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. Ghost-Free Nonabelian Gauge Theory*
:

. By

. W. Kummer

Institut fOr Theoretische Physik 11, Technische Hochschule Wien, Austria
.

. (Received October 16, 1975)

summary ..
‘The advantage of the special axial gauge n¥A,* = 0 for a nonabelian gauge

important simplifications in certain field-theoretic applications, which are especially 4
important, i such theories are used as (e.g. asymptotically free) smodels of the
haironic interactions. We have in mind Wilson-expansions in terms of gavite.
invariant operators ete. It is shown here that the field-theoretie machinery ean be
‘tevelaped consistently in this gauge. Appropriate generalized Ward-idemtities can:
lw derived and form the basis for a diseussion of possible counter-terms in ihe:
Lagrangian, Although, at first, this seems to be an example of a (presnmably) .
renormalizable feld-theory with not multiplicatively renormatizable sellencrgy. in °a
the end its propertiet tuen out to be extremely simple, One obtains, e.g. the “naive” 2: Ward-identity 24 = 21) = 2(# vetween the divergent parts of the wave-funetion. .

‘renormalization and the renormalizationsof the three-vertexand of the fOur-vertex. 4
1. Introduction *.

Nonabelian gauge theories of the Yang-Mills ‘spe [1] are now in the .: {cus of interest, because they could provide not onlt2 unification of z
weak and electromagnetic interactions 3) but they also seem to be the v
wnly renormalizable field theories showing asymptotical freedom [3], :. : which seems to be a good approximation to the observed scaling prop..
erties of the structure of hadrons,

. In general in the treatment of hadronic gauge theories even mores. :
. Knowledge about general properties of field theories is necessary. E..,.

the discussion of the asymptotical behaviour of the structure functions =
1m deep electroproduction FA] requires the construction of a set of gauge- oO -‘variant operators, to be Used ina Wilson expansion [3] of operatots in -.
(inection with a Callan-Symanzik equation [6), in Order to arrive at =‘auge-invariant anomalous dimensions.

* Dedicated to Prof. Dr. P. UauAx on the occasion of his 70th birthday. =



typed Aug 16,1978

“Kumert Non-Abelian Gauge Theory Without Ghosts, (rec'd Oct 7h, publ. 1975 )9
1. Introduction. In certain calculations (eg, deep inelastic structure functions)

where you use renormalization group and Wilson expansions, you want to have a
set of operators handy . You would like these operetérs to be, gauge invariant. A
problem with the usual ghost-field approach to NAGT is that the ghost field is
not gauge invariant, and this renders difficult the task of constructing simple
invariant Wilson operators. This seems to be one of Kummer's principle motivations

«for working up the ghost-free version, ie, for going into the axial gauge. It is

noted that the ghosts do not damage the renorpalizesbility of the theory (as was
shown by t'Hooft, Lee, Zinn-Justin etc using Slavnov identities).

Mummers remarks about (2 still confuse me, because I don't ,see whay,

you would try to do (1.§7) with (@1.8). But I do understand that there is a great
practical motivation for doing NAGT in the axial guage because ghosts are a mess.

By the way, in my notes on axial gauge gauge theory, (stored in BZ notes somewhere)
I have derived the fact that (1.9).is the "@- axiel gauge " propagator for the guluons.
(Terminology in the sense of the d~ Landau gauge).

fe) 2. Slavnov Identity. Here Kumer sets up his theory. The nA = 0 gauge surface
dleta function is replaced by an effective lagzangian term as in (1.10), and now

there is a path integration over the dummy variable figids [ac]. Remember the the
ghosts were also dummy variable fields in this sense. So now you can talke about

things like "mixed C-A propagatori and so on. Each field gets a source, J for A

as usual, and K for C. 7 :
- The major equation of this section is (2.7). Basically (2.7) is merely a
statment that.$W-0 under e gauge transformation, where We generating functional.
Ie, the theory is gauge invariant. I lwill for the time being refer to (2.7) as
the Slavnov equation. Essentially, it contains all the Ward identities of the theory.

It sill soon be replaced with the simpler (3.11) but lets wait on that. If you take

(2.7) by itself with no further differentiation and set sources=0, you get 0-0, as

shown in (2.9), sort of an exersice in consistency. If you first take a d/ad

derivative of (2.7), then set sources = 0 you get (2.10), which says that the C-A

propagator does not renormalize. By the way, remember that these functional

derivatives are giving you fully renormalized Greens functions.

Next, it is noted that all Greens functions are "transverse" to the gauge vector n",fe) as shown in (2.12). In particular, this is true of the propagator, see (2.14). This

seems very obvious to me when I think of the prop or greens functions as Tau funetions,

you imagine n! reaching into the VEVTOP and dying against any A.



I think the analog of (2.7) in the regular (Lorentz)gauge cum ghosts is the tool
used by Zinn-Justin. Apparantly that resilt is rather messy as you take higher

derivatives to see your Ward identities. (*)

3. Pooper Vertex Identities. As I know by now, the generating functional W or Z

can be replaced with a function J’ = peoper-vertex generating function. Several
exciting results drop out at once just by reformulating the theory in this way. :
(1) You can define an "inverse propagator" as a second deriviatve of [ , ie, the

.

proper 2-point function with two external propagators removed is an inverse propo.
This inverseness is expressed in equation (3.7)- However, this is now a matrix equation
in the space of field types, A and C, in addition to being a matrix equation with
Lorentz uv indices. Although the inverse of the field matrix 4 does exist and is

T, you camnot invert the gilon propagator by itself (App)w, so thet Why is not
really the inverse of Jaq in the Lorenté index space. This fact later appears

as equation (4.8) where you have an extra term.
.

(2) The second exciting result is that the Slavnov Equation (2:7) now has the simple
form (3.11) when expressed in terms of J. Obviously derivatives of (3.11) with
respect to the A field d/dA. (I am not sure why Kummer now takes his fields A and ¢

to lower case a and c). You can see lookigg at (3.11) that sometimes a-derivative

will pick off, in D(a) and not raise the number of external particles on proper Qe
vertex. This Slavnov is going to give all the Ward identities, ie, it will relate
different vertices like FO? to J = “WT; this being the historical Ward identitipy.

The principle ward identities (3.15) and (3.16) result from 2 and 3 d/dA applied
to (3.11). The C-A inverse prop is given by (3.12), again you see that it do s
not renormalize. A nother simple result of (3-11) is that the various’ inverse

propagators are transverse to k, , just as ‘in QED. However, we are warned that Wy)
will not quite be the self energy in the QED simple way; wait on that.

; e
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0. * Kinematic Structure of n-point functions (n=2,3yk). From the vectors n and q
you can construct 4 symmetric tensors (including Buy) It is convenient to rearrange
these into R,S,7,1 as needed because these tensors have both projectién and transversality
propertyes, see notes for details. Thé prop-full must look like (4.1) because that
is the most general symmetric, transverse matrix. Similar comment applies to (J.6)
which is transverse with respect to q rather than n. Eq. (448) is the "almost-
inverse" equation referred to above, It forces a relation between (A,B) and (a,b). *
There are only two unknown functions. .

Since the self-energy need not be transverse, it can ingenerdl have extra terms.

The coefficients are called a,b,d,e where I Have added e as in BZ. Note dad but the
others differ a little. You put in thie most-general-form for the self eriergy and
turn the crank on the mini-dyson '(4.12). ‘Then you know that a and b must be in terms
of these moré basic input variables in the self-energy. The hatted variables are

discussed in my notes.
For the 3-vertex, oh my. 4.16 looks like the correct Ward, but something looks

wrong with later equations in this section.’

(a) T have checked Jim's form for the vertex, and it doe not seem to have a”

eo) (1+L)f piece where aL = (b-c). Also (b) Jim has a 3-q type term which Kummerdoes not show. Also, (ec) the second-line of (4-20), the nnn term, seemé dimensionally
wrong in powers of n, not that we ever use this term for anything.

The logic of this section escapes me. Is he claiming he can solve thé Ward
—

identity backwards for the vertex, or what. I skipped the next part on the J-poitn
vertex.

"5. Coujnterterms. First, Kummer makes an IR comment: unless you do SSB, you will

have infrared divergences, maybe you should choose p*=-u? as your renorm point, we
will not dwell on this. Kummer says zilch about "containment" in this entire paper

hot even a speculative remark.

. Now, how do you renormalized the theory? Qfotes a Theorem which says: if it

is renormalizeable (by power counting), then you can implement renormalization

py adding a finite number of couterterms of dimension less than 4. Somehow Kummer

boild things down to just the tx Z, and Z," "kinetic" counterterms shown in
(5.1). Recall that these are there to "undo" the Z which accumulates to the

propagator-full when you sum over all graphs, ie, solve the mini-dyson. Ie, you

A thereby remove a divergent constant from the theory. The vertex charge renormas
seem correct to me, eg (5.2), although (5.3) seems wrong.

Now comes a question: since this is not simple QED, you might wonder whether

the counterterms (5.1) really do what you think. To dinf out, you first show



that as a direct result of these counterterms, the bare feynman-rules propagator

has been changed to have the new form (5.5). You see the characteristic 2? factors. r*)
Do these inverse Z factors then propagate into the full propagator? The answer is

yes, but Kummer really hazes up the issue. You have to put in some mass counterterms

also, it seems to me, so that the full propagator still has a pole at 0. Then the

x Z) goes into the A numberator, and 23" goes into the B numerator. By the way,
later Kummer will argue that consistency requires that Z," = 1, ie, there really

cannot be a counterterm of that type. Then Zs = Zn = Z, and there is only one
Z in the theory. This is also the 3-point and 4-point vertex Z as in (5.21), these

following from the Ward identities.

So, to summarize, the effect of the Z, kinetic counterterm is to cause a Z," to
appear in the numerator of the full propagator. This then cancells against the

Z, factor that naturally accumulates there do to adding graphs. Te, Z, arises in
the numerator when you solve the mini-dyson because of the effect of the self energy.

This fact is stated here in equation (5.13) where you see the Z's being gvein in

terms of the self-energy parameters. So the counterterm removes this 2; hence
removes divergent factor from the propagator, ie, you have renormalized the propagator.

6.Conclusions: What are the advantages of the axial gauge approach? [*)
1) naive Werd identities are true, ie, Z4« = z+. In ghost gauges the Wards are I
gather much less transparamt.

2).4n argument is given as to whay Z is epxected to be gauge invariant (ie, not a

function of© I presume!)
3) He comments that it has not yet been really proved that S-matrix elements are

independent of n, vector, when you go to SSB to avoid zero mass gauge particles.

Appendix A: First, Kunmer gives the principle part preseription for the single

and double poles. This is just what we need?! to see if calculation is correct. I

will do that right now after finishing this. Claims other people got same presecription

see ref 27. The rest of this appendix deals with the fact that when q.n = 0 things

: go a little haywire, the power counting seems to change and you might lose Renorm.

I think he shows here that things are OK and fit Weinbergs Theorem. However, he
notes that n220 light-like gauge still has sone problems. This problem with n parallel
n has long given the axial gauge a’ "bad repuation".

(°)
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____ Gonmentst why is diic0 under this variation of A? Just look .... I am confused, I
__ thought adding sourceterms would break thegauge invarianceof your action,so awhy should you get dila0?? oe oo an)
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In a pure Yang-Mills theory, the Dyson equation for the gluon propagator

is studied in the infrared regime, under the assumption that, as in QED, only

those parts of the proper gluon vertex functions determined by the Ward

le) identities are relevant, ‘he calculations are all carried out in axial gauge.
With a number af simplifying assumptions the resulting integral equation for

the gluon propagator can be solved in the IR regime, The solution displays a
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I. Introduction oel There is a widespread belief that confinement of color in non-Abelian

gauge theories is a consequence of their highly singular infrared behavior,

which is itself a consequence of the non-linear gluon couplings in the theory.

From this point of view one expects confinement to be produced by the purely

gluon sector of the theory. Quarks, while they feel the consequences of

color confinement, play no role in generating it,

2 There is a further belief that confinement is not a perturbative phenomenon;

one must go beyond perturbation calculations to see it. This is not to say

that the numerous perturbation studies of the infrared behavior of non-Abelian

gauge theories have not been of value; indeed they have provided much guidance.

It is only to say that one must not be overly constrained by perturbative

results in looking for new phenomena in the theory,

3 To begin with, let us briefly review one convenient way of obtaining the (>)
infrared (IR) behavior - that is, behavior near the mass shell - of the electron

propagator in ordinary QuD’), One first writes the Dyson equation, which

expresses the propagator in terms of itself, the photon propagator, and the

proper vertex function, One notes that the near mass shell behavior is

dominated by small virtual photon momenta, and that in QED since the photon is

coupled only to (massive) electrons the photon propagator has no IR singular-

ities: for small k, D(k) > 24/k’, ‘The only problem is the vertex function.
PY The vertex function satisfies the Ward identity, and this allows one

to express part of it (the charge form factor) in terms of the propagator. The

other part of the vertex (the moment form factor) is not determined. But in

the IR regime, the charge form factor part of the vertex dominates. There~

fore to study the IR behavior, one may eliminate the vertex in terms of the

propagator, and obtain an integral equation for the propagator alone (with the 6

.

y
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6jhoton propagator Zypk as a given input) which may be solved to yield the usual
near mass shell expression.

om What would be involved in carrying out the analogous procedure in the non-

Abelian case? Suppose, in view of our comment at the start, we limit ourselves

to pure glue - no quarks. Let us also work in axial gauge to make the analogy

with QED as close as possible”). Then there are no ghosts. ‘The Dyson equation

for the glue propagator expresses it in terms of itself and the triple and

quadruple glue vertex functions. In axial gauge the Ward identity looks like

that in QED; part of the triple glue vertex is expressed in terms of the propa~

gator, and so is part of the quadruple glue vertex. If; as in QED, only these

parts are relevant in the IR regime, the Dyson equation becomes a non-

linear integral equation for the glue propagator. Note that here, in contrast

to QED, no external input analogous to the photon propagator is required; the

6 equation is entirely self contained.
aoa The integral equation thus obtained is non-linear; it in general may

have non-perturbative as well as perturbative solutions, and these may shed

Light on confinement, Indeed, since in axial gauge the propagator includes

the renormalization constant Z, and since g° = 28°) one should be able to

Oo extract the behavior of the renormalized coupling constant as a function’ of
renormalization point in the IR regime, A singularity in this behavior is

often taken as a suggestion of confinement (9) (4),

io] The crucial ingredient in the program as outlined above is that the only

Oo part of the vertex function which we need to know in the IR regime is the part
determined by the Ward identities. In conventional QED this assumption is

justified by the fact that small virtual photon momenta govern the IR behavior,

re) and therefore invariant functions in the vertex multiplying spinological
coefficients having larger numbers of photon momenta in them, such as the

moment form factor, play no IR role.
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P8 Invariant functions multiplying the minimum number of spinological photon r°)
momenta are all that matter. But these are also the invariants fixed by the

Ward identity, because they are precisely the UV divergent invariants.

a In massless theories, however, small internal momenta do not constitute

the IR regime; indeed, perturbation examples suggest that internal momenta

comparable to external ones are what is relevant. Therefore in a massless

theory, such as a pure Yang-Mills theory, the justification (if there is one)

of our basic assumption must be put on a somewhat different footing.

e0 Such a justification may eventually be seen to lie in the following remarks.

In unrenormalized perturbation theory, the only mass scale against which to measure

IR singularities is provided by the UV cutoff. (Upon renormalization, this scale

changes to the renormalization point.) Thus again UV and IR singularities must be

correlated. If it were not for the existence of UV divergent insertions in invariant
‘

functions which would otherwise be finite, we would conclude that invariants which [?)
are UW infinite are also IR infinite. But insertions do exist, so we cannot yet

draw such a conclusion, and can only hope that it is nevertheless true. If it is,

then, since in Yang-Mills theory, as in ordinary QED, the UV divergences in the

vertex and propagator are connected by the Ward identities, the same will be true

of the IR divergences.

en Needless to say, these issues are presently under active study; in the

meantime, and pending their resolution, we shall simply assume that the Ward

identity may be used to eliminate the vertex function in favor of the propagator

in the IR regime in Yang-Mills theory, as in conventional QED, and investigate

the consequences of this assumption.

If this assumption is’correct, then the Dyson equation coupled with the

Ward identity yields a non-linear integral equation determining the IR behavior

of the glue propagator. No further assumptions are in principle necessary to (?)
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. 5.

a obtain this behavior. In practice, however, the equation is complicated, and
we shall find it convenient to make some simplifying ansatzes regarding the

solutions we are looking for. These are not further assumptions; they are

guesses as to the nature of the solution which can be checked against the

integral equation. The first of these is the following.

We use axial gauge throughout, since, as we mentioned above, in this

gauge the parallel with QED is most obvious. The Ward identity is simple; the

divergent part of Z is gauge invariant; there are no ghosts. The price we pay

for these virtues is spiriological complexity. The unrenormalized glue propa~

gator contains two independent invariant functions, A and B, and these are

functions of two independent scalar variables q2/A? and y = q’n?/(q-n)*/here

A ds the UV cutoff and n is the direction of the gauge choice”). These

functions renormalize according to

=? 2

N= API ys85) = BOPPDA g AME ss BOLD»
2 22BOA 08) = 2OPIN IB gg (4 MMO sor), any

with a common Z whose divergent part is independent of y. We have

sar) = 202/18," - 2)

At q2 =, the renormalized quantities AL, and BL, become specified
2.

functions of the gauge variable y and g(if).

Eq. (1.1) 4s valid for any M. In particular we can choose ” = q”. Then

(1.1) reads

2.2
| acer. 2ACPI Ys 8) = 27 MIA, Coys 8) a3)

. re) and similarly for B. If g(q”) had a finite limit as q? > 0, then the IR.

singularities in both A and B would be common, gauge invariant, and confined
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to the renormalization constant Z(q7/A°). In massless QED this is what actually [?)
occurs. In Yang-Mills theory, in perturbation calculations it apparently does

not occur; it seems that the leading log IR singularities are gauge invariant,

but non-leading ones are not”), Nevertheless, we are searching for non-perturbative

solutions to Yang-Mills theory, and we must not be too heavily inhibited by

perturbation theory. Therefore our first ansatz is that there are solutions in

which all IR singularities are confined to the factor 2(q”/A) in eq. (1.3).

This ansatz can be checked for consistency by seeing if, when the vertex is

eliminated from the Dyson equation, the resulting equation for the propagator

really has such solutions.

Our first ansatz, then, is that in the IR, evan Drange

. 5.ACPIYs By) = 2OP/M IAC) Bas a@?
BIY, By) = 207/080) aa e

where a and 8 are functions only of the gauge direction. With this ansatz, the

Dyson equation becomes a non-linear integral equation for the small q” behavior

of 8°(q’) = 2(4/A7)g,”. We shall argue that this equation permits solutions

with the behavior +

(a?) +? fe} 0 , as)
with a > 0, The power a is in principle determined by the equation, though we

have not yet in practice ascertained what value it actually has, We shall,

however, compute it in a model.

Our second, and stronger, ansatz is based on the following observation. We

know that a certain combination of the functions A and B in the propagator has no

UW singularities, This combination is vaya. Perhaps, therefore, it also has no
IR singularities. In fact, if it ts zero, then the spin structure of the exact o

‘te
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Le} propagator becomes that of the free propagator. Thus our second ansatz is

2(q2tn*), multiplied by the free propagator. We note that this property is true

of the IR behavior of scalar, spinor, and vector QED. he ansatz amounts to _

guessing that a(y) = y and B(y) = 1, in eq. (1.4). Again, of course, this

guess is to be checked against the integral equation to see if such solutions

really do exist.

Finally, in this paper we shall make the simplification of neglecting the,

quadruple glue vertex term, This modification is again not in principle necessary;

it is made solely for convenience and the consequences of retaining it will be

reported elsewhere. (We note that in leading log perturbation calculations,

the quadruple glue term does not contribute to the IR behavior.) Our hope,

and feeling, is that the gross IR properties of the propagator are not alteredLe) by this simplification.

one final comment. In a massless theory, where in the UV log q7/¥”

approaches + » and in the IR it approaches - @, the leading log UV and IR be-

haviors. are formally the same, though of course the leading log result is

correct only in the regime in which the theory is free. The Yang-Mills theory

4s UV free, and we know the expression for g in the UV regime: Pa

er oesq) =— fore t pe1-be" ay 1og ap a8)
—

with b < 0. Formally, then, the leading log sum in the IR regime must be the

same, though since b < 0 the expression has a singularity for log q7/M" < 0.

le)
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IE, Derivation of the Integral Equation (*)
A. Notation

-

We shall generally use the notation employed by Kunmet®), We write the

unrenormalized glue propagator as

6 nn NN

2 2,4218(que 2B 465 - EB?10 sys8q)tBee ca" /07 7,89)ny
ge ee . 0 J@.ay

where Nis a vector orthogonal to n,:2
x on, - SL = a.ndia ec

The functions B and C are related to Kummer's X and B by

i EVA Bu 78 JcS = (2.3yoF ne q

In eq. (2.1) a and b are color indices. We shall for simplicity generally eS
suppress them; they play no significant role.

The inverse propagator, connected to A.,, by the relation

A xs ao - ee 2, of
weer Si? ow eR Q.we

can be written
.

4,4,

7 Aude 22 . 2142 . /Tyyl@=- a6,3 AT IBA Bq) “2, (IN 1589) + (2-5)

where ygbeip, anya © : 2.6)/
and c is related to Kummer's a through

. bo J Ge ECE 2.7

The function ¢ is actually W finite”), The vector Q, is orthogonal to @
4 ad . /

Qa - oe : > (2.8)
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& The Dyson equation is an equation for the inverse propagator except for .
some additional trivial terms. We define

.

4,4, Qa an, VA| z

@e 7 ty _ %,2%y uyFy@ = Wy - Wy@ +a - AY tee, 2.9)q q n

where Ml), is the free inverse propagator

Wo@=- @ saa.) + Wat) = (2.10)Ww ww duty 4 Tots) = O

As we shall verify below, d and e are constants, which in perturbation theory

are quadratically divergent. The Dyson equation reads

H@ =F fae 42°, sake")ww = 3 gaat Conky

Ag rgr ED sgry (Ekta ean/
e. and is represented graphically in Figure l(a). We write ktk' = q. As mentioned

in the introduction, we have neglected the quadruple glue term shown in Figure

1(b). There is also a cutoff” implicit on the right-hand side; we do not

display it explicitly. We use the shorthand dk to stand for

/ tA
te? c, (ae) sober)” (2.12)‘0 AV Bo 47

ens}

. where cy is the Casimir eigenvalue of the adjoint representation of the color

group. All color effects are included in C,, so explicit color indices can be

suppressed in (2.11). The 1/2 in (2.11) is from Bose statistics for the

virtual gluons. f° and 7 are the bare and unrenormalized vertex functions:

we have

vl0 = _AR

agag(828s) ~ Gara), Saya) + TELE permeattons @13
ral© yt ‘Sca(yr 9adr, Ode oy nePad ;+ Ge War Bad, oo
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B. The Ward Tdeneity oO
‘The Ward identity relates f and 1: (cole pvweot))

IPS gig, 49995) (99), =yg (4)- Tyg Gy) - @.10,/94904419293) 1999, * Me, “ta? ~ Toya, “42

Using this and the Dyson equation (2.11), it is easy to show that d and e

are independent of q. Evidently

aay = mea (ate) = fak ne (k-k’ 24,47) : asd
and

/ 2i
25 4 (aa)aly = aod + a e

¥ farece?n'*)a, Ge) = Pak QkQA Vk) (2.16)

The spinology on the right-hand side of these is readily decomposed, and one &@
obtains

\y / J, ko 42 7,2 2,42-Ay =a: 200 $f 35a 12? sy989) + 2802/8 sy,589)] > an/
22 2

which is a constant. (Here we use the notation y,, = k’n’/(k-n)”.)

Two other scalar equations, for the physically interesting functions in

jl, are obtained by multiplying (2.11) by aay and 6,,, respectively. These are

=@laI-l/y) + Gd te

_s ne (RS) ' to r J3 fake 2 Aig ldaygr (KT gry (Kk" aa, » (2-18)
and a(2-%)

/ = 2(at)-242(o-) +4,+ ¢ Pao (aek,-k! Pan (ark,

as okt ' nn a>\ 2 Jae Eye eset ga (GOA,ge DSP Gyr Cesk" sa) + e
\ ean/
‘NY

* ( . = ’ :.
“Ors thase, opel, ye) TW. SoCN. ome
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ce) In the first of these, we have made use of the fact that n is orthogonal to
4, and therefore terms with un or ey in the bare vertex do not contribute.

‘The starting point for all of our subsequent discussion is the "solution" of

the Ward identity. It is of course possible to write a triple glue vertex which

satisfies the Ward identity in many different forms. Any two such forms differ

by something which vanishes when inserted in the Ward identity. But our

basic hypothesis is that, as in QED, the only part of the vertex

relevant in the IR is that determined by the Ward Identity; hence any part of

the vertex which yields zero in the Ward identity is irrelevant in the IR

regime. That is to say, any two forms for the vertex compatible with the Ward

identity will give rise to the same IR behavior.

We have found a convenient form to choose for the vertex to be the following:

7 ar, (414943) =8 919293 vie"s

@, Da3+
85 oSara, SF 8

192)41793 7% 42°43

ey (5, Oo,
+a Dp, Gy) 7 -

at 2 3843 G42

Ef.

o+ La oh 224A192 °3 | 43°

(ay) po.

tna 3(25+ 2] - eeoP, ) ayn Laym agen] "age [aya * ayn

fy, fSa42 _ 41°43a) Fangmg ng yg|i 192 °3 | Capen)" \ gym agen

+ cyclic permutations. aa’
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.

Here we use the notation £, = £(q,), ) = e(q,) etc., and the functions £ e
and g are given by

2 Jf= +a > (2.21)

B= - a(bc) , amd

in terms of those previously defined associated with Il.

Let us first focus our attention on eq. (2.18). From eq. (2.20), we see

that we can write

Agr (kok aay =

Pa ark8551 4 ~ arkoot Vana FE). ~ SE 80)
kk Agkgt

+ qnoet nck4 Soto! mck | gcyyKo
ogsk 0 qek kek! ror

W695" net
.

+ Hofer mt) gq)
qq 4k

- (same with k++ k', oo") ean

where we have dropped terms proportional to n, or n,, as they will vanish in

eq. ean Because of the synmetry in eq. (2.18), the antisymmetric term in
eq. (2.23) simply gives rise to a factor of two Then if we define

Kokgr Sok gt WAx8, = Be(kek')mek J 5 te+22) , (2.24)ot negek ook kek?

gi, = Be(lerk") {uh ’ Je.25)‘oo" oOneq

. 4 |I6Igt -

diggs = Betece nck’, Soe ; JS2.26 rwoa nqek q
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6 then eq. (2.18) takes the form

-P (al) (1-1) + @- Yate

L :

=Afak Bg (KDB, gr (KD

Curae{ sie + KB8K) + sto} : (2.2n/
One comment on this expression is in order. In perturbation theory

there are quadratic divergences in the K term; these give rise to constant

quadratically infinite pieces and contribute only to the constant d and e

terms on the left-hand side. Further, this is the only effect of d and e;

once the quadratically infinite constants are removed from the right-hand

re) side, one can drop d and e on the"ft-hand side. Contributions to a are
* therefore only logarithmically infinite.

We recall eqs. (2.21), (2.22), and (2.6). Thus a = y/A, A is a linear

function of A and B, and f and g are linear functions of 1/A and 1/B. Hence

eq. (2.27) has the form (disregarding the trivial constant terms d and e).

=%

me OT fa ie ONO. a) . ‘ik Kets Ag)
. ke

~ A, (k)A, (k')

ke

where we label A; = A and A) = B. A little thought makes it evident that

eq. (2-19) will.also lead to an equation of this form. Thus we have a pair

8
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of coupled equations for the two unknown functions. {The kernels in eq. (2.28)
are all dimensionless, in both momentum and n, and functions of

:

the scalars which can be constructed from k, q, and n.) One may take these

to be k2/q?, y= a2n’/(qen)”, y, = K’n7/ (ken), (keq)*/k2q". Of these, only
a Am

the first is not dimensionless individually in k and q; hence only the first

could be relevant to the IR properties of the equation. But it is easy to see

by explicitly looking at the kernels that they are well behaved both as

K2/q? + © and as k’/q? +0. Therefore the infrared behavior is entirely

controlled by the behavior of the functions AL themselves.

Cc. The Integral Equation

The coupled integral equations (2.28) are complicated. Therefore let us

make the ansatz, as discussed in the introduction, that the IR behavior is all

in the renormalization constants Z. We have the renormalization prescription o

Ap@ = 200/00(272P 800)» 2.29) PL
with a common factor Z. We choose M’ = q”, and then assume that the dimen

sionless renormalized functions a, (1,7,8(4)) are IR finite, and simply

functions of y in the IR limit. Thus our ansatz is

A@ = untae), or al) = hg a.syl .and 2qq/A°) acy)

: na « 22 807, of bq) = Spe EVzq@7/a) BY)

To check whether this ansatz works, it is necessary to insert (2.30) into

the pair of coupled integral equations (2.28) and show that we can find Z, a,

and § satisfying the equations. We have not been able to do this; what we can

do is the more limited problem of showing that if we have found ana and a 8 e
which work, then we can find a Z that works.

.
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&To do this, we go back to eq. (2.27). Under the integral, we replace

ACK) by 207/47) a Cy) and similarly for B(k). .
We also replace f and g as follows:

Sore C2 U8 = le KHek) = 6K) —-+
202/17) 1-%

n

a(e) L- 2m - 0) .t
« LP

2027/8") Miny! acy) 86nd faitho)
Then eq. (2.27) becomes

3 Fe -a-im
2@7/) aly)

5
ay ( Lia Ys a 20s ye ces) LSer yey es 220@2/8") 1-y ary 8) Pas

+. fax zee?) {se Fon - 1* ee iy, Lay) BOYD
x

t Cats)

ae E* -—1 55 [ene + °] : (2.32)/: ry, bey? 8G, HT

a=v

pe!
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with the definitions Qo ( asepee) , : re)

we [se - a) (pr) [Pe -— *staat Rea 1m n a 1-y' a

. J(2.33)

and similarly for Kf and L, This is still apparently a somewhat formidable

equation; however much of the complexity is illusory because, as we remarked

earlier, the only important variable on which the various kernels depend is k”/a”,

and their dependence on this is trivial. The unknown dependence on y will not

mfluence the IR behavior of Z, except in detail. It is also important to note

that the apparent 1/q” singularity is also illusory: as we have commented earlier,

the constants d and e in eq. (2.32) are just such as to cancel the 1/q” terms

in the second integral. ee

III. Outline of the Solution of the Integral Equation

We shall approach the solution of (2.32) in steps. First we make an

even stronger ansatz than (2,30): we look for a solution in which the

propagator in the IR regime is simply an IR singular function tines the

Exe propagator. (This behavior, we note, is what actually occurs in scalar,

spinor, and vector ep), Thus we assume

a ee DEEL G aA ey- 4 V.
uv SD" 2 w 7 2 2 B.D A

and consequently on
- oe * .

ty @ {eteatnf, “44/3 Jo.» |
_

This means we look for waoiution Like (2. 30) but with a=y, B= 1, Then y
4 the integral equation (2,32) takes the form

v
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ie) 1 L- Uy =@- ‘— Ta «CO - y= G- Uy)zq7/n’) ot
Cane)

= 2062/p2)z.cet7792)+fax > L (3.3),27/0") we!

7

4.2 2c? /n)+ Uae fax K
Ke

ar
Pus tapate

Note that the Ke term in (2.32) has disappeared. The remaining kernels -

Aare °

e

: aan nn, won pnt XO NeN'NN'
y= arte ae (“ee (6,4 ye + ool, so)we a) we) oot “2 we ms

af 3.44

and (writing K for K%

: Kkor  dgkgtas(e-k') odie 0! oo!Kott (Sart “2 “=r )a’gek: kK’

ange NN NING) NNN,
‘oo: ot + NN ot \.(0: ~ oes . + of ) 3./n a a

The structure of (3,3) is quite transparent, though seme spinological

complexities are still present in view of (3.4) and (3.5). Therefore,

to see how things work, let us first arbitrarily simplify this equation by

Ksimply pretending that -L = k7K/q” = (1-1/y)°* We also ignore the
constants d and e. Then (3/3) reads

2,,2, 2,,2,

1 1 20071?) 2.("7/5

2H "t- Tap Sak —e aBH 2q7/N*) 2 In’) kk!

.

i 247/n?) J+ fa ——— (3.6)
x!?
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We solve for 2(q2/A7): (~)

12,2
1+ fax 202

. ee? . /= G7
2(q°/A)

2) 2 ard 2

1+ fae BEMIZINDPou

Let us try a power solution, in which 8%)

ot27a’) = 71a) (3.8%

for small q”.’ Tt is easy to evaluate the integrals on the right-hand

side. We have @

wa 2 1Jt i T(ot8) a8 dz 3.92) gi?) HB T(ta)r(t8) 4” 5 z3(1-2)® aes

Thus eg. (3.7) becomes Wht ge cisY nag;

1+? 2@ 2 he .(93° = Eta) tag —__—_ @ 10) /
te ae? 2@e) ane) tye” .

(tay)? raza) gq?

The two sides match as q” > 0 provided that there exists @ positive a

such that

T(a) Pita) P(2-20) = 1 . Gap &
T(2a) 1a (1-a)
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‘This indeed happens for = 2. dence, as q7 + 0 (3.7) is satisfied by

2,2. Jz@? in’) = a2 /q? hl? : (3.12)

This simple model provides a guide to _how we may expect Z to behave
a

in the real situation.” Let us return to (3.3). We first expect the constants

4 and e to remove from the integrals the quadratically divergent terms

ing which occur when Z + 1 in the UV, We then expect the y dependence to disappear
from the equation, upon inserting the expressions (3.4) and (3.5) and

carrying out the spinology, The resulting equation is then much like (3,7)

except that there will be dimensionless kernels involving Ps and k+q

appearing in the numerator and denominator integrals. If we try a power

solution in the IR like (3,8), then we will again have a consistent solutione) provided the equation replacing (3.11) has a solution for a positive a,

Thus we will again find

2.2e@In) > Ul)" 3.13)

2witha> 0 as q?> 0.

To illustrate how this procedure works, let us describe a more realistic

version of (3.3) than (3,6), Namely, let us keep only the following simple

spinological expressions for L and K):

kay BGK ark Guu)
n’qek

We wish to solve, eq. (3.3) with these choices,
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At first glance it might be thought that such a truncation of the true [*)
kernels in (3.3) would prevent satisfaction of the y dependence of the

equation, But in fact straightforward manipulation of the integrals yields

the relations

peGek ok 2 y(t?2 2 o
n’qek k’kt

eta-ty pote 2G w1y%) 2020) aye 3.15)3 y? J qk qk" a“ ure + G.

and 10)

2

f By ckuark ee ae
ne qek «i? eo

--2 @- bse 2(k'?) (3.16)
3 O-Di geen “V2 :

Thus the y dependence is consistent, and (3.3) reduces to the integral

equation 22 kek'_ 2.02)

1 15 Joe eek 1
a ee : 3.17)

2) ZC) Z(t")208) wekfae —4>— 0g? (que?) DEMq-k a-k! wet

This equation is very much like (3.7), with some minor spinological

complications resulting from our more realistic (though still not exact)

treatment of the kernels L and K.
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re) As before we try a solution
2047) = (01q)*

with a positive, The power a is determined by an equation analogous to

eq. (3-11), but more complicated due to the spinology in eq. (3-17). A

numerical integration yields a = .52, not very different from the value

1/2 obtained in the simpler model.

An analyses of eq. (3.3) including the full spinological glory of J and

K 4s. in progress and will be reported elsewhere.

If, when we turn to the full equation (3.3), the ansatz (3.1) fails to

yield a consistent value of a, or if the y dependence fails to cancel out of

the equations, then we can go back to eq. (2.32) and try the same solution

for Z there. Again it will work, provided that the functions a(y) and B(y)

re) have the appropriate properties. Of course the equation, analogous to eq. (3.11),
which determines the power a is now much more complex, and we are unable to

explicitly write it down. The value of the power resulting from eq. (2.32)

therefore remains unknown?) ,

IV. Conclusions

Can we draw any firm conclusions from all of this? Not yet. To recapitulate,

we have made two assumptions, one essential, the other an ansatz which is in

principle and perhaps in practice verifiable. The essential assumption is that,

as in QED, only that part of the vertex function determined through the Ward

identity counts in the IR regime. The ansatz is that the Dyson equation then

admits a factorized solution of the form A(q) = 2(q7/)a(y) and B(q) =

2(q/A*)8(y). With more strength, and a study of the trace equation,

le) eq. (2.19), this ansatz can be checked.
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Given the above assumptions, we are able to show that the equation admits [*)
a solution near q” = 0 which behaves like \ oh?

20710?) = 07/2)" a an

The (unknown) functions a(y) and 6{y) determine the power; the solution

exists provided they are such that the power is positive. The power, we

note, is independent of the coupling constant; it is also independent of which

color group is employed, as long as it is non-Abelian.

If eq. (4.1) is indeed valid, then we have

v@y = * : 4.2)

oT

in the IR regime. Such a result is sometimes taken to imply confinement ‘°) This
would suggest that confinement is indeed a consequence of the singular IR e
properties of Yang-Mills theories associated with the fact that glue can couple

to itself. There is no obvious relation to some of the more esoteric features

of Yang-Mills theories, such as instantons, merons and the like. But since

the solution we obtain is nonperturbative, there may nevertheless be one.

In addition to clarifying the relationship, if any, of the Dyson

equation/Ward identity approach to these more popular topics in gauge theories,

other more mechanical things also remain to be done. It is necessary to incor-

porate the four-gluon vertex term into the Dyson equation, and to verify that

its presence does not alter our basic conclusions. It is necessary to study

the true equations, (2.18) and (2.19), and check that (3.1), or at least (2.30),

is consistent with them, and that the power solution for 2(q2) still obtains.

Finally, if our present conclusions continue to hold up, it is necessary to (7)
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re) understand more clearly just what, 4£ any, implications a power singularityin g(q?) at small q” really has for confinement.

We are indebted to M. Baker, J. M. Cornwall and D. P. Crewther for advice

and comments. /
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6. We modify Kummer's notation primarily by extracting factors of q™* from

A and B, so that our A and B are dimensionless.

7. That is, we insert sufficient powers of A7/k’+A” under the integral on the

right-hand side of eq. (2.11) td make it converge. This introduces a mass

scale into the equation, and permits the solutions to have a non-trivial

dependence on q”/A”. Note that we could also have used a dimensional cut~

off, though in a slightly unusual form since we have an integral equation,

not an integral, to deal with. It seems to us slightly simpler to use a

mass cutoff, even though in perturbation theory that leads to non-gauge e
invariant quadratically divergent terms. These contribute to d and e in

eq. (2.9).



ue -25-
+

0
8. The mass scale determining "large" and "small" q”, is the renormalization

group invariant mass.u, which for large M can be expressed through

we weer/bs Oe) This is the only phfeteatty meaningful mass in the
theory. In evaluating integrals such aalthose in eq. (3.7) there are three
regimes: 0< k2 < q25 q2< k2 < v2; andy? < k2 < A? where A” is the

wv cutofé. For k? < u?, we can use 2(k") = (k°)""5 for very large k”

we expect 2(k2) to be proportional to (log k*)"1, because of asymptotic

freedom. The dominant IR behavior of the integrals comes from the small
i region. pV rw yee ree gt Ree

9. ‘These forms arise naturally from a slightly different, but IR equivalent,

choice for the form of the vertex function than (2.20), together with simply

using 6,,) as the spinology factor associated with dabiot .
10. In deriving eq. (3.16) we have discarded some constant (@? independent)

6 terms which, in perturbation theory, would be quadratically divergent.
These are lumped with the constants d and e. The integral in eq. (3.16)

still contains an additional such constant piece. In evaluating it we will

discard this piece as well by cancelling it against d and e. Having

performed this service, d and e may now be disregarded.

11. Again, of course, it is unknown that there exists a positive a satisfying

this condition. Unless there does, the power law is not actually a solution.

Figure Caption

Fig. 1: (a) Shows the Dyson equation with only the triple glue term included.

(>) Shows the (neglected) quadruple glue term.
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Equation Derivations



Index of, Equation Derivations: |o
(2.20) the most general form of the vertex (almost()

(2.23) the vertex dotted into n, for the nn equation
(2.27) equation 2.26 (the nn) with n.vertex inserted
show that vertex (2.20) solves the Ward (2.14)

(2.16) the qq equation involving d and e

(2.17) solution for d and e

(2.15) the ng equation involving d and e

(2.18) the nn equation, original form

(2.19) the trace equation

(2.32) the nn equation with general alpha/beta ansatz

(2.33) the tensor I call W,.W',,, arising from pair of propagators
(3.3) the nn equation in the SA model

(3-4) the expression for L

(3.5) the expression for K

(3.6) the nn equation in the fake trivial model

;

(3.7) solution of same for Z(q), feke trivialfol (3.10) the power solution, fake trivial

(3.11) equation which says alpha = 1/2, fake trivial model
(3.1) the SA form of propagator involves only Z 7

(3.2) the SA form of "inverse propagator"

(2.4) equation relating propagator to its "inverse"

(2.10) form of bare "inverse" propagator
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Summary of SectionII so far: . -

A— ___The Dyson equation ignoring the 4-glue is (2.11),This equation involves both|
---7.__the glue propagator ( and its inverse)

and the vertex. Note that this is atensor ____|equation. By dotting this into the four possible combinations of vector-pairs, you

__ generate 4 scalar equations. Theses equations are: (2.15),(2.16),(2.18),(2.19). ___t
_.— I regard these 4 scalar equations as equikalent to the one tensor equation.(?)
_.. From the first two equations you can solve for the numbers d and e which we can regard

as constants, abbeit infinite ones. Well there is an implicit cutoff so dont_worry.

net So in the second more dynamic pair of equations we know what d and e are.
_.. ... However, seems_to me thatd and e are functionally dependent on A andB. Butwe |

are going to identify d and e with quadratically divergent terms on the RHS of the

_ second pair of equations. We will then drop d and e on the left, and ignore quadratic ___|
__. _ divergent termson the right. The second pair ofequations hoth have the form

-. (2.28). . - _ *

A key step in this’is to assume a certain functional form for the vertex, asin __
—. (2.20). Certainly this thing respects the Ward identity. I presume that in some sense __|

this_is the most general form that does. This thing is of course a function of A __
-—-and B, K andL are_just groupings of "spinology"™. 9
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Goneludieon: In Ball Zach stuff we ere in effect dealing with thefunction £with
_. the color structure functions removed. Thus we really do expect this thingf

_ ta be antisymmetric if you swtich two of the gluons, which here means you switch =

_.. = two momenta and their corresponding lorentz labels. There is no newd to look -
wee into the detailsof the states. . ce
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