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Exercise: relating the PI-N helicity amplitudes to the non-helicity f, and fyie}a Start with the helicity aMPLitudes and helicity states: a

tye <4! Syloony =Z coop lodsrrcodavifelont x? .
. ‘The rightmost, element has pure spin states, as opposed to the helicity states

we started with. And fop is the transition operator, a constant times Tp. ~
* We can replace the last element with its usual spin representation:

oo. SopaSyleoryd = <eLLOOT + feps-REF IED = MY
luckily, the right ket is an eigenstate of the fest dot product, since we

ee assume that the ~incident-dtrection-is-the-2-exis.-This dot-product is-just:
the helicity operator and the right ket is a helicity eigenstate. The other

dot-product is messier. So far we have: = _ y ve SefA a sfe

—  _ dvldlootpy = Cal f+ yeh Bieler _&=(es) ole Ee rs) |(ivenow-consider the -cases~of-Sritint-spin-separatery] Wz, tlere fy
‘is.a gimmick to _avgoid doing things separately: .
ne = eb. UR) RCE = oe RUD ITYFo Lipo = Bf 6.08) 8C6)| HD = Fs KOON owae/ oes =

— =F DY? =WO CARY ;

oan = DDy OB) RODIE = OSCE) DyxCBY END
&Y 1

- 3 Codes) Splovtw)= LavAgeLOR Dyn END ~
. = Sy St yt Dyer Dard SHA t apr Dp, Don So

Now lets work on thé first element up top: . _ Jf ae ae
. [ey et coop RA loosy? x/Koom' love = Bf

“1
.

_ +/.. By Sof hah ED Pond Adcox he Z d ion _
a f= Step explieipywy Zr asad - ff -|

___. We can evalutate this last object for the two cases of interest: vanJ
1. /Brada» algi-at]= +L efe.-site]= rdee_ py -

~ - | Bradd = 4 Pdeder-dy- df £[2derdcl =cosBsug= sing

~. \s fag = £44 wse oe ff. Jo
O-\ Fa LY = 4e'%4 sine! . ae eo

However, these are the wrong results. I think the error {s shown above,so
———===—  -lets back up and-writer>— --—-—— — se ee

io OE a
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oO Two potential errors. Check them out one at a time. First,
_ B=RR= C1 = Gly4 a
= Dyes BIEN= OSL -Oyy- [bam = Dao Daye Hm>

4 = Ame ey -
~

the other error was surely anerrors ~

* - ane ” / a a — a
dodplegrv> = <oop'|R lop= Coop'loov7 --1 i

=Z dey Duy Woo tomy. = Bio = iP ane aenlienati
> Spa 2 Sp Bhp SO Orl

. AD+p ArSh, OO
Oo. =AD wR Oy

- =Sup[rgb = Oo [+ oewAd
a Now at last we can compute em upp

=| ~Sune Or iehl= Grtdeste i

oo Me OLBf = DE Gr) = 2%Go)
‘And these are exactly rights— coe

. __ Now lets derive these relations ina faster way. Essentially, go backwards: a

_ _ WMYn= Lop svitloogey =Scodsvlegr> cogrlMloow>
. »

- © LOPtrIogA= <oPt»| Bloody = JZ Yy Cooemloory = Dyy
—@_LOdM Moo) = Lesa MTOM LOo~y = xe ap
O =. <odNodpemdodiwiSryohlotay

Din Boye (Sot Yeh) = Dou Geert]
2,tite2 Da DyLthaohy —

|



fo) Unfortunately, that accomplished nothing. New idea, more direct:
eres ce cp ekeey

—  . Fap= Logn'|Sploopy. = cody! | STS ches & Joomy
- = <odp' \SP t tui 2nS.? loop Se ee

: = <odplodemrodinm |S? +b? lovsy).
a = cogplepam> | Sma Saye]. : —--

a ee — (oc ee ae

= Geledeny~ Zooy' Rlediny = ZB Dry oop'loos>
ee - =Dye ae ee

a ayo ~ —-y ee

Spe By yy = Spel —_
=exp Lipp) dpe) [F.4Yt] a

— faa = cos $ [fehl =f
— tae = SF one e-f] = oFfy oe

fig = -e% sae [h-h) - 7 _
_ Clearlythis is the fastest and most effieient way to get these relttions. iWe get to use the helicity operators to their best advantage.Thé Cost is ~ {that we have to know how to rotate a spin (non-helicity) state. This was :

- ~—covered’ fr another exercise. I got-it from Goldberger-and Watson; because -- - —
Martin and Spearman only use helicity states.

,

So fee = $4 casS = fe ae — a4
ee Sor (S42) sur GF an -. od
heeee Cetsmg et
oO Be

|
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ro) Exploding a Myth about norms. .7
One might think that an operator of unit norm evaluated between —
normalized states would yield a matrix element of unit norm. This

— ts simply not trues By “operator of unit norm” I mean only that - -_ =
the operator has eigenvalues of unit magnitude.

For example, if an operator is self adjoint and unitary, then the operator
sO is its own inverse, the operator squared is theidentity, and any eigen-

values must be + or — one. But it is easy to show that the matrix clement
in question does not have magnitude one:

4 - © magnitude oe

“1 eS 2_ Cac8=GF HT olwr=ale Arr ae =a Sastl
HIELO IM A LL ae we shows Soe

+ASele

= Le POWAY - arornuuay olay armchary o a+, +

~~ = Stltwedeb + Z SMP Dols |nee

a Lt
_- dx leeloterl™ + Z, lenovo! oe
oO OnE7 New, [22 wed ont of ae ooveptale ated stabea\%>. 2

_ Thus we see that in general, the magnitude of the matrix element lies between
. wero and one. It equals one only in the special case that the operator does
not connect to any other states.

This is reminiscent of the idea of the norm of an operator as discussed in
Stakhold where the definition I think is: -

= fon

\eelX>\
. ~~ In the above “example ( a unitary operator);-we see that the norm isin —

fact unity by Stakgold's definition also, because at most, the numerator
a is equal to the denominator. - - wee a

This discussion was motivated by consideration of the final polarization in
~ ~~spin-Ofspin-4 séattering. Iwas wondering why it WAS possidlé for the magnitude
’ of the final polarization to be less than one:

3 =

. = (APIA) dane Are fal t9> —
(Av\A0)

oo “Now it isclear

why unity is just the maximum value of (P)*. In general, P™fe) will be less than one. Of course here one must define the norm appropriately

\/4 -  ~to take into accomit the veetar sense of theoperator. a
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2 2oO Question: why ie Py =1 but P, <1 7
- "

Here we are considering the initial state to be a pure spin-} state. This
an state is completely polarized in some direction, so it is obvious that

/?;9/ = 1. In particular, note that we are not dealing with mized states 7
or density matrix stuff.

So how is it possible that the "thing" called Av not be completely polarized 7
co in some direction( if not the same direction as the initial beam). Thereason is that if you operate on a 100% polarized state with some operator A, ~~
. that state romaine 100%polarized only if that operator A happens to be
“+ ——~ 4 constant mltipte of a rotation operator Ry Now there is no-reason in the--——

World why the scattering operator f should be a multiple of the rotation
-— --operators Sb,— — - — - —-——.

- ~ Dr =m pe, IAb= F12> = rust lot pee. Te L
2 =

- ee Leip 1. owt je Aol FAV] gg
Ply) —rAN ~oy <Av\Av>

Remember, although the initial fermion is all polarized in some direction,
the scattering operator contains flip and non-flip type terms. For example; ~~
it would be possible for a beam initially "up" to go into a final state

- “with no polarization in any direction. Ie, Pp = 0. That is of course - :

oO something you cannot do with a rotation operator!
Formally, we can show why the initial100% polarized beam has P = 1 -

a according to the above definitionof P. The trick is simply to define _ _your z-axis to be in the direction of that polarization. Then the x and

y matrix elements vanish because they can be written in terms of raising“'
~~ ad lowering operators, which operators -elways kill diagonal matrix elements: ——

Bit. cn = 2
-

:

oe

— NPS IRIS RD <P> _quay chemB ances _ue
= |@)ral~| + O+O0_ wo eee -

z

_ = (*) - o. on -



Pa Goldberger Watson

oO “Derivation of 7-233 on double scattering.”
= "~~" Cofisider the double scattering process sketched-below. It is assumed that

the same interaction is responsible for both scatterings. Also, assume

the initial incoming beam-is-unpolarized. We know that -after the first.
scattering the beam will acquire a polarization in the mj direction. This
(partially) polarized beam is used for input to the second scattering | _
event:

a uingel - 3, a 7
oe

.

= — : (1g ofusrwe level |if +f peeda. 4 2 Ong) simmer . " 3.

dy = I +iglsute,
- ag SE TEST SAAS ~~

Now, -as-an aside, rewrite (227)-using (231) for P:. ——_..

: Let LS AGai) do CF) fist igl*sidel» | A+ Bem Plalt ma ~
-

= oF 1+ BRR] “++ - -O alee
—This interesting equation looks like Williams (3.48). Now apply this to
the second process using for P; the result of the first process:

a

a roy Ay ay osoe wl = & }4+ Pre)| Roy] Fe] = -8% |x P iyss YM Nf = - + Pee P(e*.-dh ARs dL RO) SE, Lis Prentiss
4 .wnero

P(e) = | 2a eed) swee] acs .
; Kool Igconl*sits |.

. -- This ig GW's (233). -It seems to me that there-ie—something fishy about -
the magnitude of this double scattering cross section. Some intuition says

— —_ that it-should be much smaller than the single scatter cross_section, but = -
. here it is of the same order of magnitude. In this experiment, every particle

. that hits the first scattering center also hits the second scattering center.
. The second center is in exactly the right place so it gets "hit". Yeah, there

is some flux stuff here that has been fudged over. Nevertheless, his point
~ “about the assymmetry is tie same regardléss Of the normalization of the double

soatter cross section, so let it rest at that.

In fact, we have merely written the DCS for the second scattering only. Its.~oO just that the beam for the second process was preparedin a certain way. The|point is that if you know all about the second process, you know Po exactly
—-- . — and can deduce Py from the assymetry. Wo need to "know" the first process. .

4.



fo) Exercises with the Density Matrix.
Look at the original definition in GW(238) which shows the thing as

an ensemble sum ofsomething, Just lookingat it we can abstract avaythe operator density matrix ( of course in its operator form it is not
a matrix)? : .

1.

Set On| x ei orci~ -QASIKD = Gp Ss MoD AP STFA
. _ We have to be a little careful with the notation here. The object |e) is

the exact state of one of the systems in the ensemble, the one carrying the

label < . On the other hand, {09} is a complete set of states for any of the—_— systems in the ensemble. Thé index A tells what state-youhave (say that X~- -
runs from 1 to 5), whereas the index¥ tells you which system |W) is the stateOf. (Amd omaght LS1,10,000 wiiing. KE\0, 608) — = __

. Wow if you know the exact state of every system, then you know the

- - density matrix exactly ( just look at the shove formula), Andthenyou would —also
be able to find the set of states }\m} that didgonalices @ . Thisleads us to 4 little exercise: 7 _ . a |

ID = ZU ge EAS _wr<vledeatwo<<a"]
v x 38!

. 2 = SS WaleS Del ioddr __° 2 cag

a . =| \e> <zg IDS - eee
SE ZPD WL Se FT la PEDEY| PE)= <x\ghtdv

_ What is a bit strange is that in this last expression for the density matrix_
as an operator, there aré no “ensemblé" indices. There is no reference at all
to the ensemble. One mst keep in mind that this expression is only correct

Gf those states \W> do in fact diagonalize . This is where you need infor~
mation about the ensemble!

Now lets explore a two index notation: [a> = (¥@)> =(¥dq = ld>
- + ---—— - hy —-—-

‘ -— possitataOot ED,ve, Get (RY= (WD . oe
_. In thie notation, < ie just a munber from 1 to N, whereas 2%) tells you about

tho nature of the state, Thus, for example, we can say! a,
A syshewet

,Hey= 2, a>eeep ~ .
- 2 - ‘ 4 -- _ neeet ty o\ (= PPPS B= de——3=

FF 2 cord 8eu)\ 4\ > Pe <A) __a 3 N= dig. cop. -ro) VEL
ra



fo) General Results with statistical beams. .
Recall that the results of pages 399 and 400 applied to an initial beam that ~~
was pure, ie, it was 100% polarized in some direction, Now , having read
through the bottom of page 407, we are able to generalise those equations
to the statistical beam.

- -The- basic results of the pre-density matrix analysis were these: the

initial beam is described by some vector P; of unit magnitude. With such an.
‘ dmitial beam, the final polarization is a very complicated function of P,, _

see (230). However, if the initial beam is "unpolarized", then the equation
. for the differential cross section and polarization finale simplify:

we. fae = talrighsie + 2R- Pe swe Sm(gis) Gay-\ n =4
= » IN

_ B= (SECO + ULttetiRAG ts

afag a tated Tuco . _
umpol. { im as 7! ee\OR = ESET y Le Bucq’s)singy LL @) |

How here are the results for a statistical beam, The statistical bean,
‘first of all, is fully described by the initial density matrix:

ae S

gee tli+ Be] . R= k(ee) ee(e) Now, the vector P, can have magnitude less than unity. This formalism of course~
=> allows for the indident beam to be partially ‘polarized im any direction we like.

Then, the relevant equations are:

— e . .ano (& = TACgf)= total O05 indo oll Guiodstolesvith Samm slurrcrcterye) by 3.ar - =.97! +,A = te(s#) = (GRE » P tal FgcFAIf _-
In this notation, the long bar __ indicates the ensemble average, whereas a

short bar over theo indicates an unpolarized initial beam (not used here yet). —
Now, being more explicit: 2 AVE mn

a oe - _— MoeGAT= H+id eh
t f 3 Rew)= TF aR

ee (=)= Ta(feif) = 2a) +z Tatas) _ Ga FGA)= eotaye-
> S.A P< z

. = (Ady + Dsine Om(gi) Ri REARS RE).
__Notice that this equation is the sameas the non-statistical equation except

that now P; has the fully general meaning, ie, oan have /Pi/ 1. The final = ™
polarization is given by: FIRST;

= tgif" higd= 4. AxBE 2A= == Agi se k@=4. ggASBE, Duo 2A=b=1
nF SD 2 ~ > .0 ~ Be WC) om 28= %, So, _t=

gee die Be) ok Se
. Wy guess is that the final polarization is exactly given by (230) for. any Py.
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ro) Conclusions on the density matrix formalism. .
7

In Goldberger and Watson, the equations (227) and (230) and (231) were
all first derived with pure beam and before any mention of the density

7

matrix and the statistical beam. However, it turns out that these equations
are correct for the statistical beam also. The only difference is that for

- the statistical beam the magnitude of the vector P, can be less-thanones - ——-
.

Comparisons: Williams produces the same kind 6f equations, except he chooses __ __|

to normalize his final density matrix differently. To connect to Williams"@. __ notation, use: oo ae _ oo oo

tas 2 oe Be
<0, <5 —> ae

_- de- = ae& > #
ae a ee a

a — 8®

g — F . FRRR) = (FR) Be
. , ~ gsive _ _ wee = RR
Oo whom go a _
- - Se- => ~-ge(fhy9% —--- . ——-~--

- Now lets summarize-again the. primary_results of G+: - - ——

— a . Pi sc,,

_. ae) = BY = Lalla side + 27:2suisde (g?f) = (27) _ann - oe

: - = ypde) 4 2% Ase du Glt) = s+ daMRPA() . $n.) 3+ at
a det, e.2 Bel So- tol

Ls ge la+ eranet = Svih ple Sua you uradd .
+

.

— Fe= onase in. (230) (apendan F) -
7

Re = (3) a oe

= =ome oN a
. — 2. ake

—Obvinwk,p= sessile = 9h - -
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- Disoussion of GW's statistical analysis of general 2-to-2 reaction.

fo) The problem is this. In a reaction A#B C+D, how do youstatistically characterise the initial system? Given such a characterization
or specification,What is the statistically averaged differential crosssection (into all final states)? If A and/or B were unpolarized, again what

would be the DCS? Also; how would-you-characterize the final system? After. -- —
the reaction, given a particular characterization fothe initial system, what
are the final system parameters statisticales. (as functions of the initial

parametersgz) If A and/or B are unpolarized, what are these final parameters..
Obviously one could try to generalize this beyond the 2-to-2 sense.

I can see how that would go, but lets not worry about it.

~ ~ -I¥ farns’ out thatthe initial system can be decomposed into beam X target. ~~

. If A has spin S,, then there will be a certain finite number of parameters
-- which completely desoribe the beam. That number is 45(S+i).—Por spin ,1y3/2,2y+.-

the number is 3,3+5,3+5+7,3+5+7+9,.... As the spin is increased by #, a new
- "multipole (spherical) tensor"of parameters is added. The lowest. tensor isalways the polarization vector. The higher tensors do not in my mind have

_

any physical interpretation. What is a "multipole polarization tensor"? They

are just paraneters which describe the way the ensemble is distributed in the
various spin states.

Similarly, the target is described by its set-of-mitipole parameters. ‘Ther
the initial average system is described by these two sets of parameters. It is up
to the experimenter to determine all these parameters so he knows what his i=

initial system is, otherwise there is no point in doing the scattering experiment.

__Of course the final system of C + D is also characterized by two sets of
parameters. If we knew all about the interaction ( ie, if we knew all the functionsoO like f and g in that simple spin-4/spin-0 case) then given those initial parameter

“Bets, We ‘should be able to predict the final parameter sets at a given scattering ~~
angle. Conversely, the experiment can be used to determine those functions in
the interaction matrix f. That isthe whole point! -

Now it turns out thet those initial parameters are all numbers in the

initial density matrix. They are the coefficients you_get when you expand the ___
initial density matrix in terms of all the independent matrices ( the basis
matrices). So to know the initial state is to know the initial density matrix.

7

Then the standard density matrix formalism tells you the answers to all your
questions: ( of course you have to know f):

ree at + *
B,.~ Ante) pe = Apc)/Tr(4 9:4") ae

wnttiod parame. > Bc oe
- pert > ps - .

$e > pwnd parame. oe —_
The intial density matrix is of course a cross product object. If one of the

~ two particles is-unpolarized;—then the IDM-reduces to just-that of the other -—-—|

particle. If they are both unpolarized, then the IDM is just the identity matrix.©) Obviously. either of those situations will simplify. tremendously the equations 4

involved. ‘
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Application to elastic nucleon-nucleon scattering.

Q Consider thie-experiment: an unpolarized beam of spin-S,-partioles is shot — ———
at a polarised spin-} target. This situation is anglyset on page 412,413 af

- GH, In partioular, they give the DCS and_final recoilP explicitly: |

‘ Ss.
= STS UR: .: B= Fagan UHR 2).0 4 a —-

br wad +) army 3s
+ sm» B= ere) =HERAT
— whan + - ST : - -

mrt iy 3 hea :. (y= TaC$5) R= WBA) oe")
2(2S4¢1) h(5%)

4
- z=>es - oer ee

Feo Be heed= (es) = x 6. P: . o.
\x PP

oO nO)
We see that the size of S, does not make much difference in these formulas. 7
However, the value of Sp “does determine the dimensionality if the scattering
matrix f. A large 52 makes f have lots of independent functions. If, as in ~
H-N scattering, 8) = 3, I think f has 5 independent functions and is a 4-~
dimenhSiotial object. 7 —_ a oe

We know that the above experiment ( with a polarized target) can be used
—to determine P, -via-the assynetry. Of course, P, is a quantity related toa

different experiment. So they measure Py in, say, proton-proton scattering.
_. If we wanted to make, say, a Regge fit to this experimental Py, we would have

to fit those 5 functions in f. Of course these 5 functions are related to the
__ _ 5 independent’ helicity amplitudes. Thus, by fitting the various helicity

amplitudes, and by worring about all that sensé—nonsénse stuff and the kinematic ~
singularities etc, we oan use the above formila for Py to fit the data. Now

«~~~ >-F have the data ont to very large-t, so lets got — ~ —-



©. Possible Separation of Density Matrix Formalisn .

It certainly seems reasonable that the IDM (initial density matrix) separates
into a direct™produot of IDM'’s, one IDM describing the state of each incident 7
particle:

. New S o
eet LOMDy hres N= tt) OSzt1)

Beier)
;

Qa) cs) - w — 4. oe oy ee a |
—— geo gh i= 1 3, ay, WN HASH(Si) XFL
i

es) e my wo. 2 Gz A Sy ye Na= (282+)
- ser) age

~ -~—~~ in general,these two IDM*s-will-have different djnensionality, ‘amd thus a different‘set of tensors. One of the tensors for 8, is W’ and one for Sp is _44* .
- Now it also seems reasonable that the. seattering-matrix itself can be -

expanded in a direct product using these same canoniogl tensors:

a Og yesh Cast x(oye) okie > :9 $224 Aa B® fs a? CBee (BN |
Two obvious examples of such an expansion suggest themselves:

, 5 feS)
:

—-Q mw wel er fe ZA, tO —
Is itsee] f= A, 1044+ 2h 10%

Ja 5 ‘

_ 8 240] O4+ Be al (8 =Aaj)
egAs= £6) B= ig@\smant = Adi a

. a . —_ _.

©. WN: Net Need fs AatOL +SAy GOH ke, a
' Using such a factorized or direct product form, we can write the DCS as:

it ¥ DW 4h) QO) «) 4@D)cay BEG) = REEF) = Za Ras Pris (023d) (pO Qs)
BM

7 Then, by inserting these DMs, you could get an explicit expression for the Dos ~
fo) in terms of the amplitude functions (like f,g...) and the initial polarization_ i parameters;—We-have of -course done-this-reduction- expliocity in the-eease of ——_—

spin-0/spin-} and we get:

a = a 7 eS
ete a :

ae arf) =i lyfside a RPdeo)swe
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In addition to the DCS, we aleo want to know the final polarizationre) parameters of each of the final beams. Using this idea of a separable
-operator-f we can say - ee

cot * O) of sd @oe yt)

0 Fett Aa Ae le sia@ le Lis 2]
~ 2 2 ee 4 ee» n te ty

a 602 = HM = bese = [FON AGSpAtee)
alte ey

—--

4
- we eee -

+» = Ay) *SEG) NP = hispfre] de a AON -
Now write the direct product version of this lest equation. Note that gf" is

-——-- -expressibie-aé .a direct-product. Naturally -thie-must. be so-since $3i$* is,except___|for a constant, equal to p; which we know factorizes in this sense.
ay coieotns® eh carrer ies pant oo aek. ame8 + 9O6p4? a PoacArnas 4e\ (wise [ees aT] © p2)|

HN

~ (261) ~ a [ 7 MG RG =) oe \ ty= oi IS vt ybomuaa = & Arde Alas dees wil © efuryifty]
-- —- Tow we have a slight problem-however. We cannot isolate the multipole parameters

for the separate final particles because of the sums on the right side. But

_ still the mess could be solved fer those separate parameters as a set of
coupled algebraic equations.

Now I have mydoubts about this whole idea of separability in the general
case of (sl,s2) goes to (83,84). This is because now that matrix f is

recatngular. You might be able to write-is as-a-direct product, but note ———-- -
in general as a direct product of square matrices:

sy a TAS

. fe co ey_ . $e}. { | peep <d - oe

i A: © B: wane awd & ore oyitaquant + dud -
coatlee Wecama"Jenene, eeBy assuging that f is so = called factorizeable, I am assuming the following

©__-nensense: cr ee

Zz 4—_SrsiSan) F [sony= 2Ay dam\F spesv) Sls
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fe) This really makes no sense at all. It would have more sense to combine Sl ands2 to get some s(inital) and then maybe combine that with L to get J and then

~ ~~~ Nee'a Slagonelized version of f, nanely fy. Well, maybe St does make Bono —
sense after all. If it does, then we can write:

A ot ae) 034) t 2sstlay we" = Wee too, | Js = .

. Qe [fees oe oe) 4H =Aquone

-. tg =Dsti\(28) woo,so se Lgtatos| te anddade
So maybe the idea has been rescued. For_awhile there itlooked as if we were
taking traces of reotangular matrices. Now equations (1.1) and (2.1) seem
fo be OK, The traces are alwaye in the final spin spaces.

“— ""-"" "" Now, if we Warit to know the final paratieters of oné of ‘the final particles, |
we can set the other index to 1 to get it. Ie, looking at (2.1),

a ‘ et oN yy dept 5Xo, 4°= fe ry w vu8g) aay = Ba Aaa Pat Lats oof] be fates fe 1]
“7 Ag expected, the mmltipole parameters of one of the final particles ( here #3) ———|(@) depend on both sets of incident bean parameters through 9, and 7.~ -

‘How we know all there is to know.Turningthe crank we can find whatever
we want. So lets consider the special case where the beam 2 is completely
umpolarised. This yields! = SY

‘gi wt ef = 4_- = 8 2=tCSeg g Se Se)
de ret te Bd tO) ,_ him eé gg] = Asahi) kLy w al - oo oo Le

- It is probably_possible to choose therectangular matrices ( ra)snch that
they are normalized as suggested by Gli (268). Thus,

7

Od O47 eves :po
. BLE T= (2A \(Gert) Sap Own Se

QA stn we loree xe" eTis (ox4) = :

| BF (984) = Ga Shan Aare Axe ble Oe
= a 1S Y, Mod won}| - = i — feet Z Arheh des ——Oo ra C2 Xe

a (Bad g 4 b [eof +0), 8- - cS iy ae . 4 - we wo Whan <p Zz, 4 Gr) WB Aas Asn wR
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oe) _ . If both initial beams are unpolarized these things become:

\-

— Q=Se=1) = BWytVSsrd 5- \Aral- - .- Axl Bevin) Zi. \Anacd
Am Yes = & a, ON) tO)a* vl uy = Vase)_Z,,Ans Abad h lw? wt ae] ee
SO Te

These probably are not accurate, but I can see how the general theory would go.
--.— — Perhaps. some book goes into the full case. .



On the Relation between the Spin and the Helicity Rep. in simple case.

O
. =~ First_of-all, ina spinless scattering process we know that. the scattering

operator f is an operator in the state Hilbert Space. We say something like:

_. kpedl Mlpod = fG0,8) .
> Here we are using a oms two-particle formalism. The f inside is an operator, whereas

- the f on the right is just-a funotion, _
Now let us go to the case of spin-O:spin-3. Now the operator f is an operator

_«. . in two distinct manifolds. It is an operator in the above sense (if you like, in
- the little hilbert space h it is Tp. Here, h is a space spanned by applying

« rotations to the state 700). Forget about p, it can be removed.) But it is also
, an Operator in the spin-space. Here, that meatis it is @2x2 matrix. So,” ee

_ 5 <peB PA poo <> =<pope| NEL Ipod +Cpaph|L%@ o.KFbs | poo ~>
_ Lankan

faS-t +h, TRoee . |
< = CpegiGPlpocy <bl4tay + Coog|h"| poorcle| F PAH|a>

= oe 3

-~ = 40g) Goitlay* 4,00,6)CH SRF EaroO We have not yet specified exactly what the spin indices a and b mean. Of course

~eaoh index has two values Correspofding to up and down in somedirection, but~ ————

the the whole question is what direction do we use. In the "spin formalism" we
_ choose the same direction for both spin states (initial-and final). and we

often choose this direction to be n. On the other hand, in the "helicity
~ formalism". we choose k for the direction of quantizstion of theinitial spin,_

and we choose ke for the final spin.
Lets continue the above reduction in both cases. In the “spin” case we get:

ahas ae ee22 FRG= RTL RK = otrignetA _— -
Acelilay = CHblatey = Bee ~ Bek \Ray = Zalatay

ay ep Ale Alas
. LANFVT Ray = cose Bba + ise <bl F-Rlad a

— _.. = apse Ska +i see Sbe —
=> Sadbidpmey = 7 Aled) + Os) [ewe +2acsmo]?Sab
oR KpodtlS poor = 445.00 s2hisws _

<pepals Pleat) = 0 _ - ooParity
invariance of the amplitude restricted us to the form f) and f5. We see—O.- . that, when the spin quantization is chosen along the n direction, we see that

a spin-flip is not allowed at any scattering angle.



nee

o) Next, still stqying in the "spin" formalism, what would have happened had
we chosen the k aris for the quantization? Watch>

dailay= CRU = Bab
. dh |B, & Tl Vy = a CRF (Bad oe

an

+ We have used one dot product as a helicity operator to pull out the 2b, but now
we have to do some work: Unak BE KL 7 OT

= Zo Be, C\ALad + Kéy Coy lad + Wel) Doak |

op 7 aA & os . oO TA a “a “AGop vlG™ | pooay = [SF ARs Ke(en(endd,+ ¥,()] RX do\det EAH
So, when we quantize along the k direction, now there is a flip possibility, as
‘evidericed-by those last two terms. ~ _ _- -Now let us repeat the reduction in the “helicity” formalism. Then,

;

~ + a oah.e ~ sto aaKdidley = Cb@e [tla = LoeRR ak = CBR SG, lek:
at ’ a .DO = Ay Loe RaRD PE RRB Gye, oh)

earl a a ~\ 1
— = Zielhe-QLoRldk>= 2 Dae BW = We

eam a . mp
CFL BRldd = CoA (elak.y = Hab Die .

a Qua: eto my i en
SmesNomar= f,- Dba +A, Yab Die = Dna Sr Yaboh]

. Because the 2x2 matrix D-! has off diagonal elements (at least when 0/0), again
there is the flip possibility. This last equation is the one that allows us

a to connect! the helicity amplitudes with the functions fj and fo. (Another sheet).
' Important Roint: this discussion has served to illustrate the following point:
—- that the-operator-f. (the ."scattering operator')is a thing that is independent

of the type of spin states you choose. Thus, the trace structures of the density
ee matrix formalism are also independent, For exapple, the unpol DCS is given by

the following formla independent of choice of spin states.:

5

:

= + Loe = Ps ely - : |O (ge = ghGt)ssg dif = Zktlol .
- ~ ) de 2 tay > aa ate c N =< —

Bhs rae)= 2 Zap = ¢ 2 Ziadielai = RRUIET) = 2 NON ON = ee NAOND
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(e) Comment on the way things are done from here on out: In the "spin" formalism,
~"~""“¢he Basio units we deal with are the various functions like fand g. These .

amplitudes cannot cleanly be identified with "spin-flip" and non-flip amplitudes
———-———and-altthat; They-are just-a-convenient~parametrization.Thus, in-the-spin-————_formalism, you stop right there at the trace level, put in the operator form

—— —_of.£_(including its operator form in hhe spin space) and_then you_compute the
,

traces directly. For example,

re = eee Ry ea
SER EAH 5 tA (Sa ig GS ER) = 16) thg(Siclo, Be

2.
i

= m2 at\s ‘—- BRR AM B)=M2du(gts)sme
“ne obvious problem withextendingthis metyod (“the “spin” method) to morecomplicated spin systems is that you always have to hunt aup a set of functions
aBg ——]

Now contrast this with the helicity method. Here, you use the actual

—_-----helicity amplitudes themselves_as_the—independent-functions.—_You_do- expand —_____
the traces in terms of spin states as noted on the bottome of page 2. But,
now, keeping in mind that the helicity spinstates are defined in special _
directions, we can say:

eeceSy ear a he oeO B= + Zlasiohy + Zictmwtste 2 Are =sAs
. xsy x 2 A \s “A

_ = calcd srZoele = + A tify<oRltlaKer |ae  * ane . 35,0
— _._1f_we are goingto use helicity amplitudes, it is crucial to notice that spin.states a and c in this last equation had to be quantized in the kp direction.

; ___.Thus, if we then decide to choose this direction for a s aris, we get: _
=a A yok

;

3 j 2BR ot 2S oke se + Zoltere ae aye



ie) Comparison of the two normalizations used in density matrix.
~ ———~-sli-tensitymatrices “have uiit~ traces Phung

[eeSe Get £07 = h(Cw)
h( 59: F*)

_ = h(4eSt) = bs) bGe@)gn HG)

__OF= b(eel= ni vhed) =» SE oF = bie Sed]
RES;A)

~*“"Bveryone seems to agree that at least the initial density matrix shouldbe
oe normalized to unity. It is only the final matrix that is different. The~~ —~"*~~ ~ Segond normalization is that used by Nabtin and Sp earman and Williams. Namely,

(OOesos nabs)
____. - __-__Of course, the definition of 35 is not going to change the final equations:

$= A)= BC _.4)_a

_ ees (aa) = alos fH) = de Zefa ALoSeif]

OO ee
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The Full Formalism of Polarisation

(o) This formalism wibl desoribe any 2-to-2 scattering process (S;,52) goes
to (83,84), arbitSary spins. In other words, We select a specifié two-body
entrance channel, and a specific two-body exit channel. It will be obvious
how the formalism could be generalized to describe the general scattering -
process of N to lt particles.

We choose to normalize the final system-density matrix to the particular

, differential cross section, as #s done by Habtin and Spearman, rather than '
to unity, as is done by Goldberger and Watson. Also, we shall use the
representation of the multipole tensors as used by Hartin and Spearman on

. pages 196 and 197. These tensors are nothing more and nothing less than
Clebsh Gordon coefficients (the elements of these tensors are...), =~ “4

aa Each statistical particle involved will be called a "bean". Thus, there are
two initial beams, and two final beams . In the lab frame, onv of theinitial
‘beams happens to be at rest. Each of the four beams is characterized by a -
certain set of mmbers called multipole parameters. Basically, these parameters

__ are just the coefficients of the basis matrices that appear in the expansion
: of the density matrix which describes that beam.Itturns out that these basicmatrices can be written as "tensors" ( objects which transform under rotations

- in the usual way). If-the beam has spin S, then there are (25 +1) tensors
and thus (25 + 1) sets of multipole parameters. The L value of the tensor
ranges from 0 to 2S. As usual, for a given tensor of_rank-L, there are (2L.+ 1)
actual multipole moments. In all, there are (2S + 1)? real numbers needed to
describ the beam ( one of which is unity, so really (2se1)@-1= =.) _

4nd there are as many basis matrices, one of which is the unit matrix. Threeo) of the multipole parameters ( those in the L=l multipole) always describle .
the polarization vector of the beam. The highs miltipole moments have little -
physical interpretation that I know of, though I have seen certain "surfaces"

- dram to represent them{ see Pol. Conferences+«——-- }+ -—-In an "experiment", one is supposed to know all the multipole parameters
of both initial beams. By meaauring some of the multipole parameters ofione | _
(or both) of the final beams, the experimenter produces some numbers which

| an be compared with theory. It is the purpose of this formalism to show
clearly whet the predictions are for all these final multipole moments
in terms of, may, the helicity amplidues. It should be noted that one does

—— not gain much information by just measureing the particular differential --
cross sections (PDCS) ( by “partioular" is meant from a particular initial

- state or set of initial multipole parameters, to all final states). In fact, —_
with higher spins, the bulk of the totality of information lies in the

' final miltipo&’e moments. Thus the importance of "polarizationexperiments.”
For example, in spinO/spin} seattering, polarization data is necessary to
“resolve the so-called Minami ambiguity.

' ~ The density matrix Formalism is of coursé indépendent of thé nature of” -
the spin states chosen ( for example, the direction of quantization chosen.)
The spin-state choice known as the "helicity formalism" will be’ used- here.—it——
seems to be the most modern and convenient.

The fundamental equations ate ‘tess: ~

o) ge = Poes = bled = a(t5.44) De .Se

= +

—— (Oe> = C484) => - de Lggy = b.(Os.¢4) = UFat ). —
tp) ak
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oO In these equations, tr means trace, f is the scattering operator, the 3 are~~ _ _the initial and final density matrices, the final being wnormalized as mentioned
above. Of is some operator describing an observable of the final system (for
‘example, polarization of one of the final beams).

The operator f needs @ little discussion. It is ai operator in two senses.
First and foremost, it is an operator in the quantum mechanical state Hilbert

- space. It is the S-matrix. If we agree to-use oms two body states, then f
* becomes the operator which Martin and Spearman call Se. This operator is

-définedon the "little Hilbert Space" called h. It happens that h is isomorphioto B3, the usual euclidean }-space, and the operators defined on this Hilbert
. spaée are rotations, contractions, inversioiis (if you like), etc. Actually, .

f is related to Sp by a constant, see elsewhere.
Secondly, f is an operator in spin space. It is a matrix, possibly not

squaré,Which connects tie initial two particle ‘spin states to the final meones. For example, .
To get-a-good-understanding-of- these density matrix equations,-one might - -

read the appropriate sections in both books already mentioned. What follows

_ is just_an explicit tepresentation of these equations, —— —. -4
_ ____ __ The density matrix describing any of the four beams is given by,_

a 4 ma
Ss+ st (ati) ty’ Mk aHE) 240 Om

a ‘ +(e Tun)= = uMO. de =<Tap= PS We
weg")

_Pirgt we have written the density matrix as a function of the various multipole
parameters, then the inversion giving the paraneters in terms of the densijy
matrix. The multipole tensors are described by a few equations:

6) Mt = MY
- Teas GY Ta tm = Ci tun

0) 4 “)a - fae (TATA)= 250 Se Spin :
C2C+1

A tS ce vot de

: Kyo Tew = <ybywjm
In passing, we note that GH do not inolude the factor (21+1) in their expansion,

- andthus this same factor does not appear in their normalization (268); Highty——
unimportant.

— “Now the- whele- problem is writing down an explicit expression for the PDCS_______|
and for the final multipole moments in terms of helicity amplitudes. It is

really quite trivial: x _
>, SS.

a we Sale OP
st,Ode = Pos = aes) = tte:£) —_ —-ast

= eng \F rHMey CMMel Se LMMCn MELE [Se Sa Sy Cigy MA DOMMalSe LMM Ca My My |Aa M. A, SD ASL the
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© Az 2 if daa” dangiacy Cnatse“lomy |des 2. Sigel Fanwerenzag Shoals> Cond plow 2oma $e {th
CU a a

— x eee

AA Sarum Ravin Soar. Came= Ina! : :a

1 Ma na cml - Semisage AL Maya Mg HA: sy VW Me
If one wanted to compute @ PDCS, he would simply insert the initial density
matrices as given on the previous page. For example,

Os Om 6) OR -Enon= St (ance) C8; LAS! Eu ee
GS.) on

—- - he f's are helicity amplitudes and are functions of energy and angle. Of course’
one might want to insert partial wave expansions for these "full" helicity

= amplitudes, but that is another-story. : . -
Next, we write an expression for the predicted mltipole moments of, say,

_  -—beam3. Clearly a similar forma will hold for beam 4,000

(3) @) ‘ SO

ea RMoe) Ag)

cy &, +

ge kh = ACES) Se,
1 eriotSK KZ Cage nin eaten! 4 lySp Say ma Sms, StonlTin Yon Qass| Free) Garghaute EF La

- . op en ge ” -

ZZ AZ CTiham Auenmer tamaaiy San! Soe- 2 =. tl — Tad 6 Som! 7

onghy Me nae CES = "ayn 0 aapmamain, Smt Satie+. ne le <SPalg LM| S Ms) € anole Plus .
That is the full theory. Everything else is just special cases.

oO One finial point. A particular reprentationof aiy tensor implies « choiceof axes, especially a choice of 2 axis. On page 2, we wrote a Clebsh Gordon
~coefficient representationfor the various polarization tansors. There we seespin quantum numbers m and m’. Since we have chosen the helicity formalism,
we have already decided to have.m and m’ refer to. quantization along the.

direction of motion of the particle that thie tensor is connected with. Thus,
if particle (beam) 3 goes off in the ky direction, this direction has to be .

taken as the z-axis for the tensors relating to beam 3. One cannot "choose"(oe) the z aris arbitrarily, once the heliaity formalism has been selected. The;
ghoios of x and y axes is thexarbitrary, Martin and Spearman suggest using
f = KxXkp, since this in sone 5 forms to the usual Buler conventions.

es San Dolin shock 70h
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On the Relation between the Cartesian Rotation Matrices of Classical Mechanics,ie) ‘and the Rotation Matrices of Angular Momentum of Quantum Mechanics.

The definitionof a cartesian vector is something that transofrms like theposition vector under rotations. Por ejemplo,

’ Ar= Ry@PA; ° Ay= Rim Rin Anno .
Here we have also written the transformation of a cartesian rank-2 tensor. The

ae explicity form of these rotation matrices-is-given-in-the “group"-notes;~- ~~~ ~~~
The definition of a rank-l spherical tensor is?

- oe woe ne

The = Drm. Tora! a .
____ _ These are the so-called “irreducible tensors" and it is probably not proper to

refer to L and the “rank”.One can show that thenine-component cartesian

rank-2 tensor Ajj can be expressed in terms of Im0,1, and 2 irredicible tensors,
7 —fet's-oone back to this laters” = == oS

Going immediately to the case L=l, we ask how the two rotation matrices
. Rij and’ PO. are-releted. Rather than go at it that way, let us ask another.

question. Given the two different matrices, what linear combination of of the
1, gives an object that transofmrs as a cartesian vector. ==

at ¢ tpt /O
= ZB aim Tie fea =Rf = v 7‘ yj

- ee a
/ /

= = Sim Tem = Zi aim ZL Duin Tie! aFor
,

o- Ri) = Z Ris SL jm Tim — _.5 om

> Soin! Dan! Tou = SERS Opusge Dic! Varo! Ten = 2 Rij Ojo Tim. - eee

> a Qirw! Daren! = Z Rij ie Mowe Cam =1,0\)
= (Ad)im= (RAlm 9 AB= RA A= RADY mopar

——- —T-am-aborting this-effort. We -end—up-with-9-equetions- in 9 unknowns -so-it———-

fe) could be solved, but something says I am not doing this in the right way.af a oo — we



Constructing Spherical Tensors from two cartesian vectors.

_— OQ _ __._Gonsider the cartesian veotor,d_where J represents the angular momentum _
: of sone systen. To say J is a cartesian vector is to say that it treneforns |under rotations as follows, , 2 ~

- ye 2 Rey FS RIK= q

where Rj; are the usual cartesian rotation matrices. Notice-that if you scale
. the vector J up or dow, you do not change ite transformation properties 50

it remains a cartesian vector. opasatn peeCorresponding to the cartesian wector,J, theze is a spherical vector|f
.____ which transforms according to the following Fale under rotations: _

he © é

Y= ZF Vanda dm
where here the D are the rotation matrices of angular momentum theory. Again,

-—-- —-the-seale is not-set, ‘but-the relative sizes-of the spherical-components
| are of course determined.

_. — As shown elsewhere, the_relation between these two kinds of veotors is _

given by: aan .racer]
d- Fo CR) [S.-2 Fy)

- —— jo Sot 2 oe
_Againy 9 te any constant you like, If you want the angular nonentum aatriz- “4 ~ elements of the operator script—Jto-be-exactly-equal-to-the-CG-eoefficients,— ——|then

as

- SGaP ne
_ But here we will simply take a = 1.

Vow we claim that starting with any cartebian vector A, we can Tova an _
object that transforms as a Jel spherical tensor in a similar way. Strictly
this could be proved by relating the R and D rotation matrices, but somehow
I have never been able to do that. Nevertheless, I am sure of the answer:

+ .TAnAs Ae] > [As,Mo,A2) hoe Ave aan tiAd
= + .

~—- Ae = LA - tA]
2 Ae = Ae

‘ a

Now as a practice problem, given the six mumbers 1 and B, how would one
~  “gomibine them to form af object that tFaidformd dea J=0 spherical tensor ( :

ie, as a sclar). We know the answer ahead of time, dut lets see how it
obtains via the €lebsh Gordon coefficientas—- -- - : mos

OW Ziitam tymey<temeimi >

. _ soalonanuly < loopy = A Aw Bru C1 ma Lm) 007"nM ae
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[o) Here we are treating the tensors A and B as if they were angular momentum
7“Teves. Be. not tomplétely cléar why I-amdoingthis, but it isgoing ~~

sealazonl < loop = Z Arn Bana Xl tte | ry 08> ae
‘ = AaW- Ltti-tlesy + A.B. Cioivlodr+ AcBa <riiyoo>

= ELC BrriAy Be iba) —Aebe + COAriAAY]

--BAB :

. soot Serato eral object. This will correspond_tethe cross _product, no doubt: .

5
_ lim = 2, A Omg Lita.) doy’ = Zabrun CI mm [Ara>

NDEGe ABAholy+1AB Kei|aD
= SE [ABABe] = ER [Gti M\be~AalQtiBe)

- = 7 ELA Be AaBs +o(AYR= BAR). Lo
aEG+i on .

97 = ALB.CuL [i> + ALB Geelioy + ABs Sor iis
, = lag a-84 ae
_ = ALC Aas i Ay Byrib) <(AnaiAn\ Beri bs)]oa =~ £fE Tei(Ag8x-By Av = — Bc (BabeB, Ad

- a =e —-- a foe
This leayes us with three equations:

Set= FE] Gib A) + ABe- BAD aae. =6G =f(Ax be-Ae) ~ ((AnBe- Bo Ald = Cat ity -
- 2 Abe BA) — an
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oO Assuming all the Cj are imaginary, we obtain:
. a

LiCy= (Abs AB) . 9 __ Cy= ee (Aabe Aba)
20, = Vee (AsBa-bf) Qe wi (Ay Ber BA

s+;

8 GRABRAB)
Finally, we ask what is the Je2 object like? It has 5 components. He. gett
:
"a

8sem = Z Aa Boy Lemay), .
ma

4 : pye t - ;ad= ABs = ETA till,tiBa] = + UAB Ay By + (AntA)
=

= a = —/ery ALBe = 2G Ay By 8 (Ayba tnBl). a
Similarly we could write out the other three linear combinations, Notice that
these elements. are symmetric in A and B. These 5 components can be related

_.

to the 5 independent elements of a traceless axktsymjetric, rank-2 cartesian
a en

—O— - a verter way to-approach-this-whole ‘thing-ie-as-foliows: from the angular-———- ~~
momentum idea, we know that with the two vectors A and B we can generate

- objects corresponding to Ja0, J=1 and Ja2. From the property of. the. Clebseh
Gordon coefficients: . jee y

een ° Case mamslTmy = CIPIP Cieja mH ca.| TH)
we know that in this case, the Je0,2 objects will be symmetric under interchange

of A aia"B, whereas the Jel object with be antisymmetric. We also know the
number of elements in each of these spherical tensors. It is easiest to construct

— ‘them-by- hand directly: in the-cartesian-space.-There, the two vectors combine
to forma scalar, a vector, and a rank-2 tensor. However, we know that there

_. are only 5 elements in this rank-2 tensor, 80 we can set it up to be _
traceless ( it already is xuttsymmetric.) .

- S= AB _— _
’ . :

wo = N= aij ABS - a

esTye = CAiBet ARB)= Su(AB) —



Relation between J and Tyq.

5 -  ~-We-know-from the start that, - - — He --
. Th = Oni See - a

| Tri = a-Je oe. ee
, Tro = ade _-

Any tensor operator with a 11 label transforms in the same way as J+, There is
* the possibility of a constant ( independent of m, but dependent on j).To getthese constants, just play with some matrix elements:

CimlTiokiey= <i \QeValmy . —
Spmlol mE ame = <yhimoljm>=m GW pBE
. 2 e+ Lygeoq Sar)Se

yom Thyme = As jan Vel jannty = ae Chommt| S-Vjawy Swed.+) 2 204) esa) = mF), _ . GERI Goj . . . \ (ctl Gael= &< bw [Sates = Xj tmeti jm)= “aaee)
SS We ~ Lagann! . a ae

Sym Leader a Gre (TLpma= a Cj wnt Teljey
ce = a NGG esl) - — Se.

= Zityme\ =I yan = + \Orny ewe)= Svan) = ee
°

_ mana + Lye’ |
Pius we see this fanous minus sign, that A, ® - A. and A = (asaea i

QO W= adh Qo 2-2 egn y=HAG (TaeThTas aS Oo “ae Vy = 4g) [Tatty
Tp= a0 Te a GT



Special Case: unpolarized input beams.

Here, we use “unpolarized” in the sense that-alL multipole momertwof ‘the sxedluX
beams vanish, not just the components of the polarization vector. (Of course :

— for spin-g beams these amount-to the-same thing.) — —4

. . The equations reduce to: - = |
’

A

ro dee st |B Se -vde CO*NBeet) “TBH 3 '

Omar a ee oo@) Zt . >

Ss a~ — oe - aN \ falee a ee
In partioular, thepolarisation vector components aret oe a

6 Yin ange anne oN sy.ee a oye eee -

| ||

= tJ omlfyal f Zz \f |me) Rt Sota 3 Feu i Fry rs a — ao nee

P lan : en 7 & ¥ mea- UW3 := Sor Hg)(Sa Mgt Al MSHI 5 |#z § al— hes ZX sms ( ) Hof Tasimasemom Tayi "Z|
_ i — ~ ay L8 7 FZ Wee dad Reeweonm Se] By olfof LS S& Gaston (Sg) astm Mt Tsar] 4 | wel
-—__ Remember. that-the-x-and-y axes referred to -here depend on which type of

helity amplitude is being used, If we use the regular f's of Jacob and Wick

+ and Martin and Spearman, then¥ and ¥ are very inconvenient.If we use oethe un-pre-rotated convention, theny = #, I have been using twiddles to
_____

indicate such amplitudes.

— i Re ~ ~ig £ ~— -- raiom amie Taye) = | SOT Fayrmonn Touma | _
Of course, if we chose our initial axis so that ¥ = fi to start with, then—— ga0 and nodistinctionis needed, I-witl aseume these axes from now-ons—~



Special Case: the polarization vector!

{o) ee |
_ Me found that dee? = Z LSPs LM\S a) wee |

We 1s kn that: = =, ---- eo ee we -
;

lo also know tha’

i Z3°,~
(3) ~

. From now on, refer to S(3)_ Sooty as J to simplify notation. Then we know: 7
—

. - a

—. . R= <I =7 __ Re Gea zlareey [ t-1 An).
T T Tv

ae _  Py=<2 = $4 aren) [tint tu) _
v RY

. Pa = G2 = S33 be
oO First lets treat the longitudinal polarisation Py. We know: a

dea- 2 |= STs tol tms7| wens ooah oe.

Thus we can immedeately write: _ _

— oe FO et

: gee ase Z 4. ata - Fags, Fongug aula Simm onl Boal -‘3 i ee

. Doing Py and P, at the same time we get: 7 ~ ~

. seit} =o | Ep eH TC-ioay = Cernig enLi fy ad

OQ eAGNEET)[Sahrgns aps OTS _
a. 4 . Sad ois ¢ Tongs 1 |g] ee

= FOYT Sy ng;AOE) FS C\ERUE)ENT 8d ony ete + ips OS
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+Of 25-2 [Ieee Sagast - AGHe— ast) Sasim| ve
~ Thus we can write the x and y polarizations as, a

_. y - eee

' Fa . (o} a
. de} cat = iF &.eaIS) Fag ay Egon’ Fenn! Srna

- ¥ a4k Jone w wy,= 25 z. as a (Sems\r-ngt)) toast “My My. Sc ba Rana! * Ae
Wow redefine the summation index in the first equation. Note that the range

~ of these 'm sums is restriced such thatthe ‘helivity-amplitude ‘subscripts make

sense, no matter what sugmation index is chosen.

_ aero een ~ yom

Maye ot Jonnie ¥ tpt oll, gCt): Pom = 35 4 £e. (Tei (3-H LA Feng me TAH, Seema. $om!eH,.
Ms = thyrl - ee ee

Now drop the twiddle and add the two terms:

8, a a a
OS

Ore. '5} = 35 42 Leembensty Cony2aAah Mah. MNS MR '

* tonen eh Traci ala = f t t, (nt_*- ia md raytnanan,Tas aint |
ee ee s .

Voc £do $9224 a 2 2 vy, QSmem, Coane— Tagg “Tasty lnFimlol T Se Say Sate Simm ©: May ay Mee -,
In general, these initial density matrices are not symmetric, so the Im part

|... Simplification cannot be made ( but see other sheet for unpolarized case.)

;
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Polarisation and Helicity State Phase Choice.

oO We run into a slight problem of interpretation with our final polarization
. equations. We found,—for-example, -an explicit-expression-for "P,", the

longitudinal polarization of one of the final beans. Here, we kmew that "x"
meant the direction along the beam because that is the way the helicity
spin states are quantized.

However, we also came up with an equation for "P," and now we have a problem:
what is the x axis? It seems like a trivial qicstion, but itis not really so

¢ trivial. What is the x axis to which all those multipole tensors are referenced!

It all-boils down to another question: in the helicity amplitudes which we

have been using, to what x axis are those spin states m3 and m4 referenced?
a“ en - oe -

Spedmem| fl poo mmr = fase anpm
At first it might seem that you can put the x axis wherever you want, But

_, -- thgt can't be-right, because the polarization formula for P, is for some .
definite direction! We know that rotating the x axis about the z aris causes

- the spin states to pick up some phase. It is this phase that makes all the
difference. me

Lets examine how the helicity states were constructed. The single particle
~~ helivity state was built like this: ~ . 7

7” 7 ple ~iesy” 409TeIBM>= 1pedm> = REP)| Py Red=e 'e e _O # =

at ry REO) l* Ke) *® 0) 2 oo
Yn -Y om mn"

: 5 ax x ra

The spin states are referenced to a set of xyz axte (body axes) that are
"stuck" to the momentum vector as it is rotated. Due to the Jacob = Wick

pre-rotation, the final position of the x and y axes is very obsoure and“~~~
ineonvenient. ( And very hard to draw.) 7

So, it seems that the best thing to do is to go back and define different
- —~~helicity-states,-ones that do not use the prerotation.Then it is easy to —

location the body x and y axes:

a 7 ty “ts me
oT kOe R4) fio Jide vi Ow XY plane.
a a,a ~ 2yy 1 - a

. “ hn REN
a ree “™ A ae

y= exe 2 KKK SM
= Sig —---

So the reference y axis is none other than the familiar n axis, perpendicular

__ -te the scatteringplane, Using « twiddle to denote these new helicity states,
O

(and no twiddle to refer to or Ji states), OO

~ Oey at hhe — igh. ————ipoB= ReOipny= ROME” “lay= € IPeeyFor the single particle state, the difference is this simple phase.

re ee ee
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7eo) Next, let's find out what the new two particle cms helicity state looks like. _

\peduyny = REP) (poomynr - ‘sins" (poomyey = m4, pep © Irmaje~ peg> ” CNS
Notice here that up is the component of the spin of particle 2 along the <2* —axis.-The new state will be: ————— — - — <«02 = =

_  Pebppsy= Klos) \poomyey 7
=Reg) APE mreey Ole ja-pemcyn CY

_ = ESM PCO x ped Myf ae
- HM) pe duu _ a oo

Thus, the new helicity amplitude ist _ _ .

©...
~~ Be i) rae +id (Mas Ta- Sage <P Oyu| $\ POOP a> = e * » apy Coe eee



0 Effect of Parity Invariance on Results, for unpolarized beans,
~—

Parity does not make any ef the multipole parameters vanish. It does
however cause two of the three components of the polarization vector to
‘Vallish, The longitudinal caseis easiget® ~ To

- os ot -— 42 10¢t Bxr ZZ com | Say al = Zeng fy .2 = Fen) \ Suu € | :
Ta VA vay Nnao. = - =[Re0\ a pay.

Py, the component in the scattering plane,is a little harder to show:_ :
- —

j
-_—

nS) \(Ss5)(S5- hyRe Zo lee (STs B Re] Foasssa fou. wee a
- ao ,|

4 J= ts Sa ash) ys .Pay (Sxtms 5-4) a) ts, 4-12 Leda _ a
This step tock indices 1,2, and 4 to minus thenselves (a relabelling). It alsorol ~ took m3 tp -(m3-1); which happens-to-leave the square root factor invariant. Then,~ ~

~ -ra f baste Enemy g* Ty tari am]= ) - =I~2 TK its iaG Yo - - — Naty4) 42 nN GC) _
The % factors are + or — one and depend only on spins and intrinsic parities. -
Thus, the two 7 combine-to-give unity, being helicity independent. ‘Then; wee

c i

Zr felbmfe Clan 448M. VME TSI Fea qir ed -~ aug -- =
i td 2 -ke= - PAT fosae fate = —f = feo

© P, does not vanish becausethe presence of. Imrather than Re adds an extraslg, so you get Py = Py. (It could ‘vanis, of course.)
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