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ON UNITARY REPRESENTATIONS OF THE INHOMOGENEOQUS
LORENTZ GROUP*

Br E. Wionsn
(Received Deeormber 22, 1937)
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1. Origin aND CHARACTERIZATION OF THE PROBLEM

1t is perhaps the most fundamental prineiple of Quantum Mechanies that the
system of states forms a linear manifold,' in which a unitary scalar product is
defined.” The states are generally represented by wave functions® in such a WAy
that ¢ and constani multiples of ¢ represent the same physical state. Tt is
possible, therefore, to normalize the wave function, i.e., to multiply it by a
constant factor such that its scalar.product with itself becomes 1. Then, only a
constant factor of modulus J, the so-called phase, will be left undetermined
in the wave function. The lincar character of the wave function is called the
superposition principle.  The square of the modulus of the unitary scalar
product (¥, ¢) of two normalized wave functions y and ¢ is called the transition
probability from the state ¢ into ¢; or conversely. This is supposed to give the
probability that an experiment performed on a system in the state v, to see
whether or not the state is ¥, gives the result that it is . If there are two or
more different experiments to decide this (e.g., cssentinlly the same experiment,

* Purts of the present puper were presented at the Pittsburgh Symposium &n Group
Theory and Quantum Mechanies. Cf. Bull: Amer. Math. Boe., 41, p. 306, 1035,

! The possibility of o future non linear charncter of the quantum mechanics must be
admitted, of course. An indication in this direction is given by the theory of the positron,
asdeveloped by P, A. M. Dirae (Proc. Camb. Phil. Boe. 30, 150, 1934, cf. also W. Heisenberg,
Zeits. I. Phys. 80, 209, 1934; 58, 623, 1034; W. Heiscnberg and H. Fuler, ibid. 98, 714, 1938
snd R. SBerber, Phys. Tov. 48, 40, 1035] 48, 545, 1936) which does not use wave functions
and ia a non linear theory.

O P, A. M. Dirae, The Principles of Quantum Mechanies, Oxford 1935, Chapters I and -
IT; J. v. Neumann, Mathematische Grundlagen der fluanienmechanik, Herlin 1932, pages
19-24.

!The wave functions represent threughout this paper stetes in the sonse of the “Heisen-
berg picture,” i.e. o single wave function represenis the state for all past and future. On
the other hand, the operator which refers to a measurement at o certain time ¢ contains
this { s a parameter. (Cf. e.g. Dirae, Lo, ref. 2, pages 115-123). One obtains the wave
funetion ¢.(t) of the Schridinger picture from the wave function ¢y of the Heisenberg
picture by w(t) = exp {(—iHi/hdpy . The operator of the Ieisenberg pickure is Qf) v
exp(tH/h) Qexp (—1Hi/A), where Qs thpoperatorin the Sehrddinger picture which does not
depend on lime. Cf. also E. Schrodinger, Sitz. d. Kon. Preuss. Akad. p. 418, 1930,

The wave functions are complex qudntitics and the undetermined faetors in them are
complex also. Recently attempta havg been made toward & theory with real wave fune-
tions. Cf. E. Majorana, Nuovo Cim. 14, 171, 4937 and P. A. M. Dirac, in print.
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1. Origin and characterization of the problem.

2. Comparison with previous treatmenta and some ismediste simplifications.
A. previcus treatments
B. immediate simplifications
C. classification of UR's acéording to Von Neumann dnd Murray (1936)
D. the same clasgification using infinitesimal operators

3. Summary of emsuing sections.

4+ Descriptiom of the inhomo. Loremtz group
A
B. the theory of characteristic values and vectors of & homo LT.
C. decomposition of a LT info rotation and boost
D. thé*hoimo L group is simple.

5. Heduction of reps to 2-walued reps.
ﬁ:.
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6. Reduction of the reps of Poincare to reps of little group:
.ho i
B. :
. E L. 4
= D. .
7. Representations of the little groups
A. reps of rotation group
B. reps of 2-dim euclidean group
-8. Represemtatioms of the extended Lorentsz group
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2.C: 5 clagses- of unitary reps: L e '

1. Origin and characterization of the problem.

L] Y]

1. Statas the invariants of matrix elements and shows that D(L) form a group up
to a phase Tattor whic¢h hriéék dud ‘to the afbitrary phase of wave functians in
qpantum méchanics. ' ' b adoa

< it : Lt Tt -.‘.F e it

2. The goal will be to find all the continuous ﬁﬁitarr’“rayhﬂ%épreéentaﬁidﬁé'uf

the inhomo LG. (Buﬁ Wigner does not use Ehe word ray).

——

1. Specifically, Dirac and Majorana did some work’ on the reps of Poincare group.
They assumed t dependence of operators and made unecessary math assumptions
Y | A 5 ¥ Jy 4 " XN ] b
which ‘Wigner' will rot have té make. They 'did fise infinftesimals."

2.B: Some immediate slmplifications

PR § [ Lo . Wi P . tr

1., In searching for reps, we can ignore rﬂps which are equivalent by similarity.
Also, .he notes “that ‘if arunitary rapuhas-an invariant .subspace) .then the orthog
compliment .1s alse invariant. -Thus;'you .could.decompose &uch .a.rep. He will
not be. interested in.the repdswhich. are justitheosums of gther.reps (direct sum
terp 18 not.used. by Wigner).. i: . .o _

s or TS SO T S I . ' LY FLU
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1. First "class™ of possible reps are the irreducible reps. He notes that the center

of the group albegra of such a rep is multiple of identity, etc.
t i b Jf . ' o - .

2. Next class of reps are the "factorials". ' Example is a simple multiple of an
irreducible rep. ..Center .is still identity; but you~have.a multiplicity. I wonder
if this notion has,‘evolved inta_prrmanxﬁrpcton concept?.: 3 .

i i SIS O AU ¢ - .‘, Yiow "La LR

3. There will be nol "continuous' reps<of Poincare, which means-that.any unitary rep
can be broken down into factrial reps and. each of these in turn can be broken
down simply into irreducible reps. Continuous is a term of von Neumann which
seems to perpaps be connected with direct integral concept ? (Von Neumann
invented the direct integral in 1938; published in 1949. )

-



2.D: use of infinitesimal operatois. '

AR A 3 nw o t i [

1. Mentiong that in 1932 Stone dagelnpad the nntion .of the ganarntor uf a one
parsmeter suhgroup and the expomitat.ion idea. There is some mention of
pathological part of a rep, but ‘it is then claimed that the POincare reps

_have no such pathological parts.

a wh . : M

2. Wigner has found a "new" rep of the Lorentz group which describes a particle
with continuous spin. See section 7 later (precurszor of regge theory?)

3. S of En _Sections. - : CoA 3 .

= g ey =, e e 'A 1T a1 1 w T T

1, Section 4: diacnaqian.qr Puincare grnup and ;hanrx.og characteristic values
(What the hell is thia?}

2. Section 5: to show that that ray phase is r;allylonl? +1 or ~L..
d N 1y I A

3. Sections-6,7,8 : will discuss the.actusl representations. ‘The idea will be
to use Frobenius' orbit- method (not .W's word). because'translations form
an invariant subgroup.- .:Actually, ven Neumann's unpublished."mometum vector”
method is used so that the reps get classified.into_i4 types ( ‘timelikey
lightlike, mull, spacelike), In section 7 Wigner will only trest the SU(2)
and B E(20 cases. He hopes to return to the spacelike case.in a future: .
paper (but I gather then Bargmann beat him to it 8 years later).

] - . « A . i

T ) -

L.A: the Peincare group (Wigner does not use word Poincare).

A i et i - & it o 1
1. Wigner ‘gives the def-ofv what.we.now call the proper.unthq:hranuus Lorentez
group. det = +1 and time time elément is positive. You move things arcund

on the future light come with such transformations. His convention is to

. perform the translation afterthe Lorentz rotations . “o. *
o s b . 3o - - ]
o of T o g i s -
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L.B: theory of chanarteristic values and cﬁhid5§e1i§§i§ yectors,
1. I skip this for now. By characteristic value and characteristic vector, Wigner
- r . A -1 " .1
refers to the eigénvalues and eigenvectors of the Lorentz tramsformation L.
Ie, the eigenraluaa are round from the secular nquatlan a5 usual. It is not
clear to me What this aention has to o with anything so far.

i.C; decomposition of a h s transformation:
1. Véry simply, Wigner writes L = HZS where Z is a z-boost and R and S are the
pre and afta rotations. The rotations are not uniduely determined byt the

size of the z-boost is detarnlnad. (by L)

e » o - ad

2. Some remarks about the Lorentz group being doubly connected like the rotation
group, so that there will be two-valued represéntations. Skip these.

P - i "L . ' Yy

. .D: the 1G is simple. -
1. Eéﬁﬁg.ﬁﬂa characteristic vector business as a $o0ol, Wigner shows that any
invariant subgroup of the LG must contdia g{ " rotation. But then he shows that
if an invariant subgroup contains a rotation, then it contains all of the IG.
In other words, he shows that the homo IG contains no non-trivial invariant
subgroups. Thia is I presume thﬂ definition of a "simpl&“ gruup.
b

e ot - NS I e »
i : Rl Sl i s 1t I L by L PR |
5. Heduction ‘of reps to 2-values reps.” = oot W7
t - - - L e A s et = T L 1
1. When you multiply two translations, you get a phase w(a,b)., Similarly, whén
you reverse the order of translation and LT, you get another phase w(L,a).
'Finally, when you mhltiply two LT, s you get a third phase. Wigner will caiise
Y 1 - e - e . 1 i
the first two phases to be = 1, whereas the last phase will be + or -l. This
is a very famous sign, by the way, see Martin and Spearman.

i Jd

5.4z

. -

. - - e

1, Here, Wigner shows that the various phases'jﬁét mentioned can be 'made to be

boer PRI ! & a3

continuous functions of their two arguments (which are points in the group
manifold of the POincare group} v R

-



5.B: Here it is shmm that due to the- continuiuty astabl:tahe:t in A, any two,

L M i ke ow

tranulatinna must, cnmut.e wit.h no phasa fpctor.

vk ow oo g

5.C: And here iﬁ thn argumenb wpy the Phaue'ls unity when guu ravarse order
of a t.ranulation and LT (the;r d.o nbt. or course cqmuta; the LT iu "t.he Same,
but one of t.he tranalatiuns has a gping to La. Tha point. is that t.here is

no phase. -

.D: This is a huge 8 page sect.ion yith t.he prmf nf the famnus + aﬁd -1 phase
possibility. ?hry‘camplicated, massy. and g&omatrical with appllcatiun uf
all that charactaristic value stufr. He breaks L =HMN f?r some reason and
t.hen exhauat.s all pussi:bla cases of eig&mralues. ’ “JL?: ,1 : ¢ 1

_5.B: something about showing that ;'reﬁo;maiiziﬁ&“ t.h';& transfa}m;tiozw did not

hurt the coixtinu_‘!.?y. sk:LF

ok, W i It

ki - - il ' Th e e e F ! ¥

6. Reduction of Ppoincare reps onto little groups.

1. Wigner notes therat the Fat.h rigor of “t.hig ser:t.ian relias on von Neuwmann's
work uhich ia nat y&t puhliahﬁd. C 1

T L ] 3 n
N g et O w N
ﬁﬂ' 4 P . :.-"uf J . £ " I
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1. Here is presented the notion that also appears irn Baruts book: that of
writing the action of 'a LT on & wave function by breaking into two pieces,
d(L) = Q(L)P(L), whéere P(L) only acts -én j-moméntums in the wavefunction,
and Q(L) becomes a finite matrix which Onljl" acts on the spin indbzmx of thé

wa‘retunctian. .

i . b1 M " .

2. The fnur‘pdssihla'litt;ﬁ grnupu are reétazei‘ However. Higneru method uf introducing

O . 'J.i i B

“the Iittle grnup'cbncept sqeﬁh haguﬂ tu i&. . .

& - RN § ¥ - O N
6.B: skip.
_6.C: to get the UIR's of the Pbinhcare group, you md’ onl:.r apecify l"2 and the .

rup af thi Eufract little grauﬁ

i nt! Kl

r t
6.Di the names of the various little grotp are given.

T
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7, Rerpegentations of the Little Groups

o l :
7.A: rotation group. . ‘

L1

1. Reps here are the well-known D(J){R), says Wigner. He shows how you reduce
some general rep of SU(Ej called q(R) onto the UIR's, see Eq. (74). He does
mention that you might consider a certain sign im this 1ittle group case to
téll you whether you are on the future or past light cone, P, and P_, but not
much is made of this fact.

+

7.B: the euc_lidann group., a short plece here, theory is incu-pls‘}.a apparantly.

B. Rupglauntatipnu of the "extended " Lorentz group.

A: OK, he now wants to remove the two restrictions pla:;ed earlier, but notes
that the reéstricted Lorentz group comiects continuously to the identity. Somehow
the whole section is not as clear as a future discusision would be.
T

. B,C,D: skipping these sections. just more detail on extended reps. Does not really
mention time reversal and parity.

e o e e o e -
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GERARD EMCH

ee surveys, worked out for the explicit use of physicists,
:Tr:: 1. M, ?auch, CERN Seminar 5425/TH, 06 {1959}, part I'I.F;L
G. Emch, Séminaire de 1'Institut de physique théorigque, Geneve
1961, ard appendix to ref, 5. See also the appendix written by
Mackey for Segal's Book: Mathematical Problems of Relativistic

Physics. Amer. Math. Soc. 1963.
F. Riesz et B. Sz.-Nagy, Legons d'analyse fonctionnelle, Paris

at Budapest 1955,
The definition of a position operator in a relativistic theory Is
not a trivial question, already in complex quantum mechanics.
See for instance T. D, Newton and E. P. Wigner, Rev. Ml::d.
Fhys. 21, 400 (1949) (for other references, see Wightman's
paper quoted below). A modemn formulation of this problem wasﬁ
presented by A, S. Wightman, Rev. Mod. Phys. 34, 845 (1962);
he uses there a mathematical object found by G. W. h_-‘lackey
(see for instance Proc. N,A.S. 35, 537 (1949} and which is re-
ferred to as "system of imprimitivity for representations of ’
groups"; the essential idea of Wightman's work is tc‘deflne the
position operator through {ts spectral family, and to impose, on
this spectral familypthe correct transformation laws with respect
to the euclidian thréd-dimensional group, as they re,sult from the
considered irreducible representation of the Poincaré group. This
efinition of the position operator is trivially translated in qua-
temiconic gquantum mechanics.

- - - - = = ==
= e ————— ==
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SOME REMARKS ON THE PRODUCT OF IRREDUCIBLE
REPRESENTATIONS OF THE INHOMOGENEQUS
LORENTZ GROUP*

P. Moussa and R. Stora
Centre d'Etudes Nucléaires de Saclay
Service de Physique Théorique
B.P.n%°2 GIF-sur-YVETTE (5 & O)
- France -

ODUCTION

The problem of reducing the product of two irreducible repre-
sentations of the inhomogenecus Lorentz group 1s an old one. The
result is currently known and used and leads to the various phenome-
nolegical expansions of transition amplitudes: f-s type expansions,
multipole expansions, '/ helicity expansions. Whereas £-s ty pe
couplings have been known for a long time, at least in nonrelativistic
situations, as well as multipole expansions which are usually derived
from an analysis of fields rather than of particle configurations, the
helicity type couplings have been discovered fairly late,

The need for defining such concepts independently from any
semi-classical, or configuration space nonrelativistic argument has

~been recognized.by several-authors: — -- = )

Chou Kuang Chao and M. I. Shirokov! have worked out prac-
tically all coupling schemes known at present. Their analysis relies
however on a heavy use of the position operator® assocliated with irre-
ducible representations, when it exists, in a way which {s not com-
pletely clear because the frame of reference in which this operator is
defined depends on the eigenvalue of the conjugate momentum which
does not commute with it,

Jacob and Wick,3 on the other hand, have a formulation of the
helicity coupling which requires some specification before it can be
interpreted in relativistically invariant terms , specification which
indeed was given in Wick's paperd on the description of three parti-
©cle states. Although the simplicity of relativistic effects is not em 1,
phasized in this paper, one result of which reliss on Shirckov's _\\
analysis,

H. Joos's derivationd of the coupling of massive particles,

—

Theoretlcal Physics, University of Colorado, Summer,
1) This name Is usually reserved to situations where mass 5 parti-
cles are involved.

*Presented at the LORENTZ GROUP SYMPOSIUM, Instr

37
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Comments on Lee and Wick paper about P,C, and .T.

1.

c

The analysis of this paper is within the context of field -theory. Recall that
the action of P, C, and T operators on the various field operators is lmown in
a definite way, see eg Bjorken and Drell: I think the idea is to insist that
these operators do something simple to the Lagrangian operater that gives rise
to the various gamma functions which act on the spinor fields. So, we have to
accept the action of P C and T on the various flelds as given.

2. Given these actions, Lee and Wick show sgveral things:

a) when you square the PCT operator; you get (—I)E‘T and not just 1. This
arises simply from the fermion difference from bosons which is of course
Just a winus sing. Toller will make something of this little sign.

b) although PCT commutes with &ll integnal symmetry operators, these
pairs only quasi-commute: (PCT,P); (PCT,T); (T,P). By quasi-commute,

I mean simply that there is a factor (-1)Y sitting in the comrel.

3+ Remarks by me: I find this analysis interesting but not very general. In field

theory the fields tend to get classifiedd by their finite-dim Lorentz group
representations rather than Poincare reps, so spim-1 is confused with vector,
and so on. OSomehow I cannot accept the cosments of this paper as S—matrix
definitions of these little comsutation relations.
Obviously, the little {—l)zJ is going to be the whole point of Toller 1967

for my purposes, 50 I had better learn exactly where this is coming from. Outside
of field theory, ie. '

r =%

=
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Conclusions on the subject of representations of the Poincare Group as

Jdnduced Reggesantatigﬂg:

I do not fully understand this business, but new get the basic idea. The
general notien of induced reps of a group G from a rep of a subgroup K is -described
well in Mackey 1968, along with the vector bundle interpretation. When there is only
one obbit, you have a transitive G-space or homogeneous space -and the Base of the
bundle = S = G/H. The scalar product in the induced rep space is an integral over
the base of sctalar products in the VErious.Hilbert Spaces which compose the bundle.
The inducing rep is a rep which maps the réfurenca fiber into itself. As Mackey
points out, the bundle idea is not essentidl.

So we know that there are certain theorems about inducing, shown in Mackey,
eg, direct summing and inducing commute; regular reps induce regular reps; and
80 On.

But the Poincare group is a direct product of two groups; one being commutative
s0 we can go read Mackey's discussion of such groups. However, Mackey fails to
be concrete enough on the Poincare -- even with his Appendix reference - so I have
to switch to moussa and Stora to see what is gping on, le, to see exactly how the
Ppoincare reps are induced reps. It turns out that for the Poincare group, all the
. irreducible reps are induced by various subgroups, ie, are induced reps.

An obvious question which comes to nfind is this: what are the subgroups K
which induce reps of the full Poincare group P. The answer i1s that the inducing
groups are essentially Wigner's old little groups (times the translation group).
You thén want to start with a specific reprgsentation of the inducing subgroup,
which heans, eg, a specific representation of the rotation group times a character

of the little group vector E;
The induced rep itself always looks like the regular representation. But,
the catch is that it goes with a certain "covariance condition"™ which is simply
; the inducing rep, which is also a shift rep, When you combine these two ideas, you
find that the induced representation of the Polncare group does liek shown in
equation II.5 of Moussa Stora. Ie, the actien of the induced representation on -
a particular function of a particular group, elementx gives youj the function
evaluated at some other group element timgs;a D function of the Wikner rotatiom.
One thing to be kept in mind i3 that for the Poincare group there is more
than just one orbit. You have one orbit for each value of P2. These are just
the mass shells. So, given an orbit, I guess this means you can identify the
. basé of a bundle with a mass shell. The induced rep scalar product will then

involve an integral over the mass shell.
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As shown in note onf cosets, you can divide the group G into pertition of
cosets, and each coset is in effect labelled by the momentum p. If this momentum
happens to be future timelike, then the little group vector will be a certain form
and the little group will be rotation group. For each orbit (iem pe value), there
will be a certain little group and a subgroup K, an- d .-asp moves on this orbit (mass
shell), it labels the various cosets modulo K. So the coset space G/K gets
identified with the orbit = base of a bundle.

So, the Wigner rotation business may be mathmatically identified with the
representation of a subgroup which induces the Poincare representation. Of course
you can to the Pdlnnara representations without ever mentioning inducing. Its just
that inducing provides the general mathmatical framework. You would get the
irreducible representations of other direct product groups like Galillean group
in a similar fashion. .

A good a quick repreat of the inducing analysis is given in book ef
Manfred Schaaf, which I have ocutlined as a book elsewhere. The stumbling blodk
is to realize that the mass shell = orbit = coset space G/K. Actually, the
scalar product does not seem to play much of a role.

To actually lsbel the WIR's of Poincare, you specify the value of P2 which
then puts you on an orbit and determined the little group. Then in addition you
specify the rep labels of the little groupy whatever they may be, . Thus, you haved
labels all the reps of Poincare. '

Since on of the pobntial little groups is the Lorentz group, you actually
have to face the messy preblem of UIR's of that group. (not the finite dim IR's).

= e
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Reduction of Product of two UIR's of Poincare Group.

The Book of Manfred Schaaf
Lecture Notes in Physcs.#5, Springer Verlag 1970 Gxﬂéﬁairﬁhmﬁmkqeqj

1. About the .series: in 1976 there were ¢nly 5 volumes in this serles. Of course
the math series had over 100 volumes at thdt time. Not sure what has become of
these Springer-Verlag babies. Recall that Collins and Squires in #45, so there must
be a lot in between? Or is that still antqehr series? )

2. About the book: 120 pages absolutely crammed with equations, nearly incomprehen-
sible. The author Schaaf works in the German tradition of fine detail. He was
at the University of. Munich Dept of Physics.

. Contents:

1) first, we get a quick review of the UIR's of the Poincare via Mackeys
inducing technique. No details, but,%;raferanceérare given for more
information on this (look em up). Then right away the representations
of all four little groups are discussed, including SL(2,C) for the null
litilge group vector. Nothing is skipped here. This Chapter 1 is 2L pages.

2) in Chapter 2 Schaaf derives the matrix elempents SU(2), SU(1,1) and E(2)
all in the usual discrete basis which he calls H;. He also does SU(1,1)
in the continuous h&ﬁi;:which_fills 16 large pages of calculation. The
answer seems to appear on p 49 anp is of course a stupendous and useless
mess. Then comes a section nn+tha orthogonality and completeness of
the various representations (expansion theorems). Chapter 2 is 50 pages.

e 4

3) Pinally, this Chapter 3 discusses. how you explicitly do the reduction
of the direct product of two Peincare rppresentations. Schaaf has completed
the efforts of Moussa and Stora b; doing certain extra cases ( for example,
when both reps are spac&likn,“;i one is null, etc}; Clebsh"s are given
in ghory detail. This ehapter is' also 50 pages.

t wen G Lew oo R, I A | Boutdan \165 (o aafee. Wavans~ o)
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_Emch. io hi r at the Boulder Conference (same as Moussa Stora) .

He gives a little concise and good presentation of the Poincare UIR's as
induced representations. The Radon deal is included, and he refers to a theorem
as Mackey-Frobenius, which says that you get all UIR's of a semi-direct product

ngaup in this way.

Interestingly, this paper contains some new references on the subject:

2) Jauch 1959 reference

1) two papers by Emch in Helvetda.... 1963
1
3) Emch at another conference. 1961 ’

I
The fiber bundle idea is not mentionned, but Mackye's 1955 notes are
advertised as being didactic and ¢ompletq.:su goo I have them on hold, maybe
- Rr,
will copy some sections of saife. : e
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24 GERARD EMCH

which suffices to prove the completeness of Hé“ in 'Hq. Carried
out from any imaginary unit quaternion i the whole above construction
gives rise to the family as serted in the thecrem.

Theorem 5.1 suggests the following definitions: Let Lt be a :
linear mapping of ¥ onto itself. 1f t commutes with ﬁ}un.ttary,
anti-hermitian J, it maps each of the corresponding Hc onto itself ;
and one can therefore consider the restriction y:f-' it o :Héﬂ. Con-
versely, if t\!) is a linear mapping of one of the .'Hc onto itself one %
can define a unigue linear continuation t of t i) in :HQ by the condi- %
tions

1) 1t is linear )

() tf = i&f o Y el D,

For instance, i1{1) is the restriction of J to :Héﬂ and J is the linear
continuation of iI_ﬂ' in HQ. The following properties are attached to

these concepls:
(i} Let t 'be a linear mapping of HQ which commutes with 2
given J; if t is unitary, hermitian, or is a projector,. so
are also all its restrictions with respect to J.

{ii) Let t and s be two linear mappings which commute among ¢
themsalves and with a_given J; then t i} and gm also ::Dm—',i
mute in the space llc(i} where they are simultaneously de-,i
fined. %

(iii) Let {tn} a sequence of commuting linear mappings with a ;

= == Sty It riC every titcommutes” with-a-gsame given-{ ,

Ty = ify: Jfy = i

f= f, +jiy

§i i,

s

then td) = s lim t{).

The following thecrem 1s now meaningful:

Theorem 5.2: Let u be an unitary, strongly continuous repre- g
sentation of a topological group G, acting on the vectors of a qua- 3
ternionic Hilbert space Hp. If each of the ux {with x running over
G) commutes with the same unitary, anti-hermitian J, then

{i) for a given i, the set

w1 xeg) =

ig an unitary, strongly con 1}1uuus representation of G,
acting on the vectors of H 1,
(1§) 1f u is irreducible, so is also ull) (for every 1)
(iii) ifu i) {s an irreducible representation, of class +1 or 0 in
the sense of Frobenius and Schur,18 u is also imreducible.
Assertions (i) and (ii) are easily proved from the given propaerties of
restrictions and linear continuations. The proof of the third asser-
tion is more involved and can be found in my paper.

- ey — TR
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The last step will now be to show that an unique c-pe.j_ is
associated with every physically meaningful representation of the
Poincaré group. This will justify the mathematical investment per—
formed in this subsection, and will be the matter of my last lecture
Since I shalJl have to use properties of the complex representations ::rf
the Poincaré group, the next lecture will be devoted to a survey of
this theory.

FOUR RE K

n =] mplex Representa

The aim of this paragraph is to recall rapidly the essential fea-
tures Df'thE classification of the Irreducible representations of the
Poincaré group in complex gquantum me&:hanics. This problem was
completely solved by the famous paper by Wignerl® and more recently’
by Bargmann, Wightman and Wigner.?'n' Most of the arguments pre- Y
sented in the original papers are in fact particular (and particularly
explicit!) expressions of general theorems stated and proved by
Mackey in a series of mathematical pemers.21 The use of the
Meckey-Frobenius' method allows a very quick survey of the problem
gnd this is precisely what I want to present to vou in this lecture,

For sake of general agreement on notation and nomenclature
let me first redefine the different groups we will deal with, l

The Poincaré group is the group of all the transformations of
special relativity, i.e., all the linear transformations which leave
invariant the distance in Minkowski-space; the metric of this space
willk be- chosan-as=ggg = +b, gji=~=1“for = 1,277, G, =0 folp#v 7~
fwith w, v=10,1, 2, 3), (This group, which we will deﬁute b)@ is
also named: the inhomogeneous extended Lorentz group).
) The W'-- ncaré group (or inhomogeneous Lorentz group) is
the connected component Gs of G. Every element of iz the prod-
uct of a translation by a real vector b (with componen ) and of a
real homogeneous transformation A which does not contain any re-
:::x;onkv (The translation is done after the homogenecus transforma-

n). ery clament of

with the somomeition Iaw%—:—e can therefore be written as the pair (b, A)

b, A) b, A') = (", A") where
{6.1)

E» = E + é_h:‘ and -A_ﬂ = éﬁl‘

(Ab’ is the translation by the transform through A of the vector b').
Mathematically the structure of Gp can be de@d as follows:
of

the translation grou nd the homogeneous grou
compact, T4 is moredver abelian,

re locally
To each element & of HY

s




This situation is summarized by saying that Gg is the semi-direct
product of T* by H%; as we shall see, this structure is essential for

o m— e
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corresponds an automorphism of T4 in such a way that this corre-
spondance ls an homomorphism of _Ii‘i into the group of the automor-
phism of T4. Let us now denote by A[...] the automorphism asso-
clated to A and consider all the pairs (b, A) with b and A running
respectively through T4 and HY. On this set one defines a compo-
sition law:

b, & &, A) = G+AK], AN). (5.2)
Equipped moreover with the topology of the direct product of ‘the
topological space T4 and H4, this set is a locally compact topologi-
cal group: Ga - _’1_“1 is isomorphic to the closed invariant subgroup of
G, . consisting of all the elements of the form (b, 1), and Ll_“ is iso-
morphic to the closed subgroup of all the elements of the form (0, A).

the theory of the representations. My last comment will be that T4
iz connécted and simply connected whereas E“* is connected and

doubly connected. The universal covering group of ﬂq' is the group
of all two-by-two complex, unimodular matrices, and is dencted by

sL(z,€C).

a) Classification of the irreducible representations of the f

roper Poincaré group (in complex Hilbert spaces). The beginning of 4

the subsection is a swvey of Mackey's results, with the following -}

aim: to extract from the very elegant and complete treatment givea

by Mackey the only tools which are of interest for most of the physi- i
cists.

— e Thess(ré-theoretiSaT trimiinad "arF Cenalhly Es¥efifisl 45 ™ “'i

soon as one is dealing with topological groups; however, the princi-
pal features of the theory of induced representations are not (at least
for our purpose) to be searched there: one can understand the prin-
ciple of the method with discrete groups alse, ignoring there the
topological aspects of the theory. {In fact, induced representations
were already studled by Frobenius in this particularly simple case,)
Let G be a separable, locally compact topolegical group, H a
closed subgroup of G, L an unitary, strongly contlnuous representa-
tion of H acting on the vectors of a complex Hilbert space H, g a
quasi-invariant Borel measure on G/H, #(U) the set of all the
mappings f of G into H(L) which satisfy the following conditions:

&

(1) (f(x), @) is a Borel function in x
for every @ in H(L)

(11} f(hx) = Lyflx) forall xinG and
allh in H.

A T e I e o it A i, e Bk 8
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One observes that expression (iii) has a meaning only if condi-
tion (ii) is previously-imposed; the reason is that condition (ii} has,
as a consequence, that || f(x) Il is constant over cosets with respect
to H; this remains true for the function (f(x), g(x)); one can thus de~-
fine a scalar product in H(U) which becomes now a complex Hilbert
space:

{1i1) 5 Il £ () szp[s} < w
G/H

£, @) = (), g(d)duls). (6.4) -

G/H

We are now prepared to define the induced representation MUk
of G: for all f in M(U), every pair (x, y) of elements of G, consider
the function: ’

E‘*_T.JELf} (¥) = flyx)Nexly) (6.5)

where py denotes the Radon-Nikedym derivative (dpy/dy); for our pur-
pose it 15 sufficient to know that p,(s) is a Borel function on GX G/H

© _
}..{5...5}. —

. o b o i
It is guite easy to verify first that [FgLﬂ is an element of H(U). The
interesting feature is that the correspondence F‘QL- : f=(FULlf) is a
unitary, strongly continuous representation of G, acting in the com-
plex Hilbert space H{U). This representation is said to be induced
by the representation L of the subgroup H of .

Pryl® = P, (8) Pi'[i)_(}

e

for every x, v in G, every 5 in G/H

e ——— e

Mackey furthermore proved that the index p of F‘ﬂL is super-
fluous for our purpose: the condition imposed to p.to be quasi-
invariant is very strong and in fact determines p up to an equivalence;
now it appears that two representations P"_L_FL and YUL which differ
only by equivalent measures are unitary equivalent, We shall there-
fore omit the index p in the following.

In order to state Mackey's theorem in a form accessible to non-
mathematicians, let us indicate some few further definitions.

Let G be a semi-direct product of two topological groups T and
H; suppose that T is moreover abelian, For every character Bon T
{in the sense of Puntrjﬂgin? for instance)} let us define the function
% = ef® which we will also call (abusively!) a character. Two char-
acters X and X' are said to be equivalent with respect to H if there

-—m e R W R e e e —————— | (A ——
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exists an element A in H such that
' ] (6.7)

X' = x@a[b])
o= [n]A, (6.8)

for every element b in T
A class of characters which are equivalent in the above sense
is said to be an orbit under H; the little group Hy of a character X is

‘defined as:

and we will then write for this:

Hy = {AcH X = [x]a) . (6.9)

Let now X be any character on T, M an frreducible, unitary,
continucus representation of HX" then the set:

XM _ [, XM N
L Z{Liz,ﬁ =x@11{&|13‘1,§ ﬂx} (6. 10)

is an irreducible, unitary, continuous representation of the suiw:oup
of G, defined as the semi-direct product of T by Ex'
Now comes our theorem!
This theorem is valid as soon as a "regularity” condition on
et 18 SEMiadirect-product is-satisfied-(and- itturns-out~thatthisis the
case for the proper Poincaré group!). The "representations” which
appear in the theorem are all unitary and strongly continuous repre-

sentations, -

Mackey-Frobenius theorem: Let G a topological group ob-
tained as semi-direct product of two separable, locally compact
group T and H, wheré T is moreover abelian,

(i) If X is a character on T, M an irreducible representation
of the little group Hy of X, then the representation induced by the
representation LX. M of the semi-direct of T by Hy is irreducible,

{(if} Every irreducible representation of G can be obtained with
construction (i},
(iii) Two irreducible representations of G, respectively in-

duced by LM apd LX"'M" are equivalent if and only if X and %’
belong to the same orbit and if M and M' can be transformed into

_

L . .the-proper-eucdidien-two-dimensicnal-groups=

T T R L N T

L

equivalent representations.
This theorem provides a program for finding all the eguivalence
classes of imeducible, unitary, strongly continuous representations
of a group G satisfying the hypothesis of the theorem (including that
of regularity which is not reported here):
(i} Determine the characters on T

L

w‘..-ﬂ*m e BT s i el 5 b gy bkt
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{if) Determine the orbits under H

(1ii} Choose arbitrarily a character in each orbit

{iv) Determine the little group of each chosen character

(v) Determine the equivalence classes of the irreducible

representations for the ‘above little groups.

lLet us now apply this pro er Poinca roup: T
is now T%; for H, we will consider, instead of HY, its universélr,-
covering group SL{2, ©) (this because of the well-known result of the
analysis of the phase reduction, ref. 19 and 12). Furthermore we
will restrict our attention to representations which lead to positive
gnergy and discrete spin.
{i) The characters on T? are of the form:

x(b) = ai'élg"‘

where b is the four-vector of the considered translation; p is a four-
vector characteristic of X. '

(1) Each orbit is characterized by m2 = php,, and for those
corresponding to positive m2, by the sign of the zero-component p°
of p.

£ {iii) If mé >0 and p® > 0, it is convenient to choose for each
orbit the character p=m (1, 0, 0, D).
i mé=0, and p # (0, 0, 0, 0), we will choose p= (1, 0,0, 1).

{iv) The little group of (1, 0, 0, 0) is SU(2,T); it is also quite
easy to see that the little group of (1, 0, 0, 1) is isomorphic to Ez,

{v) The representation of SU(2, T} are well-known; they are
characterized by a real parameter s = 1/2, 1, 3/2, ....

For E7, one observes that this group also satisfies the hy~
sothesis of Mackey-Frobenius' theoram; it is then an amusing game
to apply to it the above program; one finds that two kinds of repre-
sentations appear, those with continuous spin which do not concern
us, and those with discrete, integer or half-integer spin.

Thizs is sufficient for our purpose to classify all the unitary,
continuous, irreducible representations of the proper Poincaré group.
(Details of the above discussion are given in papers by Jauch and
myself:~fit is also interesting to compare it with Wigner's ploneer
work, ref. 19.) '

For the application to guaternionic quantum mechanics (see
Theorem 5.2 iii) it is interesting to cbserve that none-of the con-
sidered r ntations r Polncaré grou 2
it complex conjugate, since {for the representation of physical

ﬁﬁ-ﬁa—nd!fﬁ%;_belcmg to the same arbit. All these repre-
sentations are therefore of "class zero” In the sense of Frobenius
and Schur,

f——-
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b} Clas giffication of the irreducible representations of the
Poincerd group {in complex Hilbert spaces ). The Mackey-Frobenius'

REPRESENTATIONS OF LORENTZ GROUF

@ i
assert that, from a given projective representation U of _G_‘E.Qs
always possible to construct a (true or two-valued) representation of

criteria are also very useful when one enlarges the proper Poincard Ge such that its restriction to T4 {5 a true representation of this sub-
ou space- andtime-reflexions, This was = group. T4 is moreover abelian; one has therefore to study the repre-
tails in the a dix of the second of m hark provides a sentations of abellan groups in gquaternionic Hilbert spaces.

short alternative approach to the so-called theory of types due to
Bargmann, Wightman and Wigner. 20 Since my main purpose is, after
all, to speak on quaternionic guantum mechanics, I shall not'insist
on this point here. The only thing I would, however, like to menticn .
is the following: when one introduces discrete symmetries, one has *
to take into account the existence of eventual superselection rules.
In particular, this is obviously so if one assoclates charge-
conjugation to space-time reflexion., The following results can be
proved very pasily® with the help of Mackey-Frobenius' criteria;
When the proper Poincaré group is enlarged with TCP, the elementary
systems with respect to this new symmetry—group possess
- P-zsymmetry if the mass is non-zero, whereas this is not
the case if the mass is zero (unless the spin is also zero).
- CP- and T-symmetries, and one has T2 = (-1)28 for
systems with non-zero mass, and T2 = +] when the mass
is zero.
{These rasults apply only to systems for which the charge-conjuga-
tion C effectively passes from one coherent subspace to another,
.. &. if at least one of the charges is non-zero; when all the charges

are zero, the ordinary theory of types apply.) ‘[
7. Special Relativity in Quaternionic Quantum Mechanics.

The aim of this last lecture is to inject special relativity Into
the frame of quaternionic guantum mechanics; this will be done
through the representations of the Poincaré group. As in the complex
case, one can proceed in three steps corresponding respectively o
the introduction of the translation symmetry-group, of the proper
Poincaré symmetry-group and of the Poincaré symmetry-group.

Az we ohserved in the beginning of the fourth lecture, the
proper Poincaré group Ge is connected; by Theorem 2.2, we can as-
sert that every irreducible description with respect to Gg is "co-
herent, " we shall therefore have no problem with superselection
rules (as in the complex case!) at this stage. Ggp 18 moreover doubly
connected. From Theorem 4.4 we know that each quatemnionic de-
scription with respect to G can be made by a strongly continuous,
unitary, true or two-valued representation of Ge, acting on the vec-
tors of a quaternionic Hilbert space. The structure of Gp as a semi-
direct product (see fourth lecture again) of T4 by H4, where T4 is
simply connected (whereas H? is doubly connected), allows to

L
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A construction, analogous to that which led to the guaternionic
corollary of Schur's lemma, and which uses only the abelian property
of the group (without any reference to its topology), allows to prove
the following fundamental lemma.

lemma 7.1; Let G be an abelian group and u an unitary rep-
resentation of G, acting on the vectors of a gquaternionic Hilbert
space Hg. Then, there exists at least one unitary anti-hermition
operator on H which commutes with every elements uy of the rep-
resentation u. (Moreover, if there is no vector f in Hg, left in-
variant by the representation u, the gperator J, constructed for the
proof of the above lemma commutes with every operator commuting
with each uy of the representation.)

The introduction of | {5 quite essential here and one can now
apply our Theorem 5.2 to the translation group T4. By the use of the
procedures of restriction and linear continuation described in Section
Sb, one can easily translate to the quaternionic case the complex
SNAC-theorem {for a statement of this theorem see for Instance ref.
22, pp. 387 ff.).

Theorem 7.1: Let G be an abelian, locally compact, connected
and simply connected group, and u a unitary, continuous representa-
tlon of G, acting on the vectors of a quaternionic Hilbert space Ha.

___Then thege exists at least one unitary. antizhermitian.operator.ondg. -
which commutes with every uy of the representation. To this J cor-
responds an unigue spectral family {a(S)} on the character ngxp r

cf G such that
J6
uy = Sa- & da(s)

(i)
where 8(x) is a character on G. .
(i) a(S) commutes with every operator commuting with each U,
This theorem applies in particular to our translation group T? (which™
is by the way isomorphic to its character group). One can therefore
write any unitary, continuous representation of T4 in the form

i eTPHBy da(s)

|

for all x

Ub - {?,1}

The usual methods of functional analysis lead to the definition of
hermitian operators PH such that

o = dEB

Ll

(7.2)
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extension through space-reflexion and its extension through space-
time reflexion.

This one-to-one correspondence was established with the help
of a unitary, anti-hermitian cperator J. This J commutes with all the
space-symmetries not related to time-reversal, whereas it anti-com-
mutes with the time-reversal operator. It therefore plays a role guite.
analogous to that of the ordinary tmaginary unit, ér of Stueckelberg's

. This analogy can even be pursued further: let us call charges,
hermitian operators which are left invariant through all the transfor-
mations of the proper Polncaré group, and such that they commute
with all the components of the four-momentum operator. Omne can
easily verify that these physical postulates have as a mathematical -
consequence that all the charges so-defined commute with J, and
can therefore be completely determined by their restrictions [see Sec
tion 5b) to complex Hilbert spaces, as it is already the case for all =
the generators of the proper Polncaré group. Phenomenologically, it
does not seem to exist observables which are not expressed by means
of the charges, the generators of the proper Poincaré group and even-='
tually of pnsitian:23 if this is effactively so, all that we said above 1%

H

Sobe b oS A 3 s T S

5

on the charges and on the generators of the proper Polncaré group,
applies generally to any ohservable. This would be a good reason
for the understanding of the importance of complex Hilbert spaces in2t
the description of physics.

A temptation still exists, however, to investigate further the
structure of quaternionic guantum mechanics, and I will formulate it
in the form of a question: "To what éxtent isospin Is it related to the

~continuous-famiy o[-comple:-c-Hubert«s-paces-.that.can.be_extracmd- 2

from a quaternionic Hilbert space by means of an unitary, anti- o
hermitian J?* ?
-4
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ﬁtary ;ePre"_s_inEatign of a group G. Let us now define the repre -

senfatlon G = i, = Fux K[x<GT. Then threc cases and only -
three can occur.
_{i} 4 is equivalent to u and the unitary operator C (defined by
fiy = G~ luxC) satisfies CKCK = L.
{ii) u is equivalent to u, with CKCK = -I.
{iif}) G is not equivalent to u.
u is then said to be respectively of class (+1), (-1) or'zero.
For details, see ref. 11, p. 285. Note that this classification
does not depend on a special choice of the conjugation K.

i9. E. ~rl“. Wigner, Ann. of Math. 40, 149 {1939).

20, v, Bargmann, A. 8. Wightman and E. P. Wigner, Princeton pre-
print; see also; A, S, Wightman, Ecole des Houches, Session
de 1960, pp. 181-194 and N. C, Suppl. XIV, 81 (19539);
L. Michel and A, §. Wightman, Princeton University Lacture
notes (unpublished); E, P, Wigner, Lecture notes of the Istanbul
Summer School 1962. '
G. W. Mackey, Proc. N,A. 5. 35, 537 (1949); Ann. )
101 (1952); for a actic an a mll t g et

see; G, W, MEEEE: Chicage Jecture notes . Summer 1933
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rge " surv the icit use o icists
are: |. M, Jauch, CERN Seminar § :
G. Emch, Séminaire de l'Institut de physigue thégorique Gendve
1961, and a ndix to ref. 5, See also the appendix written by
Mackey for Segal's Book: Mathematical Problems of Relativistic
Physics. Amer. Math, Soc. 1963.
F. Riesz et B. Sz.-Nagy, Legons d'analyse fonctionnelle, Paris
et Budapest 1955,
The definition of a position operatdr in a relativistic theory is
not a trivial question, already in complex quantum mechanics.
See for instance T. D, Newton and E; P. Wigner, Rev. Mead.
Phvs, 21, 400 (1949) (for other references, see Wightman's
paper quoted below). A modern formulation of this problem was
presented by A. S, Wightman, Rev. Mod. Phys. 34, A4S (1962);
he uses there a mathematical object found by G. W. Mackey
{see for instance Proc. N.A.S, 35, 537 (1949) and which is re-
ferred to as “system of imprimitivity for representations of
groups"; the essential idea of Wightman's work is to define the
position eperator through its spectral family, and to impose, on

this spectral family, the correct transformation laws with res pect..:

to the euclidian three-dimensional group, as they re sult from the
considered irreducible representation of the Poincaré group. This
definition of the position operator is trivially translated in qua-
ternionic gquantum mechanics.
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SOME REMARKS ON THE PRODUCT OF IRREDUCIELE
REFRESENTATIONS QF THE INHOMOGENEOQUS
LORENTZ GROUP*

*P. Moussa and R. Stora
Centre d'Etudes Nucléaires de Saclay -
Service de Physique Théorigue
B.P.n%2 GIF-sur-YVETTE (S & O)
- France -

INTRODUCTION

The problem of reducing the product of two irreducible repre-
sentations of the inhomogeneous Lorentz group is an old one. The
result s currently known and usedland leads to the various phenome-
nological expansions of transition amplitudes: £-s type expansions,
multipole expanslons,l helicity expansions. Whereas f£-5 type
couplings h@ve been known for a long time, at least in nonrelativistic
situations, as well as multipole expansions which are usually derived
from an analysis of fields rather than of particle configurations, the
helicity type couplings have been discovered fairly late.

The need for defining such concepts independently from any
semi-classical, or configuration space nonrelativistic argument has
been recognized by several authors:

Chou Xuang Chao and M. I. Shirokov! have worked out prac-
tically.all coupling-schemes=known-at-present=~-Theiranalysts-relies™™
however on a heavy use of the position operator® associated with irre-
ducible representations, when it exists, in a way which is not com-
pletely clear because the frame of reference in which this operator is
defined depends on the eigenvalue of the conjugate momentum which
does not commute with it,

Jacob and Wick,3 on the other hand, have a formulation of the
helicity coupling which requires some specification before it can be
interpreted in relativistically in-.rar_.lar‘lt terms, specification which
Indeed was glven in Wick's paper3 on the description of three parti-
cle states. Although the simplicity of relativistic effects is not em-
rhasized in this paper, one result of which relies on Shirckov's
agnalysis,

H. Joos's derivationd of the coupling of massive particles,

*Presented at the LORENTZ GROUP SYMPOSIUM, Institute for
Theoretical Physics, University of Colorado, Summer, 1964,

UThis name 1s usually reserved to situations where massless parti-
cles are involved.
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Nouvelles formes des représentations unitaires irréductibles
du grotpe de Poincaré

I

par.J, G, Guillot!) ¢+ J. L. Pertit!)
Institut de Physique Th\;:nriquu, Université de Gunivve, Suisse

{29 1 66)

i

Abstract. In this paper we study u.!ill-:rinl forms of representations of the Poincard group and
establizh their interrelations. Starting withy the indoecd representations by Mackey, we construct
explicitly the isgmorphiams to the forms pheferred by phyvsicist delined on the space of lunciions
on a homogeneous spnce. As o partivolar case we find the representations of Wigner wd specify
the arbitrary parameters involved. Wy therfgive different possilie lorms ol representations defined
on ¢ither the Poincard group or the Lorents, group. Finally, we specily the different conventinong
which are used for differunt phisical sitnatidns.

1. I’ntrmli:ctiun

WicNER, dans son célébre article [1] %), a classt toutes les représentations unitaires
irméductibiles du groupe de Poincaré pu groupe de Lorentz inhomogine, Elles sont
repérées par deux nombres: la masse pt le spin. La.maniére dont ces reprdsentations
sont réaliséesest importante, par exemple dans les problémes de cinématicue relativiste,
car on sait qu'une particule libre de passe w et de spin § se translorme suivant une

représentation irréductible repérée par m et j. WicER considéra une réalisation

particuliére dans un espace d'Hilhert de fonctions définies sur 'hyperbuloide de masse
#% = m?, & valeur dans l'espace de spin. Une autre réalisation s'exprime 4 aide de
fonctions d'ondes tensoriclles ou spinprielles satisfaisant des équations d'onde (par
exemple I'équation de Dirac et I'équation de Klcin-Gordon). MACKEY {2] a cnsuite
généralisé A une grande classe de giIupu:‘. la théorie de Wicner en délinissant la
notion de représentations induites et fious nous propo=uns, & l'aide de cette théorie,
d'étudier une nouvelle forme des représentations irrdéductibles du groupe de Poincard
réalisée dans un espace d"Hilbert du fuilctinn délinics sur le groupe. Plus précisément
les fonctions sont définies svit sur le grimpe de Puincoré soit sur le groupe de Lorentz,

Cette forme nouvelle présente un %crt:-.in nombre d'avantages. D'abord elle fait
jouer un role plus sdynamiques au spin, ce yui fournirait peut-étre une introduction
naturelle & ta théorie des pOles de REcLE: cette iddée a dté développée par I, LungaT
(31, Ensuite elle permet d'effeciuer desppérations mathématiques caractéristiques des
fonctions définies sur un groupe. Ainkl Wioxen [12), pour traiter un probléme de
dilfusion multiple, considére une équa&lun définie non dans V'espace des états de la
particule mais sur un groupe pour ubtenir une Lqmltmn comportant un produit de

\ Ve way

B Doursiers O.T AN
T Les chilfres entre erochets renvoivnt A la 1Billiegraphic, page 299,

2Bvane
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The operation of rotation through an angle # about an axis & is represented
by a unitary operator R(fi, ). One can represent this unitary operator in
the form

R(f, 6) = & *H, (2-34)

where / is a hermitian operator, /f = H t, The angular momentum operator
J is defined by setting (see, for example, Rose [12, chap. 2], or Wigner [13])

H=6f-J. (2-35)

A state |J, m) having angular momentum J and z-component J, = m is
transformed under rotation into a linear combination of states |J, m");
that is,

R(#, 6) |J, m) = 3 Dy (6, &) |J, m"). (2-36)
m
The notation D7, is a conventional one.

We shall discuss these D matrices and their properties later, but the point
we wish to make now is more general: The 20 + 1 objects |J, m} having a
given J but all possible mr are transformed among themselves under rotations.
A state |J, m) is transformed into a linear combination of states |J, m") with
the same J. Moreover, none of the coefficients D2, _(#, 6) is zero for all &, 6;
that is, all 27 + 1 states |J, m") are mixed in by a rotation. Physicists usually
call the set of states |J, m) a muftiplet. In the terminology of group theory,
.. the states are said to form the basis of a (2J + l)-dimensional irreducible
representation-of the rotation group. A shorter and more suggestive name for
such a set of states is an elementary sysfem with respect to rotations.

We are now able to state one attribute of an elementary particle: an
elementary particle is an clementary system with respect to all symmetry
operations. The physical meaning of this statement is very simple for the case
of rotations: an elementary particle has a unique spin. Clearly, this is a
reasonable minimum requirement for a particle to deserve the name elemen-

tary. Unfortunately, it is not possible at this time to give a complete and |

noncontroversial definition of the term elementary particle. Some physicists
advance theories in which a certain few particles or fields are fundamental
(for example, Schwinger [14] or Sakurai [15]); at the other extreme, Chew
and Frautschi [16] have advocated “nuclear democracy™ in which all nuclear
species, from the pion to uranium isotopes, are equally fundamental.
Returning to the statement at the beginning of the preceding paragraph,
we must explain the meaning of the term symmetry operation. A symmetry
operation is an operation which leaves transition probabilities invariant.
For example, we make the very reasonable assumption that no physical
observable (transition probability}) is affected by rotating the laboratory in
space. We restrict ‘our attention to symmetry operations. when we look for
quantum numbers, because only symmetry operations are associated with

'

X}

o

“in the TM (céntér of Mmdssysystehi is written < e
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conservation laws (for example, rotational symmetry implies conservation of
angular momentum). Without angular momentum conservation, it would be
impossible to infer from scattering experiments a unique spin for each particle.

The assumption of rotational invariance is indeed very reasonable, and
we would be amazed if it were not correct, but we should not lose sight of
the fact that it is an assumption. Parity nonconservation, which will be
discussed in Chapter 8, showed physicists the danger of regarding some
invariance principles as obvious a priori. They must ultimately be established
experimentally. Rotational invariance can be tested by looking for reactions
which would violate angular momentum conservation. So far, it has passed
all tests.®

sgc. 2.5 -

2.5 Implications of Rotational Invariance
in Two-Body Coilisions; Partial-wave Analysis

The tool which has been used for measuring the spins of almost all the
particles is the scattering cxperiment. In order to see how spins can be inferred
from scattering processes, we must first examine the consequences of rota-
tional invariance for the description of these processes. In particular, we
consider in this section collisions of the type A -+ B— C + D for arbitrary
spins and masses of the four particles.

The reader is already familiar with the consequences of rotational
invariance in the scattering of spinless particles: If the differential cross section

R -

j—; = 1F )7, (@37)

where  is the scattering angle and f(6) is called the scattering amplitude, thea
the usual partial-wave expansion is

£(8) = (1/2ip) 3. (2J + 1)[ST(E) — 1]P 5(cos B), (2-38)
where, for elastic scattering &law inelastic thresholds,
S7(E) = &5, (2-39)

and where p is the incident momentum in the CM system. A derivation of
Eq. (2-38) is given in Schiff [17], but it is based on the Schridinger squation
and doss not emphasize that the validity of the expansion Eq. (2-38) rests
only on the assumption of rotational invariance. Moreover, Eq. (2-39)
follows from the unitarity condition, which we shall discuss in Sec. 2.13.
For the general problem A 4+ B— C -+ D with arbitrary spins, Eq.
(2-38) has been shown by Jacob and Wick [18] to retain its simple form, but
with the P, replaced by one of the D functions of Eq. (2-36). Jacob and Wick

® See the review article by Feinberg and Goldhaber [20].
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were able to achieve this simplicity by abandoning the old method of specify-
ing the components of the spins along an arbitrary “z axis,” combining spins
into a resultant S, then adding S to the orbital angular momentum L. Instead,
they specify the component of the spin along the direction of motion of the
particle, which is called the helicity, 2. The helicity has the useful property
of being invariant under rotations.

This invariance of the helicity enables one to define a state of two particles
in their CM system by means of a rotation. We start with a state y,, , in
which particle 1 travels in the positive z direction, and particle 2 in the negative
z direction, with relative momentum p, where

p=1Ipl: p=(pi—pJ/2. (2-40)
A state |plgp; 2,2,) with p in the direction 8, ¢ may be obtained by applying
an appropriate rotation to the state y,, , . First rotate by the angle 8 about

the y axis, then by @ about the z axis. The' corresponding rotation operator is

E_“J*E_HJ'_

Actually, Jacob and Wick use the operator
R, g == &9 sg 0 ugtivdy (2-41)
which differs only by a phase, as we shall see in the next equation. Then one
can define
1POP; Aska) = Ro 5 oWoista = €"Ro 0.0%pa100 (2-42)
where = —— - o« A=Ak e o wes f243)

Now we come to the heart of the problem, the calculation of the trans-
formation matrix :

(PO9; e | IM; BiA3) = 8,00 Baag (PO 232 | IM; 2005)  (2-44)
which will enable us to expand in a state of given J and M. In order to
calculate this matrix we first simplify it by an appropriate rotation, :

POp; 2ofa | IM; da) = (pB@; hada| Roo- Ry | IV Aida). (2:45)
Now recall from Eq. (2-36) that -

Ro-g Wm) = 3 D, 0, —@) | Im") (2-46)
where Dol 0, —¢) = (Jm'| Ry y_, |Im). (2-47)
Hence making use of the unitarity of the rotation operator we find
Ry W) = 3 [Im') (Jm'| RGY,_, | Im)
=2 Um')Jm| R} g Jm)  (248)

= 3 Um')Im| Ry g,y |Tm'y*

= g m“:’-:'(?‘b 'ﬂl _'?’} IJmJ}

wrs @

1
I4

=
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Therefore it follows from Eq. (2-48) and Eg. (2-45) that
(pBp; Ay | TM; Aidy) = 3 Difac(®: 0, —#)p00; Al | IM; A2s) -

= D@, 0, —@)(p00; Ay | J2; 2425), (2-49)

where A = 4, — A;. The last step follows from equating the z components
of angular momentum.” Equation (2-49) exhibits the angular dependence of
the transformation matrix.

The remaining factor on the right-hand side of Eq. (2-49) can be deter-
mined by normalization requirements. We assume the usual normalizations

IMAH| IMARS) = 8y Saaar e Brases (2-50)
00'9's 2325 | P09 Aada) = (@ — 9) d(c0s B — €08 63y, Brze (2:51)

In addition, we need to use some further properties of the D's. From Eq.
(2-47) it follows that

Dira(p, 6, —@) = "M% d3p 5, (0) (2-52)
where dip 50(8) = (IM'| ¥ |TM). (2-53)
These functions are conventionally normalized accotding to
1
J. d cos B[dZ ()] = 2{(2J + 1). (2-54)
-1

™ "Now if one makes usé of all these relafions to calculate the quantity

(IMaA, | IMAA,)
=1= 3 |dp|dcos 8(IM; WAy | pOopriiy) (pOpayis | IM; A2y (2-55)
EARET

one finds that Eq. (2-49) takes the final form

(POp; Mudg | IM; 4A3) = Ny 8,50 820 Dii(e, 0, —@)  (2-56)
IN; |2 = (27 + 1)fdm. (2-57)

Equation (2-56) is the basic formula which we require in order to derive
the expansion of the S-matrix in terms of eigenstates of angular momentum.®
It tells us the transformation cocfficients between plane-wave states | pfg; 4,4;)
and angular momentum states |[JM; A,4,). Making use of these coefficients

where

* The helicity 4 is the compenent of J along the directionof motion. The orbital angular
momentum L docs not contribute in this direction (classically, L =rx p, which is
pcrpcndi:;.llar to p). For the state [p00; A,4;) the direction of motion is the z direction,
so M o= A

® Recall that the physical significance of the S-matrix is that P, = |{f] 5 []* is the
probability of a transition from the initial state { to the final state f. For acomplete treatment
of scattering theory see Goldberger and Watson [2).
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we expand the plane-wave S-matrix elements as follows:
P09 S IpBogoli) = T X F L gree g o
JAr 4w

X {24 SJ(E]' Haib}mﬂﬂ%n o —@0)s
where ! A=2,-1, p=4,— A, (2-58)
Here we made use of the reduction

IMAAN S(E) lIMAA,) = 817 8prap-(Adel ST(E) |2,2).  (2-59)

Equation (2-59) really contains most of the physics of the partial-wave
expansion we are deriving, so it's worthwhile to pause long enough to establish
what it is based on. It expresses the conservation of angular momentum in
the collision, which in turn follows from the assumption of the rotational
invariance of the collision operator §,

R(®, O) SR, 6) = S, (2-60a)
or, (R, §]=0 : (2-60b)

Since R = exp(—ifi-J6), it then follows that the angular momentum
operator J commutes with 5. Hence the state S |JM) is again a state of total
angular momentum J and z component M, and is orthogonal to the state
WMy unless J = J'and M = M’. Moreover, the reduced matrix element on
the right-hand side of Eq. (2-59) cannot depend on M, since this quantity
is obviously not invariant under rotations.

“Furthersimplification tesblt¥ilMwe clioose 1hé incident dircction along the ~

z axis (8, = 0) since from Eq. (2-52) and Eq. (2-53)

Diral@e 0, — ) = fm_uh"'dﬂﬂ{ﬂ} == O pg;. (2-61)
We obtain then .
o n . 27
@OPAZL S 1002 = 32 G157 AR, df @), (2:62)
whered =), — 2, 4= 1, = i, We canwrite down the correctly normalized
cross section by comparison with the familiar formula Eq. (2-38) for the
spinless case:

dofdQ = |fy ;. 1.:,00, P)F, (2-63)
Frsaaa, @) = (1) 3 (20 + 1A TIE) 1220) €% 21,6 (2.64)
where Pdal S 2he) = 831, Baz, + 2i(AA] T A 4,). (2-65)

The angle # is the angle included between the direction of 4 and C. The
Jacob-Wick formula, Eq. (2-64), is remarkably simple. The functions d? (6)
have been investigated by a number of authors. Appendix A lists some proper-
ties of the d functions,

P R ——————.
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Before we can apply Eq. (2-64) to a practical problem, we must investigate
the restrictions imposed on the S’ by the unitarity condition, parity
invariance, and time-reversal invariance.

In concluding this section we note the connection between the states
WM; ,2;) and the customarily employed states |JM; LS) formed by adding
the spins 5y, 5; to a resultant S, then combining J = L + 8. The transforma-
tion coefficicnts are

: : — (3L +1
(JM; LS | IM; Aydg) (z.r o
where we use the notatiot of Rose [12] for the Clebsch-Gordon coefficients;
{Jrfarmumy jy jajm) = C(jyjajs Myma) bry 4. The derivation of this formula
can be found in Jacob and Wick [18, appendix E].

)mC(LS.iF 3 0, DYC(s5y525; 29, —Ag). (2-66)

2.6 Parity Invariance

Before the work of Lee and Yang and the subsequent experiments, parity
invariance (invariance under inversion of the space coordinates) was regarded
as a self-evident requirement. Since the discovery of its violation in weak
interactions, to which we shall return in Chapter 8, its consequences have
been the subject of many experiments. It is now known that, at Jeast to a
very good approximation, parity is a valid symmetry operation for the strong
and electromagnetic interactions. ’

: - . In_order to sge what lipigations Jparity jmposes_on the submatrices. SV

we must go back to the beginning and evaluate its effect on the states w_; , .
These are product states '
Yoty = Poi,(1)254,2), (2-67)

where partiele 1 travels in the 4z direction with helicity 4, and particle 2

. travels in the —z direction with helicity 4;,. The state y,, is formed, for the

case of nonmassless particles, by applying a pure Lorentz transformation in
the z direction, A_, to the state y,;. The relative phases of these states are
specified by the convention :

(z £ W)y = [ F s £ 4+ DIy s, (2-68)

where 5 is the spin of the particle.

Now the parity operator P leaves the spin direction unchanged, as the
reader can easily convince himself by a classical argument (for example,
consider the effect on L. = r % p); hence,

Prpgs = Ny (2-69)

where 7 is a phase factor independent of A (since P commutes with J). It is
convenient also to consider the operation Y of reflection in the xz plane,

Y= p (2-70)
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From Eq. (2-46) _

ey, = lZ A3 (W) or = (—1)" o (2-71)
where we have used Eq. (A-4) from Appendix A. Combining the last three
cquations and applying A, (A: and ¥ commute), we find

Yoo =n(—1)"p, .. | (2-72)
Similarly, one finds that . ’

Yitoa = n(=1)*""p-a- | (2-73)

The reversal of the sign of 1 in the exponent occurs because the state x,; has
momentum p in the negative z direction; hence, z component of spinm ="—A4.
Then it follows that '

Y ¥paiae = Malia( =1 0y e (2-74)

Ppigse = muna(— 1)t ey, e (2-75)
Now we wish to evaluate P [JM; ;). Ph_',rsmaﬂy we know that
PUM; Iya) = €% [JM; —hy, —a),
so our task is to find what phase factor « is implied by the way we have
defined our states. The reader who would rather not go through the derivation
can skip to the result, Eq. (2-82). The task is greatly simplificd if we observe

that o must be independent of M since P commutes with any rotation.
Therefore we can without loss of generality confine our attention to the case

and hence that

M=) =273, =7, W€ iHen specialize to the case § = ¢ = 07and calculate™

P|p00; 4,4,). From Eq. (2-75) and (2-42) we find
P |p00; 2,45) = ’h’?z(_ljuh’-'tﬁu.--,ﬂ Ip00; —4;, —43)

= (=1 p, —m, 05 =y — Za).,
MNow we use the transformation matrix Eq. (2-56) to expand this state.
With the help of Eq. (A-5), we find

Ip, =m,0; =4y, —=d) = 3 UM; 4A)
JA ;

(2-76)

T N
X (IM; A5 | p, —m, 0; =4y, —Ag) (2-7T)
=ZN}(—I)HEH; =y, —ds). (2-78)

Substituting this result in Eq. (2-76) we find
Pp00; 44y) = z Ny —1)=7 \Ja; — 2y, 11} (2-79)

On the other hand, we mu]d use Eq. (2-56) to expand the left-hand side of
Eq. (2-79) directly
P [p00; 4yda) = 3P 1IM; A22)N5D34,(0,0,0)

=3 NSPUI2; Ada). (2-80)

-
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Comparing Eq. (2-79) and Eq, (2-80), we find
P \JA; Ay = na( =107 A5 =245, —2s). (2-81)

Noting that J — 5, — s, is necessarily an integer, and using the independence
of M remarked earlier, we finally obtain

PIIM; Ahs) = nmna(—1)7""7%= IM; =4y, —2a)- (2-82)
I parity is conserved, then
{fI5|)y= {f| PSP |i). (2-83)
| Appl]rmg this to the S matrix in the JM; 4,4, representation, we find
(= =24 87 | =4ay =) =1y (A2l 57 12,2) (2-84)
’ 7y = (7 Mamama)(—~ 1yt (289) .

The quantities #,, my, 7, 74 are the intrinsic parities of the particles 4, B, C,
D which are taken equal to 4 1. We shall return later to several examples of
their determination. Using Eq. (A2) we find for the scattering amplitude the
analogous property,

Jormagma (0 8) = M fi2,0,0,00, 7 — @) (2-36)

" In discussions of the effect of parity transformations it is often convenient
to revert to the JM; LS representation. By using Eq. (2-82), the transforma-
tion coefficient, Eq. (2-66), and symmetries of the Clebsch-Gordon coefficients,
one obtains the result
e e o PUMGLS) =mmp(=DEEMILS). L (28D)
Thus the LS states are more convenient in discussions of parity because they
are states of definite parity, whereas one must form linear combinations of
the helicity states to obtain parity eigenstates.

Parity conservation imposes restrictions on the change in L which can
occur in a reaction. Making use of Eq. (2-87) and parity conservation, we
find

(JMLS'| S|JMLS) = (JMLS'| P?SP |JMLS)
= (—D¥ Iy (IMLS'|'S |JMLS)  (2-88)
It follows that the S-matrix element must vanish unless

“nenaan(—1FF = 1. . (39)
For example, if there is no change in intrinsic parities (7.7, = 7,7,) then
L and L' must be either both even or both odd.

2.7 Time Reversal

Experimental tests have not yet uncovered in nature any reactions which
violate time-reversal invariance.® Physically it is clear that time reversal

* The experiment of Christenson, Cronin, Fitch, and Turlay [21] probably implies a
small vielation in the weak interactions. See Chapter 8.



28 mvamn..mﬂrm AND QUANTUM NUMBERS sec. 2.8
reverses both momenta and spins, thus leaving helicities unchanged, and it is
also clear that time reversal relates (f|S|i) to (iT| §|f7T), where the T
denotes the time-reversed state. Hence up to a phase factor time-reversal
invariance implies that

(A4 87144 = (A4, 7 12,4,). (2-90)

In fact, the phase factor is unity. The proof, which can be found in Jacob
and Wick [18), is rather lengthy and will not be reproduced here.

2.8 Detailed Balancing; Spin of the Charged Pion

An important application of time-reversal invariance is relating the cross
section for the reaction C + D — 4 + B to the cross sn;ction,,‘['gr the reaction
A+ B—+ C + D. Equation (2-90) tells us that the S-matrix elements are
the same. Let us calgulate the wnpolarized cross section; that is unpolarized
beam and target, and final polarizations not obsérved;

’ S iarn® @I (2:90)

{254 + 1)(255 + 1)iH

where (1) is an abbreviation for the four helicities. The cross section for the
inverse reaction is

da
—(AB—-CD
dﬂ( = CD) =

1
25 FI2Sg 1) D

But Eq. (2-90) and Eq. (2-64) imply that

-———

—(cn AB) =

Pf{ g: Ifu.,a,;a(ﬂ: w)] Fom Pc: HZ} ]fa.a-..l.h{ﬁ: @)l !
Therefore we find
do/d{(AB— CD) _ Pa(2S, + 1)(255 + 1) (2:94)
do/dQ(CD — AB) PY(25, 4+ 1)(25p + 1)

Both cross sections are to be evaluated at the same total energy and angle
in the CM system. This equation is called the principle of detailed balancing.

It was suggested in 1951 by Marshak [22] and Cheston [23] that this
relation could be applied to the reactions

nt+ DeEp+p (2-95)
to determine the spin of the =+, Equation (2-94) yields for this case
4t
— . 2-96
( }f T 3(2s, + ﬂq‘ @36)

X ez ®s @2 _(2-92)

(2-93) -

= furthér-referditEs)

sec, 2.10 - INVARIANCE PRINCIPLES AND W""f‘“}-’““-‘
where p and ¢ are the CM momenta of proton and pion, respectively. For
the total cross sections,

2
ea(og(e) = 3.

The factor § occurs because an integration over all solid angles counts each
pp final state twice. (See Golgberger and Watson [2, p. 144] for a complete
discussion of these extra factors which arise when identical particles are
present.) Both reactions were measured [24] and found consistent with s, = 0.

(2-97)

- This result is, however, open to the criticism that if 5, = I and if the pion

beam were polarized, it might be possible to obtain the same result by
accident.

2.9 Massless Particles

1

The Jacob-Wick formalism is applicable without modification to scattering
of massless particles. Although some of the steps in Sec. 2.6 were applicable
only for m # 0 because of the use of the rest frame, all the results are correct
as long as one remembers that for m = ( the only possible states of polariza-
tion are 4 = -|-s5. This fact is already familiar to the reader for the case of
the photon. For the neutrino only the state A = —s is realized in nature.
The statement A = 45 is generally vdlid for massless particles, but we shall
not prove this here. (See Wigner's [25] lucid d1scussmn whlch pmwd:s

The specification of states in Sec. 2.6 being inapplicable, we must find
another way to specify the relative phases of the two possible states y, -and
¥p,— This is provided by Eq. (2-72) which for 2 = s reads

(2-98)

For the photon it is customary to define the A = L1 solutions as having a
vector potential

Y‘f":p. : = MW =

A = TF(e, + ie) &', (2-99)

With this convention one finds easily that n = —1.

2.10 Identical Particles; Spin and Parity of the »?

Having discussed in Sec. 2.8 some evidence that the spin of the =+ is zero,
we should now consider the evidence that the spin of the #° is also zero. In
Sec. 2.14 we shall discuss isotopic spin, according to which the =+, % 7
are different charge states of the same multiplet. This theory would, of course,
be untenable if the charged and neutral pions had different spins or parities.
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Referesnces:

1. Angular Momentum. This iks a highly writtem-about subject. It includes such |
things as comnection to group theory and represemtationa and basis functions,
to the Lies Algebras that go with the'gruup generators. One always calculates
the matrix elements in the operators J, learns how to combine angulsr mom-
enta usimg Clebsh Gordoms, plays with the actual represemtations (rotation
matrices) and the basis vectors /JM] (sometimes called reps also). Im the
end one does temsor operators and Wigner Eckart and eobserves that in the
coord rep the Ylm's have a special groupthecretical meanimrg.

A.

B.

E.

In addition to these books which I possess, theee are some monographs:

F.
G
H.

I.

Williams pp 24 to 66. This is my favorite place to go unravel questiun$
involving angmom. Williams is an excellent writer and is logical.

Messiah pp 507 to 581, A big chapter with the same stuff but with some
examples from atomic physics.See p 534 for sign convention in R.

Schiff pp 194 to 224. Again, the same old stuff. Howsver, Schiff takes
a slightly more general view and includes SU(n) description. The
straight ang mom discussion is too concise for a good reading, though.
Schiff never struck me as a clear and logical writer. Too straight.

Condon and Shortley 1935. They, were the origimal dudes to set the
state phase conventions and. have a big detailed chapter on ang mom
in their atomic spectra book.

Tinkham has a chapter on FGR and group theory. Again all the usual
results are obtained.

Hose "Elementary Theory of Angular Momentum" 1957
Edmonds "Angular momentum in QM" 1957
Wigner "Group Theory and QM Apps" 1959

Brink and Stchler "Angular Momentum" 1962

-




2. Partial Wave analysis.

a., Williams Chapter 3. Agin, this is my place-to-go. First he does the
partial waves elastique. Then, inelasticiy is added on. The 4% and then
the O-% cases are done. Actually, 2-% is only mentioned, reference given.

b. ‘Schiff mention®s the PW method, but as usual is too brief to be of any help
to me. I am never happy about that book.

c. Collins and Squires at least define what they are talking abnut in the
partial wave expansion, see page LD

d. Messiah does a little bit, pa 385. Jackson has eiker expansion.

3. The 'helicity formalism

1. Frazer has the best account of it, period.
2. Jacob and Wick paper.

3. Collins and Squires chapter on spin quotes main results in their
notation.




. July 16: 1977
I
Stapp 12@2 papers Derivation of CPT and Spih-Statistics in S-matrix Theory.

I am now rereading this paper quickly for second or third time. Something I see now is
that this paper treats topics which are in themselves detailed technologies and-it is
not reasonable to try to think about all of them at once. These technologies are always
combined in Henry's later papers. Some of them are:

Postulatesland: Sections 1,2,3

M-function-land: notation and spinor conventions

Analyticityland: sings required by unitarity, Landau, physical sheets, bubbles

Antiparticlalan&: continuations, crbssing, CPT theorem

H

Henry uses so many words always in "most genhral form" that-ynu always have trouble
hearing him. He distains simple examples, sn?athing I thrive on. '

i
1. Introduction. Henry will prove CPT and spin-statistics without using fields or even
spacetime. '

i
2. Postulates. Quantum theory amplitude and %robdblity, Lorentz invariance, ananalyticity.

3. Remarks about postulates. .

L. M-functions: in M(K',-K") first argumenttdescribes final channel I think. Things are

done with products of 2x2 matrices instead of the (o,s) which I like. Unitarity stated.

5. Complex, Lorents Transformations. Hall Hightman invoked.

6. CPT Theorem. Equation (6.2) just negates the L-momenta. I think Henry's *"crossing”

is implicit in the notation (continue to different physical regions), so the momentum

negation toegther with the implicit crossing. gives CPT theorem. Not stated in a very
physical way. )

7. Spin Statistics. Proff uses symbol (*1)" where N = number of spinr indices in channel
K = number of fermions in chanmnel K mod 2 so'is like my symbol 4. Proof also invelves
reordering of same type particles. I do mot follow the proof, but get the point. My
proof will always be that of Froissart Taylot since so much crisper, shorter, cleaner.
and overall better, even though Henrgy came First.

8. Unitarity. Talks about R = S - 1. '

9. Lorentz invariance. A long section with no content I can discern.

10. Antiparticles. The usual remarks. ;

i
11, Order of Variables, Long diatgibe about M-functions changing sign under interchange
of like fermions. But no rules for different types. No rules even if spin indices

differ. l

12, Analytic structure., The unitarity singuléarity generation program.

(over for appendices)

e —mas s e -



A: Unitarity proof.

B: massless particles

C: Taylor like for@alism

D:_Higher Spins

Es P,C, and T.

F: the spin-%/spin-0 case

G: system of two identical spin-% particles

H: location of singilarities of unitarity. Derives Landau, same as perturbation theory.
' #

I: the physical sheet.
J: notes on_Spinor ﬁng%ysis




Stap; 1962~ CPT paper. C .. March 12, 1977

-— - -

. I. Introduction: Discusses the "unwholesome air" which surrounds field theory. and
its dependence on the existence of spacetime points, and its associated problems.
S-matrix theory is "starting to survive on its owm, and the time has ctme to get rid
- of unecessary baggage, In thig paper, Henry will prove the two major successes of
field theory without using field theoyr but gntirely within the framework of
- - S-matrix thevry. These successes are:r (1) the CPT theorgm ~and (2) connection of
.. spin and statistigs. ! ’ .

- IT. The Postulatés . Just & 1isting, explanat.'im given in next sectigmr ~
- - a) .quantum theory - . _ -

b) Lorentiz invariance (strong and weak form called B' and B
C)particles (make up experiment’) - =
D)conservation laws (up to here, yo can define M-functions)
E) maximal analyticity (E' is minimal analyticity) )
T F) the phystcal conmection ( stuff actually applies tov real wurlﬁj—("wjf‘“qu}“

I1I. Remarks on Postulates. Key new idea is this: when everything goes complex, the

= physical~sheets have only "signularities needed by unitarity, and if" you go to any
physical boundary, the funition will describe a physical process. Much more discussion,
but I will skip this for mow. More interested in M-functions at the moment. Howe deva
Ascand  pasd T N o S PR —

— — - i —— -

Iv. The M-functicns properties. A quick run down here. He has chosen seeral conventions

as lower undotted = particle index i)w_“ e 3 S petloe s wtsd shade

b) lower .dotted = antiparticle
¢) the unitarity product has some funny spin matrices sitting in it
. d) statistics sign iT you change ordex of two ‘vdridbles
e) antiparticle.if yau reverse_L-momentum et€e. — - — . . _
Obviously I will have to study these things more later. For now, Henry is giving us a
bird's eye vigw. Nofice the farcy relation bétween -K and™K. "This cFange changes
momenta., spin .dottedness,.and .particle type to antiparticle. —_ — —

o V. Eitensicén fo Complex LT. TRé LoFétng tranisformation préperties of the M-functions
- are stated in super compact.notation.as (5.1). Remember.that. each particle has its
own matrix, there are spin index sums, and so on. Normally this thing is thought of
in térms df proper Loréthz -trahsformations, but H¥1I &rid Wightmen SHdWed that it is
- -reasonable to analytically continue. the. equation which is the invariance condition
of the M-functions to the complex Loretnz group. No details given, sounds fine to me.
) V1. CPT theorem. By .choosing a_specific complex LT (which L.do.not understnad at the
moment, ), Henry shows that you can equate the M—function for an amplitude with the
- M-fwittion #bth the “CPT related amplitude. All you get is a phase. In other words,
the .amplitude for a process and its CPT dual are the same,_modulo a phase; this is
what the CPT theorem says. I do .not gquite follow Stapp's use of twiddles, though.
Onee you accept compléx LT"s, the CPT theoren is immediate. No proof needed.

VII. Spin and Statistics. Haﬁry gi‘ir&.‘.l- a very short pro_u'i‘ based on the simple unitarity
eugaticn satisfied by ‘the M-fcuntiosn. Has ‘to do with orders; etc. Since the notation
looks. strapge. to me, I will postpone the_proof. I_will accept that it is very simple.

== The point™ 15T both™the CPT Theorem and—the Spin-Statistics Theorem aretrivial dnée
- _. you accept the basic S-mafrix tenets. Now Henrgy must show that these unitarity
equations are coreect, and so on. ¢
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VIII. Unitarity. I-lenr;r writes unitarity in terms of S5, ang then in terms of R=2S8 - 1.
He wants to remove the h:l.ghly singular straight through stuff. ﬁ.pparant.l}r, here
. is some of his notation: -

f-\
?’t
Tl
x2
il

, o "= +.l'< % K' = + K says mom cons.

relative to the "standard" form of all particles nutgpln,g. .
Un 1tarit;l,r fl::r the vaunct.ir:ms is not derived in this secti-:m.
IX. Loretnz Invariance. ©Ch oh . Trouble. In order to talk about spin, Stapp wants
to use some kind of projection operators. Clearly he is only thinking about spin-0
- and spin=1/2 partiecies. I hate -this because F dont see how—to-generalize it ngatly ~
_._other than sayig_the usual " well combine spin—% particles to build up .anything. you
want. " Henry's M-functions are thus going to be matrices in a 2x2 space for each
spin-1/2 particle; in the seme~ sense that you have matrices in Dirat space. I guesd
the thing to remember is this:

(o4 ~%k AT -L-I@K)
I B e’s""(‘i‘-‘;) < (?_)

._.__.mlum.__.}qf:;_“uﬁ amd ' = Sﬂ‘-?*?;;

i
- In-other wordsy—for—z spin—# particle, it happens that the—(0,S)-representation function
— —_ for a boost has_this simple form, I think Henry is going to deLin,gﬂhis single particle
states in the cannonical sense as boosted "direct" from the rest states, so that the
above-object-tends to appear. - - -

L]

- e - .

This restriction to spinors seems silly to me, I like Taylors approach much
more going with general {v,s} functions. %hy does Henrgy stick to the spin=} stuff.???
Comments: I stop reading at this point becau;se I now see that Stapp is not gD:Lng to

tell me what -I- want to know- gbout- the ‘M-functions. Taylor -fs much—more relavant. There
. are of course other interesting points made ih this paper. The nery recent bogk of
Iagnlmt.zer in fact accepts Taylors square states and so will I . (Iag 1974).

r— s Es = s - o= -—

Y | -
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|
!
|

I
I
I
i
)
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. 1. Henry has a whole set of conventions which I do not use so must learn them. First
of all, all particle types and momenta are }ahelled as if they were incoming! Thus,
he would say: :

" | - t
SEIEy - Gnosleln) 3l Sede Vol )

i
= M (\'1?!-‘\11]?!." E}-—?;'}q;{}q)
t .
Of course the finsl state round ‘bras are dotted relative to the kets. Particles in
the final state are automatically barred. ﬂlp usual, the ordering for the final

state is reversed. Then, eg, if you'crossed:all particles into the initial state,
all p's would be positive and all types Houlﬁ be unbérred, modulo matrices picked

-..?‘}
P,

wl =t

-

Ny '"ﬁh"ﬂ'lu_

up from crossing in this notation.

]

r

2. Here is Henry's usage, then, of things liFa K. If

. K= 43 Lypuy ™M = VR 2 Py

- _— - . _— ., T H
LT -K= ‘L]"Pf, L0y MW, = FpPumey LWWhM,

This operation does several things:

i
a) it causes undotted indices to get dotted. In a more general formalism where
each particle has both kinds of indices {51,32) or a direct product, obviously
complex conjugation causes dotted,;to become -undotted and vice versa.

b) it negates all L-momenta. This is directly symbolized. by the minus sign. The
reason is Henry's desire to have &ll momenta defined as if incoming.

c) it reverses the order of particles in the state. This same thing is needed
in my own notation. (Because crossing is cyelic).

Thus, if: ' t
K = l"'l ht 1\ ?L v K“ = u‘!l P". +\.3\P3

where the order is top to bottom on a cnnnec%e part's channel, then the above
Stapp M-function would be denoted:

i
MK, -

- mEn S - mw



Convershtion with Henry Stapp, July 12, 19774

1. Why did he use (0,4)° stuff instead of simply (o,8) ? Answer: he was used to
using thaiig notation in the spin-} case, so he kept on using it. Also, it is obvious
that this extra factor which occurs in unitarity products does not damage any analyticity.

2. What is difference between (4,%) and (0,1} ? Although they are not unitary
equivalent, you can go from one to the other by raising, lowering or dotting/undotting
indices. i

1
3. What is the status of the proof that you %an do the analytic continuations? Answer:
it is not rigorously proved that there can not exist something which can block your
path. But it is extremely probably that it i} OK. There is a non-relavtivistic theory
counterexample where two branch points pinch;right at the point where you want to
do your crossing proof, but none in relativisitic theory. The philoschpy Henry
accepts is that you will have only those sings which are generated by the normal
threbholds through unitarity. These are the landau's and #re therefore the same ones
people encounter in perturbation field thenr¥‘ There, you can do the continuations.
These continuations are newessary foT the spin-statistics theorem, etc. Also
crossing.

i
L,. Does antiparticle have negative spin projéction or not? First, he agrees that
C should commute with Poincare generators. However, the combined CPT changes your
physical spin (Jjust think of particle at rest), even though it does not change the
index on the spinor M-functicn. .
5. What does Henry think of Barut's book and'Barut? People have told him that they do
not find the bock that useful, Henryg thinks it was perhaps a rushed job. Barut is
perhaps too group centralized. '

i e e e S o e me e e W
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. 1,Thus in Taylor's notation there is a price tt':r be paid. In order to relate & minus
bubble zmplitude to a plus bubble amplitude,’ “you can't just star as in Stapp. You
have to add some D-functions.

But this is not Hermiticity or Hermitian Analyticity. The process sbove is unnamed.
You are basicelly just converting a S¢+ opetator to a S, operator
!

2. Minus sign? Notdce that the way I chose to define my ut object, you do not also
get a minus sign in the sbove equation. If I had related M* to s in the same way
as M to S, then there would be an extra minué sign in the sbove! The bubble is
always supposed to be the M-function. This axl:.ra minus sign explains why Stapp has
a plus sign on the left side of his 1962 mug-ant.y equations.

3. I think both Taylor's and Stapp's M-functions have Hermitian analyticity, ie:

& [“'\m““<mz-“ﬂ*= ]P(“‘“‘( oy 6F, )

s e

e s
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PROBLEM OF

within a considerably shorter interval of time
andgretofore and so indecd Lo consider occurrences
_anst anywhere to be of a contemporary nature. In any
i3 aent the structure of the equations of motion which

CaR LI Rl 5 T
-
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I. MIYSICAL REVIEW
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a

L INTRODUCTION

' rem*~ and the connection between

-iatistics.*"® The CPT theorem states that for every
i 'rocess occurring in nature there is an allowed_dual
{ wrogess in which the particles of the first are replaced
t by their respective antiparticles, all spins are reversed,
t «nd paths are changed to their images under inversion

% through the arigin in space-time. Relationships between
i
¥

[

wobabilities are stated to be the same for a process and
is dual. The proved connection between spin and
{¢ ‘latistics is that wave functions are symmetric under
I e interchange of variables referring to two identical
v 1 ‘ntegral-spin particles and antisymmetric for the half-
,‘; ‘ntegral-spin case.

.4 These important results are derived {rom the postu-
!

1

]

B3

. i
dles of local field theory, which, however, are subject
o considerable doubt. In the first place it is not known
viether the postulates are sufficiently realistic to

§ "This wark was performed under the auspices of the TU. 5.

¢ Yiomic Enerpy Commission.

! “" {i Liiders lEgL Danske Videnskab, Selskab Mat.-fys. Medd.

=4 AN, N

: 1

1

"W Pauli, Ed., Nieds Bolr and the Development of Plysics
Ttg,;lmnn T'ress, Wew York, 1955).
*(G, )Aiders, Ann. Phys. 2, 1 (1957).
UM TwEL Felv. Phys. Acta 30, 409 (1957).
oW i, Phys. Rev, 58, 716 {1940); Progr. Theoret, Phys.
"'*llﬂllu:t 5, 520 (1950).
L Phys. Rev. T6, 749 (1949).
; vs. Fov, 82, 914 (1951).
F e, I'hys. Rev. 110, 14350 (1958).
. yne, Neove cimento 8, 607 {lﬂ'Sﬁ}.
T, 1 heoretical Plrysfes in the Twenticth Cenlury, edited by

T

C T and V. ¥, Weisskop! (Interscience 'ublishers, Ine.,
y o York, 1960).
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MOTION IN FIVE SIPACE

VOLUME 125, NUMBER 6;

' Hewry P. Stave
Lawrence Radiation Laboratory, Universily of California, Berkeley, California
(Received September 20, 1961) !

‘The CPT theorem and the normal connection between apin and statistics are shown to he consequences of
postulates of the S-matrix approach to elementary particle physics. The postulates are much weaker than
thase of ficld theory. Neither local fields nor any reference to space-time
tation relations and properties of the vacuum play no role. Completeness of the asymptotic states and
positive definiteness of the metric are not required, though certain weaker asymptotic conditions prevail,
The proofs depend on unitarity, macroscopic relativistic invariance, and a
on the mass-shell scattering functions. The proofs are in the framework &f the new S-matriz approach to
elementary particle physics, which is established on a formal basis.

HE two most important general physical conse-

- of zelutivistic feld_then m!; CEETQ estrictive, in that they assign a fundamental role to

2139

have emerged eyen for “free particles” may perhaps
provide us with other conceptual possibilities the
starting point of which may lead to a theory with less
startling conscquences. .

MARCH 15, 19612

I
Derivation of the CPT Theorem and the Connection between Spin and
Statistics from Postulates of the S-Matrix Theory*

"

pyints are uzed. Quantum commu-

ry weak analyticity requirement

!
i

include any theories except trivial ones in which the

scattering matriX is unity.
Secondly, the postulates are very specialized and

othetical local field operators defined over the field
of space-time points. Experience does not entail the
existence of such points, and the restriction to theories
in which they play a fundamental role may immediately
exclude all theories connected to physical reality.
Because _spaceltime_points are experimentally jn-
accessi th i i d i inci their
introduction runs counter to the philosophy of quantum
mechanics. This philosophic inconsistency appears to
have its analog'in the mathematical structure in which
related inconsistencies seem to arise*4
Even within, the general framework of local field
theories, same of the postulates are so restrictive that
many reasonable theories are excluded. In particular,
the requirements of the complcteness of the asymptotic
states and the’positive definiteness of the metric are
assumed to hold, not only asymptotically, but also
throughout the course of the interaction. But added
states of negative metric not among those observed
asymptotically seem to be exactly what are needed to
remove the apparent inconsisiencies from field theory.
A theory based on this possibility is among those being,

Pty

4 G, Killen, Kg’ . Dansgke Videnskab. Selskab Mat.-fys, Medd.

27, 12 (1933).

17, PPomeranchuk, Doklady Akad. Nauk S.S5.5.R. 103, 1005
(1955); 104, 51 (1955); 105, 461 {1955); A. A. Abrikesov, A. D,
Galanin, L. P. Gorkev, 1.. D, Landau, I, Pamesanchuk, and K. A.
Ter-Martirosyan, Phys. Rev, 111, 321 (1958).

B[, D, Landay, in Niels Bolir and the Deselapmient of Physies,
edited by W. Iauli (Pergemon Press, New York, 1955), p. 52,
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i COSTA AND FELD
where ANNALS OF Puvsics: 18, G5-80 (1962)
¢- - (2 1) o
@« Angular Momentum States for Three Relativistic Particles
RecevEn: January 3, 1962
G. C. Wick
REFEREXCES
Fo G Costa axe BT Ferw, dun. Phys, (V7) 8, 35 (1900). Hrookharen Nationial Laboratory, Uplon, New York
P B.T.Fewn, Ann. Phys (NY) 1, 58 (1057). . ;
3. B.T.FeLp, Ann. Phys. (XY} 4, 180 (1058).
4. JAL Bravr axn V. F. Wesssgory, *“Theoretival Nuclear Physics.” Wiley, New York, A complete set of angular momentum slates for three free relativistic par-
10952, ticles is deseribed, the main purpose heing 1o wrile formulas which are simple
§. 3. L. Gammrw axp 1. ML Toaskr, “Progress in Elementary Particle and Cosmic Ray and explicit enough 1o be mnd‘i.n detailed rnlcu_lu.l ions. Thﬂf thl-:ﬁ! particles may
Phyveics,” Vol. V, Chap. I1. Xorth-Helland, Amsterdam, 1960, have arbitrary mm_nml gpins. The rehome is o generalization of the states
6. M. Tanerax, 5. Machiva, axv 5. Oxvaa, Progr. Theorel. Phys. (Kyoto) 6, 638 (1051); introduced by Dalitz in the study of 7-meson decay. An angular-momentum
ibid. T, 45 (1952). recoupling coefficient is computed explicitly.
7. T. Hamavpa, Progr. Theore!. Phys, (Kyoto) 24, 1033 (1960). . -
8. K. A Bryax, Vuors cimento 16, 805 (1900). INTROD
9. 8. GARTESHAUS, Phys. Jter. 100, 000 (1955); ibid. 107, 291 {1951' Relativistic three-hody systems at present attract a great deal of attention.
19, J. L. Gasyen axo R, Thacer, Mhygs, Ree. 107, 201 (1057). . . . )
: - . It scems desirable to have soma reasomably simple formalism to deal with angular
1. KoA Breeckxer axn KM, Warsux, Phys, Ker. 53, 1023 (1953). h " Th{-. fundaméntal ipl of
12, AL SUaawane axy 5. u::m-,-ﬂiy:, Tew. 10T, G05.1060) - —— e R ml]m("lltl.lm n ﬁl“.‘ LS. unaamenia []I'l.l](fl o5 Are, ﬂﬂ'lll'ﬁ_E' ‘W-d.l
13. H. Fesniacn, E. Lounx axn A, Tesis, Phys. Rer. Leliers 8, 635 (1961). knmnl “but, relativistic Kinematics mtroduces cortain mmﬁrmnhum
14, P BroxeLn axe ROE. Mawsnar, Phys, Ree. 108, 1229 (1058). In this paper we discuss various ways in which a complete orthonormal set
13, 5. 0mUvBe axp . E. Marsak, Anon. Phgs. (NY) 4, 160 (1958). of angul::u' momentum states ean be ronstreted for three free pﬂ.l"l.i.l:l&'."! {‘i\l’ith

16. R. CineLLl axp G. STABILINY, Suppl. N uoro cimento 30, 157 (1961). or without spin); the unitary matrix, which transforms the different sets into

one anonther, and various formulas that can be useful in calculafions with these
states are given. The problem is merely the practical one of sctting up things
in such a way that caleulutions do not hecome ugly and unmanageable. The
method we shall use is, in o sense, an extension of that employed in a previous
paper by Jacob and the anthor (1), to which the reader is referred for notations;
some changes in notation will be expluined as needed.

It would seem most natural to start {from some convenient state in the center-
of-mass system, for example, o state in which the particles have definite momenta
@, Q: , Qs satisfying the condition

W+ qu+qu=0 (1)

and apply to it the Wigner projection operator, compare JW, Eq. (16). If
in addition, the three particles have definite helivities in the original state, they
. still do so after the projection, for the same reasons as in the two-body care.
«  With this procedure, however, it is not quite obvious how one obtains a com-
plete and orthonormal system; [ wus led, therefore, sometime ago to consider

* Work performed under the auspices of the U.S. Atomie Energy Commission.
63 .




different method which is an obvious relativistie adaptation of

ONE- ANI) TWO-PARTICLE M

o diseussi f : -
o s Smple e e svon ol vitie thre bttt 5y the We shall use the notation [p; ) for the “helcity” states of W Eq. (6). Here
meu;ltime Shirokov (4) has given independently a discussion of m-wy p denotes the four-momentum of the particle. We also depart slightly from JW
reactions and decays based essentially on the same generalization of the Dalita in the Eh“;m :;.:Lds:ﬁmlﬁ,? E oitl!::; :t{ﬁ .!;ﬁ.ﬁ?:‘: Awnd‘xé;l.m =
scheme. Nevertheless our discussion of these states and some of our results we muitiply =0 y B 15 wiy we have
nmyt:z mlfﬁciqnt.rl: d:ﬁumnt frm Shir:’akuv's ]:]p wnrmntilpublimt'::l:;,l We have (PN | pA) = &u-d(p’,p) (2)
omitted some parts of our work to avoid overlap as much as possible. . . . .
i L . . R where 8 is the invariant §-function ou the mass shell 5(p,p') = Zuwdhi(p = p’).
The relattmtm_g:memllzm?n of the Dalits pr!:mdufu requires the following f This corresponds, of course, to using the invarinnt velame element on the mass
steps. We start with two particles, say 1 and 2, in their center of mass system  F hell ! !
Zi, and construct with the Wigner projection operator, a state with angular 8
momentum quantum numbers jin. If, more specifically, the procedure of JW &‘ dp = (20) 'dpazé(p’ — m)d'p (2
Egs. (16) and (18) is followed preciscly, the two particles will have definite 7 '/in place of the ordinary phase space element
mﬂs ﬁﬂ;ﬁﬁ? ;;HBL?J:;FTG:]]: p?:t?gl:t?ﬂi”?‘z}s;mn;:t;“:ﬁ dﬂ;;;]b? ﬁ Consider now a Lorentz transformation !, which transforms the four-momen-
A Lorentz transformation il.'lll the z-direction can be used to transform it iutu-; t tum p into sy P = lp ??p corresponding l.tmll-lz}tz'néz;eato‘r L trnnslfum:.:,t the
. . L. s | ; t - i . . g
mstmte with tr]mmentuu} q ll:;r thedz-dlrectmn al?d ‘helicity” m, a state which plays ﬁzilfmﬂi:n:? sltln-::-i; i:ﬂ u;':;ﬂ[;" 3m":nmmheﬁritir;s,_ B m‘:ﬂﬁ:ﬂm;‘mﬁ:‘;
el o M anous .
same role us_vp,;., in JV .x_cm may be :::'Iclslgnatnd prov mfonully 08 . 12). A tion we have chosen, the fincar combination is givem by a unitary matrix (",
subsequent rotation Re s will transform it into a state havinga total momentum the precise form of which is given in the Appendix. This matrix depends o
¢ in an arbitrary direction 6. After the Lorentz transformation, of course, the r h-nt.hp.‘ and o we can also ex Ig; it of mu;s[:pas a function of I‘ aud p” =
spin state of particles 1 or 2 is a linear combination of different helicity states. We wri thp: fore: xpress &, 0 P )
The Lorentz transformation of helicity states is discussed in the Appendix; it ¢ write therelore: o whel P — Jms.
is a trivial mudiﬁmt:iqn of the transformation law given by various authors U's Ulp) = L'(:{_i I; ot ' (3)
' (E;? til?:i; Ztt];:e d:,;ﬁ:;:;g": ?::hnb:pgltmffﬂgf ?I‘E:m:;ﬂdxfi};& (12) xes(3) i The convention used is that the order of the variables indicates whether we use
p . i o st D % the initial or final momentum. Thus the transformation law may be written,
I n:rrmni'_:l.:'l1 Tl"uch uiPn_pla}Pi the role of JW Eq. (14). A new applieation of the  § i lo (57}
Wigner projection operafor will generate a three-particle sfafe |IWJAT) where - - for example- (5-7)x - - - e e T s E T
- sy = Qo Uall; Ip; 4
W"Vm'i-'\r"ﬂh‘-l-q‘ {1’] LlF,} ;Lﬂ{: F}I?F} {}
is the total energy in the over-all rest system. A more complete symbol for the A formula of this type will hold, no matter which rale is used to label the spin
state is [WJM; wjm M)q; As) which is self-explanatory. It should be noted that states. We shall use the “helicity” convention, see Appendix, Eq. {A.2). Let
Mhs and A; do not oecur on the same footing since they are helicitics in different us notiee that with the convention (A.2) the state does not have a definite
reference systoms. limit {independent of ¢) as & tends to 0 or . In these two limiting cases thf:
What we have described may be called the |(12)3) coupling scheme. Another meaning of the symbol |p: M) has to be specified by am appropriate convention.”
y ) - E Y p
Pﬂl le _schcmc,]s’ of mu{w’ 1(23) l}’ for example. Sm{:ﬂﬂ both schﬂm{"f’ are of * If one uses “"helicity states,”" it is impossible to define the phage of the symbel ‘p; A
Interest.in certain caleulations (for instance when certain symmetrizations are 80 that it is continuous over the whole unit sphere. This mesns that some discoatinuity of
necessary) we shall compute the “recoupling coefficient” ((23)1 | (12)3). U{l; p) a2 a function of [ aml p has 1o be accepted. These discontinuities will cause no
i ! . . ) . trouble, provided one pavs attention io them. With the defsdtion (A.2), which has certain
I,I wish 1'.° lh“r!k Dr;;"’ J',h!m.fnrlum. for sonding me qﬁ““ T‘““"““—‘ an n]rhmvm,tml other advantuges, we have not attempted, ns we did in JW Eq. (6), to minimize the Jis-
vﬁ“:::; of h‘:' thasls on Rtli::l.\’lstle Pa.rt-ml_'dl':.ve Analysis,” which Pursnes sims clossly continuities. While JW Ea. 1601 iz only discontinnous at the th pole,™ k. (A2} is also
::::andtI'I::mecrl':ﬂt;n::::ft‘a;r?l::rtnl:r?:lfi:r::l:z:,lmm general coupling schemes than we :ifoinlinuous at the “north pole.” and moreover, il s is o balf integer, along the meridian
oL O MM o plamas A stedaa,
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Speciﬁcnlly,g p parallel and respectively antiparallel to the z-axis we shall
set, by definition, |p; A) equal to the limit of Eq. (A.2) for# = 0,9 =0 and
respectively’ to & '™ times the limit of Eq. (A.2) ford = = an!i g =T

We can now replace the state ¥mp. ) JW Eq. (14}, w;th the s]i“.l':lhol
Ip ; phs), which represents the direct product of the states [pa"; M) and [pe; M)
for particles 1 and 2 respectively. Here p’ = —p: is & veetor pointing m the
positive z-direction.

The angular momentum states for 2 particles in the c.m. system may now he
introduced as in JW Eqgs. (16) and (18). Let j,m be the angular momentum
quantum numbers, w = (9" + m )+ (p" + ms )%, the fotal energy in the
c.m. system. Changing the notation of JW somewhat (for the normalization
see later) we write:

. ot
| wjm; A ) = (p/Aw)"* 3, [ d9 0k 7Y RIPMipd M) | )
A= A= A0 = (27 + DA

where r is the rotation with Euler angles ¢3v, R = Rey the corresponding oper-
ator. We have used the unitarity of © to change D) to Diaml r ). Owing
to the condition A = A — Az, the integrand of (3) dors not really depend on
the third Euler angle, so that we were able to omit the integration over =, com-
pare JW Eq. (18).

Let now h be a Lorentz transformation belonging to the three-parameter sct
of transformations such that

dQ = sin 0 dd de

ﬁp:‘: = P:I! {ﬁ]

e -

L i T e

where Pls = (w,0) and Py is a specified value of the four momentum with
the same invariant mass as Pi. . In particular let & he the speeial Lorents trans-
formation h{Py) defined in the Appendix. The vorrespouding Lorentz operator
H = H(P:) is then of the form

H = RspoZ (M)
According to the general convention used, c.g. the “helivity” convention, the

_states of the system 12" with mass w and spin 7 and with momentum P # 0

can be generated by applying the operator H = H(/I:) to the states {3), =0
that
| Py s jmidde) = H (P} | wjmih Az )
1578 i -1 o 1] [8}
= (p/4w) ﬂ.‘flﬂ'ﬂh(" YE|pMaps M)

# The purpoee of thix convention is to make lp# 2 >, for example, completely equivalent
to JW Eq. 113). Thus none of the formulas of JW have to be modified iconsider in particular
the symmetry properties discussed in JW, Section ‘-':/

where r, d have the sume meaning as before and .
L = H(Pu)Rpy = RepooZRpy
is the operator for a transformation [ which also belongs to the set (6).

When Py is given, the' set of transformations [ obeying (6) isspecified. Picking
[ out of this sct is the same as pirking «, @, v since we have

r=h"(Pu)l (10)

In this sense, the integration over 4@ in (8) is an integration over [ varying
aver the set (6). Provided r is tied to [ by (10), [ and r need only be specified
“up to " and a convenient way to do this is to give, instead of {, the two vertors

(9)

“m=p pe=lp . (11)

These, of course, must be chosen to lie on the mass-shells of 1 and 2, respectively,
and to satisfy the condition

P|+F=P|: (12}

Defining the invariant volume clements on the mass-shell dp; in the usual wuy
(Eq. (2)) while the invariant mass w and relative momentum p are, of rourse,

given by Hﬂﬁ‘ v P 1‘ anth.
ot = (g poh WP = AW, md, )
- | Alabe) = a° + b 4+ ¢ — 2ab — 2bc — 2ca (3
one can o€, by an casy trunsformation of varinhles, tha_t:
e W= oot e \ )

where d© is the solid angle for the direction of the “relative momentum in a
c.an. systen.

We can now write (8) in a compaet form if we express the effect of I on the
two one-particle states by means of Fy. (4) and use (14) to replace [« - - d2
by an integration over p; and p. . Finally:

| Padm;hade ) = 4w p']" : J‘ dpy dp: &l p + p: — Pys)

(15
DY X Ui D U3, (B D Epuw s pave) /

R

A more symmetric und compaet form is obtained if we notice that, neeording
to the conventions, i /) i= the unit transformation, so that comparing with

Appendix, Eq. (A we ean write
o NPT DT = L'“”u":m/ (16)






e ——

-

I

—
&

442 P, W, mnmso:w

possesses o continuous symmelry group under which  mass.™ Iftiya.mn“' and Feynman have pointed out that

i

. scatlerine
. the ground or vacuum state is not invariant, that state  gruvity is also a Yang-Mills held. Tt is an amusing atie con-
. is, Lherefore, degencrate with other ground states. This  observation that the three phonons plus two gravitons spins? T
implies 2 zero-mass boson. Thus, the solid crystal are just epough components to make up the appropriate i theinvar
viclates translational and rotational invariance, and  tensor particle which would be required for a Anite-mass ! reactions
possesses phonons; liguid helium vielates (in a certain gra.vilon.I ' 1o consir
sense only, of course) gauge invariance, and possesses Spin waves also arc known to interact strongly with (for exur
a longitudinal phonon; ferro-magnetism wviclates spin magnclcgmtic forces at wvery im}g wavelengths™ for " scalar am
rolation symmetry, and possesses spin waves; super- rather more obscure and less satisfactory reasons. We Second,
conductivity violates gauge invariance, and would have  conclude] tl:u:n, that the Goldstone zero-mass difficulty Mandels;
a zero-mass collective mode in the absence of long-range 15 NOt & Serious one, because we can probably cancel it amplitucs
Coulomb forces ofl agulrEt an equal Yang-Mills zero-mass problem, MOomen
It is noteworthy that in most of these cases, upon thg !15 not .clenr‘yct.l on Lhe other hand, is w héEherltts cases.” |
loser cxamination. the Goldstone bosons do indeed possible 20 describe a Lrui}: strong conservation law J tioned,
N ! ! “@ such as that of haryons with a gauge group and a |- have no
become 1-‘9-1151'?‘1 up with Yang-Mills gauge bosons and, Ya.ng-Mi:ils field having finite mass. this
thus, do not in any irue sense really have zero mass, I should like to thank Dr. John R. Klauder for ' separate
Superconductivity is a {amiliar example, but a similar  valuable konversations and, particularly, for correcting \ that one
phenomenon happens with phonons; when the phonon  some serious misapprehensions on my part, and Dr. to sealu
frequency is as low as the gravitational plasma fre- John G. Tayler for calling my altention to Schwinger's In thi-
quency, (4wGp)"? (wavelength~10* km in normal Work. i i systemn’
matter) there is a phonon-graviton interaction: in that 13, H. feans, Phil. Trans. Rn_]r, Soe. Londen 101, 157 (1903), i but
: . “ s u . . z . ;
case, because of the peculiar sign of the gravitational {unplz:ulliitl:'édn;m' Phys. Rev. 101, 1597 (1956); R. P. Feynman I priate.
interaction, leading to instability rather than finite — WL, R Walker, Phys. Rev. 105, 390 (1957). . dﬁpnl'fi
sideration
of prart’
v LU fe . higher &
PHYSICAL REVIEW VOLUME 130, NUMBER 1 1 APRIL 1963 : analytic «
. . . . . ) i Muny of
. Construction of Invariant Scattering Amplitgdes for Arbitrary Spins and i volving :
Analytic Continuation in Total Angular Momentum* resiricls '
Asiw 0, Banvr,t Ivax Muzision,? avo Davio N, WitLiams rPnM.lr.mh
Lewrauce Rodiotion Lebovatary, Unisersity of California, Berkeley, Colifornia ! Adt ma
: 1 other apy;
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From group-theorelical considerations, invariant scattering amyflitudes for Lwo-body reactions of particles spaces v
with arbitrary spins and nonzere masses are constructed in variou§ forms, including helicity amplitudes and
amplitudes free of kinematieal singularities, They are linear combinations of spin basis functions with n
scalar coefiicients. Tn Lhe process of construction the Pauli spin latrices nre genefalized for arbitrary spin. 1.
On the basis of a Mandelstam representation for the scalar cienls, the unigue analyilc continuation
of the amplitedes in Lotal angular momentum Is obtained, Possible kinematical singularities of the sealar The v
amplitudes at the boundary of the physical region are discussed. e [
1 . are rathe
o N in this st
L INTRODUCTION struct the invariant amplitudes in terms of the irre- but first
*HE hasic guantities of S-matrix theory are the ducible unitary representations of t_he inhomogeneous various
Loreniz-invariant scaticring matrix elemenis (§ Proper Lorentz EOUR, based on ‘a two-component is only o
functions), which depend on the spins and types of SPITOT fdrmalism. , . . appears |
incoming an outgoing particles and on the mass shell Although the invariant Scli‘l.liLl.'l amplitudes for which of compli
values of their foyr-memenia. From the § functions, the Mandelstam represeniation is expected to be valid 4 .-
invariant scattering amplitudes (M functions) that Pave been known for some time in the simpler cases "ALC.t
have simpler transformation properties and that are  Such as those of the pion-nucleon? andl nucleon-nucleont amplitues
cxpected to be free of kinematical singularities can be T -_.E—'I.rﬁ. Benjamin, Tnc, New York (to b ' :E:yc;,"u:
; . . o i heary (V. A. Benjamin, Ine., New York (to be published)]. i :
defined.! A general procedure has been given 10 con- 3470 Baru, Phys, Rev, 127, 321 (1962), ! Deaittmer
* Work done under the auspices of the U. 5. Atomic Energy 1G. F. Chew, M, L. Goldberger, F. E. Low, and Y. Nambu, '.I'FS Cr
cntm]gniﬁium y ’ ¢ Colorado. Toulder. Cal Phys. Rev, 106, 1337 {1957). Hev. 126, 2
resent arddress: University of Colorade, Boulder, Colorado. M. L.yGollberger, M, T, Grisara, 5. W. MacD 3 T
i Present address: University of Washington, Seattle, Washing- Eé{(ﬂ}"nﬁg, Phys. Kev, 120, 2250 (?E'ﬁﬂ_]{- {reinrrzg L:I‘wh:lrléa?:‘edr ' ﬂmwg}"";ﬁ
ton, as i DL Amati, E, Leader, . Vitale, & i i et
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CONSTRUCTION OF INVARIANT SCATTERING AMPLITUDES

I
scatlering sysiems, there is Lo our knowledge 1o sydiem-
alic construction of such amplitudes for arhitrary
sping.® The purpose of this paper is, first, to consiruct
t]ﬂr. invariant M functions of arbitrary spin for two-body
reactions (1wo particies in, two particles out), an b niso

to construct the S functions in various represefnm‘{;ons

(for example, the helicity representution) in terms of
scalar amplitudes and explicitly given basis functions.®
Sccond, it is our purpose Lo define, on the hasis of a
Mandelsiam representation for the two-body sgalar
amplitudes, an analylic’ continuation in_toial angular
momentum that generalizes the recent work on simpler
cases.’ In pion-nucleon scattering, as already fnen-
tioned, there exist scalar amplitudes that ure known to
have no kinematical singularities. An investigatidn of
this question for arbitrary spin will be reported :in i
separale paper. We proceed here on the assumption
that one among a large class of possible bases will{lead
to scalar amplitudes without poles,

443

A, The Invariant Functiong

.We consider scaltering processes for oulgoing par-
ticles and incoming antiparticles with spins and four-
momenta Sy, k¢, and incoming particles and outgoing
antiparticles with spins and four-momenta 5;, &, all
with nonzero rest masses. The invariant scailtering
functions {or S-malrix elements) have the following
irans{ormation property under representations of the
inhomogeneous orthochronous proper Loreniz group®*:

S(K)=@ D5 [A"(— ki)
%;D‘{A’Q;J}"S[rlu}xl (2.1)

'||'-'h.f,'.'..'|'ﬂ
A'(K)=Bimy A Bomp and  A{A~)k=g.

Here K stands for the set of incoming and oulgoing
four-momenta, &,, with . k.=0 from momenium
conservation’; and AKX stands for the set of transformed

In_this paper, we ignore isotopic spin and give no. Momenta, Aka. Elements of the erthochronous proper

sysiematic discussion of €, P, and T transformations, ¥ :
N where 4-A are the corresponding elements of Lthe two-

but_make only occasional comments where appro-
priate. : T

Apart from their theoretical interest, the jcon-
siderations involving higher spins will be, we believe,
of practical importance in connection with theinew
higher spin resonances, and perhaps in the problem of

homogencous Lorentz group Lyt are-denoted by A(A4),

by-twe unimodular group. The spin indices of Lhe §
function, which have been suppressed, arc transformed
by direct proeducts of the unitary matrices D% and
DE*, which are the well-known [(25:4+1), (25+1)F
dimensional irreducible representations of the three-

analytic continuation in spin of the S-matrix clemtnts.
Many of these considerations apply 1o processe§ in-
volving arbitrary numbers of particles and arcf not
restricted 1o iwo-body systems, For example, the,spin
matrices introduced in this paper generalizing the
Pauli matrices to higher spins Way be of interedt in
other applications. From these matrices we obtain the
projection operators for the irreducible invariant Bsub-
gpaces of the tensors of arbitrary rank, '

i

II. DEFINITION OF INVARIANT FUNCTIONS'
AND GENERAL PROCEDURE '

The formulas developed in the succeeding sections
are rather invelved. To facilitate the reading, we ouﬁline
in this section the procedure that we have followed;
but first we define the transformation laws off the
various invariunt functions. It is often said that - spin

dimensional proper real orthogonal group. An index

transforming according to ¥ corresponds 1o an
oulgoing particle or incoming antiparticle and one
iransforming according to} D** corresponds Lo an in-

‘coming particle or oulgoing antiparticle.” In the

is_only an inessential complication. Neveriheless, it

appears that excepl in simple cases a certain ampunt

of complication is, il nol essential, at least unavoidable,
i

EA. C. Hearn, Nunwvn Cimenta 21, 333 (19261), discussct the
amplitudes for spin 4 and pholon processes, in a pcrlur!#t[inn
theory frumework, .

* A construclion of the Af Junclions Irom a somewhat dilferent
pint of view has been given by Willard Miller, Matheniatics
Department, University of Californin, Berkeley, Calilornia.*

"5, C. Frautschi, M. Gell-Mann, and . Zachariasen, Phys.,
Rev. 126, 2204 (1962). For the N-N sysiem, sce V. N, Gribov, in,
FProcesdings of the 1962 Anwnral fnlernalional Conference one igh-
Loneryy Plrymes al CERN, edited by J. Preniki, (CERN, Geheva,
1962) andl I Muzinich, Phys. Rev. (lo be published). See also V.
Singh, Phys. Rev, 129, 1839 (1963).

argument A'(k) of ¥ or D5*, the unimodular matrices
8 are so defined that

A(Brep)p=£, k= 'i-i;?

and similarly for By—p. The Loreniz transformation
corresponding 1o the unitary-unimodular matrix
A'= By 'ABe—p transforms the vector p intwo itself
(it is an element of the little group of the vector p),
= 0,0} is -fr; val ; hence

this iransformation is a rotation, ™ Ygrsr
From the definition of p and Eq. (Al1.1) in Appendix

1, we have, in terms of Pauli matrices, o,

8 = (2.2)

The general solution of this equation can be written
in the form Be—p= Ar—pl/, where Ae—pis the Hermitian
malrix (k- i 13
vorresponding Lo the freedom of arbitrary rotations in

the rest svsiem of the partide, We use this freedom

later in the construction of helicity amplitudes. An

*Yor a list of conventions, notatinn, and varous important
relalions involving two-component spinors, twn-hy-twe matrices,
and growp represenlation matrices, see Appendix [,

*This choice is purely conventional, especially since the twe
representations are equivalent, It agrees with the usual con-
vention in the four-compaonent formakism, as will be seen ing-
dentally in Appendix IT. See also the references in footnote 1.
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the fofir-momenta (and possibly of the signs of the ,,  where:
encrgigs). One can also require that the basis functions Mande]
. v YO(K) have definite transformation properties under
Fic. 1. Two-body scat- £ andfT. Thus, if P and T are conserved, the total ;
tering parameters. numbel of independent scalar amplitudes will be smaller ' with s-
than I.Im TLA2541)IT;(25;41) resulting from (2.7) | are def
and (2:8), _ |
The tial requirement ongthe o o Bhep=
is thatithey shall have only in
important characteristic of the invariant M functions  funciioni > which on the basis of perturbation theory r =
defined below jg that their transformation property is ure S-matrix theory are-expected to be only
independent M\-mu% v\mwh\’ﬁu ¢ ! P!.' Furthermore, we wish 15 require that 1,]1}5' |
The transforfation law (2.1} also holds for the K basis finctions themselves have no_singulatities. The where |
functions, simplest possibility is that the basis functions should be from {k
R=5—1I. (2.3} polynoials in the components of the lifiear momenta. | m%i:u;:
. . e : To require that the basis functions have this form is I R
1 tural way ol simplifying thi nsfor- ; .
E:g;nliii.ngecause t‘.-?re mutr[xpd'}lgk]i Hi;ﬁ;j_p not engug}'!, however, for the SC?J” amplitudes could Fi;.m:,f
is unitary, we have the identity . s1ill have kll‘l.Bf!'J.iLthﬂ.l [:_mles at various degenerate points I 4
. where the basis [unctions become linearly dependent. ' anguiar
DA (k)= DEOLA" () ]= DO-SLA'(R)], (24) Indeed, the question of whether there exists a set of ?mp:_xil.u_
where D55 are the irreducible, in general, nonunitary, bf"h's f;;‘tctmns lll.w't dncvml' “:ﬂ“m? kn}r.-rnn.ucnl %nlmhjl',‘ T uneher
representations ol dimension (25+1}(25'4-1) of Lyt “E 15': r a]mp i csf & m‘]; :g mvetves -:.:r:rnsrld erable ]
We can, then, use. the group properly of DS and subtiety m the case ol {wo-hos ylrca.cltmm, an thnrp- here 7
obtain fore, we shall restrict ourselves primarily to this case in WIETE /.
any digcussion where the singularities are important. ' by the .
D (B A Byep) = DB (Byop)—t The question of to what extent these various require- | indices
X DS (4) DS (Bowp), (2.5) mMents determine a set of basis functions is not settled The §
o . in thi§ paper. Rather we seck to estublish a basic ¢  of Hoy.
Thus, if we introduce M functions defined by formalism for arbitrary spins that can be used in the \
. M(K) =@ DS (B —tyemp) }:ﬂﬁgth;-:tiﬂh c:if a ls’.:ge_class D:.l baﬂs Iunctior!s. wdg |
m " ollow a procedure ihat 18 natural and systematic, an
®® D0 (Brjp))*R(K), (26) that_yields the usual analytic amplitudes in_special !
we see from (2.1) that they have the simple trans- cases. It consists first of building up in Sec. 111 a set of where s
formation law under L4, higher spin matrices from the spin-} matrices, s, by : are the
' using Clebsch-Gordan coefficients in a process corre- final pa
M (K)=@Disn (4) spondipg to the addition of spins. IPor two-body Wenc
@@ DENAPMIAMANK] (2.7)  reactiohs we then, in Sec. IV, combine the spin matrices | expansit
It is simpler to construct the solutions of this equation  With tensors formed from the four-momenta to obtain
(‘@ than those of (2.1). Equations (2.3), (2.6), and (2.7) 8 %et 4[ basis functions, ¥® “‘j" and we give a brief :
are the basic formulas from which the construction of discussion of the question of kinematical poles in the where
the M and § funciions begins, For spin  these are just fﬁﬂ“‘flﬁ‘ $calar amplitudes( If preliminary results are =d'(0)s
j the M [unctions introduced by Stapp. substapiiated, a second paper showing how to eliminate a If we
the kiflematical poles will be submitted by one of us ¥ d*(8)? it
Q‘I’ B. The Scalar Amplitudes (DN“E)) integrat
For practical purposes, such as the application of the l C. Angular Momentum
Mandelstam representation, it appears convenient to :
use a representation of the invariant furciions im which In S& V we define an analytic continuation in total
all of the dynamics is contained in a set séalar ampli- angular momentum [or the scattering functions shown
tudes. In a sense this removes spin from the problem. in Fig.,l. For this purpose it is convenient to use helicity | we obls
Our problem is, thus, to_find_a_simple, cxplicit set of amp}ilt:les. Having constructed ¥ (K) and; therelore,
basis functions, ¥ (A7), in the spin space which _ha M (K) by (2.8), we obtain the helicity amplitudes 1/ (K) where 2
the same transformation property (2.7) as the M {rom (.&-6} by making the appropriate choice for B in of Clebs
unclions, lhen we write the expression values o
M(K)=3 @ AW(K)¥9(K), (2.8) Ruq_—ig;.m.m (B —kympg) ' @ DS (B _pyrpy) |‘" From
where the A% (K) are Lorentz scalars and ‘must, there- | ® DD (Brge ) * @ DS (B oy =1 ¥ ’: ”-l],“.
. {ore, be functions of the scalar invarianis formed from 1 X w AWEK)YRE), (2.9 d;luc? 1:1,
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CONSTRUCTION OF IN‘\-’HRI‘:HNT SCATTERING AMPLITUDES

where now the 4 W (K) can be taken as functions of tl:m
Mandelstam variables,

.
o
!

= b

de (Rit-kal?, - 0= (ks +h}’

with s+itu=2;md
are defined to be R
] Brep= (k- o/m)" exp(—igos/2) exp(—ifos/2)
Xexp(igoa/2),
K cexpl—igaa/2) exp(—ibes/2) [2,1?}
&

"= U;H' kli}i

Xexp(igos/2) (g-o/m), |

where g#*= (k,0,0, |k|}uhﬁuwm9$ﬂ
from the rest frame to the g ﬂ]m“m followed by 4

{  rotation to the direction (f.¢), ol k.
ithout loss of generalily we can put, in the centér-

of-mass frame of the 5 channel, ¢=0.-It turns out th,at
for any among a large class of basis functlions the
angular dependence (§ dependence) of the helicity
amplitudes can be factored into a product of d5(§)
\  functions in the form

Hoy(K)=3iy.r A9 (5,400 Z 3y 2 0dR(8), (2.1?1]

where 29 does not depend upon #, and R is determingd
by the spins of the particles. Here ()} stands for the
indices (u',\',i,0) and d%(9) = D59 exp(ifles/2) ].

Thie projection over the total angular momenium! J
r of Hp, is defined by

ds dan®Hpy, (212)

-] }

ua'l‘ﬂk' 5 II{J.‘.IJ{S}='(W o

S
where z=cosll, Ah=k—p, AX'=X—u', and ¢ and ¢
are the magnitudes of the momenia of the initial apd
final particles, respectively.

- We now write for the scalar amplitudes a

expansion 1n nnel, for exampl

A9 (5,00) = La(204+1) 4 “‘ﬂ@ @)

where we put for the Legendre polynomials, P;sz]
=d'(@)o"

b I wa insert this into Hpy and combine d2{8) wu‘.h
| d'(8)" into a single d function and perform the angular
integration, which is of the form

rlial-wave

1 1
" dzd? (), d%(8), =—bsn, 2,1!4
(6)a"d™(8) T ( !}

: we oblain i
hipg? ()= i, AP (L3) 2,0, (2.15)
1

where Z contains a sum of the original £ times a numlécr

of Clebsch-Gordan cocificients. In the above sum the ]

values are restricted by the given J, {
1]

From the ﬁxcd-rnerg}r dispersion’ relation for

= M, Tacob and G. {.. Wi. el Ann, Phys, (N, Y. 7, 404 {1959}
For rotations, an upper undotted index transforms as a lewer
dotted index.
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AU (5 Lu) we express A9 (1,5} in teems of the absorptive
parts A9 and A, of the amplitudes in the crossed

channgls and obtain - 6’3\ " w“[‘,_l d“:k '!rt}

oo’ (D=L 1.0 2y f. P(s,3) wjiﬁ,ﬁ"
+{—1]"fﬂu“’f5=5:']+ (2.16)

where the Q,(s) are Legendre funetions of the second

kind. Assuming that the absorptive parts A, and 4,

are uniformly bounded in f and « by ¥ (or ), we sce

that the cxpression (2.16) definés an analytic function

of J for ReJ>N', where N' is displaced from N by

some integer determined by the sping of the particles.
Detailg are given in Sec. V. -~

IIE. CONSTRUCTION OF SPIN MATRICES

It is convenient o scparate inlo two parts the
construction of the basis functions ¥ 9 (K for arbitrary
spin, In this section we construct a set of malrices
which span the spin space and which conlain most of
the complications in the transformation law duc to
spin. These malrices are independent of the four-
momenta in the problem, except under special circum-
stances to be mentioned later; they have essentially
no cifect on the singularity structurc of the scalar
amplitudes. The results of this section apply to M
functions that describe arbitrary numbers of particles,

The matrices that span & given spin space are labeled
with tensor indices in addition to spin indices labeling
their matrix elements. A complete sel of basis functions
Y (K) is obtained by contracting the tensor indices
of the spin matrices with a complete set of tensor
functions which arc polynomials in the components of
the four-momenta. Given a spin basis, it is the con-
struction of a basis for the space of tensor functions
that can lead to possible kinematical poles in the scalar
amplitudes. This question is discussed in Sec. IV,

A. Spin-% Matrices

The basis for general spin is constructed from two-
component Pauli spinors. Since the total number of
incoming and outgoing fermions in any scattering

rocess must be even,'t the simplest case that we can
consider involves two spin-} particles, one incoming,
the other outgoing.

Equation {2.7) then beconies

M(K)=A@AM[A(A)K]
= AM[A(4)K]A?, (3.1)
(=)= (~15DN(A) and A(~A)=A(d), we

U Necause
have

M) = a(—DK)= (— 1% g D8 (AT (K)
- {_ me.j”j_‘jr

Henee Z:5: must be an integer il AF(K) is not to vanish
identically. :

-l-- e = e  — . e o

e

B G
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1

or, wriling the spinor indices, They sat}s[}; orthogonality relations ' and vic
Lo
Moi(K) =" AP Marg[A(AT)KDL — (3.2) o wr(k)apw (k)2 =BG
X - - and (3.10) Bv con
As usual, the dolted index (incoming particle or out- (k) a gty (k) wrg = CaaCise ¥ com:
. P . : WiR) ety K a's watl-aps matrice
going antiparticle) transforms according to 4* and the . :
undotted index (outgoing particle or incoming anti-  with coresponding formulas for dotted indices. ! argume
particle) according to 4. Any two-by-two matrix can A spin basis for arbitearily many spin-} particlesis | The
be wrillen as a lincar combination of Pauli matrices, obtainedtby taking dircct products of matrices chosen ¥ ":'-"“5'-1““
a,. Hence, we can put - from among p,, w.(k), and &,(k), depending on the a lower
desired ipdex types. an uppe
M (K)= f*(K)a,. (3.3) i
From the transformation law of o, given by (ALl), it B. Pfﬂp'?-fﬂﬁ of Matrices for ﬂrbitra.ry‘Spin !
is clear that we must have Manysof the characteristics of the spin matrices for ond
' A . . higher spin are a straightforward generalization from ¢
A F(ATR) = fulK 4 . , .
A A7) = JulR), 34 the spin'3 matrices and can be understood without
if (3.1) is 1o be satisfed. “®» ?\p-"-'- Mo going through the details of a somewhat involved where
‘The four-vector function f*(K) can be expanded in mnstruciiom Before proceeding to the actual con-
terms of the four-momenta X, but that construction structimf‘, we shall, therefore, describe the essential !
is reserved for Sec. IV. Q \As-results. _
1F we definc e Q‘P‘h‘. As alieady indicated, the fermion spin indices can .. Thei
pa=(1/VTe, = 8] a\ always I:I-I:: paired ; and we can also pair the boson indices I
aml (3.5) by adding a dummy spin-0 index whenever the total
Bu= (1/¥2)a,, number bf particles is odd. Thus, we require a basis for I
matrices with two fermion or two boson spin indices;
where 3, is defined- in Appendix I, the orthogonality any spin space can be spanned with direet products of |
relations (A1.6) in Appendix I become these. This basis is given by a set of rectangular matrices and the
coliat s apalt - pricr (S8Y)  peeeomnd(S8V)  geie (88 R), and  f lowerin
. PunidP =ba aﬁa ' 3 am-mar{ S8 1Y where M=max(5,5’), which span the mare f
and (3.6) spin-S, .pin-S* space, and which reduce to (3.5) and i &
P afippai = CaaChi, (3.8) when 5=8"=}. Here S and 5" are the spins of the
. . . . : ir of posons or fermions. The spin indices labeling
where C is the “lowering” spinor defined in (A1.2). par ol pao 1 .
The general formalism of the theory also requires the m: r;x elum_cnls hha.vah 23—; l‘,. 2541 wvalues, | It wyl
basis spinors with two undotted or two dotted indices. ?ﬁli';cl"i'c ¥i mn%:'-g through §, §=1, -+, = and the p ©
Such spinors can be obtained in several different ways. == "y "7 T . tensuml
For example, the matrices p,3,C™! have lowver undotted f 51"1"]':‘]"1‘
indices, and they certainly span the space. There is a 1. Transformation Properties t::na e
: over. i . : ensor |
chg;cn, hu}\ ;.ller, 1nu'lo?1uctur} by 5{1] 9pp1l _tlmt 1{5 natural The ﬂ%ﬁt described are classified- I tabel in
““i _esmeu y c?n: L:n‘c:; i ar @ " :5:us.5:_ml1 0l CIOSSINE  accordig to the Te ntationg of Lt of the types | fresdan
relations. It consists in defining the special spinors S DEH(A%), or the respeciivecontragredient | e for,
Badlk)=H aaffm, (3.7) . subspac
) . . ! of rank
which can be used to change a dottéd index into an i essenti
undotted one and vice versa, where & is taken Lo be the interch:
four-momentum of the particle whose spin index is to l for p a
be operated upon. :
e then define basis spinors with a lower index of the sume type is then an invariant
, . _ operalicn, )
wy (k) ag= gaaBu® g = (k50" m)an, (3.8) The raising of a spin-§ index is accomplished by Muir
&, (k) ai= Bas® gori= (Chuk o /m)ah. ' contracting on the right with the matrix | P AL
' of Clelv
These spinors transform according to A®@A and ‘3-? (C-tyot= iSO (C-1)bl= (— 1)50, 5 (3.11)
* " : 7 oo
A*@A*, respectively. For example, d lowering by contracting on the right with P
A Tm A, Rt { Ll
At () AT AP (A ) TA(A)E]. (3.9) DS (C)ggm DEN(C) = (—1)5 A0 (312) L
1 A ‘reviewof spinor ealeulus with conventions for dotted and : . D L where .
undnlled indices is included in Appendix T. e 5pirmr for changing dotted to undetted indices and (1
v Yee Ty
1]
i
- %
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Summary., — Two.particle states transforming -acconling to standard
representations of the inhomogensons lLorentz group ave eonstructed
which, in the centro-of-mass system, are eigenstatea of orbital and spin
angnlar mementnm operators. The c:mnecl:iun hetween 1liese and Leliviry
atates is derived and a recoupling cpefficient for three-partiéle states in
the former scheme found.

1. - Intreduction.

The unitary representations up to 4 factor of the inhomogeicous Lorentsz
group were studied by WriexEr (1), who showed that any such representition
is equivalent to a two-valned representation. The components of the gene-
mtor of translations (the -anﬂrgy-mﬂmént-um four-vector) commute and their
eigenvalues lubel the wave-functions (of states) of the representation, which is
built from a representation.of the «litte group s, the group of transformations
which leave invariant a given four-morhentum. For positive mass (a timelike
fonr-momentum) the little group is isomorphic to the retation rroup aud we
can construct, for each positive m and nonnegative integral or half-integral s,
an irreducible representation of the inhomogeneons Lorentz group describing
a particle of rest-mass m and spin & '

The direct product of two such mpri-aentatiuus describes the syatem of two
noninteracting particles and is reducible. The irreducible components are la-
belled by the energy and angular momentum in the centre-of-mass system and
correspond to the orviginal type of single-particle representation, However, in
general any sueh representation may np'pmr several times and additional labels
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Comments on paper of HcKerr&ll on SP1n Stataa eto.
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1.

2.

the relativistic Poincare framework. ! _

3.

¢‘

- —

This is the best reference I know of (Wov 1976) about this subject.

~ & - -

Me opena, as he ahould, with dlscussian of the 10 generators of Poincare, the

- ,..,....

usual PV and tha six K%V, In temms of. these generators one constructs the

famoustabtor Ul which gives the seuond "spin" Gasxmir of the Poincare. Then,

the objects Ji l.Fi- are given Eg_rgplaaa the M°V In terms of J and K we
get a fancy looking definition of the bbjects Si Finhlly, L; is defined in

terms of L = J — S._ So, at last we have all the objects J,L,S all fitted into

[ - —

1

The first defined state is the single particle at rest, called (Pv), For such

a state, the objects J and S are the same and L = 0 pince it ig their difference.
4 single particle at rest has no orbitarl angmom. The action of rotations
{gﬂnaratad either by J or 3) givas the trivial rotation matrix_shuffle of these

rest states. '

Now comes the definitiun of eingle parficle states not at rest and the distinctaéon
betwWeen canonical and helical states. iLet L(p) be the direct boost out to p
from rest, Ie, L{p] is a boost off in some strange direction. Clearly L{p)
actlng-nn the rest state gives a state associated with particle moving at p. -
Altarnat;vely, you could first z—haust z{p}, and then rotate into position.

This combination is called H(p) = B(p) 2(p). So here then are the two kinds

of single particle states not atqqest:

\'{*\%. LQ@J&* *’? A ORI - -

_— - om - - - - B

5. Canonical states: these are eigenstates of S add 33, even though they are not

a8t rest. In general, S acts on these canonical states in the same way that J
acts on rest states. *ﬁg,_ﬂa (roataion generated by S) gives simple roddtion
matrices. HJ gives same rotation matrifes, but shifts p to BRp. Ie, J somehew

. also rotatés the three-momentum, Finally, R" only moves the momentum, there

are po rotation matrices at all, Thus, these are intuitively very pleasant
states to deal with,
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6. Halmi‘t-;r states: Hc does not give d«etalled action of wvarious R's on these

’ ) ﬁta.teaL butﬁ i._sveas_;!r to deduce !rnm_tha, relat_}nn to canonical states.

difference between_ the H-gtate and the' C-state is simply a mixing-of helicities

The

via the raxiimm rotation matrix of thﬁ rotation called R{E) wh:.t}h you used

— B o e S B g W e g

tha same momentum,

af‘ter the z-boost %o get your hel:l.c:l.tjr’ state.

== - — e - ams i

- - — am

'Phe epin is still doing the same

- e —

I Y

T H-:w some vague intuitive remarks:

momentum got rotated becayse you

Bokh siates of course have
_Helicity state is elgenstate of g.g,_mxﬁuz.

————— - -—

e —— - — - 4 ————— e —— ————— e ——————— & ——

=

somehow, the C-state "never got rﬂtatnd.“
thing it did in the rest framej only the
did the "direct symmetric boost" L(p).

On the other hand, the H-state is the same as the C-state gxcept that

—_———— — ot —— = ——

_ to get the H-state you pre-rotate by B(p) before applying L(p). This

- s ems

——

e preorients the spin, say, along the p direction so_that helicity is preserved.
This explains the relation between the two kinds of states shown in (3.30).
—— e ere—— —— — - —— — - —_—— - Lol F L - - — LI . iy P S - - wian
_____ _ Stabting with an H state, you must rotate with D°(R(p)) to get to H-state.
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HcKsrrell‘a Gunstructian of Two-Particle States.

— e — - =

l. It is obv1ﬂus how tu form the direct product, mnnantum—apaﬁa two particle
state. It is this:

- . —_ - & i‘\mh' -ELP. +‘. 3.\\"‘-") .® 1'5'“!.-?17, 3‘:1_-%;?- — - [,

——

The prnblem is that this state is not vegj ihteras%iné. By - this I mean that this

stata is an eigenstate of P with alganvalua (p1+p2} and that is all. It is nut

e e -

an eigengtate of S or L or J or anycomblnation of these.

—— e

2 HcKnrrelll'a fxrat step is th1s* consider the above state in the cms frama
with partlcle 1 gu:ng in thﬂ plua 2. Then combinﬁ theaa states with Glahsch‘
to get elgenstatea of total spin operatuf. So:

\Bswy = iL O (a3 mmem) | i oo L

- — ——

We now have states which are a;genstaies of 52, 33, and P. Under S-rﬂtatinn, this
state dees just what you would think,

3. Haxt, £h£ﬂ$ z-states are Lnrntatéﬁ, and weighted with spherical ha;moniﬂa and
integrated all round ‘This results in stdtes which are eigenstates of Lzand L3

2 e e e e s ae

and 8 and 8, . A very standard oparationJ il you congider the action of a
full J rotation on these states f1133ﬂ3j1 Fou £ind that “the tuu pieces rotate

- e — —_—

1ndapandentlr. Thies ise hecausa L and S iammute.

- = - - =

4. Pinally, the L and S are combimed 1 witl}_another round of Clebshes so that you

end up Hlth ﬂtates that diagﬂnﬁl1e all thase operaturs. J,L.S P . Also J3
ThlB last state "looks like" a Blngla particle of ap1n J and mass H, and it
rotates under J accordlngly. Then you can boost it out with L(p} just as you
do for a single particla "state. In this last step you can do either the

halicit} or canonical tyﬁe-hoost. T
A . .
. —— ! _ .
5« Bemark: in atomic physics of a twe-elgcirom atom, the above procedure would

R

be called L-§ ¢0upl1ng. The difference hqre is that there is anly one crhltal

-

angular mamentun, not two, because there are only two part;clas not three.
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e —. McKerrell ~ _  On Transformztions nf .

—_——— - mr  memm e — = -

1. These comments are in regard t5 M's e“qu'a‘ﬁ‘iun (3.16) which-is an application - Siae
— ot sarlier equation—(2.9) in-a ‘more-comgzlicat.edt way. -Equation -{(2.9) is-a--- - —
- - statement -about how-the-momentum ~operat.o;'"transfnrms_1mdan LT. However,. I
- -think-we could-consider this. to be the t;*ansﬁcrmat-iﬂn_,pmpeﬂ}r of any L—-vector
- - - -operator. Let A" be such a four-vector operator, maybe the momentum of some
_particle. Then we know seVveral things, fﬁnr example:

—— - - e W e s - - -

CRL= K= A° FORTL = (LAY
Since we-can-define the action of L-L ..: )L on .any power of any component of __ _
- a wvector operator A, we can extend the definition to operator-valued fun ctions
_of A. These functions need not be Loreﬂt.z scalars or an:,r-t.hing like that.
Moreover, we can extend the J.daa to more than one four-vectur operator.

e [SS—

Thuss

_____ . H_;Q;-:\;(Pz‘.;_%fﬁl; = Fﬁi“o% l"‘q&%_) ?(,fi_,?.\._)

Ifwe happerided to know-that F(4,B)-was a Lorentz invariant, then in addition -
- - -- we-would-have-F{4;B) = R{A',B").
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Crossing Relations for Helicity Amplitudes®
T. L. Teuenmax axo G. C. ":Tflt.'x

Brovkharen Naolional Laborciony, Uplen, New York

Croesing rolations for helieity amplitudes for particles of arbitrary spin are
lormmulated without recourss to the intreduction of sealar amplitodes, The
bazie assumplivn is that the amplitedes are simply related by analytic eons
tinuation; the path of eontinuativn i carefully spesified. The relations are
given a simple geometrical interpretation, The relation between =N — £V
and == — N¥ obtained in this way agrees with that obtained by direet elimine-
tist of sealar smplitudes,

. I INTRODUCTION
L —_—

The most common applications of erossing relations involve particles of spin 0
or at maost 14, The customary Dirac formalism allows one to express the reaction

amplitude in terms of so-called scalar amplitudes (“A* and “B* in the case of

w- N seattering) and the crossing-relation then simply states that analytic

continuation of & sealar amplitnde from the physical region of a channel to that

T T M eroSed  ehitnne] Fields the tcorfsponding sealar amplituda in the erossed

«hannel. The introduetion of zealer amplitudes is not' o simple matter in the

" genernl ease, so that it would be technically advantageous' to formulate the

crossing relations in terms of some other amplitudes, which are more casily
generalized, for example helicity amplitudes (1, 2). )

A ervesing relation for helicity amplitudes for a simple ease, suel as =N seat-
tering versus N5 annihilation into two pions, ean, of course, be obtained in-
directiy by elimination of the sealar amplitudes A and B from the equations
conneeting A and B to the helisity amplitudes Py, and Gy, for the two erossed
reactions. But the relation obtained is not very transparent at fivst sight. How
can it be peneralized ® .

Hecently we arived at a very simple geometrical interpretation of these
refations, which suggests an obvious peneralization. Essentially the same interpng-

erer o tation has been arrived at independently and apparently sdmewhat earlier by

-

oS AL S, Mavinoy and V. 1. Roginskii (8) and by Ya. A. Smorodinsky (4. The
i results of these authors, however, are only similar to but not identical with ours.
' * Work performed under the suspices of the U, 8. Atomic Energy Cominission.
''We are indebted to Prof. M. Geldberger for repentediy drawing our attontion to this
question,
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v . o wot geem to agree with
i formulas derived by these authors o :
I;Inﬁrlﬁ:lnl?r;: I;yuﬂ elementary “indiveet” methed for rN_smttenll_lE-ﬁﬂ‘:i
:::uﬁ. therefore be incorrect. We believe I.h:\_t, th_is is dm-_ to certmn:cé:ir-i::;dui“
arizging from analytie coutinuntion, WI:‘I..FhTuﬂmt;‘.hmrL; fﬂﬂx e e
i Y i
it the above-mentioned papers. We hopo, Therriore,

Fq:lll;rrk:iwillimntribum to the further elucidation of this problen. J

I1. AN EXNAMPLE: v SCATTERING , )
Let us frst briefly reeall the results _af the ealeulation vin the sealar amph
tudes. The =i scatbering amplitade s gl‘w‘u by
al{p:) Tu(p) i
T = —A + Y iy (m + g2 B _
that the usual B is replaced by B/u. The

. ate
then obtained by an &ppropn
eity itudes Gy and Ge oo S O & is seetion wee
hehF“-} ?':Lpilg?mc s;:.i:-ms w{p) nmd u('m}. Ihe Form;ln.: ::;’ ]t_:jlq,!im{:;;} ry
choica 0 . mnverrt-'lﬂﬂﬂ ol rel. 1. ot that EEFL}I g ; I..“ " iole 2.
’ o ﬂmtu.e e (e w=h1 10 the definition of the helictty :stl.u.m or cle -
there 18 ¢ x (=) ol nnd fingl state = 14 f

The notation s standard (8], except

L : ion in both the initd A ) - .
In the fﬂ]lﬂfmg Equnthlﬂ“;u::rp;:\:‘:ﬂed, One has, ignoring an irrelevant OVEE oy Sas VhL
“partic'i-l.‘- 2," w0 that ;ﬁ,}m.jﬂ
ail phase {actor, . CfaN (e g (2) P
—_— .(ﬁ)—(a _F.E.;i‘.ﬁu.ba.1 e SAEZ Tl 2l b e .
Gae = 2034 5 147 mg e
= . . - (4 " and
. bere £ and 6 are €0, momentum and mﬁuﬂﬂﬁ ﬂ:‘impi::i;eﬁ!’- %‘or the
where rwies of nucleon & t, u (or 5) and related

2 2y 12 . ens .
w = (p' + K} arcc lstam variables & !
relation of these variables 1o ;Ttﬁzn;::ﬂrs of W. R, Frazer and J. R. Fulco (8).

notations we refer the reader

- hhreviation M E
With the abbrevid ¢ {m+p}’][5~".'“‘"““ (3)
wehwre ¢ = Syas s (8/2) = (-8 ()

oy - el ®)

= (S 4+ )8 = [(m :
iy {Tﬂ}’ {*)f (45)'™ we=1{(2— w4 uh) /(487 (6)
e=(s+m — & d

. : % the s-channel (vN
o in the physical region for . 1efi-
These m!m“huiram mmhﬂﬁl:ﬂ.m roots in (‘i}—{ﬁ‘? are all p@h:e[::; 1{1_1;
""‘"""““}‘“’ai“min’:ﬁ’ (xx —» NI) the helicity amplitudes are give :
nition. I
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T
. . - _ i
Foe = =(p/m)d + (a/u) cosd B,  Fo = (Eg/my) tosf B (7
where:

P= (M=) = (34 =" cosf = (s — u)fipy, (8)

and the functions A(s, ), B(s, {) in the t-channgl region are analytic continy.
ations of the corresponding functions in the s-channel region. In these ciquntions,
the nueleon in the final state is taken as “particle 2. If A and B have the king
of singularities that are postulated in the Mandelstam representation, U
analytic continuation has to go from a point, say, s = g 4+ te, b = I — e, whems
e i infinitesinial and positive, & > (b p) ol o< 0, s < (m — * )V toa
point 8 = g — e, £ = {r + 4e whero s, < 0 and sy > (m° — o) In these
equations the variable ¥ is, of course, wrs 2w’ 4 p') — 3 — L IF we assume,
for the sake of simplicity, that u stays real along the trojectory, thon in order b
reverse the sign of the imaginary parts of s and ¢, the trujectory must go througl?
d point of the real =, f-plane, If this is the only real peint of the trajectory, and
if the real point lies within the triangle defined by the inequalities:

s<(m4 ), w<(mA4u), <ad (9) ¢ ' "
" —ny ex—+ NN (drown for o=
then we will have insured that the endpoint is still on the “Brst gheet” where Fio. 1. The'n, ¢ plane for x¥ — =X and )
A and B are given by the Mandelstam formulae and have the corret vilues for .. Wl B from (2} and (7), obtaining .
the l-channel. S s ame o o 4 e~ valuesinto Eq..(2), e may eliminate 4 and B from (2) m P i wlit
T T ST ThE Wt ol A and "B in ET (%) Rave cortain singularitios {branh, Gay = (21/8)lmg sin 8F 4 + E(p — g cos O)F )y (i
singularities), namely, as can be seen from Eqs. (3)~(6), ats = 0, 5 = (m = p)?, * . cos 0)F 4o — i 8in 6F 4,
F= 0, and su = (m" — ;)Y The trajeetory should, of course, avoid these singu- G = (2/8)|E(p — ¢ *

it is irrelevant which of the two determinutions

larities. We may assume that the imaginary part of of —¢) remaing small through- o o he e the w0 squations”

out 50 that the trajectory may be specified for our purposes by drawing a line in f(3) is used

. e . far the square root o { o
the &, i-plane, indicating hy o cross the point where the trajectory crosses the . to verily the identity
real s, [ plane. The lives su = (' — %)% § = (m — p) and ¢ = 0 divide the Tt 3s easy in 8 + E'(p — geos 0)° = us
triangle (0) into five pinces, see Fig, 1, and deponding on where the crossing- (mg sin 6). + LA . trix between
point lies, one will get different determinntions of the coefficients in E. {2) at the ¢ from the uninteresting fnctor 5, the transf un_mt.mn o bing of
fireal posinl in the fchaml, Sinee an wver-all ehange in sign of oy and Oy s 50 that, a o litudes iz an orthogonal mateix. Eut the moa

; e N A . { helicity amp
wmimporlant, we hove to distingnish only two e if Lhe crimsing point lies i 'I'.IlF two sols 0 nelict immediately apparent, .
within the lyvperbolie AP lE.]:mlted by i = 0and su = (w® = w3, then U) this Wﬂmlmum;.:;mu::‘: weature of the traefornmtion we are, however,
$he final values of cos (6,/2) wud s sin (6,/2) ave pure imaginary and of the Owing to the orthogs

i i {, in the form
. 'ri . {11}, disregarding the factor ¢, n & ,
same sign. In all other cases, they are pure imaginary and of opposite sign, Thus tempted to write Eq. (11}, disrega G = cosxF,q —sinxFfe (11

where, s pointed out before,

(12)

if we adopt the first allernative, we have G4y = ginxFys + cos xF—,
cos (0,/2) = —2ipgsin /8, s gin (6./2) = 24B/8, {10} P where x is determined by +0 tho alternative
1 OWEVEF, e
where 2& = ' is the total encrgy in the e.m. system. The minus sign in the * The opposite sign for 5 In the Lwo equations correspomds, b
expression for eog (8.,/2) is explained in the Appendix, After introducing thess choica of the crossing pointl
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tan ¥ = - '} ﬂi—u ?_
Eip — g)eost’ (1%

In order to interpret this formula, we must re-axaming carefully the process of
analytic continuation.

IIT. GEGMETRICAL INTERPRETATION

Iu the customary presentaticn of the erossing relations one rewrites the cone
servation low for wf sealtering

ntm=pt+m {14)

in the form

h—@=—pm+m {15)

and reinterprets —gy and —py as initinl four-momentam of o pion and final four-
momentum of an antinucleon respectively. It is clear that in this interpretation
the values of the four-momenta are nat the sane in Bqs. (14) and (15), sinen g |
and py are positive timelike in Fq. (14) and negative timelike in Eq. (13). In

OMERY.  fact, the values of Eq. {14) correspond to the initial point of the trajectory of

Fig. 1, these of (15) to the final point. Moreover one soes that also the values of
o and p: have to vary along the trajectory since
L L -u.n.-=-{:q]-.-—-pfa3 -

-cannot remain eonstant. However, this variation of g, and ps is often disregarded,

- () =

" since in the end the two four-vectors revert to the real positive timelike mass

shell. In fact, if the initial point of the trajectory of Fig, 1 lies in the u < 0
part of tho physical region, we may indeed assume that the final values of i amd
paave identical with the initia] pnes, Hencelorward we shall make this assumption
for simplicity,

Thus in the latter ease indieating by
end of the trajectory, we may write

primes the values of g , --- ete. at the

i
i =, 'P!:_—'.'PI- '?l"='_Q!:| 'ﬂ:‘=—Pj; {17)
where Q= are the plon momenta in the initial state, and p are the nucleon
and antinueleon momenta jn the final state of the remction in the {-channel Tt
ghoiild be noted that Py and €, must be different from p, und g in Eq. (14). In
this respect the usual notation i= apt to Iead to confusion.

We may clearly assume that at every stage of the anslytie eontinuation the
veetors pu, Pz, G, Q¢ {whether real or complex) lic in the 22 plane, sinee this
gives us aufticient freedom to vary s and ¢ at will, This assumplion avoids phase

o L r—————.
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Fie. 2. Velooity sproe diagram. The pnds of the segments gy and g r:pmul_tt. the \"c-!mﬁtj'
puints of pr and g ; X represents the wolueity puint of the e, of poand g ;008 an arhit rary
peoint. The arrows indicate the direations in which the spin crmponenls are mens ured.

& . 5 ] it
factors connected with the azimuthal varizble ¢,° and furthermore 1 :1::::;

that the y axis is not afected in any of the Lorentz trasformations w
pneounter in the following discussion.

Let us now introduee, in addition te th_a customary
go-fur employed, the notion of neralized”” hphn} itud:
by whieh we mean matrix clements of the seattering matrix { €
states satisfving condition (14} but not subjoct to the e condition: p +q "‘ 0.
The phases of ‘the bucleon helicity states are defined by Eq. {0) of (1), with
é.= 0 and @ unrestricted, The discontinuity at the ”Emul]‘;"pq]c c:u.e.g:mnt:
I i i 3 = 7 iz mimply (—1)" times the
ble since the state obtained with 8 = 13 simpi ,

?ﬁr:::; § = —m, independent of the helicity. Lot § be the veloeity of the center of

e e
TNASS

helicity amplitudes Gal#, 1)
amplitudes Galp=j: : P
tween helicity

= (p + @)f{a+ wy ) (18)

“hEIE | {i Fi :l » 1 {“ E qu ILI.- ! » H-I.'I.d dEIiGtﬂ h:! j.ﬂ th& I.rﬂlﬂl!.t!: trais
= S0 il
o mn tuhﬁ Z: [3] L :] Whlﬂh L!EI.II.SfGImS hhe cam, to reﬂt-, thiat
fﬂm ] { I H }
- ! = ﬂ']ll.‘.]ﬁ i 18 Al [ﬂhlﬂj h'tat»e mt]ﬂiy Ellﬁ .M. EDI:H:]LI.!DII.
P s T Iﬂ?i ¥ T -

Then aceording to the transformation law of helicity state

el Pl.n}\} = ? Ll ; 1) I Pl}"}
to o rotation about the y-axis.
. . S
s s dteated o the dingram in veloeity space; ste Tlg..:..
e e nding tnfpl and g, , the diagram has 2 point

representing the velosity of the cm. (a urn:;} and a Tg_i“t:prfir::?;m%}ﬂ:ﬁ
eloel i i ich the momenta ar .

wloeity of the arbitrary system, in whic : . : :
1'1.&1 (g}uanrl‘:he Lorents iuvaria:nce of the T-matrix one easily derives the con

nection
Pf=

(19)

where [7 is & spin-rotation matrix correaponding

The rotation angle i
“Pesides the veloeity poinls correap

ref, I.

la "
1 Bop, for exnmple, ref. 8, eapecially the Appendix.

+ 8pe, for example,

Ymem 4} o
asst jowa 41
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=8¢ Pun(Py) = 20(P?) " (Py) - ()

Ol ) = 2 UnlB'; p2)Crre(pets ; ) Una(pr ; lg)., (20)

A ssqﬂlnr formula holds for an arbitrary Lorents transformation I, except that

in this case we would hafd on the left-hand side again & generalized amplitude

Im;\-'thg values I™py, -« ete. of the [our-momenta, P

o ”e may-ferform the ﬂ.llﬂ.]:jl'tir.' continuations of G (s, f) by continuing each

mkﬂmfth.me ]fn.c&um on the right hand side of Eq. (20). Let us assume, for the
ot simplieity, that the values (17) at the oud j i

c.m. condition for the crossed mnctingn € o he trajectory satisty tho

L+ Q=P +4p =0 (21}

It then turns out that the end-value of the

s APl ) i) coiucides up to a phase Tactor (soe
amphinde M lor the crossed reaction. Sueh g relationship i

. nship has in fact bee -

Jectured Ty other authors {3, 7) with the difference that bere, contiary t:tﬁl':]n?r

::,,T“I,Ea' the hf_-l_mtty does not change sign in the crossing process, Finally, the gpin

otution matrices U, or rather their analviie conti i i is -

2 0 K nuation,
nrtlm;,rr:-rm] transformation Iy (1 1}, 25 has also been pointod :Jugt.nl;i' ?:: ﬂw o
dinsky (5) and by Maringy end Roginskii () e
Let us first examing the behavior of ali i
82 the gencralized amplitude ¢ :
We can do this in two ways. To begin with, we mayv sny that 7 is giv;fﬁml:;qp'?ljj

when tl i “helici i
e SpInors are choson to he heligity-spinors" () and um). This___

means thut,_fur_mmp!c._ui,pf} must satisly | iti 1t
SCans Lha ¥, iraddition o 1) i i
{l'rm + m)ulp) = Dalsoa helicity mmlit.injrf‘ e Diras Cquation

Spm(m) = 20(p") Pun,) (22)

-

where A = 14,

mﬁ:;:ﬁ:i.::ﬂtllﬁvniu :ufdnTﬂF n.}smrnmy Assumption that there is no problem in
niing T L, B4 (1) along a path such oy that i
;::H?:_l:"”lfm:“:?-u to the behavior of the helicity spinaps Sing: ft‘:gl:n'&c:::::h:;h
wiiLive L., pa real} mass ghell in the e d, it is n .
it . b nd, it

) ::-rml._-r B el anelanged in Lhe [aresecss, 'TIJIe m:: ::Fu;.h:z:jniilh s
t;”lhc :~|.|;1] ::II thio process, wowill, of eourae, beeome g nmgj-.-]n 18 more ﬂ"m
l.r{‘ L) atislying a Dime ciuation (fpfy — mw(l) = 0 If wi M A
D::'" that along the trajectory p," never becomes zero, then ain::S Eu:‘mc 21.;““':-
always aatisfied hy analytia continuation, it follows !.];at he by
salisly . the final o{#) muse

* Equation (22) dues not, of evurse, determing the phase and normalization of u,( ]
ua(pi).

“"L' agEEamg t]“ll- e ]II.“.E'F BLE 'I!’ﬂ ] meling to tlhn ennvention nimed al
L I meeord -+ on X Hive when
L. Th th | " f .
12 real. oy are o0 determ med ar t]iﬂ UIIWT “ﬂluﬂ br I-!'II-I:- ti ﬂﬂllﬂﬂ“ﬂ”ﬁﬂ

]

il o il i | e
m, = St mgy e -

where the sign of the square-root on the right hand side is determined une
ambiguously by eontinuity along the path. As we shall seo prosently, the sign of
the square-root is determined to be positive, whereupon it follows that the
antinucleon state desoribed hy u, has helicity +3, as one can see immedintely by
examining the charge-conjugate spinor €% (or by the more clementary hole-
theory argument: o missing particle of spin — X in the Py-direction correspomds to
an antiparticle of &pin +A in the same direetion). Thus the helicity dors nol
change gign in the analyvtie continuaticn.
The erux of the argument, it will be seen, is the behavior of the spamroot
of P,". This iz not trivial, since the veolor Py beeomes complex along the path.
Let, however, & be the timo component of g, at any point of the trjeetory ao

that (P,%)"" is the cud value of
{“I —_ HI=J'”’.

The whole question hinges on the path of the representative poink for & in the
complex e-plane, Tig. 3. Now assume lor simplicity lJmtl i oand pa are cxaetly
real at the endpoint. For the initial value of g, we write Jiﬁﬂ‘ﬂd_"ﬁ't + i where
g and gare real, and n = (5o, n} is infinitesimal. T]ufa peo=moand pyon = ﬁ
Caleulating in the e.m. eystem for pr + @, i, assaming pr = —qu, the eodi-
tion for & = (p + #p + @) to have o positive imaginary part is

- 0 < aog = non — netly = oy + 0oy = mlen F &)

(23}

This implies #e > 0, i.e., the initial value of & i5 & + 10 ; it has & small posifive
imaging rt. - .
Sﬁxilﬂyﬁe_mndﬂinu that £ = (p — pa)° hes o small positive imaginary p.:.l.rt.
at the endpoint of the trajectory implies that the cn{l-v_:flue of & has o m:gntwe
imaginary part. Thus the endpoints are as indicated 1|:.:ﬂz,_§, and the remaining
question is whether the e-trajeetory cuts the real axis bptween —m a::ud_ +m
{as indicated in the figure) or not, If it does, the enid-val e of {23) is positive,
as we have assumed. MNow this can certainly be arranged, [if we assume that the
iime components of the four-veclors py and g are eve -.-.:hnfm_cumplex _nlnng
the trajectory cxeept at the crossing point, Bince the lattg is inside the triangle

E; -PLANE

— L

Fis. 3. The complex «-plane

Koo contimus masioaall:

n e ——— S —
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A summary of Helicitx State Information,

L
(Note: all this stuff is contained in the bbok of Martin and Spearmen)

1.
2,
3.
4

5.

¢
The siggle particle helicity eigenstate is defined simply and clearly in (3.50).
Then the CMS partner state is defined in (3.58) with the Jacob Wick phase choice,
The direct product of these states is called /p00...)
The connection between the angle representation ‘and the JM representation
is given in.(3.71); the inverse in (3.72).
At this point, the full store of data about the rotation matrices and their
symmetry properties must be assimilated. Cannot do without,

The techniqe for extracting the momentum !:lepmdence and getting to the states
within the little Hilbert space is shown in (3.85). Thus, (3.87 and 3.88),

The action of an arbitrary transformation. (within the RIHL group) on the

two particle J.H rép state is shown in (3.@3).

The action of the parity operator with standard phase 1 on the single particle
state and its upsidedown partnér is shown'in (5,22 and 5.23). The effect on the
two particle JM state is shown in (5.23).‘ The' symmetry properties of the
helicity amplitudes which result if the Stmatrix is parity conserving are then
displayed in (5.35) and (5.37) for zero agimuth. Essentially, you pick up a

a phase and all tlie helicities change their signs.

The action of time reversal on the single 'particle state and its partner is
shown in (5.40) and (5.41). Similar to the effect of parity but a different phase
and the helicity does not change sign as it does in the parity case, The effect
of T on the two particle JM state is shown in (5.47). You get & phase and M
changes sign (the helicities are, the same). The symmetry properties of the
helicity, amplitudes that result if T is an invariance are shown in (5.50) and
(5.51) for zero azimuth, the discussion h',ere is slightly compjicated- by the
fact that T is antiunitary, but nothing topfancy, The resulting symmetry is

& phase and an interchange of'thé initial and final helicities (but no change
in any signs). ‘

10. Then we move to chapter 7 on crossing, Th¢ generalized helicity amplitudes, not

Just in the cms frame, are defined in (7.13). Then the crossing claim is made
in equation (7.14) which shows that the helicities stick right with their
particles, no sign changes. Finally, you Have to to scme transforming to get
from one ems frame to the other. The end xl'esult’iq stated in (7.46). Then some

simple examples are given.
. !

[
i
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. Crossing Relations for the Yelicity :aqul.*Ltn.u:l.e;u=

2,
O
W s
e
7
8.

9.

Show how the single particle state is ‘generated from particle at rest,

Show how simply this one particle helicity, ,amplitude behaves under rotations.
Pose the question of what this amplitude might do under a boost B,

State that the coefficients-dre simply rntz&tim matrices for a special rotation, Wigner,
Explain what the Wigner rotation 415 in terl:;s of the other stuff, Amazing.

Conclude that this helieity stateé transforms trivially under R's and B's,

Do simple direct product to show behavior ¢f a two particle state, not nec., cms,

Show how a helicity amplitude transforms under a boost.. Theré are four D's,

Restrict to y=0 plane so D replaced with d.;

10,

11,

12.

Write out arbitrary transformation for (s) and (t) channel amplitudes. Emphasize how
different the various parametérs of- the d's.are because all sorts of helicities
and momenta got switched around.

In fact, write out in entirety the s and tf channel helicity amplitudes using p and q.
Now make the amazing claim that, if you do the right thing, the d's are exactly

the same!!! Therefore the helicity amplitudes are-exactly equal, This is the
generalized statement of crossing,

Remark that these two equal amplitudes must necessarily be in different reference
frames. Show with picture of particles and momehta arrows, Frames aré say SO
for the t channel and S1 ‘for the s, whereiSO happens to -be a emsframe,

5
Write a i transform rtala‘t‘..:i.ug'fgr cms to# in, frame S1,
*x
Replace ;ﬁsamp in 51 with 4 amp in.SO,
Thus, we have final relation. between s channel cms helamps and t channel cms helamps.

Just a technical detail: to find the Wigner angles in terms of sbhblibb the various
momenta.

Go back to claim 12, that the d's are exactly the same, In trying to show this,
you have to deal with a boost by a negatife L-momentum, What does that mean???

1 i
The elements in the boost matrix depend on p°® and /p/. We know that p® is going
to change sign, but we cannot say whether ér not. ;"'pf changes sign., Show why. Thus
there is ‘ambiguity in the matrix. Track it'down!

Show how /p/ depends on E and draw E pla.ne;wit.h cits, Show that whether or not the
sign changes depends on whether or'not you go onté the other sheet., If you snake
between the cuts, you get the result I gave ahove. If you have a massless particle
cannot do this; but masslesses only have twyo helicity states anyway, easy to deal
with, If you cut through cut, 21l that happens is a sign change on the crossed
helicities, )

|
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4 July 15,1977

Stapp Trieste: Part I: Analytic S-Matrix Framework

,. 1, Introduction. The idea is to extend Mandelstam analyticity to multipdrticle
amplitudes. What happens to crossing if you jhave no "fields" * I n S-matrix theory,

started by Heisenberg in 1947, all particles stay on their mass sheids, another
point of difference with field theory. '

2. Basic Quantum Principles and Fundamental Observables.

A. Postulates of quantum Theory. There are_probabilities which ddd to:one, and a prob
is some emplitude squared, plus_superselection. Theorem then follows: the s-matrix
which related experimental amplitudes is unitar¥, details in appendix.

Heriry wants to_avoid coneept of Hilbert Space with bras and kebts. He thinks it
is better to Bocus on the functions themselves and not get sidetracked into mathmatics
of operators in some space et¢, especially from the analytic point of view.

B. Fundamental Observables. This section makes no sense to me. I think it is about
density matrices and projection operators for the spin.

C. The covariant spin operators and M=functicns. Complex (A,B) lorentz transformations
are mentioned. A few spinor fact.szare mentioned. The spin sum of a projection operator
is identified with the thing G = L™ which raiees or lowers spinor indices.

The S-functions are in canonical basis, as T see it, and the M-functions are

in spinor basis, so you need some G-functions in the new unitarity egquation, 2.53.

3. Lorentw Invariance. As usual, Henry starts with the probablilities, but finally
ends up with Lorentz transformation peoperty of the M-functiéns. A certain phase is
. set td oneé, a 1d Wigner. Things are not too|specific in this transformation law.

I
ar Momentum. Somehow spin is interpreted ‘and treated as a four
vector like reguldr momentum. Spin is much harder to conceptuzlize when you are now
outside the bra/ket state framework. You have #lo do more work and say more words, and
still the ideas are not really cleéar. :
i
5. Energy meomentum conservation. Big deal. 1

é. The decomposition principle and bubble didgrams. Gives cluster decomposition and
allows a phase for each term. If you keep particles in same order, then all ﬂ‘;ﬁes
are one.! When you put the CD into unitarity, you get "bubble diagrams". But ¥
a rolum of plus bubbles and a column of minus bubbles. More ganerally, you can define
a huge any number of columns bubble diagram.

When you set each bubble to a constant, you get a “generalized phase space
integral". These things are identified with "Landau diagrams", ie, you contract
each bubble to a point.

i
. The analyticit stulate, This postulate says: themmng_m
for the sm—lﬂguiarities generated by singularity. The idea is to define by iteration of
the unitarity equations the maximal set of singularities. All singularities come from
the phase space factors. Perhaps you can ex{end analyticity to other sheets (unstable

particles ) or to infinity (polynomial groutll'x bound) ,Sea. syp E.

end of body of test, start of appendices for'part I.

. Appendix A: proof that S is unitary, 1
Appendix B: proof of relation between spin ii@dices and rotations.

]



Appendix C: Identities of Spinor Formalism. Things are very different from my formalism.
First, H talks about a complex (A,B) LT acting on spinors, he seems to show (%,%)

rep in C.3, Also, notice that dotted's have the transformation matrix following,
undotted's proceeding., The metric spinor is cdlled C, and he uses C = — my G. His
C lowers dn the left, mine ,owers on the right, etc. Finally, H constructs the
higher matrices by clebsh induction, gets a general metric spinor.

Appendix D: Derivation of Lorentz transformation.rule from physical Lorentz invariance .

Appendix .E: Singular:i:t.iEE _E_ethErat:ed by Uniterity and the Physical Sheet, Here at last
1s a clear statement of :the “idea of bubble diagrams. Your first draw unitarity with
only two cobumms of bubbles, you then contract .. t.rell, you then allow this bubble
structure on the right to be inside one of the bubbles on the left. Then you itedrate
that structure back into the right side, etc etc until you get 2ll possible bubble
diagrams with any number of columns (but ordered in a certain way). _ Then you contract
bubbles to a point and you 'see your phases space diagrams which are Landay diagrams.
The Landau positive abpha thing is 'just .a way to say where these @. ase space diagrams
have singularities.

Theén the cléim is this: these singularities are précisely the same ones which
appear in_perturbation theorg. Some of the problems associated with this singulariti'
generating propram are: you need .HA to get disc formulas from ari as;
you need extended U to get onto other sheets; there .are some dangerous polnts to

worry sbout.
But the idea is plain as can be.

.end of Part I.
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Stapp Trieste. Part II: Antiparticles in S-matrix Theorg.

1. Introduction. How are you going to show the existence of antiparticles without

using fields? In 1962 plan was given by_Gunson, then reworked by Olive in 1964, then
further by Stapp (unpub). This section contains Stapp's work on the subject. Olives
work is generalized.

2. PolawFactcrization Theorem, This is a ke¥ step in the proof of existence of anti-

patticles. Lets agree tq_gg_gmg[j} cluster decnmpusltion and unltarlty.fé)_yuu have

analyticity near Pen® Singularitiesx anrmanifold K = but which lie on none

of the other singularity surfaces go with Landau pole graphs{:j}ths +ie rule.

In fancy bex notation, Henry shows héu to draw all unitarity terms containing
the pole on the diagonal, see (2.4). Actually, these are terms containing the delta
function, not the pole. At this point I loge the argument and do not now wish to
pursue it. The arguement roughly says, as I have said before: assume a certain pole
form, then whow that it worke. Then show that no other form works.

The main result is that, given the assumpticns noted above, particle implies

pole and pole implies particle. Then the ﬁntiparticla pele will imply existence of
actual live antiparticle. i

i
3. Crossing and Antiparticles. Long piece on path continuations to show how you get

from one pole diagram to the other. Notice that the little symbol —® is not used.
A major asmumption here isithat the only Landau diagrams (from general bubble diagrams)

which can yield singularities as k2=m2 are the obvious ones which have a "key bubble"
which divides the disgram into two parts. Tﬁeﬂ somehow you can do continuations on the
two sides separately (vague notion to me now) I think this argument was brought into
guestion byb Branson later, and finally re-rgsolved by Stapp in positive-alpha

language in the 1968 paper.

Once you continue to the positition of the antiparticle pole, you have to shéw
it is really there. If you can continue by &n uninterrupted path, then it must be
bhere due to persistence of a pole in analyt#c function (again, vague to me). If you
had to jump across some cuts, not obvious any more.

L. Discussion of the assumptions. Considerslposaibllty of a pinch occuring at k2 2

so you path is really blocked. Also, the quéstion of "accidental" Landau singularities
at, k?-m? is rediscussed. I think this was assumption 2 above: there are no accidentals.
In the Haag-Ruelle field theory, these do nm% exist.

[
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ANALYTIC S-MATRIX THEORY

H.P, STAPP®
INTERNATIONAL CENTRE FOR THEORETICAL PHYSICS,
TRIESTE, ITALY

PART |

THE ANALYTIC 5-MATRIX FRAMEWORK

1. INTRODUCTION

Analytic 5-Matrix theory is an attempt to provide a theoretical basis
for Mandelstam-type calculations that will allow them to be extended to
general cases and used as the basic tool of a general dynamical theory of
elementary particles. As is well known, Mandelstam's formulas not only
reproduce, when solved by iteration, the appropriate terms of the per-
turbation expansion, in automatically renormalized form [1], but also give
the basis of the most practically-successful, non-perturbative, dynamical
calculations [2]. However, they are based on an analyticity assumption for
two-particle scattering amplitudes that far transcends what has been proved
on the basis of [ield theoretic principles. Since these principles themselves

~ "have lttfe experimental basis, whilé e’ Mandelstant calvnlations appear: =
successful, the idea naturally presents itselfl of extending Mandelstam's
analyticity assumption in a precise way to multi-particle scattering ampli-
tudes, and adopting it as a basic postulate of an alternative dynamical
theory. This should permit Mandelstam-type calculations to be developed
in a systematic and rigorous way from general principles that can be judged
on the basis of their consistency, practicability, and apparent success.

That field theoretic principles are not the most appropriate basis for
Mandelstam calculations is indicated also by the fact that Mandelstam's key
formulas involve not the general Green's functions but only their mass-shell
restrictions, the sical scattering amplitudes. Since Green's functions
are a basic element of field theories, their unimportance in Mandelstam
calculations suggests that the natural setting for these calculations is not
field theory, but rather an _S-matrix theory based, as proposed by

HEISEN BERG_[_LMQ@W&LMMI—*

tudes,

Though in the Mandelstam appraacare needed neither for de-
fining extensions of the scattering functions off the mass-shell (i.e. Green's
functions) nor for carrying causality conditions into analyticity properties,
it is not clear that they can be completely eliminated. For crossing re-
lations play a central role in the theory, and these seem to arise [rom the

intimate connection between particles and their conjugate antiparticles
residing in the fact that both are described by a single local field. _Ii iz not

* parmanent sdresi; Lawrence Radiathon Laboratory, Beckeley, Callf., United States of Ameeles ”



" . H.P. STAPP . ANALYTIC S-MATRIX THEORY . 5

elear that these crossing relations would naturally persist if the field ments is characterized as follows:
elimi hated that experiment E'gives result (R', E'} if the probability that experiment

In order to save crossing one might construct a hybrid theory that = gives a resuli different from (R, E} i ro
. N i =
#otains the parts of field theory invelving asymptotic fields but eliminates t ° withE and E' in C ( ) is ze Then for all (R, E) and (R'E")
the causality eonstraint on the interpolating {or Heisenberg) fields, This

fourse is logically objectionable because the connection between the asymp- , Al @(R', E'; R, E)=0.
atic fields at plus and minus infinity, would be carried by unconstrained
iterpolating fields that serve no other purpose. The particle-antiparticle 1'
onnection would, in effect, be merely a prescription based, ina disguised A2 z #(R', E; R, E) =1
wy, on the rejected locality condition. 7

While the hybrid aEEmacﬂ-is perhaps adequate for practical calculations,
it rould not provide a satislactory basis for proofs of gene ral theorems, A3 There is a set of complex numbers a (R', E'; R, E) such that
rh as CPT -invariance or the connection between spin and statistics, for
Zimposes on the theory artificial constraints that are simply carry-overs #(R', E'; R, E) = IaIH", E': R, E) |'f
fren field theory. Though theorems might be derived within such a [rame-
wrk, the deeper and more pertinent question is whether a satisfactory ‘"E:e”-' the amplitudes a (R, E'; R, E) are linearly related: for any
thory can be obtained without these constraints, and if so whether the E"inC
th wrems would still hold true - a CPT-theorem or a proof of a connéction
i seen spin and statistics has little significance if based on special con- afR' E': . z . e @ -
duons that are not integral and necessary parts of the general theoretical (RY, B 1, E) E.[H—'E i RY, EY) a(R", E"; R, E).

-

dructure,
Stated differently, the question of possibilities of unusual statistics, or

prastatistics, or other pathologies {such as those involved in relativistic
versions of SU(6)) inevitably raises’the question whether the exotic connections
could be accomodated in a more general theoretical framework that would

- still-avcomodate the basic experimental facts. .In oxderto eliminate un- _
nrcessary constraints, and obtain the most general theoretical framework i -
mnsistent with the generally accepted experimental facts, we shall build
upon postulates that are, as far as possible, direct assertions of specific,
testable, experimental relationships. Though this procedure is not as

tlegant or economical as the alternative of building on sweeping general -
The amplitudes a and the transformation matrix 5 are arrays of comple:

postulates referring to abstract entities, it provides a very secure theoreti -
e o and loluminates the experimental basis o { the theoretical numbers depending only on their displayed arguments. Although these two
sets a(R', E': R, E) and 5(R', E'; R, E) are in principle different, they are

gtructure. The concomitant elimination of unnecessary enllﬁen: such as :
structure obvious numerically equal to within a phase factor, which can be set to unity

field operators and vaguum states, gimplifies not only the logic L
but practical calculations as well. by taking the phase of a(R, E; R, E] to be zero for all (R, E}. This can be
done by trivial re-definitions that leave the above postulates unaltered).

To this general S-matrix structure is added a mass-shell analyticity '
postulate. This provides the general theoretical framework of analytic Definition Let E' be in C. Results (R', E') and (R", E'} belong to different
S-matrix theéry. The question of whether this framework entails anti- superselection classes (relative to C) if and only if

particles and crossing relations is discussed in Part I, where it is shown
that these emerge in an unambiguous and welypﬁm;d way.

{Postulates Al and A2 are expressions of the fact that #(R', E'; R, E}
is a probability, Postulate A3 expresses the basic characteristic-of q‘l:ﬂIlT.].l.lI
_theu::y - probabilities are expressed as the squares of absolute values of
amplitudes that are linearly related. This is the superposition principle,

~In it:_'s ‘formulation” given above-the usual -apparatus-of-quantum theory; in-
volving the abstract concepts of Hilbert spaces and operators, and the con-
cept of completeness in terms of eigenvectors of complete sets of commutin,
operators has not been introduced, Rather the essential physical relation-
ships have been stated directly.

PR, E: R, EYPR", E; R, E}=0 (2.1)

. for all (R i
2. BASIC QUANTUM PRINCIPLES AND FUNDAMENTAL all (R, E) with E In C.

OBSERVABLES A4 Forany E'in C and an
4 y set of numbers a(R!, E'
with E in C such that I: ) there ia an (R, E}

A, Quantum theory postulates

R!, Ef) =~ '
Quantum theory deals with correlations between the probabilities of a(R', E') =~ a(R', E'; R, E}, (2.2)
possible results of possible experiments. A class C of complete experi- provided a(R', E') satisfies the (clearly necessary) conditions

\ |
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Spin and Isospin in S-Matrix Theory

Joun R,ETumn

Palmer Physical Laboratoby, Princeton, New Jersey
{Received T July 1965)

]
The Gunson-Olive technique for exploiting physical regioh poles and the unitarity equations to
derive the analytis properties of S-matrix e]eme:ﬁ is applied to particles which belong to isospin
multiplets and to particles with spin, In the form&r:ma it iz shown that, in the framework of S-matrix
theory, crossing symmetry leads to the requirement that particles and antiparticles (ransform ne-
cording to complex conjugate representntions; and it is possible to elarify the origin of the familiar
isnapin crossing matrices. In the case of particles yith spin the construction of appropriate “spiner”
basic states is discussed and the enalytic properties of the correaponding spinor S-matrix elements
or “M-functions” are derived. '

: I INTRODUCTION Until these difficulties can be overcome, the S-

URING the last two years great progress has matrix theory “proofs” of crossing symmetry, ete.,
been made towards the construction of a seli- ¢an only be considered as explanations. (Given, for_
contained theory of the S-matrix based on physically &xample, that crossing symmetry is trye, there is no
realistic postulates. As a result of the work of Gunson' 44 Shion It e Gunson-Olive © e
and Olive,” it appears that the essential ingredients laili el it s fxue,) However, even to have ex-
of such a theory are the following five postulates: * Plained such propertiesisa considerable achievement,
since previously their only justification was their
: : " oceurrence in perturbation theory, And it would seem
(2) The existence of a unitary S-matrix, valuable to extend the Gunson-Olive discussion of
(3) Lorents 1hvariance, !_“-—_"__gghﬂess particles to the case of particles which be-
(4) The decomposition law (or "c_unnect&dness . long to isospin multiplets and to particles with spin.*
_ structure”), elustu dacreporthi The principal aim of this paper, then, is to discuss
(5) Analyticity on the mass-shell. , the S-matrix theory of particles with isospin and—a

Using these postulates the attempt has been made , much more complicated problem—particles with
to prove such familiar properties as crossing sym- - Spin. Because the most recent developments in S-
metry, Hermitian-analyticity, the correspondence . matrix theory are probably not very widely known

n 1 eq exi i- and the notation is not familiar, the next section is

_porticles: gl of which properties E_ppmred as some- dﬁ'ﬂ"ﬂ?’ﬂd EIitU;EI}" to a review of the S-matrix thfljl'j’
what unnatural postulates in previous attempts at a of spinless particles. I first discuss the five postulates
theory of the S-matrix.” ; listed abova st:nd then, having defined the necessary

Unfortunately, the proofs of these properties are » notation, review briefly the relevant parts of the
not completely satisfactory. This is because of their | Gunf_mn"FlHVe: worl. Fn See. I, T am then free to
dependence on a knowledge of the singularities of ' consider 1505pin invariance and its effect on the form
the S-matrix, the complete enumeration of which is  of crossing symmetry. The last two sections are con-
still an unsolved problem. At present all that.is , cerned with the S-matrix theory of particles with
known iz that the exact location of singularities . gpin, More space is given to these sections Because
should not appear explicitly in the postulate of _ of the greater complexity of the topic. With the great
analyticity; rather, this postulate should be formu- ! number of possible labellings of spin states, one

(1) The superposition principle, Wi‘;fm.

lated in such a way that all singularities are derivabla
from the other postulates (in particular, from uni-
tarity and the decomposition law), Thus far no one

must first decide which matrix elements would be
expeeted to have the desired analytic properties.
Accordingly Sce. 1V is devoted entirely to the con-

has shown how this can be done without using the ! struction of the appropriate basic spin states—the

very properties it was hoped to prove (i.e., crossing 4 ‘

symmetry, ete.). :
1. Gunzon, J. Math. Phys. 6, 827 (1065),
1 0, 1. Olive, I’hi.'a. Rew. 135, B745 (1064),
¥ Sae, in partiou

(1962).

P (1063); A, O. B
P 112 {1083); these articles diseuss crosaing symmelry fo o
wr, H. P, Stapp, Phya, Rev, 125, 2139 i ticles with =pin and isoapin, respecively, but buth take the

¢ Many of the techniques used lere to include spin and

y isEpin in the Gunsen—Olive work bve been known For some

time. Bee, in pariicalar, A, O, Burne, Phys Rev. 130, 446
arut and B. C. Ueal, Niowd Cimenin 28,

view that erossing is a fundamentel paginlate,
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182 JOHN R.

so-called spinor states. Then in Sec. V, T discuss the

TAYLOR
]

]
if there are identical particles”). It is also convenient

coor
analytie properties of the corresponding spinor mat- to introduce the n-tuples P = (p,, --- , p.) and arnl
. rix clements (or ‘3 I-functious’"). TF' (£, -, &) and to write the state & as I = (P, T, 1
(No serious ambiguity arises from these two ways [ thut
L S'MATHKP%?QESGF SPINLESS of writing the state K.) pros
: . ) /.4Thc reason for introducing the relatively abstrac i Lor
The first postulate, the su ﬂrposltl?n _prineiple, © 44 unphysical cencept of Hilbert space is that jt ! il t
' specifies the nature of the system of interest long Joes provide the only naturl ox ression of the super- | tran
before and long after mtemctm:ns‘tnk? Piace, The Rosition principle. Many recent papers on S-matrix | tra,
most natural statement of the principle is in terms of “theory® have tried to bypass discussion of the Hilbert *  des,
Hilbert space; namely, that long before and long  space of initial and final states by defining the S- | Lo
after interactions a systom can be deseribed by matrix clements as transition amplitudes (i.e. num- |
“states” alldIFhM t-?iﬂﬁﬁ_ﬁhltﬂ-ﬁ ate found fo corre- bers whose squared moduli are transition proba-
rfmﬂﬂd to LELVES in a Hilbert space wwhich has the follow- bjlities). This procedure fails to settle the important In
Ing propertics: question of how the phase of S-matrix elements ean Lon
(i) The space is composed of orthogoial “super- bp consistently defined—a question which ean only r uni.
selection subspaces” within which any linear be answered using the superposition prineiple. It ! bert
v superposition of vectors representsa physically séemsl t_ulb-c essentinl that this prineiple applies to
| realizable state. both initial and final states [i.e. a superposition of
(i) If  and ¢ are any two realizable stalcs rop- t:,\‘.ro iuit.isll.l {or ﬁ_n:ln.l".:l states in one superselection class 1 for
resented by unit veclors Jg) and [¢), then 5 realisable initial (or final) state] and that the g =
e | ¥)I" is the probability that a system corresponding Hilbert space enter, at least implicitly, . how
known to be in the state ¢ be observed in irf the theory. Indeed, il one examines the only ¢com- tion
the state ¢. plete attempt at formal S-matrix postulates” which the
! (iii) The space is a Fock space spanned by an do not include Hilbert space, one ean casily see that | the .
orthonormal basis of (improper) voctors rep- they contain sufficient information to construct it. repr.
resenting states of definite numbers of parti-  jLh¢ sccond postulate, which defines the S-matrix acl.
cles with definite momenta, The notation .99¢S not in fact have to state that S is unitary. It ° impl
. used here for these states is as follows: states only the experimental observation that there (e} >
The states of a single (spinless) particle Is, & one-to-one correspondence betwoen possible ! ¥l -
are labelled by their four- tum® inytial and final states and that this correspondence e,
. #aw . 5
particle type’ ¢; the two variables p and ¢ SiSUch as to preserve the superposition principle | one
can conveniently be denoted by a single (1e: if initial states ¢ and ¢ lead to final states ¢, and | Vel
label k = (p. 1) : : ¥, then [{e | ¥) = {e. | )|, where Is) -+ are unit |
vector by k) = |p. . These vectors are ¥ Ptura::pmscntmgp . --}._A famous theoremducto
normalized such that © Wigner" ensures that such & correspondence between ' then
o st}ltes (i.e., between rays in the Hilbert space of the prop
@ ¢ p, 1) = p"5(p" — Pléi-. (2.1)  first postulate) can be represented by a correspond- | for i
" _ ce § between vectors in Hilbert space with § | basis
K = (k, ---, k) where k; = (p. &), and the cor- either unitary or antiunitary. That 8 is actually | con
i B [P ] = 1 . =la . i (]
responding state vectors are just tensor products of WHtary follows because the. relationship botween ) (1
onec-particle vectors,
hcll 'I.;lm i'm-.m Brlmnéﬂinn betwenn Enﬁiiﬁﬁ ani Eri'n BM | fonr 2
= |k, -+, k) = Ik s . iRCLL in the S-matrix framewar St ? s
|K) [k, » ko) k) @ ® &}y pa nl;l[ shall I'i:r.- tho nmsl.[EI}.rLﬂ. rlLvI_FhJ these !x'r?mﬁqlmlinll;a I}I_r
: W L . it copsidering anly stntey wil i 1 parlicles. Tn the s —_
(symmetrized according to the appropriste statistics seqtion, hf“,é;é’rl the question of :::;‘Th{'é“u:‘;ﬂzngﬂblg et { .
‘ ) to;be discussed and the normal connection between spin and Lol
A ray ¢ Borresponding tn a veelor _'u’wi is the set ¢ =  gttistics will be assumer, . condi
[# [} where 2 ranges over the whole complex plane. Within Soe, for example, Ref. 3 and P. V. Landsholf, Fhe 5- Ly
any supersoleciion subspace the ravs are in one-lo-one corre-  m iiriz withou! Field Theory, Cambridge preprint, 1064 (Lo i
spondlence with physieally realisable states, and the sama be publighed). 127
labal cun therefore be used for both. {" H. P. Btapp, Studics in the Fowndalions of S-malriz | Iake
1 Tho space component p ranges over the whole of throe- Theary, California preprint UCRL-10343 (10 be mrhlished), ' forn.,
dimengional Euclidean space; the encrgy component pf is of  The construetion mentioned hero has heen described in detall ! 7
‘course rnEh;ndunl. j‘?cinﬁ dﬁ;u]erl by the mnsﬁ-shellll mndlI:L:Im, ] P '1 o q Ere,
# e 4 (p* 4 m¥)), The lalel § runs over all stable particles . P. Wigner, Growp Theory (Aecademic Press Ine., B {fusr
g{ the theary. Yo}lr, 1950, p. 233, o . Maih
' 3 !
. ' I
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1. Rest states differ slightly as follows: Df;i_ o) = (_“}M S s
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« What is the elation?

L

|
aylor i i

1. How are the spinor states related to the Helicity States?

o) = \pmd, DONGY) - .\gsl = [omdy DCRGYY)
ew) = o, DY) T R Y
. How are the spinor states related to the_éggggiggl states?
)= e DO lpl= lamd BOGYY)
t) = e DOLGY'YY) lnd = ol © (LYY
. How do the spinor states_transform under foretnz transformations?
i
Lt ) = A7) DY) L™ = A% o
Utan) = 18p.) D) L) = g OO

. How are the spinor states related to gaghlgghgzg

1) = w) DY) W1 = e D)
\eud= lowm) DOY GO \E“il = ™) DY)
) = &) D (@)
W= o) © (Y @)Y)

R

U= ey femin = \ombe dam|
N w"“\’bﬁf‘m O

y |
RAOW@ = LR . LAgm)y = 13,0 © LRe|.
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6. _Related information: the spinor states are the standard spinor fields, as in appendix
to paper. Other facts are: '
- 1
W = \tmye DTRGYY LY = LG) YLy = LT
-1
M) = RO = LQ)RK) wcel ke = O SRENNGE
{
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. 1. These equations may be f-:::m:l directly in Taylor's paper:
) ) = e DGEH !
A U= WD |
3) Aem] = \ou B(H‘d‘f)i

Taylor really doesnt say much slse. H'e does not use canonical states at all. I
1
must make sure any results I get and use agree with the above three equations.

2. I will start out by conjecturing that these are the correct states:

™) = Ve D] HGES'T ; ] = )y © Tty
\?m) = "-P;‘“jﬂ D [HU-‘}‘;E * \Pﬁl = lem)y B I. “Lﬁq 3

I have copied two from Taylor, and haye guessed the other two from the lowering

. tensor: o [
A = 1¢7) Cam =] WY DG = \tw)

) =16 G+ 11 DG = )

5 2% - Do)

3. Now lets compute how each of these four states transforms under L :

LIFY = MR D (RO = 1agmy, DOw L el D(es”)

= 1%.) D) |
L1t = 1%y D (WY L 'D(Mﬁ‘(-')
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L\tm1-= g -0w O ( HJ’D;)'"'-L'W)) wp)Y)
= Aw D (RO ID (B L))
= W D (uet L)
® = o)
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L) = %) bl SRV (Y
LIt = 1) L] L) = ) DY
Y SPA | PR
}} ! Good, things are as expected. Next, Hh'at. about canonicals?
W)y = &W) LW = \?‘*‘%‘DU’-‘\P\X
® WG = e @ = o) £l
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Vol : hﬂ*(ﬂé ) LA = R(e\ 1(6) = L)




-

Qo V¢ )= e D Lmma] < (e D(LGY)
. 1) = Ve © [ UnTY)
\F’“X= \Fﬂ“)t D [Iﬂﬂ H{S- ’}’1 - "'P"'qc_ D(U-ﬂ \;’)
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i
This means we can deduce all these resjplts from the helieity ocnes by replacing

H with C end replacing H(p) with L(p)i Recall that L(p) = L(p)* but so what.
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Question: when you go to Tg;loera round aﬁd sguare states, what happens to this

idea;  (£/TH/i) = (i/1/f) 2 \

1. In terms of the usual states, this aqnaﬁian simply serves to define the operator .
Once we have so-defined this operator, we éannct redefine it,so we have to check to

see if things come out in a nice way. '
i

2. Checking with Taylor data sheet, here fﬁ what you find to be consistent:
' *
il X My gy i, !
\ T - e

[?T‘\T#\r{"‘) + lTe) *;

]
In other words, when you switch initial and; final states, you must keep the square
with the state in question, the "squareness" 1is a part of the state and must be
moved with the rest of the state. '

=

i
3. The first line quoted in 2 above is trueifor all index combinations. Eg,
i
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Quick comments about spinor conventions.

1. Nobody seems to agree on the exact m&anlng of D(E'Djfg] Among other ppoblems, there

. is no absolute meaning to the order of the indices in the exponent. Usually people ~
just pick their favorite order, and then set m{%fﬂ (g) = g where g.is some "standard"

form of the elements of SL(2,C). I have my own favorite standard form. Nice to

write g = hu and then use stadard forms for hoost h and rotation u. This first object
that everybody defines controls the transformation of the contravaraint( upper index)

first kind or undotted spinors. Everybody agrees thet this is the case.

2. Everybody also seems to agree that the détted contravariant spinors whould
transform at¢cording to the complex conjugata'of however the undotted contravariants
transform. Baded Jehle , Taylor, Barut all agree on this. However, the real question
arises: with what D object should you associate these dot ted contravariant spinors?
We know they go with g* in the s=% case. Eferybody agrees they go with g*. The
quesxtion is with what do you associate your g*:

0= Oy = _D@“}(g Ju' 87
_ t}tﬂt; ! .
¢ (3 ) Joo T

The choice here seems to be this: if you take BJ, then very nice because you associated
the dotted's with the "other" basic rep . But if you tzke T, then you associate
D(s,0) = D{o,s) for rotations, with no factors. I gather this is a nice property to have.
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May 27, 1977
Recall that in the beginning, the operator U(a) representing a Loretnz transformation

called a is a unitary operaton belong to a representation (spin, mass) of the Poincare

group.

Lorentz transformation first, then you translate.

The general 10 parameter representing operator is U(x,a) where you do your

We know this to be true:

e g“‘ s b
LL(?\.,IE lp‘-ﬂ}“ = & - (20) — Dﬁw ( R (N ?\) HL ag ""P?H
-5 § ! .

The representation space of this representaéiun of the Poincare Group is infin ite dimen-

sional because the rep mis unitary and the grnup is non-compact.

The various basis

vectors are labelled by a finite number of spin components and an infinite number of

momenta.

For a fixed 3-momentum, we may regard the space as being of dimension (2s+1).

2. It is in this (2s+1) dimensional subspacé that we can if we want redefine or

reshuffle the basis wvectors.

In this way w? can generate the round and square states .

The roundness or squareness simply tells yﬁg which basis you are hsing. We find:

s’ = €021 0] ‘ﬂ@a)m, )

Here is the point I wish to make: althoggh we _have changed the basis in the (2s41)
rt of the s the operator U(x,a) is still representing an element of a

Group and belongs to a particular (spi méss representation of the Poincare Group.

The operator U(x,a) really has nothing to do with any representations of the Lorentz

Group, even thnugh matrix elements of these representations are appearing.

3.

H<?\l'“”l ?4"“)“ = 'Z‘E'%(.?‘?'\ O e =

Qi Lag,w\ apw"S

(XY m RE3@ep) = DG B(er) = 3!&@5‘ 5 (xag) = <aat)

w would you show th a) 4 j
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So in this way we have verified that the opérat.c-r U(x,a) is in fact unitary. Along the

way we have used the Loretnz invariance of the object (p/p'), the fact that D is a

unitary matrix ,.
{

4. How would we show unitarity in the Roundi basis? In order to @b this we whall have

to involve the square basis. In the square basis we have:

U("& 2) ?]m-l _ —u_; (29 2— Dl‘.“‘j( -I) l'.\‘

iy (a {us\
> adtes - 7021 DT Bl

.

i
Now once again lets werify that U(x,a) is unitary. We have:

' 1
\._h,m\ ?'I-ﬂ") - QETS.,.WI ‘E}(e_ ?15 - (:_fml U:t (%) ub.l\ \Fl ) W QR yTARY
(o)

= éw () -u.*r- {H}i ,Dius‘i _} L D” .(&) T_"h \"F“'r -mm>

e T
QE g(? "'F’) 8#\.‘. HII”
(o ,s‘i oy =) L3

2 Doe @) Do (2) 26 51-0)

y ¥
8’“’".“‘ a“‘E 6 kf‘fl)' i

i

5. Warning: although we usually shorten U(x,2) to U(a), do not forget that this operator
belongs to a representation of the Poincare: group and is always unitary for ,real

particles. 4 l
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Comments on.the toller M-function.

I
1. In the Cozenza PAPER, we find the connectlon between tha Toller M-function
and Stapp 5 thunction. I have several comments to make aboyt this connection.

b - - i - -
i
3 ¥

2. First Stapp s M- function is a function of the momenta, but is usually

regardad as a fUnction of complex mamanta, but each still constrained to mass
shell. Now, normaﬁly ir you define yourLEEgndard moment.a QE ) to be .say (m,0,0 D}
for incomlng particle. say, “then to get & complex momentum you are guing to need
a complex Lorentz transfommation. Thus, if you are gulng to talk about the

Staip function in the cﬂmﬁlex ﬂr‘énalytic sense, then you are really talking
about the Toller M-function in the EEnse'that the a; “are camplex'Lurentz
transformations. Such ‘transformations are discussed by Cozensa et al you can
think of such an ay as being in SL(2,C) x SL(2,c). Complex Loretnz transformatlun "
allows for 2 smooth connection between future timelike vectors and past “timelike

ones. I think. chever parity ﬂperatinn s still has to ba added by hand. When

parity has been added the grnup of the 8y is called A where ¢ is for complex.

. g mm = e - —

3. After reading Taylor, I think I know phat "crossing" says for the Stapp M-function.
The one function gives you all channel processes. It s just a question of which
momenta are future and which are past timelike. The spin does not really complicate
things very much if-fah use Stapp functions. Eimiili}; Thus, two crossed reactions
are tﬁé_ézﬁpp function evaluated at two paints in the huge Rﬁn dﬁmplex space.
Similarly, two crossed reactions are given by the same M-function evaluated

at two points in the space 1{; % . TUsually, however, we prefer to write the

various a; as ﬁﬁlhiﬁiea of a; in the real 31{2,0) group, and then add s or t

as needed to get the momentum to be future or past timelike as needed. So by adding
various factors of t, you cause M to describe reactions in different channels.

However, in this case you cannot go smoothly between crossed channels. To do that

you have to think in terms of complex Loretnz transformations, just like you have

to think in terms of ‘complex s and t. ___

L. There is still some confusion about the exact form of the covariance conditions

for the M-functions. Te, having to do 1ith the * or no * on final states. Look

at Cosenza page 268, or Var. p 347. Gle%rlyt'TbliBr wants to use the same ﬁo'sfa}
function for all particles. He does not want some to be starred, and others not.
This at once implies that there are never stars on the covariance Conditions.

This seems to contradict my natural feeliings on starring, so what is going on here????

-
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In response, I think that Taylor has provided an answe® to‘this duestion.
Recall that Taylor wanted his "bras" as well as his "kets" to transform under
the same object D, he did not want his bras to go'iunder D*, In order to
achieve this end, he invented the "square bra™ idea. fﬁia achieved am

invariance ccndition for the H-functlﬂns which looks just like the one Toller

wants to usa, 'and givea a uhiform covariance condition.. )
Before working out the deatials here, I warit to know' what Stapp actually
did and said. To the Libef !
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1, Look first at Taylor (4.8) which I convert to my notation:
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Question: to what extent is nglor"s "solution" of the crossing problem ynigue? .

. 1. Here is the crossing equation that you want to solve:

ot
Lraivicey ) ww\ K-"‘-’)

. (KT ) [eia vl )

ere are not arbitrary. Particle in a final state has spin
Now we can tilt in the sec equation introducing a sing factor:

Notice that the "tilts®
index lowered, pericd.

s 1s
2.-' i_KtHT‘JF \T\ K, 1) LH; u) T\} B K T) QO
So here is the solution suggested by Ta:.rlur:

T ) = Wb el mhee) ™
Lo k4T = [mw\{:_,—;k:ﬂ SN

Notice that each of these equations is Lorénte-consistent, ie, both sides of the equation
transform in the same way. We would not want cantravai:iant apinur = covariant spinor.
That would not be an acceptibze sdlution tp the "crossing eugation®.

2. Obviously the {__1}25 factor could conventienally be associated with the first
equation rather than the second. -In fact, fooling around and using hermitian analyticity
¥ou can show thaf at most there is a type-dependent phase as shown above, so I could set
that phse = (-1)“® and move the factor from cne side to the other.

3. Conclusion: Taylor's corssing solution is unique up to the above phase factor which
we set to one.
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TE \op ¢ Alwas it necessary Lo use the spinor basis?

-'". Look at Taylor's paper. I think we could have obtained a etatement like (5.1) in the
usual helicity basis without any problem. And I suspect we could even use Taylors little
math theorem to conclude equation (5.3). I suspect that the need for the spinor basis
comes at this point, when you want to show that the crossing matrix in (5.3) is in

fact proportional to the identify matrix.

2. Here is how the little identity proof goes. Start with (5.3). Take each matrix
element in (5.3) and “expand it" according'to the rule (4.11). This gives:

s i L%, stp. )

Qe o

(R PR T IU T U L AR T AT
:\'b ST o t}\ a@ﬁw wndaree  Aq Ly Ohar |
T-V:t\ mig ?*) = "?_1‘- [1“{:%\“\‘3\(\1:5 F:)' Da;aa(ﬁ\ Dahhj Ds-r’-r (3)

2,204

Here I am just showing what rule (4.11) looks like for one of the matrix elements. The
D is of course a product of D-functions, cne for each particle. Now, (5.3) becomes:

=

a 2,4
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Wser Caka™ (VK™ o) =
%:ﬂ S ATV \) %ap(ﬂ 3»?1\,‘Apa D (€0,5") ¢ ®

R(&x?) = K;I %A?

WM w )\E.': It is the loretnz tr ormation taking f:- out. to p in some standard way.
Suppose we are working in the heliclty basis. Then if we set g = rotation, we know that
the Wigner totation is identity beqause we know that a rotation dees not-mix -helicity.
In this. cage, the above eguation r¢duces to !

NGy = A(t)-

No doupt A still is™the identity,
If you were in the canonicalfbasis, then if'g = rotation, R = same rotation
because you know' that a rotation does mix helicity in this basis. In this case the
proof would work. -
So, not; toally clear thet Taylfor had to-'go to the spinor basis “to do his
crossing. -
AHA' T forgot something! Sfippose you are in helicity or canonical basis again.

f

but ‘the -same proof- toes not work.

Then you do have the same problem arises in MS, namely, after you cross taking
E

p to -p; you are going to-have &0
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We now have this situation: ¥

d“
SN @ AdEae = 2 N7 A (o)
OK . qﬁ = -\T- I |

B
== A\ .
C'-‘?‘j-lﬂ) 2 kd'd"“ (F“_‘,\ 60 ‘?u_m'\ ?)\.-1-1.(_ . C\-lk g.(": A K

2

o |

N
TN LA )AE) e = N

'UI.

VN =\« A= F.

In order to conclude that A is the unit opérator, at some point you have to assume that

by varying say K, you can make v an arbitfary vector. Thiis, assuming this you end up
i

with wtatement (5.5). You then choosé p té be rest and g = rotation to get next
!
equation. From this you coriclude “that you have multiple of unit matrix.

i



Comments: In dr¥der to maké this proof” work, it was necessary to use the transformation
propertiés of thé M-funttions 1in "the spinor basis. You ‘take a crossing "equation and
you transform Both™ matrix éleménts, and compare this to the new crossing equation. .
Te, jou cross, transform, theh cross back. ~

Now, cotld all ‘this have beer done™im the helicity basis? We Know that the
transformation properties are messier, "as in Martin Spearmana.. Would the same proof
have worked without further ado? ™

T LKA ) = %ilﬁf M\q (- .?;13
w« Do (RGLKD) Dy, (R D (R(3,))
/ﬁb‘jro bace r)\ﬁ\‘\lj'k-'t - -

-

L]
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Reconsider the prof in the canonical or helicity basis. How ddes it go?

® iy )= Lakeimla ¥y t) DRl '{D(K{Kuj‘)\ D((s,p))
W, i |
UKo A = Lake -ty gk, DORGY) D(,E) D (E(;,f})
Ma D® W comad ox- Q‘"‘““ﬁ s
LK \M K ) = U ~plM .,'L/\(f
[N 3
(1\:( \MAak ,Fﬂ D(Ra,) = ;
Lok, ~b) Migx) DIRG,- m/\(f’)

Srhat
o (\Qm )= ‘r\ %) “Db?ﬁm O D[ﬂ(w’l

—

s = (% Akl AVANTD

S AN = DTRGIAG DLR ().
\

This is the statement in helicity;nr canonical which corresponds to Taylor's (5.5).
Notice the R(g,-p)! It is a tricky businebs to relate this to R(g,p), and I'11 bet
that is why Taylor went to the spinor basis. In spinor, this problem simply never

enters! Now, in M5 you have to decide expctly how you are going to get to -p from
p. Using their detision, then find that: 1

DRG] = 7 D] REse)

® VWit B - ("h?gm,.* se D \RG f)l = F.D E((ﬂ,pﬁ

|

X
Vasar | AG) = F DIRGL A(?\;D[R(g}f)"'g,



s

Now teke g = rotation again so that Wigner rotations vené beécomes identity in
helicity formalism. You would then conclude that:

Nel= FAR) .

"t :
o /\wwm‘ = G_") j\wwmﬁ - B

This certainly is consistent with the solution that AT , Bub does not prove it.
Somehow, the whole isslie is complicated by the helicity states which are not very

- -

- -

shark when p = rest momentum.

Conclusions: By using the M-functions, you somehow manage to avoid all the messy
questions which involve Wigner rotations. All states transform in a way that simpley
‘does not invelve the momenta, so you dont have to do much thinking about what happens
when the momentum is at rest.
I wonder Wwhere the ambiguity went? Probably it is connected with the fact that
the heliéity sfates themselves are a little mbiguous when p = rest, so that L(p)
could of could nhot be & rotation. o
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2 u
To. explain why x.y, = (-1) ° Xy .

1

1. The finité-dimensional representations of the G6-parameteér Lorétnz group are labelled

by two labels (j;.J,). For example, there is ‘orie véctor Feépréseftdtion (3,3), but

there are two spinor representations, (%,0) and (0,%). [THe size of the representation
¥ -t L. [ - -

(31+35) is as ‘one ‘expects (231+1)(2J,+41).] The two spinor representations are not

equivalent. For Stapp's M-functions, the intsrestlng*Pepreaantations are (s,0) and

(G'E}_ f t e g & ¢ -

—l

2. The Lorehhz group SO(3,1) is almost the same as SL(2,C), thé group of matrices {:5}
with unit determinant. We denoté such matrices by lettér g. vaiﬁuﬁly'thase g form
8 two-dimensional representation of the Lorentz group, ‘40 matrices g mist be one of
the two spindr representations. We identify: ! ’

CE (at (.
‘}-b== ﬂhm C-?) i 3 =\3¥ i:i = |
If g is just a rotation, then D(G'ia ﬂ% the usual rotation matrix. The matrices
q( (g) represent the representation (o,s), and (o0,%) is just a special case.

3. The object ‘which transforms accorging to;DEO‘s) (g) is called a contravariant,
undntted spinnr. It 13 written like so: '

s U T A LA T T ut, i :

(o,5).

(x‘J f—“’b

There is a unique way to define from this q covariant undotted spinor. The gosal is
to meke sure ;thab xwu A arL-::-rent.z*s-calar. One finds easilt}r thatztnmst be:

(3;)( 3 " ted céntraﬁar{ant,:uﬁdaftéﬂi

(‘j )}" = 2 Dry (3 ) 3) 1 ci"i”ﬁ:iq :ﬂﬂotted

Ie, with the covariant (lower index) ubjecﬁ so defined, you can show that:

{1‘)}‘(3') = (ﬂh('j};u :
These two representations are equivalent. For example, in the case (0,4) this means
that you can find a matrix c¢ such that u_?g c ={g‘l}T - This matrix is ¢ = ¢, or
a multiple thereof by some phase. The matrix ¢ is antisymmetric! Since this
matrix connects the x° reprasentation to tpe Xy representation, the matrix ¢ is
to be identified with the object that raiseg and lowers indices, like the metric
tensor g, encountered in the tensor algabrq; The matrix ¢ is called a metric spinor
and we have seen that for the rep. (0,%), the metric spingr is antisymmetric. This
has the immediate consequence that ;

'x*“jé = - %" Jo \q,t)




wg e

;. What is the "metric spiner™ for the representation (o,s)? It is this:

(0,5) -

Qﬁa = t}w .f"') "‘L“"': T = (ﬁﬂ) = aniﬁarn

This general (o,s) metric spinor can be shéun to have this %roperty:

C;wﬁ =, (:ﬂg.'i}q§as '
Ie, -ib is -symmetric or antisymmetric dapqnd?ng on value of s. If one thinks of the
rep (0,8) as a product of represamtations (0,%), then this is what you would expect.
The metric spinor for any szhalf-integral representation will be antiaymmet}ic.
This -yields the final result: .

! =t-')h:‘1< » & (9,5)
Y o %Y S ) 2t

@) _

i
?_“ﬂi: %“31* = (ﬂ“l} C"“ﬁ)'j}.n = "‘ﬁ-v(t'i’;. QP‘JJ("] Xpljv . (—-‘,'I.)

5. Just as a reminder, we note that each representation (31+J5) has its own metric
ténsor/spinor. The metric tensor for (%,3)is the symmetric g .

6. We have shown the desired resylt and ha¥§ traced the .fermion. minus sign to the
fact that the matrix ¢ which solves ¢~ gc = (g“le is antisymmetric. Form
the sake of completeness we mention the dotfed representations. The contravariant,

dotted is: .
' N Co, ¥
(% ) = %—D’fr‘\ (-gﬁ) (_‘}C) contravariant, dotted
o x !
h")ﬁ = é D;:‘)(i-r) (’K) Y covariant, dobted

The rélation between upper and lower is thé same as before. We can identify D(D'S)(g}‘
with D(S'n){gj, so the undotted reps are the (o,s), the dotted reps are the (s,o).

The rep. matrices are simply related by complex conjugation. The reps (o0,%) and (%,0)
are not equivalent because there exists no solution matrix a to this: a~1 ga=g.
If g were just a rotation, there would be % salution, which is why the rotation group
has only one kind of spitior repp namely j=3. -

Refs: Taylor "Spin and Isospin in S—matdix Theory," JMP 7,181 (1966).
Bade & Jehle "Introduction to Spi?nrs" RMP 25, 71L (1953).
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Tavler ; . - Second Heading March 11, 1977

Motivation: I wanf to know what the exact statament_nf'drﬂssing is in termsof
Stapp's M-functions. pr spinorial amplitudes, with spin. Thep I can use this

‘to find the gorresponding statement of crossing in terms of the Toller M-function.

Maybe. In-any case, I should certainly know this for the Stapp functions, since -
probably all you have to do is.fiip bome 4-momenta around and nothing else. We shall see

——— — -

T

I11. S-matrix th. At time of writing, 1935,. S-matrix theory ws a new subject, so

Taylor takes time to explain things, lucky~ for-later readres-tike me. He sees it -~ ~ -
as 5 posiulates. o

)

1) superposition-principle. Basically, this is thought. to be equiwalent to
assuming there is a Hilbert space of asymptotic states with superselection -
subspaces. In any subspace, you can superpose to get a new realizeable

- -state. Multiparticle -states make- a Foch space. —- -

) existence of an S-matrix, If It exists in the sense that physical transition
amplitudes eorrespond -to matrix elements in the above Hilbert space, then
unitarity of the S-matrix is nothifg new, follows from Wigner theorem. Ie,
once you have Hilbert Space, no neéd to assume that 5 is unitary. It is.

3) Lorentz invariance. Taylor wants to have usual Lorentz invariance relating.
actual amplitudes with no phase at all. Tan do this, he says, see (2.5).

L) cluster decomposition. This enables you to isolate connected parts,_so you
can write unitarity in terms of these connected parts, the famous "bubbles".

5) enalyticity. The amplitudes should be boundary values of functions which

are analytic in the momenta. Perhaps related to causality. Only singularities

in-these analytic -functions are those required by unitarity.

From these postulatés of S-matrix theory, you should be able to prove other

properties,- such-as—~ - b = - . -

' correspondence of particlés and poles in the S-mafrix ~ B

Hermitian-analyticity - — - == - -

discontinuity equations _ '

exlstence of antiparticles

crossing symmetry +

re—— - R — p— P

@O Lo oo
L

It is this last property that Taylor warts to show stiil works even- with spin

© and isospin. e —_

__ For the rest of this séction , Taylor! reviews how you prove the abgve list of
things in the spinless case. [I) why pole corresponds to particle (look at Aﬁ}
(2) why hermitian analytic (3) why crossing symmetry. In (2.1)), you are
crossing one particle, and you can set the "crossing phase" equal to unity
by adjusting the phase of the single particle states at rest.

Finally, it is noted that- you need a good notation to express all this; he
likes the Stapp M-function.



III. The Isospin Problem. Due to charge superselection, you cannot simply
rotate states. -But, you can related two physically possible (charge possible)
amplitudes using the.isospin D functions, as in (3.1). N

The crossing problem is at once approached. Again there is:zome crossing .
phase. The.game is to find a solution for this phase. By fiddlgng around, Taylor
shows that (3.5) is a feasable phase, and.does not require shuffling the
standard phases of the D-functions (of'Rose}. Page"189/boottom shows example
of how this phase might work for a pion exchange.

Finally, in the A, case you have to wross two particles at once. This is
suggested by the figure 6, and the')tesult is (3.7) with the.saméophasd EFaskor
obtained before, applied twice. | ' t "

Then you can mske ispspi n amplitdes and derive the isospin'crossing matrices.
Taylor is elated that you can do this without refferrén g to an "isoscalar
Lagrangian" etc. ete. A real fan of the trade, I must say.

I o

i

IV. Setting up nice M-functions. Taylor starts with the usual JW helicity states
(single particle) and shows, that they transfrom with Wigner rgtations which
mix in the momentum and are therefore undesiredble. See (L.4).

To get around this, you need some .way of "exploding" the Bigner rotations
into its three components, if you will. This expolosion ‘can be done if you
extend to the SL(2,C) finite dimensional representations (o,s).

A quick review of these represetnations is.given . There are four kinds of
spinors, you can raise and lower, 'etc etc. i

The néw "M-funétion ket" is defined in (4.8) so that it transforms as D°'5(g)
as shown in line after (4.8). This is an undotted, raised index spinor (contra
variant?) ' .

In order to do the crossing proof, Taylor will want the corresponding
antiparticle bra to transform in exactly this-way also. This necessitates
the definition of a new kind of state, bra and ket, which is glyen by a square
bracket. It turns out that the square ket must transform as D' (g* -1), which
happens to be a lower dotted objec t. Going from ket to bra causes dotted to
go to undotted, and so on.

So these new states are defined, and I gather he wants to use them all the
time for the bras, but use the usual kets, so everything transforms with D(g).
For example, Lorentz invarignce is .now given by (4.11) which really gets the
point across. )

In this "mixed basis"™, all the relations you think are true are, like
orthogenality and completeness. Thus, unitary equations will come eut just
as you would think without any mickey mouse.

V. Crossing with spin. Interesting problems along the way, but the result is simply
given by (5.6). There is slight question about statistics, but now is not the time
to warry about it. When you cross a particle with spin, it goes to antiparticle,
momentum negates, and it keeps its "spinor index". : i

4
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-The Standard Method of Maki

1
1

Spinorial Amplitudes, and Taylors Trick.

- First, lets go to the notation of McKerrell and observe the effect of a Lorentz
transformation on a single particle helicity. state or canonical state:

Lioves S B CRED) Ve Rlbg= Uy Lou)
W= 22 Do (RE N 54w 0= WL L)

2. At this point, let us adopt the convention that for rotations, s = (o,s) = (s,0).
This is a convention shosen by Taylor. I will find out how nice it is in a moment.
Then we can "explode" the Wigner rotations in this way:

'TJ;, ®) = ‘b;u CF-) @ (um LL@))
cum‘& Do (L) ﬁ)‘;l’lhm

For the helicity thing you do the same thing byt replace L with H on the dides.

'

3. Before proceeding, it is nice to know he% the Lorentz inﬂarianﬂe is stated in
terms of helicity or canonical amplitudes. Using 5 =1 S L, and noting that
L is a unitary operator in the QM Hilbert space, S = L*sL. We do this inside a
matrix element of S or T or whatever and get: i

< &ﬁ‘%l\%\ eYedy 5
ST 2T T Lo
R PN I F PR TR N

As usual, the Wigner rep matrices for all the particles in the final state get
starred. This comes directly from the Lt being & daggar.

Iy, Now, how should we define the spinorial. states? Follw Taylor's hint and try:
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This single particle state now transforms as a contrayariant undotted spinor of .
the representation (o,s) of the lorentz group. S

5. Loretnz invariance now says:
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As far as Barut is concerned (or Stappj these ampquitudes are the H—funa;tion;,s. But
Taylor realizes that it is useful to go another step. But before doing that, ...

6. Lets try to stick with this and see how it might mess up u}iiteirit.y. Note that
so far it has not mattered one bit whether we use (o0,s) or (s,o) for all D functions. .
Unitarity is a queétion of the completeness relation of the single particle states. -
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At this point, it is convenient to assume t.hat. conventions are set in such a way that

Dy

you can pull the * inside the argument of the second D, this allowéng you to do
the NU sum. Then: !
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But this is not enough. lLets also assume that the transpose symboi T can also be pulled
in (Taylor shows in foolnote that his D have these nice properties). Then:
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If H(p) were a rotation (it is not!), you copld get rid of this last factor and all would
be well. But you cannot get rid of it, you are stuck with extra sum and extra

factor for each particle! Clearly, this is the motivation for defif'ling the square
bracketed state!
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7. Recall that H(p) = R(p)Z(p). From our g = uh studies, we know that H.STOP. Better
to put H(p) = L(p)R(p) so we have g = hu forh. Becall L(p) is pure boost. Then we
know that HH' = L(p)L(p)" in either helicity of canoncial case! But, for spin %
which Stapp always used, we krow we can say :that.rrHH+ 7 ,p'd"/ ‘m where p is

any L-momentum with veloeity equal to vector parameter in the Boost L{p). Thus,
Stapp would show a factor: J;
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Thus, I have finally identified the mystery factor that Stapp shows in his
unitarity equations.

8. 0K, now how do we get rid of this damn factor? O"WLW.ALD i wwi’\' .
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Now, this is what this thing has.to do In order.-that the unitarity thing come out right.
How does this baby transform under .L?

.Notice that.we can rewrite the above boxed item
as:
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We repeat the manipulations in L. but use (s,0) to axpiude the Wigner rotation. Thus
result will be
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9. So here is the picture. You know that_gping from bra to ket and vice versa
causes D functions to get starred. But this:is same as saying that dotted indices
go to undotted, and vice versa.

S0, we have found that the square ket, gbes as a lower dotted. Therefore, .
the square bra goes as a lower undotted. Therefore, the square bra transforms in
exactly the same way as the round ket. This is of course what you need to get

nice unitarity completeness relations:
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To recover the thing you start with, .you reLJ.l:.r have to show also the momentum
integration which will reset lp to p in moméntum entry. The point is really in ‘

t

the spin space though. The matching of the:spin indices suggests that both
sides are world scalaes. This operator u:ni’%;.r has a form which is invariant under
any. Loretnz transformation!.

10. How, then, should we define godd M-functions, end how do they transform? Taylor
suggests using up-up and then everything doés with the same D's, as in Toller's
M~functions. The unitarity completeness insertions will of course always be

facing up/down.
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These are Taylors DYNOMITE m-functicns. Notice there are no longer any stars.
These are the things I will use to make the Toller M-functions,
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This last line shows that you do not get a star when you "covariante" off to the left.
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