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Abstracl: A new regilarization and renormalization procedure is prescuted. 11 is particularly
well suited for the trestment of gauge theories. The method works [or theories that were
known to be renormalizable as well as for Yang-Mills type theories. Overlapping diver-
gencics aro disentangled. The procedure respects unitarity, causabity amd allows shilts of
integration variables. In non-anomalous cascs also Ward identitics are satisfed at all stages.
11 is Lransparcnt when anomalics, such as the Bell-Jockiw-Adler anomaly, may ocour.

I. INTRODUCTION

Recently it has been shown |1] that it is possible to formulate renormalizable
theories of charged massive vector bosons. The derived Feynman rules involve ghost
particles, and in order to establish unitarity and causality of the S-natrix Ward iden-
lities are needed. The necessary combinatorial techniques were given in ref, |2], in
ihe treatment of massless Yang-Mills fields. 1t was emphasized (hal these same tech-
niques work also in (he case of massive vector boson theories obtained lrom the
massless (heory by means of the Higgs-Kibble |3] mechanism. Stated somewhal dit-
ferently: the manifestly renormalizable set ** of Feynman rules involving ghosts may
be transformed into a set of manifestly unitary and caisal Feymman rles by means
of Ward identitics. Actually these manifestly unitary and eausal Feynman rules are
quite meaningless in view of the occurring divergencies, and a direct proof of unita-
ry and causalily starting from the manifestly renormalizable miles is to be preferred.
This is precisely the program carried through in refs. [1, 2|.

However, even with a set of manifestly renormalizable rules one cannol be sure
thal a consistent theory resulis unless a suitable eul-of T and subitraction procedure
has been defined. In particular, since unitarity depends crucially on the validity of
the Ward indentitics one must have a procedure that respects those Ward identitics.
Inref. [2] the existence of such a procedure was proven lor diagrams containing at

*® Postal address: Mollcsingel 23, Utrecht, the Metherlands.
** i.e. renarmalizable with respect o power coonling.
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_ . . expression (1) diverges for n.GT.2; even ﬁlmmmtﬂ_{ﬁj‘_ltﬂﬂl_dimrge
. _Also, it has.an IR divergence that somehow isnt really there. You do some derivatives

———— to-lower-the (apparent) IR divergence off to the left in the n axis, so that

_you get-areal region-of convergence between som¢ negative n and n=2. Then all .. .. .
. ——— wyou have to.do is-continue off this region.to thé neighborhood of n=l. For the ..
- —— ene-loop case they -de-this explicitly. But- t.umér being used to analyticity, this ..
— __ig reslly no worry. —Once-I-have computed result.(2), I can see immediately how to

.eontinue the damn-thing to nnear L. So I don't have to worry about the details of
| .
———4he -"partiel pt-operation—and-formula {12).-- —— e ———

e e - — In-ether—werds, -I- h&liwe—that—&ny—intagral -you-do in n~dimensions-will-be-an——
analytic functien ef n-and -thus-you—can-takea limit-as-n-goes-tol S,

————Subtracting out—the—pele—ati=i nﬁ:t.h—i—ts—rasidae:—ie—aquiralent_to_adding a counterterm
- ———in—the—]:ﬂgrﬁngimﬂi‘hh +the séame—pete—effeet, Fine, I am -b&girming—tﬂ—lﬂia—this stuff.
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O_" Fm.'- ore lop diagrams, you want to show thaf Ehe reej.ﬂ'ue meh

T yeu are going To subtract out is e polynemial with veal eeefI{El"'ie'iﬁﬂEE"_*
external momenta. The poinf here Is that you want to avoid getting am:t.lhﬁlf
imaginary in the residue becanse then when you subtract, you will change the
Imaginary part in thaf order, but this is not allowed because the Imaginary part
“is uniquely determined threugh unitarity by lwer orders and cannot be changed

R R — A mmm — p—— e B .

by a subtraction term. ==

The one leep case is easy and you can quickly convince yourself that there
is e:r.mpl:,r a real polynnmial reeidue. By the way, a leg dlvergence makes ‘a pele

at n=l, as does any d:.vergenee.

Ll d

The two loop case is more lnterest.lng and brings in f.he overlap problem.

Consdier a twe-leep dlegram y €8 equatieﬂm with general exponents of (29)
with ebvieue expenent.e. 'Ihere is an, overall integralion, end there are three

Eubint.egratiens. If any of the subs diverge, you will get a pole at n=j. You must
“subtract this out. So you make three subtract.iene as in figure 5, see eguatien (30).
This is all quite clear. S e s N L. —

— i N —

f In additlen to these s eubgreph eubt.raet.lene (yhieh remmre eubgragh divergences)

0- you also have to make an overall subtraction, ie, you must remove a pole which
\ corresponds to the "e?erell“ integration divergence. This is shown in (31).5 M-

The problem t.he;.r worry about is this: when you deal with a subgraph subtraction
integral, you get. a pole times a residual integral. In principle, that subgraph

pele t.:.mee the finite part ef the residual integral can general logs of external

PO

renormalizeable (I dont know why yet) So you have to show that the original t.wloep

diagram exactly ceneele any sueh J.egs!

- i

The example (29) shows how this happens: (30) shows you | the pet.ential log
generator from a subtraction graph. Eq. (31) shaws you the original _graph after
1t has been "pe.‘rtialleti" for een'l:.imlet.:l.en. You can see that the second term has

a potential log-generator whieh exaetl;r eaneels the subtraction (30), 80 _you

are OK. The other two terms in (31) will contain terms cancelling the other two

subtraction potential log-generators.

So here we had the tough example « ef _overlapping divergences, yet t.he preef o
of renormalizability went through OK. To renormalize this graph, just subtract @t-
the subgraph poles [ proof shows no logs left over(]. The overall subtraction is
) o ___not discussed, but you would do it too somehow.




Where does "overlap" com e in here? In a non-overlap;ﬁ.n.g sit.uation, as

_Mg_u_re 6, you Just subtract out the subgraph poles. In a subtraction
__term there is no residual int.egrat.:.m, 50 _;reu can never get. lng(kz) ﬂt.uff so _0

&

no problem. ) S -
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e that_this _anomoly is. Ward violation? Anyway, wpﬂnjguhbaxggmm_iyh ou_are screwed.
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Introduction to the technique of dimensional regularization*

George Leibbrandt'

Department of Mathematics and Statistics, University of Guelph, Guelph, Canada

The purpose of this review article is to explain and illustrate in detail the
technique of dimensional regularization, which is a major mathematical tool in

the renormalization program of gauge theories. The most important single
feature of the new technique is the concept of analytic continuation in the
number of space-time dimensions 2w, where the regulating parameter o is
complex in general, and @ =2 corresponds to four-dimensional space-time. The
technique of dimensional regularization preserves the local gauge symmetry of
the underlying Lagrangian and thereby permits a consistent gauge-invariant

" treatment of divergent Feynman integrals to all orders in perturbation theory.
The method can thus be applied—as demonstrated in this article—not only to
Abelian gauge models, but more importantly to non-Abelian theories such as
Yang-Mills fields and quantum gravity, to which the majority of conventional
regularization procedures is inapplicable. We illustrate both the advantages and
the limitation of dimensional regularization, as well as its extension to massless

particles.
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l. INTRODUCTION
A. Uliraviolet infinities in quantum field theory
1. Preliminary remarks

The treatment of ultraviolet infinities continues to be one
of the most challenging and tenacious problems in relativistic
quantum field theory. Only in quantum electrodynamics has
it been possible to eliminate these infinities consistently and
in a physically meaningful manner by absorbing them into
the bare, i.e., unobserved, charge and mass of the electron.
The result is the successful renormalization program of
Dyson (1949ab) and Salam (1951a,b), in which the re-
normalized quantities, mass and charge, correspond precisely
to the observed mass and charge of the electron. Although
many questions remain to be answered for either the strong,
gravitational, or weak interactious, there are indications
now that perhaps one or even two of these interactions
might be renormalized in the not-too-distant future. The
reasons for this cautious optimism are (i) the recent progress
in the unification of clectromagnetic and weak inleractions,
(i) the breaktirough in the renormalizability of certain non-

Copyright @ 1975 Amarican Physical Society 849
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1974), we conclude once again that the continuous dimen-
sion method yields the same resuolt as nthcr more conven-
tional regularization procedures.

VIll. CONCLUDING REMARKS

In this review we have applied the technique of dimen-
sional regularization 1o divergent Feynman integrals in the
context of Abelian as well as non-Abelian gauge theories.
The technique has, in our opinion, three distinet advantages,
In'the first place, it is simpler and more elegant than other,
more conventional repularization methods such as the Pauli-
Villars prescription. Secondly, dimensional regularization is
powerful enough to handle efficiently and on the same
footing both ultraviolet and genuine infrared divergences.
Finally, and this is ils most significant feature, the tech-
nique is eminently well suited for dealing with gauge
theories, since it preserves the local gauge symmetry of the
underlying Lagrangian. The preservation of this symmetry
was demonstrated in Sec. I1I for the vacoum polarization
tensor in quantum clectrodynamics, and in Sec. VI by
regularizing non-Abelian massless spin-two quantum gravity
to lowest order in the gravitational coupling constant. It
was specifically shown' there that the sum of the graviton
and ficlitious-particle contributions to the graviton propa-
gator satisfies Slavnov-Taylor identities [Eqs. (6.17) and
{6.18)] and that the finite portion of Lhis sum can be ex-
tracted in a manner which is consistent with these identities.
In summary, dimensional regularization permiis a consist-
ent pauge-invariant treatment of divergent Feynman am-
plitudes to all orders in perturbation theory.

Although the concept of dimensional regularization is
easy to grasp once the nolion of analytic continuation is
clearly understood, the method should not be applied indis-
criminately to any model possessing gauge symmetry.
Before embarking on an explicit calculation, it is best to
ascertain first whether or not the underlying theory—be it
Abelian or non-Abelian—(i) is massive, (i) is massless, or
{ifi) contains, through Slavnov-Taylor identities or other-
wise, factors of 4% Let s briefly examine these three
possibilities.

For massive theories the preseription of 't Hooft and
Veltman (1972a), Bollini and Giambiagi (1972), and Ash-
more (1972, 1973) works remarkably well, as demonstrated
in Secs. ITL.A and V, and ambiguities can easily be avoided.
For massless theories the prescription given in Sec. I1.B.1
requires modification (Leibbrandt and Capper, 1974a) due
to the appearance of infrared divergences connected specifi-
cally with massless particles (see Sec. IV.B). The modifica-
tion involves basically a redefinition of the original 2w-
dimensional Gaussian integral which permits a consistent
treatment of massless tadpoles ‘as well as §(0) terms
(Sec. 1V.C) and preserves, moreover, the erucial Slavnov—
Taylor identities associated with the graviten sell-energy
loop (Sec. VI).

Finally, extreme care must be exercised whenever the
theory contains anomalies characterized by eqp. or ¥ Since
the latter has only been generalized successfully to even-
dimensional spaces (Sec. IIL.C), the continuous dimension
method could create ambiguity problems if these anomalies
persist in the final Slavnov-Taylor identities. Although the

Rev. Mod. Phys., Vol. 47, Na. 4, Oclober 1875
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anomalies can somefimes be made 1o cancel by a judicious
redefmition of the fundiwmental fermion ﬂclds, it is neverthe-
less desirable to continue the search for.a y* matrix valid
in arbitrary dimensions, so that the technique of dimen-
sional regulnnmtmn may be applicd unambiguously to an

* even grealer variety of physical models than has hitherio

been the_casc.
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APPENDIX. USEFUL INTEGRATION FORMULAS

The following list of 2w-dimensional integrals is divided
into two categories: the integrals in the first category hold
for massive particles {m # 0), whereas those in category B
are valid for integrals associated with massless fields
(m = 0).

A. Massive integrals

Formulas (A1)-(A6) below are taken from Appendix A
of 't Hooft and Veltman (1972a). In transferring them we
have, for the sake of consistency, replaced the complex
variable n by 2w and divided each integral by (2x)®™. These
integrals hold for m® # 0, w arbitrary, and are particularly
useful in connection with the discussion in Secs. III and V.

j’ ™ ——
Qrpe(gt+ 2hog + mi)r (4w (mt — K

'I'[-:x — w) a1
T'(a)
f d™g gu R i B
(2x)*(g* 4 2k-q ot (da)e(mt — k)
I'l:tx — w)
_-kn (ﬁ?]
s —(—k),
d*g g 1 1
(2n)(g* + 2k-g + m¥)=  (4x)*(m* — B)=~ T'(a)
X{T(a ~ w)k? 4 I'a —~ 1 — w)u{m® — &Y}, (A3)
4™ 9ug» _ i 1
(2r)=(g* -+ 2k-g + m¥H)=  (d=)*(m?® — k%)= I(a)

X‘P(“ - w)kuk, 1 Ma =1 — )b, (m* — k,}}: (A4)
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CK, so I have read this section. I dont reall:ly lmuw what to think sbout it. They
are really saying that any power integral gets regularized to zero in a consistent
fashien. The basic cutoff problem with these integrals is that you have trouble

~ making the analytic continuation betause there is no dr:rmain of convergence. Maybe

I will look into their papers to see further comments. o

I dont know if t-his will help oub effort much because we always are 0
dealing with n.k stuff. _ N o

The list of "IR integrals™ at the end of the paper daeﬁ not seem to have

~ this IR problem, ie, no domain of convergence. Eg, they give:
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]
| Summary. — It is shown that, in the noncovariaut axial gauge, quark
; and gluon mass shell renormalization constants (if suitably defined)
o — . ! obey the elassic Ward identity of quantum electrodynamies Z;-=Z,.
e Bimilar relations hold for the pure gluon sector. The wvalidity of such
o [ identities in covariant gauges has been proven recently in the liferafure.
! The derivation in the axial gauge is considerably simpler than in cova-

i riant gauges.

tompo B “ .

dinger ; 1. - Introduction.

Lruisce .

o poi L. ' The investigation of non-Abelian Yang-Mills theories is by far not a closed
subject. Whereas the ultraviolet (UV) divergences have been shown to be
tractable {a {leading to a renormnalizable theory), the same cannot yet be said

k y . g . . .
A of the infra-red (IR) singularities. There are, however, good indications (%)
i
TCROTO
' {*) To spocd up publication, the author of this paper has agreed to not receive the
f proofs for correction.
HEHNE b ('} G. 1" Hoorr: Nuel. Phys., 33 B, 173 (1971); 35 B, 167 (1971}; for a revicw, ef.
nepe- ¥ G. Costa and M. Toxix: Rie. Nuove Cimento, 5, 26 (1975).

e i {2} Youx Pexc Yao: Phys. Rev. Left., 36, 653 (1976); Tir. Arrenquist, J . Camaz-

ATBET- . zosE, I1. KuupErG-STERs and M, Rovu: Phys. Rev, Left., 36, 708 (10706); L. Trsohskr:

1 npit Phlys. Rev. Leit,, 37, 310 {1976); Nud. Phys., 116 B, 201 (1976); J. FrExgen, R. Meyr-

4 pERWA%S, L. Momaxyap and J. Q. Tavror: Phys, Feil., 64 8, 211 (1978); Nuwel. Phys.,
] - 121 W, 53 (1877); A. Garcra Avvarwz: Nweel. Phys., 120 13, 355 (1077); 1. Kixosuira
and A, Ukawa: Phys, Rev. D, 13, 1573 (1976); 15, 1506 {1977); G. SteEnuwax: Phys.
o : ERee. D, 14, 2123 (1976).
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- that in perturbation theory (which by itself might not be the appropriate frame-
work to tackle the question of IR behaviour) the divergences from real and
virtual soft vector quanta mutually eancel for quanium chromodynamies
(QCD, the theory of massive quarks interacting with massless gluons) in much
the same way as in quantum clectrodynamics (?) (QED)—at least in the non-
forward direction (*). The infra-red finite transition rates thus obtained stil]
involve the unrenormalized coupling constant, and the next task is to under-
stand how renormalization affects the final result. '

In this context it has been shown recently by CvrTaxovié(®) that in eo-
variant gauges of QCD the mass shell quark renormalization constants obey R
= the classic QED Ward identity Z, — Z,, and similarly for the gluonie Z’s. &

- el The remarkabple feature of these Ward identies is that they call for an inter-

: play (*) of UV and IR singularities. This requirement is met by the dimensional

E’ . 3 regularization (¥ scheme where integrals without any internal mass scale are

i

% set equal to zero @, ,
Fra s Covariant gauges of non-Abelian Yang-Mills theories necessitate the in-
¥ troduction of fictitions fields into the Lagrangian to maintain unitarity. These )
¢ Faddeev-Popov ghosts s (%) complicate the Slavnov-Taylor @ identities which ; |
- express the gauge invariance of the theory. Ghost-free gauges circumventing i
AN " these complications can be constructed (%) and shown to be renormalizable )
"6'5' as well as unitary (1%1). The price to be paid in this «axial gauges () is

-

uy (*} F. Brocu and A. Nompsizex: Phys, Rer., 52, 54 (1937); J. M. Javen and )
‘¥ ¥. Romrricn: The Theory of Photons and Electrons {Reading, Mass., 1054).
TR _ {*) The forward direction is more complicated than in QED: C. T. SBACuRAIDA: Phys.
% Rev. D, 14, 1072 (1976); L. Marssox and R. MevLbERMANS: Phys. Leit., 70 B, 300
¢ N 4o (197 5
’ - 8 ) P. Cviraxovié: Nuel. Phys., 130 B, 114 (1077). : !
4~ .,,f'"{‘] G. 't Hoorr and AL VeEntwaw: Nuel Phys., 44 B, 180 (1972).
Y D o S’} G, LeineraxDT: Rev. Mod. Phys., 47, 849 (1973).
. (*) L. D. Faopeev and V. N. Porov: Fhys. Lett., 23 B, 29 (1967). .
Ty ’ (*) A. Svavvov: Theor. Math. Phys., 10, 99 (1972); J. C. TavLor: Nuel, Plys., 33 B,
A 436 (1871). o
7 ¥
= " W. Kvvuer: dcfa Phys. Austr., 41, 315 {1973). :
v (1) J. FREXEEL: Phys. Bev. D, 13, 2325 (1976). b
- " . ¥ (") W. Koxerscnxy and W. Kusuen: Nuel. Phys., 100 B, 100 (1975); 108 B, 397
I (1976). .
. : (") A. Svcaworo, H. Yamaworo and N. NAEAGAWA: University of Tokyo propring }
e UT-291 {August 1977). . .
“ ’ {4) R. L. Axxowitt and 5. I. Fresven: Phys, Rev., 127, 1821 (1962); W. Kusygn:
3 Aeld Phys. Austr., 14, 149 (1961); J. Scirwisxceg: Plys. Rev., 130, 402 (1963); Y. P.
2 Yao: Journ. Math. Phys., 5, 1319 (1964); E. 8. Frapgr and I V., Tyorix: Phys. ]
Her. D, 2, 2841 (1970); A. ClakmABARTI aund C. Darzexs: Phys, Ree. D), 9, 2484 {1974);
L E. Tounours: Phys. Rer. D, 8, 2738 {1973); R. DELBOURGO, A, Sanax and J. STRATI-
- i DEE: Nuovo Cimento, 23 A, 237 (1974); J. ML ConswaLn: Phys. Rer. D, 10, 500 (1074); . }
ﬁ“% R, J. Ceewrier: Weak and Electromagnetic Interactions al High Energies, odited by . v
FRL AL LEvy ef al. (Now York, N. Y., 1076}, p. 345. - .
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Section 2: Author writes a most ganeﬁal kinemati¢ form for the electron .self-energy
{aiial gaﬁge QGD} and then after doing mésﬂ renorm goes on to define a Z5 + Meanwhile,
the quark-quark-glue vertex has a most general kinematic.fnrq_shnwn in (2.6), and the
first function GAMMAL is used to define Z4- Then apply the Ward Identity ( called
Lee identity because this is QCD, but it looks like usual QED Ward-Tak identity), and
conclude that Z; = Z, almost. 1 '

‘ Aside: remember that SIGMA-SIGMA(sh)(the mass renormed electron self-energy)
still has divergences which show up HS‘pBIEE at n=4 in the dim reg, ie, log div's.

In the dime reg, this log divergence appears as cuns£fpcle (because in general residue
must be polynomial in ext momenta and in log case that poly is const, see tH-V). Thus,
when you add a counterterm like (1—Zz)prop ow whatever to cancel this log divergence
pole, that counterterm must have const/pole also. Thus, Z, must be independent of p.
This part of Z, is called 45,4 and discussion here is on top of page 470. So, the
fact that you conclude that Z1,=Z5, 1s enough to prove renormalizeablilty for this
sector of the theory, since it is these Z3. which you put in the counterterms.

Section 3: Here author explicity verifies the little QED-like Ward identity to lowest
order in QCD perturbation theory. The graphs are bbvious, the actual integrals are
done in Appendix B using rules of Appendix A (Feynman rules). Mueh use is made of
“reéularizing“ power integrals to zero. A power integral is also an integral without
a scale, by the way. So this section is OK, except I dont quite see how a detail

in the appendix B works, see top of page L78.

Notice, by the way, that the Ward identity is fully verified. Author does not
simply show that both sides have the same divergence ( egp that both sides have the
same logLAMBDA)(or both sides have the same n=j pole residue.)He shows completely
the equailty, and avoids doing the last pair of integrals.

Section 4: So much for the quark-gluon QED-like Ward identity. Next, author considers
the Ward which we are interested in, relating the 3-vertex to the glue propagator.
I recall from other papers that the glue-Ward in covariant gauge says Z3/Z4=23'/ZL"
where: Zq relates to the glue propagator, and Zh goes with the vertex; and where
the primed Z's refer to the same objects for the ghosts. As author notes, you might
expect that in the axial gauge where ghosts decouple (23'=ZL' = 1) you might expect
that Z3=Z4. He now goes on to show that this is in fact true.

How? He writes down a general form for the vertex dotted between two special

fal-



polarization vectors (thus, he avoids writing down a mnst—ganaralltansor fo#m
for the vertex). Then the Ward becomes (L.2). He also writes down a m:::sﬁ genaral 0
form for the inverse propagator PI as in (L4.4). In this propagator Zy is identified,
and in the vsrtex ﬂ is also identified. The ward then says that ZB'ZR' not just,
for the cnnstant parts-
‘What about vérfying “this Ward? For terms only lnvnlving quarkaloops, it
is ea51ly varfled. But they are unable ito dn it for the pure glua loops because
"there are too many terms". We have done this wvertification only for the divergent
part, ie, we showed Ward OK to log LAMEDA terms only, or, n=l pole residue only.
We never dealt with all those lower terms. So here is perhaps an oﬁen problem that

“we can utilize reduce to do.



Comments on Sectlon 2.

1. In the axial gauge, the presence of the vector n causes the generel forms for the
electron self energy and the electron-electron-photon vertex to be more complicated.

(By electron I mean quark, by photon I mean gluon, this is QCD). Somehow it is still

pobbible to define a 2, and 22 in analogy with QED, and you suspect that you should

get a Ward result Z,=Z,.

2. The author Konetchny goes ahead to define Z, in an obvious way and Z5 in a way that
T believe but which I have not really proved is right. With his Z's, the author

finds that you do not get simply Z;= Z, but that there is an extra gusge term as
shown in (2.9). It is then argued that a true Z used as a counterterm in renorm
theory cannot be a function of p because that means non-loecal. So to get the Z's

you would actually use to renormalize, you are supposed to take the constant part

of 2, and Z, , ie, p and n independent. (first implies second). But it is obvious
that these constants are equal, so at least we have that much.

3. Interesting point is made here. I am now used to p-depdendent Z's certainly
through the ratio gamma; but renormalization Z's really have to be p independent!
Having that extra vector n” reaslly complicates the pie, but the reward is simple
QED-like Ward identities.

L. Mass renormalization is easy to understand and consitent with my own notes. You
put in the physical mass ¢ m, then you add a counterterm dm so that the mass does
not get shifted when propagstor dresses. I note with someinterest that, because of
the n.p thing, this mass counterterm is actually momentum dependent! You are then
allowed to subtract momentum dependent things from your self-energy in axial gauge.
T await with interest to see how the gulon self-energy case works.

Section 3: By working out a few feynman graphs, the ward identity (2.9) is verified
for the quark self-energy. The constant parts are thus also equal. This section
involves appendices A,B, and C, in particular, integrals are all done in the dimreg
method which I should now study a little. I think the equality of the Z's is needed
for the proof of renormalizability and in the axiasl quage this has been a question.
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Received 19 July 1976
We discuss, in the axial gauge, the infrarcd singularities of the self-encrgy functions which determine the exponen-

tial of leading infrared divergencies in massless Yeng-Mills theories.

Recently, Cornwall and Tiktopoulos [1] have extensively discussed, in the Feynman pauge, the exponentiation

of leading infrared divergencies in massless Yang-Mills theories. Furthermore, as shown in ref. [2], in non-covariant

gauges these divergencies occur only in the external line self-energy. This fact, together with the gauge invariance
of the S-matrix, lead to a simple proof of the exponentiation. In order to ensurc gauge invariance, use has been
made of the dimensional regularization scheme [3] for both ultra-violet and infrared divergences [4].

In this note, we would like to present in the axial gauge, a more detailed discussion of the infrared divergences
which occur in the self-energy function. In order to isolate these divergences in a systematic way we proceed as
follows. First, the dimension n of space-time is chosen to be less than 4 in order to regulate the U.V. divergencies,
with the external momentum off mass-shell. In this case no infrared singularities are present. By subtracting off
the U.V. divergences we obtain a function which is regular at n = 4, which is then analytically continued ton > 4
to regulate the infrared divergences. These singularities will manifest themselves as the external momentum is
finally put on shell, as poles at n = 4, the leading one exhibiting a double pole structure in lowest order of pertur-
bation theory.

In order to illustrate these facts, we consider field theories described by the Lagrangian given below, in which
massless vector particles interact with themselves and with massless fermions:

=i Pl Pl — VD~ Ly, (1
where
Fiiy = 0,5 — 3,45 + g1 AL AS . (22)
is the gauge covariant field strength tensor and
D, =3, —igri4l (2b)

is the covariani derivative. The term L, specifies the axial gauge [5]:

= lim - (A 47)2
Ly = lim 5= (A, A7) (3)

A, being an arbitrary four-vector, with A2 # 0. In this case, the vector boson propagator becomes, in momentum

EPEL‘EZ Q Q A ﬁ!Q Q
1 [ _GuhtrOA, ]
Purl0:A) [‘5#“ oA T giap

0% —ie
where the denominators @ A and (Q+ A)? are defined by the principal value prescription.

(4)

* On Jeave of absence from Instituto de Fisica, Universidade de Sao Paulo, Brazil.
** Navorser LLEK.W. (Belgium) and British Council,
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Equations on the first page just define the theory: QCD in axial gauge. Notice the
idea that you really do have to take the paramter to zero to get axial gauge, as
Chiu noted.

Second page claims the self energy is Ap + B A, although I dont see why you
dont also have a term C f for example, as I found in the massive case with
myh Kon fiddlings.

In lowest order, they set about computing this electron self-energy. The
result is ElO} where they use the dim reg deal. Fine. By the way, they use massless
electrons (quarks).

Look at their result (10). The poles at n=4 represent the W divergence, which
here is log ( mass renorm is already performed, hence no 1 term in (5). ) I'm a

- little confused about how the mass renorm enters (they dont mention it but Kon did).

Maybe in this lowe order calc there is nothing to subtract.

Anyway, look at (10). You clearly see the UV poles at n=i. This thing is bineg
held off mass shell so there are no IR singes. If you let pz = 0, you extra sings
because n.LT.4 will cause divide by zero.

So holding off mass-she&l, just subtract out the UV poles as in (11). Then
you are supposed to go to the mass shell and observe the sudden appearance of some
new poles at n=4. These must be the IR sings since you already removed the UV

1ng5|

This sounds nice, but not enough detail is given to let me follow the calc.
In particular, I dont think that (12) can be_provedn from what is given in (10).

In (10), if you continue to n.GT.. and let p2=0, the first term in SIBMAl dies,
and fails to cancel the UV polex subtracted off, that I see. But I dont see

where those IR poles are comging from, unless it is in "f" and "finite" which they
dont state.

Notice that (12) really gives the behavior of the self-energy near the mass
shell, since second term is order pg. This is I guess what you need to compute )
related to Np and you see the presence of double poles at n=l which are associated
with the IR sings.

So their point is to show that there are double poles at n=l which are
Eplated to the IR sing of the massless guark self energy. »B”f

4

Next, they consider the gauge or gluon self energy in lowest order. The "leaf™
graph gets regularized away and you are left with just our "Born Loop" and the "Quark
Loop" graphs. They then repeat the above analysis: keep off shell and find the UV
poles, then subtract out these poles. Then go on shell and discover that you now
have some double-poles at n=4 which are connected to the IR sings. Still the details
elude me. IK dont even know if they are doing Euclidean or Minkowski. The big result
is then that Z3 has double IR poles.

Sc really this paper should be titled: discussion of the double IR poles
in quark and gluon self energy th lowest order perturbation theory . The significance

of these double-poles is that Cornwall and Tiktop showed that these poles play
some critical role in proving the real/virtual IR exponentiation/cancellation
similar to the YFZ work in QED of 1961. COf course that assumes gluons are not
contained, if they can be emitted as real particles.... hmmmm.



