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Part I Abers and Lee notes:

E¥" ©) ounnary of introduction.
1) gauge invariance in classical field theory, summary.

2) Spontaneously broken symmetries a) gauge theory review sheet,
a) notes on Goldston Theorem

3) Higgs mechanism, summary
a) Higgs technique page

4) weak interaction phenomenology, summary

5) more of same, summary

6) more of same, summary
a) page on PCAC

7) Weinberg-Salam model, summary

8) phenom. of the W-S model, suimary

8b) inclusion of hadrons in such models

9) heavy lepton models to avoid Zvv vertex.

10) model building, fast review to literature

Addon: notes from my own talk on this mubject given in 1975.3 norloceh~,
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UI QUANTIZATION AND RENORMALIZATION OF GAUGE THEORIES
a LLPath integral quantization ”-

4 ‘One fects a5 Cavatieri must have felt calculating the .

4 ‘lume of 2 prtamid before the invention ofthe calcul.
z RP. Feynman

4 (2) _Inthis seetion we develop the quantization procedure based on the notion of path integration.
Ff gose The Fist hint of this procedure appeared in 4 paper by Dirac in 1933; the method was perfected
if by Feynman in 1948, We shall first consider a quantum mechanical system with one degree of4
ae freedom, and generalize to quantum field theory in the next section iz Bie _Let Ig, fy bethe Heisenberg picture state vector describing a state which at time i an eiger-“g state of the coordinate Q,, with eigenvalue q: (Hrsttvan npc -asgendenety — -

a NAO =a Oy- = FE) NAHtY, i
" (0) =e Q.e-U, . any 4
ee

eo, where Q, isthe time-independent position operdtor iri the Schroedinger picture; and H in the ex-B
ponent is the Hamiltonian. The state “ “

i Igy seg. ty
|

: is an eigenstate of Q, with eigenvalue q!

3 0,14) = lq

‘

ag .
3 and (

‘i .4 1g. =e*#iqy. (1.2y |
4 The transformation matrix element

: Fd’, = la’ #19, Dy = (q'lexp(—iH(t' — O} 1g) (1.3) :
al 2 playsa fundamental role in quantum mechanics. We are going to express F(q’, t';q. f'asa path

ier integral. We shall subdivide the time interval into + 1 equal segments, and define =

Be alett re(n+Dete. aa)
# ~ We make use of the completeness of the state vectors Iq,. f,) to write -

a Fd’ tq. = Sdaqulen foals) finfbagltaXa’s tain tne tants bao fg, 02.115) 4 ; 1
y. Here and in the following, we shall drop the subscript-H and understand the state Ig, ¢) to mean

3 that in the Heisenberg picture. For sufficiently-large n, the time interval ¢, — f,_, can be made as
E: i

‘ L= Saget [git &><9C), it . '
i TTT TOD) och eT OR TOM PTOUsci
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Index for Notes filed under Abers and Lee

GL): original, old notes taken om Sections 11 thra 15, not very useful.

2) Sectiom 11 summary: "path integral quantization" ( reguhar QM)

a) about the state /x,t)
th) relation of /x,t) to Greens Function = Propagator
c) comments about path integral idea
a) actual construction of path integral rep of a propagator = Greens
e) details of the harmonic oscilldor example of using path integrals.
f) derivations of many equations in section 1l.

3) Seotiom 12 summary: “path integrals and field theory"

4) Section 13 summary: " Yang-Mills in the Coulomb gauge

§) Section 14 summary: " Intuitive Approach to Quantizatiom of Gauge theory "

a) the ghost loop expansion business
b) proof of relatior (16.6), ie, connected Greens fctns and the Z(J) object.

6) Section 15 summary: " equivalence of Landau and Coulomb gauge"

a) functional derivative facts

7): Section 16 summary: "proper vertices and affective potential, eto.”fe) a) show (16,26), the power counting rule
bd) algebra for section 16

8) Section 17 summary: renormalization in the ¢~ model

9) Section 18 summary: the BPHZ renormalization program

a) caleulating §, and basic ideas.

10) Section 19 summary: dimensional regularizing Feynman integrals

11) Section 20 summary: Feynman Rules and Renorm, in SSB Gauge Theories (Landau gauge)

12) Section 21 sunmary: the Rg gauges and various kinds of ghosts

13) Section 22 summary: proof that S-matrix does not depend on gauge paramter§(and therefore no ghost poles in S~matrix)

14) Section 23 summary: computation of weak corrections to muon anom-moment in
the Coleman ~Glashow model.
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9 This is just the first 13 long sections which comprise the second part of Abers
and Lee's review of gauge theory. I found the section very difficult, Many things I
cannot derive without much work. This is the second time I have read this, last’ time
was long time ago with Hassam Arfai.

I have decomposed the section into’ subsections because so much information
is present here. The general domain here is first-quantized physics, like a first

quantized harmonic oscillator. There are bras and kets’ and operators. There are Operators
like H the hamiltonian. Things are dont mainly in the Heisenberg-States picture. The

“systen" of interest is described in this section by one coordinate g, operator Q. Thus,
. there are no lagrangian densities, no field theory at all.

.

If we divide physics into these areas: classigal physics, quantum physics,
classical field theory, quantum @ield theory, then this section falls into the second

area. Path integrals are always about amplitudes, and that always means quantum physics.

I presume that in the next section we will go vver to quantum field theory by making _
these changes: corrdinate operator Q replaced by field operator J(x). Lagrangian

replaced by sxaxekimex space integral of Lagrangian density. Otherwise I’bet thingsro) are much the same, but I have not read that section yet. :
:

(a)_Path integral idea. Amplitude to go from here to there is divided into little times.

At each time, you integrate over all possible positions. Hence (11.5) Since time
evolution of a Heisenberg state may be written in the form (11.2), you can write the

* amplitude to move a little bit in time as in (11.9). Notice that things were converted

to Scrodinger states and the Hamiltonian operator was put in in terms of Schrodinger
operators P and Q, although this was never’ stated.

The main point of (11.9) is that you have expressed a quantum amplitude in terms

of the c-number classical hamiltonian. Since each‘mini-amplitude is a p integration,

when you stick all these into (11.5), you get the key result (11.11), Again, this
gives the amplitude to go from here to there, a‘finite distance, in terms of the

classical c-numbér Hamiltonian H(p,q). The price paid to get this result however

is a rether complicated calculational structure , namely the path intégral.

In certain simple cases where H(p,q) has simple form, you can execute all the
dp integrations and get the same amplitude as a "path integral" [dq] only of the

@ phasor whose phase is the classical action , ie, time integral of the lagrangian.re) Remember, this action is called classical only when you put in the classical trajectory
a(t).



(b) In cases where the Hamiltonian does not heve the simple form of 4p” + V(q), you
can still do the [dp] integration and come up with an effective ‘Jagrangian and therefore
an effective action under your time [dq] integration. A famous calculation along this {oy
line was that of Yang and Lee in 1962, It seems obvious that you can always find. an
effective action, because you Just do the dp. integrals and see what results.

(c) Here we find a stunning result:. it is very easy to write the matrix element between
two atates ( here just Heisenberg q-states, but in general any states) of a time ordered
product of coprdinate operators. Ususally it has been my experience that the time

ordering complicated things, but here it makes the result very simple. You start with

the path-integral representation of the (q't'/qt) amplitude. You spread it appart.ang
stick in as many Q operators as you want, all in a[f0P| In the path integral represntation,
all you need do is insert regular c-number qoordinate functions like a(t,). Again, you
see the role of the path-integral as converting from quantum mechanics to classical

|

mechanics.
.

(a) Here we discuss,the idea of adding a. source term J(t) a(t) to that Hamiltonian in
the exponent. In the harmonic oscialltor, J(t) is precisly the driving function or
external force. Of course J(t)is a c-number function. just like everything else up
there in the exponent. [@)

. You can go on to compute the amplitude in the presence of this source term.’ As

“a path integral, it is (11,29), big deal. ‘The precise definition of W[J]is the
amplitude for system to stay in ground state under presence of J. Ground state means
loweset energy state , eigenstate of hamiltonian H, so JQ is a perturbstion if you like.
However, then end-twist integrations that convert from (0/0)? to (at/q) are in
effect multipliciative constants, once you take certain large time limits. Hence you

get result (11.35) which shows W[J] as the [dq] integral of the effective lagrangian
deal with the source added in there. :

,

The usefulness of the generating function W(J) is that if you teke its functional
derivatives with respect to the source, you generate,after setting J=0,-the matrix
elements of time ordezed products. In field theory, these will of course be the
Greens Functions. So W(J) is the Greens Functions generating functions.

(e) One slightly unpleasant aspect of the W(J) thing is that you end up having to put

large imaginary time limits on $bur action integral rather than reel limits. This is
avoided when you deal instead with the, Buclidean version. Just compare (11,35) and

(11.36) to see the @ifference between the regular and euclidean generating functions.: Ga
The its are very important in the difference. In the case of Wz you have regulr real

time infinite endpoints.



(f) The final subsection works out the harmonic osciallator example. Any example is :
of course defined by its lagrangian or hamiltonian. So take this big machine and

CO) itiect the Lagrangian (11.38) and turn the crank, First off, you can calculate the
thing (q'/a)" explicitly. The answer is given in (11.0) and (11.41) and T'11 bet
this is one bun-buster excercise.

Next, you fold in the ground state for the H.0. to get the exact x W[J]
generating function, Answer tekes the stupendously simple form shown in (11.45). No
doubt I could do this entire calculation in detail. You can see that if you take

the second derivative of this w[J] you ere going to get the propagator D,. I dont
really know how to interpret this " time propagator" because we are not in quantum
field theory, we are just in quantum physics. The form is very suggestive, I'm sure
Feynam has some words on this thing.

Notice that the true propagator has phasing expentntials.

Now the whole thing is redone in the Euclidean case. The trick is used here

for the first time ob observing that W[J] is essentially the exponentiated classical
action, Ie, if you put in the calssical trajectory, the correction vanishes to first
order. As far as J-dependence is concerned, the rest is just a constant. So we
are down to (11.52).

Next, how to compute the classical action? The classical trajectory is foundfe) by solving the driven harmonic oscillatro equation, ie, (11.53). The solution is given
in (11.56), and now you see that Dg is a Green's function in the differential equation
sense, IB, it solves (11.54). But this euclidean thing has no phase in it, totally
dampt.

So, having found the classical trajectory q(t), you dump that back into Ss,and
compute the Euclidean classical action S,(4,)+ This gives (11.57) . SinceW(J) is the same as this expo'd classieal action, you get (11.58).

Either way, you get the same basic form for the generating function, and you
see what happens if you take a second functional derivative and set 0= 0.

Now I see the meaning of the propagator D: it is just the solution to the
harmonic oscialltor in the absence of source J. Ie, the propagator is the “free

Propagator" which describes how the system moves with no perturbation. Same concept
is used in quantum field theory.

6
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_. _3+ Path Integral Quantization, _ comments, a ee ee

ie) 1. The Greens function or propagator contains all the information =
"~77 "> df the Hamiltonian, To Find G, you cai write out the differential

:_ Green's equation, putting in E(p,x) wherep = id/dx. Ie, the fact.~ that (pedo is already built into ordinary Schrodinger equation quantum
-- -- -- mechanics... we wee nee ee

With the Hamidtonian, we have a differential equation for wavefunctions,

- --- - +--+ with G we have an integral equation-for —the-wavefunctions, big deat. The
: physics is the same. The integral equation is more useful, however, for
| scattering probleiis and thereforeFor particle physics in general.
* 2, All the above has no connection with "second-quantization", which is

- .-. =. #0 say, with theories which allow the creation anddestructéonof particles.In regular Schrodinger theory, even in inggral form with G functions, you
- have only -wavefunetions, ne field-operaters-in-a-Fock space. -9f course

you oan interpret the Sch theory as the 1 particle sector of the second~
—-> > - => > quantized theory.

So, the above stuff has only to do with "first-quantizetion", the~
, | fact that (p,»x) 40. Second quantizatiom usually proceeds by interpreting

_ the field operator as a "coordinate" and saying (i, be) #0. Butin _.
the present context, coordinate means x, has nothing to do with field

ee - operators. = - :

3. The Green's Function G(x,t; x',t') is therefore an object in the realm[o) } of first-quantized physiéwW, ie, Fégular quantum mechanics. “We Gan compute”
G by dealing with a “quantized” Hamiltonian H(p=id/éx, x). However, there _7

; is a trick for directly computing the propagator G in terms of the

- --.— ~{.--lassical Hamiltonian H(p,q). Of course you get the sameresult.The  -'
trick is just playing with the /x,t) states and has the name "path

wees 1 --dntegral techhique’. Since-you calculate quantum mechanical stuff directly
. from classical H, you are in effect performing "first-quantization", hence

“ooo coo => =the name"path ittegral quantization. -
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Harmonic Oscillator as Application of Path Integral Technique.

fo) 1. One problem you can do is to compute the propagator G(x',t':x,t) in
regular quantum mechanics taking as your Hamiltonian a particle in a harmonic |

potential well with an added driving force term, This is a path integral

calculation, if you like, and you can do the whole thing in detail; the

-answer is quoted in Abers and Lee. This example shows how you can compute

a quantum amplitude (the propagator) in terms of the classical action.

2. But here we are more interested in computing the generating functional

called W(J).° Roughly speaking, this is the limit T= +i of the propagator.

Rigorously it is the ground state to ground state amppitude. If we db not care

about mltiplicative factors, then we can use Colemans vulgar gaussian

path integral idea to see what we get.

3. The exact result is derived on page 68 of AL. Ie, take the exact Feynman

Hibbs quantum propagator and fold in ground states, then take time limits.

Result is (11.45) which is also the result I wila get below.

4. My first method is to identify the operator & by immediately rotating

the contour with no variable change. Then I apply Sidney's forma add

fo) get an answer. The problem with this method is that
a) the integral is in fact phasing, not a dying gaussian, so the whole

thing is questionable.b) that fact causes you to need an extra rule to define your propagator.
You have to let, be a little below real aris.

5. The second method is different. Here, I actually change variables ad get
something that looks more like a gaussian. The operator M is different, ad
there is no longer an ambiguity. This is the Euclidean method.

6, But either way works fine; the Euclidean thing just serves to define more

clearly what you are really doing/

7. So this example is a combimtion of Abers Lee with Colemans integral trick.

The transition to field theory is made by Coleman, ond he redoes everything

with a free Kelin-Gordan field plus source (field theory analog of harmonic

oscillator + source). Of course now you see d4x stuff, and things are

covariant.
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‘Section 12: Path Integral Formulation for Field Theory

(eo) ‘The basic path integral formula for the generating function is given in (12.2).
It shows integration over both the fields and the canonical field momentte. The

argument of the action here is really the Lagrangian written in terms of the p and a.

In certain cases, you can do the p integrations to get the more standard form (12.9)

which Coleman uses.

‘The Euclidean stuff is mentioned here. You have to regularize these integrals

by Wick rotation and so on.

The two kinds of generators W(J) and Z(J) are defined, and their relation to

"connected" feynman diagarams is stated. Greens functions are written as j derivatives

in the usual way.

On page 74 the field integrations are attempted. The characteristic determinant

appears out front, and you get the standard form J x Prop x J in the exponent. In

fact, the propagator is even written as K"' which I like. This was a free field case.
For the interacting case, they do the standard trick of an operator on the

free action as in (12.16). I was once very confused as to why this is the Feynman

rules, but studying Colamna notes straightened this out. I think the rules are

more obvious in the d/df notation. The fact that there is no need for a Wick theoremfo) is mentioned, and now I understnad the remark.

We will not go into anti-commuting c-numbers. Apparantly just a minor technical

detail.

le)



Section 13: Yang-Mills in the Coulomb gauge. .

a) Standard Quantization, :

.

6 T. Pirst, the YM Lagrangian is written in the usual way, only YM fields oresent. However,
the F and A ave treated as independent objects. Of course this means ‘that the Euler
equation on the F-will set them equal to expected object as in (13.3). Under local
gauge trensformations, F-transforms as a simple isovector as in (13.2), whereas A
goes as an-isovector with the little extra piece. The u(x) are the gauge functions.

2, Consider all the Euler equations. Separate out-those which have time derivative, see

(13.5) and (13.6). Computing the momenta, you find that F,, are momenta of A;, but
the momentum of Ay vanishes, thus A, is a dependent variable; just as in QED.

3. Now look at t eh constraint equations. (13.8) clearly tells you that F,, are dependent
variables determined completely by the Aj. Then (13.9) puts a condition afl the Poy
variables so that not all three of them are independent. If the F,; are not all
independent, then their corresponding fields A, cannot be indépendént. So‘you impose
some Kind of gauge condition on A, here just the usual Coulomb gauge that divA=0, (13.10).

~ he So only the tranaverse piece of Ay is true variables. I think you catt just. set a 20as was done in BD.” So, break F,; into T and L pieces as in (3.113. The quantity F .§L)
=F; has no curl, and may theréfore be written as a gradient of some f as in (13.18).
So the thing f is like the electrestatic potential. And then Fp is called E. *
5. Whst goes on here? The true canonical variables are #4 E, and A,=A," . So you want
to solve equation (13.13) for the potential f. You ga ahead and solve this by the
Green's method to get f as in (13.15). Then once we know f, we get F, from (13.12).

Finally, you write down (13.17) and solve for A, agein by a greens method. -So-I-was.0 wrong_in-seying-thet-Aq—=-0;-but-maybe-you-eouldstill _gauge-it-aways hte Ay.
6. Summary to this point: for the Yang Mills Lagrangian, we have identified the fields
which ere Independent and which we wafit to quanktize. Allthe ‘other fields are dependent:

>? or ate =oAQ) AL=

Ac ond Apso so fuk YeAr =O, Cotes gangXS
ue fad,

2 aT >

Ct E:= B= coupagshe mcemanben be Ay.

E LOlver Jiode aa: ot a (N82) anh (1305)
ivjoe (3:8)
R via 3.4)

7. Next, they compute the Hamiltonian and get (13.20) which looks right.

6 8. The vrocedure up to this point was the standard quantization procedure. Ie, you would
go ahead and impose equal time commutators on your independent objects and go’ from there.



(b) Path integral Method.

1, Now, write down the full path integtal-generating function: only the‘dynamical

fields enter, hence you get (tx82x} (13.21). Makes sense to me. . °
2. With very little work, rewrite this generating path integral as in (13.2h). Now
nominally you integrate over all E, and all A, spatial components, but really the
two delta functions*restrict you to transverse fields only. ,The determinant turns
out to be field~independent sp is simply ignored. So I am happy with (13.24). Of
course it is still not covariant because you are only integrating over spatial
cpmponents of P and Q, so to speak. : .

3. Next, write 1 in fancy way (13.25). Here f is in isolation. Rewrite the delta as

the equation involving f, and compenstate by jacobien determinant det, where c stands
to remind you we are in coulomb gaugé.. The result of this step is (1328) which looks
just fine. There are-now three deltas.

4, The rest of.the manipulations are very artifical, no reason to check them out. We have
: three deltas. Do the [df] integration to remove one délta, hence get (13.31). Now you

see all spatial field components present. The goal now is to add the time components
to getza,covariant formulation. The time components are dummied in in (13.32) and.(13.33)
and the final result.is very simple, see (13.34). .

5. The final result says: -integrate over all the fields, but dont forget the Popov
determinant det, and also dont forget the gauge delta. Then the exponent is simply
your lagrangian. . :

6. The last step is to exponentiate the Popov déterminant. A good method for dealing
with such determinants is given using the old trace theorem. But the effective lagrangien

is not yet discussed. ‘You can see ‘that the exponentitated determinant is just going to ecorrect the lagrangian from (13.38).

- 7 Apparantly, the material of this ‘gection was the way Fadeev and Popov originally
presented some of their work. Started from just the dynamical fields, and then
dummied in all the extra stuff to arrive at the simple form (13.34).' Obviously
there must be some simpler and more direct way to get this result. Must be some easy
wap to explain the determinant.



Section 14: Intuitive Approach to Quantization

6 1, First we copy down W(J) from last section. Can integrate trivially over the F., so
that only [4A] integration remains. Plus you have the gauge deita function and
the FP determinant. Question: why does this W(J) not look like it does in a "normal"

field theory? This is the question that Fadeev and Popov answered.

2. Intuitive comments: we know that in a gauge theory, thex operator K ( Coleman

called A) which appears in the action is a projection operator and is therefore

non-invertible. The exponent is "immune" to variations of the fields in the “longitudinal”

direction. Usually, as you let some field go to infinity, the exponent is damped. This

was the requirement that the "matrix" A be positive definite in Coleman notes. Here

it seems that in effect some of our diagonal matrix elements vanish! Ie, the exponent

is constant as you go off in A, direction. Obviously, the longitudinal integration
then gives a divergence.

To repair the problem, you should in effect divide out the orbit volume. Another

way to sey this is that you should restrict the integration to a hypersurface or cross

section f(A) = 0 which intersects each orbit only once.

a) 3. To illustaate the situation, Abers and Lee tell us to define a determinant whichis essentially the jacobian from the f of f(A) to the gauge parameter functions called u.

By playing with the "normal form (14.8), you can expose the orbit volume as in (14.10).
You just divide this out to get your answer!

4. What is the determinant? You first choose a geuge, this determines £(A+) = 0. You

then vary the gauge functions causing a variation in f. Then det is det(df/du). For

exemple, in Coulomb gauge you can read off M, from (14.14). Notice that M has the
for del” times (1+ something), where something is field dependent. Thus, you cannot
just ignore the determinant! M for Landau gauge is also A-dependent, ,(14.15).

5. Finelly, on page 86 it is shown how the determinant can be exponentiated by

introducing fermion scalar ghost fields called c. The effect is to add S, to the
action you already have. Finally, you trivially exponentiate the gauge delta

function to get another Lagrangian correction of the form (d,A,)* in case of Landau.
Once you get everything into the exponent, you can then read off the feynman rules!

These rules are shown in the table on page 88, and I think I understand now, at last.

@) _% &e verturbation theory with @ gauge theory, you will in general need ghosts! Tey
you have to include the ghosts as a symbolic part of your feynman diagrams. In QED

which is abelian, it turns out that the determinant is A-indep, so no ghosts needed.



How to understand the ghost loop expansion business. .

‘@ x te ghosts are created to similate a determinant. If the determinant is det, then
the ghost action will be something like dx ct Mc where M is some operator. For
the ghosts, this is a sort of £ field theory. Ghosts start out being charged scalars,
so it is f° theory with arrows on the lines. It turns out that the non A-dependent
part of the operator Mis just BOK, so the ghost propagator is same as that of 2

massless Klein Gordan field, ie, 1/k*

2. So consider for the monent what a Q* field theory looks like. First obvious fact is
that nunber of external particles on a Greens function must be even, just as with

usual electron case. Here, the total incoming charge must be zero and all particles have

charge + or - 1, hence even. But the object of my present interest is the vacuum

bubbles expansion. I know that w[0] is the sum of all vacuum bubbles. Lets show

a few terms:

aS aS. .Ri 4wel= \aqdje “= Gle Wy dua Se = Me gad:
zat

gm Onno”: lB eid) = { | talQ ss Col Be 2 <> |x 2

Omens Ch Reels 5 );}QOo eranden 9 ewes =),
n A, Fr. \

: anOnurad = Loraiagagl ge) = [<a\» @y~~ SYS
4

- (On Q)e + prrmutechait

>

ans: (LOA+( AD 9\ +...
6

oust (1+ [OY+ [Q D+ food).
The interesting fact about f° theory is thet the most complicated vacuum graph is

Just a product of loops. It is not hard to imagine that you could write all suchPs) graphs in this way:

[ors Ore = |e [ede sees) + [tate tee] a.



This looks reasonable, but I have never read about such a thing. Maybe, though, I am

now on the way to making sense out of the series in the exponent.
.

3. Lets now do the functional integral to get the Fp determinant, and then expand the [*)
determinant using the trace theorem:

BS < Fe (Ban = BLD me]wa= Ware “= kn) = ("=

RA METAL ham axon
a~rot Lad : F Pek 3€ = eng [hf Bec t-k+ el

a wyoa s .

= eng AU FERC) “FACS] = WO) ;
I have the desire to identify trate)L) with a loop with 2 dots, trace(L*) with the
three-dotted loop and so on. Then you might sort of see why you ehould put in a minus
sign for the fermions.

4, Also, you get the feeling that Z() should then be the sum of closed loops, just as ~]
Coleman said. Still, there are pieces missing. Ie, I dont really know how to interpret
the object called L, and so on. Also, I made a basic mistake. The ghost acltion is

not an interaction hamittonian like the £ I was talking about. The ghost thing is
like a non-interacting theory kinetic energy term, and there is no perturbation series
because there are no interactions.

So many loose screws need to be located, defined, and tightened to make this
stuff go.



iyRoss tee SALT(QQ _
_ __ an BH. TI 8 _ _

TeSine s TR pack 4 QsWarioWon, cama (/6-6)_
oo Jlatimae Jorn, lead Wut do Coal. — - ee
ae ak _ re
tw adend dy 20 arg.byLT Po nN)

——- ~- Salers See xyes eal et
= bash: Sug dd Le w

— ss{ooh Swag. Eidee
Dy ++ Daag, wee mH eS _

oo ~ wot 2SaadHe Fo——- -- 5 =aBS
— = toolNand,Tipe iFSaadhe fe
— =wey Pw Rb BRCelio

oe TG Ey OS oe
ee _ Le

A @Sua Jace onl 2 2OS2 = AW ay
oo, OHOID Oe

_ = ORV aDy a nest het_ a



attaat tatiana thailand

=2

-
—— =

oe

-



_Seefe ne
—_— oo yd i en

Wl ice : = : =wed-— — 02a. dalgla -$ —- WES 4 aya2e- - ee
~ ~ 322 Tso 7 , 7 . an =a a2 = = Kolaly = ew

2 a = 3} = Spl = —taliatelyacs v
as

- ay ee oe

~~ —-40-2—(22).= 2-\wi aes Noe: paz fwiae] -as = 3\ Dye sat Ds 2 D3
a

ee BY —

-= wo |i Se~ 2a, 3s. | = -

5 ——- Bort nites Bde ds eset sesnginetasda! --
_

| gull - 2 326) ( Baye Dy ay; Wass ay Sy dS. )SV, oo
a ope ee a a

— S wsheidiees
_ a an ee ee __

2 aah ea

— @Race aba ste Gaendfos: 9 SV SANE)
ae a a, 2% AD

~ IMR = <olr(G-—Gi-~NOr\_ = - oe _
Zoyey Zam

—— = ¢ QV = tele VV,quran — a, vv —
ot Qe, | GH = <oirG Bro Wi .

_ fo P20) Gal)
;

is “Serame. SarGdo Tiel aZe) Zale)



O. Saw is whole & jets. Sinuesds a )—_- yea maa - ~~
32ha = GYGTQ — —~ ~=| - -a—yeaio

— C.Aapiily, Mais ie arenas nm tcd ogseraod saath,
—_— soe SQ HK — . 77

~~ Sk \= eat GEEI
~ eS 4 _ a
——-  Mesamasea, Oars fo shang baler.Bik comma

_— ~— any comwst “unde! =o do
alee : _ a _ _

ee eee » a VU.
©: Gerackto SL. Soe a

eroe



Section 15: Equivalence of the Landau and Coulomb gauges. _
6 1. I thought that Coleman had more or less convinced me that the path integral was

independent of which surface you took, and therefore it was obvious that all

gauge choices give the same generating function, But here, they explicitly compute

the relation betwene Wi, and W, and the result is not that they are equal, but
almost equal according to (15.6). In fact they are not equal, and the unremormalized

S-matrices are also not equal. After renormalization things become equal again.
This is a lot more complicated thah I thought. Right now I know nothing about

renormalization theory.

6

6
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Section 16: Generating Functionals for Green's functions end proper vertices. _
6 1. This is a very meat and potatoes section, cram packed with useful ideas.

2. Theorem: The derivatives of the Z[J] functional give the connected greens functions
of the shifted fields J. This fact resolves earlier conflict I had.

The first derivative of Z defines the classical field g in presence of source

J. Set J=0 to get classical field = v,, the vacuum expectation value of the quantum
field.

3. The first Z derivative gies the classical field ®x 5 in presence of J. In effect,

this defines J(J). To invert this equation, yop use the Legendre transform trick.

The dual function is called GAMMA, dual to Z. The first derivative of Gamma is -J.

The higher # derivatives of gamma yield the proper vertices o(") with external props
amputated. This is still a slightly amazing fact? Since the variaus derivatives :

starting with m@ n=2 of G[f] give the proper vertices, you can represent G as in (16.20),
Gamma is called “the proper vertex generating function". Notice that in the derivatives

you set $ =v just like you set J=O in getting the regular greens functions.

0. 4. The superpotential is also a generating function of sorts, defined in (16.23). The
coefficient of each term in the sum is the momentum-space proper vertex greens function

(1egs amputated) evaluated at zero momentum. Why zero momentum? Because then , as in
(16.25), the curvature of this function gets identified with mass! Ie, the inverse

renormalized propagator eva,uated at zero momen tum. Notice thet the superpotential

is really almost the same as the generating proper vertex functional. So curvature

equals mass, and slope = 0 when =v. Therefore, this is a good candidate to apply
the classical field theory analysis on SSB! In effect, we have proved Goldstones to

all orders of perturbation theory, for a “regular” field theory (ie, no gauge group).

5. Obviously, one would like to know, given some lagrangian, what the superpotential

V(#) looks like, so you can find its minima and then see if there is a superconducting
vacuum or not. There is a perturbative method to calculate this V, called the "loop

expansion". The first term is just the regular potential of the lagrangian. To this

same lowest order, the Gamma generator is just the action, so proper vertices are just

the coupling constants in the lagrangian! Also, to this order the classicel field is

the same as the solution field of the classical field equations. when you go to the6 one loop level, the Z is corrected by a fancy trace. This causes Gamma to be corrected

by the same trace, as shown in (16.38). This trace correction then finds its way into

the superpotential,



6. The point is made that , although it appears that the first few terms.in the
potential are divergentg in fact they can be absorbed into renormalized constants. .

7. From (16.44), it appears that to the extent that lambda is small, the regular

poetntial is a good estimate for the superpotential. : :

q
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Section 17: Renormalization in the o-model.

A 1. First, the punch line. If you know how to renormalize the "symmetric ¢~model"
(ie, the U(1) or 0(4) invariant lagrangian without that linear term which gives
PCAC), in the regular mode, then you also know how to do renormalization in

the Goldstone mode, or in the motel with the linear term added and either mode

activated. The fact that I dont know how to renormalize anything should not block

me from getting the gist of this section. . .

2. Notice the trick of having one instead of three pions for didactic purposes.
You thereby avoid all the pain of chirality and 0(4) etc eto.

3. So here is how it goes. You write down your potential with or without the
linear term, If no linear term, then the theory has the usual reguler and

2 goldstone mode, depending on the sign of p™. When you turn on thé linear term
& so that of0, it appears from (17.5) that Ps are forced to a goldstone mode
o ie to a theory with superconducting vacuum, ie, sigma field has nonzero VEV.
Yy

gh 4: Sonsider the generating function for the symmetric theory. If you take deivatives
and then set J=0, ie, J = (0,0), you get the éonnected Greens functions of thepe symmetric theory. On the other hand, b y evaluating the same derivatives at

f 45 =(u,0), you get the greens functions of the theory including the linear term!

5. Now several other rules get slightly modified. Look at (17.15). Usually we

identify this derivative as the slope of the potential and we expect it to befo) zero when $ =u, ie, at the minimal point. The reason it is not zero in (17.15) is
that | is the vertex generating function of the symmetric theory, not of the
theory-with-linear-term, The idea is to solve (17+15) for u. Ie, given that
constant c in the linear term, what number u causes (17.15) to be true? Then
evaluate higher derivatives of N at this point feu and you will Green vertices
of the theory—with-linear-term.

6, Restate this last point, If you were doing the symmetric (model without the
linear term, you would set o=0 and solve (17.15) for some u. Ie, in general there
is some function u(c). Ie, u=u(c). u=u(o) is the correct u for the symmetric
theory and evaluating at this u would give the symmetric greens functions in
(17.16). But evaluating (17.16) at u = u(c) with of0 gives vertices for the
o-model.

7. Ts, if you like, (17.16) gives the general vertex as a function of u = u(c).
By putting in different u's, you get the vertices of different theories.

8, Look at the equation above (17-19). This relates f"(u) to {'(o) via simple
Taylor series. If your theory is regulr in absence of o term, then regular
theory is described by this [e\. Adding the c torm gives (u). Thus, if you
know the regular theory, you also know the sigma model.

9. The point being made here is also tHe point made by Coleman: if your symmetric
lagrangian is renormaliscable, the fact that it may have a modef with SSB does
not affect renormalizeabliity,. Here, we have shown this fact by showing that

the regular theory vertices (to all orders) determine the theory at uf0. Also, |A the uf O may be caused either by SSB ( internal breaking) or by external linear) *
term, In either case, renormalization follows from renormalization of the w=0
theory. This in turn is well known,



10. Say it once more: you can drive u away from 0 by either internal or
external symmetry breaking. Regardless of ‘the cause, the theory is still

renormalizeable as long as the u=0 theory is renroamlizable.

Ll, Ward identities: If you rotate your source functions J at the same tine
as your fields, the term Jf stays invariant. This simple fact at once makes
a relation between two first order derivatives of f', Higher derivatives then
give you the more familiar Wara identities.

12, Recall in QED how the Ward identity was helpful in the renormalization
process. Same thing will happen here, Again, all these Ward identities are
functions of u, At us0 they apply to the regular theory, at some other u
‘they apply to the broken theory, spontaneously or not.

The next task is to learn something about how to do renormalization!



a

Section 18, The BPHZ renormalization program,

1. References here are: the 1959 book of Bogoliubov and Shirkov; a 1965 paperfo) ‘by Hepp; some 1970 lectures by Zimmermann . Also Symanzik has a foot in this
somehwer.

2. Many things are defined: most are OK:

proper diagram
superficial degree of divergence D
the processed integrand R and its corresponding finite integral J
primitively divergent diagram
operation (1-+) to effect subtractions
renormalization part
the contraction notation

Bogoliubov's R operation: ( pre-process integrand, then subtract with (1-t).
Zimmermann's forest theorem

propagator regularization

3. When is a theory renormalizable? Ie, what is the punchlineo of rs thishigh technology? Answer: look back at the definition of the index %. Recall
Coleman's remark that this thing is defined in complete disregard of the

dimensions of the coupling constant. Thus, if Ly = af >, ie, PHI-FIFTH theory,
dim(L) = 5 and $= +1. Of course dim(L) = 4 if you include dimensions of the

couplings constant that is not ee point.The point is this: if all %{ of the various interaction terms are £0, the
theory is renormalizeable. A simple result to remember!

Technically this is so because then only a finitenumber of counterterms

are necessary to impletent the R-operatjom andachieve renormalization. ObviouslyO3. — #? theory is not renormalizeable, but a and 3 theories are. QED has PY,ty*which is 3/2+3/2 + 1 = 4, hence yes, QED is renormalizeable, Same goes for the
sigma model since all terms are like #4,

Dont forget this very simphe and useful result!

4. Thex rest of the section is to technical for me to follow at this time.
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Section 19: Dimensional Regularizatiom.

1. The idea is to continue in the number of space-time dimensions from n=4©) to complex nj do your integrals which can then converge, then take limit as
nQ4. The divergences will then appear as poles, These poles are precisely
removed by the R-prescription.

2. Technically, here is what you do. 2axae Take a particular Feynman graph.
Put all propagators into usual exponential parametrization. Do the usual
completion of the square trick or whatever (recall ELOP ) so that you can
do the ae integrals. Only remaining integrals are the dd ‘s, The UV divergence
now appears as end-point singularity caused by denominator shown. This is
the usual procedure.

3. Here is the dimensional procedure. write ae att ax were ygu,extend
to larger space. Set up the alpha parameters as before. Then do the a” “K
integral directly. Your result then ms thosep potential endpoint siggularities.
‘Then choose n small enough so that these endpoint sings go away. Then you have
desired integral as a function of n.

4, 4 reason this method is nice is that it preserves at eveyy step your various
symmetries, since these dont depend on dimension of spacetime, Recall in BD vol 1
how they kept doing things in such a way as to preserve gauge invariance. I
guess that is desireable.

5. Big footnote on the Adler anomolies. Apparently even the fancy dimensional
regularization cannot handle these guys. You really want to avoid anomolies

ina guage theory. Some little theorems:re) a) if triangle anomoly absent, then all anomolies are absent.
) if the triple-gluon fermion loop is anamoly-free, your NAGT is OK.

In fact you can write down an explicit condition for the xrtatexr loop of
interest. You can gause anomoly cancellation by choosing particles carefully.
I think charmed particle does this in Georgi Glashow model.

6. An example of this t*hooft Veltman regularization is done: the two graphs
which add to give lowest order vacuum polarization in scalar ED theory. You
have two terms. By going to complex n, you find that the second term = 0? I
thought you were supposed to get a pole? Well, I really dont have apy details
here. The idea is clear though.



Section 20: Feynman Rules and renormalization of SSG gauketheoreis, Landau gauge,© 121 We consider « specific model of a gauge theory. Model has 0(3) as“gauge group, so
non-abelian. The only carrier particles are some scaler pions with isospin 1, ie,
SU(2) group. Add in the gauge fields and the ghosts and figure out the Feynman
rules. For no SSB this is rather steaightforward.

2. A trick to locate and identify all the necessary counterterms is to scale all the

bare fields and couplings in a certain way. Then (20.6) and (20.7) gives you all the
counterterms. Then you renormalize the theory in the "usual way", ie, you show how
the counterterms fix things up to any order. For more details see Lee and Zinn-Justin.

3. Now, what happens if you.are in the Goldstone mode, ie, there is ssb. In the usual
way go ahead and define your proper vertex generating functional; we now have a classical
field for the isovector of scalars and for the isovector of gauge fields.

Suppose there were a linear $+) term in the lagrangian. Here¥ is a constant sourceand plays the role of constant c in the sigma model. Choose { in z-direction im isospace.
Ascume that this causes the field § to have a nonzer VEV called y,. So you solve
(20.15) so that, given aX, you can find u /. u points also in the z direction.

Since you have therefore broken two Peuge generators Ty and I, by assuming thathas a VEV pointing in the I, direction, you expect to get two magsless goldstones.
‘There are referred to asXK ffelds. Look’ at (20.18). It says: suppose that constant¥= 0 so there really was no explicit breaking in the lagrangian. But suppose u, 4 0
still. You are forced to conclude that m,= 0; just statement of the goldstone theorem.

So, what do you do to get feynman ruiés and so on? As usual you shif t the
z piece of the ¥ field to something called, 60 now you replace the three fields

@ with the three fields ¢(2) and-{1). Rewrite the lagrangian in terms of these©) snitted fields. only problem now is that, even though these are all physical fields"
after the shift, you seem to still have a-Ytadpole term in there. Somhow you make
this thing go away.

Then once this tadpole term is killed off... you renormalize the theory in
exactly the same way as before for the theory without SSB, Notice that there are no

massive vectors here because we are not in the unitary gauge. We are in the Landau
gauge where the field has some mass and is still in there. Ie, I know that this
fields .. no wait. Look carefully at (20.25). You do see a mass term for some of
the vector gauge fields. But you also see the. - fields as massless goldstones. In
the U-gauge these goldstones would have been gauged away. Here they are still present.
Somehow they must decouple.

From this lagrangian you read off the feynman rules for this theory in the goldstone
mode. You see that two of the gauge fields are now massive, as just noted; one is still

massless (photon); you also have a massive ¥* propagator. In addition you have massless
ghost c field and that goldstone fields X.

4. But, when you rewrite the massiye vector boson propagator, you see that it too has
some kind of piece with poles at k“=0. These are some kind of awful negative probablitity
scalars, ie, ghosts in another sense.

As you would expect, when you go to the mx S-matrix, you get a glorious cancellation
of the three kinds of massless bosons sitting in this theory: the ghosts c, the ghosts
just mentioned, and the goldstones %,. The goldstones "decouple" as expected.

Summary of this section: Given a gauge theory, you have to consider both possiblities

of no-SSB and SSB, In the first case you read off your Feynman rules in the usualCD wey and you show theory is renormalizeable in usual way. But, in SSB case you have
to shift field with nonzero VEV. This creates goldstones. You then have to show that

theory is still renormalizeable, and that the goldstones decouple.



. aneye 4

Section21; The Re-Gauges.

6 1. The model is set up in rather general terms. Let 9 be some gauge group vector of
mesons, say of dimension m, ‘These are the Higgs scalars because one will break the

symmetry. Couple in your gauge fields to these scalars in the usual way; add the F,
gauge term. Assume that the Higgs potential is such that it has a minimum so you

have SSB. The vacuum vector v is still invariant under M rotations, but breaks

N-M of them. Recall that this means that the vector v is annihilated by the N-M

generators in the goldtone grouping. So shift the field vector g to g* and

observe that there is now a gauge-field mass-matrix called Wr, For the m-(N-M) Higgs
fields that are not converted to goldstones, there will be a mass matrix M°. The
fancy projection operator is in there merely to separate the goldstones from the other

Higgs scalars.

Now, notice in (21.14) that after the shift for SSB, there is a direct coupling of

the gauge fields A, to the Higgs scalars dg. They are going to choose a fancy gauge
that kills off this coupling. The gauge surface is stated in (21.23) and is almost

the Landau gauge, but it has a piece added onto it involving the ' field. I guess

there is nothing wrong with choosing F in this way; recall that it just had to be

a gaussian to be reasonable. So, exponentiation-of-the-delta creates a term which

@) cancels that, just-mentioned 4-$* coupling; it also adds a little constant term to
the gauge propagator so that is just like they thing ealier, now called §.- Ter thie
parameter€ is a free parameter in the gauge condition. The last term in F’F from
the delta causes an additional $ masslike term which you see in (21.2h).

Finally, you have to compute the FP determinant and then use ghosts to exponentiate

it. This gives (21.32). So, now you are in a position to read off all the Feynman rules

of the theory.

a) gauge propagator is (21.27); recall that fis a matrix, so this shows that
some of the gauge fields have mass. There is some spurious pole at oy.

b) the Higgs particle propagators are given in (21.28). The still massive ones

propagate at masses det by mass matrix M*. The ones in the Goldstone space
seem to have mass Cpt instead of being really massless goldstones.

c) the ghosts c now have mase¢Ji also, and there is a new c-c-f coupling.
2. Whet have we done? We have taken an arbitrary gauge theory with an arbitrary

multiplet of Higgs scalars. We have done SSB, and have shosen a peculiar gauge surface.
The gauge surface has a parameter$. The reason for doing this will become clear in

the next section, I presume. As §2®, obvious that you go to the original Landaufe) gauge. They claim that if you take §%D in the end, you have the unitary gauge.

Ig they can show that the S-matrix is independent of §, then in effect they have

shown that all those poles of the gauge, ghost, and goldstones have somehow managed

to cancel.
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Section 22. Proof that the renormalized S-matrix is independent of $
9 mis section has several distinct parts which can be separated:

1, First there is an elaborate set of manipulations which all lead to the result

(22.18). That is one business. Then comes another business of interpreting the

resultant (22.18).

2. Lets examine this first. Equation (22.18) tells us that the net effect of changing
the gauge surface from F to F#AF is to add couplings of the source J to the fields.
I can see that indeed (22.18) does say this.

What I do not understand is the next conclufia, namely, that when you add terms
which are an interaction of fields with the source J, that merely has the effect of
shifting your various Z's, These shifts are then compensated when you go to the
renormalized S-matrix, since you divide by the same Z's.

Thus, the conclusion they claim is this: if you change your generating function
by adding couplings between J and the fields J, you simply do not change the
renormalized S-matrix one iota. I do not really understand why this is so, but.
I do see the flow pattern of the logic here. It is this:

1, Show that changing gauge adds only J . fields term to action
2. Claim that this does not change renormalized S-matrix.

3. Since changing parameter ¢ is like changing gauge, the renormalized S-matrix

cannot depend on §.4 Therefore the spurious poles must cangel because they were located at a

§ ~ dependent position, ied rat $e yefe) 3. Now, how is this equation (22.18) derived? One starts with the generating functional
w[J] in en arbitrary gauge F. One then shifts the fields g to new fields g* in a rather
peculiar way such that the group paratmers which I call© ( and they call u) depende onthe fields in a certain way, This little trick enables you to derive the Ard-Takahashi
identiy for this theory, ie appears as either (22.10) er (22.11), Basically, this is
a statement of gauge invariance in terms of the generating function. I am sure there
is an easier way to comprehend this thing.

One then computes the change in W if you change F by a small amount. This is shown
in (22.16), The WIT is then recast in the form (22.17), and you finally arrive at
(22.18) which is the desired result.

4. It seems to me that Coleman convinced me that the generating functional was somehow
independent of the gauge surface you chose. But now it seems that that statementx
is true only after you renormalize.



Section 23: Weak corrections to muon magnetic moment.

1, In the Weinberg-Salam type model, the anamolous magnetic moment dae to the weak6 graphs which convert muon into W boson before higting vertex, these contributions
are all of order Gm where m= mass of muon, But Gm =g % ¢@, so roughly
the weak corrections are of the ordera(m/my), The regular electromagnetic 5
anomoly is of order {, so for the muon, the weak corrections are down by (.1/30)* = 10°”.

But the experimental muon snomoly is only know to J, places, so this will not betoo relevant. Notice that for the electron, you will be down an additional 10-4 becausze

electron mass so small, thus weak anomoly for electron in Weinberg Salam is order 10-9
well beyond any experiment.

2. In models with heavy leptons like the Coleman Glashow, the E-exchange diagrams
like those shown on page 133 are stronger than the Weinberg graphs by power (mg/m, )

which ratio could be (B/-2) = 20, so maybe these graphs in this theory will contributesomething of order 10" to the muon correction, and you could measure it??

3. ‘The actual calculation 1s done in an Rg gauge. You read off the necessary verticesfrom your set of Feynman rules, and your final result comes out as shown in (23.47),
or (23.51) as a number. Answer is about .5(M/m) in last place, so if ratio were 50,
you would have a correction of about 25 units. The experimental error is 32 units.

4y. One thing you see is this: ,if M, is larger than 10 GeV, the created correction will
be large and take you out of range of error. Thus, you have xxkmwmx an upper bound on
the M mass in this theory.
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Spontaneous symmetry breaking, gauge
theories, the Higgs mechanism and all that

Jeremy Bernstein

Stevens Institute of Tecnology, Hoboken, New Jersey

[A more or les self-contained introductory reviewis presented ofthe so-called Higgs phenomenon.‘This is the mechanism by which, in a certain class of gauge theories, the “photon” and would-be
Goldstone sealer mesoas conspire together to produce massive vector mesonsvia a “spontaneous”breaking of gauge invariance. [tis conceivable that this isthe way ini which nature has chosen to

rity wea dad Secwommgnee interasious tis hoped tha a ear of tht review wl come to a| tndersand the easing ofthe ist thre sentencesin thisabstractand wil hen be ableto proceed wo"‘| to confront a rapidly growing literature in the subject of gauge theories.

. CONTENTS of orthogonal states with the property that
Ti, TheGoldstone Theorem io

a mm ieeeLoophole wh is HI0> = 0, uy/- The Higgs Mechanism, or Where where H is the Hamiltonian of the theory, anfi |0) is one
vy, TAate Goldsones Gone! Wr of the vacua. Since o has the quantum numbers of aVi. Non-Abelian Gauge Symmetries 3g vacuum, its vacuum expectation value is ngt forced by
Vii, Weinberg’s 1967 Model 32 any symmetry principle to vanish, Le, we may have

VIII. Conelusions a| Ola(x)|0> = <OJa(0)I0> = A # PO, (1.2)
1. INTRODUCTION where \ is a real number and o is an Herngitian operator| Elementary particle theory seems to proceed from With dimensions of a mass. We assume thft -
fashion to fashion in intervals of two to three years. A ip

few familiar names from the recent past will give the a(x) = exp[-i(Px)o(0) exnfi 3)
general idea: reriormalizable field theories, dispersion with—note the metric convention ) be used
relations, conserved and partially conserved currents, throughout—
current algebras, Regge poles, etc., etc. At the moment
when these specialities are at the height of their activity, (Px) = Pox = Pot, (14)
most practitioners have neither the time nor inclination, ~ hime di
fo go back and read the very early literature in the Where the & are the generators of space-time: displace-
discipline, so that a group of standard references is ™ents. We always assume that
arrived at and these become oft quoted and rarely read. Rilo) = 0. (us)
When one actually does_go back to read these early * : .
‘Papers. one is often amazed by how much their authors. ye want to give the g field a particle interpretation, we
“knewor conjectured, and one comes to the conclusion are forced to redefine itin such a way that

1 that these papers rearranged and unified are probably the
best introduction to the subject. That will be the spirit @le"(0)|0> = 0 (1.6)
and methodology of this review. Anything novel on the yeh
part of the present author is unintentional.

‘The plan of attack in this review is as follows. We Y(x) = o(x) —| begin (in Sec, 11) in 1960 when Nambu (Nambu, 1960; a) = of3) =>| Nambu and Jona-Lasinio 1961) observed that the natural otherwisethe “vacuum” and the one-particle state willinterpretation
of a conserved AS = Oaxial vector current not_be orthogonal, As we shall see, it is possible to| in weak interactions is in the limiting case of a world in arrangethe Lagrangian of the o model in such away that,& which the mass of the meson is set equal to zero. At at the outset the pion and o have a “bare” mass. The| essentially the same time, Gell-Mann and Lévy (1960) nucleons appear to be massless but, in fact, acquire a

a produced several field theoretic models in which -this mass that is proportional to A, the vacuum expectation
eel Phenomenon was shown to occuras a consequence of the value of the o. To achieve exact conservation of the axial“el field equations appropriate to the model. Of these mo- vector current, A,, in this theory, it is necessary to give.
. J dels, theso-called“‘o” model is, in the present context, the pion zero bare mass. This, it turns out, corresponds tothe ‘ost interesting. In its simplest version, there are a limit in which the theory is invariant with respect to the: three basic fields in the Lagrangian: an isotopic vector group SU(2) x SU(2); exact chiral invariance. Hence, in

pion, an isotopic doublet nucleon, and an isotopic singlet, _ this way of realizing the symmetry, zero mass bosons—in
| Lorentz scalar, ¢ meson. The latter has the quantum this case the pions—make their appearance. In 1961,> numbers of “a vacuum state” of the strong interactions. Goldstone conjectured that such zero mass bosons would(C7) Weruse the phrase a vacuum slate advsedly since inthis be an inevitable consequence of a. symmetry realizationclass of theories there are in general an infinite number of theories Tike the o-model in which the Lagrangian

—— would be fully invariant _with respect _to_a_ continuous| 7 Work parially supported by NSF grant GP-3677, proup, bat in which the vacuum would not be invariant
: Reviews of Modem Physics, Vol. 46, No. 1, January 1974 Copytight © 1974 American Physical Society 7
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sertein, Int@paution. SVEnah
CF 1: Tee only Kind of field that can have a non-zero VEV is a field with vacuum quantun no'es

2. The "g-model"was invented by GellmanntLevyin 1960, Jn this model, you have thenucleons as iso-doublet and pion as iso-triplet, and single field called o. At the
start, both the pion and signma have mass, but the nucleons do not. After shifting

the sigma field due to humped potential, nucleons acquire mass. In process, I think

the sigma loses it mass, or maybe the pion does. Yes. pion loses mass. This is just
a goldstone example. This theory also has C.A.C. since it is chiral invariant. The

idea that PCAC results from non-zero pion mass is introduced here maybe for first time.

This Gellmann-Levy thing came beofre Goldstone paper.

3. In 1962, it was thought that the Goldstone Theorem was proved and that you were stuck
therefore with massless bosons if you have a superconducting vacuum. Higgs found the

loophole. This loophole has something to do with a subtlety of gauge invariance and

gauge choice, the idea that A, is not a 4-vector if you sit in radiation gauge which
is non-covariant.

.

4 Higgs makes a simple model: chagged scalar field f, and $. and photon. Both scalars
start out massless, as does the photon. But after doing supercond vacuum shift, Jy
gets a mass, $, disappears, and the photon becomes a massive vector meson. You always

Qs weds solar field 1ike J to get going because you need a field that can have
non-zero VEV, as noted above. Such fields are Higgs fields. Some of them are "eaten"

by the “photons but others stay around in the theory.
5. Later Higgs in 1966 shows how to write legrangians directly in terms of the massive

vector fields.
.

6. Important point: in the shifted Lagrangian, the original symmetry is no longer present
and is extremely broekn, In Nature, the symmetry may be undetectible directly.

7. In 1961, Englert and Brout do a covariant trip and find that photon propagator gets

shifted. This is(Higgs mechanism in disguise.) No doubt lots of messy field theory here.
8. Idea thet conserved current may not in certain cases imply a conserved charge! This is

new to me. GHK showed this in 1964. Kibble worked this up in 1967.

9. In Weinberg unified theory, one might be surprised that the photon and W have such

tremendously different mass. But "broekn symmetry" in the spontaneous sense does not

imply slight mass differences like conventional H' symmetry breaking term in a Hamiltonian.
10, Combined unified theory of weak and EM is for some reason renormalizeable, free bonus.

Lo]
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(2.}he Goldstone Theorem ( 10 ha-pagew)
1, In a gange theory you have currents and charges. Consider Q/0). Usually this

0 is zero, vacuum has no charge of apy kind. But, in SSB analysis, if somescalar field $ has a non-zero VEV, then ‘any charge which drives that field"
through the usual commutator has this property: Q/0) #0. I never thought
of this before.

2. Prrof of Goldstone theorem. In (2.27} is defined the FT of commutator of J(x)
with 6(0). Insert complete set of states, assume positive norm etc. I gather
that these intermediate states /n) can be at most single particle, because J
can create at most one particle. Also, any such states /n) must have J=0 ,
based on rotation properties.

The proof here ( Gilbert's of 1964) assumes (2.32) which seems obvious to me,
and (2.29) seems wrong to me at the moment. If Gilbert can show that there is
some contribution fo (2.28), then he knows there is a spinless particle floating
around. The fact that some field has a nonzero VEV allows him to prove that there

mst be some term in that sum, Moreover, if this current J is conserved, then
(2.32) tells you at once that that state mst be massless. So, to summarize:
if your theory has @ conserved current, but a vacuum which is not killed off
by the charge of that eame current (ie, nan zero VEV of some scalar field), then
you mst have massless spin-zero particle in your theory.

Maybe the catch here is this: (2.32) is correct only if J, is an honest
4-vector. This is the point precisely!

3. The "g~ model" of GellMann-Levy, 1960. Write a lagrangion of #’ end ¥ meson
fields which is chiral-invariant, ie, SU(2)xSU(2), sort of isospin and axial

isospin together. This theory has a conserved current V and A,. Hence
charges Q and Q; type.

If there?is no SSB, then all mesons have same mass; if there is SSB,5: then you have massless pion come out. This is application of normal Goldstone
Theorem: you here have originally 6 conserved currents. From (2.59) you see
that , if sigma has a nonzero VEV, then the three axial charges have property

that a,fo) #0. Thus, you expect to get three goldstones, the three pions, Noticethat, in this theory, shifted lagrangian still has isospin,invariance; you
only get a Goldstone boson for each conserved current you "break", Here you

started with 6, and you break down to three, so you get three Goldstones. Bach
"broken" charge will no longer kill the vacuum.

4. Finally nucleons are added. If no SSB, then you have massless nucleons and
equal mass pions and sigmas. Experimentally terrible because implies massless
nucleons and sca&ar mesons degenerate with pion. In the SSB view, nucleons

acquire mass and pion is massless, looks much better.

5. The Gellman-Levy model is an example of zm a model with SSB in which the Goldstone
Theorem works in the way you'd expect. You break some symmetries and thereby
create massless particles. The theory is nice because you want to think of these

mass less guys as the true pions. Ie, add a small perturbation to the lagrangian
and get very light pion.

6. what we shall really be interested in is the following: under what conditions
can the naive Goldstone theorem be violated? That is the Higgs business of the
next section.
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Comments on Gilbert's 1964 Goldstone Theorem proof.

fo) 1. I have worked owt the details on the attached sheets.
2. What are the main ingredients?

a) if J, is a true 4-vector ( manifest covariance) then (2.32) is correct.
In gauge theories this step will fail if you choose a noncovariant gauge.

Condition (2.32) leads at once to (2.33) with no other assumptions.d) one assumption skipped over ss that vacuum does not contribute insum

over intermediate stetes. I am not very clear on this; they say
something about positive definite states only are allowed. Certainly

you cannot put the vacuum in a unitarity sumce) Next, this chosen J, ( a current corresponding to some gauge generator
called Q) is assumed to be conserved. This fact leadsto (2.39). Atthis point here is what we know: if M40, then there must be some
scalar and massless particle contributing. The massless part came from
the conservation of the current. The spinless came from the fact that
g is a scalar field, Maybe I should add that.

ad) the field g is a true scalar field.
e) finally, assume that (0/9(0)/o) # 0, ie, SSB, Then from (2.46) you

get cy # 0 and you are done. Ingredient here is basically (2.41)
which says: the fields transform in some definite way under the
charges. Then (2.43) is a restatement of this fact.

3. Overview: in a theory there are gany gauge charges and conserved currents.
By examining the way in which the charges "drive" the fields, and by deciding

which fields you want to have non-zero VEV, you decide which of he chargesloz Q fail to kill vacuum, Ie, you decide for which currents (2.42) is true.

4. What was not clear from the proof here is that each "broken charge" gets its
own goldstone. We only proved that if you have at least one broken charge, then
you have at least one goldtone.
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Bernstein: (3.) The Higgs Loophole. :

1. When you do the usual Coulomb gauge quantization with @-Aeo , you in effectfo) force the object4, to trénsform.not as a regular 4-vector, but as some weird
object with thé extra piece’as shown in (3.16). This extra piece is found by

B. in two ways: first, by requiring that the gauge condition be true in any
two frames; second, by just-looking at the way you quantize with 8 object.

2. Another viewpoint is this: since you are choosing this non-covariant gauge

condition, you in effect pick out the time direction as special. The gauge
condition is still rotationally covariant, but not bogst covariant. Thus, in

effect, you can imagine that anything you have can also be a function of the
A-vector p= (1,0,0,0). Ie, you go to any frame but this vector stays as it
ie, ie, you are violating boost covariance, This same yp shows up in the
Feynman propagator but has no effect on S-matrix, argument repeated from BD vol 2.

“3. The presence of this extra vector, ie the loww of boost covariance, ruins the

proof of the goldstone theorem. From (3.42) in momentum space you find: :

GeWAVia KAY + You see that J is conserved, but since A is not atrue
4-vector, neither is J. Clearly this elimifiates a key step in the GoldstoneOo” proof which new gets replaced by: ColTple)(07 =a(KjkVKy +b(K) kx)Ip . another

result is that the charge @ corresponding to this current is now Q(t) and moves

in time, something very new. However, the current is still conserved.

(4.) The Higgs Mechaniom, _- .

1. The preceding section of this paper showed that the usual’ Coulomb gauge

“allowed presence of Wa and this then allowed an "escape" from the Goldstone
Theorem; this is the Higgs Loophole, so called. In this section we will-examine

the Higgs idea in,more detail. Section is a long 15 half-pages.

2. First interesting trick is to write a lagrangian without showing second-order
derivatives. This is just a Schwinger trick to eliminate extra work. Of-course
second-order derivs reappear when you vary everything. This is the came as the

idea in Abers Lenn of treating A, and ¥,, as independent fields for a while.

34 Phe model of this section is @ charged Klein~Gordon scalar field with photons,

is, scelar ED. Charged means that scalars come in a doublet. Hass term is put
in with wrong sign, intentionally. A finite charge rotation (gauge transform tion)
is identified in its effect on the scalar doublet; just a simple rotation. S_me

gauge function of course appears in gauge trans. for A,. The covariant Df °
CX 5 SBentiFied as usual, standard gauge theory.

4. Now we allow breaking, ie, let J) have nonzero VEV. Several paths are then
floowed from this point.



5. In the first path, you examine the equations after linearizing them. This
linearization is justified after shifting field because fields are "small"

in some sense. You then assume the covariant Lorentz gauge and you find that

you do have a Goldstone (massless scalar $,') but this thing solves a free eKG equation and is thus a free Goldstone, te, uncoupled to rest of theory.

Meanwhile, if you define 3, tobe A, plus 4, of ,', this Goldstone,you find that 3, is a massive vector meson.
So you get the idea that in this gauge, although Goldstone theorem is valid

.
and you do get your Goldstone, it is decoupled. Moreover, your gauge field
has acquired a mass. Your other meson also has mass, the fo’ field.

The ratio of the masses of vector meson and scalar meson is set by the

two theory couplings, the $4 self coupling f and the gauge coupling. e,-

6, Now lets redo this in the Coulomb gauge. Again play with the equations to

see what you can see, First, g,' is now identified with a/dt of A, + 80
$i" is not even a true Lorentz scalar!

However, B, constructed as before is a true 4-vector (cofariant), Thefield J)’ has the same mass as B,, still decoupled.- Thus, Goldstone
Theorem is expected to fail since loss of covariance, and Golston particle
now has a mass, All fits together.

: In this guage, the physical results are the same: you have a massive
scalar and a massive vector with masses ratiod as before.

Finally, explicit failure of Goldstone Theorem is shown in this gauge. I
wont bother to follow it. Hinges on fact that J," is not a true scalar. Hence
it can couple the vector BY to vacuum. .

The explicit commtator of the charge and $,' is computed and you see explicittime dependence of charge, even though current is conserved.

7. Idea to remember: the reason you get 440 is surface terms. These surfac
terms are likely to be present when you have maxxivax m,ssless particles in “eo
your theory. Gauge fields are massless particles.

8. The third parth is the U-gmge. You start by choosing a gauge function that

rotates your Lees 6," field to zero,so it is just plain gone. This same
transformation! takes your A, into A,’ = Bye Only gp" and 3B, are left.You then do SSB and shift f." field Yo CHI" afd CHI becomes your massive scalar.
This is the U-gauge where S-matrix in terms of CHI and B fields is manifestly
unitary. This path is easy to generalize proof and analysis to all orders,

9. Last piece here adds the baryons, Global gauge invariance gives you
baryon conservation and some "S-number" conservation for meson. You do SSB

and break the S-number, but maintain baryon conservation. Now the B, field
is driven by the baryon current. More physical theory. Big deal.

10. This section féllows Higgs own work closely. .
.



§5.) To show how particles acquire mass im perturbation theory. °

"i, In the last section we studivd in detail a little model with’a chatget scalarfo) Klein-Gordon field and some photons. In the U-gauge, we made orfe of the mesons
"go away" by a carefully chosen gauge rotation. Them we shifted the’ other meson
from Bo to CHI, and the field: B, picked up the remnants of ‘the Goldstone.

The question here is: how does alE this look in perturbation theory? You
start as show in (5.17) with a legrandian in which SSB has a ready taken

. place and a shifted field $' appears. Neither the $' field mor the A, field
have explicit mass terms in this lagrangian's L, part. Of course the mass
terms do appear in the Lz part because we have already shifted. The game here

is to treat these mass tgrms as interactions. Thus, your bare gp end 4 aremassless and so have 1/q° propagators. Then the game is to watch how the
masses of both these particles appear as you do perturbation theory.

2. The lowest order corrections to the bare massless photon proagator are shown
. in figure 4, You see the "point" coupling which is really the direct mass term,

afd then you see a contribution of the massless meson in there. Notice that you
can couple a scalar to a vector if-you have gradient couphing,. The meson term

causes a pole in“(,) and this pole then causes the renormalized photon prop.
- (renorm, +0 first ofMer) to have a shifted pole! Thie is how the photon acquires

an its mais. .

. 3. Notice that the "mass term AAU itself does not shift the pole, But of course
it mst be there to yield gauge variance of ay .
4. Next, he shows how’ the meson itself acauires mass. In the meson cause, the

trivial point interaction doeg cause the mass shift. There is adifferenceom between the two: notice the q© factors in (5:26) versus (5.6) for the phton.
Thus, you dont need massless photon pole to generate mass on your meson. The
whole difference is related to the u afd v indices, gauge invariance, conseved
tensor, etc. ,

5. This section is based on the work of Englert and Brout, 1964. Recall that
these guys independently discovered the Higgs Mechanism in perturbation theory.
Ie, they discovered that one of the mesons attaches to the vector and makes it

massive. .

6. Further work along the lines of this section was done by Coleman and Weinberg
1973+

7. A detail I omitted: notice that the "massive photon” has a pole at some

mass, but it does not have the usual propagator you, would associate witha

massive vector meson. In particular, it hes ayq,/a? rather than q¥q’/M°, Thus,
it will be more open to renormalization than a true massive vector meson! Ie,
it will not have the obvious UV problem.

8. It is also noted that, in this theory, if you do not allows SSB, you have
massless photons and scalars and theory is an IR nightmare.



6.) Nom-abelian cases. : .

1. Section opens with review of Yang Mills. Start with some fermion fields in

isospin doublet as usual (nucleons). Global isospin ratations yield the [*)usual conserved isotopic spin current, Local isospin invariance requires
addition of three gauge fields, the b| is1,2,3 since three SU(2) isospin
generators. As usual, the extra non-Abelian term is added to F,, go get
a true isovector F,, and usual gauge fields term. The b fields mst be
massless, aithongh nucleons could have mass. @his is where Yang Mills stopped,

2. But Bernstein now goes on to do some SSB, Add an iso-doublet of Higgs
scalar fields. ‘These fields add some terms to the full lagrangian, called

Lye
‘

.

3. At this point, what are our currents? The usual electric charge type trans-

formation (phases on charged fields, nothing on b,) yields a conserved
. electic of hypercharge current called ¥, ( global transformation). Also

there is the, isospin current 1, . Each Current has a charge, and we set up

the electraé charge in usual GHW manner.

* 4. Next step is to allow field $ to break vacuum. We go to a U-gauge and
kill off eo field. Then we let the f° field break, then shift by to field¥ .What is the result?

a) formerly massless Higgs scalars now do this: .
. al) one Higgs field is gone away

a2) the other Higge field is { and pas acquired mass.») all three gauge fields b have the seme mgss, nonzero, . .

5. Comments: as shown in (6,47),-we have broken three isospin generators,
” hence three goidstons, but these were all eaten by gauge fields. There are ~o

no"massless gauge fields left in this model after SSB takes piace. ~
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(1.) Weinbderg's 1967 Model.
,

(oe) 1, Nultiplets: lefthanded electron and neutrino put into a weak isospin
doublet, both are massless. Right part of: electron put into singlet. The,
requirement of locel weak-isospin invariante brings in the compensating fields

‘By as in Yang-ltills. This is wegk-isospin, not isospin however.

2, So far lagrangian has only lepton fields L and R, and gauge fields b. There
is at once a weak isostoic spin éurrent which is conserved. This current has two

pieces: the lepton obviais piece, and the gauge -field purely b piece. This
latter is called J with charges %. The lepton piece is calleé J! with charges

. T'~ Total weak-isospin current is called 7, The charges of T,, are called T,
and these ere the conserved charges which generate the SU(2) part of Weigberg's
gauge group.

3. Now the "hypercharge-photon” a, is added; this is the U(1) part of tthe
gauge group. Hypercharge of coursé means "weak hypercharge" and is related

to the "weak 7," component of weak~isospin to give the true charge &

4. Argument is given for why this hypercharge photon couples with g' to Ry
but with g!/2 to L, I do not foliow argument, but could if I had to.

5. Now lagrangian has these fields: L, R, bya. If you like, you can regroup
things, taking linear combinations, so the fields 1L,R, b and a are replaced

with e,), Z,W& A, Z is found by looking at what couples to VueV. The
photon is then the orthogonal field , couples only to 6...e.

fo} « 6. Now comes the Higgs fields. They come in a weak iso-doublet. The scalar Higgslagrangian is then made local invariant under entire U(1) x SU(2) by coupling
in the b and a fields to the Higgs fields. Higgs fields are massless.

1. Now, the field g* is gauged away and somehow the field #° is relaced with
a Higgs field called R(x). The final Higgs lagrangian in terms now of this

field R and the A,Z and Wis shown in (7.82). There is no term like AAR. Thus,
when we later do SSB with R, photon will not acquire mass.

8. However, you do want your electrons to acquire mass. Thus, couptings 6 Re
is added by hand, coupling G, a new free parameter.

9. So finally you do SSB and shift field R into usual CHI, The results of this

SSB are enumerated: electron acquires mass, so does Higgs CHI field. So do
the fields Wand Z; Weinberg angle defined; photon stays massless as noted.

10. A problem noted with this theory is thet the A and Z fields can mix, since
oth couple to the Se system. Thus some kind of mass-matrix diagonalization is
needed.

ll. Rest of this section not very interesting to me. Situation reanalyzed in
terms of linearized equations, look at decoupled Goldstones in the Lo entz
gauge.

12, Last section is about possibility of magnetic moment and minimal coupling.
j In certain cases it seems that minimal prescription does allow an anomolous
6 moment term.??? Skip for now.
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(8.) conolusions. .

1. Bjorkens comments on "believable" gauge theories. °e
2. Division oftheoreis into Clas 1 with neutral vector carrier like the Zoe

and Class 2 without neutral vecobs, but with heavy leptons.

3. The Z, implies neutral currents, Bernsteain in 1974 was not sure there were
any such animals, At the time this was arguement in favor of Class 2 models

_ like the SU(2) GeorgiGlashow with its single heavy lepton. o

4. Bernsteain shows how the Zz of the Weinberg model cures the unitarity problem
which the W bosons themselves do not cure. :

5. He gives a few other examples of how gauge theories mysteriously "cure"

problems or diseases of weak interactions. . :
.


