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ABSTRACT

We perform the decomposition of SL(2,C) with respect to

SU(1,1) and evaluate the matrix elements in the implied basis

of a boost not contained in the subgroup. These functions

7} contain the singularities associated with the SU(2) ~SU(1,1)
ovértap functions; we use them to give a decomposition of a

Lorentz pole in @ natural way.

-



eoup properties of tie New Xtunctions for sut2) .

e D. Definition of these“functions: .

Vue = perenne) Beas)

1. _Addition Theorem: ws sa, an :
deatgye 2 FAG) AaG) / He

2. Completeness on the interval:
.

a

mi a .asery= Zw)d@rRaey/toe
3. Gompletenesson the group with 4PI azimuths: .

Seacgn) = Pans Qe) Vala Deas/Wee .
4. Meaning of inverseyroup element: '

She Get enr-4) dee (Gi) = Caen (3)
5. Orthogonalityof the UIR's:

.
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6. Basic data: saite 28 before, only new stuff is: oy
Bendy = GNr7™ LAA = Raw (2)

7._Standarde expansion on the group: ‘
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1, Addition Theorem: . a
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3. Completenesson the group with 4PI azimuthal intervals: ‘
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4. The meaning of the inverse group element:
.

p= Cheng) Ga CRA on To dy)

> B= Shaw BiG

e 5. Orthogonality of UIR's: !
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6. Standardization and basic data: .
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Completeness Relation for Rotation Group. - -

e 1. First, we know that this is true: co
Bo - ase) | ie< = ]Pomaetees wae) | os es tr

If I had to prove this, I would do the greens function thing for simple ODE on this
interval, but dont bother because everybody knows it is true.

2. Now ehange variables slightly:

im = EM Pa Wb = mes uh

> ‘3 a. iw

Ses SG = UEC) of Out

This is the correct completeness relation! for functions of azimuth in this 4PI range.
I think I screwed up in my LBL by doing either/or, rather than both at once.

3. Consider this change of variables:
=

=
;
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4. Next, consider the completeness relation for the P functions:
=F

5

BSaS@-2 = ZA) ee) Renn (&)=

- ima!* ying, mim eh, tleial da) - inl alsgy! ] e: © e ©f© cS

Add the exponential factors on both sides, then do the full sums on both sidese as described above. Result: :
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5. Now make these changes: : a
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6. Now we can find the desired orthogonality relation:
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e Record of Deleted Material July 18, 1979 Utah.—_— —[€eo
i

I have decided that there is mo pdint in retaining all this stuff. At the
time I thought I would write a psper on how'to get ell the SU(1,1) matrix elements

in a uniform way, but I never did it. Much df the results did appear in LBL-5527,
however. ‘

This work was a sort of composite of the work of Vilenkin, Mukunda,

and all these people. I have retained their papers and my notes on them.

As noted on the next page, I did write a "paper" thet contained an
outline of my efforts to get all the matrix elements. However if I ever go back

to this subject again I will probably have to start from scratch. Thus, no reason
to keep a sotrage file of related integrals jand representation forms, which is what
most of these two binders was. 5

Deleted: about 3 inches of notes, mostly written on boths sides.
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July 7, 1976
ORGINAL
Contents of this Binder:

> per) A how to compute matrix elements for CS and DY in all three bases
of interest. (discrete, continuous,! mixed). The rest of this binder is

supportive material for this paper.,

i

Dat1: data taken from Muk 67 concerning the continuous basis.

Dayle 2: important support material for above paper
Datg/3: data for discrete basis calculatiops. All new. Parallels earlier work on

discrete basis which may be found in another binder.
t

Hisp6ry: now useless notes on how I worked, out the idea of computing all matrix
elements in the same way. 4

deft: improvements to the paper, more détails, see index there (Tw)
pit Gens: how to calculate differential genarators on the group manifold. Was@ used in peper.
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How. to Compute the Matrix Elements of SU(1,1)-in-All Bases for- all UIR series -

2 wihich occur in the Plancheral. Theorem, ..... . .
There are four classes of UIR's of interest. They are the ,°, the ¢2 which

we group together as the C@ j and there are the D,* and the D,” which we will also
tend to treat together. H

There are three types of bases of interest. The discrete basig has matrix

élements of the ford (i/.7./n) where WaxxawWof arid n aré both integers’ or both half
integers. The continuous basis matrix elements are of the form (p/.../p') where

~ p and p' are real. Finally, there is the mixed basis whose matrix elements have

the form (m/.../p), sort.of half way in. bgtween the other bases. There are other
combinations possible if one includes the Tightlike basis, but we do not concern

ourselves with this possibility. ‘
If we group together the continuous series, and group together the disrete

s eries, we find that we have 2x3 = 6 types of matrix elements to compute. Here
is a chart: - t

. q Do. cnantivel, ges

asada. 'SalU@|aty Evel uiny “hy (Ki

. ; .

:

cats 3 Certegy) QTcae Ke, (&)
'

) . 5 ‘ §ome, <page @ ‘ <1 4Q) >> Ko
One notices thet wherever the continuous series and the continuous basis:

meet, there -is-a miltiplicity indax which wd coll: r or 3! in the chart. Thus, for example,
in the continugus basis, continuous series, ‘there will be four matrix elements to

compute, for each group element, rather than just one matrix element.

Since SU(1,1) is a three parameter lie group, there are three generators
which we call J3, K1 and K2. ‘The generator J3 is diagonal in the discrete basis /m),
whereas the generator K1 is diagonal in the ‘basis /p). Thus, a large number of the

e single-parameter subgroup matrix elements will be trivial. The non-trivial oneds
. wé indicate in the following chartg: (see last columh). A generator in paremtheses

means that matrix elemetit~cdn be trivially obtained from the previous generators

group matrix element, s0-becomes trivial in pie ways ~
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_ We see then thet instead of considering the general SU(1,1) group element,
one need only consider elements of the forg 8VM2 . All other matrix elements

ry can be trivially obtained from this one. - Te
So, Counting up,we find that we shall have to compute (ij+2)2 + (14141)2

or 1, + = 20 iiétrix elements. ‘However, it will torn out that certain elements

can"be computed simultaneously so we wont have all that mick work to do.

We -shall treat the matrix elements in the order thet they appear in thechart. a

External References:

Certain of these matrix elements have been computed byvarious authors and
exist in the literature in some form. We make the following chart to indicate
references: i" 7 .

~ 0 Lo ES

GaORL De

dower agua Buyer Bema
. Vanier \Woe -— Vadene _ AG coe A AGH)

e——___ eF ——| me PR . om 9 - mR, pe
= Coins MatSe WkSe MoleS|Cae 6) oo

COM, NM .

conned QDM, \od aa=o ly ‘ *
. VY (=e) F x

Kalrane x
i
|
-NocFejden?

Clearly, practically all the.matrix elements we are after have been computed somewhere

by somebody. We hope to present the results; in a uniform notation.

e ; ~—
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2 - It turns out that the various matrix elementswe seek-satisfy certain -
simple differential dquations. In fact, they-all sabisfy-a certain form of. the

gneeralized Legendre equation introduced by Asimov. For each basia, the equation
_ is slightly different. We record the. results herer ae

.

, A

Zz. span (Eweager LCase) = Cd) Fazaedk aye= MeN?

—w'k -- -

deat LCs, dd) ele D> =
,

+ UK -

st Reycontr LCA WD) ND FO
. . nk - .
mid UGmieKAS TI LOY |

These equations apply to matrix elements inl glL-UIR classes. Bach equation is merely
a statement of the fact-that-a matrix element of an UIR labelled.by. j must be an@ —cigentunction of the Casimir operacte J? expressed ap a differential operator on.

the group manifold. Thus we know right from the start that any matrix element .
must be a linear combination of first and sgcond kind generalized Legendre functions.

For example, one must be able to conslude that:
, ~

ai \ LAS 2.6 24Sen Wy) = Mays) +B Qed)
where A and B do not depend ony. Ie, QJ aND qrd-1 are independent solutions
of the Legentre equation. Thus, we need only calculate the coefficients. Sometimes
it is very easy to do thia by looking at vy ¢ 0 or v = inf. We shall use this trick

below. Sok ti — -

“General Method: p
In order to compute matrix elements pm various UIR's, one needs several

dfigredients: . '
a) a group representation (group action on some Hilbert Space)

~b) a scalar product ~CY c) basis functions. ~ Hy
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There are many ways to choose a group représentation. We shall choose a representation

-@] “tat Looks tiie same for all classes of UIR's. However, we “shall find that the scaler —
~~ "Brodit fius€ Varyelightly (or more then sligtitly) as one shifts from one UIK to the

. next. It is «characteristic of the multiplier representatioris (the type we shall —

- use) that: this is what happens. ~The advantage of ‘using the multiplier method is
that the group-rep stays roughly the. same, the differential gerlerators are always
first order differential operators, but the scalar product changes and sometimes

becones non-local. #fp-Sonetines the scelai product appears as a double integral.
An alternative approach is to use a non-local representation (ie, not a

~ multiplier representaition). The advantage here is that the scalar product may be
made wiform over dll IR classes. Howeven, the group representation changes from
one class to thé riext,. Morevovér, the eigeifunctiéon equations for the basis functiotis

- “becomes second order, so the Wasis functions become Special Furictions . (Laguerres, eg).
Each approach has its good points and its bads See Mukunda Radhakrishnana. :

. We-ghall now list off the group representation and-scalar products and
eigenfunctions (basis functions), for the various cases: the group redp we take 4

. from Vilenkin, replacing B with -B to_conform toMuk 67 notation:
4 a 3 kee cslee ~- .

td luagla = STAT EAA)
ie 1

Vas z= ‘ : - -
= Att ' - -

. A= (wa)
B= G-fe) '
e= Oak '

Y= Jysmahion dalek on vath oinets
4g = GREY T SVG) domack-

The group SU{I,1) is here represented by operators U(g) acting on a space of functions

defined on the unit circle. These representations are irreducible in géneral and

are labelled by (j,€). “For certain values ¢ j, the representations are also
unitary. For certain integral values of j+€ the representation is slightly

reducible in that it contains both sides of Ithe discrete series labelled by J. One

can easily see that the representations with €@=% have the property thate@ U(-identity) = - 1, whereas the &= 0 reps have U(-e) = 1. That is the significance
a

of the index. The label j is angular momentum (or its continuation), or simply
the value “taken by the Casimir operator ‘of SU(1,1)+

: - n wi-ce -

aGe) = W= BKK = = gy ;
1
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- From this representation, one ‘may easily compute the folléwing differential —

r) generators: - ~ -
. . ~ TTAB 7 1 — ToT

. . Va = Vas ~€ .

K\= - T= akewse — smoVy,

. Kz Y= aksme + eaeJa
; : watie

. Ke = Kt = ie [keh
”

The basis functions which diagonalize Jg are clearly proportional to this
function: _ ormte LEmeeyS-  &@= Ze ois

- where we are using the variables x-and @, always unidersztanding that z = 6
Given a function on the circle, we may define the following fourier

projection: gtr. A oo
a -

° Was we des 8G He).°

- aT =\Cmte)e 355
~ adhe € &e*).wT

- ° .

Here, m can be integer or half-integer, but m+ is always integer.

For the series of UIR's cg » the sqalar product is:

adv ZL.
where the sum is over integers or half integers depending on-€; This scalar product

may be trivially reqritten ast

aw oo, tes= i9) R&save = an ae Ke ) ae a)
. Hi

This scaler product is not just any scalar product, it is a scaler product that is

invariant under the group action (see Sppendix ). This invariance is needed
if you want the group elements to be represented by unitary operators, which is

to say, you want the generators: to be hermitian.. The normalized J3 basis functions@ cx the.c@ xm UIR are clearly: { .

. Wo we. J Salts Banga!
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~ ~ “For the UIR D,* ‘the scalar product,given in As not invariant because J does

e not have the magic value -}+is. “A slight modification is needed to gét @ viable -invariant scalar product * which is: = - -
- bot —

Ade = - a. Titec) Sa qe . .
-

ek Tes)

By the way, the space of functions which is the representation space for the UIR
Dy is simply @ subspace of the space of functions on the circle, which space

characterizes the Cy representations. A function in the Dy* Hilbert Space has
the form: Ne =

AB = 22M RO)
where, as sas visual, m {s integral or halfintegral, depending on k. The usual way

| people have viewed these functions is to sayf
Ae) = 2 (2. Re z) -

In other words, f(z) is the boundary value pf the product of 2*€ tines a function
analytic in the open-unit-disc. It is easy-to see from the representation that

functions_of this form.do.form an invariant, subspace of the larger-space of functions@ on the unit circle. Since we restrict our interest to k = d,l,a++. andé takes
the appropriate value 0 or $ dependeing on k, it happens thet the functions f(z)
is itself analytic in the unit disc. However, f(z) is not arbitrary in thet it hes

a sero of order (ki#) at the center of the disc. Some authors map this open disc

unto an upper half plane and thereby characterize the D,* by functions which are
boundary values of finctifofs “analytic in an upper half plane. We do not need this

contruction, however. ’ -

By substituting the expansion abové for f(z) into the following expression;

one regenerates the scalar product above. Therefore, an equivalent form for the

scalar product for the D,* ist

ot ptt 2k =QM = Feet Q deQ-iet) Ri dele).
dise

Here, d?z = dxdy = rdrd®, ie, this is an integral of a weighted product of the
two functions over the unit disc. Gne may show directly — ie, without going through .

and = that thi is an ifvariant scalar product by realizing thet this
@ weight function is an invariant density muh'1ike the Ham mewsure. We’ refer the
@  resser to page - of Bargmann- ' :

This. version of the D,* scalar produgt, while rather messy, is at least "local"
_ in that both, functions,are evaluated at the same point. Vilenkin gives ancther

- ae: f-
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version of this scalar product which ig non-local. It_has the form: _
4 - ST er ronan

= —_ d8\ | oie" ~Bide = Quddsis’ wees) Te*g@*) _
We shall have no use for this form, nor for the disc verion, dnd Will therefore use
only that form showin in + The normalized J3 eigenfunctions are clearly: -

\wy = \E tees) i) @. m= kyktlyeeeTose

The setup for D,- is very similar. Kunctions in the assocaited Hilbert Space
have the form: . a -

- - not -

~ = 2h ee)
Me 2 *hae z| - e. ( Zt)

Sd here wé are d¥aling-with functions analyticoutside ~the unit circle. The various

forms of the scalar product are similar to those already noted, and we take just

the following form, which-is_the one we shaj1_use:. en
;a—

-

. S

\e= _® Ch) ae ye ee -
Ve asia Yorbaones

: \hes -Ww > dngrens ® none oleheae
Discrete Basis Matrix Elements. ‘

We have at’ this point assembled enough information to compute all the matrix

elenents corresponding to the first row of our chert on page 1+ As noted, we are only
interested in U(g) = e~i¥K2 so fram our rep on page 4. we. may gather that:

- siOK, - .

@) = SS ke WE Qa ie

ere pean thanWQQl@= AE ;
2 WK, a ~ kee, len -\¥ ena

° LS ™M® =) Sahat) Ctsingz)
--

:--

1

- - - i ae a

1
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_ For the on series, our matrix elements ares} _ oe .

as a jo- SAWN= FRdo: KEVUGE")

Eege, ox : _ wm?’ . ale LeqQcrenrn

- - Ke as ists) y io iy ¥ FAY, he)le We HseSETHE) (GY YE
8

By expanding the last two factors into appropriate convergeht "SBE! series and
~ jnaKing use of the following elemefitary fact: -* _

- & AS ‘ = . +a)s (AY Se) Z — VOM. FCAS-&, cel 2)- = ery * ~ Frc) 7 Tey :

"we may reduce the integral to a hypergecemetric function form which we discover without
much surprise is a Legendre function: ~ “~~~ ne - ~

widke .@ MS = BGK Fe Go) -
_ POH) | .

‘This is the result, say, for v0. For vé0 one must add (-1)™™. In these

calculations, we always drop irrevelvant phase factors since these have no

significance. The reader might be warned that; sometimes these factors take
strange forms, for example: "=~ i . .

Tans Pier) ghaae
TQ etary FQ rien)

- :

. do Ne ~%+\S. we may at once réplice the P function with the d-function
of Andrews ‘and Gundon (and defined in appendix -----). Again, dropping phases:

~oke 3 1
LAS Ve = Down Cd be) yr

Here we have- arbitrarily evaluated the ! Coe

a-function-above its cut. (The P function | xe)  pso-e@ is uncut on the right; one of its advantages hereO).



-9- fi

We note that the discreté basis matfix éléments for the ioe “which we have

e just caleilated do not explicitly depend ond. It is~just that m “and n dre either
- both integers-or- both half- integers depending on- whether€ = 0 or“fs ~ Of-course,
j= -#+ is, whichis to saykadk+is. - ~~ -

The matrix elements in the Dj* and Dy” UIR's may be obtained directly from
what we have already done. We use the same group action, the slightly changed
scalar product and basis functions given in ” to get: . .

S4 REM) a Tee) *cktw) aS a)Colder = ——: Sve ie « « 4.3)|ye Jae Then) (tS rEOR ACen
ge veh x eres

x \459t0 RH: VONE aree)° pamk+s)

-tae . oak Tm -
(\\e+-

= eS Teed YE ae 4 @) WAG) ALE).
. T(erry Tikes) we _ : : .

e., [ters We) |. Bee) 2.
e PY TS)

3° pS IBS pay 7
. = VER Ba ty = | Oe Covare)

when the dust settles, we find that the D,* qetrix elenents are the sane functions
as the C, matrix elements. The symbol +. indicates equality up-to a phases We Vows,5 i

mae continual use of the property of gamma functions,

Cy = PA-%) suene 1
Fey PQ=s) SHO '

Of course for the D,* we have k = j+l, and k + #)1,3/2) e+++ and m= kyktlee.
Cand

n= Kyktlyeeeee f

One might imagine that the Dj” matrix|elements are once again the same

functions. They are.
~

~ Ye Have afrived, therefore, at the following Cori¢lusfon: all of the UIR

matrix elemertts of e~ivK2 ir the discrete bagis are given by the sate d-functions.

One must: keep-in mind the rule that when the hoost parameter changes sign, a factor¢ (~1)™ smst be added (as one. finds from evaluating the integral, or which one sees

must. be true. to preserve un itarity, given thd d-function symmetry relations).
'

—. a eee ' =:

| sme ~ t 7 - ,
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~ SU(2) matrix éléhents: ~~~ Tot an

» ‘In passing, we~should point out thatj-our same representation-also gives
q the SU(2) matrix elements. We. mumexx take our representation -.-- and replace

© with -% throughout (but we do not change @!). This is the change that. takes
_ you from su(1,1) back to su(2). The group action isp : oo

7 eke yeke< pve -

. LWwotl@= EAE Fa)
= = 1 7 x

. A= (4ex®) Be (Z-fe) --42 a). © su@).
In particular, we have: - : -- -

~id%;, ~~ ee Sg ee ogc
LSP RAS BO (wah2 = st) Cock+ sin Bs

. Suaw v= ws . Ra~ side : -
A comparison between these equations and | _ shows that_we are essentially

_ examining what in su(1,1) would be an imaginary boost. Ie, the above group rep

_.

would be obtained if we were to replace v by/-ig in equations + This fact@ —recones completely transparant when one considers the actual 2x2 SL(2,c) generator

matrices: ~ . ~
- “i; ao ~ ,
T= 2% Kobe so Yash

2 WAPI = ~ ECHRKY .!

We found earlier the invarient scalar product for the UIR's of SU(1,1) by

insisting thet Kj and Kp be hermitian. We now require that J) and Jp be hermitian

which means that Ki and Kp are antihermitian, because we are looking for UIR's

of §U(2). One easily finds that the eWees Scaler product Yor SU(2) Sst

\ fom . -f5)2 S.-iGa)
wae} PetaT eth Sad .

- i - -

VS = TigaeatGrey” 4.6).e Having the basis functions, the scelar product, and the group action, we may
‘compute the. SU(2) matrix elements. .We encounter exactly the same integral

- and things reduge to the, same d-functions. _ . _
'

' - Le 4 ~
;
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The result is certainly not earthshaking:

~ ~

© eet wy = aS(eos) >
This business of relating SU(2) and SU(1,1) in this way’is" loosely referred

to as "Weyl's Unitary Trick", The usual unitary érreducible~representations of

. su(2) may be identified with the non-unitary:finite dimensional representations.

. of SU(1,1) which nobody uses for anything. 1 .
We have gone into so much detail here in order to be able to make the _

statement: the matrix elements of the UIR's of SU(1,1) in the discrete basis are

simply the analytic continuations to 2 = x +@, x¥1, of the matrix elements
of the UIR's of su(2), aJmm(z)- In sharp contrast, we shall show that the eu(1,1)
UIR matrix elements in the other bases are not d-funetions. In fact, they wiII
turn out to be mostly seconddkind Legendre functions (Q functions, or e functions).
-4
1

e - to. ~

|

'

4 -

H

e.
1

}

| _ - - -
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_-_ Gontimuous Basis Matrix Elements
‘ oe

2 We now move down to the second row of our chart back on page 1, and attempt
_ calculation of the SU(1,1) matrix elements in the contimuois basis. Asmuskx usvel,

we shall need’ a group repifestntation, stalay! products, and“tuste"fufictichs. We -
follow basically the approach of Mukunda 1967. aL

ie have already stated -our fundanentél representation and given the
differential generators. WE foudn, for_example, wee ne

. + 1,2 .K= Aeeore ~ sine |¢-35 ~€| oe
a

We wish now to go to a space of functions of-the-real-varfable q such that the

differential generator K, Has thé ‘following forme - - -
3

Yat & Avo & age : - } -
We shall relate every function. in-this new space to functions. on-the circle by: some

- as. yet unknonn function multiplier: t -e eek
- - eek - .-

. Y@—_ FA) = &G) FAQ) en
@ We have two unknown functions, h(q) and 2(q), By insisting that K;hav e the simple

form shown when it acts on the q-space, we may solve for both these unknown functions:

FQ) =Ra)@ S (KRG) = HOOIKE)

3 +h [Wa S@) = Wa); Viakesse + swo(-e* LR Ae)

7 108 = swe owe cal s\n WCkwse+esiae)cy 1 8g
4 _

A)= Quan’ Vus = (aah (HESS®%, ont (a)= (Cte
= — fiseaed oF> == \\Eteal. : _ .

‘The new variable q mst be related to the old wariable  (.or theta) as shown, and
the function multiplier h(q) must be given by! above.

= ) We have arrived at the continuous basis, whihe for short we shell refer to
as q-space. The eigenfunctions which dlagonelize Ky are obviously simple exponentials:

+

hen : 4 < — -\s- c KASS = eR
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- ~ Tat us now examine the~chunge of wariable “more closely. We haver

D8 gxGenB) = LEG
If we ‘chodse the +iPI ‘branch of the log when, tan goes negative (which hafpens of
the lower half circle) we find-that es -z-traces the unit circle in-z-space, q
traces a certain rectangle in q-space. We refer to this. rectangel sometimes as

the “upper rectangle. It is shown in the sketch below. In fact, by looking. at

q(z) above, it is easy to see that the inside of the unit circle in z-space maps

into this upper rectangle. :

e _- 4 2

it LMTKLLEa . tl 2
4

a

4 a

Of course thie aides of this "rectangle areat infitity and correspond to
‘the points z= ¥ and -l. It:is perhaps better to refer to this revtangle as ‘two

z= ~- real liines; as Mukunda does, The fact that'there-ere two real lines and- not

e one, corresponding to the.circle, is the source of the infamous multiplicity
indéx which arises in thé continuous basis, (In order to get K, = id/dq, we were
forced to make the change of variable we dfd, and this forced the “circle to map

ony‘tuo real lines. There is no way out. -
We pause here to mention that this multiplicity is a group theoretic fact

and will 66 course arige in anj-“realizetichof”sutiyt) tin thecontiuous basis.
For example, Kaliiins cafculates certain matrix elenents by considéring the group N
of motions on the lihgt cone (the simplest 0(2,1) surface). In his analytis, the re
multiplicity index magically arises because the light cone has two halves. Group “ =theoretically, MAR have shown that the origis| of this multiplicity is the fact oe

- that, when the full, su(1,1) algebra [ 551 Ky y K_] is reduced onto the subalgebra
whose generators are [J3, K,], this subalgebra occurstwice in the reduction. The
present author, however, feels most comfortable with the above Mukunda construction

as showing the origin of this irdex. H ~
° “We recall”that“the spac of functions for the UIR's C& was the set of

all (reasonable) functions on the circle. In ‘the q-space, this maps into”the

~ set of arbitrary ( but fourier projectable) functions on the two real lines. That is,
a] the elements of the spaceWF are fmction pairs (£4(4)s £_(4) ) which we can

consider tobe both functions. of real q. Since in C2 there was no correZation

|
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“between the function f(z) on the two halves vf the circle, the two functions f, (q) |

@ Fe intependent. we shall choose as" our twa basis functions the following: .= - - ~ age - oe

SHY ‘ °

€ ) ; .+ ys xe; lt (Ss \> eS
(

. XG)
- LO) sane. 8 .nN 0)

In what follows, we shall usually use the latel r to have values + and -. We can

then write: tet
@) Ro -

& @= © de
‘

Klas ela - rete

Since K, is supposed to.be a hermitian generator, pis of course real. One usually

phrases the last equation above in this way: in the continuous basis, the spectrum@ of the aiagonsi generator for the cg UIR's is the real line twiced
In contrast, we recall that the D,* UIR's had to do with functions which

were analytic in the unit disc. In q-space, these will map into functions which
are analytic in the upper box of figure + Thus, for the D,* (and also for
the Di“), one cannot separately set the funétions ‘of the upper afid lower "Lines"
because they are-analytically connected. Ie, they will be roughly mppaxkk boundary

:

values of the sane analytic function on opposite sides of the box. ‘The function

on the upper line is determined completely by the function on the lower line. This

is why there is no multiplicity index for the/discrete series UIRs.

Our next task is to take our group representation over into q-space. First,
we shall define a certain function that will grise frequently:

|

ak Tyee tyBaa) = Cony [15tet = Gx) @«)
This happens to be aA eigenfunction of-J3 in leepace, but fexxumx we shell return

to thet fact later in our consideration of the mixed basis. Right now we use thise function to whorten our expression for themultiplier h(q) which ist
t

. Way = Lela) -- | .
1

_ ~ OY .
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”

tne q-space version of our group representation may be obtained as follows:

oe
a aan

i
7 eee ee

‘ A ~ --, —- met a -

WOFI® =QW 4.2 OT
- mete qrice atese

- =A eA R™ SE) LL

vhs areal A= (2-8) ) &= G- ea j 2 =A(R. the variable x!
will be related.to a variable q' in the seme, way thet 2 is related to q. To keep
things clear, we note the sequence of events? |
nr) - iy = . (2

eee? ——5 ge dk ln$) = a KRY2s (te-B) ~ Alb -
Ca ~ 2)

4(te i ke!

- v= Sui GR) = LnGerS) daw 2se -
_ @= Atish5 Ug -tisede = (dosha) —_@ y~iet Seq. * ane ( ohy P .

ais \xtel = ck. Le
\=tey |

Obviously one can deduce the direct connection between q' and q, but we shall not
do that yet. Except where we use © and @, we mean.ali these equations to be true

in the complex sense. ‘The original Vilenkin jmltiplier' representation takes a point
on (Gr itiside) the circlé 2 and taps that point onto @ new point 2'-which Ties on

(or inside) the cifcle. In q space, our representation will take a point q on the

rectangle and map it into-some other point q! on the rectangle. In general, q and

q' will not lie. on the same “line”. ‘
We now finish the conversion of the group rep to q space which we gegen

above . We replace: Lod
No i 'Sel = Bg@y Fa’)

*

-p Be(Q) kab he, kee@ wart = LES) eo kW Fe)
a Sg ke yee okt

- = (gayNeri FAT ET ray'
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Vowoa, 2's Al8,so umgh | a .
— oe Aw ak -&

WEF = eee FQ) -. - Lee 1 .

This is just_a standard multiplier representation: the function F(q) here defined
on the rectangle, is mapped via a point transformation into some new function
a) whose value is given by a multiplier factor times the original functions
evaluated at the new point q’.

~

In order to express the multiplier gntirely in terms of q, and for purposesto be seen below, we define some new quantities and obsérVe sdme new relations:

.

CA. GEA > ee er® LL NL-
e= £= Gren \a-9ah dD -

LATOR tp tan . -
N= oqQR)- 2a CEP Y/dy ae

°
Do = Wilpers Ang Ailap)+ 2 dnl /dy 2 ©

. News, Ce ; : .
220" = sas= Ba /D -we = G&D -

. ~ . \

Bae = Coegy aus = (dq)
wse = — tha apse= ~ aq! 4Some = Garay) 2 ue = (o8haq’) -

Faniad,, wa wack ‘
- 1 - < ‘

z= AR ~ \es4 - Caaq Se2 Set!
@ —tmerefore, we arrive at this form for our group represttation:

WO)FIG) = Gy beat HG) —.
H -
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seVéral Goments are in Ofer here. First; notice that the labelé has - |

6 completely vanished from the representation.' Nor does it- occur in our basis= functions -. Nor will-it appear. in the scalar_product.to..be derived _.
- below. As might have been expected, the quantity & which had to do with whether

_ mwas integral or half-integral in the discrete basis, plays no role whatsoever
in the continuous basis. '

Secondly, we wish to remind the reader that all the q's which appear on

the previous page lie on the rectangle, which is to say, they are either real or
real +iPI. Below we shell use the index q as a purely real YaPiable.

In fact, our riext task is to re-express the group representation in terms

of function-pairs of a real variable, rather'than "functions on-a rectangle". -

- Ie, we simply. want to "lower" the function defined on the upper line. Before

_ doing this, we.have to handle a slight phase!deteil which is this: if we imagine
that our region of interest in q-space is the innder boundary of the upper box

-
(ie, as if we were dealing with boundary valjes of functions analytic in the
upper box), then one can show that the phase‘of the function ch(q) is:

Ay = | ° © /Yessoa 7r) age(Ra) | Pg ade
Therefore,. we. find,

‘
.

wk = : .

Gay = Carl dagl) : /Sarr Sse, a= a +e
se ak orks (tay)

If we temporarily use the symbol x as the real part of q, then we may convert

our function F(q) defined on the. rectangle into two functions of x as fllows:
‘

- ! % + gk ~& R
= = - ie’ i) ~NOs FO = L@tey a1 Cos” [HEL HE »

ark =) ' “ke pyace®§ isX_@) ze FG+in) = i (xy + ee =| : 2 (e »)

ateGrantee: ok ried
= ~ . ze — Ray = ey GSR) FO) ee

p

_ . = AGA@.. ,
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Using this mapping of the function on the rectangle to. function-pairs, we may

e with a slight amount of work convert the representation to thig form: _
p a Va

WEYL) = Couldnt” LS Bendy) BG)
where the N, wore-given-back-inulod , The theba functions are very important and

. arise in the simple_way to be discribed below. We hasten to point -out that the q and

q! which appear in this form of the repsesentation are pure real. That isi
~ oe : —

q- Qn \ Jon %| . .
\ ‘

& (Xx -

- = Qn\sente| = IG
~ 7~ = a i

. i ato

Kege'| gy [Oe Re Nel= Oe |\Sher|\ = £
. WL Bw

A

oo . soa BNWar
Be FF (Ate = AtATCr ) Q ~ieN ace eT7 A

r

The reason-thés@ 2(q) now carry‘ an n label: ig that we are now treating q as real.
‘The r now carries the inférmation.of upper or lower-line. That is: *
:~4~

xx {
e= +e 1

awo et 1

The theta functions in-the above represgntation arise because the upper helf-
circle is mapped”into the lower line end-funetien-fy , while the lower half circle

is mapped into the itpper line,—-end-—funetiorftqh- Therefore:

2KRILRVERN
_ & S@= BL, wesiney. (ROD).e a eG)

The theta function selects out the proper q-space function based on the location of z.
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Similarly we have, ~~ ae 7 -

x) S@) = ZY cesmay WOR. ;Poe

:

~ ot
.

07 y

Qk swe = Sate so. G(tsme'S. = SCgue) -
D bore ee

Re bw LL eat In the. present notation, we are
interested in 2’ and q' and 6 all as functions of q. To get_back to q, we have

to go through 2, andx 2 = z,(q) as given in __ above, where r indicates whether

this 2 ley on the upper’ orlower half circley or, whether q lay“ on the tipper or
or upper "line". This, the variables q', 2! ‘and 6" implicitly depend on this
index r, as well as the real variable q. in,the Fepresentetion ~  , this index
r is the index which appears ‘on tlié left sidg of the equation.

Tok summarize, we haVé cofverted out’ representation to q space where
the representation space cofisists of function pairsy-where each-furiction is se
a fonction of the real variable q. That representation.is: -~ -

- - - ae - .
@ WT) = Coq Bra > ZL OC Brale) Xecal) -

_ Vou 50m OR ~ .Ne = Theale) 2aG vir (AS & ) Laas,De = Ve ayy SA Aay Ria) +e Aum (ae) [aqt

qi = Qe D,- Bade .
VduNel | |

ei Ke y wavYavexomge, U@= ©. . a= day BF BSE
i

aq, Stl = Wag + 60 '
Qe = ifdog

We = = Sag 'Oa Ve = WdQ +e
\ - 1 ae es [adeuareedane =) Werte. . swyeka +e SN) \ } \ae wget . .

-- : :

i

| “ -
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g AiDK koe s sax (5 \aeearel. Aaatel

L 6 je A) = \ Sd dq rede Zi Se edaqss w\\ii (ax eal :
We shall use-this form below to calculate matrix elements. We have chosert the plus

sign in the exponential to.conform to other authors who- have calculated these
matrix elements and whose results we shall ube belo.

t

Scalar Product for the Cot :-

i

- _ Starting with our oroginal scalar product on the unit circle, we may convert

easily to a form involving integration on out rectangle:
.

- A 8 -

Bae = er 7 3q FQ).6Q) -
Here we have made use of thé important fact™that, for the principle UIR series,

-k 4k1, and also: - oa . .
- . e ge= Az -—- - ‘\ 4, —

_ Using —_, the scalar product may be at oncé reinterpreted in terms of the function~@ paris introduced above, so. ,

a a

.

~ ~ -

~ ‘| _ ANAde Ter da | a Lay 4)
“From this scalar product, one sees at once that the normalized basis functions which

diagofielize the gefiéfator Ky are: .

. 5, ‘. .

Very BUG) = Sete wast quia A

KEEIKM = SeQ-py Bee}
t

Scalar product for the Dy: '

The scalar product for the discrete serieses is slipktly more complicated.
It may be obteined by stabting from the disc form in space, converting to

an integrel over the upper rectangle, and thefi converting to the form which

follows. Détails are given in r » The result is:

©;
°

- |

- - - 4

-- - a. --

(
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ee -

@ OT FQ oH FH 3. . .
Behere ee zh lA.. OFS: = pe ‘-

si . Loe=\a ene
: .a@ = Yaq Ca someta

sire fantwe) = S™F [PCrsderh - _—

We wish to emphasize that this is the same scalar product that we-used earlier for
the DI. The normalization has not. been changed. The properly normalized basis.

- function for K, is : -

i ‘

- \ ~ 1A, -4 - -- --
i. ;WO iw ey © } -

{

<P = BA-H -1 - --

~ If we wish, we van view this basis function asa function paif. The ‘fori given is
the correct function for the lower Line. For the uppser line, we use -our-equaion

r - to get: - & —_ on eee-- any S - :
= .\® \ are ~ETROG) ig -

\ -e-e e
Te |

As already pointed out, the upper Jine function is completely determined by

the function on the lower line.

The group representation adapted to the D,* is, from ,
; .

* ye ink s((/)

7 ale (4: oeLUG\$|.@) = Co Want) cons Lia) soda e, LG's)
wliere q and q’ are both real. Thus, we have ‘a représentation whith maps functions

on thelowet line to functions on the lower line. Whenever the point -transformation
lands on the upper line, the function is “lowered across the analytic rectangle

- 80 that. everything is given in terms of the lower line.

One can see immediately that if the function on the left side of the scalar

_ Product: given in is a K; basis function, the p integration goes away. Thus:

e '=

-

i
--

i
i : : == ~

if . .
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_ <ige = Gaaeh ae :“é ay wey yr dF . - oe se
bd ~ -2 oe se

!
~ _ - a

SY, 5= LPO \ ad 3) -fe LE BAST eh)
We shall use this form belowto calculate the D,* matrix elements. 7

For the D,~ there are, as usual, just a few changes. The scalar product
starts out in z-spdce as ah integral over thé outsideofthe wnit circle. In the ~
q-space, this appears as an integral over the lower box going from Im(q) = 0 down

- to -iPI. As with the D+ everything may be expressed-in terms: of: functions on -
the real line (actually, q - i@ in this case). when the point.q’ lands on the.

line re(q') - iPI, it is xmmtmx raised through the lower analytic box and placed _
back on the real axis. The results are all the same except for a few sign changes

arising from -PI inplace of +PI. +

areAe HGS 6 (Ad\ 7”
- Saf) = ea-ie) = Consy) \s ay Fe), -

co , — fore axsenRe -

e . Le\ = FCq-kreie) i a) vc :
a - as sish* 9 ¢9) : of= @ay - Li-vet < - -

J

= A= kOe). 2
‘Thése’ equations show how a function defined on the perimeter of “the lowP rectangle

are converted into function-pairs on the two lines. Here, q is real. —

The scalar product, basis functions, and group action for D, are asfollows: .

a wh : 7 -
Age an) de Tey KA aay :

= NyWan ae) = Qa © &@\~ '
- abe -5

- s0e .3
= NeBa = © \s +4)\

eo -ig -- - -

- Wo se were ikd@) tay]
-- ee Jee i.e ft _-
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ee: t -- ~~ +ark3@) eat

ge Waehoy = Gana) Joomabey< cco) @ Li Gbi|-_w
- + - - too. -—~ eo .and i -- -

:

- 4 \ si ait ; : -<Ade-= BR AT Qa © KG).
“~

at this point, Bet us summarize the forms of matrix elements in ali four classes of

UIR's which have a normalized K1 eigenfuncticn on the left. For the Ti we have”
Tron and, -

= | ee) \ nal<lpre = =ee eC) -
From and » we get for the ce series: . - -

. ese nO .
Sere =. 2X4 & (9) a

@  kkixctmetixtancmcceoun If ve now consiger the function g to be the group action
on a normalized K; eigenstate onthe right, we find:

7 —

2

_ - 4 \wetel: ‘ +a, me ipa.<AUae = Ue Ee Nae » Waye any
es . sat

WG RC Sas r ete) ~A= tx | SE CACECA LYE [peadscca,y eS
This. tells us all SU(1,1) matrix elements in fhe continuous basis for both discrete

series chisses D,* and Dy". For the classes cond we find:
> . 2 ae:

reo ARTE Te ER

AAW! = HEYaa SNUG Qe) ]
= iy Can nCne

ae

= aya (ag\ bled) {peau} S
- - i

- From these expressions,one notices that the p,* matrix elements can be obtained@ _—sirectiy as linear combinations of the Cq mathix elements as follows:
2 :

R Uva H =r
<Aet = ea [aotang, se. CRA ws\iede |

—- : a - -
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Therefore, to gét all mat?ixLénefits in the ‘contimious basis, we need only

ry calculate those in the og Yfor-the generator ‘K>. These ere precisly the fonctionsP= callewlated by CDM;-for- example, in their-appéndia. They used the same basis that-
we use and gave these results: = : -

= . . ~k
- ~ KES TERY AS

ey = Aa tsa argl a
_ rn yexted

‘ * 0(fNaqsre'al) . \ reer
ket a

= Oye OI) A gon.
“where u= ip and ut = ip’. Using their results (which we have checekd) and convebting

tovthe P and"Q functiornotation, we find for v} O:
— ‘

aie - ial
SINE pt = West 2 IDs Cov)

EOE POG
Yur) 2

~ Ky -—- . we \-BGS es = TMA) Gi (a)Uy Ww tt
Pewsey) Te |

ale :
ANC WD = ame.

5 PG > : -
Bale w= 0 :

erUsing » we find at once for the Dé (thanks to the vanishing of the last element):

R

a SUC /2 wwdy
1 aan aw<\e Wve = ut! e ow Dae, ay (ow)

where as suusla we have dropped a phase factor.
1

:

-

: - .
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piixed basis: 7 oe : oo
6 Finally, we move down to the last row, of our chatt onpage 1 and discuss

"  galeulation of the vaFious matrix élémerits inl the 'nixéd basis. We may dé this
calculation either in z-space “or q-epace. To"work in q-spave, we will need the

Gigenfunctions of J, which are: -
1 ,

Jere) - - -

Yronkas: ay MoO (abel LOO)&. @)\ =Cx): Gee): . reek )
, _

This is only normalized for the of. For the discrete serieswe mustadd an .
” appropriate factor, as shown in” or * eT tt -

e ~~ USing this J5, eigenfunction, the Matrix elements lin the mixed basis in
the q-space formalism aret ~ my

ag
a

5 AX os yal)Ci" Wa = Nae! lu l& 16). _ -
2

.

.

K

~ ~

as s44 > \= Vas Cong \ Ball) a as Bile) Nena")

= &, \wech Tae)GeVUys = ee PER. PRR
Ss is on

a \ dq: SE (Saha) 2 06 dats) Sen G')SS .

Alternatvely, the mixed basis matrix element's may be stated in espace. In this
e case, we need theKy eigenfiinctions convértdd to 27pace. These are: ~

. @s) we | ee ee &
LP @= SS wast Mew)" o(e-svae) WG
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eka (east, des Gus

- Bate XE, Aw emungonbin Mucus ee! 7 _
aa) \ pg, : 4 TEE = inks

_ Ve) = Fun’ : [Sa +.) ee | \
- S74 - iwe = ~ive FF miMkesCsntyy= 1. S\ P+ Ge Ce \ovas|irwacey \ | \e .
These furictions are so unpleasant], that I think I will just forget about doing

these mixed basis calucations in |the z-space pe stick with the q-space. -
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June 29, 1976

History" of: the Search for a'C1 = D;* connection, -

@ @ First,1 typed up sort of a "proposal" for the idea of searching for this connection.
: Goal _was to compute both C4 and Dy* matrin elements in the same menner using the

same gropp action etc. » 1

@ rext, I looked at the variable change from 2 to q and discovered that yes indeed,
the function f(q) = (chq)“* f(z) is analytic in thé box if f(z) ig one of those

subspace functions in espace ‘appropriate to'D,*, ie, f(2) ~ aXe, (a).

- (eC)Then I came up with a nice group action for D,*, namely,.1 just. used UF(q) on the
. lower line and shifted down the. result using a little phase. The down shift is

OK because F(q) is analytic in.the box. This group action, then mapped a function

on the lower line into another fifnetion on the lower line. It looked good. In

particular, I computed the group action of eiPa, wo .

@) Next; T simply desumed that thie Mu Brepicé local staler product"was the one “to
use. Ivused this scalar product ‘for Dg* and began’ calculating D,* matrix elements.

Sure enough, I found that the integrals ogeurring in -the D,* calculations wereCd the. same ones which_appear-in.the C9. Thig.was the.desired.goal! , \ “

@)Nnext, I showed that the various integrals !Ipp! ,were exactly the integrals used
by CDM. (At least for one of the generators which CDM call Kx). I then related

the CDM functions to my Azimov PQ functions and filed this under PR.
© Feering exhubersint; afd éxéited to boot, I started ab this point t6 consider the

possiblity of-computing mixed basis matrix elements. ~I stuck to the-Muk p-space

scalar -product and-merely replaced the right-side e4P% with good old £,(q)--This
then gave.a nice. single=integral rep for the mixed basis matrix elements. I gave

this integral rep the identity-test, cand the ttiviel K, test. It worked! »
i} ‘

@.Then cane the first sign of trouble vent tried out the Jz test. There are ofcourse two terms and this is the case where the second term does not banish from

its thést function, The J, test failéd. You are supposed to just get a phase
‘times the cross matrix, but it just didritywork, I bégan to woher if my géneratots

were wrong. - ~ moss :

G+ then took a Look at the. generators, they lodked OK, but then it. hit me: my use
‘of the Muk p-space scalar product was not} justitied. Here, Ivetopped worrying
about the J3 failure, and began thinking of scalar products.



r

Qyse, = then started into the problem of finding-a-nice ‘scalar product for D+
-consistent-with my idea of doing C% and Dk* at the same time, My-first idea

: .-was_to take.the:m-sum form and replace.the.two fourier.coefficients.with  - S
box integrals (using the usual function multipligr).. This form looked promising

formixed basis matrix elements (thoughI did’ nét pifsue the idea), but_ivas
clearly no good for fuliy continuous basis matrix elements.

(©) 50, F then started with the disc. form and began converting it to a hox area integral
fori. “Diséovered the; hice, ja¢obian idea for“aréa. I thén realized fér the first
time-that you need to get a function of Im(q)"oniy inside your integrand if you

~ ~expect to get a local-scalar’ product inip-space- -Without thoroughly thecking,
I. just looked at.my integtand and concluded that it was. not. simply “a function

of Im(q) alone, so I concluded that a different’ multiplier had"to be used.

3)The factor (1 - /2/) was clearly a problem. I looked at how Mukunde handled this
going to w-space, and thento q-space. I saw how he made it work, and I concluded
that he did need a differént multiplier. HadI looked clésér, I would, have seen”‘roughly’ the~form (cha). times 2 as this new miltiplier.

a) he seemed to have beta replaced with ibeta so picture was rotated 90° He

.did this, guessed, to have top half Girc¥e map into upper w-plane..
b)valso,, however, his z differs from the.z I am used to. This I learned after

-being tnable. to. "undo that 90° rotation. ,
So, finding aii these unpleasant differences, I sort of changed the subject

Yor awhile, - L : .

@&-- this time I worked on showing why the msum-form.of the D,* scalar product
-really. was-invariant. Chis :led.to_an attempt..to.find. the non-local. scalar.
product_in zospace. by executing the "super-sum”. This was a-huge digression
during which I learned some more ideas about contour integrals, but which has

‘no direct.relevance here, so I-have pulled thés section and pute elsewhere.

& Next, ‘I began to consider the type of functions which belong in the Dj+ subspace.
I know thi's df-2-gpace, and I converted tt to’g-space. The functions do have a
certain well defined form. The functions F(q) are analytic in the box, but the

related ¢ upper and lower" functions are not exactly the boundary values of td
this fmction.. There is 4 Little (-1)s phasefactorfor the upper function...This could later be relevant.to the J3 problem mentioned above.



(history, page 2)

wwe aa “eos te mow og

« G) Now I define . special meaning for £(2).! This means a.D,* function, and it
e therefore .has ithe form-2 fan(2)- .S0 f(z) 48-a power weries starting at k, not O.

T-then «wrote down -the dise form of <therscalan product: in tenms of functions,

- of the type £(z)- A little differnt from the usual forms. i 0. 1/® Having done this above, I then converted ‘this disc integral to a box integral
atid: searched for4 -vighle multipliereuch ‘that -the p-space séalar product would
be locals After first goofing this up, I jlaten found that -the -same .old multiplier
(chq)"* does the job. That is, F(q) = (thg)"* f(z). We use the old representation

for £(z).that: we have abways used, because after. alliy, 3 ig.afunctdion defined on

' : poset oof teug ra@ Thinking I had gotten the function multiplier (chq)**, I was giving up on the
program of relating our two series of reps, ‘and I began consideration of the

Bargmann representation for the D,* in terms of analytic functions. This led
-

me $9" a, very complicated multplier for. the! grousi action, -But how correcting for

the error, I see that this epproach, gives the sama avspace group action as in

the C1. There is no need to go to this Bargmann thing. You lose the idea ofe -subspace. so :skip this. All equivalent. '1.. >. Guue wn.

Next, after making many cornections;:I have. worked om the.-conversion of Vilenkins

subspace representation: UL 2 fan(a).J] to a-space. <I end up with what I think
is a viable -and simple Dy* representation in q-space. As far as I am concerned,

this thing maps the real line F(q) onto the real Hine again. T do not yet know
aa hii this ‘thing connects to the-C% form, nor have I checked thé génerators to see

- — if-they are right. I bet- they are right. - _ =

19. I will.now continua frpmthis poink. of way cb ee
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Index of this support material for paper: _ .

. @ Miscellany: ‘
a) some relations between q,q', x, x! etc oo _—

b) how doyou make K, diagonal instead of K, : what happens.

c) getting the exp(-ipy3) elén@iits rob the €xp(-ivK) élements
d) group actiom directly in mspace- (un-used)
e)- the lightlike basis functions. -

@)%e Group Representation t
a) derivation of the z-space form fron first principlies
b) conversion to generab ¥(q) ~ fond ~¢) conversion to DS form ~t

a) convér'sion to lo form H
i -

@ te Dye Scalar Products - - r-
a) evaluation of (1-22) , check . .

pb) derivation of the D,* in momaxs disc, box, p-space, check6 ¢) derivation of the Dk” in disc ext, lower box, p-space , check

@ sumary of scalar productse and basis functions ~
a) list of various scalar ‘products
‘b) list of standard basis’ functions

c) closer derivation-of two basis functions -

a) the lightlike basis functions (see misc above)

@ matrix Blenents .
a) group action on basis functions ‘
b) matftix element setups .

c) integral representations for all elements -
a) computation. of explicit mixed basis elements
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June 17, 1976

syities 4 7 pt,

@ + Several long pieces.of-work led. up to this present work, so.T-vill first. -mention some of thé older-things, I have long been interested ini calculating the
mixed basis matrix elements ‘for S0(2,1). Kelnine succeeded in doing this‘ using a

__ Fealization ofmotions on @ ight cone, HiK He obtaitiedthe pleasant functions Qn,ipand put me onto Azimov's paper. He noted that the discrete series stuff could not

‘be ‘calculated-by his method. Wow I was wondering how you wight caleulate these things.
One particulan realization dn Wifiich ‘I Had invested much time was the MR 1971 paper. -

I had used this, in facts tocalculate the continuous“basts DX matrix: element's and
this led me to make the.:connection with: Azimovs addition theorem and the group property

- of these fundtions. -- «= - ~2- -4- te + | ‘ me
Now, with MR71 I had for amugement one time computed the eigenfunctions of

Jas These had come out being Leguerre polynohials and-I spent lote of time solving
the related problem of the radial differential equation for the hydrogen atom in 2

and 3 dimensions. After I calculated these things, they just sat afound for a long time.
~

I had once tried computing the cross matrix but left dt.in integral representation:only,
but got suggestion of ‘a F(..-.-1) type thing. (IN agréémént with IN) +

- + "So my recent “surge-of avtivity-began with calculation-of ‘the ‘specific basis
e functions in the ‘two bases, -in particular. Ivfanted to get the normalizer factors. This@  attenpt met with.success. .I-had tried this earlier_in the Bargmann realization of
_ the DX+ and was very frustrated.to end up with a triple sum of 15 gamma functions just

for the normalizer calculation! I hed given up on that "disc" representation.

. So, once I had the exblic#t basis functions, I thought I might caleulate the
cross matrix. This was very easy, I used a standard Lagurere integral to get this.

At this point I began one of the hariiest calculations I have ever done, and it turned

out to be dll forHidthing. I computed thé matt4x élément ‘for e4$J2 in the mixed basis.
Of ‘course this is-Jjust a.constanttimes-the cboss matrix; but~I was not thinking very
clearly at the time and I falied to realize this obvious fact. Thus, I.entered the

calculation blindly. a
‘

. we

‘Actually, T first ‘worked thisout inthe discrete basis. Thé et operator
was just.a-mltiplier representation, so the datrix element eneded up-being the
product of two Laguerres. Luckily this was «‘standard form, and I got the answer
as a HGF. After a few shifts, I finally artivedat the PJng! form with certain

~

normalizer factors. I here encountered the problen”of, the "switch" symmetry relation
of my functions not working in the DX sectorti .

e At this point I said:" af you know the ME in the discrete basis, and if youknow the explicit. cross matrix, then-you-ought; to-be able to. find the ‘iixed basis. -

-  -MB using the cross: matrix-as the. unitary basta! changes + ~



+

Soy I started out writing the mixed based ME as a helicity-sum.--This“was

then SwI'd into a helicity integral, the integrand being the F(...2) and Pays Then ®I had to scramble to find a way to do this integral. I found that all integral .

reps were failing sok E had.to switch indicies,on Pmus using the just-discovered

“owitchh" redlation, «\This.left me. with a hel,city.integral of: the product of

two f's, some gemmas, and.an:expo. I then chose some.(0,1) range integral reps and

quickly rancinto theta function troubles. Then I chose the better integral reps ‘and
was able to Blevate away everythingand. get some delta fiinétion action out of the
helicity contours -This left us with our ME.es a ingle s-integral. ,But eventually
I was able to.do this integral, and the end product was —--much to-my-surprise —
just the.cross matrix times @€3, Actually, I do not really claim that.all factors
are correct, but I tried.to get them right here. .

So, this was ay.first successful mixed basis calculation and the fact that
I got a good answer lent support to my general procedure. The next obviousidea was

to get a non-trivial matrix element. To do this,sI used.the hyperbolic boost theorems

to get the new ME. In fact,.this merely-added a phase to the helicity integrai
integrand, which was urprising. HoveveF, thet phase.was just what was necded to
destroy-the convergence of my previous. method, after elevation of the’f's into
their integral reps. To remedy.this. situation, T changed the P-into Q ~ Q-and.used

on considered using.my.old integral nep for tha Q. This method looked useable, but @
I did not fintsh it. he first Quintegral was. basically my old byproduct theorem,
but the wecond integral was entirely new, so I just stopped @t that point. _

Then I.was about to-quit when I thoughts why not just for fun,write

down this mixed basis matrix element as the double integral which MR say it mst
be. I did that and got double infinite integral of Laguerre times Bessel. I didnt

- think I-evuld.do this integral. fast, ‘but it turried out that, thé f1FS6"integral was
+ Justthe Bessel and-that-was“in GR. The remaining.integral was Legusrre times
Whittaker. -Then-I.converted.Laguerre to $ to Whittakedrso had produetvof-two:
Whittekers. Then mich_tomy amasement, I noticed that you canintegrateany number
of whittakers to get..a new animal, the multivariable HGF's. I did.this and got
answerin terms of. an Fp Appells function of 7,argunenrs, Theny after studying up
on these functions a bit,. I noticed thet this Fy reduced to an F,. and thet low
and behold thet F was exactly Qn,ip( some argument). I never got, the argument right
“but. lots of ish 's were popping up arduihd’thendsd I assume tliat is tieargument.

- “CAs I know based off thé “caisiiniFTe-DE_y. “7% a
—_ “It-then occurred to iie that Bessel end Laguerre end Whittakerare all- -

confluent HGF'sm -,-and-I.noticed.the direct formila 4n Bateman for sthe- integraion- e
Of two matched’ confluents to give an P. This reestablished the fact. that, Qn 45 really

»



' x

, -2-

wes the-right answer. . ~

e So, mowing the Matrix Elements for p‘* in mixed and continous basis, the@ next obvious thing was to. work up the mixed ‘basis addition theorem which I have been

. thinking about so Tong. I considered the "type 1” relation which puts the continuous

basis on the left side and puts an asimuth”in the "middle", This effort resulted in
more or less the Hobson sum rule, except for,a factor of PI” which I cannot explain~
yet. I reconsidered the convergence “of this sum rule and concluded that, as before,

“Et does not converge, even where it is supposed’td, vfiléss IHavé not been Carefil
enough with ny li its. an > -
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_ _ Some comments én Gelfand et el_on si(?.¢).

-@ —  T-have been-reading-their chapter-on the reps. of-sl(2,c)-and-am-a-little. ——-confused about exactly what they are up to: This is an attempt to clarify.
ea There -ane-several-questions-to-whichIwould_likethe answers. First, how. --do you find all the irreducible representations of G:~ Then of these, which—~

"ones are unitary.” How do théy answer *these quéstions? — ee
- = - Other questions are:-what is the “monomial method" and does it work to find
a all representations or not, if not why.

- ——}- _ Usually when-one-treats. the. Lorentz group,. one mentions-generators, Lie = —
algebra, realizations, Casimirs, and gll that. For some reason, GGV have
totally avoidedall Iie algebraic concepts. They deal only with Group.

— --- ~~ Consider their starting point: they set up-the usual shift representation  -
on a space of two complex variables, gctually a space of functions of two

— —""* "-F* complex variables 21 and 22. The groip element’ gis “represented” by gn ~ ~~ ~
—- = | operator-which takes one -such. function into-anotiierin-such-a way- thatthe. - -
_. __. | _group property is maintained. This ig the standard "regular" representation.

Then they show that if you restPict your ‘intérest to functions which -
are "homogeneous of degree nl-1 and n2-1", then these functions form an

_ { invariant subspace. This subspace is called D(ni,n2) .
~" ‘Except “at certain integer points, ‘a particilar stibspace D(nlyn2) is

- | subspace and -operator irreducible. They proved operator. irreducibility using
8 the theory of intertwining operators’ with the Schur concept. At these_

“special integer points, the space D(n1'n2) doés actually have an invariant ~
- subspace called E, so the-rep can be further reduced; I am not sure whether

e _| _D is aleo operator irreducible in thiscase. oo
~ — — 4--- so, using the-technique of- restriction-of.-the-regular-representation-to-
oo the space D(nl,n2), they obtain all thé irreducible representations of the~

group sl(2,¢)- Usually, due to homogeheity; thé f(z1,22) is replaced with™
- 4- —-—|—-a single-function-f(z}—and -the-group-pepresentation is presented.on- these - -
oo _ functions in a uniform way for all representations.

° - -

~-+ - — | — -hat-is-the significange of complex -numbers. ni and-n2?. Somehow, these- arerepresentation labels.“yw doubt if Lie Algebra were introduced, these would~ be casimir eigenvalues,’ s0 the group mist have two complex casimirs! This
agrees with. the earlier idea of -separating the.6 generator_algebra. into two
disjoint pieces to get representations T(P,Q) as in liubarski. I recall that

- | avvector particle corresponds to (4,2) ‘but I forget the significance of having
two casimirs. (nek puchfor LO} Arava, vet Paricrens)

‘There is a huge ainount of discussion of proving the existence of bilinear
functionals connecting the. representatfon-spaces of two-representations X1 and
X2. Why?! Well, in particular they search for bilinear functionals which
are invariant under respective group operators T(x1) ‘add T(x2). They show

- - |} that df you really want an invariant bilinear functional (BF)-for all group.
.

elements, then the form is very restricted. In fact, you simply cannot form
“invariant BF's unlesg fhe labels (n1,n2) end (m1,m2) take special values! ~

--~ } -In fact, except -at those. integer points, there is no such invariant BF unless
Xl = x2 or xl =~ x2 where x1= (n1,n2), In these cases, they actudlly givethe explicit form of the invariant

Bf. It is an integral over dzdzdzdz. In@ | the integral cases, there are other conditions for existence end these are
. _ stated I think in Theorem 2. Criterion, for integer points is 61 and s2 =

positive integers or something. H
- weeps -- — hee -

\ ~ - ~ -- _ —= e - -
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o> By the way Tee tended to cont use the con ELONS TOF existence Of -
-e — --[ Anvariant BPs with the conditionsfor_equivalence_oftwo reps-x1andx2.- -Clear this up later.

~~ “So, repeat: why are they interespedin invariant” Brs? “I ‘thinkthe big” ~~~"
_~— ason_is that ultimately you want_t6 find unitary representations. The notion

of "unitary" is that S*S - I and requires the notion of a hermitean adjointa
stints thing ts werines; Itnink, as “CaGy) =-(aty). Te, te ~~ 77

--- ~— —--is the operator which makes both sidesequal..0fcourse.A acts in-space-El. — ._
whereas A+ must act on a different space E2. Recall that in general the two

oo GEA BF AVS GLP Levert ByAcey
However, ultimately we want to have a scalar product, soat this stege—we
want the BF to be hermitian, meaning (x,y)* = (y,x) reoughly. In thisOO cass, to Bet Sich A Hermitian thing; you must choose XI =X arid x2 =X" *

—_— -- — |.so_your_two .spaces_ara actually. complex conjugates_in. the usual_sense_of. ---
quentum mechanics, say.

—— =P $0, having onde thts-conitior of Hermitivtty they-show ‘that a-hernittar~~ —
—_—— - — —| Anavariant_BEonly exists for_rep X when a regular invariant, BF exists for —‘x1=X

and x2=X*. Aside from positive definiteness, this added condition givesa —~ Tyo‘a scalar products ~ eeeee ee
--—--- - — So, unitary reps_only exist when XxX" or X=-X, because_these. were. the. — —

condtions found earlier for the existence of invariant BD. The first case

7 - > Pf gauges" ore of the integer “point ‘situationswhere BIss2=0; Bnd the appropriate
~~~ = Fis_stated.—The_second_case_gives_nlen2ereal_number_ete — _ -_. ~

So the point is that to get unitaly reps, only very special values ofSo
="(nIjnz)are accoptible. Sotishow T “should we able to reduce thése results ~ ~ ~~

- = to.either.SU(2)-or SU(1,1) and_see_whdt_the_hell_isreally going-on here... ——-
e ‘This formalizm must be obtaining the reps of both groups at once.i

-_ Avhat_about_"basis.functions". This very concept implies_the existence .of a scalar product, or at least an im reasonable BF. Ie, you really want

_ anOrthogonal basis andorthogonalityAmplies scalar product. Tepe basis ~~ ——
—----- —~|-function exists in space D(x)_andits image.emistis in D(x*).so_you-are.—  —

really talking about a hermitier BF.

To Pe OFF hart Tio not See WHY TNS SCALE provuct tas to vewinvETaneiar
-- —-—__| group_action_in. order_to_have_a_set_of-basis vectors.Also, I-dontquite —see where positive definity is needed. Nevertheless, we shall later have

“ol pone" basis furiettonstinspace D(xye
—————-- |. But, what_is_a_basis function?_ Uspallyit is chosento be an-eigenfunction -—of a generator, but GGV have not eveh hentioned generators at this point, so~~

——F we cannot"yet tnve tests fumetions. “Quite obvious Now YoU iféke”generators ~~ —
eee ~via_tangent. matricies, ofcurse, .so_no_sweat.._I_just.suspect_that_GGV.are.going to do all their harmonic anslysis in operator notation so thare wll |~~

—)-“‘ber ntnbedfor a pertiuular basis. Maybe thts witl bsRdventageous. pay
— -—————| attention.Mice fo_get. results thatargvalid in’allbasest! 2. 8
——-—— -}. --Now-lets get_back to this business 6f. the"monomial_method". By-this-I_refer_-to a certain method of obtaining matrix elements, and thus we are speaking inos

erns of basis. Usually, oné defines a Sét Of generators corresponding to ~~ ~
-- the-group. parameters .—On_the-space.f(z1/,22) .each_generator-may-be-realized. as -

a certain differential operator. It is sometimes possible to find a simple-
"“/FUnGtion which is“Sigenrinetionor-one Uf these @irferential generators. This ~~

—- — then basis. function.f{z1,22;.m)wherem =.eigenvalue-or_set-of-same.-  — -We
know exactly what T,(g) does to this function which, I forget to say, is-@ ISOChoseto be in“SpacéDy. “Thust £(21,227XjM). By Simply applying Tand ~~~

— -- inomila theorem,_you.Can_easily_gbt_the_matrix_elements-—Thiscould. — - -11; ‘k A i

-——- cee ee ee ol pi emaroretoe



1

mee One fact about this "monomiel method” of cbteining matrix elements ja. _
that_you_ never need xc Zscalar, ares Xou dont need the other halfe of the bilinear” tional, that is to way. ‘or's}(2,c} you van have ae

= - |. youn represnetation_for .any. complex pair (n1,n2), so you.can ergo obtain
matrix xmp elements for any irreducible representation X. Then if you like—_ ~/f ‘you can’ subsequently restrict to. unitary rep-velues of X.
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J comments on relation between UIR's and Spinor Repo of SL(2,0).

T } 1. First think about SU(1,1). The reps are usually set up with a homogeneity:

condition and a parameter j. For certain’ unitary values of j, you can find a

scalar product and cen produce the UIR matrix elements. The clearest view

of what is going on is provided by the Lie Algebra, For integer 2j values,
recall that things truncate and you can get finite-dimensional invariant

subspaces. However, the standard “norm” of the generators will be negative,

which is to say, the generators cannot be hermitian in this representation.

Nevertheless, in SU(1,1) both the UIR’s and the FDR's are provided by the

same group action (homo polys) and the same lie algebraic operations. One

of the FDR's of SU(1,1) is, of course, the nominal SU(1,1) matrix set.

Note that for SU(1,1) the actudl matrix elements of the UIR's and
the FDR's are given by the sane function, namely, d¥,..,(s).

2. How does this work out for SL(2,C)? ,I think that when (n,,n,) take integer
values, somehow the same group action that you use for the UIR's, and the sane

Lie algebra, does have invariant subspates of finite dimension, So the FDR's

evolve from the same goup action, but the fynctions do nat look the sane.rd Ie, ana FOR would be D‘3g732) S ymgtg! ( 2) wote that we now have4 helicity labels instead of two'jm paihs. Somehow a shuffle hae. taken place.
Here, if we set j; = % and jp = 0, we should get the usual 2x2 matrices
as we let a run through the 6 OP subgrotps. Also, j, = jp = 4 will give
us the usual 4x4 matrices. It does not appear that Ruhl or Gelfand or

Vilenkin have clearly stated the connection. I wonder what V haswto say on this.
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Wi. Ruehl: "The Loretnz Group and Harmonic Analysis" Benjamin 1970.

(298 pages, written

Sept. 1968)e Chapteri: Definiticis, Notations, Heb. theory. oe
1.1 Poincare group: Mentions;SL(2,C). complex rotatiéns, the various

2. .' subgroups. .Pieces of IG identified. Connection to SL(2,C) is
. creditied to Joos in 1962. No,mention'yet of. representations.

_

‘

1.2/Punctions en groups.. The Shift Representations (reguler reps) are

defined. Tfvarient measurgs. .Functions form a Bariach algebra
- - called the group. algebra. Referenced to Naimark rings. book on

‘ this. He shows existence of invarn meas for s.l.c groups.

1.3 Unitary Reps. Defines usual c-us rep. Irreduciblity. TypeL.~
- groups are definéd (factor reps): Seiisimple "Lie, and certain
- direct product. groups are’all of type I. Centraldecompositionsimply means the type-I. décomposition theorem, and that each

- + continuous component.may contiain smma several irreducibles-(eg, like those labelled by helicity: indi¢es).
7 = 4 rt etait

- 1.5 Induced Representati tan Excellent section:to read later.
5 : Incorporates multiplier reps, ratios of measures; the direct

product. semi analysis,. and ~shows Wigner angle idea. -

Chapter 2: Unitary Reps of Poincare Groups . an

r 2.1 The orbits and their invariant measures, . -
~ .' 2.2 The little groups. 5(2)- is so simple it will be excluded. -

”. 2.3 Boosts for MimeLike. Ofbitg. Here thé ustial “chhonical” and “helicity”
~ - boosts.are defined. Things are done mostly in SL(2,C) matrices. .  _

The Moussa-Stora like covariance wavefunctions are set up.

2.4 Boosts for other orbits. Basically, how do you want to move around
oni the spatelike surfacé,of on lightcone..

2.5 Finite-dim IR's of Si(2,6} (called spinor reps): The matrix elemets
- - ~~ 7D%aa'{a)-are obtained by monbmial. method-ust. as in SU(2) but -

are extended to SL(2,c). The non-equivalance of D and D* causes
there’ to’ be two kinds of reps, dottéd and undotted. Thus, the

. general. spinor rep is (31152) showing how much of each kind. _
Odd that this subject’ is injected. at this point, (ref: Basde Jehile)

: 2.6 Glassteal spinor fields, Interesting! Start with your Moussa
Stora wavefunction ‘and process‘it by applying D(a7),
or Dt. This gives Objects having the trivial covariance
property like Toller's H(a...), rather than a Defunntion
covariance. If you-then-FT these -guys to-x-space, you get

objects which transform ag usual classical free fields!
. ~ ~” 1 tos '

- ~ coe :
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Chapter 3: Representations of S1(2,C). :

This chapter seems like a useful conglomerate of Sciarrino Toller plus ®@
Naimark plus Gelfand et al. Reps ate labelled’by X = (i sO) = (a9)« «= (WGN ii Toller notation. Hoiogéneous functions, ‘ccanonie: ‘basis.

| On page,63.the D functions are. defined,the "central dtfunction ” is
: ~" explicitly written only as.an.intégral.of. elementary functions. Ruhl

uses index q for helicity. Bilinear functionals; equivalence, integer
2 case, Lie Algebra.realization in.z,and 2» Covarialit: operators are

- < 77 “@iscussed.in last. section. ’ rr

— - Ghapter 4: Harmonic Analysis of nice functions on-SL(2sC).

~ “We, nave. here discussion of representations fo tié group algebra, theii
_ _.__.:_ mainly the Plancherel Theorem for, SL(2,C). Shows hoy. thig decomposes

the .regulr representationsinto irreducible components. Generalized

-+ functions, vdistributions.. » ~ 2 ea -
Right “in the middle of this chapter. is a section on secondekind

functions." Ruhl says: "there is no-direct group theoretical meaning of
- _ _ the functions of,thessecond Kind","However,"heis referring to theCentral d and e functions of SL(2,G), not to the SU(i,1) functions.Lots: of-properties of. these. things..are .given (called-a by Toller).

BE analogous to D ‘are also defined. Clearlh Ruhl will need these things
later in his Lorentz pole analysis{\ck~s)

Chapter 5: Representations of SL(2,R).2SU(11). 2. -. e
+ > This~te-more, of Gelfandie: Bilinear. functionals and ao on. Connection

to SU(1,1) is shonw. REps labelled by X= (c,¢). The matrix elements
are giveh on page 144e145, and.syeseatiod o.and C, tather than d and D.Lie generators are given. The.B* series are discussed as induced reps.

. No éontinuous basis. No second-kind functions. (yet)

~ “Ghaptiek 6: Harmonic.-sriélyeis on SL(2.R) . .
Plancherel is derived a 1a Gplgand again. :

+ ~~ = --Section-now on e andnd functions. The c-functions used above are

redefined in the more standard d-functions.. Then the e-dunctions are

-, oo“defined. ALL is in:actord with Andrews: énd.Gunson.”*
ae a 5

7 “Basically this is the same thing.as done by Sciarrino.gnd Toller. The idea
-—> ~ ay ty use this for Lorentz pole reduction.

——~ GsptevIEreggsand Toller,Poles * -
-- ST oe ee ee , -

ler pole = what Toller,calas.a.Lorentz pole. -Ruhl. just défines these
—— —-— objects “it-obvious way, but-does not show-the-famity reductiui idea. T

think the book ‘ended sooner than he had planened, since the Sciarrino

""-—~ “Qoller analysis was presented in last chapter. ®
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otnwar OF MATHEMATICAL PHYSICS VOLUME 4, NUMBER 6 JUNE 1967
josition of the Unitary Irreducible Representations of the |Decomposition of the Unitary IrreducibleI tations of th iteGroup SL Restricted to the Subgroup SU(1, 1) t

——— commande obF
. CSe/ . A. Scrananso . 1 ce;

Istituto di Fisiea e Seuola di Perfezionamento in Fisica, Universita di Roma, Rome, Italy | ne.
- M, Tower . i SL

Intute di Fisica—Universit di Roma, ltuto Naxonale dt Fisca Nileare, Sesion di Roma, Rome, Ualy pa
(Received31 October 1966) :

‘ : re

‘The unitary reducible representationsofthe group SL(2C) belonging to the principal series restricted SLto the subgroup SU(I, 1) are decomposed into a dicect integral of unitary irceducible representations of or
SU(, 1). The matrx’elements of the unitary operator which performs the decomposition are given :explicitly and used to abiain a relation between the matrix elements ofthe unitary irreducible representa- re:
tions of the groups SL2C) and SU(I, 1). Similar identities between the matrix elements of nonunitary int
representations ofthese groups are obtained by means of analytic eqntinuation. The relevance of these ; st
refults to the theory of complex angular momentum and of high energy nearly forwardscattering is
pointed out. : : m

—_——— for
1. INTRODUCTION corresponding to a vanishing four-momentum, ie, | le

RECENTLY various authors'* have suggested and the homogenfous Lorentz group or the corresponding ' terinvestigated a connection between complex $Pinor group SLQC) which is homomorphic to it. ‘ st
angular momentum and the (not necessarily unitary) 19 other words, many considerations lead us to think x
irteducible representations of the Poincaré group that, at vanishing momentum transfer, the expansion ‘ mo
corresponding to a spacelike four-momentum (the i terms of the matrix elements of the representations 1 tio
momentum transfer). These representations are of SL(2C) permits a simpler description of the high- th:
strictly connected to the representations of the little *n€rBy scattering amplitude, v . cal
group corresponding to a spacelike four-momentum, AS the scattering amplitude is an analytic, and , the
fe, the thre-dimensional Lorentz group, or the tetefore coiiauous, function of the momentum .corresponding spinor group, the group SU(I,1) which ansfer, a connection must exist between the SLO)! in
<< homomorphie to it. The scattering amplitude at ¢XPAnsion at vanishing momentum wansfer and the . Hi
©: momentum transfer can be expanded in terms SU(L, 1) expansionfor very small momentum transfer, new‘Of the matrix elements of these representations. This This connectipn takes a more suggestive form if’ we nes

expansion is strictly connected with the expansion ™ake the assiimption (supported by recent research*) oe
obtained by means of the Sommerfeld-Watson that the scatteging amplitude is dominatedin the very- . tentransform. It can be considered as a generalization high-energy région by Regge pole contributions. As
of the partial wave analysis, which is an expansion of Shown in the, above-mentioned papers,cach Regge 2the scattering amplitude at fixed energy in terms of “Bole contribution can be described in terms of the {
the matrix elements of the representations of the 23stix elements of an irreducible nonunitary tepre~ 1
group sU2, / sentation of $U(1,1), Gribov and Volkov" have | lar
thas also been suggested5-7 that, when the momen- Pointed out that, when the momentum tcansfer_van- 'tum transfer vanishes, it is more natural to expand ishes, the various Regge pole contributionscan_no 'the scattering amplitude in terms of the matrix ele- !onger beindependent from each other,but must be t

ments of the representations of the little group {tanged in fafnilies of poles which are displaced from The
one another by integral numbers. However, there is repak

ows lectures in Theoretical Pipi, W. E- Brin. anda large ambiguity in determining the structure of these ane
{N65;-Vol VIIA. 102:L-Stronioand McTolle, NewvoCineato families, so further hypotheses are needed. According =
33, 42 (1864; FT, Hadjounnou, Noovo Gimento 44,185 (1966. to the ideas Sketched above, we suggest that at ? poaewheeraon vue am: 1909 vanishing morhentum transfer the sum of the Regge 4 tieyf £3, Sass, Complen Angvlor Momennun ond Parise Price pole contributions belonging to a family gives rise to aque
Wiecencestee ontinal pape,” 2S Tn Book contains he a contribution hich can be described in terms of an consTM Toller, Nuova Cimento 37, 631 (1965). — ina

TA Tee Ne te rare teeLgrnteGroupanda RT, Putian W. Rar, Pye Rev. 138, B36 1965.
Gepealzaon gf he Rees ole Hypeena” Totus Ge Pea *D;Volaand VR, Gabel 2h hopin. Teor Fi sh N een‘ell UniversitaSi Roma, Report No. 76 (1985). 1068 (1963) (Engish tafsl7 Soviet Phys. JETP 17, 720 (1963). releTM. Toller, "Some Consequences of a Generalization of the" "Y. N. Griboy, Zh. Eksperim. | Teor. Fiz, 43, 1529 (1962), “

Regge-Pote Fiypothenss" Into d Faca dell Univers diRtoma, (English anal: Sdvet Phys JETP 16, 1080 (969. *Repori No. 64 (1963). ‘Volkov and Gpiboy uae a dilfeent assumption. ”
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When j is on the principle series, we see that thesé two functions really do just
differ by. a phase factor, so-they are both unitary reprentations!
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: SIsiN\,Comments on Toller's functions: ‘

-@ 1. First, the functions of andrews and gunson are really best, adapted for SU(2)and the continuation out of SU(2). ‘They have the square roots of gamma functions,
and the“wrong cut structure for ‘SU(1,1) to be convenient. Tollers functions have

all these advantages:. . foe ee ——

costes 3 good cut structure of my P-functioris. ~~ - me _—-- .  -. b) lack ofambiguous. square rogts of gamma functions 22 2 LL
c) simple negate symmetry relation

-— d) they are unitary SUI;1)-matrix elements for -principter-series. © ~~ ~~
~" "~~ oniy"bad aspects mightbe takentober | TT -

_ _ . a).not. defined. for complexhelicity, per se eo.
b) do not simply reduce to Legendre functions, which have lengthy history.

- ~

2, once Toller has selecteda phase convention for his principle series functions, —-
"he must stivk-to tas he-goes~on to define the effects of the“distrete symmttries.

- ~ — Te,-he has a specific algebrata satisfy and he.must produce some functions todo it. He has done all this work for us ih his signature paper.

— —- 3. It is very important, that. these d-funckions are unitary. — -— -
4. Tf I were to try to redo Toller's work using -AG functions, ‘T would have to change
the way that s' is represented, far exemple. So be wary of this. Probably best

e to stick very closely to Toller's functions.

The Teller d-functionfor negative argument; = a
~ “Assumethatj is on the unitary line for principle series. Then j* = —j-1 as
~~

usual. Then you cen show thats ~ | ~

~—- - ko gee pe

-- - a Swe (S).= VDdmQe: ube GSO} 0 =
- -- — TTT — -

I think the correctphilosophyfor_goingto complexj should be: establishthe
_ _ _, above result for j on,the special line, and then continue to general j.. If you
- ~ ~~tY fe continuefirst,you might end up with £(j*) which is not even an analytic
. function. ; . _ Le . . .
- : - - ee -t

— --- cee hoe -
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- —~Gouments: this paper is really not too relevant to my purposes right now. However, it_
does show that there exists the general problem of finding the representations of eo
more compjicated Iie groups. A sensible way is needed, and.I guess the way is the
method of induced representations invented by Mackey. Also, it was nice to see how
things ere analogous to finding the reps of sag SU(3). I could get more out of this
paper by a careful reading, but will shelve it instead.
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‘ Sclarvino and Toller “~ ’ ve ee@ "Décomposition of UIE's of SL(2,C) restridted to su(1,1) ‘-
oP 831252 (1967) : , ne

Section 2i Here the UIR'sof SL(2,C) ‘are found as dn excercige“4n induced representati
theory. The‘subgroup is ‘alled K; its #ép'is a onecdin “yep called L having labels
Mand. ‘The induced ‘rep ‘is called DM ‘and ds ‘usual appeai's as a regular rep with
a little multiplier factor’ (Radon-Nikodyn derivative). The inducing Hep ds called
a covariance ‘condtion as usualy seé 2.17: The norti for the inducéd representation

is an integral over cosets G/K which are dbelied by’ z, but as shown in Naimark or
here, this norm can also be written as an integral over SU(2) asin (2.9). Thus,
(2,17) througi (2.20) tells the story. ‘the ‘reps of $L(Z,C) so obtained in this
way are thie Principle Series ones; ‘recall that these aldne occur in the Plancheral

* Theoret. . . * a ms

-By choosing as basis’ functions the rotation matrices themseyles, one finds

that the SL(2,¢) matrix elements ‘are, when restricted to $U(2), simply these
matrix elenents again. Since you can parametrize any 6 parameter SL(2,c) member

“by uB,up, at follows that’ the full ‘inatrix eletiént appears ‘as in 2.28 withe a single helicity sum. . .

Thése matrix cléménts D(a) dre firdt-Kind “functions in the central variable,
which leads thém to defiiie new objject6 (a) which is second-Kind furiction. Keeping
only. to'the central varidtile, ‘the’ cor'responditig ‘functions‘are “a(g) and a(¢)-

Section 3: Here the usual SU(1,1) theory is reviewed. Here again we have first

Hind functions D(v)’ and a(g),’ ‘arid ‘sédioud Kind fuiétéons Av) and a(g)s- In order
' to tell what” Titictdor you have, Idok" ab ‘itd rep Label “iiiich d's Sénie ‘A for SU(1,1)

but is M\ for SL(2,C).” * he toe

ste Mg ~, ot
Section 4: We open by showing that all of SL(2,C) may be divided into two "double

~cosets" of the form K-b-SU(1,1)~ so-that a .Kby., » For each of ‘thiése cosets a

function is.defined f*(v), eg, on SU(1,1). )These functioris are restrictions of

+ the original f(a).‘of 2.17 and thus maintain some covarishte. In 4.9 it is then
shown that the old.norm for..-function in the space of theinduced.'representation

may be rewritten as a sum over the. double.ctisét lable, and an integration over SU(1,1)
e instead.of.SU(2).» - - wove are) . .

. soe . ew ee ig ath “
:



r

However, by defining projections on SU(1,1) of these coset, functions Ft ,
you can further convert this norm to.am, Plancheral integral as in (4417). r |
Since norms always tell you how a space is decomposing, we get the decoaposition
shown in (4.19).

_. The point isthis: whep you restrigt your representation te SU(1,1) and

ignore the su(2) generator parts, the UIR'g of SL(2,C) haye subspaces which
_ ate invariant with respect to SU(1,1) group action, de, are reducible with

respect to SU(1,1). Of course,these 'UIR's are irreducible with respect to allo,f SL(2,0)+ “Equation (424) shows the Fedueibility of the SL(2,C), UIR's when
they are restricted only to SU(1,1). 5 a

Bqustion (44.26) shows the norm decomposition very directly..
"~" Now; recall that ye had basis functions R(u). In the decomposed space

these appear, under ‘theprojection (4.16), a8 the new functions K. . Thus, the
K are simply images of the original 9 basis functions in the decomposed space.

Section 5: "properties of these “K functdons. ‘The K functions contain a label
which indicates the rep of su(1,1) onto ‘yhich you projected, and ‘a label, J which
was your original basis function lable # . Also, contains a label ) from the
orighnal SL(2,C) rep lables.— a a . e

. As usual, K is written interms of a second-kind-like function E which‘
hag better behavior in right-half X-plane, Both functions K andB are verymessy finite sums of G-functions, Meier. “The functions K have two pole~chains
just like my Q functions in variables or \.

Section 6: The main result of section 4 was that the actual SL(2,¢) matrix
_ elements, when restricted to SU(1)1), may be written in terms, of the usual SU(1,1)

matrix elements, See either (4.210) or (4.27). Roughly:

Dy) AS «Nek.
~ This, equation is the, starting-point of section 6.-If you dump the discrete series

terms (later justified), the. above-integral is essentially-a vertical L— plane

integration. The parameter) -is usually imaginary, but if you want \. to wander
around, you an; continue. (6.3). by deforming:contounaround poles: as needed. There
are 6 poles chains, as shown in.figure le .) » x 1

But being able to gontinue-in }, is not-really the main:point heres With ,,
the contour still at Re(Q) = -4, they réplace the firstkind SU(1,1) function e
D wdth the second-kind function they cafl a*- 4. -then our formula for DYYy)
appears as in (6,13),

q



Sclarrino and Toller, page 2

Now the idea is to shift the )- contour to the left, picking up the threee. kinds of residues on the three pole chains shown in figure 1. Thus, you

get formila (6.15) which gives an, asymptotic expansion of the SL(2,C) group
function restricted to SU(1,1), in terms of second-kind SU(1,1) group functions

A. Finally, you break the left side intoD= {, + ufu, de, you break the
restricted SL(2,C) function’into its two natrual pieces of second kind. The

result is an asymptotic expansion for in terms of \, See (6.18).
4n interesting side note is that the dixzcrete series terms are exactly

cancelled by the kinemaic SU(1,1) Plancheral poles. I am used to ssing this happen

and this 1s no surprise (see (6.17).

Section 7: Now comes the raison d'etre of this paper. At t=0 you know that

a rege pole will be a Lorentz-pole in the, complex plane, where is the

label of the SL(2,C) IR's, analogoug to | for the case t{0. The contribution

of this Lorentz pole to the scattering amplitude will be as in (7.2), ie

amp(a) ~ #2 (a) where now is the, location of the Lorentz pole, ie,
some complex number.

By inserting the magic formula (6.18) for& in terms ofa series ofe functions, you get (7.3) which shows, evidently, a whole family of Regge poles

associated with this one Lorentz-pole.

4n important point is that the reggé-residues so obtained factorize,
assuming that the Lorentz pole factorizes. Toller notes that this result is

non-trivial. i

Section 1: Introduction Toller im his Rome house reports 76 and 8 (1965) —
neither of which are. in the vault because it does not go back that far — hes

propsed the. notion of Lorentz pales at t=0. But Volkov and Gribov pointed out

a similar notion in 1963, that at t=O regge poles must_be somehow correlated to
get analybicity.

:

I would assume Toller has more to sdy ebout Loretnz polesin other papers.

'

@
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Comments on the t0 diagohslization of the NPE.

vu 1. The way I know how to understand diagonalization is via the addition theorem/
invariant measure/ convolution concept. The idea is to write each amplitude

as a function of its little group, and this then gives the overall convalution

form. For + 0 the properframes are the CDM frames, Naively you end up

with a TST configuration, but I have changed that to SSS in order to be able
to diagonalize via the second-kind addition theorem,

2. For the t=0 case, a similar result follows. The correct frames may now be

taken as the lower Toller or BCP frames. Again, as shown on next page, you
7

would like the 0(3) . 0(2,1) , 0(3) configuration, which is analogous to

the TST, As before, this will require mixed-basis SL(2,C) matrix elements

on one side. Perhaps the situation can be cured by going to a full SO(2,1)

side-basis throughout. Then the game would be to find the addition theorem

for these second-kind functions.

3. The ASF equation is a very symmetric and special base, so it can be

diagonalized without knowing the full theory, If yow can guess the right

iw) projection, then you can prove the diagonalization, just as in the , (chs)
case. Do to the lack of dependences, the correct projection function will

be the central harmonic which I might call aQ&)(§) = 6%/shy. This is
the symmetric limit of the second-kind function; note that aBoG) = sh(xy )/shg
and thus does not allow continuatim off into the right half X—plane. This

4 function is given in Ruhl,

4. Where does the concept of "surface" enter? When the MPE d4q 4-nonentum
is written in terms of group variables, we may visualize q” or part of it

(the versor) as movingm a surface. The points on this surface are then

labelled by variables which are group variables, but not all of them, as

in dX, or d(hv )ag , or aQag for SL(2,C). This surface may be used
as a homogeneous space for group representations; then its "harmonics" will

serve as basis functions, and its meausre will give a scalar product.

5» Recall that you can always do your group reps on a homogeneous space, and

these are always G/H in form; you do not have to involved induced representations

Uu to talk about such spaces. For general O(n,1) groups, I gather it is conventient
to always work on hyperboloids as the homo spaces.
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N=1. Eigenfunction Expansions Associated with the Second-Order Invariant
" Operator on Hyperboloids and Cones. IIThere the

soineides N, Lumé,* J. Niepeace,t AND R. RAczKAS
International Center for Theoretical Physics, Trieste, Hal) uysrom the

csirat the : (Reczived 14 July 1966)
We then y .

‘The eigenfunction expansions associated with the second-order invariant operatoron hyperbolids
and sone ae dvd, The global unitary educbe representations ofthe 80g) groups related2 to hyperboloids and conés are obtained. ‘The decomposition of the quasi-regular fepresentations into“P)
the itreducble ones i given and the connection with the Mautner theorem aed nuclear spetral theory

a) is discussed,

46) 1, INTRODUCTION expansion theory associated with an ordinary second« crystal TN,2t 8 priout_workst* the most degen. order diferent equstion, -to the erate irreducible infinitesimal representations of _In Sec. 2 the review of the main results in the form“heat” an arbitrary noncompact rotation group SOg(p,g) convenient for applications is given. The other
system. have been derived. These representations have Sections are devoted to the proofs. Thus Sec. 3

weuliar. been related to the homogeneous spaces SOx(p,q)/ contains the proof of the essential self-adjointness of
should SOdp ~ 1,g), SOe(p, gh/SOu(p. 4 — 1), and SO;(p, q)) the Laplace-Beltrami operator on the linear manifold
faving Te+#-2 [5] SO(p — 1,g ~ 1) which can be represented D(X), which was introduced earlier.? The proofof theweregses

by the hyperboloids Hz, Hg and by the cone Cs, completeness of the harmonic functions which werei” "respectively. These homogeneous spaces are of rank’ constructedin our previous papers is given in Sec. 4.ing-as . one under the action of the group. The' infinitesimal In Sec. $ we prove’the unittrty and irreducibility ofin
the representations have been constructed by means of the representations of the group SO,(p,9) and considerso ends the sets of harmonic functions associated with the the decomposition of the quasi-regular representationsorvoirs, second-order invariant operators related to the into irreducible ones. In Sec. 6 we show an interesting

verature above-mentioned manifolds. connection of our approach to the- eigenfunction
For a ‘The completeness of these sets of harmonic fune- €Xpansion and the general theory of the eigenfunction
would tions has been proved in the present work by. using ¢xpansion developed by Gel'fand and Kostiuchenko,?

vnal to f+ the classical Titchmarsh*-Kodaira® eigenfunction Maurin,* and Garding.? Appendix I contains some
1e teme ee ; ; auxiliary computations. In Appendix Il we review the

‘Academy of Sciences, Prague, group SO(p).°. “yi, lave of absence from Insitute of Nuclear Research7”
ia : 2, REVIEW OF MOST DEGENERATE.AR. Racaka, N. Limit, and J. Niederle,J. Math, Phys! 7, 18610, 0305. v7, REPRESENTATIONS OF S0,(p,9) GROUPS
#N. Limi. Niederle, and R. Rgcoka,2. Math, Phys 7, 2026 ;(1966).

We have considered in our previous papers* threesphere andteasof te compact SOC) group eclated x0 homogeneous spaces X of rank one under the action9. Bils Lobachevski space (H} in our notation) are given in the book by af the noncompact rotation group SOe(p, q) (see (2.2)!

Nod, viene: “Sect Famclons and Reciaay, UP Repre- and (4.1)*]. They can be represented by the hyper-Force ‘For example, the representations of some lowerdimensional boloids H? and H¢ and the cone C3:08-66, TOM, Page ined Varga Ams Nth 45051 Math. Phys. Ve Bargmann, Ann. Math. ye yt (et nopGs4n; 6.6"Botiatand 13, Olambiag, "United Representations (3')* H ° + (YF ~ (xP*)Pvs= (PYate Roialon andLornig+Groep, Unvaay + ; ;St Buenos Aires (1968) 3, Diamir, Bull Sov, Math, France 8, a
(oen) A. Z Delgnow, Soves Phys JETP 3, $89 (1936): AZ for the hyperboloid #7, p > 4,olginov

and J. N. Topiysin, ibid. 10,1022 (1960); A: Z. Dalginov »oN ‘Mostale,a Tace (0360), 3.8 Ehrman, Pow =| 0 forthe cone C3, Qn)Cambridge Pil Soe. 53,90 (1956); NT. Evans,j. Math Phys 8, ,e 190969}: A. Kiberg Arkiv Fytk 3,379 C0968), 2811 (1968) —1 for the hyperboloid H3, p> q.
and 30, 121 (i965); A Kihthergand S, Str, Arkiv Fysk $1,491 ——_—(1966).

Kiberg, vid. 30,°121 (1965); L. H. Thomas, Ann. 71, M, Gelfand and A, G. Kostivchenko, Dokl. Akad. NaukMath 42,113 (981) ‘SSSR 103, 349 (1955).§ EC. Titchmarsh, Figenfunction Expansions (Clarendon Press, * K. Maurin, Bull, Aced, Polon, Sci, 7,471 (1959).Oxford, England, 1962), Fant +L. Gheding, ‘Seminar on Applied Mathematics, Rouler,
‘SK: Kodaira, Am. 3. Math. 7, 921 (1949) Colorado (959), pp. 1-30.
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Fine going through the pointz— O at the angle 27/3 in the direction of the greatest |increase (arg z= 2/3) and decrease (arg z= —7/3) of these functions. The 5
property (A.9) for/,(z) presupposes that the cutis made along the arg z = 2n/3 line. Laplace Transform Diagonalization of

Forward Scattering Absorptive Part Equations*
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read on 2/2/77

AS ‘72 paper. .

@ 1.Introduction. Same overall astructure as their last paper. Usual remarks about
the NSI problem and How they resolve it; spacelike mémente; spinors to comé.

2:Prepare Integral Equ. The group variables are set up. Special L(h) diagonal
spin wavefunctions are selected. Matrix elements ate defined. The double-propagator
is defined and expanded onto the ‘basis wavefunctions. ‘The Clebsh's are

_ handled. ‘hen the dust clears, we have equation (590.5) where the central
variable dependence has been isolated, etc, ete. I have madé detailed notes

- on most of this spparately. -

3. Laplace Transform. Projections onto the e functions are defined, and the
integral equation is diagonalizaed using the second-kind addition theorem
in terms of these e-functions, the result is. given in (592.5). Section ends
with comment about the quantum number M = Jo+

4. Discussion. Mention two possible applications: deep inelastic and regge
intlusive’ stuff.

AppA: spinore wavefunctions in strange basis

AppB: 0(3,1) group theory (see notes).



Setup of integral equation.

e 1. I will just plug along and try to do this myself to see what happens.

‘ RY RUR Roy we RU RU
ae) ig Mupuk) — & ae eke bey):

5 x > ia
This is my choice for copvolution kinematics. «, 614) is really (j4§,¥) of olde.

2. The particles each carry a spin function. “These wavefunctions are chocen to
Giagonalize Jz and also to transform according to 0(2,1) finite dimensional
representations. Thus we get (588.5). of AS." aoa ‘ ;

Note the analogy to the simpler ca&e. There, tlie ‘basis spin functions were

chosen to transform simply with the side group which was simply K, . Here thesice group is a full 0(2,1). I wonder if they. might consider usifig the continous
basis param for this side group... for my problem it might be better,

: (or) 5 mo, -WC) = WIL anata pasta spin
e oWG) = proamak A Swe suck Sp womrejenchine«

Se) (S- (sy) :ia Gee) = WO AG) ATO) \ | ,
3. As usual, 1t will bs important to know how everything transforms under LP.

(ny 4 (hw)
wg dep)= SL DawGW) WY Ce) he os)

: - pin wutey WX omablashe).

Dwiad: dole do Woo ds5, ; i)@ (sis) ©) @ (3)
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6) “8 oO . e
U'Cary = LE @)

<6) ss (8)Wd= LO\Way = ZLB TO W"'@
The point to be made here is that for general g, L(g) is a matrix in spinor index .
space; but for spécial case of h = (2,1), Z(n) is diagonal in this space although
it shuffled the spin label, ie, nondiagonal in spin J, label space me

Qu any rate, we now know How everything transforms, and we Have used theseansformation' properties to isoldted the..centtal’ Variable dependence of the

amplitudes which appear, in the equation. |, : _
of course to redlly make. this work, we have to be able’ to expand-the double

propagact_in a consistent way. This means: ~*

PI) = LAROLA
Si). WH) donk Hae

J P@= 2G. W@W)
,

: . Qe) — Gr) e
age pote RMe)ap = Zz. WER WOO) Gao.

Do not confuse this with the sum in a completeness relation, Ie, in-simpler case
sum was sum on}, but was not the usual completeness imaginary integral. Here
this is definitely a finite sum. In fact, for spinor or vector, this double
sum is still only a sum over 4 com ponentz. Its just a fancy way to rearrange things.
Actual components are shown in appendix A.

Ga)integral equation now looks like this: oot
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This is of course exactly the same thing we got before. Everything fells into

its proper place. If you want to expose all the D-functions, you could do so to a)
’ : . rt
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6. T think 4 might be clesrer to use the form of the integral equation given
ini 5 above ‘ahd comé"up with sole Super addition thedrem for 0(3,1). But the

‘catch is that this addition theorem has to be in the continuous basis somehow.
‘his is done in the appendix. . a

aea (50.3). Recall Wak Woyarene
ak We 2 © ow US Woo, QQarsdl’'s hoffled,
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Comment: note that Pia defined above is the Casimir of 0(2,1), but is not one
of the casimirs of 0(3,1) because those casimirs are J.K and J@-K2 , In partichlar,
J? does not ‘commute with K3. That. is why £ and §° are not set mmuakix equal
in the above matrix element?

On the other hand, Kg does commutge with J39 so we-get m= m'. So:

In terms of the bivalued indices a and a', there are four such matrix elements,
but as usual matrix is triangular.for positive boost, and AS just look at the
-- element. They identify:
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So Here we see that result I have always suspected, despite Ruhl's comment:
the Toller second-kind function is actually the matrix element of the central

boost of 0(3,1) when you work in-a basis with 0(2,1) diagonalized. Thus: 6
\

y= wee ;
Gn) .. 2

Va Be ¢ %) = .
. Cpl Cyr)&) . « pe .

= . % )Verestar (BS) = Ze ZN mi, Dawwssite () Dawe
Pause to remark: this is the group preoperty of these new functions. The complete
Plancheral measure of 0(2,1) appears inside. We mayxrea m ant a xumsxas. I
imagine thaét the principle series of 0(3,1) representations, when doné in this
0(2,1) basis rather than the usual 0(3) ba&és, has a bivalued multiplicity
indiex. This same index arises when you treat 0(2,1) in the O(1,1) baisis, rather
than the usual 0(2) basis. Exactly the same thing, dammit. Hyperbolbid Have
two sides.

This ts the -analog to my second-kind-addition theorem: This reduction should
be symbolized thusly: .

(351) D_ (21) > _0f2) e
The general group element is this:
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‘This tells you the matrix elements of 0(3,1) for the principle series in the
«0(2,1) to 0(2) reduction. When a = at =~ , you get the AS e function which
.,i8 the same as the’ Toller second kind function.

In the more standard 0(3) to 0(2) reduction, the above formula in Ruhl
would be something like:
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The big"difference of course is that in this case the. central function is
a first kind function instead of the dexired second kind function.

44, If z-boosts are kept positive, I pet that hgh’ defines a semigroup in
0(3,1). Since the 2x2 matrix is triangular, we will get the following

e addition theorem in the — sector, say:
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This is the true 0(3,1) analog of my second-Kind addition theorem on the
semigroup. . :

. Note: no doubt the {0 equation miltiperipheral is supported on this semigroup
which 1s the same as a coset space. Theh this addition theorém will diagonalize
the t=o equation. Diagonalized equation looks just-like the addition theorem.
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(3232 (Se[BZ wPw: as oy]Ep How are we going to combine these D-funatjons? Remember that D> has %
ng on values appropriate for the UIR's of SU(1,1), whereas these other

D's are products of finite dimensional ¥&R IR's of SU(1,1).

It should be clear by row that }. is the total angular monientum’ flowing across@ or into the left blob, so somehow it is correct to Clebsh the upper and lower
spin states. AS couple things with SO(2,1) FDR BLbeshes on page 590 and footnote 8.
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Basically all we are doing is pre-combining the two particles on each side

intoa single 0(2,1) representation using Clebshes.
Now, what. happens when we insért this same expansion, three. times into the
integral equation?
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. This then is my view of AS equation (590.5). The clebschization has been
performed. Of course they choose h.= h' = e so you dont see the d functions

- on the left hand side, Note, that there are no CGC's in this equation,

and that there are 3 D functions on the right side. As usual, hy" =e due
to frames set up.

5. Having completed the Clebshing, we now proceed with the diagonalization.
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\ Now we have a clearer view of the problem we are up against. The left 0(2,1)
group integral has been doctoried up to full group integral. The problem is
thet, strictly spaeking, & takes 4 value that is complex, principle series
of 0(2,1), say, whereas dj, tends to be real, as for a FDR of 0(2,1), so not
very clear what you get in such an integration.

Conjecture: these integrations give zero unless | = J, = a value in the discrete
series of 0(2,1). Recall that the addition theorem does have full 0(2,1)
‘Plancheral contributions. Then:
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e@ Here we are about to see the action happen. The addition theorem measurecontains a helicity sum plus the full Plencheralfor 0(2,1). BUT, the deltfunctin insid ehte projection of I(go) is going to freeze 1" at a value equatl

to d,. (which happens to be in the efecrete seris); Of course this variable
is sGill summed over as you see on top of last page. I guess the helcity
sum gets handled somehow and you are left with:
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looking at projections on page 591, and considep{ng that J, conmtes with Ky,we get helicity locking as I earljef suspected in that picture > so that:
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I have ‘of course not really done things right, but I get the idea: my general ~
semigroup addition theorem diagonalizes the equation, and then because of
its special form, the projections are very simple and the j-integration goes

. away and is replaced with the J, sun that appearéd in the clebshization,
® As usual, AS succeed by brute forme, but they do not show elegance. There is

something else going on here, the way that j~integral was replaced with a
J-sum must be more than coincidence. Must be a better way to explain this!


