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q 1. Ontorn AND CuaracrenizaTion oF‘Tite Propuest

It is perhaps the most fundamental principle of Quantum Mechanics that the
system of states forms a ltvicar manifold,’ in which a unitary scalar product is
defined.’ The states are generally represented by wave functions* in such a way
that» and constant multiples ofp represent the same physical state. It is

J possible, therefore, to normalize the wave funetion, i.c., to multiply it by a
J constant factor such that its scalar.product with itself becomes 1. Then, only a
J constant factor of modulus J, thé so-called phase, will be left undetermined

in the wave function. The linear character of the wave function is called the

superposition principle. ‘The squaro of the modulus of the unitary scalar
product (¥, y) of two normalized wave functions y and ¢ is called the transition.
probability from the state y into ¢; or conversely. This is supposed to give theJ
probability that an experiment performed on « system in the state , to sce

H —_whethor or not the state is ¥, gives the result that it is ¥. If there are two or

more different experiments to decide this (e.g., essentially the same experiment,

4 * Parts of the present paper were presented at the Pittsburgh Symposium én GroupYJ
Theory and Quentum Mechaniee. Cf. Bull: Amer. Math, Soe, 41, p. 306, 1085.

j +The possibility of w future non linear charneter of the quantum mechanics must be
J 4. admitted,of course. An indication in this direction is given by tho theory of the positron,os J asdeveloped by P. A. M. Dirac (Proc. Camb. Phil. Se. $0,160, 1934,ef. also W. Heisenberg,A Bits. £. Phys, 90, 200, 1934; 98, 028, 1994;W. Heisenhorg and H. Euler, ibid. 98, 714, 1938‘J and R, Sorber, Phys. Rev. 48, 49, 1935} 40, 545, 1996) which does not use wave functiona‘nd in anon linear theory4

*CL.P.A.M. Dirne, The Principles of Quantum Mechanics, Oxford 1985, ChaptersT and:11; 5. v. Neumann, Mathematische Grundlagen der Quantenmechanik, Berlin 1032, pages
19-24

* Phe wave functions represent throughout this paper statesin the sonse of the “Fleisen-berg picture,”i.e. a single wave function represents the stato for all past and future. On” the other hand, the operator which refers to a measurement at a certain time ¢ containe

: this tas a parameter., (Cf. 0.g. Dirac,le. ref. 2, pages 116-123). One obtains the wave“E
function (0) of the Schridinger picture froin the wave function wy of the Heisenberg
picture by g.(0) = exp (—tHi/h)ey.. Tho operator of the Heisenberg picture is Q(0=exp(iH1W/8)Qoxp (~iHU/A), where Qis thp operator in the Schrodinger pieture which does notdependon time. Ct alsoE. Sehrédinger, Sitz.d. Kon. Preuss. Akad. p. 418, 1990‘Tho wave functions are complex qudatities and the undetermined factors in them are
complex also, Recently attempts have been made toward a theory with real wave fune~.
fons, Cf.E. Majorana, Nuovo Cim. £4,171, 4987and P. A.M. Dirac,in print.M9
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1. Origin and characterization of the problem. . .

@ 1. States the invariants of matrix elements end shows that D(L) form a group up
. to a phase ‘Yadtor which Brides dudto thé afbite'ary phase of wave functions"in

funméchanics. . . oe vt a aad ”
v0 ate . on a a ‘ oh .

2. The goal will be to find all the continuous tnitary "ray" fépregentaticns ‘of
the inhomo LG. (But Wigner does not use the word ray).

. at . het Bt Poa et . a + i ae

an . Se ra a

i

2: Ai Previous treatments, .

1. Specifically, Dirac and Majorana did some work’on the reps of Poincare group.
They assumed t dependence of operators and made unecessary math assumptions
ea ge ‘ wn Ub ‘ x ie

which Wigner’ will rot have té make.“they ‘did dse infinitesimals.°

2.B:_ Some immediate simplifications

1. In searching for reps, we can ignore reps which are equivalent by similarity.e@ Algo, he notes “that if a.unitary rep hes ‘an invariant subspace} then the orthog
compliment is also invariant. ‘Thus;'you could:decompose Sucli.e.rep. He will

not be. interested in the. repS:which- are jugtitheosums of gther.reps (direct sum

term is notJused. bysWigner).. =I. + - 7 hoe
. ote Py ce re a. ‘ yuu y

2.023 clases: of unitary repse v we , fo

1, First "class" of possible reps are the irreducible reps. He notes that the center

of the group albegra of such a rep is multiple of identity, etc.

2. Next class of reps are the "factorials". ‘Example is a simple multiple of an

irreducible rep. . Center is: still identity, but you"have.a multiplicity. I wonder

if this notion has,evolved into primanyffactor concept?.: | ~

3. There will be nol "continuots"'.veps ‘of Poincare, which meansvthat any unitary rep
can be brokeri down into factrial reps and.each of these in turn can be broken

down simply into irreducible reps. Continuous is a term of von Neumann whiche@ seems to perpaps be connected with direct integral concept ? (Von Neumann

invented the direct integral in 1938; published in 1949. )



2.Dt use of infinitesimal operatois.° = |” ~ oe

1, Mentions that in 1932 Stone,deyeloped thenotion.of the generator of a one
parameter subgroup and the exponeitation idea. There is gone mention of
pathological part of a rep, but ‘it is then claimed that the POincare reps

have no such pathological parts. =, ae

2. Wigner has found a “new rep of the Lorents group which describes a particle
with continuous spin. See section 7 later (precurszor of regge theory?)

3. Summary of Bnouing Sections. | sg
sialiidad ee eee en)

1. Section 4t discussion,of Poincare, group and theory of characteristic values(What the hell is this?)

2. Sectdon 5: to show that that ray phase is really only 41 or -1.. ,

3+ Sectdons-6,7,8 : will discuss the actual representations, “The. idea will be @
to use Frobenius’ orbit. method (not W's word). because:translations form
an invariant’ subgroup. .Actually, von Neumanh's unpublished. "monetum vector”
wethod is used so that the reps get classified.into_4 types’ ( ‘timelikey

Lightlike, null, spacelike), In section 7 Wigner will only treat the SU(2)

and BH E(2) cases. He hopes to return to the spacelike case-in a future: -

paper (but I gather than Bargmann beat him to it & years later).

4A: the Poincare group (Wigner does not use word Poincare).

1. Wigner gives the def-ofv what we\now call the proper. orthachronous Lorentz

group. det = +1 and time time. element is positive. You.move tHings around

on the future light cone with such transformations. His convention is to

: perform the translation afterthe ‘Lorentz rotations » ae,
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AuBs_theory' of chanarteristic values and ctiaretteristic vectors, =

1, I skip this for now. By characteristic value and characteristic vector, Wigner

refers to the eigénvalues and eigenvectors of the Lotentz transformation L.
{, the eigenvalues’ are found from the secular ‘equation as usual. It is not
‘clear td me what this section has to €o with anything’So far:

Ci decomposition of a homo Loretnts transformation: . -

i, Very simply, Wigner writes L = RZS where Zis a 2-boost and Rand S are the

pre and afta rotations. The rotations are not uniquely determined byt the
size of the z-boost is determined. (by L).

2. Some remarks about the Lorentz group being doubly connected like’the rotation
group, so that there will be two-valued represtntations. Skip these.

:D: the 1G is simple. 7% eye EF ws .

1, Using the characteristic vector businessaé a tool, Wigner’ shows that any °
invariant subgroup of the LG must conthaa a rotation. But, then he shows that
if an invariant subgroup contains a rotation, then it contains all of the 1G.

In other words, he stiows that the homo 1G contains no non-trivial invariant

subgroups. This is I presume the definition of a "simple" group.

a ar a i a ee Ee :
‘ ee ee as rs

5. Reduction “of reps to Z-vilues ropa.” Mee
, Py ~ . ue Avs eo t arr. 4

1. When you multiply two translations, you get a phase w(a,b). Similarly, when
you reverse thé order of translation and LT, you get another phase w(L,a).

‘ * “Pinatiy,’ when you multiply two"LT, s you get 8 third’ phase. wigner will caiise
the first two phases to be = 1,’whereas’thé last phase willbe + or'-l. this
is a very famous sign, by the way, see Martin and Spearman.

Sekt

7 1. Here, itigner shows that the various phases"just mentiéned can be'made to be
continuous functions of their two arguments (which are points in the group

.
manifold of the POincare group). — a ae uo



5.B: Here it is shovm thet due to the continuiuty astablished in A, afiy two,

translations must commute with no phase Spctor. — , e
5.0; And here is the argument why the, phase is unity when you reverse order

of a translation and LT (they donot of course commute; the LT id the Same,

but one of the translations has a going to La. The point is thgt there is
no phase. ~

5:Di This is a huge & page section with the proof of the famous + aid - I phase
possibility. Very complicated, messy, and geometrical with application of
all that,characteristic value stuff. He breaks L » MN for some reason and

then exhausts ‘all possible ‘cases of eigenvalues. ©
5.E1 something about showing that “rerformalizing" the transformations did not

hurt the continuity. Skip, .ie ean ? ge de ote :

. . at su wait, . Ms sene he ©

6, Reduction of Ppoincare reps onto little groups.

1. Wigner notes theat the math rigor of ‘this section relies on von Neumann's ®
work which is not ‘yet published. : i 5

be > ses . sul dow coe 1

1, Here is presented the notion that’ also appears iri Baruts book: that of

writing the action of ‘a LT on a wave function by breaking into two pieces,

a(L) = Q(L)P(L), where P(L) only acts én A-moméntums in the wavefunction,
and Q(L) becomes a finite matrix which only acts on the spin indémex of the

wavefunction, ,

2. The four’ possible 1itt1é groips arerestated. ‘Howéver', Wigners method of introducing
“the Little, group concept soems vague ‘to tie. :

Tee a Say 4 Bota te-6:Bi skip. - :

6.0: to get the UIR's of the Poihcare ‘group, you neéd’ Gnly spécify P* and the — e
rep of thé torrect little groups. -

rook

6.Di_ the names of tie various little grolip are given.
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‘J. Rerpesentations of the Little Groups

J.A: rotation group. :
~ .

1. Reps here are the well-known D‘)(R), says Wigner. He shows how you reduce
some general rep of SU(2) called q(R) onto the UIR's, see Eq. (7h). Ke does

mention that you might consider a certain sign in this little group case to

tél you whether you are on the future or past light cone, P, and P_, but not
much is made of this fact.

7-B: the euclidean group. a short piece herb, theory is incomplete apparantly.

8. Representations of the "extended " Lorentz group.

Az _OK, he now wants to remove the two restrictions placed earlier, but notes
that the restricted Lorentz group connects continuously to the identity. Somehow

the whole section is not as clear as a future discusision would be.

@. 8,0,0: skipping those sections. just more detail on extended reps. Does not really
mention time reversal and parity.

i
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v 36 GERARD EMCH —
Three surveys, worked out for the explicit use of physicists,

:

|. Jauch, CERN Seminar $425/TH. 06 (1959), part IV;A
Gr ean, ‘Séminaire de L'netitur de physique théorique, Genéve SOME REMARKS ON THE PRODUGT OP purpuciizfe 1961, and appendix to ref, 5. See also the appendix written by a OREN TZ CRC OMOGENEOU:yt Mackey for Segal's Book: Mathematical Problems of Relativistic

t Physics. Amer. Math. Soc. 1963. . P. Mousse and R, Stora:

22, F. Riesz ot B.Se. Nagy, Lesons d'enalyse fonctlonnelle, Farts Centre d'Etudes Nuciéatres de Saclayi et Budapest a

Service de Physique Théoriquelt 1 of @ position operator ina relativistic theory is, ys
Q See for instance T. D, Newton and E. P. Wigner, Rev. Mod. anes”

Phys. 21, 400 (1949) (for other references, see Wightman's opucTION‘
paper quoted below). A modem formulation of this problem was AIIRODUCTION seducing the product of two ired to .’ ‘Wightman, Rev. Mod. Phys. 34, 845 (1962); problem i te peau tg redvatble repre:Ee acre

hyact trond by G. W. Mackey sentations of the inhomogeneous Lorentz group is an old one. Thewe ine uses there = reea 38 537 (1949) and which is re~ result {s currently known and used and leads to the various phenome-i (see for instance Proc. N.A.S. 38.

Mona of nological expansions of transition amplitudes: 1-5 type expansions,4 ferred to as “system of imprim{tivity for representations ine multipole expansions,) helicity expansions. Whereas £-3 typeig groups"; the essentil iden of Wightman’s work isto define the couplings have been known fore long time, st least in nonrelatieistici position operator through its beatin‘sformation laws with reapect ‘Situations, as well as multipole expansions which are usually derivedx, this spectral family the correct Wensforma te owei one from an analysis of fields rather than of particle configurations, theis
ne ead naducible semecontation of the Poincaré group, This helicity type couplings have been discovered fairly late.ra considered irreduclb's representation trivially translated in qua~ ‘The need for defining such concepts independently from anyi dplinition of the position ope semi-classical, or configuration space nonrelativistic argument hasif témionic quantum mechanics.

ee ee ~been recognized-by several-authors; ~-- = . ~f=
Site conde!

Chou Kuang Chao and M. I, Shirokov! have worked out prac-i
tically all coupling schemes known at present. Their analysis relies
however on a heavy use of the position operator” associated with irre-
ductble representations, when it exists, in a way which Ls not com-
pletely clear because the frame of reference in which this operator is.
defined depends on the eigenvalue of the conjugate momentum which
does not commute with it.

Jacob and Wick, on the other hand, have a formulation of the
helicity coupling which requires some specification before it can be
interpreted in relativistically invariant terms, specification which‘
tndeed was given in Wick's paper! on the description of three parti:
‘ole states. Although the simplicity of relativistic effects 1s not em~ 7,
Bhostzed in this poet cae eal canna ae tfectsJa nok em |i
analysis.I

H. Joos's derivation4 of the coupling of massive particles,i
“Presented at the LORENTZ GROUP SYMPOSIUM, Institute for

UTais name is usually reserved to situations where massTesspart!-.

cles are involved.le 7
i

.i 7

|



Comments on Lee and Wick paper about P,C, and .T.

@ .m analysis of this paper is within the context of field-theory. Recall that
the action of P, C, and T operators on the various field operators is know in

a definite way, see eg Bjorken and Drell. I think the idea is to insist that

these operators do something simple to the Lagrangian operater that gives rise

to the various gamma functions which act’on the spinor fi¢lds. So, we have to

accept the action of PC and T on the various fields as given.

2. Given these actions, Lee and Wick show several things:
a) when you square the PCT operator; you get (-1)") and not just 1. This

arises simply from the fermion difference from bosons which is of course

just a minus sing. Toller will make something of this little sign.

b) although PCT commutes with all integnal symmetry operators, these

pairs only quasi-commute: (PCT,P); (PCT,T); (T,P). By quasi-commute,

oo. I mean simply that there is a factor (-1)9 sitting in the comrel.

3. Remarks by me: I find this analysis interesting but not very general. In field

theory the fields tend to get classifiedd by their finite-dim Lorentz groupe ¢ representations rather than Poincare reps, s0 spin-1 is confused with vector,

and so on. Somehow I cannot accept the comments of this paper as S-matrix

definitions of these little commutation relations.

Obviously, the little (1) is going to-be the whole point of Toller 1967
for my purposes, 50 I had better learn exactly where this is coming from. Outside

of field theory, ie. ,

-t
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Gonclusions on the subject of representations of the Poincare Group as

Induced Representations. .®
I do not fully understand this business, but now get the basic idea. The

general notion of ‘induced reps of a group G from a rep of a subgroup K is described

well in Mackey 1968, along with the vector bundle interpretation. When there is only

one obit, you have a transitive G-space or homogeneous space and the Base of the
bundle = S = G/H. The scalar product in the induced rep space is an integral over

the base of scalar products in the various Hilbert Spaces which compose the bundle.
The inducing rep is a rep which maps the reference fiber into itself. As Mackey
pointsout, the bundle idea is not essentidl.

So we Imow that there are certain theorems about inducing, shown in Mackey,

eg, direct summing and inducing commte; regular reps induce regular reps; and

80 on.

But the Poincare group is a direct product of two groups; one being commutative

80 we can go read Mackey's discussion of such groups. However, Mackey fails to

be concrete enough on the Poincare -- even with his Appendix reference - so I have

to switch to moussa and Stora to see what is going on, ie, to see exactly how the

/

Ppoincare reps are induced reps. It turns out that for the Poincere group, all the

@ irreducible reps are’ induced by various subgroups, ie, are induced reps.
An obvious question which comes to sfind is this: what are the subgroups K

which induce reps of the full Poincare group P. The answer is that the inducing

groups are essentially Wigner's old little groups (times the translation group).
You then want to start with a specific representation of the inducing subgroup,

which ieans, eg, a specific representation of the rotation group times a character

of the little group vector p+
The induced rep itself always looks like the regular representation. But,

the catch is that it goes with a certain "covariance condition" which is simply

‘ the inducing rep, which is also a shift rep, When you combine these two ideas, you

find that the induced representation of the Poincare group does liek shown in

equation II.5 of Moussa Stora. Ie, the action of the induced representation on  -

a particular function of a particular group, element gives youj the function

evaluated at some other group element times,a D function of the Wikner rotation.
One thing to be kept in mind is that for the Poincare’ group’ there is more

than just one orbit. You have one orbit for each value of P®. These are just
the mass shells. So, given an orbit, I guess this means you can identify the

e basé of a bundle with amass shell. The induced rep scalar product’ will then
involve an integral over the mass shell. ,



-2-

As shown in note onf cosets, you can divide the group G into partitjon of

e cosets, and each coset is in effect labelled by the momentum p. If this momentum
happens to be future timelike, then the little group vector will be a certain form

and the little group will be rotation group. For each orbit (iem P* value), there
will be a certain little group and a subgroup K, and-asp moves on this orbit (mass

shell), it labels the various cosets modulo K. So the coset space G/K gets

identified with the orbit = base of a bundle.

So, the Wigner rotation business may be mathmatically identified with the

representation of a subgroup which induces the Poincare representation. Of course

you can to the Poincare representations without ever mentioning inducing. Its just
that inducing provides the general mathmatical framework. You would get the

irreducible representations of other direét product groups like Galillean group
in a similar fashion.

,

& good a quick repreat of the inducing analysis is given in book of

Manfred Schaaf, which I have outlined as a book elsewhere. The stumbling blodk

: is to realize that the mass shell « orbit ~ coset space G/K. Actually, the

scalar product does not seem to play much of a role.

To actually label the UIR's of Poincare, you specify the value of P* which

e then puts you on an orbit and determined the little group. Then in addition you
specify the rep lebels of the little group, whatever they may be, . Thus, you haved

labels all the reps of Poincare.
‘

Since on of the pobntial little groups is the Lorents group, you actually
have to face the messy problem of UIR's of ‘that group. (not the finite dim IR's).

1
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12.28.96

Reduction of Product of two UIR's o6 Poincdre Group.

The Book of Manfred Schaaf

@ Lecture, Notes in Physcs.#5, Springer Verlag 1970  (ogugiced “Mande (269)
1. About the series: in 1976 there were Qnly 5 volumes in this series. Of course
the math series had over 100 volumes at thdt time. Not sure what has become of
these Springer-Verlag babies. Recall that Collins and Squires in #45, so there must

be a lot in between? Or is that still antgehr series?

°

2. About the book: 120 pages absolutely crammed with equations, nearly incomprehen-

sible. The author Schaaf works in the German tradition of fine detail. He was

at the University of. Munich Dept of Physics.

Contents:

1) first, we get a quick review of the UIR's of the Poincare via Mackeys

inducing technique. No details, butZ,zeterences are given for more
information on this (look em up). Then right away the representations

of all four little groups are discussed, including SL(2,C) for the null

1itklge group vector. Nothing is skipped here. This Chapter 1 is 2) pages.

e - 2) in Chapter 2 Schaaf derives the matrixelementsSU(2), SU(1,1) and E(2)
all in the usuel discrete basis which he calls Hy. He also does SU(1,1)
in the continuous basts\vhich fills 16 large pages of calculation. The
answer seems to appear on p 49 and is of course a stupendous and useless

mess. Then cohes a section on the orthogonality and completeness of
the various representations (expansion theorems). Chapter 2 is 50 pages.

set

3) Finally, this Chapter 3 discusses. how you explicitly do the reduction
gf the direct product of two Poincare rppresentations. Schaaf has completed

the efforts of Moussa and Stora by doing certain extra cases ( for example,

when both reps are spacelike,or one is null, etc). Clebsh"s are given
in ghory detail. This ehapter is’ also 50 pages. *

Ewen GL Lee Tu Pag, “OrA, Gadd \65" (ip Varden, Wavars~ Sor)
+ Gunsor Perr | Hallw. Pug. Adm 39, 281 C1968)

| ]
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- Bmch., Section from hig paper at _the Boulder Conference (same as Moussa Stora) .

6 He gives a little concise and good presentation of the Poincare UIR's as
induced representations. The Radon deal is included, and he refers to a theorem

as Mackey-Frobenius, which says that you get all UIR's of a semi-direct product

group in this way-

Interestingly, this paper contains some new references on the subject:

1) two papers by Emch in Helvetaa.... 1963

2) Jauch 1959 reference !

3) Emch at another conference.’ 1961 ‘
'

The fiber bundle idea is not mentioned, but Mackye's 1955 notes are

aivertised as being didactic and complete, pe goo I have them on hold, maybe
will copy some sections of saiife. : a
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2a GERARD EMCH IN QUATERNIONIC QUANTUM MECHANICS 2s
r If = iG: TR = ay : ‘The last step will now be to show that en unique = Hy isr = (5.5) °F associated with every physically meaningful representation of the

f= fe tie Poincaré group. This will justify the mathematical investment per-

“ ) 7 formed in this subsection, and will be the matter of my last lecture, .) in Ng. Carried § ince I shall have to use properties of the complex rapregentations ofsuffices to prove the completeness of H{0) in 2 Since I's properties of the complex representations o!
Gives rise to the family asserted in the theorem. | af this theory. .

‘Theorem $,1 suggests the following definitions: Lett bea 3] :
Linear mapping of Ng onto itself, Ift commutes with @ unitary, 3} Foun: RE ranti-hermitian J, it maps each of the corresponding He" ose itself
and one con ihétefore conser the restriction 10) of £104). Con- f] 6. Classification ot the Ineducible Complex Reoresentetions of |‘one —the Poincaré Group,
can define @ unique linger continustion 1 0! © tures of the classification of the irreducible representations of the
tions

near Poincaré gtoup in complex quantum mechanics. This problem was3 4is toy ¥ rH. completely solved by the famous paper by Wigner!9 and more recently2 TD a tne restriction of J 10 Ndi and J is the Linear by Bargmann, Wightman and Wigner.20 Most of the arguments pre~FOr nsae itl) in Ng. The following properties are attached to sented in the original papers are in fact particular (and particularly
continuation of iI in Hq. The following prope! explicit!) expressions of general theorems stated and proved by
these concepts:

ear mapping of Ng which commutes with & Mackey in a series of mathematical papers.?1 The use of theeee ee eeermition, or 1s 0 projector. 50 Meckey-Frobenius' method allows @ very quick survey of the problemie nyet opect to end this is precisely what I want to present to you in this lecture,are
oe ds be two linear mappings which commute among i For sake of general agreement on notation and nomenclature,a)

tet aaec ond with a given J; then) and s() also com-¥ let me first redefine the different groups we will deal with,rem aiey wn pimultans +4 The Poincaré group insformations
ined.

ar mappings with a invariant the distance in Minkowski-space; the metric of this space(ss) Let (tq) @ sequence of commuting linear mapping in vk emmetricof this space | | |wee OTIS ites witha-seme given-{,3f wilh -be- choson-as-ggq = +P, gi -IforT® 1/273, ‘Guy =O fore FVSHORE MEA eygry 2srcomm * with u,v = 0, 1,2, 3). (this group, whichwe will denote by) 1show n

éngful: also named: the inhomogeneous extended Lorentz group).The
following theotem is now meaningfuly ‘me(aopepoinesre Renee cence toete group)tere A teey. eerongly continuous repre- aroup (or inhomogeneous Lorentz group) 1sTheorem5.2; Let y be an unitary” song Jootors of a aua ihe commeciB ConronentGs ofS. Bvery element fs the pred=aeons pllbert space Hg. If each of the tx (with x running over tot of a translation by a teal vector b {with component") and of aG commutes

with the same unitary, anti-hermitian J, then real homogeneous transformation A which does not contain any re-) commutes witt

‘ mt the set “ flexion. (The translation is done after the homogeneous transforma(i) for a given i, tion). Every element of Ge can therefore be written as the pair (b, A)

(a0) sa) = yO §]whste composition aw:

js an unitary, strongly capyipuens representation of G, (& A) &, A’) = &", A”) where 'acting on the vectors of id), a oe . ee 6.1)
(i) Ifyjie ireducible, sos also wl (for every 9 Bes Bran and 2° = An
tay uO 2ies oe Sena,® cess educiblef  b' is the translation by the transform through A of the vector b).the ee ee

from the given properties of Mathematicelly the structure of Gp can be desciibed as follows:Assertions
()and (i) are cae Prove ho a eee ot the third asser- if the translation grou ind the homogeneous grou re locallyrestrictions and linear continuations. compact, T! is el 4sae ions involved and can be found in my paper.® | pact. T4 is moredver abelian. To each element W of H’

ceee TE vs “ > - ae



26 . GERARD EMCH q r ) REPRESENTATIONS OF LORENTZ GROUP 27corresponds an automorphism of 4 {in such @ way that this core 4 @spondance 1s an homomorphism of H4 into the group of the eutomor- 6) 2 cephism of T4, Let us now denote by A[...] the automorphism asso~ { aa) Ee9 I" duis) : (6.3)
cfated to‘A and consider all the pairs (b, A) with b aid A running S/Hrespectively through T! and H4, On this set one defines a compo- |
sition lew: F| One observes that expression (ifi) has 8 meaning only if condi- |SoA = y ” a tion (ii) 1s previously-imposed; the reason is that condition (ii) has,&, 9) Wa) = Gale], An). (6.2) F| as a consequence, that II f(x) ll 1s constant over cosets with respect5 H; this remains true for the function (f(%), 9(%)): one can thus de~
Equipped moreover with the topology of the direct product of the ‘s| to aotCnolegical spece 74 and H4, this set is a locelly compact topologi- fine @ seator product in N(U) which becomes now a complex Hilbert !
cal group: Ge + T4 is isomorphic to the closed invariant subgroup of Bp Spaces i
Go, consisting of all the elements of the form (b. 1), and Hf is iso- 4 iSe BS = s). a:morphic to the closed subgroup of all the elements of the form @ A). q 9) (£69, 5@0) de(s) (6.4)
‘This situation is summarized by saying thatGe is the semi-direct Hi G/HeS SNE bein ae we ahall see, this suacture Ts essential Tor |“thetheoryof the representations. My last comment will be that T4 ‘We are now prepared to define the induced representation #ULis connécted and simply connected whereas H4 is connected and GL of G: forall £ in N(U), every pair (x, y) of elements of G, consider
doubly connected. ‘The universal covering group of H4 is the group 7 the function:
of all two-by-two complex, unimodular matrices, and is denoted by L .
SL2,€)« ,| (uz) = tux) (6.5)

') Classification of the irreducible representations of the 3
*

if

roper Poincaré qroup (in complex Hilbert spaces). The beginning of {| here ig
b

HH where py denotes the Radon-Nikodym derivative (dpy/du); for our pur- ifeee aA eres ath the Tolling Dee ea an en eal eon on Gx O/H ;aim: to extract from the very elegant and complete treatment given’ “3 Bs Sx S/H
by Mackey the only tools which are of interest for most of the physi i p(s) = 0.(s)p. (sx)cists. Esa 2) Pyle—— seme ot gpa iniittted “arOC? " cn — en ee ee ens ee tne ew eeeehen(Ef)ae sffor every x, yin G, every sinsoon a¢ one ts dealing with topological groups; however, the princi- 4 every x.y inG, every sinG/H ;
fol features of the theory of induced representations are not (at least A 4.5 guite easy to verify first that (HEA) fs an element of N(U). The ia
for our purpose) to be searched there: one can understand the prin- Paoeet Son ne comespondence FUE f= CULA) is a é
ciple of the method with discrete groups elso, ignoring there the 3} unitary, strongly continuous representation of G, acting in the com-
topological aspects of the theory. (In fact, induced representations 3 plex Hilbert space H(U). This representation ‘is said to be induced
trare already studied by Frobenius in this particularly simple case.) if pes Milbert trict | U.SSe

Let be a separable, locally compect topological group, Hf —Swrackey furthermore proved that the Index of #UL is super
closed subgroup of G. Lan unitary, strongly continuous represente~ $]  2.ous for our purpose: the condition imposed to uto be quasi
tion of H acting on the vectors of a complex Hilbert space J(1), » 2 31 invariant is very strong and in fact determines \« up to an equivalence:
quasi-invariant Borel measure on G/H, H(U) the set of all the 4] now it appears that two representations #UE and YUE which differ
mappings f of G into M(l) which satisty the following conditions: + 44 only hy equivalent measures are unitery equivalent, We shell there

fore omit the index 4 in the following.i

( (EG), 9) 18 Borel function in x 7 In order to state Mackey's theorem in a form accessible to non-
for every gin H() 3 mathematicians, let us indicate some few further definitions.

Let G be 4 semi-direct product of two topological groups T anda) f(x) = Lyfbd for all x inG and H; suppose that Tis moreover abelian. For every character9 on T
all hing. (in the sense of Pontrjagin’ for instance) let us define the functionx = e18 which we will also call (abusively!) a character. Two char-

ccters x and x’ are seid to be equivalent with respect to H if there

geere mere wee re aeeene
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=» @ ctaincy) Sang” ; IN QUATERNIONIC QUANTUM MECHANICS = @ % ,
exists an element A in H such that

.

F (i) Determine the orbits under H H
.

7 (iii) Choose arbitrarily a character in each orbit
x ® = x@lb)) ¥ (iv) Determine the little group of each chosen character ;
foreveryelementbinT ‘ (6.7) 7 (v) Determine the equivalence classes of the irreducible 1pind

. representations for the ‘above little groups.

and we will then write for this: iH Let us now apply this pro: er Poincaré group: T ,. 2] is now 1%; for H, we will consider, instead of HT, its universal |
x’ = (xJA. (6.8) 4] covering group SL(@, €) (this hecause of the well-known result of the

- 3] analysis of the phase reduction, ref. 19 and 12). Furthermore we
Aclass of characters which are equivalent in the above sense 4} will restrict our attention to representations which lead to positive

‘Gelinedos: ql () The characters on I are of the form:
‘

By (ae 1X = (x]A) 6.9) x@) = eB

Let now x be any character on E, Man ttedvcible, unitary, jf where bs the four vector of te considered tansation pi x fourscontinuous representation of Hy: then the set: vector characteristic of X. ; 1
y (is) Bach orbit is characterized by m® = gp,, and for thoseM M é corresponding to positive m2, by the sign of the zero-component p? ’VM af Ma xe mjbetacnt roHe oe emane e y the sia Ponent gf \° ; 4 (i) If m2 >0 and p2 $0, it is convenient to choose for each

{1s an ieducible, unitary, continuous representation of the suix::up crate characterBom 40.0.0). 0.0.9of G, defined as the semi-direct product of T by Hy. ; Ifm2 = 0, and p # (0, 0, 0, 0), wewill choosep= (1, 0,0, 1).
Now comes our theorem! ~ (iv) The ttle group of (1, 0,'0, 0) is SU(2, €); it is also quite
This theorem is valid as soon as a “regularity” condition on easy to see that the little group of (1, 0, 0, 1) is isomorphic to Ez,~—-the semixdirect-product is-satisfied-(and-it-tums-outthat-thts'is the gp °-the-proper-euclidian-two-dimensionalsgroups === = ~ eed aia

case for the proper Poincaré group!). The "representations" which 3 (v) The representation of SU(2,C) are well-known; they are
appearin the theorem are all unitary and strongly continuous repre-_ 3 cheracterized by 8 real porometers = V2, 1. Ht ‘he hsentations. .

‘or Ep, one observes that this group also satisfies the hy~

MackeyFrobenius theorem: Let G a topological group ob- | $f pothesis of Mackey-Frobenius" theorem; it is then an amusing gametained Seen dre ‘Productof two separable, locally compact to apply to it the above rosram: one finde that ovo kinds of feprengroup T and H, wheré T is moreover abelian. A semtations eppear, continuc ich do ni
(0) IfX is a character on T, M an irreducible representation | 4} 8+ 7d those with discrete, integer or half-integer spin.of the little group Hy of X, then the representation induced by the | ‘ff ‘This {s sufficient for our purpose to classify all the unitary,

represeniation LXM of the semt-direct of T by Hy is irreducible. | anata . trreducible, representations of the properPoincaré group.(ii) Every irreducible representation of G can be obtained with ~} etails of the above discussion are given in, papers. jauch 3
construction (i). ~ 4] GayseliZTyit is also interesting to compare It with Wigner's pioneer

(if) ‘Two irreducible representations of G, respectively in- work, ref. 19.)
duced by LeM and LX M" gre equivalent if aad only it X and | For the application to quaternionic quantum mechanics (see
belong to the some orbit and if M and M’ cen be transformed into | ¥ Theorem §.2 ii) it is interesting to observe thes nuneiot the cotequivalent representations. 4S} _sidered representations of the proper Poincaré group is equivalent to.

‘This theorem provides a program for finding all the equivalence 7] it complex conjugate, since (for the representation of physicalclasses of irreducible, unitary, strongly continuous representations 4] “Hee 'p and -p never belong to the same orbit. All these repre~
of a groupG satisfying the hypothesis of the theorem (including that sentations are therefore of “class zero” in the sense of Frobeniusof regularity which is not reported here): and Schur.

(i) Determine the characters on T H :



» @ GERARD EMCH 1 REPRESENTATIONS OF LORENTZ GROUP aL |b) Classification of the irreducible representations of the IPS, cers that, from a given projective representation U of «.®,
poincaré group (in complex Hilbert spaces). The Meckey-Frobentus' FT] Shwoys possible to construct a (true or two-valued) representation ofaoe er rae ciumges the proper Poincaré __4) Ge Such thet its restriction to T' ts 9 true representation of this sub-Sear eeivetlonionbe This wae — 3] Seer ts moreover abelian; one hes therefore to study the repre-
itis in the appendix of the second of my papers provides a” {| _sentations of abelfan groups in quaternionic Hilbert spaces.
Short Glemative approach to the so-called theory of types due to i ‘Aconstruction, analogous to that which led to the quaternionic
Bargmann, Wightman and Wigner.20 Since my main purpose fs, after

gf corollary ‘of Schur's lemma, and which uses only the abelian property

all, to speak on quaternionic quantum mechanics, I shall not‘insist 4 one rou to dt ieween, to its topology), allows to prove
on this point here. The only thing I would, however, like to mentionJ lowing fundam aeLemma 7.1: Let G be en abelian group and y an unitary rep-{s the following: when one introduces discrete symmetries, one has % lan 2
ae cene sede unt the existence of eventual superselection rules. i] resentation of G, acting on the vectorsof » queremnionHilbertTre chars thie ie obviously #0 ff one associates charge= | “ff space Tg. Then,there exists atleastone tanoncontugation fo spege-time reflexion, The following results can be “J operator on NQ wien Commies ie no vector f in J, left in =Pproved very easily® with the help of Mackey-Frobenius’ criteria: feseny mn de i fo3} Variant by the representation u, the operator J, constructed for the
When the proper Poincaré group is enlarged with TCP, the elementary 3 a lemma comm evel oe ssrator corn:
systems with respect to this new symmetry-group possess Fi Omega na of tha amesontation, Nee ry Operator muting

_ Gpsand Tesynmetries, and one hes T2 = (Hs for “Y]_ eppty our Theorem §.2 to the translation group TA. By the use of theCistoms with non-zero mass, and 12 = +1 when the mass procedures of restriction and linear continuation described in Sectionjo cere ° #1 sb, one can easily translate to the quaternionic case the complex
(These results apply only to systems for which the charge-conjuga- =] Sere for 2 statement of this theorem see for instance ref,
(ese reativela russes from one coherent subspace to enother, 3p 72 PP. 367 fE)- a gcatly compact, connected
ee at least one of arges is non-zero; when che Ss ee = a ot, cnss if eat on fheahageei non -ere when se chro aug simpy ecnacid aroun, and a uit, continuous ronesente.

" { 8] tion of G, acting on the vectors of a quaternionic Hilbert space Hq.~~] veeeeeee eo eee = sf Then there exists atleastoneunitary. antichermitian.operator.ontg.~ |.‘ELET BEGTUREY {which commutes with every ux of the representation. To this J cor~
7. Special Relativity in Quaternionic Quantum Mechanics. 3 responds an uniaue spectral family {a(S)} on the character group T‘The aim of this last lecture is to inject special relativity into 3} °F S such that
the frame of quaternionic quantum mechanics; this will be done 4 _ (8) 2
through the representations of the Poincaré group. As in the complex 4 i) a= Jer aals) for all x .
case, one can proceed in three steps corresponding respectively to
the introduction of the translation symmetry-group, of the proper “J_—_ where 0(%) is a cheracter on G.
Poincaré symmetry-group and of the Poincaré symmetry-group. (i) a(S) commutes with every operator commuting with each ux

As we observed in the beginning of the fourth lecture, the This theorem applies in particular to our translation group. I! (which
proper Poincaré groupGe is connected; by Theorem 2.2, we can as~ 4} 4s by the way isomorphic to sts character group). One can thereforePent that every irreducible description with respect to Ge 15 "co- rite any unitary, continuous tepresentation of 14 in the form
herent," we shall therefore have no problem with superselection 3
rules (as in the complex case!) at this stage. Gp is moreover doubly, vy = § 2 gate) 7.1)
connected. From Theorem 4.4 we know that each quaternionic de~ 2
scription with respect toGe can be made by a strongly continuous, 4 The u:aaerien wis ortrovvaluad representation of Ge, acting on the vec~ qf yre,usuelmethods of functional anelysis lead fo the definition oftors of @ quetemionic Hilbert space. ‘The structure of Go as a semi- j re s
direct product (see fourth lecture again) of T4 by H4, where T! is 4 . = el PHba. 7.2)
simply connected (whereas H4 is doubly connected), allows to H “> . .

i

.
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REPRESENTATIONS OF LORENTZ GROUP 38 7

x @ GERARD EMCH 4 cometry 18 lattice whichis conplote, modular, coma,
time reflexion. ; x ¢ z, then for every y, one has x UY \2) = & UY) Nz. The

‘hs ons-to-one cortspondence was established with che hele. 55, Eaiilidon of mosctive peometoets presenved & the eneof @ unitary, anti-hermitian operator J. This J commutes with all the seve of tautice tnesrylin Mi, L Dubreil-jacotiny L. Lesieur end

mutes with the time-reversal operator. Tt therefore plays @ role quite 10, We make here a clear distinction between (closed) subspaces
tnalogous to that of the ordinary imaginary unit, 6 of Stueckelberg's and linear manifolds, A set M%of vectors is called a linear
J This analogy can even be pursued further: let us eat! chasaes, manifold sf it contaitis all the linear combinations of its ele”Kormitian operators which are left invariant through all the trensfor- J aan lthls scnenotle therefore parcly sigebraic, The concept of
mations of the proper Poincaré group, and such that they commute | subspace needs a topology: @ linear manifold is celled a_ (closed)
with all the components of the four~momentum operator. One can 4 subspace if it is moreover closed with respect to str¢ conver—easily verify that these physical postulates have as @ mathematical *§ a SS eeeclosure property con be expressed by meone 6! Faconsequence that all the charges so-defined commute jwith J, and He Ssmplementation: a Linear manifoldis a subspace if and \aa 5can therefore be completely determined by their restrictions, (see Sec- only if if satisfies 0=.(aey. Neetion Sb) to complex Hilbert spaces, as it is already the case for all x 11. E. P. Wigner, Group theory..., New York 1959. ye
the generators of the proper Poinceré group. Phenomenologically, it= 12. V. Bargmann, Ann. Math, 4, 1 (1954). aw
does not seem to exist observables which are’ not expressed by means. 13: J. M. Levy-Leblond, Journ. Math. Phys. 4, 776 (1963).
of the charges, the generators of the proper Poincaré group end even=, 14, J. M, Jauch, Gauge~Invariance as 4 consequence of Galilei~
tually of position;2> {f this is effectively so, all that we said above Invariance, preprint 1964. .fon the charges end on the generators of the proper Poincaré group, 15, N, Bourbaki, Eléments de Mathématiques, Groupes ef algébres 5
applies generally to any observable. This would be a good reason de.Lie Fasc, xXV1, Paris 1960.
for the understanding of the importance of complex Hilbert spaces In: \¢_ |, “Michel, Lecture notes of the Istanbul Summer School 1962.
the description of physics. 4 17, G, W, Mackey, Acta Mathematica 99, 265 (1958). 4

‘A temptation still exists, however, to investigate further the 18, Let No be a complex Hilbert space, K a conjugation (i.e., an
structure of quaternionic quantum mechanics, and Iwill formulate it ,, antiunitary, involutivé mapping) of Ng onto itself, and ua uni-

«in the form of a question: "To what éxtent isospin fs it related to the tery representation of a groupG, Let us now define the repre- LE
——  -continuous-family of-complex-Hilbert-speces-that-can.be-extracted. =} “sentationa= (i= Ruxklx<G)~ Then three cases and only ,

from a quaternionic Hilbert space by means of an unitary, anti “4] three cen scour
hermitian J? i (i) @ 4s equivalent to u and the unitary operator C (defined by =.

4 fi = C-luxC) satisfies CKCK = I,References 4 (i) & 4s equivalent to u, with CKCK = -1. 7
1, CG. Piron, thése, Lausanne 1964. 3 (iii) © 1s not equivalent to u.
2. G. Birkhoff and’J. von Neumann, Ann. Math. 37, 823 (1936). 4 u fs then said to be respectively of class (+1), (-1) or’zero.
3) B.C.G, Stueckelberg et al., Helv. Phys. Acta 83, 727 (1960); @ For details, see ref. 11, p. 285. Note that this classification34, 621 (1961); 34, 675 (1961); 38, 673 (1962). 3 does not depend on a special choice of the conjugation K.

‘ 4. D. Pinkelstein, J. M, Jauch and D, Speiser, CERN. 59-7, 59-9; 4 19. E. P. Wigner, Ann. of Math. 40, 149 (1939).
59-17; Journ, Math. Phys. 4, 136 (1963). D. Finkelstein, #20. v. "Bargmann, A. S, Wightman and E, P. Wigner, Princeton pre-
J. M, Jauch, 8. Schiminovich and D. Speiser, Jou. Math. print; see also: A. S, Wightman, Ecole des Houches, Session
Phys. 3, 207 (1962); 4, 788 (1963). . 4 de 1960, pp. 181-194 and N. G, Suppl. XIV, 81 (1959);

@ G. Emch, Helv. Phys. Acta 36, 739 (1963); 36, 770 (963), L. Michel and A. S. Wightman, Princeton University Lecture6. G. Emch and C. Pion, Journ. Math. Phys. 4, 469 (1963). notes (unpublished); E, P. Wigner, Lecture notes of the Istanbul
7. L. Pontrjagin, Topological Groups, Princeton 1958. 3 Summer School 1962.
8. M.H. Stone, ‘Trans. Am. Math. Soc, 40, 37 (1936), see elso: | @ G. W. Mackey, Proc. N.A.S. 35, 537 (1949); Ann. of Math. 5S,

1. H. Loom{s, Bull. Am, Math. Soc. 53, 757 (1947). H 101 (1952);,for a didactic and complete account of this method9. A pedagogical textbook on projective geometry is that of E. Artin, “see; G, W. Mackey, Chicago Lecture notes, Summer 1455.
Geometric Algebra, New York 1957. In short, a projective



36 r) * Gérarp EMcH i eThres™survevs, worked out for the explicit use of physicists 3
= ‘Emch, Séminaire de Linstitut de physique théorique Genéve, SOMEREMARKS ON THE PRODUCT OF IRREDUCIBLE
1361, and appendix to ref, S$. See also the ‘@ppendix written by REPRESENTATIONS OF THE INHOMOGENEOUS
‘Mackey for Segal's Book: Mathematical Problems of Relativistic q LORENTZ GROUP*Physics. Amer. Math. Soc. 1963. .

22. F. ues et B. Sz.-Nagy, Legons d'analyse fonctionnelle, Paris 2 PL Moussa and R. Storaet Budapest 1955. ¥ Centre d'Etudes Nucléaires de Saclay e
23. The definition of a position operatér in a relativistic theory is z Service de Physique Théoriquenot a trivial question, already in complex quantum mechanics. |, 7] B.P,n°2 GIF-sur-YVETTE (S & O)

See for instance T. D, Newton and E: P. Wigner, Rev. Mod. 4 ~ France -
Phys. 21, 400 (1949) (for other references, see Wightman's |

poner quoted below). A modern formulation of this problem was INTRODUCTION _ the preapresented by A. 8, Wightman, Rev. Mod, Phys. 34, 845 (1962); 4 The problem of reducing the product of two irreducible repre-
he uses there 2 mathematical object found by G. W. Mackey q sentations of the inhomogeneous Lorentz group is an old one, The
(gee for instance Proc. N.A.S. 35, 537 (1949) and which is re- qf result 1s currently known and used and leads to the various phenome-
ferred to as “system of imprimitivity for representations of nological expansions of ensition amplitudes: £-s type expansions,groups"; the essential idea of Wightman's work is to define the nultipole expansions,) helicity expansions. Whereas f-s type
position operator through its spectral family, and to impose, on couplings have been known for a long time, at least in nonrelativistic
this spectral family, the correct trensformation laws with respect.§ situations, as well as multipole expansions which are usually derived
to the evclidian three-dimensional group, as they result from the"j from an analysis of fields rather than of particle configurations, the
considered irreducible representation of the Poincaré group. This helicity type couplings have been discovered fairly late.
definition of thé position operator is trivially translated in qua~ The need for defining such concepts independently from any

nionic quantum mechanics. semi-classical, or configuration space nonrelativistic argument has
ternionic q\ been recognized by several authors:

‘Chou Kuang Chao and M. I. Shirokov! have worked out prac~

ve ee tically-all coupling-schemes-known-at-present=~-Theiranalysts-reliew~ -~f ——se
opener however on a heavy use of the position operator” associated with irre-

cucible representations, when it exists, in a way which is not com~3]
pletely clear because the frame of reference in which this operator is

4 defined depends on the eigenvalue of the conjugate momentum which
“Yh does not commute with it.

Jacob and Wick,3 on'the other hand, have a formulation of the

helicity coupling which requires some specification before it can be

Fi interpreted in relativistically invariaht terms, specification which8] indeed was given in Wick's paper’ on the description of three part!
cle states. Although the simplicity of relativistic effects is not em-
Phasized in this paper, one result of which relies on Shirokov's

Sh analysis.

H, Joos's derivation! of the coupling of massive particles,

44 *Presented at the LORENTZ GROUP SYMPOSIUM, Institute for
Theoretical Physics, University of Colorado, Summer, 1964,1) This name ts usually reserved to situations where massless perti-
cles are involved.
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Soe agit Wicwer, dans son eélebre article (1]8) a elassé toutes les représentations unitaires
multe, fs PMRE] nisavetibos du groupe de Poincaré pu groupe de Lorents inbiomoyene. Elles sont Redcries TR ee PRR39 repérdes par deus nombres: la masse pt le spin. La.maniére dont exs représentations

see oo hee 4! Psontréaliséesest importante, parexemle dansles problémes cecinématiquc relativise,ser
08 scominsided “anny 7°,'4 car on sait qu'une particule libre de apasse m et de spin j se transforme suivant une

5 ies 2 AGRE representation irréductible repérée pir m et j, WiGNEX considéra une réalisation,‘3 sh rereng ticuligre dans un espace d'Hilhert de fonctions défi VhyperbuloidediBASEL 2h c2eeth] particuliéredansun espace d’Hilhert de fonctions définiessur Thyperbuloide de masseASEL
#\, ER ye pret, A valour dais Pespace de ze Une autre réalisation sexprime & lnide de *ety a] fonstions aondes tensorielles ou spinbrittes satisfaisant des équations d’onde (par sogualpreties5 baa, 1k R oH

rkbatiser Verlag 3 byes $4] exemple I'équation de Dirac et I'équafion de Klcin-Gordon), Mackey (2] a ensuitewaa gg gee aR, FS{généralisé A une grande classe de grfupes la théorie de Wicxee en définissant la

Ade, saul TE", Yotion de représentations induites et hous nous proposons, A Faide de cette théoric,Ned Geis{PAGEOPA. «+ 1 Vetudier une nowvele forme des reprientations icduetbles du groupe de Poincaré
paltonlotgionfdeaiign“ag aldo dans un espace dilbert de option dines sue groupe, Phe présiiment‘eitschit. fr Dydralgie, y=, eA] les fonctions sont définies soit sut le grbupe de Poincaré soit sur le groupe de Lorenta, —a.Nwe
IydeBolons; Piberevinony, at Cotte forme nouvelle présente un fertain nombre davantages. D'abord elle faitseréisigung.3 + "y. Ate) jouer un role plus edynamiquee at spin, ce qui fournirait peut-étre une introduction+
Baletnittte modeine Pro“ $') naturelle fa théorie des poles dle Roi: cette idéea été développee par F. Lugarpreteen und angiewaridten, “JJ (3) Ensuite elle permet a'eflectuerdeshpérations mathématiques caractéristiques desatnatfichoiaipozerecise £4 fonctions définics sur un groupe. Ainki Wiese {12}, pour traiter un probleme dedey Matrforachenden Gale © diffusion multiple, considére une équation définie non dans lespace des états de laany, particule mais sur un groupe pour obtenir une équution comportant un produit de

ite Maibematit “unit — — \ adh” ef) Bunter orn, \ vais, .
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‘The operation ofrotation through an angle @ about an axis fis represented conseryation laws (for example, rotational symmetry implies conservation of
by 2 unitary operator R(f, 6). One can represent this unitary operator in angular momentum). Without angular momentum conservation, it would be
the form impossible to infer from scattering experimentsa unique spin for each particle.R(A, 6) =, (2-34) ‘The assumption of rotational invariance is indeed very reasonable, and

i iti

= Ht. we would be amazed if it were not correct, but we should not lose sight ofYi deed by sting (ToramplRowe (12 cha ahr Wiper 13D | the fact that it is an assumption. Parity nonconservation, which will be ~. : , chap. 2], or Wigi discussed in Chapter 8, showed physicists the danger of regarding some
H= Aes, (2535) invariance principles as obvious a priori. They must ultimately be established

experimentally. Rotational invariance can be tested by looking for reactionsA state |J, m) having angular momentum J and 2-component J, = mis which would violate angular momentum conservation. So far, it has passed

transformed under rotation into a linear combination of states [J, m’); all tests."at is,

ROB, OJ, m) =F Dr(Os 8) Wy m’). (2:36) 25 Implications of Rotational Invariance .
‘The notation D2. is a conventional one. in Two-Body Coilisions; Partial-wave Analysis .

‘We shall discuss these ‘D inatrices and their properties later, but the point ‘The tool which has been used for measuring the spins of almost all the
we wish to make now is more general: The 2/ + I objects J, m) having a partictes is the scattering experiment. In order to see how spins can be inferred
given J but all possible m are transformed among themselves under rotations. | from scattering processes, we must first examine the consequences of rota~A state [J, m) is transformed into a linear combination of states |J, m') with tional invariance for the description of these processes. In particular, we
the same J. Moreover, none of the coefficients D2,,,(8, 6) is zero for all f, 0; consider in this section collisions of the type A -+ B-+ C + D for arbitrary
that is, all 27 + 1 states |J, m’) are mixed in by a rotation. Physicists usually ~ spins and masses of the four particles.
call the set of states |J, m) a multiplet. In the terminology of group theory, ‘The reader is already familiar with the consequences of rotational

the states arg said to form the basis of a (2/ + 1)-dimensional irreducible invariance in the scattering of spintess particles: If the differential cross section.
representation-of the rotation group. A shorter and more suggestive name for "|" 7 Ti Me TM (Center‘of IndssYsystentris"written sme te .
such a set of states is an elementary system with respect to rotations. : do

+" We are now able to state one attribute of an elementary particle: an =O, (237)
elementary particle is an elementary system with respect to all symmetry” ao
‘operations. The physical meaning of this statement is very simple for the case where 0 is the scattering angleand f(6) is called the scattering amplitude, thea
of rotations: an elementary particle has a unique spin. Clearly, this is a the usual partial-wave expansionisreasonable minimum requirement for a particle to deserve the name elemen- = (i (6) — , 38)tary. Unfortunately, it is not possible at this time to give a complete and , * 4G) = Gl2ip) XCF + WISE) UP se08 eo)
noncontroversial definition of the term elementary particle. Some physicists * * where, for elastic scattering below inelastic thresholds,
advance theories in which a certain few particles or fields are fundamental 4 18,1) 3

i i" SE) = ee, (2:39)(for example, Schwinger [14] or Sakurai (15)); at the other extreme, Chew an A
and Frautschi [16] have advocated “‘nuclear democracy” in which all nuclear | and where p is the incident momentum in the CM system.A derivation of
species, from the pion to uranium isotopes, are equally fundamental. Eq. (2-38) is given in Schiff [17], but it is based on the Schrédinger equation

Returning to the statement at'the beginning of the preceding paragraph, and does:not emphasize that the validity of the expansion Eq. (2-38) rests
we must explain the meaning of the term symmetry operation. A symmetry only on the assumption of rotational invariance. Moreover, Eq. (2-39)
operation is an operation which leaves transition probabilities invariant. follows from the unitarity condition, which we shall discuss in Sec. 2.13.
For example, we make the very reasonable assumption that no physical For the general problem 4 + B-» C+ D with arbitrary spins, Eq.
observable (transition probability) is affected by rotating the laboratory in (@-38) has been shown by Jacob and Wick [18] to retain its simple form, but
space. We restrict ‘our attention to symmetry operations. when we look for with the P, replaced by one of the 1) functions of Eq. (2-36). Jacob and Wick
quantum numbers, because only symmetry operations are associated with «See the review article by Feinberg and Goldhaber [20].
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were able to achieve this simplicity by abandoning the old method of specify- 7 ‘Therefore it follows from Eq. (2-48) and Eq, (2-45) that
ing the components of the spins along an arbitrary “z axis," combining spins . ; Ys
into a resultant 5, then adding $ tothe orbital angular momentum L. Instead, (9095 Asda | YM Bala) = S DBae(s 8, —P)POO5 ads | IMs Aska) *
they specify the component of the spin along the direction of motion of the = DAG. 0, —~)(PO0} Arde |J2s Avda), (2-49)
particle, which is called the helicity, 2. The helicity has the useful property aiu(9, 0, —9){B005 dal ihn, (249)
Ofbeing invariant tinder rotations. where A= Ay — 2a. The last step follows from equating the z components

This invariance of the helicity enables one to define a state oftwo particles, of angular momentum.’ Equation (2-49) exhibits the angular dependence of,in their CM system by means of a rotation. We start with a state yy, in the transformation matrix. .
which particleI travels in the positive z direction,and particle 2 in the negative ‘The remaining factor on the right-hand side of Eq. (2-49) can be deter-z direction, with relative momentum p, where . mined by normalization requirements. We assume the usual normalizations

P='Pl p= (Pp: —-P2)/2. (2-40) . UMHS | IMAyha) = sy Bzea0 Basse Sssrer (2-50)A state |p6; 2,72) with p in‘the direction 9, may be obtained by applying (p0'9's 425 pO; Aide) = 8(p — 9") (cos 8 — C05 Array Danae (2-51)

iesSPP aticn to the state yy,,:,- First rotate by theangle @ about In addition, we need to use some further properties of the D’s. From Eq.the y axis, then by g about the z axis. The corresponding rotation operator is, . (2-47) it follows that
ell ith;,

Actually, Jacob and Wick use the operator Diraa(Ps 8, —#) = 8 die se(O) (2-52)
Roane 2eeHag tle, ran where Aea(8) = (IM eM YIM). 23)

which differs only by a phase, as we shall see in the next equation. Then one ‘These functions are conventionally normalized accofding to
can define 1

17803 42s) = Ry-eVorn =e RyeoPorriy —” (2-42) fia 608 6ldns(O)P = 21(2I + 1). @-54)
we Where we yak msm = G43) Nv if Sie inde use ofall these’ rSlafions to-ealculate'the quaatity” ~~
. Now we come to the lieart of the problem, the calculation of the trans-

formation matrix (IMA,}, | IMAyas) .

W095 22a [IMs HA) — Bye Bary (DO: ila | IM; ada) (2-44) minX fapfacos osm; aaal ponies onertis| IMs Mts) 2-58)which will enable us to expand in a state of given J and M. Jn order to aeae
calculate this matrix we first simplify it by an appropriate rotation, . ‘one finds that Eq. (2-49) takes the final form

(9993 Ayan | IMG Ayla) = (2993 Asda|Resoe Rohe |JMS Byte). (2-45) (p9Q; Asda |IM3 4445) = Ny Oasay Snare DIA(P, 9, —9) 2-56)‘Now recall from Eq. (2-36) that where INg* = (20 + Di4n, (2-57)
. Reare Wm) = ¥ Dial, 8, —9) Im") (2-46) ‘Equation (2-56) is the basic formula which we require in order to derivewhere DL. 8 —9) = Um'| Rog Lm). (247) the expansion of the S-matrix in terms of eigenstates of angular momentum.*in an : Ittells us the transformation coefficients betwee plane-wave states |pp; 2,42)He afence

making use of the unitarity of the rotation operator we find and angular momentum states UM; dy). Making use of these coeficents
RY => Wm!) Um'| Reb

iHm) = & No) Fm Reg m) "-The ely isthe component ofalong the dretonof mation, The orbital angular
= Cm") RE le momentum L docs not contribute in this direction (classically, L=rx p, which isZe’) Im! Rea-g Ym) (2-48) 7 erpencialar top). For the sate [p00; 4.) the dietion of mation isthe x diretion,‘

So M= 2,=F en’) Rog Im )* *Recall that the physical significance of the Scmatrix is that Pyx = [Xf] [0}? isthe2 . probability ofa transition from the initial state to the inal state. For acompletetreatment~ EDIRC, —o) Um) Er cette tneory sve Golderge and Watson "
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‘we expand the plane-wave S-matrix elements as follows: Before we can apply Eq. (2-64) to a practical problem, we must investigate

ay Ztlove the restrictions imposed on the SY by the unitarity condition, parityO9hdl
S \popahas) = FT Diss 8, 9) invariance, and time-reversal invariances

In concluding this section we note the connection between the states1
a

% Gehal S7(E) lhcds) Dies Per 805 — Pee JM; 22.) and the customarily employed states |JM; LS) formed by addingwhere ‘ Amd hy paddy (2-58) the spins 5,, s; to a resultant S, then combiningJ = L + S. The transforma-Here
we made use of the reduction tion coefficients are ‘a; + dgig)= (22H! . SI(I'M2 del S(E) IMdahs) = B35 Bsear bch S1CB) Abe). (2-59) (IMS LS| IMs ida) = G44) GUSH: NClsas ty —Ia)- (2-66)Equation (2-59) really contains most of the physics of the partial-wave . where we use the notation of Rose [12] for the Clebsch-Gordon coefficients;expansion we are deriving, so it's worthwhile topauselong enough to establish Galenajafaim) = CUrials 4) naam, The derivation of this formulawhat
it is based On. It expresses the conservation of angular momentum in can be found in Jacob and Wick (18, appendix B]. .the collision, which in turn follows from the assumption of the rotational

invariance of the collision operator S,

26 Parity InvarianceRG,
DSR, 8) = S, (2-60a) . .on IRsj=0. ‘ (2-606) Before the workof Lee and Yang and the subsequent experiments, parity.

invariance’ (invariance under inversion of the space coordinates) was regardedSince
R= exp (—ifi-Jé), it then follows that the angular momentum as a self-evident requirement. Since the discovery of its violation ‘in weak

operator J commutes with S. Hence the state S| JM) is again a state of total interactions, to which we shall return in Chapter 8, its consequences have
angular momentum J and z component M, and is orthogonal to the state been the subject of many experiments. It is now known that, at least to a
\y'M") unlessJ= J’ and M = M’. Moreover, the reduced matrix element on very good approximation, parity is a valid symmetry operation for the strongthe right-hand side of Eq. (2-59) cannot depend on M, since this quantity .

, and electromagnetic interactions. .is obviously not invariant under rotations. ee ee ~~ -. InLorder ta see what limitatiqns parity jmposes_on she_submatrices.SY“FurthersimplificationtesbIwif We choose the inicidenit direction along the ‘we must go back to the beginning and evaluate its effect on the states Yys,1,-z
axis (0. = 0) since from Eq. (2-52) and Eq. (2-53) . . These are product states

= vei(Dzx2 esrDira(Por 0, — Po) = ef ¥e-dh (0) = Bags. (2-61) Print Pont i022) _ ¢We obtain then where particle 1 travels in the +z direction with helicity 4,, and particle 2
+t

.

travels in the —z direction with helicity 4,. The state y,, is formed, for thePOpA Z4| S |p00AA,) = DaraAdal S7 ody) dZ,@eM*, (2-62) 7 case of nonmassless particles, by applying a pure Lorentz transformation in
7 the z direction, A,, to the state yo;. The relative phases of these states arewhere

2 = 2, — Jy, = A, ~ dy. We can write down the correctly normalized specified by the conventioncre section by comparison with the familiar formula Eq. (2-38) for the Get U,)yor = 6 -F lst A+ DEYran, (2-68)
dof = Wrage Ds 0.63) where s is the spin of the particle. :inl he os) Now the parity operator P leaves the spin direction unchanged, as theacratais(8, P) =P) S (2d + 1) A,Agl T(E) lay) OM (6), (2-64) reader can casily convince himself by a classical arguinent (for example,

. consider the effect on L = r x p); hence,where

GeAal SY Vine) = Baga, Binig + 2iAAT? Weed)» (2-65) : ” (2-69)The angle 0 is the angle included between the direction of A and C. The , PR TP . .Jacob-Wick
formula, Eq. (2-64), is remarkably simple. The functions d¥,,(0) is where 7 is a phase factor independent of 2 (since P commutes with J). It is‘have been investigated by a number of authors. Appendix A lists some proper- convenient dlso to consider the operation Y of reflection in the xz plane,ties

of the d functions, Yao tp (2-70)

| : 1
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From Eq. (2-46) 3 ‘Comparing Eq. (2-79) and Eq, (2-80), we find

ee yy, = Eda evo = (1 van @n) PUA; Aids) = ngne(—I)" As —Ay, —e)- est)
i is Noting thatJ — s, — sis necessarily an integer, and using the independencewhere we have usedEq. (A-4) from Appendix A. Combining the last three Of M cemarked earlier we finally chain «pesequations and applying A, (A; and Y commute), we find

Yon an” on
| PLUM; &ybe) = man(—1)P"" IMs —Ayy Ay). (2-82)

Similary, one finds that" Voow ony . If parity is conserved, then
Yates =(1)-a (2-73) . ISI) = SIPASP li. (2-83)

‘The reversal of the sign of 2 in the exponent occurs because the state zy, has“ -| -°* Applying this to the S matrix in the JM; 2y2, representation, we find
momentum inthe negate: dectonshencezcomponentofspinm ="—2. (hy “hel $ |-Ayy As) = neAdal S? Wats) 284)

Yvsinia = thm 18, om)

“

te = (nanan Wo. (285).

and hence that 7" cane ‘The quantities as Mos ter Ng ate the intrinsic parities of the particles A, B, C,
P¥pigie =Mata, a (275) >.whic are takenequalto ameshal return later to severalexamplesot; at their determination, Using Eq. (A2) we find for the scattering amplitude theNow we wish to evaluate PUM; Ay2,). Physically we know that analogous property," 18 Eq. 8

PUM; Iya) = (IM; —hy —he), Pargrrente (9) = MrfarcinOs ® — 9- 86)

so our task is to find what phase factor a is implied by the way we have In discussions of the effect of parity transformations it is often convenient
defined our states. The reader who would rather not go through the derivation to revert to the JM; LS representation. By using Eq. (2-82), the transforma-

can skip to the result, Eq. (2-82). The task is greatly simplified if we observe tion coefficient, Eq, (2-66), and symmetries ofthe Clebsch-Gordon coefficients,
that @ must be independent of M since P commutes with any rotation. | one obtains the result

Therefore we can without loss of generality confine our attention to the case oo LPUMELS)=ma(<DEMGES. 8, GBD,

Aere a aeoa T= GO hie Caleilate Thus the LS states are more convenient in discussions of parity because they|p00; 4122). From Eq. (2-75) and (2-42) we fin are states of definite parity, whereas one must form linear combinations of
P p00; 22a) = ima—1)""*Ro-e0 [D003 ~Ay, ~2a) : the helicity states to obtain parity eigenstates.

_ tena ' (2-76) Parity conservation imposes restrictions on the change in L’ which can= ninl—1™ Ip, —2,

05 hy — Ay). ‘occur in a reaction. Making use of Eq. (2-87) and parity conservation, weNow we use the transformation matrix Eq. (2-56) to expand this state. h find
With the help of Eq. (A-5), we find (IMLS! S \JMLS) = (JMLS'| P>SP \JMLS)

Ie, 7.05 iy Ae) = M2) . =(-)‘nenanan(IMES'S IMLS) (2-88)

x UM; Ai2{| py m0; Ay Ay) (2-77) Je follows that the S-metrx element mst vanish
unless

HENNA 2; a, om "nanan = 1, 289)
;

7 ‘ For example, if there is no change in intrinsic parties (n= nafs) then
Substituting this result in Eq. (2-76) we find Land L’ must be either both even or both odd.

P 1p005 Ayla) = E NGnn(—1YY As yy 2a). (279) 27. Time Reversal
On the other hand, we could use Eq. (2-56) to expand the left-hand side of

me levers

Eq. (2-79) directly Experimental tests have not yet uncovered in nature any reactions which

P p00; Ads) = S-PLIMS A22)NFD4A, 0,0) violate time-reversal invariance.? Physically it is clear that time reversal* 2-80) * The ex; of Christenson, Cronin, Fitch, and Turlay [21] probably implies a= ENP UR AA). (280) | smal vlaton inthe weak istceaeons, Soe Chaptes Qn? Ou) Provably =p
ee

. |
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reverses both momenta and spins, thus leaving helicities unchanged, and it is where p and q are the CM momenta of proton and pion, respectively. For
also clear that time reversal relates (f|S|i) to (i7|51/7), where the T the total cross sections,
denotes the time-reversed state. Hence up to a phase factor time-reversal aptdenotes thetim on(—)Jog(-) = 2 —,, 297invariance implies that

; ;
ne Me) =Se 297)

. Ad S = (Adsl SY cde). 2.90) «teeroth ‘hal S7 ako) = Catal S Vee) (2-90) ‘The factor } occurs because an integration over all solid angles counts eachIn fact, the phase factor is unity. The proof, which can be found in Jacob pp final state twice. (See Golgberger and Watson {2, p. 144] for a complete
and Wick [18], is rather lengthy and will not be reproduced here. discussion of these extra factors which arise when identical particles are

present.) Both reactions were measured [24] and found consistent with s, = 0.

i fencing: Spb e i ‘This result is, however, open to the criticism that if s, = 1 and if the pion28
Detailed Balancing; Spin of the Charged Pion “beam were polarized, it might be possible to obtain the same result by

‘An important application of time-reversal invariance is relating the cross accident.
section for the reaction C + D— A + B to the cross sectionfor the reaction |A+ B-+C+ D. Equation (2-90) tells us that the S-matrix elements are 29 Massless Particles
the same. Let us calculate the unpolarized cross section; that is unpolarized :
‘beam and target, and final polarizations not obsérved; ‘The Jacob-Wick formalism is applicable without modification to scattering

, r of massless particles. Although some of the steps in Sec. 2.6 were applicable
(4B CD) =4Sfra DIE (2-91) only form # 0 because of the use of the rest frame, all the results are correct4a QS4 + NQSp + 1a as long as one remembers that for m = 0 the only possible states of polariza-

where (2) is an abbreviation for the four helicities. The cross section for the | tion are A= --s. This fact is already familiar to the reader for the case of
inverse reaction is the photon. For the neutrino only the state A= —s is realized in nature.

. ‘The statement A = +s is generally valid for massless particles, but we shall
do 1 : t prove this here. (See Wigner’s [25] lucid discussion which provides49 (cp _. 4B)= ——_1__ 6, lt. _(2-92) =, _not prove this ig Piwm anOAs asepeReTyyeaa 0D.. = TLR Sears One Meets 25) Me Session ot S

° The specification of states in Sec. 2.6 being inapplicable, we must findBut Eq. (2-90) and Eq. (2-64) imply that . another way to specify the relative phases of the two possible states y,,and
a : ~r This idedby Eq. (2-72) whichfor 2 = s readsPLE Vicraia®s Pl? PEE Uicraad®, 9? (293) ; Yor-w This s provided by Fa. 2-72) which for 2= se

| YWya= 1¥p.-0 2.95‘Therefore we find me on)

dol4Q(AB—+ CD) _ PY2Se +12Sp +1) 298) For the photon it is cstomary to defise the A ~ £1 solutions as having aRn ee - vector potential
do[dQ(CD—+AB) PQS, + 1)(2Sp +1) A= Fe. tie). 299)

Both cross sections are to be evaluated at the same total energy and angle . finds easity that 7 =in the CM system. This equation is called the principle of detailed balancing. ‘With this convention one finds easily that 9 = —1.
It was suggested in 1951 by Marshak [22] and Cheston [23] that this

relation could be applied to the reactions 2.10 Identical Particles; Spin and Parity of the x®
+4 Dat -

att Deep +p 295) Having discussed in Sec. 2.8 some evidence that the spin of the wis zero,
to determine the spin of the =, Equation (2-94) yields for this case wwe should now consider the evidence that the spin of the »®.is also zero. In

Sec. 2.14 we shall discuss isotopic spin, according to which the wt, 7°, aLa|:ao.) =—4F (2-96) are different charge states ofthe same multiplet, This theory would, of course,an aa 32S, + 1)¢’ be untenable if the charged and neutral pions had different spins or parities.
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r } 1. Angular Momentum. This iks a highly written-about subject. It includes such |things as connection to group theory and representationa and basis functions,
+ to the Lie Algebras that go with the ‘group generators. One always calculates

the matrix elements in the operators J, learns how to combine enguler mom [|
enta using Clebsh Gordons, plays with the actual representations (rotation
matrices) and the basis vectors /JM] (sometimes called reps also). Im the
end one does tensor operators and Wigner Eckert and observes that in the
coord rep the Yim's have a special grouptheoretical meaning.

A, Williams pp 24 to 66. This is my favorite place to go unravel question:
involving angmom. Williams is an excellent writer and is logical.

B. Messiah pp 507 to 581. A big chapter with the seme stuff but with some
examples from atomic physics.See p 534 for sign convention in R.

| C. Schiff pp 194 to 22h. Again, the seme old stuff. However, Schiff takes
a slightly more general view and includes SU(n) description. THe
straight ang mom discussion is too concise for a good reading, though.
Schiff never struck me as a clear and logical writer. Too straight.

D. Condon and Shortley 1935. They, were the original dudes to set the
state phase conventions and. have a big detailed chapter on ang mom
in their atomic spectra book.

E. Tinkham has a chapter on FOR and group theory. Again all the usual

results are obtained. '®
In addition to these books which I possess, three are some monographs:

F. Rose "Elementary Theory of Angular Momentum" 1957

G. Edmonds “Angular momentum in QM" 1957

\ H. Wigner "Group Theory and QM Apps" 1959 t

| I. Brink and Stchler “Angular Momentum" 1962 |: |



r ) 2. Partial Wave analysis.
a, Williams Chapter 3. Agin, this is.my place-to-go. First he does the
partial waves elastique. Then, inelasticiy is added on. The $-4 and then
the O-+ cases are done. Actually, 4-4 is only mentioned, reference given.

b. Schiff mentions the Pi method, but as usual is too brief to be of any help
to me. I am never happy about that book.

cs Collins, and Squires at least define what they are talking about in the
partial wave expansion, see page 40 :

d. Messiah does a little bit, pa 385. Jackson has’ e+? expansion.

3. Thé ‘helicity formalism

1. Frazer has the best account of it, period.

2. Jacob and Wick paper.

3. Collins and Squires chapter on spin quotes main results in their
notation.

' .
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:July 16, 1977,

Stapp 1962 paper: Derivation of CPT and Spih-Statistics in S-matrix Theory.

I am now rereading this paper quickly for second or third time. Something I see now is

that this paper treats topics which are in themselves detailed technologies and it is
not reasonable to try to think about all of them at once. These technologies are always

combined in Henry's later papers. Some of them are:

Postuletesland: Sections 1,2,3

M-function-land: notation and spincr conventions

Analyticityland: sings required by tniterity, Landau, physical sheets, bubbles

Antiparticleland: continuations, crossing, CPT theorem

Henry uses so many words always in "most general form" that you always have trouble

hearing him. He distains simple exemples, sonething I thrive on. :
i

1, Introduction. Henry will prove CPI and spin-statistics without using fields or even
spacetime.

i

2, Postulates. Quantum theory amplitude and brobablity, Lorentz invariance, ananalyticity.

3. Remarks about postulates. '

kus M-funetions: in M(K',-R") first argument! describes final channel I think. Things aree@ done with products of 2x2 matrices instead of the (o,s) which I like. Unitarity stated.

5. Complex, Lorents Transformations. Hall Wightman invoked.

6. CPT Theorem. Equation (6.2) just negates the 4-momenta. I think Henry's “crossing”
is implicit in the notation (continue to different physical regions), so the momentum
negation toegther with the implicit crossing. gives CPT theorem. Not stated in a very
physical wey. 1

7. Spin Statistics. Proéf uses symbol (-1)" where N = number of spinr indices in channel
K = number of fermions in channel K mod 2 so'is like my symbol g. Proof also involves

reordering of same type particles. I do not follow the proof, but get the point. My
proof will always be that of Froissart Taylot since so much crisper, shorter, cleaner.

and overall better, even though Henrgy cane first.

8. Uniterity. Talks about R= S- 1. :

9. Lorent2 invariance, A long section with no content I can discern.

10. Antiparticles. The usual remarks. 1
1

11, Order of Variables. Long diatgibe about M-functions changing sign under interchange
of like fermions. But no rules for different types. No rules even if spin indices

differ. |e 12. Analytic structure. The unitarity singularity generation program.

(over for appendices) {

{
i



Ar Unitarity proof.

B:_massless particles

C: Teylor like formalism e
D:_Higher Spins

Ez_P.G, and T. .

F: the spin-$/spin-0 case

;

G: system of two identical spin} particles

H: location of singilarities of unitarity. Derives Landau, same as perturbation theory.

I: the physical sheet.

‘ ‘

J: notes on_Spinor Analysis

e



March 12, 1977
Stap; 1962 CPT paper. cote ion

I. Introduction: Discusses the "unwholesome dir" which surrounds field theory. and@ & dependence on the existence of spacetime points, and its associated problems.
S-matrix theory is ‘starting to survive on its own, and the time has come to gét rid

- of unecessary baggage, In thig paper, Henry will prove the. two. major successes of
field theory without using field theoyr but entirely within the framework of

ae S-matrix theory. These successes arer (1) the ‘CPT theorym~and (2) connection of- spin and statistics. tenn . - -

~~ ID, The Postulatés . Just sisting, explanation given in next secticit ~ OF
- - a) quantum theory =. _ - oe --

b) Lorentiz invariance (strong and weak form called B' and B
C)particles (make up experiment’) - -

- - D)conservation laws up to here, you can define M-functions)
=) maximal analyticity (E' is minimal analyticity) .

— F)-the physécal ‘connection ( stuff actually applies to reat world)~("postateng’) —
IIL. Remarks on Postulates. Key new idea is this: when everything goes compiex, the

- physical-sheets have only “signularities needed ‘by unitarity; and if you go to any
physical boundary, the funition will describe a physical process. Much more discussion,

but I will skip this for mow. More interested in M-functions at the moment. Hae dee
Areand Arentaut adhd “comment ay. se
Iv. The M-functions properties. A quick run down here. He has chosen seeral conventions

a) lower undotted = particle index euna 2 oh pute Gy waital5 lower dotted = antiparticie | (#8 Soe Ke she
c) the unitarity product has some funny spin matrices sitting in it@ d) statistics sign if you change orden of two variables
e) antiparticleif you reverse_4-momentum ete. — -.-—  _-___ -Obviously T will have to study these things more later. For now, Henry is giving us abird's eye view. Notice the farcy relation between -K and“K. “This change changes

momenta, spin dottedness,-and particle type tio antiparticle. - = -

~ V. Bitensich fo Complex LT. Thé Lorétnd trarisformation properties of the M-functions
- are stated in super compact..notation.as (5.1). Remember.that. each particle has its

own matrix, there are spin index sums, and so on. Normally this thing is thought of
in térris ‘if proper “Lorétiz-trahsformations, but H8LI arid Wightmen “shOved that it is

- -reasonable to analytically continue. the. equation which is the invariance condition
of the M-functions to the complex Loretnz group. No details given, sounds fine to me.

Vi. CP? theorem. By choosing-a_specific complex LT (which Ldo.not understnad at the) moment), Henry shows that you can equate the H-function for an amplitude with the
~ | M-fuittion Shh the “CPT-related amplitude. All you get is a phase. In other words,

the amplitude for a process and its CPT dual are the same, madulo a phase; this is
what the CPT theorem says. I do not quite follow Stapp's use of twiddles, though.
Onee you accept compléx DI"s, the CPT théoreni is immediate. No proof needed.

VII. Spin and Statistics. Henry gives e very short proof based on the simple unitarity
eugation satisfied by the M-fcuntiosn. Has “to do wittr orders; etc. Since the notation

looks. stragge. to me,,.I vill postpoue the.proof. I_will accept that it is very simple.

- The pent tst both-the-CPT Theorem andthe Spin-Statistics Theorem are~trivial dnée
-@ you accept the basic S-matrix tenets. Now Henrgy must show that these. unitarityequations are coreect, and so on. ‘

ce — | ween ee



-2- ‘ '

VIII. Unitarity. Henry writes unitarity in terms of S,, and then in terms of R= S-~- 1.

He wants to remove the highly singular straight through stuff. Apparantly, here@ is sone of nis notation: - : - -
- 5, - ~ LAD 4; y

'_g FEBS | A 4- — . S«K-R) = . JERE (> Ip x=Ke

__ . S80 the inus sign indicates that she things ts "stendardized" with_ell particles
outgoing. The twiddles remind us that in the initial side, particles are anti'd

aw = See beet ee =

= 6K SSE ek K' = 4K says mom cons.
Felativeto the "standard" form of all particles outgoing. | _—Un ‘itarity for the M-functions is not derived in this section.

IX. Loretnz Invariance. Oh oh .. Trouble. In order to talk about spin, Stapp wants
to use some kind of projection operators. Clearly he is only thinking about spin-O

- and :spine1/2 particles. I hate “this because I dont see how-to-generalize it neatly -
_—.other than sayigthe usual " well combine spin-+ particles to build up anything. you

want. " Henry's M-functions are thus going to be matrices in a 2x2 space for each
spin-i/2 particle; im the seme~ sense that you have matrices in Dirat space. I guess -
the thing to remember is this: __ i

Tae (Ae :

= = eA}, ~4hn (t Ay), =iv Q-K) pee %; YP Bo= © 2 e > Gm)
'

3 = ». Yatraawe tN omh Pe dee LL Le.
- Inother wordsy;-for-a-spin-} particle, it happens that the~(0,S)-representation function ~

--.. for a boost hagthis simple form, I think Henry is going tg define_his single particle
states in the cannonical sense as boosted “direct from the rest states, so that the
above-object-tendsto appear. . -- =

-——- - - te _-:

This restriction to spinors seems silly to me, I like Taylors approach much
- = more going with general fis) functions. ‘why,;does Henrgy stick to the spin=} stuff.???

oe Comments: “Istop reading at this point because I now see that Stapp is not going to
- + tele what I want to: know about’ the ‘M-functions. Taylor “is mich-more' relavant. There
-- —. Se of course other interesting points made ih this paper. The nery recent book of

Tagolnitzer in fact accepts Taylors square states and so will I. (Iag 1974).

er =. V
eee a - eee ' wee LL

~ ~ - cot i

ae —-- - . 1 ~ - --

1

a eee - be. — - -

e - --:

—- ¢ a ee
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How to understand Henry Stanp's 1962 notatioh.

e 1. Henry has a whole set of conventions which I do not use so must learn them. First
of all, all particle types end momenta are jabelled as if they were incoming! Thus,
he would say: :

: ~ a, ~ om3 We (ey ale Gr; 3| Sele Nola 2)-f3,3 =a
‘

- omar Hy, = ~
- W Gye yee t 3,-e25 Thy):

Of course the final state round bras are dotted relative to the kets. Particles in

the final state are automatically barred. Ab usual, the ordering for the final
state is reversed. Then, eg, if you ‘crossed, all particles into the initial state,
all p's would be positive and all types would be unbarred, modulo matrices picked

up from crossing in this notation. '

2. Here is Henry's usage, then, of things like K. If

e Ke Nes pep NM My 2 Ra yme.
¢ > ~ ca > oo. ‘Kron TRE Tey TA; mem OF Pam ot

This operation does several things: \
a) it causes undotted indices to get dotted, In a more general formalism where

each particle has both kinds of indices (54,55) or a direct product, obviously
complex conjugation causes dotted)to become undotted and vice versa.

b) it negates all 4-momenta. This is directly symbolized. by the minus sign. The
reason is Henry's desire to have all momenta defined as if incoming.

c) it reverses the order of particles in the state. This same thing is needed
in my own notation. (Because crossing is cyclic).

Thus, if: 1 i
= . A

Ke Mase . KN= Wes.
where the order is top to bottom on a connecte part's channel, then the above
Stapp M-function would be denoted: \

1 oe H

WOR, -RY)

}

t
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Gonversttion with Henry Stepp, July 12, 1077,

e 1. Why did he use (0,$)* stuff instead of simply (0,s) ? Answer: he was used to
using the @@ notation in the spin-} case, so he kept on using it. Also, it is obvious
that this extra factor which occurs in unitaPity products does not damage any analyticity.

2. What is difference between (3,5) and (0,1) ? Although they are not unitary
equivalent, you can go from one to the other by raising, lowering or dotting/undotting

indices. !

3. What is the status of the proof thet you éan do the analytic continustions? Answer:
it is not rigorously proved that there can not exist something which can block your

path. But it is extremely probably that it if OK. There is a non-relavtivistic theory

counterexample where two branch points pinchjright at the point where you want to
do your crossing proof, but none in relativisitic theory. The philosohpy Henry

accepts is that you will have only those sings which are generated by the normal

threbholds through unitarity. These are the Landau's and ére therefore the same ones

people encounter in perturbation field theory. There, you can do the continuations.

These continuations are nevessary for the spin-statistics theorem, etc. Alsoe crossing.
i

4. Does antiparticle have negative spin projéction or not? First, he agrees that

© should commute with Poincare generators. However, the combined CPT changes your

physical spin (just think of particle at rest), even though it does not change the

index on the spinor M-function. :

5. What does Henry think of Berut's book and'Barut? People have told him that they do

not find the book that useful, Henryg thinks;it was perhaps a rushed job. Barut is

perhaps too group centralized. :
i

i

1

{

!
|

.

e
i

|

i
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Excercise: what is Hermiticity in Taylor's hotation?

t :. \ jk mongerues 'seo - ON Couper tts, Pts)

a on my) ol yw om) [A= Tetlolemlele.™) So leno) fh
1

'

4)owmy an i. M4) @ | 9™ i 1)= EM (A Se Lee To ler ]o let] ZA
: , t ’ Doo 5), cha #

= oa we « Ae ws °= F tele fet suy gt )oln™) la”) - Dew GEO)
(43s)

A
OS) a *

Datar (LGAY) 3

fa i + +

1 s WF 2 )) . u 4| saet|- a OG)  Wedy)e 1.Thus in Taylor's notation there is a price to be paid. In order to relate a minus
bubble zmplitude to a plus bubble amplitude, ‘you can't just star as in Stapp. You
have to add some D-functions. ,

But this is not Hermiticity or Hermitian Analyticity. The process above is unnamed.
.

You are basically just converting a S,* opetator to a S, operator
1

2. Minus sign? Notéce that the way I chose to define my M* object, you do not also

get a minus sign in the above equation. If I had related M* to S* in the same way
as M to S, then there would be an extra minus sign in the above! The bubble is

always supposed to be the M-function. This éxtra minus sign explains why Stapp has
a plus sign on the left side of his 1962 unitarity equations.

3. I think both Taylor's and Stapp's M-functions have Hermitian analyticity, ie:
3 * {

me nee@ [w Cite = Coe ak, . y
t
:

e
;

1
i

i

t
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g PROBLEM OF MOTION IN FIVB SPACE 2139 Bo
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“
4within a considerably shorter interval of time have emerged eyen for “free particles” may perhaps Eri
£ [Rendretofore and so indeed to consider occurrences provide us with other conceptual possibilities the Bs$F ctast anywhere to be of a contemporary nature. In any starting point of which may lead to a theory with less aS
 ignent the structure of the equations of motion which startling consequences. : an
+8 ‘ Efe
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pLpaySICAL REVIEW VOLUME 125, NUMBER 6; MARCH 15, 1962 Ftt 1 3

* Derivation of the CPT Theorem and the Connection between Spin and 3 |
x 5 Statistics from Postulates of the S-~Matrix Theory* Bd
iq Henny P. Stare ‘ Bi
cay Lawrence Radislion Laboratory, University of California, Berkeley, California 3,

| i (Received Sepiember 20,1961) jba ‘The CPT theorem and the norma] connection between spin and statistics are shown to be consequencesof - t,
: postulates of the S-matix approuch to elementary particle physic. ‘The postulates are much weaker than 3

Thoseof teld theory. Neither focal fields nor any reference to space-time points are used. Quantum commu qal {ation relations and properties of the vacuum play no role. Completeness of the asymptotic states and ma
positive defniteness of the metric are not required, though certain weaker asymptotic conditions prevail. 3

| {The prools depend on unitarity, macroscopic relativistic invariance, anda very weak analytiity requirement a
‘on the mass-shell scattering functions. The proofs are in the‘hamevork I the new S-matrix approach to eeae tlementary particle physics, which is established on a formal basis, . E

1 L INTRODUCTION * include any théories except trivial. ones in which the © Bc.
EH "TSHE two most important general physical conse-__ S¢@ttering matrixis unity. sat &
Heal “cuences of relativistic field theory are the CPT Secondly, the postulatesare very specialized and 2Ws the connection. between estrictive, in that they assign a fundamental role to a
‘NaLslis "The CPT" theorem Hates that for every —bypothetcal Jul field operators defined over the ld a
Vices ococcurring in nature there is an allowed_dusl af soucetine fonts Espace doe not‘cual the , F

. Lotocessjn which the particles of the first are replaced ¢X!stence of M ” —
Jp ther respective antipartcls, all spins are reversed, in which theyplay a fundamental role may immediately oa|ced paths are changed to their images under inversion ¢xClude all thgories connected to physical reality. ‘
‘hrough theoriginin space-time. Relationships between Because_spaceltime_points_are_experimentally_in-_ i

«f vobabilities are stated to be the same for a process and ccessible_botli_in_practiceand in_principle. their . a{5 dual. ‘The proved connection between spin and IntroductionFinscounter to the philosophy of quantum >1 sutistics is that wave functions are symmetric under ™échanics. This philosophic inconsistency appears.to B|F sse interchange of variables referring to two identical eve its analog'in the mathematical structure in which it1 vegal-spin particles and antisymmetric for the half- related inconsistencies seem to arise. ElHD
segaspin case. Even within, the general framework of local field Ssi “These important results arc derived from the postu. ‘theories, some of the postulates are so restrictive that a+t
esol local field theory, which, however, are subject, "APY reasonable theories are excluded. In perticula, E{ Saconsiderabledoubt. In the frst place its not Timown the equiremenfs ofthe completenesof the asymptotic a]“f Piether the postulates are suficiently realistic to 28° ‘and the positive definiteness of the metric are mn
= assumed to hold, not only asymptotically, but also aof iitsrerkyas performed under the auspices of the U- S. throughout thé course of the interaction, But added y"G,

Lilders Kgl. Danske Videnskab. Selskab Mat.-fys. Medd. states of negative metric not among those observed an| 3, No. 51H) Hy aide Bole ond the |. Asymptotically jseem to be exactly what are needed to =| eamonPres New Vonks foSgy Mt Deslerment of Physics remove the apparent inconsistencies from field theory. P|af TGdere Aen Phys. 21.1991). ‘A theory based'on this possibility is among those being, te4
‘HatFle ys eke 3,449sr, ~~ 3+p A WoBal, Piya, Rew 58, 716 (IMO); Progr, Theoret, Phys e44 iyuin)5, $26 (1950). 4G. Kallen, Kgl. Danske Videnskab. Selskab Mat.-fys, Medd, :{i pinaaman,Phy Rew 7629 191) 27,38 (ss. §{ sSciwingee, Phys. Rev. £2, 914 (1951), SI. Poreranchuk, Deklady Akad. Nauk SSS. 108, 1008* (Tigers and 1, ino, Phys. Rev. 110, 1450 (1958). (1955); 104, 51 (1955); 105, 461 (1955); A. A. Abrikosov, A. D. :urgoyne, Nuovo cimento 8, 607 (1938). Galanin, L.'P. Gotkov, J.D, Landau, I, Pomeranchuk,and K. A. ‘Ta I nesrelical Physics inthe Twentich Century, edited by ‘Ter-Mattirosyan,Phys. Rev, 111, 321 (1988).Pr Tice tau VF Weaskopt (Interscience Pulifahers, Ine, D. Landa, in Wiss Dor ‘and the Deslopmentof Psi,

; | ‘ow York, 1960). edited by W. Paull (Pergamon Press, New York, 1985),
p. 32.
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ot COSTA AND FELD

where ANNALS OF ILYSICS: 18, 65-80 (1962)

g=-(e@+i)F oo ie« Angular Momentum States for Three Relativistic Particles’
Receiven: January 3, 1962

G. C. Wick
REFERENCES

1. G. Costa asp B.T, Fey, du Paya, (NY) 8, 384 (1900). Brookharen National Laboratory, Upton, New York

2 BLT. Feu, Aun.Phge, (XY) 1, 88 (1937).
2 BT. Fei,Ann. Pha, (XY)4, 169.1938)4. JM. Beart axv V. F, Wessskorr, “Theoretival Nuclear Physics.” Wiley, New York, A complete set of angular momentum states for three free relativistic par-

1952. Licles ix deseribed, the main purpose being to write formulas which are simple5. J. L, Gastae axp RM. Train, “Progress in Elementary Particle and Cosmic Ray and explicit enough to be used in detailed calculations. The three particles may
Physics,” Vol. V, Chap. I. North-Holland, Amsterdam, 1960. have arbitrary masses and spins. The scheme is a generalization of the states

6. M. Taxeraxs, &. Macitbs, aso 8, Oxtaa, Progr. Theorel. Phys. (Kyoto) 6, 638 (1981); introduced by Dalitz in the study of r-meson decay. An angular-momentum
‘id. 7,45 (1982). recouping coefficient is computed explicitly.

7. T. Hamtava, Progr. Theoret. Phys. (Kyoto) 24, 1033 (1960). .

&. R.A. Brvax, Vuoro cimento 18, 805 (1960). . INTRO
9. $. Gantesnats, Phye. Iter. 100, 900 (1955); ibid. 197,201 (987). Relativistic three-body systems at presont attract a great deal of attention.
eee ede Mee inmt Bice uses, It scems desirable to have some reasonably simple formalism to deal with angular12 AL-SceaveaneasbS.Oncau Phyo ee.10%,OOS.0000)—nv2 m= mone nf. —_faomentumin such systems. The fundamental principles are, ofcourse, well13. H. Fesupacn, E. Lawox axp A. Tests, Phys. Ren. Letters 6, 035 (1961). known, but relativistic kinematics mitroduces certainy complications.
14, P.Siaseut axv RE, Mansiiag, Mga” Ker 108, 1229 (1958). In this paper we discuss various ways in which a complete orthonormal set15. 8. Oxva0ax HE. Maranak, Ann. Phys. (NY) 4, 160 (1958). of angular momentum states can be constructed for three free particles (with16, R. Cinena axp G. Stamtsst,Suppl. Nuoro cimento 20, 187 (1961). or without spin); the unitary matrix, which transforms the different sets into

one another, and various formulas that can be useful in calculations with these
states are given. The problem is merely the practical one of setting up things
in such a way that calculations do not become ugly and unmanageable. The
method we shall use is, in a sense, an extension of that employed in a previous

paper by Jacob and the author (1), to which the reader is referred for notations;

. ‘some changes in notation will_be explained as needed.
Tt would seem most natural to start from some convenient state in the center:

. of-mass system, for example, a state in whieh the particles have definite momenta,
i, Qe, Qs Satisfying the condition

atato=0 a)

and apply to it the Wigner projection operator, compare JW, Eq. (16). If
in addition, the three particles have definite helicities in the original state, they —

__ Still do so after the projection, for the same reasons as in the two-body case.
+ With this procedure, however, it ie not quite obvious how one obtains a com-

plete and orthonormal system; I was Ied, therefore, sometime ago to consider

* Work performed under the auspices of the U.S. Atomic Energy Commission.
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cote soeves tied which an obo mais adaptain ofr) one. AND Tworanricys sreQDowed hy Dalitz in the discussion of r-meson decay (2). In ti — “haltntee?? >. way, a simple discussion was given of vurious three-body decays 3). In the ‘We shall use the notation |p; d) for the “helicity” states of SW Eq. (6). Here
mechtine Suites () hon Cheon elec deathy eae aate et tagoeene p denotes the foursmomentum of the particle. We also depart slightly from JW
reactions and decays based essentially on the same generalization of the Dalits in the phase and normalization of these states (sosalso the Appendix) that is,scheme. ‘Nevertheless our discussion of these states and some of our results we multiply the states of JW by a factor (2u)'"e In this way we bave

taybe mic trent frm Shimkov's towatpubaion,We hare NP) = bad(p'p) oO)‘omitted some parts of our work to avoid overlap as muchas possible: «s the invari .‘The relativistic generalization of the Dalits procedure reqtires the following where 6 is the invariant é-funetion on the mass sbell S(p.p') = 2uh( ~ ')-
steps. We start with two particles, say 1 and 2, in their center of mass system This corresponds, of course, to using the invariant volume element on the mass-
Zqz, and construct with the Wigner projection operator, a state with angular shell

‘momentum quantum numbers jm. If, more specifically, the procedure of JW. ys dp = (20) hp = &(p* — mi) dp @)Bags. (16) and (18) is followed precioly, the two particles will have definite J 7/1. oe the oni clement,helicities A.A. and a total energy w in the Zs system. This state may thus be in place of the ordinary phase space element,treated as the teat state yas of JW for a patie “12” of ome wand voias Consider now a Lorentz transformation , which transforms the four-momen-
i Dereats teancoreaticn it the edlecioe een te cond Ca an won 5 tum p into say p’ = Up. The corresponding Lorentz operator Z, transforms the

state with momentum @ in the z-direction and “helicity” m, a state which plays state {pi)) into a state of four-momentum p'; this wil be, in general, a linen
the same role as Yq in JW and may be designated provisionally as Ygn(12). A [Combination of states |p’; ») with various helicities@. Because of the normaliza-subsequent rotation Ro.9 ¢ will transform it into a state having total momentum tion we have chosen, the linear combination is givem by a unitary matrix (,

qin an arbitrary direction 6. After the Lorentz transformation, of course, the fhe Precise form of which is given in the Append This ne dep sds onspin state of particles 1 or 2 is a linear combination of different helicity states. be Fan Tore cal tse express ts of course, as a funetion of Fand p= 'p‘The Lorentz transformation of helicity states is discussed in the Appendix; it (¢ write therefore: eo bth <n,
is a trivial modification of the transformation law given by various authors Ua WUD) = COA se ° @)5-1 iti i i le . A = eadic+ ODsrneepatiaeeeeeeeee eal 12)xas(8) fo The convention used is that the order of the variables indicates whether we use

_____ formed, which Uren plays the Tole of JW Ba, (14)..A now appheatieeaf the the inalor fl momentum. Ths the trarsformtion law may be writen,~ Wignar projection operator Will genefate a three-pafticle state ]WSAD) where [7 ~~ for example (S-7}— = em nnn mem me
W = VEE+ Va ee a Lip) = Teall P) | Ipse) @

is the total energy in the overall rest system. A moro complete symbol for the A formula of this type will hold, no matter which mae is used to label the spin
state is WJM; win Ady; 's) which is self-explanatory. Tt should he noted that states. We shall use the “helicity” convention, see Appendix, Eq. (A2). Let
Asde and A; do not occur on the same footing since they are helicities in different us notice that with the convention (A.2) the state does not have a definite
reference systems. limit (indopendent of ¢) as 9 tends to 0 or x. In these two limiting eases the
What wo have described may be called the |(12)3) coupling scheme. Another meaning of the symbol {p:) has to be specified by am appropriate couvention.”

possible scheme is, of course, |(23) I), for example. Since both schemes are of : cthalicty states,"it i imporibi to define the phase of the «vmbotinterest.in certain calculations (for instance when certain symmetrizations are 2 ee ee ee ulemaaphene itemstaeee at ENnecessary) we shall compute the “recoupling coefficient” ((23)1 | (12)3). Ul; p) 4 a function of {atl p has to he accepted. These discontinuities will eause no
j : ; ble, povided one pays attention fo them, With the deGaition (A2), which has certain'Twish to thank Dr. A. J. Macfarlane for sending me quite recently an abbreviated trou i inn °version of his thens on Rlatvite Partial Wave Avaigais "heh reeae cree outer mvage wa ary nok sae a we din Ex, to minith lirelated to the present work. Macfarlane considers more general coupling xchemes than we continuities. Whi Pe aE CER tong the meridissleted tgthe potent work, Masfariaoo consid Giza at AE“ aed meray 4 a ne, tbe merieoae
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. y py dO have meanit. specicay parallel and respectively antiparallel to the z-axis wo shall iwhore ny d®t have the same moaningas before and e@
pet, by definition, [p;2) equal to the limit of Eq. (A.2) for 2 = Oe = 0and Lm H(Pa) Rory = Ro.o'oZReoy )respeetively® to e”‘" times the limit of Eq. (A.2) for 9 = x and e = is the operator for a transformation { which also belongs to the set (6).

We can now replace the state Yrs’ sw Ea a4), hciet Sie arte When Pr: is given, the set of transformationsobeying (6) isspecified. Picking
Ip; pend, which representsthe direct product of the states [p1';>) and [ps3 Lout of this sct is the same as picking ¢, 2,7 since we havefor particles 1 and 2 respectively. Here pi" = —p2 is a veetor pointing in the re
positive z-direction. be r= h(Px)l (10)“The angularmomentum states for 2 particles in the e.m. system may now In this sense, the integration over a in (8) is an integratic carvi
" %

nt

¥ ovel gration over J varyiny

introduced as in JW Eqs. (16) and(18). LetJim be the angular momentum ‘over the set (6). Provided r is tied to by (10), land r need only bespectiedquantum numbers,0 = (p+ mr)" + (p’ + mz)'", the fotal energyin the Sup toy” and a convenient way to do thisis to give, instead of f, the two veetors
em. system. Changing the notation of JW somewhat (for the normalization ‘ ° *
see later) we write: * P= ip; p= lpr . alya

_ oy ory t ‘Those, of course, must be chosen to lie on the mass-shells of 1 and 2, respectively,{jms ride) = (pte) at f a0-DhqOY R | BP mEBE MY | ) and to satisfy the condition .
Dam Hd =(CB+ V/Ael; — dB = sinddd de pt pm= Px (2)

where r is the rotation with Fuler angles yd7, R = Ryo, the corresponding oper- Defining the invariant volume elements on the mass-shell dp; in the usual way:ator. We have used the unitarity of © to change Dri(r) to Din(r'). Owing, (Eq, (2')) while the invariant massw and relative momentum p are, of course,
to the condition \ = 1 — Ae, the integrand of (5) docs not really depend on given by . Ce, Orne pH anchs
the third Euler angle, so that we were able to omit the integration over 7, com- w= (at poh tpt = aut, mf, me);
pare JW Eq. (18). ta Oe (13)

‘Let now h be a Lorentz transformation belonging to the three-parameter sct_ - \Alabe) = a? + * + & — 2ab — 2be — 2caof transformations such that

wher, ©)
one can seé, by an easy transformation of variables, that

.

where P! = (w0) and Py is a specified value of the four momentunt sith panne [Ptmseodiant Pe \ OO
the same invariant mass as Pi: . In particular let A be the special Lorentz trans- where dQ is the solid angle for the direction of the telative momentum in a
formation h( Pi) defined in the Appendix. The corresponding Lorentz operator em. system.
H = H(Pz) is then of the form We can now write (8) in a compact form if we express the effect of Z on thetwo one-particle states by means of Eq. (4) and use (14) to replace f--- do

Ho Reosk
;

by an integration over py aud ps. Finally:

‘According to the general convention ‘used, e.g. the “helicity” convention, the
“states of the system “12” with massw and spin j and with momeutum Pus 4 0 | Pagsm;dade) = 40 pr? | Ap dpe dp + ps — Po
can be generated by applying the operator H = H(z) to the states (5), 90

7 (due p)'* J apse bps + ps : ) us
that De) ORR (5D CRs (B250 Hee sper v4

© | Pans; XsXs) = H (Par) [emda da )
a

va bo oe (8) A more symmetrie and compact form is obtained if we notice that, according
= (p/swy"" 4; f ABeDhn(") Le] pm sD! ee) to the conventions, ACP2) ie the unit transformation, so that comparing with

The purpowe of this conventioni ta make bp? >,for example, completely equivalent Appendix, Eq. (A) we ean writetosW Ee 118), Thusnone of the formulasof JW have to be modified tconsider in particular Ae CPs Jorty = C8 P, J ,the
eyinmetry properties discussed in JW, SectionY

Pe MPa), BOM) = CG Pe) a6)

— a —
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492 P. W. ANDERSON

possesses continuous symmetry group under which mass." Utiyama"® and Feynman ‘have pointed out that, —_scatterins
P the ground or vacuum state is not invariant, that state gravity js also a Yang-Mills field. Tt is an amusing atic CoM

@/ is therefore degencrate with other ground states. This observation that the three phonons plus two gravitons spins
implies a zero-mass boson. ‘Thus, the solid crystal are just chough components to makeup the appropriate {| theinvarviolates translational and rotational invariance, and tensor pafticle which would be required for finite-mass ! reaction»
possesses phonons; liquid helium violates (ina certain graviton, ' to constr
sense only, of course) gauge invariance, and possesses Spin waves also are known to interact strongly with (for exsa
a longitudinal phonon; ferro-magnetism violates spin magnetodtatic forces at very long wavelengths," for ‘scalar am
rotation symmetry, and possesses spin waves; super- rather more obscure and less satisfactory reasons. We Second, J
conductivity violates gauge invariance, and would have conclude} then, that the Goldstone zero-mass difficulty Mandela
‘a zero-mass collective mode in the absence of long-range _¥$ not a Serious one, because we can probably cancel it amplitudl

off agaiyfst an equal Yang-Mills zero-mass. problem. moment}Coulomb forces, es at . tiTt fe noteworthy that tof th upon Whabis hot clear yet, on the other hand, is whether itis cases.?Js noteworthy (nat in Most oF these cases, UP possible fo, describe a truly strong conservation law tioned,¢loser
examination, the Goldstone bosons do indeed such as hat of haryons with a gauge group and a y have nebecome tangled up with Yang-Mills gauge bosons and, Yang-Mills field having finite mass. this que

thus, do not in any true sense really have zero mass. I should like to thank Dr. John R. Klauder for separate
Superconductivity is a familiar example, but a similar valuable{conversations and, particularly, for correcting that onephenomenon happens with phonons; when the phonon some serjous misapprehensions on my part, and Dr. to sealas

frequency is as low as the gravitational plasma ire- John G. Taylor for calling my attention to Schwinger's Tn the
quency, (4xGp)"" (wavelength~10* km in normal Work. 7 systemar

matter) there is a phonon-graviton interaction: in that J. H, feans, Phil. Trans ar. Soc. Taadei 101, 157 (1908). + but ma
case, because of the peculiar sign of the gravitational qn otitpasamy Phys Rev. 101, 1897 (1980); R.P. Feynman | Print.
interaction, leading to instability rather than finite" *L.

R. Walker, Phys. Rev. 105, 390 (1957). sideretior—_—_— of pract

.— bigher s1PHYSICAL REVIEW voLUME 130, NuMeR t APRIL 1963 analytic
. . . . . . f Many off

Construction of Invariant Scattering Amplitudes for Arbitrary Spins and i volvinge
Analytic Continuation in Total ‘Angular Momentum* restrict: |

Asn 0. Barun Ivax Meznaox,t avo Daveo N, Witztaxs PaulealLawrence
Radiation Laboratory, University of onli, Berkeley, California 1 other ap;CRecived

9 November 1992) 5 pjectirom
group-theoretical considerations, invariant scattering amgfitudes for ro-body reactions of particles spaces vfwith arbitrary spins and nonzero masses are constructed in variouf forms, inchuding helicity amplitudes and

amplitudes free of kinematical singularities. They are linear combinations of spin basis functions with no
sz cosine pros ofeanucion the Pol spinaes ae goed for arity pn 7. (On the basis of a Mandelstam representation forthe scalar cosfieents, the unique analytic continuation

ofthe ampli in total angular momentum i obtained, Pose Kiara singles of he salar : The foAmplitudesat the boundary of the physical region are discussedplitudes a 0 ry ofthe physieal reg . a Re rath:
“in this sfL

INTRODUCTION , struct the invariant amplitudes in terms of the irte- but frst

TTDPit si gua of Soatts theo are the ducibie ynitary representations of the inhomogeneous various iLorentz-invariant scaticring matrix elements (§  PFOPer werent Broup, based on ‘a two-component is only 3functions), which depend on the spins and types of SPior fdrmalism/ . . appears i
incoming and outgoing particles and on the mass shell. Although the invariant scalar amplitudes for which of compli

values of their four-momenta, From the $ functions, the Mandelstam representation is expected to be valid # = ——- =invariant scattering amplitudes (Mf functions) that have betn known for some time in the simpler cases act
have simpler transformation properties and that are Sucl as those of the pion-nucleon* ancmucleon-nucleont ered
expected to be free of kinematical singularities can be TSE TR cosa i Ms Theory (Wf. A. Benjamin, Ine, New York (to be published)]. iatdefined,’ A general procedure has been given to cone THA7 SYA, Nevama, Ings New Yor( 2 pisket~Work done under the aupios of the U.S. Atomic Energy //*G. FPhew, M.L- Galberger,¥. E. Low, and ¥. Namba, WS}cantar hye Reo ie 387 (98. we 18,3

“Present address: Universityof Colorado, Boulder, Color. { "Bi. Golibergee: ML T. Grlzacs, §, W. MacDowell and BiY 2262Present address: Universityof Washington, Seattle, Washing. | DD. Y. Wohg, Phys: Kev. 120, 2260 (1060) (clerted ee herealice Energy?ton, as GGMW);'D. Amati, E. Leader, and B. Vitale, Nuovo Cimento 1962) nate {UEP Sa ho. Re 125, 2199 1960; Lata on tris HF 08). Ssh, tei aah pages ahsig ad ow paging BOT wash
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. CONSTRUCTION OF INVARIANT SCATTERING AMPLITUDES 443,

} 1pointed out that scattering systems, there is to our knowledge 10 system- A. The Invariant Functionstis
an amusing atic_construction of such amplitudes for arbitrary we id Meri fe a"Qs 5pins.* The purpose of this paper is, first, to construct it Sind inconinn Hering Pieswith s oaeing ar1 NDppropriate Petvariant Me hmetions of arbitrary spin for two-body icles anc aeee wticle and outaving" jor a finite-mass reactions (two particies in, two particles out), andalso Momenta Sy Ay, and incoming particles and outgoing

to construct the S functions in variousrepresentations antiparticles with spins and four-moments Si bi all{strongly with (lor example, the helicity representation) in ss of With nonzero rest masses, ‘The invariant scatietingavelengths,* for scalar amplitudes and explicitly given’ basis functibns.* (eaters a Smal eesti oave Te Dolio,ory reasons, We Second, it is our purpose to define, on the basis of a {*wisformation property under representations of the
eomass difficilty Mandelstam representation Tor the two-body salar Wioiageneous orthochronous proper Lorentz group:

babycancel i amplitude, an analyticcontinuation in-totalantulst. S(6)=@.0°(A"(~A)]femass. pr momentum that generalizes the recent work on sim Sal =

te se /D5/(A'(k;) By|, is whether it is “Gases” In pion-nucleon scattering, as already fnen- where SO GOT SLA (AKI, G4)
conservation law tioned, there exist scalar amplitudes that are known to
© group and a have no kinematical singularities. An investigatién of A'(i)=Be "ABe-n and AADRR a.this question for arbitrary spin will be reported‘in a . .kK. Klauder for separate paper. We proceed here on the assumption Here X stands for the set of incoming and outgoing
3 for correcting that one amonga large class of possible bases will'lead f0¥f-momenta, fa, with Yi. kq=0 from momentumpart, and Dr to scalar amplitudes ssithout poles. conservation’;and AK stands for the set of transformed,so Schwvinger’s In this paper, we ignore isotopic spin and give na. ™omenta, As. Elements of the orthochronous proper

systematic discussion of C, P, and T transformations, GRomosencous Lorene group Lt are denoted by ACA),gencous Lorentz group Lyf arc-denoted by A(A)ES Citattotmations, yshere eA are the corresponding clements of the tro:+ r wut make only occasional “comments where approsy iste s/t are thecorrespondingClements of the two:sh gS 0900, Bet male only ccessional comments PPro y-twounimodular-group.‘The spin indices of the ©|
Apart from their theoretical interest, the Joon.” [WcUbh, which ave been suppressed are transformed

{siderations involving higher spins will be, we believe, bY, direct products of the unitary matrices D* and
| 9f practical importance in connection with thetnew DS", which are the well-known [(25:+1), (25,41)

higher spin resonances, and perhaps in the problem of _ Jimensional irreducible representations of the three:APRIL 1963 analytic continuation in spinvotthe Samatrie Geminis, ~-2imensional proper real orth coverups Ao invesjany of these considerations apply to prc in- ‘ransforming according to DS corresponds to anand
volving arbitrary numbers of particles and ard not Wt#oing particle or incoming amiparticle and one@ restricted to two-body systems, For example, the'spin '#nsforming according to DS corresponds to an in-
matrices introduced in this paper generalizing’ the RR pant oe tain ipa To ‘thePauli matrices to higher spins Inay be of interedt in AFeMeNt A”) of DF or:°*, the unimodular matricesother applications. From these matrices we obtaisj the 2 are $0 defined that \
projection operators for the irreducible invariant jsub- A(Bi-s)p=h, h=@sees 7

spaces of the tensors of arbitrary rank. : (Be-ado=h, &antl t and similarly for Bg~p. The Lorentz transformationsith
Il, DEFINITION OF INVARIANT FUNCTIONS' corresponding to the unitary-unimodular matrixa AND GENERAL PROCEDURE A’= Be-yABe~p transforms the vector p into itself

ion 7 . it is an element of the little group of the vector p),‘ ‘The formulas developed in the succeeding sections {it 48 eement of the litle group of faeiy atexather involved. To facilitate the reading, we oufline athens p=(0.0.0.0) i the rest-Lrapte value of ki hence,‘transformation is-a rotation, gran
| in this section the procedure that we have followed; “Prom thedefinitionof p and Eq, (A1.1) in Appendixvs of the irre- but_first_ we define the transformation laws off the 1, we have, in terms of Pauli matrices, ¢,*

‘homogeneous. various invariant functions. It is often said that-spin «
so-component is only_an_inessential complication, Nevertheless, it = GB = Bar aBecst—=broy/m. (2.2)

appears that except in simple cases a certain ampunt ry, 1 sol . a .i
p

t exc

‘ : mp 1¢ general solution of this equation can be written‘les for which of complication is, if not essential, at least unavoidable, in the form Bu-p= AtepU, whereA t-pis tht 7dl to be valid 6 ee i Be a prt deed she Hemaitioni matrix (k-o/m)"* and Uis an arbitrary unitary matrixmle Gy [4a GMa, Mug Cina 1, 83 Gag, dacwal he errant the lesion af abiesscleon-nucleon'

J} gmptudesfor sin ad photon proces, in a vetalpiion Sa EARNER TM CRERTCRwent cations ib

se pb “A construction of the Af functions from a somewhat diferent | later in Fact icity amy n
Bepaciment, University of Callovoia, Berkeley, Calvorna,* "Yor a lst of conventions, notation, and various importantand

Y. Nambu, ' 7S. C. Frautschi, M. Gell-Mann, and !°. Zachariasen,Bhs relations involving two-component spinors, twn-by-two matrices,4 Rev. 126, 2201 (962). For the N=W system,ave V.N. Griboy,in,| aed group representation mattiocy see appends 1MacDowell, and Proceso the 196 Aan tateryatinl Cofecace Hic: \ "Whe tote i pure coneninal pec since the two“vedo herealter acy Phe ot CHR, hy Pronk (CERN, Gabe, \ representations act euleient Hager with cau coe‘Move
Cimento 4962} and I Mzinich, Phys. Rey. (Qo be published). See also V. \ vention in the four-component fornism, 2s will be seen incer) Singh, Phys. Rev. 129, 1889 (1963). ' \dentally in Appendix IT, See also the references in footnote 1.

Niptern
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kam the foftrmomenta (and possibly of the signs of the ,, where}

A Oegaimg energies). One can also require that the basis functions Mandee * ne . YO(K) have defitite transformation properties under (Fic. 1. Two-body scat- P and{?. Thus, if P and T are conserved, the total
(axing parameters, numbet of independentscalar amplitudes will besmaller withthan the TI25cF)IL(25;+1) resulting from (2.7) | are def|

ham Ie +a and (238). |
1am A ayh sya ‘The essential requirement ongthe scal mt 7 | Bins

is thatfthey shall have only u singularitiimportant characteristic of the invariant M functions _functigh itselfWwhich on the basis of perturbation theory “defined below jg that their transformation property is, or of ure S-matrix theory are-expected to be only

independent 3)wines manana St Sr dina Mil Furthermore, We-wish trreguice that ike: |‘The transforifiation law (2.1) also holds for the X’ .basis fanctions themselves have no singularities. The. where
functions, ‘simplest possibility is that the basis functions should be from1R=S-I, (2.3) polynotnials in the components of the litiear momenta. mat

-

a .

. To require that the basis functions have this form is | binPeera aa MeanteSEUBee eeracT, not enfugh, however, for the scalar amplitudes ould of-masemation law. Because the matri Tee? ES sill habe kinematical poles atvarious degenerate points for anyis unitary, we have the identity sill hat matical poles at s degenerate poi ". where she basis functions become linearly dependent. | angular]

DS[A'(]=DS-LA'(Y]=°-[A'G], (2.4) Indeed, the question of whether there exists a set of ampli
bay inwener, - ‘basis functions that never induces kinematical poles in» junewhere

fst are theirreducible, ingeneral, nonunitary, ¢ "scalar amplitudes already involves considerable
representations of dimension (25+1)(2S'++1) of Lyn, We scar a rend consi 1
We can, then, use. the group properiy of (8 che subtety in the case of two-body reactions; and there | whee7coisas fore, we shall restrict ourselves primarily to this case in where

any discussion where the singularities are important. "by theD5(Bir-s-\A Bory)=DE(Bronp)+ ‘The question of to what extent these various require- , indices
X DE (4) D'S.(Bony), (2.5) ments determine a set of basis functions is not settled The j

oo . in thig paper. Rather we seck to estublish a basic * of Hay‘Thus, if we introduceM functions defined by formalism for arbitrary spins that can be used in the
U(K)=@.D4(B rey) constryction of a large class of basis functions.We |e iy © ,D%0 (Bryon) *R(K), (2.6) SSllowa procedure that is natural and systematic, and‘ a) tM" that yields the usual_analytic amplitudes in special |we see from (2.1) that they have the simple trans- “cases. It consists first of building up in Sec. lia set of where

formation law under Ly, higher ‘spin matrices from the spin-} matrices, o4, by t are the” using Clebsch-Gordan coefficients in a process corre- final pzM(K)= @DE(A) eit to the addition of spins. Tor two-body Wen
BBjD'S49(A)*MTA(A*)K], (2.7) reactiohs we then, in Sec. IV, combine the spin matrices } exPansidIt

is simpler to construct the solutions of this equation With tensors formed from the four-momenta to obtain(w than thove of (2-1). Equations (23), (26), and (27) set f basis functions, Y°9(K); and we give a bret ‘
are the basic formulas from which the construction of “iscussion of the question of kinematical poles in the where ¥
the Mf and S functions begins, For spin } these are just_ Tesultitg écalar amplivudes{If preliminary results are =i|] 3thenaonsinaeducdSsethese ave just “cpstaftiated, asccond paper showing how toelimnate 2eee ee the Kiilematical poles will be submitted by one of us J gt(@).0if+ B. The Scalar Amplitides (NW) integrat

For practical purposes, such as the application of the | ©. Angular Momentum‘Mandelstam representation, it appears convenient to
use a representation of the invariant functions in which _In Ske, V we define an analytic continuation in total

all of the dynamics is contained in a set salar ampli- angulaf momentum for the scattering functions shown .tudes. In a sense this removes spin from the problem, in Fig. For this purpose itis convenient couse helicity > We Obt=
Our problem is, thus, to_find a simple, explicit set of ampltyes, Having constructed ¥‘(K) and, therefore,basis functions, ¥((A), in the spin space which have M(X) by (2.8), we obtain the helicity amplitudes 1/(K) where 2|
the _same transformation property (2.7) asthe M_ from (2.6) by making the appropriate choice for B in of Clebs
functions, TTaneewiewe write sos (2) as. the it the expression values9

M(K)=Zwy AM(K)Y(K), (2.8) RUK)4.0180(B ten DM © (B-ey-ys) t Fromwhere the A‘(K) are Lorentz scalars and must, there- [ODS (Bess) @ D519 (Baie) roy
e fore, be functions of the scalar invariants formed from ' XLDw AM(K)YO(K), (2.9) dotted ina]:

1

1

1
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. 7 CONSTRUCTION OF INVARIANT SCATTERING AMPLITUDES 445

signs of the i where now the A((K) can be taken as functions'of the A‘ (s,4s) we express A (fs) in terms of the absorptive
Jasis functions“ — Mandelstam variables, ¥ > parts 4, and Ay of the amplitudes in the crossed
"OR te (bbbd, t= (bot, wm (ibags, | Stannelsand obtain Stevw wav ook bywill besmaller with stitu=Ss 0rd. The helicity amplitude hey! ()=En00 209l [4 10(5—) Atay‘ng from (2.7) are defined to be R. ' vt
‘ar amplitudes Bay (b-a/m)!? exp(—igor/2) exp(—ilox/2) : : ; %

pI ie +f Au'(s,e) |, (2:16)rivies of the Af * Xexplides/2), caparbation the = (— igora/2) exp(— ides ~
eee GC2 ex(— iber/ pt it ys ine 7} Where the Qi(2) are Legendre functions of the second
wlio that the 3 ‘exp(idex/2)(q-o/m)**, | ind. Assuming that the absorptive parts A, and Ay
eigen ‘The where oP (000,1K|) iu a velocity transformation are uniformly bounded in Land w by (or w¥), we seetions should be from the rest frame to thes direction followed by'a that the expression (2.16) definés an analytic function
near momenta, —iiation to the direction (Gd). oh.” ‘of J for ReJ>N', where N’ is displaced from N byve this form is ‘thout loss of generality we can put, in the centér- some integer determined by the spins of the particles.
aplitudes could of-mass frame of the s channel, @=0.It tums out that Details are given in Sec. V.
~enerate points for any among a large class of basis functions thesly dependent, angular dependence (@ dependence) of the helicity ‘Uh CONSTRUCTION OF SPIN MATRICES
cxists a set of amplitudes can be factored into a product of d5(0) Tt is convenient to separate into two parts the
satical poles in functions in the form construction of the basis functions ¥© (K) for arbitrary
+ considerable Hos(K)=Leo,n AM (5,h0)Z oy a000® (1) spin. In this section we construct a set of matricessnsj and there. on(K)=Eeo.n AO) Zorad*@), (211) Shi cy span the spin space and which contain most of
to this case in whereZ° does not depend upon, and Ris determingd the complications in the transformation law due toce iraportant. by the spins of the particles. Here (X) stands for the spin. These matrices are independent of the four-

sarious require- indices (y’,X’yi) and d5(0)<='S-%[exp(iéex/2)]. | momenta in the problem, except under special circum-
3 is not settled The Projection over the total angular momentum;J stances to be mentioned later; they have essentially
ablish a basic ; of Hay is defined by'® ‘no effect on the singularity structure of the scalar

he used in the i" 1 1 + amplitudes. The results of this section apply to Mfunctions. We: € est (= ag" -_ functions that describe arbitrary numbers of particles.Oe and fut § hawt = sagye J asda Eon, 1) ‘The matrices that span a given spin space are labeled
“Men special =| “SQ with tensor indices in addition to spin indices labeling
Sec. TILa set of ‘where 2=cos), AN=A—y, AN=N—y', and g and q’ their matrix elements.A complete set of basis functionsnattices; a, by are the magnitudes of the momenta of the initial ad ¥(K) is obtained by contracting the tensor indices
«process, corre- | final particles, respectively. of the spin matrices with a complete set of tensor
Vor two-body 7 _Wenow write for thescalar amplitudes apartial-wave functions which arc polynomials in the components of

“ie spin matrices eXpansion in wane, for exampl the four-momenta. Given a spin basis, it is the con-
twnta to obtain Olesen 0 struction of a basis for the space of tensor functionswwe give a brief AG ht) =Zahaaa(2.{3) that can lead to possible kinematical polesin the scalar‘al poles in the ‘whore we put for the Legendre polynomials, P,(s) Amplitudes. This question is discussed in Se. TV.vary results are ae, . .
wsrtoetiminate | Tf we insert this into Hay and combine d#(0) with A. Spin-} Matrices
d by one of us '(O}o? into a single d function and perform the angular ,_ The basis for general spin is constructed from two-

integration, which is of the form 1 fcomponent Pauli spinors. Since the total number of
ta 1 incoming and outgoing fermions in any scattering1 1h gar@yet@)yr=— tin, ety ocess must be even," the simplest case that wwe can

wation in total al, Dat 7 consider involves two spin-} particles, one incoming,
aaa one chown : the other outgoing.
‘touehelicty | We obtain 1 Equation (2.7) then becomes

and there ; hos? @)=Errao As Zoy'% (248) M(K)=A@AMIAA-)K]nplitudes H(K where Z containsa sum of the originalZ times a numier =AM[A(A-D Mt, 3.1choice for Bin of Clebsch-Gordan coefficients. In the above puna! ———— CACO, 6D
values are restricted by the given J. | paiBecause BS(—A)=(—I8D(A) and A(—A)mA(A), weony , From the fixed-energy dispersion’ relation for y(cy ar¢h(—1x)m(—1)E@,D4M(OM(K)

ane Jpn Jaa and. Wiehnn, Phys, ¥) 7,44 (95. =(-0E Hur).Vor rotations, an upper undotted index teanaforme as

a lower Hence %S; must be an integer i is not to variaee (29) dot inden” “7h " er Hence yr must be an integer if A/(K) i not to vanish

| { \| Sha he ght
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446 BARUT, MUZINJCH, AND, WILLIAMS \
or, writing the spinor indices, ‘They satfsty orthogonality relations and vie

e@ Mei(K) =A AP MoplAA~)K]. 3.2) gO aarene aera and 4 (3.10) By con‘As usual, the dotted index (incoming particle or out- witty argCawCes yorgoing antiparticle) transforms according to A® and the : matric
tundotted index (outgoing particle or incoming anti- with corsesponding formulas for dotted indices. i argumey
particle) according to A." Any two-by-two matrix can A spin basis for arbitrarily many spin-f particles is} The
‘be written as a linear combination of Pauli matrices, obtained!by taking direct-products. ‘of matrices chosen 7 constr
oy. Hence, we can put from among p,, wa(k), and &,(k), depending on the a lower

desired ipdex types. ‘Sn UppM(K)= fe(K)an 63) i —

From the transformation law of o, given by (A1.1), it B. Properties of Matrices for Arbitrary Spin '
is dear that we must have ‘Many:of the characteristics of the spin matrices for and

a) ) higher spin are a straightforward generalization from [7Ay fo = flK), 4) oe ;Ast { (OR) = Lh) GAY the spin} matrices and can be understood without
if (3.1) is to be'satistied. vey Sp= wee. going through the details of a somewhat involved where 4

‘The four-vector function f+(K) can be expanded in Construcfion. Before proceeding to the actual con-
terms of the four-momenta K, but that construction struction, we shall, therefore, describe the essential '
is reserved for Sec. IV. iN JSeresults.Ifwe define se Ge” As alrgady indicated, the fermion spin indices can Thejf

p= (Dou =F x alwaysC3 paired ; and we can also pair the boson indices {and (3.8) by addidg a dummy spin-O index whenever the total
i= (1/5n umberbi prt sod. Ths, we resi a basi for |matriced with two fermion or two boson spin indices;

where 3, is defined: in Appendix I, the orthogonality any spinf space can be spanned with direst products of |
relations (A1.6) in Appendix I become these.Thi ‘basisis given by a set of rectangular matrices ‘and tho|

jae aaah prvvmnlSs'), prrenn(SS'), amvni(SS'58), ard fF lowerinPeesih = bar Oe, 3.6) SSS), where=max( SS, which san the towerine and GB) spin-s, Spin.S” space, and which reduce to (3.5) and | &PP obPnatit=Caa'C pir (3.8) when S=S’=}. Here S and S’ are the spins of the
‘ “ ” ‘ir of posons or fermions. The spin indices labelin;where Cis the “lowering” spinor defined in (A1.2), Bair of os pin indi By ,

‘The general formalism of the theory also requires i magrix elements neve IS4+1) 2541 values, Ttbasis spinars with two undotted or two dotted indices. KSPertyelys ranging throug S,S-A, vy ~S and | the »Such spinors can be obtained in several different ways. S75 y°"»9 > . tensorsFor example, the matrices p,3,C-! have lower undotted t symme'
indices, and they certainly span the space. There is a 1. Transformation Properties making

i

ever, i app, that is 1 feos i a P rensorchoice however introduced by Slapp tht is tatural the Spin matrices just detrbed are classi” | label intnd epi convenient for neon of °€ gas totherpsnaon of Lf of the ype | freedorelations. It consistsin defining the special spinors Satu S(E.9(A*), or the respective contragredient freedon
geil =hocea/m, GT) RepresentaTTn~2E8 (4-7), D(A), The whole | subspadapparattis of the spinor ‘taken over for _ of rank|

which can be used to change a dott¢d index into an “arbitrary spin. The spin indices wil fe written as lower | ‘essentiafundotted one and vice versa, where & is taken to be the “undotted, Tower dotted, “upper iundotted, and upper interch:
Yourmomentum of the particle whose spin index is to dotted, wespectively-comesbonding to. thefourrepre:. | for pay
be operated upon. ‘sentatiohs listed above. The contraction of an upper;
We then define basis spinors ‘with a lower index of the same type is then an invariant

. - operatisn, }wy (kop SaarBu®’ p= (68 ,C-/ man, (3.8) The raising of a spins index is accomplished by Mats]
Gy Bod but? G0rd= (Ciuk-o/ mad. contracting on the right with the matrix 1 be may, of Ciel

‘These spinors transform according to A@A and 59 (CH ote DENCH (—1)5-*5,,-5, B11)
A*@ A", respectively. For example, id lowering by contracting on the right with ess

Tee Ast(AwTA 9) i “Aw
AT APA YTA ADE] G9) E9Cage DOC)Zp (312)?ri 1A ‘eview‘of spinor caleulus with conventions for dotted and i ten oe where|r } ‘undotted indicesis included in AppendixI. e spinor for changing dotted to undotted indices and ¢

i
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of course valid and : - | |

\| ‘ |
sitimately connected. . |

} Relativistic Two- and iThree-Particle States.
ay f
4 A. McKerentt :

Departuvent of Natural Philosophy, The University - Glasgow

; (riceruto 18 Giugno, 1964) M4

| :Summary. — Two-partisle states aneforming -acconling to standid i
. } representations of the inhomogenogus Lorentz group are constructed :

H whieh, in the centro-cf-mass aystom, aro eigenstates of orbital and spin 1

: i} Agulnr moment operators. ‘The ehnestion hetceen (hese and helicity .

ast \ the former scheme found. 41

«-Wouthuysen trans- ' oan

4 one are equivalent 1. - Introduction. : ‘

4 ‘The unitary representations up to 4 factor of the inhomogeitcoux Lorentzt
group were studied by Wroner (}), who showed that any such representation

. . is equivalent to a two-valued representation. ‘The components of the gene-fwno
of Strocour(*). | ator of translations (the energy-moméntum four-vector) commute and their

. | eigenvalues label the wave-functions (of states) of the representation, which is
built from a representation.of the «litt{e group », the group of transformations

Vorsin for stimtila- which leave invariant a given four-morpentum, For positive mass (a timelike .
>

»

four-momentum) the little group is isomorphic to tho rotation group and we
can construct, for each positive m and: nonnegative integral or halt-integral s,

an irreducible representation of the inhomogeneous Lorentz group describing
a patticle of rest-mass m and spine. | '

The direct product of two such reprbsentations describes the system of two
noninteracting particles and is reducible. The irreducible components are la-
delled by the energy and angular momentum in the centre-of-mass system and

a | correspond to the orixinal type of single-particle representation, However, invvione di Cini-Louseliek

i general any such representation may appear several times nd additional labels
ed (9 BLP. Wresen: Jmn Math, 40, 140 (19059),

t3
5 :3 5 82 ~ 11 Nuoco Cimento,
a
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~ Comments on paper of MoKerrellon Spin States oto. .

e 1, This is the best reference I know of (Nov 1976) about this subject.
7

2. Me opens, as he should, |ith @isoussion of the 10 generators of Poincare, the~

uenal P* and the six WY, In tomms of. these generators one constructs the°

famous veotor W" which gives the secon "spin" Casimir of the Poincare. ‘Then,. the ‘objects Jy 1K, are given to. replace the #"¥, In terms of J and K we
get a fancy looking definition of the objects S, . Finally, L, ie defined in

_ terms of L = J— 5S, So, at last we have all the objects J,L,8 all fitted into,

- _ the relativistic Poincare framework. ! _ . . - -

3, The first defined state is the single particle at rest, called (fe7, Por such
a state, the objects J and S are the same andL = 0 since it ig their difference.
A single particle at rest has no orbitarl angnom. The action of rotations
(generated either byJ or 8) gives the trivial rotation matrix shuffle of these
rest states, .

.

4. Now comes the definition of single particle states not at rest and the distinctéone
etween canonical and helical states. :Let L(p) be the direct boost out top _

from rest. Ie, L(p) is a boost off in some strange direction. Clearly Lp)
acting on the rest state gives astate associated with particle goving at p» | |
Alternatively, you could first s-boost ,Z(p), and then rotate into position. _
Thie combination is called H(p) » B(p) 3(p). So here then are the two kinds
ofsingle particle states not at rest: : . .

\pe= LSOMPR = AW)YQ= RO WD -- --

. 5+ Canonical states: these are eigenstates of 8° alld $,, even though they are not
_ at regt. In general,S acte on these canonical states in the same way that J _

acts on rest states. So, RB (roataion generated by S) gives simple rotation
natrices. R gives same rotation matripes, but shifts p to Rp. Je, J somehow

. _ Also rotatés the three-omentum, Finally, R” only moves the omentum, there
_ gfe no rotation matrices at all, Thus}, these are intuitively very pleaant

~ States to deal withe 0 8 -_ wore -
-e@ - _ -



-2- :

6, Helieity states: Me does not give detailed action of various R's on these
2 _ States, but_is easy to deduce from the, relation to canonical states, The _

‘@ifference between the H-state and the: C-state is simplya mixing-of helicities
_ ... _. _.via the xutkiaw rotation matrixof the rotation called R(p)_wiich you used = _
_ . after the s-boost to get your helicity! state. Both statesof course have = _

the. same momentum, Helicity state is eigenstate of cP, xexxsioxz,
i

_. Now some vague intuitive renarke: somehow,the C-state "never got rotated".
_ _._The spin is still doing the same thing’ it did in the rest frames only the _

_... .. __Ronentum got rotated becayse you did the "direct symmetric boost” Lip)» |

—— —----__% theother_hand, the H-state is the same as the C-state except that = _

_. ..  _ to get the H-state you pre-rotate by R(p) before applying L(p). This .
__. __. . Peorients the spin, say, along the p Birection so that helicityis preserved.
__._ ____ Thisexplainsthe relation between the two kinds ofstatesshown in (3.30). _

_ .... _ Stabting with an H state, you must rotate with DS(R(p)) to get to H-state. _.

:
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McKerrell's Construction éf Tvo-Particle ‘States.

e- 1. It is obvious howto form the direct product, momentum-space two particle
state. It is this: -

. ees Wm RYSay @Ws,Pep SermMey. - ee
~~ “phe problem is that this stateis not vely interesting. Bythie I mean that this

state is an eigenstate of P with eigenvalue (plip2) and that is all. It is not
an eigenstate of S or L or J or anycombination of these.

2. MoKerreill's first step is this: consider the above state in the ons frame
with particle 1 going in the plus z. Then combine these states with Clebsch's
to get eigenstates of total spin operatot. So:

- -_ en = - a -

- \Bsm> = oaRGus -mamum) \prsths tem eee .
“We now have states which are cigenstates“of S*, 35, and P. Under S-rotation, this

state does just what you would think,

e 3. Next, these z-states are L-rotated, and weighted with spherical harmonics and
7 integratedail round. ‘This resaltsin stdtes which are eigenstates of Land Ly-

and "ana 8. Every standard operations If you consider the action of a
full J rotation on these states /11,983); you find that the two pieces rotate
independently. This is because L and S gommute. sae

~~

4. Finally, the L and $ are combined witl} another round of Clebshes so that you
end up with states that diagonalie all tHese operators: J,L,8,P . Also Jy.
This last state "looks like" a single particle of spin J and mass w, and it

rotates under J accordingly. Then you can boost itout with L(p) just as you

do for a single particle state. In this last step you can do either the.
helicity or canonicaltype boost. =~ ~ ~ a

. on 1 . 8
5. Remark: in atomic physics of a twe-eldctrom atom, the above procedure would

~"

pe called L+S coupling. Thedifference here is that there is only ene orbital~~"
“angular momentum,not two, because there are only two particles not three.-~ 2e ct ee eeee 2 noe Meee

1
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--~ —- MeKerrell _______On Transformationsof Operator-Valued Functions.
= ~~ iy these comments aFé inregafdto M's equation (3.16) whichis an application - -Ota: equatiion~{2.9) in-a-more~comblicated way. Equation (2.9)-isa--- -— -

- - statement -about how-the-momentum operatortransforms_under. LT. However,.I
-  -think-we could-consider this. to be the transformation property of any 4-vector

wae operator. Let A” be such a fourzyector éperator, maybe the momentum of some

_. Particle. Then we know several things, for example:

aot Tin cartSir. Sn Vo at 7 pe ~CRU= Be A CORSE= USA
Since we-can-define the action of rl! )L. on .any power of any component of __ _

a a vector operator .A, we can extend the definition to operator-valued fun ctions
_ of Ae These functions need not be Lorents scalars or anything like that.

. _ _. Moreover, we can extend the idea to more than one four-vector operator.

Thus: . ~~ -
erat (FR Qa QS we) 7

wane UFR =F GRAS ROR) = EGRRD LL
. Ti-we Képperided™to" know-that F(A,B)-was ‘a Lorentz invariant; then in addition -

e = == we-would-have-F(A;B) = F¢At,B"). are oe Hee ee --- - tf -

1

- - one qt --
eee bee -

bee —— woe et ole -—2
wae ee ee weepee ee -

aa ee ee Po ——- -- -- --

ae i
~~ a a —
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tm particular, the formulas derived by om to aTar sined by the elementary “indivot” method for #1 acatering, and
Le oetoca be incorrect, We believe tha this isd to certain complications

. Crossing Relations for Helicity Amplitudes* 1 MShEifaom enayte coutinondon, complications hie are not dsc in
| Ger of the above-mentioned papers. We hope, therefore, that he followinTL. Trorsas asp G. C. iWies feror contribute to the further elucidation of this problem. .
: - =X SCATTERING,

Brookhaven National Laboratory, Upton, New Yor 2Y Uatarlonn Orion, Seo York Let wa fist briefly revall the results of the ealeslation via the sealar ampli-

{sd strc te neuron of wes amt he apa tude) «sic amampton is Cat the anplcaden ave nnply seat by alts ne -Hinuateny Ue path of ecnioution ls sary mesic,"ee letons ae Pe HA iO + OB. tsgiven a simple geometrical interpretation, ‘The relation between +> =i i sstial B is replaced by B/s. The:
meSAN ned nthfray agteewith thetbtsinndby dest iniee, ‘he potaton a tana (5), ect tet fr aaerateia ot wealar amplitudes, helicity amplitudes Gand G_, sty, are then of his section ure

ice sae Soihors tp) and (pa). The formulas of this
, — 0h oeoie 1, Not tha scoring.By (1) of (2,‘The most common applications oferosing rations involve particles of spin0 asd one Pee“Tyson the dain ofthebytte fv"parle 2

or at most 34. The customazy Dirne formalism allows one to express the reaction, dr ing equation the pion io bot Ue intial and inl wate ETS
smplitud in toma of sled sear amplitudes (“A” and “Bn the caso of Inthe flown eaeto is eid. Oei gnvng a
7-N scattering) and tho cresingtelation then simply states that analytic itphase factor, . pain

pee nen SOttinuation of a scalaramplitudefrom the physical region of a channel to that Ache ON (aa 2a), cot *Sear" elFetrkopondag alr ample the exsed " T"~ G,, = con®)(8 pestis), ee moins) Garth Oe Betechannel. The introduction of scalar amplitudes is not’a simple matter in the ? me ig PK)" andi * general ease, 0 that it would be technically advantageous! to formulate the fe and 0, are exo, momentum and seatering arises « = ott he
{tosing telsins in terns of some othe analiales shh oe eeae she an a omee arm ean eteor

; generalized, for example helicity amplitudes (1,2). j —eaneich of these variablesto the Mandelstam varisbies te Nite (8).. ‘crossing relation for helioity amplitudes for a simple ease, such as #N seat= Teatonof forte eaderto uo papers of W. 1 Frazer and J. Retering versus W. annihilation into two pions, ean, of cours, be obtained ims ‘With the abbreviation :
directiyby elimination of the scalar amplitudes ’ and B from the equations " 4+ ays — (m= 0 @connecting A and B to the helicity amplitudes #4, and Gy. for the two crossed Fob mre
reactions. But the ielation obtained is not very transparent at fict sight. How .

can it be generalized? : we lave 2 st/as; sin (04/2) = (8S 0. Recent; vo arrived at a very simple geomettical inezpretation of these Basin S 2 yt al/S ©)
a Tatiwhich uggetsan obvious generalization.Easental the sano ntarpre- 08 (0/2) = (St AOM/S = Cont — 0 veerrr of tation has been arrived at independently and apparently somewhat earlier by ria onamee ©ofa — MS, Marinov and V. I. Roginskii (8) and by Ya. A. Smorodinsky (4). The ee etmt = a channel (nN; results of these authors, however, are only similar to but not identical with ours. { thew Ste are te we nthe physeonfortie by def-t * Work performed under the auspices of the U.S. Atomic Energy Commission. 7 rin im this region the square roots in (4)-(0) ae iven (6) by"We an indebted to Prof. Me Guidry for rpentealy raving our nuention to tia seating) onal Cen» HA) ho hy amides are ven (6) Dyunto nition. Tn
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225sat RUEMAS AND wex | exossis0 nELATiOs
Fee = —(lm)d + (af) coo B, Fy = (Ea/mu) goad Bz ‘ \ eke,where: i

P= (4 ~ mY, = B60", cose = (e— ur/ips, (8) H :.
and the functions A(s, ), B(e, ¢) in the tehannel regu ace analytic eontiny- \ wrt
stions ofthe corresponding functions in the e-channel epon. Tn these equating,

\

/

:the
nucleon in the final state i taken as “particle 2." IFA and B have the kied

} f.of singularities that are postulated in the Mandelstam representation, the iment imap 5‘analytic continuation lias to go froma point, say, 8 = +6, =f ~ te where 4. «is infiniteinal and positive, a. > (ont a) < 0, anu (alt 8) toe
oint = ay — Ge t= 1/4 tewhere sy <0 andl gauy > (mF — a Tn thee

zxquations the variable w is, of coure, w= 2(au' + a?) — # — te It we suse, x Kentfor
the sake of simplicity, that w stays real along the trajectory than in ordos te LESreve shen eiaiayatacand Wy CURT A& point of the real s, plane. If this is the only real point of the trajectory, and \ Yvljes

if the real point Hes within the tingle defined bythe inequalities X mYe<(m te u<(mb ay, 6c as, (9) I Vat
have i it i at satan or aN 0X and ee NS (rae fr = 49)then we will have insured thatthe endpoint is stilon the “fest shes” where io.Tae

;A and B are given by the Mandelstam formulae and have thecormeetvalues for Jiminate A and B from (2) and (7), obtainingthe channel
oe fies Toad | | _ Taeito Ba0). orem site 4 wom GLE RS nwWo + TNREGRMIEIASTOA anll“B in" EGTA) Mave est singularities Chranahe Gx = (21/8)|0gin #Py + Bp — 9.608 O)F aysingularities) namely, as ean beseen from Eqs, (8)-(0), ate = 0,4 = (on ar a) Le(p — qc08 0) eg — ma sin OF{= Osanou (a5) The ajc hod, Soe and Ben Oo REG — FNP =mTlaritios We may assume thatthe imaginary partof (0) remainama heonghe nad ot before, ii erevant which of de to determinationsoutso that the trajectory may be specified for our purpases by drawinga line in vehore, 08 peinvedo (G3) is used, provided it is the same in the two equatiorthe 6, Lplane, indicating by a erase tho point whore the trajectory eecoes ah for the square omtiy the Sdeaityral plane, The Te ve = GE aE Ca ama om the Te easy

o asey = econ Ms! 2)ang 8) int Ge poet no Fig. and legate on thee toe ee (og sin 8 + BO ~ 9 sonmatre tetocenPoin es, one wilgeiforetdeterinatonsof tesserae, trom the untring factors; the tanfornation mati bnteenfil paint in the Chanel, Sinco an overall elusnge mn aign of Gas aad Go ao hataa paliity amplitudes t an orthogonal matrix. Bat the mea
huimportant, yee have to distinzwistt only two ewig: if the erasing point lies the tio eet Orton i not immediately apparent. however,hin the Iyperolesanomedenied Tyr T ome on a Soy ths tama tare of tha trnaoriation We‘the final valuesof cos (04/2) and s~“*sin (6,/2) are pure imaginary and of the tennisincrite Eq. (11), disregardingthe factori, in the form a)sume wig, In all othar cases, they are pure imaginary and of opposing mpd to write Ba: (11), - = sing CYit we adopt the first alterntive, we have peste Sgn Gon = sinxP ye + co xPe, Gn = con xPyy — sin08 (0/2) = —2ipgsin 9/8, s" sin (0/2) = 21B/S, (10) where xis determined by

sete ttnmsivewhore 2H ~ 1" is the total energy in the em. system. ‘The minus sign in the 11h oppast sign for Sia the two equation coreaponds, however,expresion for cos (0/2) is explained in the Appendix. After iniedotig shes choice the eros pot!

1.
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cHOSSING RELATIONS a725 REMAN aso Wiex i ‘noses

; t , .tan = “esing_ “
Fp aeasd oo ”n order to interpret formula, we must re-examine carefully the processof ‘ — orJn order fo interprehs forma, we most veilythe proces of | a ve .analstie continuation.

’

7Ink

GhOMBIICAL INTERPRETATION { o”HL GHOMBIRICAL INTERPRETATION, ;1m
the customary progentation of the erosing relations one rewrites the con: locity space diagram, Th ads of he segments pan rept the voit

servation law for 2¥ seatering {RIESod serpentie weloiypumeot team. of and :01 arity
ntmaate . aay

ag2 and forth it means1 eonaected with the arimuthal variable ¢* and forthermore it me
Bree on tem as ravuater in the follosng discusion.

aa Gptsodace,svadditonto the customary hasty amples OCs)‘and reinterprets ~g: and —>p, as initial four-momentum ofa pion and final four- Lat US io ee ou of “generalized” helicity amplitudes Gn(pei poo‘momentum of an antinucleon respectively. It is clear thatin this interpretation $0 fa Coy, eae elements oF the Settering matrix T Dotween helicitythe values of the four-momenta are not the saine in Eqs. (14) and (15), since 92 bya ee ition (14) but not subjecttothe em. conitionsp, + ak = 0ie poS, and ma ave positive timelike ix iq. (14) and negative timelike in Bq, (13). Ta seensine onaveon batiity states aro defied by Ba, (0) of (2), with‘emmys. fact, the ‘aliesoF ‘Eq. (14) correspond to the initial point of, the trajectory of ‘Thephases *cuvcted. ‘Tho discontinuity at the “south, pole” causes noFig. 1,those of (15) to the final point. Moreover one sees that also the valuesof eae anevata obtained with 9 — x is simply (—1)” times the sate‘and p, havo to vary along the trajectory since trouble nsthestate oka wt Let teooo he cnt

eee mee ene ne aealge pat wo Ty ---cannot remain constant, However, this variation of q and psi often disregard, Ba ae) ctettanr
since in the end the two four-vectors revert to the real postive timelike mes | incre a = (98 + pase G+ "sand denoteby G!the Lorents Wesshel In fact the ial pot of the ttletory of Fig. Iie in the w= QJ where a= GNA DT Seni transforms the ean. fo ret, 0, tatpart of tho physica region, we my indeed assume tht the final valuesof ny ond gm dnt wher pe arin statti. ‘pzare identical with the initial ones, Heneeforward we shall make this assumption > Ficy ceoonding to the transformation law of helicity stated?for simplicity

sph) = taal s19 (7? a9)‘Thus in the latter case indicating by primes the values of g , --- ete. at the tol‘end of the trajectory, we may write
tion matrix corresponding to a rotation about the y-axis.:

ra te a where U is spin-rotation mattis oareesrigram in velocity space; sco Tig.2a=, Bm, Ww =-O, pw =A, az) "The rotation angle is indicat in the diagram Tre diagramhas 2 pointwhore
Q are the pion momenta in the initial state, and p,P, are the nucleon esis the velocity pintscorresponding Oe point 0 representingthe‘and

antinueleon momenta jn the inal state of the reaction in the Cchannel. Tt representing theo am, in which the moment. are abd. Fnshodld be noted that P, and Q, must be different from p, and gs in Eq. (14). In YEO ote ete invariance of the T-amatrix one easily derives the con-this respect the usual notationis apt to lead to confusion, Eq. (19) and the Lore‘We
may clearly assume that at every stage of the analytic continuation the ‘nection .

vectors Pr Be» Gi, as (whether real or complex) lic in the 2 plane, sinee this 1820, for expla ae appendix P= Hrmcm fh oyives us sufficient freedom to vary # and (at will. This assumption avoids phase 4See, for example, ro. #, 2 anthane: . * Cee =2).

; fiz mem dt in om,
: 5! é
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328 TRUEMAN AND Wick
CROSSING RELATIONS ”

4 2GAD = Bi ae Gs Ouroi n)Urr(r ode: ff (20) eee MAP met° where the sign of the square-root on the right hand side is determined un-‘sini formula hols for an arbitrary Lorene transformation I, excep that mbiguowly by eontiuty along tho pth As vo shal so presently, the ign ofin this case we would haf on the left-hand sido again generalized amplitude the square-root is determined to be positive, whereupon it follows that the
.for the values Ip, ~~» ete. of the four-momenta ‘ntinucleon state described hy 0, bas helicity +2, as one can sce immediately by. We may-fetform the analytic eootinuationy of G(s, ¢) by continuing each examining the charge-conjugate spinor Cé (or by the'more elementary hole-Sas fase factor on the right hand side of Eq. (20); Let us assume oraen theory afgument:a missing partici of spin —) inthe Py rection eorresponds tosoko of simpy, it the vales (17) atthe nd of the teal ier fan antiparticleof spin -FA in he ame divcetion). ‘Thus theheiitydace at‘Mm. condition for the crossed reaction

edange sim jn the analytic continuation

ews he :TE eon, is the chaoe of the mamHt

then turns out thet the end-value of the generated helicity ampliends {ethowever be the tina somponant ty at any olathe teicetors soal Peh 5 Pun) cotucides up to a phase Teche toe with « holieiy that (B2)"" iv the eud value of. Seated

Dy ote authors (3,7) withthe difercice that her, conser en Go .
ive point for « ja theelt teicsdost change sigh ne cose proces Se ie woke qin gy pth of he repro it or i theTotation matrices U, or rather their analytic contuation, give See ss cami lane, Tig. 3 Now amine for spe tht man ae eliStingonaltrnstormation2 (11),hs als boon pont oe eg relat nit Ho ten val we we Std vy Mewdinsky(§) and by Matinov and Roginskii (3)

Prand gare real, and n = (n,n) i infinitesimal, Thus3 = = 41, the condiLat ist examin the Btavor othe generalized ample Qapens). Ghlesiating nwoaya or + i, annning p= aWecan do this in two wai. To begin with, we may eay thtG gives br Eq. (1) Eonfore= (tinh) tobaves pov inagioay partie 07 -Mien the spinors are choson to be “helicity spinors” uy(px) endso(pr). This fp SON Tc ng Endy Tg SoeE wipe wiles A): Gs Mehforsaamolenaucpe) must satsty, in eidition tie Disss oot 0 < na na
' it hasa small positioe

~ <7 “GhprF mun) = O also baie coy
‘This implies ne > 0, Le he initia value of « 8 + Sessalir)

= 2p" imaginary part
— phase small positive imaginary part#DaaGr) = ip)"ea(n») (22) ‘Similarly the condition that l= (p,~ ps) ele of hus negativewhere a = 36

at edn heonpitt he oda of HaeaveSings, wo tae made the eisomary asimption that thor is no problem ia nginay part Thos endpaneae e nntedaigs h eaigantning tho matrix 7, Fn. (1) along a path such as that of Pig, 1, the whole uestion is whether the «-trajcctory cats the real salvalhe of (23) 1s positive,taco reduce to the behavior of tho hlty spin. Shiee pewrent oe {ae indiated in the figure) or not 1 does, the en suis ft we assume that thePORGR® rel (iy mu rol) mass shall in the end, i ie not heed were that the awe have assumed. Nov this ean cortainly be arranged fi
chere complex along"Mit

al awfa, em ra Haaren taste coeing pln Sine Ue nl ok304) satiatying a Dirne equation (fy? ~ mJo(P) 2 eae assume, moro. mieye

aus slctory p* hover becomes zero, thon Snes tn (22) is runeSGP Sted by analytic cetination, flows Cat tn ey eh essity

vie Bitton 2) deat ne of sou, determine the phase and normalisation of m(p), STSmum lat tbe latter are chen ocordng a th soto hove when,
S10. 2. The complex «planepire They hn dri fort ervesoye ane Fre 3. The compe

hnoto comkimus, uiaal )

b=9
.
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@ A sumary of Helicity State Information.
(Note: all this stuff is contained in the book of Martin and Spearman)

'

.

1+ The single particle helicity eigenstate is defined simply and clearly'in (3,50).
2, Then the OMS partner state is defined in (3.58) with the Jacob Wick phase choice,
3. The direct product of these states is called /p00...)

4. The connection between the angle representation and the JM represehtation
is given in. (3.71); the inverse in (3.72).

5. At this point, the full store of data about the rotation matrices and their
symmetry properties mst be assimilated. Cannot do without.

6, The technige for extracting the momentum lrependence and getting to the states
within the little Hilbert space is shown bn (3.85). Thus, (3.87 and 3.88),7. The action of’ an arbitrary transformation: (within the RIHL group) on the
two particle JM rep state is shown in (3.93).

8. The action of the parity operator with sténdard phase 1 on the single particle
state and its upsidedown partnér is showntin (5,22 and 5.23). The effect on the

e two particle JM state is shown in (5.28), The’ symmetry properties of the
helicity amplitudes which result if the Symatrix is parity conserving are then
displayed in (5.35) and (5.37) for zero azimuth. Essentially, you pick up a
@ phase and all this helicities change thei signs.

9. The action of ‘time reversal on the single 'particle state’ and its partner is
shown in (5.40) and (5.41). Similar to the effect of parity but a different phase
and the helicity does not change sigh as it does in the parity case, The effect
of T on the two particle JM state is shown: in (5.47). You get @ phase and M
changes sign (the helicities are, the same). The symmetry properties of the

helicity, amplitudes that result if T is an invariance are shown in (5.50) and
(5.51) for zero azimuth, the discussion here is slightly comppicated:by thefact

that T is antiunitary, but nothing topfancy, The resulting symmetry is& phase and an interchange of thé initial and final helicities (but no changein any signs). 1
10. Then we move to chapter 7 on crossing, The generalized helicity amplitudes, not

Just in the cms frame, are defined in (7,13), Then the crossing claim is made
in equation (7.14) which shows that the helicities stick right with their

e Particles, no sign changes. Finally, you Have to to some transforming to get
from one aus frame to the other. The end yooultig stated in (7.46). Then somesiiple examples are given, :

. '
. ‘



@ Grossing Relations for the Plicity amplitudes,

1, Show how the single particle state is genefated from particle at rest.

2, Show how simply this. one particle helicity ,amplitude behaves under rotations,

0) 3. Pose the question of what this amplitude might do under a boost B,
"A 4, State that the coefficients. dre simply rotdtion matrices for a special rotation, Wigner.

vor 5. Explain what the Wigner rotation 48 in terms of the other stuff, Anazing,6, Conclude that this helicity state transforms trivially under R's and B's.

7. Do simple direct product to show behavior df a two particle state, not nec. cms.

8. Show how a helicity amplitude transforms under a‘boost.. Theré are four D's,

9. Restrict to y=0 plane so D replaced with d.;

10, Write out arbitrary transformation for (s) and (t) channel amplitudes. Emphasize how
different the various parameters of: the d's are because all sorts of helicities

and momenta got switched around.g 11, In fact, write out in entirety the s and t! channel helicity anplitudes using p and q.
12, Now make the amazing claim that, if you do the right thing, the d's are exactly

the same!!! Therefore the helicity amplitudes are exactly equal. This is the
generalized statement of crossing.

———

13. Remark that these two equal amplitudes must necessarily be’in different reference
frames. Show with picture of particles and momehta arrows. Frames aré say SO

for the t channel and $1 ‘for the s, ‘here; 50 happens to -be a ansframe,The S6) 1h. Write ar7 transform relating cms to in. frame St,
xathe 15. Replace B amp in $1 with 4 amp in.SO,- 16, Thus, we have final relation, between s channel cms helampg and t channel cus helamps,¥ Just a technical detail to find, the Wigner angles’ in terms of sbablbb the various

momenta,
enn

17. Go back to claim 12, that the,d's are exactly the same, In trying to show this,

you have to deal with a boost by a negatife 4-momentum, What does that mean???@ 18, The elements in thé boost matrix depend on p° and /p/, We know that p° is going
1, to change sign, but we cannot say whether ér not. /p/ changes sign, Show why. Thus

yr there is ambiguity iri the matrix, Track it ‘down!
19, Show how /p/ depends on E and draw E plane'with cits, Show that whether or not the

sign changes depends on whether or’not you go onté the other sheet. If you snake
between the cuts, you get the result I gave akove. If you have a massless particle
cannot do this; but masslesses only’have tyo helicity states anyway, easy to deal
with, If you cut through cut, all that happens is a sign change on the crossed
helicities. ‘

1
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' Taly 18,1977

Stapp Trieste: Part I: Analytic S-Matrix Framework
.

@ 1. mntroduction, te idea is to extend Mendelstam analyticity to miltiparticle
‘amplitudes. whet happens to crossing if you jhave no"fields" ? I n S-matrix theory,

started by Heisenberg in 1947, all particles stay on their mass she’s, another
point of difference with field theory. '

2. Basic Quantum Principles and Fundamental Observables.

A. -Postulates of quantum Theory. There areprobabilitieswhich ddd to-one, and a probis some amplitude squared, plussuperselection. Theorem then follows: the s-matrix
which rélated experimental amplitudes is unitarg, details in appendix.

Heriry wants to_avoid coneept of Hilbert Space with bras and kets. He thinks it
4g better to Bocus on the functions themselvesand nqt get sidetracked into mathmaticsof operators in some space etd, especially from the analytic point of view.

B. Fundamental Observables. This section makes no sense to me, I think it is about
density matrices and projection operators fo the spin.

©. The covariant spin operators and Mefunctidns. Complex (A,B) Lorentz transformations
are mentioned. A few spinor facts,are mentioned. The spin sum of a projection operatoris identified with the thing G = L° which rdiees or lowers spinor indices.

‘The S-functions are in canonical basis, as I see it, and the M-functions are

in spinor basis, so you need some G-functions in the new uniterity equation, 2.53.

3. Lorentz Invariance. As usual, Henry starts with the probablilities, but finally

‘ends up with Lorentz transformation peoperty of the M+functions. A certain phase ise set td oné, a ld Wigner. Things are not toojspecific in this transformation law.

ks Spin and Angular Momentum, Somehow spin {s interpreted ‘and treated as a four
vector like regular momentum. Spin is much harder to conceptuslize when you are: now
outside the bra/ket state framework. You have to do more work and say more words, and
still the ideas are not really cleer. .

i

5. Energy momentum conservation. Big deal. 1

6. The decomposition principle and bubble didgrams. Gives cluster decomposition and
‘allows a phase for each term. If you keep particles in same order, then all phases

are one.! When you put the CD into unitarity, you get "bubble diagrams". ba ony
a rolum of plus bubbles and a colum of minus bubbles. More generally, you can define
a huge any number of colums bubble diagram.

When you set each bubble to a constant, you get a "generalized phase space
integral". These things ere identified with "Landau diagrams", ie, you contract
each bubble to a point.

:

«The analyticity postulate. This postulate says: the M-functionsare analytic(excant)for the singularities generated by singularity. The idea is to define by iteration of
the unitarity equations the maximal set of singularities. All singulerities come from
the phase space factors. Perhaps you can extend analyticity to other sheets (unstable

particles ) or to infinity (polynomial growth ound) -Saneyg E

end of body of test, start of appendices for‘ part I.@ Appendix A: proof thet _S iswmitary._ i

AppendixB: proof of relation between spin indices and rotations.
i



Appendix ¢: Identities of Spinor Formslism, Things are very different from my formalism.

First, H talks about a complex (A,B) LT acting on spinors, he seems to show ($,4)

rep in 0.3, Alsoy notice thet dotted's have the transformation matrix following,  @
undotted's proceeding. The metric spinor is célled C, end he uses C =~ my G. His

© lowers én the left, mine ,owers on the right, ete. Finally, H constructs the
higher matrices by clebsh induction, gets a general metric spinor.

Appendix D: Derivation of ‘Lorentz transformation.rule from physical Lorentz invariance .

Appendix E: Singularities generated by Uniterity and the Physical Sheet. Here at last
As a clear statenent of the "idea of bubble diagrams. Your first draw unitarity with
only two cobumns of bubbles, you then contract .. well, you then allow this bubble
structure on the right to be inside one of the bubbles‘on the left. Then you itedrate
that structure back into the right side, ete ete until you get 21] possible bubble

diagrams with any nuiber of colums (but ordered in a certain way). Then you contract
bubbles to a point and you ‘see your phases space diagrams which are Landay diagrams.
The Landau positive aboha thing is ‘Justa way to say where these phase space diagrams

have singularities. ~

,

Thén the cléim is this: these singularities are précisely the same ones which

appear in perturbetion theorg. Sbne of the problens associated with this singuleritig
generating program are: you need HA to get disc formilas from unitarity formulas:

you need extended U to get onto other sheets; there.are some dangerous points to

worry about.

But the idea is plain es can be.

send of Part I. .

e
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Stapp Trieste. Part IT: _Antiparticles in S/matrix Theorg.

@ i introdetion. stow are you going to show the existence of antiparticles without
using fields? In 1962 plan was given by_Gunson, then reworked by_Qlive in 1964, then

further by Stapp (unpub). This section contains Stapp's work on the subject. Olives

work is generalized.

2, Pole-Pactorization Theoren, This is a key step in the proof of existence of anti-
patticles. Lets agree to_assune(1) cluster decomposition and unitarity; 2) you have
analyticity near k’am? . Singularitiesx ontmanifold k° = m” but which Lie on none
of the other singularity surfaces go with Landau pole graphs(3)the +ie rule.

In fency box notation, Henry shows héw to draw all unitarity terms containing
the pole on the diagonal, see (2.4). Actually, these are terms containing the delta

function, not the pole. At this point I loge the argument and do not now wish to

pursue it. The arguement roughly says, as I have said before: assume a certain pole

form, then whow that it works. Then show that no other form works.

‘The main result is that, given the assumptions noted above, particle implies

pole and pole implies particle. Then the antiparticle pole will imply existence of

actual live entiparticle. |e ;

3. Crossing and Antiparticles. Long piece of path continuations to show how you get
from one pole diagram to the other. Notice that the little symbol —®— is not used.
A major asnumption here is,that the only Landau diagrams (from general bubble diagrans)

which can yield singularities as kn” are the obvious ones which have a "key bubble”
which divides the diagram into two parts. Then somehow you can do continuations on the

two sides separately (vague notion to me now). I think this argument was brought into

question byb Branson later, and finally re-resolved by Stapp in positave-alpha
language in the 1968 paper. :

Once you continue to the positition of the antiparticle pole, you have to shéw
it is really there, If you can continue by én uninterrupted path, then it must be

bhere due to persistence of a pole in analytic function (again, vague to mé). If you
had to jump across some cuts, not obvious any more.

ks Discussion of the assumptions. Considers] possiblity of a pinch cccuring at k’=n®
80 you path is really blocked. Also, the question of "accidental" Landau singularities

at Ken? 4g rediscussed. I think this was absumption 2 above: there are no accidentals.@ intr Haag-Ruelle field theory, these do not exist.
i

{
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ANALYTIC S-MATRIX THEORY

‘HAP, STAPP*

INTERNATIONAL CENTRE FOR THEORETICAL PHYSICS,

‘TRIESTE, ITALY

PARTI
PART

.

THE ANALYTIC S-MATRIX FRAMEWORK

$

1, INTRODUCTION

Analytic S-Matrix theory is an attempt to provide a theoretical basis
for Mandeistam-type calculations that will allow them to be extended to
gerieral cases and used as the basic tool of a general dynamical theory of
elementary particles, As is well known, Mandelstam's formulas not only
reproduce, when solved by iteration, the appropriate terms of the per~
turbation expansion, in automatically renormalized form (1], but also give
the basis of the most practically-success{ul, non-perturbative, dynamical
calculations [2]. However, they are based on an analyticity assumption for
two-particle scattering amplitudes that far transcends what has been proved

tee eee eee eee ee ee
on the basis of field theoretic principles. Since these principles themselves

~ 7 "Ff "shave Ifff€ experimental basis, whilé tie Mandelatan? ¢altOlations‘appear” ~
successful, the idea naturally presents itself of extending Mandelstam's

: analyticity assumption in a precise way to multi-particle scattering ampli-
ee ere Irae EAS postuiate an atereatie ymamiead

Theory. This should permit Mandelstam-type calculations to be developed
ina systematic and rigorous way from general principles that can be judged

~ on the basis of their consistency, practicability, and apparent success.
‘That field theoretic principles are not the most appropriate basis for

Mandelstam calculations is indicated also by the fact that Mandelstam’s key

formulas involve not the general Green's functions but only their mass-shell
restrictions, the physical scattering amplitudes, Since Green's functions
are a basic element of field theories, their unimportance in Mandelstam

calculations suggests that the natural setting for these calculations is not
field theory, but rather an_S-matrix theory based, as proposed by

UHEISENBERG (3], directly on properties of the physical scattering amplis_—
tudes.

Though in the Mandelstam approaci{fieldalare needed neither for de-
fining extensions of the scattering functions off the mass-shell (i.e. Green's
functions) nor for carrying causality conditions into analyticity properties,
it is not clear that they can be completely eliminated. For crossing re-
lations play a central role in the theory, and these seem to arise from the
intimate connection between particles and their conjugate antiparticles
residing in the fact that both are described by a single local field. Jtia.mat

° —

Permanent ates Lawrence RadlatosLaborty, Besley, Call, Ulted Se of Ameren”



learthatshasecoussingrelationswould naturallypersisheeld ments is characterized as follows: oo he probabilityTioeoretic substructure were eliminated. that experiment E" * det PiR Es RE be the probability
tains the parts of field theory involving asymptotic fields but eliminates I with E and Et in C . - (R, E) and (R'E')
he causality consteaint on the interpolating (or Heisenberg) fields. This
sourse is logically objectionable because the connection between the asyimp- . AL Q(R', EY; R, E)20.
‘atic fields at plus and minus infinity, would be carried by unconstrained
“ferpolating fields that serve no other purpose. The particle-antiparticle \conection would, in effect, be merely a prescription based, in a disguised i a2 y G(R, ENR, EYwy, on the rejected locality condition. ry

While the hybrid approacfvis perhaps adequate for practical calculations, |itrould not provide a satisfactory basis for proofs of general theorems, i ‘A3 There is a set of complex numbers a (R', Et; R, E) such that
eh as CPT invariance or the connection between spin and statistics, for“imposes on the theory artificial constraints that are simply carry-overs 9(R', BY; R, E) = [a(R ER, Be
fren field theory. ‘Though theorems mightbe derived within such @ frame~wrk, the deeper and more pertinent question is whether a satisfactory | where the amplitudes a (R', B!; R, B) are linearly related: for anythoxy can be obtained without these constraints, and if so whether the BM inc
th rems would atill hold true ~ a CPT-theorem or a proof of a connéctionaoe vnand statistics has Lite significance if based on apecial con acne, 2 8) + J) tm Bw, te
duone that are not integral and necessary parts of the general theoretical

(RY, BY RE) =) S(RY, Et; R", E") a(R", E";R, E).

structure. FStated differently, the question of possibilities of unusual statistics, or
prastatistics, of other pathologies (such as those involved in relativistic (Postulates Al and A2 are expressions of the fact that (R', E'; R, E)‘rsions of SU(6)) inevitably raises’ the question whether the exotic connections is a probability. Postulate A3 expresses the basic characteristic-of quantun
tould be accomodated ina more general theoretical framework that would theory ~ probabilities are expressed as the squares of absolute values of

~ still-aecomodate the basic experimental facts. In oxder_to eliminate un-_ amplitudes that are linearly related. This is the superposition principle,
Iucessary constraints, and obtain the most general theoretical framework -| + -tnits-tormulation given aboverthe usual apparatus vf-quantum theory; in-
‘Consistent with the generally accepted experimental facts, we shall build volving the abstract concepts of Hilbert spaces and operators, and the con~
hon postulates that are, as far as possible, direct assertions of specific, cept of completeness in terms of eigenvectors of complete sets of commuting
weratte Nesecimental relationships. ‘Though this procedure is not as operators has not been introduced, Rather the essential physical relation-
Hegant or economical as the alternative of building on sweeping general ships have been stated directly.
postulates referring to abstract entities, it provides a very secure theoreti- ‘The amplitudes a and the transformation matrix $ are arrays of comple:Gal foundation and illuminates the experimental basis of the theoretical numbers depending only on their displayed arguments. Although these two
Structure, The concomitant elimination of unnecessary entities, such as sets a(R!, E'; R, B) and S(R', E'; R,E) are in principle different, they are
field operators. Se ier aa oni Ue logis icesr states, oimplifies not only the logical structure, obvious numerically equal to within a phase factor, which can be set to unity
‘but practical calculations as well.

by taking the phase of a(R, E; R, E) to be zero for all (R,E). This can be

ETD This general Ssmatrix structure 1s added a mass-shell anelyticity | done by trivial re-definitions that leave the above postulates unaltered).postulate, ‘This provides the general theoretical framework of analytic Definition Let E' be in C. Results (R', E') and (R'', E') belong to differentS-matrix theéry. The question of whether this framework entails anti- superselection classes (relative to C) if and only if
particles and crossing relations is discussed in Part Il, where it is shown

that these emerge in an unambiguous and ven gone way. 9 (RY, Bt; R, E) 9(R", EY; R, E)=0 an]
2, BASIC QUANTUM PRINCIPLES AND FUNDAMENTAL

for all (R, E) with Ein C,

OBSERVABLES ‘A4 For any E! in C and any set ofm 1,For any E) in and

any jumbers a(R’, E) there is an (R, E)

‘A: Quantum theory postulates

Quantum theory deals with correlations between the probabilities of
a(R, Et) = a(R', EY; RE), 3.2)

\ Possible results of possible experiments. A class C of complete experi- provided a(R', E') satisfies the (clearly necessary) conditions
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Spin and Isospin in S-Matrix Theory

7h, (62) Jom Ritervon
tions of the * Palmer Physical Laboratoty, Princeton, New Jersey

(Received % July 1965)

“early neces. | derive th tnt popesof Sabin eases apenas partewiles abe aeaeer than with ‘multiplets and to particles with spin, In the former'ease it is shown that, in the framework of S-matrixompresenta | ‘theory, crossing symmetry leads to the requireméntthat particles and nliparicles transform ac.cording to eomplex eonjugato representations; and itis possible to clarify the origin of the famavexpression
> isospin crossing matrices. In the case of particles with spin the eonstruction of appropriate “spinor”1)

term. On. basi fates is Coeussed and theanalytic properties of the corresponding spinor S-matrix elements: or "M-functions” are derived. :

3) | oOwe so 1. INTRODUCTION Until these difficulties can be overcome, the $-“applicable,
[DOING the ast to years grost progress has mats theory “proofs” of erossng eymmetty, et,s been made towards the construction of a self- can only be considered as explanations. (Given, for,

uostly con: contained theory of the S-matrix based on physically ¢sample, that crossing symmetry is true, there is nostructure of realistic postulates. Asaresultof the work of Gunson' question but that theGunson-Olive“proof” ex:
- and Olive,” it appears that the essential ingredients -Dlains wiv it ig true.) However, even to have ex-appreciate of such a theory are the following five postulates: * Plained such properticsisa considerable achievement,

sent form- I ann since previously their only justification was their
sub the rop- (1) The superposition principle, WsekSprca ‘occurrencein perturbation theory. And it would seemor (2) The existenceof a unitary S-matrix, valuable to extend the Gunson-Olive discussion off

the (3) Lorents invariance, s Spinless_particles to the case of particles which be-wwe
able to (8) The decomposition law (or “connectedness ! Yong to fsspin multiplets and to particles with spinotheirsym- ___ structure”), clusta dacnmgosthit ‘The principal aim of this paper, then, is to discusssk
of com (5) Analyticity on the mass-shell. ; the S-matrix theory of particles with isospin and—athe
experi Using these postulates the attempt has been made , much more complicated problem—particles with

“are other ¢_such familiar properties as crossing sym: - SPin. Because the most recent developments in S-
vetion with Tormitian-analyticity, the correspondence , matrix theory are probably not very widely known
‘T particles, “between particles and poles, and the existence of antj- ! and the notation is not familiar, the next section is‘dent that “patticles:all of which properties appeared as some- , devoted entirely to a review of the S-matrix theory‘Da

small | “what unnatural postulates in previous attempts at a , of spinless particles. I frst diseuss the five postulates\
series of retry of the S-matrix } listed above and then, having defined the necessary

vatter, Unfortunately, the proofs of these properties are + Notation, review briefly the relevant parts of the
not completely satisfactory. This is because of their  Gunson-Olive work. In See. II, I am then free to

dependence on a knowledge of the singularities of , consider isospin invariance and its effect on the form‘nowledge- the S-matrix, the complete enumeration of which is of crossing symmetry. ‘The last two sections are con-amin
Lax, still an unsolved problem. At present all that. is , cerned with the S-matrix theory of particles withvlly to his nown is that the exact location of singularities | spin. More space is given to these sections because

tedenharn should not appear explicitly in the postulate of ‘of the greater complexity of the topic, With the great
analyticity; rather, this postulate should be formu- ! number of possible labellings of spin states, one
lated in sucha way that all singularitiesare derivable , must first decide which matrix elements would befrom’

the other postulates (in particular, from uni- | expected to have the desired analytic properties.tarity and the decomposition law). Thus far no one | Accordingly See. IV is devoted entirely to the con-|
has shown how this can be done without using the ' struction of the approprinte basic spin states—the

.

very properties it was hoped to prove (i.¢., crossing » ~ «Many of {be techniques et Ivo to include spin and :=) symmetry, ete,). Heme,te pacarSe Srnec ee EA hg7 Gungon,J.Math, Phys, 6, 827 (1065), 1 (1089) X.'O, "Barat and BG. Ua, Nhow’ Cinta 25,+B.
Give, Pym ew. 13g, Brae (008), + 112 Cbg3}; these articles ditouss craving syinmostey Fo bake| Sees in pated, HCP. Sapp, Phy. Rew. 128, 490 | tes wih pi and snepin rcp ely Bat bu theLasts view dat erossing in a fundanwital poste,
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182, JOHN R. TAYLOR '

so-called spinor states. Then in See. V, I discuss the if there are identical particles’). It is also convenient coo!

analytic properties of the corresponding spiuor mat- to introduce the n-tuples P = (py, --- , p,) and andle ix elements (or “M-functions”). (fou ++) and to write the stateA as K=(P, 7), 1(Wo serious ambiguity arises from these two ways thuT.
SMATRIX THEORY OF SPINLESS of writing the state K.) [ pro

stim primeigte, (anne season for introducing the relatively abstract j Lo“The first postulate, the superpositionprinciple, “ahd unphysical concept of Hilbert space isthatit | itty.
specifics the nature of the system of interest long “does provide the only natural expression of thesupers tebefore and long after interactions take place. The -asition principle. Many recent papers on Smatrix | trar
most natural statement of the principle is in terms of theory" have tried to bypass discussion of the Hilbert ? desi
Hilbert spaco; namely, that long before and long shace of initial and final states by defining the &- flor]after interactions a system can be described by matrix elements as transition amplitudes (i.e. num-“states” and that these_states

ate found to core: bers whose squared moduli are transition proba-<Spond to rays" ina Hilbert space which has the follow-  bjlities). This procedure fails to settle the important, ning properties: question of how the phase of S-matrix elements can Lorf

( The space is composed of orthogoial “super- bP consistently defined—a question which can only { uniselestion subspaces” within which any linene P@ answered using the superposition principlo. 1 | bert,
superpositionof vectorsrepresentsaphysically ems to be essential that this principle applies to |1 realizable state. both initial and final states (i.e. a superposition ofGi) If and 9 are any two realizable states rop- 0 initial (or final) states in one superselection classy for
reseuted by unit voclors jg) and |y), then $4.8 Pealisable initial (or fina) stat] and that the ze
Ke | VIP is the probability that a system ©dvtesponding Hilbortgpace enter, atleastimplisily, 7 howknown to be in the state ¥ be obsorved in it the theory. Indeed, if one examines the only com. tion|
the stato e. plete attempt at formal S-matrix postulates” which the|

(ii) The space is a Fock space spanned by an 49 20 include Hilbert space, one ean easily see that | the
orthonormal basis of (improper) vectors rep- ey contain sufficient information to construct it. + repr
resenting slates of definite riumbers of parti- "The stoond postulate, which defines the S.matrix, ack.
eles with definite momenta, The notation 9s not in fact have to state that Sis unitary. It * implie
used here for these states is as follows: states only the experimental observation that there we
The states of a single (spinless) particle #8, one-to-one correspondence between possible 1 (i

are labelled by their fouranementume initial and final states and that this correspondence , ic.
article type" t; the two variable id_t is{such as to preserve the superposition principle | one

Partie petithe too vaviables pond L
denoted by a single (We if initial states y and y lead tofinal states e, and | veelJabel E = (0, apd the comospondingstate” Yy then Ito vdl = Kes Lv], where le) >» are unit. ir ee Thee vec eae otors representing ¢ ++). A famous theorem dueto

normalined sack thee Wigner" ensures that such a correspondence between, then
sthtes (ie., between rays in the Hilbert space of the prop}', # 1p, = pale’ — pie. 2H) firkt postulate) ean be represented by a correspond 4 for'

v iby the m4 jee S between vectors in Hilbert space with § ! bas

K= (h---.h), where ky = (pl) andthe on hee unitary or antiunitary. That $ is actually | eo
responding state veotois are just tensor products of “itary follows because the, relationship botwecn wyone-particle vectors, _

.

bh) = . s, wd ean ovat ot aia aiepanlsdn ys 1 foreIK)
= Wiig +++ 5 ba) = He) @ ++ ® lh), Bape shall for she moat prt gee thee Soe eat a

Goymmetrized according to the appropriate statistios SIRSonly stywit all fornt particles nthe an (4; to be discumsed and tho normal connection between spin and tonA Tay. borresponding to a vector Iv) is the se. = sities wilbe aaumed + contig1) he ange over he viol complex pane, Within "Sam or examplo Tat. 3 and P. V. Tandshot, The 5 ffany snperseeston space the rays are In oneto-one core. midiriz wllout Fudd ‘Theory, Cambridge hantihe™ rie &. iS
perlenes wih plasically realnabie states and the some Dopublehe orn ‘
Inbal ean therefore be used for both, [FHP Sianpy Studice in the Foundations of S-mairie | Inhesche suse somponent p ranges over the whole of three: 7Hbary, Callrnt preprint UCIRE-1OSE tio be wunvanmas. | ISA.dimensional Euctidean spree; the enorgy component p* is of The constriction mentomed horehanteon hee aeh ey t EPihrm)The nies oer ase akeii eeetthe

thesry. . ‘Yop, 1950), peas, 2"? Nr rer Mista® :
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2 1, Rest states differ slightly as follows: De) = ON Sanent
L@Y= Way = 1

\

\e) = \eny P= oe

on iVea) = GO my Ved = Vamp
{

!
-

Q. Det eonnnaenn+ }

ei Joetal = AY Kye xa

t

e

i

i
i

i

'
t

®

i

i



“ "see t__ Facts About Teylor/s Spinor States. | July 6, 1977
1. How are the spinor states related to the helicity States?

e \e") = Vamp, DCHGS") = NGL = lewdy DCG Y)

‘Veed) = ley DONG) ‘esd = Leeda DAE.
2. How are the spinor states related to the Canonical states?

Ve Y= temde DOAN Ve]= leer Baty)

We) = lee DCLES'Y) Jem b= deme BCL)
3. How do the spinor states transform under. Loretnz transformations?

LAR) = (5g) BQ) Le = \y"] oa"
Ulin) = Wen) BOE") Atmel = pac] DOTY*

4, How are the spinor states“related to each! other?

e VP) = en) BO) \Pd = lee Dd)
om} x\el= lee) oCyea@) WMA = A) DCC eeY)

1

Ved = \") DCE@) '
VT = lend 9 Grtay) ;

5. What is the completeness relation? |
\ = lpmda cent = Veme Zito

a A YDANG

= lr VTeet :
6, Related information: the spinor states are the standard spinor fields, as in appendix
to paper. Other facts aret t

- |

@ HT WH. Ola Lele L@ yy oTot 2 ‘T~1

WE)= READY= LQ)RG) ace wet = LG) Last ket
“ {aa wav= La”. LARy = Maa OLR].



e 1, These equations may be found directly in Taylor's paper:
y= lewd DOG |

2 UM= WDM |
: i

3) tml = laa OCH")
Taylor really doesnt say much else. He does not use canonical states at all. I

must make sure any results I get and ube agree with the above three equations.

2. I will start out by conjecturing tht these are the correct states:

Ue) = Wemde DEWOT —UE] = teowyy 8 fet|
Ven) = Wd piwayy | Vem} = Needy 0 Lue|

e na two from we and nave guessed the other two from the lowering
alte) = 12") Gam oe} Ve) DO") = \tm)

Veal = le"| Gam 4 | Ve] OG?) = Yt
= \rl= \n Dg)

3. Now lets compute how each of these four states transforms under L :

APD= YRADCHE = Lamy OHOLADGD
= (eyo) |

Lita) = 12pingy D(H? Batt vn’)
e = Mama pwes'y') DLT’)

> Ven) OF) |
H

|
i
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~a-

Ue] = Wyre DC HCAS! wip)! (¥ysY)
e = {4o)e DHEY) DC) HON) D(HOCH) D/HBY)

= OCF URL: LQ)

20 Cy -wC TTT = vy

= Ww] OO",

Ute]= Uys 0 CH/9TIL tr) Ae)
= Vora DHE D CHB HOT LAS)

= Wad: D(a Lug)@ = oc"
= Many DOTY

Ur)= ")- dL i diel = le] nw"
LVtn) = pn)D [EY te = ya) DEY

Saks 1 ae): =
i ! Good, things are as expected. Next, whkt about cenonicals?

We = ROY ede a VeeDLEC

Se oak | ete) m Aut 4 aayhy
Mk: Litas KALA Rh Wee)= LU)
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Wn \P)= wd. oLecrs es] Vm D(LEy)
@ p= lero (uy)

VP = ame DLA MGT YT = lame BCLy)
Vad = Wore BLE) FD = jamd< OCU)

Se: \

W)= Vee DELL fF WY= tame DL" y}
lem )= lame DLLGY EY] \in} = Veswve DELGS

This means we can deduce ali these reshlts from the helicity ones by replacing
H with C and replacing H(p) with L(p)i Recall that L(p) = L(p)* but so what.

@ ed = ey, WTAW'Y) = OCHA DUH)
spol c@myy

“1 .

n= B& Yl OG werYotwer'y’}
ol: 0 be

\te = Vers OLHiary - eS le") OCHA) DUH)
= ye") 9 (Ue), |

IP) = Ma) DCAY) Fa] Weal= Its) (7 EH)@ \p \eNY= Vee) BCYEWY)

=e") (He) DOH) = We)0(CMY) | (TRL) OY)
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‘Wt, \= Vem nile = 7
@ : ~ ——.

lary= \P) BGMlo) ds Semt = Ce) OCH)
= + “

Sve 1°) OCHA)DLE Ke") Down CP")
i

Ss le IP) DOME
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A quick Review

A Toulon States : er : vre° FinkJue dais Wun Dat wo fot apiaons Trawefann:
Rn Bad -« Dae Gd

Rae NS te = ee DEE de)
Qe yor gk Ra = Cm = Foaily Scaler
© We bumo that UApm >e = Rwe Brine T eee! A: LO], Wayne -
QhVy wae dake: 2 :Wh) = ede Daw Coa) S/o
Box Ale”) = {A Vee Dat (cary
= beye}e Daten LLG STA LG] Dadan CU")

@ es Bee Cen) Oe A)!
: a) Dun Gs) ~ WAY.

~ m= 6D :
= fuUc)= uae

LY

Drarehos , \an) a Buk -eink seta. ah, De MG)a

@ Vrasfer we eno: \nme 4 a)» Dade eG)
© Compiolerweer :

. wt +4 = ZL Vpmregeml = Un Dan CO):CL Dave (Lay)
SAR) Date CLa@y Lat) Ge"|e ‘

| 4wf te Da Co) Cel! LY
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Question: when you go to Tayloers round ahd_square states, what happens to this
idea: _(f/t*/i) = (3/t/f)" 2? ‘

t ) 1, In terms of the usual states, this equation simply serves to define the operator Tt.
Once we have so-defined this operator, we éannot redefine it, so we have to check to
see if things come out in a nice way. .

i

2. Checking with Taylor data sheet, here is what you find to be consistent:

*my
ym m™ my *Ce'\r in) = Gn hte] |

#omy y at ym vey, my
Cet) & Tet The)",

In other words, when you switch initial and; final states, you must keep the square
with the state in question, the "squareness" is a part of the state and must be

moved with the rest of the state. .!
1

3. The first line quoted in 2 above is truetfor all index combinations. Eg,
t
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Quick comments about spinor conventions.

7 1. Nobody seems to agree on the exact meaning of p(S12)¢g), Among other problems, there
@ is no absolute. meaning to the order of the indices in the exponent. Usually people ~
.

just pick their favorite order, and then set p41) (2) = g where g.is some "standard"
form of the elements of SL(2,C). I have my own favorite standard form. Nice to

write g = hu and then use stadard forms for boost h and rotation u. This first object

that everybody defines controls the transformation of the contravaraint( upper index)

first kind or undotted spinors. Everybody agrees that this is the case.
r

i
2. Everybody also seems to agree that the dotted contravariant spinors whould

transform aécording to the complex conjugate ‘of however the undotted contravariants

transform. Baded Jehle , Taylor, Barut all agree on this. However, the real question

arises: with what D object should you associate these dot ted contravariant spinors?
He know they go with g* in the se} case. Everybody agrees they go with g*. The

quesxtion is with what do you associate your g*:

Cot) Go)x iy= DG) = i? Gs) fa 8(89)

6 ghe G) ptt

‘The choice here seems to be this: if you take BJ, then very nice because you associated

the dotted's with the “other” basic rep . But if you teke T, then you associate

D(s,0) = D(o,s) for rotations, with no factors. I gather this is_a nice property to have.

'
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More_on the Spinor Basis used by Taylor. May 27, 1977

1, Recall that in the beginning, the operator U(a) representing a Loretnz transformation|eo called a is a unitary operaton belong to a representation (spin, mass) of the Poincare

group. The general 10 parameter representifg operator is U(x,a) where you do your

Lorentz transformation first, then you translate. We know this to be true:

; s i

shea sUGAr lem = SEP ST DbaCR (A) | aes
The representation space of this representation of the Poincare Group is infin ite dimen
sional because the rep mis unitary and the group is non-compact. The various basis
vectors are labelled by a finite number of spin components and an infinite number of

momenta. For a fixed 3-momentum, we may regard the space as being of dimension (2s+1).

2. It is in this (2s+1) dimensional subspacé that we can if we want redefine or

reshuffle the basis vectors. In this way wé can generate the round and square states «
The roundness or squareness simply tells you which basis you are ising. We find:

i

on ain (ag) 5 Cs) 5 ow
Uw) = EOPBt Oa) Lap, )tens !

e Here is the point I wish to make: although we have changed the basis in the (2s+1)
part of the space, the operator U(x,a) is still representing an element of the Poincare
Group and belongs to a particular (spin, mdss) representation of the Poincare Group.
The operator U(x,a) really has nothing to do with any representations of the Lorentz
Group, even though matrix elements of these representations are appearing.

3.How would_you show th a) 4 a
Sa , : ae ry
toe = ESE Swat = CeALamy = Cee Ga) wcna) erly

owt)= Cel UG AU Ga) (gm BYES OW LTARN

tte (ap) s ¥ x ix-cap) s
~ oat ae .e€ Zs De lR@e yy. & 4 Dew RG]

t

% agit) ap,w"y|
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n , ao) . t 1
‘a "y= *~ pt anit oe ee = oe ce Cage" age = QE SHH M Sara = Phelan = <eian| pvt

-? = BE BUA)Bar gol pent
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A

i
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belt, =< Dawe LRT] Den, Lea] ae 8-7)
e = REMED Saw

So in this way we have verified that the operator U(x,a) is in fact unitary. Along the

way we have used the Loretnz invariance of the object (p/p'), the fact that D is a

unitary matrix ,.

1

4. How would we show unitarity in the Round{ basis? In order to db this we whall have

to involve the square basis. In the square pasis we have:

cindy) & bs), otUda) Mra = A, Daan Cay ag ud.

j s ©3 + +ix-(at) etCe tos = SAL Da [aad
Now once again lets verify that U(x,a) is thitary. We have:

t

1 3 + a
Leal) = BE Bae SCA = Calf Grr Ub) 1A") onseact

t ) SO) Rix (ar) (os) vt (es) I aotee <a De aS Dye @) Lage att
~~ eo

'

: RE BCe-#) Tat aw!
bs) oy Ae) bs

> ZV @) Daw @) 26 Fen)
5 '

= Saw REO (HL). :

5. Warning: although we usually shorten UG) to U(a), do not forget that this operator
belongs to a representation of the Poincare! group and is always unitary for ,real

particles. ! .
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1. In the Cozenza PAPER, we find the confection between the Toller H-functione ~

and Stapp's M-function. I have several comments to snake’ about this connection.
2. First, Stapp's M-function is a function of the momenta, but is usually,

~  regarded”as afunction of complex momenta, byt each still constrainad to mass

~ shell Now, normally $f you define your, standard momenta af) ‘Yo be say (0,00)
for incoming particle, say, then to get & complex momentum you are going to need

a complex Lorentz transfommation. “Thus, if you are going to talk about the ~
a Stapp function in the complex or analytic sense, then you are really talking

"__" * about the Toller M-function in the sense/that the a, “are complex Lorentz 7
transformations. Such transformations are discussed by Cozenga ét al, you can

7 think of “such an ay “as being in SL(2,0) x SL(2,c). Complex” Loretnz‘transformation ”
allows for 2 smooth connection between future timelike vectors and past’ timelike

a ones, I think. However, parity operation s still has to ‘be added by hand. When
parity has been added, thé group of the 8; is called ‘A, where c is for complex.

3. After reading Taylor, I think I know what "Crossing" says for the Stapp M-function.
The one function gives you all channel processes, It s just a question of which

- eo "momenta are future and which are past timelike. The spin does not really complicate
things very much ifyou use Stapp functions. Simtkaxky ‘Thus, two crossed reactions ~

are the Stapp function evaluated at two points in the huge RY complex space.
Similarly, two crossed reactions are given by the same M-function evaluated

.

at two points in the space %¢™. “isuelly, hovevér, we prefer to write the
-

various a, as multiples of a; in the néal 8L(2,C) group, and then add s or t
as needed to get the momentum to be future or past timelike as needed. So by adding

~ various factors of t, you cause M to describe reactions in different channels.-

However, in this case you cannot go smoothly between crossed channels. Todo that
you have to think in terms of complex Loretnz transformations, just like you have
to think in terms of complex s and t. ~

7 “he There is still some confusion about the exact form of the covariance conditions ~

for the M-functions. Te, having to do with ‘the * or no * on final states. Lookwu"
“at Cosenza page 268, or Var. p 347. Clegrly, Toller wants to use the same D°'(a)

“  * function For aii particles. He does not want Some to be starred, and others not.a
“this at once implies that there are never sters on thé covariancé Conditions.e This seems to contradictmy natural feeings on starring, so what is going on here????

.
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In response, I think that Taylor hes provided an angwet fo'this question.

Recall that Taylor wanted his "bras" as well as his "kets" to transform under

the sare object D, he did not want his bras to gd'\inder D*. In order to e
achieve this end, he invented the "square bra" idea, THis achieved am

invariance condition for the Mefunctions which looks just like the one Toller

wants to use,"ind givés ‘a uniform covariance condition.. ‘ .

Before working out the deatials here, I warit "to know’ what Stapp actually
' did and’ said. “To the Libef 7 a
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Relation between Round , Square, end Regular Rest States,

r) 1, Look first at Taylor (i.8) which I conveft to my notation:
=ZS Caer) Lee ‘

Fonomy gp % , WG) Me smranerguoue ye estat alooott nk, Pron Ackles.Bs do te WER) Fe ormlengeone): Re vee ane a. &
Ww) = Z VEL gy 2 W@Y= WA) - A)
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aygrennd LT. fe both A, Tan) ory ues):
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Tk oa atekein. Van: Dea) \ery

e © Bou”) ;
Ba Drie come, you Seaaron cutning| :

@ Ve Ww quoual a: ©) om s °
Date @ Ver) = Varw (RP)OLE Lmtd

BK, RGR) = RG UO WG),

> BOVE) = lem DEG) D(a) DESDY
SS “\ y

\e") 9) = Vem DAG) ye)
> Ae) = le DGS). | :

| Qpadbown: GA) age cHrsote WC)= 4, Dum Wad deca, UGA) \tom>
Jevan alr K je >a >) shale? *

i



Question: to what extent is Taylors "solution" of the crossing problem unjgue?

@ 1, Here is the crossing equation that you want to solve:

ke K, <1
.

1

ww = 2 Eavirbats oD) yada x)ro

‘ '

se K
Sha as Mu

; © E.\ Kat VK) [ee ltle sy Htke k, :

Notice that the "tilts" /ere are not arbitrary. Pafticle in a final state hes spin
index lowered, period. /Now we can tilt in the secqnd equation introducing a sing factor:

os7 ‘ . .ype os

= 2 Kay, (thet Late. kK! +) =D)e > vb 12)

"

So here is the solution suggested by Taylor:

” teLKMVT Ke) = abs BE Tet) A

Ups WaT KA) = ei tiges kt) GY OSbes KATH KA) = Cel tae kM) G ‘)be) k 2 ial Q
Notice that each of these equations is Loréntz-consistent, ie, both sides of the equation
transform in the same way. We would not want contravatiant spinor = covariant spinor.
‘That would not be an acceptibae sBtution tp the "crossing eugation".

2. Obviously the (-1)°° factor could conventienally be associated with the first
equation rather than the second. In fact, fooling around and using hermitian analyticity

fou can show tha at most there is a type-dependent phase as shown above, so I could setthat phse = (-1)*8 and move the factor from one side to the other.

3. Conclusion: Taylor's conssing solution is unique up to the above phase factor which
we set to one.

-
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Toxtec: ‘dby.uas it necessary to use the spinor basis?

e Look at Tayldr's paper. I think we could have obtained a etatement like (5.1) in the
usual helicity basis without any problem. And I suspect we could even use Taylors little

math theorem to conclude equation (5.3). I suspect that the need for the spinor basis

comes at this point, when you went to show that the crossing matrix in (5.3) is in
fact proportional to the identify matrix.

2. Here is how the little identity proof goes. Start with (5.3). Take each matrix

element in (5.3) and "expand it" according ‘to the rule (4.11). This gives:

Se yk, she )
HH x,

ay aK .Rui: KIM = DKA LK Ve")

Yo seage "sch! 4 agi wadaett aa atis Olen
. a ar of af Kody" s

e
Teen x5 pt) = Ee. Cyne thge 5 a) Dyas) Darla) Bes)
Here I am just showing what rule (4.11) looks like for one of the matrix elements. The

is of course a product of D-functions, one for each particle. Now, (5.3) becomes:

a aoe Ss 7Zag Lah 11 gk > Dares) Datala) Daeg) >

“A 1 a than”) Datals) Dera= eo ane aki 5 -t | M gh ahae(3) Dara 3)
|

. ;

'

» Date(s) Ape Ce)

Yow, davai war a Daa) DaatG') = Seiad tun Z Sata.
Oder ZL Dar). Ba Ze Veils"). Mave: .

. : ‘ Satya

Tak images eh) = et Saar @) DarnlyK, (mM st ) = . fo. 0

e ak, VAL gk, 4 fy) é Se Fi aca! (F") Daytaely)
* DearG) Denis) + Dept) And) DaorG)
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‘ ~~ ?Nam capi oye wed pea Fs Chen Rae)= 7
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Bla) = Ay g-A .. a Ae -

Weak ca Me It is the loretnz tranBformation taking p out.to p in some standard way.
Suppose we are. working in the heliclty basis. Then if we set- g = rotation, we know that

the Wigner totation is identity beqauge. we know that a rotation does not-mix -helicity.

In this. case, the above equation rfduces to ,

NW.= AGL 5 Se fron ratty,
No doupt AC stili isthe identity,/but ‘the same proof: toes not’ work.

If you were in the canonical/basis, then if-g = rotation, R = same rotation

because you know’ that a rotation does mix helicity in this basis. In this casethe

proof would work, >

So, not; toally clear thet Taylor had to go to the spinor basts to do his

crossing. - -
AHA! I forgot something! Sfppose you are in helicity or canonical basis again.

Then you do have the same problem arises in MS, namely, after you cross taking

pto-p, you are going tothave to edd ~

\ : . _
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, a ay” « al ‘

e = ran Dye (9) Apale) Daas @) Uy ke yo ky In ]5K, ]
= Uke (AY ki 6) ve . .

Yawyd dA ov om 2e,a-Sc aoe GS oe
a" a4s Ke5 =A [MY gh") Pog) eae) Daw @) 0)
Ac A dt

= [gk Al gk 8")

— tVw
63) agau7 ae Fs a
= ZL gk 7% (MLK ) Mg (&)fe

We now have this situation: i

e a 4 al
ZN" (ogy MO DG) aa = Zz No haw (es)

Or VA = V8 ‘ ;
-\

Mad agg eae Kyaw GY ds wok saic. Ca Pyr ama K,

wa . act y"5 OV LOGAG) DG) MG) Je = NV

ao NW EN 2 Ate ad.
In order to conclude that A is the unit opérator, at some point you have to assume that

by varying say Ky you can make v an arbittary vector, This, adsuming this you end up
with statement (5.5). You then choose p td be rest and g = rotation to get next

equation. From this you cortclude ‘that you Have multiple of unit matrix.

@



r ee —
Comiierits: In order to maké this’ proof work, it was necessary to use the transformation

p¥opertiés of thé M-funttions inthe spinor basis. ‘You take a crossing ‘equation and

you transform Both’ matrix élements, and compare this to the-new crossing equation. e
Ie, you cross, tréhsfrm, theh cross back. ~

Now, ‘could all ‘this have beeri done“in the helicity basis? We'now that the

transformation properties are nfessier, “ab iMartin Spearmana.. Would the same proof

have worked without further ado?" ~~

B ayy. a Fone Hoa -KV A\K* = SL x :2 VA KAY, ae “Lake” Wg gS)
. « Data, {RG¥) Dara, (RG KY) Da Ck (s,P))

Jsp to back A sak 4 . : .

- a
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Reconsider the prof in the canonical or helicity basis. How does it go?

@DTWmiae Y= Tykeimig kis &) DR ea) DE) DEC,A)

Qa, ‘ ¥
Lk elk) = Lake hak.) DERGKS) DEGZY DB (LG,=9)

QraDS Sse coma ox ‘ Crnearing wane!
Tke\MUk p\ = Ck psel MikLAG)

Dare oe gh 5 .

Cake LMlgki) 0CRga) = ,

Take, f) Mlge) DERE) ACP)

Ra . , ; ‘ =e Cearmiey ye) = CEPA ALK) DLQGrAIAL) DIRG,AY
wee = Cay{Mlk Ae)

3 AG = DLRG NA OL Vay].

This is the statement in helicity or canonical which corresponds to Taylor's (5.5).

Notice the R(g,-p)! It is a tricky businebs to relate this to R(g,p), and I'll bet| that is why Taylor went to the spinor basis. In spinor, this problem simply never
enters! Now, in MS you have to decide expctly how you are going to get to -p from

p. Using their de¢ision, then find that: '

mc | okDEG = GY DL eGai]

cern *«@ Wot Ba CYS ss ole = Foleo -
4

*Qua AG) =F DLAA NE;OLRG, YI.



ro heage
Now teke g = rotation again so that Wigner rotations vant becomes identity in

helicity formalism. You would then conclude thet:

' - ; e
Ne). = FAQ). - .

a .

amen! - +New =) Neweeh :
This certainly is consistent with the solution that AL , but does not prove it.
Somehow, the whole issiie is complicated by the helicity states which are not very

sharp when p = rest momentum.

Conclusions: By using the M-functions, you somehow manage to avoid all the messy

questions which involve Wigner rotations. All states transform in a way that simpley
does not involve the moinenta, so you dont have to do much thinking about what happens

‘when the momentiiti is at rest.

I wonder where the ambiguity went? Probably it is connected with the fact that

the helicity states themselves are a little ibiguous when p = rest, so that L(p)

could of could not be a rotation. . e

- .
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25, ye 'To. explain why xy, = (-1) xy ' -

e 1. The finité-dimensional representations of ‘the 6-parametéi Lorétnz group are labelled
by two labels (51135). For exeniple, there is cre véctor Fépréséiitdtion (3,4), but
there are two spinor represenitaticn’, (4,0) and (0,%). [THe size of the representation

(3y1Jg) 4s as ‘one ‘expects (251 +1)(2Jg+1)-] The two Spirid? répfeséntatforis are not
equiyalent. For Stapp's M-functions, thé intéresting‘fépresefitations are (s,0) and

(0,5)- : 74 a beeen
!

2. The Lorethe group $0(3,1) is almost the bane as S1(2,C), thé''group of matrices (1%)
with unit determinant.’ We denoté such tidtrides by lettér g. ~ Obvidusly these g form

a two-dimenisional representation of the Lorentz grotip, “80 matrices g tmist be one of
the two spindr ‘representations. We identify: ©" “” 7 yee

6,2), he$qa= Da C4) : g2 GF dsty=|
If gis just a rotation, then D6). . rf the usual rotation matrix. The matrices
(ors) (g) represent the representation (0,s), and (0,4) is just a special case.

e 3. The object ‘which transforms accorging toen2r®), (g), is called a contravariant,. ad > mamasundotted spindr. It iswritten like so: §

‘ a Cm contravariant, undottedOh = & WParen
There is a unique way to define from this a covariant undotted spinor. The goal is

to mske sureithat -xiyy “is aclorentarscalery One finds easilty that;fmst be:

e+ covariant, undotted=
P iCars = 2 dy i) Yyu \ T= hamepose

Te, with the covariant (lower index) object, so defined, you can show that:‘

. V .GY
Y)p = GYR ;|

These two representations are equivalent. For example, in the case (0,4) this means| that you can find a matrix c such that ofgc =(g7!)", this matrix isc =, or
a multiple thereof by sone phase. The matrix c is antisymmetric! Since this
matrix connects the x" representation to the Xy Fepresentation, the matrix c is

to be identified with the object that raises and lowers indices, like the metric@ «tensor g,,, encountered in the tensor algebreZ. The matrix c is called a metric spinor
end we have seen that for the rep. (0,$), the metric spinor is antisymmetric. This

has the immediate consequence that i

By 2 w

Ya = — ay eG) ;



lye What is the "metric spinor" for the representation (o,s)? It is this:

: @,3) - oni . -

® OR Gd
: 4This general (0,s) metic spinor can be shdwn to have this property:

2s :Qw = Cy Ci)
Te, 4b is synmetric or antisymmetric depending on value of s. If one thinks of the
rep (0,8) as a product of represnatations (0,4), then this is what yow would expect.
The metric spinor for any sshalf-integral representation will be antisymmetric.

This -yields the final result: :

as .By
CN gu € 0,8) Ay.4p = CN Key x4, (0,8)4

s») 19) 788) vFrost: Yn = COyn = Mr (ye ICN = Koy! Ga). Y

‘

5. Just as a reminder, we note that each representation (j14J9) has its om metric
ténsor/spinor. The metric tensor for (,4):is the symmetric Suv"

e 6. We have shown the desired result and haye traced the fermion, minus sign to the
fact that the matrix c which solves ot gc e (gt)? is antisymmetric, Form
the sake of completeness we mention the dotted representations. The contravariant,
dotted is: »f P ° x 3

nk @ 2
(x) = 20% @) ©) contravariant, dotted

‘©), a .we), =ZD, iG ) @y covariant, dottedOTS
:

The relation between upper and lower is the same as before. We can identity D(°r5)(g)
with D°1)(g), 50 the undotted reps are the (0,8), the dotted reps are the (s,0)«
The rep. matrices are simply related by complex conjugation. The reps (0,4) and (4,0)

are not equivalent because there exists no ‘solution matrix a to this: a) ga = g*.

If g were just a rotation, there would be d salution, which is why the rotation group
has only one kind of spinor ‘repm namely j-3. .

Refs: Taylor “Spin and Isospin in S-matwix Theory," JMP 7,161 (1966).

| Bede & Jehle "Introduction to Spirjors" RMP 25, 714 (1953).

7!
.

'

:

‘



Javlor - . - Second Reading March 11, 1977

Motivation: I want to know what the exact statement of éfossing is in termsof@ Stapp's N-functions or spinorial amplitudes, with spin, ‘Then 1 can use this
to find the corresponding statement of crossing in terms of the Toller M-function.

Lo Maybe. In-any case,,I should certainly know this for the Stapp fictions, since -
probably all you have to do is.fiip tome 4.momentia around and nothing else. We shall se

. ~ Perl BimatrictH: -2t time” of' writing, 1985). S-matrix theory ws a new subject, so—_ Taylor takes time to explain things, lucky~ for-later readreg-tike me. He sees it ~ ~ -|
- a8 5 postulates. 2 .

- oe 1) superposition-principle. Basically, this is thought. to be equivalent to
assuming there is a Hilbert space of asymptotic states with superselection _
subspaces. In any subspace, you can superpose to get a new realizeable

- state. Multiparticle -states make-a Foch space. —~ -

~ 2) existence of@n.S-matrix, If Tt exists in the sense thét physical transition
- amplitudes correspond -to matrix elements in the above Hilbert space, then
. unitarity of the S-matrix is nothikg new, follows from Wigner theorem. Ie,

once you have Hilbert Space, no neéd to assume that S is unitary. It is.

. 3) Lorentz invariance. Taylor wantsto have usualLorentz invariance relating. __actual amplitudes with no phase at ail. Can do this, he says, see (2.5).

4) cluster decomposition. This enables you to isolate connected parts, so you

can write unitarity in terms of these connected parts, the famous "bubbles".e 5) analyticity. The amplitudes shouldbe boundary values of functions whicharé analytic in the momenta. Perhaps ‘related to causality. Only singularities
in-these analytic -functionst are those required by uniterity.

77 From these postulates ofS-matrix theory, you should 6 able to prove other“properties, such-as~ see ~ : -

a) correspondenceof particlésand poles in thé S-matrix ~ ~b) Hermitian-analyticity — — - -- - -

. .¢) discontinuity equations8 _
d) existence of antiparticles

- e) crossing symmetry * soe

It is Thi? last property that Taylor wants to “show stil works evén- with spin
- and isospin, ~~ — : - oe e
oe _. For the rest of this séction , Taylor’ reviews how you prove the above list of

things in the spinless case. (I) why pole corresponds to particle (look at Ag)
(2) why hermitian analytic (3) why crossing symmetry. In (2.10), you are

. crossing one particle, and you can set the "crossing phase" equal to unity
by adjusting the phase of the single particle states at rest.

Finally, it is noted that-you need a good notation to express all this; he

_ _ Hikes the Stapp M-function, “ . .

e an



Il. The Isospin Problem. Due to charge superselection, you cannot simply
rotate states. But, you can related two physically possible (charge possible)
amplitudes using the. isospin D functions, as in (3.1). -

The crossing problem is at once approached. Again there is+some crossing e
phase. The. game is to find a solution for this phase. By fiddlgng around, Taylor
shows that (3.5) is a feasable phase, and.does not require shuffling the
standard phases’of the D-functions (of.'Rose). Page"189/boottom shows exampleof how this phase might work for a pion exchange.

Finally, in the A, case you have to wross two particles at once. This is

suggested by the figitre 6, and the.’esult is (3.7) with the- sainéophasé'Faekor
obtained before, applied twice. ' id ' i.

Then you can make ispepi n amplitdes and derive the isospin'crossing matrices.
Taylor is elated that you can do this without refferrén g to an "isoscalar
Lagrangian" etc. ete. Areal fan of the trade, I must says

: r . :

IV. Setting up nice M-functions. Taylor starts witfi the usual Ji helicity states

(single particla) ‘and shows, that they transfrom with Wigner rgtations which
mix in the momentum and are therefore undesiredble. See (4.4).

To get around this, you need some way of "exploding" the Bigner rotations
into its three components, if you will. This expolosion can be done if you
extend to the SL(2,C) finite dimensional representations (0,5).

A quick review of thege represetnations is.given . ‘there are four kinds of
spinors, you cai raise and lower, ‘etc etc. 1

The néw "M-Pundtion ket¥ is defined in (4.8) so that it transforms as D°'S(g)
as shown in line after (4.8). This is an undotted, raised index spinor (contra
variant?) .

In order to do the crossing proof, Taylor will want the corresponding e
antiparticle bra to transform in exactly this-way also. This necessitates
the definition of a new kind of state, bra and ket, which is giyen by @ square
bracket. It turns out that ‘the square ket must transform as D’’~ (g* ~1), which
happens to be a lower dotted objec t. Going from ket to bra causes dotted to
go to undotted, and so on.

So these new states are defined, and J gather he wants to use them all the
time for the bras, but use the usual kets, so everything transforms with D(g).
For example, Lorentz invariance is now given by (4.11) which really gets the
point across. .

In this "mixed basis", all the relations you think are true are, like| orthogonality and completeness. Thus, unitary equations will come aut just
as you would think without any mickey mouse,

V. Crossing with spin. Interesting problems along the way, but the result is simply

Biven by (5.6). There is slight question about statistics, but now is not the time
to warry about it. When you cross a particle with spin, it goes to antiparticle,
momentum negates, and it keeps its "spinor index". ~ ~

8
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~The Standard Method of Making Spinorial Amplitudes and Taylors: Trick,

1. First, lets go to the notation of McKerrell and observe the effect of a Lorentze
transformation on a single particle helicity. state or canonical state:

Lives & OL RG Regge Us"\pres SS Yo CRED) Vee = LA LLG)
s

‘

RyWera= 2 Bo Reg) aw RNS HRY. LQ)
2. At this point, let us adopt the convention that for rotations, s = (0,s) = (s,o).

This is a convention shosen by Taylor. I will find out how nice it is in a moment.

Then we can "explode" the Wigner rotations in this way:

sn oo) a,

Bo @ = Bo C= Me Cras Lv)
(3) cat gy b48) cs)=

Ze Dur Cusp Bor > Dua).
t

For the helicity thing you do the samt thing byt replace L with H on the dides.

3. Before proceeding, it is nice to know hot the Lorentz invariance is stated in

terms of helicity or canonical amplitudes. ‘Using S = tts L, and noting thattd Lis a unitary operator in the QU Hilbert space, S = L*SL. We do this inside a
matrix element of S or T or whatever and get:

°

Lae Seal (Shen \eevednS .
ony . oxy F

= 7 a Dw. (8) ~Y x Don (R) -
a Gee hteeanth ee Sl Watage

As usual, the Wigner rep matrices for all the particles in the final state get
starred. This comes directly from the L* being a daggar.

4. Now, how should we define the spinorial, states? Follw Taylor's hint and try:
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This single particle state now transforms as a contrayariant undotted spinor of e
the representation (0,5) of the lorentz group. * oe

5. Loretne invariancenow says:
.

Vr, y toe

7 3) . gs) LF
= Dawe Gh) TD GQ) --

- Ove yoy exe ‘
Lon dante [Sl

As far as Barut is concerned (or Stapp) these amplitudes are the M-tunctions. But
Taylor realizes that it is useful to go another step. But before doing that, .«.

6. Lets try to stick with this and see how it might mess up unitarity. Note that

so far it has not mattered one bit whether we use (0,5) or (s,0) for ail D functions.
Unitarity is a question of the completeness relation of the single particle states. @

» ° ~ 7
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At this point, it is convenient to assume that conventions are set in such a way that

you can pull the * inside the argument of the second D, this allowing you to do

the NU sum. Then: '

(03) ©) .

re wayA= Ba Day Cuan) Dy Gaen*) [a KVvty

But this is not enough. Lets also assume that the transpose symbol T can also be pulled
in (Taylor shows in footnote that his D have, these ntce properties). Then:

Fgh gmLe Za Dyve Le Wet] paca"
If H(p) were a rotation (it is not!), you copld get rid of this last factor and all would
be well. But you cannot get rid of it, you are stuck with extra sum and extra

factor for each particle! Clearly, this is the motivation for defining the square
bracketed state!_

7. Recall that H(p) = R(p)Z(p). From our g = uh studies, we know that H.STOP. Better

to put H(p) = L(p)R(p) so we have g = hu fon. Becal L(p) is pure boost. Then we
know that HH = L(p)L(p)* in either helicity of canonciel case! But, for spin $

which Stapp always used, we know we can say ;thatvii’ = LL* = p*o!/'m where p is| any 4-monentum with velocity equal to vector parameter in the goost L(p). Thus,
Stapp would show a factor: 1
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Thus, I have finally identified the mystery factor that Stapp shows in his

unitarity equations. .

8. OK, now how do we 7 s ? / wut e+ OK, get rid of this damn factor? Obyioustey yee
. ces) _ . a’
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Now, this is what this thing has to do : in order.that the unitarity thing come out right.
How does this baby transform under L? eer that.we can rewrite the above boxed item
ast . cr)a . ‘
° wo = VOY Leer] yer?

We repeat the manipulations in h. but use (5,0) to explode the Wigner rotation. Thus
result will ber _ . :
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9. So here is the picture. You know that, going from bra to ket. and.'vice versa

e causes D functions to get starred. But this‘is same as saying that dotted indices
go to undotted,, and vice versa.

So, we have found that the square ket, goes as a lower dotted. Therefore, .

the square bra goes as a lower undotted. Therefore, the square bra transforms in

exactly the same way as the round ket. This is of course what you need to get

nice unitarity completeness relations:
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To recover the thing you start with, you rebity have to show also the momentum
integration which will reset lp to p in monéntum entry. The point is really in

|

the spin space though. The matching of therspin indices suggests that both

sides are world scalars. This operator unity has a form which is invariant under
any. Loretnz trensformation!.

10. How, then, should we define godd M-functions, and how do they transform? Taylor

suggests using up-up and then everything does with the same D's, as in Toller's

M-functions. The unitarity completeness insertions will of course always be

facing up/down.
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|These are Taylors DYNOMITE m-functions. Notéce there are no longer any stars.

These are the things I will use to make the Toller N-functions,



@ cucu = 2.De Lop) .
of & (0,3) « oar

GPa ELOY Ca”
vy fos), ye

WO] = 2 Dw CD Naa" ;
i

terwa= 4 we" La"

This last line shows that you do not. get a deer when you "covariante" off to the left.
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