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The Ward-Takahashi identities for (single-

theorsies; the renormalization of such thearies, previously di

Green funclions, can now be considerably simplified.

In discussing the renormalizability and unitarity
of the S-matrix in (spontaneously broken) gauge
theories, the Ward-Takahashi (WT) identities satisfied
by Green functions play a central réle. The renormal-
ization procedure is usually stated in terms of proper
(i.e., single-particle irreducible) vertices, so that the
WT identities written in terms of proper vertices
would enormously simplify the discussion of the re-
normalization procedure. It is the purpose of this
note to provide a derivation of such identities. In pre-
vious discussions [1, 2] of the renormalizability of
these theories, one has to contend withT' the WT
identities for Green functions, and a considerable
amount of work was necessary to extract information
on proper vertices therefrom.
We shall adopt the convention previously used [3]

that all fields [gauge fields b§(x) and scalar fields

W, (x)) are represented by ¢; where { stands {or all at-
tributes of the fields. Thus for the gauge field b}, (x)
i stands for the group index «, the Lorentz index y and
the spacetime variable x, collectively. Summation and
integration over repeated indices shall be understood.
Thus, for example,

o7 =64,
=[x (= DRI + Lt (), ()
The infinitesimal local gauge transformation of ¢

may be written as

* Supported in part by the NSF grant GP-32998X.
Permanent address.
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particle irreducible) proper verlices ure derived for non-Abelian gauge
scussed in terms of the Ward-Takahashi identitics for

5 8=+ (NS 500,

where @_ = @, (x,) is the space-time dependent para-
meter of a compact Lie group G. AZ.is of the form

|8 .
A? =[g] 3,84%x,-%),  if¢; =B (),
=0 otherwise,

where £,5 23.::5;:13 is the gauge coupling matrix’ 2. We
have
g g
£ (0,9, + AR — 1 (9, + AY)
zfm{r?k‘pk + ﬂ?}
where f_ . is the structure constant of the local gauge
group. The invariance of the Lagrangian under this
gauge transformation may be formulated as
5L[¢)
a o -
(A7 + :ﬁ,-} 5, 0. (1)
We shall always use a real basis for ¢, so that the rep-

resentation matrix of the Lie algebra [£2] ;= 1§} is real

antisymmetric,
In quantizing such a Lagrangian, we must choose

a gauge. We consider a gauge condition linear in ¢

F,[8]= F0,=0.

T! This was especially true in the first-cited reference in [11.
T2 If the group @ is a direct product of n simple groups,
Gy @ Gy @@ - & Gy, there are in general 7 gauge

couplings g1, £24 « « « 1&g+ Within the same factor group

Gy, for course £, = £g.
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Usually, one chooses F,; to be
Foi ™ 'J‘;; & ﬁ""f

if ¢; is a gauge field,

s @

if §; is a scalar field, where e, £ are gauge fixing param.
eters, and cffare some constants. In this gauge, the
Feynman rules for constructing Green functions are
deduced from the effective action Sy (4]

Supld] = L) 4 (F (817 + 2 M, [#]c, 3

where & and ¢ are fictitious anticommuting fields
which generate the so-called de Witt-Faddeev- Popov
ghost loops [5, 6] and M, is given by

Mgl9)= F (N + ) . : (3)

The operator M is in general not Hermitian so that the
ghost line is orientable,

In the following we shall be dealing with unrenor-
malized fields and coupling constants, and dimension-
ally regularized [7] quantities. As has been shown
elsewhere 3], the generating functional W[J] of
Green functions satisfies the WT identll}'Ta'

’_P;E—:—J +.;(ﬂj?+;ﬂ_ % SBME& [% ;’7]] W[J] = 0.

(4)

The quantity M~ [5/i6.J) W[J] is the Green function
for the fictitious field ¢ in the presence of the external
source J.

The functional Z[J] defined by

W] = exp(iZ(J])

is the generating functional of the connected Green
functions. The Legendre transform I'[A] of Z[J]:

Pl =ZN~JA, A =8ZUNJ6), —J =5T[A)s4,
(5)

is the generating functional of proper vertices [8]. For
later use we define X (4] by

X i (4] = —6,4{!5.!! (6)

Xy [4 IEEF[A]IEAJEEAI. =8,

13 An equivalent diagrammatic derivation of eq. (4} is given
inref, [2].
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i.e., X;[A4] are the propagators when the fields ¢ are
constrained to have the vacuum expectation values A,
Now we are in a position to write down the WT

identity for ['[4]. First observe that

M [f aET] exp (Z[/)) M [.4 + f %] o)
where

1
At

8 - 5_
iq—Ai.ﬂXE[A]Mf

= exp(iZUI)) T 3h-exp (ZL)).

Recalling that £ is linear in ¢, we write eq.{4) as

R\ Z [T P
—III[J‘I] —W[ﬁl— 'i'fﬂ, Af‘[’L.X;.k[A] ﬁA_k

54
Now define [, [4] by
PlA] =T (4] — }{F,[4])2. (9)

Then from eq. (8) follows
5T 4]
w0 g La |, 18
0% %4, [ﬁ,- ”g'(’{f'i au{,-)]ﬂﬂf*[’“i 5T )
(10)

(8)
X Mi;of[,d + rx-‘-s-] =0.

We must now examine

s 15
91 JIMEa[““i s,r]

. S - x5
|rﬁ1}k[_f1] ﬁAka [A +'X1SA:| (11)

- -1 iy 8
_TE[AIMﬂu [A +LrM]
Upon definingl

&
| ;

Gy (4] = 1131 [A vix g
so that G, [A] is the ghost propagator when the
fields ¢ are constrained to have the vacuum expecta.
tion values A, we can solve eq. (11) for 7 [A]:

T4 Here one must distinguish between an operator equation
such as (1+x3)? = 1+3+x%27 and the equation resulling
fram its action on a certain function of x, such as (I+x3)?1
= 1.
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1AL =it X, 16y, Ml Gl (). 02)
Now eq. {10) may be written as

LalA) gy T, A1 =0 (13)
where

L ;A= A] + 34, + 2 [A] (14)
and

G;; [A] = Fyl,,l4]. (15)

Note that G~! [A] is the generating functional of
proper vertices with two ghost lines, so that

I —
Gﬂu "Gﬁm 0]
is the inverse ghost propagator:

Tﬂn'-t i E-Al- [
is the proper vertex of two ghosts at e and 3 and the
field at i, etc.

The system, egs. {12)—(15), is our main result.
Eq. (13) defines a non-linear gauge transformation
which leaves I}, [4) invariant. It is generalization of
eq. (1) and reduces to it in the tree approximation.

On the basis of egs. (12)—{15), the considerations
of ref. [1] can be generalized readily to any compact
Lie groups and arbitrary representations of scalar

216
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fields’ * . Furthermore it can be shown that the di-
vergent parts of the renormalization constants are
insensitive to the parameter £ in eq. (2) and there-
fore the renormalized S-matrix is independent of the
gauges“*". The details have been worked out and
will be reported elsewhere,

1 thank §. Coleman, G. “t Hooft, M. Veltman and
I, Zinn-Justin for much help they have given me.

% The discussions in refs. [1] were tailored to the group
5U2) and other completely reducible compact Lie groups
{i.e., groups in which the product of two irreducible rep-
resentations R and R’ contains a third R” at most anee).

T® The renarmalizability in the most general case, and the
gauge independence of the rencrmalized S-matrix have
also been warked out, prior o me, by G. "t Hooft and
M. Veliman by means of their diagrammatic analysis
{private communication) and by J. Zinn-Justin (unpub-
lished manuscript) on the basis of eq. (4).

17 1 have not full investigated the case in which F is of di-
mension {wo and not linear in fields,
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Ben lee's letter

The purpose of this letter is very clear and simple: convert the WT identities
from the old ones in terms of W[J] (which thus involve the Greens functions ) to
new ones in terms of GAMMA[A] involving the proper vertices. Cbviously the proofs
of renormalizeability are going to involve the proper vertices so nice to have
Wards in terms of these vertices. This stuff is of course contained in Lee's
review, but I like the idea of having the original letter just to pin dates.
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GAUGE DEPENDENCE OF RENORMALIZATION GROUP PARAMETERS
IN GHOST-FREE NON-ABELIAN GAUGE THEORIES

J. FRENKEL

Instituro de Fisica, Universidade de Seo Peulo, Brasilia

Received 30 September 1975

We discuss the gauge dependence af (he renormalization group parameters in a cless of ghost-free non-abelian gauge
theories. We show, using the n-dimensional regularization with the “minimal” renormalization procedure, that these

paramelers are gauge independent.

The renormalization group equations [1] play an
important role in the study of the asymptotic behav-
iour of renormalized field theories, especially in view
of the fact that non-abelian gauge theories are asymp-
totically free [2]. An interesting problem is the pauge
independence of the renormalization group param-
eters, or lack thereof. This was already discussed by a
number of authors [3] for the class of covariant
Lorentz gauges.

Here, using the n-dimensional regularization
scheme [4], we would like to discuss this question in
the context of non-covariant “'axial™ gauges, which do
not lead to the appearance of Faddeev-Popov ghosts
[5]. For simplicity, we will restrict ourselves 1o a pure
Yang-Mills theory [6], since all essential features are
already present here. This theory is described by the
{unrenarmalized) Lagrangian:

Lo =—-%(3,A97 — 3,497 + gofabe 4ob goc)?
| (1
—_ ZE {”EA Ea}I

where /25 are the totally antisymmetric structure con-

stants of the gavge group G and nf is any fixed four-
vector (ngng # 0). In order to obtain finite Green
functions we rescale the fields 43¢

Aga =Z1R ga. (2)

In the dimensional regularization scheme it is conven-
ient lo rescale g2 such that the renormalized coupling
constant is dimensionless. As a consequence ol the
Slavnov-Taylor identities [7], which hold in the ab-
sence of ghosts, one finds £, = Z4, so that we can
write:

74

g0 =pl2z3\2g (3)

where € =4 — n and u is an arbitrary mass, which sets
the scale of the theory. Furthermore, it is necessary lo
rescale the gauge parameter nd such that the gauge fix-
ing term in (1) remains invariant. This requires:

ng=23"7n,. ' (4)

We will determine the (dimensionless) counterterm
Z using the “minimal” regularization scheme [8],
which in this case contains only inverse powers of € in
an expansion about € = 0.

The propagator for the.vector-boson fields, for

=
5)
”r.lpu t nppu + J‘!?' P“Pp
np {n . p]i .
leads, by power counting arguments, to a renormalized

1
b = -
vapvn) - aﬂb P? [ﬁfiﬂ -

=9

¢

1

theory. Remark that, sincaﬂﬂﬁ is a function of zeroth
degree in n, it has the important property of being in-
variant under the scy,"ﬁg n —+ sn, where § is an arbitrary
(s # 0) parameter:

Dib(p,n) =D3(p, sn). (6)

Using this relation, we will show that Z4 is indepen-
dent of the gauge parameter i, which implies, as we

will see, the gauge independence of the renormaliza-
tion group parameters. The prool is inductive,
Consider a Feynman diagram, which is made finite,
order by order in a loop expansion, up to [ loops, by
counterterms which are independent of n. This is triv-
ially true in the tree-approximaton (7 = 0), where 24
= 1, To order (! + 1) the diagram will exhibit poles (up
to degree ! + 1), with the property that the residues

1
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are polynomial in the external momenta [4, 9] . Fur-
thermore, using (6) and by the induction hypothesis,
all terms, including the residues, must be invariant un-
der the scaling n = sn. Mote that this property must be
satisfied independently by rational and logarithmic
functions. We now observe (from (3)), that u only ap-
pears as a power of ue/2 multiplying coupling con-
stants. When the Laurent expansion of each Feynman
integral is made, only logarithms of g will appear. In
view of the first property, the residues could depend
on 1, via these logarithmic functions, only through di-
mensionless ratios of n2/u?. However, these terms can-
not satisfy the second requirement, mentioned above,
so that we conclude that the residues are independent
of u (for a discussion of this point see also ref. [10]).
We now remark that Z is a dimensionless quantity,
which can depend on 2 only via dimensionless ratios
of n2[u?. As its poles are defined to be precisely those
needed to subgtract the poles associated with the above
residues, which are independent of g, £3 must also be

PHYSICS LETTERS
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9

Although the dimensionless parameters §, § = 5, /n?,
+ could a priori depend on 7 via functions of n?/u?,
we will now show that they are,_in fact, independent

ofthe gauge parameter n. To see this, let us apply the

o prindependent. [t follows then, that also to order (/
+ 1), we can remove the divergences with counterterms

independent of n, which concludes the proof.

We can reach the same conclusions by observing
that, since the theory is renormalizable, the residues
must have the same form as the counterterms gener-
ated in the Lagrangian (1) by the rescalings (2), (3)
and (4). Separating out explicitly the dependence on
the external momenta, we see that the residues could
depend on n only through functions of n?fu?. For the
reasons discussed above, such functions cannot be
present, whence we conclude the gauge independence

* As a consequence of this property, we can easily
show with the help of (5) that any N-particle {one-par-

ticle irreducible) Green function I'V(p;, g, 1, ) satis:
fies the relation:

H, -aa 1"""":'__::!-, gon =0, {7}
Hu
On the other hand, MY satisfies the renormalization
group equatien [1]:
P PR ST B -
(s +p2+s, 2 Mt) Vgm0 =0 ®

o where §, 8, and -y are given by:

operator n, 8/dn, on eq. (8). Using relation (7) we ar-

rive at:
EAY 3, 2 37 Y]
[(reim) g (g =5y ) 1

=1, ( I.U}
We have imposed no new conditions on 'V, so that

this equation must be satisfed identically. Thus, the
coefficients vanish and we obtain the relations:

n, dffon, =0,

{11a)
ng 38/dn, =0, (11b)
n, dylon, =0, {i1c)

which imply the gauge independence of the param-
eters 3, 5.and 7 since they are momentum independent.
From (9) we see that (11¢) is trivially satisfied as the
counterterm Zy is gauge independent. Eqgs. (1 l1a) and
(11b) can also be derived by noting that, from eqs.
(3), (4) and (9), we have (in the limit & -+ 0):

f=1, b=71 (12)

Using these relations we see that (112) and (11b) fol-
low from (11c).
As an illustration, we obtain, without making any
assumption about n, in the lowest order of perturba-
e 4 1

theory: o%u!/‘;:
~1C g , (3 ¥
242" n—4

where Cis the value of the quadratic Casimir operator
in the regular representation of G and is given by

85 C = foes Spcu - Relation (13) shows that Zy is inde-
pendent of the gauge parameter nt and yields, using
(9) and (12}, the same gauge invariant result for the -

zj'_-l_
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funclion, as the one obtained in covariani Lorentz
gaugts [1].

Finally, we would like to remark that, despite the
gauge invariance of the result (13}, it is nol possible to

PHYSICS LETTERS

choose the gauge n? = 0, which would greatly simplify

the calculations (see eq. (5)). In fact, an explicit caleu-
lation performed in this gauge yields for Z4 a different
(and, hence, incorrect) result. The reason for this dif-
ference is due to the singularities n—2 which appear
when computing the Feynman integrals [11]. These
singularities, when multiplied by the factor n2, which
appears in the propagators, yield well defined results
which, in general, do not vanish. Due to this fact, in
order to obtain consistent resulls, it is (unfortunately)
necessary 1o use the full expression (3) for the vector
boson propagator, with n2 # 0.

J
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Frenkel's letter of Dec 1975

Interesting .and perhaps relevant to our simple anzatz. He claims that, when you
work in the dim reg framework with that mass scale parameter MU, you can show that
in the axial gauge the 23 and the little renorm group functions like BETA are independent
completely of the vector ETA or n . Thus you cannot have Z( our gamma).
The Z's are of course the residues of poles at n=4; as an example he computes
what is I think our Bern loop and shows that the residue (ie Z) is in fact independent
of n,. I should check this calculation. You only heed the leading term.
I should also go read asbout AF now that I am with the dim reg stuff.

Another comment male in passing is that you cannot take n3=0 because something
goes singular and you get the wrong answer. This sounds similar to something we did '
wrong once.

As a bonus, I am reinforced about renorm when he claims that our form for the

propagator makes the theory, by power counting argument, renormalizeable. I agree.

This is a good paper to stufly in more detail. See if you can duplicate its basic
results.
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5 FIRST AND SECOND FACTORIZATION IN. .. 3121
Ty, Nambu, Phys. Rev. D 4, 1193 (1971); L. T. Drum- _ (Pia, Pray Pratny)
“mond, Nucl. Phys. B35, 269 (1971); F. Csikor, ITP- Lajag a~ Fimg
pudapest Report No. 262, 1971 (unpublished). ® y P )
] - = !ﬂ{nti'l} ld.f.unlﬂiaj e
# Uag an example, we consider the case =23, my =E, « i
..“.:—1 m ;=0 otherwise. Then we have Fing)
R-dlaz Y= PRy Ptﬂ PR ) . (Patati-nge ™ Pa-tag ) i
+qPh PLG Pnl“?Pn PLYAPVY. and Sfimg)
2 *In Eq. (24), €, the polynomial in the crossed variables, P T, oo salmyag)
*“ﬂ was written in a factorized form. If we j:;.re.rt the order- R =§‘T (Ppw-nPrx-1 }
o aymy ey .
AL ing of \rect‘nrs in both L g 4,0eq, and R , the result < (P4}l gD ppatly, 25"
*  will remain valid, f.e., we have *
C= i’u fier ey 0 The amplitude of Eq. (30) follows from the factorized
hr ' o form of Eq. (24'). For notational convenience, we have
whera . * also made the change n;==aj.y.
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Z Spontaneously Broken Gauge S_vmmetnes.f I. | Preliminaries
:? Benjamin W. Lee
? National Accelevator Labovalory, P. 0. Box 500, Botavia, Mlinois 60510
and Institute for Theoretical Physics, Stale University of New York at Stony Hrook, Stony Brook, New York 11730
- and
*t‘ Jean Zinn-Justin®
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Institute for Theoretical Physics, Stale Universily of New York at Stony Brook, Stany .B'rﬂa-ﬁ New York 11730
{(Received 10 March 1972)

This is the first of a series of papers addressed to the renormalizability question of spon-
taneously broken gauge theories. We give a brief outline of the motivation for such an inves-
tigation and describe the manner in which the renormalizability of such theories will be proved
in the sequel. Put briefly, we will show that in an appropriate gauge, ultraviclet divergences
of a spontanecusly broken gauge theory are removed completely by the gauge-invariant coun-
terterms in the Lagranglan which would make the Green's functions of the eorresponding un-
broken gauge theory finite, that the § matrix computed in this gauge is unitary, and that the
§ matrix is independent of the gauge chosen. In this paper, the renormalizability question of
the unbroken gouge theory is considered, We derive the Ward-Takahashi identities of the
theory. We discuss several ways of regulating divergent Feynman integrals of the theory
without destroying gauvge invariance. Infrared divergences are avoided by the device of inter-
mediate renormalization, wherein we choose as subtraction points some points where exter-
nzl momenta are Euclidean. This suffices to establish that the Begoliubov-Parasiuk-Hepp re-
normalization will give rencrmalized Green's functions which satisfy the Ward-Takahashi
dentities. The existence of finite, renormalized Green's fuictions satisfying the Ward-Taka-
hashi identities provides us with the means of proving the renormalizability of the spontane -~
ously broken symmetry case. The Ward-Takahashi identities were previously derived for the
gauge bosons by Slavnov, We prosent here a new derivation. The discussions on regulariza-
tlon methods and intermediate renormalization procedure and the renormalization conditions
for matter fields, we belicve, are new contributions of the present paper.

I INTRODUCTION whose masses are generated by spontaneous break-
down of gauge invariance of the second kind,** and
This is the first of a series of papers which will of constructing a finite theory of weak interac-

deal with the_renormalizability of spoptapegusly tions*"~? prompt a closer examination of the quan-
breken gauge symmetries. The intriguing possi- tization and renormalization questions of theories

bilities of unifying electromammetic and weak inter- of this genre.
actions in terms of Yang-Mills gauge bosous,'™? In the sequel of this series, we wish to examine
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Iee & Zinn-Justin I. Preliminaries written March 1972

1. Introduction. Motivation is unification of weak and EM interactions. No mention of QCD.
There will be (1) Discussion of Higgs and stability (2) Thecrem: renormalizeability of
unbroken gauge theory implies renorm of broken theory. Actually, this first paper will
not get into the broken theories. (3) In the Renorm gauge, unitarity will be un-obvious;
nevertheless, unitarity will be verified () the Renorm and Unitary gauges will be sﬁﬁwn
equivalent. This is the program for the entire series of papers.

The aim of this particular paper is to derive the Ward Identities and then construct
Greens functions that satisfy them. These should be renormed and finite greens functions,
so they willlhave to discuss how they are made finite, where they are subtracted, etc. The
BPHZ will be used. '

Intermediate renorm means that they will choose as spacelike renorm point some point
other than where the IR problem lies. No big deal. ‘Hard Identity derivation credited to

Slavnov.

2. Quantization. The usual stuff. The FP determinant is written as exp[Trflog...)] and then
Trin(..) gppears as part of the Lagrangian. It is noted that this extra term can be
interepreted as ghosts in the usual way, and I could if I wanted figure out why they are
fermion-like. It is shown how greens functions are obtained by functional derivatives on
Z[J], which by the way is the thing that gives connected graphs.

2. Ward-Takahashi Tdentitles——I. I have made detailed notes on derivations of guations
in-this section. I derived everything except, unhappily, I was unable to execute the final
step to get the key result , that will have to wait because I simply don't know how to

do it right now. Here is how tings went: W_ is the genfunc without the ghosts: the FP

| ghost det is pulled out as in (3.1), a new idea to me. Now, obviously making a group

variation on integration variable of an integration cannot change the number that is
the integral, so RHS of (3.4) is zero. On the other hand, your variator reaches in
and "varies" parts of the action which are not gauge-invarisnt. Recall that, although Fuv

does rotate as a color vector, Au does not, so the gauge-fixing term (arising from the
delta) and the source term are gauge-violating as shown in (3.3). Thus, in effect, the
gauge-fixing variation must cancel against the source-term variation, and thus you have
Eq. (3.4) which is WIT for W_. But of course you want WII for the full W. Putting the
ghosts back in is accomplished by the horrendous identity (3.5) which was derived in
appendix A. Thus, you get (3.8), where H is the greens function os operator Dd. This
result is manipulated finally into (3.13) which is the result he will use. This is an
amazingly complicated, functional-derivative condition on the full W[J] for a pure
Yang-Mills theory quantized correctly. I get a result close to (3.13), but I have a sign

difference, plus I cant dumpt the outside Dd operator. 4w OIS .
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This (3.13) is the family of WIT's for the Greens Function genfunc. The claim is that
the simplar result for the 1PI functions is much more complicated! Slavnov is credited
with first derivation of this. they are called Taylor-Slawnov identitles.

L. Ward-Takahashi Tdentities-II. Basically, the idea here is to define the renorm parts
of the-theory ( they are: ghost-prop, gauge-prop, or respective self-energies, the
triple-glue vertex, the glue/ghustfghust vertex, and the L-glue vertex. ) I n their
discussion, only the 1PI versions of the 4-glue and 3-glue enter. Called . The
ghost/glue triple vertex is called{ and is also 1FI,

In the middle of this section we have the ghost self-energy Dyson, (4.14). I dont
see a glue-Dyson or other Dyson equations.

The major Ward identities are (4.14) [which relates glueprop,ghostprop, and 3-glue
and ghost-glue vertex[] and also (4.17) which relates the L-glue to 3-glue and the
glueprop. Strangely, the ghosts dont seem to enter this one at al;.

Why are we doing all this? REcall how in QED you use the Ward identity to simply
avoid worrying about the electron self-energy. I assume the Fancy Wards will be utilixed
in a similar way in NAGT.

) Notice of course that all functions so far defined are "unrenormalized". Later
I imagine he will rewrite these equations for the renormed objects, and will state
renorm conditions, defining various X's and so on. This is the part I am wating for!!!

5. Regularization. I gather that the dimreg method was not yvet popular, perhaps tHV had
not come out yet. So here is the gist of this section: Firstg they convince.themsevles

that they can render finite any graph invelving only one loop. This was done in a paper
of Hooft. earlier. The method is this: Just add some "regulator fields"™ with masses mi2
(spinor and scalar fields may both be necessary). Then adgust the couplings of these
regular fields, and their masses, to satisfy certain linear conditions such as (5.3)
thoough (5.5). Then you discover that, when you include Feynman graphs which include
these regulatro fields, you have cancelled all divergences at the one-loocp level.

I presume that you can interpret these "regulator fields" as terms- added to the
original lagrangian, a finite number of terms, so this is OK to do. But, it seems that
this "regulator fields method™ will fail for higher-loop diagrams. So more stuff is
needed. That "more stuff™ is to add fancy derivative IH.caupling terms to the Lagrangian
as shown in (5.7); cutoff appears in these terms. The effect of the addition of such terms
is: 1) regulates the glue propagator down to power khé instead of k% so this makes
higher-loop graphs tend to converge fast since lots of propagators.; 2) but you also have
added all kinds of couplings, like B-glue couplings! Nevertheless, it is claimed that

the result of this propagagsbor modification is: only one-loop graphs are divergent!!
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Thus, by so changing the glue propagator (by adding those derivative couplings), you have
put all divergence probléms into the one-loop sector. But these one-~loop graphs can be
rendered finite by the regulator fleld method! Thus, you have solved the whole thing.

Moreover, a major point, the idea is that the counterterms you have added to the
Lagrangian to do this regulation were gauge invariant! Eg, you know that F is a true
color vector, dF is not, but DF is, and only DF type stuff appears in (5.7). Thus, these
counterterms have no effect on the Ward Takahashi Identities !!!! TYou have regulated
without hurting gauge invariance, and this is the main point. Of cnursefthe dimreg does
this too in a much fancier way.

You can go on to add higher propagator derivative couplings to improve the UV
convergence of your propagator, but this never makes the one-loopers finite.

Appendix D shows a little how you power count graphs with this propagator modification

and you draw your own concludions, fine.

6. Renorm Conditions and IR Divergences. Suddenly, without warning, all the Greens function:
théy aré ﬁsing are to be understood as "renormalized". Thus, first working with q?=ﬂ as
their renorm point, they choose J[kz)-l at k2-0. Obviously if we had an unrenormed theory
you could not aribtrarijyy set this, if would be some divegent thing depending on the
cutoff. But in the functional method, you can just let everything be renormalized. Recall
that the multiplicative renormalization is accomplished by adding counterterms to the
Lagrangian.

So, J=1 at ’=0 1is the renorm condition on the glue-prop (or self-energy). The
ghost residee is also set to unity. The triple-plue vertex is proportional to the
bare vertex since other tensors involve more p's and are thus smaller! The renorm
condition on the iriple-glue is that at the zero point it is G times bare tensor.

- What about the ghost-glue vertex? It starts out with its own constant G', but

then the Ward sets this to same G as in triple glue.

And what about the L-glue? It has two tensor forms with constants F and F'. But
then the other Ward identity puts F‘~_~G2 and F' = 0. BSo for all the vertices, there is
only one renormalized charge G.

Now they want to shift the whole thingtto a new rencrm point so things are off-
shell at the renorm point. It is noted that holding things off shell tends to remove IR
divergences. This is easy to see with a little ﬂﬁhlnop graph dhkf(kzk‘zj which only goes
IR divergent iquFD- So the motivation to "renorm" off shell is clear. How is this
implemented? For the glue and ghost prop, its easy. You just choose J=1 and Z =1 at
k°=—a®. Trivial. The vertices are now not so trivial. The triple-glue now has ELEEE

tensor forms, the bare wertex plus two more. Cangtants are called G,H,J. Andlthe
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ghost-glue vertex now has G' plus six more constants to worry about. Then the first
Ward identity relates all these constants.

But, as you can see, only G and G' are divergent constants because those other
tensor forms have higher powers of momenta in them. So you can read equation (6.9) to
also say: [¢lasy = G'yyy... Bubt wait, these constants are not divergent. OK, I
think they have left scmething out: ie, they never defined divergent Z's, but I think
I now see how to do it.

By the way, notice that they say nothing about the L-glue vertex in this off-shell
renorm case. Probably it has a million tensor forms. One of my little problems is to
use group; theory to try and find these tensor forms.

Conclusion: good to see some real live renorm points being selected.

J. Henorm of the matter fields. Up to now we have had pure Yang Mills fields only. In
this section we throw in a vector of scalars (massive) belonging to the adjoing rep. Then
the theory has more vertices which are given names. Then a renorm condition is made for

the new vertices. Ie, you have a bunch of constants multiplying tensor forms, as usual.
Now, the Ward identity including the new fields connects the new vertices only
with the triple-glue, which you recall had a G constant. When you stuff your new
renorm conditions into the Ward, you get certain results like C=G etc. Again, everything
can be related back to G.
Of course the new fields couple with the same bare coupling gy+ S0 this result does
not surprise me.
Finelly, 1&ZJ go back and redo all this stuff using -a® as renorm point because
the first time through they used q2=u2 the scalar mass, and this has the usual IR problem.
Then suddently the paper ends.

[?ne of the main points is this: to write down your Remnom Conditions, you simply
pick a renorm point and you write down all relevant tensor forms and you give each of
them a constant multiplier. Then you related the variocus constants as much as you can
using the various Ward identities. When you do do, everything boilds down to just one
constant, the G on the triple glue, the renormed charge:&

Appendices: I have already done A and D in the midst of the above. Appendices B and C
deal with the idea of proper vertices and Wards in terms of them. I will keep in mind
that these appendices are available, but now is not the time for me to read them.
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Derdvation of (3.10) - , . P S

4

Comment: T had a lot of trouble with this because there is a lot of stuff going on
here. Finally, ‘however, I have made it work.- ' C 0 w3d m .

We want to show that (3.10) duplicates (3.8). The first texm of. 3l1ﬂ40bvieuslr
is the same as the first term of (3.8) so cancel those. It rem&ins to show that terms
243 of (3.8) equal term 2 of (3.10). But, notice that either side of (3.9) is exactly
term 3 of (3.8). So here is what we want to show:

[ (3.8) term2 ] + [RHS of (3.9) ] = [ (3.10) term 2] ()

Normal order: why have they done this? The meaning is that all those d/dJ's sitting

inside the :: are supposed to not act on that Jd guy, but are supposed to only go to

the right and hit onto W[J]. You wonder: why didnt they just write the J on the

left and dispense with the ::. Reason: dont forget that DY contains a regular derivative

dy which acts on Jd(y] so you have a problem: whichever way you order these guys, one

of the derivatives wont be right. You would have to back-arrow the dy inside DF'
But, I could still fix up (3.10) by first partsing the dy in Dy over onto the H

(getting a minus), then switching the indices from cd to de (getting another minus on

other term for ceverall minus). Then 3.10 could be written like this:

D%‘ i‘{ ”‘ﬂfw \d*g KT* 4 v, Itrl \_\ (¥‘3=ﬁﬂﬁ>iw —©

The price paid for getting rid of the :: is that now the wolor indices dont match
correctly. But now you can replace H with GT and get the indices to match, so you

get:
/f
Dilds QaidﬁA/

Eﬁwﬁﬁﬁbhfjdﬂ)D &mﬁ& GijhﬁQiWEﬁ=D.

How you now go from this to (3.13) is a stgby I dont know yet;)so lets get back to the
present problem. I will keep the normal ordering form of [3.1 since I know what it means.

s At areee. —

Proof of above equation (*): Look at (3.10). Forget for the moment the action of the
outer operator Dd on the :...J: . Then the Dd goes rightg into the integral and

goes inside the normal ordering and hits onto H. By (3.6), this makes a delta and
the net result is this: -+ D(id/dJ) J : However, I claim this is exactly the
same as (3.8) term 2. Actually there you see —D J without the normal order. But, the

term in which the d/dJ hits the J vanishes by color symmetry ( just did it).



Therefore, all that remain is to show that , when you let the ocutside d/dJ in

(3.10) hit the explicit J inside the :..: factorf, this must yield RHS of (3.9). It
does, as 1s shown on page attached to this, not wvery hard to do. O

ﬁ.sir.fim notice that [ dey D (idfﬁa](-x)f)] Lo, It mat.ters which order these .appear
in.“' That. ig wl'q.r G%H, for example. . :

%



P sty (ve) =
An G ?V\ﬂw of ¢ 0 Y —
(g o[ U e S ¥ &

.
e O mrew

(5,08 . _
M < (Rl

&

(9 i 0% (g e S (%0 -

Ao

6% [ 0 (%% Sy 160 €L 3ld

O O O

I



T
Eastward

<0
_Westwarﬂ =

yl

i

T

10 11 12
/ﬂ
!

N
’

™ = M ﬂ_ﬁz/ .\Wﬂw a
/,,,.,, N N~
— »t rluwrnf ~ — \\M.\\ W.m
NLLANNAVANNN A

9

_\\\\\\\\\\\\\\\\\\\ /

N

NN

AW

AN AWV

L ATTRRRRRRRAAN

i

» =

'

I
—
¥

N =€

_____Lg.!

Figure 15. Schematic of Restricted Aperture.



----------

(R Ty

Sign Error in LeeZinnJustin-I

(:, 1, First, notice that you always have a convention on how you will define your sources
and how you put in your gauge fixing term. There is also a question of sign of metric.
I always use the metric which inr;:-fr_ies~ pz—tn2 in propagators. So does Coleman. Also,
Coleman shows that if you Wick rotate correctly with this metric, you get:

dhx = -4 deg

Thus, I am able to justify the sign of Coleman's gauge fixing term:

+S S| S @ - A QY
ﬁfL _ Cé? Qﬁ i_ 24 NN l

Ol eS) = S [ ERS)
and then the idea is that, for 70 at least, this exponent is negative and vaguely
speaking you have a convergent integral if you go over to Euclidean space.
Anyway, this is the sign of the gauge fixing term used by Colemén, and be LZJ-1,
and also in Abers and Lee. When this is combined with the ususl L_ = —(1/4) F'F
O you get the following bare propagator: -

&) 3]

This is what I get, Colembn gets, Abers and lee get, and LZJ-1 get (see 2.11 ), Ie, we
a2ll have that By has the same sign as alpha.
We do not all agree on the sign of the source, but no matter for now.

8. Fact: when I work through LZJ computation in detail, keeping exact track of all
signs, here is what I get for my final result :

@GN p g e | 2 o8 ¢ A o—qeb _be
D@a [L‘Ea’] ENERS $T°%) ¥ %6*2 RN (¥) Dw.[’%] G (ax, “:%) W [ﬂ =0
ows

I
(2.3)

This is my equation (3.13). The relative plus sign between the terms is consistent with
(:, LZJ's equation (3.10) because you get a minus when you switch the action of D from J
over onto H, etc etc. So, I am willing, without justification, to claim that the square

bracket above equals O. I wonder: does my result agree with Slavnovs result?
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On_a-page attached I have examined Slavnov's paper and have converted his result into
a functional result so I can compare it with mine. First, I have to replace his source
with J = -n because his "source-sign convention"™ is opposite LZJ's. When I do this,
I find that Slavnov's result has a relative minus sign between the terms, whereas I had
a relative plus. BUT that means we agree because Slavnov's « is minus the & used
by LZJ and me and everyone. le,

d,

Slavnov LZJ-1

fglamov = ~ 91zJ-1

Thus, my result agrees with Slavnovs result.
_Conclusion: Lee and Zinn Justin have the sign wrong in their (3.13) . Everything
else they have done is correct, except typos I have already marked.
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Byt the way, we know from our propagator-identification page that this function
H_:b{x,y) is the dressed ghost propagator! Recall from BD vol I that any propagator
is the Greens function of a differential operator. Here that operator is dD. As written
above, G is the amplitude for propagation to x from a source.at point y. Lee's remark
about "outgoing boundary conditions™ merely refers to the fact that you want the
positive energy component of your "wave " G(x,y) to radiate outward from the source,
to respect causality. In non-rel theory this just means G=0 for time in the wrong
sequence, and in positron theory its more complicated but same is true fdr each energy
plece.
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The second paper in this series is devoted to the formulation of a renormalizable pertur-
bation theory of Higgs phenomena (spontaneously broken gauge theories). In See. II, we re-
formulate the renormalization prescription for massless Yang-Mills theories in torms of
gauge-invoriant renormalization counterterms in the action. Seclion Il gives a group-theo-
rotic discussion of Higes phenomena. We discuss the possibility that an asymmetric vacuum
is stable, and show how the symmetry of the physical vacuum determines the mass spectrum
of the gauge bosons, We show further that in a speelol gauge (I pauge), all unphysical felds
can be eliminated, Seetion IV discusses the quantization of a spontaneously broken gauge the-
ory in the R gauge, where, as we show in See. V, Green’s functions are made finite by the
renormalization counterterms of the symmetric theory {ih which the gauge invariance is not
spontaneously broken). The R-gauge formulation makes use of redundant fields for the sake
of Tenormalizability. Sectian VI is o discussion of the low-energy limits of propagators in
the R-gauge formulation. In Sec. VIl we show that the particles assoclated with redundant
fields peculiar to the R-gauge formulation are unphysieal, i.e., they do not gontribute to the

sum over intermediate states.

L INTRODUCTION

In this paper we give a renormalization method
and a proof of finiteness of renormalized Green's
functions of spontaneously broken gauge theories.
For definiteness we consider a very simple model
in which SU{2} gauge bosons are coupled to a trip-
let of sealar mesons. There is an extra complica-

tion when chiral fermions are included in the mod-
el, as pointed out by Veltman,' and more recently
by Gross and Jackiw.® This dilliculty can be cir-
cumvented in a realistic model of electromagnetic
and weak interactions. We shall not discuss this
problem further in this paper, but postpone the
discussion until we deal with the renormalizabil-
ity of a realistic theory in a sequel to this paper.
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1. Introduction. These guys have figured all this out in the SIGMA model, and are now
generalizing to arbitrary NAGT. Actually, in this paper they will use a simple SU(2) color
group with cbvious Higgs fields @ coupled in as you would imagine. These are the only
matter fields they will use, I think.

The gauge wherein the Goldstones are absorbed into gauge masses via the Higgs-
Kibble mechanism is called the U-gauge. The claim is that in this gauge, unitarity of
the theory is obvious, but renormalizeability is not (after all, you have massive vector
propagators screwing you up.) But then there will be something called the R-gauge where
the renorm is easily proved, but in which unitarity is not easy to see. I imagine the
authors will prove renormalizeability in the R-gauge only.

Then the game is to show that the two gauges are equivalent, and I think that
is the topic of the next paper, No. III.

As an added complication, authors allow for the possiblity of SS5B. After all, it is
SSB which creates the would-be Goldstones. Discuss this below.

I1. Gauge-Invariant Counterterms. In this section they show how you add counterterms to
the lagr;néi;n to get a finite theory. Finally this is clear to me. It is totally
un-obvious why you get a finite theory unless you have studied say ﬁa. It is just the
usual multiplicative renorm deal, except of course you have to consider both the glues
and the ghosts. Good discussion of choosing renorm ‘points. The both Wards are used
to show .that only one charge g is needed in the end. I think the Wards will be used
again later.

Tt is noted that if you define renormed sources, you can get benormed Greens
by differentiating the renormed genfun W, which now includes those counterterms. It
is noted that the counterterms, including the regulator cnuntérterms discussed in last
paper, are all gauge invariant.

A new version of I 3.13 is written (general Ward) but this time for renormed
objects. I have not yet checked this result, because I am hurrying to see where this
series of papers is headed.

I1I. Group Theory of Higgs Phenomena. A quick review of the ususl stuff. Start with

a group sym with N generators. Assume the Higgs field has nonzero VEV, so the groupof the
vacuum has only M generators. The difference is m = N-M is the number of “would-be
Goldstones" (Goldstone Theorem: there must be m massless paﬁtieles. Iey, m of the Higgs
sealars must be massless. ) Then you choose a fancy gauge so that the Goldstones are
eaten by some of the glues, so you get m massive vectors. This is Higgs-Kilble Mechanism.
Here all discussed in terms of classical fields.
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L. Quantization of Higgs Phenomens. Take it slow, it all makes sense. First, write down

Lagrangian including Higgs fields. Higgs self coupling now called A and there is .a Higgs
mass coungterterm. Whole thing is a gauge scalar. When this Lagrangian is' combined with

o gauge-fixer and ghosts, you get action called S; since parameterd, is still in there.

Major point: write down the genfunc for this action, putting in source J for the
glues and source K for the Higgs. Then the Ward Identity (L4.5) j_:s true whether there is
55B or not. The Functional Ward doesnt care where the potential has its minimum.

Now we want to avoid imaginary masses in our Feynman rules. Obviously, then you
want to expand your potential around its minbhmum, as in classical theory. First, write
each field as a sum of "long" and ™trans™ parts, where these refer to the direction
chosen by the vacuum in isospin space ( these have nothing to do with long/trans with
respect to some k* as in a gauge propagator; the gauge prop always has long and. trans
pieces in this sense).

Then, imainge that "long"™ refers to the 2 or 3 direction in isospac e. So you
expect your Higgs field to have a non-zero VEV for ;’53 The difference of {353 -V
which is the VEV is called V2 The long part of color vector A is called A .

So what are we doing? To get sensible Feynman rules, we are replacing the field
{JB with the field v~ ; then all fields in L will have zero VEV. Then rewrite action
in terms of all these new fields. (only one new field here). New action is (4.15) plus
(4.16). I havenet checked all the terms but IK could.

o Next, if you want to do perturbation theory you pull out your interaction action
and claw in functional derivatives , as in (4.17). The non-interaction action can then
be recast in the usual way into propagators, as in (4.19). You see that there are 5
kinds of propagators in the new theory. _

So, we now know the "sensible" Feynman rules for the SSB broken theory. Great.
This is a hairy combination of many ingredients: 1) functional formalism to get Feynman
rules for a perturbation expansion; 2) Yang-Mills theory coupled to Higgs scadars, all
gauge scalAR; 3) gauge-fixing and FP det ghosts stuff; 4) SSB breaking possiblity so
fields must be shifted.

Now on top of all this stuff we have to ask: how do you renormalizes the damn
thing? Its really no problem. First, you are supposed to fiddle with the Higgs mass
(counterterm) to make sure that, in any order, your field n really has zero VEV. le,
the tadpoles with one PSI field must be cancelled. See * term in (4.16) to see that
this mass counterterm is in a position to accomplish this task .

So ghoose that mass counterterm as just mentioned, then do a standard multiplicative
renormalization on the theory. Here I'1l just list things off:
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S0 we define sizx Z's in this standard way. Then we can take the Lagrangian and
replace all fields and charges with their expressions in terms of renormed fields and
renormed charges, then we regroup into terms plus counter-terms. The result will be
(4.27) ‘which shows only the counter-terms. Notice that the FP ghosts don't get mixed
around with other things. You can imagine adding t.his counterterm lagrangian to the.
thing shown in (4.15) plus (4.16).

Comment: Now things are all set up. If I were. at this stage with a;aimplar theory,
the remainiﬁg work would be to study integral equations etc and find that -if you iterate
order by order the theory really is finite. Ie, I would want to show that the multiplicative
‘renorm scheme really does yield a finite theory. I carried this through for E!J-; ‘BD carry

0 ‘it through for QED. Now it looks like L.and ZJ are going to carry it through for this

complicated :gauge theory which has everything: non-abelian so ghosts, Higgs and
S5B, ete. This I have got-to-seell!l
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5. Propof of Finiteness. I am very confused but will try to make sense out of this anyway.

Usually when you have sources you say: compute a derivative and then set sources = 0.
Now he says: set source J=0, but set source f u? « Why I dont yet know. So, at the
point (0,) for the sources, dZ/dKi = some Higgs field value v; which is not zero.

Call this 'l.rc?f ¢ the Higgs VEV deal point in the ?1 direction, fine. Then define field ~"
as in 5.5 and rewrite Lagrangian in terms of these new fields as in (5.7'). Notice that
this gives just the kinetic and mass terms of the lagrangian; the interaction terms are
the same as in L.16 with v replaced by our new Voo

First, notice the significance of symbol m: it is the mass of the trans Higgs
fields. Thus, these are the guys that would be zero if Goldstones ( start with 3, break
2# down to 1 so 2 goldstones; golds are the transversals here). So we are curious to
see whether m=0 or no.

Meanwhile, we are told to assume as will be proven later that d':l‘. will be proportional
to the wnm-:'t.m*‘:l'!i‘h SO We can say t.hat% = C ﬁ y 50 symbol ¢ is this thing. As ¢ goes to zero,
you return to the usual sources=0 place to define greenses.

Small detail: the linear 4™ term in our new lagrangian contains ex tra terms
and turn s out to be as shown in (5.9). Again the idea will be to adjust the mass counterter.
to kill off all tadpole graphs, as stated in 5.10.

-l

Now, off we go into proper vertes. The classical fields are called a,h, $o
where these last two refer to the Higgs guys. You can form the proper vertex genfunct
and then its func derivs will give you proper vertices, as says (5.18).

Then comes the step I don't get yet: if write the proer vertex for the theory
with v = v, and its a power series in v, and the coefficients are certain proper vertex
functions of the theory with v=0. Lets accept this fact for the time being and see where
it is trying to lead ujs. If 5.20 is true, so what??? Well, 5.21 states how you
renormalize the symmetric theory. This paper is agsuming that the finiteness has been
shown for the symmetric theory (symmetrci means no SSB so v=0). Ie, you can choose the
countertermic Z's to get a finite theory.

Now define the renormed objects shown on IHS of (5.22). Then you get (5.23)
which is niced: if the vV, are finite, then the object on the RHS is finite because
the proper vertices PI of the syhmmmetric theery aare assumed to be finite.

Now there is a discongintuiyy in the discussion, a note added in proof is added.
Try to pick it up again. They want to select a value for Z, so that (5.24) is truve. Thus
they have slightly changed the definition of Zs (by a finite amount). 80, at k2=EI they

o want the Kiggs prop to be -n2 (and m better be some finite mumber!).

We now start on top of second column, page 3147:
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This column is just about the Goldstone.theorem . I have derived (5.26) from
(5.25) and thus 1 agree, the things are parallel. With the new definition of Z,, I
also agree with (5.26) and thus (5.27). "Spontaneous™ breaking means all sources: are
zero, so when you now take the K suurca"!z= ¢n- to zero, you see that either m=0 or .
v,=0. le, either you have Goldstones (massless Higgsgs) or you have no bregking of
the vacuum. ’ . ..

But that was just Goldstone stuff. The main work of the section is alredady
done and is contained in (5.23) which says: if the symmetric theory is renormalizeable,
then so is the theory @with SSB present! It is assumed that one already knows completely
how to renormalize the "symmetric theory™ ie the one with no S5B. .

In fact, I think that even with c, held away from zero (=0 there is.a K.source

present) you can renorm the theory.
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Recap of the first 5 sections of thisrpaper.

Lets look back and see just what has been done. In Section 2 they list off the
counterterms you would add to the Lagrangian to renormalize a normal theory with glues
and a triplet of Higgs with normal mass. This section does not properly allow for the
possibllity of SSB because if taken directly, it would imply imaginary mass in Feynman
rules etc. As we know, you really should define new, shifted fields if there is SSB.

So, skipping over the Higgs-Kibble review section , wé come to section 4. Here,
they write down the same action as above for the glue + Higgs system. Then they define
potentially shifted fields (the PSI field) and set up the perturbation theory in genersal,
allowing for the possibility that there is SSB. Equ. (4.20) shows all the propagator in
the perturbation theory, for example. Then on the next page they show all the
counterterms (now written in terms of the shifted, physical fields) you should add to
achieve renormalization.

If there were no 5SB, then v=0 and shifted field reduces to regular field. The
Z's which render the theory finite can be computed in terms of the cutoff. These are
"the Z's which renormalize the symmetric theory". These are the 2's you would use if
u2 = positive.

Now suppose there is 5SB, how do you know you can still renorm the theory? You
have a bunch of counterterms written down, how do you know that the really make the
theory finite? Answer: you derive equation (5.23) which states: the proper renormed
vertices of the SSB theory can be written in terms of the proper renormed vertices
of the regular (symmetric)theory. So choose the Z's that renorm the regular theory, and
then your SSB proper vertices will also be finite!! Thus, the same Z's will renormalize
the theory regardless of the sign of uz nt

One interesting point which I think will be important later is this: the Ward
Identities have the same form no matter what u° is. Whether or not you have SSB, the
Wards look the same. Moreover, since the counterterms are all gauge-scalars, they have
no effect on the Ward identity, thus, in the theory with these ccﬁnterterms included,
your greens will satisfy Wards of the same form as the wards of the unrenormed theory.
In other words, the finite, renormed Greens functions satisfy the same old Wards we
haved been using all the time.

S50, Wards survive renormalization and S5B!

Sc, these sections of the paper constitue a "proof™ that mxmm SSB does not affect
the renormalieability of a theory. If the symmetric theory is Renormalizeable, then
so 1s the broken theory! Note that this proof is carried out in a normal o~ Landau
gauge. However, as (4.20) shows, you have “redundant flelds" because you have both
goldstone Higgs and massive glues present. One wonders if these massless Higgs fields
dont mess up unitarity somehow. In the U-gauge these goldstones are completely gone so
uniarity is easier to show.
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Section 6: Low energy behavior of Ercgggators.

In the next section authors want to show how the negmetric + goldstones + FGghosts
(all massless "particles™ present in the theory in the R-gauge) all cancel in unitarity
sums, so you never get an amplitude having a pole at zero. Thus, in this section they
want to find out how to express the beghavior of the negmet and goldstone propagators
as they go near mass shell (ie, kz-ﬂ), because mass shell is relevant for unitarity
quaestions. The results are shown in [6.19}.

How are these results arrived at? They write general scalar-function forms for
three "inverse propagators" as shown in (6.7). These are related to the propagators
through a matrix equation (6.6) which reminds me of the similar thing in Kummer. Thus,
you can use the same symbols A,B,C,D in your propagators (these are scalar functions).
It seems that C=0 identically due to color symmetry somehow; from this you learn that
for small kz, the function ﬁ(k?} = szﬂ where & 1is the gauge parameter. The upshot
is that the negativemetric propagator contains function A, whereas the goldstone prop
contains function D. So far there seems to be no correlation between functions A and

D, but there is as shown later.

Section 7: Unitarity First example is look at l-particle intermediate state. They show
that the goldstcne cancels exactly agains the negmetric (ie, the long part of the glue
propagator). - In this example of course you cant have FP ghosts because they can only

occur in pairs.

To show this little cancellation, use is made of a very simple case of the Nard
Identity. Thus, very important that this identity be true for the renormalized theory
(and possibly SSB broken !). Here is where the Ward really helps: showlng these ghost
cancellations. They explicitly consider the case of two massless and then three massless.
In each case the Ward allows them to show cancellation. They dont have notation that
allews a general case to be done, but seems clear that it works.

Thus, the only poles at zero will come from the "phtons"™ of the theory, gauge
particles ¥hat did not acquire mass. The other massless particles always cancel out.

Also in this section they claim to show that S-matrix elements cannot depend
on paramter alpha. |

Comment: In this paper, authors show both renorm and unitarity entirely within the
R-gauge. They mention that there is a U-gauge where goldstones are completely eaten,
but they never use that gauge in this paper.



The Famous Z/Z ratio equation for NAGT in Covariant Gauge.

1. This equation appears as (2.2) in L-2J-II paper. I finally understand where it comes
from and T will derive it here. The only ingredient I have not yet derived is the Ward
Tdentity which appears as Eq. (k.15) in LZJ-I paper. You must understand that this
identity is derived using the functional formalism from a certain Lagrangian, namely
the YMT Lagrangian with F.F and gauge fixing and FP det. This lagrangian does not have
the renomm counterterms in it yet, so the Ward Identities you get always relate the
unrenormalized Greens functions! Basically, this Ward Identity (scalewiase) reads:

(=] [ +] [=] L]
ANV = & Eé (T w\s)
A T 1
2._Glue. Propagator. Even though there are ghosts to worry about, the longitudinal part
of the glue propagator is not "renormed", which means it is the same as in the bare prop.

I have not yet showed this, but JZJ showed it functionally (and so does Kummer later in
the axial gauge). Thus, your unrenormed propagator looks like this:

@) /

Zu)m (& = —.L::K%rau EL:E)QI(‘K‘) + o % /W
Lpo &y = —1:15_(1;\@ *‘k{k_\t} THY) + « %u { posa.
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JIEH=\ = Ap (o) = — 2 |Gt _;:ﬂ (1) +

3 Gh?st Propagator.
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A0H= L&D W= A 5 Ry
e Ram. Cond.. (~a)
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So this is the renormed "charge", the triple gague vertex coupling constant/. I few

details are not yet clear: like, what happens to those extra terms? Sure, you can

exclude them from your renorm condition by projecting them out, but they are still present

in the vertex itself. Moreover, due to the powers of momenta (power counting), I thing
o you can show that the object above called (other tensor forms) is a function only

of g, and does not depend on the cufoff. Thus, it seems likely to me that the

term gets multiplied by a power of 27 and therefore will probably be cutoff dependent

in the renormed bertex. Somehow, it must turn out that these other terms never

contribute to an S-matrix element, just ihke the "gauge terms" in a glue propagaotr. Later

I will lock at this problem in more mdetail.

For now, we have chosen a charge g and have insikted that the triple-glue vertex
be this number g (times bare tensor, muisumk¥x modulo projection) at the symmetric renorm
point. Earlier we insidted that the renormed propagator have "unit reside;:", ie, that
J=1 at the renorm point.

But is this possible? Actually, if you hold g, fixed (and mont}} and you have a
given cutoff, the quantities 23 and ZS are already #ietermined to any order in g, and
are divergent. Nevertheless, since prop is rescaled exactly by Z,, Yyou can still insist
that J=1. However, g comes out as it will. But now reverse it and insist on a g; then
g‘; gets forced to some value. Fine.

o 2» Ghost-glue vertex.
-\ Boua.
0\65 = a 2; \b/s. + ({-aa‘al"u‘lt Shan e )
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Again, suppose g 0 = fixed. Then all four Z's are determined, and g and "E come out where
they may. Or, you might choose a walue of g, adjust Bo? then you are stuck with whatever
g comes out in the wash. You cannot set § also. Luckily, as we shall see, T = g.

6.ﬂ¥bly Ward Identityt:

= 3| - 12 a)| 2, T 126110 ‘al‘ ]
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The Ward Identity in terms of .renormed objects .must be satisfied simply due to the. fiplds
scaling. Ie, Unrenrom Ward implies Renorm Ward. Then you go to the renorm point and you
find that g's are the same, and you get the famous Z ratio fact. Perhaps all the other
tepsor forms project to zero in the explicit Ward identity. Obviously you want to renorm

o your various Greens functions at the same point so you can use the Ward to related constants.
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Te ThF-_men*-Glue vertex. We can obserye that 23,-2 T = F'T for this guy. We could say
EEFt at its sym point the renormed T is equal to some new g' times the bare tensor
plus other tensors. Then we.would apply the ward (4.17) and we would then conclude
that g' = g°. So I think the relation between. the 3-point and the 4-pint.is the

same as in bare perturbation thaory. Of course there are tons of other tensors-around

that you have to do snmathing about.

8. Thqﬁ@agrgngiaﬂ cnugterﬁerms. L and ZJ show all the counter-terms that you mus£
add to implement the above renormalizations. This is their.(2.1) of paper II. Lets see
if we can't verify these things:

e (L-O)EA-3 %)

T comudl off Ytrm odnsad . -
L ,l._:..?'l.ns-t_ L,..u\j&fﬁxw se MM &Em = uﬁ% |

Note that they show renormed fields and renormed charge in thﬂir lagrangian. I treated ﬁa
theory in this way onces All you Have to do is this: start with thé bare lagrangian
in terms of bare fields and bare charges, then do the obviocus rescaling and all the

terms will drop out.

— L =u
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a - o = +TL\.
Gl Vbl
= ‘_Jﬁ P_'!.‘ (}}H\tb ]“ 3 '
. S Sk
-4 I oK)
3 -3 P =3
cxm g GRRLER)
All we are doing is rewriting the bare lagraingian in terms of renormed charges and fields.

Then the claim is that as you do perturbation theory, in each order you will have no
divergences because they will be cancelled by the counterterms. As usual, it was good

for me to have done this first in @3 . All is well so far.
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input AND gate, whose output generates another forty-nanosecond gate,
which is now used as the "wall" output. Obviously, a wall output occurs
only when the reguired odd, even, and total coincidence reguirements

are met.

Fig. 22 indicates the master coincidence system where the individual
wall pulses are routed and meshed. Each wall has an input which goes to
various four-input gates as shown and also to the wall unit. Again,
switches select the coincidence conditions to be satisfied in a given
run, The outputs of the four-input AND gates are combined in an OR
circuit, whose output drives two univibrators: a 120-millisecond UV used
to hold off the coincidence system long enough to write the event on tape,
and a 100-nanosecond UV used as the master coincidence output. Emitter
followers couple this output to the various units requiring it. On the
input a holdeff from the recorder is also provided to prevent an event
from coming in during the recording time or while the recorder is writing
an inter-record gap, which occurs in ocur data every 24 events. This is
an easily-varled parameter.

The wall coincidence information system, shown in Fig.23, amplifies
the wall coincidence Dlr!:putls, feeds them into L0O-nanosecond gates, and
then into two-input AWD gates, where they are reguired to be in coincidence
with the master colncidence output. This eliminates spurious wall noise
rulses from being recorded. The outputs of these AND gates are amplified
and routed to the remdout logic system where they are used to set RS
flip flops which are later read onto tape ghead of the pulse-height

analyser informatien.
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and since any vector to be contracted with p or vof the above propagator may be expressed as a linear
combination of p,(p,) and g,(g,) we see that the contributions of two magsless particles to the self-energy

are necessarily of order p,p,, disregarding ldgarithmic factors.
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Spontaneously Broken Gauge Symmetriess 111\ Equivalence

Benjamin W. Lee v
National Accelevator Labovatory, P. O, Box 500, Bafavia, [llincis 60510
and Insitute for Theoretical Physics, State University of New York, Stony Brook, New York 11790

and

Jean Zinn-Justin®
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We dlscusa the equivalence of the § matrix in the R- and UF-gauge formulations of spon-
taneously broken gauge theories. We give definitions of the U-gauge Green's functions in
terms of the R-gauge ones, lor both Abelian and non-Abelian cases. Based on the equiva-
lence theorem, we give a renormalization prescription of the -gauge formulation.

I. INTRODUCTION

In this paper, we wish to demonstrate the equivs
alence of the § matrix in the B- and {[-gaupge
_formulations of spontaneously broken gauge theo-

ries. We have discussed the advantages and dis-

advantages of the two formulations in a previous
paper (paper II). )

We shall carry out this demonsteation by express-
ing Green's functions in the U gauge in terms of
those in the R gouge., What we shall show in this
paper is a concrete realization of the remarks
made previously by Weinberg' and by Salam and

Strathdee? about the equivalence of the two formu-
lations. But more importantly, the present work
gives definitions of the U-gauge Green’s functions
in terms of the well-delined R -gauge ones.

This paper is organized as follows, In Seec. II
we consider the egquivalence of the two formula-
tions for the Abelian model considered previously.
In Sec. I, we give some illustrations of the equi-
valence and formulate the renormalization pre-
seription in the U gauge. In Sec. IV, we deal with
the generalization to non-Abelian cases,

It is empirically known that the T matrix for the
Abelian case.computed in the U gauge is finite,"?
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Lee and Zinn-Justin III. Equivalence written March 1972
{MBMT
C

O 1. Introduction. They willf consdier a simple theory in two gauges and show that the
f S»mat.ri-x elements are"the s me. In the R-gauge there are redudant fields wandering
around but renorm is strigignhtforward. In the U-gauge the massless Goldstone fields
have been absorbed onto the vectors and unitarity is easier to show. -Snmt.hing tells me
this paper was not done with quite the effort of the previous papers.

2. Abeladn Case. The sample theory here is scalar QED. There is the usual electric charge,
and i;‘here ;5 the § scalar self-coupling ) ; we have a field theory with two fields and
two couplings. If the ¢ field has imaginary mass, we get SSB so lets assume this is
the case. In-the.

In the R-gauge you just shift the field as was done in the last paper.. Choose
usuval Lorentz gauge, do anything you like . Write down the generating functional W
and do perturbation theory.

In the U-gauge you do the little expon thing and choose gauge as shown, then the

goldstone vanishes completely from the theory. The final result is. that somehow you
can relate the amputated Greens functions computed in these two gauges as shown in (2.15).
The main idea is to show how you related the perturbation expansions in the
o two differing gauges. It is not done very well in my opinion.

3. }:tennrmaliaat.icn. Does this only for the U-gauge, since I guess the last paper did

it for the R-gauge. Rewrite Lagrangian in terms of the U-gauge fields called U and RHO.
Define a whole pile of Z-like quantitys in an ambiguous way. State some renorm conditions
for fixing the Z's. Write down a perturbation expansion for the Z's. Not wery interesting
to me and too concise, just the opposite of their usual fault fie, tdo much detail).

.

-

. Non-abelian Case. A Rehash of the above in generalr case where you start with a larger
group and break down to a smaller one. You get a result which says that T(u)=T(r),
modulo scme Z's. I gather that the ratio of these Z's is proven to be finite in this
paper so here is the concludion: finiteness of T-matrix elements in one gauge implies
they are finite in the other gauge. This is the "equi¥alence™ that they have been waiting
to show. The Wards are not used that I can see. The main use of the Wards was to show
that the R-gauge was unitary, to get all those ghosties to cancel out in unitarity sums.

Comment: lets just cool this paper until its contents are needed. I now know what it is
6 trying to do, so that's enough for the time being.
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Soc here is I think the point: the HU and HR gefuncs can be related to one another as
done in (2.11). As far as glue propagators are concervned (transverse), they are the
same in either gauge. But the scalar propagators are different. Thus, if you define
Z, and 23 in each gauge separately, you will find that the 7.3'3 are the same, but the
Z,'s are different. This is what (2,12) and (2.14) are saying.

Therefcre, consider what happens when you renorpalize each theory to get finite
Greens functions. Ignoring the implementation of renorm counterterms etc, you know that
the end result is s:fmpl:,r that you rescale the fields with the correct Z'sy and you take
all charges to renormalized charges. I guess in these two theories we are comparing, you
conspire to end up with the same renormalized charg&}\ but the Z's are differentg for
the scalars. (Actually, easier to keep ), fixed and then say that there are two
different charges )\g‘ and Wy~ and also ZER £ ZEU.

So if you want to compare renormed finite gfeens functions, all you have to do

'o is rescale your fields properly, which is just "wavefunction" renorm. The glue rescalings

will cancel between the tbo gauges, but the scalars will not cancel, hence you get
the nice result (2.15) which now seems quité: reasonable, but each theory still has its

own charge as far as I can figure.
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1 POINT TRANSFORMATIONS IN QUANTUM MECHANICS. II.

formulated the text in terms of the less customary point
transformation, in order to facilitate the compariscn
with paper I (Ref. 3),

3G. Carmi, preceding paper, Phys. Rev. D 7, 1038
{18973), which is henceforth referred to as “paper 1"
Ita equations will be quoted, as e.g., (12.3).

{Professor Donald Newman, private communication,

“This is hindsight, of course, At the time paper [ was
written, the solution had to be found by trial and arror.

*Thus the equilibrium-thermodynamics (le., 7,
{n]|e ™ |n)) cannot be evaluated exactly, However, if
the system is first transformed by the twe Bohm-Pines
transformations [D. Bohm and D, Pines, Phys. Rev. 82,
609 (1953)] and the random-phase approximation [RPA)
{and, possibly, alsc [G. Carml and A, J, Lock, Phys,
Hev, A 5, 1447 (1972}] the Bogoliubov approximation) Is
used, the residueal intaraction is emall and the transfor-
mation (3.1) will {if it is chosen in such a way as to ful-

fill the other criteria of Ref. 1) describe also the tharmo-

dynamics of the system qulte well (Ref, 1).

"This definition iz obviously not the widest possible
genarallzation of the corresponding definition In See. II,
but it serves our purposes here,

PHYSICAL REVIEW D

VOLUME 7, NUMBER 4

1049

Bagain, this is not the most general system for which
Lemma 1, could be proved, More generally, one could
WEite £y, . . s %10 5g +1, %y 10 -4 X,) oD the left-
hand side of (3.12),

*The main restriction is that the corresponding Lis
clement pf + fp + g has' 2 nonvanishing domain inL,, as
operator with range in L,, and that this remains so for
the Lie products of such elements,

Yhobert Hermann, Lie Groups and Physics (Benjamin,
Mew Yorlk, 1966), p. 139,

1., Van Hove, Acad, Roy, Belg, Cl, Sci, Mém. (Series
8) 26, No. 6 (1851); Bull. C, Sci. Acad, Roy. Belg.
(Series A) 37, 610 (1951).

Rpfi+ f1p 480 PS1+ S1b + 89) =bfy+ fab + gy with fy
=2(f1fs=Sif1)s ete.

I These results do not seem to be recorded in the liter—
ature but, judgzing from their simple nature, they must
have occurred to almost everybody who has encountered
this algebra,

Swithin the underlying associative algebra (with re-
spect to ordinary operator multiplication) the algebra
can be spanned by abasis of twe elaments enly, eg.,
Ag=pe™ g b and By =glr,
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Spontaneously Broken Gauge Symmetries{ 1V General Gauge Formulation

Benjamin W, Lee* b
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Jeap Zinn-Justin

Service de Physique Théorique, Centre d' Ftudes Nucléaives de Saclay, B.P.2, 91 Gif-sur-Yvelle, France
Beceived 30 October 1972)

The advent of the dimensional-regularization procedure allows the study of renormaliza-
bility of spontaneously broken gauge theories formulated ina wide ¢lass of gauges, We
derive and study the Ward-Takahashi identities appropriate to such gauges. A consequence
of the Ward-Takahashl identities is that the physieal § malrix is invariant under a variation
of the gauge condition. As remarked before, since the variation of a paramaoter in the &, -
gauge formulation shifts the masses of unphysleal exeitations, the above result, the ¢ inde-
pendence of the physical § matrix, implies that the unphysical excitations cannot contribute
to the sum over intermediate states, establishing the unitarity of the § matrix. We alseo
give the renormallzation procedure of a medel formulated in the R, gauge,

I INTRODUCTION

The advent of a very powerful regularization
procedure for Feynman integrals ~ the so-called
dimensional 1'IE.~guJ.Elr'izal.tl.{:u:ftl ~permits us to discuss
intelligently the renormalizability question of spon-
taneously broken gauge theories formulated in a
fairly general class of gauges.” The preseat paper
is dedicated to the derivation of the Ward-Takaha -

shi (WT) identities ju such gauges, which can be
used to prove the renormalizabilily and unitarity

of the theory in question. It has been observed?
that in the so-called R -gauge formulation invari-
ance of the physical § matrix under the variation
of a gauge-specilying parameter (i-e., £) implies
the unitarity of the § matrix, that is to say, that
unphysical excitations do not contribute tg sums
over Intermediate states. Thus, the ability to for-
mulate quantum theory of spontanecusly broken
gauge symmetry in a general class of gauge condi-
tions, in a way that reflects the gauge invariance
of the action as expressed through the WT identi-
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Lee and Zinn-Justin iIV. General Gauge Formpulation. written October 1972,

1. Introduction. Note that this paper, although called IV, was written 7 months after
the other three papers. In the intervening time, tH-V dim reg came out. You no ‘longer
had to make long-winded comments about gauge invariance of counterterms and so on te

get the Wards to be the same for renormed greens functions.

The miin idea of this paper is to simply state the Ward Identities for a general
gauge rather than any particular gauge. This derivation is done in the first section.
Other sections summarized below.

2, The WP Identities. For the first time authors go to the compact notation (1) where
all fields including the gauge guys are put into same vertor ﬁi » The general gauge
condition is (2) where F,is, I presume, any function of the fields that you want, and
a,is a vector of functions at some point. Note that there are as many gauge conditions
as there are group generators, the ¢ index. However, as noted later, when you get the
gauge delta up into the action where it appears squared, you observe that the dimension
of F better not be more than 2, or you have non-renormalizaeable LaGRAngian!

Next there ensues the standard discussion of the exponentiation of the geuge delta.
There is no limit that any paramter goes to zero. So far, then , we have (11), This
column is much like my own notes, and the function H is just taken to be a gaugsian though
other things might do. Lo 8 el Ao Samnega g View maag 1

Next, they observe (for the first time!) that the detM can be interpreted using
ghost fields with [dede] functional integral. It is my guess that the authers did not have
access to the FP paper_ (unpublished) at time of earlier LZJ papers: the FP letter does
not mention the ghost fields c. Maybe FPeynman's thing does.

Now comes a lightgning fast derivation of the WT identity: recall how tedious
and simply awful their other derivation was (pack in paper I). The trick here is to
utilize some kind of constraint (I have not yet studied how this works). When you vary
subject to this constraint, out pops (17) which is the Ward in full generslity in any
gauge!! Quite a powerful and genersl result! Yotice that M = appears in there and that
this is the ghost propagator, so somehow the ghost propagator is going to appear all
over in your specfic ward identites!

This derivation is so short and neat and general that I should now probably invest

some time to see what I can do with it, maybe make some general notes on the thing. Their

previous derivation was so messy that just not worth it.

Next, they specialize to gauge conditions linegd in the fields (as are all the
gauge conditions whose use I know of). This leads to result (20) which I think is just
a epecial case of the general ward or something, not yet studied it.
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III. Consequences of Ward I@entities. With the dim reg deal, you can renorm your theory
in the usual multiplicative way, and your renormed Greens functions will satisfy the
Ward's too, and these are bbtained from the unrenormed Wards simply by rescaling fields
and sources and charges. What could be easier!

The rest of this section shows the following result: if you vary your gauge
conditions a little, the renormalized S-matrix (called S) does not change at all. This
point was a little confused in paper III, I think. This is a very important result
and it is rather easily proven: change the gauge,ﬁduﬁt change your S-matrix! Thus, once
this is proven, it no longer seems necessary to do things like showing that the R-gauge
and the U-gauge are equivalent, and so on. All gauges give the same S-matrix.

But perhaps the catch is that this is a formal proof. The dimreg is supposed
to justify all manipulations, but maybe something does not work. I dont know w¥hat the
Gribov disease is but it may be connected somehow.

L. Renpomalization. Hered is an application of the above results. The idea is te show
that, if you choese a gauge which depends on & para.muters,. then of course you know
right away that the resultant S-matrix is independent of §. Thats what was just proved
in the last section, S-matrix is independent of gauge.

So, go into this ¢ geuge, Hhatmr it is. It turns out that the ghosts, the
neg metrics, and the goldstones (called 7(-} all hav_e poles at p = mE/’g The argument
now goes as follows: since S-matrix independent of 4 , these ghostie particles must
always cancel by hoolk or crock, otherwise there will be singularities which depend on
% in the S-matrix, and this is impossible.

This is called the R¢ gauge because it is treated in the usual way where you
have these redundant fields like the goldstones. Multiplicative Eenumalizat.ion works
and yields a finite,'b/-— independent result by arguments similar to the R-gauge analysis
of earlier paper II. Then as you take <0 the poles of the ghosties recede to infinity
and in effect you haved arrived at the U-gauge. Similarly, Y= ® is probably the R-gauge.
Thus, the two gauges have been interpclated in a continuous fashion and you can watch
how you go smoothly from one to the other without the S-matrix every knowing sbout iss
gauge choice.

The particular model happens to have an SU(2) group which is completely broken
s0 that there are 3 goldstones called ’i‘-. But there are originally 4 Higgs fields, the
fourth is called ~and is a gauge-group scalar so it is the one that wts NZVEY,




About the constraint on the gauge functions, and Appendix Stuff.

(:, 1. Equation (1) shows the first order change in fields induced by a gauge transformation
by an arbitrry gauge function gy(x). Normally, one thinks of these gauge functions
as being arbitrary functions. However, you can make use of this arbitrariness to your
advantage. Suppose, as suggested by equation (7), you make your gauge functions 54{x),
what I usually call Ga{x], depend an the fields!

In other words, pick a point x., At that point, the form of the gauge function
or rather the value of the gauge function depends on the value of the fields at that
point. Suppose you know the fields at all points, ¢i(x]. Pick a gauge. Go off and
try to compute the object M. In a general gauge, I think this can be a function of
g4(x), so in general M1 is a function of the fields and g;(x). To now insist that
(7) be true is a constraint on g; it does not determine g. It forms some sort of
equation that g must satisfy. It looks like a highly non-linear condition. How do I
know that a g(x) exists that satisfies this condraint?

Due to this constraint, the gauge functions g (x) are actually functions of
the fields §,. If you were to change fhe fields @ a little bit, you change the
constraintg, and thus you change any solution to the constraint. Thus, write ga(x, ﬁi

2, Now consider going from fields ¢ to fields @8 via a transformation (gauge) which
satisfies the constraint. How does the path integral change? We would like to compute
the jacobian to go from dﬁ; to dﬂ% variables.
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1 O Proof that Equation (A11) is wrong.

1. Remember that for the gauge fieldsh the symbol A\ represents a derivative on the
group parameters, as in equation (1). So, the claim of (A1l) is this:
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6 Therefore equation (All) is simply not true. It might be true if both sides were to

act on a function that was either 1) independent of x, so the d,'s do nothing, or

2) is antisymmetric in any pair of hanging indices. But neither of these is the
case the way they use it!



More on the Constraint of lee and ZinnnJuaiin.'q

(:, 1. Refer to FP Jacobian notes. There I wrote a “gauge condition” ass f(f,g)-@ a ,
where a = some number (one color, etc). Suppose you have a field § and a g souch
that £(d,g)=a. If you were to now make a change on the field and keep g the same,
your gauge condition would no longer be satisfied. For example, £(¢%1, g) £ a.
or, f£(@ +df, g) #a. By going to new fields, you have "left the gauge" that you started
in. Eg, suppose you had an axial gauge nuﬁu = 0 and you rotate your fields by an
aribtrary rotation, then no longer true that n.A=0, you have left this particular axial
gauge, although you are now in a new axial gauge n'uﬁunD.

2. However, suppose white you change your field from g tod + dﬁ, you simultaneously
change your g to g + dg. If you choose dg correctly, you can maintain the original
gauge condition!!! Thus, you are correlating your change of dg to your change of ﬁ.
I think this is precisely the "constraint" they are talking about, lets see:::

3. Choose your gauge f(f,g)=a so that, for a given @, this thing is solved by g = e
the identity ( zero for parameters!). Always consider it as parameters from now on.

Then we can say:

& % - aR‘ '-:’h?, Ti ~,

- ~ a4 o . 8\ C e a o)
) _? Qﬁh i\ = O Cés @E}W - G“g
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But, when you generalize to many colors, this "solution for g" is exactly equation (7)
of LZJ-4. This equation (7) tells you what g must be (g near zero in param space) in
order that the gauge condition f(@,g)=a continue to be satisfied. So we write

£(#,g(@))=a  true even as @ is varied by small amount.
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Analvsis of Second Column, page 1020,

Start at the top. They define the FP-object, as I call it, and I think this thing
is really also a function of a, so I would label it AgalA].  Next, they correctly
observe that, when evaluated for field on the gauge surface, the Fp-object is equal
to a Jacobian object, hence Eq. (4). It is then easy to derive equation (6). In equation
é, since you have a gauge surface delta, it doesnt matter whetker you put in the FP-object
or the Jacobial object. They put in the latter, called detM.

Now comes the big question: how do you "exponentiate the delta"??7?? I will
accept for the moment that dA detM is in fact invariant under their constrained gauge
transformation: note that the Jac det object is kmimix being talked about here, not the
FP object. I know that the FP object is invariant, but I dont know much about detM [al
as you move A off the gauge surface.

Similarly, I thought I had shown that dA was invariant, but then that proof sort
of fell apart. Now I am beginning for the first time to believe that the pleces are
separately not invariant.

So, assumeing that dA detM are invariant, look what you can dos

FONEY
W = 1ag) awis) € GOED

| e
= Bl&@ldﬁﬂi‘bl egé{l E(f‘(ﬁ;\;*ﬂ») ) /Ww&ﬁrm\m&
SO T GTNA

owmad Shvac st QM:.) S b
Ruk F(d) = B(g) + D&% -
Y TR ‘?/ ~ FO) + )
M K
S W= AR agk Mg Q*w’ 5 (F8) - (a+X))

=\ (atny

You can see how this gauge transformation was chosen: the gauge function F changes by a
constant (independent of @!!!) . Thus, you have proven that W(a) is invarient against
shifts in parameter a to first order. But this is true at any point a. A function which
has zero derivative at all values of the arguement is a constnat! Thus, W(a) is completely

independent of a !1!! Unlike the FP-object! Note by the way that detM does not even

know about a!
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Now the rest is easy. Start off with Int da H(a) = 1. To the right of H(a),
O some integrable function, insert W& = W. Thus,

L=0000 9w = Ve Wy wie)
g ]

W
= NdaW\(@) E 3§ 3&&\«@:’) 5 (F Q) -a)

‘ L) o
E} = {3&&?@ S MY H(F®)Y. J SN,

Finally we have a correctly done "exponentiation of the delta™!!! And notice that it
really is the Jacobian object and not the FP object that goes in here!!!
I am happy with this if 1 can really show that dA detM is an invariant!
ee uMole Trch e )
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Derivation of the Ward Identities.

1. I have spent a great deal of time on this business of showing the invariance
of the product dﬁﬁetﬂ. The whole point of this was to be able to derive the
Ward Identities, so here goes that derivation.

2. Once the gauge surface delta has been exponentiated and the source turned on,
we get:
PN )
W= Xwﬂ dAMGE) ©

Swd) = S@) -1 BRE 4+ &3

R O ¥ i O Y

Ramamber that this holds for an arbltrary gauage and arbitrary number of fields. Thus

there is & field source for each component of each type of fields including the
gauge fields. As before, ﬁi is a "supervector". Now:
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3. I see how this goes, but I think I will do it in my own notation to make sure
I dont get confused with where there are and are not integrals. So:
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I think here all we need is that )\ be independent of fields ff; it can be spacetime
function. The above must be true for any function&! Therefore we conclude:
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Here we are taking care to show all functionsl dependence on the fields . Since these

bwg AEME\ ©

can be replaced with 1/i d/dJ we can say:
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This result is simliler to that derived in LZJ-1. There recall that they derived the
thing without using the trick gauge transformation. There also, only gauge fields
appeared, and covariant gauge was assumed. This result is valid for all gauges and
in multi-field case. I think probably this is the most general Ward Identity you
can have!

This is an operator acting on ﬁEJ] to give zero. Eventually this will
lead to Ward ldentites on the Greens funttions themselves,
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I. INTRODUCTION

HERE has lately been considerable intensification
in the study of theories partially or completely
invariant under non-Abelian groups of transformations.
This is in connection with the discovery of vector
mesons and their elassification into multiplets, with the
use of vector mesons to account for the form factors of
particles, and with the current-algebra approach. Inter-
mediate vector bosons are introduced in many schemes
of weak interaction. An important example of a theory
with a non-Abelian group of invariance is that of the
gravitational field.

In the present paper a procedure for constructing the
Feynman rules is proposed [or theories possessing a
auge group, such as the theories of the massless Yang-

dls and gravitation fields. It is known that some
itional (gauge) condition must be imposed on the
dvnamical variables in order that a consistent quantum
field theory may be formulated on the basis of a
Lagrangian density invariant under a local transforma-
tion group. In covariant gauges this can conveniently
be done by the use of Lagrange multipliers. The basic
idea of the method proposed is to choose the Lagrange
multiplier in such a way that one is led to free equations
of motion for the additional field. This fact guarantees
the unitarity of the § matrix in physical space. The
Fevnman rules obtained coincide with those proposed
in Refs. 1-5. The difference of the method under con-
sideration from that of Refs. 2-5 is that we hawve
succeeded in obtaining a set of consistent dynamical
equations completely describing the theory. On the one
hand, these equations make it possible to elucidate the
reason for the additional diagrams to appear, and, on
the other hand, guarantee the unitarity of the physical
5 matrix. Section I[ is devoted to the construction of
the § muatrix For the massless Yang-Mills field in achi-
trary gauge and to the proof of the gauge invariance of
the § matrix. In Sec. LL[ constructing the Feynman

L fules in the Coulomb and axial gauges is considered on
the basis of the canonjcal quantization procedure. The
§ matrix obtained coincides with that found in Sec. II,

S,
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S Matrix for Yang-Mills and Gravitational Fields
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A method is suggested (and applied to the Yang-Mills and gravitational fields) for the construction of
the generating functional (5 matrix) for fields possessing an invariance group. The unitarity and gauge
independence of the 5 matrix on the mass shell are seen explicitly.

which fact reaffirms its unitarity. It is shown, further-
more, that taking the additional conditions consistently
into account makes it possible to obtain self-consistent
equations for the massless Yang-Mills field in the pres-
ence of an external source.

In Sec. IV the Feynman rules for the gravitational
field are constructed in covariant gauges. These rules
coincide with those suggested in Refs. 2, 3, and 5. In the
framework of our approach we also obtain the 5 matrix
for a noncovariant (Dirac) gauge, for which the Feyn-
man rules have been obtained by Popov and Faddeev®
using a method closely connected with the canonical
formulation of the gravitational field. In addition, by
our method, the equivalence of the § matrix in co-
variant and noncovariant gauges is proved.

We use the following notation, Greel g, », X, ... and
the Latin 1, 7, £ indices take the values 0, 1, 2, 3 and
1, 2, 3, respectively. In Secs. IT and ITI, g, means the
Minkowski tensor {4+, ———) and §;; means the unit
tensor. By the summation over repeated indices is every-
where meant a.b,=aobg—ayby; dumd/dze; O =d.0,;
Vea d3de. In Sec. IV, g, means the metric tensor, and the
Minkowski tensor i3 designated as §,,. The usual sum-
mation over repeated indices means ab*=3 a0 @b
We use the system of units A=¢=1 in Secs. IT and III
and ¢%/16wk=1in Sec. IV (where k is the gravitational
constant).

II. GENERAL THEORY OF CONSTRUCTION OF
FEYNMAN RULES FOR MASSLESS YANG-
MILLS FIELD. GAUGE INVARIANCE OF

S MATRIX '

In this section the general theory for construction of
a unitary § matrix for massless Yang-Mills fields is
considered.
The classical Lagrangian for a Yang-Mills” field has
the form
Lo(x}= —3Cu*(x)Cur(x) . (2.1)

Here G, is the field-strength tensor,
G (%) = 8,A4,%(x) — 8,4 ,2(x) +2A 24 (x) 4, Mx),  (2.2)
A¥(x) = fo<24,5(x). (2.3)

The fe* are the structure constants of the arbitrary

finite-dimensional compact simple Lic group G. The fabe
SV, N Papow anel T D, Faddeev (to be published).
FCON, Yang aml KB, 1. Mills, Phys, Rev, 96, 191 {1954).
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JFradkin and Tyutin rec'd Jan 1970

Comment: This paper occurs before the Lee sequence. I am only interested in section II
which discusses YMTh. Later sections discuss comparison with Canonical quantization
procedure which I dont care about now, and also gravitational applications.

Section II:

1. First off they write out the lagrangian for Yang Mills theory: no other particles
are put in here. They show the Euler equation that the fields tensor FmrE should
solve, and they also show a general identity that EEE_Fuv solves, regardless of
whether it solves the Euler equations. This is the first time I have even thought about
Euler equations for YMT, so was worth reading. See gauge notes for derivation.

2. Next, the usual problem with quantization is noted: you cannot treat all field
cemponents on equal footing and impose the canonttal commutators: it just doesn't
work. You are forced to assume a gauge condition of some- sort.

3. Their general technique will be to inject a Lﬁgranga multiplier field which decouples
from all physical fields. This method works simply in QED; the Euler equation for the
fictitious field effects the gauge condition. The same general idea, withe certain
variations, also works for YMTh. I have discussed this technique on a separate sheet,
see also notation translator. The net effect is this: the covariant gauge generating
functional is (2.37). The important facts are: (a) There is never a gauge-surface delta;
the gauge fixing term appears in a natural way from the gaugssian integral; (b) the
FP determinant detM appears, not the FP object which is invariant.

So this method of derivation is a sort of alternativeto the Fadeev Popov
group method. It gives the same result! The ficitionous fields are the ghosts, and the
usual Feynman rules drop out.

L. Next, they show that the on-shell S-matrix elements are independent of your chosen
gauge surface function PSI which I call f. I have not tried to foldow their proof

in detail, but seems reascnable.

{r— S"'-

5+ Next, they specialize results fo#dsh to the axial gauge (n points in 3-direction enly),
Coulomb gauge, and then they consider the slpha-Landau gauge system. In passing they
show that the S-matrix is independent of alpha. They do this labt deal by using a fancy
constrained gauge transformation: it was this section which helped me understand how

detM df is invariant in Lee's papers.
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A discussion of page 2843 of Fradkin and Tyutin

1. In QED you know you have to impose a gauge condition like dA=0 to remove some of the
fields from consideration in the canonical quantization procedure. This can be imple-
mented as suggested in (2.17) by adding a "Lagrange Multiplier™ field term to the
Lagrangian. Adding such a field just adds new Euler equations, and you 'sée at once

how the gauge condition appears as the Fuler equation in B. The field B so used turns
out to be a free field. Thus, if you don't include B-fields in your external states,
they will néver enter the S-matrix because they dont couple to any physical particles.
In shbrt, they are just a tool to get you correct quantization.

2, The idea is to somehow do the same trick in QCD. If you try it in the same way you
run into trouble becuase you find that your-B-field does couple to A. So a new method
is needed. The method is discussed atarting at (2.21).

You betime. by postulating a lagrange multiplier field B and you add certain terms to
the lagrangian as in (2.23). Note that a particular gauge function has been chosen
in (2.21). So you have added a new field to the lagrangian and you can now get the
Euler Lagrange equations (2.25) and (2.26). These equations are easy to derive.

The trick is going to be this: arrange for field B to be connected to another
field B via an operator D as in (2.24), and choose D cleverly so that B comes out
being a free field. Then you can ignore field B and you still maintain "unitarity
of the S-matrix" fisical.

Examine noe the sequence of events as yuugzc down the right hand colums.

If we apply a fat D onto the first term of (2.26) we get zero becumse of the
general identity{E.ES Thus the| second term alsc dies and we have DRB = O as shown
in (2.28). We’ can define Q = DR. Essentially, this is the transpose of the famous
object I call M. Then Q° is just Q with A=O everywhere.

Next, script-D is defined as the Greens function of Q in (2.31), this it is
the transpose of my M. If you then meske bold-D the combination shown in (2.32)

you get:
QB = 0 = Q[DB] = Q[Q" Q%] = Q°8 = O.

This last equality is a field equation for B, and since Q° does not involve A, B is
seen to be a free fields, as desired.

Derivation of !2.32! So, stick-this lagrangian with the B terms added into your
functional integration to get a generating functional as in first lihe of (2.37)
where we integrate over both the gauge field A and the free field B. The first thing

you do is replace: o -1
dB = det(dB/dB) dB = /D7°/ dB.

-1 = |
where D here is the bold D, so D = = MY, Qe Writd hi rmin
you get what is shown in 2.37. — (F%L:} = "6 Hils deterydnmnt as expo
Note that the order of the two operators in the trace doesnt matter! You now are
left with a trivial gaussian integral in variable B which you can do using Sidney
Matrix Theorem which ylelds the term I have circled in 2.37. I recognize that
term as the exponentiated gauge surface delta function: so now I see why they shose
those added B terms the way they did. Also, I 'see something that at least resembles
the FP determinant, which I will think about later.

The point is this: the authors have obtained Fadeev and Popov's result using
the Lagrange multiplier field. They never factored out a group integration or anything
like that. Ie, its just a different approach.

Qud wabe Bask F3 Oa PP AK At Ot FP bk | Mtk oqpeme o (237),
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You see that this first factor is somehow removing the "inessential part" of M. Ie
when you take a determinant, you boly care about the A-dependent piece in quantization,
s0 you are allowed to extraxt any A-indendent operator you want from M/ .

(::, * Note that incovariant gauge, R" = d?‘ so the removed factor is just (bnx}"l which

I am used to removing.

2. Now, when you write this out in trace log notation you get:

D) = exp (Ml (@a™))

= eyl | 2o U- ae )

'n=1_K:fa .
= {(@ N&-] L= -Ty,

ﬁ:ﬁ\ "\n:%}

o [T [ 4 (@) -Q) (@) () )S-RN]

Here you see the famous minus sign for the loop, and you see that whatever qb_
happens to be, it is the ghost propagator. In fact that is Bust what FT equation
(2.33) tells us. Like (pzhmz] #(x) = 0 is motional , then propagator is inverse
c:’ of that operator. S5o now we know what i1s the "ghost propagator" in any gauge!!!!
Obviously for covariant gauge this reduces to the result I know. '

1
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Conclusion: either my system is inconsistent, or their system is inconsistent. For
the time being, I will assume theirs is wrong. Thus, I will not fead their paper
"elose™ on notation. ‘
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L o MATERIAL Mmay ¢
"~ FROTECIED By Copyml Y, B8
ARD'IDENTITIES IN GAUGE THEORIES  rrpp 1, y RIGHT LAV
iy . ’

: S. CODE)y
% A. A. Slavnov

% 5" Generalized Ward —Takahashi identities are obtained for gauge theories of the type of the
. massless Yang—Mills field. It is shovn that all the divergences of the Yang ~Mills theory
can be removed by means of a renormalization of the charge and the wave {unction.

A relativistically invariant formalism for gauge theories of the type of the massless Yang —Mills field
as first construeted in [1, 2]. In this formalism the § matrix is constructed from an effective Lagran-
#%ian, which is a nonlocal function of the fields. Despite this, the gauge invariance ensures unitarity of the
wzo matrix. The perturbation series contains a finite pumber of types of divergent diagram and the theory
therefore be renormalized by means of the Bogoliubov —Parasuik R operation [3]. However, to ensurs
eiz itarity of the renormalized S matrix it is necessary to take into account the Ward identities, which guar-
Jeanice gauge invariance of the theory, when carrying out the renormalization.

Lo

nes and accordingly renormalization constants of different vertices, We shall show that all divergences

se%¢an-be eliminated by a renormalization of the charge and the wave function of a veetor particle {for simplic-

wfeilty we consider a selfinteracting Yang~Mills field. Allowance for an interaction with other fields does

Sxpot lead to additional difficulties). Ward identities have been considered in [4]. However, in [4] only re-

Srdations of the type of transversality conditions for the matrix elements are obtained and there are no ex-

icit relations between the renormalization constants. -

o

St The method of obtaining the Ward identities developed in the present paper is applicable, to. any gauge
feory, including the gravitational field. To illustrate the method we derive the well-known Ward Identitias

_-:}ech'odrnamlcs in the first,section. In the second section we consider the Yang—-Mills field.

y<Id this investigation we have been concerned solely with the problem of ultraviolet divergences and
L #J:mrﬂ;l the difficulties associated with infrared divergences. To give the expressions we have obtained
) %@!ﬁﬂ-deﬁ.nﬂd mathematical meaning it may be assumed, for example, that the subtractions are not made on

.u,.ﬁ-éu'? mass ghell. Of course, this does not solve the problem of infrared divergences and this guestion re-
#mtins opén at the present time.

i’%m L
ramsraElectrodynamics

i'k T .
_ The generating functional for the Green's functions in quantum electrodynamica is determined by the
tional Feynman integral

Z{1 i.§1=_[erp i{J [ 2Z(z) +%I{ﬂ-':1,}’ _
i | | )

rﬂ%ﬂ 2'(x) is the gauge-invariant L
g'ﬂ'a‘i.!'_ﬂ?,{lfﬂuﬁﬂﬁ Ap)? fixes the gau In particular, e = 0 corresponds to the transverse gauge’ o =1, to
L ook eynman gauge » The Green's functions can be expressed In terms of the generating functional {1):

+ s+ 16+ £ dz } dAdgay.
LT
A, - &z

=
’ agrangian of the electromagnetic and electron —positron fields. The
; Ale
o @O CTAu () Bl ) =

B ()-8 (Z)onnbE (7). bt @

?;:u V. A. Steklov Mathematics Institute, Academy of Sciences of the USSR, Mosecow. Translated from
iGteorer
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=z7v..In the present paper we obtain Ward identities that relate diagrams with a different number of external -




Slavnov rec'd June 1971

In the first section, the QED Ward identity is derived using the
functional formalism. It is all very simplg, though I have not computed things.

In the second section this idea is generalized to pure Yang Mills
Theory. Using the constraint method, the complete Ward statement is (20). He
then differentiates this various ways to get desired relations.

(a) as usual, the longitudinal part is unrencrmed

(b) the simplest non-trivial ward is (25) which relateds the gauge field

propagator and vertex to the ghost quantities.

It is this identity which produces the famous statementz that 21/22 = 21/22 . These
Z's are clearly defined as tensor coefficients ot certain quantitys.

(¢) the L-point Ward is equatioh (34). Results are found for its Z's
also.. - &
The major conclusion is this: these Ward identities relate the Z's
and -reduce the number of divergent constants you have to worry about. The proof”
of renormalization is then simplified, I guess.- : '

Better: when you renormalize a field theory, you have to pin down certain
things: eg, you have to decide where your 3-vertex is equal to g. These are ciled the
renormalization conditions. The Ward identities just tell you that you can't and
should'nt independently set renorm conditicns that are relateds.
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O 1. The first thing to keep in mind is that Slavnov's symbol Q| is the negative of mine.
This just follows from the sign chosen in the gauge-fixing lagrangian. Looking at
Slavnov's Eq. (13) you can see how other things are related:
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2. Now lets looks at Slavnuv;s equations one by one and tie them to mine.

Eq.(20): This is the basic Ward Identity. I have already checked elsewhere that this
agrees with mine.

Eq. (21): I think Slavnov has omitted an i on the left which I have filled in. Now
I will convert to my notation as follows: first change sign of alpha, then resale
H‘l's to get:
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And this is my first-level Ward Identity, all factors OK except I am not checking
bolor label ordering.



Eg. 22; With alpha sign change and i included as shown, this agrees with my example 1
on papge 5e, exactly.

(:’ Eq 23: have not checked exactly. The object D, is FT of lﬂc2 so looks right.
Eg 24: Here Slawvnov has the i's correct. Move the i to the RHS and it then
incorporates into liI"1 to give ghost propagators. This is my level-two Ward identity;
see page 5Sa.
Eg. 25: This is what I call the Slavnov Identity. I finally proved it on page 17.

Eq. 26: Go back to 25 first. Slavnov's D is my iD, so he has iDtr-.. = G kb
According to (26), his G = D& . So his identity should read ( converted to my notation),
Dtr... = -i DB... My result shows a plus sign on the right because I have kl-k2~k3.

We agree!

Hg 27: T accepted this to convention my Slavnov Object gamma u v.

Eq. 34: This is my level-3 Ward identity, but he ie missing an 1 . Page 5b.

Eg. 35: This looks about right for my L-derivatives on the 4-glue. The terms on the

right are from the disconnected parts on the left, if you like. See page 18-19.



