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Section 1:Introduction(and Abstract)This paper is 40,000 words long, ~ | October 1968. At time of wriging (1966)@ tere were already proofs of the big three pone
a) crossing b) hermitian analyticity ¢) spin-statistics.

Henry wanted to strengthen these proofs by freducing the assumptions in light of his|
own recent work on identifying all pees reson region singularities. Earlierproofs of all three of course appear in ELOP books Olive, Gunson, Polkinghorn did their

| stuff in 1962-196) when S-matrix theory was| blooming into vogue.To me, crossing and hermitian icity are roughly the same idea. There is

| an anlytic function which does everything apd you are free to continue around where
you like. Olive's 1964 work considered normal threshold singularities, whereas

here Henrgy considers all singularities “f meaning the positive-4 stuff which you| deduce by looking at the bubble diagrams, ie, all the singularities required by

unitarity). Henry's work on finding all physical regeon singularities is based on

idea called macrocauslity, about which H stys much in later papers.

In terms of spin-statistics, H imppbves older proofs by avoiding the delicate

idea of phases when you interchange unlike particles. However, Froissart and Taylor

(note added) sort of reduce the need for He#ry's improvement.

The pole factorization theorem is chvious, but needed repairs because faulty

@ assumptions were used earlier.

In short, this is not a Beginner's paper. It is a specialists paper, where

various proofs are refined. Hence, you should not read it except for the review of

notation in Section 2. Probably better to read the Trieste notes for general overview.

I think Trieste happened only 1 year before Henry finished this paper, so maybe not

too much new between them.

Here is an outline of the sections:

1. Introduction Ap

2. General Formalism — 10p
3. Structure Theorems (bubble diagrams) 4p

4. The Pole-Pactorizetion Theorem 5p

5. Hermitian Analyticity 6p

6. How to connect the paths of: crossing, hbrmitian andlyticity 4p

7. Connection between spin and statistics. 2p

8. Phase Factors in Crossing Relation 2e
Appendices: 9p
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Section2. Genéral Formalism. :

General comments: this is a simply hhugeongous section. which summarizes all of S-matrixe theory as Henry saw it in Nov 1966. There are about 10.pages and 24 subsections. I

have not read all indetail, especially= stuff I have skimmed.+ Ar the sets = [pymt] are defined; all nbmenta are on shell, all masses positive
B: Unitarity is stated in terms of SS*=1 with S(K'jK) in carionical spin basis. The*
7 first ‘momentum “set is the final”particleb.

C: The S-functions are ‘coriverted to N-funct}ons using the usual L(p) matrices. L(p)
is written out in different ways. | °

D: Lorentz invariance of the M-functions is|stated rather vaguely because Henry always

has to worry about whether indices are of one kind or another. Single-particle
|

states are normalized with ¢ = (2)? cofvention.

| E: ordering of variables in sets like K is|"irrelevant", ie, does not change experiment.
: F: M-functions as M(K) are analytic on some|domain. This must be composed of "closed

obits" of the Lorentz transformations. |Analyticity is Lorentz invariant concept.

G: Symbol € tells whether initial or final state, symbol) tel,ls whether index is
dotted or undotted. For Henry's ori; M-functions (say all states lower square)
you must have <h = +1 for obvious reasoys, but of course later you can shuffle
spinors from one kind to another and bredk this rule.

@ Hz Comment about how to dontract indices in jconnection of S to M.
I: Uniterity stated in terms of M-functionsy G7 MY = G roughly. G = L(p)?.

J: M-functions contain momentum delta fmotiten.
Kt physical momenta called p; mathmatical called k so that Sum(k,) = 0.

L: Cluster decomposition annoted; phase of : lative terms is discussed, but I dont see
the conclusions yet. Much reference back to Trieste paper.

M: "scattering function" called M,(K) is a fonnected payt defined by pulling overall
delta and 2PI fourth. Ie, this “is the thing I call A” function,

Nz A Landau diagram D is made of some lines [, vertices V, and directions 4 + dustan abstract graph idea. Can have free lihes, no “tedpole" lines. If thi
external lines are in 1:1 with process, you can call diagram D(K).

0: A Landau surface M[D] (script M) is a surface in the space of certain momenta p,-
Each line L of your mathmatical Landay diagram gets a momentum P and an X . The

surface is defined by three conditions: fe all on mass shell, p conserved at
vertices, and the third one 1s sone kind pf sum involving the alphes. You candraw D,in momentum space, where it is called D.

w*[D] is a positive alpha Landau surface of some diagram. If you add up

these singularity surfaces for all possible diagrams, you get M*(K), the completee positive alpha singalerity surface in the|momentum space K.

P: The function M,(K) is supposed to be analjtic at any physical point in @(K), afteryou remove the set of positive alpha singjlerities WK) In simple case this means
on the real axis, but not at actual n threshold branchpoints.



Q: The i€ rules. I skipped most of this, but idea is the rule tells you,how to go

around a singtilarity in M*(K) if you Bit one. A path along réal axes in K-space
which makes little detours around the positive alpha singularities is called an

. essentially real path. It is by means of such paths that different physical @
regions are connected.

Rr The idea of "persistence" is that the physical significance of the function M,(K)
cannot suddenly change as you mobe along an essentially reg] path. Seems obvious.

Second idea in this section is interchange of order for identical particles.
Tie remaining sections all deal with this question. The conclusion is that you get
the field theory result, usuel statistics, but Henry ‘goes ‘out of his way to show
this. EG, how do you know that an interchange doesnot cause a phase which depends
on momenturi, or on position in the ‘set K, or on something else. :
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Crossing, Hermitian Analyticity, ang the Connection between prope
Spin and Statistics not de

The

Henny P. Sra paper,Lawrence

Radiation Laboratory, University of ern Berkeley, California eth| (Rect 17 Novel 1966 compeunder

| “The analytic S-matrx frameworki further developed. Fifi some results of earlier works are collected the sas'
and the physical-region analyticity properties recently derifed from macroscopic causality conditions conijue.
‘are described.These entail that scattering functionsaf ic ts ugLandau surfaces, and that there they arei limitsof analytic functions from certain well-defined dircc- phases

that ko covers thete exceptional points i then saad es then shown that the scateting function a oreddefined by analytic continuation is either symmetric or antifymmetcic under interchange of variables Pr‘lserbing idendeal particles and that thesign induced by the fiterchange is independent ofthe particular _ disconrScattering function in which the variables appear. The physjcal-region analytciy propertiesof bubble- assump‘diagram functionsare then derived from the general fe rule. hese functions are products of scatlering vesene“Tonetionsand Sonjugate scattering functions integrated over jhysial internalparucle variables, as in the _ Pterms of unitarity equations. They are shown to be analyti¢ in1 i TherSa seuealy, nce oa hous Lanne sieteaad eae ea a sive preare Te gram ia question, with Wl Tesifieton thatthe Landau a's must propertiveor negative Tor Tins Tying wihin postive or neghtive bubbles, respectively. Also,the basicPe for continuation around these singularies is Sc ‘A new general derivation of the pole approacfactorization theorem is given, which is based on slightly weaker assumptionsthan earlier proofs. Particu- Olivet?lar attention is paid to the over-all sign. A general derivation of the crossing and Hermitian analyticityirate pao i oral gn Ageal ein hong and Her factorthe paths of continuation that connect the crossed and Hermptian conjugate points, the various related the prop
points are found to be boundary values of a single physical theet. In particular, a certiin sequence of function‘
Eontinuations fs shown to take one back to the original poin}. From ths fact it ollows that abnormal suultipa

statistics are incompatiblewith simultaneous unitarity in both he dcet and exssedchennes Themga paliven here does not depend on the notion of interchange of variables other than those of x products

FeeEeee aetna ering ot ate epee reaction.Eaajagseparticle. Finally is shown that the analytically conic fonswih amare tewnVariables
are precisely the scattering functions: no extra signg are needed or permitted. Aside from the ttgeneral / rule, the analyticity assumptions are these: (1) The discontinuity around a singularity ofa is auttEntoble diagram 2 has no residue at a physical-partile mass valve (in an appropriate varlable) unless also by ©the singularity corresponds to a diagram that is supported By 3 and has the single-particle-exchange contin

formthat corresponds toa pole at that mass value. (2) The resjdue just described has the pole-factoriza- i‘on propery. (0)Confueaces of infinite numbers of nly urs Go not invalidate the results pointsarestablished by assuming that this number is locally finite, Assumption (1) entails that all relevang- lying in 2
Singiaresof etering fonctions leon Landa suracs, at isthe base ssompton, running |S,= wt.

a it oe manifold
i 1, INTRODUCTION crossing and Hermitian analyticity properties of mass-she

An earlier S-mattix proofof the normal connection Satterifg functions,The{Grossing property\of (multi The presbetween spin and statistics given by this author’ article) scatteriny functions, i. the oper) whereby exploitthdepended on an assumption that self-conjugate —the_scaltering function describing one reaction and all 1

combinations of particle and antiparticle amplitudes wee by analytic continuation to the ns. treated o;were in principle observable, The assumption is function describins certain other reactions, called _
objectionable because it has no experimental basis in -<fossed Feactions. The Hermitian analyticity property vhs.

the case of charged particle and in fact conflicts i the Property whereby the scattering function Connectionwith a conjectured superselection rule.t representing a given process is analytically connected Eaporiony
In that original paper, the beginning of a second tthe complex conjugateof the scattering function for #27 (1565).proof, not dependingon this special assumption,was thetransposed process at certain real boundary points. waealso given.* This alternative proof depended on an _ This sfcond argument was not a full proof. In the *b. Olive

apparent conflict between abnormal statistics and the frst place, the statistics involved was the sign change ange Poe, —— under ifterchange of variables describing relative Som regions
THER Sapp pg, Hew. t28, 2130 (9604 antipartiles, whereas the spin-statistics connection | ies af born. 110953. "ace, Phos: Rev: 88 involves the sign change under interchange of two ie i
Freeeaseerin the nesatennggar tory Variables describing particles of the same type (iden- difcultyim 2c
lowed to be diferent from unity. * tical particles). And in the second place, the required eesouat

| 1548 |mh oe
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Selected Xerox from Barut books = :

@ 2.3 The UIR's of Poincare Group H
2.4 Reps of the Little Groups | ‘
2.5 S-Watrix and Amplitudes. ! . ~
2.6 Spinorial Amplitudes: . of

4e2 Construction of Spin Amplitudes

4.3 Direct construction of Helioity Amplitudes
4.4 Photon amplitudes i
4.5 Neutrino: amplitudes: | ,
5.1 Discrets Symmetry Operations | .
5.2 Parity / {
5.3 Time Reversal

. 5.4 GPR, C, 7 and spinroal amplitudes

5.5 the CPT theorem and analybicity, complex L?

Appendix 2: Poincare Group {| Appendix. 3: FDRs of Lorentz Group |
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Barrette: narut is sntateft6d-tn tals Péichre traidtormattons
U(a,A) act on functions of momenta which He calls X(K), where K is a set of

e motherita "ind X ‘will Have’ cre iddéx fr eadh'mémeritun. If ydu" just “dofisidéey the
trTenslattiorig; you gét X(K) = X'(K) times the obvious phase. This result would
be obvious in terms of the S-matrix. Now fconsider just the LT's called A. It

is obvious that U(A) X(K) is going to take the 4-momenta into AK, so Barut

says: write U(A) = Q(A)T(A) and let T(A) |do nothing but this action on the K
variables.” As he says, under T(A), X(K) transforms as a scalar.

Due to dc stuff, T(A) is unitary, Siknce U(A) is suppsed to be unitary,
Q(A) must also be unitary.

Next, he shows thet Q(A) must compute with translations. If this is so, it

then follows that Q(A) must not affect the] arguments K. This means that Q(A) can

only act on the spin type indices,

Finally, he shows that for each particle there is a Q,(4), and that this
Q,(A) must form a representation of the liftle group of k. I should have said
that Q(A) is a product of Q;(k,,A). By fomehow mapping the general k, pack to
the rest’ vector you enéd up with a Wigner fotation.

All this stuff concludes with (2.26) which says that the function X(K)

transforms with the usual translation phasds and a Wigner rotation product, as

e@ usual.
Section 2.4 comments: In Case a Barut doed the usual rotation group case. Notation

is as follows: |p = the rest vector (m,0,0,0)

ep = afer L(k), H(k), o” ny other case/ aside: if in H(k) we allow any rdtation R(p), then this exhausts all cases /

‘cep 7 1 the synmetric boost = ("%s), only!
Obviously, BBY = L7(k) as in (2.29').

.

More notation is this: (to compare| to ny own notation)

: Rwy ’

Re yay p =.Che92)

WAP= LAF= p A(Bxed)§) =

e Le = @) AA e !I dont see where Baruts momentum q fits | I think his notation stinks because it
is too complicated. Overly notated. (over) |

'
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OK, I think he has changed his notation in mid course. Look: at (2.31):.

‘ deka; 37 a7! 3TWA) = eT TD’ ( Bece A Ree)K LAIR] e
Yow wad tomatoe bie? Fired) p> F and A=L,

idea vara . :(ua Oxyd =e FOC BegL Bee) X [LK]
Nort \ ~\ war)

Bae p = Wa) Bree = W(k)
Qroushor (Kemust be Gok kT So, We shea lee moiny4)JEW

Vy ~) :LUGO = SP Y (Hab 4G)x LQ).
In order to make sense out of his notation, we have to correct an error: the momenta

he calls, K are really what he calls the aj+ Then Aq, = ks and these are the ones
wyich appear in the phase (as he says). So, comparing to my notationL :

Fa (2al) : vet bun ‘ @
.ve

f

qcy k

u A

LOR) Byer
( Brea}

So I regard (2.13), whicih I already kmow, as the final result of this section.

Case b I skipped deals with the lightlike little group,

To summarize this section, Barut has shown how the S-matrix elements transform,

in the case of all massive or all massless particles. However, he has done this without

ever mentioning single particle states.



Sectdon ‘3:5: ““rinally ‘the “trérisfornation Puls 16 Witten in dmg’ of the s-matrix.
Baruts convention ist D” goes with an inboning particle, D with outgoing. Also,

 @__ in (2.43) ne shows a specific example, so he is also saying: incoming particles
have “up indices, outgoing particles have|"down" indices. Notice that he always

tilts his indices on the D-functions in tht correct way.

Barut mentions isospin in passing|end notes that much simpler, though same

D-functions. You can make amplitudes of total I, but not of total S, because S is not

conserved in the theory whereas I is.

Finally, the two special cases aré mentioned: the helicity amplitudes and

| the R-amplitudes which I call canonical.

Section 2.6: Spinor M-functions. Notice, Wy the way, that Barut was using both up and| down indices for R-functions Ceoncrteeted- never do this because rotations functions|
only are used, no need to go up and down. dut certainly you could go up and down if you

| wanted. Baruts wants to. Barut goes through the usual deal of converting helicity or

| canonical amplitudes to the M-functions. Hé shows how everything trnasforms in a nice
compact notation, though the index attachments are not quite obvious. I skip the
naxsless case, once again. This stuff is @ll clear to me. _

@ section 2.7: very short. Shows that nunber| of fermions must be even using the
transformation properties of the R-functionb. Very nice, but obvious. Footnote is

interesting: some people erroneously call fhis a superselection rule, it is not!

It follows from rotation invariance.

@



i Discrete Symmetries and |. itinuation.
and 5.2,| sus 5.1: Look at once at (5.7) and (9.8), which gives parity invariance. Thee@ arguments¥ are like momenta, so maybe % 4 pM whereas a= sp’, the parity inverted p.

Then the combinations of 5.7 and 5.8 gives parity invariance. You see the L(p)*
appearing inside the D-functions, just the way I want. You see the product of intrinsic

nate parity factors gathering in front. ‘pom the order of the initial of finalstate is not changed. I skip the rest of this section. Parity agrees with what I
get for same.

Sections 5.2 and 5.4s To me these section’ come across as very confused. The notation

“is not clearly explained. Worse, there is fhat I consider a mistake: Barut suggests

that ‘en anti particle should have a negative spin projection as wells as a negative

isospin projection. This is in conflict with “usual” understanding (eg, Sakurai
. bobdk on P,C,T; Martin Spearman; Williams, etc) whox say that the operator C should

commute with all Poincare generators. So, |this means that the J, eigenvalue of a
particle at rest cannot be negated by C. [Because Barut says that the index m should

be negated, he gets the relation (5.20) for C-invariance: in Berut’s notation,
a dotted index is numberically the negativd of an undotted index. Since he sees

e the spin as negating under C, he says that you should interchange dotted withundotted indices on the canonical amplitudds. Except for this interchange of the

dotted with undotted locations, I could agree with (5.20).
Next, (5.21) gives the combination of PT. In the R-amplitudes, since initial

states go with D* and final states go with P (the way Barut has chosen to do things),
clearly initial indices are dotted and finei indices are undotted for an amplitude.

Then PT, since it includes T, should changel dotted to untotted, so I agree with
(5.21), ignoring isospin. For T-alone, I then agree with (5.22).

The three equations , actually thejfour, namely (5.19) through (5.22), tell

the action of all the symmetries on the canbnical amplitudes called R. I agree with

everything except the dotted-undotted if caused by C. In particular, thereare no D-functions, which is the same result I get with the /om)e amplitudes.
Next, he wants to convert all thesb statements to the M-functions. In

order to do this, he uses this bizerre fect}

G=Lwme as A= GR) leu
e@ If this is true, then also true with D(A) wl This allows him to go from D°°to D° * in this way. These are inequivalart reprs, Well, somehow using this

he gets that in (5.31) you can do aon without and D-functions. I knowthat somehow the D-functions are hidden in the switch from one kind of index to the

other kind. |



In general, Baruts' handling of these discretes just leaves me cold. I will have

to examine Stapp to see if the same kind of confusion arises. If Stapp also does

things in’ this way, then I will go back and restudy: things. Taylor does not seem @
to do things in this way.

Sectioh’ 5.5: CPT theorem end etalyticity. Cleims that the CPT theorem is also obtained

directly from the simple transformation law using the magic: complex transformation.

I think this is what stapp said to me one day. Somehow I think of this as being

comgined with crossing to get the CPR theorem.

overall comments: Although Barut has lots to say about things I am interested in, some-

how he just doest tell me things I want to know. We have a terrible notational

diferente, for one thing.

ne thing that I dont Bike is his ignoring the singl-particle states. Enough.

©
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Annendices:

Appandix2: Poicare and Lorentz groups. Nothing new here in terms of proper, restricted,

and full Lorentz groups. However, the "second kind" complex Lorentz group is somethinge I never heard of before.

Appendix 3; Barut does many things differphtly from me. iret, he uses the symbel om
differently than I do. Secondly, he defines the first kind spinor x, fo transform
with the matrix A, whereas I have x" tranpforming with A. He does use starring to

go from dots to no dots, as in 3.18!? (iipesh my aigferente is his definition of the
object mcr) which is given in 23. |We agree as in line 3 of (24) that
p®4182 is a combination of first kind and| second kind, but he sets it up so that

it ig upper in one but lower in the other.| Unpleasant to me. The result of his

definitions is that (s,o) and (0,s) are rélated by 4) instead of just * .
In handling the metric spinor, he|deals with the antisymmetry problem by

noting that o7! raises but C lowers. Actuglly, D(c). So at least we know what
C is.

e

|
|
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Is Imariame Principles (Ch.2 | See. 2.3] ihe Unitary Representations of the Poincaré Group 9

‘This is. in the next section. The discussion of the other groups is @ ‘The translations U(a,1) do not commute with U(0,4). However how‘postpone later chapters. now that_the Q(A) part of U(0,4) commutes with tl ns erdced,
" | fiom the group property pias

2.3 Determination of the Unitary Representations of the H ¥ U,A)U(a,}) = U(A(A)a,1)U0,A) ry
Poincaré Group | we have

Let us turn back to the Poincaré group (a,A)(see first Appendices2 and 3), ~ AAT AUNT (AMA) = ULAA)aI. @15)and denote its unitary representationsbyU(a,A) which we want to determine. By Girect computation from its definition, .From the group prope:t;. we have = Uy uo, A) i
U(a,A2)\U(a,A:) = Ulas +-A(Aa)ay Aad). 210) f AUDAIK) = TET XK)A yYInstead ofA we use the 2 x 2 unitary-unimodular matrices A (see Appendix Te = exp (5fea) XA) o (waanrcayx\o]3). Actually, in quantum mechanics one must consider representations up to a ,

phase factor w(1,2) on the right-hand side of Eq. (2.10), but thisfactorcanbe | for all X; hence .

chosen to be +1 when A is used. T(A)U(a,1) = U(A(A)a,1)T(A) 219
‘The translations T which we diagonalize form a commutative subgroup 1

with so that T and U(a,1) do not commute, but from Eq. (2.15) we now get
Ul.) U@y1) = U@a + a, 1). Qu) Q(A)U(A(A)a,1) = U(ACA)a,1) O(A), ca aud

Their representations are all direct products of one-dimensional representa~ | ins are oll which is the desired result.tone Fot thefunctions ARK; transforming under we Tepresentations of ‘Any operator F which commutes with the translations cannot affect theranslations, we can then write, up to a unitary equivalence, momentum arguments of the function X, for if [F,U(a,1)) = 0 we get

HKEKD = 0 (0 ba) X(Keds 5 RD exp ((Ska)ex = U(a,I)EX, Hence Q(a) must act as follows?
uy sawel'- a nnana where.the.sumadpiqa-includes-allthe-particles incon MT OUBSINE, if Wey7 i. OX alx 2.18)draw in the S-matrix, for convenience, all particles as outgoing, for example. ) (xX) = (1 Oko )] , @8)’

Next we consider the representations U(0,A) which we split into two parts

+ where Q,(k,4) are operators acting on the additional indices of X, one forYOA)
= QATIA), 2.13) each ki. These additional degrees of freedom on_X will be interpreted as thewhere (A) is defined to act on the arguments K only: “spin” indices. In this sense the separation given in Eq. (2.13) is one which

- “Separates spin and orbital angular momenta.(UA)XK) = XA) AK} @.14) To determine Q(A) or O(k,A) we use the group property
Under T(A), X transforms like a _scalar/Because the unitarity condition -
involves an invariant integration, T(A) is unitary. Hence Q(A) in Eq. (2.14) UO.As)UO,As) = U0.ArA2)
must also be unitary if U(0,A) is unitary/The definition (2.14) fixes the or
transformation property of Q(A) which is supposed to affect X itself, not the Q(Ax)T(AQ(Aa)T(Aa) = QA,An) (AAs). (2.19)arguments. |Let us operate both sides of Eq. (2.19) on X and use Eq. (2.18). We have in

*¥V. Bargmann, Ann. \ath.. $9, 1 (1954). The phase w can first be reduced to +) .
using the continuity and associativity properties of the group. Then because the corre- Every bounded operator commuting with translations has the spectral representa

spondence between and -\ is 2o-l; be, tA r+ ACA), the remaining phase can be tion (EX) = FUNG), where F{k) i a bounded operator.” See SNAG (Stone-New-takento be +1. The groups with the phase factors properly taken eare of are called the tmark-Ambrose-Godement) theorem, in M. M. Stone, Ann. Math 33, 643 (1932), M.‘quantum mechenicelgroups. Thus the quantum mechanical group of relativistic invariance Neumark, Js. Akad. Nauk USSR, 7, 237 (1943), W. Ambrose, Duke Math. J. 11, 585+ f'the group SL(%e), the 2 x 2 unimodular group which Is the covering group of A; (G548), Re Godement, C. Acad Sei, 218, 901 (1944).
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About the Cannonival Single-Particle Spin State - — L -

e 1, I understnad what. MeKerrell has. ta cal I am a little oyptuoed however on howyou experimentally know what you afe dealing with. Lets start off with a

particle of spin S at rest, with component m along a z-axis. Thus, the picture
is this:

.

- - et ~

= HI
;

5
- -

NG |2.
Now, we directly boost this-rest state)in a direction n pemanesAD

gh K \
. lee +S VR -

Y
.

- -

P= an C&g,O, Saysus,Sak wey)
- ek Y, =

Thus, we now have a new “state” with mQmentum pointing in the first quadrant:

aye

ga FP 7 ae ~~ a]e A P= Cx Pet = Ghecuom)y +(Seqeasom)2,aN)

3..Now here is.the problem: suppose .an experimenter has this particle going at this

momentum p. How does he. figure out what! "m" is for thig_ single particle? How

does he measure it? One way might be this: the experine: ter runs along with
the particle and view it at rest. However, he continues to xx . Hopefully, he

sees what I have drawn in figure 1 abot te He then figur¢s out what the component.
of spin is along the z axis. what 2 axis? t a: - --—|— -

4. Ef the particle is in a helicity single-particle state; jthen it is completely

clear to me what the- experimenter does because. there is 1, confusion. about.
which directionis the relevant direction. _ . T - - -

L
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Transformation Property of the S-matrix. . _ 4

-_ I. In his Squation (3.27) McKerrell shoeg the éffect ofweft Poincare ~e ‘transformstion~on the single particle fenonical state. |The translation part’
- of this is clear-and is done last. You ppick up the sfat-rotation matrices -

- witha certain Wigner angle. The slight subtlety is that here, the Wigner angle.
. is generated from the L(p) operation, ferns in the helped ty formalisim you_. get a different Wigner angle generated! from the operaticn H(p). Recall that .

these differ by a pre-rotation. ii
2. Now, consider an S-matrix element (£/S/i). Here, we snipe S to be a scalar |

operato® in the supér QM Hilbert Space] The statement that this operator is

- invariant under Poincare Transformations ts the statement of Lorentz Invariance

plus translations. Now, -for the state{/i) we can take the direct product of
single particle states in either the canonical or helicity basis. Thus, forgle pi

example, here is a statement of Lorentd invariance: _

Ceecms\ Brames Pests| SL paves Payme> i <M
. “1 - - oee@ <M = CHL SLY |

“Yaa Lprmve = 2 Dy (aete LG) ( QeuttDe -Sari
Cherre = COD) --

- - wok - 1my ava aN 1
_ > <pml Ut = EF. Daniel (LY WD) Seam

my

So ack nin agenda nadine |
gs} =. _o | -|

:
-

Sash fy, ial S\ hm) fm : -
. + Sy * set 3 ah .

= SF Vm@ Danls OF" DE ONGe ah |aa :

as Cems5 promt teen) S\ gals dm,
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@ 1. On the last page, we established aoe of Lorentz Invariance on the- S-fiatvix élemenits: We pick up ¢ D-fundtion of a Wigner fotation for each 7
particle-involved. Actually, the Wigndr robation-may- be} written asx-the- - -

product of- three SL(2,C) transformatidns, as usual. -

2. From our study of Liubarski, we pres | bly know all abo}t the finite dimensional
° . representations of the Lorentz croup. [eve were a fntpg: Basically ~the 6 generators dre coutiined so 4s’ td form two separating algebras, so you

get roughly the direct product of two BU(2)'s. P and glare really jy jg. Each
Jj takes on the usual integer or half-ipteger values.--THere are -two spinor

representations ($,0) and (0,4) which transform dotted dnd undotted spinors.

From such objects, you biuld up fancy higher spinors in the smnmmx "spinor

_ algebra". The familiar vector representation is (3,4) powers of this

representation form the tansor algebra|

7

What Liubarsii did not do was|construct the explicit representation
matrices for Si(@,C). These would be célled D'1!2 (A) jtterd A is clementg of

7 61(2,0). Te, theve are four lower subslripts. I'think thts thing is just the

simple direct’ product of pi20 (a) Dope A): These =ared- just extensionse of the SU(2) matrix elements.-Ie, you take as basis momohials xJ—™ yJ+™ and
you let (x,y) go to (x')y’) under an SL(2,c) transformation, things all complex.

. _ _ In the special case that A redlly is just a rothtion, D°Y is exactly .

the same as DJ, However, the DJ thems¢lves are not defied outside of su(2).
See Barut appendis for a few details on this.

3. So now we come to the spinorial amplitpdes. Recall that |we had Wigner rotators
Ata (Ip) “[-L(p) “int MeKerrell notation for canonical basis. L = A = arbitrary ~

- -  Lorents-Transformation. Now, B°(At) = p°5(A') in SL(2;C}® =-product of three -
factors = D°5( L(1p)-2 .) x D°( LE )}x Dd Lp) J Each argument here is

an SL(2,C) group element. In general, nbne of these crews is a simplerotation, $9 here we develop the rule {nd definition of the ¥-functiona:
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“Xe, sudk on VW endre oe [Los & LU2s].. .

Qyua: W-Suncdrmaow ": K spwuns" ‘: . - oo.This rs that: the M-functions-transform simply as direct product
representation of spin-representations. of the SL(2,c) group. Barut simply does

. not give enough information to be. compreherlsible.
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Relation of the O(2, 1) Partial-Wave Expansion to the Regge Representation : Fe i
1. F, Boves* Ma

International Centre for Theoretical Phsies, Trieste, aly Be| (Received 16 May 1964) aH {
“The general two-particle seattering amplitude is expanded i terms of partial waves corresponding hit| tothe ond chal tle group, O€, 1, Under he eruption of quae intgrablty over te group Woyi ‘Ganfold the invariance ofthe 6 matrix under the complex|Lorents group, which follows from the ‘fee

Bargmann-Hall-Wightmann theorem,enables this expansion tp be identified withthe Regge representa- ite‘ tion in the crossed channel, whenever no dynamical singularites occur to the right of Rej = —4. The Ay

identification requires the assumption of the fixed ¢ dispersiod relation necessary for the definition of qi| the Regge representation, Bi;

i 1, INTRODUCTION summaty of the crossed channel O(3) expansion in ee
‘ UE to the crossing symmetry of the S matrix the Se: 3 fetes the definition of O(2, 1) helicity states AleI! D tworpartisle scattering amplitude may be ex- i Sec, 4and the expansion oftheS matrix in terms of oapressed in terms of two-particle helicity states which {et in Sec, 5. The analytic continuation in See. 6 By

Eorespond to one incoming and one outgoing <n#bles its identification with the O(3) expansion of od
particle, The spacelike character of the total momen- See. 3- t , i |[/ tum of sucha state permits its expansion in terms of This Work may be regarded asthe continuation of a aa
eigenstates of the little group, O(2, 1), maintaining, 28@Uitysuggestedby Joost and is complementary to ay| however, the reality of the masses of the component Feeent works by Toller,* Hadjioannou,* and Roflman. Bh.MQ sinsie-pacticte states. This expansion in turn enables It draws heavily upon the properties of the tepre: i
the amplitude to be expanded in terms of the irre- Settations of SL, R) which have been established Bes
‘ducible unitary répresentations of O(, 1), a subset of PY Andiewsand Gunson.* ii which forms a complete set for the expansion of any 2. GENTER-OF-MASS AND BRICK-WALL 3 qi function which is square integrable over the group FRAMES, id
manifold. The manner of makingthe expansion which ‘The invariance of the S matrix under the Poincaré eg' iy udopted below is due to Dr, J. A. Strathdee, a8 is group enables the scattering amplitude to be ihe
also the tenor of the approach. expandei in terms of its unitary irreducible repre- ae‘The invariance of the S matrix under the complex sentatiofs. ‘The usual partial-wave expansion is ia

: Lorentz group enables this restricted expansion to be based upon the representations of the little group a ‘
‘ identified with the Regge continuation of the crossed (3), which corresponds to positive definite eigen- j a! channel 0(3) partial-wave expansion, subject to the values of the Casimir operator P?of 2. The general Ea
\ conditionthat the partialvave amplitudes have NO two-particle transition amplitude =' dynamical singularities tothe right ofRej= —}. 1, chal Ths, lates pad 2 1H

‘The chief results are the identification of the (Pata Peal TGs O1Podas elas i]| ‘principal series of (2, 1) representations with the fOr the process represented in Fig, 1, is expanded by A
background intesral of the Regge continuation, and transforming to the center-of-mass frame, in which i he

. she diserete series with the nonsense channel terms, (Ps + Pal is along the time axis; and by basing the. iaSch tor OG. 1) ave perferily natural contributions, efit of the scattering amplitude on the single ane'
; i it ity Batticle Melicity state, bs; The major assumptions are the square integrability . 4

t Of the amplitude over the group manifold and the Ipa) = U(L,) |2), Ql) $ 4
| absence of dynamical singularities to the right of Where . A:Rej = —} in the physical region of the s channel,  P =y(cosh y, sinh y sin 0 cos p, id

i physical regi ci . ia! together with the fixed 1 dispersion relation necessar} sinh y sin@ sin g, sinh y cos 6), * g
get Ps ry Y ‘ 4| for the defiton of the Regge continuation of the U(L,) =lexp (igh) exp (—i®Js,) exp (Wey 2 vo@ rms. ios sorta versity ofColo-®| "We have tried to alleviate the complication duc to gaaueader 196i,Wal IR en ves Cert of Cou 4 {

spin and the presence of exchange forces by presenting," Tolls, Nuovo Cimento 37; 631 (1965; Istuto i Fisica ia

—_—— “EH, Holtman, Phys Rev. Letters16, 210( ‘ae!; +Permanent addvess: Imperial College, London, England. M. Andjews and J Gunsoa,J. Math Pays, 1391 (196) oe
> 615 no : Mf |! . | ott Bi 2
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‘ notaadics

e@ 1, Pits, “Boyce defines the sual O(3] helicity states using the ‘L, form,
* “ese states are‘then indicated without a prime, eg, /ph> Next, for
“Feasons’ as yet ‘unknown (but'see bellow), Boyce defines what he calls an 0(2,1)
helfcity state via xform ly and state is ON y. Given these definitions,

. it is easy to show that these states are related by the y-rotation given
in 2.3 . But why are these 0(2,1) ptates defined’in this way???? Just wait...

i}
2. Scene changes and we are talking abdut the Hall-Wightman theorem. This theorem

"says that if you have some M-functibns which transform on SL(2,C), then you
can extend the transofmration to thé complex lorentz group if everything is
nice. Boyce indicates M-functions by M inside the states, whereas helicity
amplitudes of either kind have a 7.{

As we well know, the relation of the M functions to the s-chennel bws
amplitude with 0(3) helicity states is piven above 2.15. You get products of
D(L,) where Ly was used to define the! 0(3) helicity states. Now, suppose we

choose A= Ry the imaginary z-boost,! in the Hell-Wightman. Note that pte

are converted into q's, so we are Copverting s-ch bws to t-ch cms! When thise@ Hall—Wightman statement is converted: into language of 0(3) helicity amplitudes,
we get (2.15). This says that the s-channel bws 0(3) helicity amplitudes

are related to the t-channel cms (34 helicity amplitudes by products of
D-functions D(W=S). But these are precisely the D(S) which define the

0(2,1) helicity amplitudes, so you can get rid of all those D functions
and end up with this statement: j

I t(ee) Kener TO®larm yan = Kavrongede \ TO Lae dsiqy ds). *

sdk hws in Cay) Waban pide ema vl) o(8) bel slales,
This equality is explicitly stated in Boyce by equating equations (2.17)
and (2.18). This then shows why hé defines those 0(2,1) helicity states

An the way he does. . | . .

qe ;
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e The amplitude which appears.in Boyce b. 14A} is the M-function, but, is also
a6 S=thantiel amplitude with 0(3) heligity States. It is s-channel because

_ land 2 appear onthe same side, It ig 0(3) helicity because.no primes on

the. helicity states. , .

Equation (2.144) shows how you can continue this s-channel 0(3) helicity
M-function all over hell. Ie, you cari continue it from the s-channel to the

t-channel. physical region via a complex LT if you went. But it remains the
“g-channel, 0(3) helicity M-function."!

As a particular application,in (2.}5) we see how you can relate the
(s-channel, 0(3) helicity T-functién) evaluated in the s-channel physical
region, in particular, in the s-channel brick wall system , to the same
amplitude evaluated in the t-channel chs system . Martin and Spearman would
I think put a superscript (s) on the Tito remind us that always s-channel

anplitudes involved in this. equation. | .
If you want to relate the (s-channd1, 0(3) helicity T-function) to the

(t-channel, 0(3) helicity T-function),ydu need .a crossing relation like the

one given in Martin and Spearman. Boycd gives this as first. equation in (3.1).

If you happen to be evaluating things in the t-channel oms frame, then you@
also get the (t-channel cms amplitude) :

Boyce seems to label t~channel amplitudes with an overbar.

Now, the equality: (**) on the last sheet equates ( s-channel, 0(2,1)

helicity amplitude} evaluated in a certain s-channel bws with the (s-channel,
.

0(3)-helicity amplitude) evaluated in!a certain t-channel cms system.

This is very odd. Normally, you woul expcet to see some d-functions in
such a relation; Ie, comparing an s-channel amplitude in two different frames.

But this is just what (2.15) says. The Wigner rotations -there belong. to the
Lorentz transformation which is just R,|the complex LT- connecting the s~channel

brick wall to the t-channel cms. ‘Bur, [the 0(2,1) ‘helicity states are defined
in just such-a wey to compenstae all these d-functions, so you get the simple

relation of the above paragraph (**). oH
1

) ' ! «)CIC hbygadel TER)ads ped = Kadyqede TCI |gads, qv Si 1|
e .Gdrowmh, oi aketth amp) oval — | (sbanmah, (3) sh ap) us

da Sada plugs aagyon  ¥¢) Soch| bus | ook plugs Agen ve) tohibous
- - Me physiok yer .
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I will say-this once again: nes .
(#*) says: df you look at ‘the ‘s-channel vamplitide'in*the s-channel e

brick ‘wall system with'-0(2,1) helicity states; ‘it is thé same as if you
take the S-channel amplitude -to the t-chéfnel~tnis with regular 0(3) helicity
states. . Sas
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,Discussion of overview outline: \

@ . Tho(t-chennel cms amplitude) calléd T(2,t) is treated in the usual way.
You use an 0(3) expansion and 0(3) helicity states,

What is new ds the definition of the 0(2,1) helicity states so that
the(s-calinnel bws) amplitude can be defined and is numerically equal to

the (t2channel cms) amplitude. of course as usual they cant both be physical
at the sane time. =" 4.0 ,

If-Boyce Had not used these clever! 0(2,1) helicity states, the (t-channel cms)
amplitude would be related to the (s-channel bws) amplitude by a product of

four d-tunetdons, reflecting the complex Lf which is needed, to connect these
two frames. (Called R) One of ‘the necessities is showing how the (s-channel

bws) amplitude is a function of Q(2,1), and this is done very naturally via

the 0(2,1) helicity states. |
Are these 0(2,1) states really nesbary? Think of the s-channel bws.

The result of using “states” is to gét the 0(2,1) angles to appear in
one of the states, analygous to the /pQ}...) of 0(3) analysis. However,

it seems to me that exactly the same thing is accomplished by using BCP frames.e@ In this case, the group angles show uples you move across the horizontal bar.
Te, the group stuff appears av an operdtor on the same level with 7, the
S-matrix eperator. 7

Thus, the use of BCP frames gives be the Same amplitudes you would get
using Boyces 0(2,1) helicity states. i dont think I have to ever explicitly
construct Boyces two-particle helicity states.

i.
‘
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|Jan 11, 1977
‘

e cosmenta on Borce Paper: |
“Boyce seems to claim that He has discovered the connection between

nonsense regge terms and the discrete series. He notes the cancellation

dee cee ants aeatvery Se te bas ones denies ant tulirt} omunten———
theorem he would see at once why tail éancellation occurs and where ‘theee

i@ main gist of the paper
is to compare O(3) regge theory to theO(2;1} theory._Boyee is very concerhed with helicity crossing-matrices;—————_—brick wall systems, étc. But the ideas are now so familiar to me that I

wont bother to look more into his defaile (yet)._
Fe dows quote thre Hebiswigh arent cnr peeme to Baythat

ee he M-finctio . dating on the. Lorena grove aay be santemad ene the a
complex’ Lorenta group SL(2,C) x SL(2\C). He quotes POT and all thet book
on this Toque. Also, shows Wow to folate Wtunstions to He various
cinds of-helieity-amplitudes——}

The 0(2,1) functions are talne from andrews end gundon.
To Boyce's credit, this is @ very early paper, May 1966 submitted.

© get wore detail, I would |nave to compare this to exe .
*|
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=Owe R= Ne Ae 5 ke, | 4
a @ ‘Comments: the above Martin and Spearman slantion is only valid for the usual 0(3)

helicity states. It derives simply from tht equation on the top of this page which

says an arbitrary LT on a single-particle helicity state always does a Wigner
a rotation. Ido not yet know what a LT does to a "0(2,1) helicity state". But,

@ quick. scratch paper figuring seems to ol ‘that equations are exactly the same
. for 0(2,1) helicity state. Only the meaning of the symbol is changed:

fs) ys od)e =p. Age eet 82) 3G)
ee) por - ga)

ex Ae F Ar= Re) B® B(4) on)
Beware: although both these transformaticijs take p to same p, the could and do

e differ by a pre-rotation! Boyce's symbolsfare:
oO or ‘
Mos be pe leg AD GNL=Ge o@.
N= be e= be?
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In fact, the two transformations differ-by-a-prerotation which~is~a -Y-rotation -

‘by amount given in bottom of page 676, first cblum. Py

© Tx] = & Lip «iat .

“Lay xt} = i Le td] .
- - ofa) _\
wa SE Weg Ly =LeSy ;
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_ What we learn from this calcualtion is this: the 03)omsingles particle helicityr states (SPHS) are very simply related ohn 0(2,1) SPHS. Ip fact, equation 2.3
says that an 0(3) SPHS is just a linear cpabination of all the 0(2,1) SPHS with
simple coefficfents given by the—matrix of that y rotation mentionedabove. .

:

-® Lad. wale oy Cus) * C216 ).| Fund comidny A= ae LT.
ond wae AK! I- . -

~ ED ape Teds; fed. = eM, eede) OT OLA) | pedsy pods)
37 oy EY 5 .= Sm iN) Rn. 9) ( aoe D CRa}puads
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SBO\ - 2 |e Ag R. =ANME
QA, ¢

- G) 4

\erys = & DKG)) \ee> Possohee. 22) SPS
. go. Oz) SHS

- Que: 4 ws) -a (3); oat
-- Nest= Zr Vung SSDpyarSo) | GaAs)

- - 4s). ™ 1. Ga)

Coys, Byte)

Th fis, pyar = a Daj.(S) Du ype (Se) .GP
XS) Ae /Vran(S9 Drie Se) Sey tpl TH gaps, ayptde Pause: this equation above merely related ‘amplitudes in the two kinds of helicity

states. Sj “are the y-rotationd of éariler, All the 4-momenta are the same on

both sides, som these are two kinds of” tne seen in the same frame of reference.
Quea wit, Cars) bwener, | :



GD Vnd Sade. Ww. av (2.A4). Utmost..care required here, These equations
are-for sure the. most difficultto keép straight. in’'parbicle -phystcs.

In ‘the. s=channel bys ‘we, have. four_momenta called pj, each is characterised. e
by a specific boost. @i, and arlothér boost which only appears in-two of the four

4-vectors and is called % This must be the central Toller variable§ and plays
the role of © in ens stuff. :

In the t-channel oms wehavethe same particles (modulo antiparticles)
with same masses. Now the four ]-momenta are called 4;- Each is characterized by

a spedific boost Bi, and two of the particles (I and 3) alto have’ a rotation -
abgle @

~  .+ — Notice that-in both cases, ibis the particles 1 4nd.3, which have the

extra variable. Very unlike the, s-channel. cms! Ie,particles 1, and 3 are in

the same side of the reaction only in the t-channel. (Considtent with thinking

of Toller BCP vafiables in the s-channel bws).
Now, as already worked out by me, these two "frames" can be connected

by « complex Lorentz transformation which Boyce calle, the imaginary z boost.
Once this connection is madé,"a diréct’ comparisofi oy the vaFiables féllows. One

Yinds that each&i relates simply to a Gi andvof course Grrelates simply to 6+

This is farily straightforward, just compare invariants! e

(See tows) wie -idTos _ :Rat = EMSS = BORO F
- ro 4

ie, i= he a s exesgt war Wow teen g=0 ve Lp
. (ke ems) ©) Be) &

-ke, y= GR -.

Qed, B= sh nreenting, = mm (1,9,0,0)
A= Ankh outyo = =m, (1,0,9,2)

¥

~Reus: p= Le e F = ™MQ,0,0,0) .
paral dha dag, dacchp, ode)

q= ay {= -m(1,9, 0,0)
q = 7m (chy, skeiswE | 0 , We wse)
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Boyce seems to have a little inconsistenty with the overall sign of a vaector.r ) From now on I will take ... well look again: .

. poky > . be= RLS io
¢ S oakoy B-

. astokuian va (2.1L).

OK consider the equation (2,14) which saygr L', ~RL.. In words, here is how I read
this thing: " In-bhe t-channel, you would normally start with G as a past timelike

vector, so {9X (~q) is a relevant FTL particle in the t-channel reaction. Then

if you act on this with Ly , you get the on as seen in the t-channel standard_ ems frame. It then you apply complex LT called R to this, you get a certain vector

called p, which is the 4-moiiéntaum of the ‘antiperticle in the crossed s-channel

reaction, but brick wall, not cms. All of this is equivalent to applying the

operator i, directly to B and doing everything in the é-channel brick wall system.

jm ~ _Upshotr (I am unable to follow Boyce's dialogue, also am unable to seff=derive |

@ his equation (2.15). But-I-can get farily tlose: the point is this: equation 2.15
is the usual rule (say from Martin and.Spbarman) except applied to a certain

complex Lorentz transform). What, we find is that the Wigner’ angles are precsisely

the same angles (rotations) which appear bac, in my section 5.2 on page 2.

But, equation 2.15 relates the :[|s channel bus 0(3) helicity states

amplitude] 'to the [ t-channel cms 0(3) beftetty states] amplitude. On the otherhand, the other result which looked the si related [ the s-channel 0(3) helicity .

~ states amplitude] to the (s-channél 0(2,1) hieiiesty states amplitude]. (Either
cms or bws): - - -

A éomplete -summary-can be found- in| equations (2.17) -and (2.18).
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I see something now. Although it.is. tite that any helicity amplitude.‘cah be written
as a single Toller function element, the reverse is not, true. On bottom of last

page I have shown the. first part of this statement. The, catch is that general a; rT )
will contain pre-rotations! . °

we roe}

Ud = Rea Bg) Rea’)! soe

Woman (44,43, 0) .
r a

=. VDven! («i ) . Wowave deus, wige pags i 5v)ist

= WW ut) Seok ee \s\ pn tn >vey ¥

As a function on SL(2,C)*, the M-function of Toller is free of all singularities,
whereas as a function of momenta R‘° or whatever, the helicity amplitudes do
have singularitites! The Toller M-functions are ‘defined on a better-."surface".

Stapp: the Stapp functions are shown on page.270 of the Toller Gonspir. paper e
with Cozenza etc. Claim.is that both Stapp and Toller are singularitiy-free. -

-

If you want, you could view the helicity amplitudes as Toller functions restricted
to a certain submanifold of sL(2,c)4, In each SL(2,0), you only allow elements of
the form R(p)2(p). Ie, you never allow pre-rotations.

* If you restriét ‘to this subhanifold, then to express Loretnz invariance you
have to reprecess the amplitude to bet it back on this manifold. This reprocessing

then brings out the p-dependent Wigner rotations and resultant kinematic. singulerities.
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-2- |
eee ee i -8. Werle (1966): the ultimate. book on partial wave analysis.-de-contents sheet

@ 4n Books binder. Welre-does partiel waye-expansions-inboth Jiick and-JLS

= formalism, plus mich much more. [ tee
9+ Barut(1967): .does not really have fuoh on partial Wave expansions except for _

. the specific cases of PI-PI and PI-N and N-N. On the other hand, the M-amplitudes
are definedand use inaa general sense{ whereas Werle does not use these.
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, \\Martin andSpearman: helicity versus 6) L
1. Unfortunately, MS never bother to chmpare the two formalisms. They havet ) puilt helicity into their machine at a very early stage. In particular,look back at equation (3.28). Remember that Ap in general is first a z

boost, then a rotation. If the state \u> where a “spin” state referred to
a fixed 2 axis, then you would expeot that a rotation would cause mixing.

But there is no mixing shown in CP, 80 we are forced to interpretthe « in the RHS as component of thb spin on a new 2 axis. Thus, we are
automatically into the helicity forpaliem before we know it. The Wigner

rotation is predicated, thereofre, op helicity notation.
2. The fact that there is mixing in (3147) seems pure accident. At pmO there

is some question about what happens]in the Wigner rotation. If you let po
then the Wigner rotation is always just the identity , as shown in (3.51).
But suddenly, as p goes to 0, this Wigner rotation suddenly jumps to be
equal to the rotation itself.

3. A regular spin formalism would havej/no Wigner rotation. See attached sheet
for regular spin fortialism.

:
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Origin of the Wigner Rotation |
P 1. Consider two states in the direct product Hilbert Space. Vf,aWw@On. We
6 define these states relative to the standard momentum B.

{Pol = UA) | 1p>@led] | - .
wool = U(h) Liarelal |

The idea here is that as you boost fos rotate out to your desired momentum p,the little hilbert space state is not changed. Ie, (& means whatever it meant
in the standard momentum state. For!example, perhaps p = (m,0,0,0) and (Y
referred to a spin state of particl? at rest.

2. The space 9% is closed, so we expect that,
-

_ GA) LWpr@ia>] = some [\ep ©189)

So: — UCAY Lip oie] = [1p@ 127]SoM] G4 VAPLIPek

Ss VD VAPY LI@AI = UA LPO]

-t ~ ;= OCRAA) YP Ol]= Lipo tad], ;e
3. If this transformation takes you oron one rest state to another, it mstpe a rotation, call it Ry, the Wigner rotation. This is where the {iy states

have bheir meaning, so we conclude, |
UCR day = le = Seee> _

Of course we have in mind that (dy =a spin state, so we couldwrite this out

in terms of rotation matrices. {4. What is the meaning or interpretation of a Wigner rotation? Somehow, it is
the transformation "felt" by the sp: state when the full State undergoes

. some arbitrary LT, Notice. that, for fixed p, each LT A. maps into arotation. _
By.

5. However, if A itself happens to be aj rotation, then the corresponding Wigner
rotation is the identity. So, when you look at,

VALLPOwW] = Zs QinCRoy Lierolapt -

= Lire Dea] -

you can verify that helicities arenot "mixed" by a potation, This is also@ obvious more directly since,

R Chprmsas)= UCR)WCREA) Bp |S \

Ae .rm 2 :

| = VR RAR, \wOsAy} = Lom py 32> _ 7
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Martin and Speaman: constraints |—y ¥48 ohose to floow the mathod of Tiueman(1968). Prior to that paper, the
|

-—--_— —kinematic singularities of the helicity amplitudes were. located via-the— - --
helicity crossing relations, It turns out that this method is rather |

_—_...cireuitous_and,as was shown by _Truemar, the singularities are really |caused by the helicity state definitions themselves. '
It might be helpful to review the presentation of Collins and Squires on

—— > ““thiayBy looxing directlyat the partial wave expansion with thé dg, functions,they quickly isolate the 2 = 41 singularities. These are in fact the only
- singularities in z, -but there-are-othere-in-s-and-t. ‘These are obtained-in 0S ~

by the erossing method and all results are stated. One sees in these formlae

_. ~--#ll the various threshold and pseudo threshold and s=0 singularities.
Now we can review Martin and Spearman's review of Trueman's 1968 unified

approach. First, they write down all relevant kinematics. Then, they divide _the singularities into four categories:

ce eee _1) initial and@_final thresholds and pseudothresholds, These are values.
of 8 at which the sine and cosine of the scattering angle both

_

blow up. ( For fixed +.)
ow. .—

~~ ~~" =~ 3) “at 8 = 0. Here, depending on the mass structure, the initial and
final cms momenta can blow up, along with their energies. Also,

- +> >> > thersing of-the-sime scattering angte-has-a square root sero.
3) At B(s,t) = 0. Again, the sine has a SQRT sero in $. These

— -____--_--.singlllarities_are_called. boundary. singularities. :
4) In the variable t, the only singularities occur when $(s,t) = 0.

oe Thon there is the same situation as in 3 above. .= ) 3.1, Threshold and Pseudothreshola — General Mass Case

Final state threshold. Here, we find that the singularity has the form:

ena ee

OS Qasjen_» (VSaCmaae) ee
Of course we want the largest value of J and the smallest n to get the real

~ power-of.the-singularity,—The -maximm value of J in this context is s, + @
and the minumum value of n is zero. However, the singularity may not Se alt 1

_. _ that bad because parity may cauge the leading a,; to vanish. The parity '
condition ist ime mad= SSA H

waeHahsnare (SH) = BOO YI xblSt}It turns out that this condition which applies to the all-different—masses 1

case only_actually-has.a different effect. It-allows one-to relate the actual |
values of the different helicity amplitudes near the singularity. Thue, this

_. condition will later lead to kinematic "constraints." In the elastic case
a similar condition will lead to the effect mentioned above of changing the

power of the singularity.

Final State Peeudothreshold. Similar analysis and similar results:

rar ayant _
© Tels© BateClsammy) aoe |

= 25¢eo.
Cars-ob= (= 1)" xfsamahachrowee Aproe eee |
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f== Initial threshold. Similarly,

meTedglo Y Amsed (J 8=Crmet1m\”) ss“ m+3—Sa~Sb yetvoit Anvnea~ eM (-1) Aisd CN)
Initial pseudothreshola:

mT

Ted ae Y Gured G 3- (mar) ) |
Beswi

And-c-4 = Lab me] (-1) Ande |3.2 Elastic Scattering: threshold and. pseudothreshold.

Here, the a and & type amplituded have the same parity and time reversal |restriotions, so lets treat the two thresholds at once. We find:

|cosTejas ~ Ones (Ys— Crem)) mb >ma
iwarty
|; T+n~VUhko WS jParity: ne, s's = 1G) Anv,s's '

-

Time Re ‘ USa- 2b '‘ime Reversal 1, s+s/am~ 2Sa- yt.
Aass's = 1) Ant 994 ag

In the special elastic case of equal masses, the pseudothreshold hits at s=0. |
In the above elastic equations, s and s’ represent possible values generateable '
from sq and sy. In turn, J are possible values obtainable from s and s'.

3.3 Singularities at s = 0. \

(a) with all masses different, it turns out there are no s-0 type singularitd
(>) in-the AA BB mass situation, there is no singularity, but there isa |

constraint condition on the agplitudes at sO. In the NN case, thie
condition is known as.the NN conspiracy. Also happens in equal mass.
No mention of elastic here.

3.4 Physical Region Boundary Singularities. ‘

“These are quickly identified and removed in the standard way: }
,

-

Deal awl & |Tedjae
= (costo) (suite) Vadis bud saya. |=> 3.5 Here, we learn the general procedure for constructing-cfean amplitudes,

including the need to use parity eigenstates in the general mass case. Good,
examples, and the general results are concisely stated. Hint at MacDowell.
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