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Section li Introduction (and Abstract)
This paper is 40,000 words long, publishedjin October 1968. At time of wriging (1966)
there were already proofs of the big three ddlems:

a) crossing b) hermitian analyticity ¢) spin-statistics.
Henry wanted to strengthen these proofs by jreducing the essumptions in light of his
own recent work on identifying all pnssih.':j?physical region singularities. Earlier
proofs of all three of course appear in E bock. Olive, Gunson, Polkinghorn did their
stuff in 1962-196) when S-matrix theory was; blooming into vogue.

To me, crossing and hermitian icity are roughly the same idea. There is
an anlytic function which does everythiné apd you are free to continue around where
you like. Olive's 1964 work considered normal threshold singularities, whereas

here Henrgy considers all singularities ( meaning the positive—¢ stuff which you
deduce by looking at the bubble diagrams, ile, all the singularities required by
unitarity). Henry's work on finding all sical regeon singularities is based on
idea called macrocausklity, about which H says much in later papers.

In terms of spin-statistics, H imppgves clder proofs by avoiding the delicate
idea of phases when you interchange unlike particles. However, Froissart and Taylor
(note added) sort of reduce the need for Henry's improvement.

The pole factorization theorem is ohvious, but needed repairs because faulty
assumptions were used earlier.

In short, this is not a Beginner's paper. It is a specialists paper, where
various proofs are refined. Hence, you sho not read it except for the review of
notation in Section 2. Probably better to nead the Trieste notes for general overview.
I think Trieste happened only 1 year hefcn&*ﬂuu?'finishad this paper, so maybe not
too much new between them. '

Here is an outline of the sectioms:

1, Introduction Lp

2. General Formalism 10p

3. Structure Theorems (bubble diagrams) 4p
L+ The Pole-Factorization Theorem 5p

5, Hermitian Analyticity  ép

6. How to connect the peths of: crossing, hérmitian andlyticity Lp
7. Connection between spin and statistics. 2p

8. Phase Factors in Crossing Relation 2

Appendices: 9p




Section 2. Qenéral Formalism.
General comments: this is a simply hugannﬁous section which summarizes all of S-matrix
theory as Henry saw it in Nov 1966. Therj are about 10.pages and 24 subsections. I

{
l July 14, 1977

have not read all indetail, especially the {Landau stuff I have skimmed.

A: the sets K = [p,m,t] are defined; all nta are on shell, all masses positive

B: Unitarity is stated in terms of sst=1 with S(K';K) in cédronical spin basis. The
* 7 first ‘momentum Fet is tke final part.icle:a.

C: The S-functions are ‘converted to H—functﬁons using the usual L(p) matrices. L(p)
is written out in different ways. | :

D: Lorentz invariance of the M-functions isjstated rather vaguely because Henry always

has to wbrry about whether indices are
states are normalized with " = (207 ¢

ordering of variables in sets like K is

M-functions as M(K) are analytic on some
orbits" of the Lorentz transformations.

: Symbol € tells whether initial or final

dotted or undotted. For Henry's ori
you must have ¢k = +1 for obvious reaso
spinors from one kind to another and bre

one kind or another.
ntion.

Single-particle

domain. This must be composed of "closed
Analyticity is Lorentz invariant concept.

tate, symbol )\ tel,ls whether index is

M-functions (say all states lower sguare)
y but of course later you can shuffle
this rule.

: Comment about how to dontract indices in jconnection of S to M.

: Unitarity stated in terms of H-funqtiuns1 M G-HH* = G roughly. G = L(p]z.

M—-functions contain momentum delta runc%inn.

physical momenta called p; mathmatical called k so that Sum(k;) = O.

: Cluster decomposition annoted; phase of
Much reference backi to Trieste paper.

the conclusions yet.

]

lative terms is discussed, but I dont see

M: "scattering function" called M (K) is a connected part defined by pulling overall
delta and 2PI fourth. Ie, this is the thing I call A" function.

N: A landau diagram D is made of some lines [, vertices V, and directions 3" Just
an abstract graph idea. Can have free lihes, no "tadpole" lines., If th
external lines are in 1:1 with process, you can call diagram D(X).

O: A Landan surface M[D] (seript M) is a surface in the space of certain momenta p,.

P:

Each line L of your mathmatical Landam diagram gets a momentum P and an « . The

surface is defined by three conditions:

vertices, and the third one is some kind

's all on mass shell, p conserved at
sum involving the alphas. You can

draw D in momentum space, where it is called D.

H+[D] is a positive alpha Landau surface of some diagram. If you add up
these singularity surfaces for all possible diagrams, you get M*(K), the complete
positive alpha singalarity surface in the{momentum space K.

The function M (K) is supposed to be ana
you remove the set of positive alpha si
on the real axis, but not at actual n

ic at any physical point in @(K), after
arities M¥(K). In simple case this means
threshold branchpoints.

"irrelevant", ie, does not change experiment.



Q: The i€ rules. I skipped muat of this, but idesa is the rule tells you how to go
around a singularity in M'(K) if you kit one. A path along réal axes in K-space
which makes little detours around the positive alpha singularities is called an
essentially réal path. It is by means of such paths that different physicel .
regions are connected.

R: The idea of "persistence" is that the physical significance of the function M _(K)
cannot suddenly change as you mobe along an essentially Tesl path. Seems obvious.
Second idea in this section is interchange of order for identical particles.
THe remaining sections all deal with this question. The conclusion is that you get
the field theory result, usual statistiecs, but Henry 'goes out of his way to show
this. EG, how do you know that an interchange doesnot cause a phase which depends
on momeéntum, or on position in the ‘set K, or on samathing else.
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Landau surfaces, and that there they are 7o limits of analy
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Crossing, Hermitian Analyticity, an# the Connection between
Spin and Statistics
Henry P. Star
Lawrence Rodiation Labaratory, University af California, Berkeley, California
{Received 17 MNovem 1966)

The analytic S-matrix framework is further developed. Firdt some results of carlier works are collected
and the physical-region analyticity properties recently deriyed from macroscopic causality conditions
are described. These entail that scaitering functions a tic i i tive-

tic functions from certain well-defined direc-
tions, except possibly at certain points where four or more p%iiw:-a surfaces intersect. A general fe rule
that also covers these exceplional points is then stated. It Is then shown that the scattering [unciion
defined by analytic continuation is either symmetric or ant?pmm'ic under interchange of varfables
describing identical particles and that the sign induced by the interchange is independent of the particular
scattering function in which the variables appear. The physjcal-region amalyticity properties of bubble-
diagram functions are then derived from the general fe rule. se functions are products of scattering

functions and conjugate scattering funclions integrated over ghysical internal-particle variables, as in the

terms of unitarity equations. They are shown to_be analitic in the physical repign sxcept on Landau,
surfaces and, more specifically, except on those Landau surfacts that correspond to Landau diagrams thal
restriction that the Landaw «'s must

are supporicd Dy the bubble dia) 10 quesiion, with 1 :
be positive or negative lor lines iyms wilhin Fﬂsﬂivc or tive bubbles, respec’l@velg. Also, the basic
rule for continuation around these singularities is derived! A new general derivation of the pole-
factorization theorem is given, which is based on slightly weaker assumptions than earlier proofs. Particu-
lar attention is paid to the over-all sign. A general derivation of the crossing and Hermutian analyticity

rties of scattering functions is then given, On the basis of the deduced general rules for constructing
the paths of continuation that connect the crossed and Hermjtian conjugate points, the various related

points are found to be boundary values of a single physical . ln particular, a certdin sequence of
continuations is shown to take one back to the original poinf. From this fact it follows that abnormal
isti i ith si s unitagity in both the direct and crossed r

STALISHICS arg ) Lel with 51
given here does not depend on _the notion of interchange of variables other thap those of identical
rticles, Earlier proois depended on the unphysical notonl ol interchange of variables representing

conjugate particles. Finally it is shown that the analytically coptinued A functions with normal-ordered
variables are precisely the scattering functions: no extra signs are needed or permitted. Aside from the

general i rule, the anslylicity assumptiurnls are these: (1) Th!: discontinuity amuqd a &ing,u[arhy aof a
bubble diagram 5 has no residue at a physical-particle mass value (in an appropriate variable) unless

- the singularity corresponds to a diagram that is supported

B and has the single-particle-exchange

form that corresponds 1o a pole at that mass value. (2) The resjdue just described has the pole-factoriza-
tion property. (3) Confluences of infinite numbers of singulafity surfaces do not invalidate the results

established by assuming that this number is locally finite.

mption (1) entails that all relevant.

singularities of scattering functions lic on Landau surfaces. THat is the basic assumption.

1. INTRODUCTION

An earlier S-matrix proof of the normal connection
between spin and statistics given by this author!
depended on an assumption that self-conjugate
combinations of particle and antiparticle amplitudes
were in principle observable, The -assumption is

objectionable because it has no experimental basis in

the case of charged particle and in fact conflicts
with a conjectured superselection rule.?

In that original paper, the beginning of a second
proof, not depending on this special assumption, was
also given.* This alternative proof depended on an
apparent conflict between abnormal statistics and the

H.P. 5 i Phys, Rev, 125, 2139 (1962).
. . WICK, ighiman, anc igner, Phys. Rev. 88,
101 (1952).
 Reference 1, Appendix I, There, crossing was assumed to hold
without any extra phase lactors, but the no-scallering’ paris wene

allowed to be dilferent Mrom wnity.

crossing and Hermitian analyticity properties of
scatterijg functions. Thefcrossing propertyof (multi-
_particle) scattering functions is the property whereby

the scaitering function describing one reaction is
connectéd by analytic continuation to the scattering

function d:scribing certain other rcacr.iunsl called

crossed teactions. The Hermitian analyticity property
is the jproperty whereby the scattering function
representing a given process is analytically connected
tothe plex conjugate of the scattering function for
the transposed process at certain real boundary points.
ond argument was not a full proof. In the
, the statistics involved was the sign change

describing particles of the same type (iden-
icles). And in the second place, the required
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Selected Xerox from Barut book:

2.3 The UIR's of Poincare Group
2.4 Reps of the Little Groups
2.5 S-Matrix and Amplitudes.

2.& Spinorial Amplitudes
4.2 Conetruotion of Spin Amplitudes

4.4 Photon amplitudes

4.5 Neutrino amplitudes

5.1 Discrets Symmetry Operations

5.2 Parity /

5.3 Time Reversal

5.4 CPTy, C, T and spinroal amplitudes

e gl
-

4.3 Direct comnstruction of Helioity lmﬁlituﬂan
i

5.5 the CPT theorem and analykicity, complex LT

Appendix 2: Poincare Group
Appendix 3: FDHe of ILorents Group




Sec&an % 3 Comments:

Barut is inteékre i’I':.la'ifl.'in'}ia.i.*iﬂg:'Pqﬁi‘ric'éne.’"c-raris’:’i’nf*maf.:’m‘.'ns.

U{a,A) act on functions of momenta which He

calls X(K), where K is a set of

momerita,and ¥ will -have cne iddéx f6r each'momettunl, If yoéu’ just “corisidér the

trlansltattions, you’get X(X) = X'(K) times
be obvious in terms of the S-matrix.
is obvious that U(A) X(K) is going to ta
says:
variables. As he saye, under T(A), X(K) t

Due to d'k stuff, T(A) is undtaryl
Q(A) must also be unitary.

the obvious phase. This result would

Now fconsider just the LT's called A. It
the L-momenta inte AK, so Barut
write U(A) = Q(A)T(A) and let T{A) | do nothing but this action on the K

ansforms as & scalar.

Siknce U(A) is suppsed to be unitary,

Next, he shows that Q(A) must compute with translations. If this is so, it

then follows that Q(A) must not affect the
only act on the spin type indices.

arguments K.

This means that Q(A) can

Finally, he shows that for each p?rticle there is a Qi(A}, and that this
QI(A} mist form a representation of the little group of k. I should have said

that Q(A) is a product of Qi(ki,ﬁ). By

the rest’ vector you enéd up with a Wigner
All this stuff concludes with (2.

transforms with the usual translation phas

usual.

Section 2.l comments: In Case a Barut doed

is as follows:

P = the rest

if in H(k) we allow any r

Akiwp = L(K
Obviously, BB = L2(k) as in (2.29').
More notation is this: (to compare

/ aside:

T posy

CERRER p .0

AA) k
I dont see where Baruts momentum g fits in.
is too complicated. Overly notated. (over)

’ e saq@.

omehow mapping the general k, back to
otation.
6) which says that the function X(K)

s and a Wigner rotation product, as

the usual rotation group case. Notation

vector (m,0,0,0)

Bk{-p - eij:er L(k), H(k), or any other case

ation R(p), then this exhausts all cases /
, the symmetric boost = ("E:T""}'-), only!

to ny own notation)

¥ In“1 an)

A B F‘) = k

1)

I think his notation stinks because it




OK, I think he has changed his notation in mid course. Look: at (2.31):.

& MX(K) = SERA (Ber A Rac) K LAC mq ¢
Voo condd. & homalobt Owia 7 Findk | po 5 owd A=,
Wla,)(® = & T O (6lep L &ed) X [2K]
e Bacp = W) Tree = RO
Q\,\wﬁg\u SR vmus e Ok k‘—‘ﬁq\- Se AN steadd loe W\; 91'3
&R = S BS(H(R#-L- M@y X ).

In order to make sense out 0{ his notation, we have to correct an error: the momenta
he calls K are really what he calls the Qs+ Then ﬁqi = ki and these are the ones
which appear in the phase (as he says). So, comparing to my notationl :

To (231 : e hiin | o

So I regard (2.13), whicih I already know, as the final result of this section.

Case b I skipped deals with the lightlike little group.
To summarize this section, Barut has shown how the S-matrix elements transform,

in the case of all massive or all massless particles. However, he has done this without
ever mentioning single particle states.




Section 2.6: Spinor M-functions.

Section 2.5:
Baruts convention is: D
in (2.43) he shows a specific exampie, so

have "up" indices, outgoing particles have|"down" indices.

tilts his indices on the D-functions in the

T o P Tl T L L R Tt LN e B AL i PO L
Finally the transformation +hls is wkitten in tdrns of the S-matrix.
*
goes with an ingoming particle, D with outgoing. Also,
he is also saying: incoming particles

Notice that he always
correct way.

Barut mentions isospin in passingland notes that much simpler, though same

D-functions. You can make amplitudes of t

conserved in the theory whereas I is.
Finally, the two special cases are

the R-amplitudes which I call canonical.

down indices for R-functions (canonicals).

only are used, no need to go up and down.

wanted. Baruts wants to. Barut goes thro

1 never do this because rotations

al I, but not of total S, because S is not

mentioned: the helicity amplitudes and

Notice, Yy the way, that Barut was using both up and

functions
t certainly you could go up and down if you
the usual deal of converting helicity or

canonical amplitudes to the M-functions. H shows how everything trnasforms in a nice

gcmpact nut&tion, thaugh the index attachme ts are nct qulta vaiﬂus.

maxaless case, once again.

L]

I?hls stuff is 1

Section 2.7:
transformation properties of the R-function

very short. Shows that number

interesting: some people erroneously call
It follows from rotation invariance.

I skip the

1 clear to me .
L - -.-+ @ -

of fermions must be even using ths
5. Very nice, but obvious. Footnote is

this a superselection rule, it is not!




Look at once at (5.7) and (5
arguments ¥ are like momenta, so maybe o -l
Then the combinations of 5.7 and 5.8 gived
appearing inside the D-functions, just the
ngsm parity factors gathering in front.

I skip the rest of

f#Sectian 5.1z

state is not changed.

get for same.

Sections 5.2 and 5.43 To me these section

"is not clearly explained. Worse, there is fthat I consider a mistake:

that 'an anti particle should have a negati
isospin projection. This is in conflict wi
bobk on P,C,T; Martin Spearman; Willimms,
commute with all Poincare génerators. Sa,
particlé at rest cannot be negated by C.

be negated, he gets the relation (5.20) for
a dotted index is numberically the negative
the spin as negating under C, he says that

.8), which gives parity invariance.

The

p? whereas «= sp”,. the parity inverted p.
parity invariance. You see the L{p)2

way I want. You see the product of intrinsic

resumably, the ordér of the initial of final
this sdction. Parity agrees with what I

come across as very confused. The notation
Barut suggests

spin projection as wells as a negative

th "usual" uUnderstanding (eg, Sakurai

etc) whox say that the operator C should
this means that the J3 eigenvalue of a
Because Barut says that the index m should
? in ﬁ;ruﬁb notation,

of an undotted index. Since he sees

vou should interchange dotted with

Gninvarianée:

undotted indices on the canonical amplituﬂé

dotted with undotted locations, I could
Next, (5.21) gives the combinatio
states go with D* and final states go with

s. Except for this interchange of the

e with (5.20).

of PT. In the Rramplitﬁdes, since initial
(the way Barut has chosen to do things),

clearly initial indices are dotted and final indices are undotted for an amplitude.
Then PT, since it includes T, should change{dotted to unﬂuﬂted, so I agree with

(5.21), ignoring isospin. For T-alone, I t
The three equations , actually the

n agree with (5.22).
four, namely (5.19) through (5.22), tell

the action of all the symmetries on the canpnical amplitudes called R. I agree with

everything except the dotted-undotted inte

are no D-functions, which is the same resul
Next, he wants to convert all the

hange caused by C. In particular, there
I get with the fﬁ,m}E amplitudes.
statements to the M-functions. In

order to do this, he uses this bizarre fact}

6= LWE  wd A= 6K

If this is true, then also true with D(A) etd
These are inequivalar

to D°° * in this way.

he gets that in (5.31) you can do T-invariar
D-functions are hidden in tl

that somehow the
other kind.

* =\
A G(K)
» This allows him to go from p°®
t reprs., Well, scmehow using this

ce without and D-functions. I know
e switch from one kind of index to the




In general, Baruts' handling of these discretes just leaves me cold. I will have

to examine Stapp to see if the same kind of confusion arises. If Stapp also does

things in this way, then I will go back and restudy things. Taylor does not seem .
to do things in this way.

Sectioh’ 5.5: CPT theorem and ahalyticity. Claims that the CPT theorem is also obtained
directly from the .simple transformation law wusing the magic. complex transformation.

I think this is what stapp said to me one day. Somehow I think of this as being
comgined with crossing to get the CPR theorem.

overall comments: Although Barut has lots to say about things I am interested in, some-
how he just doest tell me things I want to know. We have a terrible notational

differente, for one thing.
One thing that I dont kike is his ignoring the singl-particle states. Enough.




JAppendicess

Appandix 2: Poicare and Lorentz groups.
and full Lorentz groups. However, the "sec
I never heard of before.

Appendix 3; Barut does many things differ

othing new here in terms of proper, restricted,

kind" complex Lorentz group is scmething

tly from me. First, he uses the symbol o°*

differently than I do. Secondly, he defines the first kind spinor x fo transform

with the metrix A, whereas I have x"  tran

forming with A. He does use starring to

. 1-}{3%;{‘1 2 .
go from dots to no dots, as in 3.18.. other differenfle is his definition of the

object DTI1192)  ich 46 given in 23.
p%19%2 315 4 combination of first kind and
it is upper in cne but lower in the other.
definitions is that (s,0) and (o,s) are r¢
In handling the metric spinor, he
noting that ¢! raises but C lovers. Actug

C is. l

We agree as in 1line 3 of (24) that
second kind, but he sets it up so that
Unpleasant to me. The result of his
lated by +1 instead of just * .
deals with the antisymmetry problem by
11y, D(c). So at least we know what



5 {ntarsumoe Principles  (Ch. 2
This is sed in the next section. The discussion of the other groups is
postpon later chapters.

q

2.3 Determination of the Unitary Representations of the
Poincaré Group

Let us turn back to the Poincaré group {a.4) (see first Ai:p:ndir.:s 2 and 3),
and denote its unitary representations b which we want to determine.
From the group prope:iv we have = U0y U'(n: A‘}

UlayAa)U(a14y) = Ulay +- AM(Ag)ay,Ax4,). (2.10)

Instead of A we use the 2 x 2 unitary-unimodular matrices 4 (see Appendix
3). Actually, in quantum mechanics one must consider representations up to a
phase factor w(1,2) an the right-hand side of Eq. (2.10), but this factor can be
chosen to be +1 when A is used.®
The translations T which we diagonalize form a commutative subgroup
with
Ule, Y U(an1) = Ulas + ay, 1). (2.11)

Their representations are all direct products of one-dimensional representa-
tions. For the functions X{X,; K;) transforming under the representations of
translations, we can then write, up to a unitary equivalence,

X'(KiiKg) = exp (i Z ka)X [ﬁ;!@], (2.12)

Mk{l:

|

See. 2.3]  1he Unitary Kepresemiations of the Poincaré Group 19
The translations [/{g,1) do not commute with {/(0,4). However how
now that_the Q(4) part of U(0,4) commutes with t jons™Mideed,
from the group ?mpr:rty L..\
 U0,4)U(a,1) = UMA)a,1)U(0,4) 1""’5]}
we have
Q(A)T(A)U(a,1)T(A)QHA) = U[A(A)a,1]. (2.15)

By direct computation from its definition, '

(TAU@DXK) = TAF#X(R)

:&.&" = exp (1 3, k) XIAA™DKT = [V (A DTAXI)
for all X7; hence ‘
(2.1
so that T and U{a,]) do not commute, but from Eqg. {2.15) we now get r

QAU (A(A)a,1) = U(A(A)a,1)Q(4), e @JJ]

which is the desired result. W
Any operator F which commutes with the translations cannot affect the
momentum arguments of the function X, for if [F,0(a,1)] =0 we get

exp (r’ E .‘cfa]FX = U(a,1)FX. Hence Q(a) must act as follows®
¥

T(A)U(a,1) = U(A(A)a,1)T(A)

__.____mhc:c.the.sum%-h,o-}nc}a des-all-theparticlesincofME M el ong, il we A

draw in the S-matrix, for convenience, all particles as outgoing, for example.
Next we consider the representations U(0,4) which we split into two parts

U(0,4) = Q(A)T(A), (2.13)
where T(A) is defined to act on the arguments X only:
[F{A)X)K) = X[A(AD)K]. (2.14)

Under_T(4), X transforms Jike a_scalarBecause the unitarity condition
involves an invariant integration, T(A) is unitary, Hence Q(A) in Eq. (2.14)
must also be unitary if U(0,4) is unitary/The definition (2.14) fixes the
transformaticn property of Q(4) which is supposed to affect X itself, not the
arguments.

® %, Bargmann, Ann, \lath. 59, 1 (1954). The phase « can first be redoced to +1
using the confinuily and asscciativity properties of the group. Then because the corre-
spondence between A and A s 2-1e-1; i, 4 = AlA), the remaining phase can be
taken to be -+ 1. The groups with the phase factors properly taken care af, are called the
quantum mechanical groups. Thus the quantum mechanical group of relativistic invariance
*is the group SL{Z.c), the 2 = 2 unimodular group which is the covering group of A,

- —

[O(A)X|(K) = [I:'I Qa(h.d}} X(K), (2.18)

where Q,(k,,A) are operators acting on the additional indices of X, one for
each k;. These additional degrees of freedom on X will be interpreted as the
“spin™ indices. In this sense the separation given in Eq. (2.13) is one which
separates spin and orbital angular momenta.

To determine 3{A4) or Q(k,A) we use the group property

U(0,4,)U(0,42) = U(0,4,45)

QANT(A)O(ADT(As) = QA1 AT (A As). (2.19)
Let us operate ‘both sides of Eq. (2.19) on X and use Eq. (2.18). We have in

® * Every bounded aperator commuting with translations has the spectral representa-
tion (FXWK) = F(k)X{k), where F{k) is a bounded operator.” See SNAG (Stone-Meu-
mark-Ambrose-Godement) theorem, in M. M. Stene, Ann. Marh., 33, 643 (1932), M.
Meumark, fz. Akad. Nawk USSR, 7, 237 (1943), W, Ambrose, Duke Marh. J., 11, 589
{1944), R. Godement, C. R, Acad. Sei., 218, 901 (1944).
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About the Cannonival Single-Particle Spin State -

!
——- - L -
|

1. I understnad .what. McKerrell has. ta say.. I am & little chmed however on how
you experimentally know what you ate dgaling with. start off with a
particle of spin S at rest, with compopent m along a z-%us. Thus, the picture
is this:

2 ]

2. Now, we directly beoost this-rest state!in a direction n isuch-that:

l'i,‘m. K

Rom)e = \Px“i} -
Y- ‘ - -
P = m_(w'}«gﬁf:) Sagswe | Sy W) I
= ;ﬁ) 4 =

J
Thus, we now have a new "state" with mgmentum pointing ik the first quadrant:

1‘]5

lQ]P . - P-= aﬁ%-&_?ﬁi = _.(ak&sima;n\% +(S\n3msw\1:

3. _Now here is. the problem: suppose .an rimenter has this particle going at this

"m™ is for this_sgingle particle? How
does he measure it? One way might be this: the experimenter runs along with

momentum p. How does he figure out wha

the particle and view it at rest. Howevpr, he continues fo xxx . Hopefully, he
sees what I have drawn in figure 1 above. He then figures out what the component
of spin is along the z axls. What z axis? ? I

L. If the particle is in a heliclty singlg-particle state; ithen it is completely
clear to me what the- experimenter does because- there is % confusion- about
which direction.is the relevant directi¢n. 11

P




Transformation Property of the S-matrix. |

I. In his équation (3.27) McKerrell shbeJ the effect of anjarbitrary Poincare

transformation—on the single particle-

canonical state. The translation part

bf-thia is clear-and is done last. You ppick up the usgal—rotatiun matrices

with .a certain Wigner angle. The sligh

subtlety is thatf here, the Wigner angle-

is generated from the L{p) operation, Lhereaa in the hellcity formalisim you

get a different Wigner angle generated
these differ by a pre-rotation.

from the_operatiw? H(p). Recall that

| ; -
2. Now, consider an S-matrix element (f/5/i). Here, we iméLine S to be a scalar

operator in the super QM Hilbert Space

invariant under -Poincare Transformations s the statemen

plus translations. Now,-for the state

single particle states in either the .c

example, here is a statement of Lorent
Lpamsy v pame | S1pms puywi)
I8 = s L
Vi vy,
Z

L ‘11?! mYe = Pl
. (iff\ﬂﬂﬂht_‘:' N "

(|-

The statement t-tat this operator is
of Lorentz Invariance

{/1) we can take -the direct- product of

onical or helicity basis. Thus, for

invariance:
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‘ 1. On the last page, we established the ¢onditfon of Lorentz Invariance on the

’ S5-matrix elements. We pick up & D- tion of & Wigner potsatich for each
particle -involved. Actually, the #Wigner rotation-may-belwritten asx the - -
product of- three SL(2,C) transformatichs, as usual. -

2. From our study of Liubarski, we presumably know all abajt. the finite dimensional
mth -alled (pq. Basically

the & generators are combined s¢ as td form two separating algebras, so you

get roughly the direct product of two BU(2)'s. P and Q|are really j; jo . Each

j takes on the usual -integer or half-ipteger values.- - THere are -two spinor

representations (#,0) and (0,%) which transform dotted. gnd undotted spinors.

From such objects you biuld up fancy higher spinors in the ¥mmamx "spinor

representations of the Lorentz Group. These were there

algebra". The familiar vector representation is (%,%) powers of this
representation form the tmnsor algebra ~
What Liubarski did not do was|construct the explicit representation
matrices for SL(Z,C). These would be célled DJnlligﬁ. (A) Wwhere A is elementg of
BL(2,C). .Ie, there are four lower subséripts. I think this thing is just the
simple direct product of DJ%E; A) Dﬁ:ﬁz A): These objects ared- just extensions
. of the SU(2) matrix elements.-Ie, you fake as basis momomials xJ= yJ+m gng
you let (x,y) go to (x",x') under an SL(2,c) tranafurmat.{.cn, things all complex.
In the special case that A4 redlly is just a rotatien, p®d is exactly
the same as pd. However, the DJ themselves are not defined outside of su(2).

See Barut appendis .for a few details this.

3, S0 now we come to the spinorial amplitpdes. Recall that |we had Wigner rotators
AT = I.{Ip]'l 'T'L(p) ~iff McKerrell nbt:t:cm for canonical basis. L = A = arbitrary
- - Lorents—Transformation. Now, B (A') = DOS(A') in SL(2;CJR = product of three -
factors = D°5( L(1p)™t ) x D°( .L )x D°( L(p) ). Bach argument here is
an SL(2,C) group element. In general, nbne of thesge argmvtnts is a simple
rotation., So here we develop the rule And definition of ’. he M-functions:
fb;-f}*
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This seems to say that: the M-functions—-trlansform simply as direct product

representation of spin-representations. of t!he SL{2,c) group. Barut simply does
not give enough information to be. cowreher?aible.
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Relation of the O(2, 1) Partial-Wave Expansipﬁ to the Regge Representation

l ) . 1. F. Bovee®
International Centre for Theoretical Phjs.‘cs, Trieste, Italy

(Received 16 May 1966)

The general two-particle scattering amplitude is expanded in terms of partial waves corresponding
to the crossed channel little group, O(2, 1). Under the assumption of square integrability over the group
manifold, the invariance of the 5 matrix under the complex{Lorentz group, which follows from the
Bargmann-Hall-Wightmann theorem, enables this expansion to be identified with the Regge representa-
tion in the crossed channel, whenever no dynamical singularities occur to the right of Re f = —F The

identification requires the assumption of the fixed 7 dispersiog relation necessary for the definition of

1.

' . the Regpe representation,

1. INTRODUCTION

UE to the crossing symmetry of the § matrix the
two-particle scattering amplitude may be ex-
pressed in terms of two-particle helicity states which
correspond to one incoming and one outgoing
, particle. The spacelike character of the total momen-
l.' . tum of such a state permits its expansion in terms of
eigenstates of the little group, O(2, 1), maintaining,
however, the reality of the masses of the component
single-particle states. This expansion in turn enables
the amplitude to be expanded in terms of the irre-
ducible unitary representations of 0(2, 1), a subset of
which forms a complete set for the expansion of any
function which is square integrable over the group
manifold. The manner of making the expansion which
i» udopted below is due to Dr. J. A. Strathdee, as is
_also the tenvr of the approach.
The invariance of the S matrix under the complex
! Lorentz group enables this restricted expansion to be
identified with the Regge continuation of the crossed
i channel O(3) partial-wave expansion, subject to the
condition that the partial-wave amplitudes have no
dynamical singularities to the right of Rej = —4.
The chiel results are the identification of the
principal series of 0(2, 1) representations with the

——— o ——

— i ——

i —— . —

background integral of the Regge continuation, and

the discrete series with the nonsense channel terms,

which for (2, 1) are perfectly natural contributions.
The major assumptions are the square integrability
of the amplitude over the group manifold and the
. absence of dynamical singularities to the right of
Rej = —% in the physical region of the s channel,
together with the fixed ¢ dispersion relation necessary
for the definition of the Regge continuation of the
amplitude. .
We have tried to alleviate the complication due to
spin and the presence of exchange forces by presenting
the essential framework of the paper in Sec. 2. A

o ———— — — pr— g

* Permanent address: Imperial College, London, England.
i ?

i
summary of the crossed channel O(3) expansion in
Sec. 3 precedes the definition of O(2, 1) helicity states
in Sec. 4 and the expansion of the § matrix in terms of
them in Sec. 5. The analytic continuation in Sec. 6
enables ':its identification with the O(3) expansion of
Sec. 3. ;
This Work may be regarded as the continuationofan

enguiry 'su_ggest&d by Joos! and is complementary to
recent works by Toller,? Hadjioannou,* and Rofiman.*
It draws heavily upon the properties of the repre-
sentations of SL(2, R) which have been established
by Andrews and Gunscn.®

2. GENTER-OF-MASS AND BRICK-WALL
FRAMES

The invariance of the § matrix under the Poincaré
group & enables the scattering amplitude to be
expandell in terms of its unitary irreducible repre-
scnmtiarfs. The usual partial-wave expansion is
based upon the representations of the little group
0(3), which corresponds to positive definite eigen-
values u:f the Casimir operator P?of 2. The peneral
two-particle transition amplitude

(P11, Pelal T(s, 1) |Patss Pade)s
for the process represented in Fig. 1, is expanded by
transformiing to the center-of-mass frame, in which

(p; + pa) is along the time axis; and by basing the
definition of the scattering amplitude on_the single

particle Helicity state
|pd) = U(L,) |A),

2.1

where |
P =:m{cush ¥, sinh y sin 0 cos @,
sinh y sin 0 sin ¢, sinh y cos 6),
U(L,) =lexp (—igha) exp (—i0Jy) exp (—ivSeg), g ook

' H. Joos, in Leciures fn Theoretlcal Physics (University of Cﬂlﬂ-‘
rado, Boulder, 1964), Vol. TA.

t 3. Toller, Muove Cimento 37, 631 (1965); Istituto di Fisica
G, Marcohi™, Mote [nterne 76 and B4, i

* F, T. Hadjioannouw, Muove Cimento 444, 185 (1266). II

¢ E, H, Roffman, Phys. Rev. Letters 16, 210 (1965).
b M. An s and J. Gunson, J. Math. Phys. 5, 1391 (1964).
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More on the gist of Havce paper. fiﬂﬁ Jan 31, 1977.

A R —-a = = e

1. FiratE Bnyce‘darinea the uaual G{jl Halicity states _using the xform,

" 'These eit.at.aa 'are then imlicated m.'lfhout. a prime, gy /N>, Next, for
;‘TEEHOHS as fht unknuwn (but see helpu}. Bnyce derinas what he calls an 0(2,1)
helfcity state via xform LE and state is /p}.} Given these definitions,

it is easy to show that these states are related by the y-rotation given
in 2.3 . But why are these 0(2,1) btates defined'in this way?7?? Just wait...
1
2. Scene changes and we are talking ahlut the Hall-Wightman theorem. This theorem
. says that if you have some Hﬁfﬁnctiéns which transform on SL(2,C), then you
can extend the transofmration to thq complex lorentz group if everything is
nice. Boyce indicates M-functions by M inside the states, whereas helicity
amplitudes of either kind have a T.'

As we well know, the relation of the M functions to the s-channel bws
amplitude with 0(3) helicity states is kiven sbove 2.15. You get products of
D{Lp where L was used to define the! 0(3) helicity states. Now, suppose we

choose A = R, the imaginary spbnnst.iin the Hall-Wightman. Note that p's

are converted into g's, so we are ¢ verting s-ch bws to t—ch cms! When this
Hail—ﬂlghtman statement is converted:into language of 0(3) helicity amplitudes,
we get (2.15). This says that the s-channel bws 0(3) helicity amplitudes

are related to the t-channel cms 0{3' helicity amplitudes by products of
D-functions D(W=S). But these are precisely the D(S) which define the

0(2,1) helicity amplitudes, so you cén get rid of all those D functions

and end u]; with this statement:

\ /
Q.'t"t) < BN }Ei.}i.\ T("’f{'—) \ Py hg 1?\'&» = ?éﬁt\*"-nqht}n l\ Tist) \H-_-.\Mﬂ\r }\1?
T ‘ iy

s-dn bws u-'r\ o2, )uﬁh‘u@_ ' * -~ cama_ uﬁ\ 0[3\ Lnﬂ_a-\“{_u
This equality is explicitly stated in Boyce by equating equations (2.17)

and (2. 13) This then shows why hn!_u defines those 0(2,1) helicit:,r states
in the way he does. ’
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The amplitude which appears.in Boyce éz. 14A) is the M«function, but is also
ah hrbhanhel amplitude with 0(3) halitiity states. It is s—channel because
1.and 2 appear .on the same side, It 1§ 0(3) helicity because no primes on
the. helicity states.

Equation (2.14A) shows how you can continue this s-channel 0(3) helicity
M-function all over hell., Ie, you can continue it from the s-channel to the
t-channel. physical region via a complek LT if you want. But it remains the
s—channel, O(3) helicity M-function.™ |

As a particular application,in (2. }5] we see how you can relate the
(e~channel, 0(3) helicity T-function) evaluated in the s-channel physical
region, in particular. in the s-channel brick wall system y to the same
.amplitude evaluated in the t-channel an system . Martin and Spearman would

I think put a superscript (s) on the Tito remind us that always s-channel
amplitudes invelved in this. eguation. 1

If you want to relate the (s—-nhannsl1I 0(3) helicity T~function) to the
(t-channsl, O(3) helicity T-function),ydu need .a crossing relation like the
one given in Martin and Spearman. Euycé gives this as first. equation in (3.1).
If you happen to be evaluating things in the t-channel cms frame, then you
also get the (t-channel cms amplitude]i '

Boyce seems to label t~chamnmel amplitudes with an overbar.

Now, the equality- (**) on the last sheet equates ( s-channel, 0(2,1)
helicity amplitude] evaluated in a cer%ain s-channel bws with the (s-channel,
0(3)-helicity amplitude) evaluated inla certain t-channel cms system.

This is very odd. Normally, you would expcet to see some d-functions in
such a relation; Ie, comparing an s—chgnnel amplitude in two ‘differesnt frames.
But this is just what (2.15) says. The Hignnr rotatiens -there bslong- to the
Lorentz tranafﬂrmation which is just R,;the complex LT- connecting the s—channel
brick wall to the t-channel cms. -BUT, {the 0(2,1) helicity states are defined
in just such-a way to compenstae all thqse d-functions, so you get the simple

relation of the above paragraph (**). .‘

N )?-::M\ Té:‘ét) \ Eﬂ‘a} ?w‘}\ﬂg = <q-‘ :nql.‘}‘L \T (Tﬂ \1‘5}“‘-\ vy M 5
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I will say this once again: :

(##) 1sayss* +* 4f jou look at ‘the ‘s-channel a-plitﬁﬂb in“the s-channel
brick wall system with-0(2,1) helicity statea. it is %thé same as if you
take the S-channel alplit-ude ‘t@ the tv-chﬁnnﬂl*tma with regular O(3) helicity

states. »
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Discussion of overview outline:

Theft-channal cms amplitude) calléd T(z,t) is treated in tha usual way.
You use an 0(3) expanslan and 0(3) helicity states,

What is new is the definition of the 0(2,1) helicity states so that
the(s-cahinnel bws) amplitude can be defined and is numerically aqual to
the (t-channel cms) amplitude. Of chrsa as uaual they cant bath be physical

Ly

at the same time. T *1 ~
I¢ Boyce Had not used these claveri 0(2,1) helicity states, the [t-channel cms)
amplit.ude would be related to the (s-cﬁzanml bws) amplitude by a product of
four d—fUnctinns, rufiecting the complax LT which is needed to connect these
two frames. (Called R} One of “the necessities is showing how the (s—-channel
bws) amplitude is a function of Q(2,1), and this is done very naturally via

the 0(2,1) helicity states. ‘
: hs :

Are these 0(2,1) states really nas!ar?? Think of the s-channel bws.
The result of using "states@" 1is to gét the 0(2,1) angles to appear in
one of the states, analygous to the /péf...) of O(3) analysis. However,
it seems to me that ax:;ctly the same t.ﬁing is aacomplishud by using BCP frames.
In this case, the group anglea show up;as you move across the horizontal bar.
Ie, the _group stuff appears as an apertltor on the same level with T, the
E—matrix eperator.

Thus,.thg use of BCP frames gives Jbu the same amplitudes you would get
using Boyces 0(2,1) hulicit} states. I dont think I have to ever explicitly
construct Boyces two-particle helicity‘?tates-

1
ke o a— T F——




Jan 11, 1977

e Paper.

S e S e S S . S

‘Boyce seems to claim that r‘u has discovered the connection between

nonsense Tegge terms and the discrete series. He notes the cancellation

—tdea—with-amasement~Howsvery—ifh erived the SU{1yl) expansien —
theorem he would see at once why t-hile cancellation occurs and where ‘the

P 4
discrete series terms come from.

The main gist of the paper is to compare O(3) regge theory o the

ﬂwwmm:ﬁni{ﬁmucﬁumnmatﬂces,
brick wall systems, étc. But the ideas are now so familiar to me that I

wont bother to look more into his déi;aila (yet).
]

Hﬂwrmﬂﬂﬂ:ﬁ:ghrmrthmm—mﬂtrgeemt
the M-functiops defined on the Loren Amwum...mmﬂ_the__m_ —

complex’ Lorentz group SL(2,C) x SL(E-IPP). He quotes PCT and all that book

on this result. Also, shows how to relate M-functions to his various

inds—of-helieity-ampiitudess -
' 4
The 0(2,1) fungtions are takne from andrews and gundon.

To Boyce's credit, this is u;t very early papeér, May 1966 submitted.

To get more detail, I Huul.dlhave to compare this to McKerrill.
¢
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- @ Comments: the above Martin and Spearman el;it:t-inn is only valid for the usual 0(3)

helicity states. It derives simply from th
says an arbitrary LT on a single--particle
rotation.

for 0(2,1) helicity state. Only the meaning

I .do not yet know what a LT doed to a "O(2,1) helicity state”.
a quick_scratch paper figuring seems to say
; of the symbol is changed:

" equation on the top of this page which
elicity state always does a Wigner

But,
that eguations are exactly the same

i) g2k 9
e <Aep K= B@ORE) Bt o)
s g2k o
e~ AT AT ) 80 8l o)
Beware: although both these transformations take p to same p, the could and do

differ by a pre-rotation! Boyce's symbols
o(3)
b
o2,
A = Ly

e
p=le?d
e= Lo ¥

are: -~

% 5 =S« o@),




In fact, the two transformations differ-by-a—prerotation which-is—a -Y-rotation

by amount given in bottom of page 676, first -cdlumn.
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What we learn from this calcualtion is t.hi st

states (SPHS) are very simply related to
says that an O(3) SPHS is just a linear c

the O(3) singles particle helicity
he 0(2,1) SPHS. In fact, equation 2.3
bination of all the 0(2,1) SPHS with

simple coefficients given by the rotation|matrix of t.h;t. ¥ rotation mentioned

above.
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Pause:
states. S5i ‘are the y-rotations of earile

both sides, som these are two kinds of
R

-

1

A

M
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this equation above merely related £:plitudeu in the two kinds of helicity

| T

?\ A [
o P =

frdakae . O () SAHS
o o) 3PHS

- (%)
(D Mﬂ Sy e M- P )«5 >f

LS.) *

O

{'JI]

\ ?wiﬁ%ﬁ

All the L-momenta are the same on

tudes seen in the same frame of reference.
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&2 Wad dede i v (?;'\""13. Utmost..care required here, These equations

are-for sure the.most difficult ‘to keép straight. ir’ particle jphystecs.

In 'the, f;phannal bws ‘we_have_ four_momenta called ']:-i, each is characterised.
by a _specific boost ®. , and ariothér boost which only appears in 4wo of the four
h-vectors and is called f. This must be the central Toller variable § and plays
the role of & in cms stuff. ) '

In the -E'Eh‘_ml .E'“; we_hr}a*t—halmq particles (modulo antiparticles)
with same masses. Now the four L-momenta are called Q4+ Each is characterized by
a spetifi¢ boost ¥i , and two of tha particles (1 and 3) also have & rotation
abgle © .

- .-~ - Notice that-in both .cases, ib.is the particles 1 énd.3. which .have the
extra variable. Very unlike the s—chamnpl cms! Ie, particles 1 and 3 are in
the same side of the reaction only in the t-channel. (Considtent with thinking
of Toller BCP vafiables in the s—-channel bws).

Now, as alr;.ady worked out by me; these two "frames" can be connected
by a complex Lorentz transformation which Boyce calls R, the imaginary z boost.
Once this connection is made, a direct comparison ov t-h? variables follows. Cne
finds that each@® i relates simply to a §i~ and-of course errelat.us simply to © .
This is farily straightforward, just compare invariants!
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Boyce seems to have a little inconsistency with the overall sign of a vaector.

From now on I will take ... well look again:

i:::f(w =>

k? L
C*W s AT
astsdnn v (2AL).

OK consider the eguation (2,14) which sayss

this thing: - In-the t-channel, you woulc
vector, so KEX

L'p = R Lq + In words, here is how I read

normally start with § as a past timelike

(=q) is. a relevant FTL parkicle in the t-channel reaction. Then

if you act on this with LH y you get she particle as seep in the t-chanpnel standard
cms frame. It then you apply complex LT called R to this, you get a certain vector

called p, which is the L-moméntaum of the

tiparticle in the crossed s-channel

reaction, but brick well, not cms. All of this is equivalent to applying the
operator i'p directly to T and doing everything in the $-channel brick wall system.

b ]

Upshot r (I am unable to follow Boyce's dialogue, also am unable to se@f-derive

his equation (2.15). But- I can get farily
is the usual rule. (say from Martin and S
What we. find
the same angles (rotations) which appsar

But, equation 2.15 relates the
amplitude] to the [ t-channel cms 0(3)
hand, the other result which looked the s
states amplitude] to ‘the {§-channsl 0(2,1)
cms or bws): -

A éomplete -summary-can be found- ir

complex Lorentz transform).

1

lose: the point is this: equation 2.15
arman) except applied to a certain

s that the Wigner angles are precsisely
ac, in my section 5.2 on page 2.

:[ls chafnel bmws 0(3) helicity states
helicity states] amplitude,

Cn the other
related [ the s-channel 0(3) helicity
helicity states amplifude]. (Eifher

equations (2.17) -and (2.18).
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___iHow arg the various spin amplitudes related? - o e el
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I see something now. Although it.is.trile that any helicity amplitude_'cah be written

as a single Toller function element, the reverse is not true. On bottom of last

page I have shown the first part of this statement. The catch is that general by .
will contain pre-rotations! '

Wad = R B(e) Riew!)! CoLore
m&m.‘-

ﬂ{mv.,#.,l.ﬁ‘u{{ (qllf?:‘ ﬂj,'fl-.r) -

T %ﬂf (H.) rYRf LN *(ﬁ“xlmu‘i‘w“ﬁ‘u“‘ﬁ”)

‘DM ( ui) Ef, 3o \‘S‘\ i f, w,‘>u

As a function on EL[E.G)}*, the M-function of Toller is free of all singularities,
whereas as a function of momenta Rm or whatever, the helicity amplitudes do
have singularitites! The Toller M-functions are ‘defined on a better-"surface".

Stapp: the Stapp functions are shown on page- 270 of the Toller Conspir. paper .
with Cozenza etc. Claim.is that both Stapp and Toller .are singularitiy-free. - )

If you want, you could view the helicit.y amplitudes ds Toller fq;mtlons restricted
to a certain submanifold of SL(2, [}) In each SL(_E,Q), you only allow elements off
the form R(p)Z(p). Ie, you never allow preurntatinns. .

If you restrict to thls sub'ﬁianlfold, then to exprws Loretnz J?nvariance ;,rﬂu
have to reprecess the amplitude to et it back on this manifold. This raprucessn]g
then brings out the p-dependent Wigner rotations and ‘regultelnt. kinematic. sipgularities.
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8. Werle(.1966):

4in Books binder. Welre-does partial Iala—a:panaiuna—in—bnth JWick and-JLS
formalismy plus much much more. - Cm o ———

—— -

the ultimate. book on partial wave analysis.-3e--contents sheet

e - —

partial wave expansions except for

On the other hand, the M-amplitundes
are defined and use inaa general sanan; Yhereas Werle does not use these.

9. Barut(1967): .does not really havq_Tnah on
the specific cases of PI-FI and PITH and N-N.
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Martin andSpearman: helicity versus spin.

1. Unfortunately, M35 never bother to compare the two formalisms. They have
built helicity into their machine at a very sarly stage. In particular,
look back at equation (3.28). Remember that Ap in general is first a =
booet, then a rotation. If the state |y where a "spin" state referred to
a fixnd z axis, then you would expect that a rotation would cause mixing.
But there is no mixing shown in (3. B}, so we are forced to interpret
the 4 in the HH3 ag component of th gpin on a new z axis,., Thus, we are
antomatically into the helicity forpalism before we know it. The Higner
rotation is predicated,thersofre, of helicity notation.

2. The fact that there is mixing in (3147) seems pure accident. At p=0 there
is some guestion about what happensl in the Wigner rotation. If you let p
then the Wigner rotation is always fust the identity , as shown in (3.51).
But suddenly, as p goes to 0, this pigner rotation suddunly jumpe to be
equal to the rotation itﬂulf.

3. A regular spin formaliem would have!no Wigner rotation. BSee attachaed sheset
for regular spin forgialism.
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Dg;gin of the Higger Rotation

|
|

l. Congider two gtates in the dirasct p:%oduct Hilbert Spacm% n%@h. Ha
define these states relative to the sstandard momentum B.

el = Uy 1 15ro]

o @l = U (A LiF®ia] i

The idea here is that as you boost
the little hilbert space state is n

in the standard momentum state. Forlaxample._punhaps P =
referred to a spin state of particl# at rest.

2. The space 7){ im closed, 80 We expec

OA) i@l = some [\¢

Se: VN Dol =lgreid

SoMIpH=o] L
S

=3

O A Ty ®lad] = [ 15

3. If this transformation takes you frii

be a rotation, call it R, the Wign
have bheir meaning, so we conclude,

TR = (&S = 6)(24\@

rotate out to your desired momentum p,

t changed. Ie, ({7 means whatever it meant
(m,0,0,0) and (WY

. that,

> © ')

pl
i VA LI ® 1]

OV L@ &I = (A DT> el

© \a)].

onea Tefit state to another, it must
rotation. This is where the [{; states

Of course we have in mind that {d% =ia spin state, so we couldwrite this out

in terms of rotation matrices.

4. What is the meaning or interpretation of a Wigner rotation? Somehow, it is

the tranaformatiom "felt" by the sp

some arbitepary LT. Notice. that, for Fixed p, each LT A_ maps intd a_rotation

R,

5. However, if /_itself happens to be
rotation is the identity. So, when

” T
VN Lipew] = 2 Du (R

you can verify that helicities arenof
obvious more directly since,

R ('l?""'-%?*» = II‘(.&‘]W[KLAEH "E'E \f-.xﬁ-..\_;.g
P

= V(R REYZp \wids)

Y

Lo ﬁ)(e.i.w]

state when the full state undérgoes

rotation, then the corresponding Wigner
yu lock at,

L ole]

"mixed" by & potation. This is also

p

= \w iy



¥artin and Speaman: constraints

‘ U+S chose to floow the mathod of Trueman(1968). Prior to that paper, the
-———— —kinematic singuylarities of the helicity amplitudes were- located via-the— - --
heliocity crossing relations., It turne out that this method is rather
____ ecircuitous and, as was shown by Truemar, the singularities are really
‘caused by the haliclty state definitions themselves.
It might be helpEul to review the praﬂaniatiun of Collins and Squires on
— T T TRRisT By lookKing directly at thé partial wave expansion with the dgp functions,
they quickly isolate the z = & 1 singularities. These are in fact the only
- singularitiee in gz, -but there-are-others—in-g-and--t, -Thege- are obtained-in 05 - —
by the srosgeing method and all results are stated. One sees in these formulae
—- —..all the various threshold and peeude threshold and s=0 singularities.
How wa can review Hartin and Spearman's review of Trueman's 1968 unified

_.J}_initial,and,final_Ihrashnlﬂﬂ_ani"psaudothrasha1&3. These .are.valueg.
of 8 at which the sine and cosine of the scattering angle both
blow up. ( For fixed t.) o
7 7 7 7 77 72) At 8 = 0, Here, depending on the mass structure, the initial and
. final cms momenta can blow up, along with their energies. Also,
————— ————%the-sine of-the-stme scattering angle has—a Bquare root gzero.
3) At #(s,t) = 0. Again, the sine has a SQRT szero in @. These
__.-_________u."mhhmalngilariiiea_ara-uallad boundary singularities. -
4) In the variable t, the only singularities occur when @(s,t) = 0.
Then there is the same situation as in 3 above.

j 3 1 'I’hraahuld and. Psuudnthraahn].d —— Gﬁnaral Mass Case

Final state threshold. Here, we find that the ningular;tr has the form:

. T3~ Quyjea_» (41 S—(w+ wf‘q e

Of course we want the largest walue of J and the smallest n to get the real

- -power-of the singularity.-The -maximum value of J in this context is s, + &
and the minumum value of n is zero. However, the singularity may not be ali
that bad because parity may cauge the leading 8,3 to vanish. The parity
condition is:
l'-'i.-t-? Sem g"l.

e _____.___Clq.;@ _n_‘pcﬁ\@_ui'ﬂ “(q_L . ._hﬂmta:,-ﬂb_[ﬁji}

It turns out that this conditian which applies to the all-different-masses
—  _case only actually.has. a different -.effect. It allows one to. relate the actual
values of the different helicity amplitudes near the singularity. Thus, this
condition will later lead to kinematic "constraints." In the elastic case
a similar condition will lead to the effect mentioned above of changing the
power of the singularity.

Final State Feeudothreshcld. Similar analyeis and similar resultas:

S Te,& ab(ﬁj_“ QYo ¥ (I - (t—m" LMy SWMe
® Towab= (=0 xTsamelactnalent) Aovoo. . - .

i
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Initial threshold. Similarly,

3
Tedgb ¥ Quzed (s ~(me4w)*)

: T —5a~3
wo il QinT~e-d = 77 € o C"')&H : Ay oI - 0

Initial pssudothreshold:
M~N

Ted jab ~ Qumyed (J S ~ (Mo~ )* )

VS, ——

Wi AnT—c-d = Labad((-)"" daved
3.2 Elastic Scattering: threshold and. pseudothreshold.

Here, the a and 8 type amplitudeg have the same parity and time reversal
restrictions, so lets treat the two thresholds at once. We find:

]
Tedjale ~ O s (Y 3= (mazmy™) Mb > Mo
w b, 25
T~V
Parity: Qmy,ss = 2 (=) Ans,s's .
i
Time Reversal: 345 4w - ?Sa~723b :

Q“TIEEM

In the special elastic case of equal masses, the pseudothreshold hits at s=0. i
In the above elastic equations, s and s' represent possible values generateable '
from sy and sy. In turn, J are possible values obtainable from s and s'.

3.3 Singularities at s = Q. .

(a) with all masses different, it turns out there are no 8=0 type aingularitq
(b) in-the AL BB mass situation, there is no singularity, but there is a |
constraint condition on the agplitudes at &=0. In the NN case, this
condition is known as the NN conspiracy. Also happene in equal mass.

No mention of elastic here.

3.4 Physical Region Boundary Singularities. !

‘These are quickly identified and removed in the standard way: ]

) PR A
Tadjdo = (cost6)  (svicke)' ﬁ&rﬁhﬁ Juedsmpe.

3.5 Here, we learn the general procedure for constructt ean amplitudes,
including the need to use parity eigenstates in the general mass case. Goed,
examples, and the general results are conecisely stated. Hint at MacDowell.
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