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. * hu ta dative tn coerinant in eases seston tna hes samt EI)git
Idea: when we write A8(x) = "object", we must understand that "object" is
Jdear,

really a functional of the gauge function g. Why? You know that A®(x) involves5
derivatives of the gauge function, evaluated at x. Thus, you need a knowledge of the

gauge function g(y) for y in the neighborhood of x, not just at x. That is why AS(x)

is a functional of the function g. In principle, you-might want to imagine that A®(x)

depends on. the value g(y) takes at all y, not just y near x. Certainly if you try to

write down things in discrete spacetime, you will have to do something like this to

get the idea of derivatives!

With this in mind, suppose you have a gauge condition £(A®(x))= a. Suppose we write

this in a notation which shows the  functionalness!* £(A8(x)) = F(e/ a(x) ) where anything
appearing befére the slash indicates a functional dependence.

Now suppose you have two spacetime points x, and x5. Then you have two gauge

conditions. Instead of showing functional dependence, I will show explicit dependente:

6 F(8, 1853 AQ) = & or F(&/Ata)ea
F(B; sBp$ Ay) = @ or FCE/Nos)=0

This means that if you know the two numbers. A(x,) and A(x,), then you could presumably

solve these two gauge equations for the solution function g (Gz)
Another. thing we can do is define two variables:

Fy = F(gys893 A(x)

Fy = F(a, 189 A(x)
Of course for the solution function@ = (#185) these guys are each equal to a. But we
can define these functions for any function g. Then we can do a change of variables like

™ aR ah = YT: dgvag
Wha,

o} Y= = :| = yipa,9/]. Of gL



wos ai

Here I emphasize that the Jacobian is a functional of g (ie, depends on. the function
. gat all its points), of A (depends on A at all x,), and also of F, depends on all

ie] values of its x, argument. - Of course if you want. you can evaluate the functional
S[F,A,g] at the function g = %. :

What is usually done, I'think, is to go ack to the gauge condition f(A8(x))-0 and

insist that the solution function be @ = (1:8) = (e,e). Probably you can’ solve this

gauge equation to get: H= alt,g) . te, the function is a functional of the functions
f£ and g- Orf, you could solve the other way (as we did above) to say % = g[f,A].

What does this say? You are given the function A ( iey you know A(x) and A(xg))«
You are also given the form of the gauge condition f. Then you can solve for the

gauge function Z which solves 4t. In the other direction, X = A{f,g] says that given
sone functions.f and g, the field must be 4 to satisfy the gauge condition, Presumably
there is not a unique 1, but there ds a class of solutions so the gauge condition ig

C3 really «constraint,
Usually, one fixes the gauge function g = e for each x, and thig implies some

fields 4 = af,g-e].

Now, since “object” = A8(x) 4s a functional of g, we mean that it depends on all g(y).
Thus, it gpends (an our example) on g(x;) and g(x) which we have called g, and gp.

So, going to a finite number of spacetime points n, and still only one color,
we haver

m
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~E (aFGiaw)) = | 2aLAw| T (agen). dgey
a

a RNC
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As you let the number of points go to infinity, the object M(x,y) becomes a functional

= derivative in the sense of my V symbol . Moreover, you usually end up evaluating

le] detM = J[f,A,e/] at g = where the gauge condition is satisfied, ie, "on the gauge
surface". Also, usually you choose & =e so = 0 for paramters, .

My key error before was failing to realize that £(A&(x)) , and for that matter

even A®(x) itself, is a functional of the function g , not just a function of g

at the point x. I used to say things like this: "consider £(A8(x))=a. For each point

x find a g that works, thus £(08 D(x) ease Ie, I was thinking that each point x acted

by itself and points were not mixed. Thus, I was unable to come up with a Jabobiant!

In fact, you have a separate gauge condition at each point x, and each of these

(infinite number of) gauge conditions involves g(y) at all points y. Thus, each &

is a function of all the values olf g(y) and you can define a transformation of variables

from the g(xj) to the £(x5) using the Jacobian.
I am writing all these words because I never want to be confused by this again.

oO This is the fourth or fifth/ time I have "done" this FP deal, but this is the first time
I have really understood how it really words in the spacetime sector. The color part

is easy.

In fact, here is the generalization to color:

(Moo) = Qa eV A
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So here is the change of variables and its inverse: .

oe) TRO) = TAS) Lash i)

“ -\a(acdy- @)) = THA, SG@ 3) @)
To show the validity of this (2), apply (1) in the variable g to both sides then

Aintegrate.over df(A8) on left, which is dg on the right. Or, apply (1) in varialbe g'

and integrate over g'. The primes on each side of (2) must match, but are arbitrary.

In (2), replace the g with g' inside J”’ ( for free since delta). Then integate

both sides on dg to gets

a ‘

TUAgT= \usi S02)
This is true for any g'.."Now, however, assume that the gauge condition said £(A°(x)) = a.

‘Then ve can set g’ = identity on both sides. The left side is no longer a functional. of g

EY wut i gains function dependence on a (not functional, a is e constant independent of x).
Thus we haver

a

Talal = Stay 8 (F08)- 2)

7

a

te THEN Sua ds GOM-2) |
. “Aaah A
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fol If we like we can write M as a product of derivatives as follows:

Ma Gis) = StSa0 [gaa] (gay .VA) Taps)
In the first factor we have gone ahead and-set g=e so you don't see any A® objects

there. But I can't simplify the second factor without forgetting what I am doing! You

cannot set gee first then do the functional derivative!

‘The second factor may be computed without knowing the gauge function. But first

a few comments: our gauge condition is f(A) = a, but that doesnt tell you anything

about the derivative appearing above as the first factor. It is not zero! If you ever get

confused on this, put back the previous form with g-e tacked on the outside.

First lets consider another question: does M and thus JedetM really "know"

6 about the value of a? Looking at the above, you would think not because df/dA knows
nothing about a. Also, looking at the integral representation for J, if you hold your

fields A fixed and vary a a little, I don't see how J”! can change. Of course if you

consider f(A8(x))=a and you keep A fixed and vary a, (also keeping f fixed), then you

are varying the solution @ away from its original value e. But I don't think equation

(3) cares what the hit value is. For the original a, maybe the integral in (3) “pit” at

gee, and for a new "a" it hits at some other g. The result should be independent of a!

This may be helpful in deriving identities!

So, lets return to our idea of writing the second term above in general case.

First let me do a few changes: 1) put in Lorntz u index on A field 2) change to a,b,c

color indices; 3) change from g to parameter ©. ‘Thus the above reads:

“4 @=0

Q | Maen = 2\u [ vEGe). (Why)> * VAcpn@ We)
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For Yang-Mills theory we know what A® looks like near the identity, so we can compute
.

lo} the desired derivative: .
Wl a” .a

AA @® = N@- 5 Diy (N@) Q@) + onde (8)
a 620 at

= (ME = - 1° Dy 3@4)Yee Gs) x

Here I have used a theorem (see later) that says: functional derivatives pass right through

regular derivatives. ( Remember these is a regular derivative in D ).

Now install this result in our general furmla:

A WwNees) = -% ZNa0. [VO | Tas), Ses)oe VAR® <b

©) aside: 1 could if 1 wanted at this point parts the operator D onto the [ ], switch
its color labels, and thus get an overall minus. This would free up the delta and
get rid of the integral. But not profitable because you end up just reversing the

process to get what you later wante( paareah gey-)
Example: [the covariede’ gouge |

” eoE(K®) = 43.M@) 3 WRK) 2 9,.'Se2) Sac~ Ry oe PY >VAC &)
Here again we use fact that functional derivative reaches right through a regular derivative.

: If you now insert this into the abowe, what happens? Convert d, to d, on the delta, getting

a minus sign. But then parts d, over to the right side getting a compensating sign. Then

the’ freed delta sets z=x. Obvious result is then":

Mac SSDs LAO) Se-s)| staato = 7 o at ©) cS =<8) ed De Ls tw a lL]
4 ldpow faRksd.

ie} If M is evaluated on the gauge surface ( as we have claimed) you could actually make
use of the factor that d, AY =a inside your expression for M.



Recall how this detM gets into the generatin g functional. It gets in there through

explicit use of equation (3) above, so detM as it appears there is evaluated on thele) gauge surface. Even if you later "replace" the gauge delta with something else, your

J is still evaluated on the gauge surface.

Example 2: | axial gauge. K
(ha) = MAC) = a.

¥ (ne) \: my Sea) SueYN)
.

Ya LA S=> Ma Gay = > ty Da lLA@s) 8G-4)
a. s *

=~ Mm \3 — kay @ar K@\ Sey)
3 \se
A wg | .= -

+ Ly igG Jae Oe) Soe 3):fe) Since I have been talking pure Yang-Mills theory, these G matrices must be the néjoint

representation generators, related to the Cy). Later I will have to see what happens
whén you have matter fields also.

The point here is that in axial gauge M and thus detM which appears in the

FP quantization (and is on gauge surface) is independent of A and acte as an overall

constant. Hence, no ghosts!



A Review of Definition of FP_Object. (the invariant, thing) and-Comarisinto EP Determinant.

fe) 1. First, as summarized in the preceding pages, starting with a function £(A8) we are
able to define a change of variables and a Jacobian for this change. Roughly, the idea

was to say f, = £(A&(x)) = a functional of g, so you compute df, product against
dg(x;) product and you get a Jacobian:

[T ac®oa)] = BLL FY ages]

S\ = . R) .TW) = ok WaQy ty X)
® pee

3 pwos Ma Gayl iM) = VAIN) aaa Yeu (4) rs

Notice that this Jacobian is a functional of AS which is some point in the A-plene. If
we arbitrarily say that Ais a point on the gauge surface, then A8 in general is a point
not on the gauge surface, but is off somewhere on the orbit passing through A. This det~

Cee eA] is not the FP determinant. That will be defined later.
In the preceding notes we also showed that the above variable change implies

a sort of integral representation for J:

“1 4
HU = Star 8 C8) - 408)

2. Here is the definition of the FP determinant:

AIA) = Va 80-2) = ATR] ee"ATA) = ytsy] = 4 <

Here the symbol a can be any function of spacetime. WE use it abot to specify, the

chosen gauge surface f(A) = a. It is also a color vector. Sometimes it is chosen zero,
sometimes it is taken to be a constant. The main point is that it is independent of A !

From that fact, you see at once by Haar invariance that the FP Det is a constant over

any given orbit, hence the rightmost equality above.

3. Clearly, based on the above discussion, you can see that the FP determinant equals

the Jacobian thing when the jacobian thing is evaluated at an A on the gauge surface!



tae -k

a STBY = oth = HT FA\= 4
oF Thus, the FP "object" anywhere on the

orbit shown is equal to the Jacobian

determinant only at the intersection tafea

There is no simple relation between the FP object and the Jacobian evaluted at some

point not on the gauge surface! ( red dot on last page). That is because the Jacobian

det has that extra term in its dg’ integral representation which the FP things does
not have.

Conclusion: The’FP object is constant over an orbit. It is equal to the Jacobian
determinant only when this Jacobian thing is evaluated at the orbit point which lies
on the gauge surface. The FP object has no connection to the Jacobian evaluated at
some other point on the orbit.

io]



6 . I have established that théife are two objetts and that they are different. The
first object is the Jacobian determinant, the second is the FP object. To review, the

FP object is constant on orbits, the Jac det thing is not. These two objects agree at

the intersection of the gauge surface, but not elsewhere. See other papers on this.

Here is my new worry and concern:

1.In the rather correct-looking Lagrange miltiplier quantization procddure of Fraitkin
and Tyutin, it suddenly appears the that object which appears indide the path integral

is in fact the Jacobian object and not the FP object. In particular, see their equation

(2.37). Notice that there is no gauge surface delta, rather there is the usual "gauge

fixing term" in the Lagrangian. The significance is this: you do integrate over fields

that are not on the gauge surface here, although their contribution is exponentially

damped as you leave the gauge surface (that is what the gauge fixing term effectively

does). Therefore, during the portions of that integration where you are not on the

gauge’ surface, the Jac det object which appears in there is definitely not equal to
the FP object which FT define in (2.43). It was my impression that the PP obeject

appeared and not the Jac det object, but apparently I am wrong.|

eo)yy This makes me go back and examine what I think I know about "exponentiation of
the delta". First I looked at my own "version 3" of this. I now think my arguemtn was

invalid for the following reason: here is what I did: .

3s

ine WYss | eau deyLe]Ee 1

STA)

- Yue ela) Say GLY) 2 )x bby wom Shepr nr ow

= (Sa) Lary cis asta]. Seay
The idea was that G(a) be a decaying exponential so the parth integral [da] G(a) be

normalizeable, and then at the end you knowck offthe dg integration. The result looks

good, but I think I have screwed up: the FP object as defined abot really depends on

"a, which I have gone back and leblled in red: ‘hus, you can't move that da integral

to the right , so the derivation is just plain wrong.fo)dd Next, I looked back at Abers and Lee and learned that they only do exponentiation
in the sense thatq-» 0. Ses their page 87. They never claim any validity except as d= 0.

Oniy T cleined validity based on my om false derivation as above.



4) I now underétand thecorrectway to do this stuff. Here is the sequence of events:

6 A. Do the extraction of the group integral, see single sheet in these notes.
This step makes use only of the invariance of the FP "object" and of the

measure dA under regular, unconstrained gauge transformations. You are

left then with the FP object and a gauge surface delta function inside

your path integral.

B. The next step is to now replace the FP object by the FP determinant. After

this replacement is made, you next show that the product [dA] detu[A] is
invariant under constrained gauge transformations. This fact then establishes

that the generating functional is independent of paramter a. Then you can
go ahead and effect "exponentiation of the gauge delta". This is just how
Iee Zinn-Justin-4 do it, with the result He. 11. Your det then becomes
the ghosts and you are all set.

C, Recall that Fradkin and Tyutin obtain the identical result by doing a
Lagrange multiplier trick. Just another way to do it.

fe)

‘e]
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— 5.8.14

Buler-Lagrange Equations of Motion for Yang-Mills field theory.

o 1. The result appears in the Fradkin/Tyutin paper, here is the derivation.
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lo} 1. Generally speaking, the product of two space matrices involves a composition of
operators. Here is an example:

Im =[at+A\

Ute) = a+8

QML = Jae Tee Libey

= Sa [phe Kol SOPHO GO| rest
®)

= \a2 So-2) L922 + AR] ( inns rea 304)
= Lah Ke] (18 +.60)8e-3))

*

= LRN[R*KO] S@a)

Oo - Lae|,
Two lines back I have put in a "composition operator", What this means is that you take
the operator on the right and act on what is to the right of it (here a delta), and then
you act on that result with the operator on the left . This is Just the usual thing
you mean when you compose operators. Eg, in the above case the explicit result is:

= PEAK (5 56) + BC) B6es))
= TE Steen) + MAYSH 4) +B" RO) 3G) + G09} TO)

+ KORAMES),
2. So why bother with a special notation? Consider this simpler example:

fy = 96) 5° (pte), = Gd+(8,4) 56-3)
hel = Be .Oo = (PHY) + BWI? Goes)

Qua, SB. Fes) = S18. 3e-)\
F (PRY) T~5)



You could always keep the distincition clear by putting in correct parentheses, but

oO the problem is that this is usually not done. For example, in the covariant gaugewhen you compute M here is what you really get:

(} a”

Macys) = >5° Da@) Bes)
.# -4 (FB) Fo-s).

3. In spacematrix notation, the above equality is easily stated becayse recall that

it is operator composition that goes with matrix multiplication. Thus:

A xMeal - 4 Lae Oh) = - 4 a) TS,
4. Therefore, we have now a precise enough notation to tell these objects apart:

® — LeSsy = Gio) Bees)
fo) \es\ # [eel sl:

*

& Lac8)y = & once it
Las) = () fed

In fact, here is a little identity involving these look=alike objects:

lace) = fon) + esl
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5.18.79

ADsicourse on Global, Locel, and Uitra-local gauge transformations, and their

telation to the notion of 2 Gauge Surface6
1, Orbits: let Rectangle be the space of all fields. Each field A is represented by a

simgle point in the rectangle. In this discourse we are never going to talk about the

value of a field function A(x) at some spacetime point,; the point in the rectangle

represents the function as a whole, ie, objects defined with Rectangle as a domain will

be functionals of A. We should still regad each point A as a vector in some color space,

however. By saying this, we imply there is a "gauge group" ; ie, there is a way to take

any field vector A in the Rectangle and turn it into some new field AT via some kind of

gauge transformation which is related to a gauge group hwich we assume has been chosen,

Once there is a gauge Broup and the possiblility of gauge transformations; you tan see that

the Rectangle can be visualized as the uniion of a bunch of orbits, where an orbit is

the locus of all fields you can get to from a given field. Below is an illustration of

the Rectangle and a few orbits. The space is defomred until the orbits are verticdél

lines ( or wafers, if you want more dimensions). Furthermore, we make a graphical

simplification: if you start at some field A, on the orbbt labelled by "c" and you

go to a new field vector A,' = U(g)A, via some transformation labeled by group element

g (or its parameters), then the distance you move along the orbit is the same for allfo) orbits, for given g. Obviously this is not really grue, you can't say this no matter

how you distort the Rectangles “surface metric” or whatever. But I will do it anyway

because it helps illustrate some points below. As an aside, it should be mentioned bet,

like A, the symbol g represents a vector of paramters each of which is a function of

spacetime, but we ignore the spacetime aspect here: everything below is really a

functional of arguments, not a function. No need ever to expose the spacetime arguements.

One final detail: I may want to have a sort of “reference” field for each orbitg Lets

take these to be the points along the bottom of the rectangle. I will call the reference

point on orbit ¢ by the name a,. Any field on orbit ¢ can be gotted like sor A, = U(g) a, .

ovek b ork «

w

he

A le3 \
a a



-2- a

2. Global Gauge Transformation. Under any kind of gauge transformation (global, locel,

C7) & mbotever), cach field point in 2 given orbit gets mapped into sone other field point
in the game orbit. Thats the definition of orbit: no gauge transformation no matter how
fancy can.téke a field point over into some different orbit.
.

Now, by "global" gauge transformation we mean simply that the gauge transformation
in each orbit is labelled by a global, overall group label g. Te, the group transformation

on the fields U(g) is going to be the same in each orbit. The preceding drawing shows
the effect of such a global gauge transformation on two points called a, and A\'. The
effect is thet each point is “raised” by,3 cm on the graph. (Presumably the graph is
spacewarlike so if you raise through the tope you reappear on the bottom)

: Suppose for some reason we were interested in a particular locus of field

pointsthakxintmxxerimixeax . The effect of a global gauge transformation on such a

locus would be simply to translated the locus (the figure) vertically without distortion.

The globel transformation is given simply ty: Ay = U(g) A, where A, ig a field
point in orbitc, and where A,‘ is the new point. This applies to each orbit, and the
point.is that g is the same for all orbits.

3. Local gauge transformation. This is the same thing as the above except that now we

oO allow the gauge parameter g to be different for each orbit. Thus, we have. A,' = U(g,) Als
Graphically.this means that if you do a local gauge transformation on a figure, the

figure gets vertically shifted and also distorted because the amouné of vertical shift

varies as you go from one orbit to the next.

—

Lo IK] Po Ae, 1
Fig2: (a) shows the effect of a global (b) Here is effect of local gauge
gauge tronsformation on the green figure; transformation on same green figure.

the result is the purple figure, no distortion. Orbits on the right "upshift" more than
on left, so figure distorts, But distance
from top to bottom along same orbit of

each figure is same, by our graph conventire)
on,
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kk, Ultra-local Gauge Transformation. Now imagine that someone hands you a function H(A,)fe) ie, a function of the points on orbit c. Suppose you do a gauge transformation where,

for each orbit, you choose g = H(A,). Then you are saying:

A = U(gsH(A,)) Ag

I have called this ultralocal because: even within a given orbit, the value of g which

tells you how much to transform is different for each point in the orbit. Ie, if you want

to see where point A, goes (of course it still ends up in the same orbit c somewhere),
you have to first go and compute g = H(A,). Then you use that g to get A',.

What does an ultra-local transformation do to a figure? The figure below gives

a better comparison ot the three kinds of gauge transformations:

3 ~ ] iLa | La
: :

\|||‘
|H Hl !

|, ] °

rl | IEfo) a) global |b) lobal. e) ubtralocal

In the global case, each "slice" of the figure is raised by the same amount. In the. local

case, each slice is raised by a differant amound, but the distance between points on

each slice is preserved. ("Slice" refers to orbital portion of the figure). In the third

case, the whol idea of “slice-being-raised" breaks down. Or you could say” : each slice is

raised and streched or shrunk. Vertical distagne is no longer preserved beaause the

effective g for the two different points on edch slice is not the same, I maéthe earlier
graphical convention just so I could illustrate these three cases as above.
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a Gauge Surface. Consider a functional f[A] defined over the rectangle. ImagineCF tnst foreach point A, £ 4s some real inimber, so you can imagine £[A] as a surface hovering
above the Rectangle , possibliy intergecting it. ‘Rmmxexamptex Actually, f[A] is really

a vector-valued function in color ‘space, so each point on this hovering surface is really

a vector, but cannot visualize such a,thing so imagine just each f[A] as a.real number.

Lets say that the A-rectange ltes in the x,y plane and that the f axis is the
a-axis. Then points A for which f-0 are actually points in the Rectangle. For some _
arbitrary functional f[A], you may or may not get some "figure of intersection" with the
A-plane. Por carefully chosen functionals f, the hovering “surface f might intersect

the A-plane rectangle’in a curve which intersects each orbit exactly once. One might
wonder, for some given f, is this a likely thing to happen? Consider £[A,] where A,
is some pdint on the orbit ¢. Assume that f[A,] #0. It does seem vaguely likely to
me that as you move A, around on the orbit, somewhere you will get f-0. In fact, it 7
even seems likely that it will happen more tlian once on the orbit. But lets leave this for

a later discussion. For now assume that f[A] = 0 describes a curve in the Rectangle which

docs in fact intersect each orbit exactly once. Such a surface is called a gauge surface.
It serves as a sort of backbone through the rectangle, sort of a thruway. You can get

to any place in the Rectangle by doing a gauge transformation off the gauge surface.\e] 6. Gauge surfaces under gauge transformations. Suppose we have some gauge surface defined
by the points A which satisfy £[A] = 0. But suppose we now do a gauge transformation on
the fields so we end up with new, transformed fields A'. Suppose we now insist that

e[ar] = 0. ‘In the A'-plane, this surface is the same as it was before, but you might,
wonder what this surface looks like in the Acplane,

First, consider global transformation. Then you are interested in the surface

A, = U(g)* ‘X where Xs the point on orbit ¢ which Mes on the gauge surface,
ie, f[A,] = 0. Te, you have to map backwards to see what the surface looks like in A-apace.
As you can see, it ib just the surface lowered by a constant amount, because this is

a global gauge transformation. Thus, we haver .

vo vk) = 2 .

es ws 7 | :
\e)

:

(ger)
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In other words, we are doing.a gauge transformation on a gauge surface. When you. *oO set’ f[A] =-0 you got one surface, when you set f[U(g)A] = f[A®]-0 you get_a different *
surface. For a global transformation, the two surfaces are "parallel". But for either

the local: or-ultralocal transformations, the new surface is a completely new surface, ~
bearing no tesemblace to the original surface. . .

Exactly how 60 you find the new surface, given the original one? Well, if you

know’ the original surface, then you know all points A which lie on the surface. Then to
get’ the new surface for global case, you just examine the transformation: - .

ae UE .
.

Thus, you just plug in and youve'got your new surface. The same goes for a aocal

transformation where g becomes g, + You know g, for each orbit, plug én and your done.
+ However, for the ultralocal case its not quite so eaéy. You have: :

A= ufetaly? ¥ :

Here, for each A you have to solve a non-linear equation of some sort to get A. :

2. dacobian going from fields A to fields A'. Recall that éach field is:a color vector,OP) 20 there is a color matrix connecting A' to A, for a given gauge transformation. (think
of a particular spacetime point if you like). .But also, since"A is a gauge field ( a Yang

mille field), there is the "extra piece” in the transformation law: Specicially,'*

Ma “ye Ley z Q)Ae UPON + ip G4) wal 6. @V)U|
If you want to convert some integration from dA to dA', you have to do a Jacobian which

schematically is J = det(da'/dA). If you are dealing with a global GT, then A'(x) is
just a function of A(x) and you see that J=l trivially ( ie, U is a special matrxi since ~
geuge group is like SU(n), eo detU=1; notice thet the "extra piece" does not contain
A at ell and thus does not contribute to this Jacobian in the global case.)

This then leads to the usual result that [dA'] = [dA] in the sense of path

integrals, for global transformations. What about locals? Again, for each orbit you

have some g,, $0 for all the A's on that orbit, you transform with g,. Now to compute
the full J, you want to consider all A points in the Rectangle. However, you know that

a GP cannot take some point A, off the orbit of A,. Thus, when you talk dA'/dA, you

know you are talking only dA'c/dd, , . You might say: why can't you talk aboutoO varying dA, off the orbit c?! Well, I think it is this: we are going to do a change
of variables from Ato A’, but we are going by fiat to only do this 6o that At is a
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function of A's on same orbit. In fact that must be because that is what the above

gm oxpression says: . We are talking about dA(A), ie, the differential at, some point inlo} the Rectangle, a little volume (area) at some point A. This point A lies on some orbit,
so call it A,. The new volume of interest, dA", lies on the seme orbit. Somehow it seem
s to me that, even though g, does vary with the fields A if you move horizontally in

the A-plane (ie, if you move across the orbits) g,. does not.vary if you move vertically.
By the way, I also imagine g, as changing smoothly as you change to adjacent orbits.

Thus, when you compare dA and dA" in the figure below, the g in the, transformationSixx We) is really a constant. Thus the Jacobian, which in principle might have been
a function of position in the A-plane, is again just unity for a local GT as well as for

a global one. If you do an integration using dA, yes the dA might run over the entire

Rectangle ,, and so do the dA". But for each particular dA, dA" lies on the same orbit.
So you never talk about a Jacobian relating d(volumes) on different orbits. Ie, you
deal with figure (a) below, but never with figure (b). . :

< < &

tax} 2 aa

\o] _ maAy. . haa
yes, this is it this 4p just nonsense,

QI think this is all right, but maybe later I'11 change my mind.

Now finally consider the ultralocal gauge transformation case. Now g = (A)and is a funetion of yqur position on a a given orbits, Now-all the g's appearing «in ~
formula (1) on-preceding ‘page are really. g(A). Thus, when you compute dA'/dA, you

have to include the fact that g depends on A. In-fact, since the "extra term" involves

derivatives of gj it will involve derivatives of A, and this means that in the ultralocal

case At is a-functignal of A, so you have to compute J =VA'/YA and.you now have

to do determinant in the (x,y) spatime sense as well as color. It is very easy to see
how _, in the ultralocal case, the ‘Jacobian J might not be 1, and in fact might be a

functional of A, your location in the Rectangles. - Lay : -
By the way, this “ultrlocal " gauge transformation idea iw, I think, what

Lee and Zinn Justin and Slavnov are talking ebout when they speak of a “constrained”

or "nonlinear" gauge transformation./They have a function g = H(A) in mind, so-ono sach-orbit g = H(A.) and you have exactly this ultralocal case. So, [dA] is not invariant
for an ultralocal gauge transformation, but. it is invariant for a global or local ‘one!

oS OK $22.94
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Preliminary Ghost Stuff: how to do detM without ever usi: lost fields.

io} 1, Here is our starting point:
ae 5 nma - Cge)lis-4 ¢ Balla

: at a

={&£-9¢ (STEALS = [47Here we have dropped a finite constant and the d” operator. These things just make

overall, infinite constants which play no role. These constants could be regulated to

be finite by putting finite number of points in spacetime or something. Or by setting

delta function equal to a gaussian.

2. Next, we compute detM in this way: te

At hay]dan WRA(\-) - 25 ayy
wre © ee -e

Now, even though we have no ghost fields per se, we can still iden tify the inverse  ~

laplacian there as the coordinate space ghost propagaotr. I will force this propagator

fo) to have same normalization as my “feynman rules" ghost propagator. Thus:
2 aeDy = Sa @D oR, Da Ga) = Ba Gr) Fes).

.

tov G

= ble + giles [Ad
a ¥ @) Cal

> \rgan Cny) -\e 9) Doar HALF S@rg0) Ass) da,
ay wd) Ae

= = Cap [9a Pha oy] AG, (g)

tobe.



Feynman. Rules for Gauge. Theory with Correct Normalizations.eo) Gee page \e Sn asad. off)
1, The Bare Propagator. Let us assume the alpha-landau gauge here. We then wish to

combine the usual F,, lagrangian with the gauge fixing term. Here is how it goes:

B= PP- ROA AK |
Bere) = 3A0- Ap

Sugrae sale Salada, fr ave, Quan:
= - 4 pA, ~ WARY AA = WAR) — de CB.AWIQVAY)

De parks do gk

L= +e Ny Gd -WAD * 3R (An RIA)

re) Lot Ap | Bap ~Q-b)3alAy
Rounasik cola te eh

oa ab a ahoa SO (Tydaah + AT
. oe ale, cs —— - SsSe sk One® = 8” CT gw — Ck) 38")

Qos a De ib aA

Veo: FANE tate Fay Wl

Qua, ES 2 Sw a TS ob
re) - Bwesd|= ed SSN > CY CED(Y ort (s)
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ne « atses} LE Bw Ga] = <ITOR@MEDD = Gyr Gos)
sou woe

= i Gw@ay = Cs /soy

Whonw Se Nee
; Ow yr Gos) = 3° Sa Sees)

To make more sense out of this, go into fourier transform. To do se, use standard

transform conventions in notes, assume D is function of x-y. Then:

be TR OES) be
DrG@ey = \ae © Dux Ce) “i

yr Gas) Sde. v0 Sn ~ik
& a be an

2 |(S Ry +O Del) DGD = S75,
be be,0.

>= @)=-2=([ 9 ~ (2) hike | abhity todaucke ano

Therefore, here is the correctly normalized Feynman rule for the bare propagactr. +

om k)- ap wy . neep(B) = SD = [ide (w)|
sae

= -id - Q-2) k |oeLar aS
As a check, set alpha=1 for Feynman gauge. Ignore color, and you duplicate photon
Feynman rule as in Bjorken and Drell, including the sign. (see page 382 volume 2)
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2. The Four Glue Vertex. “Let's consider only this particuler interaction term. .0 In general you can say this:
:

ai San fs tte te] ; Payee 4 .wholes ¢€ Sakae at SI .
gen

WE Gana TD T - 4

C oesee yy. (Sumdlag quest ost).
Here I have included consideration of the ghosts. But for the moment we are not interested

in taking derivatives wrt the ghost source j, so set that factor always. ="unity. Then
we are left with this: - . . .

. a cy e,

< - RacyYOBoGa Wg)whyl= ovpi} San RaGS e
,

a poke patld eo A yeo
= -kaoe hk (Ma GF OO ALA ARAY

Ame a ya

= -4¢ Caran Cagayan Sys Spee” Aw Am As Aw

This may not be the most efficient way,to examine the Feynman rule, but lets examineoO the 4-point Greens function like so:

(a) Wibverby wt ot

Srunn Corer = GOSw
DW)TTF GH) STF GSBIOLG)‘

| N Speby, Aa ALP. a deba . peee 6 LeLON]Daw CDE Gao]

| * [Dm] (ype nae fa vate)
In other words, we already know the Feynman rule for a glue propagator: put in iD .
for each line. Thus, when you consider this lowest offer graph, whet ever is "left
over" in the parenthesis must b e the Feynman rule for the vertex. So all we have
to do is see what goes in there:

Oy

‘ 12 wt0°: +BYde FE GCana Coma YeePayee| CD CA)
bh ba bs ‘ a cs c% WED MOA MG BACH) FO) BUH BAGIA)

i a ae » 4» GE) bal) agie FOSGVE)]
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Now the first thing to do here is let the “external” functional derivatives come in

fe) and do their thing. You r J, external derivatives act on a product of four factors.
Consider the d(x,) derivative. It can act in h ways, ie, it can hit into any of the
four factors. Then the d(xz) can hit’ on any of the three remaining factors, and so on.
In this wey you generatoe a 4! which cancels the one shown from the exponentiad.

Now consider d(x,) hitting just one of the factors. It cen hit either J inside
the factor. In effect, this makes a factor of 2 which cancels the two in the -i/2.

So, the net result is this, after the external pincers have acted:

«) tl-2e a?
Se TELAT Cra Capers Yye Yryee| CO Gax

oa a a N com (i) bo (FE) te+ YG)Fe OY Ips, @) Yay C0) Iya 3s I sens, CY
s S st abe: -

2 Cay eeal \: RV ay Jp Gy) Dyvs Gs, )|
Now consider the action of the "internal" functional,derivatives. Again, each of :

the derivatives shown comes in one at a time. The first one can hit one of four factors,

0 the second hits one of the reminaing three, and so on. Thus, there will be 4! terms
corresponding to all these different hits. If you know one term, you get all the others

by just sunming permutations. So lets pick as our one term the one where the a, hits
the by things and so on. Then we get:

oy aye » (gt
Gm Yan [Din COIL TEIL. (4 CAS) Chee Caner Yun 3pm)
In this term, a, got tied to bj, a was tied to by and so on. Mn some other term perhaps
b, ties to ay and by ties to ay. In that therm you would rename the summation

variabies a, and ap; the effect would be to permute the object in parenthesis. Thus,
here is my tentative concludion: .

+ (nb gtfae = 4° C8) Zi Coan Care’ ylz 4a, yaya ‘ys 3yes

There are 24 = 4! terms here. The usual thing people do is classify these terms‘o} into three groups of 8 terms as follows:
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fe) CBW) standa Ga B dome yr gh by dovig, asfacled pare.
= iEgt) Cage Cava * \ Qs Spy aps Sues

t

Caet) cy
Sym Sys Spy Sits Spam Gaye + Sonne]

t r

ae) Garver (en) (ets) aed eas)

= -igt Conan {= FY Cosa Cara L gyn gps — Sits Se
Thus the 8 terms in this group make the above pair of terms four times, cancelling
the factor of 1/4th. So we end up with this statement of the rule:

ae
| Qu = hg { Gaza) + (3,29) + cna § :i

ran Gass) = Cane Cae l Vis Yap — Spys sym]
Sanne

Notice that (12,34) = (12,43) because you change the sign of both factors. Thus,
it is just the pairings you need to remember, no signs. In the first term group, 12

are together, in the second its 13, in the third its 14.

This rule agrees exactly with what I got last time I did this. And last time

I cehcked it against various other sources so I'm happy with it.
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2.5 The Four Glue Vertex, More Detail.Oo I think it would be good to change the definition of the "\-vertex rule" so that

it is defined to be the thing which appears in here: _

HHP (a) Bibosby rar
Sh Syn Coketaxy) = Go)! Svr

abive.

aby oe \\ (9) aaragay,= i a4a)\ | *3 a | By Ys,\asydgetgy LE! Gasollé Bar Gass[ Fypgagin LESS
If other terms were added, this would really be the definition of the proper 4-point
function. Here of course these are all bare propagators and this vertex will be

the "coordinate space feynman rule". Of course we already know the answer from

preeding pages. Reulst is this: we Au sgact
ian _ — —

- Bere OH aaag ay o & & SyTh ries (SHH) =~ AS SGI Gey) BGG) {Grats+ of
Here %, plays the role of variable called x before. You can see that this duplicates
earlier result when inserted theré. Notice bhat this thing is really a function of
thre three difference coordinates, as is alwasy the case for a translation invariant
function.

Now lets fourier transform all of the above. We get:
, Ca eaeyca bbababy _ ate or

_Sovak (Poke tein) = Le DeeCPO\LAUBYES] Tango Ctateita>)
Hre the twopi fourth delta overall has already been removed, so these guys are only

functions of the three momenta shown, the fourth being determined by conservation,
The object here is fourier of the above like so:

4.
.SanSHEE

Cte tpoks ZuMstrar) = \eanag © ee V8.8.)

= ~igt 5 Quaa)+« ae[e) co eranclones SPRL

Rout Feaeragay 1
rs '3

Vapi Costs) = “ig co) wag |
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3. The Three Glue Vertex. As before, we have W[J] given by

A , vee = - 9 CP QM) AN .

Gnow we focus on the triple glue interaction term which is:Kedah is) LayFO Gleavewhl= © ge

We began with ~3, there were two cross terms, then we tensor-doubled so -1. By just
fiddling we can rewrite this same object as followsL:

AMA; cD)aN = Vay guag \s3 © Spm Oj Seal Sees
Ct aa a

x AysGAyee) Apis 8)
* Now we search for the following object:

@) eorby 3 53

SF yvary i%yrs) = CA Swi
WHSSW) SHE Gad

2 ales OCCPO
Sagres HOS Galil EEE Gasegd

aby ‘ : Conn ws

—“e “ = CD Sagidyedye lise dys MesOL3a, Stor} |by be »: a oe 9:
» DGD WO WE JeCoy Bale) Fa Gq)

: wes & 43

» (4) Hay Katee Vo]
Remember what you are doing: computing G3) by taking three external derviatives
on the W[J] given bove. No steps are left out here. Now exactly as before we can
apply the external (say) derivatives to kill the factorial and get:

AAAS “(9CO Sagagags lig C Spy Sey1 ayrsih|
absoy am 3 : “ a | fas0 . JEN BGO IMG) « [+ Sag heey HC als ial
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Now we take the internal derivatives. They can go in all possible ways, here isoo) one of the ways:

ae yo agb3Sy) dydyys b Daw Guarli DavGui Dav Gaso|
: wag Cs). {ig Co gyn BC4e) [Spe Fewest

s As before, there are going to be now 6 terms, one of which you see. If a, had gone.

onto by » we could just rename things etc etc. Same workings as before. Notice*
that groups of labels all move together. So our result is this coordinate-space
result:

c ole spe,

Maass eon Fan dg )P
papas Chuguts) = vy ‘Zz So Spyns BCgpeyp) \Sa Sy]

There are various ways to write out these 6 terms, but lets instead go first to
momentum space. We have;

@. Ase (8)

Ore _: Ke .oO Me et AES ge FER 3H)
¢ AAs, ®@Wak

ES Mes = kg ZC pyre BGS Fee (&)

he yoys —y® HERG BREE ——=
ata = Sagage Me pie PE

aWAQ ‘

= -ig ae * aes rer
eee

~ 7auaaay maaTa Got) = = 9 ST 36
= 8099

0 =¥3 FS gue Gn
whan Unk Aah L292,
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Writing out the terms we get: = +4 am CQ Spe (Py

es wR son,lo] ve | ewan
phe _——_________. ie ‘spre.} aaa aes |

| Pano Cnty) = +g C Sylaa} + este S|
Notice that, as was not the case with the 4~glue vertex, all the terms in the 3-glue have

a common color factor which can be extracted as shown. Eg, the cyclic terms all have
same © factor.
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4..General. Method to "READ OFF" the rules. Now that I have’ worked a few examples, it

@) 3 clear thet you don't have to redo all this work everytine you want to read a feynnan
rule from a lagrangian.

a) propagators: First, examine the lagrangian to find the operator in L= +406.

Here I am calling the operator 0 as in the example. The coordinate-space propagator,D,is precisely the "inverse" of this operator, ie, its Greens function. It is usually

easiest to convert 0 to momentum space using the rule d= -ik,. Then get its
inverse in momentum space which is not very hard. Using this method, I could immediately

get the propagator just by a read-ff, but it is done in detail in preceding pages.

b) vertices: First you write down your interaction Lagrengian vertex of interest. You

then multiply by +i ( caused because it is +i Lint 8 in detail). Then replace each
derivative with -ip where the p refers to the field acted upon. At once you arrive

at the momentum-space feynman rule. To get the coordinate space rule it's not quite
so easy, plug I don't care so much about that so forget it. I forget to say that after

you multiply by plus i, and replace derivatives by ~ip, you then have to sun ‘over
all permutations of the field labels. This, you recall, arises from the d/aJ's going

_ in in'the last step in all possible ways.

Example: 3-glue

Crone 3. \ a oyf=-4C pa 12 Ay Aye Apis
4 Arras: s .

= GG 2a ~i®a |> Rate GiIGa) = Cc ays \ Qa
You can see that it does work. Of course you usually procede to write out the permutation

sum in sone nice way, Notice that you must alwasy start off by writing your Ly, in
such a way that each field gets its om set of labels. Te, you insert g,,'8 as needed,
etc. The derivatives can just sit there acting on their chosen field. Recall also that
"Rule" refers to the lowest order term in the proper vertex with no additional factors!
(as was noted above).

Example: J-glue

AAA gy By oe ag wyLa-kefo) = 89 C e Byes Arye Ap Aw Aun Ap
Ana aaa

a Ake = GNGCES) BCtO) 4 Say Spy
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“be Ghosts. As an application of the above method of "reading off feynman rules" lets

fo) do the ghosts in the covarsant gauge. The general idea is this:to meSEY
Ce) MEW Gd) CoO)acl] = \atae ©

and in covariant alpha-landau gauge we have:

a a ays at, et H(W- Cys 2P - Col Ts-4 F BAY

%, o~ , “ a

a We - [Osa- 5 Cu XX]. QR)
As usual in spacematrix notation, the ay here acts on everything to its right, not just the
a sitting there. Lets now do a parts on each term and drop the outside factor. These
factors have no significance, since they just make an overall constant which cannot affect

any rules, and will be cancelled in the divied by W stage anyway. Thus we have:

. a ot a a. ys

ai\ = \ ad ae. a (= RG Ter + 3 Coe@ QHAL cd

fo) foe0 dt OK= hs + QV + we (HQ YA /> &e&sy 23 Ca +g Coe GG) <G
Now we can read off the rules. On e detail is that the propagator here does not have a

% factor. This compensates for the facto that the d/dJ's now can only go in one way
instead of two ways to pick off the propagator. So we find:

“ ~ . \Ca = Bad 2 Ga=-Bak¥ 2 Da = - Bae

T, orBj Gere) = Dalit) = -2 BAe

BARE)

: rsa = ey Cae B = Babe CaP")
Sp ‘
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Ward Identity Section | finished June 14, 1979
,Comment:

This section was done as I was reading the Slavnov and Lee Zinn Justinlo) sequence. The Ward Identities are needed to do renormeliztion of YWT. All this stuff
is in the covariant gauge because Slamov's work was.

Gontesnts: Page

Inverse of Gauge Propagator prlim

Notations for the Ghost Propagator, relation to w+, ete prelim
Analysis of Ward Identity 1

a. general Ward was derived by me, see LZJ~4 notes
b. specialized here to alpha-landau gauge

¢. the basic nonrenoym of propgator facts stated for first time 2
d. replacement of Ww? by ghost propagator . 3

e. the graphical notation for Ward's rs
e1) details on the first-level Ward ha

f. the second-level Ward (first time) 5

£1) Review of Ward Identities (levels 0,1,2,3 end (n-1) cases) Saybyc
acs £2) Review of the M-identities (level 1,2 and n-1) 5c

psa £3) HigherDerivativesof Ward Identities, Examples 5d,e,f.
£i,) Fourier Transform on all Identities * 5g.h

g. The w7 identity (original derivation, graphical) 6

h, Combine lowest Ward with lowest M identity for prop. result. 7fo) i. Restate the Second and Third Level Wards &

i1) Summary of M identities of first two levels 8b
i2) First Definition of Slavnov Object 8c

J. Fourier Transform of the 4,4, G54 object 9
*x* here begins the derivation of the Slavnoy Identity xx

By fiddling around, I get to a result on bottom of page 12 which is close to
the desired identity , but is not quite it. There is an extra term as shown on
page 13.

k . Review of sequence to get Slavnov (prior to redefinition of SO) 13d
1. Definition of Gamma -slash in terms of unknown F.

m, Final result in box. There exists some object F which works. 17

n, The b-glue Ward Identity. 18,19



The Inverse Gauge Propagstor.

le] This is very easy, I just want to have it on a separate sheet. We have:

LDw Od= TF]AG he + 2 we an ge

Da &= -¥ Fe her?

Du Dr = Ya = A& Oy + ac ey

= ABWCB®W~ ben) “ acta

~ ARRE + ha Gc-@s
Ne) arA ‘eek

6 Ss sv LWe= AWB abel
~\ sv L

re ee’
od = Se > a)

Os wee
e

Ss &
a

CRY) = PF

fe) i= Pe =o
cere gage \l lnate,



The Dressed Ghost Propagator and its Relation fo M .

6 1. First, these facts are self-evident:
AS

WHA) = (ag dctae ©
* .Sm 8. + Saray Coy MAG gig) AG) Ala [Cahe +eies]

So = SQ)-EPS Soe BW 4G)

ateev ant, pt 2S mre
> LAT Cacho> = 4 Da Gy) = [SasTe Se) 8 EO) Ieee,
This object is of course the dressed ghost propagator.As defined here, the sources 7
of the other fields has been left on.

2. On the other hand, we can go backwards and "do" the ghost-field integrations to

getL:

5 + 4ASQ) _— RY Srde, Wo (g) Wide (yin) da ©)6 why] = \ag sna) © e s

wh uae Vow aia Dain gamerran Unbeyral: \ 4 anVax Fg
~

=* \Yadan ot Sar Ld omc + jergte| = Gam) © 3
Now we can take the second derivative with respect to j to get another expression

for the ghost propagator:
-

-\ ~\ 4 SQ)DKS = | whi! Vag SkACQ) WE (4,25 8) © Co
= whet etic, $G)- w byl

oT

= -\ ja eS =4 GIT (‘itesO)

;
= sO,



Aveta Wand Aust, .© og Fnsoaen, aunt reste GIL) near envarieh genetdon da Uk ee eS > : - .

hk): x SO cult h— lian tO $whl=o |(eke EUROS Scere SOB ND wel =e |
[reasasised gongs, pant song OAs Sx Wang.

2. Suppose you take no derivatives, then set J=0., The-entire second term vanishes since
it is linear in J. The first term gives you the VEV of a gauge field all by itself, and
this must vanish by symmetry I think. Only scalar fields can have VEV . Thus, you
get 0=0 which is fine. _ oa . :

3. Now take a single gauge derivative: Fisk, repack We coat oe - Donel
—

B= 9K peat. 7G)e) | 22h oeyamTOI-i 9 ix wily=

RY |: al . ,
| By OF (Hs) TH Cons + Be)a+ Sas IEG) DA (F49)Mibe Canny + 3) ty).

Apts PP WAG & yor LL
wW= Cin) d xo . = =

swt nan-a m yay __|a> la WEAol v

=H Dae (45, 24) Mtoe. C05 M65) wo BY

)A +5 dy” ge both Suue.
B

@® 7,
RNS= Hy Y Da) Mela) © = -2S..8G-9)wl.7
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Dana wns gd:
O 4 ao [atsubi_] _ - 8 Sq) wm« 7 [sae sal aa al

on onSods duegs by wo Ll= Gace = i Da &s)
SG pseu co ~) 2

a 2n av Va (a4) = Ss 3Ges)
Qewate: . _

4 aha” [Dew] = Sa Tory)

® For dae kone: .

y 4 Sh Gea) ”Li Dacesy) = \ g& C€ [ADA @)|Coe\*

dpe (x3)fe) Borsy = J de, wmCons

+ ARNEL) EDAGI= Sa
| es|

> 4 bak, [EDA (Ol = Sa

@] Waskie Daa nee goog? Wars entre udernehion woadd heer
Wis\ = )TAN) ovpd\f-k ALL OSTA 4+ VORGx

. eisWe) BXGos) weil)

wy nag mola ow Veta. Ceth a©
Bors 4. alo

Lieut, [i Dalia]= & |gR]= Ba 7
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‘Thus, our first Ward Identity makes a statement about a piece of the gauge propagator.

It ways that the longitudinal part of the (unrenormalized but dressed) is the samefo) as the long part of the ware propagator : " the long part is not renormalized at all".

This is not as obvious as you would think. In a theory with only glouons and

no ghosts you get this result quickly from the self-energy Dyson. Here you would have

to include the ghosts in such an analysis. Even in the pure gauge thing you have to

assume that the self-energy is purely transverse. I'm note sure why that should be

obvious here. But the result stands: it comes right from the generalized Ward so

it has to be correct. By the way, I don't think the gauge self-energy is transverse!

Bg, in axial gauge I know it is not because there is a nPIq equation, etc.

2. Ghost. Se insertion. Let us now rewrite the general Ward replacing the
object M” with the ghost propagator according to seperat sheet. Just insert

wir? ond use that nice result. You get:

Taye an wet
ee [222 = 2 \ytto Bion) f vie ciei |BO] 3) SLWIKY

.

I have not bothered to show the ghosts sources which must be there in the rightmost factorfe) in order for you do differentiate. Once this second derivative is computed, the j and j*

have been set to zero. Thus, in this entire equation jej*=0 so you can do no further
little j derivatives.

Now lets apply (-i)d/dJ to both sides again, then set J=0:

ia] 2,Op rot v iS PW Ly

-5 » jetau | es Dass, 9) fu IVEYa xyesi SLOWS ¥ SY. Bes)
Except for the little transversailty restriction of renormalization deal above, I think
now there is no purpose to keeping the pieces of D together, so lets go back to the
start und writ e things out in detail:

>) . ww 2hoa 3° ee | = 3 Sag3 » is 3RP Leyes dy 3). @) Vit @)

rs 4 seore) +i aySoCs) Cav \232 .A:

BIFG) Bj) BG)



=y-

3. Simple Graph Notations.

:

le) solid line = ghost ( bar indicates the c* field) .
‘ squiggle line ~ gauge particle ( maybe any other particle)

‘ ball = WJ]

: attachment = (-i) d/ad

standard label order": Lorentz, color, space

i In this notation, the original Ward reads as follows:

: . *

pee oe Ay° o 4 ey 9) # a-& = - :ae - Sash] [gate vc ood
. : “5

Ward Identity *

If no SSB, obvious how satisfied if you let J-0. Now take one derivative to get:

-

.

cod vide anoO. us 4) Vt 7= 4) XS wt 3 aFe = VokEol 3-99 + ON .
vd a vide

+ by
on

: aw \*

+ {- aS sh vfeBY
ae be

If we let J=O and divide through by W (first), we get a relation between some objects:

vie

poe =| @ Tex | £ x—— se -+t ai ~*~ Ul beBy [-O- oy [Sora] + Ct [poe
Funak-Sawd Work

ww



ta

More Detail on the Level-1 Ward Identity. As noted on the last page, the identity

fe) reads: » aay ae l yaa ‘i

we) = - +9 Kay Ke-— Qe [aD Cxxe)\ goo D Gye
Saba

* Career G ope (2 2)

»:

: ‘al i . 4, Ke,=e Bama Den Doyen Goons) = Dee D* Gsm Baer + Cagoier Geer Ceveere)
First-level Ward Identity, Coordinate Space Representation

The Fourier on this is straightford and gives:

wh ; m2) ae, GEG
ni Baan LOW] Dugas) = LE Sha Tike] DQ) + CaperAe Goa (iyeyr)rd 3

—

le) » Saaz Wo" DMR) + C Jk oe Cha, ,-)F See K' Dale) = +e Dawe ie) + Carbscr \\ Me Gop» Qs, he7 2 Baa, EDyalk) = +4 Bans we
First-level Ward Identity, Momentum Space Representation.

When we later apply another k to this thing and use the first-level M identity,

we learns something about the longitudinal part of the gauge propagator. Namely, we

learn that:Tm mea k

1K Dy) = = @ (%<)\ Rk

Su KUW = HR Su(K)- Cul® 6x)+a Sy = + a (XK) - ved \AE, Gn GRy Sek ® cy

First~level Ward Identity, Momentum Space

fe) If I dot this thing into KY, I get the First-level M-identity, but this above is amore powerful result!
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ks Triple Gauge derivative. Now lets apply a second d/aJ to our once-diff'd Wardo) and see what happens:

cn yte o

° a sh i) es aaan Ye, = \ ILC ++ + ob .ue og ay (EMD 5% .
® ye *y

mo OR * yey ~*~ ) cm
wo y ' x _ y° cS £ vit+ ~ gs «Ca + 3% + Ca Aco
” woe da be

Now set J=0 and write result compactly as: :

on * vepox Yew ‘

6) dev 1° ¢-49 = 3-7 + Cy + 9 (Vdaes (dew)my 3
va ew

a be

Rooms:

a an 4%

1 a” ; x 13” £at ae a

|e mM 3 om Pik + Coe preehe p
Paks Saks Hats

BX

resarea Souk work, + Lest,
Note how the 2,3 symmetry is automatic. As was always claimed, the Ward relates

various kinds of greens functions. Lets duplicate here the previous one:

anya
ammy fm @) a |=e aemh oe = 73 Se + Cap

Dake aux pads,"

ynak- Lowel word. be,

You can see how these things are going to look. There is a tendency of the Ward to

turn gulons into ghosts, and to mix in the n#l point function with the n pointers.OD ether nessy . T suspect you have to use the Dysons to get these into standard forn??
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ReView of thelowest level Ward Identities ingood notation,

6 (0)_Level Zero

m Waxy, im‘

.~My & x Jam Leal
aK, aK

Be

ak ban, Mee%e

(1) Level One

axe xy ay
,

hy pase, me= ey by = {5 uy ° + Cader R
Oak. bx, Mem

ax, o juanBS
My, Pedr, ade* Sask es3 {5 Seay A + Cagbaes & {

aux by 8%
(2) Level Two

bay am ay 95%;ay wy J ly as poateaa dn hs = 3 ey + Cates
Pasexe, ade od Paeeke

£3203t {

ax, BK,hs pats Bs9s%"
+ \\an (ise on] -¥ Ney par + Cone, pak

aut v. PaceyKy
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The idea is this: each time index the subbcript on the J integration labels. Also, push

re) down former gauge lines to make room for the new ones. One more for fun:
(8) Level Three

AX, aXa

a 3 cr de aay pean-Ly" mos = J-1) Psasks
HE CR) nan, 5 Pyar Case,

KLake bie Bese

+ $2293} ~ tree
x

Ky an ay Xy
\ ptt aeDs

as " pats Xs+\an \p Vag (a ~F%0) cae + Casbsey praeke
asxs ee MSCS

0 Note how the symmetrization comes out at ezch level: you need six terms to be completely
symmetric in gluons 2,3,4, but the terms in curlies are already 3-1, symmetric so only

need to add the two terms shown. I think & can see the level n result:

(N) Level (r-)
aK

Ba a

x i a 3 se C Print~2 : 1 3Ow = 1b dG, Pay beeemee

ae 9 Fm fees cite
ate bane ~ Metere

& Preah + Jreauk a Jeerst ee 4 front

ee ave mah bo wut, ak+Sna, \ BS au Hm) \
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Review of the M identities.

ie] (1) Level One M
ax, an

i de .

ey }. Me ° + Caer & = ide SQ -%) Daa. 1)ati iene
(2) Level Two M

tean

e pie Hs42%cs Aa pats : _ Sswy is oy er + Corre = ASR BOa-x,) dae
am wy Ate

These are obtained by simply injecting. General one is this:

(n) Level..(n=1)_-

fo) = Paar adn Paankn,a. te A ¢ . ‘eee ‘4 ou <prot, Cater son { ~ 1FAZ Gere) Saoe Kina
Oke ba Ps
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. Higher Derivatives_of Ward Identities makinguse of the M identities.

Comment: Now is the time to introduce ultracompact notation so things can be written

in finite amount of time. I'l] bet I will find something like this in the literature.

a

AL Oy = dey

port .
phe Ho og

aksam
eaN

on prone ah xm3)3. Fam = 4-2 %y aC 5FO PSs oats Py

ake ‘ by Sth

QO * Hay mn = iS% SQur%e) See Gain * CER)
(te = id 8mm) Saar:‘)Ha =o

5. Ry axdrangye ery bw apart Lyingbe ea mgr.
In this compact notation we can write the level n-1 identities like so:

Level _(n-1) Ward Identity

3) Gan = UrRarerFall aon
Level _(n-1) M Identity

On Faw = Hm

The compaction factor is rather impressive, I think. Now I can start applyingOo derivatives on the first Identity and make use of the second like so:



- Se - ‘

roGrom = Li Page Part Pag to + Paw] Fron

AAGam = a [Porter tics + Pel Fo Hae

328.9, Game = aa [Pretec + + Pan] Fen + UF Pe] 95 Han

DeP323 Gem = 949s Da [Pag ee. + Pru Fem + [+ PastPer] Ids thew
These things are trivial to show, using compact identities on last page. As you move

down you see that, in effect, a term is trasported from the F listing to the H listing
via the M identity. Here all terms except one are transferred:

O120-- Deen Grom = ada. Buy Pan Free

ie) + Ds Ree tage Papen) Iadq Bory Heer
And finally, here is the full result with ell terms transported over:

DidaDe Gam = Us ase bate + Paw| Oydq de Won
Example 1: Write the preceding result in case n=2:

Ye Su = Ha = —hd BGM) Baae

This agrees with the same result found earlier, see page 7 red box (longitudinal prop deal).

Example 2: Try case n=3

. °

—~

2:93 Grs= l+talds tes = © .
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Example 3: try the case n=4

e) 323294 Gray = Us PasPy| 3:94 Haas
I can see that this will lead to the famous Ward relating the proper 4-poitn to lower

objects. Return later to this.

Example _4: Take only two derivatives on a 3-point function to get:

KN Gra = 2 Ra Fag + es

= 92 Fan

This result appears on top of page 9 and is the first step tn the long journey of

deriving the Slavnov Identity.

Comment: You can see that, unless the full complement of derivatives is applied, you

are going to have some F terms, which is to say, you are going to involve ghosts.
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Fourier Transformation of the Above Results.

re) I think it will be simpler to not expose the overall momentum conservation delta.Then we will use this direct fourier transformation:

Yn atk ~ARXy, :FO dak)= Cony aa. deySS Fae, ks)
With this fourier convention, the rule for momentum space rep of a derivative is clearly:

, aa

Sey alli \
Now lets examine the transforms of our basic objects. The object Fyy , is a little

tricky because two lines have the same space label x». Consider the two terms in F
as shown on page 5d. Expand them like this:

ss aaah ~ Ake] (Fata. Xe) = les Vane a Vd OF (ey, tee, beg = bes)
v ‘| keg”7 oS t \FG%e Xa Ks Ke) =| awe ir (leg ee Mea ks, en0 Gy

.

‘The second term really is an )n+1( point function and has thah many arguements. I just
has an extra integration. So I might define fourier transformed F like this:

aky ‘ ak
om + al aks,Bow frp LEM anche oe”Vkaye = wR + Nabe ay k.on$

peaaky K asth bake Patek,

park, All these reubits are obtained just be gettingvel ox a the coefficient of the n-fold integration.wes Hankin,
~ 2

.

:

Hawn = Ca Bete) Gain * Cha Sane)
ine “(He = Gon" Stars) Cid Se)
Cha = 0)
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: Now it is completely triviel to express all our previous identities in terns

fe) of fourier objects. Just put twiddles over things end replace derivetives accordingto the rule, that is all there is to it.

Example 1: two derivatives on propagator:

L mS
CS RR Gr = Be

eed O94 +

= NE [Coed Seek) ED (| = Cod Skate) Li a Bane]

mye3 PRR DyeCR) --«|
Here T have just elaborated the identity.
Example 2: single derivative on propagator.

~i ki Ge = Fe

‘This is what i have called the First-Level Ward identity. However, we have information

) avout k,6,, from an entirely different source: tensor forms. Write:

aa 2ERS eS Reed) L Diya Ged) = 2 Ge

= LAN Bethe K Base | ke Dyer Ced|
~ Want Ap aL obBe DA DAD Were tok RR DG) a= 4

" wos= Dnt) = -2 Se‘ Me

. wt on Le LaOn DER OE ~2@e) 3 nik, Gu = Cos Bleate) Saas 2 Ge)
~ wyak N

Wwe =e GE) |
2 We |0 wiki Gp =e Ga) Gel Sleeved) Fare ||
eee
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5. The Wt identity. We have been in effect replacing M by the ghost propagator. Butfo) we must keep in mind that yt is also the inverse of M and this implies something about
the ghost propagator. Namely, we know this:

—— ® La -_!CFR) FDL) Matas ds) = FO Ba
VY

as

Was (4,39)

a WA wos

=> Gam) VAG) WPL (oEMeLGas dd) WE) = SEE Bee WE]eee:

71
DLGy = IsuoWe Te Ty wy

+ erstea &) »

- WSS \ = <3 Cie) ® \Ba%y ~ 4 CaCo dy Se Mey BQwGeW.

Aer 32wy to At ye

* San SIF SLAs Poy

gx s*3 .

a Pow PNY pany

“3385 9 . arog ~ 3H ey Oey, 4
Of course you can differentiate this to get a family of identities. These identities
can then be combined with the raw Ward identities to get simpler results, I bet.
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6. Combine Lowest Ward with M-identity. Teke the lowest Ward and differentiate it:

3. G) a “a os x a ‘-
-4es on =~ 2 Doo + Cau

Peake aK, pater
ee

See

= fF Br) Baw

mY

ov oy Pen .
=| Oy an = ~ha BCom) Saar

PAaaK

As before, we can fourier transform in obvious way. Rule is that. ay “ ik, for incoming
momentum, so we get:

Fra
,

= -iadto) Ky Ran $ a,
Pade OW)

In momentum space we can express the gluon propagator like so:

mak

» k

ee .é - i bay = -i Son JNO (Byar tate) ‘ Bley( Sele)Prac, i x

Ie, there is only one possible color tensor, and two possible Lorentz tensors, so there

are two scalar functions possible in the propagator. The above identity then tells us

that: .

~i Baa, BES = ~Ldaeat = Bax

BNE, antRk werueo Ook “AWS =1 and  RBM)=<,
Thus, our Ward identity tells us that, although we know nothing about AG), the object
B does not get shifted at ell from its bare value!
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7. Restate the M identity and ascend one level. It is this:

~ a,

-b Me ° + Carer You = MT SGD, Ox on
bay Pao

Vrouber, ag phy a dervatuato ag
aKat asks,

a | pons Me pte . a~ Sey i + Carre 960 = iTK THex) Sa OC
am Bx Pek,

Now go to J=0 with thése and divide by W to get:

+ psa Me >a aaXs
- 5 Seay + Cabrer Yay = o !

a ba Ate he

Second—level M-identity. |a
This identity makes a direct relation between the two greens functions shown.

8. Triple Gauge Identity. Now rewrite the triple gauge identity with 2,3 switched:

an ah pngax asksoe
a a0-1 9 an = }-* Wy ee Caves oszo ag 3 pad OMe

aaa,

hy be Paeake

a, ux,

j AS pao proaake
+g dex ~ Cc aghst

ars, bay MONS

(o) Apply al) to both sides. The first curly bracket will then vanish by the M identity
above leaving the following result:
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Summary of M-identitys of the first two levels:

©) 1. First, here they are in coordinate space:
op

1 es Ca Be Aes
| = Moo [5 Dae Gr3 + Canes dee LE (rand) = EIR SKK) ag
| first level
|

. avaray be ay cabs ay \~¥ Des USL oy Gerais) | © Cages Boy LE pops Qe renare)] =O |
second level

2. Fourier transformation requires some care because space indices are pinned at same

value. For example,

mR Gen)

Serv = \She pat [rn ttn.
hs aexby HERG) was

LG Gummy] = ay \sits e 6. pa CPater)lo) Cons (WY
~ ERGO) Ae’

_—s yeh Z-\en.e 5 jesel Was Gipye (tuts x :
Wwe,
. oeee

. oY . ae abaeR DiC) + Cannes Gra Sat SS City?) = Bae.4 first level M identity ay

soon)1 aug may PROBS)

des Je oerh SIT Outi) + Camis,Laas Lees" @
; ; ;

abies,

This last thing is garbage. I have to switch 2,3 . Cla ps Cra kee, eg)
in the second level M-identity above first, then

fourier transform:



= Be -

i B\o283 - ay, A, A Cabs j7s Teg, Gop? Gn%e,xa)+ CapyesJon SF paps (XX,%) = O |second level M identit;

a ama . Ds AaaC3bywR Gone Grae) + Cardyes LiCerend]) \ ee G pany (RRs) = ©x any

dasa  Rerkerky eo. Rauide an,

| Baa: Scans ds chaste !
pat Re Goes Ciut-) + Carbses Lely “| cet F jas Ceakesp)=©8
_second level Mu identity _. _

In the integration on the right here, ky and ky are held fixed, the other two momenta
vary. Thus, we can only extract one ghost and one gauge propagator thus:

a y AAAs

O EBS VO BAWVay VT Gk)
dks FE aacabs 1at pi She | -= Carrey LY] 7 DPC) Dp 09 \S G. day» (RoR)

As long as there is some longitudinal component on the gluon propagator, its inverse
exists. Thus we can cancel off the D's to get this:

x Ae Bay are ade, nor Qarego3 ,
ah VOD VN Gb) = RM Cane Sty SOTA Cees#)

Divide: Owamngh do gh

+a ‘ aan by:OOP Cae) = LR— Cares \ Ha (ie (hye, BoKid (awl apa ty Re, Re
SC

This is the object defined in aaa,0 Slavnov equation (27), or it had = Youn, (tor)
better be!
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ax amnauk
© Oy

oe

ae Mey mesene me aoeoH)
Or peste= On = - 3 eas HX + Cay a Sexy4 ea 133 Cy, Pes,

However I am now stuck. I have no obvious way to eliminate the 2-glue/2-ghost greens

function on the right; some kind of Dyson equation is needed here with the simplification

that two of the particles have the same x,. The elimination of this last term is
accomplished by Lee and Zinn Justing by their mysterious and unexplained equation

(4.10). Since I don't see how this goes, I have to still just accept their result
(4.15). Hopefully all these things will be more obvious in the proper-vertex
formulation.

However, I can apply one more derivative to the above to gets

ia
ae

_

- a Beary Pony Deagy Re = © .‘ Baty tke 4

A OMe Ms3 Preps” Cnet, meses patsps) =O.

re) Analogous to the propagator result. Not sure what this does for you, keep for later.
Retry: lets go fourier transform the above result and see what the effect is of the

X= Xe T gett

phe PSs pry ans - @)a TR Bay Gul) = “t RRS Ta” (hi ban)
‘he AR, HK WACabs 1-tky QR ha Ra, aj+ Games EERO) ae EA a)

While were here, lets write out the Midentity in k-space which is relevant here:

LANA . | de YZ aacabs ta 0 a x Oks dea Mea, bes, -HEH GU Cir) + Comey, EER \8. Sore Ceuta ks)
I still don't see how to get rid of the last J-particle object in there. Lets go ahead
and reduce to proper objects with the 3-point functions and see where this leads:
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& ade.

mona, mad wad my ads nae

eed Glas) = Gen Qe) Gyareey  Gpaas Cer) Panes Cala =)fe) =50

Now this object appears dotted into some k's, and we already know from a lower

Ward identity that :

aay vant w . »we Sn (a) = EW Dane) =k Sag ) RP = Ale Sa (e).« Rr

Moy De and. ~ dard.
. k ke . 393, WAARUMS= 495 [ria deal ia Sadel (=) et Duane Ge) Pa (aka):

But of course. we know that the propagator in toto is diagonal in color, so we get:

2 A Ae

oF (ke aym85@ ws = -2* Dass) CEYGE) PS Caste)

ro) Similarly we can examine the first term on the RHS of (*). Let G(k) be the scalarghost propagator (=iD), which we know is color diagonal also. Then we get:

° en OS Qores@) gas? = [ris a | GOW) GCs) By, Clete)Ls

Status: although I have something that looks like the left side of Slavnov's identity,

the right side doesnt look right. Here I show two ghobs propagators, whereas Slavnov

only has one. Plus I still have that extra term with 2-glue/2-ghost. Here then is the

closest I am able to get: :

_— we yy RoM) @ aenas~iaE Dowd PRS]] GE] Pas Cho)
|

. Des ~ ayarag=¢ ans \ fe G Ca) Gu) FAL Caley) .ke

aor Ve AM Cabs 1fe) 4 Coajtgey LW Was RC)
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But never say die. Suppose I come in ang apply a transverse projection operator:

aa v
Ged = (aw 7)
JL

Boa) = Sa.
sr pv

_

9psw ve an TY LCpt) YGoth = Cay BEV gan Se) (ana) ~ Bo C=C")
Lot v Lvs t
Weta= ek ee = ev Pa os PY =).oa ~

:

T rFdaGl= Fue) LA Gos eKO\= ARG) ~ B-
So lets apply a transverse projecti-n operator from the left in kgs

+BayaCd) Daada Cha = Dana(ks)é
© ey w= Caps sede = 03

.

So the second term dies and it is the third term that is significant. We now have:

» MLar ke Aaz03
~ io Dyasic)GS y dds Cry ke-)

CRS ke ae dk 2 MASabs I= Cares ERTL Sas aS | Vay G vepe.” (huke,Ry -)
Now the left side here is, apart from constant, precisely the LHS of Slavmnov's identity.
Next, lets use the M-identity second level on the second piece of the RES:

a\ AAAgRUS aC ka Gees Cenk)

o

. VQ dks ares 1Deis = Cassa EE TS BE EME” Catan).



. -12-
.

Now go back to page 6c where I have defined the Slavnoy object:

. 0 Drs acaba 'Le} Myon Cala) = _¥_ Cagbres ate, So vagy Cha be, bao)ke ADCs) ass

Wasae aaa a9:
BOSE Geky-) = ake Wide Cee). Gas),

The squiggle over the G here means that one ghost and one gauge propagator iD,iD have
been removed. Lets now put them back in to get:

5 aay Kaye COREE YG~DW)Daa Chad Bae = Caabses Sah Gna Chal)& UD*S) =

Qua wa gi ;

Casey SBS peyts- ibn) = FEE DEYD CR)Dpam C60) Beane Cebe)(o) _. —
This at last allows me to replace the 4-point function G with Slavnov's 3-point thing
with the extra lorentz index. If I now go insert this into my Ward identity on page 11,

the k_"2 will hit the gauge propagator like sor

whe vate
LRa” Dparelee) = ~ iad} Jon om poya

Therefore, my Ward identity now reads:

:

EO
or k oon |

~2x™ Dyas Ce) Gye) Fyxcds uke) |
Cry xr acu: ’zy 3= 4 DCR) is XCD) Byes es) Vian (eke) |: + ke i ae .

aay

k= eek
;

.

ky= P :
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It looks very good except I seem to have an extra ghostpropagator in there. But,fej lets now go back and use the level-one M identity like so:

% v¥GD San, +2 wey Ga GREE gut oy = Fa¥ by D'S) Baa, + Carrer Qs) Ces US hey) = VA Suey.
Put htis into the Ward to get:

» Waray Waye) ad as

aus= a GE) De) Xai

dog andymall gud Cab, 1 ke 295

~ & Carorer (a) Ns Copa Cae )| GID H) Vpn
If I could show that this last term vanishes by color os something, then my result would be:

te Vay eeess mot yneteh
Dyats Che) GY) Fyne (eka) = (te) ED (K) Bore Che.)fo) "

And this is precisely Slavnov's result! !!!



Slavnov Debug Sequence.

re) 1. Lets quickly revicew the steps which lead to the identity of interest here. I startedwith the Second-Level Ward Identity shown on page 5, copied over on page 8. I took

a derivative on this thing and thereby obtained result on top of page 9; I made use of
the Skcon-Level M identity to kill off two of the four terms. This identity is shown

on page in corrd space rep. Next, I converted the intermediate result —- top page 9--

to Kespace. Then I took the two 3-point functions and expanded them to proper vertices.

On the LHS this meant the generation of 3 gauge propagators. But the two k"'s chopped

two of them down and left the third. On the RHS, the single gauge prop got chopped, and

there were two left over ghost propagators. Thus I dnded up with result on bottom of

page 10, Next I simply applied a k, transverse projector to both sides. The first
term on the RHS was thereby killed off, result shown on page 11.

At this point, I had the correct LHS of Slavnov's identity, but I did not have

the correct RHS. I was stuck with a 2-glue/2-gauge piece on the right which Slavnov
did not seem to have.

Next, I played with the Second-Level M-identity to try and create Slavnov's fancy

ghost vertex with the two lorentiz indices. This identity relates the 3 to the 4.

I expanded the 3-vertex down to a proper vertex on page 8c and then finally I came

0 up with a definition for the Slavnov object, duplicated on page 12. Thus, I was
finelly aboe to get rid of by 4-point function in favor of this Slavnov object, hence

result on bottom pag page 12. Finally I used the first-level M identity to replace

the extra ghost propagator, and I finally obtained the Slavnov Identity plus an extra

term.

So there ig my summary.

le)
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Ganma-slesh. Lets define a new Slavnov object like so:

aay 4 et Z_tetacabs \ (X 2 — ~ be)De Cit) © Ba Cases |B OO (Rk 8S)m LDR) Cet ” ™

Fy ay, aay xv Ayana
Kare Cee) = Bre Codie) + Blanes) Fo Gayta=)  h2y,

I have copied my earlier definition of gamma-from page 12 top, and have defined gamma-slash

in terms of a scalar function F, as yet undetermined. Since the extra piece in gemma-slash

is transverse, we maintain the desired considiotn that:

A A2a, Ay Waras,
Boy Olan) = i RS Gua de Caer), (14.3)

Let us now eliminat gamma in favor of ganma-slash in our final Slavnov Identity result,
making use of (14.2) above. For our RHS we then get:

a aaa2 ee) s,

6 ws- @ GE) PH) Fae x anesNe a Baar ll) F
2 kee nC) Ee °+k 4) ee(ts hs

dey 8, ayes Be 1 arabe, |i . dk -=< CEYD(K) Yea (Carrer \ Bs, CG)
The first term is the one we want to get the Slavnov identity; the last two two terms

we want to arrange to cancel. I will try now to make them cancel. Factor out alpha andng D(ky)- Define the parenthetical groupigg to be HELA (ey). Probably this is proportional“\
to dag but does not mattedr for now. Then we haver

Ps

ad” meas Moor AHAnAS aya 2Fe Re Fea Gosd PI — ha Bhs (8) Yana” Hs) = OF

9s x a N295 | My aya De, A492,CO” Bslid PRP RD HM eR, = 07
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Now expand the underlined vector into its tensor components:

Da, ayaeay, 9203s Oaras, ni 15.1Oo ysee | mash Bh (5)
The transverse projector will kill the B term here and well get:

na Bs, A003 Aq ne) _ 2Pray (is) $ chy (2 FAN Bay A =o 2
Clearly this will be satisfied if we choose F like so:

t Bards 7 ayes O49 Aa, 15.
LEOewA oe

So, witholut going another step, I now see that it is possible to define gamma-slash

such that the Slavnov identity works out! I will continue and attempt to get an
explicit expression for F and then for gamma~slaxh. First, solve (15.1) for A as
follows:

Da ONGeaa) WAZ OT By

O° ys Gerle Ye) = AN BC Ceo
= A Ta el RI]

is

3 ve antes ae (CheySkePlaya Cead ke Xpre =A eo AP)“isp Ces) ea Op we AE

2 Ayar03, a Bs or Ka yy Bnet h aye eA = Ck Ia Psa(ts) Re” Gate) ARES Car's)

Qua Y ye+ ards aay sr as Or ere
leyFo = Se A Ge) Pande) fa’ Pip (lo) ka ORK,

fe) eneKies ~ (Axes)
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We can now combine the 55 and the P’ and the gamma to get another result for A:
5
oa os
Ts b= (ee)

<) Mxazay lace: xTAw™ aT) RL eaA \
From the first-level M-identity we know H,

W'S Ge) = BML- D's
thus we may conclude that Fis given by:

. Dye 7p ARS, lack, ayaa ydPA 2 LRTEa] ED ERT VG BE YORE
I would prefer to see the Slavnov object combined with some propagators like so:

me, hae ~\ <\-\ aNd ae,

OR eS FES OS DA Go KOH DHH Bote) VN“
SF

. ) arcs 'ba, nay Godres Vi G spa (elke ks,)
eral nea’

Re Dye Ge = kk

Gros, Da ind Wom in F alomnte

ho = a ke 7 \Sa- 3 Weed] ay Casbs ca

oh oven by SS nd LS!

we | Na, Go pee Ceekh»\ COME)Cn
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So lets define a shorthand for this nasty J-point function integra}:

.
aaa, agb, ca 1 Ar Cy ba '

Qing Gok-) s Q de SG. oe (a ~)~ Cary

COUCeY + ary a stog, cl ye FRR.

_ 4 mAALR = ga T [SPD] DUM). Ree ke Q jae (bh -).

ara = »

4 uy AAAS,fy = sia TLR-Z VG) ROOTS

Now take equation (14.2) and multiply by the various propagator factors to get:

ed 4 ya2% aaads

LB D&)D Os) Dpara(le) Hyd = Qs (bo)
¥

‘ a8 aay

2 4 a ie) * ah VK) D>(ke) Darr) Pyac(es) TR + Fey f
End: OK, I HAVE HAD ENOUGH. The fact is that the object you add, which I have called

E, is rather complicated. It causes the definition of gamma-slash to be complicated.

This complication is reflected in Lee ZJ's unexplained equation (4.10) which I now

realize is in fact a definition of the object I call gamma-slaxh (they call gemma with

the two subscripts).

The expression for gamma-slash is not really significant for the implementation

of the Slavnov identity. Just knowing that the definition exists is sufficient. Here

then is the final result:

Aaras,TDa pM AMD N %, >.
a y( er vee) = (2) iD) Bode” Cele.)danshe) (Se) AE) (ten)= Re } BeyVR vhed3, 7

By, HAAS AasPhe Ra Bade Cyan) = Bo nL Chae)
. Slavnov Identity!!!omk % ac a way rmrany dali. Ce ee es Saw.)



The keglue Ward identity.

fe) This is already stated on page 5f. We may convert to fourier notation to get:
8 x a Xs

GO) RR Rae Gray = COR: ky Hreay + (209) + (294)

Here we have chosen to put on the "full complement” of derivatives in order to not

involve ghosts. We will find that the 4-glue connects to the 3-glue and 2-glue.

Our first task is to decompose the object G13, into its Ipl components. Recall
that "connected" in the sense of generating functions means ‘no concomitant vacuum

bubbles". Graphs that are disconnected in the S-mattix sense aze still present in

Gyp9,, + Thus, graphically and as an equation we have:

Oy \~m—2 \-o eta= 2

3 4 =ho-@—y + Ged + GOH + oes

+ \ 2 2
3-0 Ws oe + (re3)+ (24)

2 pee) nen e oe

Guy = ¢ GaGa * G+ ent + Gy Gadas Gw Nase
~vyw ~ wy a 2

+ Gy Gat Cas Gat | Vse egTay + Gs) + os)
Notation: the twiddle as usual means k-space object. Since momdeltas are still inside
objects, repeated indices include momentum integrations with PI factors, as well as

Lorentz and color index sums.

Our next task is to apply the four k's to the above expression. As was shown on 5h,

when ak, hits a G,,, you get certain factors plus a two pi fourth momentum delta. In
the second two terms above, these deltas remove all k-integrations, but in the frst

bracket you will have some deltas left over. Taus we have:

Shine Cady = TKR. Lik, GleeCE RMR. Cr Gay = COR Ree tbs Cre -iles Grae
a°
=SWPP E+HORBn]: a 3 eh 4wee Le CEZ\OS DCeatle) OyeBod +e ees Met Bas
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a ny (t,t gEM) BREE, Cuban = CTW Sane Sosy GH) Fert) Sates)

This is the first term in the first bracket on the LHS. Now before doing the rest of
the LHS, lets examine the first term on the RHS of our Ward identity:

You

—---——.—
raCB Baty Cv S (karly) G. Gia Sacer)

nS ad ~ 4 .BE Co Fa, Gye = Hy = Cat Tester) ia Baae) — /page Sy
Sowa gk Lu ti

= Cit) Saar Sagar (ZRY SChetter) SGeyHler)
Thus, the first term on the right balances the first term on the left. So we see that

the purpose of all the terms on the right of this Ward identity is to balance the

disconnected terms on the left. In other words, we just showed this:

aw sé as ~
Gi) Ry ReRSRy Ge Ge = Gi RyRy Hieay
These terms having cancelled off, we may now state the residual Ward Identity as:

Hes ay Toe R22

* kb Naas he Geely + G8) + QO = 0BY ORD ke ke

In the groupings there are two integrations but three delta groups, one beoing the

overall. Pulling all this stuff we get:

=ee

Be Ha ty te Y oauayay hs 5 porseay
Ryka Ba Ry [ nen Cale sr) + ; Sane Cha=) eDagus e) | psprets (Rekas)

; (ea) 4 coh =0
This result appears in LZJ-1. It relates the k-proper, the 3-proper, and the 2-glue.

As already noted, no ghosts. Much simpler to derive than the Slavnov!!
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1b r(G,G,) for Iie ,.

fe) 1. Asuume that you have some generators of some dimension N ( not necessarily the
adjoint rep, no speciel rep) and they satisfy a lie Algebra like so:

[65105] = 4 5 5.5

Assune that the constants cj, ere real and form a totally antisymmetric tensor. I will
postpone till later the question of how you arrange to do this. Probably for any Lie Group

you can shuffle the generators until this is true. Assume its true. Because the finite
transformations U = exp(-i0.G) are supposed unitary, the generator matrices in any

rep must be Hermitian.

2. Recall that a lie Algebra is invariant under a similarity on the generators. Ie, after

you do a similarity, the structure constants are still the same as the above. (Not used)

3. Now define gy, = trace(G,G5). Obviously gy is symmetric. And because the generators
are Hermitian, gj) happens to be real. Recall in proving this that tr(ABC) = tr(cTB7A7),

1, Suppose the tensor gy is not diagonal. Since it is a real, symmetric matrix, it canre) be diagonalized by a real,orthogonal transformation. Thus we write:
x x

& 5 oR GG) Ry = +f RnGe Ry One
Wire 2 + a 22Ge KG. Gan age #E SG

“ue a 2 root sv oh:LG, Ele Ru Ry Ge, Gy) = Rie Ry tee Ge
.

> = 4

= il cae Ra ReReal Ge Rate
Ye

2

= Cu

Thus, we have come up with new generators (twiddled ones) and new structure constants.

Notice that the new c's are still real and totally antisymmetric. In our new Lie Algebra,

the trace of two generators is at least a diagonal real matrix. So drop twiddles fron

now on.

—_—

Le) 5. We now want to show that this diagonal matrix is proportional to the identity.
Consider:



aos —1—

+ . 3.dg e -i Te LG: L6,,G0) = Cy diy

4‘eo Roy gus PSa a
Aye = FB Cyei

i VaG: cilBe, de = -CTr LGiG,Ge- KORO = -CTr [= Oye Ges Gye
= — dk

Q der eyk Faquim k#\ \ on oe Qh\ ie ae ot k uk. Cie Oy
mage= Qk = FL Ge e gr =F.

= G-R)t=0-

a ESQue, anne SUI Cie raids Qn, gaz F &,

To summarize, if we assume that:(e) a) Lie Algebra can be cast into form where the constants 4 jy Fe real and antisymmetric
b) For any i,j with i/j there exists some k such that ¢4 ¢ £0.
Then we can produce new structure constants and new generators such that

1) the new structure constants are still real and antisymmetric.

2) the new generators are still Hermitian (sum of Herms with real coeff = Herm!)

3) the object tr(a,G;) =F dj, where F is some constant.

6,. Now, lets focus on a particular representation. For that representation, you could
if you liked rescale the generators to make F be whatever you like, However, this would

require scaling the structure constants. This is OK and does not affect their properties

£6 reality and antisym and Jacobk. However, suppose you do this and you get F to be

what you want for some rep. Then the structure constants are gixed and you are stuck with

constants F for other reps which can no longer be adjusted!

7. For the adjoint representation, the matrix we called g,, is probably the metric
tensor of the Rie Algebra (Killing form). We are claiming that we can find a basis in

which it is proportional to the identity matrix. Obviously, group mst be smmi-simple© sor tnis to works

re. ’

[Leos eaeee Rae re saad, nding wap Solu.
cial 2 a an gnr He LEC Y= PSH. amd te LRLOGY =n Phen,
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Conclusion: Lie Algebra can always be arranged so that the following is trie:

ie) Cc, a l-4 Cape Gy «Where c are real and antisymmetric

| trace( Gy Gp) = F 8,
wee. ea ¢trace( G, [ G.6,]) «iP cay Perea YG, Heme

Here ¢ is a representation label and I imagine the generators to. be always Hermitian
so the group transformations are unitary. In the special case that the generator matrices

of some rep happen to be pure imaginary (and hence antisymmetric to be Hermitian),
the last result above simplifies to this:

pe 6 fotrace( G,G,6,)=i4F Cabe

This is the case for the adjoint representation wherein one has: (Gayo ste.
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add one.

C3 1. tn generat, suppose you consider this trac et

¢ eg. Re g .from (EPG,CF) = Dive [Basinced YE on Youn
At the moment, it seems to me that D is a representation-dependent, totally symmetric

tensor. You can show its total symmetry by playing with the cyclicness of trace and

nothing more. With the commutator in there, you could reduce the thing and get a

tensor that was rep~independent, namely, the structure constants. But here you seem

to get a different symmetric tensor for each representation. Maybe the tensor D is the

same for all representations, but for now I will assume it is different.

I have a feeling that in SU(2) the D tensor is zero for all reps; for SU(3) I

know it is not zero for the 3 rep; it is the 4 5 thing.

2. Given the above result and the other one with the commutator, you can conclude

that: dd of ¢
tron ||GGeGeh = LAF Cave + + Dans<ots eats

Riad

3. Another misc. result: define the Casimir to be the sym of the squares of the gens

in any particular rep. Then let N = number of generators in group. You have:

n re ¢ catoo| ZAG) | = hoe [easy] = ee
= e z

a ue =. [Pe wa lO] a Ce AY

f  aG) gy 4 .Fe =u, Ca TPe aay Poa B= 4 iQn)- GH)

Favre, Ga ToL by Sen. CnaVER, G= Ts 4 by Som. Ova,

2 N) ~~fo) T= NF Use = dain dep
N= gprs.



A Trace Theorem for the Rotation Group Lie Algebra.

0 1, First, recall the fact that the Clebsch-Gordon coefficients bring the direct product
representation into block form. This also applies therefore to the direct-product.

generators. Thus we say:

Wey aie LatQM - CR EC

Ser Yau gly Sy 7ok, LOY mma = Sa Cane Wear Nee| Creat,
ye

by
.

oon Camom = SyemmlT hy = dosing, ewShawe.
Now consider an arbitrary product of direct product generators put into a trace. Eg,

Wey Won ~' <I
woe PY] = ea [LES SHC] =e [EB]

vr . v vesfe) = AL Boe Gow Sep Gwe] = 51, Woe LEE]
TK TYow

If we now label the space of the operators on the trace, we get this result:

osGen) » atec (UR) = Ba te ||

2. As the second part of the theorem, we can write out the direct product trace as

follows:
.

WL | =
am AM)20QB) deWe LUG at edd Qe ete HGH HD) = ASR) ATO) od

+ RGseR)- ah 4 OF

If you trace only three objects, only two of the 8 terms survive because the Jy are
traceless in any rep because any group rep is assumed to be unimodular. For four or

more objects, you will pick up lots of cross terms in an obvious way. So keep to 3:

Gey . Qolo) face PUK. = Byer) bease WI |
. oy ,

+H) wa) WK]
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3. “ss a test of the theorem, consider the following:

ome van! (TTI) = Fee se Fle F3Gn@ny.
Gra ae gardeo War Shimane angguik Qa ; Ba)

ers) eaeP™ + yeyiCae = So. iPeae
ne

Bayhs GayPe = is
To see if this is really true, do the j-sum using notes in Series section of Math Binder:

AGP)= Zyywaqyny = 2 1Ug+3yy]

CABSDV= GA) A be ARe) od de ‘nueqa

Fam = ery) Myer «Gen Jre) .

fo)



add 1: generalization of theorem to SU(3) and beyond.

(eo) 1. For any group, there is always going to be a unitary Clebsh matrix which brings
your direct product to block form, The reps are now labelled conventionally by their

dimensionality. Generators are always traceless and Hermitian. The "rows" within a

rep will require more than one leable, I think its two for SU(3), eg. Part I of the

theorem should go through with no problems whatsoever. Of course the sum is only over

those reps in the direct product of your starting reps. The second part of the theorem

is extremely general, applies for any operators (traceless) in direct product of any

two spaces. Thus here is my theorem:

(ren) 28 . ho.Tot [GG] # SW LOO. ,Denon

Crow) ey oYTMM LEGG] = mW Lose] + KLE64]

(2.Application1A! Consider the conmutator-trace relation and see what you get:

5. on ay\e) BOP oP ak
Renom

ns x \ \ :Aggy m8) do gk R= Ram a Feo Congk) 7
.

* & 3 2Ast set db gh Fo = 3h +3F
¥

e Fa 3 a
BIGP = \oe (FP =Qa, wb |S \QeY ney wen) so (FP oF) ye vntitosd

z a . 2We | FE = 6F* ba Qe need, pen?

aFe Goutiwiny A(RRYS FAO tEE = Fee,
: x .

Whi prayer Tha 8. Qaba QaitfladkSL d Lads cgk
What this says is that we have a “building-up" principle here: one you scale your

overall albegra (and thus fix F* ), all the other F's for the other rppresentations©) can be determined by applying the above iterative formula, I'11 just be this is true.



add 2: application #2

fe) 3. Now consider the D-tensors and see what there is to see:
V9 aD eyvous ange Gost AL ELGG = Dae = TS aul

Qrrown Dron, yd:

By ~ es4_ Vi = a Vas me DaeFreres Dav Me.

4 +Ga vad, Dae =o. Wo do 302
g 2 at e") orDe= SDar3 Dee wa (D'= DEC]

@)a oa

= 30-39 --d

=o.

C7) Ts sarees with what T knows for the regular rep vhere G's are gtiven by structure
constants, I know that tr(G,,G_) = totally antisym, proportional to C,,4 with no
D part. This result generalized quickly to any SU(n). The adjoint rep or regular

rep is always the n’-1 rep which appears in nant = (n°-1)+1. You will always

find that D,fecdoint rep) 20 any group
4. More application: there is no doubt a building up principle here also. For example,
look at this case:

* 6 oS 2 ES3@3~ 603 = Dat Dac = 3D+3aD

& 2 2 \3s Dac= 7 Dac / Cons. sop Dace E dan
I'LL bet my hat that you cen "build up" your D's in this way for all the UIR's. This

means that all D tensors are proportional to the one for the fundamental representation!
Thus we can remove the tensors and claim this:

ma ciwenv _ De ae sees } a .fo) ioe = ‘ dee | D=ke & sey
GRR Muwaleer iw Jocks nap |s, A * eS ifee V= wO+emd Yo lucug - I



add 3: still more

[o) i= rep5. For SU(2), we know by playing with the Pauli matrices that D’ = 0. Thus,

as you build up to the higher reps, you keep getting zero. There is no symmetric
tensor to worry about in SU(2), and there is only one in SU(3) or any higher group
(I think).

6. Therefore, we arrive at some nice results:

@) : ehAe” (Ge 16, 62)|
oy eS) |

|
WO CG016,68)= WP dnc |

™ Zk * ”
i

2 W666= £Po teday |
re) wy « FE LT4°°
3% x
3 * mE

g 3 °

For SU(2) of course all the D) are zero , and FY = (1/3)3(J+1)(2j+1) as found
on earlier sheet. I have checked the lowest few to verify that the building up

principle does in fact build up the PY correctly!!!



.
A relation between the adjoint representation and an arbitrary representation.

1. Recall from SU(2) theory that a "vector operator" can be defind in two equivalent

ways, one is global and one infinitesimal:

QO ry =\ Gs,
(WM= beeWe > RURS ROW

Gorivatigns bo orbevhay opny

re
. aa eo par CN) *TEN sie Ne USVI’) = TU AN

This, then, is the basic true fact about an "adjoint-vector operator" of any kind.

2. In particular, the generators themselves (in any representation you choose) comprise
an “adjoint-vector operator". Thus we can say?

Fr.) Wri dssigusdrvectn ote, coe °io} FW asp abo ef: 0) TGINe |= i CaceNe
| eye ie CR) oe

| ey WVU = Uw

Avg aw

OVE = VAG
Sons

4

Neo mth abbey Go hee dae gd — Verve = VETER
east

ay \ @) Ry =P OU
a [US = fete lavev’|
This is a very powerful statement because:

1) it relates the adjoint rep to an. arbitrary repco) 2) it is a global statement, not just infinitesimal.

. (ade \ ov

Yates: GRDeo = TET ee [G16] = Carve



Va a
oi 3. I was wondering what you could learn from the second-order comparison of this .

"last equation. After tedious calculation, here is what I got:

¢

. (BO2.9.81 i Vreweh = i (LCase Aace ¥ Cree Adeecr YS

= Qabyed

War — Nobche Cae Codess,

Upon examination, you find that both tensors h and Q are antisym under exchange of c,d:

thus, you learn nothing at all here! This second-order result is automatitally true

for any tensors cys, and dj, as long as they have the right symmetry. It is amising
to watch how this equation elaborately arranges to be true without yielding up any
information! At first I thought it was ghing to give some relation between the d-tensor

and the c-tensor, but no deal. Probably these tensors are independent objects!

And, no doubt higher order terms will be zero (ie,equation will work) again byoe) symmetry: you will in third order have a symmetric rank-3 tensor 0,0,0, times somethi
which has each term antisym in some pair so you will get zero.

Of course the left-hand side is not zero.

4, I add this merely as an aside: The Jacobi Identity says this:

Hevea * LabePeas, te Padx * ed =o= heped * Mocyad *¥easna 5,

I don't know of any way to express the tensor hy,.q in terms of other objects. Iused to think you could write it in the terms of g,,€,q etc, but now I dont think
that is correct. Only for SU(2) do you get that simple relation. Note that the object

is not a direct-product representation of the Casimir min the adjoint rep. That's because

you have to remember that G°% . g®x1 + 1xG” and you dont get G°xG in this way,. Once
I tried to get an expression for h in this way, but I got nothing.

. : vesfe) BL, yor Swen on duro Undue greg Loqsaw, Wyma iCar CS |

: Cot), oy| ConyCemy = gas FS.= [Saby de = to = Troe.ary Cony = Y + 0G
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chm.v ody/ 0 ee) )Properties of the Fundamental Representation, Se

O31. consider a tie Algebra for which N= number of generators, and ny = dimension of
one of the fundametnal representations. Consider only those algebras where:

ag. =
I think this includes all the SU(m) albegras. Maybe more. Now, examine the fundamental

representation which considts of npxne matrices. Assume these are Hermitian and
traceless. [Yes, that means group rep is special and unitary, so I am talking about

general SU(m) case]. Consider this:

{GG = WacGe + Qu b
where we are talking only about the fund rep. Easy to show that the anticom is also

Hermitian, thus it has only n° real parameters, not 2n*. This means you can write it
as linear combination of the n° basic matrices, n°-1 of which are the ganerators which

are traceless, the other is the identity matrix. So far we know nothing about Hay.

and Q,y+ However, take trace to gets

ms3O  aha-aw 3 (ar GE}&
Moat, Saye crt oy Ga Dun do hak

a x nyge D daa= Hae PSa = FO Hava
tf gene 5

= Wass OUT) dar Dw 4Wave =\ Fe oboe

eT JS: a at A) 4 a + Le SG 5 Qe Fe abe Te my ‘be

Whoo = pod og A WE) => Solna)
=

au

Gy HO, OF Roses x TGs da Ge $38
4&Ga Gee EA 50 Drawt= Lda +2 Bs a
rf

us = .Fa So@\, Deo, Fet 3 UCase} =(EENBo= ths
Qk Gusto, so [oth =288. U7
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2.

a.nd SW on Ganda,

LG, VnGs = [LGa,64], bef + TLGe 6e), Gf [gpnved eam

“Wtos Jakh cos oa Gr and var Sudag fate
~ o

Gals, Be de Ge) =Gyitare EGe,Gh tei CrceEG, Oh

- ¥ dae AN Cad Gr = Kore GPa G+ 44)AN Coe Ga Fda Ge + +2)
ATar baa, ah FT a

Arce act SAP = Cade de® Sat + Cave det Sat

re) = dkee Card = Cave eed + Cace debd
= Vice Cdce = ete Cave * Arse Cace

> ice Cale x dese Cate © Aude Cece =o
=> Cave Ade + Cace Aue * Cade duce =
a

— —

This, then, is a/Jacobi-like identity which applies to any SU(m) group.

aed Tas,bh + advo = 0Ie

I'm not sure of the symmetry shown with the ? added. Anyway, this identity appears

as (17.61) in Gas. Now the idea is that you can create a new “adjoint-vector_" operator:ie) —¢ ve ee 7 youl )Dx ont dacGe > [G,Di)= icaGmNaa a
Nqewaan | Ors alone octal:
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Thus in any representation there are two vector operators you can construct; one

a is the generators, the other is this combination of the generators. Thus; when you
do Wigner Eckart you get two coefficients instead of one when you consider the

matrix element of a physics adjoint-vector operator. These are the famous d and f

coupling, and it seems that you will have them for any SU(m) group. I don't want to get
off on Wigern eck right now.

Probably this is the same as the adjoint appearing twice when you take adjxadj «

le)

lo)



[dA] -detM
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Géntents of this section on Invariance of the Product_faA] detitfa] . (gup Seid oly)

. -1C 1, Basic set ups. fo show that dJ = Tr(D (dg/dA) ) and dirkettl]= tr( aM M™") and
how you want these two sum go zero to show desired invatiance of product result.

‘Third page on earlier paradoxes. Basically, detM differs from the invariant FP object.
Also, detM is not invariant by itself even under free guage transformations.

2. Proof of Theorem in the Covariant Gauge. |
A. expression for d[1n(detM)] obtained {

B. expression for dJ obtained

C. verification that they add to zero (Jacobi required here, 0 factored out)

D. a start at showing the application which appears in Frakin and Tyutin

3. Proof of Theorem for General Gauge

A. expression for dJ obtained, all-matrix notation

B. same expression obtained for d[in(detM)], except minus sign so they add to zero.

Ji, Summary and Recap of General Gauge Theorem Proof. By equation:
1. General notation

oe} (1.1) shows what T means (complete Transpose)Y 1.2) definition of $

1.3) definition of R

1.4) general. expression for M(1.5) relation D to D

2. Calculation of dJ

2.1) the condition of constraint

2.2) differentiation of (2.1) with respect fo field A
2.3) definition of scalar operator F
2.4) solve (2.2) to get expression for S or (dg/dA) imposed by constraint
2.5) dJ final result

2.6) general formula for dJ, used to get (2.5)

3. Calculation of d[1n(detM)]
3.1) expresseion for dM by direct variation
3.2) crucial Jacobi/[Dg] Identity
3.3) result for dM with identity inserted

3.4) general formula for aLin(aett)3.5) explicit final result for d[In(detM)], cancels with (2.5) above
(3.6) final conclusion of invariance.



a

2

2.

.. 2+ Field Jacobian for infinitesimal, constrained gauge transformation. Here are two
CC general facts, valid in any gauge and for any gauge transformation:

‘7 -t p*Ajne ~ Ane —y Dis Oy
”

|| =~ 4 Core Sw CAI .NAc

Trosfar you Aiend vate

cy aL is \ Yep[Ave| = Se8eltl — 7 CoSptel + gl Lag,VAue =

This 4s of course through first order in the parameters, we are doing an infinitesimal

transformation here. The Jacobian for going from dA® to dA as integration variables
in some functional integral is given by the full determinant of this object above.

Ie, you want to tie together the space indieces, Lorentiz indices, and color indiees.

Consider for the moment that the object on the left above is a matrix ys in

W= A-Q, @ awed

tr Qa A ABa(l-@) ALGO) ~ heawk = © =e -@ =e «*« \-d@,
Therefore, the deviation of our desired Jacobian from unity -- computed to first order
in the group parameters — is given by minus the trace of the quantity in curly
brackets above. When you trace, you tie a toc which kills the first term because

structure constants are antisymmetric. Thus we have this general result:

Yas\= Y-taay Qualifications:

v yo. 1) infinitesimal gauge trans only |YeA-h 4} (Dl oe 2) constrained or: unconstrained iy Mt LV 3) valid in any gauge
— 4) obviously J=1 if no constraint.



Basic Setup to Examine possible invariante of combination [dA] deté[A]

CB 1. sing work already done, here is what I knows
v

5 Ue)- Tha ve 1 $4SA
“

© Saw) = te [Sted]. s(antag)dak

Now use these facts to get the first order expected shift in the product of the two

Jacobian objects:

[aN skALAS] = (AALS: [ask + 5 cesta

= (AALS. skMCA) CL & 8 G4Laan)))

v ~=a) akals \\ ~arlo alll + 1 {sm
Since each of these traces is first order in the parameters, the first-order conditiono for invariance is this:

ne

ee 7 [St + Wun) =0 |~g RCO TR) + R(T) = jn

. peut _a] 4 { Gxartye] -* walle =o
<> VAAL ARMLAL = Gruaniad va Jinst ondan.

This applies to constrained or nonconstrained, infinistemisl,
any gauge you want, so far not specified.

a



It is very obvious that if you have an unconstrained transformation,Ce ne -dA-Jabocian change vanishes becuase @ = constants, independent of A. Thus,

the second term in that trace vanishes.

I am not at all convinced that the first term even should vanish . Do I

expect it to vanish for an unconstrained gauge transformation, or not? Remember, this

is not the FP object, it is the Jacobial object. A priori, I have no idea how this

object changes as you gauge-transform off the gauge surface.

Have I ever before claimed that detM[A] should by itself be invariant as you

move. off the gauge surface in an-unconstrained transformation??? The only place I may

have is in the business of " extracting the group volume".

But look at that: as in lee, you extract the group volume while minatinting

"the gauge surface delta function. Ie, you always have a fat d(f-a) sitting there. Thus,

+ in the extraction operation, you have the FP object, not the detM sitting in there.

Ie, you never put in detM[A] until after you have performed the extraction!!! Thus,

during the extraction process, you never dealt with invariance of the object detM !!!

So, i£ is probably not invariant !

This then answers part of an old question: I was never able to show that

trace[ dm wy vanishes for an unconstrained transformation. That always bothered me.
CF Now I see that it is not zero, and is not exprected to be zero! That is why I was never

able to prove it!!! ~

le}



(An )eateatation of variation in the Jacobian object for constrained gauge transformation,
Cy Goveriant gauge only, A-fields only.

1. Here is what we want to compute, and here is also what we know to start with:

SSW) hose LN 88 IMs) = -2 gq]
a) ~ 3 =

oR, ‘Ma Ger) =~ 5.| DE Law] Se)

3 WMMaGs = Sal Yate] seVe

Qa, _
: NMaGos) = 2 a | ER MEl SeVAC@) + VAG)

ro) = + Sn\-* Cave Se S Qe) fosy|
Maco) L ° =
RG = Cae dy [ease 3

Ava, BR@ = - [Dae suc)
Quer, cs v

SMa Gay) = See Care Ov SeYTES| (sawroo)
= Eu ave [po«eae

v %)

7Ge[Phoaels: Ses]
. + (ar [ Daw eae)]) BongQO

cy »

SMecos) sos Qe Bv |@a ® ea ©)Seal



Thus, we get the following formula for detM's variation:

‘o)

FLOT] = Lacey [BMaGosyILM G0}
ay a

= \arey, [-s Cave Y {Damaelse-s | Litos9|

oO >~\eayeh Cave) [DUBE] BG) BW Mbe(4
® 3 y .

= Shay Sees) } \y M,9)| ‘ey Cae) Lda ores}
~ vCal [Gri GayDserescs)] = pLeryer’)|

Sas 2 © a Sab) One:as) 4 Can TR| Meaao9 )(Daaey 369)

nnwen

TRLS@SY = Nanay Soy) $04), |2. —ee
This result is very close to Frad/Tyutin thing. This use of symbol "TR" is helpful because

“ft! 1ets yowavoty unpleasant bar notation to indicate derivative of Mt, This really is

the simplest ie say it: ie, this is what any other notation would really mean.
;

TS RC} kal6 Sse Lievere) hl
Sede ob



vos -3-

I am hopeful that hoped-for result may be true for all 0, in some sense. Therefore I

. am motivated to “parts off" as suggested by FT tb free up the parameters so they have

oO not derivatives acting on them. Thus I get:
8 aor

-+ Caray Fess (a“tiacs)| Dic) ae)
ube Qo ree Me vse ide 4 gortsey + Wk sw

Ss:

ad ®&
OeBaden] = — CarYrs oad Di [se (s‘ntos)|



Calculation of the variation of the Field Jacobian for constrained gauge transformation.

Covariant gauge only. A-fields only.

oO 1. My earlier page on this subject is still correct. There I showed this general result
valid for any gauge:

= -i\ Ss. Yeacy_by Danas, [Deo deos)| (SWee )

ea sade ah 90/94:

S “MasQosy S604) dy = Ina)

= \ ZWitlte os) Sey)ay + MG) Vee = Via&“2 sy 4) YS) V ha(x)xe) s VAS @) * SAVE)
Cae 3)”[Boras The-35)

ie) Fok Jew

CaveSdySuly) i Bony Qe Seay 4 TOL5) [yy Foes}
9)

= coholU)\ S02)8g) + Jayeres Sens) BMoh
= Cre Soe PP eel * IwSoe Sve)
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~ Cre 3S? [sed 8@-2))

= Cae Laydos|
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~).. Layee2) = 7 Ce Les
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For the moment, lets forget about the h-term, Pretend h=constant, as in Lee Zinn.fo} Then we have only the second term which is:

Sus) =~ Cote On) [307 Wey (|
VAG)

Doe,

AY = 4 2 Ga \ nas OF ( Va® ro) (3WHC)Oo 4a 4 : ba

> oa _

SY = & Caa\i (tee oo| =

~

£ Cae Yd r@ (OH) (x3) ) (Qf awe G)
fe)
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Proof of product invariance for the Lee case, covariant a

CF 1. So far we have computed the variation in the separate pieces, now we need merely"

add them together. Here is what I get:

SL dw(aak De ® vantDeal = 8 ay vIEXCOIN\N x Case and ew Daw [Sey (CaP am (9) Q)
Wo- wy Cone Va Bx vy S ay eySade ydday ®) S@) eH oy We (4.x)

I do have a particular @ in mind, but it turns out you can show that these two things

sum to zero for arbitrary parameters 0. [ The fact of constraint has, of course, already
been used in the derivation of the dJ expression. Constraint was not used to get the other

one]. In other words, it will be possible to show this:

aA xtCae hay Die [Ses (Bh WeaCyd)]
ah * ago

0 + Care Say Ds @ Scey)\| 9 Wika (0) = Oo: @)
If equation (3) can be shown, then for sure (1)+(2)=0 for any function 0 since, in the
x integration, @ multiples an identical zero function!!!

First, examing the A-independent terms in (3), ie, the terms in D's which just
involve derivative d. You see that there are essentially three terms. They are:

” bal

Caseyit Seeai] Qe)
~~

+ Car Yay [Seg] FE WAG)
A ~+ Cate Say (BR Teesy\ 84). 7

The first and third terms exactly cancel, leaving only the second term which is:

Zl

+Cot

ag Seg [ETE Gs.) @)ro) Now consider the other remianing tems, the ones involving A's. From (3) we get at once:



s+ : OS \
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~ VW CaeCace + Care « * oni6 lane Caee + Cate Cove|MO Jag Sens) L3E WEL G0}
Luckily these C's are in the right form to combine via Jacobi thus:

QuveCede + Cade Cree
= thaed + Radve = - head = — Conc Core

» ~

> +4 Cray Copy Koo ay Sexy [3s as|
a * ec

a ~

= ¥Cava Coe ACSay Soe) LAF MAG] Gs)
It will now be shown that the sum of Qe's (4) + (5) equals zero and that therefore

equation (3) is true. Adding (4)+(5) we gets

as A yaCash day SG) [(hwec.s) ~ 4 Goch Ly eG | (6)ie) However, we can compute the box object as follows. Recall from Lee-paperl how the

transpose business worked:

So ren a

Ye Wes) = |; 4GSass)fom Gs) = Bac Bry)
Lit ye at> ts Qo xJee) = Sn8e3)

The reason this is true is best seen in spacematrix notation; also, recall how LEEZ used

this a lot. Note that T here means transpose in both space and color, so we have:

e\ os¢ + ney) Wes (4) = See 804) i)
Lyn pa

( 5% Daw) Mee Gs) = Sac S(x-4) @
\e} Thus, we have rules for applying derivatives to either the first or second arguement

of the 1 Greens fimetion.
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3.

In particular, write out (7) in more detail:

:

\e] / a ~\ 5 . Ty APG) NE :
2IE MEG] + Cope Ae Be Wares] = Beh Sos)
an Y * :

~ a” ®
= | TeMay = -3 88 B64) + y Coco Ne® 19 ‘fee(s39\ (a)

If we now stuff this result (9) back into equation (6) we finally get our null result:

(6) =) Casa ates) \s abe Seesy\,
= ny Coad Se)

= © ley oaler \ ve

fo) Thus we have finally show that the product [dA] detM[A] is invariant in first order
as you move away ffom the gauge surface, providedyou constfain the way Lee Zinnsdo Q!!!
This then yields their nice derivation of the alpha-Lendau gauge.
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Modification for use in Tuyin thing. +

‘e] 1. My results are find for proof of the Lee result (covariant gauge), but they don't quite
apply to the Tyutin thing because their D is ay N? transpose, so T have to mae @
chenge in my’ computation of the variation in J. The other piece stays the same.

2. So after some fiddling here is what I find:

N a 7™ “1= Say Mabe) Wes) = Sas hats) Wve (x)
=

on & = & “(wy .aE = \es BUX) WMealy,.x) = hak)

\o4 Vous Whals.») + \a4@) Vitaly) = WheeVA@ VAL) VAL)
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TO OT Tyan ames |

=F YOalsy = +CQaae 8.00) Mae Cos)
1 VAC , \ :| \3 Vha@y aq 1+ \ A) Maa (2Sn) MayRe) MAO) |

If you compare, you can see that this is very close to the previous Lee~mode result.

You can almost connect them by replacing M with its complete transpose everywhere. But,

as you can see in the first term above, there is also a parts change. which I had know

way to know about without doing this calculation. If you take this result and do an

x-parts with the first term ( without justification since no x-integral here), and if
you replace M by its complete transpose, you duplicate the previous result exactly.

vTey wor hal@\= — k- (2) Au@) .
*

: . Rosey

SQ ascelm in bg = k \9, Mex os)



I then gets . :

> ~\ s\
=. ea we), &®We 4g weeef ae (FOO)ML Cor) =e BE? ates (53)

I suspect that if you played with this you would get the same dJ as in the mther problem,

and they would then cancel in the same way. But here there is still a lot of work to

do. You have to remove all derivatives from 9's. So you have to parts out the fist term.

That is no real problem. But the second term above does not contain 9 explicitly, so you

have to go "find it" using sométhing like this: ” . - - .

a” ®tSan Roo) Lee aeGa)) = ety).
I don't quite see how its going to work, but the thing is there in full detail in

Tyutin paper. I will accept their result. My goal was really to show the thing for

Lee only, where it is basic to what they are trying to do.



The general gauge case, Lee mode.

lo) 1. Since we now have a new and more general object M, we have to write it, then compute
dM/dA to get a new matrix equation for object dg/da. This is needed on the way to
computing the delta-J variation. So lets do that for a while:

™. The dJ-variation. First, here is what we know:

Wel = - + \Vh) Ip |mel TES
OR =>

MaGasy = - 2 \sk VERO PSay Se
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93, Ca Buo Fae)

ft= Ca PYRO 3-2)ten
It might be better to do parts right at the start in definition of M as follows:

<i“We Gos) = + abe () vo |VAs)

VWabs) | (gojua) 9A. OG) TSG)VAelay 3 LA YAMS) VAIVALR)
fe) +4 Care So fOy-2)

> = ®= Cure VEO SGy- a Day ZY VEOabe wae (-2) + 5 Da 4) Aimy VALE)
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OY YE.)= Vara) +b Ba Deeg) Sefeo. SD EO PKS TRG) TRO
This is nice notation because now everything acts on the gauge surface function which

is way over on the right. Just for fun, here is some fancy notation that I might consider
using if it is conveneient:

.

.

xhas Ges) = +40 VRe3 VAAL)
ae a

= 4\H [Bio Mes], PEG |
| YA)ie) YH

4
_

okwor) = RG»)

‘ ant is x= Mud) = aye Do Gt) Va Gx)
ov a ry=

(Me) = 2 Dal LR]
xY-

=~ | WwWi- 2 pix= + Sz
Notice how this object R is defined (it agrees exactly with Fradkins). Both the color

and space indices are reversed from the way I usually use this thing. So roughly you

. could say R = (df/dA)" in complete sense. I'm not yet convinced this notation helps.
Now lets go on to compute the dg/dA object:
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Now lets define an object like R for dg/da derivative. Do this:
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fo) This, then, is our solution for dg/DA. Notice that F is some kind of scalar operator.
I guess I could represent it as a color/space matrix, but I'll leame it as is because

TI hope eventually it waill cancel against a similar object. For covariant gauge this

second term vanishes. Let's pause to check that the first term agrees with what

I got before’ in the covariant case (a consistency check). It: certainly looks the same:
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So, in the covariant case this does duplicate our former result, I am glad. to sey.

Now we have a general forma for dJ as follows:

vwe -a (ax DAG) Vals)* Vy ) DAY)
v

~ 2(by Gry Sas)
v ne”

= ~3 Yee Dea Gry See (yx)
.

v v v. v

= -$+ UBUSAL - 4 ( [BITSfo} = 3 Ff
vt

= SPORTS) ak ACAD auto.



toe

4

o 8 wr. -

v >roy . VDaGs)= Dee) Mey)

=- Lo Sq-*) Pox a -%y ak
eo SY= Vas) = ~Dalyx) )~

= ~ BuG) 86-5

Waeat (igitgi)a =~

fe) So, using our compact color/space matrix expression for S appearing on page hy we have
a complete result for dJ in any gauge.
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3. Now compute the variation in the FP determinant object./ A comment is in order here.

fe) Again we will need the object dM(x,y)/dA(z). In the dJ business gust discussed, thisentity had to be integrated against a function of variable y , and for that reason we

wrote the object out as a y-z operator acting on an xz matrix (see page 2 above). The

reason was that then the xz matrix just sitgs there, impervious to the y-integrations.

Now however, to compute dM ye are going to take the same object and integrate

it aginast a function of z, mamely dA(z). This suggests to me that I try to write this

thing as a y-z operator times an xy matrix. Here is what I gets
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I will parts this D" over right away to get:
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Here I suddenly realize that I have that same invariant operator F I had before. To write

this last line I don't need the thing at the top of this page (yet). So lets

go ahead and compute the variation in In detM:
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But this does not seem to help very much, so I'11 go back and use top-of-page result:
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Lets deal first with the second term which I will now express as:
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This exactly cancels the second term in Eq. (&), as we had hoped!!! Thus, we need

only consider the first term above. Notice that this same cancellation occurred in Lee

appendix. Now I can forget about the functional differential operator F. No need to
worry about exactly what it does, since terms’ cancelled. So: .
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STs 5 Cue taf Loon 4) Omef0 To get the. above "first term" I had to parts the D over onto the © (which I think is

where it was in tHe first pléce). This result here is similar to but different from

the first term in (1). I know we somehow will need the Jacobis.
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fe) Now, lets momentarily consider just the d” contained in the D” in our result:8
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Notice that the £ color sum died, and we put in a new delta d,4 by bhand. The reson for
this is so I can use my theorem derived elsewhere , namely:
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I will now show that term (1B) in fact vanishes. Watch:
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Thus we are left with term (1A) plus the term in the result on past page that we have
not yet included. Adding these two terms here, we are left with:
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Notice that this first term is very close to our page 6 equation (1) result, Eq. (1), but

not quite. For example, in the above thing, a color index on R does not tie to the C,

whereas it does on page 6. So lets expand the first term so we than have three terms:
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You see sinatly that thie cancels the first tere of (1), so we are now done!!IIIffr11tt!
In other words, **(2)+(3)+(1) = 0 and we have shown the product invariance that we

set out to show, in any gauge, Lee mode.
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A summary. of the general gauge invariance theorem,

® The notation is extremely complicated, so I will try to pick out the critical\o; equations. First, here are the basic definitions and relations:
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ST® rin the field~jacobien variation, we need first to know how to implement the
condition of.constraint. Here is how it went: .
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In this last we have used the general formula for a variation dJ:
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@ now we turn to the second part, the variation in detM. First I found this:
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This is the line that really makes it go. It is a combination of my one theorem

which pulls apart d,9- , and the Jacobi identity. Substituting this back in the
above you gett
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I now see how to write all these things in matrix notation. First, by direct computation

ol of the variation in M we get:
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Then we insert into these these identities, in order:
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The forma for variation of the detM thing is:
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Inserting the above we find:
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The first trace vanishes by colory the second is equal and opposite in sign to theC @J variation. Thus we can add to get:
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