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Reduction for PI-N scattering. Polarization, v

Tha full equations are:

¥ ) ' = .
de = 'ﬂ g .PTI;{\'I'I., _q-“g**ﬁi.:f 3 C o oo 3[:}: = %’.(‘\ + Iu?; '(“‘),)

1

i 4 )
dﬁ% f‘ﬁ = i\ <JEHE—LHI|¢-“3> ‘Fﬂ; ™, -P'ﬂ'g"ﬂ'l{ g;f“-l

mm, L

Obviously the only surviving polariszation tensor ie the L = 1, mince the final |
beam 3 is spin—%. The Py for this final beam is given by,

- - ¥
fol-iv)= ‘%;.:‘ STMDCwr) Qi 3 L‘*’sm Qnﬁ;m.‘ ~ fapm 'ng.'m.':ﬁ

He can see that only my = +# contributes in-this sum, for which the SQRT is unity
e ok ()

dﬂ,[ ¢ ] = é‘ g'm;-{ E.'g:-b‘n-. ‘cﬂ,"m. _]'F— y -1- "M.]

Of course as long as the initial beam has some obascure polarigzation, Py and Py
are also presnet, These explicit formulas are still a bit messy.

L
%?I:,LP*] = i My %""'"‘: My ‘?%m“ir

lfmq. 3
For an unpolarigzed input beam, thess equations reduce to:|

d.-‘ "'*P‘!] = 2 ['Pﬁ»'m"f\' ! l z ‘V‘_fm "|'1"“l] = [ ]{_ &,m['; ;‘u.;}%

d?l. [-k?v ]’i [‘Q—w J;L,-i- - "; 'E__]

in. m]— =y wz\%m.

a%fal H’m;,_;n-. = '1‘{ 'LH:\ ‘*H:*'*\ * ‘('c-:t\ ~x H:-..\f

F‘inalhr, since parity is conserved in such a strong interaction, we get:

= P 16T

%__i
d%ﬁ._ = - J‘m['cv'r F—ﬁ- + Lo ‘?""J 3\"\1";**(‘\*- "%H-'er
= Q”BTM['F**‘ -F*__J - These are correct. See (5.84) ¥S,

n S *
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Gasiorowics PI-N normaliszatiens.

Looking at p 364 and p 370 and p 34 of Cas, We can figure out that:
L - _—
1= Ters &[‘ﬁ*ﬁﬁam = 1
f= ~trm T |
JE

However, after converting to the BD metric, we find that CGLN defined
their A and B according to:

M= w[-A-8@lu .
F=n My 5

gmds
Putting thess facts togtthor,!(f i the same in both cases) we find:

W= 2wy

meﬁ== "q%l/§_
B =-58
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Status of the Various Pion-Nucleon Amplitudes so Far. (Excluding partial waves.)

Here, an arrow means we have an_efplicit equation for x in terms of y:
K—Y

Thus, here is where we stand:

/.52
e ﬁ ( v
(A AY, (1.5, ('{: q) (‘Cﬂ,'p-k ) (T++ T+

R
? F

I think that now I can get the polariszation ofr the DC3 in terms of any
amplitudes with complete accuracy. 4lgo, can relate any amplitudes to
any other amplitudes. Now am prepared to play.

e
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E:ampll. 17 wu lﬁuking for an AE,G rupur{a titled LAMS-2740 b;r “A.K.Kerman. There
y — ﬂ:-—no—;nurﬁai-referunca fﬂMhi—B;*—I—ﬂ ould-have then loocked up Xerman-—-in- the
appropriate S-year index., That would have given me.the publication reference
if there ever was one. Now it turned qut in this case t since the thing
was so-long- 'I:—h&%—%m neven-published, Then-what- du-yau—daﬂ—— - - —— ——

s

“Then you o chaEE onie Of the filea irjthe looked Toom to 566 if UCB has a ’
SO R ~¢np3=-aitha H.p—h!rt,“in the dppository in Doe, or on microcards. There are - ————
two kinds of microcards. The positive# do not make copies, but from the

o h microfiche youi can make Gopies directly from “t"hcm in the library.
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Crossing: 8,U with neutral pion only.

This is the case that is considered in all the books. For example, see
. Gasiorowics page 363f. Using the reduction formalism of LSZ (as discussed .
in B+D volume 2, aa,y) we know that we can write the S—matrix amplitude
for the s—channel process TN e— vt &)

in the following way:  Lpq’)pqy= M(PT'P1) = Ta(P.%:P)9)

= (& Nevay SR cor (g ¥, Sakk

Here we only need extract the piom fhelds from the asmptotio states, since

the nucleon fields will not be needed'in the comparison that ie to follow.

By a simlilar application of the reduction formulae, we can write the S-matrix
amplitude for the un-channel process AN — TN @ "

in the following way: <p’{3{\|‘:>{1> = ’m“(P'Gr‘.—" PG) = -T‘;' (P: G: F: Q? i

< +LGI i
@ v
- (&) Jovey = kﬂ GIT () ¢ bo)@ & S
BJ: simply comparing these two upraﬂsionn, wWe can quiokly conclude that: -
o o AL w4 Iy é/('{w
Tu(2,@=-9, p\ Q==q9) = Tu(pC0, () = (19 £ 9) N
. This says that the amplitude for the physical u~-channel process ( where -gq
and =gq' are positive!) is given by the s-channel- amplitude continued to
& particular unphysical point. This point is unphysiocal for the s-channal i
because the q and q' appearing inside T; are both negative. .
Now, in the epecial case of neutral pion scattering, the s-channel is

the same channel as the u~-channel, because a channel is defined by the
type of particles involved. Thus, in this case (only) we can say:

—— — —— |

" B fh_-_hh‘-'\s
T“(Pi Ti F! ""-I) T(P. c"uf":. 01.) = T (Pﬂ\ ﬁ)
'suuw

If the T, function is written out in the standard parity-invariant way,

C TR = R AGW+ @A) BlsW] ()

Then we see that the identity of the s-and u-channels implies that:
T(ea fimd) = T [ACGY - & (K d) Blws)]urr)

(Again, this is only true for A and B describing the neutral pion -nucleon
amplitude.) L)

1 P 'H(:"n“):‘ A(ws) .
Blsw = ~ B(“ag)



Croseing. S5,T case,

For the s-channel process: N« T"*r @

Ms(pi'= p) = <o loD) = T T, Co.q, Pq)
o (A= %y iy T

- @)y < TR SAONREER (RO

For the t~-channel process: T & NN ®

»e write the S-matrix amplitude as: "mf(G)q"‘i— PP)——- <&l1"| ff) = -q(EIB)-TE(PIE;Qﬂ

we write the S<matrix amplitude aa:

D\ [+l et Qe
- (REWY = 3@y ) KIvearu)pk e=
Now a comparison of the objects T above shows that:
Me (€5 — )= NEols) Te(p~F1 9.7
Tﬁ(?r ?'5‘11‘?') =Ts(%q, ijﬁ.‘)

* f‘ﬂu\"‘”‘”"“a‘:’"’vw oA 1 st Sasan

This last line is the crossing statement. “ﬂt}él that it applies to the
amplitunde with one of the spinors pulled off. There is no need to make

any assumptions like, — —
w(-9) = Vép)

which really is not 4true. .
If we express the s—channel amplitude in the usual way,

(g, ) = LAGE) + (7)) B wips)

Then we can write the t-channel amplitude like so: P

T (17 1) ==V CH) [ﬁ(s;r:\-»icw B £ ucps) s
; L __ .L__. 5° 3

Again, we should keep in mind that (here ¢ and p' are negative quantities. They
lie in the past light cone. Here, t is positive and s negative. The idea of
continuation is clear.
Now, unlike the S-U srossing case, the S and T channels are never the
. same (as defined here), so there is no equation analogous to A(syu) w=A(u,s).



PI-N t-channel helicity amplitudes in terms of A and B via direct crossing.

Keeping in mind that p' and q are negative four vectors, we know
from studying crossing that the invariant (Jackson) amplitude for the o‘I ﬁ,?’
physical t-channel process tmwe NN i8 given by: :""!

L
Me(-q9'e=p-p) = —-VCps) [~A-BBlulpd ¢ -

" Tl (=p) gt W
I v o ( N -E Jr)(_ﬂ *ﬂ&) (E:'—P— ) :}E‘E“TH
E+mo

“. =]
where as before we are using: . "':{"!’ P
P
QE—--}_(q‘ﬂrq') W= 2 = =V, < o
The A term may be tackled first. It gives: '

Ao = (TR (v ) - (25T )

Since we are in the cms, we of course know a few helpful things:

(EfE = omd  (P)==CB)

. HWith these aids, the A-term immediately reduces to: Aw — _‘?_P' (q v.'{s- )

Next, the Q, term. This term vanisjes for “two different reamons, one of
whioh is that the two terms which added above now cancel. Also, it turns out

that Q, itself is O because: ®°= s U{u'(-%")) _ i ["G’t—" ﬂ)@ =0.
Bythever:  @= 3[5-(-30= £13-(A)= 3
All that remains is the momentum B term. We find:
S = - (288 (] (22) 3 (2R +354)/
: = —-28 (\]'T"Z-E-:u--q - c»-p‘)(?"i)l“») /

E<4m
Some algebra is required to simplify thig, so0 here are some of the steps:

=\t [(-’lﬂ + 25 ‘ﬁrq)_;.g +(-28¢) 5.3 )0 P4 Z :ﬁﬁw

_ [(-’zﬂp*r 2Bwigleot ) T2 +(“‘29’EH‘5“ e») ]u" ’

Now we have assumed that D is along the £ axis ( the nucleon) and R = :f. Hotice
_. by the way that the parity-allowed terms in the t—channel \look like — - in some
sense - = the parity-violating terms in the s=channel. ./

i D) o |
G=\o~ “‘uﬁ‘=(l o
v adagd
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‘ Before going on to calculate the t~channel helicity amplitudes, it is
necessary- to understand clearly the spinor v of Dirac- theory. Firet, consider
a particle (fermédn) (not an antifermion) travelling in the +z direction with
z-component of spin equal to +4. In other words, this particle has helicity +%.
The question ie: which spinor describes such a particle. As everybody knows,
the answer is:

!
l
W(p,8)= w(p=pegS=+f MMJ[;'.M) = (D\ SE*I-‘W w= (o)
s I)
etm\.?
Somshow, everyone knows that (I,i}} represente an electron or fermion with spin
+4 along the z axis. This is the way &, is set up.

Now, consider an anti-fermion travelling in the +z direction with spin
in the plus 2z direction., This is a positive helicity anti-fermion. Everything
is the same as before, except this ie an antifermion. Question: which spinor
represents such a particle? The answer ig opposite what my intuition suggests.

- I% dm: -
Bfe (0
A V(ps).= v(p=pa, S= +’;_th) = | E4m (') N= (cl)
This rather subtle point is discussed ' (o)
in B+d page 68: The point is simplp (I)

this: this state v(p,s) represents
a negative—energy fermion with spin
down (along -z). But in hole theory, an anti-fermion is the gbsence of a
. negative energy fermion. It is a hole in the sea. The absence of something
with spin down is & hole with spin up, just as in solid state physics.
In our present application, we have our anti-nucleon travelling in the
__ > =2 direction, If this anti-nucleon has + helicity, them it has spin in the
-~z direction. Thua, for the +helicity antinucleon, one should use v = (1,0).
Naively, this is what one might expect il the first place, but we have seen
that i8 is really a case of a double-negative.
Now, recalling the factor relating the Jackson (QED) M amplitude to
the NS5 helicity amplitudes T, we have:

P

M= —(‘if')Tjg n=(-2Ap +2Bwiq| cose ) U % u(p)
Ky +(+ IBElq\] sme) AT (w) 0% v 01)

where, as discuessed above,

W= we=Q)  fB=00¢ W= (o)
Thus, in particular we find: ;
~ 4 Tope = + B M |%lsuker
—@ -7 Tooar = ~2Ap + 2Bnjgaose

= =4

B e

e e = e
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In order to compare these with the émplitudns quoted by M3 pages and
456 4 we have to do a little time-reversal. According to MS (5.51) p 232

we know that:
(e ) ~(Pa i) L
= () " Jop
! e
Lk =) ‘?Qa'jﬁﬁ - (“"L!.) -%}jﬂlj op
= ‘Loa;-t-\- = 'P-t--t-iﬂﬂ
=) 'lloc:" - = ""?+—.;c-o
Then our final results should be:
2 —)
-4 T++ioa = ‘-(ZP\P.., + 'le:.ﬁwl?,{ﬁﬂ&e'
T (] .
-_.'i‘.'[ T*_i og = - EE'CI\-I e - ’
There remains a slight ambiguity concerning the meaning of @. The way I

have calculated things above, I have been using & ae ‘the angle between the
incident nucleon p and the final pion of momentum -g:

ipord

—

4= -F(RQ) = ~0glg|wse - vy ig|sme

Suppose instead that we had used as our scattering angle the angle &' defined
as the angle o the other pion , ie, the one with momentum q'. Then we'd have:

3 i (A N
.T_,;, _m(p) ..),2% - Pa= ~(3)'[R) = - plglesse

0

' _p?"w&a' i

pi=
>3 = B¢ = oaqoase’ + 5Qq sine
/

Buiemdémsufwz sSe = —0o88 amd SWME = SME
In terms of this other angle, all the sin and cos terms in the heliocity
' amplitudes would have their signes changéd. So the question' that remains is this:
do MS use the angle from p to the orossed piom, or do they use the angle to
the pion that was in the final state in the s-channel as well. My inoclination
is that they use the former (called @=above). This is because :

1]

S=Cpra) = CP=CN= £ conmpue
o Cp-pN "= &

Thus, the formulae above stand as they are. The lower one disagrees by a eign
from M3'g, -
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SU Crosesing with Isospin.

Again, go slow and stay clean. Start with:

|
i

o' p1) ~ Vdedy (€ > cfm)q T4 ¢ R wE K ‘?{ ¥)
How rewrite shuffling stars and using fact that:

[éﬁ@)]* - ;'?Gﬂ)
Thue get, ' - A(Fﬂ‘

= \drdy ol @(3 AAMCHOTEEN Y (e

NHow, reverse positions of the two (...) objects, switch x end y, switch
i and j. Hesult is:

i
Sty (€72 4 < rigeaany (€75 85")

Since the fields are inside a TOP, their order does not matter. Comparison
0of this last expression with the fira‘h shows that:

) d‘*‘ 3 ‘
IF“(P:(‘"J ?11) = —l-s— P(Pl_c“ P-_ci)

Here I have been thinking in terms of. charged pions, 0Of course the thing
also goes through with cartesian piong. For cartesian pions, however,
(a*) = (a) so we would forget the stars in the last line above.

§O-L4T oot gt 40 -



Time Reversal with Isospin.

For some reason this keeps goofing me, up. Go in slow motion:

T Ciabed ~ Stay (ETRINGTIAMAD 0T, €7)

LT G~ Yonay €T RE) ety 30Z, €

The matrix elements yields itself with -p-and p' reversed,so get:

< Sty (E D) Lot (@5

Now simulataneously switch the (...) ﬁrajactnru and also switch x and b !
and also swithh i add j: . , I

~ig'x = NP - AN ~{qy
« Saay (€72 ) (g4 (875, ™
Above we used the fact the the fields are hermitian and also the fact that

the ordering of fields is unimportant inside a time ordered product. So,
comparing this last expreassion with the firet we find that:

[Tf(?‘ﬁl;?ﬁ)]* = T%(eqi 299

" Thie result ie wvalid for bHoth charged and carteisn pions.
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Crossing Relations for the A and B amplitudes with Isospin.

The following statements are gll made in terms of cartesian
pion isecspin labeles only, The general form of the PI-N amplitude
may be written as:

TR Ay = T | A + £ () B wp

All ieospin indices are shown explicitly. For the carteisian labels
we have shown that each amplitude can be written as:

1 * | o e
ﬂ[:= émgha A . £[3)39,.! F\C)
¥ -
B = 8™ 5. B89+ 597, 89
From crossing we found that,
i ':f 1 ¥
TM(P!":I‘; {11] = T ¢ (.Pl-q ) _?-,""f_)
and from time reversal we found that,,
, ¥ ¥
TR = [T )]
Combining these two relations, we can show that:
—_ 1 L] *
T (e pe) = [T jM( =1 f',-ﬂ]
This is equation (23.16) of Gas. Gas ‘called this relation "crossing" but
it seems to me to be a combination of crosging and time-reversal. In order

to apply thie relation to the form for T above, we first need a 1little
Dirac algebra:

et ue] = [ 8 wip) = &) (0wl
= W)y (6“6"}% WPy = dp) 60 ugy)
- [wepyt ucf'jl
Thus, the relation may be written as:
AW + 3 (deg) B s) = [A‘”(w,s)f- + 4+A] 1%‘“(u,s)f
D= A5G =[A%ws)" ok BF (W= —[8Mwuy]”

If we use (b*) notation on one side of these equations, they become also

true for charged pions. Eeeping with the cartesians, we see that:

&) (=) # This result is independent of the "type" of
A (S}”') =1‘[ﬁ {'_U.TS) pions used. It is really a statement about

\f, ) _6@4 (?.Iu.) —"-;-IE'@GMS)]& t—channel isospin amplitudes, eg,

ﬂ{j}t_ _.\ . h{I_:?J ] . Eﬂ:ﬁ} -

V c—— ]
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Comment on Croseing.

I have been using the reduction formulae of axiomatic field
‘theory to prove these crossing relations. Field theory happens to
be a model in which crossing is true. But really orossing is more
general,. It is the analyticity statement that the 3 channel amplitudes
are just 3 boundary values of one hugongous analytie functionl In this
general frame of reference, all these croseing relations are trivial
and in faect belong on the same level as kinematies.

For example, to show 5-U grossing relations, we would simply
observe that T(s,t,u) is supposed to given the scattering amplitudes
in all three channels. Heres the wvarious epin, helicity, isospin etc
ind#ces are suppressed. Now, if the s and the u channel are the same
channel, then it must be true that T(s,t,u) = T(u,t,s). It could be
no dther way. Then all the other details follow like B(s,u) = -B(u,s)
gimply from the definition of B. If we add isospin, the statement is
a little more complicated, but the results are all the same (see
Martin Spearman squation tﬁ.lnﬁ) for a complete statement of crossing

with isospin shown explicitly. See squation (7.34) for a eomplete
statement of orossing with helicity shown explioitly. )

About A and B.

When these functions appear without isospin indices, one says that he

is dealing with a particular process with a known,given set of particles
isospin labela), It must be understood that when one does a ¢roseing

of some sort that the isospin labels of the c¢crossed process are determined

by the labJies of the uncrossed procegs. For example, back on the neutral

ST page we had: TR 04) ~2 () Al v
Talp 9 #174) ~R() Aw,S)

The indices must be tacked on intelligently, not hapha,ardly:
P, ., [l A ., _{?ﬁ'
Te (i, 7). ~T(e) Alsy) T )~ ) Ays)
S8imilarly, in the s-t crossing situation we had:
() ~ T AGY -
Telo) ~ TG TAGR): - -

Again, we can add isospin ind4ces:

of

Wl ~w) ALy

o ~(_ Y e :
T~V AL G)
The meaning here of (b*) is a little complicated. The isospin of a crossed
nticleon is smusally.taken to be opposite the uncrossed, so (b*)=(-b). This
alloyﬁ CG manipulation, etc etc.
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Ieospin and the t—chammel. —> FComd F¢ ok

—_—

Carefully define the s- and t-channels as follows:
@Q+b_+c+a"f @ d+b—D cr =

hee

The croseing statemenit with isospin is thia:

s o
{Teme: Icl"l!let }l Lo Ih"ﬂ'll,—,> = {Teme (Iqmgc\“l'( \(IJWHJ)Q_'mIb’Hh>

where (I4™)c means. C,lI&W} , the charge conjugated state (antiparticle). = [Tdm
Unfortunately, these physical antiparticle iscspin states do not
transform according t.h the usual angular momentum (isospin) algebra. This
is 8imply due to the fact that C does not commute with I, In fact,
CI,""“I..C. CI2= +I;Q CI3=-I‘3C»
Observing that (I,G) = 0, HS suggest defining a new kind of antiparticle
igoepin state:
[y gt

Try = ZGIIw) = Mz C €\ Twy = M (=0) (Tnp

These barred iscspin states do couple in the usual way, and they are related -
to the physical antiparticle states as shown above or below: '

Ty = % (=™ [T ITye = nE (=0T TT-my

The idea is to do all manipulations with the barred states, then return to
the physical states at the end of a calculation.
' Ag an example of the meaning of these states, we can write the isospim

state of a proton as: '-F')*‘ \i"i) = \'#:"’i.)
The anti-proton state physical is: Cp= ¥, Q= \1-1e

Eut the state that we will use in all the algebra is: QP>- H',J"%, 72‘¢("'\)‘1 T '{'Z
Ton see that the I, components change sign in these
barred states, and some of the states themselves Q(n‘f \""J'>¢-_,='Et (+1) H'-Ji
pick up an overall minus sign.

It would be nice if we could avoid these extra overall minus signs.

Recalling that the charge parity of a charged state is arbitrary ( as opposed
to the charge parity of a neutral state), we can avoid the above minus
signs by including them in the definition of {pyand|®) In other words, choose:

U=+ ] - I5Y=+ 55
Cly= -y r=> |w=+]% £
%y,= =

Thus, we choose the phase so that the states come out with + signe., Now the
only confusion is the reversal of the I, sign.

A similar analysis can be done for the pion stetes. Here, we have some '
conditions imposed. First, we know that the neutral pion has C = +., Second,
since the pion is self conjugate, we would like to have the barred states
identical to the unbarred. Then:

dure Ty=-1, Clvy=-{F> = Fr=-am=-
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“ Lets go over this pion once more., We choose the various phases and charge
parities so that: - i

B =+l ’
=Ty (=11 = 0 -)

This ie all convention. However, since the antipluspion is a minuspion, we
can add to the bottom line above as hbhown.
With all these preliminaries out of the way, we now write the t—channel
scattering amplitude with isospin shown explicitly and with helicity indices
* suppressed along with the invariants s and t:

{Tome(Tamea) | TLH‘CEAM)EL*MQ = C"%mq(ﬂ)ﬂm <lﬁ;ﬁ'T(ﬂ(ﬂ - L1
® = C+q e d+b ®= cxd & axb

How drop the bars on the a and 4 isoepin %tatau, gince they are standard states.
We-will keep in mind that a-and d enter as antiparticles. Now we can expand i
in terms of isospin amplitudes T(I) using usual CC coeffieients:

. 4 : «
= c-l?"- (=)™, %’, L Teme To=a) TMYCTh-mu T\ TM) - T (1) :
Lat's apply this immediately to the PI-N t—channel. HWe have: i

TF{_-{E N v Ne o+ W

©= oc+a «— d+b " @=  exd e« aab :

Kow let a,b,¥ ,(2 be defined as the isospin labels in the s~channel (mot in
“the $—channol). That is,

Moo= <% Mp= 0 M=R Mi=b '
In terms of these labels, we would write as the s-channel amplitude:

<hF1T{ﬂ1un{>

Using these same labels, the t—channel amplitude is:

® I+ b
@mml W = ) ) 2 i< THYCE el T T

= e« [<ps 4\°u><*—he:mhﬂo?‘f (529 + <1 1lipdy sl T )

We do not include I=2 because the 4% CG vaniahia. From either the s-channel
or the §=channel one can see that:

© =M = ey B Maxi = Ve +1d
o _prd = ~b+o o dra= p+b —
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n Now lets return to the general t-channel formalism where we had,

o d &3]
&Feme; Tamd\ T Tawa; Tomsy = YT ey ;éTt:).<nmI.-ua|xn><::a-uz T | IH)

If we use the properties of the GC coefficients given in M5 appendix or anywhere
slse, we can show that:

L= I
{Tewme Tammal IR = (1) _SZ—‘;: {Teme T-M\ Tamd
IT.-T4-I
(Ti-waTymel TR = ()™ L () <Tai T Tomep

" Recalling the definition of the multipole. tensors used in polarization, we can
rewrite these as:

T

(It"f@t‘.:ﬁ"‘fﬂtlllﬂ> = C""}Icm 2;:: <I¢“L\ TI;‘H‘It"‘ln>
(Tl Tmb THY = )™ = <) T | Tome =

il
, INserting these into the above expansion we find:

I

(AT ) = c—l}I"'I“m_h":) 1

" JET ) (2T
__,—QT( ?

o . ]
2 2T )T T )« 2 T Tl T fowe)

We can see, for example, that unless I = I,., there will be no I=0 "wave" in the
t-channel, which of course makes sense.

We can write the above expamsion in a direct product sense, where the
first operator operates in the c-a mainfold and the second operates in the d-b
manifold:

LT\ = gs_;_f_:) AT S Al T

(3) T-m T, ™. B T4 To M
T = g-&tl)(g']' ® 1 ,\\2’#/( )

The object withim the parenthesi#s is the direct product of two irreducible tensor
operators. We know how to combine such things using more CG coefTicibnts. We get:

(é_]}% TT) = 2 § TI:{< To|T-mTm) = g-Tzin;(fﬂlI-m Iﬂlj

Te+Tw +M
(e ST

=@

eI
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By using the CG symmetry properties, we can find a relation between I and I':

~ (- ‘\Lﬂﬁfn ( ‘:l"'"-c"r:m‘ }Ic-r:.,.-ﬁ.
I
ﬁ ZoTw T = £ Lol Twiwy = 2 c- U ) Tow T
(- ]1‘.;*1;»"""\ (= \1'—““*"1 thar 2%tUa

xla , - ey =t
= (-] K 4 S I’-?.Iﬁ=mbvd§%w-

N+ 2(TrTa)

= I= 072,4.. 2I 4 T =uwigu 7 sl ok
Yo 13,5, 2T T= hffuityp )

The point of all this detail is that the direct product of operators shown
in the parenthesis omn the preceeding page is not necessarily an isotopic
scalar operator as I once thought., If I is an integer, then it is an isoscalar
operator plus the M=0 piece of an I=2 upcratur, plus so on.

In the case that I=1 we have in ‘particular:

(—-\ t’:*"
@ (é’-l-lfh@.T e E {oull-u\‘m)}T + fz(wh-mm)g‘r

.("‘1 -;.{@_w\f:)*(‘§ 50 (1@\3 Mﬁ.ﬂ-«d :.@-Q.c.)

In the applicatiomn to the PI-N t-channel, this secomd term above will give nothing
bacause the NN system camnot yield I=2. In this special case only, the sum
shown turns out to be an isoscalar.

Application: Now consider again the t-channel of PI-N scattering. The setups
are describad back on page 2. We find:

_-—'—"'_'_'-.-.--.-._

{ [Sb\T{:}l=fA> = 01)M. :EZ' T (I) - o I(z.‘rﬂ)
. . " ﬁ <i@-[T ld)(hl%‘“ha} )"

——

The second matrix element ( remsmber, thess things are just CG cosfficients) shows
that I is restricted to O and 1. First, we can calculate the I=0 term:

Teodun= 0T g T RO = & T 84 S

. The I=1 term is a bit more complicated:

&

L]

() (3). £<xrsl‘r NI T ™ 4>
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- We have here the dot product of two spherical vectors. This can be converted into
a useful cartesian vector dot product by tecalling the relatiom to the angular

momentum opearators:

{ [T .
To = ooy 12 T = F R ey [T * T,

Here, I refers to the isospir of the manifold in which you are representing the
operator T. For the pinns, I=1 and for the nuclsons I=#. Then:

Z AT AT™S Y B g * { HTIOAT

— (-_
VBt T T +M>@I*‘Iﬂ’“7i
= Rl

= {+ Pl T2 O Te\a) + PBITAR Yo Tua) + piTyla)<o mlnﬁ [z

B R A ARE R
ow at last we can conmect to the Pauli matrices. The full I=1 term is now:

(1-{ '{- KORICORE- & 24(?&:;\&}(%\ K E;HIM .(u‘iiﬂ
T +

blT ay = L+ BbiTley = L Ti.;
HTI = Fa A

iar)= D T0) | Zr 3 B /E AED

PUtting these two terms together we gat:

A 31 T7%ay = K 1 (a)é . 4@1”’0); ? 3&(@)/;?%4‘

All indices here are ph:,rsi-:al, isospin 1nd;i.¢es Ie, this is the answer for
a physical scattering process. The matrix t'is the one Gasiorowics calls t'.

The sigenvectors of t._?, are the physical pions like (1 0 0). Notice that the
first term (the I=0 term)$ does mot comtaim all the "diagomal® -amplitude. (By

r:l:.agonal is meant o= (5 and a = p )

<{-’~'b'|T ]"i‘ "!ECD)S F.Sh..., - J"T (1) éF’* Sbu:(

|f
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However, if we wanted, we could perform a unitary transformatiom om these
isospin states of the piom o to get "cartesian™ isospin states. These
unphysical piom states are labelled with indices 1,2,3. Such a tramsformatiom
takes the matrices t' imto new matrices t. These new t matrices .are characterized
by the fact that they have no diagonal elements anywhere (not evem in t3}.

So, for the 123 type pioms which I imdicate by 1 j inrdices we have:

TNy = £ T 8530 ~ T 4 * Sew 7

[k} — — .
whaaag 'éj: =4 gj_-:k Se: {]l *3ba = L gﬁk {Skjbn
‘ =-% [31.]3£]hm /
Thus, using 123 type pion states, our fimgl amswer is: j"j-f'*l

[é&b\T[ﬂ] Ld‘) = 33, -Tﬂkb) B'iaht + ‘:,I{' T&}(i) LSJ)‘IL]LW] "M’;‘] * “3

And so the lomg sought after questiom is amswered: Yes, the amplitudes F(+)
and F(-) used by Gas. are proportiomal to the t-channel isospim amplitudes.

In fact, directly comparing this with Gas (23.20):

[41F1S = 8PP gl P
we may conclude that:

(%) o e

FO ﬁjl-na -I—{ ) V3 FC.J

T"-'} = 2 F(-}

G_ L T
On the following sheets we showed that:

F&r‘:__._ 3" [ZT% +T'}=.] TE\!... _ Fm 3 FH
L L
Based on the above findings, we would prédict that:
TLETHLET s BTt
TO LB g ™ L oy 7O

These agree perfectly with (5.116) and (5.117) of S (the isospin crossing
matrices.) -

KT

X

—— e e wd
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Let's now reexamine the charged pion resulta., On page 5 we found that:

(s) — c+)§ &)
['(E?»b't"l' \da)y = lbe, — T 'Ep« Sbﬂ.]
where F* and F~ were Jjust defined on the last pags, and where t' is the usual
angular momentum 3~dimensional representation (see p 247 Gas. or p 203 Schiff).
In other words, these t' matrices satisfy the required commutation relations
and tg has esigenvectors corresponding to the charged,physical pions,

Howaver, we know another expansion for the above amplitude: in direct s—channel
isospin amplitudes. The result is:

Lo ey = oM oS m LA T+ (R topdam| ey T 1

To derive the relations quoted on page 6, we look at two terms in both
expansions. Namely,

Q51T > = FY- 8 1 = T
<0“¢'.'1Tm10‘i‘): Y v 0 = :13.-—["!5 +_E-_T3fz«

?huﬂ we have derived :

F9 TR ud | FO= [T



Gharﬁod vs, nautral Pi-:ms.

Suppose one -has & matrix element of an operator taken between charged
pion states Pand o . Then, 1‘5 the set of states 3ij forms an orthonormal
set, we can reexpress that matrix element.

LpATIR) = % LRl LTI

For the pion system, the set of 9 (complex) numbers (-‘.H) forme a unitary
transformation conneeting two representations. So far, we have not specified
what representation iy is., Let's define the representation |i) such that
the unitary transformation {ﬂ,«} performs the following service:

-'&;,;, = 2 @y 2y &lay ‘

Here, t is the :.uospin operator, We know that t[ad is the standard isospin
representation, and we want 4 3 to bhej

(R .
-ki,i = —A é.‘.ﬂb
This then determines the transformation., We find that:
e M ofc= AE)
ey = g ol = &
. o o | |i=3

=T A a=
In terms of this "unit veotor notation™ we can may:

ip ~ 1 A (TP o
|V - @ [ n}
= | ¢fdL = '*‘fbr‘ =

(3 /Er‘ ? o ’ 1§

\
Hote that these things are wvectors in the cartesian space, not in the charged
pion space. In other words, the unit vectors are:

~ (L ~ (?) ~ O
m-(3) ®-(1) &=
Since the matrices t+ do represent isospin in this 1234 representation, we
expeot and find that:— a) (9 h{f) o
'é T = f-i._'} 35 = tgg "'i'h‘*?

Aleo, we can show that:
- A

.a HONNS,
L A

R



Connection between f, fp and £, £, .

The trick here is knowing how to manipulate helicity states and spin states
in the same breath. When one rotates 'a helicity state, the helicity stays
the same, but when one rotates a spin state, the rotation matrices must

be called in. The page following shows exactly how gpin states go under

a rotation, along with some irrelevant gimmickry. In what floows (Tollows)
I will use a greek u for helicity indices, and m for spin labels. Of course
at zero angle, both types of states coincide (a faoct we make use of!)

So, start off with helicity states all round and make use of the helicity
projection operatoes:

= logm) £+ 2 u LMooy

We cannot just close down the states because 1u' im quantized in some wierd
direction. We can close after inserting a unity an the left, however:

T = 2, cogp\opiwpdog tm| 51+ Yuu' St ooy
= é(e;ép'leqé‘zﬂ) oo | 5o ¢« Yuu' .‘(};(egé);[

That dude on the left may be calculated by extracting a rotation operator
from the left side and applying it to the right side, whefe it rotates
thoee spin states:

Cogp\odtmy = (oop |R1odimy = 2 ﬁﬂcﬁ%‘} {oou' oot w >
- U
Frer

Thus, the heliecity amplitudes are,
- * appl
Juw= D[Sl §1=0pell= ¢ "dpe [ 1

'F++ = Cﬂ&.% I'g.'\'{":.«] = -E\-_- . .
G- = sug [§-4] &Y = -0, %‘Mﬁ

m— mm=



Hotation of spin etates.

Exerecise: +to illustrate the manipulation of non-helicity plane-wave states
with spin,

i
i
S|

What s the effect of a rotation operator on the state shown: ]
=
&P \R,SH97 \RiSp> = \kegsSd)
Naively we would say it was simply:

BIRSYY = | 6K, > = Z O |RE, S

But this can be achieved by the following set up manipulations: '
(all repeated indices are to be summed !

IKyS02 = RO®ISW) = | 2m)<nl K ©IS9) = LUulR) \Jwmsd)
= IR | TMYSIM) s DY

RIRS = <um1R> Dl [TADCTmidams o)
= Zom|RY |TMY < T | Qe |

S _ = <ﬁi$} lem*) (wm‘lmﬂ>

- BT Y = 1D B
= B o I1®) = B

Here, a twiddle on any state means thaﬁ state rotated by operator R. 1
In fact, using this twiddle notation, we 'can do the whole thing without '
ever using the rotation matrices explicitly: -

RS0 = LU lompLsm| amsy)
QIR = ZumieY | S oml Lwms) |
= iR | WO R ) frae tastion)

= BT\ | T
= LGP\ - B

We are using these shorthand facts thrbughout:

i . CRIBP = ARRE) = A BD
4= eodw| = \FOGM _

. -
(Fry<sml e = Riswpcomlay = RiE) = |SodmiRlp = lsm)dsm|a)



Relations between f; and :!'g and the furnctione f,z etec.

_ The f1 and f, functions are defined the same way by everyone, I think,
They are used with spin states, not helicity states. Namely:

Fr > %lﬁm’xa\ = = % &rimiy
iM= ST +§ 7. vki§ = A

The relation of these to the set of functions (£,g) of M3 p 251 is:
IM=0T+i93 432 §9  wew A= dem = glgg_
t=frfouse -

? = - Fsws

Our old friend Williams defines some funotions (g,h) according to:

M= 9-ihT AT = ah L 3w =Fus, = -gne]

[ 9= x4 eose

=+ fswme
Goldberger and Watson define a third set of functions (f,g) by:

M= ¥ +£33‘meﬁ'--~’{3 = —Q,g_ Lgﬁl"w = Gus.
i"g= ‘c'\'\"q'teﬂge
_%=“q‘z

SWE g“' = g™

&

- - o e—— —— v - -
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Pauli Reduction of the A'B amplitudes. Relating 4 and B to f; and f,.

“ From the original paper of CGLN, we had the use of the Fauli gamma matrices
and the Pauli metrie. Converting to the BD metric and gammas, I find that CGLE's
expresgion for the Jackson "invariant amplitude" to be: -

fﬂ,‘{,_‘p.%{m#m T & ban e dff
=Ty = m[—-ﬂ*/@i B lu =3 [a#qig

U{
ezl 4ERIlA-ae) |zn

The A term is simply:
Eawm - T T N
AR L =R D

where i and f are standard spin states, not helicity states. We can see clearly

the A contribution to f; and f5. The second term must be split into two parts.
The energy part gives:

_p) Exm %':'P}r ﬁ'l"i L-- v . Qﬁ‘tﬁ;ﬂﬂ"—"é&
@GO T L+ T \ >

E&f:E;# = Lo

while the momentum pert is
=@ R0 B2 o gm, I FER +EFNTIY
Algebra suggests: :
(@ FAE )+ (B PE Q) = (- FNE-Pe) + (F P 4)
: f— \$.1" - f&’fﬁ)(ﬁ‘-*i”c)id’ G =P
So Vs pard (2 .
2 (-8) <H pr + (FpNE D v

Now we can read off the expressions for f; and f, where,

_____ i M= <&M+, Fp Tp (O
Note: to intsrpre; M g: Jacl:aoL;'u M, .
_E'\"':]'_ we must use Wu = 2m, Since CGLN use Wn = 1,
My= (_’ZM [ A+ E_?:(UM)]

we gannot use their T for oud M, Thus,
all my 2m's .should not be theres.

To get the real f) and f, we have to convert from M-type to f-type amplitudes:

fi= +ETA wp(Wm] ) Rl facang
fo- g Mo = | g %
o L=+ (M [_pagluen] | ety fex




Relating A and B %0 £,, and T _, .

- So far, this is what we know: / 5, —d Qv 1.

o
’c‘\-"i' = Q.DE"zﬁ (‘El+‘Fﬁ. -

Fi- = sinto(f-%) #=0
' E+m
‘%im“ L= tmw IH* B(w%ﬂ : "?/”“:" '&JJ-_;_' T
- fo= S [A~B(ww)]

Lets make sure we know.exactly what all these amplitudes are. The f__ babies
are defined on p 247 of M5 so that their square gives the DC3S. The ?+ type
are defined with thq same normalinutien. The 4 and B are exactly thaut of COLN

where:
S= 5 — (2T (exd) . hm m

M= T |~A~ +Hx+AdB ]u: W= 2m,

M=~ vW T

I+ ie then a simple matter to show that:

fur = toste | Fafs) (2mA+ B(s-wip)
$ar = zeri ] ( AT+ —uD) + mbls-mieu ) /s

{

T—\-—g‘—" m%&[ﬁl( }
Te- = swie | ‘QLE‘* 1« ) MYAR

T daed v %LuLt ae wda WS # 091,
=y
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Pion Nucleon Catalog of Partial Wave Amplitudes.

In what follows we will be using the following symbols:

(*I?iJ To) (T, T3) (S3e,Sv-) (W, Bsn’ﬂv-, 5\3-*)
(?-\i ) ";'3-) (\‘E:ﬁ, ‘Q’H"‘)

A1l of these notations refer to partial wave amplitudes. The host of notations
referring to the full FI-K amplitudes is discussed elsewhers. For example,

o ] =) {
One possible source of confusion is the redation betwesn f and T amplitudes.

For the full amplitudes, the relation is: ©
For the partial wave amplitudes, J; - = T
the f amplitudes are definied ~‘i-‘-
differently (and arbitrarily) as:
= | 3
"Q-H- = % T&~+ _ ‘Fj’t 1% TE"" c{‘. = cr,f = (i
The phasn shifte and inelasticities are used to represent S. It can be
gshown that [S;_[_l so it is appropriate to use:

20 .
S¢=72r=6 o

The connection between these Sy4 amplitudes and the Tyy amplitudes is the M3
standard relatiom:
2.idys

ngl*”f--rn‘r = (=M —1
= - = 2'-?: SJ:S'!L

J
The amplitudes T_., are defined by:

R — (N“
Thus, if we can define what we mean by the amplitudns T3y » then the meaning
of all the other amplitudes follows.

The motivation for defining the amplitudes |+ is as follows. Consider
the partial wave 5 matrix elements:

Spu= L+ T = SNl SISy

Por a particular J, we are showing the matrix elements of S inside a mort

-of -helieity -manifold:; The 4ddes -is &imply- this: -since 5 is unitary within

this manifold, we know that if it were also diagonal, then we could represent
each diagonal eslement as a phase. This theorem is proved in seotion "group".
Thus, we want to avoid representatioms in which S is ngn-diagonal. But




- 2 =

unfortunately S is non-diagonal in the usual helicity representation. In fact
what we have is: 2 |

¥ 2 N v N e A v

Ty = =
JAM
™ T3 T TS

The last step was dome with the help of parity. Recall +that in general

Pl pp) =N, C—-*)S-S‘_Sm. ISt S

and in our special case of PI-N we have

RINMudY == (0% \sm -pd)

which means that

3wy lTl*:rmp |- (=) ’*] S \T ISy
ﬁﬂ T}")“-- “'T‘T-.;,ujl-

b m— o —

The task ie now to find some statesg in which il is diasgonal. Then the
diagonal elements of the corresponding SJ can be written ms phase shifts
(or, when the possibility of other channels is taken into account, as phase
shifts and inelasticities).

Toward this end, let us define iwo explicit mtates 2 and b as:

ISy = [lUmﬁ?-t-\B'm-a] ®  lay= Fl+)
[sw; &> = & [Sinrd) - V-4 by = H1e7 -1

Here the #'s refer of course to helicity (not "spin" wrt fixed amis, eto). It
is easily shown that- these states are parity -eigenstates:

Play = - Moy Pl = (<) (o

If one is +, then the other is -, but we cannot say which is which unless we
know the value of J. Earlier, this caused me some confusion, but now I forget

i
why .
What are the matrix elements of T in this parity eigenstate rtpmsmtntmn?‘
I
|

—— ——

Straightforward computation reveals:

3 3 I We see that the off-diagonal
<°*-\T \ﬂz = Tﬂ + T'!:-' = E. elemente vanish. HWe know this ,
. H; T T n;thuut any calculation becaus
- - = the operator T is parity
<b\ > Tﬂ * e - invaFiant. It ‘cannot conneet ]
- states of opposite parity. 1
<"~‘ “ ‘ h> = <"° \ﬂ“> Naturally, that is why we |

chose such states in the
first place. _. _



IS AT

Now that we have a diagonal T, we can go ahead and define the inelasticities
and phase shifts. This really completes the "catalog!" of partial wave
amplithudes, but there are a few more details to be worked out.

First, let's show explicitly why a diagonal S allows for a phase. Here
I will use only the elastic channel so there will be no inelasticity. Start
with:

=4 = <efuzloousy = edus|S'S|oou;
. Uq deqjﬂ*}sﬂ-[&_#,).{w><‘ﬂqf‘u ﬂ\slmﬁ‘>

Rather than laboriously nanrert this to ‘the JH representation by inserting
unity four times, lets just start over in the JM:

= = S0 ps\IMu; 2 = <W)&PS+SIWJH i7

= 20 o] SIS S | S| T

We have used the fact that S conserves J (but does not "conserve" helicity).
Although I show only one helicity index; we can imagine each as a full sei
for the two particles in the channel. Continuing:

NE 3
= 2o Sagu S = S

If these 8 matrices are diagonal we can add:

T¥ = \S‘S \‘1‘ \]{

Opapc = Spgs Spc Gppr & LT 1 5ue -
Thus, each diagonal element is just a phase.

Next, let's repeat the argument including channels other than the
elastic ohannul. In each state,then, we will add a channel index. We consider
scattering that begins and ends in the same channel (channel e), but we allow
for lois of intermediate channels.

$mps e[ SMpey = Z.' {Wﬂge\s}lwﬁe}{mﬂyﬂelSlTW{t)
“M Z (m,ui, el ST DM | S | Ty

Picking off th. diago 31 tarm (im= f)
|

1= % \Esﬂ"rf‘"rl N 23-‘ %

If S is diagonal in the elastic channel, we can say:

-

1-

. sad

—

b -

— — — e



- Thus, the slements of the diagonal elastic submatrix may be written as:

QSTW = F]Qu\eiqf‘(’"‘) wih O sASL

In our particular case we write (the 2 is arbitrary):

'E'.Sa'i _— (%E-I @"ZL E:-j;

Next, to explain tke origin of the notation Oy, . We know that parity
invariance tells us that:

“ . R N . .
- —'n( _'] Ffﬂﬂ"{ A (c
A t : —_
nd angular momenium says 3 = Sk
For a given J, the possibilities for the jnitial and final L are:
T =V =xL [x =T %R

They can be the same, or thay can differ by one. If they differed by one, parity
would be violated, thus they are the same: In pion-nucleon scattering then
we have a very simple situation:

0:i=3%=3 li=ly =L = =%
' i
. We showed that the state "a" had parity: P’lﬂ): (_‘-)'51' h[d~>
But we know that its parity can also be written: -——=-=.=__\_._>= _ C" 1)’“ tu?

= L:U"“’i &J‘L&{a{{m Sy _I‘_'S""
omd L=TF+% Hsdake b ~ Tie-

Thus, the subscript + or — is a reminder to tell us what value L takes for the
state in question.

 Next, we tackke the problem of writing the standard partial wave expansion
in terms of these parity esigenstate partial wave amplitudes. Thes partial
wave amplitude appearing on page 1 may be expanded as:

T = AT = Gapcal T oo caimy + G IS CuIT D b))
The elesments of the transformation mairix are:
G =w [P rPID) = K o=l
YWD =R =G = g ()T o de LU
~@ =AY = eyt :

Thus, we find: 1

¥

_ — . k=3 [ Te+ P Tes |

—— i w W w um
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. Hext, stuff this into the partial wave expansion forthwith:

By =% €VFPZ 03 [Tor g dgete) + T ()74 (9) ]

(#=0) hrs=%2(vv) 545 [Te = Tl

Changing to the fY amplitudew just for fun this becomes:
. k)
—?q-i = f(?,ﬁ"\"i [_S’U— t;ﬁ:_l d* (E) _
Now we lnuk up gome nasty properties (representations)of the d matricesxx, -namely:
dﬂ»(e‘] = {wl_ﬁ) mtalﬁﬁ*{(m) - Pg-,l;' (tn!e\}
= . / !
Se)= 1 swte tas6) + X

With these, we may show the mysterious formulae:

¢ 2 H‘ﬁ- “f%f]&nsi [Qw T (Frf)eoste
1:-\—- = g [G- - Sou | sing [Pm}, + Ps-i) €7 = G-fdsiin '8

Those primes are derivatives with respect to z of usual Legendre functions.
Note once agiain that the full helicity flip amplitude vanishes in the forward
direction, (it does) The other two amplitudes can be obtained from parity

in the usual way.
We could if we wanted rewrite the above as L sums, but that does not seem

too useful. Instead, lets convert to the f) and f, amplitdes:

k= % U‘I- P{*-,: ~ 5. Pn:al =
F%:.r':: g ['C';‘* P;.‘.'f-‘i, - 'FS-- Pf‘""jil

These are basically Singh's equations (2.5). Since we are usingparity invariance,
there is no need for 3 labels on each amplitude as used by Singh.

There &= another common form for these expansions. Using the MS notation
We can express the “f" and "g" full amplitudes as:

@ f-=frhwe - A h[B-=71-Z% % -28]
g;;&aule - +%U{qf-%ﬂ B-swe .

. — a— A ——

‘,;qﬁ
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Here we have used the rather obvious definitions:
'?:h. = _c?*f-i = ‘?ééht = %h
Some Legendre identities are helpful (ueﬂ Jackson p 59 eg): '
ﬂ, - P.{-i = (A+) By %
B - 20 = (MPA > Pa-2B = fu-20 -(U~)01 = -2%
sl = € e GR ploS 8.733.)
Thus, we may restate the expansions as:
$= Z [@r)f 2] by(eosg .
" é‘ [%[-' 1}1{\ &1('&189] = %ﬁw = éguus = é H1+‘ff-1&(msb)
Sometiges this thing ie written as a two-by-two matrix in spin space as: i

When expressed as a two-by-two matrix, the result is independent of the way
in which f and g vwere defined (and on these definitions the authors vary a lot).

So we write: ’ - -_Gii-l&&f
'S' = é[[ﬂﬂ)&h*jjﬁ_]& 1 + Lﬁt'ﬁ’é[ﬁ-"&ﬁr‘]&f‘ &3':.!15_= &'ﬁgl‘r
P AGS PSS TR [ ERN- I M-S PN L 1

This last line mgrees exactly with GW (p 363 #76). It ie the same as Gas. (23.28)
except Gas has thewrong sign on the last term. It looks like Williams (3.20)
and (3.21) exact. Martin Spearman (5.91) exact.

This last result is much more elegantly arrived at by the method of
projection operators. This idea is discussed in Gas. p 369 and in more detail
by GW page 361ff. It is a child of the LS formaliem. The projection operators
are in a mixed representation: the spin part ie in the sngmomrep, but the
apbital part is in the coordinate rep. I have appended a page of notes from
GW which shows how it all works. Below is the result. You can see in a way
how these ‘operators projeot out of the "state" an the right the piece with
J=l+% and J-L—&. !

=" | g (8+) [&-JC ot J%j(f]?l(me) |to>
Jl*—ﬂ‘&h 'Aft_zi-‘l—k-&g.i f £ 1

20+

— m— i m— - ———

f‘h-.y

- —— — — =
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Pion Nucleon DCS expressions.

We can gtart with an expression we know, which is:
(s) (s) =
% I_. { | Teal + 1T
We also know that,

ﬁ} 1. K
[f'ﬂ'lﬁf%\} Tes = (03%0 (.'Zﬂnﬂ‘*r B(s-m(- D/‘”T

Taw = Sitte (A LS+ +m B s-wmHut) Jyr 5
In PI-N kinematics, the angles are given by:

x 3 2
2=tz suwpe= 2(-2)= -2/t cos3o = £0e) = (1+H4g)
Substituting and grouping terms we first get:

& = ()3 167)0%) )osl£y AR L(%‘JJ +(ﬂ“'*“*“)j(‘*@ﬁ P

Here, > is the lab pion energy and we have used:.
2
w= 3=t wime= st Ll=s-n+pu W=J3
Zm, ™

Now by some near miracle, the coefficient of fﬂ/a reduces to (1 - tjdna}. This
. is true at any energy, not just in the H.E., limit. At this point, it seems
flore profitable to itry ito work backwards from Singh's result which is:

g =( | (-5 D W (2t ER (T Nl | [HM ! lJ

- AT Tl s - S asom Jost]

It is only after some phenomenal algebra that we show that the first and
third coefficients match, ie, that:

, 5(1 Q-ﬁ’j‘( )I (\=t4mY)
E(H’m)uu.- (—%q?.)(_i';_”"[s epd (= (w0t Yym)

Finally, after a whole page of algebra, we can show that the coefficients of
/2 also match, Thue, we have verified the formula of Singh, which I now -
revWrite using his A' amplitude:

- __dﬁ"._ (__.TB [(1-— q,.)\ﬁl * (3 (l tf,m)'lﬂ]:(

= e
A=A+ (T"2/ime Toe/ae) &

Conclusion: these are indeed the exact A and B of CGLN., There must be an easier

= R T TmTTTT T FT T OaAar ¢ - -




Pion Nucleon, The t-channel amplitudes in terms of A and B. Parity.

o

First, let us state all we know about the parity relations. Assume # = 0
go we can use NS (5.37). Then,

W= NN (<) 5432 = sty s sl

Vpgutin = L E et ma i & el g

—

] ] ' I

LA -0 —Ma. 1

Siﬂiﬂvwmng: %bu¢ajula - Eb*giﬂxj*n) ) géykcﬂ;ahib (}4)}&: }
(s} :

' NT“J‘”T‘ G‘:I 'CJ‘]I (J}
C =) 4+ = = osnd 4= = = V=% /
A1 -pa=0 - .
%:m W: %‘l?"i 00 = (-1)*' - :j (—-1)"*"#‘ 'C'%:,ua! ¢=J (O i
N . (t) 4y (€] (¢ 1
’ = L=+ 5t ad  Feo=-5y
It turns out that the parity relations are the mame in either channel. There are
several tricky minus signs here, one of which is due to the fact that the in-~
tringic parity of an anti-proton is minps.
The helicity crossing relations are (HE 7 342]:
(s) _ t) + : ,
® - unxT- e T, oS = —H(Saic=ut),
() “ 3
. . Rﬁl
Q sSwK = erg ( s
& (s X ~
T++ = swmX T-n} + tos X Tq,-) 7 J

T o e TP sy TY

I was planning to actually sxecute this helicity croesing operation, but now

it looke too painful. For exampgle, I have to unload those s-charnel scattering
angle sin and cos factors present in the s-channel helicity ampglitudes. At the
same time, I have to use messy expressions for X, the crossing angle. It seems
like a ton of algebra, I'll bet there im a more direot approach.

H

Well, except for an overall phase, I think it will work. Firast, lets write
down all we know:

of* = TS-Cr-p 118 = (] = S-25(mopt) + (WY = posiive w S amd £k |
I'=S= £ (k-4 = posihwe o S amd & b
- _ TR _ :
- Sr }C( q}-t) 2‘5&'—‘ 31" 'ZE?{."-‘- - Ee=tde = a%

= udgsw amomendium ynk gt = pion o wantihasn U & ch.



. He know ptill more:

= £[sw—( ﬂa._jf_)tl = Us qgsm%e_,, = Ht p}qé‘-" awfbt (pl"ts)
= £[-st-Ad1 Y d et = piiis sl chammale.. :

Those s-channel half angles expressions are ( from p 366): I

unibs = -/t /el Sikes = 3-st /ol )
Finally, the s-channel helicity amplitudes are, as functions of 4 and B:

2 (5]

4T Tat = coBiBs T_&mﬂ + (S-Tf“-/uzl Ry
o ~8) :
Y Tt = suicds | (st A < (st nd) B /S
Putting all these things together intoc the crossing equations, we get:
SITEIT T = AT4ntg 4 Ko=)
8§ 2mg (5= Mg wit” (st ) (s- i)
. Using the following identity which brings in cos ©¢,
(%ﬂ'ﬂ-—'\’!&y\f) = 'ZFE% CoSO¢ = J{_(S-LL)

one is able to show after mucho algebra that:

LI RE = ALIT 2TE pF + eSS T (-2mge cose)]
= GEMHrTY = 206 A - Zmgeeos & B

If we set that phase factor on the left egual to +1, then this result is exactly
that of ¥S (7.96). The fact that this did work out, up to a phase, tends to
support the feeling that MS have a sign error in their (7.91) equations for

the s—-channel amplitudes.

The second t-channel helicity amplitude is given by:

_Q{%n;;%} - fﬁcf-t— 8?4?? = JB

- . To summarize, here is what we found ( to be compared with (7.96): p
+E " The main point is that |

L? - * l'{".'I:L T.:Ej = —Zﬂ-ﬂ * 2 9¢ B o3 O¢ the relative phase came

-— o = - %m

= EOUT LY = - RguJ siwe,

ti-; " {# ) ont right. Then Tﬁphata:
- & ¥4y F_',rff__ﬁ'?ﬁgswgﬂ' 2 ST ait)
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_Dsrivatiun of Singh's DCS equation from t-channel amplitudea,

We have already done this using the s—channel amplitudes, and after much
pain we got the right answer. I% should be much cleaner here. A4s noted on
P 341 NS, the helicity crossing matrix is orthogonal so a DCS can be written
in either & or t channel amplitudes. Of course it is always the s—channel DCS.

30, we gstart a=s befors: . o
3w TR

- or— e - —

4TS = 2pA+2mg Bonser = 2% A e A=(A- wEBos)
YT Qe it Bainoe

At this point We can rewrite A' several ways ueing the identity we derived

earlier:

2pqe oo = 2(-w) = ﬂ =A+ wm(s-w B

(Hw* -]

Adding u in there doesn't really help mmch.
In terms of the pion lab momentum,

%L i t]

_ S—"— M _ t — (m"" "h")

w= g-w= C+Ymw - B

Regardless of how you write A', the DC3 is:

2+ |gel Boeel {

p—

RO

From this, Singh's equation followe at once. One must be careful tc use fptE/
for example because in the e—channel pte is negative, as is t. The result is:

i‘%= err,l?) \(“‘%’“L) l’ﬁ‘t *-In’” ff::;)lﬂij
dF _

- T (i [ o]

Using the trivially derived relation kLE = [m+w}2 -~ 8, we can finally cast
this thing into the exact M5 form on page 456:

Ki+SY/4 +
g s qu,-) {(“ - )\ M K El-m ( 1ft/q:‘3\6\ 1%y

Notice that these are #till the original CGLN A and B amplitudes. I have not
dealt with any other A and B functions in allthese sheets., Hemember that it
is these A and B functions that are free of all kinematic singularities and

constraints. Thqy are whers you should injesct Regge poles, I saspect.




PI-N: optical theorem and polarization in terme of A4 and B.

¥

|
. _We have already derived an expression for the DCS in terms of A' and B,
the Singh equation. A variation of this equation (the same variation that

appears in KS) appears in the Fit of Rarita, Riddel t al 1967.

The optical theorem refers to the optical theorem averaged on initial
spins., In general one wounld may:

- S .
_ ] (=1}

'1 Gt & = (ﬁlm:) MLT“L’ “"] Ta(s) = 3&“ o [(z-if,x?m,}g _E!,-{

Yy = JTQ = p
In the case of pion - nucleon we have merely,
+T__)] LoaTs @m]_TH(S f_,a):(
From the "notes"™ we know that: /P"'“ ,
Tt (5t =9) = T2 (2mA + (s- mﬁ)%] _ 2*m. [F}+ 58| = 2»-mﬁ(f=°f

which follows from the definition of A'. Thus, ’

. T _ =1 ! '
® o) = ’?%WP’" g A= i%(ﬁ) = (%) dm[A ('5,113:“)]]
Hext, the polarization. Start from helicity amplitudes:
2§, = 26mLSnti]

=2 ( 1) Sise etk M[(Zﬁ%[&#-ﬁ))(ﬂ*(ﬁw‘- ») NN
= swe_ fm I'Z-‘m ABY w4 i) « (- Co Y S wd ‘)Bﬁ"]
6H ITEEE v
- o ——
bYnts [J] MLH 2&“;:%& @MIH . ]

= -S| " ‘o* = o
i : (%)&KMBJ ﬁr'ﬁfﬁb

[ %;:T = _?'_Fiéanliﬂ.r Hn G\ B*)J

-_ — - = - fl
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Kinematically Clean Amplitudes for U W —» NN. And the Regge CEX DCS.

Thisis just an exercise in using the !chu-t on page 364 of K3, The starting
point for an annihilation process is:

F (ean) = (FE)" () fﬂvf)(&t QI >

"
Here, T is obtained from T by dividing by the sin and cos factors. We would
do this division even if those facotors are unphysical. I am thinking here
of computing a t-channel clean amplitude, but in the s-channel high energy
region. In other words, large zi.

The + and - superscripts are telling us that we are dealing with
gpecial "parity conserving" linear combinations of helicity amplitudes.
It is necessary to use such lincombs because they have fewer singularities
for us to worry about. This arises because of the "kinematic constiraints"
on lincombs back in chapter T of MS.

_ﬁlli Tulala (= B&gbj&TcJ—qhb

By the way, at lapt we see why M3 did their spin-regge theory with
guch wiérd amplitudes., Ton want "parity conserving™ amplitudes to be
chucked out by your regge machine; then you can suck out of these the
proper kinematic singularities. .n{f

Howaver, in the case here, a=b )m-ﬁ 8y = 8y =0 so we simply

A A A A 3 ” f
T: = z—rﬂ"hi_ﬂn T =2 T-I-"jW °

Now we have thres numbers to compute ( n, 3+ , B+ ) then we can
compute the divide~bys for the hat-T's,

have:

Compute n : b d
ot b+c :
&= A1) omd B2l =0
\ E==\ = mn =\
o)
-y o+u+ttd Q*J
& = () E) () = -(~)

Ter e=~c-x)"+"=~c-q‘ =+ = M=O -

Te- = -(—1}“"-”\—’}%-'.—-? F%mw

Com g:h: trus.nﬂﬂ

LS v B MMM =(), 7
i{:ﬂ "‘j /
c?= Se+Sd — wae (N, V\D" 1-1n.

T oy 1oty 2 gl sl =1 305K

— kv




-8*_‘ Se= O, 4 q= 4= mx(Njp)=1-1=0 00 {7=o amd '&-a/w Fo To-.
Q&thl.ﬁ-l.;t'«} : Toe ™ (jf."‘ Ym* ).. Ta- ~ 1-

Compute [*:

pe= FH-j p= - 1M thT—H-, 1};\:0 so p=0 o P+=0 v

F}_: ?‘b;"lf Fﬂl- T+-.. ‘l"lvk";: ﬂ-O.MJ_ ?‘;—'1. 285 PL*I!I: P"fi:o 2o F-' L-I} ‘/(

3o far then we meem to have found that:
1 o M
B = () (=) (V2- Y ) Tas
¥ % =] =1 A a
SIS S e S Gr e M AU o ,

Next, we expose the kinematic factors which make the hat-T: | I
A ]

Ty = by® Tye  whaw D) = (Suois) (eesie) .

p=c-d A=a-b=o0. b:y&= (Smute)wémta)w = [—‘i%time]w
—@ Trioo = Tasim

Temyom = -%-Sﬁﬂiaf-%:mﬂou

How let's write out the Regge uagmptotin forges for the hat amplitudes:

£ 1. + \ vy a %= p-
[ Faw = Zlremo e 4 o (2 J f

T ) @ !

Specifieally in our ecase we get:

44, a
, D+l £iho, 20! (%) |
ﬁrﬁ‘, oo = é i"‘q‘l'(?ﬁi‘i-ﬂ S el i (") (=) - ] .

d. pekdn A= '

Now rearrange some of the details: |

s3] = sin(tw ¥ 4T) = (=) sinfre) d o= uddrpu audland

=@ = sr-)] = - s . |
o T - S st = T |

o W= SR e caf = ent(S) = (‘?ﬁ) (s
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- Look first at T.H..P Using M3 definition of F, I find:
-**'___.,____‘_\_‘ F‘ ( i qf

fm= Tx 11 () () FE)

where,
- e (it e
F)= 77 JU sowmw

Several comments here. First, that factor (-1)* came from the (-z).
more careful with-the meaning of —z, I might be able %o -make that faotor
go away. Second, also from z we eare picking up some threshold factors (pq).
However, we_already know explicitly the singulariiy siructure of this
amplitude, so we should absorb that appmeant factor and exhibit the

real factors,

- . Tﬂjcn = F—“v (

3 &Y /)

R(%). = W)?“‘“ Jae: poge 2 suggead

@ v T - &

- —?‘-\—;qo = ﬂ" F(‘Q "E'_t—__. @f‘]s‘-l' ('&")h .5 Codt

As before, we redefine the residue function to absorb the apparent threshold
singularity and to display the known singularities. At the esame time,

we want to arrange to have the residue contain certain factors of a to
kill. those square.roots of .a. These square roots create unwanted cuts.”

Thus (and it certainly seems weak),

e -
T = ﬁ;—qf‘?j), 5 PO (A) |_ _

e - — - - QS

b () = s TR ()

S N e = O «Ffﬂ*(ﬁ‘@“

The power of SQRT(t) is wrong here, but I have followed carefully the rules
-. given an MS p363. They do not allow n = ~1. Lets eompare to CS5 rules:

- (iff“—z @Eji ﬁ='ﬂ;laac7j\ |_f {)_m = mmmgaw = {=+1,

——r— - —— m—ma - [PR— = = - = o g = —_— -

If I were

—
- g

—t e -

Now do T, e~ As before, we rearrange things so we can extract the funetiom !(nj

-
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Yes, ¥S have an error in their use of n. As shown on p 266 of Annals
of Physics (long and complete article by Cohen et al 1968 about thede
kinematic singularities), M5 should really have n«0 or n= -1, not +1.

So here lets restate the iwo amplitudes with this correction:

1

A N «
T++Jnn = - ‘—%t'bjlfﬁm -F(“f) '(% '

A _ —— (=
T-i--;m =2‘%+- )*’("{:"'L‘J&Lt)—‘ iﬁ(ﬁﬂ" (E T

Back on page 2 we showed the connection between the hat and no-hats, so:

A A
T—b-t-}ﬂﬂ (_grkw-\ = T—t-:t;m T—k.—qw(w} = J-i.,s'-‘”*-e't T““J""

. .- - =
uhasn, Sth=LEj__—=f' =)= L% L({Fi) )
¢
When this factor of cos® is included, we see that both full helicity
amplitudes have the same regge power behavior. This ie the general
gituation, of course. All heligity amplitudes have the same regge poles
- - “and the game power behavior, It im only -the residues-that are different.—
Also, of couree, the kinematic singularities hidden within the residues
- - are different, as we just. found explicitly here in the PI-N case. Also, __ |
the ALPHA dependence is different as we can see clearly from the general
Regge formula back on page 2. . L o o
While we are hers, why not write out the DC3 that resulis from
theabove amplitudes. Notice that here we avoid having to do the explicit
crossing to the s-channel amplitudes because of orthogonality!

The DCS ia:

(osat) = o T WHRGT

= TSl 2 § Vel (e fsilel (S8) 1,

Now get rid of that smine: '
ST |

—siUe, x +2¥ ‘5-5&_%\ T - YY) )

o = 3= § el - sy e ] o
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“"Heré we have used only one pole for the amplitudes, so thi= is -most

So the high energy s-channel PI-N dcs should be:

g =5 (3 el g Tl - et ol

appropriate to the CEX reaction where ofily the RHO oan occur, I suppose
the pomeron could be used along and then this would work for the elastiec
case,

Two things to note: 1) at t=0 the second term vanishes so there will
be a dip at t=0 in the DCS. There is no myetery about this. Everybody
knows that the helicity flip amplitude vanishes at t=0. 2) at t such that
a(t)=0 there should also be a dip because again the second term vanishes.
This is the famous dip in the CEX DCS and I suppose this should be a goed
victory for a regge fit with only one pole. However, the arguments whieh
lead to that power of ALPHA in there are a little weak. But even if that
is-not the "right'" power of ALPHA, it seeme possible that some power of
alpha will enter whe second term via the rotation functions, and the dip
gt t=—,6 still supports the whole idea.

For more de‘tail-a Hﬂ.j :
1) Hohler et al, Phys Letters 20,79 (1966)

2) Arbvab and Chiti, “Phys Rev 147, 1045 (1966) - - - —

- ————  ——
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"Choosing mense and nonsense: PI-N scgttering.”

Here we are discussing the poesible presmnce of zeroces in the
residue functions at places where the trajectory hits some integer.
In the case of pione~nucleon scattering, we musgt deal with the Regge
expansion in the t-channel to get out the high energy PI-N behavior.
The t-channel process im:

= (<) &!
™ — N..M. T }a:'a = Etl{;JO A=c~d _)LL:G

For the T4y and T_ _ amplitudes, J=0 is a sense-sense point, so there
are no myat-riuns “factors yet (but wait till below). For the amplitude
T4— we have A = 1. For this amplitude, J=0 is sense-nonsense. Thus,for
sure this amplitude has a sguares root zero:

Ba- ~ J(X-0O)

For this same amplitude, J=—1 is nondense-nonsense, since »=| and )ﬁ_n
- However, T_, = ~T,_ and for T_, it turns out that J=-1 is
sense-nonsense because A=-\ and u=zc . Thus, we must include a squaro
root gero at J = =1 also!

pem ~ NCh-0) J(t) = Tl

The business of "sense-nonsense" choosing does not come into play
in our application here because thie initial and final channels are different.
Consider J=0. Then we can draw three pictures:

RN, N RS 8 AR
Y _ vo -
3"5' 120 e Pi;waua);(%wﬁ

™ t
wﬁ% peo ol o= ()

Here we have a ss,sn, and nn residue. Factorization here does not lead
us to the conclusion that =5 or nn has a zero beocause these three
residues do not apply to the same process. In the example given in M3
P 448 with NN scattering, there all residues do apply to the mame
vertices, Then, faotorization forces either ss or nn to pick up &
factor J, If nn picks up the zero, then you have "chosen sense"., You
have decoupled from the’ nonsense at j=0.

Hote: another mource of confusion. NS seem to define their residue FB to
exclude the various rotation function square roots, whereas here I am
thinking of these squarercots as being include in‘b

Thus, MS in effect mxcimis expose these

factors twice. |

e : ——
LA A=
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gl-ﬂ dispgrsian ral;}igng, !

1.

e

3

b

This is one of those things whére there 1m so much technical detail
that every time you make a mistake you have to start over. There are
several subtle details which must be kept in mind:

i
|

Here are some of the details:

a) the symbol "s" always stands for the energy in either the
PI+-P or the PI-—p process. When you write the dispersion
integral for one process, the other gets mixed in due to the
everpresent left hand cut.

b) both of these scattering amplitudes have one pole. In the full

" analytic function that Hescribes both processes it is of course
the same pole, but when' you look at the separate scattering
amplitudes this pole appears at different places in the v-plane.
The comments made to th}a regard in PI-N Kinematics are correct.

¢) The disprels that I have derived are twice-subtracted. One
subtraction point is +u, the other is -u. There should really
be two subtraction constants in each equation but the crossing
property relates these 4wo constants sc there is only one constant
in each equation.

d) However, these subtraction constants do not occur in the same
way in both equations. This just comes out in the algebra.

e) the Born terms also are not the same; in particular, they do
not cancle in the (~) equation as you might think.

f) in folding over the left hand cut integral onto the right,
there is a tricky extrd minus sign that arises in going from
T(v+ie) to T(-v-ie) then to -T(-v+ie). This causes the bare
v to be extracted from-.the (-) integral, nof the (+).

It seems that ydu carnot really do a dispersion relation without
subtractions and then just "add" the subtractions. You have to
include them from the start to get it all right.

Eventually I should compare m} result with the result in Jacksons notes
for 227 which I can trust is ¢orrect. There certainly are other options
for chodsing the subtraction points. Also, usually one does not need

any subteactions at all for the (-) disprel. Whereas, usually you need

not one but two subtractions for the (+) one. The reason for this lies

in the crossing property. This crossing property causes the (-)
disprel to converge faster by an extra powér. Moreover, usually you

say that the cross section difference goes to zero, so that gains you
another power of convergence!:This means two powers worth of difference.

5, In the form I have used, theldiprel is independent of the scale of

the amplitude used, except for the Born constant. However, onece you
use the optical theorem to get cross sections in there, you have to

make a choice of scale. K
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