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rm
‘ In the study of the partial amplitudes for many-particle progesses, andl also for processes involving. particlésP*

4. with spin, use is made of matrix elements of the rotation group, das/(z) In this paper the generalization of the+9"

fanetions dye) to arbitrary arguments and indices is studied, /\t the same time the functions ofthe second kind,flag, anslogous 10 Legendre funetions of the second kind, are invegtigated, The results obiained play an important163)
part in the introduction of complex angular momenta in many-particle processesby

J .* The study of the partial amplitudes for elastic scat functjons, and is an aid in the study of many-particle
i" # tering of two spinless particles for complex orbital _amplitudesfor complex angular momenta.»

angular momenta requires a knowledge of the proper- {}
‘ties of the Legendre functions Piz) and Qj2) for ]. DEFINITION OF THE GENERALIZED2 arbitrary values of the argument and index. In the i LEGENDRE FUNCTIONS

Le ne of the searing of parsicles with avin or ot wd define the ve ctions ofPee ea processes the expansion of the total ae fst kinel,Py (2), and of the second kind. Qu/(2),{ amplitude is carried out in terms of mauris clemenis. (30 Yes MN Uw 2) Iz. by thefo.
ot the rettiom enwy sheet or arbitrary values of jay vy andl 2 bythe equations{S quation, : =A yo co: wom real) (AF)oe @ i¢ a, PeratD\ 2 2- [uragreetit9 }

| ins= : xF(itv+4,—ity v—ut iS *), oy* Hodnete (<0 (ty , 2!bys Tog |y@=0. f

“+ Therefore in order to continue the partial amplitudes Qyyi(2)— etm PUT H+ TU v4 4)+
> of such processes to complex values of the angular ara +2),

momentum it is first necessary to generalize the func+ 4 2 AV Ay cotaetions dy,/(2) and the conksponding functions of the % 7) (4)
second kind to arbitrary values of the indices and the, : . awe
argument. In the treatment of the clastic scattering of : | | 2
particles with spin itis sufficient to have the functions ag tetas itu ts +2 ps5). (3)
2) for arbitrary j and 2, but for “physical” values ' , F

of the helicities # and b (ie., for # and v either both Here F(a,6; c: x) is the hypergeometric function, andintegers or both half-integers). This case has been @f8@~ !) =arg@e+ 1)=0 for real = el eis not hard
investigated, for example, in, For_many-particle % verify that the functions Pu/(2) and Que) defined
amplitudes, however, even a preliminary study shows Py (2) and (3) satisfy Eq. (1). .\
that they must obvigualy be toninued a 11 Follows directly from (2) and (8) that for » = 0a hatthes ust obviouslybe comined not onliasithTomentum, bucalse with the functions Py,/ and Qu! go over into the associated

Fespect wo the heliciics.! Owing to this weshallcon. ‘esepdre functions:

sider in the present paper the continuation of the func: ; vtsions da Mz) to arbiwary values of z.j.u,¥, Since, how: _Puo'{2)= Ps(2), Quo (z) = Qi*(2), (4)ever, it turns out that the dyJ(z) themselves have i

nonessential cuts in j, , and v, we study instead of | whefe Pf) and Qf) are the associated Legendre
them functions which differfrom dy by a factor which functions." In the general, case the generalizeddoes not depend on z. ‘These functions are a generale Legendre functions areconnectedin a simple way with,gy 0n ofthe associated Legendre functions, so that it he lacobifunctious:

for example,. natural to cal them generalized Legendre functions,

‘The present paper contains a description of the pvite) POPE (2 Ayre ace yonfundamental properties of the generalized Legendre” "7 TU-n+i\ 2 2
466
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ML, sae ae a'
eaiagee ANGULAR FUNCTIONS WITH COMPLEX ANGULAR MOMENTA 45
cas aietn
M3 Br ert#Qnu5 (zo) eM = (24 — 2) D)! , , each relation’ for generalized Legendre functionsa org hve * there are some corresponding relations for hyper-
ioe geometric functions. In particular, there are some
ce ae hi licated nonlinearrelations between hyper-¥ 8X (—A)—"Quaf (21) Pavb (20) ef8@ rather complicate yP
oe (Ay"Qual 21) Pro (a) } geometric functions which .correspond to the addi-

ah ae . , tion and multiplication theorems. The author docs.
~ es BF cb O(c. — 2) Dy (1) Pai (zs) Quod (zx) e% —* not_know whether, these relations existinthe mathe:

‘Gagne 10°(47) n tuns through all integer values, and 92) | ag important part in the accomplishment of this
Bema the wsual discontinuous function: 92)= 1 forx >” work has been played by discustons with A. Aa Bite vee fore < 0.Itis easy to write down one | Anset'm, V. N. Gribov, G. §, Danilov, and 1.'T.
JPeimeeeautther addition theorem: (ubes fn) * | Dyatlov, and some of the formulas relating to gen-TRRRBI Fer!P au! (coeO% eralized Legendre functions were deived in collabora-Be ag } tion with them. v
eee & °

AMBRE0— 22) DL (A)Pants)Pal (22) 09°Fea rvenmnee 1 Tit Jaca and 6. Wie Ann P(X. ¥9 7,408 (1950,‘genes, te 26.G, Wick, stun Pins (N.Y)18, 68 (1862),OBESE. o(e, — 2, 1) Py! 0, | 24. B. Mare, Pgs Ker. 184, B61? (1964), RL. Omnesand V. A,
ee| (48)5 UV Gon, Ferns on KA "TeearieaanIAM 61's not htrd to verify that (47) is equivalent to the | Ph fr. 19, BuRt (i, ¥a I, Ari, As A Anse, VN.BMRB EFAralnic continuation of (42) to imaginary values of, Snow: § Dailowand 1 Dyan. JETP 48,1776 (168),2AERY> 2. The addition theorem for Py! can also be written” “34 gue (Bateman Manvseript Projec), Higher ‘Transcen-‘GEM, FAin integral form. 11 is, however, much more cumber-  denuil Functions, New York, 1953,

y a ets some that (42) and we shall not write it out here, * SL. S. Gradshtein and[. M, Ryzhik, Tablitsy integralov, summ,SJABBa. In conclusion we note the following. As can be seen + ")%dov. | prsevednit, (ables nf Tegra Suns. Serie, andSAMMENE trom the definitions (2) and (3), the theoryof gen- {Produc Ath ed Fimsnyin 162© Fee. 2 esentie funetions is equivalent to the!

Bs theory of hypergeometric functions. Therefore for , “transttedby W. FurryFe 8 ' y
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a / Notes. on Cronstrom's Deo 6 1974 Dlagonalizetion Preprint 19495
1

The question is to find out: whatidoes he do, what does he not do?!

I will take some typed notes then punmarize at the end.

2. Integral equgtion for the scattering mplitude.|He starts here by writing # standard integral equation where a4q
runs over all ‘spacetime. He goes to versor ‘notation, quoting old Sertetio

| and Toller, and separates integral; into timelike versor piece plus spacelike

versor piece (does not use the word “versor". ) His group variables are
&@ boost and a rotatiom, so I's say! he was definitely in theT basis.

aeons -

3. The generalized 0(1,2) transforms.
~ Quotes from his earlier pdpers~First; sectiow #3 does the @;(chb)

transform. He shows how you invert! the Qj projection, and shows thee is
@ Class of equivalent projections.. Then’ section 3B repeats this with

a so-called Qj(i shb) transform, Ie, he writes projection then searches
for inversions Lots of, orud about‘phat classew of functions you can do
this for. H ao
4. The j-plane equations. '

Holy cow! I think he’does' everything via the kinematic k-function

method, He writes. the abstracted integral equatiom and replaces the
azimith by a theat(c)/SQRT(k) thing. luch yak about convergence etc.

Then he getw allvlost in @ thing that looks Tike uy Qj-separation-integral,
but he intagrates only frosi 1 to inf thas casuing lot& af extra. terus.@ _ Next, he repeats all this for spacelike versor case, 4B. The .
@agonalined equation appbars a 4,26 which has @ j-intégral in it and
somé kernel stuff. Them 4.91 gives his total result: not very enlightening
to me, who has spent months at this game,

5. Reduction of the j-plane equation to albegra. -

_ This is just a mess. Comparesto Serferio Toller.
6. Summary and Discussion 1

OK, here he says what he does, good summary. Sesks’ én approsch to
7 reggeom calculus complimentary to White. (ie, 0(2;1) not 0(3). )

“"] ° Bppendix K, The'P, Separation intégralythie Qj separation with sane mistake- - | thet-appears imad, J think, 2-1 — oe
Comments after scanning: There ig mo mention of Haar invariance. Sverytiing

is done Sy ERTS Forse@ force. Group representations are not mentioned, groups

- | ae not mentioned, There is 10 dJgn . Not even Ps", Only P; and Q;. Ie,
.| he-ds only analyzing spinless four-point function (BSE). ile speals of

4S as being "simpler" than his stuff,

In uy humble opinion, C has simply failed to use the group machinery to
his advantage, It sits idle in this paper. Lucky for ine.

However, he does speak the questioht does the modified transform still
diagonalize integral equations? | -- ~ +--+

®
1

1



, .

Here is a quick sunmary of Cronstroems method of diagonalization. It oe‘starts on page 25, Therevhe shows gn integral equation’ with
dg = aga(chv) in notation. Then he replaces the af integral with
a ax integral andf-function gquare root. So fer then

N Cs, Me .soe teG, bir) Ke Gif)= ey .
= Qag AGhA)

< SaaS +) &®= Sacas) Hos): ») 22Sacag) Hog) ax KO SS
I show here only the right-hand-side, Next, he applies the Q; to both sides
amd integrates ‘no thutr =~ ws

Pe oieet a wm VBWsg 1Be Sangin har kre) Saag LEG )Jeg ReGagar Wve) Saag ZG (de
Here he uses the Q separation integral as in 4.12. Yes, he does realize
that there are extra terms due to the endpoints being I. * Eg,

& \

| | Re SaphelQay - Sax KO sa Qe) Pil) eae y Pf pik with 4
It ig because the Q did not cleanly separate Bela.| that 0 now has to make some new moves. He next Oo
expands -K(x) onto Q's, ‘then he does the Q integral

KO) = “RapedKO)QE *His final result is given in.4.26. It ist

P= Yara Ki& Ah Minwthon Jen.
Or DOtL41) .

_Where all projections are standard Q-projections.

This is not a standard helicity contour. I sm “hot ure thi's is even@ group aiagonalization! I. stspect that the failure of C to get the simple
result ig due to his remaining in the TM basis for his Haar measure.

| -
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ae ENR ey .

2MeeeP Ne ca ' vd
1G Bo pt daGeaa es n ; +

ic, nS SSAaeeIO,

7 ! Ba - 4
, On non-compact groups. 11 BAT wat ‘
© \With theso new ranges of tho parameters (6-13) apd (6-14) also continueto hold, ma Bodexcept that the normalizers N,, of the rotation groyp must be replaced by the nor- |

malizers (48) appropriate to the 24+1 Lorentz group. Ba
\ Tt is easy to extend the discussion of the invariants to ths.othor products; e.g.‘) ‘|: (6-9), te fhe product of tyo representations of the principal series, Howevgr, even whenau a formal invariant exists between, say, Ip, Pe and or it'is not always true that it ieweintroduco cau be written in terms of normalizabile vectors in the Hilbert space of the product a

representation 2, ®Zz, We hope to complete our Work on this problem in a future oy©
report. '

,

(Glo 7, Marja somuars ron ensure shansroraraTions
(G11) _ One advantage of the representation theory based on the multispinors (8:1) . ba

is that it allows us in a straightforward manner’tp evaluate the matrix elements ¥ |vntragredient,
of finite transformations. ‘These are the quantities corresponding to the well known E(2) -Sanctions ini the case of the rotation group and are important quantities for 4
applications FE
Lot us denote a representation of an element of the spinor group (2-7) by S(g). g

(i138) Noting the inverso transformation ! a
"@ ws) -R a)
‘ we have S(g)|®, m) = Nal Ey —A) (+ BE+284). (ray Es

sbsch-Gordan Because the binomial expansions can be dofiyled eveh for complex powers « |
formation and b we can expand the right hand of (7-1) and obtain . ‘ a.‘ansformation 1

ror invariants, . Bent B(— Byreoe’ se 4m) = ye SPMDEO iy easy eepie (qs ;new feature is SOO)= BeZ BIW artaayl Gayl eee. (7-2) a
reo of the ex- in

(74 . 3 .Let us now put in (7-2) atb-2-v 20! | oe
3 the identity -a'4a' a, t wf
‘ ‘ ‘ 4

and Ha’ —') = Ha+d)—(e+2') = O-(et2') = m' +4. ave

We then obtain (9) |®, m) = S249) {0,m, (73) ! Ay.(615) - . b oewhere the matrix elements are given by { “y

1 Byaj mq: SHE ®. - tot : Yddogous to the Skye(g) = Re (PeMAL) O—m— Eo)! Zosmby go-mBo(— ) wm ' bac
Germercote, Nye (n= m)i | "4yo fSrmer case.

ay=(— phen’ iand
of x 17, —— A mm) gy, gitshot of their ‘ x B(-1) (@FmFH =a) (OwFBy—walwome (74) | Piecdxpansion
(09) eq, a= O+m4By b= 0-H, | F “a

. @ rea the last sum wo recognize the expansion ca the hypergeometric function ex@ (619) * F(0,0,0; 2) of axgument } | eee
; 2 = (@a)-*(—6B) = — ABI(L-+6B) a hid:

j ‘ i Cie
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He Pe anaes: and G. JONA-LASISIO IL NUOVO CIMENTO Vou. LX A, X. 4 21 Agosto 1969

KonrmyyMoms. 3aTERS ypaBieHHe CBOAHTCA K CHCTeMe YpaRHeHHI B YACTHEIX MpoHIBO-

xotancpyeT 8 cuCTeMy OGuxnoneNMLX andbepenunaneitux ypasHeHHl. STO cyme- N. W. MAorapTEeN

uamt, Pacronmupeca nepryp6aunonioe peurcine LAs IToli cHcTeMe MOET GuITh Tomy

Cs acwmrroriKol az Tommix peuscnit. JonycKaercs, sro6st nporraratopht mp
;

1) .aTopat. OMHAKO, MMeeTeR ApyToe pastowetue ANA ITHX pemeHult, KOTOPOE CKOMMTCA an $U,, basis. It is found that regarded as an integral kernel. the Fourier

In a previous paper (!) we have examined the decomposition of SL,. under

the subgroup SU,, and evaluated the matrix elements in the corresponding
basis of finite transformations of the group. That paper ended with an indica-
tion of the applicability of the work to the description of daughter trajectories:
in the present article we intend to give a more detailed and rigorous demon-

‘The motivation of our discussion is the need to parametrize the scattering
amplitude in such a way that the «daughters» of a Lorentz pole appear
naturally. We have been struck by the apparent inconsistency in spirit of

GW, Macraprex: Cambridge preprint DAMTP 68/28, to he published. We
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GUYARD, NADEAU, BAUMANN, AND FEIX |equation. In fact, this phenomeria occurs for all * ACKNOWLEDGMENTS y which vf

values of A closed to the square of an integer, but | here. Tfor A> 36 the unstable zones are so small that they {teresting discussion on the problem and dessve found
, ‘ help on FORMA program from Dr. J. Bitoun are ¢cannot be shown on Fig. |. IfQ/ is small enough the ee at en eee eos thone thankwidth of each zone is of the order of A~#(Q/A)Y and ore Stoae netad Be tk Iso, the authors thank the L Ise. in the adiabatic limit such an efféct is totally ignored, ltée for @ useful remark,

On the « curve of Fig. 2 these instable zones Wes+
appear around A = 25 and A = 16. We ‘notice that _ +% part ofthis work was done during the tenure of a NAS-NRC SU(L, I. Hz just ridges the discontinuities of the exact ye Senjer Revarch Atpcnteship atthe Goddard Space Fight Cente, Tn this
curve and comes back on this last curve while the OSH RTMIA: ev, Levers 18, 10 (1967 these, a}rt 4, approximation is definitively too large. Finally, for $ [Lewis Phys, Rev, 1721313 (0968) propert* thie value A < 10 the adiabatic limit has no meaning. <5" Chandrasekhar ThePlein 6 Magee Field, R. K. Mt work

roverten i Lplisnor Es. (Stanford U.P., Palo Alto, Calf, 1958) ions wrWe notice the large improvertent of the, approxi. Larishal £4: Sanforg U.P Fale Alo, CAC 1980) tionsmation upon the lowest-order WKB method. Analytis (Cambridge U-P., Cambridge, 1966). betweer
. later sti
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JOURNAL OF MATHEMATICAL PHYSICS VOLUME12,NUMBER3 MARCH 1971 waysof: over thy

. @), or

a The Reduction 0(3, 1) 2/0, > 00,0 isms
bot N. W. Macradyex

be Gamegie.Mellon University, Pitsburgh, Pennsyleania 15213
a, (Received26 Jung 1970)wy 4 are deti

We set up a representation of the principal series of tHe group SL(2, C) in terms of the sequence of+ noncompact subgroups SL(2, C)> SU(I,1) > O(I,I)d The basis functions are just the cross-basismatrix elements of SUC, 1) between O(2) and O(1, 1) bases, and we derivemuch material on these before br , gushing between equivalent representations occurringi the reduction, and these ae related to two BY wherescree reflection operators that are introduced in ardet to obtaina maximal Abelian set. oy° IMGs

. INTRODUCTION Much of the paper.is devoted to defining and examin. f
In @ previous paper? (to be referred to as 1) we ingethese functions; indeed the first two sections and ol an}»

examined the reductions SL(2, C) > SU(1, 1) > O(2) Appendix A are devoted entirely to these preliminaries, ret
1 and SL(2, R) 3 O(1, 1) and gave a complete account aad only in Sec. III do we at last discuss the epon- a

‘of the global properties of the irreducible representa- ympus problem. . meaisutionsin the corresponding bases. We did not, however, e achieve a formulation of the reduction that in Hilber!
' consider the reduction in the sequence of noncémpact Prifeiple is complete, but in practice the only coset betwee.

subgroups SL(2, C) > SU(I, 1) > O(1, 1); while this lags whose representation furictions we can calculate heto
hasno very new features, it is of interest to see how is that one which we were unable to treat in I. As eratour

previous results combine, and so here we presént_ &xyiected, the asymptotic behavior of these functions Nowthe theory of this reduction for_the principal con in (he complex plane of the Casimir operator¢ is justpo tinuous series ofrepresentations, 7 that of I; we can also show that with this basis we do| ‘The interesting part of the problem is concerned; ot obtain matrix elements of an elementa ¢ SU(I, 1)with the basis functionswe must use. There are now no thal are simultaneously of simple behavior in both @fewer than four sets of these, distinguished by a pair sed thus disposing of any hopes of a “completelya of degeneracy labels, because each group representa- -Secbnd-kind” set of representation functions. Hence,
tion contains those ofits subgroup twice over; and  thefmain interest (or usefulness!) of the work lies inthe > TMJthey are just the “‘cross-basis” matrix elements of Fdss-basismatrix elements; there are some indications * spacesSU(1, 1) that we can labelschematically _that these may be of use in the multi-Regge theory. t PKB).

‘This paper is essentially d sequel to I, to which we [’Pap ly a seq(0(2)|exp (ix) 10(1, 1)). refér cogstantly; hence all the results of that paperape

e :
f ‘
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18, ‘n aro GR (Doklady) Acad. Sci. U.R.S.S. (N.S.) 39, 2531943).

UW. Bateman Manuscript Project, Vol. 1, Higher Transcendental
Functions, edited by A. Erdelyi et al (McGraw-Hill, New York,
1953). EXPANSION THEORY AND THE LORENTZ GROUPS

12 A. ©. Barut, The Theory of the Scattering Matrix (MacMillan, IN NON-CANONICAL BASESt
New York, 1967), Section 9.1.

13, T. K. Gaisser and C. E. Jones, Phys. Rev. 184, 1602 (1969). N. W. Macfadyent
l4. E. T. Whittaker and G. N. Watson, A Course of Modern Analysis Physics Department

(Cambridge, 1927), Chap. 11. Carnegie-Mellon University
Pittsburgh, Pennsylvania

I. Introduction

There are several reasons for studying the reduction (3,1) 2
(2,1): the intrinsic interest of the topic; the elucidation of the rol
of "second-kind” functions;!) the possible application to Regge
theory; and, most pertinent to this symposium, the study of how
things can go wrong if we choose an unusual basis. Since there are
50 many reductions of SO(4,2), it may be of interest to examine the
unexpected behavior of such a well known group as SL(2,C) in an
sU(1,1) basis.

‘The results I shall present are by no means all new: the,

Se em + ~ ~reductions-1(2,6)>-SU(1,1)?)- and.Si(2,R) 2 0(1,1)3) have been
treated by many people, ond I cannot mention them all here. As far
“SP-TUNTaWEreyThE Gctual use of the matrix elements of finite trans-formations in this basis to expand functions defined over the group i

new, as is also the brief summary I shall give of the chain SL(2,C) =
sU(1,1)> 0(1,1).4) This is not the place te give explicit nronts ordetafled arguments, and so these will be almost completely absent.

- ‘They can be found in the references.

II. The Reduction SL(2,R)> O(1,1)Because this problem displays so many features of the higher
dimensionality without also having its complexities, I shall go into

most detail here and simply give an umbrella assurance that proofsfor that more interesting case follow the same lines.) apologize to
all those to whom this 1s quite familiar.

.

‘Consider then a representationj of SL(2,R), Instead of letttthe operators act on special functions defined over a homogeneous
: space of the group--1.e.,

Presented at the Symposium on De Sitter and Gonformal Groups,
University of Colorado, Summer 1970.

‘Present address: DAMTP, University of Cambridge, England.

219
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: y,™@) =y,™ The other way of regarding this is as a corollary of Gel'fand's horo~

Te YO) = yy en 0 spheric method~-it is exactly analogous to the two terms required4)-5)to
expand a function defined over a hyperboloid with a hyperbolic co-it much more convenient to carry the j-dependence in the actionof ordinate system. In either case, (2) tells us that provided the repre-the operators T,, and let the basis functions be simple, Following sentation j is irreducible, each representation of SO(1,1) is doubly‘the Russian school, we set up our representation on a space of func- degenerate therein. We shall trea! a

tions defined over a hyperbola we shall parametrize by ,: the r-label if Re j = -}, we can introduce an inner product.
speaties the sheet, and 8 € (-», @) the position thereon, and the 1 —— 7

T, ‘ified Cd *opeutors T,) are specified by eo=a) f f@ sea f ©)
+ 2 wy thy adta:9° @) = 117) eigna’ #6") ) and then provided f(§) belongs to a certain space of functions Be thewhere the parameters are defined uniquely by representation is both unitary and irreducible.

° Having thus set up a representation, we must choose a set of _AY’ ch 8/2 shB/2\ (ry) YQ" basis functions, Since the 7 are discrete labels, these are obviously

= ‘also 2-vectors, and a convenient choice is just<1 shp/2 chp/2/\r, +,
21 T22 tus

+ fe . oa . ot @)= 9,06) = : (7
. u 1? 7ch B’/2 sh p’/2 u 4 ius

( ¢ ) ° ° :ews AAD WLW y wh. p'/2/ ~ on < eeee ee eo “ 'RB" L ch81 _Dbviduily feing otter AGIoss ate posstbles a Titferem-yEwith vome
or in matrix notation, Per = ke® 8’. The parameters + and p are advantages (particularly for the supplementary series of representa-
discrete; + =41 only and 9 =$(1 ~ 7). ‘The label v is either 0 or 1 ons agin take ioesum oud dijerense of these comespon tina sedesending on whether the eigenvalues of J, in the given representa-— Sigenvaluesof the reflectionA. Clearly, (so )= 6,61").tisn

are integer or half-integer. ‘The vectors actually do not belong to 8 because they are not square—
TE is easy to check that this {s indeed a representation of integrable, but we can regard them as members of the dual space in

£4(2.2)..and clearly we have diagonalized the generator Ky, conju= the usual way.
fate to the boost B: that is,

3 Tl. Matrix Elements und(7, :1"@) = @+8") . 4 Let us first consider what we have to calculate. It is foBy Bren @
that the parametrization, = 863! covers SL(2,R) only with three

choices of b: convenient ones are:The _new feature is the appearance of the Jabelz, We can look a!this in two ways of which the simpler 1s algebraic: the operators feel? ei?p= 1,2 K,2~K? and K, do not forma maximal Abelian set but | \ b Fee by = Ee =can 3be aiigmented by a reflection R which in the standard homo- ( -Y2 ~8/2
morphism of SL(2,R) and O(2,1) has the significance of a change of e ve
sign of the 2-axis:

‘cos 8/2 ‘sin 6/2

RE Ges Myr %p) = egy Hy Ky) 6) eee @
sin 8/2 cos 0/2,
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with -©< §< =>, ~2ns8< 2m, The first double coset class is All this is valid for§ > 0; if § < 0 we find‘wactly the analogue of the single one in the canonical parametriza-

timr=98 9”, and we calculate its matrix elements ina straight i feed! (gh eat eh anfaward manner. Clearly these will havea pair of t-labels attached; TCs) =a, 7 Ue) =a sb. 14)indeed, by (2) we find lad lag we
++ ~we = ee ci? 2/2 -e8 en® a2) ote’ Now notice what effect this decomposition has had upon theHee"! 0) OE oi? 9/2 ~ 08 sat 5/2)19%6") matrix elements. Consider in particular the integral defining (11):

a cots” .

im :07]” @) =0 j-- Lp nin’e Ss “6 J lua”fe eb 9/2 -
YN an) = a9 fe (& ch? p/2-e"° sh? p/2 et? ag “aBry 977) = (8 et? 9/2 ~0°S at? 0/2) 9°")

‘The term in parentheses is always positive; and since it has a mini-

07)" @) = (« Y eeb 5 _ mum value of unity, the asymptotic behavior in the complex j~planeUg se 1" G) = (sign 8)” (e° sh? 9/2 -e° ch? 8/2)’ 6") (9) (or the §-plane) comes entirely fom the ends of the integration, atwhere both of which it has behavior e/$, This agrees with (11). Similarly,(12) has specific and simple behavior of the opposite kind: only (13)

72 = is. of mixed type. Closer examination shows that (12) and (11) are,the’ 72 mee th pf exactly the classical “second kind" functions for the group E
tp med analytically continued to imaginary values of m= Ju (ihat is, moduloth p*/2 =e" the/2 irrelevant phase factors). The significance of (13) we shall see

THESEoT gy) 7 | 7 we SiowBlatioe that for¢ = 0. the feet two maths elements degen:
Notice that although the subs; - esteFst mefition that the matrix elements of the other double~pace 7 = + is invariant, its complement

1 =~ is not so; for €<0 the situation is reversed. Inserting the coset classes can be calculated similarly. We find
Basis functions we find ot! vio #1) itt"(Be) = (1 ae, 16)

; : ,
Hut (Be) (1) aah (8) (06)

O57 (ey =P iti’) 25 one yyyttn’) 5a Fea) Br (Sh $/2)" (th 8/2) x and of 740) turnsout”) to be just a representation function of SU(2)after Sndlytic continuation in j, u, yw’. The discrete series kt, t=+
7 an of representations of SL(2,R) behave similarly; but O(1,1) is not

XFCS Jeu"; 24; -1/sh? $72) ay degenerate in any of these representations and consequently all the
matrix elements vanish if sign (ru) #t. Those remaining are exactly

te = Dee) Gist) yj the continuations of the principal continuous series matrix elements.
wu Poe TG’ aT) Suey 6) 012) Now let us return to (12) and (13). Since these relate expres|
— sions involving j and -j-1, which label equivalent representations,

. we expect that @ study of the intertwining operator will be useful.dt @=0 Recall that this is an isometric operator A: 8 ~ 9.1, which satisfie
a
5

;ert+

= =cos mtv /2)87 6) = cos mth -v/2) 357 6) = cos nlu-v/2)847@) « agers V reSLQ,R) . a)sk we we

as)
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‘ Crossing-Symmetric Expansions of Scatteritig Amplitudes,

.

Threshold Behavior, and Asymptotics*

. N. AW. Maceaovewt : °
Department of Physics, CarnegierMellon University, Piusburgh, Pewnsptoania 15213 i

:

4 aso joa

+ a Worenserh te
| Departmentof Poses, Carnegie Mctln Univesity, Pitsburg, Pengstonia 18213 iand aw}!
wote

‘ Departwent of Physics, Universit of Pittsburgh, Pitsburgh, Pannsyfeonta 152155

a | (ecsived 25 November 1970)
:

. 1

t ‘A pwowariahle eicily crssag-ymaetle expansion of the seaterng amide is dacuseed for the |:i wg nbdeotteing obaniaess pariles (with rbitrary mses) 8 converges simlianootsy i the physica :See set cae ive chanel, has the eogret threshold Ushavior, and alors for amplitudes groving ioion aly ae atiteney powers of # amd 4 The expansion is based on the representation theory of the ;a)fae bees at coresponding to py subgroup reduction and makingwe of Lam fnetons
. ‘

% 1. INTRODUCTION ‘ two-variable (or more generally, multivariable) expan~
+ . fe to discuss d sions of scattering amplitudes. ‘The dependence on all |

| Rec enna to discuss d new inematic parameters (energies, angles, etc.) is made: secmarsn formula reprsatng ogee oes espict the dona ae contin i the Sra |
! Sortie jes and having the following coepicjents,so thata greater separationof “kinematics”erties.

:
and “dynamics” is achieved, thus giving « tool for

() Tt is 4 $oo-vgtiable expansion, simultanedus in “implementing general principles, making. dynamical
terms of both the Mandelstam variables sand /. assumptions, and performing phenomenological Sts |

4 (i) The expansion is explicitly crossing-symmnetric *° larger bodies of data.
temm by term in two channels and_converyes $imul: ‘The method of this approach (so far for two-body

: tere ey for amplitudes. detined in the plvsical scattering) is to consider the scattering amplitude as3; feuions oC Doth channels, Both the direct and inverse function of the momenta pr (or rather the relativistic
s expansion formulas involve only amplitudes defihed in velocities a= p:/m:) of the particles involved (i=1,soe physical regions. 4) and then show that,making se of the conservit
:

iii), Tesaitomatically incorporates the covrect thresh. ion laws.and seativisic Tnvariance,it ispossible
1d behavior, T ‘express the components of three of the momenta in

a OR) The sin‘The mplest assumptions about the analytic Sesol the fourth, The scattering amplitude caa thus
: : ceeeste amplitudeg grow BFcomEered oe The Lncon on sional~ ing asymptotically as arbitrary powers of s and [. only, i.e. the function ofa point on a ree-CUReaSonemensional

| Cg) ‘The expansion ‘is based on the represeftatio pubesPopail eas et (or on the ase‘ eto , sAtation “Shell of one of the partides). The group of motionsof
: sheory ofthe group O02s1 use abasis that docs not. ahis space is the homogeneous Lorenty group 06,1)‘ Sor PME ns turn out (2,1)to any Subjroups. and the natural thing to do is to expand the amplitude. 1¢ basis functions turn out to pe Lamé functions. (f(s) in- terms of the basis functions of this group.
,

> Our approach is part of a goneral program,'~ the Crucial in the obtaining of such expansions are three
;

a ain ot abvch is to developa scattering theory bhsedon related features—the choice of @ Lorentz, frame of
/ TSepported in < — i. reference, choice of coordinates on the hyperboloid,
‘ Surana payeUS: Atomie Energy Comrmitson and choice of a basis for group representations. =‘ Seeon. vvipactnent-af Applied Mathematics and Tn this paper our principal aim isto discuss crossing:
j TRaTSEeE Bhysen Caiversity of Cambridge, England... symmetric expansions,so we must choose sucha frame iguetnheNacarHnaren lack, Gf ederees anil sch comic that woah* J § Present adress. ' symmetric mapping of the Mandelstam variabless and
# «| ENSIGRSSSE 1. Smoratigky, 2, Eases itor Hin £-onte same curvilinear cuordinalcs oy # on the hyper
:

46,1798 (1908) (Sovice Phys, JUL P19, 1209 (1964). 4 boloid, In a previous publication,* we have considered
Winters, J. Smaak, ad Shaft Yatra Fi. this problem for the two-body scattering of spinless

2 oa a a ays avn} articles with equal masses. Here we shall consider a* 2p, Djas and P. Winternite, Phys. Rév. D1, 1105 (970), ener ca
' stp, Whiten, in dectiresin Thora Physis, bli by MO"E BEMEESS OSS.an Ay imei, ineA tieacin New ores 197), ValeBit eat el Scots imeraie ries o> AL Walaa Wor Lath, Via. 2s 2
: previous wore Dit beater hoor] oa]
ee $3 A874 “

gt i

a :



sy CROSSING-SYMMETRIC EXPANSIONS--< 1875
i

: 1, MAPPING OF MANDELSTAM VARIABLES regions +E (ih, iK-F2K), B-E(IK, IK+2K), where

e ONTO VELOCITY SPACE K=C0Q)F/[v/e is the quarter-period of the elliptic
As in T, we simplify the mathematics by restricting functions. .1 aiselves to spinless particles and choosing the scatter. To-tiluinate the redundant variables we must choose} ag planeto be such that the third space componentsof convenient frau gconsy. We shall useai the momenta vanish, ‘This makes it possible to <inudnaes oF owentiin tof gue se sare,

sunsidler the momenta as three-dimensional objects and In order, to obtain simple properties under the crossing
w consider an O(2,1) hyperboloid, instead of an transforhation, we let a:ea, B28 and demand that

ogadjone, the transformation a—>B, B—>2K—a, ms» ms,
‘To make the choive of the curvilinear coordinates ms 3, 1hy—+ m4, ma—¥mg should correspond to“

snique, we demard that the Laplace operator on the ~2—>—}s, pa? —ps Pi—> ps, piu. Further we
, ayperboloid allow, the separation of variables in these specify our frame of reference (a generalization of the

wordinates and that the corresponding eigenfunctions. _brick-wall gvstem) by putting pillps (see Fig. 1). ft is
--the basis functions for our expansions—can be “easy-to check that in such a frame of reference we havewritten as the product of two identical functions. An t
inspection of separable coordinates*? leads us directly py=(—tin,enay cngy, —i(e-+1)A, —i(a+1)B, 0),to elliptic coordinates (see 1), in which the nonzero (ena eng, ianw
components of the momenta are Prome(-enaens,sna do, idns,0) $fea me(char CnBy, isnt dB, i dna, snB,, 0) Prema(=cna enB, Edna sng, —isnadns,0), (2)‘

Padgett. (2) Pee (=n ener enf-+ (nam) enar end,Hee as, snag das age the Tacohian_ dine ~iad, —iaB,0),
ignctions® of modulus #=1/VZ, with arguments in the where |——

!

A=mysna dng-+mn dna sng,
®

. B=mg dna so8+my sna-dng, 1

e ry F (a+ 1)*(A*—B)— ((2m3*— (0-1) +B)" 2m¢— (0-41) "(A —B) YY ®‘
len'B1 2m? ,

. and , are identical. Eet us further assume that 'ms=nq, In

fos o=[ FY (P—4xZny2x , (S)_ such a cise the formulas (2)-(6) simplify’ considerably.| vith Indeed for m2=ms we can give the relation between
NAA2) (mertoms)*Cmama(A+B)+(mt—myey, $4 # asd a, B explicitly:Ved (AP B®) (nat ms)*{2mgmng(A +B)? 5) 4H (oustmsyU(ma—on)'—mi+me]} , (6) { emt me 2manay2 (2mzms(A+B)+ (ont m) (ma—mm) — mi2) (meas) 1 —(1/8mnymst24)(2mats?-ms2—m,2)e2maT) mens SAB an) XE C/ 8mee need ®. —F(2mitx*+m:'—m2)} ,§

Sucha frame of reference exists if i real, the condition, t= 2ih,2a*, mmmPy fur which is ,

. (m2—ma)°S (mi —m)*, aM 1 Babe
; In_the chosen: frame of reference, all_ momenta

visiously depend on a and 8 only, which in'tura can be. t %
‘dated to the Manddstam. vatiables sand f,’so that i. i scateting _aniplitude (0s /(a.8) is given as a + a“enction ofa pointon the hyperboluid gyt= mz : 2"The properties ander the crossingonare 1
interest mainly) when the two exchanged particles *
{M.N. Olevsky,"Mat, Sbornik27 (69), 379 (1950). 'alt Winteritsy flake, and J, Smoolinsey, Yaseen, He. 7, w

2 ines) [Soviet f. Nucl Pay 7, 199 CLIN) }
zllseman Manuscript Proeely Uigher. Transcendental Fane 1 fi

* S11, Chap. 13, J F1o. 1. Symmetric frame of reference.

H
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MacFadyen (_Carnegie-Nellon) and Winternits (sanie): © : yas
e NCrossing-Synmetric. Expansions..." Dow

PR,D3,1674 (2971) vo Caan OC or Se
Y 7 hontai. Awd-voiusddlansng 3msiov

This paper strikes me as rather a curivsity. Inthe case of 2 to 2

scattering (which ig the only’cast they treat),“the authors” write the
spinless amplitude in terms of (#4) in place of ustidl (s,t). These new
variables are just coordinates of a point ona velocity hyperboloid. See, eg,

equation (2) line 2. The hyperboloid is an 0(2,1) one here because z~component.
ig dropped (spinless); v7 = 1 so has two sheets. Upper sheet point are the
8 channel, lower sheet points are the t-channel.

Once you have your scattering amplitude defined on an 0(2,1) surface, it

is clear that some kind of 0(2,1) expansion will work out. It was shown in

an earlier paper that if you want some 0(2,1) functions that separate in

the4 ( sense (ie, separate in elliptic coprdinates), then you must diagonalize
the usual 0(2,1) casimit as well as (K,* - J3). Also, certain reflections
X and ¥ will be diagonalized by the bagis functions. This peculiar choice

of the second diagonal object leads to the Lame differential equation insteade@ of the Legendre, and the expansion functions are then products of Lame

functions. Lables‘ and h arerep labels".

The expansion theorem is then stated n (19) and (20). aPXp, h) is the
partiel wave amplitude.for the expansion of the s-channel amplitude. The

t-channel expansion is then shown in (2) and (25). Crossing is then conveyed

term by term via (27). This simple crossing relation is one of their claims

to success.
.

Somehow, power asymptotic behavior and correct threshgld behavior come

out naturally. Walk,xonexcmeldbouyochak thextikkiecqumenancgaimappbonax

soakerRxkexixeasexrepiammmonodtkhis preupomrishiexeydonk heaxe xk ores
£8, Why is this method better than the usual 0(2,1) little group method?

Answer: for spinless 2-2 case, the littlge group method would

replace s with group variable z, but would leave t fixed, ie, a one-varialbe

expansion. The two-variable expansion gets both variables into a group

theoretic significance.

, I might counter that to me, the. strheght of the little group method it its

ability to handle spin (helicity carried by the azimuthals). Oh, but I guesse
nm coe do this analysis starting with M-functions and write Taam, poover



yr

A stronger critique of the two-varialbe expansion, might be this: you want
to keep the variable ¢ because it is the regge mase variable ‘and you want to
see Poincare group entities “exchanged” .: These exchanges will be totally @
unclear in the two-varialbe formalism. I think the fadt that sucly exchariges
are important: experimentally will kill the usefullness of the 2-variable
approach. But I may be wrong. a

The authors admit that’ they are still working on the, coknnection to Regge
theory, Also: they have to-add spin, Their expgngion does, have scme niceities
though, I do not mean to dump on,it. ve
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tis « fundamental condition that manuscripts submitted have not been, and mah Phys 28.8
‘will not bo published olsowhore, either imultancously or at a lator date, With the @ by Srringer-Vering 1972Zecoptance af a manuscript forpublication,the publishers acquire the sole copyrightfor all languagesand countries. Unless epocial pormiasion has been granted by thepublishers, no photographie reproductions, microform or any other reproductions
Of 6 similar nature may bo made of tho journal, of individual contributions con-
tained therein or of extracta therefrom.

Wee . A Laplace Transform on the Lorentz Groups
Grundoitsich durfen nur Arbeiten in deutacher, englischor oder franzdeischer 1. Quasiregular Representations
Sprache eingersicht werden, die vorher weder im Inland noch im Ausland ver-
Sffentlicht worden sind. Der Autor. vorpfiichtet sich, soinen Beitrag auch nach. N. W. Macfadyen
triglich nichtan anderer Stllo ea publisiren, Mit der Annuhmo des Manuakriptes Deparment of Appcd Mathonatis sod Theos! Phystund osiner Verdfentlichung durch den Verlag gcht ouch das Recht der fotomecba- Applied Mathematics and Theoretical Phfischea Wiedergabe oder einer socatigen Vervielfaltigung, auch in Mikroform, an versity ge. Engl
den Verlag Ober. Jedoch wind gewerblichen Unternehmen fur den innerbetrieb- received April 20,972
lichen Gebrouch neck MaDgabe des xwischen dem Déreenvereindes Doutachon il 2,Buchhandels

¢.V. und dem Busdesverband der Deutschen Industrio abgeechios-‘onenRahmenablommenedio Anfertigung cine fotomechanischen Vervilfitigung [Amsiract As first step the generalization of the Laplace transform toa non abeliansgestattet. Wenn fir dieso Zoitechrif. kein Pauschalabkommen mit dem Verlag group,we examine the representations of the groupsSO\n I) by means of transformationsYereinbart worden ist, iat eine Wertmarko im Betrage von, DM 0.40 pro Seite xu of (not necessarily integrable) functions defined over the hyperboloids O(n. LYOtn). We
verwenden. Der Verlag lapt diese Betrageden Autorenverdinden zufliefen. definea regularised version of the Gelfand-Graev transformation from the n-dimensional

hyperboloid to its associated cone, which is valid (under certain restrictions) for polyno-

- rll bounded functions, Upon the cone we then carry out a pair of classical Laplace76 ootfprinte of cach articlo will be supplied to the author free-of-charge and Cansfors parallel o a generator. We give inversion formulas for both these procedures.
‘ditional copies my be obtained at cost price if ordered before the Serve goes

to and express the Laplace wansformjinversion pair directly in terms ofthe function on theprea. hyperbola.

Manuscripta maybe sent to For integrable functions our resus reduce to those already known; in the non-- poe eat ‘ Universit oA integrablecag they are-new, New features include the divergence ofthe transform for,"Prof
°R, Hoo, U: Institut forthearetiache Physik dor ‘ertain discrete asymptotic behaviours: the existence ofa nite dimensional kernel subspace‘D 2000 Hamburg 60, Laruper Chance 149 rin giserteasympraticrors . ‘nhichis annihilated: good asymptotic behaviour ofboth Laplace projection and inversionProf. M. M. Hugentoltz, Inst. theoret, Phys., University of Groningen, formulas: and the existence of discrete tris contributing to the inversion formula for

‘The Netherlands even dimension Our results ate valid forall dimensions and are compleily independent
Prof, J. Leray, Coldge do France, Laboratoire do Mathématique, Place Marcelin ofthe usual “Laplace ianeforms”javoling projection by mens of second: kindceprassn

‘Berthelot, F 75 Paris V Jation Functions ”:in a final section of the paper we examine briefly the significanceof thatProf. D. Rwelle, Institut

des Hautes Etudes Scientifiques, F-91 Bures-sur-Yvette, ‘approach in the light of our own.‘France .

7

Po, Tou, Matbematin Dopartnent if Caterni,erly6 ator 1. Introduction34720,
Prof. 4.8. Wightman, Princeton University, Jedwin Hall, Princeton, N. J. 08640, There has been recently [1,2] considerable interest in possible

USA. gencralisations of the Fourier transform on locally compact non-Abelian

—_— groups, with the hope of deriving expansion theorems valid for non-
{In orderto avoid delayin publication this journal appearsin loose numbers which square-integrable functions over a non-compact group ~ typically one‘can bo rubsoqueatly antembled in volumes. One volume usually consita of 4 um- of the Lorentz groups SO(n, 1). Two approaches to the problem can be

. bers. The price of one volume is DM 110,—. distinguished: the distribution-valued-transform methods, as exemplified
by (for instance) the work of Ruhl (2]; and the special-function approach

¥ [1] which is often called the Laplace transform but which we shall call
Springer” erlag ven the Legendre transform. The former is the direct analogue ofthe classical‘D.6000 Heidelberg 1 ‘D-1000 Berlin 33 Springer-Verlag, ‘one-dimensional theory; but it has the disadvantage that the function

Boetiach1700 io, Egdstbogee Pognwool LIS FitAveoos ‘J(g) with which we are concerned has to be regardedas a distribution, anduelon
(06321) rer New York, N.¥. 10001 although the Fourier transform is then certainly defined, there is no

é 7 Commun math Pap Yl 28



general way of evaluating it without a regularisation procedure involving, where C is a contour running from C — ico to C + 100; C = Rel is chosen
J{g) itself. We shall not consider this method further. to the right of the least value for which (2a) converges. If indeed f is

“The second approach is more interesting, although the theory behind integrable we can take instead .
it is somewhat ad hoc. Despite any claims made by ils protagonists,

sti is ane?sucess ean ‘upon_the integral relation beuwcen Lezendse. j= | porartonoaero, 7)
J Pi) Qed dx=[U-DUHi+ OT" 0) 1 .
1 S(cht)= eq LAF NSO O-r-ulchO dl: (3b)

[valid for Re(I-j)>0 and Re(!+j)>—1], and its generalisations, ©
whereby the P, become the representation functions (matrix cl 6)of the group and the Q, the so-called “second-kind” functions ‘ep but (3a) diverges for general f, whereas (2a) may converge,The oait(2).
are three limitations to this approach: one (the asymptotic behaviour) is_generally_caliedthe Laplace transform, only ihe pat 3) can bo
‘we shall discuss shorily:a second is that the entire theory is cast in very al

“J Strongly basis-dependent language: and the third (and most significant) Laantheory sulfers however from an are defect. The classicalis that it is restricted to $O(2, 1) and is incapable of generalisation [4] place transformon thereal line converges! for all exponentially bounded~2 , tohigher groups like $0(3, |). The last point tells us at once that if there ‘F(sianditsains lars measure ofits useless from he fact har when
~S \ then this is not it. eft halfplane, we can ultimately ignore its contribution tothe integral, SS .Nonetheless, because no other approach to this important problem Saco i these ol hee Snaulaties pascoms Si akhas o far been found, there ist considerable hteratute on the subject wihigcasein 2b). the Legendre P-functions are ill-behaved as Re! +co ~
a Several authors. have noticed inde ‘at in a nones 1 bas; Certainly it is true that (3b) is satisfactory as Rel — co:but then (3a)

seveta suo 5 baxe nice adeebTunctions themselves are RITEDE does not usually converge, Thus the Legendre transform past for SO 1) .W7 ‘bul unfortunately this tamalising discovery merely exchanges one ~ acanzgither_be-arrangedto Rave-a convergent projection formula of to. -“divergent integral for another, andwe are no further advanced. Otherwise, Ne et rab teumran Oy[Ge cotblcte reliance upon apecia-Tonction theory ina particular basis | © —be0u ofa Laplace transform where both these desiable featuces areisin striking contrast to the basis-independent formalism [4. 6] develo, Siascatfor Pourien transforms. WR ‘0 See how our results arise, consider the classical Laplace transform.In this + we'make a start on the problem of defining a true This is usually (incorrectly) stated to be an expansion in non-unitary
Et ee ee eet aroun theorcant representations of the additive group of the reals;in fact, it derives its

see eeEEa iene we aecuss entire usefulness from the fact that it is no such thing, Instead, itis afirst not the regular representation itself (that is, the “non-integrable transform over representations of a semigroup (the transform integral is
regular representation”) but rather the quasi-regular representation of only from zero to infinity); the group property is possessed only by the
$0(n, 1) by means of transformations of functions defined over one sheet two-sided Laplace transform, whose domain of definition is smallof the hyperboloid O(n, 1)/0(n); we shall extend our results to the regular indeed. If we want to recover the entire function f(x), ~co<x <0,
representations themselves in a later paper. Let us summarise the we needa pair of Laplace transforms— one for each halfof the real axis.
Legendre theory for $0(2, 1), in the especially simple case of a function This idea tells us how to proceed: the (generalised) Laplace transform, |
*F(u) over the 2-dimensional hyperboloid u-u—1 which in a spherical -onaacoun Git tebe dsaliied wilh nielestlon-cvst cenoesentions *‘coordinate system has no angular dependence: f(u)= /(cht). We have Some semigroup contained jn G. We shall elaborate these ideasitthe transform pait . _ZBapayf here we concern ourselves only with the “quasi-regular” represen-

Jeo T sean ofeno dno ea) tations of SO(n, 1), which we know how to treat. The general procedure
j

i . for decomposing an (integrable) function on the hyperboloid into its

i
irreducible components has been given by Gelfand and Graev [7]; see

Heh= 5 [QFN IO PlchOal, av) also Ref. [6], Chapters V, VI, and Refs. [8-10). Its cardinal feature is the



Macfadyeh " A Laplace Transform on the Lorentz Groups" .

e CMP 28,87 (1972) -- also received 1972.
1. Introduction. He notes that there’ ib an “interest in this matter, due to
RoarbaneléSaunders, Cronstrom&Xthik, JonesLow Young; separately-Ruhl. ‘There
are two separate methods:’ distribution, and special functions; we will only
consider the second one: . :

Claims that the éntire theory’ rests on a simple integrat repation between the
P and Q functions, (I agree). Talks about you have a choise: either take a
divergent recovery, of a no good. projection. The problem is not really' solved.

* To solve this problem, Mac will use the hyperboloid/cone technique “of Ga.
He will do this for the general case SO(n,1), then at the end will consider our
special case of 0(2,1). Should be interesting. Mentions some-"later paper".

2. The Gél'Fand-Graev Transform. x Define the following junk:

H = upper hyperboldid with points u and measure dw :
K = upper light-cone with points k and measure dk

Suppose’ you integrate some function f(u) over the part of the hyperb which satisfies
the condition u.kel for some fixed k on the-light cone K; This surface is I think
a surface of one dimension less than the hyperb and is called a horosphere . You

can do this for each k on K, and thereby you construct a function F(k)on thelight-cone! ‘

GGV book shows that if f(u) is very nice (compact support), then F(k) is

e infinitely differentiable and vanishes at’ infinitey and at the origin of the‘Light’ cone.
Creating F(k) from f(u) in this way (integrating over a horosphere) is called

the Gel'fand-Graev transform.

P= space of functions on H f(u) which are polynomially bounded.

Fy, = subspace of P which have compact supprt, called f,(u) 1
Fp = subspace of P of functions which grow faster than /v/*™, where

. » nis of course the 0(n,1) dimension.
Q = space of functions which are linear combinations of the appropriate

Gegenbaur functions for, this value of n, These fufictions' aré polynomials,

like the Legendre polynomials for 0(2,1) case. Variable¢ is hyberbolicvariable as usual. .

Lemma 1 says: if your funckimn f{u) grows faskex than axcertzim pawarxxx no. If
your function has certain integer fixed powers in it, then the GGT screws up
‘and does not exist. The exact type of “disallowed power” depends on whetner
n is even or odd integer. Also, the "kernel" of the GGT consists of functions
in the space Q defined above.

So the conclusion is: as long as you, avoid certain singular cases, the GGT
generalized to any. power bounded functiin’ is valid. We have successfully converted
our representation from functions on the hyperb into a representationx with
functions moving on a cone. Reminds me of Kalnins.

3. The Inversion Formula. If someone gives you F(k), how do you reconstruct f(u)?

e The answer is given here as Theorem 1. Note that you recover your starting functionmodulo arbitrary functions in the space Q. This does not seem helpful...



dexxRabbare ee - ‘
4, Laplace Transform. Recall that k was a point on'the cone. Through such a ®point there isa Line passing through the origin of the.cone. Mac says to do
a fourier analysis progection by integrating the function over: this semi-infinite
lime. -Or, to get ‘convergence , only go half way and you have your "honesxt"
Laplace transform. The projection is now a function of some "9 " parameter,
but it is also a function of I think the azimuth of the cone defining your line.

Thus, we see f(k, 9.) ,
If-we combine‘this true Laplace projection with: the GGT generaization given

in (8), we get the full "Laplace. projection:" (29) with kernel (32). Not too
messy at that! oo woes ‘

5. Laplace Inversion, Now mess around by combining the nsual Leplace inversion
with the GGT inversion.

Full result is stated as Theorem 2.

Comments: it is pointed out ‘that ow in the recovery formul you can move the
contour to the left and have your backgrouhd integration disappear. Thus, he
has solved a problem which earlier -had causéd trouble. Secondly, it is noted
that in the even case only, n=evén, you get some" sums in the recovery. Bery
reminiscent .of the "discrete series” of usual threyr. Nut he notes that a baloid
really ¢annot, do discrete series. Not fully understood. -

Earlier, restriction,6n the transform is removd in Lemma §.
« The 0(2,1) case. He shows that if you start with the P and Q functions and
compute the GGT, .you get very Simple first and second kind functions on the

cone, very nice, indeed. . . ‘ ryThé P-projection as shown in (50) is exactly the same as doing a fourier
projection on the cone. 1

But the Q-projection is not like doing a Laplace transformation on the
cone because, I gather, there is an extra tangent factor floating around. Not
very clear why the Q.fails the criterion. *

Recall thet he was saying in the. very beginning that the Q-projection idea
was non-generalizeable to higher groups.

Anyway, he does not say what. the .0(2,1),trye Laplace. looks like in u-space.

Final note: Cronstrom. has’ done my Q-Q'thing, it is.elaimed! 10/72/42.
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/gy . :  ) REPRESENTATIONS OF THE LORENTZ GROUP }é 569
“|G, Itis sufficient to require thag the sum of two clomonts,of 8 is mapped intoIRREDUCIBLE

UNITARY REPRESENTATIONS the sum of the corresponding operators H. ‘The H being unbounded, theirOF
THE LORENTZ GROUP sum ean only be properly defined if the common part of the domains of the

Br V. Banowann differentHislargo enough. Wenced, therefore,a condition about these domains,f
which will be stated in §5. If theso requirements are satisfied the possible ir.(Received

September 18, 1946) reducible infinitesimal representations of © may be classified. By an explicit,
Pane I construction it ig shown that to every infinitesimal representation corresponds

. an jmedueible unitary representation of G itself, Jn each caso the Wilbert space 4.+ ‘Introduction $ is defined as a function space over a propérly chosen manifold 9 ou whichIt is the purpose of this paper to construct and to analyze the irreducible Gacts as a transformation group (to every elementa of S correspondsa homeo- M=unitary representations of the Lorents group which satisfy certain regularity morphism of M into itself denoted by y = ax, where z, y are points on M.
conditions stated below. More specifically, we deal with the proper Lorentz ‘The group property requires that a(br) = (ab)z). ‘The operators U(a) are
group, ie., the group of all homogencous linear transformations in four vari- obtained as follows. If f(z) is an element of G, then Ula)fle) = y(a, oy).ables 2°, e}*, 2° which leave the quadratic form (2°)? — (x!) — (2°)? — (2)? (a2), where (a, 2) is a fixed non-vanishing function of the group element &invariant, have the determinant 1, and do not reverse the direction of time fe point « which satisfies the condition u(ab, z) = u(a, bz)-n(b, 2), and
(the variable 2"). This group will be denoted by%. It is known that & is called a multiplier of the. transformation group. It is easily seen that U(ab)=(as

well as the group &% defined below) has only dnfinite-dimensional unitary U(a)U(b), and with a suitable definition of the inner product the operatorsrepresentations (by operators

in Hilbert space) except for the trivial ono-dimen- U(a) are unitary. We tum now to a brief summary of the results obtained.sional case, where every group element is represented by 1 (Wigner, p. 165] 1._The group G. The infinitesimab representation contains three lincarlyIn addition to & we shall also investigate the corresponding group & of all a independent clements Hy», Hz, and Hw, where Hy; corresponds to « trans-homogeneous linear transformations in the three variables 2°, 2', 2" which leave formation of the (k — }) plane into itself. For any irreducible representationthe
form (z0)* — (z')* — (2*)* invariant—with the same restrictions as above. the operatorApart from possible applications in Mathematical Physies (ef. Dirae 2] this . be tee oe| investigation. hagan intrinsic. mathematical -interest-as-a- detailed analysis-of = O(a? Ha} Hn)"the unitary representations of a non-compact group. ‘This holds in particular is a scalar, i.., it has the formQ = q-1, q beinga real number. Morcaver, Hy,inthe
eas of where the results ar fairly explicit and complete, Morcover, whose spectrum js always disereto, has simple proper vali whichare cither} the representations of both & and & play a part in Wigner’s classification of all integral or all half-integral and which. characterize the =presentations of the,the unitary representations of the inhomogencous Lorentz group [Wigner, p. 193] ofations in the (1 — 2) plane. In the half-integral case we obtain a doubles| Br being the “little group”in the ease P < 0, and &, being the little group in valued representation of &, ‘The representations may be classified accordingthe case0, (the representations of these two groups are not classified in Wigner’s to the value of g and the values of m. ‘The following possibilities are found:|

paper). It should be noted however that the conditions which we impose on 4) Cy :qmaybe any positive number while m assumes all integral values 0, £1, ~ eyethe representations are more stringent than Wigner’s. +++. (2) Of:g maybe any number in the interval} <q < ©, while m assumesPLANor THE mxVEStIGATION. We shall discuss both single- and double- all half integral values 3, -E1, -+-. (8) Disk may be one of the numbersZiped
representations and henge deal with the comesponding spinor groups. | 4,19... ghas the value k(1 «- k), and macnorneea valuesk, k-+ 1, k-2,Gand GS, rather than with/%[and&. If S (which stands here for cither - v1. () Dy: may be one of the numbers 4, 1, f, «++;@ is equal wo k(l — K),& or G) is represented on a Hilbert space § by unitary operators U(a) which* sand m assumes all values ~k, —(k +1), —(k + 2), "++. ‘The two classes} Are continuous in @ (a is a group clement of ©), every one parameter subgroup Ce and Cl are termed continuous because in each case the possible values of ¢

may be expressed, by Stone’s theorem, in the form U; = exp (—itH) where 1 fill an interval. By contrast, the two classes Di are termed discrete, because q| ine seltadjoint persioran § “Sher on the ctker bad see may only assume the valves 1 = I).}
subgroup is generated by an infinitesimal transformation (an element of the - ‘The-unitary representations of & comesponding to the to continuous classes.‘Lialgebr(@hot the group 6, there 2 correspondence between the operators. | ct’ and Cl may be realized on a function space Oley the eae ich is| H and the elements of 8. Our main assumption will be tha, the operators H” the manifold 3 mentioned above, with suitably chosen multipliers, ‘The groupdefine a representation

of 6 which will be called an infinitesimal representation of.8. | and hengo also the group Grrasteon tee ae group of the projective|Sa sg..] transformations of M2 into itself, As long as q = 4, the Hilbert space $ consists,} "See bibliography at the end of the pore es of all square integrable functions ovew, while the inner product in © is defined.:
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‘ \ ‘
--— - — --Questions: _1) why are there diff ops on the group which satisfy the Lie? __
- -~ - 2) wii are the "matrix elements" eigenfunctions of the Casimir? a

1. In answer to the first question, we know that there is such a thing as the X

i ~~ matrix because this isa certain derivative of the f function. Also, we mow
“that ‘the i fuiicticris satisfy w certain equation involving thé stricture constants.

- - “Ib 18 easy-to show that the differential generators (whicir are defined in terms
. TPR BL ~ Sy= ‘—- of the-%-functions) satisfy the Lie-Algebray using this equation.—I proved this

+ - -as Result 11.. As sort of a corollary,.we.kmow that the \ functions satisfy the - —-

sane structure constants equation as the %,"s. Thus, the H-space generators
_ called f(y by Bargmann must also satisfy the Lie Algebra. _

~~ ~~ "2 as for the second question, I quote Bargmann: &¥Ery irreducible representation~~

of G, the operator Q has the constantjvalue q. Now, if you go inside an irred °

— ~ veible rep, you will Have soite little basis vectors arid Q /@) =ofa) for all the
_ basis ‘vectors /a). If you act -on /a)-with a group element operator U(g)/a), the
—s---—  result~is a linear combination-of. the basis-elements, -ie,-lies-in-the same space = —

- ++ and 4s therefore. still aneigenfunctio} of the operator Q. In specific coordinates,

.. if you use_the r,@ for the light cone'ting, you will find that Q= d/dr roughly = __oa and basis functions in a given IR all Have the same r dependence, hence the above
will be true.

.

,
. ~~

This leads at once to the idea that matrix elements are eigenfunctions
of the Casimir operator. Hetall that you apply the group-diffop to the matrix

element and move that operator inside to act directly upon T(a)/m). More
~ specifically, the-group-operator acts dn T(a) q(x) where x'ere some kindx of

- —-- = coordinates. Since this is a-simple multiplier representation,you.can replace -
‘the group=diff-op_with.an M-space diffdp. But, once, you are in the Mcspace, you _

---  — Tealige that the thing ie an eigenfunction because you have an IR- OK, so this .
___

4s reallyno big thing. ' —
1
-
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“~~~ “Galculation of the invariant Measure“as_6 Detérminant. —~(Bargmann)” ~ ~~ ~

- s - 1%, Here is what-we want a-right- invariant; measure to do: -

Doo. Doorn dan, WD) Ra) a Sas don Veca) F Cad) .
ae The game is-to find a right~invariant mgebureNC) that makes this equation -true.

—— Define c-= ab. Then we-have a jacobian, ‘ -- - a

--- - - ' st

: Ag: Bay, = Wa BOY dow = TV aye da
COE

~-—- Wee, - - & - -

_ (Rs Www = pee = |; \sc«| = \Kal_..z ae

oe _ CHEETA 39) \X@.
Here we have made use of Bargmanns equation 1,1 which telle how the new parameters c

_. . _Vary.as the parameters aarevaried. We also use fact that Tis the inverse matrix
of %. So far, our equation bexomes: - - ;

> - et \xXéa\ 57 ~ _@ Saar re @= Daw Fp 7x {KOé \xGb

2. There is a slight question as to the range ofintegration in the second integral.

On the left side, you integrate over aj “however is necessary to cover the group. ~~
——~ As the a nangé over G, #6 is clear thdt the c are also on the group, but it is
- not exactly clear -that the c-exhaust-the group.just because the a do. But clearly

-~ —-—— -——-we want this-to be. the.case .so-we can'run the second integral. also over G. I. wi,l__
. skip this point for now and assume trie. ee, . a
eee —— - — -

3. The obvious choice for the invariant tieasure is:
- °s aa ee -o-- :

-- 4 xt : - --OS ote (XQ) LL -
t

. I.
ae wn: mae ee ee

3S You \xo & @=5 as lK@\ FQ).
G cS

4s We can repeat for a left~invarinat’ measuré by using f(ba). We énd up with -
- - -—

. KR ~\ - ‘ - ne .SB - yes kel sh pen 8 O08),
. i

_— -

' - J
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. 6.96 -

The Basic Facts about Multiplier Representations

@ . Firet,| we mist review sone of the charadteristic functions which are involved.
When you consider simple shift representations on some M-space, you run into
some functions :

- Cee eat ak pepOHO
. c= 4b)\= ob. Ke = 28e8] 2e6G beGJoa

. ns 1, ase ;

. yloxe Llawn) NAC.) = 2RGa| . - ae xeM. Sol . _ 7
In terns of these very spécial functions, we may write down some differential _
operators which satisfy the lie algebra pf the group:

: es ‘ ;“Ki = — Xe@ oar ‘ -
. - . _ i °©

i
~

! o 5Rex =~ XC Ber _Rprmatns We. sahlttaseT. H

e If T(a) is a simple left-shift representation (no multiplier), then we know we getsa this.magic equation: wl. . °
. % [Tete] = & [Tesey.

- 2. Now we move to the -context of multiplier, representations. A multiplier is analytic
- in both variables and satisfies two equations. The “qultiplier representation"

then indeed 1s a group representation: , .
1

! 5. 8

5 =TS SS) = pc vad ey

Peat Ober) = prCa,odCes)=.
Given some multiplier, you-can then- show thet certain-new functions can be defined

~ namely:- ‘ono --
- TR) =X pdf ;

vere Xe Ra = ' Te (ord plays)
e One then defines some differential operators N -on the M-space with no superscript:i3

. 2 eg fe

- - - Acs He Ne. | a



You then show that- these new operators’ satisfy the "magit equation" ‘for the .

multiplier represehtation: e

 A\N@S@\ = % [TOL
end then it fBLlows at “once that these A operators arg the differential generators
of the multiplier representiation!-They satisfy the Lie algebra, ie.

One other interesting fact is that the product of two multipliers is

again a multiplier, and the new , function is the sum of the two functions.

3. The scene is now set to investigate some of the dynomite aspects of multiplier
representations. I will do these on separate sheets because I know they will take

some work. 7

hs One other detail. Corresponding to the diff gens , of the mult rep on the group
are certain diff gens of the mult rep on the M-space. These are given in an obvious

way? .

fr
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A cottinent’ of invariant densitigss : 7
. woo.

e j1. Having considered Bargmann: pages 610-612, it seems to me that -you could have a
i

local scalar product for real j if you.gould solve this equation:

t saaettiene a wWla-i ax@e\er bel" WA) = We) +I W(A- So | Saree
~ Ie, if you could solve this for W, then{W wouldbe the invariant density and

you would have a nice local scalar product for the D,* stalarl product, say.

2. The nature of the above equation is tnids
 o@® AH = S[vosl. t

You are giyen a and b and are told to find f. I have never thought about this
‘type of equation before. I am not even qure what the conditions are that this

- equation have a solution. Does this equation have some name??2, _

3. I have asked Hassam about this, didnt know. Halpern mentioned it once. I could

probably drag it up somewhere, but will not bother. The point is clear: in some

e@ cases this thing will not have a solution. This translates into the statement:-

in some’ cases, you will not get a lécal ugktaxax scalar product™in your Nspace.

~ fs Conments on Dw in the z-rep on this dige, you do get a local scaler product, -
but in the g-rep, you get a non-local scalar product. ‘Bargmann gives an example

- of a non-local scalar product for his exceptional interval. In the mspace

_ representation of Dy, the scaler product ‘again becomes local with a simple
_ weight function. H
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J
: Barginann Introduction i (5 pages) < - -

@ . . le The idea that you associate a one-parameter subgroup unitary operator as an

—- -- ~—lxponentiabed hermitian operator ist called Stone's Theorem,
. 2. Totsofnotation is set up . & stands for a group which we would cali s0(2,1) ~

I think, the groip of Lob motions. fyhereas, X) stands for the related "spinor

“> group" wiietein you often ‘nest rear your-rotations“to return to unity, The -_-
carrier~space; -or-rep-spacey of @ rep-will be-cakled Y;y~a-Hidbert-Spacee The —-

- M-space -on- which functions of MM aré defined is called WM. The generators
- - are taken as Hol, Haq (the boosts)!and Hy. The specturm of this last

- ——_ —_aenerator is discreet Lk

“"~" “3, Bargmann susmarizes first the 0(2,1) results. He lists off the UIR's, including ~a

the exceptional as part of C%- Except for the trivial, then, there are really ~
: —

four Kinds of series. Note that group eleisrits are calléd qn hot g. The ~

te ‘operators ure called U(a). Basis fijnctions are £,+ -Matix elements of the
: ~ -xform operators which define @ rep gre called Ugn+ - -

gee A newidea for me. pessented_hereis this: _you.knowwhat dg.is, and. _©  ~ you.can,look at the asymptotic behavior of the matrix elements in the various
classes of reps. It turns out, eg, that D*, blows up so fast that you can not

_. __ _ integrate it on dg. This is connected with the fact that D*y does not show
up in the expansion theorem, . Also, concerning expansion theorem, the idea

Te that certain 01k functions (not all of them are dense In the spacé of functions
~ “Of g deans, basically, “tat arb function caf be Expanded in ‘thei. -

4. Next, he summarizes some results for the group-SO(3,1). Again,.the series are -

libted off, /Casimirs are stated, ae is remarked that there are no discreet series,
etc. However, B will discuss this group $0(3,1) which he callséy in encther
paper called "Part II", The paper I have is Part I, and will stick to SO(2,1)
exéept that certain parts of I are general to both papers.
%1

1
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/ Bargmann Section 1 .
® la. introduction. When you do ab=c in a group, this means that two vectors in.

parameter space are mapped into a third, called ® (a,b) = cl, If you differentiate
“—~ """" $s Finetion wrt af of Bip you get equations liké I.D and 1.3) Spedial casés oF ——~
ae which were distussed"in Wybourne. Theses derivatives are described by a set of

entities called the y,(g). Certain combinations of these objects with their own
-- first,derivatives gives certain primitive commutation relations, as in 1.2. In

---— = fact, these appear in liybourne page 31. eee ee

. 1b. one parameter subgroups. Let at be @ point in parameter space. Let t be the
parameter of a OPS (one parameter subggroup). Then as t changes, a® change for all i.

"~~" "tn gaét 16a shows exactly how. Acertain lines¥ comb of those'%', gives you an ~
~~

object % which = dat7at. Of cotr'sé, i, runs from 1 to AWheFe ‘n parameter’Lie’ group,
so}is the vector whose components are ++ Basically; -these~objectsX*(g) act

- as a set of generators. They are really: the infinitesimal. transformations when you
~ take the group itslefas an. M-space. Hokever,. these ‘Kare not the same as the usual

x4 because (I suspect) thay are more general, not taken to be near the identity.

a __Thus, the comrels 1.10 are not yet AB-BA, but appear as 1.9 instead. Adjoint
@ group .is mentioned here. 7

:

le. group invariant integration. It turns out that the inverse of the determinant

of the objécts Xess) ‘is the invariant measure, up to a horm factor. I bet this ties
—- ~inr whth-Vitencn-page159.~‘The existence-of an equal right andleft invariant - -
a measure is-tied to a condition on the structure constants, 1.18, new to me- We shall

stick to such cases. '

l.d_realization of G on the M-space. Here, things are repeated as before. Instead

of using G itself as the M-space, use sdme arbitrary M-space whose coords are x*/.
G will act on this "transitively" such that x gots into Z4(a,x), which plays the role

of (a,b) earlier. Now the derivatives of these 2; are given in terms of some old
objects 4% (inverse of X4) which are functions on G, and in terms of some new
objects)¥,(x) which are functions on ‘M. These new objects Ng then satisty the
primitive com rels 1.21, still not AB-BA.

- Now, out of the blue sky comes : ithe standard (ie, shift) representation.

- This is: T(a)f(y) = £(a-ly) which he also calls g(yja). Look at 1.25 and 1.26.

_: ) These define X, are the differential generators of the Lie algebra acting on G,
whereas Nj are the diff generators which act on the M-space! Presumably these are

in 1-to-l correspéndence, they Just act on different spaces, Thus, in 1.27 XK is
1
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~ sone ‘arbitrary generator acting on the ig space. Corresponding to it,is Ay, givenr in 1.28 as the diff generatep” which “acts on x. Now consider g(y;a) ¥ f(amly). -
“ “he action Ofgenerators Xs) on glyja) Is the Salle as thé action ofAy mot

See 1.29, Now these-new generators -whidn act on x, these A(x), these aré the guys
- which satisfy-theAB-BA com rels ! " . - sot - +

le. remarks on the linear reps of G. Look back at,1,19 and 1.20. If Zour ,-
transformations on the space M are linear ( like SL(n,c)), then the objectsXe(x)
appearing in 1.20 must be linear in the! x ‘Thus,the objects L, appear, as mn .
matrices. These are the usual generator, matrices (like Pauli matrices) which you
‘associazte with a lie algebra. Of course they satisfy the Lie algebra. When you

exponentiaté thiése matrites, you get’ fihité dihiensional linear group representations.
(of course for so(2,1) all such reps wid be non-unitary). -

Bargman makes a good point here. In the -compact-theory, -you always

deal with generator matrices.L, and mathix reps. U(a). acting. on.vectors inthe
finité dim vector space. In the noncompact ‘theory, mmx our generators are Ay, —
and our rep operators are T(a). These act on an infinite dim Hilberts space of

.

functions of x, By the way, notice thef the shift representation is characterizede@ by a linear operator T(a), even though the action of xxx group element a on x

may bs highly non Tineare Frocks do stuns bak, Tah S)+169} =TOK) +TOI
. Qk TE) ve Biman,cnn ado:

_ ATA = <augh= (a) - vo
- BE WE] AGRA, VyEh Tuas = LER+ KE).

So LxVTE)\ED = AITO) MOI = AGx\ = Oe F
= CaaS + Geld A) = GITAINY + GATOS» Vx. -

© Draher THUG =ATAUS TAD... .
By the way, the symbol “X wild always dinote an-arbitrary gaxierator of the Lie ~

- Albegra, iey-a lineazr combination of some chosen basis generators “K% .
|

.

if. multipliers. A mltiplier is detined on both G and M,hence_u(a;x). If. it .

satisfies two simple properties: (1) u(ejx) = 1 for all x; and_(2) u(abjx) = .

_

u(ajbx) u (bsx) for all aybyx; then itjreally is a "multiplier and the6 generalized shift operators T(a)f(x) = U(aja7/x) f(a) define a linear rep

of your group, It is noted thet the set of miltipliers forms agroup under
1 1

- ---- be 2 - eae ~ eee|
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.

multiplication. Also, itis“noted thet Afyou can finda function g*) thate is invariant under your multiplier rep'T(a), then the multiplier must be
7

none other than u(ajx) = g(ax)/@(x). | oe -
:

|

~ ig. infinitesimal miltipliers. Sincé w(ajxy is 4 function of xy we can obviously’ ~ ~~
try to apply our M-space diff generatofsto the multiplier. Here is what you find:

- % u(asx) = fe ulafk)) gee] u(asx)- -. -dn other words, the-multiplier is an
eigenvector of. the operator y with eigenvalue as shown. This eigenvalue is given

a new notation: @ (ax). The object Ta) = Ku(ajx)hee_ + This thing is called:
the ‘infinitesmial multiplier". Actually, it is a particular derivative of the

~ ~ multiplier near the identity. (at the identity). See 1.45. 7
oo Wow, let T(a) be some multiplier'rep, denote by 1°(a) the bare shift rep.

. What is the action of % on [7(a)f(x)]' ? Badk in 1.29 we found tlie action of”

% on [1 (a)t(x)]. There we learned that ~7T°(a)£(x) = Ay, (on same). (Let us
- - now use Ny for the differential generafors of the bare shift rep.) Then, the-- — --

~ new.result we find.is this: po --

- ~  KErla)eG9 = yd *fa) Erele(x)} == - tee Thus, define new diff oprs as: <--> -- :
1

- 7! ~ Age= RYO > Co) ~ 7 Oe
: Here is thepoint: if you know the diff ops of the bare: shift rep; and if you know

the "infinitesimal mltiplier". of your ‘multiplier rep, then you get the new diff

-— ops.of the multiplier rep as shown by this equation. .! Of course these new diff

ops "realize" the com rels just as thefy did. _ .
; This section closes with various comments about how multipliers

multiplied give an infinitesimal miltiplierm as @ sum, etc. Things are also
stated in temrs of ¢ (x) which we recall as a way to reperemetrize the multiplier.

'

Ih. Method of constructing Multipliers.’ This section will, Ifeel, ‘be fundamental

-- for Bargnanns purposes later on, It invlves fiber bundles and; I think, induced

representations, but- these things are npver really mentioned. Here is the idea:_ start with a space M” having m-1 coordinates xt. (Treat as base of bundle). The
group acts on MY in some known way Z*(a5x). Now, for each point in MY definea
Line over that point ( a fiber) whose parameter is x", a new coordinate. Thus,

.

a point in the fiber has m coordinates.'The action of the group on this fiber -t ) requires extra knowhedge about what happens to this extra coordinate. Suppose
~

we try: Uxe(g) x" = ulgix") x7. Ie, this ds the action of thé group@ on the
fiber over point x"; . Then "thie rule for the cofisistency”6f"a homogeiieoiis ‘fiber

- “4 --- : | a —~ see --
--- - 4 - f- - -- : ~
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bundle becomés exactly the rile for u(ajx) to be amultiplier!!! ~
@ - ~ Now suppose we Have-spates"M” and M (ie, a Gundl&) with the

~~ -miltiplier-ufa;x")+ Because u-is-a-multiplier;-we-have ‘ourselves a multipler >
-- -rep on M* (not on M)Ie,-T(a)£(x*) al u(agatlet)£(anhee) » What Bargmann now

wants. to_do is_construct. multiplier reps which have powers-of this-multiplier -
as the new multiplier. So, let Ta) bé this new rep on M™. Now, he is going to.

. construct a new rep, the bare shift rep on the space M, called Ta). Ifyou
restrict your functions (on which T° shall act) to functions of the form

F(x) = GelPHe(x"), then you can show this : T°(a) F(x) = (x™)-P rh(a)e(x*).
“Ye, the action’ of T° on {ts space of ‘ae is equal to a multiple of the action

- of’ the hth multiplier rep’on M* on’ fon¢tions in its doriais. Similarly, the
~~ + action of-the-generatorron the-Noutcgme" of T°F is given in terms of the action

of %. on the outcome .of Tf, see ander 1.57. -
_ My own comments: Possitly the space M™ contains a point x", -

_ Which has an invariance group H,a subgroup of G. If so, then the fiber bundle
characterized by Bargmann's multiplier could also be characterized by some

“representation of the subgroup; H. Perhaps then sone correspondence could be

made between induced reps and multiplier reps.r } “> >" In the TaSt” secticn here B shows how you might actually construct
a miltiplier togo from M* to M.- Suppose you Start with some space M and some
linear- transformations of-M onto-M (like SL(m,C) !). Denote the transformation

matrices by wij. Then you can define the space M™ by- taking as coordinates
- the ratios y+=si/¢e where ¥"%s the last{ coordinate. of space M. Let x” = ¢™

Then the xt up to m1 are coords of M*,|

and coords up to m are coords of M,| and the multiplier connecting them is given in 1.59 in terms of the matrices wis t
Therefore, from the mdimensional (nonunitary) rep of Sixx GL(m,C) Gey Rees,
matrices) apparantly you can explicitly’ construct a multiplier rep“tn the space

~ M" of’ m1 coordinates. Moreover, as discussed above, the various "miltiples" of
- this miltiplier ‘rep on M* can be astoCiated with bare shift reps in the lerger
- m-coordinate space: My provided that thej functions under these bare shift répa

are suitable restricted as in 1.56 1! I! think this is very significant. For
example, the reps of GL(2,C) should be realizeable either as miltiplier reps

on a 2-dimm space M", or as a bare shift rep on a restriction of the space of
functions of 2 variables. I bet the sphee (Mis the circle, and the 2 dim space
is (21+%) where the restriction is hombgeneous polys, or something like that.

te
1i. (last) invariants derisities. Define 1(a), Xx), %(a,x). Save a reading of

- this section until it is needed. | re
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e _ _2as'Iinear transformations leaving a quadratic form invariant. Very nice section.
Here all at once B treats the standard analysis of S0(p,q) where ptq = m, fixed). |
There is a certain diagonal metric tensors e35- The requirement that any generator
% acting on x.x do nothing (invariant) forces the mXm generator matrices to

by antisymmetric, as in 2.5 . Thus, there are only m(m-1/2 indep generators, and

- that is the “order ‘of “tlie Lie group. The standard generurves-are defined-in terms
of the metric tensor as in 2.6, the way I likes Then the-structure constants are --~

- implicitly as shown in 2.7 and it is poted that these yields-a right/left invariant

measure on.the group.. Theses generatbrs so far act on mcomponent vectors and
_we cén talk about the finite dim reps.-The scene now shifts to the standard
"pare" shift representation on functiohs of mvariables x1. The generarors of

this rep are given in 2.8, along with fhe reminding notation Ay where 4= (kL)
labels the generator of interest.

‘I think this is new to pe. The différenfial operators that I have i
always used for angular momentum, eg, bre the ‘generators of the shift representation

- wheré the M-space is E>. The oribts~in!E? are-of course spheres.Since-S0(3)

e presérves the lehgth of vector.xi, the unit sphere alone can be used for the.
carrier space of this shift representation. Notice that the action of group
elements on the points in the M-space are given by the m-dimensional group
rep, whereas the action of group operators on the space of functions is given

-

by a shift. Thus, we have here a case of a linear rep being defined in terms of

another linear rep. I suspect that the general shift rep sodescribed is highly ~~
reducible in general. ‘ 7 .

- to - -

2b. the adjoint group. Not‘ clear what- this is all about. If you similarity transform
all your generator by some fixed operator U(b), you get a-new set of generators.

This similarigy xform that generatres 4 new generator Xp = U(b)%X, u(b)7?
can of course be written as = Gyi(b)%4 because the original generators spamen ___
the lie algebra. The set of matrices S,forms a new finite dim redp of the group,

of size m This is called the “adjoint'! rep. Equation 2.10a shows how you can
construct this rep from the usual finite dim rep, why.

ae ,
- 2c. the operatots Qafid KR. Quis the usual Casimir = $1yj1"). In three dimensions

e (ie, m3) it is the only one. Ie; therd is no other way you can-combine the tensors:
143 to get a scalar. All- you have to ude is-g@ij and €j5,+ But when you.go to -

meh, you-can also use R = $€i jkr THUS these scakars Q and R-correspond to the
- eb _. >
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labels (P,Q) used in Liubarski's book.+Recall that Lorentz group reps there were ___€ characterized by @q.A "vector" particle belonged bh the rep yy whereas aa
Dirac spinor particle was something like CO Ceo Ete.

But now we are not reaily interestede in S0(3,1), so drop this
~ stuf? for tow. . TF - a

i a ‘- =

-- - - 2ee the case m3 first, the geherator$ -are recast into the-three Ij. These will

be the same..generators_for S0(3) as for S0(2;1). Remember that the metric tensor
. _ appears in the com rels!! So, 2.18 shows the com rels for S0(3). and 2.19 gives a

. _ Q Similarly, for $0(2,1), equation 2.22 gives the algebra. It is observed that .
for the first case, the "definite metric" means that k.k is always negative, so
only jone case to consider. In the lattér case, the metric is "indefinite" so |

7

you have to consider three Kinds of "orbits" depending on nature of k.k. These ~
are caaled elliptic, parabolic, hyperbolic. Parabolic means "on the light cone.

~Or a ‘parabolic orbit,~you can find a point (say, (1,1,0)) whose little group
-ts-a ‘one-parameter group-whose single: generator is the lightlike boost. On |
an elliptic. orbit, you.can.find a point, say (0,0,1), whose one-parameter

little group is S0(1,1). Finally, therd is always a point on a hyperbolic orbit, _e say (1,0,0) with little group S0(2). THe point is that depending on your type
of orbit, there are three kinds of little groups to think about here, whereas

for the rotations group, only one Little group: S0(2). ° 7- : H .
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Bargmann: SEction 3 --- __""The-Spinor' Groups" an. --

6 3a, The group G,. By plopping the 4 romponents of vector x1 into a 2x2matrix _ |
_ in the usual way, see 3.1, we construct an element of group SL(2,C). This matrix

realization of the 4-vector is Hermitian and has determinant equal to the invetiant
length of the vector.“If you act on this on both sides by sone unimodular /
matrix, say W, the determinant is preserved. Thus, any real Lorentz transformation

can be cast into some SL(2,C) elemeritW. Of course (-W) 2156 works. The map from

group G, = SL(2,c) to l, = $0(3;1) is therefore 2-to 1+ These two groups’ are
“locally isomorphic" and- therefore.have- the same lie algebra.

- - 1. --

3b. The group Gj. Thereare basically! two ways to do this. First, take a subgroup.
of SL(2,C) with the usual (<4). Set x? = 0 to get newX as in 3. Now, if
you consider the Mobius transformation z' = (iz+¥Y/(pz+4) as a map from the

plane C to itself, you see that actually ‘you are mapping the interior of the
wit circle onto itself. ~ . . .

. On the othe? hand, theré ty anpther way to doy ising 2x2 matriceswith real elements. This is SL(2;R)s-Given any SU(1;1) matrix, you can make the -

e isomorphic SL(2,R) matrix -as-shown in 3.6..-If you-condiser the same mobius —
2 transform with this new xeal 46%, you find, that. your group Gy. can be realized

_ as transformations of the upper half auplane into itself, instead of the interior

of the unit circle. Just two ways to & ite
By the way, these SU(1,1) matrices have a property that looks like

unitarity, but not quite. Vilenkin reférs to SU(1,1) as QU(2) for "quasiuhitary".
If you restrict to that part of“SL(2,C}"shich gives you su(2), your 2x2 matrices
come Gtit really being unitariy. See oh

} ‘

~ Ze. multi-valued reps ? Take the “elerjentary rep! of su(1,1), namely, those 2x2

matrices themselves. Obviously, in this rep , the "rep" of. Wis different from

the rep of }xx (-W) because rep(W) = Wiand rep(-W) = -W. But both.W and -W are
the same group element from the point of view of S0(2,1). Thus, the "elem rep"
of su(1,1), when considered as a rep fdr SO0(2,1), is double-valued. Each point
in $0(2,1) has two matrices associated with it. In general, if you examine some

rep of SU(i,1) and you find that rep(jl)! ¢ rep(-ii), then ds a rep of S0(2,1), that
rep ib double valued. If rep(W) = rep(+W), ther it is Single valued. The usual

e exariple is that R,(0) = rep(I) and-R,(2w) = rep(-I). (You can show this). Thus,
in a double valued rep of $0(#y1),- thesp two things are not the sane!

-

_ + -
-~ -- _- — - _ -

- —-4 - -- - ~/
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. . toe —— es —
' However, thereis another sense’ of "multi valued" that Iwant to get _6 straight. The topological space associated with SU(2) (I think a 3-sphere)

-

is simply connected . This means that SU(2) isits own universal covereing ~
group, and it also means that the representations of SU(2) are always
single-vadiued representations of SU(Z) (notatida Tor the covering group). -
On the other hand, the group’ SU(1) ‘has, a topology-which is infinitely connected

- (ie the cirele)s The representations of the covering group SU(1) are ei yhere
m is any real number. For example, if h = 3, then-such.a rep would be a four- |

valued rep of SU(1)s. (I think) This single valued rep of uli), ei#/4, is called

a "projective rep" of su(1). : a Lo .
Similarly, it turns out that the top space associated with su(1,1) is

circle x plane and is therefore infinitely connected, just like su(1). Thus,
there will be reps of su(1,1) which wan be many-valued reps of su(1,1). As ~
‘just stated, these are called projective reps of su(1,1). See page 193-4 Wybourne.

- 3f. infinitesimal -xforms for spinor group . The point here is to find the action

of tHe generators on some Wxx X. ‘These turn out-to be 2x2-matrices given

in.3:10, For G, these.are not quite the Pauli matrices. Of. course for su(2).e that 4s exactly what they are. i _ _

3g. remarks on spinors. We know that wd can peranetrize a 4-vectoror three vector
by the 2x2 matrix called X, eg, Babies | Call elements of this matrix xJ. Thus,

oo 3.12 shows group action in this notation. ~ose oo
‘Now for some reason I do not yet see, he wants to imagine that our 4+ or 3-

vector is lightilike- ("nuli")s Then you'can define two 2-spinors as in 3.1
such that x1J = sisJ". Notice that thid must give det(x) - 0.

|

"

Next, you.can also parametrize these x4) by three polar yariables as shown.
| Then 3.16a shown how the spinor and polar params compare. (Note thet the first

spinor is real, so in fact only three params in the spinor param). Now, if you
insist that x5= 0 (ie, restrict to %), then x! = x2 and you get 3627, atl wanNow comes the point. Suppose you look at a G3 transformation 3.12\where
thé initial and Hirlal Jvevtors are param’d by polars, ie, r and f fér initial x

and r* and 9" for resultant ¥. Then of course you can compute r'(r,B,%G(¥) and‘also 6" (same). These are given in 3.18 pe 3.19. Wemember that this only appliesto
transformations "on the light onne" pf S0(2,1). These little formilas looke

extrenely. familiar in another context. (ie, Vilenkin's QU(2) reps). _
rs oe — -

. -- - one - 8 A
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Section 4 Bargmann = -—- oo

r ) ha. introduction of paraneters.The first set of parameters to be introduced are—

the complex number ¥ which really is @/w , end the real parameter gy which is
the phase of ol. In terms of these newivariables,a and (are givenin 4.2.
From the unimodularity condition, we she that (| >, I fol, aid that therefore the
variable ¥ is restriced to 118 inside the unit circle somewhere. For the group
G-(<G3 from now on) variable9 lies in}(-W,w)}. For the covering group, ux lies
anywhere on the real-line, as already fiscuseed. - - +e -

~ - -- } — - -
. hb. linfinitesimels and invariant integration. Note the usage of symbols 4% «", Ke

Thesé define a particular linear combihation of the standard generators Ky. Ie,

you write an arbitrary generator as -X%'='%,» Recall that these generators cd"
act as diff ops right on the group G phranetrized by some at.” Now we already
found the 2x2 generators for aNY generator of SL(2,C) back in 3.10. Now, 4.7
merely specializes to arbitrary Lintonb“of the base ‘generators’ of G: Now, the ~~
idea is to insert these: known generators: My _and-to -solve the first equationin -
4.7 for the numbers X4(a). These numbers ¢,(a)-recall are very fundamental to

. the.group, and were introduced_back on|page 1 of this paper! So, once you calculatee these x, for this specail parametrization, you can at once do two things: (1) you _|
can write out the explicit Gdiff generators Ky as in 4.8; and (2) you can compute
up the determinant of the (a) because you know its inverse gives the invariant
measure, hence 4.9 « 1 -

- ve - 2
c- the parametérs y% ,J. Very familier“terrain. Under the standard ranges -

shown' in 4.15, we are reminded that~even so) the-group G is covered-twice. These
new parameters give back the original. ones ¥,¢> as shown in 4.16. Again, you
can solve up equation 4.7 for the various 2x2 generators to compute the diff ops

‘%, as shown in 4.17. And the invariant measure shown in 4.20. In fact, Bargmann
even goes so far as to compute the diff; op for Q, which he calls +, see 4.19. I

skip section 4d which discusses as? anggeometry
Hf

ke. conformal xforms of unit Gircle to its8If. Here wé have an example of that M and

: M" business encountered earlier, im the| case m= 2. Start with a-two dim space M
with wl} given just by-A (> matrix. Atjonce from 1.59 we can caleulate the

ae multiplier u(ajz). and we have therefore! construced a multiplier rep on the space
e@ Mf" which has just one(complex)variable ; ie, 2. The multiplier is just (4+ (2).

He then computes the three infinitesimal multipliers, see 4.26. Recall that these

are needed to compute up the M-space aust gens.

1
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TT 1-
oo. - - ef eee+ - - .. e 5a. introductory remarks. Sets up notationfor Hilbert Space scalar product_and

norm, follows QM instead of math notation. Then he carefully defines what @
UIR is: “unitary operators on a Hilbert; Space, operators are U(a). Must satisfy

.

the “rep property” which I call the multiplication rule. Also, certain continuity —~

condititn wiih I will always skip over. Finally, no invariant subspaces.

5b. criterion for-irreducibility. Herg we have Lemma 1 which is a modification
of Schur's Lemmas. Schur_says that in-gUIR, any. all commuting operator must -

. be a multiple_of the identity. Here he eieine. the same, and.more: if a rep is
reducible, then there does exist some dther all commuting operator. This operator

can be explicitly constructed, it is ndt just a multiple of 1, and is called 5.
Basically, it is the operator which projects functions in (onto the invariant
subspace A. ~ Os ;

- 5c. one-parameter subgroups. Here again we have"Stone's Theorem which says the
-xmom one parameter subgroups can be set-up as-exponentiated Hermitien generators.

e- Thus, we have_generators Hy, or, if you stillinsist. on. arbitrary lin combs, Hy
fide assumptions about infinitesimal reps. Warning: do not confuse the notation, _
with the same symbol used in Vilenkin. Think of Xas labelling one of your gens,

%=1,2,3 lets say. I really dont care much for this subsection. The end result..
is that each gerierator Hy on our Hilbert Space has its own domain, called Dp

and the interSettioli of these doinairis is called (. As far as I am concerned,
this Wis the same as “Mes ! -

Se. the operator Q. Of course the opebator Q-acting on 4 is. given in terms of

the generators Hy acting on sane, Page $02 is a long harangue that coneludes that
Q is a hermitian operator which in a UIR is a multiple of the identlty. Ie, see
equation 5.14. The "multiple" of the identity is called q. Thus, q is real. Also,
he concludes in 5.17 that Q, , the domain of the one compact generator, ix equal —_—|

to UL, the intersection of the domains be all three generators.

5£. playing with: the generators.-We know that the compact subgroup acting on our

e Hilbett. Space looks.like.so, generatorwise: Ho8n =,Sn* If we impose at worst
double. valuedness here, we get the vouat integral/half. integral spectrum. So,
- eee -- == 4y - - --

a oe : A
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let g be some eigenfunction of Hoy andliet$ybeits eigenvalue. Define: H, = F .[ J and H.=G, Then 5.21 is standard. so 4s 5.22. Note that FS means F applies
—

5 times. Now, notice that GF+FG is a diagonal operatorand has eigenvalue 2(q4}?)
when applied to function g- See 5.2341 Next define §, andoy as what you get
when you apply GF and theh FG, respectively, to g. See 5.24 td get these in terms
of q andh. It does not take much ther to-get 5.25. If you raise ssteps, then
Tower one, you get -Pg-times something.--Also, 5.26. follows-at once. ‘Therefore; -

you are forced to have #, and §, be positive | - -

5g. classification of the reps. | ok ee
. _ | First, assume that } is integral,and there is no truncation so we go all _the way in both directions. Choose X40. The requirement that all those little

‘9, and @% be positive mm forces you to jkeep to q>0 only!” Then 5.28 gives you ~
your basis f, functions. Thé wholse stiow is~sumnéd in 5.29. Notice tliat Hé allows

each basis function to havevan arbitraty phase. - -
- Next; assume no truncation again, but-half-integral- spectrum on Hye-Then =~

choose ) =. 3. Turns. out that. you need ¢ $d now. All rest is same. These two classes

- are called, ¢,° and cof. _. } eo . -C J Next, assume truncation on the right. Choose g end its) as the rightmost _
eigenvalue. Te, Hyg = 0. Thus, g,= 0, andq locks onto : q = -NAdd). Easy
to show that K€ 0. If X= 0, then #='0 also and you "die" on one step in
either direction. This is the trivial reprfesentation. If K£6 (of course must 7

~ be half or intégrel), then I tavé shown that #, = (s +k)? where k = —K. Thisy .
©, is always “positive def and thing doesnot truncate on the left. NB: there is
no such thing as a-finite dim-UIR here ! Or with any noncaompact group. Repeat

arguments to get the other type of discreet series. So fer, there is nothing
exceptional about the, exceptional range! of the continuous integral series. .

Shs discussion. Although we have only stt a£ the infinitesimal generators (ie,
- “we know the actiton of F,B,Hy on any basis functionfq in the Hilbert space spanned

“by such functions gor a given waGGGOT PIR, we claim that the finite group ~.
transforms so gefiérated are the UIR's 1

' : - oe - |
‘
’
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__ Bargmann __ Section 6 -t. _- -

< éa. transforms on the light cone. Here at last is the section where all our work
begins to pay off, especailly that stuff about multipliers. By simply considering

7

the transformations of vectors on the future light cone, we are going to end up
-- ~ witht specific Operators wlikich represent the finite group traiisformations ori

a carrier-space. This’ Rep will be valii for the q Si part of Co the~so-called
-nonexceptional-interval. 9 - ~~ - -

As we know well by now, euclidean vectors on the future light cone can
be_paramed by r,f. With no trouble at, all, we can write down the diff generators
KX, which give the bare shift rep in the Euclidean space. Thus, we just copy .
results from 2.8a and change to these £,B coordinates. Hence, you have bl.

me

Keep in mind that functions f(r,@) forp the Hilbert Space upon which these ~-
Ae gendrators act, and this bare shift rep is not an irreducible rep by any ~
means, Ie, it contains lots 6f invafiant subspades, and we are abdut to identify ~~

one-of-these subspaces! To this end, we note that any function of the form -

6.6b is.an-eigenvector of diff-op Q, Thus, if you stick within the subspace

of functions of. this form, you might be staying within a.UIR because Q is the.

e same for all function in this subspace. Notation @ is for later use. . od
6b. transformations of the unit circle: The above section was motivation for

this ‘section. We shall use the resultof the previous section tochoose aproper powér of a certain multiplier, je, h=4+i8 vheree- J(F- a).
+ So, here we BO. Let the space M,have variables x and 9. Lt thist be -the "added coordinates Notice from 6.7 show you get r! from r<This is exactly ~ - ~

what you want-such that fa+e bl? ds a multiplier for a representation
in the space M™ whose only variable. is‘). (M* was the base of fiber bundle M).

Now, take a power h of this multiplier} We know that is also a multiplier. Hencep _
we have constructed the multiplier reptesentation 6.11; there is no question now
about, what is going on. Equation 6.10! shows how this multiplier rep is related

~

to a simple shift rep on a certain subspace of the larger space M. In fact, we ~
see that that subspzce is exactly functions of the form 6.6b which we found abovef

" Next, we utilize the "sandwich rule" 1.58 to constiuet the getie¥ators
-of our miltiplier- repr Ergoy equation 6.12. Again, no miss, no fuss. By
comparing the A,to the. Ne -we-tmow we ‘can get the “infinitesimal multipliers"

by just taking _the difference, 80.6413 Finally, 6.14 gives the. operator.Q ine
our new multiplier rep, again via the sandwich rule. _
-- - ae ee

i
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-- we are -- _ .

— oe -- e+



' x
.

!

. ( section 6, page 2) |

6 “bc. “discussion-of-this new multiptior repr Out of-the blue;-once- again, Bargmann -
. quess' the scalar-product.6,15.Looks simple. enough. Craftily, -he. shows that-if you

choose q so that g/ is imaginary, then ‘the operators Ty(a) willbe unitary (with
respegt to the chosen scalar product), ; In 6.18, elements uy, are defined for later
calculetion, H

.

i

6a. reps of the nonexeeptional 6,° series. Note that fiy, = iAy. We have just
found a set of Ay. He claiiis that’ theydo i fact Satisfy the equations 5.29,provided the phases ere chosen in a-special ways (Not trivial). Remember’ that
5.29 follows just: from the Lie- Algebra,-really,~so any infinitesimal rep" must -

satisfy them. Without. further ado, we.state_that these generators Ay acting on

the circle with scalar product as show and with >} so thatov= imag = is with
s real, ... these generators are the inf rep for the UIR's so claimed. It follws
that the finite transform ops defined by our multiplier rep or by the assocaited

shift rep on M, these finite transforms are the repoperators.

° In 6.25 he simply rephases the ‘Vasis vectors. Then matrix elements will be -

e
called van insted or “n* | _— .

'
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 Gonneetiion between the. theorey of; multiplier representations and oe

e _
the theory of induced representations. _. _..

~ "4, 1 think this is the way it works: ! start with a group G and take as your
~ ~

subgroup the trivial subgroup E. tial subgroup has one representation, namely.
the real number 1. As the base of your fiber bundle choose some homogeneous |

space of m1 dimensions; this jill be, Bargmanns space M*. This will thei beLe Mackey's space S. Any point in this space can serve as the invariance point

| of the base) so. That is because the rivial subgroup E is- an invariant.
subgroup (recall this detail). So pick some.s,- For our fibers, over each _

__ poit in the base put a."complex linej'. Ie, the vector space which is each
fiber is just a complex plane. Thus, the elements of these fibers are merely _a
complex numbers. In general, the "fiber operator" is supposed to act on °

~

a véctor in your hilbert space (fiber), but here the vector space is so simple
that the fiber operator is just itself a complex number. Ie, that is a

possible fiber operator. “Lét ts now foenticy the fibér opérator U,(g) -
-- with the multiplier u(x*j.g), where, of course x" is a point onthe base +

we ee x" and plays the role of- 9. Notice that the-rules of multipliers ere = --—
-- two. One of them we identify with the|fiber operator consistency condition
C __ _ for.a homogeneous fiber bundle. The dther we realize says that forhinH

(ie, for g = e), the fiber operator ig supposed to form a rep of subgroup
"He But the multiplier rule says that this particular fiber operator ix reduces

~

to unity for g =e, ie, for h in H. But unityis a rep of our subgroup H (ie,
~ the 'trivial subgoup; it is the only nype) Thus, everything is hanging together. ~
- However, I thought that the trivial rep of the trivial subgroup always +

induced just the regular representatiént Ah, but I think that is-only true
if you use the coset space G/H for your base S.-Here, that coset space would

be G itself, but this is not what we dre using. for S here. Ergo, the bundle
: is not completely determined by specifying G, H=E, and L(h) = 1. What you

really need to completely specify your bundle is the multiplier, For each

~ "multiplier you get a unique bundel whose fiber operator is definedto be that “|
multiplier. Then that bundle together with G,H+E and L(h) = 1 ‘specifies a ~
unique induced representation. } ~ .

-

| Think back. THE induced represejjtaticn 18 Just 4 shift éperator which acts
on things we called £(g) or @/(g) as in Hermann. These are points in the reference +

fiber which you get- via some "referende" cross-section. In our present case,e the reference cross section is .a complex function on M", ie, f(x"), To get a

__the objects£ (g), you act on the crods_ section with Us(g71). But this is .
1

- - .. | --- -- - -
- -- 1 - - - a. -
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just: u(x" g74).-Thus; we identéfy-the elements-of the feference fiber 4a)
e with u(x*,g-1) £(x*). --This-is very -close-to Bargmann's-1.56, considering

-_— his 1.54. Details aside, we concludd that Bargmanns_"multiplier rep" in.—
either of its forms (ie, as multiplier rep on M", or ag shift rep on a piece
of M) is to be identified with the induced representationof the group Gby the subgroup E, rep 1, on the fiber bundle whose base is M and which

is effectively labelled by the multiplier itself. ~
- -- - +. -4
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_. Bargmann. Section7 __ Bo. a -

e Yas reps of the half-integral principler series. The multiplier we used for
‘the integers was pos def, no good here because wewantHR u(-e;x") = -1. It
turns out that only a small change isjneeded. This néw rep called Ty (a) is
obtained on the same space by thé rep) T,{a) mlltipliedby thé phase of the
quantity w(a,f), see-7.4. Hence, 7.5twtll-be the new rep: In general, it turns
out that in orderto get-operators in'this new rep from the integer rep, you use
a modified sandwich rule, as in 7.7 fér the differential generators, and as in 7.8

for@ - oo —

a --4 --
[bs weps of the class C2. Now defing your basis functions as f,' shown in
7.92 You can then show that your newAy on these fp' give you the desired”
Lie algebra stuff, except again you ndve t0 cloosé thé phases in a certain way,
viz. 7.10. Again, yOu use & =i, 801q = + B* and you again get “q>d: This
is the same range covered in the-integral case. Finelly, they note that again

- you can rephase your basis. states to get gm’, and again there will be two kinds

of matrix elements Upn and_Ymn+. sectlon closes with a coment on these reps _ _
. for the covering group. Basically there is a newcontinuous label calledh6 (I see this as Eo) which specifies the arbitrary real starting point for the .

spectrum of Ho, which is still discredt.

- 4 -Bargmann Section 8 Exceptional Interval for C2.

8a. the kernel L(6¥) _ We cannot jyst carryover previous stuff because in order
~

to make it work you need’O Géimplex, not just imagitiary (nisybe real), but then your

operators are “no longer kmemix unitary. This will be cured simply by doctoring

up the scalar product, Hopefully, we hall find a nonlocel scalar product of the
form 8.1 that will work, Notice that this scaler product carries a.rep label!

It 4s important to understand that, although we are about to change the | _

scalar product, this only has aninflience on the matrix elements. The basis .|
functions will be the same as in the nonexceptional interval (up to norm) because
the generators are the same. The rep iis the same also, of course. The only place

~ that, the scalar product“is felt {3 iheh you go to compute matrix elements. So
| this) entire sectidh“fé just a‘sétveh for a scalar product relative to which axe our
@ alresdy established rep is unitery-wheh q Mes in (0,£). The solution is given

, in equaion 8.iry but-the constantis-not-yet fixed. But in 8.7 the kernel is
aa rs . .

- -- - -~-4- -- Lee - -



(section 8, page 2)

stated again witha constant such that the unit function on the unit circle has,=
} unit norm. Next, B shows that if afunction on the unit circle has finite norm _

via the old scalar product, then the ‘norm is also finite under this new scalar
~

product. This proofis lengthy. | 7 7

Sc. the Hilbert Space Uv . Here is just remarked that You dafi define naw basis
functions -that -are- normalized by using gm instead of f,. The notation Wy-just  ~

reminds us to use this new "@#" scallar product. Only the type Vj, matrix
. elements, will be used. However, these are. nat. involved in. the expansion theorem

to pome, so not important tome. | .

. i — - Z

Bargmann Section 9 ___The Discrete Classes °

Ya. the multiplier rep Tps~Look back for “é Wotiéht at page”597. There vie used

- for the space M (the- fiber) little complex tw-vectors (%). We allowed these
to be acted upon by the. elementary rep of SL(2,C). Then we took the top variable

.

3: as our "add-on variable" and the ratio 2 +%/f, as the variable of the space@ M*. We found that if you shuffle the points in the space M" by the usual fractinnal
Lingar transformation, then , thet cokresponded exactly to shuffling the little
two-spinors by the usuel 2x2 SL(2,C) patrices. Also, the variable $, ends up
just getting multiplied bya certain guantity, which we identify with the

- multiplier. Thus, We cleanly defined.a multiplier representation on the space

a” (notice that M* ts the space of 2,’ which in turn is just ‘the iriside of the ~ ~
unit circle for SU(1,1). ) Obviously} you-can-use-the multiplier raised to any
Power and you still have a multiplier;rep. Going back to the space of (%.), we
know that the rep appears as a bare shift rep ona certain class of function

of these two variables. From page 583) we see that that class of functions is
precisely: functions of the form ($,)" £(S2/€) , where h is the power you
chose. This certainly looks like Vilenkin's equation (5), page 109. (Of course

7

there he is talking about SU(2) piece-of SL(2,C). ) .

So, to get oni With it, Bargminnsis going to use MY = unit disc"to deal with
the discreet UIR'ss It seems that Vildnkin got away With doitig everyttiing on the’
cirdle itself, but remember that at-his “integral points" the reps ‘he- got were

actually reducible and extra work was jneeded to. get- the discreet UIR!s. -He is9 very sloppy on this business, I thought, Bargmann uses the circle for the. continuous
UIR's, but he uses the disc for thediscreets. 2

-- ————- r 7
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. (Bargmann section 9, page 2) |
: -p- —_ -p-- aes -

-~_ - So, having said all}his,.ve acdept_M* =. disc in-z-plane and: we-have -the -e multiplier rep 9,4 «The next probleiis to define a. scalar product. over this.—
digc such that the rep operators are unitary. This is simply achieved by

identifying an invariant density via the method described back in section 1,
leading us to equation 1.61. ‘The appropriate density is stated in 9.8, normed
so that the norm: of a unit function over the disc has norm = 1. Therefore

our ‘Béélar product di” is givenby 9.9 (it is “local)2"86 far, £ can be any” ~
positive number. ‘ - -

; —
Dz ithe Hilbert. space... It is funcbions.of 2 on the disc-with scalar -product
given by 9.9. As such, our_rep operatorsare unitary for any pos real f. It —
is noted that the scalar product of two powers of 2 is very simple, see 9.11.

It turns out that ha(z) given by 9.14, (just normalized powers 2m) form a complete _7
and orthonormal basis in M*.

:

7

.-
noe

‘

. oe

Qc. reps of thé Glass D,*. Now giventhe rep 97h wé Gah always find the
infinitesimal representations Ie, we can always go from finite to infinitesimal.

ee. For example, stick -some ORS into-9.4, differentiate both-sides wrt the parameter; ~
then setparameter = zero. - This willigive you.a.diff op for-the. generator.-But
we Have no need to do that, because we have already recorded the answer back _—

in dquaion 4.26 (ie, this gives the infinitesimal multipliers and you just add |

. these to the "bare shift generators|/? which are determined by the nO ry d_
factors given in equation 4.2i. ) . Sd, boom: we have generators as in 9.16.

Notice that the lowering operator is d/dz. Thus, if you have a basis
which is powers of 2, éventually H. will Kill off Your series. ‘Thus, what we

are doing really is appropriate for tile discreet series. In fact the basis is
- powers of z, as given now in 9,18 in terms of 9.14. These functions do just

=. the right thing under action of Hy = iA,. Notice, however, that in 9.18 you
must have XRXXXX (mk) be an integer, otherwise the thing will. not.truncate _

under H. action, This is the thing that quantizes Q to be an integer. Note that _
9.17 for Q is just right. Matix elerents will be of vp, type on these g, basis.

3d. Reps of the Class De _ > suas you take your fractional xform and complex
éonjugate it. Then you CC all your generators. This negates the spectrum of Ao, ) ‘which is just what you wants However, we do not CC the scalar product (this could

- introduce @ minus- sign). so the basis + chosen a little differently, see 9.22.
a —| ~ -
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: Bargmann section 10 “the, matrix elements"

6 “W0a, differctitiel relétiofis. ML al0fig, BargHBni has binds lots of-use of these
- - "andiff™ generators;—theX + Contrast these generatrs: withthe "x-diff" generators;- |

the Ay. Fo-r example, all those generators used by- Mukunda were of the x-diff

type. In equation 44.8,.Barg gives sohe examples of the ecdiff's . Wybroune -
only mentions these guys in exercise 4.5 page page 27. So I still have a lot

to learn along these lines. Now, a very important result we learned way back°
~ converning these two kinds of diff generators was a certain relation between
the two: namely, that %[T(a)£(x)] = Ay ite) (x). Of course Konly acts on
an a-variable, whereas Ay only acts on an x-variable. -

This little idea is applied nishY tines here Look first et 10.3 which -

-- defines the-matrix element. It is a-function of a, hence we-can apply-% as

in 10.4. Application of>% to 10,1 gives 10.54,for example...Similarly.for. 10.5..
. Ultimately, we. gan. showthat the matrix elements of any ops mist solve an

infinite set_of coupled differential equations, as in 10,7. Notice that the _
quantities called Nmr are completely known, given sone label 7, ie, sone particular-
generator. The parameter is then calléd t. ‘Now, because these mn only "couple"
indices not more than one apart, it tyrns out that you can solved this infinite

e set of equations for small t+ That solustion is shown in 10.8, all fine. However,
: we want t8 Knéw our matrix elements for large t as welt ~ -

‘ wee “ -
10b.! form of the matrix elements. We mow go directly to the M¥) group. param,

_ -80 that you.can. "dQ" the ends at once’, and the entire problem boils down to

working out the elements of the OPS wilose generato is ‘Xz. By the way, this%. _

should go with Ly of the lie algebra shown in 2.22. This it turns out is a| y-boost. So we now have to work out tHese OPS elements Van(% )» For small§ we
can use 10.11. Notice that the functidnsG m,(q) are defined here. But again,
we want large { results.

- 10c. discussion of the functions Von(3) First we change from§ to y. So now we
are after the Wmn(y). We now apply equation 10.5. The [a-diff operator for Q

in these parans y§J was given earlier, it is called SU. But we have simple
# and s) dependence, so rpplace with ~SLan when acting on this simple
class of functions. Hence, 10.16, Recast one more time to get functions Yq_(y)-
Then the "Casimir differential equatich" for Y is the hypergeometric equation.

» The solution of 10.18is any multiplex. of 10.20. How do we know it is the
particular miltiplex shown ? OK, this} follows directly fiom our stall¢ forms ~

— found back if 1OJTIy Fine. ~~ ——
,
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oe (section 10, page 2) 1

See oe ~4 cee eee —

6 10d. rematks on hypergeonetrics. Thelvarious-translation formulas are statedy ~ ~
m— --- big deal, -but this -paper.was written-pre-Bateman_so I_guess-thats why.— —

boeee a ~

_ 1e, reps of the continuous class. Now we just put the pieces together and out
comes the net results for Vinn(2) + Notice that he has gone back to the original .
group variables « and fb and as usualiyou have to watch the various regions =
of m and n. We now come to an important point: ~ Bargmann derived these matrix
elements without ever having to use sp explicit seala¥ ‘préduct, or an explicit ~~ “|
form for one of rép operators T(a).- Basically; the whole show was done via the =~

- diff op for-the casimir Q as an a-diff- generator. combination. & few other-moves

were needed to get-the normalization $f the_result, but the whole derivation ~

is beautifully independent of the class of UIR ! _ .
i

1Of.| reps for the discreet series. The formilas 10.27 as just stated are valid
- for all the classes, so just replace f= « ~ # and your all set to fly with the 7"

diecrete series. It turns out that thdsé aré polynomials (not unlike the P, that ~~
mt

you catch in SH” stuff wher you catch ‘the nonsense poles soiing your coiitouy =~”r - wack to RER=-4 ). Notice fancy notation introduced in 10-29 for these matrix  —-

+ elements, - -} veo -- +>

10g., remarks on the finite dim reps. te deriving the above matrix elements,it was
_ crucial that we had unitary operators, eg) 10.6 made use of 10.1, and soon,.

To get these non-unitary finite dim reps, he uses the monomials method. I wonder
if Bargmann realized that he could have gotten the SU(1,1) matrix elements also

from the monomials method. This is witat most modern authors do, see page 191
of liybourne. Ie, just use the space M,and dont bother with going down to M” and
getting all involved with multipliers.’ I really should look more into this

comparisons - t - _
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. t AB.fon OF MATHEMATICAL PHYSICS ‘VOLUME 4, NUMBER 10 OcTORER 1964 HF
N ' 1 { a

', Complex Angular Momenta and Many-Partigle States. I. Properties of . aem, ‘Local Representations of the Rotation Group Fre dB
s Manama ane J.Gonde Sew ee

' Departmentof Mathematical Physics, University Bilan, Birmingham, Englend 8 sey 1 ia; oo Cc30 arch 6 eo
.

.

ropertiesof “local representations” ‘rotation grpup corresponding to complex angularI. eo led Gamlatnetsand rortekaratyreatonssv Cored sd :| Jeduetion of products in earried obt, giving a generalization ofthe Ciebsch-Gordan reduction. ‘The i. ‘connection with the representation theoryof the group S1(2,R) is considered and a generalization of . j| ‘Rege'suse of the Sommerfeld-Wateon traneformis madeto the ease where three momentum transfer : He1 weitSblecceur in the deseripion of scattering amplivedes. He1 f

41

'1: INTRODUCTION tools forhandting the transforms of many-particle i :
. Recent investigations'~* into the connection amplitudes to and from the complex angular mo- iY :between stable particles'and Regge poles have ™mentum planes. The two main obstacles met are i
| suggested examinAtion of the following problems: (i) the extensionin full of the representations of the ief Given a certain set of particles ‘all of which are Totation kroup to complex angular momenta and es

Regge particles, ie,, they ate represented by poles (i).the problem of ‘complex singularities” in the D4| ir eBhdtoring amplivudes, which Tie on Regge trae ™momentujn transfer variables. Our solutionsto these j 4jectories, how can one define scattering amplitudes Problemsjare given in the first and second papers i Fee
fot these particles’ taking nonphysioal values of-the 0! this sefies. In the third paper, we treat unitarity : ihe
' speveatlTe?Are theseamplitdes uniquely dehnod, and analyticity. Le ely it+. EARATtie the’ analytic and unitary properties For a physical interpretation of states involving t
1 related to those for physical scattering amplitudes? Particles {vith nonphysical spins, we refer the reader j , ByIn this series of papers, we develop first some of © Paper by Regge’ and Ford and Wheeler.” In :.
or asic. techniques required in attacking these Many serjses, these states have the same status as i ie?yrroblems and use them to provide partial answers Unstable fr virtual particle states, Both are some- a

rr cectain important cases. ‘The definition of an ;What ephemeral and wavefunctions representing ae.
+ “off-spin-shell” amplitude is based here’ on the them cannot be constructed without violating. the \ i
! factorization of residués at Regge poles, in complete usual boundary conditions. In'the case of particles a iganalogy with the corresponding definition of un- With nonphysical spins, the relevant condition is met

stable particle amplitudes. (See_Gunson’s “‘Ana- that of single (or double) valuedness over the unit . ¥iN isticity and Unitarity”« hereafter referred tos A]. swhere. However, it often occurs that the physical igix ono Sones, these amplitudes may be regarded as effect of‘the violation of the boundary conditions b iF
}  “off-mass-shell” continuations, but differing from is small. jhe linking of mass and spin variables on iythe more usual versions in that the spin is continued ® Regge trajectory demonstrates the complementary ‘ ‘

Ghiultansoasly with the mass, so as to follow a natufe of these two forms of ephemeral state. In 1
{Regge trajectory. The other important difference is the bosot ease, the transformation properties under ~ [ae

that of uniqueness. Wo expect the Regge particle Totationst of the states with ‘well-defined complex ue
+ amplitudes to be, unig being datined entirely Th spin j injthe rest frame are those of the Y;..(9, ¢)- coh

terms ofnsmase-shell amplitudece witoat‘any extra These apd related properties have been studied oan et| Recap ese SE BSDpararnetaiy (ooo Soe, OS OTA from a rhathematical standpoint in terms of “loca ifTieforé wo can Investignte thesc amplitudes in representations” of the rotation group in three a 3i detail, we have to develop suitable mathematical ™iénsions in an appendix to A. In particular, defini- “Bee
“TRG Frantehi, M. GileMann, and T. Zachariasen, HOPS wotp given for functiors D7'~'(R), of rotations HEpage, gg S20 iy EE R, which gave a natural extension of the well-known ;

peat gGgleNlann,and Mi Te Gators, Phox Mev. unitary fepresantations to complex values of j~ A
ee eantaayieetiual Gremaetbel Analstiily ee "+, Take, Nuovo Cimonto 1, 917, (1000, ee
to Gases ‘Theories,” Birmingham Preprint (1962) windy‘Ford, and J. A. Wheeler, Ann. Phys. (N. Y.)7, be i”é
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| Unitarity and On-Mass-Shell Analyticity as a Basis for S-Matrix Theories, II where
J.Guveon HRs, 8.3

Department of Mathematical Physica, University of Birmingham, Birmingham, England
(Received 20 January 1964; final manuscript 30 June 1964)

4 ‘ 4 . a These far]‘The singularity structure of imany-particle seattering amplitudes in momentum transfer variables :is investigated in terms of the many-parile untaiig coitus Caschyagne hones eeranes, ~~ formula, fl
funetions defined on complex rotation group in three dimensigns are eonstructed and related to a many-parti
‘theory cof local epresentations of tho rotation group, corresponding to complex angular momenta, that if (8

sets (8) «+ are elemen:

‘ | we find th:I Pp u i. 7 7 t the pointsarts I and If of this series, we have studied group mahifold of the complex orthogonal group by points
singularities of scattering amplitudes whose loca- 0(3, ©) (br rather the component of this group Tet () vertion depends only on the energy invariants for one which is ednnected with the identity element) except trast “eh aparticular channel, in particular the total energy W. for certain! gets of singularitics. These must include ot. interBy generalizing the treatment given in a previous at least the ones which intersect the physical region to: naltin)paper,’ we investigate below the implications that itself, ic.,'the submanifold which forms the real :al ta jon: |the many-particle unitarity relations hold for the rotation gtoup. These comprise the single-particle bers ventistructure of singularities whose locations depend on pole and anomalous threshold terms introduced in | - Thea

one.or more of the momentum transfer variables Sec. (8.3) of I and further branch points at higher termined pe_
for the chosen channel. For this purpose, we have energies. t eat
found it convenient to construct a special Cauchy- In Sec. % there is constructed an invariant kernel obtained byov: reproducing kprnel for holomorphic functions function associated with a special type of closed forthe Kk.
defined on the manifold of the group 0(8, C), re- bypercontour M in the manifold of O(3, C) and Web
garded as a complex space of three (complex) dimen- possessing the reproducing property crores
sions. In the original derivation of this kernel, there i contours orappeared incidentally certain formulas which had, Vim) = ri as K(R, Si(S) 8) fonction anc
at least locally, some of the structural properties i ” Raweabtes
of representations Of the rotation group in three for any function f holomorphic in a neighborhood on the thre:dimensions. These formulas have subsequently of the physical region. In orderto apply this theorem, aR, squarProved

to be of importance in the complex angular we must yeintroduce the (—ie) addenda to the #12momentum analysisof many-particle amplitudes and  mgeses of the intermediate’ particles as in Sec. 2 of I, on z= ok$0
detsiled mathematical treatment of certain basio jn order tovproduee a neighborhood of the shysiel singularity a

Properties is given in Sec. 2. Applications to seat- region in xpich the functions are holomorphic. Let ‘two-particletering theory will appear in later papers. us now write the amplitudes occurring in the unitar- For many
1. CONTINUATION IN MOMENTUM TRANSFER  1¥Y integral (1) in this form, i., the invariangVARIABLES: ‘ between the

" = 1 sy ») ZR) ») (4) initial a»As an example we consider a three-particle uni. 4%) fen Jats a, ee) 20m9 x0) (9 ite taltarity term

after omitting irrelevant variables and integrations invariants, 1[RE] = CzHRE (2) over the intkrmediate phase space. @ is the manifold ularities age
. «of SO(8). Using (8) on Z alone, we get selection ofoccurring in (3.36) of I, whose partial wave projec- i integraltion

appears in (3.38). The total amplitude A(R) = fren $,aS, K(RRi", S,) 2(S,) X(R).
AW a) | * 6)

- ho-vat, .) opm" sng toh ‘The impositie z=2, x, ATW", ++) D7") (@)_Applying tobboth Z and X, we get mentum spac's,
according to our postulates, analytic in p on the 4p.) = $ a8, §  dSsHRs, 8, SJZSIXS), ooh Tard—_ x “ "8, Mande+ J. Gungon andJ. G, Taylor, Ps. Rev. 121, 48 (1961). . @ Mand
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-Final conclusions for Weds Jan 28 on the AG d and @ function.

e ‘L.Here are the objects which I have calculated:
" a) exyansion of d into Gnd termm well behaved at 2 = inf; ses page 4 -

5) axplicit expression fer d,/__, (2) made to look very close to -regular a.
- For comparison of these two, see page 4 backside. ~~ —-—— —

c)..on pages 5 and 6 I showed that the definition (3.1) does indeed give
- formas (3.2) and (3.3) when the “extra cut"in d rms to the left. This

. out is shown in page 4 backside, second box.
4) page 7 shows disc(d)on left related to disc(e)on right, with other stuff.

7

o) page 8 shows diso(a) on left calculated directly. On back of page 8 i
. "7"

write this disc in terms of d(z) and d(-z). This is my first disdgrééiient

. with (14.3) except ihén tnt = even integer. - ‘-
f) om page we have disc(e) on the right. See backsode for alternate result

- g) when results (d) and (f) are combined, we get result. on page 10 for

we ee disc.d.on the left, This still disggrees with, (14.3) in the same way.
. h) on page 11 I consider an atternative outting scheme to rescue the

. results so that (14.3) is OK. Hy repué messes up other formulas,however,

. /. and conflicts with the schene AG explicitly choose. *e + The reason I am worried about the result (14.3) is that AG use itdirectly
"to obtain (14.4), the 0(2,1) completensiss relation. If (14.3) is really

wrong, as I suspect it is, then so is (14.4) unless there are other compensating

° errors., ‘ ~
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Discussion of the @ and e functions. i -

@ 1. Questtion: when I showed that AG definition (3.1) gave result (3.2) for the*

© function, what assumptions about cuts were made?,

\ : _ .
. 2, Anewer:, examine the procedure, My first, move was to expand d(z) into two terms

as shown on page 4 in orange box. Going from AG equation (2.1) defining 2
7

to this equation, no cut choices need Ye made. The expansion into two terms
is independent of out choices. ‘ ~ _—— -

Next, on the back of page 4 I wrote ‘two formulas: one is for anynm' (-2)and “the other is the usual amg’ (+2). We are still ‘out independent.
Finally,-on top of page 5 we meke a definite choice+ -the -(1-z) out

in d(-z) runs from z=1 off to the right. This is the only assumption needed

in order to have the two second-terms cancel, I believe that this corresponds
to saying thet the "extra cut" in d(+z), runs from EX z=l off the the left.
Ie, see lower box on page 4 backside. '

No new assumptions were made until page 6. But at line A, no new assumptions

have yet been maRe. in fact, I think none are made for thm rest of the say.
re

e “3. Conjecture: in formula (3.2) for e, yeh must choose the {z=1) cut to run off
to the left, but the other two cuts can! be chosen however you decided to choose

the cutis ind, Lets consider some of the possibilities: _
of H ;

Gel st 1 ic * aN @)

~T (ey . s

This is the one that AG start out using. They like it because it makes d(z)

clean in the -1 to L region. Notice that P; and Q; never. have the (1+2)
and (1-2) cuts. However, I would prefer in some sense to have the z=l cuts
all run off the the left so e(z) is clean when z.GT. 1. (These cuts are not

_ Peally as fundamental as the other two puts) Another choice is:

roy==} 4 -- ae)oF
| es)® a i

. However, with this bhoice the rile Gt) does not work because 4 has_an internal
- . discontinuity. '

1
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~ yer Need S ~ om!AS (O+Say CRY = ez. Diet
: a . SsDaw muh betesie by AT Vaask axeetoi, PIOOX Wo 5 dae Wham % Ye Sowa Weard’ cartowe

j re S :WOR ar Gee = mM

j ape yor ywDaw = 228 da aS (e+ Sa G8+Ca)wh

Coments: so far, the COitOuFGv this integration is dny céritdur looping theorigin in the positive .sense..For_example, a circle-of-any radius.

Note that we, simply assumed that an expension existed et an early step.

@ Srnqdartiady Gas UrSeqpamd ova . td
AsO aap = TYeMnl

| A= we, np Bo Yew .
A= dome oT ee
A= SP Lo aep = FUL

Now lire is something strangé: Look at eqiation (*) above. If the right sied
vonverges, then. prestimably it.converges to-the function. shown on the left. But,
the function on the left has cuts as shown here. In order to apply a contour

integral to both sides ofeqjiation (*) and then iiterchange order, you must
apply this. contourso that-the contour lies. entirely within a portion ofthe s-plane in which the series converges uniformly to the function on the
left. Therefore, any old contour arcind the origin will nof do!!

®H Cerriders RES) (F) a0 hue powsreenrber.5 a . .

x es pet x y oa

EL, Ue GY + ZZ Yarn (5)
By mdr ogra Gade will Sugha ena radar of

ag fa ow CSN <a
h + onoty oky. 4



‘|1
:

-2- |
: i

4

\ 1e 12,.So we have found that the only chance we have of doing what we did

fis topsbsune there ie sone convergence annulus. Given the functionfon tho right, ‘and assuming that tangent is smaller, we have to cut the
- function in this ways {

7 ww stam, 7 ~
ES (A 4Sa)P CS +Gs) = ID«4

:
: wf OK

+ AHO sap s~4 / eg
Pt ws Sek tle f= irw ,

1% As Jonge - 24: yee
. a&

.

s0 De - oon i Sk o«- =e = on

FAO BMS .
Notice’ that this method of cutting yields fionsense if

-

you let j-m = integer. but j 4 integer. In such a case, you have to join
the cuts differently, ps .

13. Lets clean this cut business up a little. With-each fector in the product of
functions you need a cut. The way I have written the function above implies

this cut structure: ~ a .

_ wey le Le|
° This”4s definitely NO GOOD. Suppose we may assume that m = integer. Then
mush. better -way to write the function is this: - —

_ ci Nh; —_| LT aN CSalsQ’ Cady th| ~, —s* JemPie
anode. mara

| ye - -G .- N27, ote: —,.
Must “remember that the cut structore of a furiCtion depends on how you write
the fectors 1111!

W. Qrossh, whan 9 CACT, Wa Obtain Bor pseu
iaes Se is oe ;

ya / = jamtt 2 oes oee (ran Ceese) = SQ das CS2<@) (+82)
'€
|
i

1

eho.

|

!
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15. Further clarification. We are considering that there is a distinction rin how you write -these two functions: ~ Pn

ape\ .CacsAY aS (~ Ses) a
Svieet = adea (- S40) Te

Sook.se pyom CR): Azo ayesas so a= denble joe
Ans mm =wam\

‘Suppose you really know that rim= iritegeF. Theii Todkifig at (A) we see thatalthough we -can pretend there ere two-branch points at infinity, in fact
_ in the total, function they "cancel" so really the cut is just passing

through infinity when you draw cutsx as in top picture. But a cut
passing through infinity can just be deforemd to. give the simpler picture
shown in the lower sketch. (Credit Vilenkin for showing this.)(See his
page 307 comment.) ~ .

Thus, with this‘in mind, we can go‘ back to the fiorm given in P9

for the matrix ne. é .16. I have now studie caretiinaythe Sectnotogy needed to.do this-contour| Antegral for the matrix elements. We have: e@
\ -yra-) “yen a ye

Die = Be Bde SHE Cee" CG Ca)?
. Originally tiis contour was

. M in the convergence annulus
iesfle mentioned above, but now we

. a

are free bo deform the thing.a
. Lu”wo! .,

x ae a ~jan nt werDee = COMES Gms BH ds CEP Catan)

+ A= uktay®Se k= te

. Ce ee ee aye aw tear
Dh = Coon) Catatidy Gant” Bas KCN C14 dat)
17. Now be careful. Notice that the cut for the first factor is chosen in

. non-standard fashion. Normally, (t)® means the cut runs off to the left
not to the right as drawn. But I can just assume that we are drawing: the
cut strangely.\The first factor +s still positive at point -A. e

ee ~\an
_

cS lawa v Feaogu tele awayse ealo= Aa\-™
. aeuem
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@ 18. I think I have a way to write the integral with less ambiguity. Use:
a= Sample) da = CYamp/e) dk

seers .(Aangseerdxy
t.

cane “yee ameducaye 5 = (-tebgfe) akC2
‘Then we can.write the matrix element so that the hypergeometric integral
assunes standard form. Also, thel sine factor works out DKM:

© athe) Caine) "Coat a Cuoatie) SP" Cringe)
Drea = Lest ES Goinae ge CMayi 1 . 2 inn

19! Noi'we apply our sectnd form of tie ~~~ ~ G+tout pr)
hypergeometric integral identity.|First note. thatthe path of integration
tlooks like so: ; coat imeediess

“a (or)

) | eigsishownias —7\\ TK aijomal path
‘Wao: (ry . |— {Vous Ve ne eg ae
See Sk ROHR Che)

+ ee i

. = —2i sie P(b) Mob) F(a,50,2)/T ke):
i -

Dountayys barestnt,--- “ere (im. = f= len-w

enle aa de Vino A+len.eee x
<a= yom)

. |

suc P(e) = IE |
rb) i .

‘

Soi Qa ~ Ari LETEL Fea,bye,2)

| FQ-b) Te)| @ So,'the 2PIi's cancel, so do the two minus signs. Also, z = -tan?3/2. Thus:
4 eactne en

. Dae = Leoseieys™ [singh PGrtem) EG pr-\en, berm, ~ton Ph
» PGFwy F(hem-vm)'
1
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Veo vas+ z= wsh @
2 \=% a em wem ig EEsinh [SE] Camp =n” (5%)

Uemen Vee \BiteCons fe) * (Se) =
Jom Mle = Q-2Y/C142) - ,

Putting in all these relations, we arrive at~the following resiilt for D. This
is not standard form, but..I record it anyway for possible later. use:.

3 ge mem >) ee

Dae esse) = (ERY yh (58) *
Gale) Fie jes ey 24)
Peer) TF Gri-9)

20. Now we msy ipply the usual shift formulas to get standard form.
Define various 2's and write both_results:.

cz BL 8 (1st =gee ge) = v= sey e
- ~\

os -\-m. eae= Ae t-an wae GE)be -prw STOSe ATL TW.a= lan-w

ne Be\> ciayeQ-s) = (a) = GY
- b Peay \Tyer

= Vy ssGa) Gey - GY
With these facts,-we now can use Bateman’ 2.9 (3) and (4) to replace the

F with: . .

F(ateouds, = (BBYS™ Fives Greve,ED)
= CERYS F Gavan ~jan, ein, ®)

However, now each-of these can be shifted according to Bateman 2.9 (2) to give:

ta

ve(s) (+e) = (@®) .

Lf. emer = {wor 0p ; e~ (atm) bethow
‘

cna sf Shem e-e= Sager. ~\-m Atv me d
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t ) Thérefore, we actually have four different ways to replace the original
F. They are: a

ea o™ :
Jf Peed = CE) OE Gite, Geli, benim Eo £2)

ely ye ot . \
CRY Galen jen, ee, & £2)

olen. + :

aaryy : : * Abe GED FG ater yan, em t= £2)
\ earyy a yt i ‘
ot ¢ s) F Gye sine \euem, b- $2)

Wel} that was stupid because I know there are only two ways to do this. fhus
they are equal in pairs. Inserting these into D we get standard form results:
1:
=Cen) eae -N = (BE 1) (yn zyDaw (eos) = CSE ra) -

i

W + RMGslow) =—, pe loam, Vem, a4?)Rasnmm) PGs) ¢ ree a
‘e . CREE) CES) gee

i \ae Vey gy * =“
| Dyn Cost) = (2 ) — Go

ot RG) F Glave, \emrans tb?)
. POxwm) PGR) '

21s At this point, it appears that-AG correct for their reversal of indices

‘in their equation (18). So in fect, the above equations should really
be valid with DJ.) on the left. Also, they drop the inessential phase.

mm (ose) = CE) FAY )e EL (men)!
'

% FU rie |e, \emeny f2 £2
his agrees with equation (22) of ,Ag II, except of course that I have
been using a different normalizers Obviously this form is only valid
when m-n = positive integer or 0 due to the usual business. Ie, you
have to make surface corrections tio get the other sign, do not bother
with that here. Also, I have assumed that BETA is positive and in 0 to PI

in order to have done what I did. +9 |_ 22,'So, being careful to swith the indeices, the upshot of all this work isy basically to verify the integral representation of D:

||
|,



23{ Actually, I may be wrong insaying that AG are correcting for their. 6
index reveral and dropping the (-1)""". In fact, I know that these
two operations exactly compensate, so the result comes out exactly!!

‘Thus, the exact integral representation ist. Nm\
yt . - tear eon iow4 ~ Shas . * . ySen (eons) = aD da aT" ssn) Cae
wedtPh sy

% outs came Wis Tim= Onlaban,

2h. Conments:” riotice that if nmi is‘ Hot an“integer, yOu cannot even go through
with the above 23-step procedure. The reasonisthat-you cannot run your
contour through en annulus because there is no convergence annulus.

In other words, the double-infinité power-aériés we encountered does r )not have-a convergence annulus s0 you are not justified in-interchanging
the order of summation and integration arotind the pole at s=0.

In other words, you only get a group representation if m-n = integer.

25. We may rewrite the integral abové in this way:

B=. Wg
« Sample jas

. Jengle

7 \neck ple :
26. Significance of the integral representation:

a) the dependence on variable n is ultrasimple, compared to the
hypergeometric function representation where n is tangled up

-in a very complicated may.b) of course by using the symmetry properties, you can make the

m dependence similarly simple.c) the integral rep is really the direct thing you get using the

4 operator representation . (Ce. gage S07 oA v). . @
27. So far I ‘have been thinking SU(2), but notice that tanB/2 goes over into

tanh(x/2) and this is still less than 1 in absolute value for all x. Thus,
integral rep is also correct for SU(1,1) matrix elements.
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Ou non-compact yroups. II 9533@ Prac. Roy See. ABY SINC) _@ ’ e., bY .- In §2 we list some properties of the 2+1 Lorentz group, th&@sontial spinor
[+ group, and the covering group. ‘These'were all given by Bargmann (1947), but aroOn non-compact groups included here for completencss.

II. Representations of the $+1 Lorentz’ group In §3 we write down the spinor representation of the associated Lie algebra,
and introduce the principal technique: the construction of multi-spinors with

By A. 0. Banur anp C. Fnoxspat non-integral, in general complex, number of indices. In this way all linear represen-
ae ‘ . _ tations of the algebraare found. In §4 those representations that are equivalentTaternational Centre for Theoretical Physics, to unitary representations are selected and their unitary forms are given,Piazza Oberdan, Trieste itary st7 In §5 we show how a number of equivalent realizations of the underlying Hilbert

. —_Reeeit space may be obtained. In particular, some light is thrown on the relation between,
(Communicated by A. Salam, F-RS— Received 8 March 1965) the three main series of representations. In particular we study the contraction of

‘Acizaple algebraie method based on meltispnors witha complex numberof indices is used some of the representations into unitary, irreducible representations of the two-
to,obtain the Tinear (and unitary) representations of non-compact groups. The method dimensional Poincaré group.

vue sealetionain Nibere pace elle tho mutex meat offi rare: In §6 some problems of the reduction of produet representations into sums oftions have beoa found. The problein of reduction ofthe direct producti also briedy diseusod. irreducible representations are discussed. This problem was solved by Pukanszhy
(1961) in a very special case.

1, Intropucrion In §7, finally, we roderive the matrix elements of finite transformations found

Recently physicists have become more interested in the theory of non-compact *l"eady by Bargmann, using algebraic rather than analytic methods.
groups. The eatly work on this subject was pioneered by Wigner (1939) in his study :
of the unitary representations of the inhomogeneous Lorentz group and its various 2. Tur cour aXp THe Lip ALOEDRA
subgroups. Later a systematic study of the representations of simple non-compact ‘The 2+1 Lorentz group is the group of transformations in a real three-dimen-
Lie groups.yas initated by Mackey (1953) and by the Russian school. sional vector space that leaves invariant the indefinite form

Instances where the unitary representations of non-compact groups have been To aby allay ghee)
worked out complotelyare remarkably few. They include the 2+1 Lorentz group This group has three real-parameters and is generated by a Lie algebra spanned by(Bargmann 1947:Gel'fand, Graev_&Vilenkin 1962), the homogenous Lorent2_ three independent generators. The generators and their commutation relations
‘group (Naimark 1964), some work on the 3+2 and 4+1 de Sitter groups (Thomas arg 1 EL tL.aO,
19g; Newton 1949, 1950; Ehrman 1957; Phillips ra) and on some non-compact Fay Fray Dani Lge tag = 0 .
forms of unitary groups (Graev 1958). Considering the large number of semi-simple Ly Toa) = 19 yp Leas (22)
non compact Lie groups§ the study of non-compact groups seems to be only 91 = 9-1) = -1-
beginning, at least for physicists. Essentially the difficulties arise from the facts nother basis for the Lie algebra is particularly useful, namely
that the interesting (unitary) representations of non-compact groups are all infinite 1. .
dimensional and seem to require a formidable mathematical apparatus. The purpose M* = Jig +249), Tie } (2:3)of this paper is to show that simpler algebraic techniques are sufficient to obtain the Urn M*) = 2M#, (M+ MO] ae
representations of non-compact groups. These methods seem to us to be sufficiently ——-\Ve have defined M+ and Jasin such a way that their commutation relations aro
general that we hope this paper may serve as an introduction to the theory of exactly the same for the 2+1 group as for the three-dimensional rotation group.
representations of non-compact groups, although we shall be concerned with ® ‘The differenco between the tivo groups lies in the range of the paramuters. ‘Thus, if
simpleexample. - ‘L=ealy+e,3ft4e_ Bf 24

‘The example is the 2+1 Lorentz group which is not only the smallest of all non- ful elds ; _ )
trivial simple real non-compact Lie groups, but is also fundamental in that it iS an element of the algebra, then§ , = ¢_ for the rotation group and é, =~6_
appears asa subgroup ofall others. Its also interesting nits own right for physical {0 the 24-1 Lorentz group; és seal in either ease. This means that in a unitaryapplications. In other reports we show that these methods are by no means con- "presentation Lig = Typ, _(Af*)' = 30(3) (25)
fined to the 24-1 Lorentz group. Like tho 8-41 Lorontz group, this group consints of four disconnceted parts. Here wo

. . staat. Uenow & Nak sndy only thet which i continously conneviet to the identity
} See for example the reviowby Terezin, Gel'fand, Genev& Naimark (1960). { Tndetrenee to the eistom nf inatherantiviany« shail write for tho eonpes voninnznte
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Barut_gnd Fronsdals__ “Reps_of .S0(2,1)" foe - -

e 1. General comments: this is the paper which redlly forms the basis for the entire ._

Chapter 17 of Wybournes book.This is thé first paper I Have read which bypasses|
the messy Hilbert Space function realizations of the representations and deals |
with the "multispinor method". They even'maké a COlimént to this effect, page 538.
Te, instead Sf using a messy space of fullctions on a circle and-all that, they
‘use-a-hilbert spacé 6f functions of two-variables, and their representation -" is

- given by their equation (7.1), see also‘equations (17.67) through (17.69) of Wybourne.

Using this rep, it i's completely trivial,'té compute, the rep functions tly, which _
other people get only via hairy integral representations, etc. Here, all you need
is the ‘binomial theorem. ' ,
eee — — ---—~- ae ee

~

2, there are several other points to be noted in this paper. First, notice that is is
a very"‘early paper, 1965. Secondly, the phase “spifior #Foub" i's clarified “a little. ~

"Recall that the ‘parameter space is a-topdlogical space. Now, you'can paranetrize  —~
the su(1,1)- matrices by the variables shdwi-in'2.8 which suggests-that-the- parameter

- space is the topologiacal product ofa cémplex plane. and. a circle. However, you
_ .. can imagine. the, covering space ofthat circle tobe a real_line which contains the2 cirele in some sense infinitely many timgs. Somehow the covering group associated _

__ with thiis covering space will contain su(1,1) many times; somehow this has to do with7
" multavaliied representations. ‘The group éu(1,1) itself iscalled the “spinox group:" —

“of the Lorenta group 2+1 (7) because su({,1)"is 2 Gwo-velued representations. of
- * 30(2;1). In other words,’ su(1,1) coritains so(Z;1) two tities ~~ ~~ ~

* Now this “all has a connection with the values taken by parameter Eg If you ~
let E, have its full continuum of values, then your representations so obtained are -
reps for the entire covering group or line X plane. Ie, there is no necessity that

. going around the circle once or twice or-three times should give you the same"value"

for afunction defined on the circle. Ifyou then restrict down the acceptible values
“of Ey to integers and half integers, ther| you are guaranteeing that a 4PI rotation

gives same value, so on the circle there are only two-values. Then you ere talking
about reps of the “spinor group su(1,1)} Finally, if you further restrict Ey to
Just the integers, then 2PI is identity ¢letent, and rep is "single valued". “Thien

- you are talking s0(3,1) reps. “One-can say of-course, that": “the two-valued reps"
of s0(2;1) are-thé single valued-reps of su(1,1)" ,. Remember that ‘a spin-} particle

is associated with a two valued-rep of s6(3), which is a single valued rep of SU(2).@ I have always wondered about thi business of values of Eo. This paper should
. help to straighten that out. | _ . _

:

.
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3. Section 2. The Lie algebra is stated in such a way that ib is the same for SU(1,1)

as for $U(2), seé 2.3 the difference between ‘the two groups lies in the ~~

acceptibel vélues oF ‘tHe paraieters ithich "push" these generators (i¢) real or @
imagainary or-what). Remember that the parametets must be such that the versor

magnitude, or vector magnite, is preserved by a group transformation.
. It is noted that the, unitarity conditions on the generators. are, therefore

different for these two groups. The non-unitary 2-dim rep is stated in 2.9, this

is I think the "elementary rep" which you associate with the Dynkin diagram «
.

Section 3: Herehesets mf up the Linear ‘space off monomials. Ie, the space is defined
to be ‘the functions of two variables. If you restrict this space to functions which
have the “xidhoaa’ fora’, tHien you can show that such functions form an invariant
“subspace and’ will-therefore tell you about the irreducible representations.

= = Now)-on this-space of functions of two variables, the generators can be
- realized-asin3.2,you just. show this by brute force. Thus, 3.3 follows, and we
.

|

notice, that, in this particular differential operator represetation,, J3, 4s diagonal.
Later I suspect I will learn about other possible forms for the, differential operators
which allow other generators to be diagonal. ° ‘

“" ' ""“Te'Je restrict our linear space, to monomial form functionssuch that atb

is a fixed constant (nonégéneous polynomiais, recall from, Vilenkin), you can show 6
that stich a subspate of the Hilbert spacé is ihvatiant. Ie, just look at the action

of the generators shown-in 3.3.» Thus, you expect atb to be connected to, the Casimir
Q which lables the reps. _Then- in 3.6 he shows that, there is another number Eo
which ia part of, the rep label. Je,;p tells you here to, start the spectrum. of Js.

_Nexty the various ponsible reps are enumerated. The, unitarity conditions
. have not yet been enforced. ao. ce

Sectionii the unitarity ‘conditions force the various rep lables to have special values.
These are ail shown in the”Picture. Also, see, (4-9) for the form axaof a general vector
“th ea IW subspaes.” Toy this io Just a sum over monomials such’ that tb = fixed. By
the way, we want “our rep space to be 2 Hilbert space which means we need a ecalar
product. For vectors-inside the-subspaces, this is, given by 4.10 and 4.3. The requirement
that x such a vector have finite,norm is stated in 4.11. : .

Section 5: the first half of this section discusses the connection between their nice
simple reps and those messy reps of Bargmann. I will probe this later, glad to see that

~

they dealt with thisquestion.The second part of this section deals with sort of @
an application: what would particle physics look like if Lorentz group were replaced
by deSitter group, SO(3,2). I'11 have to give this section’a specail reading to
find out what, the hell it is all about and why it is relevant.
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|
Section 6: here are some comments on the Clebsh Gordon: problem for SO(2y1)s IK-skip

. over this but note that: this same stuff is piso mentioned a. little in-Wpbourne. Also,
Mukunda is involved “in a huge series of 4.pabers which attack exactly this problem.

“ think Mukunda does 2 complete ‘solution of the situation, whereas these guys are
looking at a special case. ‘ i . _

i
oe ee .7

Section 7: Here, finally, the action of the froup Operator on our freshly defined
*  monomiel hilbert space is defined, also see Wybourne @% already noted. Now we have

a complete répresentation. In fact’ we know we are dealing with irreducible reps -

betause ie are in the invariant subspaces of the-total Hilbert-space. Finally, if

_we keep to! the. particular values of the rep labels, we shell have uniteriy irreducible
reps. Thnb, bang, with no trouble et all you get the matrix elements for g parametrized
in terms of @,f.+ and g33- So we have the reps of so(3) and so(2,1) both at the same

_time in the J3 basis. This is truly dynamite to handle these things at the same time.
They even take the rep dow ‘to hypergoemetrie function, which bourne does in
equation 17.62. H 7 So

7 By the way, notice that this gives the Fefs ‘of all series . However, notide |

-- ~-that thenormalizers" appear in'7.4 and inWybourne,"umd that these take different -~- -
e —forms for the different types of reps. That! expaleins why JL¥-factored out-that-

-normalizer factor to get rep functions valid for all series (I hold off on details; —
the notion'is hereby noted). U — _.

Conclusions: this paper has added to ayoo in several different ways. This~~
“yeinforces my plan to keep reading as many papers as possible, ‘picking up bits and
pieces here and there. Nobody in a review orj a book puts in all these little facts

that you really ouglit to know. Originaly payers are best to get 4 nice dexeription
- of these "facts". j

- H

»” : -

- - oe ee ~ | —-- -.
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. Complex Angular Momenta and the Groups
Su(1, 1) and Su(2)*

CONTENTS
Wavse J. Hotas, TUL ap Lawnexce ©. Brenenwann, Jn.

Warne Honaas, LIT ano Lawxesce'C. Brepennans, Jn, Complex An-
gular Momenta and the Groups SU(1, 1) and SU) 1° Department of Phyrice, Duke University, Durham, North Carolina

Lowett Dwon. Transport Properties of an Electron Gas in a Magnetic 4

oy, < Soneemilibri pressedas analytic coutinuations of one anotherand of the Wigner coefficientsVictox Korzxwan. Nonequilibrium Quantum Statisties; Application to 2ST) inthe planof complex angular momenta. Tis furthor shown that‘the Loser
.

2 these Wigner coefficients, in certain well-defined limits, approach the form of

|
Huxnarr S. BENNerr. Behavior of the Heisenberg Ferromagiet for ~ representations of SU(,1) approach the represeutation functions of SUC,1)‘Temperatures Neat and Above the Transition Point jar while those of SU@) approach the SU) functions, The Wigner coefficients+ coupling9 positive and a negative diserete representation of SU(A,1) are used

2 to defing states of the coutinuous series of its unitary represeitations. Tt is
* shown that a definition of the normof these sats exists under which the statesof all the unitary representations of SC «1, 1)—positive and negative discrete

ee and both the prineipal andexceptional series of the continuous representa-

a SeSeeman
:

-

- I. INTRODUCTION

~ ‘The following paper is concerned with the interrelation and generalization of
-

.

several important concepts from the quantum theory of angular momentum;
- while many of the specific results are not new, we believe that the conections

7 which we shall establish are both new and interesting. We shall define a geveral-

jad Wigner coefficient (GWC) which has the property that it agrees precisely

.

with the SUQ) coeflicient and at the une time porseses.a unique analytic

continuation everywhere in the complex phines of the three angular momentaee which it couples. This GAC in turn agrees precisely, with the Wigner coefficients
ee which couple three members of the discrete series of unitary representations of

Publ i j the group SEQ, 1, where SCC. 1) is defined as the group of transformationsPublished, monthly (except somi-monthly in February, Ju “ rou P.
Tegal ood Call eee aera ea reer ame aad, October) xt Mount which leaves the Hermitian form |. ]? — 42? invariant, We further demiTID Fifth Avenue, New Yorke NW 1000 nnd 720, for Academe: Prose Ine strate-that the analytic continuation of the GWG also serves to couple repre:

Subversion cron shawl ba atcha am ; sentations no more than two of which helong to the continuous series, and inSubseiption order should botet to the feo the Pulithr, New York 100. . fart Gan be used 16 define thee representations in terms ofa coupling of diservtering 1966, Volumes 2640 will be published, Price of each volume: $17.00. dues, (We-shall not consider, the case of the coupling of three continvous ray.
Copyright ©; 1966 by Academic Press Ine, New York, N. ¥. 10003, pseutalions
Second-lass postage paid at Baltimore, Ma. 21202, -

aia Sm . *Supported in port by the B.S. Army Resenreh Office (Durham) and she National

. Coots
: a Science Foundation .
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“ Holman and Biedenharn (published 1966)
“Complex J and groups su(2) and su(1,1)" 7

method. Some ref back to 1935 however. Ey and Bp, are raising and lowering
operators, the e; are the cartesian generators. However, most of the effort

of this paper goes into handling Wigner coefficients for su(1,1), continued
from su(2) somehow. These notes will only concern what the authors sa

‘about things other than Wigner coefficients.

Introduction. Sumary, mention of Pohammer double contour integral.
Ti. Review of su(2) andsu(1,1).THE UREATION realisations of thegeneratorsis set up. It is claimed that this creation method very quickly gives you

i Su(2) CGU'S, which are quoted in Z.II, along with the group reps quotedin 2.12,

TeOF Page D they FOVIGW SULT) I)s Generators are Called Kj Tlfact thet m gets quantized is observed to have nothing to do with the Lie
—

Bours, wut rather with global group properties. (te, spinor group). The
possible reps are invextigated in usual Wybourne form, terminating chains

for the discreet series only (respectively D* and D~). The continous series
= epostpoetied-to-section-fV-which-#have-nob-copteds—ithinkthe-reason-fo1
Y this is that the discreet series are involved in the simples Wigner coupling

anaiysis—in-su(t;+);—whereas—dealing-with—the-continuous—series—in-more

involved. :
lextythe-varLous-rep-matnices—are—quetedyFirst; 2y53-ie-for-the(nonunitary) finite dim reps. Then‘ 2.59 and 2.61 are for the two types

ereet_series.—Then-2~bi,gives—the-repfunctions-for—all_types~of—continuous series. Then follows the! various orthogonality properties for
11_these-reps-—See_2,69-eg—Inote that_this notation-Looks-very—much———like Bargmann's. Finally, this section closes with remarks about the
symptotic_properties_of_allthese _rep functionsFrom

the point of view of CGC's, the nonunitary finite dim repsf-su(1,1) will couple in the same_way_as the unitary reps of su(2); thais why these nonun itary reps are mentioned. (Usually they are never mentioned).

III. The cotipling of two discreet series to produce a third.Here I stop. But

ote that this is_also the subject of the first paper in Mukunda's four
paper CGC series of 1973. Apparently this is the simplest case.

>

1
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. y a | rath, Phys. 8, 9265 (1968) . ~~ Non-Compact Groups e
” . tos 3 Vis any group element. 'These are the quantitites of prime interest in— physical applications. We confine ourselvéé to'the siinple prototype case,

- namely the group O(2,1), but. the results can easily .ge generalized to
: higher groups.

Matrix Elements of Representations 1Section IT we derive as a preliminary the unitary representations
of Non-Compact Groups in a Continuous Basis* 1.02.1) from those of O(8) by analytic continuation, This is » corre-spondence between two unitary representations, and of course, is different

A. O. Bano and FE. C. Pamurs than an correspondence of finite dimensional unitary representa-‘ion of O(3) and the finite dimensional non-unitary‘Department of Physics and Department of Mathematics, 3 tos mn ‘itary representation of
Gaivenity of Colorado (2,1). In Section IIT, the main part of the paper, we introduco the

. continuous basis by a suitable redefinition of the creation and annihila-

Received December 1, 1967 4 tion operators and derive the above mentioned quantities {m|2) and
{U| 2’). The nature of analytic continuation from the discrete basis to

“Abstract, Explisit formulas are obtained by a simplo algebraic method for the continuous basis is of course not unique and straightforward as one
repretentations of the finite group transformationsof (2,1) in a continuous bad might think, and special attention is given to thit lem.when a non-compact generator is diagonalized. Compact and non-compact cases. is ;pecial attention is given to this probl
treated in a unified form and the nature of analytic continuation is determi cote,
The transformation function betieen the discrete and the continuous bases is Il. Collection of Formulas. Derivation of Unitary O (2,1) - Représentations
given. ‘These explicit formulas have not been obtained in the literature bef by Analytic Continuation

1 Introdueti Gi) LieAlgebras
. ion ~

7 Introduetio ‘The-elements of the Lie algebras of 0(3)— 0(2,1) system satisfy [3]‘The use of the unitary infinite-dimensional representations of .
compact groups to describe the properties of bound states of quantum Uy Tnsl= tlie

| mechanical systems is by now well understood. However, not much hs aa Lye] ='iges Lye (2.1)
-~—-n--.—~_-been-dont-to-deabavith-the-scattering-states. There.isa need-forexplicith§ fem = —— ne a eteee eeee

forms of unitary representations when a continuons spectrum is used {9 te fT= iy
label the states (i.e: diagonalized). ‘There arise here-some peculiar - Qsa=—1 for 043), gg, +1 for O(2,2

.

unfamiliar (at least to physicists) problems that must be solved.
9

1

+2 for 02,1),

. ‘There has been a number of recent discussions on the unified rey or, in canonical form, with L*=—" (L,5 + igs),

sentation: theory of compact ahd non-compact groups having the. ya
‘complex extention [1-3], A number of recent papers deal with the: Uy, D+) = + 1+ -
specific cases of the representations of 0(3,1) with respect to the nowt - i= oslue (2.2)
‘compact group O(2;1) and the analytic continuation problem otwoat n . . Sean? -~
(2,1) and 0(3) (1-3, 8-10]. In none of the previous work therea hus, starting with the 0(3) algebra, I, Z;3. Iz, the O(2,1) algebra canthe explicite form of the representation in_s continuous basis and. ial | obtained by the new elements
relation of the continous basis to the diserete one, The purpose of this Law a _:

“work is to fill this gap, The simple algebraic method that we give in this 1am Daw Tay— ilyy Lys = ides. (23)
‘paper as an extension of the previous work (3] not only determines the, 2
representationsin a continuous basis |), but also gives explicite formu! yn. Fundamental Representation of the Gifor the transformation function (in| 4) between the discrete basis |] ‘The spinorropresentations'of the group 0(3) and O(2,1) (notalgebras!)
‘and the continuous basis |2), and the matrix-elements ¢2.|U| 2’), wher | “T° given by [3] - =

-""T'Bapporiedin partby the Air Force Otic of Scientific Research, Office welt.) acewo1.{a= 7! for 03)"Aerospace Research, US. Air Force, under Grant No, AF-AFOSR. 80-67. : (ape) aoe Wms ue-41 for o@y,? 24)
- - Na

Aye Soo = Te _ ae
la=324° Ky : -
lia =H = x



wow Baryb eh Philips yee 11967, “ .
. wT wr ye

A ‘I. General: ‘in this. paper the “mongmial” Hilbert space is used, nothing .
BargmANic., The creation albebra tis also used. Finally, the 233 notation“Es used to"both bu(2) and su(1;1) afe Handled at the ‘sams tines Also,
after doing everything in the Bargmann-basis, they ga to the "space-space"
basig. The. transformation connecting these two bases is written as a

hypergeometric functich. The matrix glenights for both groups are stated

. BUT, the expansion theorems are not stated either basis. Also, that
discreet index for the contonuoys basis seems to be MISSING! This question

article in a 1967 book. } 7

2. 8 of Usual Basis Results: a well organized section!{!
+ ‘HieTalgebras;Stated-kn-g33-notations—The-hermittan-sut2)-gens——. " are’ Calléd L, the hermitian’ su(1,1) géns are called &

“ T+ 2s Bund RepsPhe-two-din-tbasts-rep'4s-stated;justthe-usuat_——
. ,2x2 matrix. Note. thats unitary for su(2), not so for su(1,1), but

it a bridduodtletin-bbth-viises’—Theh-2+6—shews—the-usval—parem————————) th os: * "ro “method. Param €¢ =) is what appears for su(1)1); The usual

32 General linear’ tes.’ Tie monomial HS is set tp, the group rep
Settee + fon finite-element sit—stated-as—in_Wy--Via-usual-binomisl——____theorem

method, matrik element is given as an F in 2.11 forst _-ertdin range of_m's, then 2.12 for another range-Notice-sezeral1 things: (a) the “nomrinalizers An" appear, hence these forms are
_—_—-good_for_all_series;(b)By appears as_in 2.124, thus_wecanconsider these as reps for entire covering group. The forms

— arid_2.13'_are_just_Ftranslations of_earlier_forms.— —4. Irreducible reps. So far $ and m are general complex. What
— alues restrict HS_to invariant SS's? This question is rephrased:

when docs Dgyg+ vanish? $ cases are identified. If a and b neither
asinters,attic ete —____ —__ ___ -5. Unitary Reps. An unusual treatment of this question, but gets

———the_usual result.for_conditionson the “normalizerst,
« Continuous Basis. Starts by writing the same generators in usual creation

form with 33, diagonal. In this “realization” the basis vectors are given
as creation$ on the "vacuum", Then 3.2 defines some new creators ci such

that they are just lincombs of the ai. In terms of these cj, the gens
are given in 3.3. The point is that now L23 = Ky is diagonalQ!!

So, in terms Of these new c's, the monomial HS is shown in 3.0, whereasthe old monomial HS is shown top.of page 59. Using a scalar product defined

by usual UH creation operators, its easy Via binomial to compute the —————
basis xform, sée 3.10 for answer! -

> 7



Now that we have a new Basis in.terms:.of creations, tt is oe
«| easy to transform the-old "REP! intot.thig: néw ‘basisv Ie,” we! know’ how

D acts on old basis, and we know connection to new basis. After a very

Oo ‘painful calewation wequiring-anintegral form pi the binomial theorem,

A, ‘this mustvbe,good forshoncompact too «since’@. appedresio 1d)
cc tos eth 4, se ERPAUDY, SHENE Uaep [peeti6, Hip! whorgpligebre™, aré’ computed—————angach basis by Weans oF the unitarity Conditions. They seen to use

General comments on this paper: the monomial mehhod' séems.to give all

; ane iu Vos2 a ILSrpps. The authors never mention the, rép Classes\ wher théy are’ talking

abpit! matrix elements.s 21 tev.Ute deo Oe Peal
Tey Ane, AE, Gestion epitngs Row GaTpey- iss on the doubling of

vot is some’ Sibsequént” letter. ‘Surprisingly, “theydo\Fererence Mukunda's first

» | articlednpreprint form, yet :they sniake absolutely! no conment whatsoever |
_

Ty BORE re emenbracy” prbie speetttn,Te makes. yoreY whether these -
sya bathe rei i es ee \

° “ . vet os MPa ne out tay bee fit

Fras BPMs ahs wo. ei 8 sete WPL sey
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