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TRANSFORMATION PROPERTIES OF PROPER VERTICES Fy

{ IN GAUGE THEORIES 1
: if Gis: BW. LEE* tie
: CERN, Gene, Switzernd a:

and Institute for Theoreticl Physics", State University of New York, Stony Brook, USA ¢
if Gis

Received 2 July 1973 na
“The Ward-Takahshi identities for (single particle reducible) proper vertices ate derived for non-Abelian gauge Feynn

tneories;the renormalization of such theories, previously discussed in terme of the Ward-Takehashi identities for deduedGreen functions, can now be considerably simplified Seal]

-

where|In discussingthe renormalizability and unitarity l=, 4 (ASH HB), weeof the S-matrix in (spontaneously broken) gauge BORO OT Ce rr1
theories, the Ward-Takahashi (WT) identities satisfied where 69, = Wa(%q) is the space-time dependent para a
by Green functions play a central r6le, The renormal- meter ofa compact Lie group G. Ais of the form M,gl0)]ization procedure is usually stated in terms of proper a JI], 94 i ;(ie, single-particle irreducible) vertices, so that the Aga |Z)" 3,549), if = EO), the op
WT identities written in terms of proper vertices, =0 otherwise, cae
‘would enormously simplify the discussion of the re- ° malizea|
normalization procedure. It is the purpose of this where £4 = £a5ap is the gauge coupling matrixt?, We ily
note to provide a derivation of such identities. In pre- have oeewke

vious discussions (1, 2] of the renormalizability of 5 MyBO tA GantEP) these theories, one has to contend witht? the WE Heth * ND — al GEy®) * ND :
identities for Green functions, and a considerable =f, [F{i=fog (they tAD aleamount of work was necessary to extract information Foss(Tete * ND i
‘on proper vertices therefrom. where fay, is the structure constant of the local gauge

We shall adopt the convention previously used [3] group. The invariance of the Lagrangian under this The qua
that all fields [gauge fields bg(x) and scalar fields sauge transformation may be formulated as Hare
¥_(&)]} are represented by @, where i stands for all at- ae source J
tributes of the fields. Thus for the gauge field B% (x) (at +9)sel =0. oy Thea
i stands for the group index ay the Lorentz. index p and a
the spacetime variable x, collectively. Summation and We shall always use a real basis for ¢;, 90 that the rep- Wid} =
integration over repeated indices shall be understood, _esentation matrix of the Lie algebra (¢*]= 1 is eal isthe ge‘Thus, for example, antisymmetric. fonction
on4 Jn quantizing such a Lagrangian, we must choose := a4 ‘a gauge. We consider a gauge condition linear in ¢: TA} =7|

afte Doeenoseye” + DY,C)v,0) FIgh= Fo, =0
« @

is the gei

The infinitesimal local gauge transformation of 1° This was eapecially true in the firstcted reference in (1) Joter use
The infinitesimal

i 1? It the gioup G is a direct product of m simple soups, X=

¥ 1 @ Gy ©@ ~ @ Gy there aco im general m grvse gi‘couplings £15 21 «++ .ne Within the same factor group Xp lAIS
* supported in patby the NSF grant GP-32998X. Gj, for course 6” Bp ePermanent address. Anca
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Usually, one chooses F, to be ice, Xy[A] are the propagators when the fields @ are
‘ constrained to have the vacuum expectation values A

Fate ein Now we are in a position to write down the WT*

identity for C[A]. First observe that

if}; is a gauge field, 1 18] mfg yt 5]ve Meal; ag lexeczupagia +! 2) 0)VA 2
ad O  sanere

if is scala eld where a,& are gauge fsing param. 4, ¢ 4 B= 4, + 2X41] &eters, and cfare some constants. In this gauge, the 18) i
Feynman rules for constructingGreen functionsare =exo(zut Sexpazyydeduced from the effective actionSug (4] AZT 5p ex (ZU)Syl] = LlO]- 4 (F19]? + 7M, gl], 3)eal) = LO FELD? + 7 Malley © Recallingthat Finan,we wet 0, (4) atwhere@ and c are fictitious anticommuting fields sma 5which

generate the so-called de Witt-Faddeev. Popov -F, [A] =m4[at +f (4 +i, [Alallghost loops [5,6] and Myy is given by fi Wgparas 3=F (A: , ty six D]efi Megld]= F, (+ 89) - xanga er 5] 0.
‘The operator M is in general not Hermitian so that the Now define [4] by
host line is orientable.

. >fe) In the following we shall be deating with unrenor. PLA] = Tl) ~ FF, [4] 1}
malized fields and coupling constants, and dimension. Then from eq. (8) followsWe

ally regularized [7] quantities, As has been shown 6rd] 16 1s
elsewhere [3], the generating functional WJ} of 0G [vw +4 (4 +. Ebel + aeGreen functions satisfies the WT identityt? a toy t

18 so) 6) afl s (io(<f8] salegt ay)! [Eo] #1 =0. we mustnow examin
ouge @  plbya[a yh 5]' The quantityM-! (5/i5J] WU] is the Green function 7 184 BL" By.for the fictitious field cin the presence of the external 5 5

source J. =i Xgl) Se Mgt [4 + xsl anto} The functionalZ[J] defined by *

rep WU = exp(zis)) safes [a vir }real is the generating functional of the connected Green
functions. The Legendre transform [4] of ZU]: * Upon definingt*se

: MA] =2U1-J4, A= 8218, J, = 50(AY64, eat 3
(3 GpnlAl eos [a six gs]

isthe generating functional ofproper vertices [8]. For so that Gga [Al is the ghost propagator whe the(11 later use we define X,,[A] by fields@ are constrtined to have the vacuum expecta:Me - tion values A, we can solve eq. (11) for ¥f [A7% Hilal = 64/84, o eOD ettAl
Lou Xi {ABT [AI/5A, 84, = 6, 1° tereone must distinguish between an operator equation” i AIST = by such as (4x9)"= 1494249? andthe equation resulingfe) 19 An equivatent diagrammatic derivation of ea (4) i given fom its aetion on a esetain Functionof x, suchas (L20)*Linret 2). =I

25
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bo fields!$. Furthermore it can be shown that the di-O) wriar-igx, iG,412G2 A. 62) serpent parte ofthe enormatzation constants arek insensitive to the parameter in eq. (2) and there-
Now eq. (10) may be written as fore the renormalized S-matrix is independent of the

5 gaugest7, The details have been worked out andLilAl gz Pyl4] = 0 (13) will be reported elsewhere,
‘ 1 thank S, Coleman,G. ‘t Hooft,M. Veltman andwhere J, Zinn-Justin for much help they have given me.

LlAl= At +4, +7714] aa)
‘

+5 ‘The discossons

in refs. (1] were tailored to the groupan ‘SU() and other completely reducible compact Lie groups:
114} = in which the product of wo iereducible re[A] = Fybgi{Al. 19 (Ges groups in which the p 7Gal) = Foal] a9 resentationsR and R’ contains a third R" at most once).16 The renormalizabiity in the mot general case, end the

Note that G~1 [A] is the generating functional of ‘gaugeinlepeadence ofthe renormalized Smatsx have
proper vertices with two ghost lines, so that also been worked out, prior to me, by G. ‘t Hooft and
tage M. Veltman by means of their diagrammatic analysisG52 3G; 210) (private communication) and by J. Zinn-Justin (unpub-

lished manuscript) on the basisof 6. (4.is the inverse ghost propsgator: 47 Thave aot fil ivestgated the cae In which Fis of
tet mension two and not linear in feds,
PGE ay what y= (0 refat 64; References °

is the proper vertex of two ghosts at cand and the Sincefield at ete. [1] BLW. Lee and 3. ZinnSustn, Phys. Rev. DS (1972) 3121, explaine.

i 3137, 3155. :‘The
system, eqs. (12)(15), is our main result. 9) Ouch and M. Veltman, Nucleas Phys mechaniEq, (13) defines non-linear gauge transformation ae Homan, Nuclear Phys. B50 (1972) with the

rich taves 7,4) invariant, Itis generalization of [3] BIW, Lee and J. Zinn-Justin, Phys. Rev. D7 (1973) 1049. Hamilteeq. (1) and reduces to it in the tree approximation. [4] G. ‘t Hooft, Nuclear Phys. 833 (1971) 173. HoH
(nthe bass of es.(12}-(15), the considerations [6] BS. de Wi, Phys.Rev. 162 0967) 1195, 123, inSs of eas. tne ‘ddeev and V. Popov, Phys. Lett, 258 (1967) 29. 7oftef, (1] can be generalized readily to any compact 14) & «(Hooft and M. Veltman, Nuclear Phys. B44 (1972) has beenLie groups and arbitrary representations of scalar 189. sum rule

[8] G. Jona-Lasinio, Nuovo Cim. 34 (1964) 1790. an expla
main dif

which is.
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Ben Lee's letter

Le) The purpose of this letter is very clear and simple: convert the WT identities
from the old ones in terms of W[J] (which thus involve the Greens functions ) to

new ones in terms of GAMMA[A] involving the proper vertices. Obviously the proofs

of renormalizeability are going to involve the proper vertices so nice to have

Wards in terms of these vertices. This stuff is of course contained in Lee's

review, but I like the idea of having the original letter just to pin dates.

6
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x J are pol:13 thermo
Pe GAUGE DEPENDENCEOF RENORMALIZATION GROUP PARAMETERS all ternig IN GHOST-FREE NON-ABELIAN GAUGE THEORIES fetewe satistie

J. FRENKEL functic|ES Instituto de Fisica, Universidade de Soo Paulo, Brasiia pearsaEe. stants,

te Received 30 September 1975 integra
& view of

3 We discuss the gauge dependence of the renormulization group parameters ina dss of ghost-fiee non-abeian gauge ony

Pst theories. We show, using the dimensional regularizationwith the “minimal” renormalization procedure,that these mensic% srameters are gauge independent.2 parameters are gauge independent. et
so that

: “The renormalization group equations {1] play an oe yeRysih ofu(t
important role in the study of the asymptotic behav. 8°" M2318 io} We noz
jour of renormalized field theories, especially in view _where ¢ = 4 ~n and zis an arbitrary mass, which sets which“4 of the fact that non-abelian gauge theories are asymp- _the scale of the theory. Furthermore, it is necessary to of x2

* totically free [2]. An interesting problem is the gauge _rescale the gauge parameter n@ such that the gauge fix: neede:
~ independence of the renormalization group param- ing term in (1) remains invariant. This requires: resid
B; eters, or lack thereof. This was already discussed by @ 9 «7-1/2 ® peinde
“ numberof authors {3} for the class of covariant wees Mae +1)7]
¢ Lorentz gauges. We will determine the (dimensionless) counterterm indep:
“4 Here, using the n-dimensional regularization Zz, using the “minimal” regularization scheme [8], We
3

scheme [4],, We would like to discuss this question in which in this case contains only inverse powers of¢ in that,“4 the context of non-covariant “axial” gauges, which do an expansion about ¢ = 0. | mst}
fi not Iead to the appearance of Faddeev-Popov ghosts ‘The propagatorfor the.vector-boson fields, fors © atedi

[5]. For simplicity, we will restrict ourselves toa pure = 0: and(Yang-Mills theory [6], since all essential featuresare 1 nDyt "Pp, PyPv > thee»
3 already present here. This theory is described by the DEM pn) = otiotve depen](unsenormalized) Lagrangian: P P (py . Feasor|
a 0 = 109,492— 2,492 + gyabeaob ace)? leads, by power counting arguments, to a renosmalized preseiy LOSS QWASE DAE + BPA PASS theory. Remark that, since D&® is a function of zeroth of Z32 2) “degree in n, it has the important property of being in- As|; 1 ‘a iay — 35 (ngage)? variant under the scajfig n ~> sn, where s is anarbitrary show2p MwAn (#0) parameter: ticle

where /*% are the totally antisymmetric structure con 2p, n) = DX. fiest1 stants ofthe gauge group G and n? is any fixed four. Pawo") =Dab(P.s")- © .
: vector (ngn9 # 0). In order to obtain finite Green Using this relation,we will show that 2 is indepen 3,g functionswe rescale the fields 42? dent ofthe gauge parametern,which implies, as we
* oc =Z1? 4a ‘will see, the gauge independence of the renormaliza ont
E aia “Fon group parameters. The proofis inductive. grou“

In the dimensional regularization scheme it is conven- ‘Consider a Feynman diagram, which is made finite, -
ient to rescaleg® such that the renormalized coupling order by order in a loop expansion, up to / loops, by (« 3constant is dimensionless. As a consequence of the ‘counterterms which are independent ofn. This is triv-Slavnov-Taylor identities [7], which hold in the ab- ially true in the tree-approximaton (7 = 0), where Z3 whe

3 sence of ghosts, one finds Z = Z3, so that we can = 1, To order (I + 1) the diagram will exhibit poles (up

= write to degree/ + 1), with the property that the residues
=4
=



ene ei

©)
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are polynomial in the external momenta [4, 9]. Fur- tan
thermore, using (6) and by the induction hypothesis, pat 5 a . Picall terms, including the residues, must be invariant un- alles | Bllgoing” -
der the scaling n+ sn. Note that this property must be ono ‘owe ©) ia
‘satisfied independently by rational and logarithmic yd | &functions. We now observe (rom (3)) that y only ap- 7" Hu 987 vi rosr Ei
pearsas a power of u*/?, multiplying coupling con- ‘orto astants. When the Laurent expansion of each Feynman Although the dimensionless parameters 8, 6 =54it,/n?, ay
integral is made, only logarithms of » will appear. In ‘y could a priori depend on n via functionsof n2/u?, Bxview of the first property, the residues could depend -_we will now show that they are, in fact, independent a
‘on p, via these logarithmi¢ functions, only through di- ofthe gauge parameter n. To see this, let us apply the be
mmensionless ratios of n2/42. However, these terms can- operator7, 0/87, on eq. (8). Using relation (7) we ar- Se
not satisfy the second requirement, mentioned above, tive at; oa
so that we conclude that the residues are independent a ‘

‘of u (Vor a discussion ofthis point see also ref. (10]). [rodeha (ze 5,) aN (te ae" ar‘We now remark that Z is a dimensionless quantity, * * . ~ Ra,
which can depend on t only via dimensionless ratios =0. (10) ae
‘of n2/y2. As its poles are defined to be precisely those a
needed to substract the poles associated with the above We have imposed no new conditions on I, so that a
residues, which are independent of y, Z3 must also be this equation must be satisfied identically. Thus, the ae
jrindependent, It follows then, that also to order ( coefficients vanish and we obtain the relations: be

ois 1),we can remove the divergenceswith counterterms 4, agian. = 0, raindependent of n, which concludes the proof. ta OB/9rtq =O» (i Sa
We can reach the same conclusions by observing ng. 36/9ng =0, nb) anathat, since the theory is renormatizable, the residues ‘ oo es

rust have the same form as the counterterms gener- - ig
ated in the Lagrangian (1) by the rescalings (2), (3) a Oya =O, (19, Eat
and (4). Separating out explicitly the dependence on which imply the gauge independence ofthe param- ie
the external momenta, we see that the residues could eters, 8.and y since they are momentum independent ed
depend on m only through functions of n?/u2. For the From (9) we see that (1 Ic) is trivially satisfied as the oe
reasons discussed above, such functions cannot be countertermZ is gauge independent. Eqs. (11s) and _
present, whence we conclude the gauge independence _(11b) can also be derived by noting that, from eqs bat
of Z3 (3),G@) and (9),we have (in the limite-> 0) ve

Asa consequence ofthis property, we can easily pe b= a2 BF
show with the help of (5) that any N-particle (one-par. ag r wid
ticle irreducible) Green function ™(pz,g.n,u)satis: Using these relationswe see that (1.12) and (11) fol aefies the relation: low from (1c). q #8

3
‘As an illustration,we obtain, without making any Ay

ng 5e- PMPs8s oH)= 0» (7) assumption about n,, in the lowest orderof perturba- Maea theory 1 Ee‘On the other hand, P™ satisfies the renormalization . og” BSS
group equation [1} zai dS pt ay et Pee3 fane® m4" 4 =

(ud rogers, 3--™) P(pj.gsn,4)=0 (8) where Cis the value ofthe quadratic Casimir operator fe
. in the regular representationof G and is given by b *

where 8,8, and7 are given by: San C= Saat oar: Relation (13) shows that2 is inde- a©, pendent of the gauge parameter and yields, using YS
(9) and (12), the same gauge invariant result for the 6 is

75 bye
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| Votuni
function, as the one obtained in covariant Lorentz References ‘of gaugtis [1] |~ Finally, we would liketo remark that, despite the 11] CG. Callan, Phys. Rev. DS (1972) 1670. |are gauge invariance of the result (13), it is not possible to K. Symanzik, Comm. Math, Phys. 23 (1972)49.¥
choose the gauge n? = 0, which would greatly simplify ee 9me) 0 zee Ys Rew. DB.(1973) 3633; |“S the calculations

(se eq. (5)).In fact, an explicit caleu- 13) pat. Jenes Nucl Phys. BMS (1974) $31. :Bs ation performed in this gauge yields for Z3 a different W.E. Caswell nd F. Wiezek, Phys, Lett, B49 (1974) 291 |Es (and, hence, incorrect) result. The reason for this dif- H, Kluberg-Stern and J.B. Zuber, Saclay Preprint D.Ph.T/ |“8 ference is due to the singularities n~? which appear 14-56, |
when computing the Feynman integrals [11]. These [4 G.'t Hooft and M. Veltman, Nuct Phys, B44 (1972) 189,Be singularities, when multiplied by the factor n?, which ts] Fon Paddsev and VAN, Popov, Phys, Lett B25 (1967)

: appears inthe propagators, yield well defined results ESS. Fradkin and LV. Tyutin, Phys, Rev. D2 (1970) 2841
3 which,in general, do not vanish. Due to this fact,in [6] CN. Yang and R. Mills, Phys. Rev. 96 (1954) 191.=

order to obtain consistent results, it is (unfortunately) [7] 1.0. Taylor, Nucl. Phys. B33 (1971) 436. IntroEE necessary to use the full expression (5) for the vector 10 Ak Bren, Tear andMathPye 100097298,
boson propagator, with n? # 0. 19] G."t Hooft and M. Veltman, Diagrammar,Cern zeport K

= J 739 (1973). tude
{10} 5.C. Collins, Nucl. Phys. B80 (1974) 341. nece

a [11] W. Kainz,W. Kemmer andM. Sehweda, Nucl. Phys. B79 data% (974) 484, wi
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@) _—_sFronleel's letter of Deo 1975

Interesting .and perhaps relevant to our simple anzatz. He claims that, when you

work in the dim reg framework with that mass scale parameter MU, you can show that

in the axial gauge the Z, and the little renorm group functions like BETA are independent
completely of the vector ETA or n,. Thus you cannot have Z( our gamma).

The Z's ere of course the residues of poles at n=4; as an example he computes

what is I think our Born loop and shows that the residue (ie Z) is in fact independent

of n. I should check this calculation. You only eed the leading term.
I should also go read about AF now that I am with the dim reg stuff.

Another conment mate in passing is that you cannot teke n”=0 because something
goes singular and you get the wrong answer. This sounds similar to something we did *

wrong once.

As a bonus, I am reinforced about renorm when he claims that our form for the

propagator makes the theory, by power counting argument, renormalizeable. I agree.

eo) This is a good paper to stufly in more detail. See if you can duplicate its basic
results.

6
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SORE s FIRST AND SECOND FACTORIZATION IN... 3121 yee
ed | ae oeLi xs sy, Nambu, Phys. Rev. D4, 1199 (1971);1. T. Drum- . PraPiag’ Praag) esFi7e mond, Nucl. Pays. B35, 269 (1971);F. Csikor, ITP- Faage ai — Fay i. i Selapest Report No. 292, 1971 (unpublished). Pre Pratng og 4

HS, tas an example, we consider the case !=3, ma y1=2, oe nang" Ftalng 19). :BS my.g2, m0 otherwise, Then we have cc) ‘
Se Shoeey west . (Prctatiengoi"Pa-tayy) .

fe + aPLA PLR PD TPAPER ana . Toy a :PS. +m Bq. @4), C, the polynomial in the crossed variables, peteyay 5 Thy pil palmyed ‘Fi/3_ was writen in a factorized form. If we invert the order ® Ea Pw Pay°
he ing

of vectors in both Lgiageeea, and RF", the result yal my tae. pra) ” es" .tm will remain valid, Le., we have (Pagina PP). es)
ye “sienna, ‘The amplitude of Eq. Q0) follows from the factortzed

Be Or bayopegEE 4) form of Ea. 24"). For notational convenience, we have .
where : also made the change my--m,-1-

> t

bes Oe-
.

PHYSICAL REVIEWD VOLUME 5, NUMBER 12 15 JUNE 1972

i Spontaneously Broken Gauge Symmetries. [T. ] Preliminaries 2
Hi Benjamin W. Lee g
4 National Accelerator Laboratory, P. 0, Box 500, Batavia, [Uinois 60510 3} and tastitute for Theoretical Physics, State University of New York at Stony Brook, Stony Brook, New York 11790 5
J and 3

ae Jean Zinn-Justint 4
Af nstitute for Theoretical Physics, State University of New York at Stony Brook, Stony Brook, New York 11790

4 (Received 10 March 1972) ‘ 2ea ‘This is the first of a series of papers addressed to the renormalizabllity question of spon— 3
L taneously broken gauge theories. We give a briet outline ofthe motivation for such an invos- 2
‘ tigation and desecibe the manner in which the renormalizabiity of such theories willbe proved ;
Ry Inthe soquel, Put briefly, we will show thet in an appropriate gauge, ultraviolet divergences
an of a spontaneously broken gauge theory are removed completely by the gauge-tnvartant coun- ’

Fr terterme inthe Lagrangian which would make the Groen's functions of tho corresponding un- )
. 2 broken gauge thoory finite, that the $ matrix computed in this gauge is unitary, ahd that the :

H $ matrix is indepondont of the gauge chosen, In this paper, the renormalizability question of
is the unbroken gauge theory is considered, We dorive the Ward-Talahasht Identities of the; theory. Wo discuss soveral ways of regulating divergent Feyaman integrals ofthe theory

id ‘without destroying gauge invariance. Infrared divorgonces are avoided hy the device of inter~ tnediate renormalization, wherein we choose as subtraction points some points whore exter

i nal momenta are Buclidean. This suffices to establish that the Bogoliubov-Parasiuk-Hepp re- ‘
oa normalization will give renormalized Green's functions which satisfy the Ward-Takahasti
> Idontities. ‘The existence of finite, renormalized Green's fuictions satisfying the Ward-Take-

hashl idostities provides us with the meane of proving the renormalizability of the spontane~
. tusly broken symmetry case. The Ward-Takahasht identities wore previously derived forthe

. gauge bosons by Slavnov.. Wo prosent hore a new darivation..‘The discussions on rogulstiza~ :
tion methods and intormediate renormalization procedure and the renormalization conditions
for sintter fields, we beliove, are new contribations of the present pape.

_ELINTRODUCTION _ whose masses are generated by spontaneous break-down of gauge invariance of the second kind,* and‘This is the first ofa sertes of papers which will of constructing a finite theory of weak interacdeal with therenormalizabilityof spontaneously tions*’~* prompt a closer examination of the quan-broken gauge symmetries. The intriguing possi- tization and renormalization questions of theories
bilities of unifying electromagnetic and weak'inter~ of this genre.
actions in terms of Yang-Mills gauge bosons,“ In the sequel of this series, we wish to examine

4



Lee & Zinn-Justin I, Preliminaries written March 1972

1, Introduction. Motivation is unification of weak and EM interactions. No mention of QCD.fe) There will be (19 Discussion of Higgs and stability (2) Theorem: renormalizeability of
unbroken gauge theory implies renorm of broken theory. Actually, this first paper will

not get into the broken theories. (3) In the Renorm gauge, unitarity will be un-obvious;

nevertheless, unitarity will be verified (4) the Renorm and Unitary gauges will be shown
equivalent. This is the program for the entire series of papers.

The aim of this particular paper is to derive the Ward Identities and then construct

Greens functions that satisfy them. These should be renormed and finite greens functions,

so they will have to discuss how they are made finite, where they are subtracted, etc. The
BPHZ will be used.

Intermediate renorm means that they will choose as spacelike renorm point some point

other than where the IR problem lies. No big deal. Ward Identity derivation credited to

Slavnov. .

2. Quantization. The usual stuff. The FP determinant is written as exp[Trflog...)] and then

Trin(..) appears as part of the Lagrangian. It is noted that this extra term can be

interepreted as ghosts in the usual way, and I could if I wanted figure out why they are

fermion-like. It is shown how greens functions are obtained by functional derivatives onfe) 2[3], which by the way is the thing that gives connected graphs.

3. Ward-Takahashi Identities--I. I have made detailed notes on derivations of quations

in this section, I derived everything except, unhappily, I was unable to execute the final
step to get the key result , that will have to wait because I simply don't know how to

do it right now. Here is how tings went: W, is the genfunc without the ghosts: the FP
ghost det is pulled out as in (3.1), a new idea to me. Now, obviously making a group

variation on integration variable of an integration cannot change the number that is

the integral, so RHS of (3.4) is zero. On the other hand, your variator reaches in

and "varies" parts of the action which are not gauge-invariant. Recall that, although Fy,

does rotate as a color vector, A, does not, so the gauge-fixing term (arising from the
delta) and the source term are gauge-violating as shown in (3.3). Thus, in effect, the

gauge-fixing variation must cancel against the source-term variation, and thus you have

Eq. (344) which is WIT for W,. But of course you want WII for the full. W. Putting the
ghosts back in is accomplished by the horrendous identity (3.5) which was derived in

appendix A. Thus, you get (3.8), where H is the greens function os operator Dd. This

result is manipulated finally into (3.13) which is the result he will use. This is an6 amazingly complicated, functional-derivative condition on the full W[J] for a pure

Yang-Mills theory quantized correctly. I get a result close to (3.13), but I have a sign

difference, plus I cant dumpt the outside Dd operator. ‘wad ok



-2-

This (3.13) is the family of WTI's for the Greens Function genfunc. The claim is that

fe) the simplar result for the 1PI functions is much more complicated! Slavnov is creditedwith first derivation of this. they are called Taylor-Slavnov identities.

ks Werd-Tekehashi Identities-II. Basically, the idea here is to define the renorm parts
of the theory ( they are: ghost-prop, gauge-prop, or respective self-energies, the
triple-glue vertex, the glue/ghost/ghost vertex, and the 4-glue vertex. ) In their
discussion, only the 1PI versions of the 4-glue and 3-glue enter. Called [", The

ghost/glue triple vertex is called 4 and is also 1PI.
In the middle of this section we have the ghost self-energy Dyson, (4.14). I dont

see a glue-Dyson or other Dyson equations.

The major Ward identities are (4.14) [which relates glueprop,ghostprop, and 3-glue

and ghost-glue vertex[] and also (4.17) which relates the 4~glue to 3-glue and the

glueprop. Strangely, the ghosts dont seem to enter this one at all.
Why are we doing all this? REcall how in QED you use the Ward identity to simply

avoid worrying about the electron self-energy. I assume the Fancy Wards will be utilixed

in a similar way in NAGT.

Notice of course that all functions so far defined are “unrenormalized". Later

C7) inezine he will rewrite these equations for the renormed objects, and will state
renorm conditions, defining various X's and so on, This is the part I am wating for!!!

5. Regularization. I gather that the dimreg method was not yet popular, perhaps tHV had

not come out yet. So here is the gist of this section: Firstg they convince. themsevles
that they can render finite any graph involving only one loop. This was done in a paper

of Hooft. earlier. The method is this: just add some "regulator fields" with masses mj”
(spinor and scaler fields may both be necessary). Then adjust the couplings of these

regular fields, and their masses, to satisfy certain linear conditions such as (5.3)

thwough (5.5). Then you discover that, when you include Feynman graphs which include

these regulatro fields, you have cancelled all divergences at the one-loop level.

I presume that you can interpret these “regulator fields" as terms: added to the

original lagrangian, a finite number of terms, so this is OK to do. But, it seems that

this “regulator fields method" will fail for higher-loop diagrams. So more stuff is

needed. That "more stuff" is to add fancy derivative YM coupling terms to the Lagrangian

as shown in (5.7); cutoff appears in these terms. The effect of the addition of such terms

is: 1) regulates the glue propagator down to power ce instead of kK"? so this makesfe) higher-loop graphs tend to converge fast since lots of propagators.; 2) but you also have

added all kinds of couplings, like &-glue couplings! Nevertheless, it is claimed that

the result of this propagagstor modification is: only one-loop graphs are divergent!!
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Thus, by so changing the glue propagator (by adding those derivative couplings), you have

fo) put all divergence probléms into the one-loop sector. But these one-loop graphs can be
rendered finite by the regulator field method! Thus, you have solved the whole thing.

Moreover, a major point, the idea is thet the counterterms you have added to the

Lagrangian to do this regulation were gauge invariant! Eg, you know that F is a true

color vector, éF is not, but DF is, and only DF type stuff appears in (5.7). Thus, these

counterterms have no effect on the Ward Takshashi Identities !!!! Tou have regulated

without hurting gauge invariance, and this is the main point. Of course the dimreg does
this too in a much fancier way.

You can go on to add higher propagator derivative couplings to improve the W

convergence of your propagator, but this never makes the one-Loopers finite.

Appendix D shows a little how you power count graphs with this propagator modification|

and you draw your own concludions, fine.

6. Renorm Conditions and IR Divergences. Suddenly, without warning, all the Greens function:

they are using are to be understood as "renormalized". Thus, first working with of-0 as.
their renorm point, they choose J(Kk*)=1 at k°.0. Obviously 4f we had an unrenormed theory

you could not aribtrarijy set this, if would be some divegent thing depending on the©) cutort. aut in the functional method, you can Just let everything be renormalized. Recall

that the multiplicative renormalization is accomplished by adding counterterms to the
Lagrangian.

So, Jat at k°20 is the renorm condition on the, glue-prop (or self-energy). The
ghost residee is also set to unity. The triple-plue vertex is proportional to the
bare vertex since other tensors involve more p's and are thus smaller! The renorm

condition on the triple-glue is that at the zero point it is G times bare tensor.

What about the ghost-glue vertex? It starts out with its own constant G', but
then the Ward sets this to same G as in triple glue.

And what about the 4-glue? It has two tensor forms with constants F and F'. But
then the other Ward identity puts F-0” and F! = 0. So for all the vertices, there is
only one renormalized charge G.

Now they want to shift the whole thingto a new renorm point so things are off-
shell at the renorm point. It is noted that holding things off shell tends to remove IR

divergences. This is easy to see with a little P loop graph dk/(k7k'2) which only goes
IR divergent if q=0. So the motivation to "renorn" off shell is clear. How is this

im implemented? For the glue and ghost prop, its easy. You just choose Jel and Z_=1 at

fe) w?o-a®, Trivial. The vertices are now not so trivial. The triple-giue now has Saree
tensor forms, the bare vertex plus two more. Constants are called G,H,J. And the
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ghost-glue vertex now has G' plus six more constants to worry about. Then the firstce] Ward identity relates all these constants.

But, as you can see, only G and G' are divergent constants because those other

tensor forms have higher powers of momenta in them. So you can read equation (6.9) to

also say: (Clay = Goiy,,, But wait, these constants are not divergent. OK, I
think they have left something out: ie, they never defined divergent Z's, but I think

I now see how to do ite

By the way, notice that they say nothing about the 4-glue vertex in this off-shell

renorm case. Probably it has a million tensor forms. One of ny little problems is to

use group; theory to try and find these tensor forms.

Conclusion: good to see some real live renorm points being selected.

7. Renorm of the matter fields. Up to now we have had pure Yang Mills fields only. In

this section we throw in a vector of scalars (massive) belonging to the adjoing rep. Then
the theory has more vertices which are given names. Then a renorm condition is made for

the new vertices. Ie, you have a bunch of constants multiplying tensor forms, as usual.

Now, the Ward identity including the new fields connects the new vertices only

with the triple-glue, which you recall had a G constant. When you stuff your new6
renorm conditions into the Ward, you get certain results like OaG etc. Again, everything
can be related back to G.

Of course the new fields couple with the same bare coupling go, so this result does
not surprise me.

Finelly, 1&2 go back and redo all this stuff using -a” as renorm point because
the first time through they used q”-u the scalar mass, and this has the usual IR problem.

Then suddently the paper ends.

[one of the main points is this: to write down your Rennpm Conditions, you simplypick a renorm point and you write down all relevant tensor forms and you give each of

them a constant multiplier. Then you related the various constants as much as you can
using the various Ward identities. when you do do, everything boilds down to just one

constant, the G on the triple glue, the renormed charges\
Appendices: I have elready done A and D in the midst of the above. Appendices B and C

deal with the idea of proper vertices and Wards in terms of them. I will keep in mind
that these appendices are available, but now is not the time for me to read them.

8
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. ‘ 5.79

0 Derivation of (3.10) : Me Boy ga ay
Comment: I had a lot of trouble with this because there is a lot of stuff going on
here. Finally,.however, E have made it works-  * Coe ge

We want to show that (3.10) duplicates (3.8). The first texm of 3.10 obviously
is the same as the first term of (3.8) so cancel those. It remkins to show that terms

243 of (3.8) equal term 2 of (3.10). But, notice that either side of (3.9) is exactly
term 3 of (3.8). So here is what we want to show:

([ (.8) term 2] + [RHS of (3.9) ] = [ (3.10) term 2] (*)

Normal order: why have they done this? The meaning is that all those d/dJ's sitting
inside the :: are supposed to not act on that J? guy, but are supposed to only go to
the right and hit onto W[J]. You wonder: why didnt they Just write the J? on the
left and dispense with the ::. Reason: dont forget that D, contains a regular derivative

dy which acts on s(y) so you have a problem: whichever way you order these guys, one
of the derivatives wont be right. You would have to back-arrow the dy inside D,.

But, I could still fix up (3.10) by first partsing the d, in D, over onto the H

0 (getting a minus), then switching the indices from cd to de (getting another minus on
other term for ceverall minus). Then 3.10 could be written like thist

d, Fig © Kee

Da Le-TRt Sag Hay OPER” WGBa)bw =e
The price paid for getting rid of the :: is that now the wolor indices dont match

correctly. But now you can replace H with G” and get the indices to match, so you
get:

et atte
at. *¥ Fix DS / Cea ag ab

Tse yas. Era SayKD,GE GosKa iubl=o .
How you now go from this to (3.13) is a stroy I dont know yet;)so lets get back to the

present problem. I will keep the normal ordering form of Gp a I know what it means.ds wwehawk~  —>

Proof of above equation (*): Look at (3.10). Forget for the moment the action of the

outer operator Dd on the t...d: . Then the Dd goes rightg into the integral and

goes inside the normal ordering and hits onto H. By (3.6), this makes a delta andfe) the net result is this: -+ D(id/dd) J + However, I claim this is exactly the

same as (3.8) term 2. Actually there you see~D J without the normal order. But, the

term in which the d/dJ hits the J vanishes by color symmetry ( just did it).



Therefore, all that remain is to show that , when you let the outside d/dJ in

(3.10) hit the explicit J inside the :..: factorf, this must yield RHS of (3.9). It

does, as is shown on page attached to this, not very hard to do. e

Aside: notice that [d,, D,(id/aJ(x})] #0. It matters which order these appear
in! That ig why Gt; for example. - — -- rs
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Sign Error inLeeZinnJustin-I_

‘e) 1, First, notice that you always have a convention on how you will define your sources
and how you put in your gauge fixing term. There is also a question of sign of metric.

I always use the metric which implies p*-n* in propagators. So does Coleman. Also,
Coleman shows that if you Wick rotate correctly with this metric, you get:

dix = i dheg

Thus, I am able to justify the sign of Coleman's gauge fixing term:

a.i \K[S@- HORT]e =e

Qk Se Lt 5\ & Ja “y+i \dk baa GS) = -\dhe [ez aN
and then the idea is that, ford)0 at least, this exponent is negative and vaguely
speaking you have a convergent integral if you go over to Euclidean space.

Anyway, this is the sign of the gauge fixing term used by Coleman, and be 1ZJ-1,

and alo in Abers and Lee, When this is combined with the usual L, = ~(1/4), FR,fe) you get the following bare propagator:

a— Wyle) pd bye* kee

This is what I get, Colemtn gets, Abers and Lee get, and LZJ-1 get (see 2.11 ). Ie, we

all have that g,, has the same sign as alpha.
We do not all agree on the sign of the source, but no matter for now.

8. Facts when I work through 12J computation in detail, keeping exact track of all

signs, here is what I get for my final result :

ate eo} i 8 ne eb be,Rep lizalS| ee,+ VayKYW ER 6 lyx, f =< & yj=0we [3 * Sey Tose VERT Gx, &)] WEnoms: (2.13)

This is my equation (3.13). The relative plus sign between the terms is consistent withfe) LZJ's equation (3.10) because you get a minus when you switch the action of D from J

over onto H, etc etc. So, I am willing, without justification, to claim that the square

bracket above equals 0. I wonder: does my result agree with Slavnovs result?
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On, a-page attached I have examined Slavnov's paper and have converted his result intofe) a functional result so I can compare it with mine. First, I have to replace his source

with J =-n because his "source-sign convention" is opposite L2J's. when I.do this,

I find that Slavnov's result has a relative minus sign between the terms, whereas I had

a relative plus. BUT that means we agree because Slavnov's { is minus the 4 used
by LZJ and me and everyone. Tey .

Asemov = Sigs
: Msrevnov 7 ~ Stzd-1

Thus, my result agrees with Slevnovs result.

Conclusion: Lee and Zinn Justin have the sign wrong in their (3:13) . Everything

else they have done is correct, except typos I have already marked.



0 Compan Bova Real bo lee VY.Parnes vase SalVOrrd+5(98)© w= \aviae) ©Boaters
Yer ragutt ee sd)oeOD wate ae *s

2) ale -!

‘

iS

O= \way-]2 Ox \ be. OL Ss g¢ “poRengy| g

= MaLOOT Baty C6.

@ ox « aSo=\ue 20] +0820) yeygDQ Ca e

Noa , Aaglace (dz): Se We wrt aon
5 4 a, sve

o = fotaalLeip tafe 1 GaN WA
Wav fo orale Dnia Dock kee LID,RF Y= —-T. frou:

_Se STE + HERD
ie. sl48 yyy7 | o- FBP ay) Seog DTA WICH

Onin ia sacle) (18), BAT Qui a's enw ogorrde ager 3!



RE. Mo WITS. oe ‘

~~1@) A. mer. \Jany shhomge abel,
@ Ws) s Qnck Gane abn. ms

were atk. 9 ask nokwads faeae,ATANMagiae yea Laeconer gets tater Cea vsschy Mageeo |
TI) = role seodar Qain Awe.
BW)= Me afk gegen. Ayo = gang peop

& n=3 alec, c a

S_ phy :0 fund X~Space = Po Yp\~)
motwd =) le-spac

"

; D

Gay) psode « *o...@.-2 = hyo,
= a ®

.

: tQa “eee. XSpact, geek ctf smngy Dyer! :
Zy= ~ Z5() [proaga bey diamine

Wad} someleind Wed WB asa teat]
.

ay phe ty wm

0 FIs TO) HO %, ‘\=0
audgh 3-glue bos [ ght :Tete Ee Sit nee



N

_ Connie ofr pedoing, FP.

~ Foscingy ak (ay d am
ob bey we » 3

THUG] Ssh) = Yaa dy Re LAel Soe) Cex A) :

= Vea “f- g, Mee quent Ga Gy) = Qe SGRy) a

Qe bs MUL Sl
Qader 5 ergend any daub,

\= =

GaGoyA) = - Ma Gul)

Ve com Aur tak -\wv TvHaGony= -& IW Gs) = Gacy) 7

(oe) Yo BAp=o, Wan GHG
Byt the way, we know from our propagator-identification page that this function

W309) is the dressed ghost propagator! Recall from BD vol I that any propagator
is the Greens function of a differential operator. Here that operator is dD. As written

above, G is the amplitude for propagation to x from a source,at point y. Lee's remark

about "outgoing boundary conditions" merely refers to the fact that you want the

positive energy component of your "wave " G(x,y) to radiate outward from the source,

to respect causality. In non-rel theory this just means G=0 for time in the wrong

sequence, and in positron theory its more complicated but same is true for each energy

piece.
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‘The second paper in this series is devoted to the formulation of a renormalizable pertur~

3) bation theoryof Higgs phenomena (epontaneously broken gauge theories). In Sec. 1, we reformulate the renormalization prescription for massless Yang-Mills theories in torms of
é ‘gauge-invarlant renormalization counterterms in the action, Section Iil gives a group-theo-otic discussion of Higgs phenomena, We discuss the possibility that an asymmetric vacuum

is stable, and show how the symmetcy of the physical vacuum determines the mass spectrum —
4 of the gauge bosons. We show further that in a speclal gaugo (0 gauge), all unphysical fieldstan be eliminated, Section IV discusses the quantization of a spontanoously broken gauge the~

ory in the R gauge, where, as we show in Sec. V, Green's functions are made finite by the
renormalization counterterms of the symmetric theory (ih which the gauge invariance is not

5) TeBttenoously Decker). Tho R-gauge formulation matos use of redundant fields for tho sake
of reaormalizability. Section VI is a discussion ofthe low-energy limits of propagators in
the R-gange formulation. In Sec. VII we show that the particles associated with redundant

2 elds peoullar to the R-gauge formulation are unphystenl, i.0., they do not contribute to the
‘sum over Intermediate states.

he

1 INTRODUCTION tion when chiral fermions are included in the mod-

| _ fh as pointed out by Veltman," and more recently

| In this paper we give a renormalization method by Gross and Jackiw.? This difficulty can be cir-A and a proof of finiteness of renormalized Green's cumvented in a realistic model of electromagnetic

For definiteness we consider avery simple model _ problem further in this paper, but postpone the| in which SUG) gauge bosons are coupled toa trip. discussion until we deal with the renormalizabil-
Tet of scalar mesons, There is an extra complica- ity of a realistic theory in a sequel to this paper.

i
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Lee and Zinn-Justin II. Perturbation Theory and Renormalization written March 1972

ie} 1. Introduction. These guys have figured all this out in the SIGMA model, end are now
~ generalizing to arbitrary NAGT. Actually, in this paper they will use 2 simple SU(2) color

group with obvious Higgs fields coupled in as you would imagine. These are the only
matter fields they will use, I think.

‘The gauge wherein the Goldstones are absorbed into gauge masses via the Higgs-
Kibble mechanism is called the U-gauge. The claim is that in this gauge, unitarity of

the theory is obvious, but renormalizeability is not (after all, you have massive vector
propagators screwing you up.) But then there will be something called the R-gauge where

the renorm is easily proved, but in which unitarity is not easy to see. I imagine the

authors will prove renormalizeability in the R-gauge only.

Then the game is to show that the two gauges ere equivalent, and I think that

is the topic of the next paper, No. III.

As an added complication, authors allow for the possiblity of SSB. After all, it is
SSB which creates the would-be Goldstones. Discuss this below.

II, Gauge-Invariant Counterterms. In this section they show how you add counterterms tore) the lagrangian to get a finite theory. Finally this is clear to me. It is totally
un-obvious why you get a finite theory unless you have studied say #. It is just the
usual multiplicatiye renorm deel, except of course you have to consider both the glues

and the ghosts. Good discussion of choosing rencrm ‘points. The both Wards are used

to show that only one charge g is needed in the end. I think the Wards will be used

again later.

Tt is noted that if you define renormed sources, you can get tenormed Greens

by differentiating the renormed genfun W, which now ineludes those counterterms. It

is noted that the counterterms, including the regulator counterterms discussed in last
paper, are all gauge invariant.

A new version of I 3.13 is written (general Ward) but this time for renormed

objects. I have not yet checked this result, because I am hurrying to see where this

series of papers is headed.

III. Group Theory of Higes Phenomena. A quick review of the usual stuff. Start with

a group sym with N generators. Assume the Higgs field has nonzero VEV, so the groupof the
vacuum has only M generators. The difference is m= N-M is the number of “would-be

fo} Goldstones" (Goldstone Theorem: there mst be m massless particles. Te, m of the Higgs"  gealars must be massless. ) Then you choose a fancy gauge so that the Goldstones are

eaten by some of the glues, so you get m massive vectors. This is Higgs-Kibble Mechanism.

Here all discussed in terms of classical fields.
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kus Quantization of Higes Phenomena. Take it slow, it all makes sense. First, write dom  *
Lagrangian including Higgs fields. Higgs self coupling now called ) and there is.a Higgs

mass coungterterm. Whole thing is a gauge scalar. When this Lagrangian is'combined with |,lo) gauge-fixer and ghosts, you get action called S, since parapeterd, 18 still in there.

Major point: write down the genfune for this action, putting in source J for the
glues and source K for the Higgs. Then the Ward Identity (4.5) 4s true whether there is

SSB or not. The Functional Ward doesnt care where the potential has its minimum,

Now we want to avoid imaginary masses in our Feynman rules. Obviously, then you

want to expand your potential around its minkmum, as in classical theory. First, write

each field as a sum of "long" and "trans" parts, where these refer to the direction

chosen by the vacuum in isospin space ( these have nothing to do with long/trans with

respect to some k” as in a gauge propagator; the gauge prop always has long and. trans
pieces in this sense).

Then, imainge that "long refers to the s or 3 direction in isospac e. So you

expect your Higgs field to have a non-zero VEV for B = The difference of $, -v
which is the VBV is called ‘Y2 The long part of color vector Ais called A.

So what are we doing? To get sensible Feynman rules, we are replacing the field

, with the field ~~; then all fields in L will have zero VEV. Then rewrite action
in terms of all these new fields. (only one new field here). New action is (4.15) plus

(4.16). I havenet checked all the terms but IK could.fe) Next, if you want to do perturbation theory you pull out your interaction action

and claw in functional derivatives , as in (4.17). The non-interaction action can then

be recast in the usual way into propagators, as in (4.19). You see that there are 5

kinds of propagators in the new theory.

So, we now know the "sensible" Feynman rules for the SSB broken theory. Great.

This is a hairy combination of many ingredients: 1) functional formalism to get Feynman

rules for a perturbation expansion; 2) Yang-Mills theory coupled to Higgs scadars, all

gauge scalAR; 3) gauge-fixing and FP det ghosts stuff; 4) SSB breaking possiblity so
fields must be shifted.

Now on top of all this stuff we have to ask: how do you renormalizes the dam.

thing? Its really no problem. First, you are supposed to fiddle with the Higgs mass

(counterterm) to make sure that, in any order, your field Y* really has zero VEV. Ie,
the tadpoles with one PSI field mst be cancelled. See * term in (4.16) to see that

this mass counterterm is in a position to accomplish this task .

So ghoose that mass counterterm as just mentioned, then do a standard multiplicative

renormalization on the theory. Here I'll just list things off:
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So we define siz Z's in this standard way. Then we can take the Lagrangian and

replace all fields and charges with their expressions in terms of renormed fields and
renormed charges, then we regroup into terms plus counter-terms. The result will be

(4.27) ‘which shows only the counter-terms. Notice that the FP ghosts don't get mixed

around with other things. You can imagine adding this counterterm lagrangian to the

thing shown in (4.15) plus (4.16). so .

Comment: Now things are all set up. If I were.at this stage with a.simpler theory,

the remaining work would be to study integral equations etc and find that-if you iterate
order by order the theory really is finite. Ie, I would want to show that the multiplicative

renorm scheme really does yield_a ‘finite theory. I carried,this through for (9; \BD carry

‘4% through for QED. Now it looks like L.and 2J are going to carry it through for thisle) complicated :gauge theory which has everything: non-abelian so ghosts, Higgs and

SSB, etc. This I have got.to-see!!! ot

fe]
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5. Proof of Finiteness. I am very confused but will jtry to make sense out of this anyway.

Usually when you have sources you say: compute a spire and then set sources = 0.@); Yow ne says: set source Ja0, but set, source KV iy I dont yet know. So, at the
point (0,8) for the sources, dZ/dK, = some Higgs field value v,; which is not zero.
Gall this v,M , the Higgs VEV deal point in the % direction, fine. Then define field “F
as in 5.5 and rewrite Lagrangian in terms of these new fields as in (5.7"). Notice that

this gives just the kinetic and mass terms of the lagrangien; the interaction terms are

the same as in 4.16 with v replaced by our new v,-
First, notice the significance of symbol m: it is the mass of the trans Higgs

fields. Thus, these are the guys that would be zero if Goldstones ( start with 3, break

2m down to 1 so 2 goldstones; golds are the transversals here). So we are curious to
see whether m-0 or no.

Meanwhile, we are told to ascune ap will be proven leter that J wilt be proportional
V to the vector

$ so we can say that = , so symbol c is this thing. As c goes to zero,wh you return to the usual sources=0 place to define greenses.

AK) Small detail: the linear

{* term in our new lagrangian contains ex tra termswe and turn s out to be as shown in (5.9). Again the idea will be to adjust the mass counterter.

to kill off all tadpole graphs, as stated in 5.10.

asfo) Now, off we go into proper vertes. The classical fields are called 0, B,, Be
where these last two refer to the Higgs guys. You can form the proper vertex genfunct

and then its func derivs will give you proper vertéces, as says (5.18).

Then comes the step I don't get yet: if write the proer vertex for the theory

with v = v, and its a power series in v, and the coefficients are certain proper vertex

functions of the theorf with v0. Lets accept this fact for the time being and see where

it is trying to lead ujs. If 5.20 is true, so what??? Well, 5.21 states how you

renormalize the symmetric theory. This paper is assuming that the finiteness has been

shown for the symmetric theory (symmetrci means no SSB so v=0). Ie, you can choose the

countertermic Z's to get a finite theory.

Now define the renormed objects shown on LHS of (5.22). Then you get (5.23)

which is nicet: if the v, are finite, then the object on the RHS is finite because
the proper vertices PI of the syhmmmetric theory aare assumed to be finite.

Now there is a disconfintuity in the discussion, a note added in proof is added.

Try to pick it up again, They want to select a value for Z) so that (5.2h) is true. Thus

they have slightly changed the definition of Z) (by a finite amount). So, at 7-0 they©) want the Kiggs prop to be =n"? (and m better be some finite munber!).
We now start on top of second colum, page 3147:
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. This colum is just about the Goldstone. theorem . I have derived (5.26) from

(5.25) and thus I agree, the things are parallel. With the new definition of 2), I |fo) also agree with (5.26) and thus (5.27). "Spontaneous" breaking means all sources: are

zero, sd when you now take the K source<= cf to zero, you see that either m0 or ,
v,=0. Ie, either you have Goldstones (massless Higgsgs) or you have no breaking of
the vacuum. . Lo

But that was just Goldstone stuff. The mgin work of the section is alredady

done and is contained in (5.23) which says: if the symmetric theory is renormalizeable,

then so is the theory ijvith SSB present! It is assumed thet one already knows completely

how to renormalize the "symmetric theory" ie the one with no SSB. :

In fact, I think that even with c, held away from zero (so there is.a K-source
present) you can renorm the theory.

a) a 7 |

oi] : .
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Recap of the first 5 sections of this paper.

Lets look back and see just what has been done. In Section 2 they list off thea) counterterms you would add to the Lagrangian to renormalize a normal theory with glues

and a triplet of Higgs with normal mass. This section does not properly allow for the

possibility of SSB because if taken directly, it would imply imaginary mass in Feynman

rules etc. As we know, you really should define new, shifted fields if there is SSB.

So, skipping over the Higge-Kibble review section , wé come to section 4. Here,

they write down the same action as above for the glue + Higgs system. Then they define

potentially shifted fields (the PSI field) and set up the perturbation theory in general,
allowing for the possibility that there is SSB. Equ. (4.20) shows all the propagator in
the perturbation theory, for example. Then on the next page they show all the

counterterms (now written in terms of the shifted, physical fields) you should add to
achieve renormalization.

If there were no SSB, then v-0 and shifted field reduces to regular field. The
2's which render the theory finite can be computed in terms of the cutoff. These are

“the Z's which renormalize the symmetric theory". These are the Z's you would use if
v? = positive.

Now suppose there is SSB, how do you know you can still renorm the theory? Youro) have a bunch of counterterms written down, how do you know that the really make the
theory finite? Answers you derive equation (5.23) which states: the proper renormed
vertices of the SSB theory can be written in terms of the proper renormed vertices

of the regular (symmetric)theory. So choose the Z's that renorm the regular theory, and
then your SSB proper vertices will also be finite!! Thus, the same Z's will renormalize
the theory regardless of the sign of ué !1!

One interesting point which I think will be important later is this: the Ward

Identities have the same form no matter what u” is. Whether or not you have SSB, the
Wards look the same, Moreover, since the counterterms are all gauge~scalars, they have
no effect on the Ward identity, thus, in the theory with these counterterms included,
your greens will satisfy Wards of the same form as the wards of the unrenormed theory.
In other words, the finite, renormed Greens functions satisfy the same old Wards we
haved been using all the time.

So, Wards survive renormalization and SSB!

So, these sections of the paper constitue a “proof” that mgm SSB does not affect

the renormalieability of a theory. If the symmetric theory is Renormalizeable, then

so is the broken theory! Note that this proof is carried out in a normal q~ Landauro) gauge. However, as (4.20) shows, you have "redundant fields" because you have both
goldstone Higgs and massive glues present. One wonders if these massless Higgs fields

dont mess up unitarity somehow. In the U-gauge these goldstones are completely gone so
uniarity is easier to show.
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Section 6: Low energy behavior of propagators.

In the next section authors want to show how the negmetric + goldstones + Faghostsfe) (all massless "particles" present in the theory in the R-gauge). all cancel in unitarity
°

sums, so you never get an amplitude having a pole at zero. Thus, in this section they

want to find out how to express the behavior of the negmet and goldstone propagators

as they go near mass shell (ie, 220), because mass shell is relevant for unitarity
quaestions. The results are shown in (6.10).

How are these results arrived at? They write general scalar-function forms for

three "inverse propagators" as shown in (6.7). These are related to the propagators

through a matrix equation (6.6) which reminds me of the similar thing in Kummer. Thus,

you can use the same symbols A,B,C,D in your propagators (these are scalar functions).

It seems that C-O identically due to color symmetry somehow; from this you learn that

for small k”, the function A(k’) = k°/x where y is the gauge parameter. The upshot
is that the negativemetric propagator contains function A, whereas the goldstone prop

contains function D. So far there seems to be no correlation between functions A and

D, but there is as shown later.

Section 7: Unitarity First example is look at 1-particle intermediate state. They showfe) that the goldstone cancels exactly agains the negmetric (ie, the long part of the glue
propagator). In this example of course you cant have FP ghosts because they can only
oceur in pairs.

7

To show this little cancellation, use is made of a very simple case of the Kurd

Identity. Thus, very important that this identity be true for the renormalized theory

(and possibly SSB broken !). Here is where the Ward really helps: showing these ghost
cancellations. They explicitly consider the case of two massless and then three massless.

In each case the Ward allows them to show cancellation. They dont have notation that

allows a general case to be done, but seems clear that it works.

Thus, the only poles at zero will come from the "phtons" of the theory, gauge

particles that did not acquire mass. The other massless particles always cancel out.

Also in this section they claim to show that S-matrix elements cannot depend

on paramter alpha.

Comment: In this paper, authors show both renorm and unitarity entirely within the

Regauge. They mention that there is a U-gauge where goldstones are completely eaten,
but they never use that gauge in this paper.

\e)



The Famous 2/Z ratio equation for NAGT in Covariant Gauge.

1. This equation appears as (2.2) in L-2J-II paper. I finally understand where it comes
from and I will derive it here. The only ingredient I have not yet derived is the Ward

Identity which appears as Eq. (J.15) in L2J-I paper. You must understand that this
identity is derived using the functional formalism from a certain Lagrangian, namely

the YMT Lagrangian with F.F and gauge fixing and FP det. This lagrangian does not have
the renomm counterterms in it yet, so the Ward Identities you get always relate the

unrenormalized Greens functions! Basically, this Ward Identity (scalewiase) reads:

onc ene

AY = 6% as)
A 4 7

2._Glue. Propagator. Even though there are ghosts to worry about, the longitudinal part
of the glue propagator is not "renormed", which means it is the same as in the bare prop.

I have not yet showed this, but %Z2J showed it functionally (and so does Kummer later in
the axial gauge). Thus, your unrenormed propagator looks like this:
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4. TripleGlue Vertex.
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So this is the renormed "charge", the triple gague vertex coupling constant/. I few

details ere not yet clear: like, what happens to those extra terms? Sure, you cen

exclude them from your renorm condition by projecting them out, but they are still present

in the vertex itself. Moreover, due to the powers of momenta (power counting), I thingfo) you can show that the object above called (other tensor forms) is a function only
of g, and does not depend on the cufoff. Thus, it seems likely to me that the

term gets multiplied by a power of Z, and therefore will probably be cutoff dependent
in the renormed tertex. Somehow, it mist turn out that these other terms never

contribute, to an S-matrix element, just tike the "gauge terms" in a glue propagactr. Later
I will look at this problem in more mdetail.

For now, we have chosen a charge g and have insisted that the triple-glue vertex

be this number g (times bare tensor, muisumttx modulo projection) at the symmetric renorm

point. Earlier we insidted that the renormed propagator have “unit resideu", ie, that
Jal at the renorm point.

But is this possible? Actually, if you hold g, fixed (and m,=0) and you have a
given cutoff, the quantities Z, and Z; are already determined to any order in g, and
are divergent. Nevertheless, since prop is rescaled exactly by Z3, you can still insist
that Jel. However, g comes out as it will. But now reverse it and insist on a g} then
B, gets forced to some value. Fine,

fe) 52 Ghost-glue vertex.
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Again, suppose g, = fixed. Then all four Z's are determined, and g and € come out where
they may. Or, you might choose a value of g, adjust g,» then you are stuck with whatever
@ comes out in the wash. You cannot set ¥ also. Luckily, as we shall see, = g.
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The Ward Identity in terms of--renormed objects must be satisfied simply due to the. fields

scaling. Ie, Unrenrom Ward implies Renorm Ward. Then you go to the renorm point and you
find that g's are the same, and you get the famous Z ratio fact. Perhaps all the other

tensor forms project to zero in the explicit Ward identity. Obviously you want to renormfe) your various Greens functions at the same point so you can use the Ward to related constants.
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7. The Four-Glue vertex. We can obserye that a7 T =P for this guy. We could sayfe) that at its sym point the renormed Tis equal to some new g’ times thé bare tensor

plus other tensors, Then we.would apply the ward (4.17) and we gould then conclude
that g' = g. So I think the relation between the 3-point and the J-plint-is the
game as in bare perturbation theory. Of course there are tons of other tensors -around
that you have to do something about. :

8. The Lagrangian counterterms. L and,2J show all the counter-terms that you mst
add to implement the above renormalizations. This is their.(2.1) of paper IT. Lets see

if we can't verify these things:
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Note’ that*they show renormed fields and renormed charge in their lagrangian. I treated

theory'in this way once, All you Have to do is this: start with thé bare lagrangian

fe) in terms of bare fields and bare charges, then do the obvious rescaling and all the
terms will drop out.
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All we are doing is rewriting the bare lagraingian in terms of renormed charges and fields.

A ‘Then the claim is that as you do perturbation theory, in each order you will have no
divergences because they will be cancelled by the counterterms. As usual, it was good

for me to have done this first in B | ar) dg well so far.
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input AND gate, whose output generates another forty-nanosecond gate,

which is now used as the “wall” output. Obviously, a wall output occurs

only when the required odd, even, and total coincidence requirements

are met.

Pig. 22 indicates the master coincidence System where the individual

vall pulses are routed and meshed. Each wall has an input which goes to

various four-input gates as shown and also to the wall unit. Again,

switches select the coincidence conditions to be satisfied in a given

run, The outputs pf the four-input AND gates are coubined in an OR

circuit, whose output drives two umivibrators: a 120-millisecond UV used

to hold off the coincidence system long enough to write the event on tape,

and a 100-nanosecond UV used as the master coincidence output. Emitter

(o) followers couple this output to the various units requiring it. On the
input a holdoff from the recorder is also provided to prevent en event

from coming in during the recording time or while the recorder is writing

an inter-record gap, which occurs in our data every 24 events, This is

an easily-varied parameter.

‘The wall coincidence information system, shown in Fig. 23, amplifies

the wall coincidence outputs, feeds them into 400-nanosecond gates, and

then into two-input AND gates, where they are required to be in coincidence

with the master cojncidence output. This eliminates spurious wall noise

pulses from being recorded. The outputs of these AND gates are amplified

and routed to the readout logic system where they are used to set RS

flip flops which are later read onto tape ahead of the pulse-height

analyser information.\e)
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- and since any vector to be contracted with y or vof the above propagator may be expressed as a linear
Gombluation of p,(P,) and g(g,) we see that the contributions of two magsless particles to the self-energy
are necessarily of order p,p,, disregarding ldgarithmic factors. ~
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We discuss the equivalence of the S matrix in the R- and U-gauge formulations of spoa~
tanovusly broken gauge theories. We give definitions of the U-gauge Green's functions in
terms of the R-gauge ones, for both Abelian and non-Abelian cases. Based on the equiva-
Ience theorem, we give « senormalization preseription of the U-gauge formulation.

1 ByTRODUCTION Strathdee* about the equivalence of the two formu
a lations. But more importantly, the present work

In this paper, we wish to demonstrate the equiv: gives definitions of the U-gauge Green's functions
alonce of the $ matrix in the R= and U/-gause in terms of the well-defined R-guuge ones.
formulations of spontaneously broken gauge theo- ‘This paper is organized as follows. In Sec. TI
Ties. We have discussed the advantages and dis- __we consider the equivalence of the two formula
advantages of the two formulations in a previous Hons for the Abelian model considered previously.
paper (paper It). In Sec. TIL, we give some illustrations of the equi-
We shall carry out this demonstration by express- valence and formulate the renormalization pre~

ing Green’s functions in the U gauge in terms of scription in the U gauge. In Sec. IV, we deal with
those in the R gauge. What we shall show in this _the generalization to non-Abelian cases.
paper is a concrate realization of the remarks ‘tis empirically known that the 7 matrix for the
made previously by Weinberg’ and by Salam and Abelian case.computed in the U gauge is finite."
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ABaDoy

Sec toaseade 70 1. Introduction. They wet a simple theory in two gauges and show that the“ S-matrix elements are*the shme. In the R-gauge there are redudant fields wandering
around but renorm is strigignhtforward. In the U-gauge the massless Goldstone fields

have been absorbed onto the vectors and unitarity is easier to show. Somthing tells me

this paper was not done with quite the effort of the previous papers.

2. Abelain Case. The sample theory here is scalar QED. There is the usual electric charge,

and there is the J scaler self-coupling ) j we have a field theory with two fields and
two couplings. If the $ field has imaginary mass, we get SSB so lets assume this is
the case. inthe

In the R-gauge you just shift the field as was done in the last paper.. Choose

usual Lorentz gauge, do anything you like . Write down the generating functional Wp
and do perturbation theory.

In the U-gauge you do the little expon thing and choose gauge as shown, then the

goldstone vanishes completely from the theory. The final result is that somehow you

can relate the amputated Greens functions computed in these two gauges as shown in (2.15).

The main idea is to show how you related the perturbation expansions in thefe) two differing gauges. It is not done very well in my opinion.

3.. Renormalization. Does this only for the U-gauge, since I guess the last paper did
At for the R-gauge. Rewrite Lagrangian in terms of the U-gauge fields called U and RHO.

Define a whole pile of Z-like quantitys in an ambiguous way. State some renorm conditions

for fixing the Z's. Write down a perturbation expansion for the Z's. Not ‘very interesting
to me and too concise, just the opposite of their usual fault (ie, tdo mich detail).

:

wh.4, Non-abelian Case. A Rehash of the above in general, case where you start with a larger
group and break down to a smaller one. You get a result which says that T(u)=T(r),
modulo some Z's. I gather that the ratio of these Z's is proven to be finite in this

paper so here is the conclugion: finiteness of T-matrix elements in one gauge implies

they are finite in the other gauge. This is the "equitalence” that they have been waiting
to show. The Wards are not used that I can see. The main use of the Wards was to show

that the R-gauge was unitary, to get all those ghosties to cancel out in unitarity sums.

Gomment: lets just cool this paper until its contents are needed. I now know what it isre) trying to do, so that's enough for the time being.
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So here is I think the point: the WY and W* gefunes can be related to one ancther as
done in (2.11). As far as glue propagators are concervned (transverse), they are the

same in either gauge. But the scalar propagators are different. Thus, if you define

Zp and Z, in each gauge separately, you will find that the Z,'s are the same, but the
Zp!'s are different. This is what (2,12) and (2.14) are saying.

Therefore, consider what happens when you renorpalize each theory to get finite

Greens functions. Ignoring the implementation of renorm counterterms etc, you imow that

the end result is simply that you rescale the fields with the correct Z'sy and you take

all charges to renormalized charges. I guess in these two theories we are comparing, you
conspire to end up with the same renormalized charge) but the Z's are differentg for
the scalars. (Actually, easier to keep)» fixed and then say that there are two

different charges \g and \xs and also 2° # 2".
So if you want to compare renormei finite gens functions, all you have to do

6 is rescale your fields properly, which is just "wavefunction" renorm. The glue 'rescalingswill cancel between the to gauges, but the scalars will, not cancel, hence you get

the nice result (2.15) which now seems quite: reasonable, but each theory still has its

own charge as far as I can figure.
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O: POINT TRANSFORMATIONS IN QUANTUM MECHANICS. II... 1049
formulated the text in torms of the less customary point ‘Again, this ts not the most general system for which oo
transformation, in order to facilitate the comparison ‘Lemma 1, could be proved. More genorally, ono could .

with paperT (Ref. 3). write fey ooo a 81 +a tote ooo) 00 1H Lek -4g. Carmi, preceding paper, Phys. Rev. D7, 1038 hand side of (3.12), a
(979), which ts henceforth referred to as “paper I.” "The main restriction is that the corresponding Lie ul
Its eqlations will be quoted, as e.g., (2.3). + clement pf + fp + g has'a nonvanishing domain inZy, 28
‘Professor Donald Newman, private communteation, operator with range in Zz, and that this remains eo for

-‘This

ts hindsight, of course. At the time paper Iwas tho L4o products of such elements, =wrltten, the solution had to be found by trial and error. "Robert Hermann, Lie Groups and Physics (Benjamin, -
. ‘hus the equilibrium-thermodynamtcs (lo Doe New York, 1968), p. 139.

(nJe"Al|n)) cannot be evaluated exactly. However, if Nz, Van Hove, Acad, Roy, Belg. Cl. Sel. Mém. (Series =|
tho system is first transformed by the two Bohm-Pines 8) 26, No. 6 (1951); Bull, Cl, Sei, Acad, Roy. Belg. =

| transformations [D. Bohm and D, Pines, Phys. Rev. 2, (Series A) 31, 610 (1951).
609 (1953)] and the random-phase approximation (RPA) ROS,+ fd +8. Plat hid + 8) “PSs+ Fab + By, with fy(end, possibly, also [G. Carmi and A. J. Lock, Phys. =2US-Sits ete aRev. A 5, 1447 (1972)] tho Bogollubov approximation) ta ‘Those results do not seem to be recorded in tho liter io=
used, the residual interaction is small and the transfor- __afure but, judging from their simple nature, they must =
mation (3.1) will (€{t &s chosen in such a way as to fal- ave occurred to almost everybody who has encountered =|
flll the other eriteria of Ref. 1) describe also the thermo- this algebra, =
dynamics of the system quite well (Ref. 1). ‘within the underlying associative algebra (with re- 7

‘his definition is obviously not the widest possible spect to ordinary operator multiplication) the algebra |-
generallzation of the corresponding definition in Sec. Il, canbe spanned byabasis of two elements only, e.g, ,

but {t serves our purposes here, Aampeth cetp and B=, }
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D VOLUME 7, NUMBER 4 15 FEBRUARY 1973 —fe) Spontaneously Broken Gauge Symmetries{1V| General Gauge Formulation =
Benjamin W. Leet , BI

{nstititefor Theoretical Physics, State University of New York at Stony Brook, Stony Brook, New York 11790 [al
and ze=|

Jean Zinn-Justin. =

Service de Physique Théorique, Centre d' Bludes Nucléaires de Saclay, B.P.2, 91 GY-sur-Yoelte, Prance =
Received 30 October 1972) * ,

‘The advent of the dimensional-regulartzation procedure allows the study of renormalza~

bility of spontaneously broken gauge thoorfes formulated ina wide class of gauges. We
derive and study the Ward-Takahasht identities appropriate fo such gauges. A consequence
of the Ward-Takshashi identities ts that the physical § matrix is invariant under a variation ‘
of the gauge condition. As remarked before, since the variation of a parameter in the Ry H
gauge formulation shifts the masses of unphysical excitations, the above result, the ¢ inde= “4
pendence of the physical $ matrix, implies that the unplysical excitations eanmot contribute 4to the sum over intermediate states, establishing the unitarity of the§ matrix. We also oegive the renormallzation procedure ofa model formulated in the R, gauge. an

1 mxrRODUCTION of the theory in question. It has been observed? wa
| eo that in the so-called R,-gauge formulation invari- ry

‘The advent of a very powerful regularization ance of the physical $ matrix under the variation

procedure for Feynman integrals ~ the so-called of a gauge-specitying parameter (i.e., £) implies iy. dimensional regularization’ ~permits us to discuss the unitarity of the S matrix, that {a to say, that y
=. intolligently the renormalizability question of spon- unphysical excitations do not contribute to sums ,

Opreo Peake cage ncorin formated in over intermediate states. ‘Thus, the ability to or- »fairly general class of gauges:* The present paper __milate quantum theory of spontaneously broken -
fs dedicated to the derivation of the Ward-Takaha- gauge symmetry in a general class of gauge condi-

sh QW) deuiios in such AVE, WHICH can be tions, in a way that reflects the gauge invarianceused (0 prove the renormalizability and unitarity of the action as expressed through the WT identi-



Lee and Zinn—Justin iV. General Gauge Formulation. written October 1972.

[e) 1, Introduction. Note that this paper, although called IV, was written 7 months after
the other three papers. In the intervening time, tH-V dim reg came out. You no longer
had to make long-winded comments about gauge invariance of counterterms and so on te

get the Wards to be the same for renormed greens functions.

The msin idea of this paper is to simply state the Werd Identities for a general

gauge rather than any particular gauge. This derivation is done in the first section.

Other sections summarized below.

2. The W? Identities. For the first time authors go to the compact notation (1) where

all fields including the gauge guys are put into same vertor J; . The general gauge
condition is (2) where F,is, I presume, any function of the fields that you want, and

ajis a vector of functions at some point. Note that there are as many gauge conditions
as there are group generators, they index. However, as noted later, when you get the

gauge delta up into the action where it appears squared, you observe that the dimension

of F better not be more than 2, or you have non-renormalizaeable LeGRAngian!

Next there ensues the standard discussion of the exponentiation of the gauge delta.

There is no limit that any paramter goes to zero. So far, then , we have (11), ThisoO column is much like my own notes, and the function H is just taken to be a gaugsian though
other things might do, Ltt & MAdSo deny way view mt! |

Next, they observe (for the first time!) that the detM can be interpreted using
ghost fields with [dcdc] functional integral. It is my guess that the authors did not have

access to the FP paper_ (unpublished) at time of earlier LZJ papers: the FP letter does

not mention the ghost fields c. Maybe Feynman's thing does.

Now comes a lightgning fast derivation of the WI identity: recall how tedious
and simply awful their other derivation was (pack in paper I). The trick here is to

utilize some kind of constraint (I have not yet studied how this works). When you vary
subject to this constraint, out pops (17) which is the Ward in full generality in any
gauge!! Quite a powerful and general result! Yotice that M”! appears in there and that
this is the ghost propagator, so somehow the ghost propagator is going to appear all
over in your specfic ward identites!

This derivation is so short and neat and general that I should now probably invest
some time to see what I can do with it, maybe make some general notes on the thing. Their

previous derivation was so messy that, just not worth it.zg
Next, they specialize to gauge conditions liney& in the fields (as are all there) gauge conditions whose use I know of). This leads to result (20) which I think is just

a epecial case of the general ward or something, not yet studied it.
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IIT. Consequences of Ward Identities. With the dim reg deal, you can renorm your theory

in the usual multiplicative way, and your renormed Greens functions will satisfy the(eo) Ward's too, and these are bbtained from the unrenormed Wards simply by rescaling fields

and sources and charges. what could be easier!

The rest of this section shows the following result: if you vary your gauge

conditions a little, the renormalized S-matrix (called S) does not change at all. This

point was a little confused in paper III, I think. This is a very important result

and it is rather easily proven: change the gauge,ildorit, change your S-matrix! Thus, once
this is proven, it no longer seems necessary to do things like showing that the R-gauge
and the U-gauge are equivalent, and so on. All gauges give the same S-matrix.

But perhaps the catch is that this is a formal proof. ‘The dimreg is supposed

to justify all manipulations, but maybe something does not work. I dont know that the

Gribov disease is but it may be connected somehow.

‘us Renyfomalization. Hereg is an application of the above results. The idea is to show

thet, if you choose a gauge which depends on a parameters, then of course you know
right away that the resultant S-matrix is independent of §. Thats what was just proved

in the last section, S-matrix is independent of gauge.

So, go into this geuge, whatever it is, It turns out that the ghosts, theoe) neg metrics, and the goldstones (called %) all have poles at Pe n*/g, + The argument
now goes as follows: since S-matrix independent of 4 , these ghostie particles mst

always cancel by hoot or crook, otherwise there will be singularities which depend on

§ in the S-matrix, and this is impossible.

This is called the Rg gauge because it is treated in the usual way where you

have these redundant fields like the goldstones. Multiplicative Renormalization works
and yields a finite,{- independent result by argunents similar to the Regauge analysis

of earlier paper II. Then as you take<-»0 the poles of the ghosties recede to infinity

and in effect you haved arrived at the U-gauge. Similarly, $+ © is probably the R-gauge.

Thus, the two gauges have been interpolated in a continuous fashion and you can watch

how you go smoothly from one to the other without the S-matrix every knowing about its
gauge choice.

The particular model happens to have an SU(2) group which is completely broken

80 that there are 3 goldstones called X. But there are originally 4 Higgs fields, the
fourth is called ‘Yand is a gauge-group scalar so it is the one that gts NZVEV.

le)



About the constraint on the gauge functions, and Appendix Stuff.

fe) 1. Equation (1) shows the first order change in fields induced by a gauge transformation
by an arbitrry gauge function gy(x). Normally, one thinks of these gauge functions

as being arbitrary functions. However, you can make use of this arbitrariness to your

advantage. Suppose, as suggested by equation (7), you make your gauge functions g,(x),

what I usually call 9,(x), depend an the fields!
In other words, pick a point x". At that point, the form of the gauge function

or rather the value of the gauge function depends on the value of the fields at that

point. Suppose you know the fields at all points, f,(x). Pick a gauge. Go off and
try to compute the object M. In a general gauge, I think this can be a function of

ga(x), 80 in general Wt is a function of the fields and g,(x). To now insist that
(7) ve true is a constraint on g; it does not determine g. It forms some sort of

equation that g must satisfy. It looks like a highly non-linear condition. How do I

know that a g(x) exists that satisfies this contraint?

Due to this constraint, the gauge functions g,(x) are actually functions of

the fields gj. If you were to change fhe fields ga little bit, you change the
constraintg, and thus you change any solution to the constraint. Thus, write g,(x; $,)-

Oo 2. Now consider going from fields f to fields #® via a transformation (gauge) which
satisfies the constraint. How does the path integral change? We would like to compute

the jacobian to go from dg, to agg variables.
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y re) Proof that Equation (Al1) is wrong.
1, Remember that for the gauge fields the symbol . represents a derivative on the

group parameters, as in equation (1). So, the claim of (Al1) is this:
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ve) Therefore equation (All) is simply not true. It might be true if both sides were to. act on a function that was either 1) independent of x, so the d's do nothing, or
2) 4s antisymmetric in any pair of hanging indices. But neither of these is the

case the way they use it!
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More on the Constraint of Lee and Zinn—Justin.-4

o) 1, Refer to FP Jacobian notes. There I wrote a “gauge condition" ass f(f,g)=-@ a ,
where a = some number (one color, etc). Suppose you have a field J and a g souch

that £(f,g)=a. If you were to now make a change on the field and keep g the same,

your gauge condition would no longer be satisfied. For example, £(#%1, g) fa.
or, £(6 +d, g) 4a. By going to new fields, you have “left the gauge" that you started

in. Eg, suppose you had an axial gauge nA, = 0 and you rotate your fields by an
aribtrary rotation, then no longer true that n.A=0, you have left this particular exial

gauge, although you are now in a new axial geuge nA,=0.

2. However, suppose white you change your field from $ to % + df, you simultaneously
change your g to g + dg. If you choose dg correctly, you can maintain the original

gauge condition!!! Thus, you are correlating your change of dg to your change of f.
I think this is precisely the "constraint" they are talking about, lets sect::

3. Choose your gauge f(f,g)=a so that, for a given J, this thing is solved by g =e
the identity ( zero for parameters!). Always consider it as parameters from now on.

0
Then we can say:

z 2 » 3 '£9) = FRAY + Gd) 829 Se wondg eet

> FAQ) = a +g e)5 = 0434 fa.
-\

= qs Fag - (C8S\ 8
ane “8SS
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But, when you generalize to many colors, this “solution for g" is exactly equation (7)

of L2J-4. This equation (7) tells you what g mst be (g near zero in param space) in
order that the gauge condition f(f,g)=a continue to be satisfied. So we write

£(d,e(0))=a true even as $ is varied by small amount.

0 wey geebh “6, wes ln bet) mer vy,Sets



Analysis of Second Golum, page 1050.

‘@) Start at the top. They define the FP-object, as I call it, and I think this thing
"4s really also a function of a, so I would label it Ayala]. Next, they correctly

observe that, when evaluated for field on the gauge surface, the Fp-object is equal
to a Jacobian object, hence Eq. (4). It is then easy to derive equation (6). In equation

6, since you have a gauge surface delta, it doesnt matter whether you put in the FP-object
or the Jacobial object. They put in the latter, called detM.

Now comes the big question: how do you "exponentiate the delta"???? I will

accept for the moment that dA detM is in fact invariant under their constrained gauge
transformation: note that the Jac det object is imindx being talked about here, not the

FP object. I know that the FP object is invariant, but I dont know much about det [Al]
as you move A off the gauge surface.

Similarly, I thought I had shown that dA was invariant, but then that proof sort

of fell apart. Now I am beginning for the first time to believe that the pieces are

separately not invariant.

So, assumeing that dA detM are invariant, look what you can dot
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You can see how this gauge transformation was chosen: the gauge function F changes by a

constant (independent of 9!!!) . Thus, you have proven that W(a) is invariant againstfo) shifts in parameter a to first order. But this is true at any point a. A function which

has zero derivative at all values of the arguement is a constnat! Thus, W(a) is completely

Antependent or a lll! Unlike the FP-object! Note by the way that detM does not even
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Now the rest is easy, Start off with Int da H(a) = 1. To the right of H(a),le) some integrable function, insert Wk = W. Thus,

L=\eh® 2 wave wie)
wadegd a.AW)

= Wah) aero adn) F(F A) -»)
7 ot

S XS) 5.22.99c = H&8C ak MAY H(FO) :
Finally we have a correctly done "exponentiation of the delta"!!! And notice that it

really is the Jacobian object and not the FP object that goes in here!!!

I am heppy with this if I cen really show that dA detM is an invariant!

Tee udole srottae ox Duce OL gage beat. |]
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Derivation of the Ward Identities.

fe) 1, I have spent a great deal of time on this business of showing the invariance
of the product dfdetM. The whole point of this was to be able to derive the

Ward Identities, so here goes that derivation.
.

2. Once the gauge surface delta has been exponentiated and the source turned on,

we gett

RSAC)

w= \radne &

Sau) = si) - ERs o0%

(2 SQ) ahh [Ens eetel,
Remember that this holds for an arbitrary gauage and arbitrary number of fields. Thus

there is & field source for each component of each type of fields including the
gauge fields. As before, J, is a “supervector". Now:
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3. I see how this goes, but I think I will do it in my own notation to make sure
I dont get confused with where there are and are not integrals. So:

wu
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function. The above must be true for any function Nt Therefore we conclude:
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Here we are taking care to show all functionel dependence on the fields J. Since these

can be replaced with 1/i d/dJ we can say:

ai) ay 7‘ ybr ( Hy) 5 \ayee ls) Delsrs 2 os) Mae (a5 te) Wit =0
2
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This result is simliler to that derived in LZJ-1. There recall that they derived the

thing without using the trick gauge transformation. There also, only gauge fields

appeared, and covariant gauge was assumed. This result is valid for all gauges and

in mlti-field case. I think probably this is the most general Ward Identity you
can have!

This is an operator acting on W[J] to give zero. Eventually this will
lead to Ward identites on the Greens funttions themselves.
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S Matrix for Yang-Mills and Gravitational Fields

E.S, Eaaawy avo1. V. DoswPhysical Leben Insitute, Academy of Scenes, Mose, USS.R
(Received 19 January 1970)

A method is suggested (and applied to the Yang-Mils and gravitational Seis) fo the construction of
the generating functional (S mattis) foc fields posesing an invariance group. The unitarity and gauge
independence ofthe S matric on the mass abel are seen explicitly

1. INTRODUCTION which fact reaffirms its unitarity. It is shown, further-

ce. more, that, taking the additional conditions consistently[HERE has lately been considerable intensifcation into account makes it possible to obtain self-consistent
in the study of theories partially or completely eauations for the massless Yang-Mills field in the pres-

invariant under non-Abelian groups of transformations. [°° of an external source.
‘This is in connection with the discovery of vector “TE S.t" IV the Feynman rules for the.gravitational
mesons and their classification into multiplets, with the gai! are Somstructed In covasiant gauges, ‘These rules”
use of vector mesons to account for the form factors of CSrncide with those suggested in Refs. 2,3, and 5, Tn the
particles, and with the current-algebra approach. Inter- framework of our approach we also obtain the 5 matrix
mediate vector bosons are introduced in many schemes fo, noncovariant (Dirac) gauge, for which the Feyn-
ofweak interaction. An important example of @ theory man rules have been obtained by Popov and Faddeev* _
witha non-Abelian group of invariance is that of the {tity method closely comected with the canonical
gravitational field. formulation of the gravitational field. In addition, by =

In the present paper a procedure for constructing the Gur method, the equivalence of the J matrix in’ co- =|
Feynman rules is proposed for theories possessing * variant and noncovariant gauges is proved.
zuige group, such as the theories

of the massless Yang: We'.e the following notation, Greek sy», dy -.-andfo and gravitation fields. Tt is known that some the Latin , 7; # indices take the values 0,1, 2, 3 and
tional (gauge) condition must be imposed on the 4, 3, respectively. In Secs. IL and ITE, gj» means the

dynamical variables in order that a consistent quantum 34:r'kowskt tensor (4, ——-_-) and Bia wean the unit

field theory may be formulated on the basis of @ tensor, By thesummation over repeated indicesis every-Lagrangian density invariant undera local transforma: here’ meant o,b,-debo—-osbs; 0,02 0/02"; = 9,945tion group. In covariant gauges this can conveniently 9. 9,4,, In Sec. TV, gus means the metric tensor, and thebe done by the use of Lagrange multipliers. The basic finkowski tensor is designated as 6,,. The usual sum-

idea of the method proposed is to choose the Lagrange mation over repeated indices means a= Yip! Obrultiplier in such a way that one is led to free equations We use the system of units h=ow 1 in Secs, rand TIL
ef motion for the additional field. This fact guarantees 14 Sr1gcg-1 in Set, TV (where f is the gravitational
the unitarity of the S matrix in physical space. The Constant)
Feynman rules obtained coincide with those proposed
in

Refs. 1-5. The diference of the method undercon- y. GENERAL THEORY OF CONSTRUCTION OFSideration from that of Refs. 2-5 is that we have |" SevNMAN RULES FOR MASSLESS YANG-
succeeded in obtaining a set of consistent dynamical MILLS FIELD. GAUGE INVARIANCE OF
equations completely: describing the theory. On the one § MATRIZ .
hand, these equations make it possible to elucidate the
teason for the additional diagrams to appear, and, on _In this section the general theory for construction of
the other hand, guarantee the unitarity of the physical a unitary S matrix for massless Yang-Mills fields is
S matrix. Section [f is devoted to the construction of considered.
the § matrix for the massless Yang-Mills field in arbi- ‘The classical Lagrangian for a Yang-Mills? field has
trary gutuge and to the proof of the gauge invariance of the fornt
the S matrix. In Sec. LLL constructing the Feynman Lox)= ~2Gye) Gue*(2) a)Tules

in the Coulomb and axial gauges is considered on. - —_‘he basis of the canonical quantization procedure. The Here Gy." is the fild-strength tensor,
Smatrix obtained coincides with that found in Sec. UL, Gy,*(2)= dyAy*(x) —3,4,°(2) +24 ,24(x)A,%(x), (2.2)

AF Feyuman, Acta Phy olon24.687 (M60) As*(a) = forAye(2). (23)
oO B, Ponceani VN pope; yg. eter 285,30 (og); The /*¥ are the structure constants of the arbitraryGi, hem andl. Fats, EAP repr, Rie, 1904 nite-dimensional compact simpleLie group G. The fo

*S. Mandelstam, Phys, Rev, 175, 1604 (1968), 7C.N. Yang and R. L. Mills, Phys. Rev. 96, 19 (1954),
2 2841
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<Fradkin and Tyutin rec'd Jan 1970

© coments tis paper occurs before the Lee sequence. I am only interested in section IT
which discusses YMTh. Later sections discuss comparison with Canonical quantization

procedure which I dont care about now, and also gravitational applications.

Section IT:

1. First off they write out the legrangian for Yang Mills theory: no other particles

are put in here. They show the Euler equation that the fields tensor F.,,° should
solve, and they also show a general identity that any F,, solves, regardless of
whether it solves the Euler equations. This is the first time I have even thought about

Euler equations for YMT, so was worth reading. See gauge notes for derivation.

2, Next, the usual problem with quantization is noted: you cannot treat all field

components on equal footing and impose the canontéel commutators: it just doesn't

work, You ere forced to assume a gauge condition of some: sort.

3. Their general technique will be to inject a Lagrange multiplier field which decouplesfo) from all physical fields. This method works simply in QED; the Euler equation for the
fictitious field effects the gauge condition. The same general idea, withm certain

variations, also works for YMTh. I have discusséd this technique on a separate sheet,

see also notation translator. The net effect is this: the covariant gauge generating
functional is (2.37). The important facts are: (a) There is never a gauge-surface delta;
‘the gauge fixing term appears in a natural way from the gaugssian integral; (b) the
FP determinant detM appears, not the FP object which is invariant.

So this method of derivation is a sort of alternativeto the Fadeev Popov

group method. It gives the same result! The ficitionous fields are the ghosts, and the
usual Feynman rules drop out.

4. Next, they show that the on-shell S-matrix elements are independent of your chosen

gauge surface function PSI which I call f. I have not tried to foldow their proof
in detail, but seems reasonable.

yest5. Next, they specialize results fdstst to the axial gauge (n points in 3-direction only),

Coulomb gauge, and then they consider the alpha-Landau gauge system. In passing theyfo) show that the S-matrix is independent of alpha. They do this labt deal by using a fancy
constrained gauge transformation: it was this section which helped me understand how

detM df is invariant in Lee's papers.
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A discussion of page 2843 of Fradkin and Tyutin

1, In QED you kmow you have to impose a gauge condition like dA=0 to remove some of thefe) fields from consideration in the canonical quantization procedure. This can be imple-

mented as suggested in (2.17) by adding a “Lagrange Multiplier" field term to the
Lagrangian. Adding such a field just adds new Euler equations, and you ‘sée at once
how the gauge condition appears as the Euler equation in B. The field B so’ used turns
out to be a free field. Thus, if you don't include B-fields in your external states,
they will néver enter the S-matrix because they dont couple to any physical particles.
In short, they are just a tool to get you correct quantization.

2, The idea is to somehow do the same trick in QCD. If you try it in the same way you

run into trouble becuase you find that your.B-field does couple to A. So a new method
is needed. The. method is discussed atarting at (2.21).

You beiig. by postulating a lagrange multiplier field B and you add certain terms to

the Tebreneyen as in (2.23), Note that a particular gauge function has been chosen
in (2.21). So you have added a new field to the lagrangian and you can now get the
Euler Lagrange equations (2.25) and (2.26). These equations are easy to derive.

The trick is going to be this: arrange for field B to be connected to ancther
field B via an operator D as in (2.24), and choose D cleverly so that B comes out
being a free field. Then you can ignore field B and you still maintain “unitarity
of the S-matrix" fisical.

Examine now the sequence of events as you go down the fight hand colums.

If we apply. a fat D, onto theiret term of (2.26) we get zero becuase of thegeneral identity (245) Thus ‘thel second term also dies and we have DRB = 0 as shownin (2.28). Wercan define Q = DR. Essentially, this is the transpose of the famous

object I call M. Then Q° is just Q with A-0 everywhere.fe) Next, script-D ig defined as the Greens function of Q in (2.31), this it isthe transpose of my M. If you then make bold-D the combination shown in (2.32)
you gets

@B = 0 = afp] = afa"7a%a] - 0°s - 0.

This last equality is a field equation for B, and since Q° does not involve A, Bis
seen to be a free fields, as desired.

Derivation of (2.37) So, stick-this lagrangian with the B terms added into your
functional integration to get a generating functional as in first line of (2.37)
where we integrate over both the gauge field A and the free field B. The first thing

you do is replace: a 1
GB = det(dB/dB) dB = /D/ dB.

a1 (aaywhere D here is the bold D, soD™ = (QS). Qy. ;you get what is shown in 2.37. ~ (@e) Qs Writing this determinant as expo
Note that the order of the two operators in the trace doesnt matter! You now are
left with a trivial gaussian integral in variable B which you can do using Sidney
Matrix Theorem which yields the term I have circled in 2.37. I recognize that
term as the exponentiated gauge surface delta function: so now I see why they shose
those added B terms the way they did. Also, I see something that at least resembles
the FP determinant, which I will think about later.

:
The point is this: the authors have obtained Fadeev and Popov's result using

the Lagrange multiplier field. They never factored out a group integration or anything
p Like that. Ie, its just a different approach.

fo) Gard wake Duck hs Gua FP AK mat Oe FP obyck | Mok og peme HH (259),
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You see that this first factor is somehow removing the “inessentiel part" of M. Ie
when you take a determinant, you boly care about the A-dependent piece in quantization,
so you are allowed to extragt any A~indendent operator you want from M/ .

0 Note that incovariant gauge, R" = d" so the removed factor is just (box)"> which
I am used to removing.

2. Now, when you write this out in trace log notation you get:

= 3

\D\ = exp (aL (Q@)})
« a9

~ oR. | Aye oe \)ae >

’ om

= 1@ Veoh} BUA -Py
Fa = \

> Tyree a\ 9 ewan

ong a [4 (CIG-DMSF)C-YNOVC-o]
Here you see the famous minus sign for the loop, and you see that whatever at
happens to be, it is the ghost propagator. In fact that is Hust what FT equation

(2.33) tells us. Like (p*-m?) f(x) = 0 is motional , then propagator is inverse

fe) of that operator. So now we know what is the "ghost propagator" in any _gauge!!!!Obviously for covariant gauge this reduces to the result I know. .
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Conclusion: either my system is inconsistent, or their system is inconsistent. For

the time being, I will assume theirs is wrong. Thus, I will not ead their paper
"close" on notation.
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oa NOTICE:THIS MATERIAL MAY abSawyARD IDENTITIES IN GAUGE THEORIES PRoTeCED BY COPYRIGHT Lav)
ers OME 17 U.s-copeyoO Ek. A. Slavnov

eit Generalized Ward—Takchasht identities are obtained for gauge theories of the type of the
{Esse Ressless Yang—Mills field. It is shown that all the divergences of the Yang-Mills theory .25, can be removed by means of a renormalization of the charge and the wave function.
ee

{RES A relativistically invariant formalism for gauge theories of the type of the massless Yang ~Mills field
| BBexas first constructed in {1, 2}. In this formalism the $ matrix is constructed from an effective Lagran~\$eian, which is a nonlocal function of the fields. Despite this, the gauge invariance ensures unitarity of the
1g848 matrix. The perturbation series contains a finite number of types of divergent diagram and the theory
} fisjem therefore be renormalized by means of the Bogoliubov—Parasuik R operation [3]. However, to ensurePSSenitarity of the renormalized $ matrix it is necessary to take into account the Ward identities, which guar-

ig mee gauge invariance of the theory, when carrying out the renormalization.{202 \.Jn the present paper we obtain Ward identities that relate diagrams with a différent number of external
$gBelizes and accordingly renormalization constants of different vertices. We shall show that all divergences
4 3#iiean-be eliminated by a renormalization of the charge and the wave function of a vector particle (for simplic~
Ageulty we consider a selfinteracting Yang~Mills field. Allowance for an interaction with other fields does
i aot lead to additional difficulties). Ward identities have been considered in [4]. However, in [4] only re~
{editions of the type of transversality conditions for the matrix elements are obtained and there are no ex-Y's slicit relations between the renormalization constants. -
{E2585 The method of obtaining the Ward identities developed in the present paper is applicable,to.any gaugeUg Secory, including the gravitational field. To illustrate the method we derive the well-known Ward tewiaesEielectrodynamics in the first,section. In the second section

we consider the Yang-Mills field.S32aii
old this investigation we have been concerned solely with the problem of ultraviolet divergences andoO have Lgnored the difficulties associated with infrared divergences. To give the expressions we have obtained

pais Péll-defined mathematical meaning it may be assumed, for example, that the subtractions are not made on\gilie mass shell. Of course, this does not solve the problem of infrared divergences and this. question re-. ilsopén at the present time.

7 fentesElectrodynamics
ie amies

a‘The generating functional for the Green's functions in quantum electrodynamics is determined by the‘Mpkectonal Feyninan integral
Seb.

: Arae £ 2m —fenif{ [[ Set. era)

ve ‘ +d, ++ be] dr} adap,
ERIE 2) Js he gaoge-invaviant Lagrangian of the clectromagnetic and elegtron~positron fies. TheYee C/20)(0f Ay)? fixes the gauge. In particular, a = 0 corresponds to the transverse gauge’ a «1, toNile Feynman gauge 7 ThoGreen'sfunctions can be expressed in terms of the generating functional (1):
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Slavnov rec'd dune 1971

A In the first section, the QED Ward identity is derived using the
functional formalism. It is all very simplg, though I have not computed things.

In the second section this idea is generalized to pure Yang Mills

Theory. Using the constraint method, the complete Ward statement is (20). He

then differentiates this various ways to get desired relations.

(a) as usual, the longitudinal part is unrenormed

(b) the simplest non-trivial ward is (25) which relateds the gauge field
propagator and vertex to the ghost quantities.

It is this identity which produces the famous statements thet 2,/Z, = 2,/Z, . These
2's are clearly defined as tensor coefficients ot certain quantitys.

(c) the L-point Ward is equation (34). Results are found for its Z'salso. wot
:

The major conclusion is this: these Ward identities relate the Z's

and-reduce the number of divergent constants you have to worry about. The prnof*
of renormalization is then simplified, I guess.- :

Better: when you renormialize a field theory, you have to pin down certainPY things: eg, you have to decide where your 3-vertex is equal to g- These are ciled the

renormalization conditions. The Ward identities just tell you that you can't end
should'nt independently set renorm conditions that are relateds.

fe)



Comparison of Slavnov Notation to my Notations Huntingfor Errors?

fe) 1, The first thing to keep in mind is that Slavnov's symbol W is the negative of mine.
This just follows from the sign chosen in the gauge-fixing lagrangian. Looking at

Slavnov's Eq. (13) you can see how other things are related:

Save ome.
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2. Now lets looks at Slavnov's equations one by one and tie them to mine. ~

Eq.(20): This is the basic Ward Identity. I have already checked elsewhere that this

agrees with mine.

Eq. (21): I think Slavnov has omitted an i on the left which I have filled in. Now

I will convert to my notation as follows: first change sign of alpha, then resale

wtts to get:

Ry at+h * =j2— 3, “ ~£38 &> es | (« WAS gC Gr oH)

~ we xrn ae :2 a -ghraerby= - $4 -£ CiCrOM).6 aor ashy 5 EGR) - 8 »)
And this is my first-level Ward Identity, all factors OK except I am not checking
bolor label ordering.



Eq. 22: With alpha sign change and i included as shown, this agrees with my example 1
on pake 5e, exactly.

©) 5.23: have not checked exactly. The object D, is FP of 1/k” so looks right.
Eq 2k: Here Slavnov has the i's correct. Move the i to the RHS and it then
incorporates into "> to give ghost propagators. This is my level-two Ward identity,
see page 5a.

Bq. 25: This is what I call the Slavnov Identity. I finally proved it on page 17.

Eq. 26: Go back to 25 first. Slavnov's Dis my iD, so he has iD... = G sxitiher
According to (26), his G-=D®. So his identity should read ( converted to my notation),

pb’... = -i D8... My result shows a plus sign on the right because T have ky=-ky-k,.
We agree!

Qq 27: I accepted this to convention my Slavnov Object gamma uv.

Eq. 34: This is my level-3 Ward identity, but he is missing ani. Page 5b.

Eqs 35: This looks about right for my 4~derivatives on the J-glue. The terms on the

right are from the disconnected parts on the left, if you like. See page 16-19.
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