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Department of Phyzics, Nihon University, Tokyo, Japan

A general treatment of the infrared divergenes problem in quantum eleetro-
dynamies is given, The main feature of this treatment is the separation of the
infrared divergences as mult; licative factors, which are treated to all orders
of perturbation theo f, and the conversion of the residual perturbation ex.
Pansion into ane which has no infrared divergence, and hence no nead for an
infrared cutoff, In the infrarved factors, which are exponential in form, the jn-

frared divergences arising from the real ang virtual photons cancel ont in the
usual way. These factors can then ba expressed solely in terms of the momenta

i they do not depend upon the specifie
details of the interaction. Elestron scaltering fram a statio i

_in considerahle detail, and several othes axamples are diseussed briefly. As an
important, byproduet of the general trentment, it is found that when the infra.-
red contributions are separated in & partieular way, they dominate the radi.

ative corrections at high energies and together with certain “magnetic terms”
and vacugm rigoti i ive g ribuytj N

tional to In (Efm). All of these corrections can be ensily estimated {in most
enses) simply from o knowledge of the extarnal momenta of the charged par-

ticles; this then provides g very powerful and aceuraie way of cstimat.in;
radiative eorrections to high-cnergy processes,

e ——
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Introduction. A= I hoped, this introduction makes much more sense new that I have
read the paper and thought about things. I will try to just list off the things
they have to say.

1. Their propotype example is electron scattering eoff a potential. First, by
drawing the Purcell pictures, you can convince yourself that photens should tend
to come off in the direction of the incident and scattered electron. This fact
is then verified by the mathematical form of the factor shown in (1.1). This
appears in Jacksen classical as well as ED RQFT celeulation. Two facta: the
higher the energy E and the larger the :attar{n,g angle, the more radiation yeu
are going to get. Beth rather ebvieus just by thinking abeut the “proper fields®
ie the Purcell diagrams.

Now, the energy in the radiatien is cemstant at smell ¥ which implies a dk/k
pheton distrikbtuion, the infrared blowup situatien.

2. When yeu cnputu the effectzs of peth real and virtual ph-tlna. you find that
the dk/k singularity is cancelled and you get a residial leg (dE)/E facter in
your radiative cerrectiens. Angular imtegratien over the divergent fwmmx angular
peaks gives anether leg to radiative cerrections ef the ferm leg(E/m) = A.
'Fhuﬂ, after cancellatien ef the IR divergence, yeur radiative cerrectiens are
typically of this "deuble leg" ferm, te first erder in ALPHA. Ie, it is really
am expenential but yeu can censider the first term which is then that deuble leg.
The electren #uu gives the typical result: the cross aqctinn with some
definite resultim dE is given by a correction facter t.inu the cross section
you would compute for the process ignoring soft photons all t.ugutgarl, and the
correction factor is maybe 1.2 or se, ie, not very large. But ﬂnitai'. The
explicit answer for electron scattering is given facing page 400.

3. History of this subject. Blech and Nordsieck in 1937 first noted the prohlem
of soft phntnﬁs unaveidably accompanying your prm:ess. they first showed how

the real and wvirtual pheton divergences qaneul,.pnd %ﬁa}qu% ntﬁﬂte radiative
correction that is net very large. Then im 1950's Lomon and fixsx friends did

a semiclassical amalysis which required an arbitrary hard/soft pheten cubeff.

Then in l?iathunh and Rerlich shewed the virtull/real cancellatien te all orders
of ALPHA ( for electrem scattering I guess). This paper claims ‘te be a refinement

of the JR arguement.



Intre, cen't

L. A crucial peimt in the argument is that yeu emly have te werry abeut phetons
" en external linmes, Imtuitively this is because seft photems are large and dem't
much get inte the high emergy small space guts ef a feymmam graph. This is ef
course just am imtuitive statememet. Yeu really have te shew it, and this
imvelves cemsiderimg "everlappimg divergemces" where eme end of a pheten er
beth land semewhere imside a messy dlagram. In Appendix A they deal with this
preblem but net cempletely amd rigereusly, but they at least c-;sider it which
is an imprevement ever Jauch-Rerlich.

This extermal lines thing is ef course what lets yeu extract the IR facters
and get a calculable result.

A secend ﬁprmmt ever JR is that they give a series expansien fer
the nen-IE radiative cerrectien germs.

Sectien 5. I ceuld emly skim this. Relates te "Kallen's arguement abeut the
incensistency of QED" which I am met familair with. Basically they say that
Kallens facters must be medified by IR expenentials such as im (5.1) and maybe
this makes seme differemce. Amether thimg I dent knew abeut is "spurdeus
chargﬂ renermalizatien™. ‘ ’

Seme interesting remarits, theugh en page L31: the vertex and plectrem
prepagater are enly IR singular whem yeu are om the mass shell.

Sectien 6: Summary. There are several ether types ef "cerrectiems” besides
the IR emes, but they tend te be single leg rather than deuble leg, se that
the infrared cerrectiems temcd te be the main cerrectiens, These .clrmcti-ns
include: vacuum pelarizatien ( ie, electren cerrectiens te pheten lines),
"magnetic terms" whatever thah means.



Section 2: Radiative Corrections to Electron Scattering.

‘The general scenario here is that of a single electron coming along ard
scattering as many times as you like off a potential. Ie, we dont consider the
heavy nucleus in itself here. The blob shown in figure 1 is supposed to be a sum
of all possible feynman graphs! The scatterin g center picks up no energy, so
€&=E - E'" is the energyb total of any emitted physical photons.

(a) Assume for the moment that there are no physical photons. Of course there always
will be because a deflected particle must radiate. But here we want to examine only
the internal photons. Arrange your infinite set of Feynman graphs by their number
n of internal or virtual photons. Let M, be the sum of all graphs having precisely
n virtual photons, no radiated photons. What question do we want to ask?!? First,
by recursion you can derive (2.8) which shows the amplitude M~ where all IR terms
have been factored out. Virtual photons only cause IR singularity when both ends
are an external lines, as was shown somehow in Appendix A. EG, the first term
in the expansion (2.8) for M 's integrend Yy  shows S(k;)e....S(k,) and is thus
infrared singular in all the k's. But since these k's here are integration
variables ( which is not the case for external phtons), you are really asking about
singular portions of the multi-integration . This sing gest isclated into the object
called B. Look ahead to (2.23) where you get the IR singular part of B. Recall
that d'k = kjdk, whereas the object S(k) (which is the virtial coupling of that
photon to external lines) is singular in the sense that it behaves as l/kg. So
now you have kdk which is not yet singular. But when you add the photon propagator,
you get another k™2 and so you get k"ldk which is log singular.

So when you speak of "IR singular™ you speak of the fact that B has singularities
in the variable ), . You do not mean so much that S(k) is singular. But since S(k)
is 1/%2 and contributes to the singularity, you might refer to this S(k) thing as
being an "infrared" term.

So the "infrared" piece pf M_is all in the object B()\). Notice that
M, involves all orders of field theory except there are only n virtual photons.

The complete M is the full som of everything, and again the nnly singularity 1n\h
appears in B which is now in an exponent.

So what makes the "wirtual photons singularity"? I t is a combination
of the photon propagators with the electron lines which are created by adding those
photons. Hard to say it is Just the photons themselves,

So, you know the IR singularity due to integnal photons to all orders
in terms of an object S(k) which is essentially something of first order! The

"all orders'"ness merely exponentiates the thing, something I am used to from Regge theory.



(b) So far we know the singularity in the photon mass X of the ccmplete electron
scatterin g amplitude de to the effect of all internal photons. Next we ask ¥hat is
the effect of external radiated photons which up to now we have ignored.

Consider an amplitude which is radiating n photons. Since this amplitude
contains all possible internal photons, it contains the exp{dﬁ] factor just
discussed. Let us now compute directly the DCS for radiating n photons of energy
~ total = € = E' - E. This is given in (2.13), showing the phase space and the
amplitude squareci. Again you do an iberation to express the an:tp'E in terms of
IR factors called E[ki} which are little amp2 factors for mmkkiwmxgxph addin g an
external phaton'of momentum k;+ This "add-a-photon" term appears and gives the
entire '}\ - singular part. Look at 2.24 to see this. WNotice that r:l3k = kzr:lk,
so the combination of kK™ from § and the k™! from the energy denominator causes
E to be singular in the variabla\h at }- 0.

The B factor is essentially determined by a first-order Feynman graph,
actually the two ordery graphs shown in Fig 3 (a) and (b). It gets exponentiated
in the usual way, so the big net result is this:

paxkxef DCS to radiate photons of energy € in electron potential scattering
= exp(2d (B + B]) times somthing non-singular in ) .

Thus, the IR part has been completely isolated and factorized off. And we have done
things to all orders in the field theory! All you have to show is that B + B = 0,
and this is something you show in first-order, so to speak. Actually, you want to
show that the singularity in B at A= 0 cancells the singularity in B at }\:b.
Then there is no IR singularity left.

Comment™: Experimentally, what are we saying here? If you compute up your total
feynman amplitude for radiating no photons at all, just scatter the electron, you
expect a finite andwer but you get an infinite answer due to an infrared singularity.
Luckily, it is impossible to do this experiment! So you dont care that it is
singular. In a real experiment, there will always be some photons coming off, no
matter how small you make your resultution. What you measure is the DCS for electron
scatterin g plus unknown number of photons with energy less than something. So you
have to add the elastic rate to the rate with photons. In this (incoherent ) sum,
the IR singularities cancel and no singularity appears in something that you can do
with an experiment.



(¢) Here we have explicit formulas for B and B. These are derived in the appendix A,
but you can see where they come from. Why are there no unknown "blobs" in thése
formulas? Be cause S(k) is a multiplicative factor, not the whole thing. You do
not include the blob in a multiplying factor.

How do you show that the A= O singularities of B and B cancel? Well, you
just do it by brute force. In the limit that p and p' are very large (high energy)
and € = small (forward scattering), you can write B and B in closed form as
(2.27) and (2.28). There you see explicitly the \= O singulerity. It is logarithomic
in both cases and cancels between the two terms.

Sometimes the theory is reformulated in terms of a low-end momentum cutoff
kmin instead of a photaon massbx. Same result, same cancellation of course. Its Just
that you want to use the same cutoff method in both cases!

(d) the nonIR terms: If you know B, the entire amplitude for electron scattering

is given by the various m;. See 2.3. The "non-infrared” terms are the ones that

are left after the canclleation of the infrared singar terms. It is these non-IR terms
that tell you "the answer®, ie, the DCS for electron scattering. These terms are

the "radiative corrections” that you often compute around a blob. Not surprising

that the things we computed above are same things people computed for radiative
corrections to certain processes involving one elecgron line. Actually, I think

the term" radiative corrections™ means only "virtual photon corrections™. The
corrections due to soft external photons imconsidered in the next section.

(e)_the Non IR real photon terms. Now we want to include the effect of soft Brem
and compute explicitly the electron scattering DCS. Earlier we only wkmemx that the
IR singular parts cancel. Here we want to know somw real numbers for what is left

over, The answer is given I think in 2.57.

(£) Now suppose we do the experiment where we force E' - E to be less than some
small number AE. Ie, we try our best to look at elastic evernts with no photons.
Then 2.58 shows you what you are measuring.
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Added Comments on Section 2 on Electron Scattering.

. L am getting more of an overview now as to what they are doing. In subsection
(a) they computed all virtual photon IR stuff and they concluded that the complete
electron scattering amplitude M can be written as (2.3). Thg thing B contains all the
potential IR singularities, and the "reast" or non-IR.part of the complete.blob |
electron scattering amplitude is given in terms of the m; objects. In turn, as
shown in (2.12), these m; are given in t{erms of the Q); which are certain remainders
which were obtained in the .iteration.. B} - —
_ Now, we go to section (b) where they cmﬂpute the IR effect of real emi'l:.t.ed
photons. Now the various objacts '[3 which make up 31» ar:a really functions_of
the old my. Ie, in order to compute accurately the @‘, :,rr:-u need to -know the My y
whirch is to say, you nedd to know the non-IR terms due to _the wirtual phaton effects.

So lét.s say you have worked out the virtual photon corrections and you know
all the my. Then you know the B, . Thus, from formula (2.17) you know exetly in full
details what the DCS with energy loss E-,‘ is. The sum in (2.17) is over.the nuhber
of real emitted photons. Of course ;rcnq know -é from a f£first order computation

Everything is them summarized in (2.21) and (2.22). Wotice that the effeact
of virtual photons is contined both in b and in the wvarious fr : )

So obviously, what you want to do is Q cmputewhat the DCS should be for electron
scattering when there is € energy loss. Then go compare it to experiment. Of course
this is just a QED problem, but you are summing over all orders and you have to deal
with the IR "problem".

In particular, at high energy the infrared exponent Nx B +-ﬁ is explicitly
given in (2.31). So it remains only to find the "non-IR" part of the cross section,
which is called d% / de .

Section (c) computes the exionent as I just showed, it shows how the IR
singularities cancel, and it tells what the finite piece is!

Section (d) them tries to compute some of the ms, it only Eives m, . Again,
the point here is to try to compute the m, so that you can know the Py -

Section (e) then concentrates on the first few dg/de€ terms involving zero
and then one non~IR photon, which just means keeping first two terms in the series
of formula (2.21). The total result keeping only these terms is stated then in (2.57).
Again, you see the IR exponent which was already computed, and you see a function
F  known as in (2.45) as a gamma function, and you see the rf;, and g‘ functions
of course, though the secdon one is recoded as Gy

Finally in section (f) you get an answer for the cross section when you have
uncbserved photons of energy up to some small DE. ﬁ, is just the usual elastic
cross section with no phtons, something you could compute to any order. In principle,
this is the complete answer if you could compute the my hence the '{;; hence Gy. (over)



Now try to summarize: jou want to ¢0m;lmte the observed electron DCS, but
you know there are going 'F.c be soft photons which you will accidentdlly also measure O
so you have to include these also, You know that you have to separate out the
internal phtoon effects as well as the external photon effectsx in order to zget
the IR sings to cancel. Yoéu do things at-, once to all orders; you find that to all
orders the IR sing canc#llation arises from smngthing which you can compute in
lowest. order. | _

But you want more than just showing that there are no new IR sings left
over. You want to know exactly to all orders(iZn a certain sense) what the observed
DCS will bﬂ if there is some resultion soft photon loss. You can compute the elastic
DCS so an;r order you want, but you want to include soft photon affect-s to all orders,
sor‘t of a bybrid situation.’

You do th:Ls and t.he result is an explicit formula for the ICS. It involves
certain functions which can be computed by considannggknx the effects to all orders
of but.h internal and exbérnal snft. phut.ans.- So it all boils dm-m to some brute
force calculations. ' . .

' What is odd here is t.l'fa't. usually I think of just adﬁing- as man:,; Feynman

graphs as you want to geét ar accuarate ‘answer. But here you really have to add
an infinite number ‘of graphs to g‘et rt.ha right answer._ . , o



Section 3: Further Examples,

(a) Consider electron scattering from potential accompanied by one hard Brem photon.
You still have to think about the unknown number of soft photons emitted, so this
is just an application of the preceeding stuff. The hot photon has k, the soft
photons have EPSILON-k energy. Skimmed only,.

(b) Inelastic (deep) electron scattering. Radiative corrections make radiative tail.
You add correction photons to the electron/photon blob.

(¢) Multiphoton production. Ie, just multiplie Bremstraullung, work done by Gupta
and repeated here using their new methods.

(d) Recoil in electron scattering. Here you do radiative corrections on both sides
of the carrier photon. Ie, there is an electron blbb to correct and a photon blob
to correct also.

(e) Brem off nucleons in nucleon-nucleus scattering.

Comments: The topic here is really that of radiative corrections to scattering
processes in field theory. No doubt good references here if I ever want to delve
into that subject; right now I want to concentrate on QCD Dyson equation and

Jim Ball's papers, so put this on the back burner.



Added notes for Section 3.
Last notes were no good because I didnt understnad the functions of Sections 2.
o (a) electron scattering with large energy loss. In the general formula, the
integral over §, which involves i emitted non-IR photons is now called G; and the
sum of all the Gy is called & . Since usuallye{A L 1, the electron DCS is given
by my equation (3.5A4) page 402.

Now when you have a large energy loes, I think the emission of more than
one phton in the non-IR is supporessed, so you use only the G; term. You can then
go ahead and compute this in the Born approx [ now we are back to adding a few
Feynman graphs] and the result is (3.9) plotted in the figure. This is something
you could compute without going through all this paper. The point here is that we
can compute the corrections to this result.

(b) Inelastic electron scattering. Assume now that the "target" can absorb some

energy , namely e,l , and there are soft photons with energy E,-..EL. Formula

(3.14) gives tﬁe DCS in both these energies: you see the usual IR exponent, and

all non-IR photons are now beirg ignored so we only deal with 76., which here is

7"‘(‘&') , the inelastic excitation cross section. We want to know simply . de/de

o integrating over the target, because this is the thing you usually observe. This

is given in (3.15)! if there were no photon emission, the observed DSC would tell

you the excitation function. But the presence of the photons causes a convolution

of this excitation thing with the photon emission, see (3.15).

This is precisely the theory of the radiative tail. To get the actual

excitation spectrum you have to somehow de-convolute.

(e) many photon emission. & have no new comments here: they duplicate Guptas results
with their methods.



O

So far we have considered only electron scattering off a potential. Now consider
a general Feynman graphs with many incoming and exiting charged lines. We now want
to consider the IR effect of any number of virtual photons on these lines, and any
number of external soft emitted photons. All we want to do is generalize the -
earlier case where there was only one pair of external charged lines. . '

No doubt it will turn out that you only have to consdder photons on external
charged lines, so things will be controllable. The general reduction for the
amplitude is given in (4.2) where the ¥ is the multiplying IR factor for photons
on external lines in all ways, and where Tr}'l is sort of the Feynman graph with
i radiating photons, but including virtual photon corrections. When things are
regrouped you get the same kind of exponential factor out £xsm front with a
B and a %t These factors are given in subsection (b) and are given basically
by summing over line-pairs, hence the B; 3 objects. It turns out that now B can
be complex so you only use Re(B).

The IR singularity cancels between the B and the E as before. However, due
to kinematic complications involving the way the soft photons come off, it is too
hard to write a gmneral, formula givéng the various radiative corrections for an
arbitrary process. But they try to give some examples and general guidlines.

I haVE Jjust skimmed this section. The main idea is that you can ignore
virtual and emitted photons from inside the blob and therefore the IR factor can
be isolated as a multiplicative factor which ends up in the exponent. The virtual
and radiated photon IR factors have singularities which cancel. And there are left
over nonsingular parts which are the radiative corrections.



Appendix A: extraction of the infrared factors...

Case a: Consider a general Feynman diagram. Pick out one electron line and trace it
all the way through the diagram. We want to know: suppose we take an external photon
with momentum k¥ and sum over all the stick-on places for this line. As we let k
go to zero, can we separate out the plece of the result that is infrared singular?
If there is some singularity, what causes it? Look at (A.3). When you

stick this phtoon onto an external line, you create one extra internal electron
propagator. Ie, you make a 1/(¥ - ¥ - m). When this operator is put up against u(p),
you see in (A.3) that a 1/k term is generated. That extra electron prop yields a
1/k singularity.

When you sum over all insertions for an external photon in this way, you can
classify the insertions into three kinds: insertion on the left end, insertion
on the right end, and insertion inside the mess of the diagram. It turns out (this
is somehow & result of Ward like thing) that the inside insertions as in figure
3(c) do not yield this infrared signularitiy. So basically, instead of having to
add an infinite number of things, you just add graphs of (a) and (b). The infrared-
singular piece of the blob with this addition is given in (A.11). Of course for
a true external photon you will dot thls into a polarization €y and you can then
drop the ku terms by gauge invariance. Also, set k? = 0.

So we have now figured out what is the infrared-in-k piece of the

amplitude when one extra photon is inserted everywhere on one line.

Case b: More complicated. Now you want to sum over all ways of adding a virtual
photon to one line so both ends of the photon are on the line. Figure 2 shows

the 6 ways this might be done. It turns out when one or both ends of the photon

land inside the blob, there is no IR singular contribution. Thus you need to consider
only the oarts (a),(b),(c) of the figure. These yield the infrared singular amplitude
shown in (A.19) where you see three terms after you square. It happens that this
virtual photon thing is tied up with mass and charge renormalization in the UV end

of things, but I see no reason to worry about that here. We just want the IR plece.

Comments: there must be a more elegant way to do this, something less brute force.
Maybe in their later paper they will explain a new method. For now this is OK. After
all, this is 1960, a fairly pioneering paper in IR behavieor. Prior to the idea of
containment this was not such a hot subject.
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Improved Treatment for the Infrared-Divergence Problem in Quantum Electrudmmu.

G. Grammer, Jr, and D, R. Yennie
Laboratory of Nuclear Studies, Cornell Universiy - {thace, New York 14gsp
(Recolved o August 1573)

Although the conceptual difficulties assoclated with infraved divergences fn quanfum elep-
) trodynamics have long since been resolved, a convenient tach:ﬂgl.tu for idant he

ate infrnrcddln_ita_gaﬂ of Feyaman

here. The polarization sums for both real

hs has been lag

One of theste (called the K -polarization sum) resemhbles g Eauge transformation whose sfruc~
ture permits a simple demonstration of infrared factorization and exponentiation, It Iz easy
to see by inspection that the residual factors {with S -polarization sums) arve Infrared frea,
This Is done for each separate graph, in contrast to earlier treatments where contpi

from gets of graphs had te be coneiderad t

ether. The technigue ig lestrated by a detailed

treatmaont of the radiative corrections to lowest-order potential scattering, and generalizations

to other processes are indicated,

I

L INTRODUCTION

The intraredudivergancu problem in quantum
electrodynamics has a long history which we shall
bot review here,’"* It is known that the infrared-
divergent contributions to an observable cross
section cancel iu any given arder of perturbation
theory, provided a1l appropriate real- and virtual-
photon corrections are taken into account together,
Aside from the leading divergence in each order,
the complete proof of this cancellation is rather
complicated. In practical caleulations, one often
uses a photon-mass or other infrared cutoff at
intermediate stages of the work and then does the
infrared cancellation by hand at the very end,
Clearly it would be desjrabje to have a procedure

whereb].r only infrared-free expressions would

have to be evaluated.

" Recently several authors have given reformula-
tions of quantum electrodynamics using the con-
cept of coherent photon states, While these re-
formulations may improve the logical foundations
of the subject, they so far seem to do very little
for actual practical problems,

Seem to justify the use of 5 minimum photon ma-
The conceptual
problems treated by these authors arise because

- one would like to be able to define asymptotic in

and out fields, In the regl world, any exporiment
is carried out during a finite time interval so the
emission of very sofi photons is necessarily in-
hibited. But no physieal result is sensitive to the
way this happens (precisely because there is an
infrared cancellation), and it is not interesting to
make a detailed analysis of the dependence on the
time duration of an experiment, just as the de-
pendence of scattering results on the details of
the wave packets hag not been a very practical

L

subject even if i is conceptually important,
Therefore, in the DPresent paper, we shaj) avold
these conceptual issues and simply assume that
there is some convenient infrared cutoff,

Cur aim is to present 2 more transpare
onstration of the infrared s ation into ¢
factors infrared-free expre +» The tecs.
nique will be o rewrite the polarization sumas fer
both real and virtua) photons as a sum of twe
medified polarization sums. Cne of these polariz
tion sums (K type) will include the infrared-diver.
gent terms which very conveniently factop out ane
eXponentiate when summed over all numbers of
Photons. The other (G type) will lead to infrared.
free expressions which no longer require a cute

The infrared factors depend only on the moment
of external charged Particles and are already wek

known,” When real and wirtual corrections are

Suitably combined, they lead to infrared-finite
results, as is alsp wall known,
The difficulty of Elving such 3 demonstration Is
to show that it works to all orders, including the  §
less-divergent terms which are contained withi=
some high-order infrared divergence, In gur ap-
proach, the infrared factoriz mes a B
le problem in algebrg and combinatorics: it is

Separated from the actua] analysis of integrals.

The demonstration that the residual factor is
infrared-free is also rather simple ag it involver
only looking at, but not carrying out, the integrs
tions, 8 b the compli-
cated proof given in YFS (Ref. 2} in which sels
integrals had to be combined in order to obtals
-tl_w-lnfrared factorization. In the present den §
stration, sets of integrals are again combined,

but in a simpler manper because the K-type po
larization sum has resemblance to a gauge 'r=®
formation,
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Grammer and Yennie, Gor_'nell (1973)

1, Introduction. This paper is written about 12 years after the earlier one. They
have found a much better way to do things, as described below. Although paperwas
receided in August 1973, paper is restricted to QED and QCD is not mentioned.

Between the two papers the theory of "coherent states™ appeared, but they dent
think this has much use in peactice, so they skip it.

2, Virtual photons. As in the YFS paper, the canonical example is electron
scattering, here where there is only one interaction with t.hé potential. Here
is how thaﬁathad works: you want to sum over all wirtual phut.nna on the
scattered electron line, skip electron lo-opcs for now. The trick is to break
each vir-l:.ual photon propagater into a K am:l G tem, then uxpand the whole thing.
Using fancy combinatorics and the ?aynman ide:ﬂtit.:.r (which makes the Ward mantity},
you can show that the sum of a.'l.l insertions of a K photen onto a graph with
a set of G photons causes sa simple multiplicative factor aB where a = 1/137.
When you then go ahead and sum all graphs incluﬁin,g all mixtures of hu‘-!:.h kinds of
phot.nna, you get the YFS result: the K ;phntm sum to make the amant.ial. and
then the my residual TR-finite functions are the feymman graphs wit.h only G photons
included. Much nicer than the earlier pranr.

So the feynman identity is now ﬂhat tell s you to ignore inside inurtinns,
somehow. I have not really followed the details but could if I had to. -For
clesed electron loops, you always get zero in the limit that an attached photon
is soft ( I don't yet know why this 1s 80) 80 you can forget t.hau;.hThere is a
detail about photons which are self-enargy corrections on the external lines, but
not a big deal. :

In last section of this part. nf the paper they show exac’:.ly how it is that when
you compute a simple Feynman graph with only G photons, there is never any divergences.
Nor do you seem to need any kinds of a cutoff.

3, Real photons. Now consider the sitmtim where you have n unobserved soft photons
and maybe also some observed ones. The amplitude is as in (3.1) where you see tha
virtual exponential already exposed and you see all the polarizations of the
unobserved buys. In computin ght e DCS you havets sum over all these pelarizations.
These sums make prapagat.ar like nmheratcars E,* As in the virtual case, you

break these down into a G and K type term. Somehow the K type terms cause the

other exponential and you get the resul,t shown in (3.21). This is the same as

the old result, but it was derived in a much better way.



I, Generaligzations. Comptons scattering is easy since we already did the general
case with observed photons. You can divide the p-leg from the p'-leg at either
hard photen and get equivalent results. ’ '
Next the closed dfermion loop detail is mentioned and gives nothing.
Finally, electron-electron scattering is ‘more complicated but can be
done, as can multiplie Coulomb scattering.

length of paper: 26 standard pages.
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Eikonal Approximation in Quantum Field Theory* elect
) out,
Mavwice Lévy} axp Joseru Svcuerft
Center for Theoretical Physics, Depariment of Pliysics and Aslronomy, University of Maryland, wh
: Callege Park, Maryland 20742 ,
{Received 5 June 1969)
The eikonal approsimation for high-energy collisions, long familiar in the theory of potential scattering, witls
is considered from the viewpoint of relativistic quantum field theory. We study, in particular, the Feynman
amplitude M (s,f) describing the scattering of two spin-0 particles, s and b, interacting by the exchange of
spin-0 mesons. We show that if Ma(s), the contribution to M (5,0) arising from all sth-order Feynman
diagrams in which exactly n mesons are exchanged between a and B, is written in an appropriately sym-
metrized way, and if the terms in any @ or b particle propagater which are quadratic in the internal momenta For
are then dropped, the resulting expression, A »*%(s,{), may be evaluated in closed form, and the sum over n, (1.1
which defines M*%{s,), may he carried out. The representation of Mete(ey) found in this ®ay involves the (1.3
exponential of a function x of a relative space-time variable s= (3%x) and the external momenta; x is a "
relativistic generalization of the eikonal Xpo familiar from the theary of high-energy potential scattering. T
Mwk(5,i) is both crossing-symmetric and time-reversal-invariant. In the static limit (m,— =], x tends Xl
10 Xpa for the appropriate Yukawa potential and ik o M B3 s & limiting form fpee'™, which forn
we also derive directly from the theory of potential scattering; for small scattering angles, frn®* coincides Feyi
with the standard result. The amplitnde for particle-antiparticle scattering is studied in the same model. teri
Tt is shown that the eikonal Xa{x) associated with the contribution of all annihilation-type diagrams has a. n
logarithmic singularity at x=0whese coefficient is proportional toa () + 1, wheree (f) is the Regge-trajectory th_c !
function obtained from the asymptotic behavior of the ladder-type diagrams alone. Another conneclion tribu
with Regge bebavior is made by showing that the summation of a certain infinite class of radiative correc- fram
tions to the lowest-order y-¢ Compton amplitude gives rise, in our eikonal approximation, to an eikonal chan
%(z) which has a similar logarithmic singularity with strength 14 (i) ; here g{) is the trajectory function,
introduced less directly in earlier work, which reproduces the major part of the spectrum of positronium on T prop
setting () =l=m—1. A generalization of a simple algebraic identity used in the derivation of the above i Uil
results, in the form of an integral representation, permits their extension to the case where one or more of: ! ampl
particles are off the mass shell. This is illustrated by a computation of an eikonal-type approximation to the i 85 form
Green's function for a relativistic particle moving in an external scalar field and by the summation of an i
infinite class of contributions to the vertex function in the model referred to abowve. The possibility of g app:
applying an off-shell eikonal approximation to the analysis of production processes is emphasized. 4 ; ==
I. INTRODUCTION where b is a 2-component vector orthogonal to f=p/|p| o &
. , nd the “eikonal” X i o
IN recent years, there has been great interest mn N c-= is defined by h £
high-energy approximations to scattering ampli- —_ i B “_'hf"'
tudes which exhibit an exponential dependence on some " x(b)=—o f V(b+pE)dE. (1.2) S tivist
of the kinematical variables, especially in connection ’ lp] J-a i g 4
with the revival of Regge theory. Simple approximations ' X=o
of this type have been known for a long time in the It seems worthwhile to ask to what extent analogous ‘% RS 1
th’EDl‘}" f_}I ngnre[ativigtjc Pﬂ'tfntlﬂ] smttgrjng: TIIEEE approxlmatln:.}ns fﬂl’ Y t.wo—hody SCB.ttEring amplitude . ' o
are the so-called eikonal type of approximations-* ™May be obtained in quantum field theory, In the present G4
¥or example, for a spinless particle of mass m scattered we show that there is indeed a natural relativistic %y §
by an external potential ¥(x) the scattering amplitude E?nmhzatgm of th&l mku_na.l la.ggnammatl%g, T!HE‘ utﬁh- .
f(p',p) may be approximated, for large |p| and small niques used are rather simple and may be MSEU 105 jg with
scattering angle and under suitable restrictions on V4 deeper investigations of the asymptotic behavior of § etc. 1
g ) 88 Emttﬁring a.mpﬁtudﬁﬁ. ! I'f-ept
Il The usual derivations of equations such as (1.1) ar (1.4),
j'l:p"._,p:lhi d il b(gixm—1) - (1.1) based on qluﬂatio@ which start with expfess{ons for 5 Yuka
i ! the scattering amplitude and the Schridinger wave ¥ Hen: -
function in position space. In Sec. IT, we reconsider the 3 genur
A ; l:%lﬂlﬂifgﬁ ;!!1}\ part by the U. 5. Air Force, under Grant No.  problem  of nonrelativistic potential scattering in T5Y also
1 On leave of absence from th-u Faculté des Sciences of Lhe Uni- mamentim space, SIarting with an exact expression for Cross:
versily of Paris, Paris, France, the nth-order term f, in the Born expansion of f. We Al
1 John Simon Gupgenheim Fellow. show that if in th denomi : inei
| G. Molitre, Z. Nalurforsch. 2, 133 (1947). w that if ”Trﬁ f mﬂlatmgpmﬁ’g in this 44 the
. in Leciures in Theorelical Physics, edited by S Pression, terms of the form are dropp relative . which
ﬁ. E mrii%mva? IIh Gs.wDunha.m (Wiley-Interscience, Inc., New  to terms of the form p-K, where K is a partial sum of 2. porti
ork, 1959), Val. 1, p. 212 internal momenta, the resulting approximation to fa beh:
1L, I._Schifi_ I'hys. Rev. 103 : . §. Saxon ', & TEY * s
,mdj} I 3ch Nu}:vunéfm,;ﬁ%ﬂgﬂ?gyf o may be evaluated in closed form, with the help of an -
See, e.g., Ref. 2, pp. 342-344, identity used in earlier, closely related work in quantum *M.
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NEAR MASS SHELL SINGULARITIES IN QUANTUM
ELECTRODYNAMICS *

1.S.BALL™*
University of Utah, Salt Lake City, Utah 84112

D. HORN * and F. ZACHARIASEN
Californiz Institute of Tednaiagy. FPasadeng, California 91125

Received 11 July 1977
(Revised 30 September 1977)

We discuss the near mass shell infrared behavior of QED by performing an explicit
sum over all Feynman diagrams in the sikonal approximation, We review the infrared
singularities of exclusive amplitudes in particular limits ((a) small photon mass or dimen-
sion # 4, (b) equal off shell p?, (c) large momentum transfers) as special cases of a general
parzmetric formula. In the parametric representation the infrared singularities always
exponentiate. This allows us o derive simple differential equations for Laplace {rans-
forms of the scattering amplitedes. Similar differential equations have been conjecturad
to held in QCD and we summarize the present evidence regarding this assumption.

1. Introduction

It'is frequently suggested that confinement of color in non-Abelian gauge theories
Isa consequence of their highly singular infrared (IR) behavior 1). Consequently it
is of considerable interest to understand just what this behavior is.

Non-Abelian gauge theories aze an extension of Abelian ones, and _for the Abelian
case the IR behavior is completely understood i_gllt is therefore natural to try to
build the study of the non-Abelian IR regime on this base, in order to emphasize in
exactly what ways the Abelian sitpation is maodified. This motivates our discussion
and review of IR singularities in QED in a language perhaps more suitable to the
problem at issue in the non-Abelian QCD case. Then we outlin e 5i &

conjecture as to how QCD modifies what happens in QED. We do not claim to exhi-

* Work supported in part by the US Energy Research and Development Administration under
contract EY7T6-C-03-0068 and by the US-Israel Binational Science Foundation under Con-
tract No. 28,

** Supported in part by the National Science Foundation.

* On leave of absence from the Tel-Aviv University.
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Questicons:

1) why is S called unrenormalized on top of page 514 ? ‘{S{\

2) what hgppaned to the its ;.n (2.10) 2 \ﬁ" -

3) how are 2,16 and 2.17 computed ?

L) why can exten‘rnai!.‘ closed loops be ignored as in figure 1?- \kﬁ\

5) point out that Levy Sucher is misquoted. &%R



Ball, Horn and Zach: "near-mass-shell sings in QED " (rec'd Sept. 1977, the month
- . I arrived in Utsh)

1. Intoruduction. 'The IR theory of QED is under control, refarance; to the -Termie
papers which I have now studied. They want to re-sxamine QED in hopes of seeing
how to go about attacking QCD.
Two mst.hada of deoing regulation:. first, you can put. in a photon mass, or
¥ou can vary the number of dimensions; senond, you can merely compute.things
which are not IR singular and make no change to your theory. In particular, aff-
shell amplitudes tend to not have the IR singularities,
The basic questien you are asking is-different in the two theeriea. In QED
you want t.o show that the oberved inclusive cross sections ares finite. You can
never measure an exclusive cross suctian. so the ract- that these come out 1nfinite
in QED is no problem. .
In QCD however you are never supposed to get any gluens out, soft or otherwise.
T!ma, here you want to show that the color thresholds are sbsent. Recall that
gluon carries coler, so you want to sees that there are no multi-gluon branch points;
if there are, then you can pro&uce gluons through .unitarity, _
Thus there are no "inclusive cross sections®™ with unobserved soft gluon emission.
The goal is this: consider off-she@l amplitudes ( since you thereby avoid the IR
singubdrities) and see if gluon thresholds are inhibited somehow. That- is the problem.



@

Infrared _p or _o

He want +o know what the full propagator looks like near p° = m° after you
dress on all the photons. Apparaently you only have to add all graphs of the form
of figure L to Xhm get the full blob as far as the IR singular piece is
concerned.

They explicitly add all the graphs and get the answer given in (2.10). The
characteristic exponentiation is obtained. Near x=0, the behavior of the integral
in (2.10) is controlled by the behavior of H¢s) at large s, hence they figure
cut (2xf%) (2.12). Using a mass counterterm, this all boils down to (2.13).

We have of course an explicit expession for G(s) a s shown in (2.12). By the
way we have scalar electrons here aso far.

Now lets go for the answer: what does this renormalized or dressed propagator
look like near p 2_ 22 He claims that you can just examine G(s) for large s and
get the pesult (2.18): you see the pole and a cut due to the multi-photons states.
On the other hand, you can first put in a photon cutoff mass and take s to
infinity to get the form 2.16. | :

I think their point is that things are clearer if you stay away from the
exact point pﬁ = mz as ask: what is the nature of the singularity thered Then
you see that cut. Not clear what you get in the photon-mass case.
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ndix: Generaligzed

Sucher Identity.
There is a certain amount of history behind this thing. Pirst, suppose you
want to make a sum over all wvirtual photon insertions on a sealar electron line.
Assume there are no external photons. If you are interested enly in the IR
behavior of the result, you can make thé approximation called Rytov or super-

eikonal of neglecting denominator terms which are quadratic in the photon

momenta. You now want to éu.m, in this approximation, all graphs of the form
shown in figure I:. ie virtual phetons no matter how they land, nexted er whatever.

This sum is a special case of the Generaliged 1S Idneity derived in this
index, ie, there are M internal photuns and no external ones. Actually, we are
summing over all possible ways to insert Pust M internal photons, we are not
yet summing M. The result is given in (A.12) for this special case, and this
then appears in (2.7) of the text. There they have summed over n photon loops.

I gather that no-cne ever did this simple calculation before??72?

The original Levy-Sucher identity snswered the question: how do you sum over
all ways of inmserting N external phuft.ons onto an electron line. That requires
(4n the Rytoc) simply a permutation sum of terms like (A.2) and the sum is (4.3).
This original Levy-Sucher I have now derived and I see how it works.

The 'ge..nﬂralized question is this: how do you sum over all ways of inserting
N external and M internal phnt.onsfi? The answer is g_iveri'in (A.7) as a single
integral of a product of two preducts. This thing is derived by & recursion
relation rather than by some brute force proof.

A little differential operator may be used to convert a photon from external
to internal. Thus, in (A.15) they show how the case of M-internal photens can
be written as a derivative of the M-external, original Levy-Sucher result.
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