rep 944 . _The next problelm is to define a_ scalar .product. over this.-
disc such that the rep operators are u.n.i.'t.ar;.r. This is simply achieved by
identifymg an invariant density via |t.ha method described back in section 1,
leading us to equat.ian 1.61. The apprapriate density is stated in 9.8, normed
so that the norme of a unit function over the disc has norm = 1. Therefore
our s¢alar product oH M is giVven by 9.9 (it is localJ"S_ far, L can be any

positive number.

|
9b. .the Hilbert. apace_fﬂﬂ,_._ It is fum::;.ims_uf z on the discwith scalar -product

given by 9.9. As such, our rep operators are unitary for any pos real . 1t -

—

is noted that the scalar product of two powers of z is very simple, see 9.11.
It turns out that hy(z) glven by 9.14, (Just normalized powers sz form a complete _
and orthonormal basls in !-I .

i
9c. reps of thé ¢laSs Di*. Now ZIVERthe Yep 9.4 wé Can always find the
infinitesimal representation.: Ie, we can always go from firité to infinitesimal.
For example, stick -some ORS into 9.4, differentiate both-sides wrt the parametier
‘then set..parameter = zero. . This ui].l:give_;mu_a_.tiiff op for-the- generator.-But

we Have no need to do that because we have already recorded the answer back
in e!tquainn L.26 (ie, this gives the infinitesimal multipliers and you just add
theae to the "bare shift" generat.ors Wutuch are detarmined by the N {3
factors given in equation 4.24. ) . SO, boom: we have generators as in 9.16.
Notice that the lowering nperat.?r is d/dz. Thus, if you have a basis

which is powers of z, éventually H_ -..r:lll Kill off your series. Thus, what we
are doing really is appropriate for t.l'pa discreet series. In fact the basis is
powers of z, as given now in 9.18 in terms of 9.14. These functions do just
the right thing under action of Ha = .1“1... Notice, however, that in 9.18 you
must have XKUXXX (m-k) be an_integer, -otherwise the thing will not truncate .
under H- action. This is the thing that quantizes @ to be an integer. Note that _
9.17 for Q is just right. Matiix elements will be of vy, type on these g_basis.

9d. Reps of the class Dy _ « Basd.?:’al.L;r you teke your fractional xform and complex

conjugate it. Then you CC &ll your generators. This negates the spectrum of ﬂ,,
which is just what you want: However, We do not CC the scalar product (this could
introduce a minus- sign) so tha basis :l..‘S chosen a little differently, see 9.22.

!
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Bargmann section 10 "the matrix elements"

Y

- -

"10a, differential relations. K11 alofig, Bargmann has wadé lots of USe 6f these

ng-diff™ generators y the) ¢ Contrast these generatrs with-the "x-diff" generatorsy - -
the h-;. Fo r example, all those generators used by- Mukunda were of .the x-diff
type. In egquation 4.8, Barg gives sn?e .examples of the a-=diff's . Wybroune _
only mentions these guys in exercise 4.5 page page 27. So I still have a lot
to learn along these lines. MNow, a 'l.réry impcnrtant result we learned way back
conwerning these two kinds of diff generat.urs was a certain relation between
the two: namely, that X [T(a)f(x)] M]’_T(a]f x)]. Of course Xonly acts on
an a-variable, wbereas Ay only acts on an x~variable. -

This little idea i§ applied mahy times her®. Look first at 10.3 which -
defines the-matrix element. It is a function of a, hence we-can apply“X as
in 10.4. Application nﬂ# to 10.1 gives 10.54,-for example..-Similarly for 10.5..
Ultimately, we. can. show_that the mat.rix elements of any ops must solve an

~infinite set of -:uupled differential Equations. as in 10,7 . Notice that the

quantities called h-r are complet.el;‘ known, givsn some label ?, ie, some partimﬂ.ar
generator. The _pafamstar is then cal}?d t. Now, because these Zwmn only "couple"
indices not more than one apart, it tyrns out that you can solved this infinite
set of equations for small t. That solustion is shown in 10.8, all fine. Howwver,

we want t6 know our matrix elements for large t 4s welll

§ = = - - —y . —

10b.' form of the matrix elements. We n-:)h' go directly to the )L'f} group. param,
so that you.can."dQ" the ends at once K and the entire problem boils down to
working out the elements of the OF3 whuae generato is ‘XL. By the way, this A »
should go with L, of the lie algebra shown in 2 22- This it turns out is a
y-boost. So we now have to work out these OPS alament.s v (3 )+ For small § we
can use 10.11., Notice that the functichs& mntQ) are defined here. But again,

we want large § results.

10c. discusiien of the functions vm{y:)i First we change from S to y. S0 now we
are after the Wpyn(y). We now apply equation 10.5. The [a—diff operator for Q

in ti‘xese params J,qj _was given earlier’. it is called £1~. But we have simple

M and y) dependence, so rpplace £\l th « L4y when acting on this simple
class of functions. Hence, 10.16. Recast one more time to get functions Y, (v).
Then the "Casimir d:l.ffarent.ial equatlnh" for Y is the hypergeometric equation.
The solution of 10.18 is any multiplex. of 10.20. How do we know it is the
part-?cular multiplex shown ? OK, this: follows directly from our small g forms -
found back iW 10117 Fing. — ~ - - -




(section 10, page 2)

10¢. rematks on hypergeometrics. Thef-va:ious—translatim formulas are stated; - -

big deal, but this -paper-was written-pre-Bateman.sc 1 guess.thats why.

i_ e — - -
10e. reps of the continuous class. Now we just put the pleces tngether and out
comes the net results for vpn,(a). Notice that he has gone back to the original
group variables & and p and as usual' \you “have to watch the various regions

of m and n. We now come to an impnrt.ant point: Bargmann derived these matrix

elements without ever having to use a:ix explicit sedlar product, or an explicit
form for one of rep dperators T(a).” Ba:tsical'ly. ‘the whole show was done via the

diff op for-the casimir Q as an a-diff- generator- combination.- & few other-moves

were needed to get-the normalization of the_result, but the whole derivation

is beautifully indepengdent of the class of UIR !
:

10f. reps i‘u;‘ the discreet series. The formulas 10.27 as just stated are wvalid
for all the classes, so just replace f- k - & ana-yc:ﬁ:- all set to f"l:.r with the

diecrete series. It turns out that thése are polynomials (not unlike the P, that

you catch in SWT stuff whén you catch +f.ha nonsens€ polds md¥ifig yoir contour

back ‘to ReX = -} ). Notice fancy nntatmn introduced- in 10.29 for these matrix

i

elementss - - —;— - e — e . I

Dg. remarks on the finite dim reps. fn deriving t.ha above matrix elements, it was

crucial that we had unitary -:-perat.ors, egy 10 6 made use cf lD 1, and s0 on.

To get these non—unidary finite dim reps, hE uses the monomidls method. I wonder

if Bargmann realized that he could ha'are gotten the SU(l,l} matrix elements also

from the monomidls method. This is wiat most modern authors do, see page 191

of Wybourne. Ie, Just use the space M ,and dont bother with going down to M and

getting all involved with multipliers. I really should look more into this
comparison. - . .-
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The propertics of the “local representations” ofjthe rolation wapondmg to complex angular
!

momentum are further developed. Completeness and bi-orld

lity relations are derived and o

'connection with the representation theory of the group SI(2,R) is considered and a generalization of
Regge's use of the Summerfeld-Wateon tranaform is made to the case where three momentum transfer

: " - _reduction of products is carried out, giving o geoerslizalion of+the Clebsch-Gordan reduction. The
|

viriables ooeur in the description of scaltering amplitudes.

i —

| - 1: INTRODUCTION

ECENT imraistigutions"’ into the connection
between stable particles’and Regge poles have

| suggested examin#ution of the l‘olinwing problems:
“ " Given- a certain set of particles all of which are
Regge particles, ie., they are represented by poles

| in scittering amplitudes, which lie. on Regge tra-

jectories, how can one define scattering amplitudes

for these Ea.rtéc]es' taking lmnl:%y_g_i_ml values of -the
spin variable? Are these amplitudes uniquely deﬁm.?d,
" and how mre the' analytic and unitary properties
. related to those for physieal scattering amplitudes?
" In this geries uf papers, we develop first some of
@R the bosic. techniques required in attacking these
problems and use them to provide partial answers
in certain important cases. The definition of an
1 “off-spin-shell” amplitude is bascd here on the
! . factorization of residués at Regge poles, in complete
analogy with the corresponding definition of un-
stable partiele amplitudes. (See_Gunson’s “Ana-
B Iytieity and Unitarity”,* hereafter referred to'as
0 one sense, these amplitudes may be regarded as
“ofi-mass-shell” continuations, but differing_from
the more usual versions in that the spin is continued
simultaneously with so as to follow ia
‘ Regge trajectory. The other important difference is
that of uniqueness. We expect the Regge particle
amplitudes to be, unique, being dcfined entirely in
Q’ﬁrﬁﬁm amplitudes withoutl any extra
Srternal parimetars(50s 556 bIOT AT paraimelers (soe Sec. 6. OF AJ:
Tlefore we can imvestigate these amplitudes in
i detail, we have to develop suitable mathematical
VO Frantsehi, M. G-ill-Mmm, al F. Facharinson,
IMhya, Thov. 126, U204 (10020, %

* AL Goll-Mann, and M. L. Goldberger, Phys. Rev.
[ lLetters 9, 275, (1962).
. .3 AL Gell-Mann, elal, Phye. Tiov, 133, B145, BIG1 (1964).
. Gunsnan “Unitarity niul On-mass-=holl Analyticity as a
. Thasin for S-Matrix Theorics,”” Dirmingham Preprint (1962)
o be published .

r—

tools for lhandling the transforms of many-particle
amplitudg¢s to and from the complex angular mo-
mentum plancs. The two main obstacles met are
(i) the extension in full of the representations of the
rotation &mup to complex angular momenta and
(ii) the problem of “complex singularitics” in the
momentupn transfer variables. Qur solutions to these
problems, are given in the first and second papers
of this sefies. In the third paper, we treat unitarity
and analyticity. -

For a physical interpretation of states involving
particles dvith nonphysical spins, we refer the reader
to papers by Regge’ and Ford and Wheeler." In
many senscs, these states have the same status as
unstable pr virtual particle states. Doth are some-

,what ephemeral and wavefunctions representing

them cannot be constructed without wviolating the
usual bul.inda.r:,r conditions. In the case of particles
with nu:fphysical spins, the relevant condition is
that of single (or double) valuedness over the unit
sphere, However, it often oceurs that the physical
effect of the viclation of the boundary conditions
is small. ‘The linking of mass and spin variables on
a Regge fra.jmt.ory demonstrates the complementary
natuge of these two forms of cphemeral state. In
the bmﬁ ease, the transformation properties under
rotationst of the states with ‘well-defined complex
spin j infthe rest frame are those of the ¥, (8, ¢).
These apd related properties have been studied
from a n}nt-hsmatical standpoint in terms of “local
reprca_c:nliutiuns” of the rotation group in three di%
ménsions in an appendix to A. In particular, defini-
tions were given for functioris D™ (R), of rotations
R, which'gave a natural extension of the well-known
unitary ; resentations to complex walues of j—

—
® T. Itokge, Nuevo Cimentlo 18, 47, (1060).
LY W Ford, and J. A, Wheeler, Ann. Phys, (N. Y.} 7,
272 (1050} '
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Unitarity aknd On-Mass-Shell Analyticity as a Baaisis for S-Matrix Theories. ITI

J. Guueon

Department of Mathematical Physics, University of Biﬁn;ﬂﬂ'ﬁﬂ'!ﬂ, Birmingham, England
(Tteceived 20 Junuary 1964; final mnumrii:t. 30 June 1964)

The singularity structure of many-particle seattering amplitudes in momentum transfer variahles
is investigated in terms of the many-particle unitarity conditidns. Cauchy-type kernels for analytic
funetions defined on complex rotation group in three dimensigns are constructed and related to a
theory of local fepresentations of the rotation group, correspending to complex angular momenta,

I

N Parts I and I of this series, we have studied

singularities of seattering amplitudes whose loca-
tion depends only on the energy invariants for one
particular channel, in particular the total energy W.
By generalizing the treatment given in a previous
paper,’ we investigate below the implications that
the many-particle unitarity relations hold for the
structure of singularities whose locations depend on
one .or more of the momentum transfer variahles
for the chosen channel. For this purpose, we have
found it convenient to construct a special Cauchy-
type reproducing kprnel for holomorphic functions
defined on the manifold of the group 0(3, C), re-
garded as a complex space of three (complex) dimen-
sions. In the original derivation of this kernel, there
appeared incidentally certain formulas which had,
at least locally, some of the structural properties
of representations of the rotation group in three
dimensions. These formulas have subsequently
proved to be of importance in the complex angular
momentum analysis of many-particle amplitudes and
0 & detailed mathematical treatment of certain basio
properties is given in Sec. 2. Applications to scat-
tering theory will appear in later papers.

1. CONTINUATION IN MOMENTUM TRANSFER
VARIABLES

As an example we consider a three-particle uni-
tarity term

[HaE] = L ZHxE (1)

oceurring in (3.36) of I, whose partial wave projec-
tion appears in (3.38). The total amplitude
AW, --- 9 I

-2 X ZE AT, ) D7) (2)

i=0 m==j m'==f

, according to our postulates, analytic in p on the

1. Gungon and J. G, Taylor, Phys. Rev, 121, 343 (1961).
1

group mahifold of the complex orthogonal group
O3, C) (br rather the component of this group
which is eonnected with the identity element) except
for certain sets of singularitics. These must include
at least the ones which interseet the physical region
itself, i.e.,"the submanifold which forms the real
rotation group. These comprise the single-particle
pole and anomalous threshold terms introduced in
Sec. (3.3) of I and further branch points at higher
energies, !

In Sec. 2, there is constructed an invariant kernel
function associated with a special type of closed
bypercontour M in the manifold of 0(3, ) and
possessing the reproducing property

[

®) = § a8 KR, () ®

for any t'urtmtion { holomerphic in & neighborhood
of the physical region. In order to apply this theorem,
we must reintroduce the (—1ie¢) addenda to the
masses of tI';le intermediate particles as in See. 2 of I,
in order to.produce a neighborhood of the physieal
region in which the functions are holomorphic. Let
us now write the amplitudes oceurring in the unitar-
ity intcgralf{lj in this form, i.e.,

i
A®) = [ar, [ ar, s@,, RiR) Z00) XR) @
{

after omitting irrelevant variables and integrations
over the intbrmediate phase space. @ is the manifold
of SO(3). Using (3) on Z alone, we get

i
AR = [ R, § ds, K(RRT, 8) 2(5) X(®).

} (5)
Applying t.o:buth Z and X, we get

1
AR = §: S, § aSHR,, 8, SIZSIX(S),
‘ (0)

'

852

——————

where

H(R,, 8.,
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_ Final conclusions for Weds Jan 28 on the AG d and e function.,

. 1.Hers are the objects which I have calculated:
a) expansion of 4 into two terms well behaved at z = inf; =es page 4
) explicit expression for dha- , (-z) made to look very close to -regular d.
- For comparison of these iwo, u'i-p{gt 4 backside. - . — —0 —
c)..on pages 5 and 6 I showed that_the definition (3.1) does indeed give
- formudas (3.2) and (3.3) when the 4txtra cut" in 4 runs to the left, This
cu{ is shown in page 4 backside, second box.
d) page T shows disc(d)on left rtlntnd to di=c(e)on right, with other stuff.
e) page 8 shows d1ugid! on left ualculattd directly. On back of page 8 I
) write this disec in terms of d(z) and d{-=z). This is my first disagreedent

with (14.3) except Whén h-h' = l?té integer. -
f) on page § we have disc(e) on the right. See backsode for alternate result

- g) when results (d) and (£) are combined, we get result on page 10 for
— - - disc.d.on bhe lefi, This still ﬂingrtiu with (14.3) in the_same way.
h) on page 11 I consider an alternative cutting scheme to rescue the

results so that (14. 3] is OK. Ky resud messes up other formulas,however,

g/// and conflicts with the scheme AG txp11c1t1y choou-.

Fe The reason I am worried about the result (14.3) is that iG use it directly
to obtain (14.4), the 0{2,1} completensss relation. If [14.3] is really
wrong, as 1 suspect it is, then so is (14.4] unless there are other cump-nsatiné

erTors,, '
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tion (3.1) gave result (3.2) for the

imcu on he d and e functions.

— o

. l. Question: when I showed that AG d.nfin'l
: e function, what assumptions about cutias were made?
| # s -
2. Answer: examine the procedurs. My first move was to expand d(z) into two terms
as shown on page 4 in orange box. Goi&k from AG equation (2.1) defining d
to thiﬁ -quation, no cut choices need Ve made, The expansion into two terms
is independent of cut choices, f B - -
Next, on the back of page 4 I wrote two formulas: one is for dmshm' (=2)
and “the other is the usual ﬁm?’[+z]. We are atill "cut” independsnt.
Finally,-on top of page 5 we make & definite choice* -the -(1-z) out
in d(-z) runs from z=1 off to the right. This is the only assumption needed
in order to have the two second-terms cancel. I bslieve that this corresponds
%o saying that the "extra cut" in d(+z). runs from X% z=1 off the the left.
Le, see lowsr box on page 4 backside.
No new assumptions were made until page 6. But at line A, no new assumptions
have yet been male. in fact, I think :i'ona are made for ths rest of the =say.
L
.’ 3. Conjecture: in formula (3.2) for e, you must choosw the {2z«l) cut to run off
to the tht, but the other two cuts can be chosen however you decided to choose

the cuts in d. Lets conasider =ome of the poasibilitis=: _
i

{2-v

This is the one that AG start out using. They like it because it makes d(z)
clean in the -1 to 1 region. DNotice that Pj and Qj never. have the (l+z)

and (1-2z) cuts. However, I would prefer in some sense to have the z=1 cuts
all run off the the left =m0 e(z) is clean when z.GT. 1. (These cuts are not
really as fundamental as the other two }uts). Another choioce is:

— ] YL dM™R)
q — 1 I 3

- U e M @)

__HDW}Vi24 with this bhoice the. riale {3.4} doe= not work because d has_an internal

__iisqpntinuity. :
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Comments: so far, the c¢onitour in this integration is any contour looping the
worigin in the positive .sense. For_example, a circle of any radius.
Note that we aimply assumed that an expension existed at an early step.

KD W 17NY ‘-MWM _ .
A = = :3-':'“, \
A.-,E‘ HL p M[:‘ 3. 5-‘-:'3&«.:
4= lmPf:. axp = [
A= e s . = {—!n'rv-'x

Now Here is something strangé. LookK at equation (*) above. If the right sied
wonverges, then. presumably it.converges to.the function- shown on the left. But,
the function on the left has cuts as shown here. In order to apply a contour
integral to both sides of eqiiation (*) and then interchange order, you must
apply thls contour-so that-the contour lies. entirely within a portion of

the s-plane in which the series converges uniformly to the function on the
left. Therefore, any old tontour around the origin will not do!!
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12, So we have found that the only chance we have of doihg what we did
s to _gssume there is some convergence annulus. Given the function
zon the right, and assuming that tangent is smaller, we have to cut the
function in this way: !

- h-.—'M

gt (0as )Y s = ST DL

) A= Q J-qté = - a
A R T- 1. = A
- A= -%Q A AT

Notice that this method of cutting yilelds honsense if
you let j-m = integer but j £ integer. In such a case, you have to joln
the cuts differently. 1

[]
13, Lets clean this cut -business up & little. With.each factor in the product of
functions you need a cut. The way J{ have writtan the function above implies
thi= cut sfructure: ~ . r

=Ny

1

;
L™ ] % » M
- — I -
L

o -— = -

-

" This is definitely NO GOOD. Suppbse we may assume that m - integer. Then
mush. better .way to write the function is this: -
l- i

L2 S SRSl Pl
e | h. -

R
Must ‘remember that the cut struct
the factors t!1!!

4. ﬁxm%u, . _c;ﬂc(e_\crﬁ 'wa Ostara B\@_Wr‘}r
P, ek Ona cadoun awuaRk Qs v Qe
?MWA-QMEQ.@S\MW .

Dot = 30 s -S4 (Rem T
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q_of a function depends on how you write

—

|
i
I
- -'i- -
!
i



- e

3 -
- g
-

15. Further clarification. We are considering that there i= a distinction .

in how you write :these two functions: - o
M-\ = ‘3‘ i
A) ﬁf’ (-3~ Qs )
- - =W
Q) A (- ey e
goo\.; pﬁuw (AY: A= O ~{rw-t
- s~ = daple  {-w
A = = M - |

Suppose you really know that ri-m = integer. Thér lodking at (A) we ses that
although we -can pretend there are two-branch -points at infinity, in fact
in the total function they "cancel™ so really the cut is Just passing
through infinity when you draw cutsx as in top picture. But a cut
passing through infinity can just be deforemd to-give the simpler picture
shown in the lower sketch. (Credit Vilenidn for showing this.)(See his
page 307 comment.) °
Thus,- with t.his in mind, we can go back to the fiorm-given in P9

for the matrix al:g;:.ntrm )
16, I have now studie careflel.gt .t.hu_ chnology needed to.do this-.contour
integral for the matrix elements. ¥We have:

D = = 98 (@ 85T E L 0T

——

Originally th:.s contour was
in the convergence annulus
Y mentioned above, but now we

o hﬂi’f’- are free to deform the thing.
/‘//* o+ "H.

Dl = W™ (= ] Gy Eadm e ‘(1+%mh§
« (\ — mﬁw‘.ﬂ,\&
&nt = f.'..ﬁiﬁt“.ﬁ.-

Db = (ort ) nichid™ Gt ™™ Gt £ 00O ekt

17. Now be careful. Notice that the cut for the first factor is chosen in
non-standard fashion. Normally, (t)® means the cut runs off to the left
not to the right as drawn. But I can just assume that we are drawing the
cut strangely.~The first factor #& still positive at point ‘A. .

4 WA

l‘n-"- "‘-':l"t"‘.
o= Y dra—rms

e~lag= ';S‘lﬂ ~ W,
—o= &ﬁ-"\'ﬂ.
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18. I think I have a way to write the integral with less ambiguity. Use:
A= m%l&) A =~ (—awp/) oK |
+
WD (Sanpry (3 gy e

o (WS o (—*a«,hwz) "o ay

Then we can.write the matrix element so that the hypergeometric integral
assumes standard form. Also, thel sine factor works out DKM:

-y -
P t

imw‘*“’“i(-wl>‘-:““§~m§;\“““ = Cootfe) T i)

D = Leesh 57N [t Jm“%m-ﬂ‘f" -1y s™

, , 1+~km’5; g

19r Now we apply our second form nf_Ehe - C ¥ $§

. hypergeometric integral identity.|First note that the path of integration
tlcnka like =o: ) I"‘““-“ -

- ~ | . (o+)
EFMF& ’=1§

_+lins., ol I cm alge -~
i \ & ) (-5) T (-%e)
\ o |
= -uwnrw(m(a-h} F(ao;a;2)/T o)

ol |

' onguhomadas 7

QO\% b= - S -

e _C e -\ = h-i'm = _C=_l+M-m,
e~\a = _g-\-\,Jﬂm_ L —lo = ﬁ-&-\#%_
SO = —ymm

—— v w

i

awte T (k) = _ 10 {
Q%) 1
Set N = —~ i m@m Fla,boyer2)
| AR m:c)

S0, 'the 2PIi's cancel, =so do the two minua signs. Also, z = ~tan2?B/2. Thus:

Do = (oot ™ ™ iu ™ Plriom)  Eim -yen, Worem, <toxpn)
o DG -y I (e -~
i

b
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Wi ] Gy -y ()
(1Q£ﬁ>F1'>Eﬁ*ﬂM‘*‘ (j_b2;311 jﬂ;jh

Yomble = G-/ (142

Putting in all these relations, we arrive at—the following réstlt for D. This
is not standard form, but.I record it anyway for possible later- use:.

Dhu(emsm) = (SR 07 (12)

LT Py ey B
Plan-w) T Gri-m)

ad

- ¥

20. Now we may apply the usual shift formulas t0 get standard form.
Define various z's and write both_results:.

= 8 f=(%%) = ¢'=3/GY @
’ -~
QL= —i—"m_. Q'-ﬁ:)= .S:j—“.—m ' \ - “5 = (Q_;_ﬂ

b= —\+W C-o =, jﬁ-’r'\.-‘r“ﬂ.,

L= \4+m-m

(- fh'-—o. _ (%+\ (i-n“Tl
(-5y = (Efz_l\ - (&), o

With these facts, we now can use Bateman 2.9 (3) and (4) to replace the
F withs
Flasoudy, = (FEY T F I, (e e, (5 )
&
= (FH\) i Qhﬁ-'\'\-%ﬁ ~yEny a-w, (-—"’—"'})

However, now each-of these can be shifted sccording to Bateman 2.9 (2) to give:
/
-2 ey Y
V=) (-3 = (2B)
tmomle = {'Hw Yo L @

-~ (’h't"w% ‘ootrow

Q.ﬂa_zst‘:&*'}"?“ e-b= ) AT
~\~W A%\ =




i
|
:

- L =

T —— —— e

Thérefore, we actually have four different- ways to replace the original
F. They are:

=~ :
F("-'FM*—S = (i%) F -\, el -y 2 T 1)

—yEn '
(%_tl) 3 F(S*‘f‘:“‘“s‘"ﬁ"'“r -, % “"'f:&)

241 ’
a-,,?-—"r ( ) F '5*‘!'\*‘“ Hy*'ﬂ. "i."r"'u\ W, "'%_?..)
| 2aTVY™ L, _ \
\f‘?”” ( _?..) ?(“5‘{“1, yri=wo ‘\“*E*—*‘ﬂk_,“}:‘%.&>
Well that was stupid because I kncw.ﬂhcre are only two ways to do this. Whus

they are equal in pairs. Inserting these into D we get standard form results:

Do Cuony) = (2] Dk ,3)_ ey

S ¢ CICLIN -, \*\=w =i
T\('\'\‘“""mb ?(‘a*\‘_—- 'n,) (_3 5 ij_-'i'“_r"ﬂ'\r o )

_—

{
! "'LJL =V

Dion (ros)) = (B2) 7 S
R G- w FQ;;*-LL,,-JPm et *"%)
FOxw-m) Pl -m)

21.: At this point, it appears that- AG correct for their reversal of indices
in their equation (18). So in fact, the above equations should really

_'T#%?he valid with Q?nm_on thc left. Also, thay drop the ineasential phase.

Thus, we-get: o
o = —n ) ——-) -
| D, (cosp) = 1_%) o - - ““_(a'm\‘ (owm-m)t
*® F(.@-Hm} \-'r'm \ - li)

This agrees with equation (22) of Ag II, except of course that I have
heen using & different normalizers Obviously this form is only wvalid
when m-n = positive integer or O due to the usual business. Ie, you

have to make surface corrections to -get the other sign, do not bother
with that here. Also, I have assumed that BETA is positive and in O to PI
in order to have done what I dld.l

_ 22, So, being careful to swith the indeices, the upshot of all this work is
?asically'tn verify the integral representation of D:

|
E
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Actually, I may be wrong in saying that AG are correcting for their. I
index reveral and dropping the (-1)™™. In fact, I know that these
two operations exactly compensate, so the result comes out exactly!!

Thus, the exact integral repreae.nt.at.ion iss ‘E Nm=\
d;m_QMEf;) T“_tQ@ A ( Jb) =+t (m&-\-‘&mﬁ'j_) ( Swf, + cosfry A.)
F —m-i.'Pl'r.

wl-s camed kG whla«v!.

24, Comments:  riofice that ‘if n-m is’ not AN ifteger, jou carmot even go through
with the .above 23-step procedure. The reason.is that.you.cammot run your
contour through an annulus because there is no convergence annulus.

In other words, the double-infinite power-seriés we encountered does .
not have.a convergence annulus so you -are not justified -in--interchanging
the order of summation and integration around the pole at ==0.

In other words, you only get a group representation if m-n = integer.

25 . We may reyrite the integral above in this way:

o~

@ﬁ §,¢+}¢.E

t '&ﬂu{#l Lg‘\ =\
' damplL ﬂ
S -
e \,
"'.MHL

26, Significance of the integral representation:-
a] the dependence on variable n is ultrasimple, compared to the
hypergeometric function representation where n is tangled up
“in a very complicated way.
b) of course by using the symmetry properties, you can make the
m dependence similarly simple.
¢) the integral rep is really the direct thing ;ruu get using the
operator representation . (< page 209 AV
27. So far I ‘have been thinking SU(2), but notice tha&_tganz goes over into
tanh(x/2) and this is still less than 1 in absolute value for all x. Thus,
integral rep is also correct for 8U(1,1) matrix slements.
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II. Representations of the 9+1 Lorentz group

On non-compact groups

By A. 0. Barnvr avp C. FroxspaL

International Cenire for Theorelical Physics,
Piazza Oberdan, T'riesle

(Communicated by A. Salam, F.R.8.—Received 8 March 132;]

A simple nlgebraic method based on multispinors with a complex number of indices is used
to obtain the lincar (and unitary) representations of non-compact groups. The method
ia illustrated in the cass of the 24-1 Lorentz group. All linear representations of this group,
their varions realizations in Hilbert space es well as the matrix elements of finite tranaforma.
tiona have boon found. The problein of reduction of the diroet product is also briefly discussed.

1. INTRODUCTION

Recently physicists have become more interested in the theory of non-compact
groups. The early work on this subject was pioneered by Wigner (1939) in his study
of the unitary representations of the inhomogeneous Lorentz group and its various
subgroups. Later a systematic study of the representations of simple non-compact

Liegroups was initated by Mackey (19535) and by the Russian school.f =~ -

Instances where the unitary representations of non-compact groups have been
worked out completely are remarkably few. They include the 2+ 1 Lorentz group
{Bargmann 1947: Gel'fand, Graev & Vilenkin 1962), the homogencous Lorentz

(Naimark 1 , some work on the 34+ 2 and 4 4 1 de Sitter groups (Thomas
1941: Newton 1949, 1950; Ebrman 1g57; Phillips 1962) and on some non-compact
forms of unitary groups (Graev 1958). Considering the Jarge number of semi-simple
non compact Lie groups§ the study of non-compact groups seems to be only
beginning, at least for physicists. Essentially the difficulties arise from the fact
that the interesting (unitary) representations of non-compact groups are all infinite
dimensional and seem to require a formidable mathematical apparatus. The purpose
of this paper is to show that simpler alzobraie techniques are sufficient to obtain the
representations of non-compact groups. These methods seem to us to be sufficiently
general that we hope this paper may serve as an introduction to the theory of
representations of non-compact groups, although we shall be concerned with a
simple example.

The example is the 2+ 1 Lorentz group which is not only the smallest of all non-
trivial simple real non-compact Lie groups, but is also fundamental in that it
appears as a subgroup of all others. Itis also interesting in its own right for physical
applications. In other reports we show that these methods are by no means con-
fined to the 2+ 1 Lorentz group.

+ Bec for Mmmpla the reviow by Derezin, Gel'lund, Uraev & Naimark (1g6o).
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On non-compact groups. 11 533

In §2 we list some propertics of the 2+ 1 Lorentz group, th ntial spinor
group, and the covering group. These were all given by Bargmann (1947), but are
included here for completencss.

In §3 we write down the spinor representation of the associated Lie algcbra,
and introduce the principal technique: the construction of multi-spinors with
non-integral, in gencral complex, number of indices. In this way all lincar represen-
tations of the algebra are found. In §4 those representations that are equivalent
to unitary representations are selected and their unitary forms are given.

In §5 we show how a number of equivalent realizations of the underlying Hilbert
space may be obtained. In particular, some light is thrown on the relation between
the three main series of represcntations. In particular we study the contraction of
some of the representations into unitary, irreducible representations of the two-
dimensional Poincaré group.

In §6 some problems of the reduction of produet representations into sums of
irreducible representations are discussed. This problem was solved by Pukéinszky
(1961) in a very special case.

In §7, finally, we rederive the matrix elements of finite transformations found
already by Bargmann, using algebraic rather than analytic methods.

2. THE GROUT ARD THE LIE ALGEBRA
The 2+ 1 Lorentz group is the group { of transformations in a real three-dimen-
sional vector space that leaves invariant the indefinite form
ot = 2} + 23 a3 = gz, T TR
This group has three real parameters and is generated by a Lie algebra spanned by
three independent generators. The generators and their commutation relulions

e B e A o . ——

arc Ligp Lyg Ly Ly+L,=0,
[LF"L A] _i'g”a Lr}[l [2_""]
fu=9gu=1 gu=-L

Another basis for the Lie algebra is particularly useful, namely

* = JHiLygt L), Lng, }
(Lyg, M%) = + M%, [M+, 0] <Ly

We have defined M* and L,, in such a way that their commutation relations are
exactly the same for the 2+ 1 group as for the three-dimensional rotation group.
The difference between the two groups lies ip the range of the parameters. Thus, if
. =L te dt+e M- (2-4)

is an element of the a.lgebm, then § &, = e_ for the rotation group and €, = —&_
for the 2 + 1 Lorentz group; €, is real in either case. This means that in a unitary
representation L =L, (M) = M~ 3,:,(3) (2-5)
+ Like tho 8+ 1 Lorentz group, this gronp consists of four disconnected parts. FHere wo

study only that which s continuously eonnccliad to the identity.
g T defrrenes o the eustom of mathemmativians o <hall write @ for the eoaplex conjongede

2-3)
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‘Barut and Fronsdals

"Reps of .50(2,1)"
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1‘ General comments: this is the paper which really forms the basis for the entire

Chapter 17 of Wybournes book. This is th¢ first paper I have read which bypasses
the messy Hilbert Space function realizatlnns of the rapreaentatlnﬂh and deals
with the "multispinor method". They even'maké & commeént to this effect, page 538.
Te, instead Gf using a messy space of functions on & circle &nd-all that, they
use- a -hilbert spacé of functions -of two-variables, &nd their Yrepresentation " is
given by their equation (7.1), see also’equations (17.67) through (17.69) of Wybourne.
Using this rep, it is completely trivial'té compute the rep functions Hl

other people get only via hairy integral representaticns, etc. Here, all you need
!

- -

15 the

Binﬂmial theorem.

—_—— = e —— - - - -

which

There are several other points to be noted in this paper. First, notice that it is

a very ‘early paper, 1965. Secondly, the Phiase "gpifior Ffoup" i's clarified a little.

Recall that the ‘parameter space is a'topglogica}1sbachx Now, "you-can parametrize
m&wﬁl}mﬂhmhy&ewﬂﬁh&ﬂﬂﬁh?B which suggests-that—the- parameter
space 13 the tapclcglacal—pruduct of 2 complex_plane and a circle. Hawever. you

can imagins the. covering space of that c{rﬂle to be a real line which contains the

circle in some sense infinitely many timqa.

multivalued repragantatlnns. Tha group su[ ,1) itself is callad the "Epinar group:"

Somehow the covering group associated
) wlth this cavaring space will coﬂtaln su{l,l] many times; somehow this has to do with

©of the Lorentz group 2+1 (?) because su(f,1) is a two-valued representationz. of
B0(271). In other words, su(l,1) contains so(Z,1) tWwo times, ™ ~ -~ ~ ~ -~ ~~—

* Now this "all has a nﬂnnactian wiqh the values takem by parameter Eg.
let E, have its full continuum of values; then your representations so obtained are

If you

reps for the entire cmwering group or lide X plane. Ie, there is no necessity that

going around the circle once or twice or three times should give you the same"value"”

for a function defined on the circle. IT;you ﬁhen restrict down the acceptible values

NPT —

"of Ey to integers and half integers, thed you are guaranteeing that a LPI rotation

gives same value, so on the circle there are only two—values. Then you are talking
about reps of the “spinor group" su(l, 1}4 Finally, if you further restrict E, to

just the integers, then 2PI is™ identity dlament, and rep i

is "single valued".

"Then

you are tallkding s0(3,1) reps. ‘One can saﬁi of -course, that": -"the two-valued reps

of -so(241)

are- thé single valued-reps of su(1,1)" ,. Remember that a spin-} particle
is associated with a two valued rep of SO(3), which is a single valued rep of sU(2).

I have always wondered about this business of values of Ege This paper shoyld
1
help to straightem that out. _

a



3. Section 2. The Lie algebra is stated in such a H&y that ib is the same for EU(l 1)
as for SU(2), see 2.3 . The difference between ‘the two graups lies in the ~
acceptibel Vdlues OF thé parareters which "push" these generators (i€, real or ‘
imagainary'ur—what) Remember that tha parameters must be such that the versor
magnitude, or, ?actar magnlte, is preserved by a group tranafprmatinn.

It is.noted that th unitarlty conditions on the ganarators are.thsrefure

differant for these twn gpoupa. The noneunita:y EﬂdLm rep is stated in 2. 9, this
is I think th% "elementamw'rep“ which you assuciute with the Dynkin diagrnm ’

b e et e aa - o s

Section 3 Here he sets ni up the linear apace Of manumials. Ie, the spaca is defined
to be the funntlons of two variablea, If yﬂu r&strlct this space Eo functions which
have the "mnnomiﬁl furm" then you can show that such functiuns fnrm an invariant
‘subspace and will -therefore tell you about the irreducible representations.
- - Now,—ﬂn~this—apace of Iumctiuns of two variablas, the gﬂneratora can be
ealiaed_as,in_sﬂzfngau juathﬂhqu.this by hruta,force. Thus. 3.3 follows, and we
Later I suspect I wnll learn abuut other possible fprma {pr thquifferential operators
which alluw other generators to be dlagonal. ) L T *
_ _‘"if_;;L;ggifict our linﬂar Eﬂééé tcdﬁshﬁaihl form Eaﬂﬁiibﬁ;*éuch that a+b
is a fixed cunatant (homgenaous pol;\mumiala. racall i‘rcm U:.lenk:.n}, :,rﬂu can show .

that such a subspace of the Hllhert spaca 15 ihvatiant. Ie, Just lnnk at the action

of the generatnrs shnwn 1n 3. 3 Thus, you, axpect a+b to be connected to the Casimir

Q uhich 1ablea tha-raps. Then in 3 & ha shows that tharﬂ is ancther numher Eo ‘

thCh is.part Gﬂ.mha.rep label._Ie, Eu talls you uhera to start the spectrum of Jge
_Next,_the ?arluua pozszble reps ara enumarated. The unltarity cnndltions

hava not, yat been_ enfnrcad.

1 5
FIes o == & 1 . wow

- [ R [ — =
Section 4: The unitarity canditlcns force the warious rep lables to have special vidlues.
These are all shown in the picture. ﬁlsa, {h»?] fnr the form axa cf a general vector

in £k a IR aubspEEE Ia_ this is just a shm uv&f‘monnmials such that a+b = fixed. By

the way, WE'want "our rep ‘space tn ha a Hllbert space whlch means we need a ecalar
product. For vectnra insida the suhspacas, this is given by L. lﬂ and L. 3 Tpe requirement
that A such a rectnr hﬂYE_finltE norm is stated in Lall. .

Section 5: tha first half af this sectlon discusses the cannectian betwaen thalr nice

simple reps and thusa messy repé of Bargmann I will pruba thia later, glad to see that

they dealt with this question. The second part of this section deals with sort of ®
applicatian* what would particle physics look like if Lorentz group were replaced

by deSitter group, S0(3,2). I'll have to give this "section a specail reading to
find out what the hell it is all sbout and why it is relevant.
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i
S ection 6: here are some comments on the Clebsh Gordon- problem -for 80(2y1)s IK-skip
i g p .
over this but note that: this same stuff is also mentioned a.little in.Wpbourne. Also,
Mukunda is involved in a huge serdies of L_papers which attack exactly this problem.
1
I think Mukunda does a complete 'solutlon of the situation, whereas these guys are

- Rt

looking at a special case. J j

l
Section 7: Here, finally, the action of the firoup Operator on our freshly defined

monomial hilbert space is defined, alsc see Wybourne as already noted.” Now we have

a complete répresentation. In fact we know we are dealing with irreducible reps -
because we are in the invariant subspaces of the -total ‘Hilbert--space. Finally, if

-we keep tc the. particular values of the rep ilabela. we 5hall have unitariy irreducible
Teps. _ Thﬂa, bang, with no trouble at all you get the matrix elements for g parametrized
in terms oftg b+ and g33. So we have the reps of so(3) and so(2,1) both at the same
_time in the J3 basis. This is truly dynamnté to handle these things at the same time.
Tlme:r,r even take the rep dum to hypergoemetri}t funct.mn. wh:.ch H;,rbc-urne does in

equation 1Y.82. ,

- By the way, notice that this givaa the reps of all series . Howevér, notice

— “that the"normalizers"™ appear in 7.4 and intlbhrbuuma.—zmd that these take different - - -

—forms for the different types of reps. That' expalains why JLY-factored out-that-
—normalizer factor to get rep functions valid for all series (I hold off on details; -
the notion’'is hereby noted). ! -

_ |

gagglgpga: this paper has added to my mﬂerstnading in several different ways. This
reinforces my plan to keep reading as many papers as possible, ‘picking up bits and
pieces here and there. Nobody in a review cq a book puts in all these little facts

that you really ought to know. Originaly papers are best to get d nice description

of these "facts".
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Complex Angular Momenta and the Groups
5U(1, 1) and SU(2)*

Wavxe J. Hovuaw, TII axp Lawiexce C. BiEpENHARN, JR.

Drepariment of Physics, Duke University, Durham, North Carelina

The Wigner coefficients coupling uuy two discrete representations of the
noncompaet group SU{1, 1) are derived, and it is shown that they can be ex-
pressed as analytic continuations of one another and of the Wigner coellicicuts
of 507(2) in ithe planes of complex angular momenda. 1t is further shown that
these Wigner coefficients, in certain well-defined limits, approach the Torm of
the represeutation Tunetions: The Wigner coellicients eoupling two dizerele
representations of SU(1, 17 approach the reprosentation funetions of SU(1, 1)
while those of SU7(2) approach the SU{2) functions, The Wigner eoeflicients

- poupling 8 positive and a negative discrete represeniation of SU(L, 1) are used
to defing states of the continucus series of ils unitary representations. It is
shown that s definition of the norm of these states exists under which the siates
of all the unitary representations of SL7(1, 1}—positive and negative diserela

_and_hoth the prineipal and excleﬂimmi series of the conlinuous represcnli-
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lions—are mutually orthogonal

I. INTRODUCTION

The following paper is voncerned with the interrelation and generalization of
several important concepts from the quantum theory of angular momentum;
while many of the spevifie results are not new, we believe that the commections
which we shall estaklish are both new and interesting. We shall define » general-
izt Wigner eoefficient (GWC) which has the properiy that it agrees preciscly
with the SC(2) voeflivient and at the same time possesses.a unique analytie
sonliiniation everywhere in the omplex planes of the three angular momenta
whirh it conples. This GWC in turn agrees precisely, with the Wigner coefficients
whirh couple three members of the diserete series of unitary representations of
the group SU(1, 1), where SU(1L 1) = defined as the group of transformations
which leaves the Hermition form | 02 — paw g ® invariant, We further demon-
~trate-that the analytic continuation of the GWC ulso serves to couple vepre-
sentations no more than 1wo of which helong 1o the continuous series, and in
Gt én be used 16 deline thee representations in terms of a coupling ol diserete
sues, (We-shall not_consider the case of the ine of ihree contituons e

psoutaiionss)

* Bupportel in part by the 170 5. Army Research Office (Darham) and the Natinnal
Sevgnes Foundation,

Coperight & 1980 e Yewdensse Press Toe,
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"Complex J and groups su(2) and su(1,1)"
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1, Overall comments: This is the first paper fo use the "boson calculaus"

method. Some ref back to 1935 however. Ejp and Egjy are raising and lowering
operators, the ei are the cartesian, generators. However, most of the effort

of this paper goes into handling Wigner coefficients for su(1l,1), continued
from su(2) somehow. These notes will only concern what the authors say

about things other than Wigner coefficients.

Introduction.Summary, mention of Pchammer double contour integral.

II. Review of sul2) and sull,l). Thﬂ CREATIUN realisations of the generators
is set up. It is claimed that this creation method very quickly gives you

the sul (U"s, which are guoted in 2.11, along with the group reps guoted

in 2.12.
Then on page > Lhey Teview sull,l). Generators are called K;
fact that m gets quantized is observed to have nothing to do with the tle

AIgEbra, but rather with global group propertiess (te, spimor group)s The
possible reps are 1nvextigatad in ugual Wybourne form, terminating chains

Feit—HS—forms— 2743 amd—2+4 provi
for tha discreet serles only (respebtiv&ly D* and D-). The continous series

|

uxE—pﬂstpDBhEd-ta"settiﬂn“T?"whiﬂh—%—ha?e-nﬂt-cnp&adr-ﬁ?ﬂﬁﬂaﬂf"thE"reasﬂn"fﬂw———————
this is that the discreet series are involved in the simples Wigner caupling

anahrsi:s—:i:rr—uuH—-whemaa—deaﬂ.—i—ng—«rhh—trhe-cuMﬂuaus—seri:ea—-hrma

— 1 of discreet-series.—Then—2-bi—gives-the-rep-functions-for-all-types—of

involved.
NEx%rﬁbhe—¥afiaus—¥aﬁ~mat?ieaﬁwaﬂa—qpntedvairatT-Er53-ie-£ﬂrvthamw+————
(nonunitary) finite dim reps. Then' 2.59 and 2.61 are for the two types

continuous series. Then follows the. various orthogonality properties for

all-these-reps.—See—2,69 eg.— I notethat this notation-looks—verymuch— —
like Bargmann's. Finally, this section closes with remarks about the
asymptntic_pnopartiaa_nfwallwthasarrﬂp*funutiﬂns-

From the point of view of £GC's, the nonunitary finite dim reps

of-su(1,1) will couple in the_same wag as_the unitary reps of su(2); that

is whg these nonun itary reps are mentioned. (Usually they are never mentioned).

II1. The coupling of two discreet series to produce a third.Here I stop. But
I note that this is alsg the subject of the first paper in Mukunda's four

paper CGC series of 1973. Apparantly this is the simplest case.

s b T

am @







[} is any group element. These are the quantitites of prime interest in
physical applications. We confine ourselves to the simple pmtrut;,rpclcaaﬂ,
namely the group 0(2,1), but.the results can easily ge generalized to
higher groups. ’ -

- In Section I1 we derive as a preliminary the unitary representations
of 0(2,1) from those of O(3) by analytic continuation. This is & corre-
| spondence between two unitary representations, and of course, is different
than the usual correspondence of finite dimensional unitary representa-
tion of 0(3) and the finite dimensional non-unitary representation of
0(2,1). In Section III, the main part of the paper, we introduce the
continuous basis by a suitable redefinition of the ereation and annihila-
tion operators and derive the above mentioned quantities {m|A}y and
(% ]U| 2"). The nature of analytic continuation from the discretc basis to
the continuous basis is of course not unique and straightforward as one
might think, and special attention is given to this problem.

N / &n. math. Phys. 8, 5265 (1908)
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Matrix Elements of Representations
of Non-Compact Groups in a Continuous Basis*
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Abstract, Explicit formulas are obtained by a simple algebraic method for the
representations of the finite group transformations of 0(2,1) in a continuous ba g
when & non-compact generator is diagonalized. Compact and non-compact cases o
treated in & unified form and the nature of analytic continuation is determine
“The transiormation function between the discrete and the continuous bases is ali
given. These explicit formulas have not been obtained ‘in the literature beforel

1. Colleetion of Formulas. Derivation of Unitary O (2,1) - Représentations
by Analytie Continuation
(1) Lie Algebras
The elements of the Lic algebras of 0(3) — 0(2,1) system satisfy [3]

[Iﬁ:l L::] = EL&:

I. Introduaction

L4
The use of the unitary infinite-dimensional representations of nog.
compact groups to describe the properties of bound states of quantum

_ mechanical systems is by now well understood. However, not much hag [Lya, Lyg] =igys Ly @.1)
e ypeni-doné-to-dealavith-the-scattering-states. Thereds a needforexplicités f.— - — — — o . § -
forms of unitary representations when a continuous spectrum is used to (Lass Lya] = idy, .
label the states (ie: diagonalized). There drise here Some peculiar | - Gya=—1 for O3), gag=+1 for 0(2,1)

unfamiliar (at least to physicists) problems that must be solved.
There has been a number of recent discussions on the unified re

sentation theory of compaet and non-compact ups ha the ‘
[Lys, L¥) = + L*

complex_extention [l—31. A number of recent papers deal with the: ’
] - . (2.2)

specific cases of the represéntations of 0(3,1) with respect to the non (L% L] = = gus L
: 1 = lyg -

compact group 0(2,1) and the analytic continuation problem bet T . ) _
0(2,1) and 0(3) [1-3, 8—10]. In none of the previous work there appears: b:us' Et‘“rt'mg with the 0(3) algebra, L, L, ;. L,y the O (2,1) algebra can
the explicite form of the representation in a continuous basis and thal obtained by the new elements

or, in eaponical form, with L z%uﬂ + iLyy),

relation of the continuous basis to the discrete one, The purpose of thit’ ' Lygr= Ly Lyy = iLyg, Ly =il
: is to fill this gap. The simple algebraic method that we give in this e Tm s ¥ Faa = blag. (2.3)
" paper as an extension of the previous work [3] not only determines the 1
representations in a continuous basis | 1), but alzo gives explicite formu W - (2) F“"d“m”ﬁi Representation of the Groups
for the transformation function (m | A) between the discrete basis |m The spinor ropresentations of the group 0(3)and 0(2,1) (not algebras!)

“and the continuous basis |4}, and the matrix-elements (1 |U| 2"}, whers; are given by [3] . - -
{ gas=—1 for O(3)

- ,1 * Supported in part by the Air Force Office of Scientific Research, Office W e -[: ﬁ) det W ="1-
Aerospace Research, U.S. Air Force, under Grant No. AF-AFOSR- 30-67. _ : wf & lgas=+1 for 02,1) ° (24)

Ln.‘;- :S.a . :. U;: ’ - - | I - . .
Liz=J, = Kx o B
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1. General: <in this.paper the "monomial" Hilbert .space is used, nothing
BargmANic.. The creation albepra‘is also used. Finally, the gq3 notation

" "is' used té both su(2) and su{1,1) are Handled at the samé time. Also,

after doing everytbing in the Bargmann'basis, they .ga: to the "space-space”

basis. The. transformation connecting these two bases is written as a

hypergeometric functioch. The matrik #lerehts for'both groups are stated
illbﬂth'hasis-; .:: :.J .*I < " o L R u- o

2. BUT, the expansion theorems are not stated in elther basis. Also, That
discreet index for the contonuous basis seems to be MISSING! This question

must be resclved.
. =4

P L o « 32 £, 4

- T -

2. Summary of Usual Basis Results: a well organized section!l!

- Lie_algebras; Stated4 ; tiom—Thehermittamrsuf(2)}gens—
are calléd L, the hermitian su{l.l) gehs are called &.

2y Pundcfiepso—The-twodin-"bastsrep"—ts—statedsjust—the—usual———
_2x2 matrix. Note thats unitary for su(2), not so for su(1,1), but

et +i§fsaua§;met~mihuth—ehamaﬁ;z.&~ahwma~uauﬂ—parﬁ

v > - mgthbd. Param €§ = 3t is what appears for su(l,1): The usual

: MmmWWEM- — I
37 Genéral liredr rep.” THe monomial HS is set iip, the group rep

£ s———->dop-finite-element sdib-stated-as.in Wy.. Via-usual-binomi

theorem method, matrik element is given as an F in 2.11 for

certain range of m's, then 2.12 for another range. Notice-several

things: (a) the "nomrinalizers Ap" appear, hence these forms are
good_for all seriesj; (b) R, appears as in 2.12s, thus we.can

consider these as reps for entire covering group. The forms
Ze13 and _2.13"' are just F_translations. of _earlier forms.

ks Irreducible reps. So far @ and m are general complex. What

values restrict HS. to dnvariant SS's 2 This question is rephrased:s _
when does Dgpr vanish? % cases are identified. If a and b neither
Jntegers, etc etc.

5. Unitary Reps. An unusual treatment of this question, but gets
the usual result for conditions on the "normalizers".

3. Continuous Basis. Starts by urit.:{n,g the same generators in usual creation

form with J3 diasgonal. In this "realization" the basis vectors are given
as_creations .on the “"vacuum". Then 3.2 defines some new creators ci such

that they are just lincombs of the al. In terms of these ¢4, the gens
are given in 3.3. The point is that now Loy = K, is diagonalQ!!

So, in terms of these new c's, the mpnomial H5 1s shown in 3.5, whereas
the old monomial HS is shown top.of page 59. Usking a scalar product defined

by usual QN creation operators, its easy via binomial to Compute the
basis xform, sée 3.10 for answer. -

(aver) !
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Now that we have a new Basis in terms:of creations,: it is
easy tb tpansform the-old "REP! .in't-cﬂ.t.hig: néw bagisv Ie, we. know' how

D acts on old basis, and we know connection to naw basis. After a very

;pa.in.ful calmﬂa’cinmreqtﬂt-ﬁ.ngmm inct.egi-alr f.‘orm pih the g:inomial theorem,

. t.“h ultantrnpnconfpa?t—ma}‘. t'." aki Mﬁm&lﬁ —

g Bedold Dg et o L2
t-h.lﬂ must. he,,sgn-::d* for nuncﬂmpact. tou ‘ainr.te.l«. appaaruua poad

<1y
L
1 JILd s’ Ty s ) i
'“I‘l "IlI
L ww ., o Fipgll, 36 the Lssp section b, Thorgal aRreY are’ conputed

" in each basis Dy means Of the tﬁﬁt?'ﬁmsﬁru 5y seemE  to use -

» r

eries. - 2 - _

2T PR s e pug™ o T L s I EPPVEEAVIFE § R U YR S
i’ ' ) dew 2w Lol Joo 3 S L.l 0% w o 3

1

‘to give all

the munomi?al me'ﬁh” ! seems.

General comments on this paper:

reps. The authors never mention the rép c'iassbs Hhen t.hs:,r are talking

abpit."matr:.xtalements.a T S - W Je .,....t.:, I oeadd

—ﬁ—b_ﬂe—gmimwﬁmw@am&g h,gﬁl-’ﬂlak&—ﬁ—me

e The "b_:L,_g quastﬁ:ml E:E;u&m“_ hwﬁfd*"tgnazq]niss on the doubling of

P o bew

is some subs&quent iet.’l;.er. S’urprisingiy. _'im;r ‘40" yeference Hukmnia s first

.‘ .

artt.ipie An:.preprint fum, ;tet. t.he;f maka abaolut.el:,ﬂ‘ no comment whatsoever
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