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ABSTRACT

We perform the decomposition of SL(Z,C} with respect to
sU(1,1) and evaluate the natrix elements in the implied basis
of a boost not contained in the subgroup. These functions
contain the singularities associated with the SU(2) -sSu{1,1)
ovaktdp functions; we use them to zive a decomposition of a

Lorentz pole i 2 naturzal wayv.




Group properties of the Nesy Jefunctions for SU().

4

D. Definition of these qfunctions:
~y - . o
A (ﬁ] = T (};\- ) T Oy =ty Vou'm {.E}

1._Addition Theorem: N S o :
Jualq) = 2o ALale) damlg) / Ba

2. Completeness on_the interyal: . - ~ " .
A5een)= S ) L@ Tnle) /o
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3. Completeness on the group with ALPI azipuths:
. ) w3 ~1 |
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L. Meaning of inverse group elementi.
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c\gﬂ = (w-&e, ©.,T -4 &mx(im.\ = dlwem (%)
5. Orthogonality of the UIR's:
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6._Basic data: same as hefc:-re, only new stuff is:

Krwm. 2\ = S &.‘h\h (%) = 5\1“ ()
7. Standardc expansion on the group: '
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8. Integral of product theorem;
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2. Completeness. on the interval:
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3. Completeness on the group with I;PI azi‘nmt.hal intervals:
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L. The meaning of the inverse group element:
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. 5. Orthogonality of UIR's:
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8 Product integral theorem:
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Completeness Relation for Rotation grdug.' .. - -

l. First, we know that this is true:
. .
@ o . - .

2 S = 911!‘%(#} o ¢ ‘#_‘5« :2.1-,'
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If T had to prove this, I would do the greens function thing for simple ODE on this
interval, but dont bother because everybody knows it is true.

2. Now ehange variables slightly:

/= S T= Q¢ = W= m¥
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This is the correct completeness relation’ for functions of azimuth in this 4PI range.
I think I screwed up in my LBL by doing either/or, rather than both at once.

3. Consider this lzzhange of variables:
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L. Next, consider {he completeness relation for the P functions:

a.giaﬁ"i?) = %(zﬁﬁ"\'\ §'wfw (.E') ﬂ%—':-.-m (EL)

Téiw:uﬁl ~iewdg| é’im¢1 é*'w‘ﬁ
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. Add the exponential factors on both sides, then do the full sums on both sides
as described above. Hesult: i

.



-2 _
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Record of Deleted Material

July 18, 1979 Utah.
[

{

I have decided that there is no péint in retaining all this stuff. At the
time I thought I would write a paper on how'to get all the SU(1,1) matrix elements
in a wniform way, but I never did it. Much Qf the results did appear in LBI-5527,

however,

This work was a sort of composite .of the work of Vilenkin, Mukunda,
and all these people. I have retained their papers and my notes on them.

As noted on the next page,
outline of my efforts to get all the matrix :elements.

I did Write a "paper" that contained an

However if I ever go back

X . i
to this subject agsin I will probably have to start from scratch. Thus, no reason

to keep a sotrage flle of related integrals Fnﬂ representation forms, which is what

most of these two binders was.
about 3 inches uf note%. mostly written on boths sides.
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July 7, 1976
ORIGINAL
Contents of this Binder:

" Paper: siws how to compute matrix elements for G;’ and DE’ in all three bases
of interest. (discrete, continuous,! mixed). The rest of this binder is
supportive material for this paper.,

i

Datf 1: data taken from Muk 67 concerning the continuous basis.

D# + important support material for above paper

¥

Dat, : data for discrete basis calculatiops. All new. Parallels earlier work on
discrete basis which may be found in another binder.

i
i

His : now useless notes on how I worked out the idea of computing all matrix
elements in the same way. i

%‘: improvements to the paper, more détails, see index there ('E\dn.:)l'-ﬁ)

how to calculate differential g;nnratcrs on the group manifold. Was

used in paper.
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How- to Compute the Matrix Elements of SU(1,1)-in-All Bases for-all UIR series -
shich occur in the Plancheral Theorem. '__ . -

There are four clggaes of UIR's of interest. They are the Gq?’ the Cé%'which

we group together as the ‘c;' ; and there are the D, * and the D~ which we will also
tend to treat together. !
There are three types of bases of interest. The discrete basis has matrix
élements of the form (W/.7./n) where Waxdf o arid n are both integefs or bbth half=
integers. -The continuous basis matrix elements are of the form (p/.../p') where
p and p' are real. Finally, there is the mixed basis whose matrix elements have
the form (m/.../p), sort of half way in_bgtween the other basss. There are other
combinations possible if .one includes the lightlike basis, but we do not concern
ourselves with this pussi?ility. ‘
If we group tokether the continuous series, and group together the disrete
5 eries, we find that we have 2x3 = 6 trpeﬁ of matrix elements to compute. Here

is a chart: 1

ar— & nar .!._

Cq o Do o, gass

Cdsode .U L ey Ay (K

s 2 elu@ped © Ty Ka, (7a)

b

' 6
il ¢ el w(glwy () ‘ plu@g)imy Ke

One notices that wherever the continuous series and the continuous basis
meet, there.is-a multipliecity indéx which we call r or r' in the chart. Thus, for example,
in the ¢ontinuous basis, continuous series, ‘there will be four matrix elements to
compute, for each group element, rather than just one matrix element.

Since 8U(1,1) is a three parameter lie group, there are three generators
which we call J3, K1 and K2. The gﬂnﬂratﬂm'hB is diagonal in the discrete basis /m),
whereas the generator K1 is diagonal in the ‘basis /p). Thus, a large number of the
single-parameter subgroup matrix elements will be trivial. The non-trivial oneds
weé indicate in the following chiartg: (bee lapt colurfi). A generator in paremtheses

means that matrix elemefit cdan be trivially obtained from the previous generators
group matrix element, &o-becomes trivial in this way. -
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We see then that instead of cunsiderlﬂg the general Sﬂ{l 1) group element,
one nead only CDHSldﬂr elements of the form ivﬁg All other matrix elements
can be trivially obtained from this one. )

So, counting up, we find that we shall have to compute (1+442)2 + (1+1+1)2
or 14 + & = 20 matrix elements, ‘However, -it will t@irn cut that certain elements
can~be computed simultaneousiy so we wont have all that much work to do.

We -shall treat the matrix elements in the order that they appear in the

chart. - - -

External References:

Certain of these matrix elemenfs have h;éﬁ computed by'various authors and
exist in the literature in some form. We make the following chart to indicate

references:

- 0

\Sauen NG U
A6 _ o AG( vmpprd)
) & TRF = - ,
‘ frﬂﬁ_..‘fjﬁ— I i ¥ ? - /]'11& pﬂ
e Phabs2 Mesz Mhle 3}

Mt 67 ) .
CON , AM

s COM o w=o0 e ; *
N

N
<&

=2

¢
T

ﬁ}i (wh*ﬂ>
Kol manme. e
|
: %&»jm’? I

Clearly, practically all the.matrix elements we are after have been computed somewhere
]
by somebody. We hope to present the results; in a uniform notation.

]
e
]

pomes o G mE
]
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It turns out that the various matrix elements- we seek -satisfy certain -
simple differential dgqamtions.- In fact, t.héj'- all satisfy-a certain form of- the
gneeralized Legendre equation introduced b{; Azimov. For each basis, the equation
_ is slightly different. We regord the rasqlt;s here:

— —

Do LCp0,8) = Q- 2) jom2ed W) — _(&:-_;&“’")
¥
dowdt  L(§,mum, W) e W =0

-

. , K <
endurn  L(AR Y, o )ple | \f) =0

| ~K
] L4 ipw —isko YRR \m) o/

These equations apply to matrix elements ini ald -UIR classes. Each equation is merely
a statement of the fact -that—a matrix element of an UIR labelled. by j must be an
eigenfunction of the Casimir operactr J2 expresged ag a differential operator on.

the group manifold. Thus we know right froafn the start that any matrix element

must be a linear combination of first and second kind generalized Legendre functions.
For example, one must be able to conslude that:

L

Q$ —— —
ke - \ Mg ~ &k =
" L | - 1 .

L\ 6 = A QS +R Qq,q'(d«‘})
where A and B do not depend on v. Ie, Qj a{m Q"J"l are independent solutions
of the Legendre equation. Thus, we need i:m}:,r calculate the coefficients. Sometimes
it is very easy to do thig by locking at v £ O or v = inf. We shall use this trick
below. t

- - - 1 - -

h - -

- e

General Method: :
In order to compute matrix elements ij.n various UIR's, one needs several
ifigredients: ) i
a) a group representation (group act.;:i.l:rn on some Hilbert Space)
~ b) a scalar product o

¢) basis functions. - !

f ———
[ ]
|
[
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There are many ways t.c; n:*:hno‘;a a :grnup représentat.ion. We shall choose a re;:lreaent.at.iﬁn
“that looks the same for all classes of UIR‘s. Hnwever, we ‘sﬁa_l.l_ find that the scalar
Product must vary slightly (or more than slightly) as one shifts from one UIH to the
next. Tt is @ tharacteristic of the multiplier representatiors (the type we shall --
use) that- this is what happens. The Eid*.rant:age of ‘uging the multiplier method is
that the group-rep stays roughly the. same, ‘the différential generators are always
first order differential operators, but the scalar product changes and sometimes
becomes non-local. #,. Somtimes the acalan; product appears as a double integral.

An alternastive appreach is to use a non-local representation (ie, not a
multiplier representaition). The advantage ,hera is that the scalar prOduct. may be

—r——pmem el

made uniform over all UIR classes. Huueven. the grnup representat.ion changes from

one class to f£he next,. Morevovér, the eigenfunction Equations for the basis functions’
“becomes second 'nrd.ar'i so the pasis functions become Special Furictions . (Laguerres, eg).
Each approach has its good points and its bads See Mukunds Radhakrishnana.

We-ghall now list off the group rep}esentat-im and-scalar products and
eigenfunctions (basis functions) for the various cases: the group redp we take
from Vileniin, replacing B with -B to conform to Muk 67 notation:

Tutl@ = 2T AT T (A

ulASAL

~
e

"?’

d.n%;m-.l W;\-—k. aacla
= 3 i_ EU(J:‘\ M

The group SU{1,1) is here rapresent.ed by oparat.ora U(g) acting on a space of functions

defined on the unit circle. These representations are irreducible in general and

are labelled by (j,€). ~For certain values of j, the representations are also
unitary. For certain intg'g;al values of j+€ the repraseﬁtabiﬂn is slightly
reducible in that it contains both sides of itha discrete series labelled by j. Onme
can easily see that the repreaemations H’ith & = & have the property that
U(-identity) = - 1, whereas the &= O reps have U(-e) = 1. That is the significance
of the index €. The label j is angular momentum (or its continuation), or simply
the valde taKen by the Ce§ifif operator of SU(1,1):

Qe = V= KK = - g
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From this representation, one may easily compute the Tolléwing differential
géngrators: t - - -

L3 - -

L= U1 = ARSWME L eks V4

- : . -xe
K'j: = Kx = '“'KL = A \\'\_i 1-:5.‘&
i
The basis functions which diagonalize Jq are clearly proporfional to this
function: _ MArE PG PAY )
- @m ('E'\ = = "= @ ( _j_

where we are using the variables z -and €, always unldersztanding that z = é‘e.
Given a function on the circle, we may define the following fourier

projection: I | ' - - - .
b= 2m)ee &) 3@

= A de@ éhtﬂﬁ)& 't- (@m)
e 9

Here, m can be integer or half-integer, but m+& 1is always integer._

For the series of UIB;"a G:: y the sgalar product is:
Ga)e= o bean

where the sum is over integers or half integers depending on-&. This scalar pr'nduct.
may be trivially remritten as:

G e
Fa)e = WSG do H&®) (&)

This scalar product is not just any scalar product, it is a scalar product that is
invariant under i.?f group action (see &p, f )" This invariance is needed
if you want the group elements to be represented by unitary operators, which is
to say, you want the generators-to be hermitian.. The normalized Jq basis functions
for trha.,ﬂq‘ re UIR are clearly: i —

i

o GaE 1 = B
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“For the UIR D' the scalar product,given in Is not invariant because j does
not have the magic value ~3+is. & slight modificatitn is heeded to gét a viable -

invariant scalar product ¥ which is: - -

B = .S [(tam b g S

=k ]"(L".;-vu\')

By the way, the apace of functions uhich is the represantation space for the UIR
Dt is simply a subspace of the space of functions on the circle, which space
characterizes the G representat.iena. A flmct.iun in the Dk'" Hilbert Space has

the form: —\-(E\ 2_. -Qw,_ %u (-!).

where, as sms usual, m is integral or halflnt.egral, depending on k. The usual way
people have viewed these functiors is to Eaf:n'
., —a.= ' .
M- 2 (2 S E) :

In other words, -f(z) is the -boundary value tﬂf the product of zkﬁ times a function
analytic in the open-unit -disc. It is easy-to see from the representation that
functions_of this form.do form an invariant.l, subspace of the larger-space of functions
on the unit circle. Since we restrict our interest to k = %,1,.... _and & takes
the appropriate value O or % dependeing on iﬁc,ﬂ it happens that the functions f(z)
is itself analytic in the unit disc. However, f(z) is not arbitrary in that it has
a gzero of order (k-n_} at the center of the disc. Some authors map this open dise
unto an upper half plane and thereby characterize the Dk+ by functions which are
boundary vélues 6f functions analytic in an upper half plane. We do not need this
contruction, however. » )

By substituting the expansion abové for f(z) into the following expression;
one regenerates the scalar product above. Therefore, an equivalent form for the
scalar product for the D ¥ is:

Gi‘gf = 0w P@k—x\, 1 dei C’\ "ﬁ-‘\ﬁ ‘Q'(.E\ ‘3@’\

Here, &z = dxdy = rdrd® , ie, this is an integral of a weighted product of the
two functions over the unif disc. One may show directly — ie, without going through

and = that this is an invariant scalar product by realizing that this
weight function is an invariant density mueh!like the Hamr measure. We' refer the
reader to page - of Bargmann. g

This. wersion of the Dy* scalar produgt, while rather messy, is at least "locsl"™
in that both functions_are evaluated at the isame point. Vilenkin gives another

] . -
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version of this scalar product which is non-local. It has the form:

- 'Z_ﬂ- -a‘[t _— . L LE . La"'

(F)e = Edah%&,a‘ We-e') IQ(SE RE )

We shall have no use for this foim, nor for the disc verion, dnd will therefore use
only that form showin in . The normal®zed JB eigenfunctions are clearly:

S — ‘: :\-L[T:L}‘ Qﬁﬁ) m = Kyk+l,ee.

_The setup for D~ is very aiuﬂ.lar. Runctions in the assocaited Hilbert Space
have the form: i }

@ = =N Sn D) '

- e =

-Wre . '20 % .
=] E b - nn‘_.,l* %
=

So here wé are ddaling with functions analytic—outside - the unit cirele. The various
forms of the scalar product are similar to those already noted, and we take just
the following form, which.is_the one we spail_use:_ R

@ = =2 T l‘n... I

e — 00

—

th%mmmm

ﬂ"_ﬁ - -
Wy — :im e @“@\ e e, A,

Discrete Basis Matrix Elements.

We have at this point assembled enough information to compute all the matrix
elements corresponding to the first row of our chart on page 1. As noted, we are only
interested in U(g) = e +¥K2 so frim our rep on page L. we may gather that:

Wa) = hM}KL n{-“ Mm% \’n—— WX
[_LL( 3\ @ﬁ:& (%\_“1_ ere A-Hn L‘t-ﬂ r
—) 'Ki - - “+ Ve 4n . i,
1\ 63”3 @;\@f\ = &h © (w. 2 - L'gNi) (@%AF Ls,k{ffe

P

&
w
- - ; —— —
i
-
i
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For the E; series, our matrix elements are: !

i _ 2%\ Ut{%.\);\“\/:

.ar% ds- Q&“’s lu&g @“1( o d

Et_*%u . !

- sl e ...l,__
_<“\é:m:"’l<t_\“$ _ _11;_%&6 e ( th Q "T;"»\i) Q:;‘\i " L%\\!Q )
&

By axpanding the last two factors into appr;priate converge%ngg%ig} series and

making use of the follorumg ElEmEIIt-&IT facts - -~
] \ Ve = TR | F(-A,C-R Q) R)
m“ e i ?@“*"“Q\ ’ r(c=+y)

we may reduce t.he integral to a h:,rpergeu&mt.ric function form which we discmrer uit.hnut
much surprise is a Legendre functicns =~ -

- - T i

LN

<ivKe- - 3 -
ME I = M) R () ]
ICEON
This is the result, say, for v¥0. For v& 0 one must add (-1}"’"“. In these
calculations, we always drop irrevelvant phase factors since these have no
significance. The reader rrﬁ.ght. be warned thata sometimes ‘I:.hese factors take
strange forms, for exa.mple: ’ N )
A i 1\
) (Q'ﬂ ) T’G\"' \~w) = %‘w.n.l_
CCIEENR R CEARTNY
- i
v
C Weom. a=—5*\S. e may at once répldce the P function with the d-function

of Andrews and Gundon (and dgfingi in appendix ). Again, dropping phages:

3 b
<fm e ‘l’“\f_— o= dﬂmﬂﬂ.('ﬁﬂ} ':‘f“) V>0

Here we have arbitrarily evaluated the

e
d-function -above its cut. (The P function i \ Q' - v <0 ]
is uncut on the right; one of its advantages here0).

i



-9 - {

We note that the discrete basis matrix €lémefits for the 'Gg_ “which we have
just calcilated do not explicitly depend on’ é. It is~just that m and n dre eithér

" both integers-or- both half- integers depending on-whether & = 0 or 4+ - Of-course,

—_—

j = — + is, which is to say k = &+ is. -

The matrix elements in the Dy* and D,~ UIR's may be obtained directly from
what we have already done. We use the same group action, the sliEh'bl;? changed
scalar product and basis functions given in " to get.

CaMye = 2 :&S: 3? \'&5"*‘* Qo & SH:* %"“(ﬂ
e 26 Wygle = ]

o w_, Lo w i}
o ey T{nn}‘) ) %‘r\n}dﬁ %‘@ \UGa) & (@),

) Ql-t.ﬁ-h\j ]"0 M n}

Ak

o) Yk \ P (80
LPCe =) Ty | o

s T B () = Qe (S04

When the dust settles, we find that the Dk+ trix elements are the same functions
as the- Gq matrix elements. The symbol & indicates equality up-to a phase: We Vewa
. i

male continual use of the property of gamms functions,

i =

TO~%) sSwawhe

P (o) Pl-ay SwTa :

Of course for the Dk+ we have k = j+l, and k = 7, .3/2. sses and m = k,k+l....
and n = K, k4l,e000e |

One might imagine that the D~ matrix|elements are once &gain the same
functions. They are. T -

We have arrived, therefore, a't the following Conclusion: all of the UIR
matrix elemerits of e~iVK2 i the discrete baégis are given by the same d-functions.
One must keep-in mind the rule that when the Qoost parameter changes sign, a factor
(-1)™ " imst be added .(as one finds from evaluating the integral, or which one sees
must. be true. to preserve un itarity, given thd d-function symmetry ralaticnsJ

!
{
1
M
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SU(2) matrix &lémentdy ~— - - . ems = - o
‘ ‘In passing, we—should point out thati our same representation-alsc gives
the SU(2) matrix- elements. We Jaxmxx take odr representation - .. . and replace
® with -F throughout (but we do not chenge p!). This is the change that. takes
. you from su(1,1) back to su(2). The group sction isyfwum :

L@ = TR Kys)
A= («e+p)  RB= (T-pe) T ) _“:_-3_: (_?.P:). & SUQ).

i
In particular, we have: - - - -
TN . ..-.]H.-'h..

& 3‘"’}&(%\; 2 (wntz - swd) (msz+ Swn %)

S 2= ¥ _ {%=~:@»\~:‘ﬁa

A comparison between these equations and P shows that_we are essentially
examining what in su(1,1) would be an imaginary boost. Ie, the sbove group rep
) would be ubt.aimd if we were to replace v by’ —iﬁ in equatiuns + This fact
. becomes completely tranaparant when one cmlders the act.ual 2x2 SL[E,c) generator

matrices:

T=t7% R

4
—1pT, = -i(CiR\Ky
1
We found earlier the invariant scalar product for the UIR's of SU(1,1) by
insisting that K; and K; be hermitian. We now require that J; and J, be hermitian
which means that Kji and Ko are antihermitian, because we are looking for UIR's
‘nyosand, .
of SU(2). One easily finds that the eerreet scalar product for SU(2) #s:
3 ' ,
1 N —
Fa) = 2 — b Qe

e -y ?Q*T—\-m}'f(i—ﬂ-—"ﬂ'ﬁ
Norvwotind \enaias Jpumshiont ous
\wy — b CRISEANY Gﬁ-i—-ﬁm}i . %.\(ﬁ\ ' ‘

Having the basis-functions, the scalar product, and the group action, we may
compute the. SU(2) matrix elements. .We encounter exactly the same integral

- and things reduce to the same d-functions. _
!

- P ....i —

e
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- . - i

The result is certainly not aart:hahal-dng: o
- _"_“"'-:'*dPri - '\\.. - —-
RGOS \'“b = d‘mm., (msde)

This business of relating SU(2) and SU(1,1) in this way 1s" loosely referred
to as "Weyl's Unitary Trick". The usual unitary frreducible-representations of

. su(2) may be identified with the non-unitary:finite dimensional representations.

of SU(1,1) which nobody uses for anything.

We have gone into so much detail here in order to be able to make the _
statement: the matrix elements of the UIR's of SU(1,1) in the discrete basis are
simply the analytic continuations to z = x +}i& , x\'l'.l of the matrix elements
of the UIR's of su(2), dJyn(2z). In sharp contrast, we shall show that the su(1,1)
UIR matrix elements in the other bases are not d-functions. In fact, they will
turn out to be mostly secondikind Legendre functions (Q functions, or e functions).
- i

L
¥
¥

-

- e aw=

T ]
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o _Continuous Basis Matrix Elementg:
. Ha now move d-::wn t-:: the 5e¢ond row of our chart back on page i, e.nd. attampt.

we shall need a group raprastntat.ian, snala&‘-produ-:t.s, and basis™ fifictidhs. We N
follow basic&lly the approach of Mukunda 1967. — e -

We have already stated -our fmdamrrtil representation and given the
differential generators. WE foudn, for example,

R — — PR,

K—ﬁ&m%&—ﬂwﬂ\taa E-l . _

-
We wish now to go to a space of functions of -the-real variable q such that the

differential generafor K, has thé following forms - - -
- b
="t 4 ;
L 1 . - H -
We shall relate every function-in-this new apace to functions. on.the circle by some
- as. yet unknomn function multiplier:

I_ - = = —

M — FQ) = RS %(z(a\)

. We have two u.rﬂcnwn functions, h{g) and z(q). By insisting that K hav e the simple
form shown when it acts on the g-space, we may solve for both these unknown functions:
. ' 1 =

QO =3@@ = KFE = W HE
gl %'EL lk(_q\ 5?('1)1 ‘n[qh S_A‘ktma SWme ('—E * -5t m‘ﬂ-ﬂ-‘[e)

- _+%€. = S omd. : :':._ %‘%_ - \x(ihmsa-&-&&imh)

R A A B NG

= =@= | ”ﬁ?

The new variable q must be related to the old variable z (.or theta) as.shown, and
the function multiplier h{g) must be given b;[i above.

_ . We have arrived at the_continuous baai_]:a. whihe for short we shall refer to
as g-space. The elgenfunctions uhir.zh diag:‘:u_n"ali.ze K1 are obviously simple exponentials:

k05 . _ . -~
o - S " Kd% R

i
|
.

st -

s
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2t us oW eXamine the “change of wariabl#® ‘more blasaly We have:

; _ QI; _‘QM_ZM Shml (‘Eﬂ-k‘g

1f we chodse the +iPI branch of the log when. tan®l, goes negative (which happens on
the lower half circle) we find-that as % -trages the unit cirecle in-z-space, q
traces a certain rectangle in g-space. We refer to this. rectangel sometimes as
the "upper™ rectangle. It is shown in the gketch below. In fact, by looking. at
q(z) ebove, it is easy to see that the inside of the unit circle in z-space maps
into this upper rectangle. '

\2 q B

o VN //T"T
3 f/;w - !
,\,- -

0f course the sides of this "rectarigle" @re 'at infimity and correspond to
‘the’ points z = ¥ and - 1. It is perhaps better to refer-to this rectangle as two
real liines, as Mukunda does. The fact that'there.are two real lines and- not
one, corresponding to the_circle, is the source of the infamous multiplicity
indéx which arises in the continuous basis, In order to get K; = id/dq, we were
forced to meke the change of variable we did, and this forced the circle to map
onty té_g,real lines. There is no way out. "

We pause here to mention that this mult.ipl:.c:.ty 13 a group theoretic fact

and will 86 course arise in any v #realization® of s 1:|.n the contiuous basis.
For example, Kalnins calculates certain matr:l':x @lements by considéring the group

A

of motions on the lihgt cone (the simplest ciiz.1) surface). In his analytis, the ‘P}\I\.

muitiplicity index magically arises because the light cone has two halves. Group If?

theoretically, MiR heve shown that the arigi:i of this multiplicity is the fact
that when the full su(1,1) algebra [ I3 Ky K_] is reduced onto the subalgebra
whose generators are [J3, Kl this subalgebra occurs twice in the reduction. The
present author, however, feels most comfortable with the above Mukunda construction
as showing the origin of this index. ; -

“We recall”thet the space of functions for the UIR's ﬂg was the set of
all (reaschable) functions on the circle. In’the g-space, this maps into the
set of arbitrary ( but fourier projectable) functions on the two real lines. That is,
the elements of the space 7 ’K,‘ are function El_i_r:g (£4(q), £_(q) ) which we can

consider to-be both functions. of real q. Smica in C% there was no correlation

———

- i
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between the function £(z) on the two halves of the circle, the two functions £y (a)
are independent. We shall choose as our two. basis functions the following: _

=

= - P — - —

e — iﬁj o — (é"““)
W  oluama aokns M%Lh_h‘bi !

. %)
L (ﬂ\ O 2owadAmad . % X
Q- (a) (%)
In what follows, we shall usually use the label r to have values + and -. We can
then write: N

%Q.m(ﬂ\ - S Sy

\y

Ku\?\“>_= F\f\°3 - t=*_

Since K; is supposed to be a hermitian generator, p is of course real. One usually
phrases the last equation above in this way: in the continuous basis, the spectrum
of the diigonsl generator for the C§ UIR's is the real line twiced

In contrast, we recall that the Dy ¥ UIR's had to do with functions which
were analytic in the unit dise. In g-space, these will map into functions which
are analytic in the upper box of figure « Thus, for the Dk+ (and also for
the D), ‘one cannot Beparately set the funétions on the upper afid lower "lines"
because they are -analytically connected. Ie, they will be roughly mpgesik boundary
values of the same analytic function on oppos.‘:.t.e sides of the box. The function
on the upper line is determined completely by the function on the lower line. This
is why there is no multiplicity index for the!discrete series UIRs.

Our next task is to take our group r&;‘rreaent-at-ion over into g-space. First,
we shall define a certain function that will grise frequently:

i
e

_k R T
by = oy 1o = Oy )
This happens to be ah eigenfunction of- ‘IB in ’q—space, but fmxxmew we shall return

to that fact later in our consideration -of the mixed basis. Right now we use this

function to whorten our expression for the multiplier h{q) which is:
f

O TR SO N,
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The g-space verslon of nu.r gr::hup represent-at.ion ma}r be ubtainad as follnwa'

’ 'Q:Uﬂt i B o b _
om = LU . T

e

~ ‘Q eCﬂ A %; %(Eb " . -
uu",m M..Qﬂ&g. (‘e\“ (‘;*i-“ “fﬁ\ \ % = (F“ PE\_ ‘.- g' =A(é_ ';'h-e variable z'

will be related. to a variable q' in the same, way that z is related to q. To keep

i

things clear, we note the sequence of events}

- — - (e —

2= Q > q= Q«(‘\mxn\ _Q.M-R aﬂYﬂ
2 = E‘_’_‘- ?*[;:E; = loi{& i, -
of —[52

L g (BR) = end) s 2se

CUbviously one can deduce the direct connection between q' and g, but we shall not
do that yet. Except where we use @ and & v;.é mean .all these equations to be true
in the complex sense. The original Vilenkin :mlti'_alief representation takes a point
on {or inside) the circlé z and mdps that point onto & new point 2' -which lies on
(or inside) the cifcle. In q space, our representation will take a point q on the
rectangle and map it into-some other point q' on the rectangle. In general, q and
q' will not lie. on the same "line". i

We now finish the conversion of the group rep to g space which we Began
above . We replace:

- )
YY) = @) RCR

ey
o LHE - [ED | syt )

' .- (%’Y 'ﬂa'f.: 7“\ ‘T @)
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\'\W} ,'i_‘r?- k{&,.ﬁn m_%nk i

\

—_ - - o= |
®  eFlR = mﬁ_}] A IR
] _ L '

This is just.a standard multiplier representation: the function F(q) here defined
_.f'_;n the rectangle, is mapped ¥ia a poir}t t.rani.sfnrmat.ion into some new function
F(q) whose value is given by a multiplier factor times the original functions
evaluated at the new point g'. B

In order to express the multiplier %ntireiy in terms of g, and for purposes
to be seen below, we define some new quantities and obsérve some new relations:

A (=R (va= ) (wr52) _ N -
== ‘%“ (@- @2) | T-pat™ D -
) _

N = - &\qt(d-t-\-'{f)-—?.-f[i* L }u+(o-‘.t- F)/d'“-\

A

° W+ 2 Rlap) + 2 Bl > O

= 3M=i&nﬁ /D -
e = RN (D i
JINS = (wﬂ\“\ sv;sg:i‘ = (dm;?
s = (- 3@%“ L e - Eit})“ a

P R [ﬁiH= (daq 8.

Therefore, we arrive at this form for our group represttation:

BA)FIG) = (o bl Y B
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Several comments are in order here, Firstj notice that the label & has
completely vanished from the representation.' Nor does it occur in our basis
funetions -« Nor will-it appear in-the scalar product._to _be _derived
below. As might have been expected, the quantity & which had to do with whether
m was integral or half-integral in the discrete basis, plays no role whatsocever
in the continuous basis. !

Secondly, we wish to remind the reader that all the g's which appear on
the previous page lie on the rectangle, which is to 58Y, t_he;r are either resal or
real + iPI. Below we shall use the index q as a purely real variable.

In fact, our next task is to re—exprésa the group representation in terms
of function-pairs of a real variable, rather'than "functlons -on-a- rectangle". -
Ie, we simply want to "lower® the function defined on the upper line. Before

_ doing this, we.have to handle a slight phaseidﬁﬁail which is this: if we imagine

that our region of interest in g-space is the innder boundary of the upper box
{ie, as if we were dealing with boundary val}w of functions analytie in the
upper box), then one can show that the phase’of the function ch(q) is:

LSS )i:;: ' esan. sda B
Ty (Ruy) 1/ wppn 2dan.

.Therefore,. we. find,
L]

B = (o) .
K RSy o T

If we temporarily use the symbol x as the real part of g, then we may convert
our function F(g) defined on the rectangle into two functions of x as fllows:

A= Fe = L@8E = (e Im_ (e

|~ ™

ooy, RSV B

/MM c\= Q:._q\-’r[‘t

-

i kos(x)
Y@ &R -

Y e

R Y G—‘ET) "t cus

- = L;-m,(‘l\ :&T (E) )
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Using this mapping of the function on the rectangle to. function-pairs, we may
with a slight amount of work convert the representation to this form:

S — = = -
U'L(%\ %’3;&1\ = (ﬂl\q““&m“r\ﬁ %{ e(‘:‘ %\Jﬂ I;r. (Q‘\\
where the N, &#&-givan—-b&ek—i:n—hﬂmﬂ « The theta functions are very important and

arise in the simple way to be discribed below. We hasten to point -out that the q and
q' which appear in this form of the repsesentatipn are pure real. That is:

= - = 1 [E—

q = Saldemzl .

- q = D\ dam

-

; L
The reason-thésd z(q) mew carry an r label is that we are now treating q as reel.
The r now carries the information.of upper or lower-line. That is:

4. - A -

A A i
(3 1:-,. + i
Eﬂq‘*ﬂr= _ E‘[ |

The theta functions in-the above repres;nt-at-ion arise because the upper half-
circle is mapped into the lower line -&nd.-#mehi—en—f—; , while the lower half cirecle

is mapped into the hpper lin&,—aﬂﬂ-ﬁme&an-f—i'q'h— Therefore:

L

ot S

B /é/ / Y =) = 2]_~. (rsw®). ( @) )
,.. — 'l\\‘-te C“-
The theta function selects out the proper _q—épa;e function based on the location of =z.
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—_— .t

Similarly we have, - ) ' i
W) = 2L o) i1(4)/Te(a). _
Rk swe! = &m\&- ) Fji( Cswae! § : &(v &mﬁﬁ )

L - = - -

me In the. present notation,- we are

interested in z' and q' and & ' all as functions of g. To get back to q, we have
to go through z, andx 2 = 2 (q) as given in abn'l.re, where r indicates whether

this z lay on the upper or lower half circley or, whether g lay’ on the hppsr or
or upper "line". Thiis, the _;ariablne:s q', &' a.m'l e.' implicitly depenﬁ on this
index r, as well as the real variable g. In.the Tepresentation T, this index
r is the index which appears on thé left side of the equation.

Tokx summarize, we haVé converted oY réprésentation t& § space where
the representation space consists of ft.mctim; pairsy -where each-function is )

a fooction of the real variable q. That representation.is: - -

L) = (o \&mﬁn\fk 2:_ ot B‘M\}ir\ Qe (ﬁ') ~

VI
Mo = b E) =248 s () fony
De = W gd A Q-LL‘*.?-‘) +2¢ &m(-ﬂp}/du\
CI‘ = Qi D= P Ne 1
B0 | |
He d ‘ﬁ |
‘“\m omple, UL‘Q e e ; o= Q.B.,\% tg= _3.’3’\\%_

qu\ &'ﬂ“r = W -‘r_\_‘; Q}\D _ :
o Qe = -Qf 3
M D¢ = Qg +esw)

1
@ﬁ = | oy 'iﬁh.‘l . Wy -!:-‘Ek."«ﬂk =
LAY th\ ¢ daw
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- e ) Kg_ Fi'.-\-!'\ N
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We shall use-this form below to calculate matrix elements. We have chosen the plus
sign in the exponential to-conform to other authors who-have calculated these

matrix elements and whose results we shall uga below.
i

Scalar Pruduct for the G z

i
Starting with our oroginal scalar prqduct on the unit circle, we may convert
easily to a form involving integration on oud rectangle: .

A -
. KQJ%\E; - e fE§§1 d«\ F:QW\.(;(iB -
Here we have made use of thé impoftant fact’ tpat for the principla UIR series,
-k + ®#= 1, and also:

___'%%\_;% -

. Using y the scalar product may be at onceé reinterpreted in terms of the function—

parls introduced above, so- .

A= a2 M) gQ

“From this scalar product, one sees at once th?t the normalized basis functions which

diagonalize the generator K; are:

o> — *gﬁm(“\\ = Jupsdion vashon qgioann o
BN = TR B

Scalar product for the Dy: ' ;

The scalar product for the discrete s?riases is sliphtly more complicated.

It may be obtained by stabting from the disc form in z-space, converting to
an inﬁegral over the upper rectangle, and theﬁ converting to the form which
follows. Détails are given in r . The result is:

|
- !
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Gy = nm% s wip TG&) 1@ i _

ek O —

Wg) = ST \TChadpy ™

We wish to emphasize that this is the same séalar product that we-used earlier for
the BE' .- The normalization has not been changed. The properly normalized basis.
function for K; is : -

T ]

-._;..',:n\-
= Toa ©

Dy = S[E-D

If we wish, we wan view this basis function as a function pair. The foTii given is
the correct function for the lower line. For ;t.ha uppser line, we use-our-equaion

to get: - E """‘?1. —_—— =
= S
- \?5 —_ m\) '*

I_rp -m‘&{!ri‘l\ —>qa

S S

As already pointed out, the upper line fmctim is completely determined by
the function on the lower line.

The group representation adapted to the Dk"” is, from
I

T He @) = Com i) \etamm LA +e(~m+\e, Oy $i(a's '».ﬂl

where q and q' are both real. Thus, we have 1 représentation which maps functions

LA

on thelowe® line to functions on the lower li;na. Whenever the point -transformation
lands on the upper line, the function is "lowered" across the analytic rectangle
s0 that everything is given in terms of the liuwer line.

One can see immediately that if the function on the left side of the scalar
product given in is & Ky basls function, the p integration goes away. Thus:

-
1
F

*f
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Kave = (5= o U)K | _
- - = (Fows , - -
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B b VR R 1S

We shall use this form below to calculate the D, * matrix elements.

il

For the D~ there are, as usual, just a few changes. The scalar product
starts out in z-spdce as ah integral over th#& cutside of the unit circle. In the
g-space, this appears as -an integral over the lower box going from Im{q) = O down

- to -#PI. As with the D, everything may be expressed-in terms- of- functions on
the real line (actually, q - i¢. in this case). When the point_g' lands on the
line re(q') - iPI, it is resiex raised throu:gh the lower analytic box and placed
back on the real axis. The results are all the same except for a few sign changes

erising £rom —PI inplaco of 4P :
C ) = B = oY I
e L) = F(qoivaid)- S "'“"‘“““‘”‘_i%? - P
B o e lERTwE
= S = @ Ye) . L

Theése equations show how a function defined on the perimeter of “the lowY rectangle
are converted into function-pairs on the two lines. Here, q iz real. -

The scalar product, basis functions, jand group action for D~ are as
follows:

1

Kk = ?”c}}u% ey T4\ JOW

- M9
W 30 =Ty S AW
Yo = ST et ‘
I
o el I

} lf\"-q ETGU\‘ wwp TR 3(1\ -:.{ﬁ[\ N —
- le .. .- o

t
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WL = (“\W';“NI@@*«“A&*&\* oG awm\ e i, (a{-mﬂ_\
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Wdg-= W A 3@"“\@« JRAAY

At this point, Zet us aunmarize the forms of matrix elements in all four classes of
UIR's which have a normalized K; eigenfunction on the left. For the lei we haveé -
\ :

from and ' -
- - ‘
R '
= —— | V=) X
WP = w5 AR 4@
From , and ' we-get for the ﬂ:; series: 1 _

Gade = anq\e a(q) o

If we now cunsider the function g to be t.he group action
on a normalized K; eigenstate on the right, wé find: )

1 +t'?

AU = T Xﬁ 'Xégi?, iuxgﬁ\e 1]‘
é w e x&:\ﬁ'}“ (th{\amﬂ+h X&Mé*ﬁi“&nﬂh 1 JLHL

This. tells us all SU(1,1) matrix elements in {'.he continuous basis for both discrete

series ciisses Dk+ and Dkz For the classes Gfl' we find:

. L @
atelide = = om SR 1 )
oo - i.?‘: \
o S RANCIERR .%L;Mrﬁlﬁ !

) From these expressions, one notices that the Pl-:t matrix elements can be obtained
. directly as linear combinations of the Gq mati’ix elements as follows:

WD\ e = ;:Ep?; 14*’*"@\'5 v o N&M e l
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Therefore, to get all matrix élements in the ‘continuous basis, we need only

calculate those in the Gg for “the generator '.K“z. “These are precisly the fonctions
calculated by CDMy-for- example, in their-appendizm. They -used the same basis that-

-

A

we use and .gave these results: ——

<g=, -\Lé’r Ve \t..r_> = ‘“X&RQ \i@d«:\-w&(x}\ -
- e |
1 x e@%\.ﬁm\ﬂan : \ L+ tawg €

_. - p._ﬁ_);r( \ q)} QUM

where u = ip and u' = ip'. Using their result.s (which we have checekd) and convesting
to the P and 1 function notatich, we Tind for vy 0:

Ve - - D s
<i:,+\€ B> = Pexid) i@ihté‘ (o)

Tlevw) T
Wi -
GAE .\ = &ww _J@“ (93
Pt T
Wl _
,<1?1j"\e ?ﬁb = anadasd ., }

- *

N{t - ' -
<E". *“l é "I'F-.-v = O .
-

Using , we find at once for the Dkf (thanks to the vanishing of the last element):

“ ¥ : FT(g~t)/2 bt
K\ kjh.- = q-ﬁ N ; ‘ _-m% @L?,Lq‘ G’”’J)

where as suusla we have dropped a phase factor.

ol T o -
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Mixed basis:
‘ " Finally, we move down to the last row of our chatt on page 1 and discuss
_ calculation of the various matrix eléments in! the mixéd basis. We may do this
calculation either in g-space “or g-space. To work in g-spate, we will need the
eigenfurictons of J, which are: - -

S8y = < B :

.= ‘E“WW}S“

'['Pr(ﬁ.\: 34&(‘.\\ %(E\ | =  Chwaaar~.

Vs T ek (O
8@ =y () )

B () * R

This is only normalized for the 0¥ . For the discrete serigs we must add an

q —_ - = — [ — -_

appropriaté factor, as shown in or
. ™~ Using this I3 eigenfunction, the matrix elements Hn the mixE?:l basis in

e N (2 S

the g-space formalism are: -1 - -

i

EAWND WD = )0 Leﬂ\m@g MI ) -

2
‘ .‘ X
0 ot 2 ) i)
Gude = )T | e
. (b 7 o6 ) §
\Q dq- 2+ (Salbebal) = (s UNE N

)
Alternatvely, the m ixed basis matrix elemenfs may be stated in z-space. In this
. case, we need the I{l eigenfunctiuns converteid to z—space. These are:
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June 29, 1976

History of- the Search for a C% = D.* connection, -

L > - e T T —— —

L

_._ @ First,_ I typed up sort .of a "proposal" for the idea of searching for this connection.
Goal was to compute both C3 and D% matrix elements in the same manner using the
same group action ete. o i

1

@Hexl:., I looked at the variable change from z to q and discovered that yes indeed,
the function £(q) = (chq)™® f£(z) is analytic in thé Box if f(z) is one of those
subspace functions in z=space "appropriate to- Dk+’ ie, f(2) = nl!{‘ fan(r}.

~ S * . 1
. @ Then I came up with.a nice group action for Dk+' namely,.I just.used UF(q) on the
lower line and shifted down the result using a little phase. The down shift is

OK because F(q) is analjtic in.the box. This group action, then mapped a function
on the lower line into ancther fifinction on the lower line. It looked good. In
particular, I computed the group action oy e*P4, LY

L
i

@ Next, I' simply assumed that the Muk E’-sEﬁcé local scalar product”was the one to
. use.” I''used this scalar product for Df:+' and began- calculating Di* matrix elements.
Sure enough, I found that the integrals cc}.curring in -the Dk+ calculatiens were
i the same ones which.appear.in the C3. Thig was the_desired_goal! , . _~
) v ' |
@Hext._, I showed that the various integralsiIp.t ,were exact};r the integrals used
by CDM. (At least for one of the generatorsd which CDM call K,). I then related
the CDM functions to my Azimov PQ funet.iu"::xs and filed this under FR.
' t
@Fe‘el‘iﬁg exhuberant; and exéited to boot, I started &t this péint té considér the
possiblity ofcomputing mixed basis metrix elements. —I stuck to the -Muk p-space
scalar -product and-merely replaced the right-side etPR with good old £a(a).-This
then gave_a nice single=integral rep for the mixed basis matrix elements. 1 gave
this integral -rep the identity 'test, iand éhe triviel .K, test. It worked! -
| .
(7)-Then came the first sign of trouble uhenll tried out the J, test. There are of
course two terms and this 1s the case where the second term does not Wanish from
its theat function. The J3 test failed. Ycru are supposed to just get a phase
+times the cross matrix, but it just didntywork: T beégan to woner if my generators

were wrong. ) - oo, .
. - | ¢ - l' Hi I
@I then took.a look at the. generators, they lodked 'OK, but them it.hit .me: my use

of the Muk p-space scalar product was ggﬂ jugtified, Here, I stopped worrying
about the J3 failure, and began thinking of scalar preducts.



'Sr.r, T then started into the problem of finding-a mice scalar product for D+
-consistent-with my idea of -doing c9 and Dk* at the same time, My- first idea
. wes. to take. the.m=sum form and replace.the two fourier.coefficients_with . .

for mixed basis matrix elements (though I did’ not pifsue the idea), but ‘was

clearly no good for fully continuous basis matrix elements.

L5 Sl -y = -

@E,—I_-tj';éﬁ started with the disc. form and began converting it to a_box area integral
form. ~TDiséovered the; hice. ja¢obian ided for aréa. I thén realized for the first
time that you need to get a function of Im(g) only inside your integrand if you

- -expect to get a lﬂcal*scéiap"'1pr~oduct. in p-space. -Without fﬂoruughl:,r‘ thecking,
I just looked at.my integiand and concluded that it was not_simply a function
of Im(q) alone, so I concluded that a different multiplier had to be used.

. W - - - I b

@ ﬁe_r;a;t._c;r lil -/ zﬂ} was clearly a p:'-n‘blem. I looked et how Huku;ldﬂ-hﬂndled this

going to w-space, and then to g-space. I saw how he made it work, and I concluded
Tthat he did,need a different multiplier. Had I looked cldser, I would, have seen -

roughly the form (chq)‘k.,timas 2 as this new multiplier.

e

@Hm.g&var, Mukunda's versionsof Dyt led.to several .confusions; .
a) he seemed to have beta replaced with ibeta so picture was rotated 91:)0. He
.did this,.I guessed, to have top half circle map.into upper w-plane. .

b).also,, however, his z differs from the.z I am used to. This I learned after
.bein_é tnable. to. "undo" that 9G° rotation. )
So, finding all these unpleasant differences, I sort of changed the subject
Tor a while. - - .

[— - -

@.M.;this time I worked -on showing why the m—sum-form:of the Dk+ scalar product
—really was_invariant. Chis:led.to an attempt.to.find the .non-local.scalar.
product in z-space. by executing the "super—sum?. This was a.huge .digression

during which I learned some more ideas about contour integrals, but which has
_r;cr dirl-sct..ralevance .here, so I.have pulled thks section and pute elsewhere,.

Wext, 'I began to consider the type of functions which belong in the.D,* subspace.
I know this in.z-space, and I converted 1t to’'g-space. The functions do héve a
certain well defined form. The functions F(q) are analytic in the box, but the
related ¢ upper and lower" functions are not exactly the boundary values of .

this function.. There is & -little {rl].]f_phaﬁe-fact.or,fpr the upper .function..
This could later .be relevant.to the J3 problem mentioned above.




(history, page 2)
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. (5) Now I define a special maa:ﬁng for £(z) This means a.D,* function, and it

.; therefore .has jthe form.z% qfan_{z}. .50 £(z), i5.a power series starting at k, not O.
I-¢then :wrote down :the disc form of theyscalar product: in tenms of functions
of the type f( } A little differnt from tha usual forms. . |, s

@ Having done this above, I then converted this disc integral to a box integral
and searched fon 3 -Vigble multiplier -such ';thﬂtg ‘the p-space scalar product would
be locals After first goofing this-up, I Jaten found that -the :same .old sultiplier
(chq)™® does the job. That is, F(q) = (¢hg)™™ £(z). We use the old representation
for f£(z).thatr we have always used; because after ally it -is.a.function defined on
the :circke.. - . n, 1 v. 271 L at AT ST

! 2T gL L I.i Eoeowd L ¥ . P

@ Thinln.ng I had gotten the function multrip:l.ier {chq)*'k, I was giving up on the
program of relﬂt:l.ng our two series of reps, -and I began consideration of the
Bargmann representation for the Dt in t.er}ua of analytic functions. This led
me £0 a very .complicated myltplier for the grovp action. :But now correcting for
the .error, I ‘see that this approach gives ;‘['.rhE same g-space group action as in

- the €4, There is no need to go to this Bargmann thing. You lose the idea of

. subspace. so :akip this. A1l equivalent. _'_., -. o.__. ___.

. Hext., after making many cprnact:l.ona._al have, ucirked oir the.-conversion of Vilenkins
subspage representation : U[ zX tﬂnﬁz} .l to g-space. I end mp with what I think
is a viable -and simple JJ]{" representation =H.i. g-space. As far as I am concerned,
this thing maps the real line F(q) onto the real line again. I do not yet know
how "this 4hing connects to the'lﬂq form, nor have I checked thé génerators to see

— if-they are right. I bet- they -are right. 1 - - -

P LI a1 S - {"h = 1‘: o . % e 1 Le =
19. I will.now continue frbom this poink. ot .. oo .bow o o .ol L o ot
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Index of this support material for paper:

@ Miscellany: i
a) some razat.ir.ma between 2yq"y ;:, x' ete
b} how do you make 'K, diagonal instegd of Ky : what happens.
c) getting the axp(-iﬁa'j') elém@fits from the exXp(-ivk,) elements
d) group actiom directly in m-space- Qun—used)
e} the lightlike basis functions. -

¥

@ The Group Representation !
a) derivation of the a—space form frum first pm.nciplles
b) conversion to generad :I‘{q) cml
c) conversion to Dy form o
d) conversion to Gz form ;
i
@ The -Di® Scalar -Products - , - -
a) evaluation of (1-zz) , check N ~
b) derivation of the Dt in mwmpazs disc, box, p-space, check

c¢) derivation of the Dk~ in disc exty lower box, p-space , check

@ Summary of scalar productse and basis f‘ﬁu-c-:j}iana
a) list of various scalar products
) 1ist of standard basis  functions
¢) closer derivation-of two basis functions -
d) the lightlike basis functions (see misc above)

@ Matrix Elements
a) group action on basis functions
b) matrix element setups

c) -integral representations for all elements -

d)} computation. of explicit mixed basis elements
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June 17, 1976

- Several leng pieces..of-work led. up, to this present work, so. I.will first .
mention some of the older;thingsp T have 1ong been_interested id calculating the
mixed basis matrix elements :for 50(2,1). Ka.'ﬁnina succeeded in doing this using a
realizat.iun nf mtimm on - 11.ght. cum&. m He nb}_a_:’mﬂed_tite plaasant functions qm ip
and put me onto Azimov's paper. He noted t.hat. the discrete series stuff could not
‘be -calculated- by his method. Now I was wondering how you .might. ‘calculate these 't.hings.
One particulan realization in wWhich I had invested much time was the MR 1971 paper.

I had used this, in facty to calculate the continuous-basis DX matrix- elements and

this led me to make ‘bhe connection with-Azimovs addition theorem and the group property

of these fundtionse — « = - — 4o o 4 - . L.
Now, with MR71 I had for amusgement one time computed the eigenfunctions of
Ja. These had come out be uerre po als and-I spent lots of time solving

the related problem of the.radial differential equation for the hydrogen atom in 2

and 3 dimensions. After I calculated these ’Ehings. they judgt sat around for a long time.
I had once tried computing the cross matrix Hut left dt.in integral rapresaniationmmly.
but got suggestion of 'a F(....~1) type thing. (IN agreéémént with LN). .

" * "So my retent “surge of artivity began with calculation~of "the "specific basis
functions in the ‘two bases, -in partiaul:arxl-un%ant.ad to get the normalizer factors. This
attempt met with.success. .IL.-had tried:this garlier.in the Bargmann realization of
+he Dk" and was very frustrated .to end up with & triple sum of 15 gamma functions just
for the normalizer calculation! I had given up on that "disc" representation.

So, once I had t-ha explicit basig funct.ians. I thought I might calculate the
cross matrix. This was very easy, 1 used a sj:.andard Lagureee integral -to get .this.

At this point I began one of the hariiest.calculations I have ever doney and it turned
out to be g11 foi Hothing. I computed the mattix ‘élement for e*3¥z in the mixed basis.
Of “course this is-just a.constant times the cboss matrixj but-I was not thinking very
clearly at the time and I falied to realize .this obvious fact. Thas, I.entered the
.calculation blindly. IR ! .

Actually, I first 'worked this out d.ni't.he ﬂiscrete basis. The e ﬁi’ operator
was just.a.multiplier .representation, so the rqatrix element eneded up-being the
product of two Laguerres . Luckily t.h:n.s was & staniard form, and I got the answer
as a HGF. After a few shifts, I .finally artived ab ‘the Pyt form with certain
normalizer factors. I here encountered the prtu'nlem of_the "switch" symmet y_ relatio
of my functions not working in the pi+ ectonf

At this point I said:™ if you know trhle ME in the discrete basis, and if you
know the explicit-cross matrix,. thenyou-ought.to.be able to.find the ‘mixed basis. —

- ME using the cross matrix.-a& the.unitary baais? change, - -

i e i

. _-----.-——ll.- - - —_— - - - i




Soy I started out writing the mixed based ME as & helicity-dum.-~This#as
then .SWT'd into a helicity integral, the integrand being the F(u«..2) and P... Then
I had to scramble to find a way to do this integral. I found that all integral .
reps were falling sok I had.to switch indicies,on Pyy, using the just—discovered
“\?wit.chh" ‘resdlation. «This.left me. with a hel,city.integral of: the product. of
two f's, some gammas, and.anexpo. I then chose some.(0,1) range integral reps and
quickly ran;into theta function troubles. Then I chose the better integral reps -and
was able to dlevafe away everything and. get some delta funétion action out of the
helicity contourv -Thiw left us with our ME.es a ingle s iptegral. ,But ‘eventuslly
I was able to.do this Hrt‘.egral and the end product was —--much to- ‘my--surprise —
just. the_cross matrix times ©¥3. Actuvally, I do not really claim that.all factors
are correct, but I tried.to get them right here.

So, this was my first successful mixed basis calnulat.ion and the fact that
I got a good answer lent .support to my general prucadm-e. The next obvious_ idea was
to get a non-trivial matrix element. To do this,.I used the hyperbolic boost thnorama
to get the new ME. In fact,.this merely added a phase to the helicity integral
integrand, which was surprising. However, that phase.was just .what was needed to
destroy- the convergence of my previous.method, after elevation -of the' f's "into
their integral reps. To remedy.this.situation, T changed the P into Q - Q -and.used
or considered using.my old integral mep for tha Q. This method locked useable, but
I did mot finish it. .The firstQ.integral was.basically my old byproduct theorem,
but the second integral was entirely new, so I just stopped at that point. "

. Then I was about to-gyit when I thought: why not .just for fun,write
down this mixed basis matrix element as the double integral which MR say it must
be. I did that and got double infinite integral of Laguerre times Bessel. I didnt
think I"cviild.do this intégral. fast, ‘but it turriéd Sut that the fiFst integral was
+ Just-the Bessel and-that-was-in GR. The remainingdntegral was Lagusrre times
Whitteker. -Then-I.converted.lLaguerre to @ to Whittakedr'.so had produet-of-two :
Whittakers. Then much_to my amasement, I noticed that you can_integrate.any number
of whittakers to get .a_ new animal, the multivariable HGF's. I did.,this and got
answer.in terms of. an _R_Appeil_la function of 7 argmmnrs. Then, after studying up
on these functions a bit,. I noticed that this Fo reduced to an ¥,. and that low

and behold that F was Exa::tly Qn ,ip( some argument). I never got, the argument right
but. lots of ish 's were popping up around Thenssd T assume that is :bh'a-  argument.
(As I Know based on™ the “Chsimi¥TéDE Yo -
- "It -then occurred to-me that Bessel and Laguerre and -Whittaker mre all- -
-confluent -HGF'sm -,- and-I-noticed the direct.formyla in Bateman for jthe integraion.

of two matched confluents to give an F. This reestablished the fact. that. Qp,ip really

- e -



was the-right answer.

S0, knowing the Matrix Elements for D"+ in mixed and .continuous basis,

next obvious thing was to.work up the mixed ‘basis addition theorem which I have been
thinking about so Iong. I considered the “tjpe 1" relation which puts the continuous

basis on the left side and puts an agimith in theé “middle" This effort resu.lt.ed in

more or less the Hobson sum rule. ex(mpt. for, a factor of 1"I2 which I cannct explain

yet. I reconsidered the -::nnvargence “of thia sum rule and concluded t.hat.. as b&fﬂre.

“it does not converge, even where it {s supposed ts, uiiléss I Have not been careful

enough with my 1if “its. - - -
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T “ones are unitary.” How do théy answer these queéstions?

= = - — e = - — PS— S—— - it

confused about exactly what they are up to: This is an attempt to clarify.

I- have been-reading-their chapter.on the reps.of sl{2,c)-and am-a.little- . _

do you find all the irreducible representations of G.” Then of these, which

4 —

. Other questions are:-what is the "monomial method" .and does it work to find
all representations or not, if not .

{Usually when-one-treats. the. Lorentz group,. one mentions-generators,. Lie.
algebra, realizations, Casimirs, and gll that. For some reason, GGV have
totally avoided ell Iie algebraic concepts. They deal only with Group.

- -- Consider their starting point: they set up-the usual .shift representation
on a space of two complex variables, dctually a space of functions of two

" complex variables zl and z2. The grodp element g is "répresented" by &n
operator-which takes one-such. function-into-anothier-in-such-a way- that-the- - -
group property is maintained. This is the standard "regular" representation.

) Then they show that if you restrict your "intérest to functions which
are Uhomogeneous of .degree nl-l and n2-1", then these functions form an

' inveriant subspace. This subspace is called D(nl,n2) .

" T Except at certain integer points, & particiilar subspace D(nl,n2) is

- subspace and -operator -irreducible.- They proved operator irreducibility using
the theory of intertwining operators with the Schur concept. At these

“special integer points, the space D(nlyn2) doés actually have an invariant’

- subspace called -E, so the rep can be further reduced; I &m not sure whether

| _D is also operator irreducible in this case.

—5w

I — I — = - =

—

—So0, using the-technique of restriction-of -the-regular representation-to-
| the space D(nl,n2), they obtain all th¢ irreducible representations of the
" group s1(2,c). TUsually, due fo homogeheity, Thé f£(z1,22) is replaced with
—a Emglaufmctiqn_ﬁ{-z}—and-tha-group«reprasentatian is presented-on- thess -
| functions in a gn.’l.f‘grm way _f-:ln_:' all represantaticni.
;

JWhat--1s-the "signif :i\.;:.}ce of complex .numbers- nl and-n2?. Somehow, these- are

representation labels. doubt if Lie Algebra were introduced, these would
be casimir eigenvalues,’so the group must have two complex casimirs! This
agrees with- the earlier idea of -separating the. 6 generator—algebra-into two
disjoint pieces to get representations T(P,Q) as in liubarski. I recall that
a'vector particle corresponds to (4,%) but I forget the significance of having
two casimirs. (ﬁ\ﬁk‘ wuch dov LGy M».A;J%M- W - Poviasad )

| There is a huge amount of discussion of proving the existence of bilinear
functionals connecting the-representatfon-spaces of two-representations X1 and
X2. Why?! Well, in particular they search for bilinear functionals which
are invariant under respective group operators T(x1) add T(x2). They show
that 4f you really want an invariant bilinear functionel (BF)-for all group-
elements, then the form is very restricted. In fact, you simply cannot form
I~ “invariant BF's unlesy the labels (nl,n2) end (ml,m2) take special values!
-In fact, except -at those- integer points, there is no such invariant BF unless
X1 = x2 or x1 = ~ x2 where x1 = (nl,n2)., In these cases, they actudlly give
the explicit form of the invariant HF. It is an integral over dzdzdzdz. In
4+he integral- cases, there are other -con:ditions for existence and these are
_ stated I think in Theorem 2. Criterion, for integer points is sl and s2 -
positive integers or something. H

- e, —m o feram s -

-

—_

There ~ar&-se¥eralnquastions~to_whicmud.like?tha answers. First, how. --



-} dnvariant BFs with-the_conditions for aquivalence of two reps x1 and x2..

-2

* By the way, I have tended to confuse the conditions 1or éxistence of

Clear this up later.

S0, reépeat: why ars they imterested i TnVariant BFS? "I think the Big~ —

reason is that-nltimately yon want t4 find unitary representations. The notion _
of ™unitary" is that S*S = I and requires the notion of a hermitean adjoint

—operatoy St This thing iz derined; I think, w3 (IGy) = (GAty). Te, 1t — — —° °
|__is the operator which_makes both sides equal. Of course A acts in space El
whereas A+ must act on a different space E2. Recall that in general the two
T Eides df & BF ave differemtspacey. —— T T —

Howawer, nltima to have a scalar product, so at this stege ...
we waht the BF to be hermitian, meaning (x,y)* = (y,x) reoughly. In this

“cds8, t0 get Sich™d Mermitianm thiny,you most choose XTI = X @nd %2 = X*— -
| so_your two spaces_are actually complex conjugates_in. the usual sense_of
gquantum mechanics, say.

" 56, hdving oddethiy cormtionr of Hermitivity ~they show thit 2 heérmitiarr— — —
| inavariant. BE only exists_for rep X when a regular invariant BF exists for = =
x1=X and x2=X*, Aside from positive definiteness, this added condition glves

[ you a scalar product’ - - =
— Soy,-unitary reps.only exist_when X=X*_or X=-X%*, because.these. were. the._ .
condtions found earlier for the existence of invariant BD. The first case

~ cduses one of the intéger point sitUations wheres 51=82=0; and thé appropriate
| -HIBF is stated.__The _second case gives nl=n2sreal number etc. _ _ _ __.
So the point is that to get unit.ai";l.r reps, only very special values of
X = (Al,12) ars acceptible. Sofishow T “should e &bl t6 Teduce thése results —
_to_either.SU(2).or SU(1,1) and see whdt_the hell ia really going.on here... ... ...
This formalizm must be obtaining the reps of both groups at once.

- e e e L L

e —rmr—n e - - —_ e — — e e e - - = - - —

1
What..about. "basis. functions®. _This very concept implies the existence .
of a scalar product, or at least an im reascnable BF. Ie, you really want

an orthogonal basls and orthugtnallty implies scalar product. I8, s basis ~ -~ ~——
|__function exists in _space D(x)_and its rimage exists in D(x*)_so_you are __
really talking about a hermitian BF.

OfT" hand 1T do not seg Wy the scaldar product Has T8 b8 "invariant™ inder
L—group_action in order to have a set of: basis vectors. Also, I dont_quite _
see where positive definity is needed. Nevertheless, we shall later have
[~ somE " bdsiy fuitionsiin dpuce D{x)-— - i
-But,.what_is a basis function?  Uspally it_is chosen to be an _eigenfunction ..
of a generator, but GGV have not even mentioned generators at this point, so

we& dannot “yet Tty btusly forctions. ‘Q@imuﬂhhﬁmhﬁﬁkﬂ"_'gﬁmrﬂtm‘s
| wia tangent matricies, of caurse, .so nq. sweat. I_just.suspect_that GGV.are . - ——

going to do all their harmonic analysis in o_garamwm_]
y 3 fTOlEY "bEsis, Maybet g will" bE Edfaiticenys paY o
all

| .attention. . Nice to_get results that_arq valld in_all base e e -

.

— e —

——{-the group parameters. On the.space £(z1,22) each_generator may be realized- as

|also chosér to be in'épﬁé'é_'[i;-__mi_f{mﬁﬁlﬂ - Hy simply applying T and ~
-- - 4-using binomila theorem,.you. can_sasily gét the matrix_elements.  This could —— — _ -
1+ always—know-the—basis -functioens.

--lNow.lets. get_back to .this business of. th&_'ﬂnunmial*ma:t.hqd,".. By—this-I-refer— .
to a certain method of obtaining matrix-elements, and thus we are speaking in
[ terms of & basis. VUsually, oné dafineés @ 58T of generators corresponding to

a certain differential operator. It is spmetimes possible to find a simple
Tunction which is @igenfunction of one of theése @ifférential generators. This
' is then .a basis. function_f{z1,22;.m) where m =.eigenvalue or set _of same.-
We know exactly what Ty(g) does to this Function which, I forget to say, is

concelvably work in any basis! Also, cah do in mixed basis as long as you

---d--u-—-.'—-u--.-—-.—.—.- —_—

= — _— - - -
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o

t.harb ou never need dent- need the ut-her half

of the bilinear functioc '"t.hat.‘ s to way. TFor s}(2,c) you ¢an have =
your: represnetation for .any. complex pair (nl,n2), so you.can ergo obtain
matrix xep elements for any irreducible representation X. Then if you like
‘you can subseguernttly restrict to. unitwrep‘vaiuear of X.
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J Comments on relation between UIR's and Spinor Reps of SL(2,C).

. 1. First think about SU(1,1). The reps are usually set up with a homogeneity

' conditior and a parameter j. For certain' unitary wvalues of j, you can find a
scalar product and can produce the UIR matrix elements. The clearest view
of what is going on is provided by the Lie Algebra, For integer 2j values,
recall that things truncate and you can get finite—dimensional invariant
gsubspaces. However, the standard "norm" of the generators will be negative,
vwhich is to say, the .generators cannot bPe hermitian in this representation.
Nevertheless, in SU{1,1) both the UIR's and the FDR's are provided by the
same group action (homo polye) and the same lie algebraic operations. Ome
of the FDR's of SU(1,1) is, of course, the nominal SU(1l,1) matrix set.

Note that for SU(1,1) the aptuil matrix elements of the UlRk's and

the FDR's are given by the same functionm, namely, djmm,[z).

2. How does this work out for SL(2,C)? I think that when (nl,nal take integer
values, somehow the same group action that you use for the UIR's, and the same
Lie algebra, does have invariant subspaces of finite dimension., So the FDR's
evolve from the same goup action, but the functions do not look the same.

. le, and FDR would be .D(jl’ﬁaj mymy * Moy ( 2) « Note that we now have
4 helicity labels instead of tunljé paits. Somehow a shuffle has. taken place.
Here, if we set j; = % and j, = 0, we should get the usual 2x2 matrices
as we let a run through the 6 OP subgrohps. Also, Jyp=dp = 2 will give
us the usual 4x4{ matrices. It does not appear that Ruhl or Gelfand or

Vilenkin have clearly stated the connection. I wonder what V haswto say on this.
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. Rushl: "Tha Loretnz Group and Harmonic Analysis® Een_amin 1970.

Chaﬁ" er 1 Dafiﬁif.idr:lal Hnt.giiansl Efe:B. T'hggz;‘l "

d =

(298 pages, written Sept. 1968)

=+ #-q - - -

1.1 Poincare.group: ﬁanﬁihns}_ sL(2,C), complex rot.a},i}:;ma, the various
- subgroups..Pieces of LG identified. Connection to SL(2,C) is
creditied to Joos in 1962. No mention'yet of representations.

- I —_— e - - —_——

1.2.Functions en groups.. The Shift Representations (regular reps) are
defined.’ Invarient measures. .Functions form a Banach algebra

- called the group algebra. Referenced to Naimark rings book on
this. He shows existence of invarn meas for s.l.c groups.

1.3 Unitary Reps. Defines usual c.u. rep. Irreduciblity. Type I
groups are definéd (faétor reps). Semisimple Iie, and certain
direct preduct groups are'all of type I. Central d
simply means the type-I. décomposition theorem, and that each

- continucus component- may -contimin zmme several irreducibles-
(eg, like those labelled :)y helicity indiées).

1.5 Induced Representations. |An Excellent section.to read later.

+ Incorporates multiplier reps, ratiocs of measures; the direct
product- semi analysis,. and -shows Wigner angle idea. -

2: Unitary Reps of Poincare Group. i )

2.1 The orbits and thebr invariant measires. - em -
2.2 The little groups. E(2) is so simple it will be excluded.
2.3 Boosts for TimeIike. Orbits. Here the ustal "canonical™ and "helicity"

boosts .are defined. Things are done mostly in SL(2,C) matrices.
The Moussa-Stora like covariance wavefunctions are set up.

2.l Beosts for other orbits. Basically, how do you want to move around
on the spacelike surfaceé, of on lightcone. . . .

nite—dim IR's of SL(2,C) (called spinor reps): The matrix elemets
ia'{a) are obtained by monbmial- method-ust. as in SU(2) but

are extended to SL(2,c). The non-equivalence of D and D* causes
there’ €& be two kinds of reps, 'dottéd and undotted. Thus, the
general spinor rep is (31155) showing how much of each kind.

Odd that this subject' is injected, at this point:.(ref: Baade Jehle)

2.6 Classical spinor fields, Interesting! Start with your ngasa
Stora wavefunction P I% and process-it by applying D(z™t),
or D* ., This gives ?:'hj_acts having the trivial covariance
property like Toller's M(a...), rather than a D=fumntion
covariance. If you.-then FT these guys to x-space, you get

+  objects which transform: as usual classical free fields!

§ -
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Chapter 3: Représentations of 2 ’G .

-

This chapter seems like a useful conglomrata u:l‘ Sciarrino Toller plus ,.
Naimark plus Gelfand et al. Réps ate” labdlleéd by ¥ = (n :EUI~- £ 2
. = (M%) i Toller notation. Homogeneous functions, cancnic ais.
.0On page.63.the D functions are.defined, the "central difunction "
. explicitly written only as.an.intégral.of.elementary functions. Ruhl
uses index q for helicity. Bilinear functionals; equivalence, integer
case, Lie Algebra.realization in.gziand z » Cmrarigny operators are
T 77 “discussed.in last.section. ~ ce wa T
¥ . ¥ o ¥ o -

E.‘.hapter .ll,: Harmonic Ana;zsis of nica mnctions un SL( &QI

- Wﬂ hlwa here discussion of rapresentatiuna fo thd gi‘oup algebrd, then
gg;n;lbhe Plancherel ,Theorem for. SL(2,C). Shows hoy this decompbses
the .regulr representation.into irreducible cumpunent.s. Generalized
.+ .functions,distributions.. ; .
Right ‘in the middle of this -::hapter is a spct.;.on on .ﬁ.ﬂ.ﬁm-
functions." Ruhl says: "there is no direct group theoretical meaning of
__ _the .functions of. thessecond kind?, Hﬂweverqfhe is refeering to the
¢entral d and e function: 2,C), not to the sU(1,1) functions.
Lots:of - properties of. these th.lngs are .given (called.a by Toller).
E analogous to D ‘are also defined. Clearlh Ruhl will need these things
later in his Lorentsz pola anacI;rsis.(_\wkw\

+ -

R S S

.Chapter 5: Representations of 3L§2,RL-;.SU§L,11.* - .- .

s - This-is-more of Gelfandie: Bilinear functionals and aoc on. Connection

to SU(1,1) is shonw. HEps labelled by X.= (¢ €). The matrix eleménts

are giveh on page li4=145.and a B‘Eemallad:c.and C, tather than d and D.

Lie generators are given. The.B.' series are .discussed as induced reps.
No'éontinuous basis. No second-kind functions. (yet)

- ‘Chapte¥ 6: Harmonic-Analysis on SL(2,R)

Plancherel is derived a la Gelgand again. )
—~ - -Section-néw on e and.d functions. The c—functions used above are

redefined .in the more standard.d-functions.. Then the e-dunctions are
=, *Tdefined. All is in aceprd- with Andréws énd.Gunson, '

Chapter 2 Rﬂgs of SL({2,C). on the bubgroup agﬁill),

Basically this is the same thing.as done b:,r MM_‘ The idea

- b

- - i¥ tl::r use this for Lorentz pole reﬂucj:inﬂ. .
Chapt-ar_:B: .Ragg & .and Tulle;:, Poles B
- = - - e b e e T -

Tller p-:::la = 'ihat Tnllar calis a.Lorentz. pnlu. -Ruhl. just. défines these
——— ——— objects *in-obvious way, but—does not show tha— famity reductivi ides. I
think the book ‘ended sooner than he had planened, since the Sciarrino
“Toller analysis was presented in last chapter. .

e L
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Decomposition of the Unitary Irreducible Representations of the

Group SL(2C) Restricted to the Subgmup sU1,1)
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- M. ToLLEn
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{Received 31 October 1966)

v
]

The unitary irreducible representations of the group SL{2C) belonging to the principal series restricted
to the subgroup SUQL, 1) are decompased into a direct integral of unitary irreducible representations of
SU(1, 1) The matrix elements of the unitary operator which perfprms the decomposition are given
explicitly and used to obtain a relation between the matrix clements of the unitary irreducible representa-
tions of the proups SL{2C) and SU(1, 1). Similar identities belween the matrix elements of nonunitary

ations of these groups are obtained by means of analytic cdntinuation. The relevance of these
results to the theory of complex angular momentum and of high encrgy nearly forwardscatiering is

pointed out.

1. INTRODUCTION

RECENTLY various authors'? have sugpested and
investigated a connection between complex
angular momentum and the (not necessarily unitary}
irreducible representations of the Poincaré group
corresponding to a spacelike four-momentum (the
momentum transfer). These representations are
strictly connected® to the representations of the little
group corresponding to a spacelike four-momentum,
i.c., the three-dimensional Lorentz group, or the
corresponding spinor group, the group SU(1, 1) which
iz homomorphic to it. The scattering amplitude at

led momentum transfer can be expanded in terms
of the matrix elements of these representations. This
expansion is strictly connected with the expansion
obtained by means of the Sommerfeld-Watson
transform.! It can be considered as a generalization
of the partial wave analysis, which is an expansion of
the scattering amplitude at fixed energy in terms of
the matrix elements of the representations of the
group SU2.

It has also been suggested *-7 that, when the momen-
tum transfer vanishes, it is more natural to expand
the scattering amplitude in terms of the matrix ele-
ments of the representations of the little group

VL Yeess, Leetwees in Theoreticel Plysics, W, E. Brittin and
Al U Baret, Vs (Finiversity of Colorado Press, Boulder, Colo.,
1985), Yol. YIIA, p §32: L. Scrtorio and M. Toller, Mewva Cimento
A3, 412 (195d); F. T, Hadjoannou, Nuove Cimenlo 44, 135 (1966).

¥ J. F. Boyce, ). Math. Phys. 8, 675 (1967).

P E. P Wigner, Ann, Math, 40, 149 {1939).

v E. 1. Squires, Complex Angilar Momentum and Particle Physics
{W. A. Benjamin, Inc., Mew ‘rnrk 1963). This book contains the
references Lo the un;.m:.l

* M. Toller, Nuovo Cimenw .1'? 631 (1965).

* M. Toller, "The Laplace Transform on the Lorentz Group and a
Generalization of the Regge Fale Hypothesis,” lIstituto di Fisica
dell’Universitd di Roma, Report Mo, 76 (1963).

' M. Toller, “Some Consequences of a Generalization of the
Regge-Fole Hypothesis," Istituto di Fisica dell® Universita di Roma,
Report No. 84 (1965).

®

‘pole contribution can be described in terms of the

corresponding to a vanishing four-momentum, i.e.,
the homogen¢ous Lorentz group or the corresponding
spinor group; SL(2C) which is homomorphic to it.
In other words, many considerations lead us to think
that, at vanishing momentum transfer, the expansion
in terms of the matrix elements of the representations
of SL(2C) pc{rnits a simpler description of the high-
energy scattering amplitude. ~

As the scattering amplitude is an analytic, and
therefore continuous, function of the momentum
transfer, a connection must exist between the SL(2C)
expansion at ,vanishing momentum transfer and the
Mﬁsiun for very small momentum transfer.
This connectipn takes a more suggestive form i we
make the assijmption (supported by recent research®)
that the scattefing amplitude is dominated in the very-
high-energy région by Regge pole contributions. As

shown in the, above-mentioned papers_gach Regge

atrix elements of an irreducible nonunitar
ntation of SU(1, 1). Gribov and Volkov®!® have
pointed out that, when the momentum transfer van-

ishes, the various Repge pole contributions can no
longer be independent from each other, but must be

in families of
one another by intepral numbers, However, there is
a large ambiguity in determining the structure of these
families, so fu:lher hypotheses are needed. According
to the ideas sketched above, we suggest!! that at
vanishing momentum transfer the sum of the Regge
pole contributions belonging to a family gives rise to
a contribution thich can be described in terms of an

I!'I?r. 1. N Phi!liEa and W, Rurlta. Phys, Rev, 139, B1336 (1965).
LN h. Eksperim. i Teor. Fiz. 44,
1968 (1963} [English transl.: Soviet Phys.—JETP 17, 720 {I'PH}].
=y, M. Gribov, Zh. Eksperim. i Teor, Fiz. 43, 1529 (1962)
[English transl.: S-CFi'ltl. Phys.—JETP 16, 1080 (1963}].
' Vaolkov and Gribov use a different assumption.
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When j is on the principle series, we see that thesé two flunctions really do just

differ- by a phase factor, so-they are both unitary reprentations!
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s,
comants on Toller's functions: i ' ‘

§
- - — - - -

- — —_ - -— - - - - _—

,,. 1. First, the functions of andrews apd gunson are realj.y best, adapted_for SU(2)
and the continuation out of SU(2). They have the square roots of gamma functions,
and thewrong cut structure for -SU(1,1) to be convenient. Tollers functions -have
all these advantages:.

- _— - - - —
]

oo h; good cut structure of my P-functicrs. - - - : - -
—_— - -- b) lack of_ambiguous square rogts of gamma functions _ . — e
simple negate symmetry relation
- d; they are unitary SUf171 ) matrix eXements for -principrer-series. - -~ — — ~

—— - ——— ——— ——— —_— - — - — = - - -—

Gnl:.r bad aspeut..s might. be taken to be:
- - ;nnt defined._for complex_helicity pet se
b) do not simply reduce to Iegendre fuhetions, which have 11;-:'t':gt.h_1,.r history.

- = e = - - - == = — - — o —— - -—

2. Once Toller has selected a phase convention for his principle series functions,
he must stickto tt—as he~goes—on to define the efferts of the distrete symmétries.
- = - 1le, he has a specific algebra_in satisfy and hg must produce some .functions to
do it. He has done all this work fur us iﬁ his signature paper.

o — - - -k m scese

-

- = - 3. It is very important._that. these d-functions are unitary.. ___ - -

L. If I were to try to redo Toller's work using -AG functions, T would have "to thdnge
- the way that s' is represented, for example. S0 be wary of this. Probably best
. to stick very closely to Toller's functions.

—-——-—-q..-q-u--—-—-——-l---—
[r——————— o e -

Assume that 3 is on the unitar:.r lJ_ne for prlnclpla series. Than i* = _3_1 as

P —— - . —

usual Then :,rnu can ahnw that:

—— e - = - mm e s e e - — - —

o @ &%«mtﬂ L-ﬁ_,,,,,cim(\_ﬂ) JORERY-] R

- - = —— e - ————— -

I think the correct Eulnsnphy for _gclng 't.n comple:.i_j shﬂulfi be: establish_the

above result for j on the special line, and then continue to general j. If you
try to continue first, you might end up with f£(j*) which is not even an analytic

£ - —_— e w m——— mem =

func_ tion. ) ) L

-_ - - -
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— wLomments: this paper is really not too relevant to my purposes right now. However, it _
does show that there exists the general prublem nf finding the representations of

more compliﬂat.ad Lie groups. A sensible way is naeded, and.I guess the way is the
method of induced representations mentve.d b:,r Haclce;».r Also, it was nir.'.e to see how
things are “analogous to finding the' reps of sag SU(2). I could get more out of this
paper by a careful reading, but will shelve it instead.
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' Sciarrino and Toller ’

. "Dacmpnait.fnn of UIE's of SL(2,C) 'raatriclted to su{“1.1}‘-f ‘e

JMP 8;1252 (1967) : ' - e

Section 2i Here the UIR's of SL(E,U) ‘are fdu:m.l as an marci&e In induced representatior

theory. The ' subgroup is ‘ealled K; its #8p'is a one-dim’ rep called L having labels

M and ). The induced ‘rep 4s called D** ‘and &s'usual appears as a regular rep with

a little multiplier fadtor (Redon-Nikodyn i:larlvative) ThHe inducing rep is called

a covariance '¢ondtion s usual, ses 2.17. The ndri for the induced representation

is an integral over cosets G/K which are Tdbelled by z, but as shown in Naimark or

here, this norm can also be written as an infegral éver SU(2) as in (2.9). Thus,

(2,17) through (2.20) t6lls the story. The reps of SL(Z,C) so obtained in this

way are the Principle Serius ones; 'recall that 't.hasa alone occur in the Plancheral

Theorem. ) ¥ d Tt

By choosing as basis’ functions the rotation matrices themsevles, one finds
that the SL(2,C) matrix elements ‘are, when reat-rict.ed to SU(2), simply these
matrix elements sgain. Since you can paramtrisa any 6 parameter SL(2,c) member
" by ulﬁauz, it follows that the full matrix elemeént appears as in 2.28 with

.. a single helicity sum.

Thése matrix eléménts D(a) adre firdt-kind "funéit.i:iqs in the éentral variable,
which' leads thém to defivie rew object 6 (a) which is second-kind furiction. Keeping
only to'the central variable, ‘the’ corresponding ‘functions are d(g] :md a‘('{.)

; ) e Sl ;
ect.i 3+ .Here the usual SU(1,1) thaur:r is reviewed. Here again we have first
Kind functions D(v) and d{g), arid sedorid k:i.nd furictions A(v) and a(¢ )+~ In order
' to tell what fufiction you have, Idok at ‘it.r.f ra]:& label uhich is sonh ':‘\. for SU(1,1)
but is M\ for SL(2,C)." T '
e VO gy iy, s
Section 4: We open by showing that all of SL(2,C) may be divided into two "double
cosets" of the .form K b.SU(1,1). so-that & .= .kby.. « For each of ‘these cosets a
function is.defined t¥(v), eg, on SU(1,1). 1 These functiors are restrictions of
* the .original f{a)..of 2,17 and:thus maintain some covarizhee. In 4.9 it is then
shown that the old.norm for-.&-function' in:the space of -the-induced representation
may be rewritten as a sum over the double ctset lable, and an int.eigratiun over SU(1,1)
. instead. of. SU(2). 7 . w v LI R .

t - e o ¥ ¥ 4 ¥ -



However, by defining projections on SU(1,1) of these ceset, functions FL,
you can further convert t.hia norm to_am Plancharal integral as in (4.17). ‘
Since norms always t.ell :,rau haw 8 space ia daaampnsing. we get t.he decomposition
shown in (4.19).
. The point is this: when you restrict your. representation tg SU(I,J.) and
ignore the SU(E) generat-ur part.s, the IFIR'B of SL(2,C) haye subspaces which
are invariant u:l.th respect to 3“(} 1) group action, ie, are reducible with
raapactr to SU(I 1} Of course these 'UIR's are irreducihle with respect to all
of SL(2,C). Equation (:..21} shows t-ha redmibility of the s;.{z,n) UIR's when
t«ha;r are restricted cml:,r to S{I{l 1}
_ Equstion {4.26} shows t-he norm decampusition ver,y d:lret:tly
" Mow; recall t.hat- we had baslu funct.:.nns R(u). In the decumpﬂaed space

\""llr

these appear, under 'the pruject-;l.nn {I...lﬁ}, as the new functions K. Thns, the

w

K are simply 1magea of the orig:l.nal ) basis functions in the decomposed space.

*

.

Section 5: PrO}Jert.ieﬂ o‘f thﬂae K funct.iuns. The K f‘unsct.ions contain a label Q9
which indil:atas the rep ﬂf SU(l 1} onto 'H’hlﬂh you prujact.ed and a labtgl ,j which
was :,rour or:l.ginal has:i.s f‘unct.ion lahle ?53 ,ﬂsqﬂ’, cont.ains‘ a label b frnm the
orighnal EI.(E.G) rep lablea. B )

As usual. K J.s written in terms of a secmni—kind—lika function E which

Ay

haa better L b-ahaviar in rig'htr"‘hﬂlf i.-plana. Buth fumt.ians K and E are very

messy finite .sums of G—fmlct.ions, Heiur. ThB .t'unct.iana K havp tmn pole~chains

w3

just like sy Q functions in variahlus L or e

Sent.iun 6: The main rﬂault of section 4 uas t.hat t.he actual SL{Z G) matrix
.elmnt.s, when nest.rict.ed to su(1 1), m; be ur:u-.t.an in terms of the usual su(1,1)
matrix elements. S&u either (4.210) or (4. 27) Roughly:

2".54,{_ £ n{v).x.

. This, equnt.icrn is the stmingpoint of aection 6. -.If you dump the digcrete series
terms (later justified), the. above-imtegral is egsentially-a vertical L — plane
integration. The paramster- -is usually imaginary, but if yeu want A. to wander
around, .you can; continug (6.3) by deforming:comtour; erpund poles: as needed. There
are 6 poles chains, as shoym in figure 1. b =~ - )

But being able to gontinue-in %\ 1is not- really the main peint herew With
the contour still at Re(%) = -4, they réplace the firstkind SU(1,1) function .
D with the second-kind function they cail A%~ L. -Then our fermula for D'(v)

appears as in (6.13).




Scilarrino and Toller, page 2

Now the idea is to shift the }~ contour t:: the left, picking up the three
kinds of residues on the three pole chains shown in figure 1. Thus, you
get formula (6.15) which gives an, asymptotic expansion of the SL{2,C) group
function restricted to SU(1,1), in terms of second-kind SU(1,1) group functions
A. Finally, you break the left side inta D = {, + U-l-:Q:U, ie, you break the
restricted SL(2,C) function into its two natrual pleces of second kind., The
result is an asymptotic expansion for f/ dn terms of A, See (6.18).

An interesting side note is that the discrete series terms are exactly
cancelled by the kinemaic SU(1,1) Plancheral poles. I am used to ssing this happen
and this is no surprise (see (6.17).

Section 7: Now comes the raison d'etre of this paper. At t=0 you know that

a regge pole will be a Lorentz-pole in the, complex )\ plane, where % is the
label of the SL(2,C) IR's, analogoug to Y for the case t£0. The contribution
of this Lorentz pole to the scattering amplitude will be as in (7.2), ie

amp(a) ~ .E":_}" (a) where now ) is the.location of the Lorentz pole, ie,
gome complex number.

By inserting the magic formula (6.18) for & i n terms of .a series of A
functiens, you get (7.3) which shows, evidently, a whole family of Regge poles
associated with this one Lorentz-pole.

An important point is that the reggé-—rasiduas so obtained factorize,
assuming that the Lorentz pole factorizes. Toller notes that this result is
non-trivial. H

Section 1: Introduction  Toller im his Rome house reports 76 and 84 (1965) —
neither of which are in the vault because it does not go back that far — has
propsed the notion of Lorentz pbles at t=0. But Volkov and Gribov pointed out
a similar notion in 1963, that at t=0 ragglu'= poles must be somehow correlated to
get analysicity.

I would assume Toller has more to sé!y about Loretnz polesin other papers.
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Comments on the =0 diagohalization of the MPE,

l. The way I know how to understand diagonalization is via the addition theorem/
invariant measure/ convolution concept. The idea is to write each amplitude

as a :E'mmti'nu of its little group, and this then gives the overall conv@dlution
forme For t4 0 the properframes are the CDM frames. Naively you end up

with a TST configuration, but I have changed that to S838 in order tt:; be able

to diagonalize via the second-kind addition theorem,

2. For the t=0 case, a similar result follows. The correct frames may now be
taken as the lower Toller or BCP frames, Again, as shown on next page, you
would like the 0(3) . 0(2,1) , 0(3) configumation, which is analogous to
the TST, As before, this will require mixed-basies SL(2,C) matrix elements
on one side. Perhaps the situation can be cured by going to a full S0(2,1)
side-basis throughout. Then the game would be to find the addition theorem
for these second-kind functions.

3. The ASF equation is a very symmetric and special base, so it can be
diagonalized without knowing the full theory, If you can guess the right
projection, then you can prove the diagonalization, just as in the QJ (nh’;}
case. Do to the lack of dependences, the correct projection funetion will

be the central harmonic which I might call 53%,3(5) = a'}"jahg « This is

the spmmetric limit of the second-kind function; note that &ﬁﬂéu(}) = sh(’ )/sh§
and thus does not allow continuatim off into the right half M—plane, This

@& function is given in Ruhl,

4, Where does the concept of "surface" enter? When the MPE d"'q d-momentum
is written in terms of group variables, we may visualize q" or part of it
(the versor) as movingm a surface. The pointe on this surface are then
labelled by variables which are group variables, but not all of them, as

in 40, or d(dw )dg , or dQ.dg for SL(2,C). This surface may be used

as a homogeneous space for group representations; then its "harmonics™ will

serve a8 basis functione, and its meausre will give a scalar product.

5« Recall that you can always do your group reps on a homogeneous space, and
these are always E/'H in form; you do not have to involved induced repredentations
to talk about such spaces. For general O(n,1) groups, I gather it is conventient
to always work on hyperboloids as the homo spaces.
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Eigenfunction Expansions Associated with the Second-Order Invariant
Operator on Hyperboloids and Cones. ITI

N. Louc,* J. Niepeatet anp R. Racziat ]
International Center for Theoretical Physics, Trieste, Italy -

{Received 14 July 1966)

The eigenfunction :;}_:l?nsium associated with the second-order invariant operator’on hyperboloids

and cones are derived. The global unita
to hyperboloids and conés are obtained,

irreducible representations of the SO,(p, ¢) groups related
e decomposition of the quasi-regular representations into

the irreducible ones is given and the connection with the Mautner theorem and nuclear spectral theory

is discussed,

1. INTRODUCTION

IN our two previous works:? the most degen-
erate irreducible infinitesimal representations of
an arbitrary moncompact rotation group SO.(p,q)
have been derived** These representations have
been related to the homogeneous spaces SO,(p, g)/

SOy(p — 1,9), SOp, 9)/S04(p, g — 1), and SO4(p, g)/
T#+-2[5] SO(p — 1,g — 1) which can be represented
by the hyperboloids H%, H? and by the cone C2,
respectively. These homogeneous spaces are of rank’
one under the action of the group. The infinitesimal
representations have been constructed by means of
the sets of harmonic functions associated with the
second-order invariant operators related to the
above-mentioned manifolds.

The completeness of these sets of harmonic fune-
tions has been proved in the present work by, using
the classical Titchmarsh®-Kodaira® eigenfunction

* On leave of absence from Institute Rudjer Bolkovié, Zagreb.

T Onleave of absence from Instituteof Physics of the Czechoslovak
Academy of Sciences, Prague,

1 On leave of absence from Institule of Muclezr Ressarch,
Warsaw. . i

' R. Raczka, M. Limi¢, and J. Niederle, J. Math, Phys. 7, 1861
{1968).

* N. Limié, J. Niederle, and R. Rqceka, 3. Math, Phys, 7, 2026
(1965),

* The representations of the compact $O{p) group related 1o the
sphere and the Lorentz-type group S0.0p, 1) related 1o the real
Lobachevski space (M} in our notation) are given in the book hy
M. 1. Wilenkin: “Special Functions and Theory of Group Repre-
sentation,” “Mauvka,” Moscow (1965) {in Russian).

* For example, the representations of some lower-dimensional
S0(p,q) groups are given in: ). A. C. Alcaras and P, L. Ferreira,
J. Math. Phys. 6, 578 (1965); V. Bargmann, Ann. Math. 48, 568
(1947); C. G, Bollini and 1. J. Giambiagi, “Unified Representations
of the Rotation and Lerentz (2 + 1) Groups,” preprint, University
of Buenos Aires {1965); 3, Dixmier, Bull. Soc. Math, France 89, §
(1961); A. L. Dalginov, Soviet Phys—JETP 3, 589 (1956); A, 7.
Dalginoy and I. M. Toptygin, ibid. 10, 1022 (1960); A. Z. Dalginov
and A, M. Moskalev, fbid. 10, 1202 {1960); J, B. Ehrman, Proc.
Cambridge Phil. Soc, 53, 290 (1956); M. T. Evans, J. Math. Phys. 8,
170 (1967); A. Kihlberg, Arkiv Fysik 27, 373 (1964), 28, 121 (1964),
and 30, 121 (1965); A, Kihlherg and 5. Stetim, Arkiv Fysik 31, 491
(1966); A. Kihlberg, bid. 30, 121 (1965); L. H. Thomas, Ann.
Math, 42, 113 (1941),

 E.-C. Titchmarsh, Eigenfunction Expansions (Clarendon Press,
Ounford, England, 1962), Par 1.

* K. Kodaira, Am. J. Math. 71, 921 {1948),

expansion theory associated with an ordinary second-
order differential equation.

In Sec. 2 the review of the main results in the form
convenient for applications is given, The other
sections are devoted to the proofs. Thus Sec. 3
contains the proof of the essential sell-adjointness of
the Laplace-Beltrami operator on the linear manifold
D{X), which was introduced earlier.? The proof of the
completeness of the harmonic functions which were
constructed in our previous papers'* is given in Sec. 4.
In Sec. 5 we prove'the unitarity and irreducibility of
the representations of the group SO4(p, ¢) and consider
the decomposition of the quasi-regular representations
into irreducible ones. In Sec. 6 we show an interesting
connection of our approach to the eigenfunction
expansion and the general theory of the eigenfunction
expansion developed by Gel'fand and Kostiuchenko,?
Maurin,® and Girding® Appendix I contains some
auxiliary computations. In Appendix Il we review the
main results on the representations of the compact

group SO(p).

2, REVIEW OF MOST DEGENERATE
REPRESENTATIONS OF S$O,(p,q5) GROUPS
We have considered in our previous papers'® three
homogeneous spaces X of rank one under the action
of the noncompact rotation group SO4(p, g) [see (2.2)!
and (4.1)°). They can be represented by the hyper-
boloids K7 and HY and the cone Ci:

{x'l}'l + e {X"_]I! —_ (xrﬂ}t s — {xp-fq-}l
I for the hyperboloid H?, p>gq,
(2.1)

=1 for the hyperboloid H?, p >gq.

= 0 for the cone cr,

"1 M. Gel'Tand and A. G. Kostivchenko, Dokl. Akad. Mauk
S55R 103, 349 (1955).

¥ K. Maurin, Bull. Acad, Polon. Sci, 7, 471 (1959},

*L. Ghrding. Seminar on Applied Marthematics, Boulder,
Coloredo (1957), pp. 1-30. \
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582 RITUS

line going through the point z = 0 at the angle 2/3 in the direction of the greatest

increase {arg z = 2#/3) and decrease (argz = —(3) of these functions. The
property (A.9) for f3(z) presupposes that the cut is made along the arg z = 23 line.
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Laplace Transform Diagonalization of
Forward Scattering Absorptive Part Equations*

Hexnry D. . Apamsaner! ano L. M. SaUNDERS

Joseph Henry Loboratories, Princeton University, Princeton, New Jersey 08340

Reccived May 10, 1971

We present a Laplace transform procedure for the partial diagonalization of Bethe—
Salpeter-like absorptive part equations for the forward scaltering of spinning particles,
By using Laplace transforms the analysis allows directly for power growth in cnergy
of the absorptive parts of the amplitude without any need lor the analytic continuations
required in a Fourler analysis. The integral equation with an arbitrary kernel is explicitly
diagomalized, resuliing in a reduction from a set of four-dimensional equations to
coupled one-dimensional equations. As a tool for locating the proper definitions of
partial wave amplitudes and for deriving a crucial addition theorem, the necessarv
representation theory of the liltle group for forward scattering, 5001, 1), is described,

1. INTRODUCTION

In a series of delightful papers published some time ago, Amati, Bertocchi,
Fubini, Stanghellini, and Tonin [1] wrote down and extracted much of the physical

consequence for multiperipheral integral equations. Their methods for attacking

the tquatluns Were, homvcr restricted and w;gwm_

more transarcnt and muc:h easier tu come by lhrough an ¢xacl analys:s of the

University Press, 1927, .
11. L. I. Prrvacov, “Introduction to thc Theory of Functions of Complex Yariable,” OGIZ, i
Moscow, 1945, — i
12, J. ScrrwinGer, Phys. Rev. B2 (1951), 664, :l
13, M. B. Narozuwy, Z. Eksp. Teor. Fiz. 55 (1968), T14; Sov. P!u:s. JETF 18 (1969), 371.
14. I A. BaTarm anp A. E, Suasap, preprint FIAN N 166, Moscow, 1968,

15, L. D. LanpAu anp E, M. Lisschrrz, “Quantum Mechanics,” Addison-Wesley, Reading,
Ma., 1965,

16. W, Hasensera anp H. Euier, Z. Phys. 98 (1936), 714; V. Wesskorr, Kgl. Danske Fid
Selsk. Math.-Fys. Medd. 14 (1936}, 6.

17. B. L. lorre, Dokl, Akad. Nauk SSSR 94 (1954), 437,

18. V. I. Rrrus, doctoral dissertation, FIAM, Moscow, 1969,

19. H. R. Riss, J. Marh, Phys. 3 (1961), 387,

20, R, KarprLus anp N. M. Knowy, Phys. Rew, 77 (1950), 536.

21, C. M. SomsERFIELD, Phys. Rew. 1077 (1957), 328; Ann, Phys. 5 (1958), 26

P

kinematical aspects of the equations. In particular, the role played by the little
group of the momentum transfer has been clarified and the precise treatment of
phase space utilizing this group theoretical wisdom has been formulated.

One real use of the group theoretical methods is to take a four-dimensional
integral equation and perform a crossed-channel partial wave analysis [3] to reduce
it to a two-dimensional equation for nonforward processes and to a one-dimensional
equation for forward scattering. Defining the partial wave amplitudes, as is usually
done, by projection onto the unitary irreducible representations of the little group,

* Research supported by the UL 5, Atomic Energy Commission under Contract AT{30-1)-4159
and by the Air Foree Office of Scientific Rescarch under Contract AF 49(638)-1545.
t Alfred P. Sloan Foundation Research Fellow.
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1.Introduction. Same overall astructure as their last paper. Usual remarks about
the NSI problem and how they resolve if; spacelike momenta; spinors to comé.

2.Prepare Integral Equ. The group variables are set up. Special L(h) diagonal

spin wavefunctions are selected. Matrix elements afe defined. The double-propagafor
is defined and expanded onto the ‘basis wavefunctions. The Clebsh's are

handled. When the dust clears, we have equation (590.5) where the central

variable dependence has been isolated, etc, eté. I have madé detailed notes

on most of this spparately. _

3. Laplace Transform. Projections onto the e functions are defined, and the
integral equation is diagonalizaed using the second-kind addition theorem
in terms of these e-functionas, the result is.given in (592&5)- Section ends
with comment about the guantum number M = jﬂ.

4. Discussion. Mentlon two possible applications: deep inelastic and regge
inclusive stuff.

AppA: spinore wavefunctions in strange basis

AppB: 0(3,1) group theory (see notes).
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diagonalize J and also to transform according to 0(2,1) finite dimensiopal
representations. Thus we get (588.5). of AS.' . ; .

Note the analogy to the simpler case. There, the basis spin functions were
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The point to be made here is that for general g, L(g) is a matrix in spinor index

space; but for spécial case of h = 0(2,1), L[h? is diagonal in this space although
it shuffled the spin label, ie, nﬂndiagonal in spin J label space m«

At any rate, we now know How éverything tranaforms, and we have used these
ansformation' properties 'to isoldted the. cenfral*?ariable dependence of the
amPlitudaa which appear, ir in the equat.iojl

i

B

of course to really make. this work, wée hava to be able’ to expand-the double
propagaot in a cunsist.ent way This means: ~° S
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Do not cnn.fusa t.hls with the sum in a completeness relation. Ie, in-simpler case

sum was sum on % but was not the usual completeness 1maginar;r integral. Here
this is definitely a finite sum. In fact, for spinor or vector, this double

sum is still only a sum over L com ponentz. Its just a fancy way to rearrange things.
Actual components are shown in appendix A.
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This is of course exXactly the same thing wWe got before. Everything falls into
its proper place. If you want to expose all the D-functions, you could do so to get:
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6. I think it. might he clearer t-n use the form of the integral equation given
iri 5 aboVe ahd com&™p with gome Siuper addition thedrem for 0(3,1). But the
catch is that this addition theorem has to be in the continuous basis somehow.
This is done in the appendix.
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Comment: note that J2 defined above is the Casimlr of G[E,l}, but is not one

of the casimirs of 0(3,1) because those casimirs are J.K and J2_K2 ,
J2 does not ‘commute with K

in the sbove matrix elenent.
Cn the other hand, K3 does commutge with J3. 50 we -get m = m'.

In . particplar,
That, is why § and § agre not set mmwakix equal

So:

In terms of the bivalued indices a and &', there are four such matrix elements,

but as usual matrix is triangular.for positive boost, and AS just look at the
—— glement. They identify:
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So Here we see that result I have always suspected, desplite Ruhl's comment:
the Toller second-kind function is actually the matrix element of the central

boost of 0(3,1) when you work in- a basis with 0(2,1) diagonalized. Thus: ‘
[:_.'5“ ( ) ?' -
™a, owla? >

D(E;u bada (%Lciz) 2 i c%».':l\ B P (?5‘15 .Dj“ " ‘) (0-31

L

Pause to remark: this is the group preoperty of these new functions. The complete
Plancheral measure of 0(2,1) appears inside. We mayxrees m and a xumsxas. I
imagine thét the principle series of 0(3,1) representations, when done€ in this
0(2,1) basis rather than the usual 0(3) baks, has a bivalued multiplicity

indiex. Thix same index arises when you treat 0(2,1) in the 0(1,1) baisis, rather
than the usual ©(2) basis. Exactly the same thing, dammit. Hyperboltid Have

two sides.

This %s the -anakog to my second- kind addition theorem: This reduction should
be symbolized thusly:

1 0o(31) > 027) = 0f2)

The general group element is this:
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This tells you the matrix elements of 0(3,1) for the principle series ifa the
«0(2,1) to 0(2) reduction. When a = a' = - , you get the AS e function which
ia the same as the Toller second kind function.
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M.’lq.ﬂ

In the more standard 0(3) to 0(2) reduction, the above formula in Ruhl
., would be something like:

ue"(\‘
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The big-difference of course is that in this case the central function is
a first kind function instead of the dexired second kind function.

L. If z-boosts are kept positive, I pet that hgh' defines a semigroup in
0(3,1). Since the 2x2 matrix is triangular, we will get the following

. . addition theorem in the — sector, say: |
{w n)
Q&m b (2ge) = iﬁwy Qi,_) (3,5 Qg 2 (5]
wae Cy)
: T, W (3\ ibﬂ“(\«) @U“ (5) B,w )

This is the true 0(3,1) analog of my seconid-kind addition theurem on the
semigrcup. ,
Note: no doubt the £=0 equation multiperlpheral ia supported on this semigroup
which is the same as a coset space. Theh this addition theorém will diagonalize
the t=o0 equation. Diagonalized equation looks just.like the addition theorem.
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@ How are we going to combine these D-funnt.ic;ns? Remember that D" has &
ng on values appropriate for the UIR's of SU(1,1), whereas these other

D's are products of finite dimensional HER IR's of SU{J.,I}.

It should be clear by mow that % is the total angular momentum” flowing across
. or into the left blob, so somehow it is correct to Clebsh the upper and lower

spin states. AS couple things with S0(2,1) FDR BLbeshes on page 590 and footnote 8.

o ¥ Mﬁ*u}m“—i-* (w/il*r“a!.)




Lldosniyaion

. @ Go boade o
Px&m (019 = % %3"5“(1_\) VWY A
Wikt ok won ddend - .
@) Q) i ) .
(f,m“‘.’h‘ ) () = Ve (h\b (‘0
Li,.-f,“nﬁ (4
2’_ Vs () o W) = @.’,m‘JA *jf‘?’(g

(5,5 )}

@%m\mmgmﬁadwo(?\

A

%m(&}\$ (\\\ Zl (&im«n\u\b(LM\Rl c ”‘5 %Hﬁ W)

&“‘- A odea. as..r'\ur:;t X
. M Aﬁé‘jﬂi “=..m~':‘ ﬁ.—: ok AR
L L
AR = Zo 2L (o LR Wi (V)
% %i‘ﬁ'm\“@@“\afﬁ> O (b A)
Wi

(Sew) p ()
Q"’Q: (Sl }P\{3 )

Gme 4&-&“\5 S
® i z_um\m A (g\ Li3ad'WYy = EL‘%\@"F’) ).

(LH) [Im

D u,;,P\w(%)— %m Z&M\umq;\ﬁh (%) P\E:\b h)‘f’ﬁlhﬂ?

Wy



Mmi :

(ivﬁ 4

() A (P (?D
Sk
(ﬂm) mrm LW

>

LY
M

RN T e

Lo

N

\ ' \ / .
At \ Lot D:,,_m (W) M}\M(a\- Dy (W) - Gmﬂ'\;‘_‘{md>

N

s e

)

Basically all we are doing is pre-combining the two particles on each side
into a single 0(2,1) representation using Clebshes.

Now, what, happens when we insért this same expansion three times into the
integral equation?
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. This then is my view of AS equation (590.5). The clebschization has been
performed. Of course they choose h.= h' = e so you dont see the d functions
on the left hand side, Note that there are po CGC's in this eguation,
and that there are 3 D functions on the right side. As usual, hl' = e due
to frames set up.

5. Having completed the Clebshing,.we now proceed with the diagonalization.
Kgaim, WS have to examine the p%uj&ctians:
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™. Now we have a clearer view of the problem we are up against. The left 0(2,1)
group integral has been doctoried up to full group integral. The problem is

thet, striictly spaeking, & takes a value that is complex, principle series
of OEE,I}_, say, whereas J,  tends to be real, as for a FDR of 0(2,1), so not
very clear what you get in such an integration.

Conjecture: these integrations give zero unless l = J. = a value in the discrete
series of 0(2,1). Recall that the addition theorem dcbas have full 0(2,1)

‘Plancheral contributions. Then:
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Here we are about to see the action happen. The addition theorem measure
contains a helicity sum plus the full Plancheral.for 0(2,1). BUT, the delt
functin insid ehte projection of I(g,) is going to freeze 1" at a value equatl
to J_. (which happens to be in the E?screte seris): Of course this variable
is sBill summed over as you see on top of last page. I guess the helcity

sum gets handled somehow and you are left with:
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y looking at projections on page
we get helicity locking as I earlier suspected in tHat picture

1, and consideping that J3 commutes with K}’
s0 that:
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I have of course not really done things right, but I get the idea: my general
semigroup addition theorem diagonalizes the equation, and then because of
its special form, the projections are very simple and the j-integration goes
away and is replaced with the J,_1 sum that appearéd in the clebshization.

As usual, AS succeed by brute forme, but they do not show elegance. There is
something else going on here, the way that j-integral was replaced with a

J-sum must be more than coincidence. Must be a better way to explain this!



