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Reduction for PI-N scattering. Polarization, \ |

1=@ The full equations are:

1‘

o) Oo Bede= Zi Faom tenn St gh = £(\ + RG) |
|

. *

@ cumle , 0; ane Zovong CAMLNLEMD Tras Finget’ Sand |
- Obviously the only surviving polarization tensor is the L = 1, since the final |
“ beam 3 is spin}. The Py for this final beam is given by, H

* * '

sale Za Seta) kal } Fam Facumt ~ Fagin Fm’ ( .
We can see that only m3 = +4 contributes inthis sum, for which the SQRT is unity

mes ae oy el. i) , :

; AER = 2, a [Som Celene]
Of course as long as the initial beam has some obscure polarization, Py and Py
are also presnet. These explicit formulas are still a bit messy.

e . a} *
HlAl= 2 Za, Sa brn, Pi

For an unpolarized input beam, these equations reduce to:|

ee. ie + _ Re can
elf <4 Z Ube El Lim Gnd = £2 LRT fatal)
ey Py fe “ *| s&sal >libelt | fut + 4,- £_]
a Qe

an lA) = A “ms | asaSs = ae sebeis Watts FTPee eee
Finally, since parity is conserved in such a strong interaction, we get:

eu >
“

a5 = {led 1h ; .ie * |

vo ge fee Be fe ge. at |ZEB = ~ dw| + ft tes)= dm [Sa - - fe F-] |a
| = 28m [te #2] a These are correct. See (5.84) 5. |—
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Gasiorowics PI-N normalizations.

— Looking at p 364 and p 370 and p 34 of Gas, we can figure out that:

1a —T= jars ELA+ AB) T= 4
« f= -s6rim T

vs

on However, after converting to the BD metric, we find that CGLN defined
their A and B according to:

We. = aLA-BAlu - - Kus tw
T= We

Suds 7
Putting these facts together, (f id the same in both cases) we find:

cese A= WA
\BY =-aGB

Ow
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Status of the Various Pion-Nucleon Amplitudes so Far. (Excluding partial waves.)

@ Here, an arrow means we have an. explicit equation for x in terms of y:
K—yY

Thus, here is where we stand: :

TRE

7 fi(OIGST ~~)
,CAB AY, Gh), Ca), Byefe-), Te, 7)

f #
“I think that now I can get the polarisdtion ofr the DCS in teras of any :
amplitudes with complete accuracy. Algo, can relate any amplitudes to

any other amplitudes. Now am prepared to play. |'
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. 7—tonverning the nuciesriscience-abstracts:the library staff-has-gathered =~: 6 _-- together all the five yearindices, tHe’ last 5-year period being 1967-1971. .
"Porall years coferedby hens inddeng, the somal ‘authorapd subject indices"+ —~~——+have-been disoarded:—Thue;they-have -only--these-annmual—indices~for-1972;-19733~

|2.fihese Spyear indices’are extrenely thorough.They have both subject andauthor indices: this ia surely the place to look for anything if you dq not-——+—*+
~ have-a-ghean-journa} reference. oo omnes --

me a ! wed oe pe ee .- ~-
. xampie? Iwas Isoking for gn ARC repdrt titled LAMS-2740 by AVK.Kerman. There
‘,— -—+as-no-jourtialreference for-this.—I-slould-have then looked up Kerman~in- the
a appropriate 5-year index.That would have given me:the publication reference_

. Tif there ever was one, Now it turned gat dn this asethat since the thing“i__-was se-long-thet~it-wa neven-published. Then-what- do-you-do?—+ ~ --

~~" ~"“Ghen you a> Checkone FP the files inijthe lookedPoom to see iF UCB has a ~~
—+—- ‘oopy-sitherup-here,—in the dppository in Doe, or on-microcards. ‘There are ~ —

two kinda Of microcards. ‘The positives do not make copies, but from thea
“~nfcroficheyou can wake dopies directly from them in the library. =~
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Crossing: 8,U with neutral pion only.
es

This is the case that is considered in all the books. For example, seedD Gasiorowics page 363f. Using the reduction formaliam of LSZ (as discussed -
in B+D volume 2, say) ve know that we can write the S-matrix amplitude
for the e-channel process tweet ©

in the following way: <P'a/}eq> = MsCeq's 2) = Ta (PF P19)
<(er Vora, ee. S egy !“(Voy SR ceit(dagenin% :
Here we only need extract the pion féelde from the assymptotic states, since .

- the mucleon fields will not be needed‘in the comparison that is to follow.
- By a similar application of the reduction formulae, we cari write the S-matrix

amplitude for the u-ohamnel process ay) ¢ har @
,

:

in the following way: KX pQD = Ma (Pa'<— pQ) = Ta (pp) Qa).
ot xia-y <<.) iGex= (iS SP ne eS geen T ES

Ge) Sey To ITIP SHIDO K SO
By simply comparing these two expressions, we can quickly conclude that: -,; |

rat at ol ' een’ |Ta(e 2-4, Ph QE-q)= Te(PCa 0-9) = TA 9’) mer
@ This says that the amplitude for the physical u-ohannel process ( where -q :and =q" are positive!) is given by the e-channel. amplituse contizued to :

a particular unphysical point. This point is unphysical for the s-channel i
because the q and q' appearing inside 7, are both negative. :

Wow, in the special case of neutral pion scattering, the s~channel is
the same channel as the u-channel, because a channel is defined by the

type of particles involved. Thus, in this case (only) we can say: \
TNet? ‘=a! o!

_ ote, =TaCPinai ind) = Te(eraieina) = Te Cea eg’) :
 ganat chev

If the 7, function is written ont in the standard parity-invariant way,

: f er

~ TeCAUPY) = TENLAGH)+ LG+A) Bis Jace)
: Then we see that the identity of the q-and u-channels implies that:

- oe a

TCP-4, Pig) = ROL LACS) - +4) B(u9)] a) |
(Again, this is only true for A and B describing the neutral pion -nucleon
amplitude.) 2

Dd > AG)= Alas) ~ yo
. &G) = - 8(4,5) : --

. : |
- -- ny — -
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Crossing. S,T case.=
For the s-channel process: 4 N <— wt © .

wri: he S=mat: Litud t 1 me _we write the S-natrix amp! fe as “ised ea) = <eh' led= Gs) FC, ry)
A\i=i 5 iq ighy — nd~

lle) ray SOG St Teasny Grreeca payer
For the t-channel process: ww <— NN @®

me write the S-matrix amplitude as: ‘Tite (Gu’< pL)= Caq|pLp= VES le(p£,Q,9
~iPy

i) (4 & _ > tax
“ADM, S ies} aireorapy 2
Now a comparison of the objects T above shows that:

Wes’— e¢) = VERS) Tee, #1 -0.9)
Telerei-aig) =-EQs9, Ba!)

= Pre romani, ding oT nnah Satonn
This last line is the crossing statement. Note that it applies to the
amplitude with one of the spinors pulled off. There is no need to make
any assumptions like, _ a

wC-e) = Vep)

wirich really is not true. .
If we express the s-channel amplitude in the usual way,

ToC ria) = LAGs.t) + Chea’) B54) ucps)
* Then we can write the t-channel amplitude like so: =

-— ro Py *,; ey Cate #-F') =- Tes) |AGA+E ea) BOS] ucas) ae
: _ _ i ? Va weAgain, we should keep in mind that (here) q and p' are negative quantities. They

lie in the past light cone. Here, t is positive and s negative. The idea of

continuation is clear,7. Now, ufilike thé S-U-srossing cass, the S and T channels are never the

r same (as defined here), 0 there is no equation analogous to A(s,u) #-A(u,8).
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PI-N t-channel helicity amplitudes in terms of A and B via direct crossing.PioW trohannel helicity amplitudes in terms of A and B via direct crossing. _

- Keeping in mind that p' and q are negative four vectors, we know
from studying crossing that the invariant (Jackson) amplitude for the Ae
physical t-channel process wre NN  is*given by: wl wht

, = NeTh-aq'= pf) = —Wees) -A-@el ured) =" OG
jt SCH yt w’ v . v

= - \-ehm ( Team En-s) ( op ) \E+
whore as before we are using: eg ve

=, ° <-QE(q+q) Wu= 2m = ~W, rh:
The A term may be tackled first. It gives: ¢

7 = 3

a atAms cacTemem) (vf Ge) - (ERS)
Since we are in the cms, we of course know a few helpful things:

BS 3 =

CeE=% and CF) =-C8)oe With these aide, the A-term immediately reduces tot Alo= —7A (* cnx)|
Mext, the Q term, This term vaniskes fortvo different reasons, one of
which is that the two terms which added above now cancel. Also, it turns out
that @, itself is 0 because: :

Q=tl-Car) = £L%-AQ=0-

Brtews: Go alF-Can= sle-Ca- @
ALL that remains ie the momentum B term. We find:

= 3 a3

i (—o a (ete ~

Eom= ~Cempeancdy(af EB) 2 ED ¥he)
: =-28 (WP ERR - ENED) 7

e+m

: Some algebra is required to simplify thig, so here are some.of the steps:

2 a 22 s.2)\2 5 ¢ ea = pa=-Pa(an Za Ba) a + BE) 4 yuo PAS geose
“Ft a 7,2 mee lel70svt [C2 28mgiese) Ge + (r28EiSN)G JaNow we have assuméd that

> is along the ¢ axis ( the nucleon) and n = y. Notice—-@ vy the way that the parity-allowed terms in the t-channel \look like - - in some
sense ~ ~ the parity-violating terms in the e-channel._/

a) ot oe :

w= (55) x= (4 0)
* oe abel
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=> Before going on to calculate the t-channel helicity amplitudes, it is
necessary to understand clearly the spinor v of Dirac- theory. First, consider
a particle (ferméon) (not an antifermion) travelling in the +z direction with
z-component of spin equal to +4. In other words, this particle has helicity +.
The question is: which spinor describes such a particle. As everybody knows,
the answer is:

U(RS)= UCpe pe Sate insast howd) (3) \e w (9+ 1S) = = ate = Sad =F \o
y BPs(1)

7 . .

erm
.

: Somehow, everyone knows that (1,0) represents an electron or fermion with spin ‘
+% along the z axis. This is the way d, is set up. 1

Now, consider an anti-fermion travelling in the +s diréction with spin i
in the plus 2 direction. Thie is a positive helicity anti-fermion. Everything
is the same as before, except this is an antifermion. Question: which spinor 1
represents such a particle? The answer ig opposite what my intuition suggests.

- It ist - }

Jefe ) 0) 1aA VO).= vV(p=pe, S= +2 sso pana) = | e+m (8 ve ©)
This rather subtle point is discussed ~ °

in Bid page 68; The point is simply (5)this: this state v(p,s) represents .
a negative-energy fermion with spin

down (along ~z). But in hole theory, an anti-fermion is the absence of ae negative energy fermion. It is a hole in the sea, The absence of something
with spin down is a hole with spin up, just as in solid state physics.

In our present application, we have our anti-nucleon travelling in the
_-> = direction, If this anti-nucleon has +'helicity, then it has spin in the

~2 direction. Thus, for the +helicity antinucleon, one should use v = (1,0).
Naively,-this is what one might expect in the first place, but we have seen
that it is really a case of a double-negative.

Now, recalling the factor relating the Jackson (Q8D) M amplitude to
the MS helicity amplitudes 7, we have:

N= an +) au Sn) %
}= -(4t) cog = (-2Ap + 2B ong] cose) VY) % UC)+ ry try: «+ (+ 2B Eig) sine)uy) O% u(y)where, as discussed above,

=( =(2 Hay = =w=() ue=@) Wate w= CO
Thus, in particular we find: ‘

ay, = &
tht Toys = + BEE IgelsuRe _ EG,

a =k}=@ ~"W Toojer = ~ 2AQ + 2. Brmajge|oose H‘
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In order to compare these with the amplitudes quoted by MS pages and456 4 we have to do a little time-reversal. According to MS (5.51) p 232
we know that:

(perl) ~(Haat)Sposipom = CY TipG
=

_

tte > S00; wy = G) Syl; 00
> foo; ++ = Face; 09 1
=) foo;wR fi, 90 '

Then our final results should be:

a +t)

;| —4n" T+tyoo = -2AR + 2 Brw|q{eose !2 Ul . ; j

49 Trjoo = BIEiqd sue |
There remains a slight ambiguity concerning the meaning of 9. The way I

have calculated things above, I have been using © ae ‘the angle between the
incident nucleon p and the final pion of momentum ~q:

Of, an 2% nae -@rw-A mn Ne B= =) = — Pigjcose

HG ~ &-(-Q) = -Gqlwose - o% Ig|simeSuppose instead that we had used as our scattering angle the angle 9' defined
as the angle to the other pion , ie, the one with momentum q'. Then we'd have:

ar

1K / :ne) Ne Ba= Pa= polese’ _
can = Bq eq cose + GQ Sway

, , . .Buk @owde’ on suppSamande : cose’= -c089 and swe= SUS
In terms of this other angle, all the sin and cos terms in the helicity

, amplitudes would have their signes changéd. So the question that remains is this:

do MS use the angle from p to the crossed pion, or do they use the angle to
the pion that was in the final state in the s-channel as well. My inclination
is that they use the former (called O=above). This is because :

S a
= (p+q) = -)) =s= (pra) = CPO) Te) compare, -  e

. De@ Cp-p) = ts

Thus, the formulae above stand as they are. The lower one disagrees by a sign
.

"from HS's. - '
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SU Crossing with Isospin. isand 4 |

Again, go slow and stay clean. Start with: 4lye %

; ~igx > SW)» ,, sIIF oe)
Wicd ps) ~ Samay CPIM G FH a geallo(E7kK YP

:

Now rewrite shuffling stars and using fact that:

igo} = gon
Thus get,

igx > Sam, ays Op)=Saray (CR G9 Cy trbgicatend p> GC Ke]
Now, reverse positions of the two (...) objects, switch x and y, switch .
iand j. Result is:

- aigh: AM), ays Aw)-Viidy (OR $f) cerittacogatld (€77% ge )
Since the fields are inside a TOP, their order does not matter. Comparison

of this last expression with the first shows that:ad ws det,"1Se ey = TE Cinq ea)
Here I have been thinking in terms of. charged pions. Of course the thing
also goes through with cartesian pions. For cartesian pions, however,
(a) = (a) so we would forget the stars in the last line above.

Ae) ay , . A .q =|4 Jo cordesians prsia + wu hast ai = Sie.

—® a
- !
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Time Reversal with Isospin.

|
;

For some reason this keeps goofing me, up. Go in slow motion:

axXO ,, ay ighyYTaipan) ~ Saray (ERK J CerrFscranny (49%, 7)
:

» sign AIF, , * -69!LTP dina» Saeay (EP REN eerriQianoyi® GPE &7
‘The matrix elements yields itself with-p and p' reversed,so get:

migx Awe (KOS of~Sardy (EPL APY ceiriqinracghr(ORE*
Now simulataneously switch the (...) projectors and also switch x and y '
and also swithh i atid j: + i}

~ighx > H(A) (BOE >HI

~ Sandy (EME 4 24 T(gerdgayr (8 %=@ Above we used the fact the the fields are hermitian and also the fact that

- the ordering of fields is unimportant inside a time ordered product. So,
comparing this last expression with the first we find that:

.

'[Wereiea)] = Tea tad
This result is valid for toth charged and carteisn pions.

=
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Crossing Relations for the A and B amplitudes with Isospin. |

The following statements are all made in terms of cartesian °
pion isospin labels only. The general form of the PI-N amplitude
may be written as:

pe oxui or v

. Welt nay = ze) | A, Gu) +4 +4) CoD) uP)
All isospin indices are shown explicitly. For the carteisian labele

. we have shown that each amplitude can be written as:

«pO. | ‘CA= SMS A9* tis. APSp C) -)BE = Sa, C4 chsh. 6°
From crossing we found that,

red ae :Th Cea 4) = TT Colas 8) ;
and from time reversal we found that,

:

Pe oy Bes ogy] *e Teapa = [T (Gn ea) |
Combining these two relations, we can show that:

a ¥ -

TH Cla' pa) = [7 Ppa; pia)|
This is equation (23.16) of Gas. Gas ‘called thie relation "crossing" but :
it seems to me to be a combination of crossing and time-reversal.. In order *
to apply this relation to the form for T above, we first need a little
Dirac algebra:

* * * *Lice cay] = [utcorgea ag wlDg)” = Ee WMia Ua
st

= MMs CUpe Ue = ae) He uy’)
; ~ [ncays ace].

Thus, the relation may be written as:
.

‘

y

a xAMS)+3( keg) BM) = [AMCs] ETaeq1BMaoy
x xeh AMG =[ABGs]* one BMG =-[BMuD]™) If we use (b*) notation on one side of these equations, they become also=@ @& true for charged pions. Keeping with the cartesians, we see that: i

(3) * Th: wltis independent of the "type"ofe \ A Gu) =1[A® w,s)] pions used. it is really @ statement about f
Vv @ _ cy 4 t-channel isospin amplitudes, eg, :

= Oe eT eo, tos,
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Comment on Crossing.

I have been using the reduction formulae of axiomatic fieldtheory to prove these crossing relations. Field theory happens to
‘be a model in which crossing is trues But really crossing is more
general. It is the analyticity statement that the 3 channel amplitudes
are just 3 boundary values of one hugongous analytic function] In this

general frame of reference, all these crossing relations are trivial
: and in fact belong on the same level as kinematics.

For example, to show S-U crossing relations, we would simply

observe that T(s,t,u) is supposed to given the scattering amplitudes
. in all three channels, Here the various spin, helicity, isospin ete

indices are suppressed. Now, if the s and the u channel are the same
channel, then it must be true that T(s,t,u) = T(u,t,s). It could be
no other way. Then all the other details follow like B(s,u) = -B(u,s)
simply from the definition of B. If we add isospin, the statement is .
a little more complicated, but the results are all the same (see
Martin Spearman equation (5.100) for ‘a complete statement of crossing
with isospin shown explicitly. See equation (7.34) for a complete
statement of crossing with helicity shown explicitly. )

About A and B.

When these functions appear without isospin indices, one says thet he—@ is dealing with a particular process with a known,given set of particlesanfCisospia labels). It mst be understood that when one does a crossing
of some sort that the isospin labels of the crossed process are determined

dy the lab{és of the uncrossed process. For example, back on the neutral
s-u page we had: a a

Tq) VAP) AG,4)
onl stay

Talons] ~ ROY ACu,S)
The indices must be tacked on intelligently, not hapha,ardly:

Aeho 5) ght ry xi) ateTe (ia). ~2) ACS) TPG )~ ae) Ahus)
Similarly, in the s-t crossing situation we had: .

~~.)
:

: Te--) ~ Te | AGH:- -
co! .Tol) ~ KP) TAG). -

Again, we can add isospin inddces:

ee pe
Tre TEC) Axa Gt} .
(Be 7-9 pet—® Teas ~ VCH) ABS GH) .

The meaning here of (b*) is a little complicated. The isospin of a crossed ~
nucleot is umusally.taken to be opposite the uncrossed, so (b*)=(-b). This !

allows CG manipulation, ete etc.
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—: Isospin and the t-channel. —> FO oma FO eke, |

=, Carefully define the s- and t-channels as follows: .
@ ateoerd ® Gtrorer+e*

The crossing statement with isospin is this:

) @, :
7 Seem; FarmalTO | Tarma; Trowy = <Teme; (Tata)| T |(Tamd)¢ iLema

where (Iu7i)c means. C\Tdwd> , the charge conjugated state (antiparticle). = [Td
. Unfortunately, these physical antiparticle isospin states do not

transform according th the usual angular: momentum (isospin) algebra. This .
is Simply due to the fact that C does not commute with I. In fact,

ecly=-1¢ crh,=+he ch =-he
Observing that (1,G) = 0, HS suggest defining a new kind of antiparticle
isospin state:

el > kw, ald\Imy = %GlIinw? = UC € VImp> = We (-)  (E-my, :
These barred isospin states do couple in the usual way, and they are related ©
to the physical antiparticle states as shown above or below: .
=

p Ct orend :Vimy = CNP™ (Ime [Dindge= ME CI ™ [E-my :e@ The idea is to do all manipulations with the barred states, then return to '
the physical states at the end of a calculation. '

' 4s an example of the meaning of these states, we can write the isospin 1

state of a proton asi |= 144 = \E-8>
The anti-proton state physical is: Op= |b. Oper le-De '

H

+,

But the state that we will use in all the algebra is: (P= |E2).= MC)larzy
You see that the I; components change sigm in these —i

barred states, and-sone of the states thenselvea Qit=LEE,
pick up an overall minus sign.

It would be nice if we could avoid these extra overall minus signs.
Recalling that the charge parity of a charged state is arbitrary ( as opposed

: to the charge parity of a neutral state), we can avoid the above minus

signs by including them in the definition of|byand|#) In other words, choose:

: Upr=+lp7? 7 - Ipp= + le-2>

- Cly=-le> p= lepat+lED

Uy=-l
Thus, we choose the phase so that the states come out with + signe. Now the
only confusion is the reversal of the I, sign.

4 similar analysis can be done for the pion states. Here, we have some .= conditions imposed. First, we know that the neutral pion has C = +. Second,
since the pion is self conjugate, we would like to have the barred states
identical to the unbarred. Then:

7 ty <== = = *Ours Yet, City> FR => WFP =- ots -1h
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MN «—«— 2" over this pion once more. le choose the various phases end charge |parities so that:
. '

Wer = ley ay !

RTS (41 = hei?)
This is all convention. However, since the antipluspion is a minuspion, we

. can add to the bottom line above as hhown,

With all these preliminaries out of the way, we now write the t-channel
scattering amplitude with isospin shown explicitly and with helicity indices

. suppressed along with the invariants s and ¢:

@ me = taCremel at) el Th CamaDaw =CCseme Eee TT Dd
®= a+aed+b @= exdearb

Now drop the bars on the a and 4 isospin states, since they are standard states.
We-will keep in mind that a-and d enter as antiparticles. Now we can expand '

_ in terms of isospin amplitudes T(I) using usual CG coefficients:

= me Tad . (J

=P MRM ES Crm remlEMrtmtama(tH Ta),e Let's apply this immediately to the PI-N t-channel. We have: 1
"

« Tet ov vy Yew w '
@= eta d+b “@= exdHarb :

Now let a,b,%,(@ be defined as the isospin labels in the s-channel (not in
-the j-channel). That is, '

MWa=% My= m= & md = b .
In terms of these labels, we would write as the s-channel amplitude:

SP TPtag> ‘
‘Using these same labels, the t-channel amplitude is:

‘

xa wn” teeny 4)y=" 4+ , . d

. eal (By = Ci) Ci) Z Chey xlIHYK4 8) alTHY T(z)
Cae

;

C)=o)" ay® « | <ipi-aloaree-b ee |oopT (x29) + Cipinalldydab aliny Te21}
We do not include Im2 because the 4 CG vanishes. From either the s-channel :

7 or the g=channel one can see that: -

© mere = smth == ©] Marysve rel .
Qh. Ara = ~b+a 2 dta= P+b _ *
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.nied Now lets return to the general t-channel formalism where we had,

Zam Tard wHermesTeed | TOY Tamas Tomy = GV Cry ZT)-¢em Tema NYG emt Tame TAY
If we use the properties of the GC coefficients given in MS appendix or anywhere
else, we can show that:

Sere Tama EMD = Crys et TemeE-N\ Tanto?‘
* Tad O-Ta-I

Cab-maTyoml InY = GYRE. (a) <Tau TAL Dome>
“ Recalling the definition of the multipole, tensors used in polarization, we can
rewrite these as:

sew, (azar apn -Sreme Tama IH) = Ci) \es <teme\ T [Tented
sem Soa an De-Ta-TGaedeTH) = GPM VEER <a T | Teme> GA)e poet

ss INserting these into the above expansion we find: .

LATO| o> = ciyettat mend —t—
TON ar\eren)xt )

Cc T-T4-E v zm =Ax Z Tezy-@) “(aaei) » Z Gren PViamaydTinllT Hawi
We can see, for example, that unless I, = Ic, there will be no I=-0 "wave" in the
t-channel, which of course makes sense.

We can write the above expansion in a direct product sense, where the
first operator operates in the c-a mainfold and the second operates in the d-b
manifold:

0 =

. SAT? aby = LSE) LAT Ved Cal bd
$.

Oy Se zy Tet TatTe Zhml(ZTo 1 oO)
= n VL =‘The object_within the parehthesés is the direct product of two irreducible tensor

operators. We know how to combine such things using more CG coéfficitnts. We get:

e Ca+") a s oy, xo aET eT) = ZZ Ve cxeleutey = ATAgrolr-wre]
nc) Sa 2 yet . Tegee .



-~he

By Using the CG symmetry properties, we can find a relation between I and I':
yzeteenh

7 nett GryRetten Zo "
. AM Grnm= Z Sr'oI Twin = Z “cay rb] Tm Tw)ot oh™ im

Tet Tan qyenent 1 Ee' oy phar 2etUashar ' oye) = tlU> ON PS 4G peed = crew vitigen.. iN
"42Ste)

,

= = vee J =U

T= 02,4 aL 4 DT = wt, > gal oF-1 .

T= 13,5,.. 200 Yo Da hYuctyn \
The point of all this detail is that the direct product of operators shown
in the parenthesis on the preceeding page is not necessarily an isotopic
scalar operator as I once thought. If I is an integer, then it is an isoscalar
operator plus the M=0 piece of an I=2 operator, plus so on.

In the case that I=1 we have in particular:

on cotes Ane 2,0 0 20@ (21%"0 TH) = fz Cool tom rmyy T” + f$Zeadhvmiay T”
Ce Lapel Re re? “

= DANCE)TS Coy ax plieck cake.)
In the application to the PI-N t-channel, this second term above will give nothing
because the NN system cannot yield Ie2. In this special case only, the sun
shown turns out to be an isoscalar.

Application: Now consider again the t-channel of PI-N scattering. The setups
are described back on page 2. We find:

_

ole

=
ee

Co} 5) ‘ 2, cy 3-$-Lb ita = C1 ——, rcdeelTOley = on A,AM ayey™ Gay) .a a

. x A cielPlay Coley 1)om
— The second matrix element ( remember, these things are just CC coefficients) shows

that I is restricted to 0 and 1. First, we can calculate the Imo term:

t= a) a)zeodemm

= GOT Fe TO) <ipliddeey = FTO) Ep Sve.e The I=1 term is a bit more complicated: .

et (8), pm Amyet dem = (ATH. TM) CI) FZ cigT ray cert) aq
’

™ -?4 > ~~ —-

7

:
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ced We have here the dot product of two spherical vectors. This can be converted into
a useful cartesian vector dot product by Fecalling the relation to the angular
momentum operators:

- ot —4,- .

To = Feaw Te Ta 2 Fh rey LD]
. Here, I refers to the isospin of the manifold in which you are representing the

operator T. For the pions, I=1 and for the nucleons Img. Then:
me

, Os ve CU a x>Zolt

ZT WOT ey = sae Hea C, MMS +
van ; g

Cail Deets OU TTT + CK EarTydgorr BIEamet me =|

= frp aDeelteley+ <ataleydertala) + <AltylardeltleytLF=
= 7(ARTERBED +1 c01F47-du E1073 BB@ Ow at last we can connect to the Pauli matrices. The full I=1 term is now:

(4) 4 £ = =e-= GP Mor Cay. (eGo oRDoentio 29]:

— ©

QblE lay = $ <blSled> = + Tey

<eltiay = Lew \
.

_—

wane ) yaa > oY Ac armny= GHD | Heth Geya)PUtting these two terms together we get: eT‘
) L744 @ w Ty = é ay,GUTPacy= KTOSS,. BMY T cof ter SY WD)C

All indices here are physical, isospin indices. Ie, this is the answer for
a physical scattering process. The matrix t/is the one Gasiorowics calls t'.
‘The eigenvectors of £3 are the physical pions like (1 0 0). Notice that the
first term (the I<0 term)@ does not contaim all the "diegonal" ‘amplitude. (By
diagonal is meant a= (6 anda pb -)

6). ‘ ‘ (4) wv >Tat lay =e Mosyh. - eM) BSL
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—) However, if we wanted, we could perform a unitary transformation on these
isospin states of the pion only to get, veartesian’ 1eospin-states. These 'unphysical pion states are labelled with indices 1,2,3. Such a transformation :
takes the matrices t' into new matrices t. These new t matrices are characterized

by the fact that they have no diagonal elements anywhere (not even in 3).
So, for the 123 type pions which I indicate by i j indices we have:

ayy ey) 4 rcsSUT ey = EMOSe ETOGe |
I

: e) aos H

une Cj =i Esc Se: Girdas 6 Gu Sh |
B-4 [3,,3¢ Joe v ri

Thus, using 123 type pion states, our fingl axewer is: pore 1
yt) « C) PPA,

[eprrPicy = WDBde He THY BS AM
Aad so the long sought after question is akswered: Yes, the amplitudes F(+) |
and F(-) used by Gas. are proportional to the t-channel isospin amplitudes. |

e In fact, directly comparing this with Gas (23.20): |
:

. ” Co) CG)[Strl> = Sgr 7+ egad F al
we may conclude that:

a r 1Oo (2), G)_ P=aE Theo Tes SERS |
+o=Fo 'eS )FOs = TE

. On the following sheets we showed that:

y ™

; Fe=s Jar’ st] ~e = Fee FO?
) y - :

Fee slrh—p) Th= pt 4 oro .
Based on the above findings, we would prédict thet: :

Co) ) on }
,

yo. ETM TMs ETP ea
0) q He) imp o-3T"-31 TH = 19 ~ 479

These agree perfectly with (5.116) and (5.117) of KS (the isospin crossing H

matrices.) ~ \
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@ Let's now reexamine the charged pion results. On page 5 we found that:

) = Fa or FF(<ee\T \tay = F Spidbe -Fe? toa ° Sun |
.

where Ft and F~ were just defined on the last page, and where t' is the usual
angular momentum 3~dimensional representation (see p 247 Gas. or p 203 Schiff).
In other words, these t' matrices satisfy the required commutation relations

. and t§ has eigenvectors corresponding to the charged,physical pions.

However, we know another expansion for the above amplitude: in direct s-channel
isospin amplitudes. The result is:

\ .Gpoit day = Cerm\sabarcem|ipayT”+ Cam|iezarcamlyeroy
To derive the relations quoted on page 6, we look at two terms in both
expansions. Namely,

eC iS nsdate POF = TH!

a \ 273LumMoye FI <0 = STH ETH
r ) Thus we have derived :

(C) Me » Le! Yo 2Pee ateeoTl ang FU e LTH TA
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. Charged_vs. neutral pions. :

e Suppose one-has « natrix element of an operator taken between charged
pion states and < . Then, iff the set of states %if forms an orthonormal = -
set, we oan resxpress that matrix element. '

LAT = BZ CAPATIGILD |a3

For the pion system, the set of 9 (complex) numbers (i\x) forms a unitary
: transformation connecting two representations. So far, we have not specified 1

what representation \iy is. Let's define the representation |i) such that

the unitary transformation ¢<\4) performs the following services i: 37 a

Tee = 2 <p ty <lay :
Here, t is the isospin operator. We knov that tgq is the standard isospin '
representation, and we want t;; to bey |

fon 3 - _ otig = TA Exe 1
‘Thie them determines the transformation, We find that: :

. ye Me oy pw ‘dere
ly -mofes = Qe :t ) o ON \izs :
act aa? 1

In terms of this "unit veotor notation” we can say? '
'

'

eu) Via o@ |e a(t) $ i
= | yh Qos |i 3 = i\ '° ° ,

Hote that these things are vectors in the cartesian space, not in the charged
pion space. In other words, the unit vectors are: :

a $b wn ° nw fo}fie (3) = (8) =(8)
Since the matrices t do represent isospin in this 1234 representation, we

expect and find thats oho") otoy :Pity= t2 = + OO! = ayyyi é :

Also, we can show that:
=
y

NOMEN)tas id's
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Connection between f, fp and fy4 fy.

= The trick here is knowing how to manipulate helicity states and spin states
in the same breath. When one rotates a helicity state, the helicity stays
the same, but when one rotates a spin state, the rotation matrices must
be called in, The page following shows exactly how spin states go under '
@ rotation, along with some irrelevant gimmickry. In what floows (follows)
I will use a greek u for helicity indices, and m for spin labels. Of course
at sero angle, both types of states coincide (a fact we make use of!)

.

So, start off with helicity states all round and make use of the helicity
projection operators:

Ayn= Komp WFloowy = Copull STAT SRF Roomy
= Cody) I+ By!Me Ll ogy ‘We cannot just close down the states ‘pecause a! is quantized in some wierd

. direction. We can close after inserting a unity an the left, however:

Twp = Z cop lopimpdog tm K+ Yup! Soota>
= Lgogp'lodimy Say. | S88)+ Yup! Sele9)] .

That dude on the left may be caloulated by extracting a rotation operator

from the left side and applying it to the right side, where it rotates@ those spin states: .

aot s\¢y :Kodplodim) = Coop'|Rlegtw = Z gh cde-4} <oon'| com> i
= p@
= De

Thus, the helicity amplitudes are, .

<l * Aye’)
= ‘ ] = =Se- Byey il = Wwhl- eo deh 1.

fas = cost [E44] = fe Q 5_.. sig 24 pam:
. Tae = see [4-S] € = -6*7L,

=> - - \

i
- te - - - 1



' Rotation of spin states, 4
1

=@ Exercise: to illustrate the manipulation of non-helicity plane-wave states |
with spin. .

What is tlie effect of a rotation operator on the state shown: !

@P ARS? \RSy> = \keg SoD

. Naively we would say it was simply:
a

.

BIRSY> = 18RD = BO, [RK Syd ;
But this ‘car’ beachieved by the following set up manipulations: :
(all repeated indices are to be summed) '

. WRSe%_= ROIS = | Lmr dnl BP OS = <ai> \msy>
= Cul? LTMP<TM\ Lasd> . . ,

BIRSS = LOm RD Dea LMCTea Lesy? ;
= dm

R> LOM'> CTH Qmse>@ = BD | swy Come Wedy>
= 2OAl® (yee) = Trreth) Raw

__ = 1%) @18> = (2S :

Here, a twiddle on any state means that state rotated by operator R. 1
In fact, using this twiddle notation, we ‘can do the whole thing without .
ever using the rotation matrices explicitly: - oo

: IRSyp= Lf [omydswnl Ls? . :
. RIRSID = <MEY | Tay Gomnl Laas ; . .

= SulBD 1 7 GRIDus) etusor) _
= LEED \rmy om Da?

— _ = IBD

- FSDe@ We are using these shorthand facts tarpughout: CANBD = cae ee =A :
A= Yomrdom| = RPL “4

— [Riy<om] ad =_RiwMdeamlay = Alay= [Spam Rey = loca |



Relations between f) and £2 and the furictions f,g etc.S
_

‘The f1 and fp functions are defined the same wayby everyone, I think,They are used with spin states, not helicity states. Namely:

= 1

Ca at .Hho = Alomar - 2 Z Gimipy :
; ims STsh FR RRS = Ae }

The relation of these to the set of functions (f,g) of MS p 251 is: :

7mM= fI+igeala $3 due A= ae = Rx
swe |$2 fsfuse !

3 = ~fsme - :
Our old friend Williams defines some functions (g,h) according to:

:

JM= 9-ehe-e} = gh [gua fas, thw = goa]

| qe 4S +4, 0086 '=e dus + fisine . :
Goldberger and Watson define a third set of functions (f,g) by: I

'

ars :Til) f +igsmet 23 = 83 Laswe = ns. |
1

Fe S.+See. :qenh

owl .

B Suis J" = 9"
:
:

'

.

t

!

|

1

-_ . = — ote ee ee ee Cee - 1



Pauli Reduction of the A'B amplitudes. Relating A and B to f) and fo.Sanhs Reduotion of the MA amplitudes: _, Relating 4 and B to f and for
Z@ From the original paper of CGLN, we had the use of the Pauli gamma matricesand the Pauli metric. Converting to the BD metric and gammas, I find that CGLE's

expression for the Jackson “invariant amplitude" to be: ~

7s dea hoe Va db nvebon we tf.
W= GIy; = %[-A-AB)ue Q= tra

we

MR ad EBT a3, 0/4Sh ABET geal cee ee‘
‘The A term is simply:

ry

py)

EAM _t Caran

ems cu i- TSR.
where i and f are standard spin states, not helicity states. We can see clearly

the A contribution to f] and fp. The second term must be split into two parts.
The energy part gives: :

E4m RipeT Pe - . =tfa=0~p) EA™ “ol v Q0, Ge) BP Fla + TEEE\ ,
while the momentum pert is=@ CRC) EE ye, SH FE H+EHNA /
Algebra suggests: '

(B-FVE Fe)+ (FFE B) = CH AEP) + (FPG)7

= PIB PRE PRY G=-KSo sumeudun pork ai
a (-8) fl + CFME PIO -agc® <Fl P PID

.

Now we oan read off the expressions for f, and fp where, :

° E. wh aA,=~ SeLA+eW] ye cel EMEP BRO

Note: to interpret M as Jackson's M,vi) we must use Gu = 2m, Since CGLN use tu = 1,

Moe 7 iG [A + a(we)| we cannot use their T for oub M, Thus,
ra 2G 1. - > all my 2m's should not be there.=> To get the real fy and f, we have to convert from M-type to f-type amplitudes:

fe gat 47 TERA | bene=> Sw

; ge +) asetwend] | Hemel Mere.



Relating A and B to f,, and Ty, .

= So far, this is what we know: , bode CU d

: fi. = costo (Sef)

Fy = singe (F-) pao

ace fe aw [ASB fn= Taa f= Ss Las e(wen)]
Lets make sure we know.exactly what all these amplitudes are. The f,, babies

are defined on p 247 of MS so that their’ square gives the DCS. The ix type
are defined with the same normalisation. The A and B are exactly those of CGLN
where: ~ ~

= se LON. raS= Be — LOWE Cee), \— Mb

“= We [-A- taAe]8]a: Tus 2m—@
MN =~ Be F

It is then a simple matter to show that:

fin = este | gts} (2mA+ B(S-m= 2)
$4. = sivxe (Fon) ( ATs +t n8) + am BLSmth)/ps

, I Te = costs | paar \C >Tr = ste [ gin 1 ¢ VAR

dees wad que agua wie WS 4 (91),=@
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Pion Nucleon Catalog of Partial Wave Amplitudes.Pion Nucleon Catalog of Partial Wave Amplitudes.

=o In what follows we will be using the following symbols:
ns x

(Te TH) Tas) (Ste Se-) (Mae, Sy, Me, Ib-)
soy

(RS) se fs-)
All of these notations refer to partial wave amplitudes. The host of notations
referring to the full PI-N amplitudes is discussed elsewhere. For example,

Ont Th THe o) © c

TAT TH TH, FORO, ALB AY FAL, See, Ter, Ag.
One possible source of confusion is the reation between f and T amplitudes.

For the full amplitudes, the relation is: - ©
For the partial wave amplitudes, sos TV,the f amplitudes are definied fee ais ott
differently (and arbitrarily) as:

x Lt -

edt fata qeneg
: The phase, shifts and inelasticities are used to represent S. It oan be

shown that (S;{21 so it is appropriate to, use:

2 S35C ) Sn = Nn ©
The connection between these Syz amplitudes and the Ty, amplitudes is the MS
standard relation:

;

_, ~~ 2185sSelects = T= Me — 4

1

=
. > 2: Sse

The amplitudes 1,,. are defined by:

Sa HHP - vO= i '(e !ym Bie Soa) Tye dye! (CO) — rk
' Thus, if we can define what we mean by the amplitudes Ty, , then the meaning

of all the other amplitudes follows.

The motivation for defining the amplitudes Tf: is as follows. Consider
. the partial wave $ matrix elements:

v 7 :
ty j = vu

Sym te eTe = SmxlSISKpyFor a particular J, we are showing the matrix elements of S inside a sort
~-of helicity manifold; The idea is #imply- this: since S is unitary within

this manifold, we know that if it were also diagonal, then we could represent=> each diagonal element as a phase. This theorem is proved in section "group".
Thus, we vant to avoid representations in which S is non-diagonal. But
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MIMD =«—= fortunately S in non-diagonel in the usual helicity representation. In fact
vhat we have ist v y vs sj !

ay. [WF WLR ¥
PR yr Pa s v

Ts Te Te Tae
‘The last step was done with the help of parity. Recall that in general

J-S,-SPlymye? = 10, C-) [Smt pm? |
and in our special case of PI-N we have |

V3 |Plympyy =- Cd * [sm aD |which means that I

rep 'Lemp T boyy = EGY Cow pe \TSey !
vy S |Tye= + Tle i

The task is now to find some states in which T ig disgonal. Then the |
diagonal elements of the corresponding SJ can be written as phase shiftse (or, when the possibility of other channels is taken into account, as phase
shifts and inelasticities).

Toward this end, let us define two explicit states a and b as:

. > -+) = + aCtse) =[pmey-lym-ay] & jaye Ei +t9]

frum e> = a Pomray - [may] bY > Af? -] |Here the $'s refer of course to helicity (not "spin" wrt fixed amis, eto). It
is easily shown that: these etates are parity eigenstates: |

|Sei, wk H

. Play =a "isy Ple>= Gi) “ly '
If one is +, then the other is =, but we cannot say which is which unless we

. know the value of J. Earlier, this caused me some confusion, but now I forget,
why.

What are the matrix elenents of T in this parity eigenstate representation?|Straightforward computation revedls: |
1

5 x so We see that the off-diagonal<o\T \az = Tee.+h = TR elements vanish. We know this ,
v without any calculation becausT\by=To-T = the operator T is parity® COLT bp = Tas Te - Wee —  invaFiant. It ‘cannot conneet |

=

°

= states of opposite parity. |<al 1 \o> = <bT \ayp= Oo Naturally, that-ie why we |
. chose such etates in the :

first place. ee
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— ) Now that we have a diagonal T, we can go ahead and define the inelasticitiesand phase shifts. This really completes the “catalog” of partial wave i
amplitudes, but there are a few more details to be worked out. H

First, let's show explicitly why a diagonal S allows for a phase. Here
I will use only the elastic channel so there will be no inclasticity. Start
with:

SS=4 >  <oppg looney = edus|S'S\oouiy
; Zn Logit) S12 fap PCOnfou jel S |OO}’>

Rather than laboriously convert this tothe JH representation by ineerting
unity four tines, lets just start over in the JM:

S321 Compalomasr = CompehS's oinar
= ct

; = % Snpe] ST) Spey CHMpn| S| TD
We have used the fact that S conserves J (but does not "conserve" helicity).
Although I show only one helicity index} we can imagine each as a full set
for the two particles in the channel. Continuing:

Te oye Shay = 4% Shs Shigns = Spsyuc
If these S matrices are diagonal we can add:

ye |Te s
=S=
,: = |Buape = Seer Sows Sees & — L= | Spal pe.‘Thus, each diagonal element is just a pliase.

Next, let's repeat the argument including channels other than the
elastic channel. In each state,then, we will add a channel index. We consider

. scattering that begins and ends in the game channel (channel e), but we allow
for lots of intermediate channels. :

|Sorts e[SMey = Z KonuselS [Myo >Mpae 1S] Tyacey iiw

ol \ +92 Sonsel SSTMads|S [Typed :
Picking off the diagohal “ term ( i = f): 1

; Csend
|" 3 3 | way= ZA +4=

ZV Sil + SZ "Say _e@ If 3 is diagonal in the elastic channel, we can say: i
{

— om .

AsSyal”= 1-25 |=ji- 1

oe SBE is .



: -4e

HEBD =—«-8, the clenents of the diagonal elastic submatrix may be written as: :
S

_ ide :“Siye = AW 0°97) ae OK AEL
In our particular case we write (the 2 is arbitrary):

e = 2c Sys
Syz = Ue: ©

Next, to explain tye origin of the notation Sy, . We know that parity
invariance tells us that: .

a Cian : .
a pion ondumsccand angular monentun says: = Se

For a given J, the possibilities for the jnitial and final L are: |
hee VES lee VEX |

‘They oan be the eame, or they can differ by one. If they differed by one, parity
would be violated, thus they are the same: In pion-nucleon scattering then
we have a very simple situation:

VAT = 3 khelbel=vet
Natt : St th,@ _ te showed that the state "a" had parity: lays 1)" “jap |

But wa know that its parity oan aleo be written: ———.. _(_\)" jay |
> LETHE &isllen YY TE |

awd L= T+h HS sdateh ~s Ty+- |
Thus, the subscript + or - is a reminder to tell us what value L takes for the
state in question.

Next, we tackbe the problem of writitig the standard partiel wave expansion
in terms of these parity eigenstate partial wave amplitudes. The partial

wave amplitude appearing on page 1 may be expanded as: H
x

:

m= Spt = fy os 1: THRE GATVY = Sparen lara yay + dullddelTO<b>
Tho elements of the transformation matrix are:

ay \ =e =Sly en Losyea]= A= cab |
5g,

:

fd
.

'

Silby =ALG) —GAY) = CY — a edhe bh. :
= &(-\Fte te i—@ Y= ROI = tC) .

Thus, we find: :

_ ao

- a Whe = 2 [Te + ¢)) Ter | 1
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e Next, stuff this into the partial wave expansion forthwith:
edyen) xe aaSp oy UPA Come [Tee EAC) + Te Cr) 4yrl)]

Sex ZEon) 4 d3+@) [Te + Tk(=) +2 2 STN) 3 +4() | Ts = Tee
Changing to the ev amplitudes just for fun this becomes:

. Tv

Sus = Fase) a [Ss tf] dee) .
Now we look > some nasty properties (representations)of the d matricesxm, namely:

vO 1 uw ’
det @) = FAD costo] Rag Cos) — Pog (eae)
Tv . a
Aa@)= 1 sure il ease) + Rez (cone\]

With these, we may show the mysterious formlae:

/ '@ fee = ZS fee ease [Pre - Ped = (irh)eosts
; . : ‘ 5 - segf=z [Ss- - Sse] sing [Pos + Peale? = G-h)sute €

Those primes are derivatives with respect to z of usual Legendre functions.
Note once sgéin that the full helicity flip amplitude vanishes in the forward
direction. (it does) The other two amplitudes can be obtained from parity
in the usual way.

We could if we wanted rewrite the above as L sums, but that does not seem

too useful. Instead, lets convert to the ty and fp amplitdes:

7 ,

: £ a) [fsPo fe Ral“1 u a

‘These are basically Singh's equations (2.5). Since we are. usingparity invariance,
there is no need for 3 labels on each amplitude as used by Singh.

There ss another common form for these expansions. Using the MS notation

we can express the "f" and "g" full amplitudes as:

@ fahtheose - Aleli-ee 1-2 Selie - 28]
qa Siswe = 4+ Z Vy] sinea



1

Here we have used the rather obvious definitions:

te S23, 4 ‘sind f55 = fy = Ffsegay = Seq |
Some Legendre identities are helpful (see Jackson p 59 eg): :
+o

Fla Pia = ery Py ; i' ' 4 / ' 1

fu eR = Wane S > My -eh = Ai-2e! ~Ctryee = -2% 1
|spf

__ot- isingAf = +f san GR gloos 3-733.) |
:

Thus, we may restate the expansions as: 1

fe Zz [Werf +2 fe} Conse) <a i
aS _ cy ow +, = ~ ( (cose| ‘Se Z GWtions > ¢ ade = Zi [fer pe] te(eoss)

Sometiges this thing is written as a two-by-two matrix in spin space ast i

|aresM= 1) + ign (F) |
When expressed as a two-by-two matrix, the result is independent of the way
in which f and g were defined (and on these definitions the authors. vary a lot).
So we write: «a, 0!

, = — sine8
-A 8 <4 Aa a4. Fe Z,UGe) fe eT r+it & Ale Hye] Rt

;

Asing= Raby |
- t A aie Rd . |F = Zdel feted +e Rake ZB Yeh]W |

This last line agrees exactly with GW (p 463 #76). It is the same as Gas. (23.28){
except Gas has thewrong sign on the last term. It looke like Williams (3.20) f

and (3.21) exact. Martin Spearman (5.91) exact. '
This last result is much more elegantly arrived at by the method of fprojection operators, This idea is discussed in Gas. p 369 and in more detail

by Gi page 361ff. It is @ child of the LS formaliem. The projection operators |
are in a mixed representation: the spin part is in the angmomrep, but the
anbital part is in the coordinate rep. I have appended a page of notes from 1
GW which shows how it all works. Below is the result. You can see in a way

: how these operators project out of the "state" an the right the piece with
Jaled and Jel}, '

fo = dl 2(a+) [de d- +Jods |Ra(cose) wy
R 2 Akh Tenens “Pea . ee :—@ aa hat + HR LEV] 1+1 I

‘ |
oo. a .

1
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Pion Hucleon DCS expressions.

= We oan start with an expression we know, which is:
— a ()a (3);

« T+ -|

ge He Les afWe kn ‘thi fs)*
aise Cs mY THe = costo C2mA+ B(s-mbdya) /am™i Tae = suivte(A [sto pt) anisemen])Jy ie

re ‘In PI-N kinematics, the angles are given by:

Le & ~

Bele ae suite = &(\-2)= 2/4 costo = blite)= (1+ Hag)

Substituting and grouping terms we firet get: | Sie
- 2 (m7 vat sted} Ll (3 AY PARREs iCes#-(@)i lal ae S ee) (t iaCe + (ashes) ( te BY
Here, 0 is the lab pion energy and we ‘have used:.

we Sontyt orm samt Ls sowtep’ Wed
tm um

Now by some near miracle, the coefficient of /&/* reduces to (1 - t/4n®). Thise@ is true at any energy, not just in the H.E, limit. At this point, it seems
fore profitable to try to work backwards from Singh's result which is: _

eS te 24 ay eeamet cottivn (gts gray 41 wetlon F 1g)? 4.t (5 — Conta$= (Feu) [GrSe) [var ESR O08)4 ET! aS ~ Pee)lol
mere al AYGestlin yt (5 _ (eal= aSa SC Hoa +e [8+h Sea) aeh sh) ) wstlon/ 2

It is only after some phenomenal algebra that we show that the first and
third coefficients match, ie, that:

Ge 27 Wy1 Yo) SP GG = Oe)
MeV+ Ce) RBIs(= (w+ Ym)
Finally, after a whole page of algebra, we can show that the coefficients of

73/2 also match. Thus, we have verified the formula of Singh, which I now. -
rewrite using his A amplitude:

e

L nel et fine o
ne ee fa. ~b.0 +2As = \8)» (aap) [Cae IAT + gel S 1 eit

: w+ t/4m : 7
= A+ (Tf) ®Conclusion: these are indeed the exact A and B of CGLN. There must be an easier



Pion Nucleon, The t-channel amplitudes in terme of A and B, Parity. j

1—@ First, let us state all we know about the parity relations. Assume f = 0
so we can use MS (5.37). Then, :

AU= TMM (-V)**84~ SH vl, Schhavavnah, :ce)
BA 6 te :Spyudofe = CCA Se pt eesa Pe Perpd  p>parj
.‘H
'

1. (-}+(0-0) BeBe. '
Slee Fuso uo =oF Peo sta ° Cy :' he 8) eo) 3) ey :> See fl ond | PL - S 4 5

KeChal: Sag oo = anoy Fopccud ee QOOG) iTT NI a) Hy a @). 2 fase fl ad She -he H
It turns out that the parity relations are the same in either channel. There are
several tricky minus signs here, one of which is due to the fact that the in<
trinsic parity of an anti-proton is minus.

Phe helicity crossing relations are (MS p 342): .

e) (t) ye TH = sex TH - ees Toe eosX = —HS+vitp"),
() 4) KyTH = cx TH + wx TY . at

. sake

a suy= ale (*
= §) iS) 3 .Tae = sm% o + esx apt) ’ ze

a . ity
Tre = ws% al - sy 1)

I was planning to actually execute this helicity crossing operation, but now
it looks too painful. For examgle, I have to unload those s-charinel scattering

* angle sin and cos factors present in the s-channel helicity amplitudes. At the
* same time, I have to use messy expressions for X, the crossing angle. It seems

like a ton of algebra, I'll bet there is a more direot approach.

‘ Well, except for an overall phase, I think it will work. First, lets write
down’ all we know:

al 2 TSCpFTIS ~Cmapye] = S-2s(riinyt)+ th = postive tm Sand koh!
B= R= L(A-Wn®) = positue Oe S ond £ ch.

mp 3p kG-Y) i
la 2 p= 3. ‘ZhEq = Su Bente

~-E cuudloow momo yk 4e= pimome munnuntaue Un toh.
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t We know still more: :
d= t[se-(wp}] = 4s of site, = Yt poet sintoe (puns)

= k[-st-F1 VY ttm. = paris will chawnale, i
Those s-channel half angles expressions are ( from p 366): j

eshte, = \-9/t' /ol site. = )-st Vol
, Finally, the s-channel helicity amplitudes are, as functions of 4 and B: :

4 TS = costo. ArmA +(sep 8
ard) 7

Sat Ts = suites |Gutyc) A + (st and+ye) 8] AIS
Putting all these things together into the crossing equations, we get:

APSE IT TE = ATM apEGY

+ BER g(S~ bsph) erat”StnpwhE- wahe Using the following identity which brings in cos ©,

(Ers~ib-po)= 2pey cosee = £(S-4)
one is able to show after mucho algebra that:

P 2LS FE uP TE = ALSS 2IepF + OPACIEC 29: cose)?
> (dort = QeeA — 2g,eos Oe BIf we set that phase factor on the left equal to +1, then thie result is exactly
that of MS (7.96). The fact that this did work out, up to a phase, tends to
support the feeling that MS have a sign error in their (7.91) equations for

| the s-channel amplitudes.

‘The second t-chennel helicity amplitude is given by:
.

: atl .

Jeane - alt+ ef47 = se
VFive :

> (ianTY = ~ Bakes. * ~ = ~ Baelt Swe,
= : To summarize, here is what we found ( to be compared with (7.96): 1

tit a ~ the main point is that
|

; = SF at TS = -2peAe2mge Boose BE TSN|iS . out right. Then rephaso:_ \ ~ Sut Th = le Bsinee
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Derivation of Singh's DCS equation from t-channel amplitudes,

We have already done this using the s-channel amplitudes, and after moh

pain we got the right answer. I+ should be much cleaner here. As noted on .
p 341 NS, the helicity crossing matrix is orthogonal so a DCS can be written

in either s or t channel amplitudes. Of course it is always the s-channel DCS. |
So, we start as before: " !

(2 ye :gee STAY Te ETE i. ri ae ~ 1at us :

|

va eT _ / _ Boesel“WTas = ~2pA+2mqeBoosee = -2pA ube A=(A- nu e0s9
a . {

“Wt T= qe lE Bane i
At this point we can rewrite A' several ways using the identity we derived |
earlier: - :

,Apgecora=tG-u) > A=A+ m(s-wB
(Hat -t]

Adding u in there doesn't really help much.
In terms of the pion lab momentum,

a ye 1 +he some t _ (co +t/4mn) Bw= s-ws t+ 4md =A+ =.2th C4-t/4m*)Regardless of how you write A', the DCS is:

= 2 > . (ev

AT = (2): i [-2peA'l + \qedé Bsiueel'fan 4s Var

From this, Singh's equation follows at once. One must be careful to use /p,2/
for example because in the e-channel py? is negative, as is t. The result ist

os

2 4 ut Cant) a= = (He ~ Ye) (ata, s— ——-.)18)se (Sn) \ Het) [A an [e/a
= 2

ams. (ay [ some |aw lst =

' dk F AL WS Ags '
Using the trivially derived relation kj? = (mw)? — 8, we can finally cast
this thing into the exact HS form on page 456:

2

2 ee RSHYe zz=
1 (2) (1-4)LA) fe (oax) 18 aay,

s TS \ 49s. sam m :—_ Notice that these are still the original CGLN A and B amplitudes. I have not i
dealt with any other A and B functions in allthese sheets. Remember that it '
is these A andB functions that are free of all kinematic singularities and = jconstraints, They are where you should inject Regge poles, I saspect. :



PI-N: optical theorem and polarization in terme of A and B.

=@
;

_We have already derived an expression for the DCS in terms of A‘ and B,
the Singh equation. A variation of this equation (the same variation that
appears in MS) appears in the Pit of Rarita, Riddel t al 1967.

The optical theorem refers to the optical theorem averaged on initial
spins, In general one would say? .

» Cab) at a ™s ‘; = nu 4 'Gy ©) =Fg MeLTaat] Fels) =EB ascaygarny &Ta
Ga = TE = meet

In the case of pion - nucleon we have merely,

a 2

58) =To dnl e(e +T]] = Ay dwTeGt=-a] pe |
From the "notes" xe know that: “we ; :ed

TaGet=)= tpl2ma+6Oe] = Ae \A+ 8] = Safle :
which follows from the definition of 4’. Thus, ,

%

_ 2: a 2 1 _ = 7e T= 2 Be nA’ [Re = (Re) dnlatse=0 |
Next, the polarization. Start from helicity amplitudes:

SER = 2 Om oar te|. , * He

= 2 ( Ap) sito cate Bro | (Ztrls-ab8)) (A Gwept) rab Gwe!
= sine, bx | nc AB" nb pt) (5-54 w)RAY|

eursts ro
= Sous Lo] B[A@?] = xsing Hast” bm [AB]64 nts. Cha sds

. rk tot
, = (Sue f i = md‘ . ( 76m c-) BA ] # PP. it

'

= -sme_ Am (A8*)[4e 5 167 NS ¢ :
= 9 - .
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Kinematically Clean Amplitudes for Ww NN. And the Regge CEX DCS.

__ fi Thisis just an exercice in using the chart on page 364 of KS, The starting
point for an annihilation process is:

Gr StagF lean) = (Se)* (Jeope)” (ean)
y

Here, T is obtained from T by dividing by the sin and cos factors. We would |
do this division even if those factors are unphysical. I am thinking here '

of computing a t-channel clean amplitude, but in the s-channel high energy |
region. In other words, large 24.

The + and = superscripts are telling us that we are dealing with ispecial
"parity conserving" linear combinations of helicity amplitudes. 7It is necessary to use such lincombs because they have fewer singularities |for us to worry about. This arises because of the "kinematic constraints”on lincombs back in chapter 7 of US. |

Ax A wets. A
- i

T= Tye # COS Feat |
By the way, at last we see why MS did their spin-regge theory with

such wierd amplitudes. You want "parity conserving" amplitudes to be
chucked out by your regge machine; then you_can suck out of these the

proper kinematic singularities. "6@ However, in the case here, axba0, ead, Bq = Bp =0 so we simply |have:
A A A A :+ - Buse varrk I
Tar = TT thj00 Ve = Tyejoo ° 1
Now we have three numbers to compute ( n, 5,, +) then we can |

compute the divide-bys for the hat-T's, 1

atbeced :
!= RGNMC) anh 8=\ DMZ 1

na e=1) n=) |2)

TV otoxced xd .
&B=EAOWHE)C) = -Cl\)

ett 1Tet = 8 =CH) Sty =+] DP nso- : :

akTe9 8 SO) Pal Sarl 2a JE Jacky ust. \
Compute Ss: K mys arnt. !

, 1

SFB nananTo leoitsd=€). 7 |
+)=O BK /

. Qa SetS4 —woe(= 2 |p.
a) . i_ ~~ fo Ts, peo, ah Ce = gtl auner g odd ea sod sh
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me... See Oe ge 4- mon(W)s4- L020 Fo and Ryoen fa Te.
Conclusion : Te © (eae) Tew 4

Compute Pt :

pes p?, p= IM. Fat Tas, leo so p20 so Be=0 |
B= PLAS Fa Tey le band penlas p= ptteo so pec /

So far then we seem to have found that:

4 oAMe (elene) EGY Te
. R ° ar ’

RO. (EPUR ae’ tue") Te ow :
Next, we expose the kinematic factorg which make the hat-T: , |

A DAL al |Tye= be@® Tye was P(e)= (Suze) (ceste) !
peed dsabeo. by= (inte) dose) = Fxsaey4 |—@ Tage = Taio ; .

a

Tey = + singe Tej00 .
Now let's write out the Regge assymptotic forgs for the hat amplitudes:

A yt?) old tap[ fue = Al-eree) Besos gM oy C8) {. Ndi Sor (xs) Jooanenmn |Ne)! GDS! Kar}!

Specifieally in our ease we get: a « |
vebaey Bde ANTS @o! (2) iFojeo = Blaren ba hywa ] '

deh a=1
A

_nm WadeyT Ghee Caayl C%) 'fue = % [are Seay ne er !Now rearrange some of the details: 1
1

siebelesel]= sin(ne * ym) = Cay" singta) fps uttepe apa=@ > sir@-)] = -siume- |
Als: Jean! = Seabee! = oe) . |
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2 FF@n = Meare cal= coSS =o (A)OH
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=> Look first at Ty, Using MS definition of FI find: ‘
Qe -4

A ee OB (, (8% |
Tigo= ee CN 1 f. ): (© + FQ) |
where,oa _ mo - I!

re @ay! eye]FQ) = at Sine . 1
Several comments here. First, that factor (-1)* came from the (~z). If I were!
more careful with -the meaning of -2, I might be able to -make that factor I
go away. Second, also from z we are picking up some threshold factors (pq).
However, we-already_kmow explicitly the singularity structure of this
amplitude, so we should absorb that apparant factor and exhibit the '
real factors, '

A sot st
: forsoo= (355 BY FY¢ got ) |SoN Net

A y se |+ Ss> Tea - tte FH) (SE), LL |—@ Jt 4

Vow do Tyr. As before, we rearrange things eo we can extract the function F(a]
A Cs Nau Toa 7 '~ Tye = Cy) FR): te: CG) . (*5) J . :
Ap before, we redefine the residue function to absorb the apparent threshold

singularity and to display the known singularities. At the same time, |we want to arrange to have the residue contain certain factors of a to

kill. those square roots of .a.. These square roots create uawanted cuts.» 1=4
Thus (and it certainly seems weak), i

- . . * - — - 1

“ s\' Vx sect H
he = 2. + (5a) * jaa” Fe -( 7) - . . 3

eee me wer “yy tee eeee a -ya-JbE) = te ge)! SR Tee .
ot al 'A

AS)> toe te ewe (KR). ¢ FO) G5) '= * ~ 4 - 7 ~ - 4

The power of SQRT(+) is wrong here, ‘but I have followed carefully the rules=@ given an KS p363. They do not allow n= ~—1. Lets compare to CS rules: ;

_ ons ‘es 4 . soWa Vo. .
- > (&) b=Mor, lol put = comnragaring = Y=+4,
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_ | vol.
Yes, MS have an error in their use of n. As shown on p 266 of Annals

7 of Physics (long and complete article by Cohen et al 1968 about these .
kinematic singularities), MS should really have n=O or n= ~1, not +1.

So here lets restate the io amplitudes with this correction: |
A Bat 7 sy 7 |Veoo = >SeeFX) (SE i> St-9m | (8)
Ly yG-a s\*ty =Dibe-- ~ Yee): - &)Taso =244- Jk R@®)- GY

Back on page 2 we showed the connection between the hat and no-hats, so:

a A |

Tet 00 (pst) = Tto Tao(hil) = Esinog Teo |
“ > ° Ss

e dow, Sinoe= Uta" = J = o> GE). ;
Lo When this factor of cos@ is inoluded, we see that both full helicity

amplitudes have the same regge power behavior. This is the general
situation, of course. All helicity amplitudes have the same regge poles

7 ~and the same power behavior. It is only the residues that are different.—
Also, of course, the kinematic singularities hidden within the residues

- -are different, as we just-found-explicitly here in the PI-N case. Also, —
the ALPHA dependence is different as we can see olearly from the general
Regge formla backon page 2._ : an ; hoesWhile we are here, why not write out the DCS that results from

theabove amplitudes. Notice that here we avoid having to do the explicit j

crossing to the s-channel amplitudes because of orthogonality! |
The DCS is: - 2 ( . 1

ae( ! = tex} @) no)¥_ . 2eG-domd!)= Gag¢ TerlROyy
Fy Crs oe wokys —___. -4,2) Moi, y

; #= ES) rol Fo 9 Fat + E(E-Yene-ynYsiite| 56)ld
Now get rid of that sine: '

- usS+x
| = .—sote, 42? = [Spel aw EB := i

\pel= 2 )t— der - —— ,
2 > 2 :id= EGE me BG = Pil yest bb al }
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a} So the high energy s-channel PI-N dos should be:
2a-2, s i 2.a \ anor

; ge = FSS (BS real” pies F ibatal— Net st tt tol f
~ “Here we have used only one pole for the amplitudes, so this is -most

appropriate to the CEX reaction where oltly the RHO oan occur, I suppose
the pomeron could be used along and then this would work for the elastic
case.

Two things to note: 1) at t=O the second term vanishes so there will
de a dip at t=0 in the DCS. There is no mystery about this. Everybody
knows that the helicity flip amplitude vanishes at t=0. 2) at t such that

a(t)=0 there should also be a dip because again the second term vanishes.
This is the famous dip in the CEX DCS and I suppose this should be a good
victory for a regge fit with only one pole, However, the arguments which
lead to that power of ALPHA in there are a little weak. But even if that

- isnot the "right" power of ALPHA, it seems possible that some power of
alpha will enter whe second term via the rotation functions, and the dip
at te-,6 still supports the whole idea.

}$ For more details see : 7
1) Hohler et al, Phys Letters 20,79 (1966)
2) Arbab aid Chit, “Phys Rev 147, 1045 (1966) - - -——
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"Choosing sense and nonsense: PI-N scattering.”

ne Here we are discussing the possible presance of zeroes in the
residue functions at places whore the trajectory hits some integer. 1
In the case of piontnucleon scattering, we must deal with the Regge !
expansion in the t-channel to get out the high energy PI-N behavior.
The t-channel process ist

+ @, ehTr > NN Ted = Tees, As e-d pero.
For the T,, and T__ amplitudes, J-0 is a sense-sense point, so there
are no mysterious factors yet (but wait till below). For the amplitude
Ty- we have \ = 1. For this amplitude, Je0 is sense-nonsense. Thus, for
sure thie amplitude has a square root, zero:

pe- » Wa=oy
For this same amplitude, J--1 is nondense~nonsense, since =| and p20.

7 However, T,=-T,_ and for TL, it turns out that Je-l is a
sense-nonsenge because "d=-\ and so . Thus, we must include a square
root zero at J = =1 also:

pr- ~ Nea Ja-ay = Jaen)
‘The business of "sense-nonsense” choosing does not come into play

, in our application here because the initial and final channels are different.

—@ Consider JaQ, Then we can draw three pictures:
v yy . to has

nh Altr> BY) = sae ~ Vy* aS

¥ vB - ved
2 = :

ney rl plo) = (Ly, )1Ha

Se arypeoS Be pee b(rrstm).= Ssa ss

Here we have a ss,en, and mn residue. Factorization here does not lead
us to the conclusion that ss or nn has a zero because these three !
residues do not apply to the same process. In the example given in MS H

P 448 with NN scattering, there all residues do apply to the same |
vertices. Then, factorization forces: either os or mn to pick up a
factor J, If nn picks up the zero, then you have “chosen sense". You
have decoupled from the’ nonsense at j=0.

Note: another source of confusion. HS seem to define their residue B to |
‘exclude the various rotation function square roots, whereas here I am }

thinking of these squarerocts as being includey in ( « :=@ Thus, MS in effect mxetmin expose these '

factors twice. ee !

. TEACH |
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| Beltioersion pelgtion, |e | 1, This is one of those things whére there im so much technical detail
that every time you makea mistake you have to start over. There areseveral subtle details which must be kept in mind:

i

2. Here are some of the details: '

i a) the symbol “s" always stands for the energy in either the

PI+-P or the Pl—p process. When you write the dispersion| integral for one process, the other gets mixed in due to the

everpresent left hand cut.b) both of these scattering amplitudes have one pole. In the full”
analytic function that describes both processes it is of course

H the same pole, but when’ you look at the separate scattering

| amplitudes this pole appears at different places in the v-plane.
i The comments made to this regard in PI-N Kinematics are correct.
| *_ e) The disprels that I have derived are twice-subtracted. One

subtraction point is 4u, the other is -u. There should really| be two subtraction constants in each equation but the crossing
H property relates these two constants so there is only one constent

| in each equation. 14) However, these subtraction constants do not occur in the same

way in both equations. his just comes out in the algebra.! e) the Born terms also ard not the same; in particular, they do

| not cancle in the (~) equation as you might think.f) in folding over the left hand cut integral onto the right,

\ there is a tricky extré minus sign that arises in going from@ \ T(v+ie) to T(-v-ie) then to -T(-v+ie). This causes the bare
.

,
v to be extracted from-the (-) integral, nof the (+).

| 3, It seems that you carinot really do a disperéion relation without
subtractions and then just "add" the subtractions. You have to
ifelude them from the start té get it all right.

4. Eventually I should compare mf result with the result in Jacksons notes
for 227 which I can trust is correct. There certainly are other options
for chodsing the subtraction points. Also, usually one does not need
any subtzactions at all for the (-) disprel. Whereas, usually you need
“not one but two subtractions for the G one. The reason for this lies

in the crossing property. This crossing property causes the (-)[ disprel to converge faster by an extra power. Moreover, usually you

say that the cross section difference goes to zero, so that gains you| | ‘another power of convergence!,This means two powers worth of difference.

| i 5. In the form I have used, theldiprel is independent of' the scale ofthe amplitude used, except for the Born constant. However, once you
‘ use the optical theorem to get cross sections in there, you have to

1 make a choice of scale. i!
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