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Introduction, As I hoped, thie introduction makes much more sense now that I have

read the paper and thought about things. I will try to just list off the things‘e) they have to say.

1. Their propotype example is electron scattering off a potential. First, by

drawing the Purcell pictures, you can convince yourself that photons should tend

to come off in the direction of the incident and scattered electron. This fact

is then verified by the mathematical form of the factor show in (1.1). This

appears in Jackson classical as well as BD RQFT calevlation. Two facte: the

higher the energy E and the larger the sattering angle, the more radiation you

are going to get. Beth rather obvious just by thinking about the “proper fields”
fe the Purcell diagrams.

Now, the energy in the radiation is censtant at smell which implies a dk/k
photon distrikbtuion, the infrared blowup situation.

2. When yeu compute the effects of beth real end virtual phetens, you find that
tthe dk/k singularity is cancelled and you get a residual leg (4B)/B facter in
your radiative corrections. Angular integration over the divergent temmex anguler

peaks gives anether leg to radiative corrections of the ferm leg(E/m) * A.(@) Thus, after cancellation ef the IR divergence, yeur radiative cerrectéens are
typically of this "deuble leg” ferm, te first erder in ALPHA. Ie, it is really

an exponential but you can censider the first term which is then that deuble leg.
The electren gase gives the typical result: the cross section with some

definite resultion dB is given by a correction factor times the crose section
you would compute for the process ignoring soft photons all together, and the
correction factor is maybe 1.2 or so, ie, not very large. But finitel The

explicit answer for electron scattering is given facing page 400.

3. History of this subject. Bloch and Nordsieck in 1937 first noted the problem

ef soft photons unavoidably accompanying your process; they first showed how

the real and virtual photon divergences cancel gid! hex you sete Finite radiative
correction that is net very large. Then in 1950's Lemon and fkeax friends did
@ semiclassical analysis which required an arbitrary hard/soft photen cuteff.

Then in 1954 Jeuch and Rerlich showed the virtual/real cancellation to ail orders
of ALPHA ( for electren scattering I guess). This paper claims te be a refinement.

Oo of the JR arguement.



Intro, con't

he A crucial peint in the argunent is that yeu only have te werry abeut phetons

fo) ” on external lines. Intuitively this is because seft photens are large and don'tmuch get inte the high energy small space guts ef a feynnan graph. This is ef

course just an intuitive statemenet. You really have te shew it, and this

Anvelves censidering “overlapping divergences" where one end ef a photen er

beth land somewhere inside a messy diagram. In Appendix A they deal with this

preblem but net completely and rigereusly, but they at least censider it which
is am imprevement ever Jaych-Rerlich.

‘This external lines thing is ef course what lets yeu extract the IR facters
and get a calculable result.

‘A second improvement ever JR is that they give a series expansion fer
the nen-IR radiative cerrectien germs.

Section 5. I could only skim this. Relates te "Kallen's arguement abeut the

incensistency of QED" which I am net familair with. Basically they say that

Kallens facters must be medified by IR exponentials such as in (5.4) and maybe

this makes seme difference. Anether thing I dent knew abeut is "spurieus

charge renermalizatien".

° .

fe) Some interesting remarits, theugh en page 131: the vertex and plectrenprepagater are enly IR singular when yeu are en the mass shell.

Sectien 6: Summary. There ore several ether types ef "corrections" besides

the IR encs, but they tend te be single leg rather than deuble leg, se that

the infrared corrections tencd te be the main cerrectiens, These corrections

include: vacuum pelarizatien ( ie, electren cerrectiens te pheten lines),

"magnetic terms" whatever tha means.
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Section 2: Radiative Corrections to Electron Scattering.

(oe) he general scenario here is that of a single ‘electron coming along arid
scattering as many times as you like off a potential. Ie, we dont consider the

heavy nucleus in itself here. The blob shown in figure 1 is supposed to be a sum

of all possible feynman graphs! The scatterin g center picks up no energy, so

€=E-E! is the energyb total of any emitted physical photons.

(a) Assume for the moment that there are no physical photons, Of course there always

will be because a deflected particle must radiate. But here we want to examine only

the internal photons. Arrange your infinite set of Feynman graphs by their number

n of internal or virtual photons. Let M, be the sum of all graphs having precisely
n virtual photons, no radiated photons. What question do we want to ask?!? First,

by recursion you can derive (2.8) which shows the amplitude M, where all IR terms
have been factored out. Virtual photons only cause IR singularity when both ends

are en external lines, as was shown somehow in Appendix A, EG, the first term

in the expansion (2.8) for M,'s integrand Yq shows S(kj).....5(k,) and is thus
infrared singular in all the k's. But since these k's here are integration

variables ( which is not the case for external phtons), you are really asking aboutfe) singular portions of the mlti-integration . This sing gest isolated into the object

called B. Look ahead to (2.23) where you get the IR singular part of B. Recall

that de = Wak, whereas the object S(k) (which is the virtial coupling of that
photon to external lines) is singular in the sense that it behaves as 1/k". So
now you have kdk which is not yet singular. But when you add the photon propagator,

you get another 1? and 50 you get lak which is log singular.
So when you speak of "IR singular" you speak of the fact that B has singulerities

in the variable ),. You do not mean so much that S(k) is singular. But since S(k)
is re and contributes to the singularity, you might refer to this S(k) thing as
being an "infrared" term,

So the "infrared" piece pf M, is all in the object B()). Notice that
M,, involves all orders of field theory except there are only n virtual photons.

The complete M is the full sum of everything, and again the only singularity in \
appears in B which is now in an exponent.

So what makes the "virtual photons singularity"? I t is 2 combination

of the photon propagators with the electron lines which are created by adding those

photons. Hard to say it is just the photons themselves,

0 So, you know the IR singularity due to integnal photons to all orders.
in terms of an object S(k) which is essentielly something of first order! The

"all orders'ness merely exponentiates the thing, something I am used to trom Regge theory.



(b) So far we know the singularity in the photon mass ) of the complete electron

0 scatterin g amplitude do to the effect of all internal photons. Next we ask iwhat is
the effect of external radiated photons which up to now we have ignored.

Consider an amplitude which is radiating n photons. Since this amplitude

contains all possible internal photons, it contains the exp(qB) factor just

discussed. Let us now compute directly the DCS for radiating n photons of energy

total =€ =£'-£E, This is given in (2.13), showing the phase space and the
amplitude squared. Again you do an iheration to express the amp” in terms of

IR factors called M(k,) waich are Little amp” factors for mutkinxgxsh addin g an
external photon of momentum kj. This "add-a-photon" term appears and gives the

entire \- singular part. Look, at 2.24 to see this. Notice that dk = k7dk,
so the combination of k”* fron and the k7! from the energy denominator causes
B to be singuler in the variable at )= 0.

the 8 factor is essentially determined by a first-order Feynman graph,
actually the two orderg graphs shown in Fig 3 (a) and (b). It gets exponentiated

in the usual way, so the big net result is this:

parkxsf DCS to radiate photons of energy

€ in electron potential scatteringfo) = expQg [B+ B]) times somthing non-singular in ).

Thus, the IR part has been completely isolated and factorized off. And we have done

things to all orders in the field theory! All you have to show is that B+ 8 20,

and this is something you show in first-order, so to speak. Actually, you want to

show that the singularity in B at \=0 cancells the singularity in B at \=O
Then there is no IR singularity left.

Conment": Experimentally, what are we saying here? If you compute up your total

feynman amplitude for radiating no photons at all, just scatter the electron, you

expect a finite andwer but you get an infinite answer due to an infrared singularity.

Luckily, it is impossible to do this experiment! So you dont care that it is

singular. In a real experiment, there will always be some photons coming off, no

matter how small you make your resultution. What you measure is the DCS for electron

scatterin g plus unknown number of photons with energy less than something. So you

have to add the elastic rate to the rate with photons. In this (incoherent ) sum,

the IR singularities cancel and no singularity appears in something that you can dore) with an experiment.



(c) Here we have explicit formulas for B and ‘B. These are derived in the appendix A,

but you can see where they come from. Why are there no unknown "blobs" in théseo formulas? Be cause S(k) is a multiplicative factor, not the whole thing. You do
not include the blob in a multiplying factor.

How do you show that the X= O singularities of B and B cancel? well, you
Just do it by brute force. In the limit that p and p' are very large (high energy)
and € = small (forward scattering), you can write B and® in closed form as
(2.27) and (2.28). There you see explicitly the\= 0 singularity. It is logarithomic
in both cases and cancels between the two terms.

Sometimes the theory is reformulated in terms of a low-end momentum cutoff

Kpin instead of a photon mass). Same result, same cancellation of course. Its just
that you want to use the same cutoff method in both cases!

(a) the nonIR terms: If you know B, the entire amplitude for electron scattering
is given by the various m. See 2.3. The “non-infrared" terms are the ones that

are left after the canclleation of the infrared singer terms. Tt is these non-IR terms
that tell you "the answer", ie, the DCS for electron scattering. ‘These terms are

the "radiative corrections" that you often compute around a blob. Not surprising

that the things we computed above are same things people computed for radiativele) corrections to certain processes involving one elecgron line. Actually, I think

the term radiative corrections" means only "virtual photon corrections". The

corrections due to soft external photons imconsidered in the next section.

(e)_the Non IR real photon terms. Now we want to include the effect of soft Brem

and compute explicitly the electron scattering DCS. Earlier we only wkamix that the

IR singular parts cancel. Here we want to know somw real numbers for what is left

over, The answer is given I think in 2.57.

(£) Now suppose we do the experiment where we force E' ~ E to be less than some

smali number JE. Ie, we try our best to look at elastic evernts with no photons.
Then 2.58 shows you what you are measuring.

le)
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Added Comments on Section 2 on Electron Scattering.

fe) _ Tam getting more of an overview now as to what they are doing. In subsection
(a) they computed.all virtual photon IR stuff and they concluded that the complete

electron scattering amplitude M can be written as (2.3). The thing B contains all the

potential IR singularities, and the "reast" or non-IR.part of the complete blob
electron scattering amplitude is given in terms of the m, objects. In turn, as
shown in (2.12), these m, are given in terms of the Qi which are certain remainders
which were obtained in the iteration.- : soe

. Now,, we go to section (b) where they compute the IR effect of real emitted

photons. Now the various objects (B, which make up Sq, are really functions.of -
the old m. Ie, in order to compute accurately the @, you need to know the my,
which is to say, you nedd to know the non-IR terms due to the virtual phaton effects.

So lets say you have worked oyt, the virtual photon corrections and you know
all the m. Then you know the, . Thus, from formula (2.17) you know exatly..in full
details what the DCS with energy loss € is. The sum in (2.17) is over.the nuither
of real_emitted photons. Of course you know & froma first order computation

Everything is them summarized in (2.21) and (2.22). Notice that the effect
of virtual photons is contined both in8 and in the various &. an0 So obviously, what you want to do is Jomputewhat the DCS should be for electron
scattering when there is € energy loss. Then go compare it to experiment. Of course

this is just a QED problem, but you are summing over all orders and you have to deal.
with the IR "problem".

In particular, at high energy the infrared exponent Nx B+B is explicitly
given in (2.31). So it remains only to find the "non-IR" part of the cross section,
which is called d¥/ dé.

Section (c) computes the exonent as I just showed, it shows how the IR

singularities cancel, and it tells what the finite piece is!

Section (d) then tries to compute some of the m,, it only gives my. Again,the point here is to try to compute the m so that you can know the By
Section (e) then concentrates on the first few dé/d€ terms involving zero

and then one non~IR photon, which just means keeping first two terms in the series

of formula (2.21). The total result keeping only these terms is stated then in (2.57).
Again, you see the IR exponent which was already computed, and you see a function

F known as in (2.45) as a gamma function, and you see the Be and Cm functions

of course, though the secdon one is recoded as Gy.fo) Finally in section (f) you get an answer for the cross section when you have
unobserved photons of energy up to some small DE. @%, is just the usual elastic
cross section with no phtons, something you could compute to any order. In principle,
this is the complete answer if you could compute the mj hence the & hence G). (over)



Now try to summarize: jou want to compute the observed electron ICS, but

you know there are going to be soft photons which you will accidentally also measure °50 you have'to include these also, You know that you have to separate out the

internal phtoon effects as well as the éxternal photon effectsx in order to zget

the IR sings to cancel. Yéu do things at once to all orders; you find that to all

orders the IR sing cancdllation arises from something witch you can compute in

lowest order. .
But you want more than just showing that there are no new IR sings left

over. You want to know exactly to ell orders(in a certain sense) what the observed

DCS will be if there is some resultion soft photon loss. You can compiite the elastic

DCS so any order you want, but you want to include soft photon effects to all orders,

sort of a bybrid situation. ne
You do this andthe result is an explicit formula for the DCS. It involves

certain functions which can be computed by consideringgkkax the effects to all orders

of both internal and extémal soft photons. So it all boils down to sorie brute
force calculations. ~ :

What ds odd here is that usually I think of just edding as many Feynman
graphs as you want to get ari acouarate ‘answer. But. here you really have to add

an infinite number of graphs to get ‘the right answer. : fo)

a e



Section 3: Further Examples.

(ae) (a) Consider electron scattering from potential accompanied by one hard Brem photon.
You still have to think about the unknown number of soft photons emitted, so this

is just an application of the preceeding stuff. The hot photon has k, the soft

photons have EPSILON-k energy. Skimmed only,.

(b) Inelastic (deep) electron scattering. Radiative corrections make radiative tail.

You add correction photons to the electron/photon blob.

(c) Multiphoton production. Ie, just multiplie Bremstraullung, work done by Gupta

and repeated here using their new methods.

(d) Recoil in electron scattering. Here you do radiative corrections on both sides

of the carrier photon. Ie, there is an electron blib to correct and a photon blob

to correct also.

(e) Brem off nucleons in nucleon-nucleus scattering.

Gomments: The topic here is really that of radiative corrections to scatteringfe) processes in field theory. No doubt good references here if I ever want to delve

into that subject; right now I want to concentrate on QCD Dyson equation and

Jim Ball's papers, so put this on the back burner. .



| Added notes for Section 3._

Last notes were no good because I didnt understnad the functions of Sections 2.6 (a) electron scattering with large energy loss. In the general formula, the

integral over , which involves i emitted non-IR photons is now called G, and the
sum of all the G, is called @. Since usuallydA 41, the electron DCS is given
by my equation (3.54) page 402.

Now when you have a large energy loss, I think the emission of more than

one phton in the non-IR is supporessed, so you use only the G, term. You can then
go ahead and compute this in the Born approx [ now we are back to adding a few

Feynman graphs} and the result is (3.9) plotted in the figure. This is something

you could compute without going through all this paper. The point here is that we

can compute the corrections to this result.

(b) Inelastic electron scattering. Assume now that the "target" can absorb some

energy , namely €! , and there are soft photons with energy€4@.. Formla
(3.14) gives the DCS in both these energies: you see the usual IR exponent, and

all non-IR photons are now beirig ignored so we only deal with ee which here is

ae) » the inelastic excitation cross section. We want to know simply . d¢/dero) integrating over the target, because this is the thing you usually observe. This

is given in (3.15)} if there were no photon emission, the observed DSC would tell

you the excitation function. But the presence of the photons causes a convolution

of this excitation thing with the photon emission, see (3.15).

This is precisely the theory of the radiative tail. To get the actual

excitation spectrum you have to somehow de-convolute.

(c) many photon emission. = have no new comments here: they duplicate Guptas results
with their methods.

fe)



Section 4: Infrared Analysis in the general Case.
6 So far we have considered only electron scattering off a potential. Now consider

a general Feynman graphs with many incoming and exiting charged lines. We now want

to consider the IR effect of any number of virtual photons on these lines, and any

number of external soft emitted photons. All we want to do is generalize the

earlier case where there was only one pair of external charged lines.”
No doubt it will turn out that you only have to consider photons on external

charged lines, so things will be controllable. The general reduction for the

amplitude is given in (4.2) where the 8 is the multiplying IR factor for photons

on external lines in all ways, and where fy, is sort of the Feynman graph with
i radiating photons, but including virtual photon corrections. When things are

regrouped you get the same kind of exponential factor out gxem front with a

B and a $. These factors are given in subsection (b) and are given basically

by sunming over line-pairs, hence the B,; objects. It turns out that now B can
‘be complex so you only use Re(B).

The IR singularity cancels between the B and the B as before. However, due
to kinematic complications involving the way the soft photons come off, it is too

hard to write a general, formula giving the various radiative corrections for anfe) arbitrary process. But they try to give some examples and general guidlines.

I haVE just skimmed this section. The main idea is that you can ignore

virtual and emitted photons from inside the blob and therefore the IR factor can

be isolated as a multiplicative factor which ends up in the exponent. The virtual

and radiated photon IR factors have singularities which cancel. And there are left

over nonsingular parts which are the radiative corrections.

le)



Appendix A: extraction of the infrared factors...fe) Case a: Consider a general Feynman diagram, Pick out one electron line and trace it

all the way through the diagram. We want to know: suppose we take an external photon

with momentum k and sum over all the stick-on places for this line. As we let k

go to zero, can we separate out the piece of the result that is infrared singular?

If there is some singularity, what causes it? Look at (A.3). When you

stick this phtoon onto an external line, you create one extra internal electron

propagator. Ie, you make a 1/(f - {- m). When this operator is put up against u(p),

you see in (A.3) that a 1/k term is generated. That extra electron prop yields a

1/« singularity.

When you sum over all insertions for an external photon in this way, you can

classify the insertions into three kinds: insertion on the left end, insertion

on the right end, and insertion inside the mess of the diagram, It turns out (this

is somehow a result of Ward like thing) that the inside insertions as in figure

3(c) do not yield this infrared signularitiy. So basically, instead of having to

add an infinite number of things, you just add graphs of (a) and (b). The infrared-

singular piece of the blob with this addition is given in (A.11). Of course for

6 a true external photon you will dot this into a polarization e, end you can then
drop the k, terms by gauge invariance.” Also, set k* = 0.

So we have now figured out what is the infrared-in-k piece of the

amplitude when one extra photon is inserted everywhere on one line.

Case b: More complicated. Now you want to sum over all ways of adding a virtual

photon to one line so both ends of the photon are on the line. Figure 2 shows

the 6 ways this might be done, It turns out when one or both ends of the photon

land inside the blob, there is no IR singular contribution. Thus you need to consider

only the oarts (a),(b),(c) of the figure. These yield the infrared singular amplitude

shown in (A.19) where you see three terms after you square. It happens that this

virtual photon thing is tied up with mass and charge renormalization in the UV end

of things, but I see no reason to worry about that here. We just want the IR piece.

Comments: there must be a more elegant way to do this, something less brute force.

Maybe in their later paper they will explain a new method. For now this is OK. After

all, this is 1960, a fairly pioneering paper in IR behavior. Prior to the idea of

containment this was not such a hot subject.
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i PHYSICAL REVIEW D VOLUME 8, NUMBER 12 18 DECEMBER 44, ’
ie J Improved Treatment for the Infrared-Divergence Problem in Quantum Electrodynamic PE ye x\e) G. Grammer, Jr, and D. R. Yennie anes
4

Laboratory of Nuclear. Studies, Cornell University, Mhaca, New York 14850 Te ee
(Recetved 9 August 1979) neces
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Granmer and Yennie, Cornel (1973)

@) 1, Introduction. This paper is written about 12 years after the earlier one. They
have found a much better way to do things, as described below. Although paperwas

receitted in August 1973, paper is restricted to QED and QCD is not mentioned.

Between the two papers the theory of “coherent states” appeared, but they dont.
|

think this has much use in practice, so they skip it.

2. Virtual photons. As in the YFS paper, the canonical example is electron

scattering, here where there is only one interaction xith the potential. Here

is how ‘the method works: you want to sum over all virtual photons on the
scattered electron line, skip electron loops for now. ‘he trick is to break
each virtual photon propagator into a K and G term, then expand the whole thing.
Using fancy combinatorics and the Feynman identity (which makes the Ward identity),
you can show that the sum of all insertions of a photon onto a graph with

.

a set of G photons causes sa simple multiplicative factor aB where a = 1/137.
When you then go ahead and sum all graphs including all mixtures of both kinds of

photons, you get the YFS result: the K photons sum to make the exonential, andre) then the my residual IR-finite fumetions aré the feynman graphs with only @ photons
ineluded. Much nicer than the earlier proof.

So the feynman identity is now what tell s you to ignore inside insertions,

somehow. I have not really followed the detaile but could if I had to. -For
elesed electron loops, you always get zero in the limit that an attached photon
is soft ( I don't yet know why this is so) soyou can forget them. There is a
detail about photons which are self-energy corrections on the external lines, but
not a big deal. .

In last section of this part of the paper they show exactly how it is that when

you compute a simple Feynman graph with only G photons, there is never any divergences.
Nor do you seem to need any kinds of a cutoff.

3. Real. photons. How consider the situation where you have n unobserved soft photons
and maybe also some observed ones. The amplitude is as in (3.1) where you see the

virtual exponential already exposed and you see all the polarizations of the
unobserved buys. In computin ght e DOS you havete sum over all these polarizations.

These sums make propagator like numberators g.,+ As in the virtual case, youfe) break these down into a G and K type term. Somehow the K type terms cause the

other exponential and you get the resul,t shown in (3.21). This is the same as

the old result, but it was derived in a much better way,



his Generalizations. Gouptons scattering is easy since we already did the general
case with observed photons. You can divide the p-leg from the p'-leg at either

[o) hard photon and get equivalent results.
Next the closed dfermion loop detail is mentioned and gives nothing.

Finally, electron-electron scattering is “more complicated but can be
done, as can multiplie Coulomb scattering.

length of paper: 26 standard pages.
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/ Kikonal Approximation in Quantum Field Theory* iy deeSAR out,oO Maumce Lévy} ano Joseru Sucuent 4 :Center for Theoretical Pines, Department of Physics and Astronomy, University of Morgland, 23S whe
allege Pork, Maryland 20742 . ae

(Received 5 June 1969) ny

‘The ckona approsimaton for high-energy colons Tog fam inthe theory of potential scattering, aa
{is considered from the viewpoint of relativistic quantum field theory. We study, in particular, the Feynman a
araplitade AG) describing the scattering of two spin-O particle, o and b, interactingby the exchange of 2afpin-0 mesons.” We show that if Ms), the contribution to Jf (f) atising from all wth-order Feynman certGiagrams in which exactly m mesons are exchanged between a and 8, is written in an appropriately sym< ed
imetrized way, and ifthe terms in any o of b particle propagator which are quadratic in the internal momenta a ForTre then droped; the resulting expresion, A,%*(), may be evaluatedin closed form, and the sum over, ey‘which defines Mie(s,), may be carried out. The representation of A!*(s) found in this tray involves the 3
‘exponential of a function x of a relative space-time variable z= (ex) and the external momenta; x is a Be 7
{elativistic generalization of the eikonal Xjoe familiar from the theory of high-energy potential scattering, oy: '
Hie) inrboth crossing symmetric and tne-revereabiavariant, In the static Himit (w+ «), x tends | |eto %pu for the appropriate Yukawa potential and /**=—M=H/Brv/s has a limiting form fra", which ae i forw{oe fotheam the Ceo of potential seaterng; fr small seatering angles, fot coincides Mt Fey:Whi the standard real. The amplitade for particle antiparticle scattering is studied in the sane model. ad |Tt is shown that the eikonal Xs(s) associated with the contribution of all annihilation-type diagrams has & 5 we 7logarithmae singularity at x0 whose coefficient is proportional toa()-+1, whereca() is the Regge-trajectory a the«function obtained from the asymptotic behavior of the ladder-type diagrams alone. Another connection Ua tribu
swith Regge behavior is made by showing that the summation of a certain infinite clas of radiative correc- ERR fromTons to the lowest-order ye Compton amplitade gives rise, in our eikonal approximation, to an eikonal 2), —_—e
x(a) which has a similar logarithmic singulasity with strength 1-+8 (0); here (0) is the trajectory function, eaeJntroduced less directly in earlier work, which reproduces the major part of the spectrum of positronium on Be Prop
BitingBO) ctesmecL. A generalization of a simple algebraic identity used in the derivation of the above “he que!see Ae eed of ai integral representation, permits their extension to the case where one oF more BH amp!
forties are ofthe mass shel This illustrated by a computationof an elkonal-type approximation to the YA formGreen's function for a relativistic particle moving in an external scalar field and by the summation of an ae
‘Green's function forSipation to the verter function in the model referred to above. The possiblity of cs (ea
Applying an offshll eikonal approximation to the analysis of production processes

is emphasized. ) ne(eo) I. INTRODUCTION whereb isa 2-component vector orthogonal to= p/Ip} s<) #t

Piette ee has been great interest in 24 the“eikonal’"xis defined by anehigh-energy approximations to scattering ampli- =m Reg, wher
tudes which exhibit an exponential dependence on some x(b)=——[ Vib+ Bede. a. Ry vise‘of the kinematical variables, especially in connection [pl Ju. a
with therevival of Regge theory. Simple approximations. MB x.
‘of this type have been known for a long time in the It seems worthwhile to ask to what extent analogous 4B y
theory of nonrelativistic potential scattering: These pproximations for two-body: scattering amplitude 3 i}
are the so-called eikonal type of approximations,!-? may be obtained in quantum field theory, In the present. laa:
For example, fora spinles partie of mass m scattered -Papes.we show that thereis indeed anatural relativistic 3 fh
by an external potential 7(a) the scattering amplitude -£enetalzationof the eikonal spproximetien, re ae'f(p',p) may be approximated, for large |p| and small HIGUES Ute BY ke ier simple and may be uselu! tor with
see eee aetondersaiablerescicronson Vitas Cee vestigations of the asymptotic behavior of Retesttering suitable res on V5 scattering amplitudes. HEH kept

| ‘The usual derivations of equations such as (1.1) are} { # (1.4),re all fay eurvrv(eier—ty, (1.1) based on calculations which star with expresions for Beaks
Omi , 1) the scattering amplitude and the Schrodinger wave Sf Ms Hen.—_—— function in position space. In Sec. IT, we reconsider the 399? gene

anguRaigfonrt bythe U.S. Air Fores, under Grant No, problem of nonrelativistic potential scattering in YM also: . momentum space, starting with an exact expression for cronmn eave of absence from the Faculté des Sciences of the Uni- Fi =era eave of sence from the Facultédes Siness ofheUe the wth-ondor term fa in the Born expansion of f. We Et ‘Att$ pin Sos Guinn Plow show that ifin the energy denominators appearing in this 2k the «)
Yat, Naturforsch,2,199 (1947 asus, edited by ¢XPFESSION, terms of the form K* are dropped relative -M whichf uF ena Busan Giiey teed eShey to tems of the form p-K, where K is partial sum off portaak, 1959) Vol. 1, p35. internal momenta, the resulting approximation to fa J —behas

ani, F-Sehih. Phys, Rev. 103, 43 1950) soe alo D.S. Saxon may be evaluated in closed form, with the help of an jiffy, —fo) See, Cg, Ref. 2, pp. 342-344. identity used in earlier, closely related work in quantiui# Ke on,
‘ 186 1656 et 1

i
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| NEAR MASS SHELL SINGULARITIES IN QUANTUMELECTRODYNAMICS *

JS. BALL**

University of Utah, Salt Lake Cty, Utah 84112

D. HORN * and F. ZACHARIASEN .
Galifornia institute of Technology, Pasadena, California 91125

Received 11 July 1977
:

. (Rerised 30 September 197)

| Wediscusthe near mass shel infrared behavior of QED by performing an explicitsum
overall Feynman diagrams inthe eikonal approximation, We review the infiared

Singularities ofexclusive amplitudes in particular limits ((a) small photon mass or dimen-son # 4, (0) equal of shellp?, (6 large momentum transfers) as special cases of «general‘parametric
formula. {n the parametric representation the infrared singularities alweys& exponentiate, Ths allows us to derive simple differential equations for Laplace trans.

formsof the scattering amplitudes. Similar differential equations have been conjectured‘to hold in QCD and we summarize the present evidence regerding this assumption,

1. Introduction

tis frequently suggested that confinement of color in non-Abelian gauge theories{sa
consequence of their highly singular infrared (IR) behavior1).Consequently itis of considerable interest to understand just what this behavior is,
Non-Abelian gauge theories ae an extension of Abelian ones, and for the Abelian

case the IR behavior is completely understood (2).It is therefore natural to try tobuild
the study of the non-Abelian IR regime on this base, in order to emphasize in

exactly what ways the Abelian situation is modified. This motivates our discussion
and review of IR singularitiesinQED in a language perhaps more suitable to theProblem

at issue in the non-Abelian QCD case. Then we outline the simplest possible.' conjecture as to how QCD modifies what happensinQED. We do not claim to exhi-

if contract EY76-C:03-0068 and by the US-Isral Binational Science Foundation under Com
tract No. 28.** Supported in part by the National Science Foundation.*
On leave of absence from the Tel-Aviv University.
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Questions:

6 1) why is S called unrenormalized on top of page 514 ? ws
2) what happened to the its tn (2.10) ? vs : ' vs

3) how are 2.16 and 2.17 computed ?
.

i

4) why can external closed loops be ignored as in figure 17 NS

. 5) point out that Levy Sucher is misquoted. ws
—_

6 ; ,
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Ball, Horn and Zach: "near-nass-shell sings in QED " (rec'd Sept. 1977, the month=~

T.

. I arrived in Utth)io) 15 Intoruduetion. “The IR theory of QED is under control, references to the Yennie
Papers which I have now studied. They want to re-examine QEDin hopes of seeinghow to go about attacking QCD. .

Two methods of doing regulation: first, you can put in a photon mass, or
you can vary the’ number of dimensions; second, you can merely compute. things
which are not IR singular and make no change to your theory. In particular, off-
stiell amplitudes tend to not have the IR singularities,

.The basic question you are asking is -different in the two theories. In £39)

you want to show that the oberved inclusive cross sections aret finite. You can
Never measure an exclusive cross section, so the fact that these come out infinite
in QSD is no problem. .

In QD however you are never supposed to get any gluons out, soft or otherwise.Thus, here you want to show that the color thresholds are absent. Recall that
gluon carries color, so you want to see that there are no multi-gluon branch points;
if there are, then you can produce gluons through unitarity.

Thus there are no “inclusive cross sections® with unobserved soft gluon emission.fe) The goal is this: consider off-she@l amplitudes ( since you thereby avoid the IR
singubarities) and see if gluon thresholds are inhibited somehow. That. is the problem.



2. Infrared behavior of the IR propagator.
e Ye vont. to know what the full propagator locks like near p° = n after you

dress on all the photons. Apparaently you only have to add all graphs of the form

of figure 4 to thm get the full blob as far as the IR singular piece is
concerned.

They explicitly add all the graphs and get the answer given in (2.10). The
characteristic exponentiation is obtained. Near xe0, the behavior of the integral
in (2.10) is controlled by the behavior of H@s) at large s, hence they figure
cut (2x8t) (2.12). Using a mass counterterm, this all boils dow to (2.13).
We have of course an explicit expression for G(s) a s shown in (2.12). By the
way we have scalar electrons here so far.

Now lets go for the answer: what does this renormalized or dressed propagator

look like near pean? He claims that you can just examine G(s) for large s and
get the result (2.18): you see the pole and a cut due to the multi-photons states.
(Gn the other hand, you can first put in a photon cutoff mass and take 5 to

infinity to get the form 2.16."
I think their point is that things are clearer if you stay away from the

exact paint p° = n° as ask: what is the nature of the singularity thered Thenfo) you see that cut. Not clear what you get in the photon-mass case.
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Appendix: Generalized Lewy Sucher Identity.

ie) There is a certain amount of history behind this thing. First, suppose you
want to make a sum over all virtual photon insertions on a scalar electron line.

Assume there are no external photons. If you are interested only in the IR

behavior of the result, you can make the approximation called Rytov or super-

eikonal of neglecting denominator terms which are quadratic in the photon

momenta. You now want to sum, in this approximation, all graphs of the form
shown in figure 4, ie virtual photons no matter how they land, nexted or whatever.

This sum is a special case of the Generalized IS Idneity derived in this
index, ie, there are M internal photons and no external ones. Actually, we are
summing over all possible ways to insert Just M internal photons, we are not

yet summing M. The result is given in (4.12) for this special case, and this
then appears in (2.7) of the text. There they have summed over n photon loops.

I gather that no-one ever did this simple calculation before?????

‘The original Levy-Sucher identity énswered the question: how do you sum over
all ways of inserting N external photons onto an electron line. That requires

(in the Rytoc) simply a permutation sum ofterms like (A.2) and the sum is (A.3).

This original Levy-Sucher I have now derived and I see how it works.fe) The ‘generalized question is this: how do you sum over all ways of inserting

N external and M internal photons?? The answer is given'in (A.7) as a single

integral of a product of two products. This thing is derived by a recursion

relation rather than by ‘some brute force proof.
A little differential operator may be used to convert a photon from external

to internal. Thus, in (A.15) they show how the case of N-internal photons can
be written as a derivative of the M-external, original Levy-Sucher result.
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