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niques work also in the case of massive vector boson theories obtained from the
massless theory hy means of the Higgs-Kibble [3] mechanism. Stated somewhat dit-
ferently: the manifestly renormalizable set** of Feynman rules involving ghosts may —*be transformed into a set of manifestly unitary and cattsal Feynman rules by means

: . ‘of Ward identities. Actually these manifestly unitary and causal Feynman rules are
‘quite meaningless in view of the occurring divergencies, and a direct proof of unita-
ry and causality starting from the manifestly renormalizable rules is to be preferred.
‘This is precisely the program carried through in refs. [1, 21.

.

However, even with a set of manifestly renormalizable rules one cannot be sure
that a consistent theory results unless a suitable cut-off and subtraction procedure
has been defined. In particular, since unitarity depends crucially on the validity of
the Ward indentities one must have a procedure that respects these Ward identities.

In ref, [2] the existence of such a procedure was proven for diagrams containing at
* postal address: Mallesingst 23, Utrecht, the Netherlands.

*¥ i.e, renormalizable with respect to power counting.
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Ok, Iam happy sith this. justification. The question asked is this: the“original.
_. . expression_(1) diverges for n.GT.2; evenwhen you smite it_as (6), it still diverged

______..Also, it hasanIR divergence that somehow isnt really there, You do some derivatives
_ __te-lower_the (apparent) IR-divergence off.to the left in the n axis, so that _____

-you-get-a-real_region-of convergence-between_som}_negative.n_andn=2. Then all...

- you have to-do is-continue-offthis region.to thé. neighborhood_of_n=l,.For the... .
- —_ene-loop case they-do-this-explicitly.—But.to.me, being usedto analyticity, this .—
——_——-is- really no worry.—Once-I-have computed result.(2),I-can_see inmediately how to -

-_——-eontinue the damn-thing-to-nnear J. So I don!t-have to_worry about the details of ~
_——_-the-tpartiel_p-operation_and-formila (12),

- . — In-ether-words,-I-believethat—any integral -you-do in n-dimensions-will_be—an——
analytic-—functieon ef-n-and thus -you-can-take—a-limit-as_n_goesto 4.——_____ _ —.

——-—-Subtracting-out—the-pole—attel with its reside ie equivalenttoadding a counterterm
---——-4o-the-Legrengien-with the -séme—pele-effeet.—Finey I am beginning-to-like-this stuff.
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OoFaroie Top diagrams, youwant to show that. theresidue oF the pole which
(~*S-- -Yourare going to subtract Out I « polynomlal WIth vealCoetricientsin the ~extemal momenta; The point nére is that you want to avold getting anything © ~ ~~
~ "7" GpaginaryIn The Pesidie becansé then when yousubtract, you wTchangethe -_———"thaginarypart in that order; but this is not allowed because the Imaginary part

~  “" “fe uniquely determined through unitarity by lover orders and cannot be changed
"TT by asubtraction term” © 777 . 5 ee eas 7
"The"one loop case is easy and you can quickly convince yourself thatthere
"5simplyreal polynomial residue. By the way, a log divergence makéo"a pole
atnek as does any divergence. ©SO
~Thetwo Loop case is more interestingand brings in the overlap problem.
“"""“Gonsdier a two-loopdiagram, eg, equation(2) with general exponents of (29)

“—~" “ath obvious exponents. There ie an,overall integrafion,end there are three~
~~" “Gublntegeations.Tf any of the subsdiverge,you will get a pole at nah. You mst“""

“subtract this out. So you make three subtractionsas in figure 5, see equation (30).~~"
thieis al1 quite clear, TO a~~
“tnaddition

to these subgraph subtractions (yhich remove subgraph divergences),oO you also have tomakean overall subtraction, ie, you must remove a |pole whichcorresponds
to the "overall" integration divergence. This is shown in (31) —™“the problem they worry about is this: when you deal with a subgraph subtraction~~

integral, you get a pole times a residual integral. In principle, that subgraph

"Soletimes thefinite part ofthe residual integral can general logs of external

“momenta in theobvious way. Such logs ere unacceptible from point of view of being _
renormalizeable (I dont know why yet). So you haveto chow that the original two}ood“diagram exactly cancels any such logs! a ——

‘The example (29) shows how this happens: (30) shows you the. potentiallog~~
generator from a subtraction graph. Eq. (31) shaws you the original graph after

______it has been“partialled"for continuation. You can see that the second term has
a potential log-generator which exactlycancelsthe subtraction(30), so you
are OK. The other two terms in (31) will contain terms cancelling the other two

subtractionpotential log-generators,
_______se

here we had the tough example of overlapping divergences, yet the proot-—_-____0of renornalizability went through OK, Torenormalizethis graph, just’ subtract outthesubgraph poles [ proof shows no logs left over{]. The overallsubtractionis



Where does "overlap" come in here? In a non-overlapping situation, as
here?_In a non-overt Situal

_. 6, you just subtract out the subgraph poles, In a subtraction

_Ss dhe selannine verano cant pron bee, « Fes} integral_____mitiplyingyour pole resides, so you have to wdry!
____ 5, Extention to Fermions Straightforward, as long as nogamma-5or eps tensors.
a - -4 Le a

——. .- & Limitations: Suppose you have QEDvithan axial vertex, which yourecallis __
__. —relatedto the Adlep Bell Jackivtriangle’graph! anonoly, though T cant memenber
_.....uhat_thds anomoly is. Wardviolation?Anyway, when you haveganma=§you are screwed_
_.... . “becauseit can be expressed in terms of thé eps tensor which does not,generalibe
_______t.0._complex_n,_orat least they dont. know how’ to, do it.Nevertheless, they_go ___
_.....onto compute the "andmoly" and get the right answere 7 9

_-...App_Az__dimensional integrals dietionary 01 oe
- -. -App.B: Theorem that. in_generalshows_cancellation_of potential logs. 2
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Introduction to the technique of dimensional regularization* 7

George Leibbrandt"

°

‘The purpose of this review article is to explain and illustrate in detail the ve
technique of dimensional regularization, which is a major mathematical tool in {
the renormalization program of gauge theories. The most important single
feature of the new technique is the concept of analytic continuation in the
number of space-time dimensions 2, where the regulating parameter o is
complex in general, and w =2 corresponds to four-dimensional space-time. The
technique of dimensional regularization preserves the local gauge symmetry of
the underlying Lagrangian and thereby permits a consistent gauge-invariant
treatment of divergent Feynman integrals to all orders in perturbation theory. .
‘The method can thus be applicd—as demonstrated in this article—not only to
Abelian gauge models, but more importantly to non-Abelian theories such as
‘Yang-Mills fields and quantum gravity, to which the majority of conventional
regularization procedures is inapplicable. We illustrate both the advantages and .
the limitation of dimensional regularization, as well as its extension to massless
particles.

CONTENTS ‘VI. Application to Quantum Gravity . 866

i ‘Ar Pure quantum gravity 866T Tntroduetion 849 1. Tntoduetion 366‘A. Ultraviolet infities in quantum Geld theory Fg 2: Fictitious particles 367
1, Preliminary remarks 49 3. Slavnov-Taylor identities, ‘867
2. Previous regularization techniques 850 4, Structure of pole term and counter Lagrangian 868a. Pauli-Villars regularization 850 B, Correctionsto the graviton propagator 868Db. Analytic egulatization 850 1 Photon conection as€. Speers analytic renormalization and the BPH 2. Neutrino correction 39

approach 880 . A second look at quantum grav4. Abelian and non-Abelian gauge theories 851 Oe ean sravity bdB. Concept of dimensional regularization 852 2, Ig quanturn gravity renormalicable? 8701. General idea 852 VI. Higher-Order Diagrams 310
2. Usefulness 882 A. Multiple-loop integrals 870C. Outline — . 882 1. General remarks 37TL, The Technique of Dimensional Regulciation 853 2 Eaponential parametrization a‘A. Mathematical tools, 833 B. Venter dings a3

1B The technique of dimensional regularization 854 VIEL Gonloding Renerks an
1. Prescription . 854 Acknowledgments a4
2. Combinatorics and gauge invariance ass area a
3. Infraredvs, ultraviolet divergences 855. Refecences a3C. Other techniques 855
1. The *t Hooft-Veltman approach 855

2. Other one 0°? techniques + 856 1. INTRODUCTIONa. "Hoots method 856

b. Brown's method 356 A. Uliraviolet infinities in quantum field theory .

2, Muyetons fan Qantun Btdyeanis 851 +. preliminary remarks
Fintantt divcional regularization $55 ‘The treatment of ultraviolet infinities continues to be one1. Can the copys tensor be generalized to arbitrary: of the most challenging and tenacious problems in relativistic

dimensions? 860 quantum field theory. Onlyin quantum electrodynamics has2.
Anoinalies . 861 it been possible to eliminate these infinities consistently andTV.

Extension of Dimensional Regularization to Massess Fields 862 in a physically meaningful manner by absorbing them intoalednitionaf is « the bare, i.e., unobserved, charge and mass of the electron.B. Redefinition of the generalized Gaussian integral 863 " Bi
1. The Gaussian integeal 863 The result is the successful renormalization program of
2: The lowest-order tadpole integral 863 Dyson (1949a,b) and Salam (195ta,b), in which the re-

ch (0) terre vel a 864 normalized quantities, mass and charge, correspond preciselyV. Applicatonto Yeoe ste Peds $64 to the observed mass and charge of the electron. AlthoughAn atroduction 86{ many questions remain to be answered for eitherthe strong,B. The muon (g ~- 2) factorin the Georgi-Glashow model 865 gravitational, or weak interactions, there are indications= . , . Row that perhaps one or even two of these interactionscana asepeentelin part by the National Research Council of might be renormalized in the not-too-distant future. The{ Alcander von Tlunioldt Felow, on sabiaiat kave at DESY _feAsons for this cautious optimism are (i the reeent progressand It. Institut fr ‘Theoretische Physik der Universitit Hamburg, in the unification of electromagnetic and weak interactions,
Hamburg, Germany. (ii) the breaktirough in the renormalizability of certain non-

Reviews of Modem Physies, Vol. 47, No, 4, October 1975 Copyright © 1975 Amorican Physical Society asa
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1974), we conclude once again that the continuous dimen- anomalies can sometimes be made to cancel by a judicious
sion method yields the same result as other more conven- redefinition of the fundamental fermion ficlds, it is neverthe-

tional regularization procedures. . less desirable to continue the search forca 7* matrix validfe) in arbitrary dimensions, so that the technique of dimen-
sional regularization may be applied unambiguously to anVIL CONCLUDING REMARKS
even greater variety of physical models than has hitherto

In this review we have applied the technique of dimen- been the case.
sional regularization to divergent Feynman integrals in the
context of Abelian as well as non-Abelian gauge theories. ACKNOWLEDGMENTS
“The technique has, in our opinion, three distinct advantages. ‘

Inthe frst place, its simpler and more elegant than other, The author is grateful to Professor 7.D- Nestonandmore conventional regularizationmethods such as the Pauli Drs. D. A. Akyeampong, J. Strathdes, and G. TootVillars prescription. Secondly, dimensional regularization is sereneee Beitreiman for bis ad re and eo.powerful enough to handle efficiently and on the same Grafts to Brotissor S. ©. Trini eof the project and tofooting both ultraviolet and genuine infrared divergences. fouragement Va theFi ly sf oe oesbe seitieameFinally, and this is its most significant feature, the tech- Professor M. Veltman, for several constructive critics
“que is emi - Sng at of the final version of this review. It is also a pleasure to

nique is eminently well suited for dealing with gauge : ‘

theories, since it preserves the locel gauge symmetry of the thank Professor Abdus Salam, the Intemational Atomic
underlying Lagrangian. The preservation of this symmetry Energy Agency and UNESCO for hospitality at the Inter

‘ sti, national Centre for Theoretical Physics, Trieste, where thewas demonstrated in Sec. III for the vacuum polarization A peor
tensor in quantum clectrodynamics, and in Sec. VI by ™anuscript was completed.
regulatizing non-Abelian massless spin-two quantum gravity
to lowest order in the gravitational coupling constant. It APPENDIX. USEFUL INTEGRATION FORMULAS
was specifically shown’ there that the sum of the graviton ‘The following list of 2u-dimensional integrals is divided
and fictitious-particle contributions to the graviton propa- nto two categories: the integrals in the first category hold
gator satisfies Slavnov-Taylor identities [Eqs. (6.17) and jor massive particles (m x 0), whereas those in category B
(6.18)] and that the finite portion of this sum can be ex- are valid for integrals associated with massless fields
tracted in a manner which is consistent with these identities. (yp = 0). :
In summary, dimensional regularization permits a consist-

cent gauge-invariant treatment of divergent Feynman am- A, Massive Integrals
litudes to all orders

in perturbation theory.oe) ® ue fon theory: Formulas (A1)-(A6) below are taken from Appendix A:
‘Although 7 ie Jarization ig oft Hooft and Veltman (1972a). In transferring them wecytevB op once ihe nation of wealotc contraction iz bave, for the sake of consistency, replaced the complex

clearly understood, the method should not be applied indis- variable » by 2 and divided each integralby (25). TheseGiminately to any model ing. gauge symmetry. integrals hold for m* <0, w arbitrary, and are paticslaclyBefore embarking on an explicit calculation, it is best to Useful in connection with the discussion in Secs. IIT and V.
ascertain first whether or not the underlying’ theory—be it
Abelian or non-Abelian—(i) is massive, (fi) is massless, or oq i

ii) contains, through Slavnov-Taylor identities or other- tae kyu Gr =wise, factors of 7%. Let us briefly examine these three (a) (gt+ 2k-g + m2)* (4x) (mn? — HYpossibilities. Ta—)

Te-9 (at)For massive theories the prescription of ’t Hooft and T@)
Veltman (1972a), Bollini and Giamabiagi (1972), and Ash-
more: (1972, 1973) works remarkably well, as demonstrated :
in Secs. III-A and V, and ambiguities can easily be avoided. Pom ps
For massless theories the prescription given in Sec. I1.B.1 On)a(g+2k-g + mis GxeGe = Be
requires modification (Leibbrandt and Capper, 1974a) due Onin dha
to the appearance of infrared divergences connected specifi T@-«)
cally with massless particles (see Sec. IV.B). The modifica- ——(-h), (A2)
tion involves basically a redefinition of the original 2s- T@)
dimensional Gaussian integral which permits a consistent

treatment of massless tadpoles ‘as well as §*(0) terms mae i 1
(Sec. 1V.C) and preserves, moreover, the crucial Slavnov— f 4 =Tasos denies associated with the graviton self-energy One td db-g tm" Gel — BP TOjoop (Sec. VI). X(T@ — wk

+ Pe — 1 — w)o(m? — #)}, (a3)fe) Finally, extreme care must be exercised whenever the

theory contains anomalies characterized by ‘ape or 78. Since om j 1
the latter has only been generalized successfully to even- ae - _—
dimensional spaces (Sec. III.C), the continuous dimension GnGt th-g4 m= Gayl? — BI FO
method could create ambiguity problems if these anomalies Ox + hat wi) »
persist in the final Slavnov-Taylor identities. Although the X(Tle ~ w)lgke + P@ ~ 1 — a)lm — 2}, (AM)
Rov. Mod. Phys., Vol. 47, No. 4, October 1975
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"OK,60 I have read this section. I dont really know what to think ebout, it. They _
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; Summary. — It is shown that, in the noncovariaut axial gaugo, quark bed
and gluon mass shell renormalization constants (if suitably defined) ‘ee_— . H obey the classic Ward identity of quantum clectrodynamics Z,= Z,. igoe Similar relations hold for the puro gluon sector. ‘Tho validity of such Bd

1 ‘The derivation in the axial gauge is considerably simpler than in cova- ra
H riant gauges. eh

inger H 1. = Introduction. Beesteuisce . bad
no pol , ‘The investigation of non-Abelian Yang-Mills theories is by far not a closed Bd

. subject. Whereas the ultraviolet (UV) divergences have been shown to be Se
tractable ( (leading to a renormalizable theory), tho seme cannot yet be said at

i of. the infra-red (IR) singularities. ‘There are, however, good indications (*) pes

: (‘) To speed up publication, the author of this paper has agreed to not receive the ae

i proofs for correction. RdHENNE a () G. v Hoorr: Nucl. Phys., 33B, 173 (1971); 35 B, 167 (1971); for # review, ef. Beepee. YG. Costa and M. Tosts: Iie, Nuoco Cimento, 8, 29° (1975). aamecs ! €) Youk Puse Yao: Phys. Rev. Zelt., 36, 653 (1976); ‘Tu. Avrerquisr, J. Canaz- eegreet . 208e, I. KuupERa-Srexs and M, Row: Phys. Rev. Lelt., 36, 768 (1976); L. 'Frauks«t: Se
mpi Phys. Ree. Lett., 37, 319 (1976); Nucl. Phys., 116 B, 201 (1976); J. Prexwer, R. Mevr- =

} penaaxs, I. Momastwap and J, C. Tarton: Phys. Lelt., 64B, 211 (1970); Nucl. Phys. 9
‘ 121 B, 83 (1977); A. Gancta Anvawez: Nucl. Phye., 120 B, 355 (1977); 't. Kisosiura, eta

and A. Uxawa: Phys. Rev. D, 13, 1573 (1076); 15, 1596 (1977); G. Srenwax: Phys. Seafe) : Ree. D, 14, 2123 (1976). eae
' |



4 ja

lok 466 W. KovErScUNY os
~ aM - that in perturbation theory (which by itself might not be the appropriate frame- 3b vade work to tackle the question of TR behaviour) the divergences from real and :

;Sag
Virtual soft vector quanta mutually cancel for quantum chromodynamies .Aug (QCD, the theory of massive quarks interacting with massless giuons) in much 4Peer
the same way as in quantum electrodynamics (*) (QED)—at least in the none Kw+t forward direction (+). The infra-red finite transition rates thus obtained still : doe
involve the unrenormalized coupling constant, and the next task is to under-“89 4 stand how renormalization affects the final result, ;a

In this context it has been shown recently by Cvrraxovr6(*) that in ¢o- 1 .F
¢ Variant gauges of QCD the mass shell quark renormalization constants obey :4

3 the classic QED Ward identity Z, = Z,, and similarly for the gluonic 2's. 4£ eg ‘The remarkable feature of these Ward ‘identies is that they call for an inter-yt 4 play (*) of UV and IR singularities. ‘This requirement is met by the dimensional 4
rg regularization 9 scheme where integrals without any internal mass scale are .} “ne set equal to zero @. . .poe Covariant gauges of non-Abelian Yang-Mills theories necessitate the inef°

g troduction of fictitious fields into the Lagrangian to maintain unitarity. Thesei 3 * Faddeev-Popoy ghosts » (*) complicate the Slavnov-‘Taylor @) identities which :“4 7. express the gauge invariance of the theory. Ghost-free gauges cieumventing
4

Fo ASH these complications can be constructed (2) and shown to be renormalizable .
6" as well as unitary (19), The price to be paid in this «axial gauge» (4) is

E ¥. Romustcn: The Lheory of Photons and Blectrons (Reading, Mass., 1955).aot () The forward direction is more complicated than ia QED: C.’T. Sacuraypa: Phys.
. d Rev. D, V4, 1072 (1976); L. Marssoy and R. Mrvupemwaxs: Phys. Tell, 70 B,°309
ne é 1977). 4 :
_ v7) G's oorr and M. Venawax: Nucl. Phys., 44B, 189 (1972).+
day vot) G. Luwaanpr: Rev. Mod. Phys., 47, 849 (1973),
rrr ) L. D. Fapprev and V. N. Porov: Pliys. Lett., 258, 20 (1967). ;
“ys () A. Suavsov: Theor. Math. Phys., 10, 99. (1972); J.C, Tavcon: Nuel. Phys., 33 B,“AL og 436 (1971),

.we
9 Yee) W. Kusamm: deta Phys, sustr, 42, 315 (1975). .Pay V (") J. Fresxen: Phys. Rev. D, 13, 2395 (1976).

. Y v (*) W. Koxerscusy and W. Kuster! Nucl. Piys., 100 B, 106 (1975); 108.B, 397Ys 1976).

sod ‘UT-291 (August 1977).
.7

(eo RL. Ansowrrr ana 8. I. Prexuan: Phys. Rev, 127, 1821 (1962); W. Kup:wa Acts Phys. Austr., 14, 149 (1961); J. Seanwisern: Phys. Ree, 130, 402 (1903); Y. P.“a Yao: Journ, Math. Phys., 5, 1319 (1964); E. 8. PRanxry and I. V, ‘Trorix: Phys.oaks
Ree. D, 2, 2641 (10970); A. Curaxnanantt aud C. Danzixs: Phys. Rev. D, 9, 2484 (1974);ee E, Tosnoutis: Phys, Rev. D, 8, 2736 (1973); K, Dynwounao, A.Saax and J. Srrarie, ARey
pen: Nuovo Cimento, 23 A, 237 (1974); J. M. Conswaut: Phys. Rev. D, 10, 500 (1974);Sy RJ. Cenwrion: Weak and Electromagnetic Interactions at High Bneryies, edited by

. vbask MM. Livy ef al. (Now York, N.Y. 1976), p. 345, .y A
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Konetschny 1978 . uo°
Section 2: Author writes a most general kinematic form for the electron self-energy
(axial gatige QCD) and then after doing mass renorm goes on to define a Zp » Meanwhile,
the quark-quark-glue vertex has a most general kinematic form shown in (2.6), and the
first function GAMMAI is used to define 2. Then apply the Ward Iéentity ( called
Lee identity because this is QCD, but it looks like usual QED Ward-Tak identity), and
conclude that 2, = 2) almost.

.

,

.

Aside: remember that SIGMA-SIGMA(sh}(the mass renormed ¢lectron self-energy)
still has divergences which show up as poles at ne in the dim reg, ie, log div's.
In the dime reg, this log divergence appears as const/pole (because in general residue
must be polynomial in ext momenta and in log case that poly is const, see tH-V). Thus,

when you add a counterterm like (1~Z,)prop ow whatever to cancel this log divergence
pole, that counterterm must have const/pole also. Thus, Z) must be independent of p.
This part of Z, is called Z,,, and discussion here is on top of page 470. So, the
fact thet you conclude thet Z),=2, is enough to prove renormalizeablilty for this
sector of the theory, since it is these Z,, which you put in the counterterms.

©) section 3: Here author explicity verigies the Little QaD-Like werd identity to lowest
order in QCD perturbation theory. The graphs are bbvious, the actual integrals are
done in Appendix B using rules of Appendix A (Feynman rules). Mush use is made of

“regularizing" power integrals to zero. A power integral is also an integral without
a scale, by the way. So this section is OK, except I dont quite see how a detail

in the appendix B works, see top of page 78.

Notice, by the way, that the Ward identity is fully verified. Author does not

simply show that both sides have the same divergence ( egm that both sides have the

same logLAMBDA)(or both sides have the same n= pole residue. )He shows completely
the equailty, and avoids doing the last pair of integrals.

Section 4: So much for the quark-gluon QED-like Ward identity. Next, author considers.

the Ward which we are interested in, relating the 3-vertex to the glue propagator.
I recall from other papers that the glue-Ward in covariant gauge says 23/Z=23"/Z1,"
where: Z, relates to the glue propagator,’ and Z, goes with the vertex; and where
the primed Z's refer to the same objects for the ghosts. As author notes, you might

expect that in the axial gauge where ghosts decouple (Z3'=Z' = 1) you might expectO thet 23-24. te now goes on to show that this is in fact true.

How? He writes down a general form for the vertex dotted between two special

fol



polarization vectors (thus, he avoids writing dow a most-general tensor form

for the vertex). Then the Ward becomes (44.2). He also writes down a most general eoform for the inverse propagator PI as in (4.4). In this propagator Z, is identified,
and in the vertex 2, is also identified. The ward then says that 23eZ,, nob just
for tle constant parts.

|

What about vértying'this Ward? For terms only involving quark-loops, it
is easily verfied. But they are unablé ito do it for the pure glue loops because
"there are too many terms". We have done this vertification only for the divergent
part, ie, we showed Ward OK to log LAMBDA terms only, or, n= pole residue only.

We never dealt with all those lower terms. So here is perhaps an open problem that
we cen utilize reduce to do.

:e

e



Comments on Section 2.

oO 1, In the axial gauge, the presence of the vector n" causes the generel forms for the
electron self energy and the electron-electron-photon vertex to be more complicated.

(By electron I mean quark, by photon I mean gluon, this is QCD). Somehow it is still

pobbible to define a 2; and Z) in analogy with QED, and you suspect that you should”

get a Ward result Z,=Z5.

2. The author Konetchny goes ahead to define Z, in an obvious way and Z, in a way that
I believe but which I have not really proved is right. With his Z's, the author

finds that you do not get simply Z)= Z) but that there is an extra guage term as
shown in (2.9). It is then argued that a true Z used as a counterterm in renorm

theory cannot be a function of p because that means non-local. So to get the Z's.
you would actually use to renormalize, you are supposed to take the constant part
of Z, and Zp , ie, p and n independent. (first implies second). But it is obvious
that these constants are equal, so at least we have that much.

3. Interesting point is made here. I am now used to p-depdendent Z's certainlyfe) ‘through the ratio gamma; but renormalization Z's really have to be p independent!

: Having that extra vector n™ really complicates the pie, but the reward is simple
QHD-like Ward identities.

| 4, Mass renormalization is easy to understand and consitent with my own notes. You
put in the physical mass @ m, then you add a counterterm dm so that the mass does

not get shifted when propagator dresses. I note with someinterest that, because of

the n.p thing, this mass counterterm is actually momentum dependent! You are then

allowed to subtract momentum dependent things from your self-energy in axial gauge.

I await with interest to see how the gulon self-energy case works.

Section 3: By working out a few feynman graphs, the ward identity (2.9) is verified

. for the quark self-energy. The constant parts are thus also equal. This section

involves appendices A,B, and C, in particular, integrals are all done in the dimreg

method which I should now study a little. I think the equality of the Z's is needed

for the proof of renormalizability and in the axial quage this has been a question.

oO
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a Volume 650, number 1 PHIYSICS LETTERS 25 October 1976

Bs icf

se i
= INFRARED BEHAVIOUR OF SELF-ENERGY FUNCTIONS IN THE AXIAL GAUGE j
ee .
=e J, FRENKELand R. MEULDERMANS** |=e University of Oxford, Oxford, England

=e |= We dns in thai ngs, the infrared singulrtes of he ste fnctins which determine the exponen=a ‘al of leading infrared diverggncies in massless YangMils theories.

= Recently, Cornwall and Tiktopoulos [1] have extensively discussed, in the Feynman gauge, the exponentiation
at of leading infrared divergencies in massless Yang-Mills theories. Furthermore, a8 shown in ref. [2], in non-coveriant
SEX ‘gauges these divergencies occur only in the external line self-energy. This fact, together with the gauge invariance
Syd of the S-matrix, lead to a simple proofof the exponentiation. In order to ensure gauge invariance, use has beenaa ‘made of the dimensional regularization scheme [3] for both ultra-violet and infrared divergences [4].

4

. In this note, we would like to present in the axial gauge, a more detailed discussion of the infrared divergences= which oceur in the self-energy function. In order to isolate these divergences in a systematic way we proceed as&
follows. First, the dimension n of space-time is chosen to be less than 4 in order to regulate the U.V. divergencies,E with the external momentum off mass-shell. In this case no infrared singularities are present. By subtracting off=
the ULV. divergences we obtain a function which is regular at n = 4, which is then analytically continued tom > 4ie to regulate the infrared divergences. These singularities will manifest themselves as the external momentum is
finally put on shell, as poles at n = 4, the leading one exhibiting a double pole structure in lowest order of pertur-

bation theory®, In order to illustrate these facts, we consider field theories described by the Lagrangian given below, in whichi ‘massless veetor particles interact with themselves and with massless fermions:

4 12 EF pFgy — VO YW Lys @
ie where

2 =8 429, At +gstbe gb 4cBi Fy = 8,45 — 2,As, + af PAPAS : (2a) .
: is the gauge covariant field strength tensor and ‘

2 Dy = 2, — igr?Ag (2b) ‘
i is the covariant derivative. The term L, specifies the axial gauge [5]:

f I_= tim 1 (A,a2 @)i BY gp 2a nn

i Ay, being an arbitrary four-vector, with A? #0. In this case, the vector boson propagator becomes, in momentum. iq space: i
1 QA, +O,A, 070.0, iDyy(Q, A) = > -(s,,-4 “a toe ® |O2-ie @-ay iE

where the denominators Q« A and (Q- A)? are defined by the principal value prescription. 4

1 On ee of stance fom Instituto de Fie, Universidade de Sao Paul, Braz oq
** Navorser L.K.W. (Belgium) and British Council i og

: 1

64 }



Frenkel and Meuldermans 1976 letter

9 ——_tquations on the first page just define the theory: QOD in axial gauge. Notice the
idea that you really do have to take the paramter to zero to get axial gauge, as.
Chiu noted.

Second page claims the self energy is Ag + Bf, although I dont see why youdont
also have a term C yf for example, as I found in the massive case withwe myh Kon fiddlings.

In lowest order, they set about computing this electron self-energy. Theresult is (10) where they use the dim reg deal. Fine, By the way, they use massless
electrons (quarks).

Look at their result (10). The poles at n=k represent the UV divergence, whichhere is log ( mass renorm 1s already performed, hence no 1 tern in (5). 9 I'ma
little confused about how the mass renorm enters (they dont mention it but Kon did).
Maybe in this lowe order calc there is nothing to subtract.

Anyway, look at (10). You clearly see the UW poles at n=. This thing is binegheld off mass shell so there are no IR singes. If you let p* = 0, you extra sings
. because n.LT.4 will cause divide by zero.

o So holding off mass-she@l, just subtract out the UV poles as in (11). Then
es you are supposed to go to the mass shell and observe the sudden appearance of some
° new poles at nek. These must be the IR sings since you already removed the UT

ings.

This sounds nice, but not enough detail is given to let me follow the cale.In particular, I dont think that (12) can be provedn from what is given in (10),In
(10), if you continue to n.GT.4 and let p®=0, the first term in SIBMA1 dies,and fails to cancel the UV poles subtracted off, that I see. But I dont see

where those IR poles are conging from, unlese it ie in "f™ and "finite" which theydont state.6
Notice that (12) really gives the behavior of the self-energy near the massshell, since second term is order p*. This is I guess what you need to compute 2arelated to Np and you see the presence of double poles at nel which are associated

with the IR sings.
So their point is to show that there are double poles at n=, which are

fretated to the IR sing of the massless quark self energy. 7o
aNext, they consider the gauge or gluon self energy in lowest order. The “leaf

graph gets regularized away and you are left with just our "Born Loop" and the "Quark
Loop" graphs. They then repeat the above analysis: keep off shell and find the UV
poles, then subtract out these poles. Then go on shell and discover that you now
have some double-poles at n=4 which are connected to the IR sings. Still the details
elude me. IK dont even know if they are doing Euclidean or Minkowski. The big result
is then that 23 has double IR poles.

So really this paper should be titled: discussion of the double IR polesin
quark and gluon self energy td lowest order perturbation theory . The significanceof these double-poles is that Cornwall and Tiktop showed that these poles play

some critical role in proving the real/virtual IR expnnentiation/cancellation
similar to the YFZ work in QED of 1961. Of course that assumes gluons are not
contained, if they can be emitted es real particles.... hmmm.


