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6. SEcong-order. term in A-transformation (but I never used this).

7. Euler-Lagrange equations for Yang Mills Theory X
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How to define the FP determinant in discrete spacetime in a clear manner! - Siﬁ'ﬁ

TIdeas when we write AB(x) = "object", we must understand that "object" is

really a functional of the gauge function g. Why? You know that Ag(xJ involves
derivatives of the gauge function, evaluated at x. Thus, you need a knowledge of the

gauge function g(y) for y in the neighborhood of x, not just at x. That is why AB(x)
is a functional of the function g. In prineiple, you might want to imagine that A%(x)
depends on.the value g(y) tak#es at all y, not just y near x. Certainly if you try to
write down things in discrete spacetime, you will have to do something like this to

get the ideés of derivatives!

With this in mind, suppose you have a gauge condition f{Ag{x)}n a. Suppose we write
this in a notation which shows the“functionalneSSr' £(48(x)) = F(g/ A(x) ) where anything
appearing befére the slash indiéatea a functional dependence.

Now suppose you have two spacetime points x, and Xy Then you have two gauge

conditions. Instead of showing functionmal dependence, I will show explicit dependente:

F(g)18,; AY) = 2 or F(g/kt)=a
F(E&:Eﬁih@u) =a or F(E?ﬁg{ =a
This means that if you know the two numbers.A(x;) and A(x,), then you could presumably
solve these two gauge equations for the solution function g =(§i.§éﬂ
Another. thing we can do is define two variables:
F, = F(gy18y5 A(xq))
FE = F(E]_!Sﬁ A(xz})

Of course for the solution function § = {El{éz] these guys are each egual to a. But we

.caq define these functions for any function g. Then we can do a change of variables like

804 &F; ;&F = \J'- d%\ d\%,‘_‘
uhnana
;}F %Fx h
‘:l-: as;_! aﬂL = :‘;‘_F)JP\*%/]
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Here I emphasize that the Jacobian is a functional .of g ( ie, depends on. the function
g at all its points), of A (depends on A at all x;), and also of F, depends on all
values of its x; argument. - Of course if you want,.you can evaluate the functional
J[F,A,g] at the function g = ¥ .

What is usually done, I think, is to go Yack to the gauge condition f(AE{x"))=D and
insist that the solution function be Z = (g;s8,) = (e,e). Probably you can solve this
gauge eguation to get: "frr= Alf,gll . Te, th: gmtiME is a functional of the functions
f and g. Orf, you could solve the other way (as we did above) to say T = g[f,A].

What does this say? You are given the function A ( ie, you know A(xq) and A(x,)).
¥ou are also given the form of the gauge condition f. Then you can solve for the
gauge function 'g which solves it. In the other direction, I’ = A[f,g] says that given
some functions. f and g, the field must be i to satisfy the gauge condition. Presumably
there is not a unique ij + but there 4s a class of solutions so the gauge condition is
really a constraint. _

Usually, one -fixlas the gauge function g = e for each x, and thig implies some
fields A = Alf,g=e]. .

- B3
Now, since "object” = AB(x) is a functional of g, we mean that it depends on all g(y).
Thus, it gpends (in our example) on g(x;) and g(x,) which we have called g, and g.
So, going to a finite number of spacetime points n, and still only one color,

we have:

T (aF(s\Ae) - l%r-;m*:ﬁw\ ANETO I
23T
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As you let the number of points go to infinity, the object M(x,y) becomes a functional

. derivative in the sense of my V symbol . Moreover, you usually end up evaluating
o detM = J[f,A,g/] at g =g where the gauge condition is satisfied, ie, "on the gauge
surface”, Also, usually you choose £ = e so @ = O for paramters, .

My key error before was failing to realize that £(AB(x)) , and for that matter

even AZ(x) itself, is a functional of the function g , not just a function of g
at the point x. I used to say things like this: "consider £(a8(x))=a. For each point
x find a g that works, thus f{ﬂg(x)(x})=a." Ie, I was thinking that each point x acted
by itself and points were not mixed. Thus, I was unable to come up with a jabobiani!

In fact, you have a separate gauge condition at each point x, and each of these
(infinite number of) gauge conditions involves g(y) at all points y. Thus, each f
is a function of all the values olf g(y) and you can define a transformation of variables
from the g(x;) to the f(xj) using the Jacobian.

I am writing all these words because I never want to be confused by this again.
This is the fourth or fifthf time I have "done" this FP deal, but this is the first time
I have really understood how it really words in the spacetime sector. The color part
is easy.

In fact, here is the generalization to color:

TN =ay 2=

T T LN - IAa) TF Cageo!
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S0 here is the change of variables and its inverse:

O (MO = TBAS (ag O

5(30H-8) = TWAL S (a-3) @)

To show the validity of this (2), apply (1) in the variable g to both sides then
integrate.over df(A8) on left, which is dg on the right. Or, apply (1) in varialbe g°
and integrate over g'. The primes on each side of (2) must match, but are arbitrary.

1

In (2), replace the g with g' inside J ( for free since delta). Then integate

both sides on dg to get:

Tirag) = Nug & (F08-509)

This is true for any g'.'f"Horw, however, assume that the gauge condition said f{f(x}} = 8.
Then we can set g' = identity on both sides. The left side is no longer a functional of g,
o but it gains function dependence on a ( not functional, a is a constant independent of x).

Thus we have:

Vg A el = Ntagl B (SR - o)

o Bt
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G If we like we can write M as a product of derivatives as follows:

Gy = 2y | WO (.‘J’Aﬁz) v

VA Ve (y)
In the first factor we have gone ahead and- set g=e so you don't see any AB objects
there. But I can't simplify the second factor without formetting what I am doing! You
cannot set g=e first then do the functional derivative!

The second factor may be computed without knowing the gauge function. But first
a few comments: our gauge condition is f(A) =a, but that doesnt tell you anything
about the derivative appearing above as the first factor. It is not zero! If you ever get
confused on this, put back the previous form with g=e tacked on the outside.

First lets consider another question: does M and thus J=detM really "know"
about the value of a? Looking at the above, you would think not because df/dh knows
nothing about a. Also, looking at the integral representation for J, if you hold your
fields A fixed .and vary a a little, I don't see how J_l can change. Of course if you
consider f(AB(x))=a and you keep A fixed and vary a, (also keeping f fixed), then you
are varying the solution § away from its original value e. But I don't think equation
(3) cares what the hit value is. For the original a, maybe the integral in (3) "hit" at
g=e, and for a new "a"™ it hits at some other g. The result should be independent of a!
This may be helpful in deriving identities!

So, lets return to our idea of writing the second term above in general case.
First let me do a few changes: 1) put in Lorntz u index on A field 2) change to a,b,c

color indices; 3) change from g to parameter ©. Thus the above reads:

Mq‘h(,“m“ﬁ\ = Z}_ &E 1 Tr?'?; (P\{‘R\D \ vAE‘:ﬁ @) =0
ti‘#‘ VAE,‘?\ (i‘} ?%b {‘ﬁ\j
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For Yang-Mills theory we know what 48 looks like near the identity, so we can compute

"
O' the desired derivative:

RSN
A @) = F\t(ﬂ-‘fg Qa (N)&1@) + orde (&)

@
= VP\ (E\" = -4 ‘Dn'h %(i—‘j\
V&% (4) ¥
Here I have used a theorem (see later) that says: functional derivatives pass right through

regular derivatives. ( Remember these is a regular derivative in D ).

Now install this result in our general formula:

= -4 5 3] T

L

o Aside: T could if I wanted at this point parts the cperator D onto the [ 1, switch
its color labels, and thus get an overall minus. This would free up the delta and
get rid of the integral. But not profitable because you end up just reversing the
process to get what you later want. km“ﬁ?qj

Example: \t.he covariavi’ gauge]
1O = 53K = _AM\ D 52 S e
VAL &)

Here again we use fact that functlional derivative reaches right through s regular derivative.
If you now insert this into the abowe, what happens? Convert d, to dz. on the delta, getting

a minus sign. But then parts -:1z over to the right side getting a compensating sign. Then

the freed delta sets z=x. Obvious result is then™:

l"\m(‘*,ﬂ = = ‘;;,&g[ib LA®)] g(“‘ﬂl > U%l = “% Eﬂé‘“
R EN GRS

If M is evaluated on the gauge surface ( as we have claimed) you could actually make

=

|

a

use of the factor that d A% - a inside your expression for M.
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Recall how this detM gets into the generatin g functional. It gets in there through
explicit use of equation (3) above, so detM as it appears there is evaluated on the

O gauge surface. Even if you later "replace" the gauge delta with something else, your

J is still evaluated on the gauge surface.

Example 2: \axial gaugel

L (A = M ALY = oo

M\ e b (x-3) Saye
vh’* (x)

- Ma ) = = 0 D LA S e
= - }g My EEH—;% (Gi}a.‘b P\t b‘% RSN
i

- - 4_;‘; 3" = ke G5 )a qtl §Cx~y).

O Since I have been talking pure Yang-Mills theory, these G matrices must be the adjoint
representation generators, related to the Cppe+ Later I will have to see what happens
whén you have matter fields also.

The point here is that in axial geuge M and thus detM which appears in the

FP quantization (and is on gauge surface) is independent of A and acts as an overall

constant. Hence, no ghosts!



A Review of Definition of FP.Object. (the invariant thing) and-Comparisbn to FP Detérminant

!:!’ 1. First, as summarized in the preceding pages, starting with a function £(A8) we are
able to define a chamge of variables and a Jaceobian for this change. Roughly, the idea
was to say £, = f(Ag(xi}) = a functional of g, so you compute df; product against
dg(x;) product and you get a Jacobian:

| T aRoa)] = T T 0

LINY = s Nalagy 1K)

M,:-»‘g Mo Gol HAY) = [ T(NW)

e\ Z N Sk (4)

Notice that this Jacobian is a functional of A® which is some point in the A-plane. If

we arbitrarily say that A is a point on the gauge surface, then A8 in general is a point

not on the gauge surface, but is off somewhere on the orbit passing through A. This det-
G erminant Jf[Ag] is not the FP determinant. That will be defined later.

In the preceding notes we also showed that the above variable change implies
a sort of integral representation for J:

W = St S (RO - H(AY)

2. Here is the definition of the FP determinant:

AR = \ug SGOH-a) - AN g

Here the symbol a can be any function of spacetime. WE use it abo# to specify the
chosen gauge surface f(A-) = a. It is also & color vector. Sometimes it is chosen zero,
sometimes it is taken to be a constant. The main point is that it is independent of A !
From that fact, you see at once by Haar invariance that the FP Det is a constant over
any given orbit, hence the rightmost eqiiality above.

L

3. Clearly, based on the above discussion, you can see that the FP determinant equals
the Jacobian thing when the jacobian thing is evaluated at an A on the gauge surface!

O



o

ﬁ.ls_ ”

ol ~ ~ wd
AN = A TAY = 3 TR TR = a
Thus, the FP "object" anywhere on the
orbit shown is equal to the Jacobian 3\
determinant only at the intersection fza

There is no simple relation between the FP object and the Jacobian evaluted at some
point not on the gauge surface! ( red dot on last page). That is because the Jacobian
det has that extra term in its dg' integral representation which the FP thingx does

not have.

Conclusion:  The FP object is constant over an orbit. Tt is equal to the Jacobian
determinant only when this Jacobian thing is evalubted at the orbit point which lies
on the gauge surface. The FP object has no connection to the Jacobian evaluated at
some other point on the orbit.




Doubte about the Fundamentality of the FP Determinant.

0 ‘ I have established that the¥e are two objeéts and that they are different. The
first object is the Jacobian determinant, the second is the FP object. To review, the
FP object is constant on orbits, the Jac det thing is not. These two objects agree at
the intersection of the gauge surface, but not elsewhere. See other papers on this.

Here is my new worry and concern:

_1) In the rather correct-looking Lagrange multiplier quantization procddure of Fralkin
and” Tyutin, it suddenly appears the that object which appears indide the path integral
is in fact the Jacobian object and not the FP object. In particular, see their equation
(2.37). Notice that there is no pauge surface delta, rather there is the usual "gauge
fixing term" in the Lagrangian. The significance is this: you do integrate over fields
that are not on the gauge surface here, although their contribution is exponentially
damped as you leave the gauge surface (that is what the gauge fixing term effectively
does). Therefore, during the portions of that integration where you are not on the
gauge surface, the Jac det object which appears in there is definitely not equal to
the FP object which FT define in (2.43). It was my impression that the PP obeject
appeared and not the Jac det object, but apparently I am urﬂng.!

:}J This makes me go back and examine what I think I know about "exponentiation of
the delta". First I locked at my own "version 3" of this. I now think my arguemtn was
invalid for the following reason: here is what T did:

3 St

Sune da G-() JLQILMX s RN ==
ne [ | SINGLLE \

STA)
_ B\‘LAQQ, 251 A) Scloh, G-T_‘?{P\E\‘& ?

= (Sa)  LYBR T 6TM 45T ) W g

The idea was that G(a) be a decaying exponential so the parth integral [da] G(a) be
normalizeable, and then at the end you knowck offthe dg integration. The resu1£ looks
good, but I think I have screwed up: the FP object as defihed abok really depends on
"a", which I have gone back and leblled in red: Thus, you can't move that da integral
to the right , so the derivation is just plain wrong.

o _@_ Next, I looked back at Abers and Lee and learned that they only do exponentiation
in the sense that¢/-y 0. See their page 87. They never claim any validity except as /= O.

1 .
Only I claimed validity based on my own falge derivation as above



O

L) I now underttand the correct way to do this stuff. Here is the sequence of events:

A. Do the extraction of the group integral, see single sheet in these notes.

c.

This step makes use only of the invariance of the FP "object" and of the
measure dA under regular, unconstrained gauge transformations. You are
left then with the FP object and s gauge surface delta function inside
your path integral.

The next step is to now replace the FP object by the FP determinant. After
this replacement is made, you next show that the product [dA] detM[A] is
invariant under constrained gauge transformations. This fact then establishes
that the generating functional is independent of paramter a. Then you can
go ahead and effect "exponentiation of the gauge delta". This is just how
Lee Zinn-Justin-4 do it, with the result Be. 11. Your detM then becomes
the ghosts and you are all set.

Recall that Fradkin and Tyutin obtain the identical result by doing a
Lagrange multiplier trick. Just another way to do it.
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Euler-Lagrange Equations of Motion for Yang-Mills field theory.

O 1. The result appears in the Fradhin/"f‘yut.in paper, here is the derivation.
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Discussion of an Ambigjity in the SpaceMatrix Notation.

C:!’ 1. Generally speaking, the product of two space matrices inveolves a composition of
operators. Here is an example:

Im) =3+ A\
1) = 12+ &)
QW) = Ve I T
= Ve {0+ Ko S IR+ e
= \dz  Tex-ay 1%« A1 ( 9 ) Shﬁ\)
W + Kyl (I%’i IO
= W Ko [3a v B@)) Sk

- Lwew s,

Two lines back I have put in a "composition operator™. What this means is that you take

the operator on the right and act on what is to the right of it (here a delta), and then
you act on that result with the operator on the left .

il

@)

This is just the usual thing
you mean when you compose operators. Eg, in the above case the explicit result is:

= 5K (ﬂ)l (Q; 3~ + G},.(*)S(Hﬁ)

= I SCeea) + KOV 50y + (780 Shen) + 86335 Tlamy)
v KoO8@es)

2. So why bother with a special notation? Consider this simpler example:
M= 8"
= = E = (W), = GR(R0) Seem)
= (") Tg) + 8.3 3] T
g S8 Seoy) = TR @Te)
# (@8 T(x-9)

) = B
o A )



You could always keep the distincition clear by putting in correct parentheses, but
the préoblem is that this is usually not done. For example, in the covariant gauge
when you compute M here is what you really get:

Q)] yn
Ma 0,0y = - EN o D B 6n)
r,é- -— -'én;- (éﬁﬁ:h{x)b g(‘x h‘j\.

3. In spacematrix notation, the above equality is easily stated becamse recall that
it is operator composition that goes with matrix multiplication. Thus:

A A e CANE

L. Therefore, we have now a precise enough notation to tell these objects apart:

@ T = Grew)Siey)
Oy 28 # eAlsel

©  13eSl, = 3 Lo®Tuay)
Lol = (3 )

In fact, here is a little identity involving these look=alike objects:

13eel = (o3 + (58]
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5.18.79

1. Orbits: let Rectangle be the space of all fields. Each field A is represented by a
simgle point in the rectangle. In this discourse we are never going to talk about the
value of a field function A(x) at some spacetime point,; the point in the rectangle
represents the function as a whole, ie, objects defined with Rectangle as a domain will
be functionals of A. We should still regad each point A as a vector in some color space,
however. By saying this, we imply there is a "gauge group" ; ie, there is a way to take
any field vector A in the Rectangle and turn it into some new field A" via some kind of
gauge transformation which is related to a gauge group hwich we assume has been chosen.
Once there is a gauge group and the possiblility of gauge transformations; you tan see that
the Rectangle can be visualized as the uniicn of a bunch of orbits, where an orbit is
the locus of all fields you can get to from a given field. Below is an illustration of
the Rectangle and a few orbits. The space is defomred until the orbits are verticdl
lines ( or wafers, if you want more dimensions). Furthermore, we make a graphical
simplification: if you start at some field A, on the orbit labelled by “c" and you
g0 to a new field vector A ' = U(g)A, via scme transformation labeled by group element
g (or its parameters), then the distance you move along the orbit is the same for all

(::’ orbits, for given g. Obviously this is not really fgrue, you can't say this no matter
how you distort the Rectangles "surface metric" or whatever. But I will do it anyway
because it helps illustrate some points below. As an aside, it should be mentioned kat,
like A, the symbol g represents a vector of paramters each of which is a funection of
spacetime, but we ignore the spacetime aspect here: everything below is really a
functional of arguments, not a function. No need ever to expose the spacetime arguements.
One final detail: I may want to have a sort of "reference" field for each orbitg Lets
take these to be the points along the bottom of the rectangle. I will call the reference
point on orbit ¢ by the name a . Any field on orbit c can be gotted like so: A = u(g) a, .

//.--m’*'t b /’,,-- nrh:\'.t.{;-

k-\/

W
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Me |
g [ | a % \
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dy a.
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2. Global Gauge Transformation. Under any kind of gauge transformation (global, locel,
or whatever), each field point in a given orbit gets mapped into some other field point
in the same orbit. Thats the definition of orbit: no gauge transformation no matter how
fancy can take a field point over into some different orbit.

Now, by "global" gauge transformation we mean simply that the gauge transformation
in each orbit is labelled by a glohal, overall grnup-lahel g. Ie, the group transformation
on the fields U(g) is going to be the same in each orbit. The preceding drawing shows
the effect of such a glcbal gauge transformation on two points called ay and A The
effect is that each point is "raised” by 3 cm on the graph. (Presumably the graph is
spacewarlike so if you raise through the tope you reappear on the bottoml

Suppose for some reason we were interested in a particular locus of field
pointsthakximkmxxeekedxeax . The effect of a global gauge transformation on such a.
locus would be simply to translated the locus (phe figure) vertically without distortion.
The global transformation is given simply by: Ay = U(gj A, where A, is a field
point in orbit ¢, and where Ac' is the new pciﬂ?- This applies to each orbit, and the
point .is that g is the same for all orbits.

3. Local pauge transformation. This is the same thing as the above except that now we
allow the gauge pargméter.g to be different for each nrhit. Thus, we have. A ' = U(Eh) Ac
Graphically this means that if you do a local gauge transformation on a figure, the
figure gets vertically shifted and also distorted because the amound of vertical shift
varies as you go from one orbit to the next. L |

1 —

L A | ; AT

(@) ‘ ' | (B
Fig 2: (a) shows the effect of a global (b) Here is effect of local gauge
gaupe transformation on the green figure; transformation on same green figure.

the result is the purple figure, no distortion. Orbits on the right "upshift" more than
on left, so flgure distorts. But distance
from top to bottom along same orbit of
each figure is same, by our gragh conventi
on.
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L. Ultra-local Gauge Transformation. Now imagine that someone hands you a function H(4))
ie, a function of the points on orbit c. Suppose you do a gauge transformation where,

for each orbit, you choose g = H(A,). Then you are saying:
A, = U(g-H(AL)) A,
I have called this ultralocal because: even within a given orbit, the value of g which
tells you how much to transform is different for each point in the orbit. Ie, if you want
to see where point A, goes (of course it still ends up in the same orbit ¢ somewhere),
you have to first go and compute g = H(A,). Then you use that g to get A' .
What does an ultra-local transformation do to a figure? The figure below gives

a better comparison ot the three kinds of gauge transformations:

———
glres.

. |
| I3 Bl = J&
o a) global E b) lopal c) u.]l.tralncal |

In the global case, each "slice" of the figure is raised by the same amount. In the. local
case, each slice is raised by a different amound, but the distance between points on
each slice is preserved. ("Slice" refers to orbital portion of the figure"). In the third
case, the wholk idea of ‘slice-being-raised” breaks down. Or you could say™ : each slbce is
raised and streched or shrunk. Vertical distagne is no longer preserved beesause the
effective g for the two different points on%g‘cuﬁualice is not the same. I maée the earlier

graphical conwention Just so I could illustrate these three cases as above.
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5. Hatian of' a Gauge Surface. Consider a fun¢tionaI f[A] defined over the rectargle. Imagine
!::, that fﬂr each point A, f is some real number, s0 you can imagine flA] as a surface havering
above the Rectangle , possibliy intersecting 1t. ‘Fexxexampiex Actually, f[Aj is really
a vector-valued function in color space, so each point on tdis hovering surface is really
a vector, but cannot visualize such a_ thing so imagine just each £[A] as a.real number.

Lets say that the A-rectange ltes in the x,y plane and that the f axis is the

g-axis. Then points A for which f=0 are actually points in the Rectangle. For some
arbitrary functional f[A], you masy or may not get some "figure of intersection" with the
A-plane. For carefullf chosen functionals f, the hovering surface f might intersect
the A-plane rectangle’in a curve which intersects each orbit exactly once. One might
wonder, for some given f, is this a likely thing to happen? Gnnaider_f[ﬂc] where AC
is some point on the orbit ¢. Assume that £[A, ] £ 0. It does seem vaguely likaly to
me that as you move A around on the orbit, “somewhere you will g&t f=0. In fﬂct, it
even seems likely that. it will happan more than once on the orbit. But lets leave this for
a later discussion. For now assume that f[A] = O describes a curve in the Rectangle which
does in fact intersect each orbit exactly once. Such a surface is called a gauge surface.
It serves as a sort of backbone through the rectangle, sort of a thruway. You can get
to any place in the Rectangie'by doing a gauge transformation off the gauge surface.

6. Gagge surfaces under gauge transformatiﬂns. Suppose we have some gauge surface defined
by the points A which satisfy f[A] = O. But suppose we now do a gauge transformation on

the fields so we end up with new, transformed fields A'. Suppose we now insist that
flAr] = 0. In the A'-plane, this surface is the same as it was before, but ?nu might,
wonder what thié surface looks like in the A-plane. ’ '
First, consider glubal transformation. Then you are interested in the surface
U( ]"111' where A is the point on orbit ¢ which lies on the gauge surface,
1e. f[ﬁ 1= 0. Ie, you have to map backeards to see what the surface looks like in A-space.
As you can see, it i$ just the surface lowered by a constant amount, because this is

a global gauge transformation. Thus, we have:
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In other words, we are doing.a gauge transformation on a gauge surface. Whem you
set' f[A] = 0 you got one surface, when you set £{U(g)a] = f[AB]=0 you get a different °
surface. For a global transformation, the two surfaces are "parallel". But for either
the local- or--ultralocal transformations, the new surface is a complaﬁely new surface, -
bearing no tresemblmce to the original surface. .

Exactly how @io you find the new surface, given the original ohe? Well, if you
know' the original surface, then you know all ppints A which lie on the surface. Then to
get the new surface for global case, you Jjust examine the transformetion: -°

A= ue) R +
Thus, you just plug in and youve got your new surface. The same goes for a bocal
transformation where g becomes B, + You know o for each orbit, plug &n and your done.
- However, for the ultralocal case its not quite so easy. You have:

A= WAl ¥

Here, for each A you have to selve a non-linear equation of some sort to get A.

7. Jacoblan going from fields A to fields A'. Recall that eéach field is'a color vector,

so there is a color matrix connecting A' to A, for a given gauge transformation. (think
of a particular spacetime point if you like)..But also, since'A is & gauge field ( a Yang
mills field), there is the "extra piece" in the transformation law: Specicially, '’

K= Ul X+ i &) Yow [ 6 GV ()

If yuu want to convert some integration from dA to dA', you have to do a Jacobian- which
schematically is J = det(dA'/dA). If you are dealing with a global GT, then A'{x) is
just a function of A(x) and you see that J=1 trivially ( ie, U is a special matrxi since °
gauge group is like SU(n), eo detU=1; notice that the "extra piece” does not contain

A at all and thus does not contribute to this Jacobian in the global case.)

This then leads to the usual result that [dA'] = [dA] in the sense of path
integrals, for glcbal transformations. What about locals? Again, for each orbit you
have some g,, $£o for all the A's on that orbit, you trensform with 8.+ Now to compute
the full J, you want to consider all A points.in the Rectangle. However, you know that
a GT cannot take some point A, off the orbit of A,. Thus, when you talk dA'/dA, you
know you are talking only dA'c/dAc ¢y » Jfou might say: why can't you talk about
varying dA, off the orbit c?! Well, I think it is this: we are going to do a change
of variables from A to A', but we are going by fiat to only do this so that A' is a
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function of A's on same orbit. In fact that must be because that is what the above

expression says: . We are talking about dA(A), ie,. the differential at some point in

the Rectangle, a little volume (area) at some point A. This point A lies on some orbit,

so call it ﬁtf The new volume of inierestq dA', lies on the same orbit. Sémehpw it seem

s to me that, even though g, does vary with the fields A if you move horizontally in

the A-plane ( ie, if you move across the orhiié} g, does not vary if you move vertically.

By the way, I alsc imagine g, 4as changing smoothly as you change to adjacent nrhits.
Thus, when you compare dA and dA' in the figure below, the g in t.he t.ransformatiun

Exx U(g,) is really a constant. Thus the Jacobian, which in principle might have been

a function of position in the A-plane., is again just unity for a local GT as well as for

a global one. If you do an integration using dA, yes the dA might run over the entire

Rectangle , and so do the dA' . But for each partil::ular dA, dA' lies on the same m'bit..

So you never talk about a Jaccbian relating d(volumes) on dlfferent orbit.s. Ie, you

deal with figure (a) below, but never with figure (b).

< L b
[dA) ? DA
) f N . -
@Al _ . _mdA |
!
;v'els, this isl it ) this isls Just nonsensey,

BT think this is all right, but maybe later I'll change my mind.

- Now finally cunslder the ultralocal gauge transformation case. Now g = (h )
and is a function of :,rqur position on a a given orbit. Now-all the g's appearing 4n °
formula (1) on'preceding page are really g(A). Thus, when you compute dA'/dA, you
have to include the fact that g depends on A. In:fact, since the "extra term" involves
derivatives of g; it will involve derivatives of A, and this means that in the ultralocal
case A' is a-functional of A, so you have to compute J =V A'/Y A and.you now have
to do determinant in 't.h.e (x,y) spatime sense as well as color. It is very easy to see
how , in the ultralocal case, the Jacgblan J might not be 1, and in fact might be a
functional of A, your location in the Rectangle. . m, \

By the way, this "ultrlocal " gauge transformation idea iw, I think, what

Lee gnd Zinn Justin and Slavnov are talking sbout when they speak of a "constrained"
or "nonlinear" gauge t.ransformation.\/ They have a function g = H(A) in mind, so-on
each-orbit g = H(A,) and you have exactly this ultralocal case. So, ‘[dA] is not invariant
for an ultralocal gauge transformation, but. it is ‘invariant for a global or local ‘one!

o ok . 57104
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Preliminary Ghost Stuff: how to do detM without ever using ghost fields.

1. Here is our starting point:

- CalEl e - 3 € A
LE-3 ¢ IR = §4- 4

Here we have dropped a finite constant and the d” operator. These things just make
overall, infinite constants which play no role. These constants could be regulated to

be finite by putting finite number of points in spacetime or something. Or by setting
delta function equal to a gaussian.

2. Next, we compute detM in this way:

Ve (W - & l‘-k%ﬂ]
M= & - & - &

Now, even though we have no ghost fields per se, we can still iden tify the inverse
laplacian there as the coordinate space ghost propagaotr. I will force this propagator
to have same normalization as my "feynman rules" ghost propagator. Thus:

=4 -
Da = S0 @D ox  Dalxd) = B Q) S-0).
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Feynman Rules for Gauge Theory with Correct Normalizations.

O (see poge \0 & ~sad. n-s&\,}

1. The Bare Propagator. Let us assume the alpha-landau gauge here. We then wish to

combine the usual Fmr lagrangian with the gauge fixing term. Here is how it goes:

gw colne Qolaslla ‘k\\ ownde. Qren:

b= -3 QpA WA GA -A) - 22 (BADGVAY)
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L= 5 A3 GA -0AN + 32 (A3 WWAY
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To make more sense out of this, go into fourier transform. To do se, use standard
transform conventions in notes, assume D is function of x-y. Then:

be o THe(ew) e
Do i) = %% S Dox () >~k

= J(a‘ I- xém.ﬁ-@-t)hﬁm) D,:i.‘(m = &5,
of—a \E):. () = -

% [_ Qva = ?--e) _\_z_,,ﬁ‘s_ﬂ iz Yo dunclc \E\/

the correctly normalized Feynman rule for the I:_:ggﬂe propagactr. ¢t

Therefore, here is

a, LY

OR o
C{,L(\il= ?—*—-CZE)—“ = 4 D; (|

. ala
= —-.L% — [\~ h-.r
e L

As a check, set alpha=1 for Feynman gauge. Ignore color, and you duplicate photon
Feynman rule as in Bjorken and Drell, including the sign. (see page 382 volume 2)

0



-

2. The Four Glue Vertex. Let's consider only this particular :.nt.eraction term.
O In general you can say this:

*J‘_ dow, J‘-ﬁt y Y +L\da\x.£b
Wwivl = \ It Eh] Dihdead €
—L Sam ‘S B 5
C 'E-Ek = Yy % (S.wwlnx %'mi'i _im.hm.\

Here I have included consideration of the ghosts. But for the moment we are not interested
in taking derivatives wrt the ghost source j, so set that factor always. = unity. Then
we are left with this:

- %—_Xa\x 3;;("3) D;B )Ty (ED
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This may not be the most efficient way, to examine the Feynman rule, but lets examine
o the L-point Greens function like so:

() Bk K ]
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In other words, we already know the Feynman rule for a glue propagator: put in iD
for each line. Thus, when you consider this lowest ofler graph, what ever is "left

over' in the parenthesis must b e the Feynman rule for the vertex. So 211 we have
to do is see what goes in there:
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Now the first thing to do here is let the "external" functional derivatives come in
and do their thing. You r 4 external derivatives act on a product of four factors.
Congider the d(xl) derivative. It can act in 4 ways, ie, ip can hit into any of the
four factors. Then the d(XE} can hit on any of the three remaining factors, and so on.
In this way you generatoe a 4! which cancels the one shown from the exponentiad.

Now consider d(x;) hitting just one of the factors. It cen hit either J inside
the factor. In effect, this makes a factor of 2 which cancels the two in the -i/2.
So, the net result is this, after the external pincers have acted:

)Y . @ N
G = * i‘h% % Cﬂ..uLd Cq&q!ﬂ. cy,""ﬁl Cg}.‘y“__ [‘-l_\) g""‘f-
9; () }nl () g;; o 3‘: (ﬂ cowike (<) ¥ (F0) wn

goda  fee .
J\-"-'.

Now consider the action of the "internal" functional,derivatives. Again, each of

the derivatives shown comes in cne at a time. The first one can hit one of four factora,

the second hlts one of the r&minaing three, and 0 .on. Thus, there will be L! terms

corresponding to all these different hits. If you know one term, you get zll the others

by Just summing permutations. So lets pick as our one term the one where the a, hits
the b, things and so on. Then we get:

6*= W 15D | T (3 €42 Caua Caoaa Y %ﬁs"“)

In this term, a; got tied to by a, was tied to by, and so on. [n some other term perhaps
b; ties to 8, and b, ties to a;. In that therm you would rensme the summation
variabzes a; and a,; the effect would be to permute the object in parenthesis. Thus,
here is my tentative concludion:

Roe = 4+ (% t) Zl Cmﬂ

“a“u“ (gfﬁm 3}9«

There are 2L = 4! terms here. The usual thing people do is classify these terms
intoc three groups of 8 terms as follows:
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Thus the 8 terms in this group make the above pair of terms four times, cancelling
the factor of 1/4th. So we end up with this statement of the rule:

fute. = —Li‘ { Q234) + (1324) « (H]Ta\ji

l
|
!
o] .
l whhaas Qzay) = Cmm Cﬂﬂnﬂ- 1 s Eyf“}“ TR 3}‘5"“]

Notice that (12,34) = (12,43) -because gTrcm cheange the sign of both factors. Thus,
it is just the pairings you need to remember, no signs. In the first term group, 12
are together, in the second its 13, in the third its 14.

This rule agrees exactly with what I got last time I did this. And last time
I cehcked it against various other sources so I'm happy with it.
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2.5 The Four Glue Vertex, More Detail.

-

o I think it would be good to change the definition of the "L-vertex rule" so that
it is defined to be the thing which appears in here:

LR () B osby
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If other terms were added, this would really be the definition of the proper L-point
function. Here of course these are all bare propagators and this vertex will be
the "coordinate space feymman rule". Cf course we already know the answer from

prceding pages. Reulst is this: - .\L?Q“LL

v
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Here Yy, plays the role of variable called x before. You can see that this duplicates

earlier result when inserted theré. Notice bhat this thing is really a function of
thre three difference coordinates, as is alwasy the case for a translation invariant
function.

Now lets fourier transform all of the above. We get:

A ab, {")uuﬁ I
Lli:h#:“(f, Pe, P~ ) = I'L'D .,w,(.?b-lll‘l[ \[u:k |‘|H1_P5}f:qkfl'l?tl?5]_‘)

Hre the twopi fourth delta overall has already been removed, so these guys are only
functions of the three momenta shown, the Tourth being determined by conservation.
The object here is fourier of the above like so:
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As before, we have W[J] given by

@) Now ol (A = - q Qe (3.A) AN

3. The Three Glue Vertex.

and now we focus on the triple glue interaction term which is:

NE G (T 7)) -5\ drdy T DA, )
- @ So* k(. S *dy I ) On

We began with -2, there were two cross terms, then we tensor-doubled so -1. By just
fiddling we can rewrite this same object as followsL:
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Now we search for the following object:
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Remember what you are doing: computing G2} by taking three external derviatives
on the W[J] given bove. No steps are left out here. Now exactly as before we can
apply the external (say) derivatives to kill the factorial and get:
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Now we take the internal derivatives. They can go in all possible ways, here is
P one of the ways:

Niydye L 5;? K bji oy i B,:f:: N

, Q"Hqt"*l (42
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C¥ As before, there are going to be now 6 terms, one of which you see, If a5 had gone
' onto by , we could just rename things etc etc. Same workings as before. Notice

that groups of labels all move together. So our result is this coocrdinate-space

result: _ A P#— Spae

(%)
. 8 ()

:‘ L Ay 93
D (g = 41y \211 C o Gpym Sy 1S

There are various ways to write out these & terms, but lets imstead go first to

momentum space. We have;
':'.1,‘“.1.'5\3

NG , _ ()
O Tt i C g B 3 ()

a ('
Whaai = Yy 8 = Thg % C A oM BED e (&)

\Aalia

S~ E-_!Ifj’!-. W
T{i} *1?& "":':-??EL

=) = N g C @

=

| %205 ,
s -ig %Q QAppy 1_-('?‘.-5)“1

=3

|
I (Y] %Ay ‘“t‘q.“?.
i Tﬁb""")"“ (?": E*-.,"') = = c&%‘ Q 8‘}&5}\1 {?l)}"l

S T L Y

0 v 3 % T e G

hasat. Laa. dnd |« 1,



989, (
Writing out the terms we get: = ¥ ¥ 2_;—‘ N (M)m, !
e gt
- & .
(3)224a,

| Fpps (00 =+ o ™ % Yy (B B + %“"*E

Notice that, as was not the case with the 4-glue vertex, all the terms in the 3-glue have

a common color factor which can be extracted as shown. Eg, the cyclic terms all have
same C factor.
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L..General. Method to "READ OFF" the rules. Now that I have worked a few examples, it
is clear that you don't have to redo all this work everytime you want to read a feynman

rule from a lagrangian.

a) propagators: First, examine the lagrangian to find the operator in L=+t 0 ¢ .
Here I am calling the operator O as in the example. The coordinate-space propagatcr,i%
is precisely the "inverse" of this operator, ie, its Greens function. It is usually
easiest to convert O to momentum space using the rule d, = —iku « Then get its

inverse in momentum space which is not very hard. Using this method, I could immediately

get the propagator just by a read-ff, but it is done in detail in preceding pages.

b! vertices: First you write down your interaction Lagrangian vertex of interest. You
then multiply by +i ( caused because it is +i Lt @s in detail). Then replace each
derivative with -ip where the p refers to the field acted upon. At once you arrive
at the momentum-space feynman rule. To get the coordinate space rule it's not quite

so easy, plus I don't care so much about that so forget it. I forget to say that after
you multiply by plus i, and replace derivatives by -ip, you then have to sum -over
all permuiations of the field labels. This, you recall, arises from the d/dJ's going
in ih"thé last step in all pcssible ways.

Example: 3-glue

Q2.0 A Aa, O,
= _.%‘ Q %ﬂ*’f“ igﬂm P\ﬁl P\}A-L P\)pq

Q‘Q-LQ-S

= Rnln_‘= C\+ij<:3 ‘E‘?_" Q %ryaq {h""(ﬁ‘?ﬁL)

X

You can see that it does work. Of course Yyou usually procede to write out the permutation
sum in some nice way. Notice that you must alwasy start off by writing your Lint in

such a way that each field gets its own set of labels. Ie, you insert guv‘s as needed,
etc. The derivatives can jJust sit there acting on their chosen field. Recall also that

"Rule" refers to the lowest order term in the proper vertex with no additional factors!
(as was noted above).

Example: L-glue
Q,q, a Oga4 Q% ey 8. G Ay
-4 T

e P DAy Ty G,

= R = GOERY) QS g g, e
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‘5. Ghosts. As an application of the above method of "reading off feynman rules" lets
!:5 do the ghosts in the covariant gauge. The general idea is this:

. * —~a
TN CaC) Mg x5 4) Cu(x
Ml _ \&'356\0. o N y w0 4) Co(x)

and in covariant alpha-landau gauge we have:
M \ 7 . A
- C3 20 = Cagl Tt -9 € LA

™ ~
~J ¢! M =1\
5 MaGy = ED Sa ~ g Cae Q}A(Acl* (%,ﬁ}
As usual in spacematrix notation, the d, here acts on everything to its right, not just the
A" sitting there. Lets now do a parts on each term and drop the outside factor. These

factors have no significance, since they Just make an overall constant which cannot affect
any rules, and will be cancelled in the divied by W stage anyway. Thus we have:

X oA * M
AN =\ AT s gx“’" -9 &3 + g Cae @ CHAC o]

O . 2E@9-+dTex a Cae (WAL Qi P/

Now we can read off the rules. On e detail is that the propagator here does not have a
%+ factor. This compensates for the facto that the dﬂdJ's now can only go in one way
instead of two ways to pick off the propagator. So we find:

G = 342 = Ou=-Su% = Da-= - Bk




Ward Identity
Slavnov
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Ward Identitg Section finished June 14, 1979

Comment: This section was done as I was reading ﬁhe Slavnov and Lee Zinn Justin
sequence. The Ward Identities are needed to do ﬂenormalizhion of YMT. All this stuff
is in the covariant gauge because Slavnov's work was.

Contesnts: ~Dage

Inverse of Gauge Propagator ' prlim
Notations for the Ghost Propagator, relation to Hﬁl, ete prelim
Analysis of Ward Identity 1

a. general Ward was derived by me, see LZJ-4 notes
b. specialized here to alpha-landau gauge

¢. the basic nunrenoim of propgator facts stated for flrst time 2
d. replacement of M~ by ghost propagator 3
e. the graphical notation for Werd's A
el) details on the first-level Ward La
f. the second-level Ward (first time) 5
f1) Review of Ward Identities (levels 0,1,2,3 and (n-1) cases) 5a,b,c
f2) Review of the M-identities (level 1,2 and n-1) 5¢
f3) Higher Derivatives o Identities, Examples 5d,e,f
fl;) Fourier Tramsform on all Identities " 5g,h
g. The M—l identity (original derivation, graphical) 6
h. Combine lowest Ward with lowest M identity for prop. result. 7
i. Restate the Second and Third Level Wards g
i1) Summary of M identities of first two levels 8b
i2) First Definition of Slavnov Object gc
j. Fourier Transform of the dld2 5123 object 9
#¥##  here begins the derivation of the Sla NN

By €iddling around, I get to a result on bottom of page 12 which is close to
the desired identity , but is not quite it. There is an extra term as shown on

page 13.
k . Review of sequence to get Slawvnov (prior to redefinition of S0) 13b
1. Definition of Gamma -slash in terms of unknown F. '
m. Final result in box. There exists some object F which works. 17
n. The L-glue Ward Identity. ' 18,19



The Inverse Gauge Propagator.

0 This is very easy, I just want to have it on a separate sheet. We have:
3 AGS) B & w2 B | )
‘B_)M} C"\ = - h-ﬁ. }w;} ;P- LV Ea-%x._. .
= T
Vs = -\ i Rt~ C ?Emz

= L
Do D = o = AR Pl + 2 C PR
= AR QS}\;“&P;Q*iQPﬁh
S Y R (m-é%\
-\
U B=A ‘o=

D)N (l""*): a ;:. E AO’-L) P;d o P_‘kvi

(PN = ¢7
(PL_) - PL
®, A



The Dressed Ghost Propagator and its Relation fo M .

c:, 1. First, these facts are self-evident:
1S
Wi L = (49 adae ©
S= S. 4 Vdwdy QY WMl ) () +§a~xi&m§®,+Q«(*‘sé,«kn§]
Se = SE)-:F + N WE) i)

¥ Y s L -}fi:b
5 | o\ T (a® SIS = i D (o) = l ORI - k
W R0 8 4ule) vy,

This object is of course the dressed ghost propagator. As defined here, the sources
of the other fields has been left on.

2. On the other hand, we can go backwards and "do"™ the ghost-field integrations to
getLs

v -\
1Sa®) = Rydwdey Yo (g) Whya e o )
o MU;.ES& - Xa‘\ﬂ dﬁ-"\(@!) c C 3 N

b et Nonas anand, P %f~“¢ékn~u uwi&ﬁmm&f -
N _,;gam N "mfé
Nodae ewp i Hox (@M @+ el = Qi)

Now we can take the second derivative with respect to j to get another expression
for the ghost propagator:

| _ . X S.(®)
ik DEHQ‘@}T = ‘N[ﬂ‘- %&g JRM(QY Wen (4,5 4) c K -(—ﬂz
- Niﬁik er—-:‘- Q;}.ly | '{-%) c "Dﬂ;
o T / =} £oIT (e )|

v

'C Q_OJ‘_‘:%_




AM 4 Ward &m.

o@FmM QARIAMA. Maosts + S | aaammr 0oy anesR .
Qrann. B LY - mmﬁu‘%% B " eov %—9"“'&'- )

|
i
i
|

{?@W ied a\ *‘\"*ﬁ w‘“’\&ﬂn aQ*"*\“ﬁ— U“‘“ﬂm "’*")E Wl =o

/Qddo-nunik- AL, ?""’““ %%w _C‘,ﬁf. '\\m\}

e
n.f'!.

2. Suppose you take no derivatives, then 'set J=0. The-.entire second term vanishes since
it is linear in J. The first term gives you the VEV of a gauge field all by itself, and
this must vanish by symmetry I t.hink Dnly scalar fiEldE can have VEV . Thus, you

get 0=0 which is fine.

3. Now take a single gauge derivative: Fust repssk Dt olo S D recladenc
. . . B \ Ol Lag - :

= 9K gk, TR GR) |

) v ™
% |1 Wis
7 i W}@}

s

- 4 Sy T200) DR () T (i 2 o) T

f*??’“a T[T Als) d o

W= 3V
™ N i =
B [ iy < WIR |
& O SIE I v
=34 Dl (18 Vo G Y )
. () .
o%«‘ﬁ O.QQ% -?—___:—(- a‘o lbt:lj'r\h sudes,

3

WS = —“5‘ 9 Baub}q“h.-_(aﬁ)w Ti_%;.,_%’byn)d.



Dbt o g

0 L gi':ﬁ%:,:‘; 1:6\;1.61'@ E?] - %h‘ SQ'S“K) WE-EI-
x BV TTI) i
i
Diotds, M‘w ‘Ovb W v, L= G“EJ?('”""Q = A D:-.& ("“ ‘:ﬂ

S Aradk G

O lu‘\

L9050 Walan) = BaStey)

Qsm.ﬂim: -

C e J
53007 Dhcw] = R Teey)

y ? (x-4) »
Li DanCeosy), = X Li Dan ()
(’tv‘:
o =4+ (e-3)
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Thus, our first Ward Identity makes a statemént about a piece of the gauge propagator.

Tt ways that the longitudinal part of the (unrenormalized but dressed) is the same

as the long part of the bare propagator : " the long part is not renormaliged at all".
This is not as cbvious as you would think. In a theory with only glouons and

no ghosts you get this result quickly from the self-energy Dyson. Here you would have

to include the ghosts in such an analysis. Even in the pure gauge thing you have to

assume that the self-energy is purely transverse. I'm note sure why that should be

obvious here. But the result stands: it comes right from the generalized Ward so

it has to be correct. By the way, I don't think the gauge self-energy is transverse!

Eg, in axial gauge T know it is not because there is a nPIg equation, etc.

2. Ghost grogggatnr insertion. Let us now rewrite the general Ward replacing the

object M = with the ghost prepagator according to seperaté sheet. Just insert
Wil and use that nice result. You get:

- L @E:] Y__‘;‘)“S___m{ﬁl = _'-_X&-xﬁ‘fh)g:h(m%) {‘“JTLT g5y él_utﬂ ,E
i RO W) 3093 5(9)

I have not bothered to show the ghosts ecurces which must be there in the rightmost factor
in order for you do differentiate. Once this second derivative is computed, the j and j*
have been set to zero. Thus, in this entire equation j=j+=U g0 you can do no further
little j derivatives.

Now lets apply (-1)d/dJ to both sides again, then set J=O:

3 1
O, ot v Ay B W
L lm 3 W C o Dply, [m . LL_T[ﬂ
5= S0 ) ¥ TS ANCY
Except for the little transversailty restriction of renormalization deal above, I think

now there is no purpose to keeping the pleces of D together, so lets go back to the
start wnd writ e things out in detail:

)1t W 5 D) (_-i"}l ESLLJ
-3 XE__}_:?____:k = _TL*_q;:j v (n) 9 1“
A SR NS E ) By ) Tyt (o)

50N 20 T () Qi\u R\(‘i\f T W .
535 () By Ty ()




3. Simple Graph I’Iﬂt-ations._

o solid line = ghost ( bar indicates the ¢’ field) _
‘ squiggle line = gauge particle ( maybe any other particle)
i ball = W[J] :

attachment = (-i) d/dJ
standard label order®:

In this notation, the original Ward reads as follows:

Lorentz, coler, space

.- ) p e (3) ¥ £ N J‘*‘x
537 07 - Yl [yt e v o
. * b.,l‘

Ward Identity

If no SSB, obvious how satisfied if you let J=0. Now take one derivative to get:

O o pex | 3) A . “‘{' opdy
o € magsd e )

m&' "“a. |
@ 7 % U viz
dz be

If we let J=O and divide through by W (first), we get a relation between some cbjects:

e o
et wh} éfﬂ [3_@_\_6.11] * Qj_ \f;“_;/&._qh%l

Q
&y [l -

£ ik Jamd Wandk.

T
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More Detail on the Level-1 Ward Identity. As noted on the last page, the identity

reads:
.._x._ 'E;U 1 Mt L (ax ,% - +"dr '32:,_) I D (’i:'n\

q eib,‘ (1
]

@

* c?athzeL e 1')

‘:’h":L

\ . Mg a/
..ﬁ Eﬂﬂx B‘J;:m DJJ"}H'\. (1'-?‘1) = = .’:‘E. g’f}l) D (’K\,?{t}%qtqt + Qc\?:br.tl G‘ N ('}L-. K '}{L>

First-level Ward Identity, Coordinate Space Representation

The Fourier on this is straightford and gives:

Ay QL"B L 1

L B ) Dy = S T B0+ Qo S G ).

t

O * o de. R, X
! 'E Eu.‘a_ bRT ij*;(kh = +%_: thqt hi L (k'b * CQL]DLQL (\h\;‘ G ;“‘L ( iy 11

! First-level Ward Identity, Momentum Space Hepresentation.

When we later apply anocther k to this thing and use the first-level M identity,
we learns something about the longitudinal part of the gauge propagator. Namely, we
learn that:

R D (R) = - (ih_)
L

v Sa K O(R) = +7< Dk (%‘“‘) - o\ 60T, )

( 22}

First-level Ward Identity, Momentum Space

(:, If I dot this thing into ku, I get the First-level M-identity, but this above is a
more powerful result!
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L. Triple Gauge derivative. Now lets apply a second d/dJ to our once-diff'd Ward
o and see what happens:

=) P.l:'f- Cn {.“.I.:l P % \ .rui?'
'fr?g” Cé\:iﬂ = E&&[xl, lﬁﬂ ‘E%" /}_"{ + Ca N
[ as, Yl "3—
(= ) ‘,h ok P (®) "‘4‘- Lt £ * 9 {2
+ E— %‘_ g;u‘.i ‘:‘J?/-k- Cf\, }{ i + [‘ g éu C?/ + Ca,a ;k E
woha A!‘-\’
B b dz be

Now set J=0 and write result compactly as:

ax o iz
J""':-“ 2 Yeu E \
- Bim s i“ y 'J, + Cy + 9 (vdr)e> (hew)
eiva 3
vaz ba Aewd
dz
Q&m
%) Py o) a| Iy el
— _'i- L“L — - -l'— B
= 2 3 Y paoxa + C oab Jadae
Pacsxy A3ka Patxs
B¥a
e - S wond, + ?\ Uﬂi*

Note how the 2,3 symmetry is automatic. As was always claimed, the Ward relates
various kinds of greens functions. Lets duplicate here the previous one:

a%
(=) ¥ (%) 4N %
_
3 %“ d_z . = g ;b)‘a- A C“}.h
s A%y )‘*!.‘E\ 2
)\M* Dol '-..JM) . by,

You can see how these things are going to lock. There is a& tendency of the Ward to
turn gulons into ghosts, and to mix in the n+l point function with the n pointers.
o Rather messy . I suspect you have to use the Dysons to get these into standard form??
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o (0) Level Zero

" RAEy ”
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ax, Ak,
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¥
ax. b, ST
(1) Level One
H:l,il K, =1%o
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The idea is this: each time index the subbeript on the J integration labels. Also, push
o down former gauge lines to meke room for the new ones. One more for fun:

(8) Level Three

A% Gy %y
@y
g .‘“""um Hq,‘ﬁf P By Ky
- ;im &h“ﬂj = -4 )ﬂl + C Jj-'uhﬁ-_..x}.
A (%) Jaayxe g, (ne) }.l.!.q“r_!‘ a"—hlcl
Lty o8 b )MIITLK‘I.
E IR (=

« {u-*»%i ~ {‘La’-—‘r\iz

Oy
\ﬂl.‘n s Xy
Ps R Pnby PER?
. -\
S\ B0 5% s Qom0
At b X HsCshg

o Note how the symmetrization comes out at ezch level: you need six terms to be completely
symmetric in gluons 2,3,4, but the terms in curlies are already 3-J symmetric so only
need to add the two terms shown. I think ¥ can see the level n result:

(N) Level (m-1)-

A%
A ‘ Mt
M Mo I Ko ™ o S
S A ‘- - -1 J e, 4 :
(=) a o e Ky a,b, 0 .
- Saa E poag IS e,
LT3 o bexe MPlaxe

+ E?_c—ﬂi + Y2em § + iaé-a:.—g ... 4 ?Q_Hmi

+Ed~m LJ‘S};“@(\ %:"‘“‘”‘”" b whe ok
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Review of the M identities.

O (1) Level Cne M

1 11
ax,
Pa My .
a{:“ﬁ E‘ {“; g[‘t} %f) Ax Qﬂz'n-m: E = X E_“E %(“!"?(L\ %qiq._ O
q‘L—IK'I. L,_'fw_ ﬁﬂ.{:t:ﬂ.__
(2) Level Two M
) L1y
T Juaes
1.3 i
By ™ a:%a M | (jf
g{:‘f} "-}E- ;(gzh %/’P- . . qulb."ﬂl = &.f:k E(‘f»r—"‘i}Eq'qz‘
s = lb % h‘[‘,}z

These are cbtained by simply injecting. General one is this:

(n) level..(m-=\)

o

e o N penie pate
Yo 34 s P, + Comee G (= 3T ue Ry
| Aok by,
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Comment: Now is the time to introduce ultracompact notation so things can be written
in finite amount of time. I'll bet I will find something like this in the literature.

M
i. 31 = 9
a \
LN T
a. C%’H = CE.-‘ = Giﬂh..m
}'n‘l'-\"‘-'\ b
aq'h
A%y e
' P
o Lo 7 ()
3. Faai.m = 4-173 : + C : !
AR ' E’ ¢S Jhas g WD o TN
Ag¥e ’ b Sk

o 1. H-,'?.?M, R = JL Ff‘ S(’h'—‘ﬂb\) Bﬂlqt. GELIE'._.."\’L * (« ﬁ)
Hin = =Ll 8 (e S,y - f-._)

Hay =0
5. B R T - IE ROV B K .
In this compact notation we can write the level n-1 identities like so:

Level (n-1) Ward Identity

3\ Gll--w = L{L‘\‘ O Ezn‘l Ram

Level (n-1) M Identity

9, F'.'L.,'n.. = Hl'l--""""'

The compaction factor is rather impressive, I think. Now I can start applying
o derivatives on the first Identity and make use of the second like so:



'0 gl G\L.'\‘L = ['H' P'rs * ?-u * '?'15« oo+ 11;1 Fn.,n.
8’1_'&1, Gﬂ_..“. = 91 \P‘E}, * ?u Flyeg~ - P‘tﬂx Eﬂ. o + Hn..h
33313.1 G'ﬂ_u‘\ﬁ._ = 3331 ‘_Pu"rp-;g ok Pa.u] Fn.--h + [.l"-"""ﬂal 33 Wi m

9;{33'9,:3.' 6\1’__“ = gq, 33 31‘ R'P'p_,— 4., -'*:P-h.) Fﬂ_.,h. “* I"Hr P13+Pq.|] 'SJ.,'E; Hn_-.v«.

These things are trivial to show, using compact ldentities on last page. As you move
down you see that, in effect, a term is trasported from the F listing to the H listing
via the M identity. Here all terms except one are transferred:

9.:3-1 ..,g(-h.-.'l Gﬂ,"ﬂ. = gq_,}?_-,'- . g(.....} P"l"‘l‘l._ ﬁl-""\a
O S [H ?-1"5*?1‘1_\1,"' i -1,(1.451 3334 ~-§{--3 Hnnn.-
And finally, here is the full result with 211 terms transported over:

&‘g-}_._ E:\L.L G_,‘l““ = 1'\* P’LB* Pq_q'ﬂ- .k ‘1"“-1 g-;%q‘ :)'-. Hn___'lq_

Example 1: Write the preceding result in case n=2:

g\gl G\"k = Hn. = —kd E(\"\"\“q%\nﬂm ' ‘l—
This agrees with the same result found earlier, see page 7 red box (longitudinal prop deal).

Example 2: Try case n=3

—_
313193 G\*],‘L = \_.". * {Jﬂ.'&-& 33 H'-:E = O

o
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Example 3: try the case n=i

g;gt-éagq Gu_rﬁ = rLI'l'*' Pq«,fptu_l aag'ﬁ H'.Th"i

I can see that this will lead to the famous Ward relating the proper 4-poitn to lower
objects. Return later to this.

Example 4: Take only two derivatives on a 3-point function to get:

9191 Gn&. = 91 ﬁ.‘i E_rg, + \{5\1'1'&.

= g'z_ F‘L".fl.

This result appears on top of page 9 and is the first step tn the long journey of
deriving the Slawnov Identity.

Comment: You can see that, unless the full complement of derivatives is applied, you
are going to have some F terms, which is to say, you are going to involve ghosts.

-3



Fourier Transformation of the Above Results,

o I think it will be simpler to not expose the overall momentum conservation delta.
Then we will use this direet fourier transformation:

—~aR, - I'fw.\-‘h

For, ) = G (i 8705 €7 F (e, o)

With this fourier convention, the rule for momentum space rep of a derivative is clearly:

—%I J.lﬂml

Now lets examine the transforms of our basic objects. The object 'E‘12 n is a little
tricky because two lines have the same space label X5+ Consider the two terms in F
as shown on page 5d. Expand them like this:

L“f-\

'F@q %, ¥ . K ) = L(h-\ Bd\‘ﬂ - A m Sd‘u '“T"‘l : (I'Ighll'!.lllllhh . "ftHB

M
(%0 %e '11_‘"}(33 Kn) = 1 1%&‘&1 a ka x, }.-:h)

iy
o The second term really is an )n+l( point function and has that many arguements. If just
has an extra integration. So I might define fourier transformed F like this:

aiky ak,
o~ M }-l'l\q\."‘h- (ilg --J'-.RLK'L Juhﬂ;'l\k'h
- Qhe
i PR Y
1Ll 1 Sk * agh s Q}: "";‘ Jaasks
3
|
Ay ky bk Jalaky
L
ak All these remikts are obtained just be getting
% Cﬁﬁ v the coefficient of the n—fold integration.
e a - ‘P-'h.qkam
~Jt

Ch\? %O‘ﬂ'h’g a‘m.,-w * ("l‘:"\ gﬂwﬂt.)

g
7
<
]

(FHH:L = (_'h‘;g('k.i-kl) (~L-k3mm))
(ﬁ:u = G}
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. Now it is completely trivial to express all our previous identities in terms
(:, of fourier objects. Just put twlddles over things and replace derivatives according
to the rule, that is all there is to it.

Example 1: two derivatives on propagator:

|(_‘L\§ k\ 'R-L hén. = Eﬂ- ]
SR ) ) 1 D (xy] = (a5l i a B

M r .

= | RUR Dy (k) =—o€‘[

Here I have just elaborated the identity.
Example 2: single derivative on propagator.

- kxigﬁL ==%%L

. This 1s what i have called the First-Level Ward identity. However, we have information
(:, about klgiz from an entirely different source: +tensor forms. Write:

R G Bk i D (k) = ik, B

C L Bl £ Baee | R Dpp ()
W D= Tl Webwes bk WK Do = -
> Y () = -0 KB
Ha moR L b\ht "51_‘:
Do DR el o ik B (S S |

S

B D G = = ‘; )

o --:l-]'R\ E;)\'L - o “"") CQT\} SE&\""‘“L\ ?ﬂﬁt
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5. The Mt identity. We have been in effect replacing Mt by the ghost propagator. But

we must keep in mind that ¥ ! is also the inverse of M and this implies something about
the ghost propagator. Namely, we know this:

i (5 -
(_‘ 3-17) gj‘ DJ:". ('5 y 3;) We (‘11"- y ?ﬂq) = g(‘ﬁ'*‘\ % ae
\‘-———-—'__-Lv"'-_______—-""

W (4,30

L5r> > th (44 3 3 Wiv) Qm[?}xﬂh\:a_ [;-“3\“"1 QQ w[‘ﬂ) = %{‘3‘*’-\ Ve W [:;1

L O Gy = I@a‘f‘ 2w - l
We B0 T yn ()

~i 'E W)
M \B P Q AT X\L x i X = %(n-xb-i;gm
= ( ‘af‘} Bl T QY e 330 Tty

lo,

ket & ) 2 .
= I E.L l{hfﬁ Eh}} 4 a;:qQ“ E\'}_ﬁ_m _1 = Js.S-; E(.'j ""13 EI P [\-L}
¥ E}F \

- 3% 3t e
= ) [N S¥ )
T % M ,JF ? _LI_- E _ ‘8.,“_
-1 3 O By - R e (O
2% \:‘3

Of course you can differentiate this to get a family of identities. These identities
can then be combined with the raw Ward identities to get simpler results, I bet.

O
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6. Combine Lowest Ward with M-identity. Teke the lowest Ward and differentiate it:

a Nr
9“*) o r, R l. - Ay b 1Ry
- Qi =~ B v Caph
J'IA 1% %y Aty }"11??'*1_
b
L —— 3

= 1IX SR ) Daay

Hin¥y
CTH\ (*L\,I '

%J‘-'-\ a/.H-L. = ';" o % {1“1‘-}) eq“-;
b,

As before, we can fourier transform in obvious way. Rule is that du -‘-iku for incoming

momentum, so we get:

A JUCH Y

.R)pl.l ]R)U""* = —Aid %Q{Qq.

g, (k)

In momentum space we can express the gluon propagator like so:
Aok
Mo
= 3D (O = =i Sea A(\{"}(Srﬂ‘ %Hﬁ‘) A B(h‘)(ﬁt‘%

JRCHEAN k™ k

Ie, there is only one possible color tensor, and two possible Lorentz tensors, so there

are two scalar functions possible in the propagator. The above identity then tells us

that:
: - &qlqk E"(.E_E = = i. ‘Sn\q-._ ol =) Qﬁ(%\}= ad,

%\i wi enn ok m'js\{"#}\ =\ omd E’FE%Q!T: =,

Thus, our Ward identity tells us that, although we know nothing about A(k?), the object
B does not get shifted at 211 from its bare value!
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7. Restate the M identity and ascend one level. It is this:

o q.ml Q,"F-t

e J"'-'.I.

- %: :;(m.) + Q 8,5,0, :gcw_. = i« %Q‘V?‘D}Eq.% O

0%,
b Fal¥a
w, a.q% o dmwwlmn_&a %nk:
Bk
Ty 2
N l hﬂﬂ'ﬁ . )ua_.,q.h }Q&Ka .
h é? S ?f ToNade, YO = AIK R Gexe) S"‘““'— o

Yok b Melike

Now go to J=0 with thise and divide by W to get:

Q% o

=1 51
 Mada ¥y

2 Jj$ﬂa}‘3 Ma
- e &CM‘) B C‘:’Qba.ﬂi_ E ey =

S
boxa, Haly Ko

Ay ¥q,

Second-level M-identity.

This identity makes a direct relation between the two greens functions shown.

8, Triple Gauge Identity. Now rewrite the triple gauge identity with 2,3 switched:

Ay ak .IJ' ”'51{3
0 i .ﬂa““ﬂ .
| - .
I_;; 6}‘,‘ Mady Ry = E‘ L al}._\‘, + Fi;blﬂl l'-\_:
Hadaty Xyky - R
= % L=
. M ’Plﬂ-fﬂ- H.-Q‘f'i_alx’-
+ - % ;C"i‘j . C
Tabyty
2T £ h,‘i..} PataXy

Apply di:zj to both sides. The first curly bracket will then vanish by the M identity
above leaving the fellowing result:
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Summary of M-identitys of the first two levels:

o 1. First, here they are in cocrdinate space:

I
a'!. "=1.

- -!g— D:Em [_ Q.qx(‘*' “'L\JX Qﬁl_‘ﬂ:h. g(h) L (rx X "{’-\1 = i T“t?(xt X9 g\u.q

first level

- M A o C by
- Ji, U(.,_ﬂ} \ . A (A_.:,., . ‘xﬁl Cq ey g[h} L G— l.‘-‘— ;!; (?:HXLJXHK&)} -5 !

second level I
]

2. Fourier transformation requires some care because space indices are pinned at same

value. For example,

- IR..‘ 'Q‘h"' “L}

A=%D = x%ﬁ c 2 1§ /"‘M.n TR N
a, 8eby M ..S\:?\‘(}M K,:} ~ Q& El .
o 3{11.\‘\ G (.T"lm"lx'b-k = 9(‘-‘5} %‘% C (P‘ P‘ )

__LP“(""C'*\} -] QLE'L
J\ ' 'I-qu- =
& {1*’ Bam Gropur € ’)ti‘

Mo

—_—

li.;l:. Dﬂuu (.H\ + qu‘l}lc U{{ B&E‘L G' lttbl (,llﬁi;.hti \ = 'S-;E Eﬂ.ﬂb

1
3 first level M identity

- ‘n’(*ncx))
M I!;. 3
i q“_ 193
dle.
erh G )+ Cape 2 1 CENAES
N '11. 1'l.‘n"hu"'-'m
This last thing is garbage. I have to switch 2,3 . G- Poe (R lee, ey —

in the second level M-identity abcve first, then

fourier transform:

0O



- Bp =

1%'13 . 80y by

- A E(_‘H‘} G Gfﬂ e ‘AQ - Q"e.”-".t"ta g(]@! G . )‘L,M‘: . (-%.,KLJ'K;;‘ Yg.‘)

second level M identity

qtqtﬂlb

e B GIRY Gng) % Qo Lot Nt Gy - (0e7) =

{_lt

whasat kﬁ"ﬂ.;%—k’l =0 inﬁm-* o-a

|
I

; +-"'—k Gqﬂﬂa(hhh ) + Qﬂsﬂ.}‘. k lxdhs

second level M 1dent.it;l,r

rx.‘m;ah

gy - (h.,h}"!lar) =

In the integration on the right here, kl and ko, are held fixed, the other two momenta
vary. Thus, we can only extract one ghost and one gauge propagator thus:

A k G VYR Dy (0 Dy B 707 (o)

Qs @33
Cﬂuglﬁ‘gﬂ} U“ hﬂq (.t\) D 0‘) D}Ad‘w U‘)%{ﬁﬁ :*)“!- ('“ 1’11\3 )

As long as there is some longitudinal component on the gluon propagator, its inverse
exists. Thus we can cancel off the D's to get this:

m“—t‘labj

1k DOV ) = R Cape Vi G o (e )

Bt N\ - . }h‘ C ck‘ﬂ'. quqpa'ba
k o (hnhh ) Lkb i Dﬂi‘(‘ﬁa) B (zﬁ'ﬁ G-—hﬂa- Qq’h ke, K 1_>§

‘\—/_.\/_

o This is the cbject defined in Q8,94
Slavnov equation (27), or it had = XU@}. ( i:.llﬁ-i )

better be!
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3%
agk,
Ak Ja i'iL My K
E”h I:F'l} ﬂbql!"' -L- a T a 3 L J'l
- '?fm a,h = - q O 0 + C by 0 txq
4 Yol 3735 s txy
o J3dsXsy Uy Xy baxy

However I am now stuck. I have no obvious way to eliminate the E—Eluefﬁughost greens

function on the right; some kind of Dyson equation is needed here with the simpli€ication

that two of the particles have the same X3+ The elimination of this last term is
accombplished by Lee and Zinn Justing by their mysteriocus and unexplained egquation
(4.10). Since I don't see how this goes, I have to still just accept their result

(4.15). Hopefully all these things will be more obvicus in the proper-vertex
formulation.

However, I can apply one mocre derivative to the above to get:

- ﬁ g(ﬁ‘h af.‘t-ﬂ) a(‘!\-ﬁ &ﬂﬂyi;ﬂs = O
Hax, St }

f

MRy My

] ?q FL Fg, G"C)‘u'ﬂ. f"-,}""-q"-r*’j J'hﬁq"r" =0,

Analogous tc the propagator result. Not sure what this does for you, keep for later.

Retry: lets go fourier transform the above result and see what the effect is of the
X), = Xge I get:

e R TS G - b R B () ¢

Mo qlnl Qghs !
+ Qﬂ,ablﬁ_!. 1 lR _X\ (211“';1 )H:J-l.a <lﬂ"‘ih‘-}k‘hqj

While were here, lets write out the M-identity in k-space which is relevant here:

- #ud q1u-|_u.1

g G () + e BT B 3500 e,

C 2wy _PBMB

I still don't see how to get rid of the last j-particle object in there. Lets go ahead

and reduce to proper objects with the 3-point functions and see where this leads:

O
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ddudy

Rl 1’*‘1-
G ::‘:.;!; ( 1-1\':'1.3_-) = ;.h L \' G‘;L?w.(-k*-\) G 53\5 (_!k-h Tl?ﬂ hr..ht(llt‘-\k )

o -0
Now this object appears dotted into some k's, and we already know from a lower
Ward identity that :

A A v : M
W o (k) = LR DI () = -k Saa Em“; - e (),
W R
s

Jl. &L‘i}

s =+ Liadaall u*%qta.‘l ht ka ym (k) Pa o (Rl =),

But of course we know that the propagator in toto is diagonal in color, so we get:

C.*) LHS = =1 C'il h[hﬁ)< ) Pk‘::?s (h“k‘}.—)

o Similarly we can examine the first term on the RHS of (*). Let G(k) be the scalar
ghost propagator (=iD), which we know is color diagonal also. Then we get:

A 2 ) %0
@ gas? = [k lh: 500 6(ks) ¥ :1 ek
Ry

Status: although I have something that looks like the left side of Slavnov's identity,
the right side doesnt look right. Here I show two ghots propagators, whereas Slavnov
only has one. Plus I still have that extra term with 2-glue/2-ghost. Here then is the
closest I am able to get:

3 o @0y 03

. W] ket
~ha? Dygh(kb ]__‘;Flll'k_z-l F Wikeha (kh\";')
- "“"\*‘% |60 600 T )

. ﬂx“t‘:sbl
0 + Qag.'bstl:; -t kM 1%(}&& " Rafs (h"k"’ kLJ_)




But never say die. Suppose I come in ang apply a transverse projection operator:

ﬁ
\.
= Spiv

0 = Copom 2 (a2 (g 32) = BR = (V=07

Ef:‘_a?:} = Al 4v = AR - P}*“ = QGL) =(") /

LI A

T~

A = B LA SO+ B )= AR~ T
So lets apply a transverse projecti.n operator from the left in 1{3
Ei.ﬁa. (ka) D_,Pa.‘l"a Ch> = D;w?‘\a(kQ

o Phws e k222 ( Apyps = )agu:h s)\q*-’** - 0

So the second term dies and it is the third term that is significant. We now have:

a ™ M A0y
bl S}mh(kb<‘%) i ) T}x N (Ryke-)

My Mg
e _ Rk L aa,gb
= Cape TR0 S © } ﬁ& G - (KRR, =)

Now the left side here is, apart from constant, precisely the LHS of Slawnov's identity.
Next, lets use the M-identity second level on the second piece of the RHS:

ARGy

RHS -‘*‘"(13 )k G Ja (kx,'ﬁ

L di'l.‘ Ay 550 I
OR H%' C%‘“a ey I k; " 3 (;5‘1 z-q '-;u -} (Em :‘(1.1'!-3;__),



Now go back to page fc

o

phmaaa
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where I have defined the Slavnov object:

' ql“t a by
J“iﬁl(h“h‘ ) = ¥ C“!.'Daﬁ xé\ RN (ku e, "&nq)
ky AD(k) e\
M Gu 0 0y
. A i (kikaJ—) = A k’ui I/ ]}"L Qlknkl-,_> . (‘2‘]' '3'1.\_

The squiggle over the G here means that one ghost and one gauge propagator iD,iD have
been removed. Lets now put them back in to get:

QB Ry r{ &, A, Ca D '
- DX 2 (ke = %  Copd N o, -
O o gk
=1 :,Q}b_.-l
ey Q
Q"“‘”""‘QLM‘*

S Ardg '
G” Ju.yui (\El-lhi. k;-) ) = L'E, 1‘15 D(k\B(kE;)D)‘z}*t (k'*b-g }-hg,}\:_ (h‘tr]

This at last allows me to replace the L-point function G with Slavnov's 3-point thing

with the extra lorentz index. If I now go insert this into my Ward identity on page 11
the k2u2 will hit the gauge propsgator like so:

llﬁil “D;-Nt}ﬂ.{.i‘-b = - .Ld ( h{L )

I

i

Therefore, my Ward identity now reads:

Ao

- D, 0 (52 )(‘s‘“)

Oy R Ay

Jon o oy

T; Aoby O‘H“ )

2 A B 1 WAL
_ _%_ (k) L“%) D) ‘E},ﬁ,,(kg ﬁﬂn;@uk ~)
Ay s,,-\’t_
= Xflukl.q
_klz F-"l"\‘\
iﬂk‘ kt.“"' k
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It looks very good except I seem to have an extra ghostpropagator in there. But,
O lets now go back and use the level-one M identity like so:

2 Mo 1 '-': ]"“L
Lk D) B, + Cagnner () V20 G (o) = Tl
Put htis into the Ward to get:
,_'l.__‘t.ﬂﬂ_. :'('L
RUS = o (h" ) D (k) pohe
ai"k*.:, Eiclh" | !ﬂﬂb
+ & Cae, ()| G (k},at;-)k oL LR RN

If I could show that this last term vanishes by colur-us something, then my result would be:

A Bay, h

D‘?«H Cﬁ‘b (%j(%) ::T‘.qia (“‘nk ) = ( ).LD (k) —g’ﬁ\'h.. (kt.k )

And this is precisely Slavnov's result!!!!

o



Slawvnov Debug Sequence.

1. Lets quickly revicew the steps which lead to the identity of interest here. I started
with thaLSechd-Level Ward Identity shown on page 5, copied over on page 8. I took
a derivative on this thing and-thereby obtained result on top nf page 9; I made use of
the SEcon-Level M identity to kill off two of the four terms. This identity is shown
on page 8 in corrd space rep. Next, T converted the intermediate result —- top page 9--
to k-space. Then I took the two 3-point functions and expanded them to proper vertices.
On the LHS this meant the generation of 3 gauge propagators. But the two kY's chopped
two of them down and left the third. On the RHS, the single gauge prop got chopped, and
there were two left over ghost propagators. Thus I dnded up with result on bottom of
page 10. Next I simply applied a k3 transverse projector to both sides. The first
term on the RHS was thereby killed off, result shown on page 11.

At this point, I had the correct LHS of Slavnov's identity, but I did not have
the correct RHS. I was stuck with a 2-glue/2-gauge piece on the right which Slavnov
did not seem to have.

Next, I played with the Second-Level M-identity to try and create Slavnov's fancy
ghost vertex with the two lorentiz indices. This identity relates the 3 to the 4.
I expanded the 3-vertex down to a proper vertes on page 8¢ and then finally I came
up with a definition for the Slavnov cbject, duplicated on page 12. Thus, I was
finelly aboe to get rid of by 4-point function in favor of this Slavnov object, hence
result on bottom pag page 12. Finally I used the first-level M identity to replace
the extra ghost propagator, and I finally obtained the Slavnov Identity plus an extra
terg.

So there i my summary.
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Gamma-slash. Lets define a new Slavnov object like so:

@, 0, Cy b3

C‘lsba‘:‘a Béi;- C’" A Jhy (hljhllh —') (14.1)

(Y

q. SN o090y My

abu_ Q‘u"‘ ) \t{}g\L ("ﬂu"n ) + Pju._,}m(kﬂ T (e, ‘:1 ~) (1::,.23/

I have copied my earlier definition of gamma- from page 12 top, and have defined gamma-slash
in terms of a scalar function F, as yet undetermined. Since the extra piece in gamma-slash
is transverse, we maintain the desired considiotn that:

Oy 1_G_3

?ﬁq 102 Qg (‘E“k )_ kﬁa %ﬂa}‘\t Qz kh \ (14.3)

Let us now eliminat gamma in favor of gamna—slash in our final Slawvnov Identity result,
making use of (14.2) above. For our RHS we then get:

M aaway W
- e “'|z+L aa.0,
o RRS o <|R:' Q“) %ﬂ\'&t .,I‘p.,,(\‘;) E s
L ainh
v X (KD G
#‘1 *: e \ oy QLBL T
~ )D (k\ \{)ﬁ\l (Qﬂ\bq.cl k: (%H G Al GA"{IF))

The first term is the one we want to get the Slavnov identity; the last two two terms

we want to arrange to cancel. I will try now to make them cancel. Factor oub alpha and

—£ D(kq). Define the parenthetical groupifig to be Hahallka} Probably this is proportional
‘to daﬂ but does not mattedr for now. Then we have:

ke

“'}i"'- TR .,.q; q“
Rk %;;(M R T () Y RTN() =0

<

A ﬁuy«,(‘ﬂs\.%ﬁ B - qqq("*s) ﬁqmqag = o ?
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Now expand the underlined vector intoc its tensor components:

\Q _ﬁqqqzqs _ “ﬁ"ttq? Qﬂbh N “‘“L“?(k:ja ' (15.1)

The transverse projector will kill the B term here and well get:

5T gy KR Lo
Pl () SL@ (5= ¢ (k) A -0
Clearly this will be satisfied if we choose F like so:

Qw9 Ay

iIr quqx‘ls_ _ ié-: \_-\q*l“u ('-“1) }}\

So, witholut going another step, I now see that it is possible to define gamma-slash

(15.2)

such that the Slavnov identity works out! T will continue and attempt to get an
explicit expression for F and then for gamma-slaxh. First, solve (15.1) for A as
follows:

A4d,03 fq8ray T Ma
P )I.I.-,-Ju_, (1‘3‘)<|R \é AL ) = A ‘?l-'\sj.h,. (“‘ﬂ (k?)

_ Q4G Q ns'q_ lkﬁr
o | :;; )

B’T_\

ns ay@4Qa ) A4 %Ay \RLL _ k)
N A N L

=) L ow 103 (k ‘R ?;gﬁi(ka\\? 3:&3 / ~(kl~‘:§)

T Gy
oa(e) T
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T

We can now combine the k2u5 and the P° and the gamma to get ancther result for A:

Te k- ()

AN L (RT) R \h VN “k:“ %T‘T’]

From the first-level M-identity we know H,
Sy g =N = t)
MOy = 37 L= by DY)

thus we may conclude that F is given by:

‘ B - (RN RE ﬁ““”“"ﬂ“ 4R E

I w:}uld prefer to see the Slavnov object combined with some propagators like so:
a,ay03 "L_ Ci %94
O al™= P B ad it [0 B Bty YA
e el

" M LC';
x, lngqqﬁqa ) G. P Mo (kﬁ‘]‘lal‘-‘-r )

M

) "
]Ri Dk}.ﬂ_ C"'lr) = “j"{“RL ]R,_
%:%W Yo . T alasws W

F(.i\"u“'ql g \R:, T \-E:L- —‘é‘: Bﬁ[h;}] J"'} QD’-E}DE. Qs

a9, 0, by -\ -\
k’fht’“l X G e (m,kf,u;;)}‘bﬁ(w D (1)

=S
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So lets define a shorthand for this nasty L-peint function integraj:

o}

qucaha

o (ks =)

Quska-) = C G

(o,

TR

S B e T [ D) DI S Qe (b ).

Q-kQLQ.}

\ By = cia T LR-3 D0 Gl Ky ¥

Now take equation (14.2) and multiply by the various propagator factors to get:

Q,4.9; 9320
_.i: ‘b Qﬂ)‘h (\"‘55 D)“':_‘h"-(.kl) ’%-_}-i;-_,}u. = Q/}"“&?ﬂh (lr_“llhl")"')

O el P D0 D) Tun) 1Ry fo

End: OK, I HAVE HAD ENOUGH. The fact is that the obJect you add, which I have called
F, is rather complicated. It causes the definition of gamma-slash to be complicated.
This complication is reflected in lee ZJ's unexplained equation (4.10) which I now
realize is in fact a definition of the object I call gamma-slaxh (they call gamma with
the two subscripts).

The expression for gamma-slash is not really significant for the implementation
of the Slavnov identity. Just knowing that the definition exists is sufficient. Here
then is the final result:

@, “.1..':'-5
11 %29

}Y‘m ,.n(k“]“ -) = O“‘) 1D (‘“3%}‘*7‘& (ki ¥, -)

T A
Dy :f )(
ST PN

o e .L‘RL ’g)uﬂ-z (ke ) =

1“qu

e (k)
awd X \oa o oy rwsaary AT (see Ba. (5) Sav.)
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The 4-glue Ward identity.
This is already stated on page 5f. We may convert to fourier notation to get:

(.—rl"; ht.ﬁlhlh‘l a‘ﬂiﬁ = (‘t\j\ ﬁslﬁu Aﬁll‘i‘l Al (-?‘Hu’\" +(1Htﬂ’

Here we have chosen to put on the "full complement™ of derivatives in order to not

involve ghosts. We will find that the L~-glue comnects to the 3-glue and 2-glue.

Our first task is to decompose the object GIEBL into its 1pI components. Recall
that "connected™ in the sense of generating functions means "no concomitant vacuum
bubbles". Graphs that are discomnected in the S-matiix sense ape still present in

G123 L Thus, graphically and as an equation we have:
| €
X~y * © ‘ —
= o 1
3 N D Gevl + §

?‘l
| 7.
* {__ &5 o g ¥ (23) + (2e24)

e

oA oo~
G‘.Tﬁ“ﬁ = % G_'ﬂ.G!H + Cila\l - (.?'J“\)E + Gﬂ' G'ﬂ,‘ 6’3'3{' G“'f'l"“I T{'z‘ z.'q"'

+ E gn‘ Eﬁgﬁ' aﬂ' L E'?.’s [;FE'T’L"?:‘I" T @3) o+ (?'”}‘B?\

Notation: the twiddle as usual means k-space object. Since momdeltas are still inside
objects, repeated indices include momentum integrations with PI factors, as well as
Lorentz and color index sums.

Our next task is to apply the fcur k's to the above expression. As was shown on 5h,
when 2 kl hits a Gyq+ You get certain factors plus a two pi fourth momentum daltg. In
the second two terms above, these deltas remove all k-integrations, but in the Prst
bracket you will have some deltas left over. Thus we have:

Mo Py

‘ﬁkqmﬁhwﬁu éa-; = (’“\;_ lpu_ Ry - K_-;“h‘ G\:‘Lliﬂlka @qul

T - (!;%3 CRICEREN
e Lo (B0 Yo Beke) )

{‘--;-!- +
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ogn) ' ("ﬁf{ Rikeks, gﬂ— a:ﬂ = () (=) Sam; gﬂf‘-\ Q‘ISE g@#“‘% Y (ratey)

This is the first term in the first bracket on the IHS. Now before doing the rest of
the IHS, lets examine the first term on the RHS of our Ward identity:

.ﬁh“
r...-—-_____________‘___.-‘\._._._._
) ‘n@hq Q) § (k) Gy (-0 S,,m)

B il Gy = Wy = (20 SClviey) (-ia Dayac) /pog Sqh

So v ‘b‘k A 4 ;
= (i) Say Sag (F) SCetier) Slghley)
Thus, the first term on the right balances the first term on the left. So we see that

the purpose of all the terms on the right of this Ward identity is to balance the
disconnected terms on the left. In other words, we just showed this:

C"QMI R R Raky G ﬁ; = (=) (AN T']‘lﬂ'q

These terms having cancelled off, we may now state the residual Ward Identity as:

o)

M My omy | % 2 N
(“ﬂ- h h k \4? n'l.'-’:"'i -1-%“_35- G'EE‘ E"L\i +* (1;!.‘) + QEHH‘)EK = 0O
‘ﬁ h'l. lg!. h'-l,

In the groupings there are two integrations but three delta groups, cne becing the
overall. Pulling all this stuff we get:

[T T T T mmqlq,

h-, h; \R's ‘ﬁu, }-\mq Cﬂu *5 } i Y}ﬁ)lﬁ-lf (Iﬂl-.ha 3 f;ﬂ (h) ]:ur)h,}jh (hi kzj
-+ (_'2-:.—!’.'-) + (:_'LHK)‘%}

This result appears in LEJ-1. It relateé the L-proper, the 3-proper, and the 2-glue.
As already noted, no ghosts. Much simpler to derive than the Slavnov!!
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1. Assume that you have some generators of some dimension N ( not necessarily the
adjoint rep, no special rep) and they satisfy a Lie Algebra like so:

[Gi,GJ] =1 cijksk
Assume that the constants Cig 8Te real and form a totally antisymmetric tensor. I will
postpone till later the question of how you arrange to do this. Probably for any ILie Group
you can shuffle the generators until this is true. Assume its true. Because the finite
transformations U = exp(~i0.G) are supposed unitary, the generator matrices in any
rep must be Hermitian.

2. Recall that a Lie Algebra is invariant under a similarity on the generators. Ie, after
you do a similarity, the structure constants are still the same as the above., (Not used)

3. Now define Eij = trace{Giﬂd]. Obviously Etj is symmetric. And because the generators
are Hermitian, g, happens to be real. Recall in proving this that tr(ABC) = tr(GTBTAT}.

L. Suppose the tensor 84 is not diagonal. Since it is a real, symmetric matrix, it can

_o be diagonalized by a real,orthogonal transformation. Thus we write:

Ui -
N

-
Edij =Ry w(@8) By o= T r{ ﬁm@g Rix G;kg

= R G Qum %?r s & g&i

N

& T3 T T
T‘G‘{}GE}-&: Rli‘ Rhl \_(H'_.Gi'l = QLL' R&l‘: LE'I"jlkﬁx__,_El-W

- 1] Qe RuRsRed Gx = Ruedy
-~
= EiLQm

Thus, we have come up with new generators (twiddled ones) and new structure constants.
Notice that the new c's are still real and totally antisymmetric. In our new lie Algebra,
the trace of two generators is at least a diagonal real matrix. So drop twiddles from
now on. —

5. We now want to show that this diagonal matrix is proportional to the identity.
Consider:
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To summarize, 1f we assume that:
o a) Lie Algebra can be cast into form where the constants C4 g are real and antisymmetric
b) For any 1,j with ifj there exists some k such that 4 ik £ 0.
Then we can produce new structure constants and new generators such that
1) the new structure constants are still real and antisymmetric.
2) the new generators are still Hermitian (sum of Herms with real coeff = Herm!)
3) the object tr(ﬂiﬁj) =F diJ where F is some constant.

6,. Now, lets focus on a particular reprtsenta‘l.f.iﬂn. For that representation, you could
if you liked rescale the generators to make F be whatever you like. However, this would
require scaling the structure constants. This is OK and does not affect their properties
66 reality and antisym and Jacobk. However, suppose you do this and you get F to be

what you want for some rep. Then the structure constants are gixed and you are stuck with
constants F for other reps which can no longer be adjusted!

7. For the adjoint representation, the matrix we called 84 4 is propably the metric

tensor of the Eie Algebra (Killing form). We are claiming that we can find a basis in

which it is proporticnal to the identity matrix. Obviously, group must be smmi-simple
o for this to work.

v ¢ v
[_GQ,G.S'= lQii'ﬁ.G-h. Q-‘.gh:. o _/«.u&_ Mﬁw o= Ay Jadead .
- . O
Tram e 1 G G 1 = Frgr‘i.. amd e R_G-;‘Lﬂi,ﬁ#.ll = , ?Q’C‘.ql-.‘
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Conclusion: Lie Algebra can always be arranged so that the following is trie:

: [ G:, G: =1 Cabe G: where ¢ are resl and antisymmetric

- [ Ll
trace( G, Gy )= F Sab

trace( G [ Gp,6,0) =4 F e Feroll Y G, Yo,

Here / is a representation label and I imagine the generators to. be always Hermitian
so the group transformations are unitary. In the special case that the generator matrices

of some rep happen to be pqrq;imﬁgiﬁgn{i " ( '_ang:} hence antisymmetric to be Hermitian),
the last result above simplifies to this:

L o ]
trace( G_ G; G, ) =14 F c

This is the case for the adjoint representation wherein one has: (C’a)bc =-ie, .
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add one.

O 1. In general, suppose you consider this trac e:

+E‘o.u.. (Gj ? G:} G:i) = Diht [ﬂ“ I"ﬂ- ﬁ \& @:_3 oL Wl

At the moment, it seems to me that D is a representation-dependent, totally symmetric
tensor. You can show its total symmetry by playing with the cyclicness of trace and
nothing more. With the commutator in there, you could reduce the thing and get a
tensor that was rep-independent, namely, the structure constants. But here you seem

to get a different symmetric tensor for each representation. Maybe the tensor D is the
same for all representations, but for now I will assume it is different.

T have a feeling that in SU(2) the D tensor is zero for all reps; for SU(3) I
know it is not zero for the 3 rep; it is the di,‘jk thing.

2. Given the above result and the other one with the commutator, you can conclude
that:

Pk

r “rra.nn_\‘@i@i(;‘i.l = —",,_—:LF(%:E* ?;5
0 W

3. Another misc. result: define the Casimir to be the sym of the squares of the gens
in any particular rep. Then let N = number of generators in group. You have:

frasa | é(@f Yl = e JEaSY) = F5N
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A Trace Theorem for the Rotation Group lie Algebra.

C:, 1. First, recall the fact that the Clebsch-Gordon coefficients bring the direct product
representation into block form. This also applies therefore to the direct-product

generators. Thus we say:
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Now consider an arbitrary product of direct product generators put into a trace. Eg,

Yraes, ll,mnxumy_l - LQ . (“_,: < E gx

= Voo | B & |

¥ Y
o D S U T CA YR B R e
Th v
If we now label the space of the operators on the trace, we get this result:

(y®2)
Froce

yith

[R0) - 2 e (W)

IR

p

2. As the second part of the theorem, we can write out the direct product trace as

follows:

Wy Yoty WEL
#’k \“Sm ‘S-"'n -‘Sq., l =

b LGB 419 D) w4 10wy (e + H‘bd\g = 4> OdLdY - A0 {
© REQUBYY A« o
If you trace only three objects, only two of the 8 terms survive because the Ji are

traceless in any rep because any group rep is assumed to be unimodular. For four or
more objects, you will pick up lots of cross terms in an obvious way. So keep to 3:

L Ly —f
O h@n \&Sﬁl = () hew " l\&“ﬁh‘&l

+ @) Yoo 13,005

e b ()20,
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3. As a test of the theorem, consider the follawingz'

@ T .l :
O J“““—‘ (;!'-t X;E,Tt‘Sj = }»Fh Eoan s Fh = '__%’ :‘:,C\_"-'\\]("?.'r!ﬂ\_
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= Q)P @ T - ST p)
3

To see if this is really true, do the j-sum using notes in Series section of ‘Math Binder:

265)= 2wy - L 1edeagn)

(k -;EHQ- 1'5\\: '{\?-::"';1")“} = b= E(Eaﬁﬁ owndh &= 5\!’\1‘&\-\-1‘) {:_thj
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O



add 1: generalization of theorem to SU(3) and beyond.

O 1. For any group, there is always going to be a unitary Clebsh matrix which brings
your direct product to block form. The reps are now labelled conventionally by their
dimensionality. Generators are always traceless and Hermitian. The "rows" within a
rep will require more than one leable, I think its twe for SU(3), eg. Part I of the
theorem should go through with no problems whatscever. Of course the sum is only over
those reps in the direct preBiuct of your starting reps. The second part of the theorem
is extremely general, applies for any operators (traceless) in direct product of any
two spaces. Thus here is my theorem:

{“W}

T 66| & 7. W L B

.iﬁ"nm-m

T A 1666] = mw\cﬁ@.q « w1666

2. Application !A! Consider the commutator-trace relation and see what you get:

@) S Y A

Je ~Erm,

A &m0\ ook F=\Fam T 5 oo (Lgd) /
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i n ¥ é‘-*
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T | F2 = 6F% . L eia st ot
To Gonlwminy,  W(FE)= 40D -4 2-3 = ¥
Wiw anvggees T2 3. Ok RaLudk 3 d Wb cgk

what this says is that we have a "building-up" principle here: one you scale your
overall albegra (and thus fix 2 ), all the other F's for the other rppresentations
can be determined by applying the above iterative formula. I'll just be this is true.




add 2: application #2

o 3, Now consider the D-tensors and see what there is to see:
e w !
T oot k0] 6 L60,Geke) = Dae = TS, med
Q\Nﬁww %ujuu :

X ™ "
Liﬁ—;; Ve = o Dpe+ D
A
(la.;uu*nﬂ.u E)du; = Q. r\\max do ?5@93?
4 % & ¥
D, = Di;-’r 3 bi.c Yoo D ’5= DY__ Gm ]
(3
- 3D 3 ==-D
= O

o This agrees with what I know: for the regular rep where G's are gtiven by structure
constants, I know that tr{GaGb'}c} = totally antisym, proportional to C,,; with no
D part. This result generalized quickly to any SU(n). The adjoint rep or regular
rep is always the n°-1 rep which appears in nxn* = {n2—1)+1. You will always

find that
adjoint re
D I(l J p) =0 any group

L. More application: there is no doubt a building up principle here also. For example,
lock at this case:

' 6 3 3 2

%@%1 {}__ﬁ.’)} = Dn.'-:_,_‘" Bq!-t_ = 3 D +%TI}'
5 ‘7 2 3, 1
= Dn‘l-r- = Dq‘b(_ / G"M Rwaﬁ— erﬂhL = _.;: du:‘il:, \

I'1l bet my hat that you can "build up" your D's in this way for all the UIR's. This
means that all D tensors are proportional to the one for the fundamental representation!
Thus we can remove the teénsors and claim this:

D= D Qg Wiameies
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add 3 : still more

5. For SU(2), we know by playing with the Pauli matrices that pIE TP _ o, mhus,

as you build up to the higher reps, you keep getting zero. There is no symmetric
tmnsor to worry about in SU(2), and there is only one in SU(3) or any higher group

(I think).

6. Therefore, we arrive at some nice results:

F(616,6d) = i T Que e

W (G160, 683) = O A

U

W (6aGuGe) = & Frege + £ D dg

30)

1 j, o ¢ |3
(v o oF O |7
®, ra"{‘." ri- O |ﬂj

For SU(2) of course all the D) are zero , and P o= (1/3)3(35+1)(2j+1) as found
on earlier sheet. I have checked the lowest few to verify that the building up

principle does in fact build up the pd correctly!!!



A relation between the adjoint representation and an arbitrary representation.

1. Recall from SU(2) theory that a "wvector operator" can be defindl in two equivalent
ways, one is global and one infinitesimal:

L‘_\h k\\ "-‘3\

W‘:HW;X= » € W

-\ L)
> R V{ ‘i?\ = R‘A w}‘

s _ v S .U_\mg} ’
G =it e VN7 = Ul L
This, then, is the basic true fact about an "adjoint-vector operator" of any kind.

2. In particular, the generators themselves (in any representation you choose) comprise
an "adjoint-vector operator". Thus we can say:

. adn @ ¢ o G Nel=i Qe Ve

i fuli L ks e
| ey WY NIW = U
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This is a very powerful statement because:
1) it relates the adjoint rep to an.arbitrary rep
Y  2) it is a global statement, not just infinitesimal.
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o 3. I was wondering what you could learn from the second-order comparison of this
" last equation. After tedious calculation, here is what I got:

oo s = & MK
= Qu,‘njml..

Wt "\q'n.' ed = tht Cr:_&g
| I—

Upon examination, you find that both tensors h and Q are antisym under exchange of ¢,d:
thus, you learn nothing at all here! This second-order result is automatizally true
for any tensors c5 3k and di;jk as long as they have the right symmetry. It is amusing
to watch how this equation elaborately arranges to be true without yielding up any
information! At f£irst I thought it was ghing to give some relation between the d-tensor
and the c-tensor, but no deal. Probably these tensors are independent objects!

And, no doubt higher order terms will be zero .(ie,equation will work) again by

o symmetry: you will in third order have a symmetric rank-3 tensor Qaﬂbgc times somethi

which has each term antisym in some pair so you will get zero.

Of course the left-hand side is not zero.

L. I add this merely as an aside: The Jacobi Identity says this:

. T Lobow ok n s

H = C. 0 +GC, C +C_ _C
abed abx cdx bex adx cax bdx
\--—.T_‘-""

= hab,csd + h'bc,ad +hca,b|:l

I
o

A

I don't know of any way to express the tensor hab,cd in terms of other objects. I

used to think you could write it in the terms of BabBeq etcsy Dbut now I dont think

that is correct. Only for SU(2) do you get that simple relation. Note that the object

is not a direct-product representation of the Casimir min the adjoint rep. That's because
you have to remember that Gaxb = G%1 + leb and you dont get Gaxf.'}b in this way,. Once
I tried to get an expression for h in this way, but I got nothing.
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E/ ﬂ\j-‘}/ | M
Properties of the Fundamental ReEr_esantatimé ESU(M\]I Seo 1

o 1. Consider a Lie Algebra for which N = number of generators, and n, = dimension of
one of the fundametnal representations. Consider only those algebras where:

nr2-1 =N

I think this includes all the SU(m) albegras. Maybe more. Now, examine the fundamental
representation which consigts of neXne matrices. Assume these are Hermitian and

traceless. [Yes, that means group rep is special and unitary, so I am talking about
general SU(m) case]. Consider this:

{@__:D.}G:bg = Hn"uc. (_:;;-_ + @n\n L

where we are talking only about the fund rep. Easy to show that the anticom is also

Hermitian, thus it has only n2 real parameters, not 2112. This means you can write it
as linear combination of the n° basic matrices, nz-l of which are the gmmerators which
are traceless, the other is the identity matrix. So far we kmow nothing about Hahc
and Qah" However, take trace to get:

o PR FE b = Qu "y = \Qﬂ'ﬁ= %‘M\ Sete. \

Yot | WMLE Gy Bam 4o horn
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= Ci‘mg Code * dtéecn‘b& * dh&.a Qac% = O
= Qu"ﬂﬁt ée_&& * er_e_ a\ue_ = QCode é\‘bu{-:, =0

This, then, is a/lacobl—like identity which applies to any SU(m) group.

C{u{"?qul_k'c\u. EJ\*‘C“\n&"nL = O

v,

I'm not sure of the symmetry shown with the ? added. Anyway, this identity appears

as (17.61) in Gas. Now the idea is that you can create a new "adjcint-w-w:

& - & e e %LWL
D= o dae GG = (G D] =10 D e/
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Thus in any representation there are two vector operators you can censtruct; one
is the generators, the other is this combination of the generators. Thus; when you
do Wigner Eckart you get two coefficients insbead of one when you consider the
matrix element of a physics adjoint-vector operator. These are the famous d and f
coupling, and it seems that you will have them for any SU(m) group. I don't want to get
off on Wigern eck right now.

Probably this is the same as the adjoint appearing twice when you take adjxadj .



[dA]-detM



N 5.9

Géntents of this section on Invariance of the Product [dA] dethfa] . (ﬂmﬂlium‘*-"“bS

Y, 1. Basic set ups. To show that dJ = r(D (dg/ah) ) and dirkletM]= Tr( M ¥°') and
i how you want these two sum §o zero to show desired invakiance of product result.
Third page on earlier paradoxes. Basically, detM differs from the invariant FP object.
Also, detM is pot inveriant by jtself even under free guage transformations.

2. Proof of Theorem in the Covariant Gauge.
A. expression for d[1n(detM)] obtained
B. expression for dJ obtained
C. verification that they add to zero (Jacobi required here, @ factored out)
D. a start at showing the application which appears in Frakin and Tyutin

3. _Proof of Theorem for General Gauge
A, expression for dJ obtained, all-matrix notation

B. same expression obtained for d[1n{detM)], except minus sign so they add to zero.

L. Summary and Recap of General Gauge Theorem Proof. By equation:
1. General notation

o (1.1) shows what T means (complete Transpose)
: §1¢2 definition of S

1.3) definition of R
1.4) general expression for M
(1.5) relation D to D

2. Calculation of 4J

2.1) the condition of constraint .

2.2) differentiation of (2.1) with respect fo field A

2.3) definition of scalar operator F

2.L) solve (2.2) to get expression for S or (dg/dA) imposed by constraint
2.5; dJ final result
2.6) general formula for dJ, used to get (2.5)

3. Calculation of d[1n(detM)]
3.1) expresseion for dM by direct variation
3.2) crucial Jacobi/[Dg] Identity
3.3) result for dM with identity inserted
3.4) general formula for d[ln{detﬂ)g
3.5) explicit final result for d[1n(detM)], cancels with (2.5) above
3.6) final conclusion of invariance.

e Y
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s 2. Field Jacobian for infinitesimal, constrained gauge transformation. Here are two
t 3:’ general facts, valid in any gauge and for any gauge transformation:

1 M

F\%‘m e Aﬁ1m '_T% Dnh Sy
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This is of course through first order in the parameters, we are doing an infinitesimal

transformation here. The Jacobian for going from dr®  to dA as integration variables

in some functional integral is given by the full determinant of this object above.

Ie, you want to tie together the space indieces, Lorentiz indices, and color indiees.
O ' Consider for the moment that the object on the left asbove is & matrix Hi 3 in

a general sense. Then consider:

H**"'L“@. y R srealdl

S dn D (=@ (-0 ~ @
JH = © = - = = ’r‘s-l'u—"hLQ,

Therefore, the deviation of our desired Jacobian from unity — computed to first order
in the group parameters — is given by minus the trace of the quantity in curly
brackets above. When you trace, you tie a to ¢ which kills the first term because
structure constants are antisymmetric. Thus we have this general result:

Ic\ P\&l = I U P\‘! Qualifications: I

:r 1 D._; 7o, E % infinitesimal gauge trans only t
- I constrained or-unconstrained

_ e s e E‘____i:l ?j’\i 3) valid in any gauge F

R L) obviously J=1 if no constraint, l




Basic Setup to Examine possible invariante of combination [dA] detM[A]

G 1. Using work already done, here is what I know:

o LAA] = TLaA) =\ - ;7; j”R_ ‘-Lb;} LF?%LS\\

v) S(aat) o A \‘_@iﬂ\g‘g[“@-nﬂ - E@A{mw\:&)
dak M

Now use these facts to get the first order expected shift in the product of the two

Jacobian cbjects:
LR VAR = WALT Sm + 5 (adn)
= ALY amTA) (A + S(On[am)))
= WA) aFM Ay \\ -3k Lo oh “\ + l’tkg““)““‘ﬂ

o Since each of these traces is first order in the parameters, the first-order condition

for invariance is this: -

ﬁih(b-ﬁ *h(ﬁ.m}ﬁ\ =0 g

o | 4 { Bt - 3 RIS -

©  1AR SEMTAL = Gwostadd v Lok ondar

This applies to constrained or nonconstrained, infinistemisl,
any gauge you want, so far not specified.



It is very obvious that if you have an unconstrained transformation,
Abocian change vanishes becuase © = constants, independent of A. Thus,
the second term in that trace vanishes.

I am not at all convinced that the first term even should vanish . Do I
expect it to vanish for an unconstrained gauge transformation, or not? Remember, this
is not the FP object, it is the Jacobial object. A priori, I have no idea how this
object changes as you gauge-transform off the gauge surface.

Have I ever before claimed that detM[A] should by itself be invariant as you
move. of f the gauge surface in an-unconstrained transformation??? The only place I may
have is in the business of " extracting the group volume".

But look at that: as in Lee, you extract the group volume while minatinting
the gauge surface delta function. Ie, you always have a fat d(f-a) sitting there. Thus,
in the extraction operation, you have the FP object, not the detM sitting in there.

Ie, you never put in detM[A] until after you have performed the extraction!!! Thus,
during the extraction process, you never dealt with invariance of the object detM !!!
So, if is probably not invariant !

This then answers part of an old guestion: I was never able to show that

trace[ dm mrl] vanishes for an unconstrained transformation. That always bothered me.
Now I see that it is not zero, and is not exprected to be zero! That is why I was never
able to prove it!!!
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Falculatiﬂn of variation in the Jacobian object for constrained gauge transformation.

0 Covariant gauge c-nlzl A-fields only.

1. Here is what we want to compute, and here is also what we know to stert with:
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Thus, we get the following formula for detM's variation:
@
o (N0 = sy [y e )
) Vv -
= \dndy [~{€ Cave Yy {Xbﬁ@}a@)}&xﬂn RUINETY
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,é_ Cu & {_(ﬁﬁ' mh;(w\j)kmfﬁmm)] R ANANESN

O Lt
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This result is very cloae to Frad/Tyutin thing. This use of symbol "TR" is helpful because
it lefs you aVoid unpleasant bar notation to indicate derivative of M 1 This really is
the simplest way' to say it: le, this is what any other notation would really mean.

o= Tr{ 12°] ‘”f.‘lﬁ, @ \D:-E’Li

Lode ok
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I am hopeful that hoped-for result may be true for all 9, in some sense. Therefore I

. am motivated to "parts off" as suggested by FT tb free up the parameters so they have
o not derivatives acting on them. Thus I get:

«—
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Calculation of the variation of the Field Jacobian for constrained gauge transformation.
Covariant gauge only. A-fields on:ITy.

O 1. My earlier page on this subject is still correct. There I showed this general result
valid for any gauge:
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For the moment, lets forget about the h-term, Pretend h=constant, as in Lee Zinn.
Then we have only the second term which is:

. ; 1
{ Vo) =~ Cu v [3) T (3] J

VA

Noddee,
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Proof of product invariance for the lee case, cwarialnt gauge only,

1. So far we have computed the variation in the separate pieces, now we need merely
' add them together. Here is what I get:

STomAIN)| = % Cm\a;% ©1( Da ) hﬂ“‘tﬂ @f} Mo Gy :ﬁ)ﬂ | “)

N - ‘-‘%—5 Qm\&x% SO (Dﬁb@ﬁ@&-‘ﬂj\ (a}"%i (‘-@_.ﬂ) (3)

I do have a particular © in mind, but it turns out you can show that these two things

sum o0 zero for arbitrary parameters ©. [ The fact of constraint has, of course, already

been used in the derivation of the dJ expressien. Constraint was not used to get the other
cne]. In other words, it will be possible to show this:

_}J‘\ . -\
Qm\ Aué. DALU} i%@«-:«b (E-r "i‘fwn(‘aﬁﬁl
. Cae Yoy \Dev @ S\ [ Mo (g0} = © ()
If equation (3) can be shown, then for sure (1)+(2)=0 for any function © since, in the

x integration, © multiplées an identical zero function!!!

First, examing the A-independent terms in (3), ie, the terms in D's which just
involve derivative d. You see that there are essentially three terms. They are:

Can Ny 25 S| (3900
+ Cad Yy Bl 33 W ()
+ Cann 3&3 (3% S| (3,901, 7
Tho Firet and thixd terms oty concel, esving only the second torm shich 5o

+ Cank 8y 509 LT W) ()

Now consider the other remianing tams, the ones involving A's. From (3) we get at once:
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= HLCeCace v Caae Cane | K Ny ey T35 Wik ()

O Luckily these C's are in the right form to combine via Jacobi thus:

CobeCede + Cade Crec
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M * ~A
= 'l'“éc'b&%cet\@ Ae(_\‘)\&n SQL--:Q Y_g}-\ Om% Qﬁ}“}l

=~ 3 Qo Coe ALY 0y Sy 130 WG], )

It will now be shown that the sum of Qe's (4) + (5) equals zero and that therefore
equation (3) is true. Adding (4)+(5) we get:

Qa‘u&%% g@c-vg i(ﬂtnm;(fj .“b o C} an& p\}; 1‘_:‘);:} I\‘ﬁ;:c-(\fs ﬁjl} (6)

However, we can compute the box object as follows. Hecall from Lee-paperl how the
transpose business worked:

™S () -\ N Iy -
Mo M () = {“ ¥ @ﬁ D“\,{“\) M (x) = Doc %@‘*‘3)

R + = rfl'
> [ 00 2| Mo = Busors)

The reason this is true is best seen in spacematrix notatien; also, recall how LEEZ used
this a lot. Note that T here means transpose in both space and color, so we have:

(-5 o) M () = ac 5009) Q
o N -\
(_'%; 3‘;& ‘Dn‘o(ﬂ) mbc (‘K,LQ = %N_ g(x-'j) (E)

: Thus, we have rules for applying derivatives to either the first or second arguement

1
of the M=% gicans function.
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In parta.cular, write out {?) in more detail:

o | B
4 Iel, q,{i‘m(w) v Qs A \;“mﬁw Sap S0xe3)
\ b

N, A () -
= D(ﬂ W"aa (‘3;&) = — 3 Bﬂh %(Xﬂﬁ) A % QG«F.E AQ(\F\\, [a}‘ hm‘nt('i;"‘)] (q‘)

If we now stuff this result (?) back into equation (6) we finally get our null result:

() = Cab g Loy Bee S
_ CE!./ Qu.u.c'k %{n')

il

o Thus we ha'.re finally shown that the product [dﬁ] detM[A] is invariant in first order

as you move away from the gauge surface, prm-ided you constfain the way Iee Zinn'do Q!!!
This then yields their nice derivation of the alpha-Lendau gauge.



a
Modification for use in Tuyin thing. .

Q 1. My results are find for proof of the Lee result (covariant gauge), but they don't quite
-1
apply to the Tyutin thing because their D is my M = transpose, so I have to make a
change in my computation of the variation in J. The other piece stays the same.

2. So after some fiddling here is what I find:
N 4T -\
S = N MW G0) Wuly) = 36-3 W) Wlea Cy,x)
-\
(YN = N
g - &)
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= X‘*’; Oefn) Whoa(y,x) = Walx)
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| 4 e T ke
= 1 300 - Qe (S00) W Con)

BTG |

1 +\dz /Y@ 7

‘ x ( W) Mdu(i}%)

If you compare, you can see that this is very close to the previous Lee-mode result.
You can almost connect them by replacing M with its complete transpose everywhere. But,
as you can see in the first term above, there is also a parts change. which I had know
way to know about without doing this calculation. If you take this result and do an
x-parts with the first term ( without justification since no x-integral here), and if
you replace M by its complete transpose, you duplicate the previous result exactly.

‘“\25 s @Y= ke Q A\J&Eﬁ)
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Gr © =\
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I then gets

s - -\ wy =
‘i\*‘**‘x | DL sy | { Quac (F0u) Waa Gony ~ & [3:" Mea ("“-‘3\%

I suspect that if you played with this you would get the same dJ as in the mther problem,
and they would then cancel in the same way. But here there is still a lot of work to

do. You have t,r: remove all derivatives from 8's. S0 you have to parts out the fist term.
That is no real problem. But the second term above does not contain & Bxplic:l.tl:r, 80 you
have to go "find it" using something like this:’ ‘ -

Naw AL 6 I~k§iﬁﬁrﬁit.&m)} = o.(y).

I don't quite see how its going to work, but the thing is there in full detail in

Tyutin paper. I will accept their result. My goal was really to show the thing for
Lee only, where it is basic to what they are trying to do.
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The general gauge case, Lee mode.

o I. Since we now have a new and more general object M, we have to write it, then compute
dM/dA to get a new matrix equation for object dg/da. This is needed on the way to
computing the delta-J variation. So lets do that for a while:

%. The dJ-variation. First, here is what we know:
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It might be better to do parts right at the start in definition of M as follows:
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This is nice notation because now everything acts on the gauge surface function which

is way over on the right. Just for fun, here is some fancy notation that I might consider
using if it is conveneient:

Mas (r) = {D’; (%) VA6
& v Al

: u{g\&d; MX VL)

‘Q:(‘E‘T) = R&n. C\"l.'s“)

—_— T 1 % é
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Notice how this object R is defined (it agrees exactly with Fradkins). Both the color
and space indices are reversed from the way I usually use this thing. So roughly you
. could say R = (df/dA)T in complete sense. I'm not yet convinced this notation helps.
Now lets go on to compute the dg/dA object:
O
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Now lets define an object like R for dg/da derivative. Do this:
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0 This, then, is our solution for dg/DA. Notice that F is some kind of scalar operator.
I guess I could represent it as a mlor/spa(:e matrix, but I'11 leame it as is because
I hope eventually it waill cancel against a similar object. For covariant gauge this
second term vanishes. Let's pause to check that the first term agrees with what
I got before in the covariant case (a consistency check). It certainly looks the same:
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So, in the covariant case this does duplicate our former result, I am glad. to say.
Now we have a general formula for dJ as follows:
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o So, using our compact color/space matrix expression for S appearing on page L, we have
a complete result for dJ in any gauge.
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3. Now compute the variation in the FP determinant Dhjectj A comment is in order here.
Again we will need the object dM(x,y)/dA(z). In the dJ business gust discussed, this
O entity had to be integrated against a function of variable y , and for that reason we
wrote the object out as a y-z operator acting on an xz matrix (see page 2 above). The
reason was that then the xz matrix just sitgs there, impervious to the y-integrations.
Now however, to compute dM ye are going to take the same object and integrate
it aginast a function of z, mamely dA(z). This suggests to me that I try to write this
thing as a y-z operator times an xy matrix. Here is what I get:
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I will parts this D" over right away to get:
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¥ T K (®)
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Here I suddenly realize that I have that same invariant operator F I had before. To write
this last line I don't need the thing at the top of this page (yet). So lets
go ahead and compute the variation in 1ln detM:

Slmesn) = - ( { Fomy{ h_gl |

But this does not seem to help very much, so I'll go back and use top-of-page result:
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Lets deel first with the second term which I will now express as:

S - - U (FUEY) ot ot

Trom e cothdowdion do S Un(ai)
SR\ = T | Dsguﬁgﬂ - T LB Y‘fg}&

omm, S (AD = A EN= RAT). D

Qo) = - o T {IR) (FLe) % (2)

This exactly cancels the second term in Eq. (#), as we had hoped!!! Thus, we need

only consider the first term above. Notice that this same cancellation occurred in Lee
appendix. Now I can forget about the functional differential operator F. No need to
worry about exactly what it does, since terms' cancelled. So:

B - e 10 e Rid = % done

- R
STy - - % Che 4af [hs (R (Vi) {

O To get the above "first term” I had to parts the D over onto the & (which I think is
where it was in the first pldce). This result here is similar to but different from

the first term in (1). I now we somehow will need the Jacobig
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: Now, lets momentarily consider just the d" contained in the D* in our result:

T

o = - Qb § Sa R RV

Notice that the f color sum died, and we put in a new delta ded by bhand. The reson for
this is so I can use my theorem derived elsewhere , namely:

a Bpe] = Dalled - leada)
= v AA — o AR,

I will now show that term (1B) in fact vanishes. Watch:
Q VR )
Jorw (W) = -hg_ b h{ﬂ_&}l—%}&;« XJT_W\=¢ %
= el
Q::’ | = (:ébﬁ'*T'%; tgga Ekhﬂéjﬁ} = Q:Ehc.4ﬂ‘{;tsﬁii =0 \nj eolan

Thus we are left with term (1A) plus the term in the result on past page that we have
not yet included. Adding these two terms here, we are left with:

-y Copn{ TDATIIREI0EY
% 5

- %g Cape {- % anhlﬂ;il\%l ig“@‘%

Notice that this first term is very close to our page 6 equation (1) result, Eq. (1), but
not quite. For example, in the above thing, a color index on R does not tie to the C,
whereas it does on page 6. So lets expand the first term so we then have three terms:
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You see finally that this cancels the first term of (1), so we are now done!!l!Illtrpety!

In other words, “(2)+(3)+(1) = 0 and we have shown the product invariance that we
set out to show, in any gauge, Lee mode.
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A summary of the Egneral gauge invariance theorem.

o ® The notation is extremely complicated, so I will try to pick out the critical
- equations. First, here are the basic definitions and relations:
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In computing the field-jacobian variation, we need first to know how to implement the
condition of -constraint. Here is how it went: . i
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Dijuiondieale. 3 gk
(SI) + el IR - # IR] = o
- = (2.9)
) |51 - }Lcneq - cﬂ T oo
.l..dhsuu..

= -4} e DR 1[5
d VAL
o (23)
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In this last we have used the general formula for a variation dJ:

da—— -

O | - o2 Tw(BRSY - LT @D | e

Gg)ﬂow we turn to the second part, the variation in detM. First I found this:

ESVR R § AT CRE M GE SN G

¥
‘I.M !—-'b*-l“mwm-duktu ?lu.u.: qS% A cand Nonan

(Saldiedl - [D31e] - 162TDA] - Su o Cetn LAuss]
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This is the ling that really makes it go. It is a combination of my one theorem
which pulls apart duﬂ- » and the Jacobi identity. Substituting this back in the
ebove you get:

el = - + L2 (FIRaT) « L EQ.;“ (9.) K‘D;_ﬂl Wl chy ig_ﬂi\e_jg
Bk adosdy DR aa’ W 5o 0K
(3 - - ) - 4 10 (IR - e 1KY
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T now see how to write all these things in matrix notation. First, by direct computation
O‘ of the wariation in M we get:

!

gl - -3 PIEEY + ¢ 1MWl R) | 6D
Then we insert into these these identities, ih order: |
e
(Clidele = WIILCTLe) - LAY
- (2.2)
WDIRY = 4 L)
Insertion of these t:han yields, o
el = - LedlC 1w |
. = -~ = (3.3)
o) -t R - ag_tugngﬁ

The formula for variation of the detM thing is:

Sweas, - T ( tadr ) } »

1

Inserting the above we find:

S = - T (Tl l)

" . < J ~\ (35
SRE Qg] {M&B-E&M;Hi@[m‘l) }
3 = = = =
The first trace vanishes by a::-ulur; the second is equal and opposite in sign to the
c dJ variation. Thus we can add to get:
ST+ S L)) = o TARTTaam(N) = AT [y




