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Overall comments made when this binder in # was finished, april 22, 1979

The first thing I learned was how you renormalize a field theory and get ae finite result. Basically, you show finiteness by examining integral equations. “The trick

is to use counterterms (ie, rescalings) which contain the cutoff. It took me a long time

to understand how you do all this, but I think I've now got it. Can take QED, eg, and 7

compute something and get a clear finite answer. I understand these things without

having understood Hepp. The overlap analysis was crucial to showing haw a certain 2,
factor was removed, similar to BD deal.

All the above work was done without thinking about “renormalization poitn" or

anything fancy. I choose to renormalize at the physical mass m: ie, I set up my
"renormalization conditions" at p*=m’, Basically, this had to do with setting thé
séale of the vertex and propagactr. I used mass cointerterm method in the above, never

had a bare mass.

In the next section of notes I conéidered the idea of using some other point

to define the renormalization conditions. I think that each "renormalization part” in

a‘field theory needs renorm conditions, maybe more than one if D.GT.0. Qbviously when

you have a divergent n-point function you are going to have to effect subtraction of the
divergence with counterterms, or rescaling of basic objects liké the chargé. If you have

to'subtract some function , you lose control over its finité constant part. Thus, youOD: mst specity the velue of the function somewhere. This is what a renortalization condition

does. The value’ of p* where you do the subtracticn or speficiation or whatever is called |
the renorm point. So I did & again with an arbitrary renorm point u,. The Z's you get
coming out of the original bare theory then depend on uj, so therefore does the charge.

|

My mass m, happened not to depend on u,, but Abarb's did so I kept this possible dependence.

Then I asked: suppose you choose some other renorm poitn up. Then you get
a different but finite theory, your Z's are a little different. These theories 1 and 2

are then connected by a finite GR multiplication rule, Its not véry complicated: if you

change your renorm point u, to uj, you want to impose the same renorm condition on each
renorm part, but you do so at different value of p’. Same as letting keep same renorm
point and allowing differnt scale sets, eg, differn "residue" etc. These scale sets

are not observables; you can always scale up your propagator and scale down your vertex
and have same result. Only the Z's have changed, etc. Physical finite theory iw the same.

This leads to the idea of the invariant vertex function or charge d. You find +

a combination which is the same despite rescalings: this is the object of physical

interest. You ask how it behaves at large and small q” and get asymptotic freedom perhaps, 1

or just a finite infrared charge in the case of QEDR. This “running coupler" is the6 object of especial interest: you want to know all about it. Some information canbe obtained

from the BETA function.
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Contents of this Section. :

©) 3) Summary of P in dub, ie, summary of notes in later section of this binder,. This work
was done using usual mass renorm point m. Main idea was to show the finiteness of the

renormed theory due to integral equations.

2. Modifications when you go to arbitrary renorm point u. (summary page)
3. Dimensionalities.

4. How to renormalize away from the usual m* point. ( still mass m view)
5. The bare mass viewpoint.

6. Renorm at arbitrary mu, bare mass view. Showing what depends on what variables.

7. Connection with Abarbanel: our m's do-not agree.

8. Emgnation from the tare theory to the 1-theory or the 2-theory. Idea that the theory

you arrive at depends on the renorm point. Little 2's connect these two finite theories.

Construction of an invariant function d in this theory. Renorm group transformations.

9. Properties of the invariant charge function d. (taken from older notes)

a) construction of functions that look like they are of two variables but are not.

b) the RG differential equation for d; massless cases.

10. Show that BETA = BETA(e) only in massless theory. Also, how to move from one renorm

fe) point to another, dependencies.
11. Another emanation map showing three theories.

12, THE RGE for the propagator.

13. RGE for general 1PI vertex function (including the inverse propagator)

14. Concept of renorm dimension, general RGE.

15. Calculation of BETA in @, using earlier perturbation results. Massless case.
16, Connection between the invariant d function and "running coupling constent 2" of

Gross and Wilezek. Mention of BD solution, zeros in BETA, etc.

17. A FEW residual QED notes, to be killed soon.
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Renormalized Lagrangian and graphical interpretation of the renormali:

0 It is clear that the program outlines above, basically that described in BD,
is equivalent to simultaneously rescaling the field from an unrenromed field $,
to a renormed field , and at the same time rescaling the charge. Ie, we take the

bare lagrangian,

° aye CS optRBM= EAMHFE-ok PY + We’ 4 4 kG
and make these substitutions, aK

‘= \25 % do= Bs Bs d
to get this new "renormalized lagrangian":

3 a

a “gt KaLEW)= EBs (Qaang wd!)+ 2s) & xe tCRB) &
2

y

here Z, and Z, are power series in). One can then use the "Feynmen rules" implied
by this lagrangian,

a

—=- & Ss = (Wed) —x-— = (dx)fo) ne

and one finds that the result of any cAlculation is finite, if you compute to a finite

order in %. In fact, this is @ way to set the various Z's and dm’. Ususlly, one computes
things using the BD framework however, though this in principle works as well.

‘The idea of having unrenormed and renormed fields is simply thist

3, 2g ~Y= KIT API D= LATA = WY,

8. Couterterm philosophy, One can obtain the above "renormed Lagrangian" in another way.
Start with the original L but in terms of g, then add counterterms to get new lagrangian.

In this view, there is no field $,. The original L has divergences, but by adding
counterterms you get rid of those pieces. Since the counterterms arise from rescaling,

it is obvious that the counterterms are of the form of terms already present. Once we

choose a particular m and, the Z's are determined, so the counterterms are fixed.

Changing m and to new values changes the Z's and changes the counterterms. The freedom to

add arbitrary counterterms (of said form) reflects the freedom to have m and) be whatever

values you like: they cannot be computed in a field theory!



Modifications of the preceding results when you use arbitrary renorm point mu. _
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Dimensionalities in f° in dab

fo) Look at the lagrangian. Will be integrated over d°x so must be B°. If mass is mass,
then dim(g) = E*. Thus, coupling constant is dimensionless! Ie, Lg has the entire

6 dimensions in the P. Then, eg, the propagator in x-space has din(D(x))= 4. But
then you fourier transform to get D(p) = dx D(x) =-6+4 = -2 which is still the pole.



How to do f° using a renorm point different from the mass ms

0 1. Start off by looking at "propagator" section of notes and see which equations change:
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2. I now wish to argue that our requirements that 27 (m2) =O and thataM)=0 cause
both these pieces of the renormalized self-energy to depend implicitly on we If this
is true, then of course the renormed propagator depends on ue. Lets see how this goes:
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First, the point of the above is to show that really all renormalized objects are going

to be functions of y because of two sources: the Z's, and converting ), to . It would
be a truly stunning coicidence if somehow a renormed object (like self-energy, vertex,
propagator, kernel, etc) did not depend on the renorm point u.

So, this being the case, consider the two boxed equations above: these are

‘the conditions that put the pole at mass m, and the charge at value \ . Suppose you b
start off with some particulat choice of u and A, You also chooise m and), . You then
construct the above functions of all those argyments. Ie, the "theory" determines these

functions. Now, suppose you vayy ua little, but you insist that the above conditions

stall be true. The claim is that both your mass and charge will move a little. Of course

you could make the mass and charge not move by changing your comterterm functions like

dn? or the Z's. But the idea is to keep’ them the same functions that they. were.A Thus we get the important point: a change of renorm point changes your
mass and charge, if you hold the form of your counterterm functions fixed.



This is also what the differential renormalization group equation will tell us: that

a chagge in the renormalization point will be accompanied by @ change in the mass and

0 the charge!
3. About finite renormalizations in theory.
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The Bare MAss Viewpoint. .

(@) 1, Motivation: I think this viewpoint is more useful when you are taliing about renorm
group transformations. I dont yet know how, but that is my motivation.

2. Consider the unrenormalized,bare propagator. It has a pole at m,- Question: where
is the pole of the unrenormalized but fully dressed propagator? Answer: it ie at

a position which you cannot fix but which is fixed by the "theory". Te:
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ie] 3. Now go to the renormalized, dressed propagator. It is supposed to be related to
‘the unréfformed by a Z3 factor and it has thed form
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Thus, if you had chosen definite values of my ,yand L , this would force your mass
m to ge at a particular value. Usually, however, you think of m and Aas being given ,

then this renorm condition defines a curve through the space m,»do-

3. Now lets worry about Zs. Here is how you want to expand the self-energies: _
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0 Te, imagine that once we have computéd this mass min terms of mdol as discussed

above, we then procede to expand the self energy around that value andwe thereby
effect a well-defined definition for the twiddled nought function. Similarly:
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So, 4f 2, is given this mmerical velue, then the pole residue will be unity.

‘a Next, what about Z,? Compute’ the unrenormed vertex, then go to sym point and you

got itsths\ ° 2

Wy = TQkerds hye)/e |
=
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5. Now what about the renormalized charge? Both 2's are determined,so it also is

determined, you cannot set it. In fact we have, from the xmmuirmment definition of

0
renormed charge, that: -
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6. We could have introduced a Z to describe the mass renormalization, had we chosen to:

a L ae a

0 t= Bwy = (Fe Yd 5 os Me, K) = cms (2\-1)
yor cosoon do gik B= Qdots, NY | Regacea amen (hemo yd) .a

)

7. So lets sumerize: you start off with an unrenorm lagrangian with m, and A». You

calculate thet the dressed, unrenorm prop has a poleat sone qierd place M,- By
examining a certain equation involving the function 2°, you deduce that it is possible
to construct a renormed propagator which has a polea at m, residue 1, The value of m

is predetermined, and so is the Z, that makes the residue 1. Finally, you go on to
compute Zs and ) .

The following items are compltetly determined by m, and yt ZysZ,ymy «
irksx

8. Lets now write out the mass-set equation and the charge-set- equationst

QO) ame om rere,N) Ma YW BWOsw A).

re) GA K= AQo re, A) CY Ys = %W Come a)Presumably we can inverte equations (1) and (4) to get values of the bare mass and

charge which will produce any desired renormed mass and charge. Then we gett

Mo= Weyer, NY 24 = BOwm, 0)Yo = do Qyrm, A) Ye= UAsw, de
Now we simply pick any mass and charge we want, m and ) , then.we can compute my hor

and Z, and Zs that make the theory work: ie, m will be the mass, ) will be the
charge; residue will be unity. Again: if someone hands you mand ) , you will

have to adjust m, and do to specific values to make the theory work.



Renorm with (a) arbitrary renorm point and (b) bare mass viewpoint.

1. As in the first "bare mass" sheet, we compute the pole M, of the unren prop. No one‘e) really cares what this walue is. Then we define the renormed prop by some Z; and we
want it to have pole at m, not at renorm point jp. Thus, we gett

\pe te Bet ae)
Femmes SB FRewW\ 0 SB pteK om

some GO) oe ede 9 [a= rme(dove,A)
yg Although we have chosen. as our “renorm point", we have not used it yet. The idea of

mass" requires us to look at p“=m~ and the renorm point is not yet invobked.

2. Now we invoke the renonm point to require that:

DEER) = ~ \ = _ = i = =.. . Su we ay

Fw ZH) eel -EG9) Bowe em
In other words, we are requiring that, at the renorm point, the propagator be equal

to some specific number ( which number we know) (because we know m by the above). There

fo) are propably other ways to impose this renorm condition. As jl approaches m, thiscondition duplicates the usual "mass shell"renorm condition; for general p notice
that we are not at a pole. It is probably a good idea to not impose this condition

at a pole!

What Z, will cause the above to be true? Look at page (2) of last section
and duplicate all definitions there regrding self-energies. Then you will find that

to satisfy Heo oS Re 1 Fear may |=o = ~°% aoEstee) => Bs= \~°Z Gah) neh)

= pw= sYo wee, NL)
Now you see clearly that, besdies being dependent on the bare mass and charge and cutoff,

2 depends for sure on the renorm point because u appears in the definition of Zgitttr

—_\ an= (pr ye.3. Now do Zs y= Pte pe ,wayh) [ds
;

Dy = WsGurewo, A). \
0 So to summarize: Z, is determined by a condition on the renormed self-energy (2-poitn fetn)

~ at the renorm point; Zs; is determined by a condition on the unrenormed vertex (3-pnt)

at the renorm point.
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—Gonnectionwith the notes of Abarbanel: _

0 . “Abarb Eq. (17) reads, when converted to my notation:
Oe ze :
Ws gh wt 2%) . :

woe

2 oe) a tea
BMS \— aetyy =\ => acice| =oe ers Se
eR y= tw) at SF (ghhy= © em) ZG Loe
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Thus, Aberbanels " residue condition" is not the same as mine. He has a certain equation

shatxkimxamkfemnexgx the tny self-energy function must satisfy. But his equation is(o) not the same as mine. Thus, my Z, will be different from his Z. His Z will depend
on the sane paramters as my Z,, but these Z's will be different functions of their
paramters. .

I think the lesson here is simple: any "residue type condition" will do the

trick, as long as it is a specific condition on the self-energy and thus it determines

the function Z. .

Similarly, look at Abarb equation (20). In my notation it reads:

x u & .

~~ 2 (e) =- = % a \° ZOC)=-w = seya0 | VG H)= ax
Obviously the symbol m so introduced by abarbanel has nothing to do with the location

of the pole of the renormalized propagator! Abarb even states this on page 40h. Good.

2. So how should I compare my"conditions"to his "conditions". I think the reason
for having "conditions" is this: the conditions determined the Z's, and the Z's then

determined the counterterms. So having conditions just teels you what counterterms to

add to the theory to get a finite theory. Our conditions are different, so our counterterms

are different, but both our theories will be finite. My m has mass pole significance, hisfe) m has no signicicance except as noted above, .



en?

(Abarb con'd)

fe) So, either set of conditions (his or mine) lead t6 specific functions, which are the Z's. One interesting difference is this: my condition leads to

an eution m= m(m)sh) and simply does not involve the renorm point p.. This
is really.an accident because Z, should have appeared in the m equation but it did
not. Thus, the derivative he calle BTA on page 407 always vanishes for me: if

I change ny renorm point p while holding m, and he fixed, my m does not move!!!
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How to "emanate" from the bare theory in two different ways:

. 1. Start off ‘ith the bare theoyr with m, and No. Choose a renorm point call it jy.
Compute up objects m and d, , each will be e function of py y-mey roy A+ ( Except,
if mds really the mass, it wont be a functin of py, but lets keep general anyway and

pretend it is a functin of ph.) The "transformation" which takés us ffom the

bare theory to the 1-theory is a Big Enchilada and is characterized by some Z's. Ie,

we do multiplicative renorm by the Z's that are releavnt.

2. Alternatively, you could choose same m, and Ao but now renorm point is 2. Go for

pnother big enchilada and arrive at the 2-theory. Claim: then the finite 1-theory
and the finite 2-theory will be connected by a finite multiplicative renorm of objects!!!

2,Maye
.
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th, =m. omg”. theory to make sure:
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Say this in worlis: the finite R - group transformation is induced simply by changingfe) the renormalization point, holding Ls and do and fixed. This transformation is
simply a multiplicative rescaling of objects by some finite Z's, just as in QED.

3. Construction of a possible “invariant charge" object: hich = 0y
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Te, this thing is a function of three variables, now I am changing the variables from

one set to another set. Now notice that:

u _ uNMSA, BVH ACNE BS

Now sustale:

a 2 eb
:

ee ARC
Gee? |b 3. ~ aRng

we OTN em / AR( ge sod t9 AR) = ofS Cool /Heset | .

Qa walund Wok

a gh owt a eto

MaRY = AGE)

Ss a :ae, 4 FEV= et

x |Alea, ME) ={alee 4 Se t v
Thus, I have been able to come up with a definition of a dimensionless charge e and

an invariant function d which obeys the same reales as I found before in the QEDlike case.
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2. Properties of the invariant charge function.© ay aus cates preset, (MARE TH
"one can repeat all the sbohe choosing py instead of gi’. One will then end upwith a charge e, instead of e,.” The propagators Dy ‘and Dy are then connected by

sone finite reriormalization whichwe will call Z and which ipunrelated ‘tothe 2,
uged in the last, section. Thusi ee ; MR ee
ahaa 77 wht hee& &&~

ew? \B-ze] ow)Ba, AH =D. Thur
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en _. Le oe ee leita

20.0 b) no mass scale present wet .

Heré, thinking of pure YMT, we set mp0 and drop the third argument of a(x,y,z)
and we rewrite’ all the previous equations as follows: ©

a gt 2 gt

8,FE) = ACB) ()
cs 2 ytee alee, 3) oma (492) (2)

2ag \=e onk (\49.2) (2)

. qu a yy
B= &o= ay) = er - (23)

a e ace Es)
'

2 gt ae yh au

iC A(d5k) = 4( aca), ge) Va @x)
Xt0. aleyvy = ef /

These equations apply either to pure YMT or to QED in an appropriate high energy

Limit according to Weinberg's Theorem which allows you to neglect the electron mass

as a scale. One would like to solve the functional equation for d(x,y) with

the boundary condition shown . This will be done below after other stuff.
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Le) St = yin C5) te Xt
© et Crs .aCe 8 aE) = A(er, x ae, wh) (as)

Noo do 2/3X ow bow site Gun at hE1 de gah
Ly ont 2dn98) = AE a(S, aes wh) es)

Replece CT im lotrbt clone squodiae waing (16) bo gat (det)

eer wd 2 Swab Say zy wk
WFR) = AACR RI, Bee) = ACHE)

2 ute) gt 2 yk we) ak wwe 2 >
WAG ee) = we aL Cae eB),eet) = AEE) an
These functions Hy and Hy are examples of functions which appear to depend on

fo) three arguments. Due to the invariance of d, both Hy and Hy are in fact independent.
of the second argument, as one sees by looking onthe extreme right. If we now
let m0 so no mass scale in theory, these equations becoue: ”

Weve) = d(alee, #7) = act, r | (a)te AWGP = Ma, CACO) = d208\) FS (365
In this case, the functions H appear to depend on the variable r, but they really

don't depend on the variable r. Obviously these are the Idad of Statements that
will allow us to show why the BETA function is a function only of one argument.
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a) RGE for functioa di

{gs [AQF] =O by Sty J(tinsOa aie ates
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Qrusfes., o= pm {ae vas mye) (3)Oye ey

> 0. |a3e + (Ma, Ja + Aes 2 heeds) Ca~ ope Pees! Sey Vee faa) mal PAE

= i =%
In equation (33) the partial wrt p, is supposed to pick out the explicit or
dependence which sppears in the second and third arguments of d(x,y,z). The

implicit dependence through the first argument is taken by d/de, with, of course,fo) the second two arguments held fixed as implied by the partial deriv notation.
Below we will distuss further the object "(b", and the possibility of d/dm,,

b) -RGE’ for function f. ahs x. ory~

+

Senet. a A atRott AGL BB) - SHAT)
Rina dria wi? (33) do Sond: y .

San, Quin he (38) do Soak y
/

‘

2 m2 . 2 gt BEY[saz +P Sq + 7 3 +2 fag °
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[o) = +, (wel = 4Fe wim 7 Ee

Te EE son
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____ Thus, the BBTAdefinedin this wayhas the same propertyas the other BETA: itis _
oe a function only of the arguements shown, and is dimensionless. ee
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Hoever, I dont think the C and f terms are really present. These are dimensionless
functions and therefore should have been difiensioned to the renorm point.

No. In a massive theory (m,/0),, the functions C and F* can exist and
these terms will thus contribute to BETA. In a massless theory, by dimensional argument

© and f cannot depend on wy, 80 those derivatives mst vanish, in which case the
entire answer ib as shown.

) 3oe) &--> (28+F). eM =O.
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Qn. the connectin. between our invariant, function d, and the so-called “running coupler,
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The connection between global and differential renormalization group equations,

why (> = @'(é) only, and related facts.

1, Renormalization of the Gauge Propagator, definition of functions F,f,d.

. +28 2 paA @Q~ = T(E Rd) Wrap Fe qnqy| A dak omeGace :

a = {7 52) >owe = id k | =(3 we) >, ancuanes gaye l= 0.
. NS

/

~Qo = a DEF, Na8) [agpraan. po? tom, oud 60.
© Here mis the physical electron mass, ¢, is the bare electron charge, A= a cutoff.

Pet, Tt AL implemented in gauge invariant way, there are no "don't care” terms in the
oe sauge self-energy. One should imagine the objects“{f and D as being computed to

some definite order in e,2, say to order’ n, 4e, to order (¢2)". The lowest order
term in D 4s zeroth order, the lowest-order term in WV is first-order [ for this

reason, BD use e217" = WT]. The function TT to any finite order is Ink
divergent. From the eelf-energy Dyson equation we know that:

a BAREfe) PETES =| — \° a)\a(ed, of, Syne)

a7 Bee pik aah ink MyLet us now choose an arbitrary point q” = BT one should imagine this to be a negaitvereal number so you stay off the normal thresholds ete of various functions] and

aimply define a Z, in this way:
—\

ews u2, = V4 WS Sam ~ Qa(h) divaguk ey
Now using this number 2, we wake a multiplicative rennomalization of the charge
and gauge propagator [ the electron propagator goes with 2py the vertex with Z)=Z,
by Ward, but we ignore those functions here] as follows:

.

SO

= a (3)D=zZo v= Bet

Maintaining accuracy to order n (ie, making an error in the next order n+1) we

can incorporate this multiplicative renormalization as a subtraction in the© cvnosinator:

BARE

= 40 bee tee |VET(ESNoo) TT (9d ph, re)
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Now define a subtracted, scalar self-energy function like sot

a _ ae a Letle) TE ipod) = ee, | WES4 Rt— (es,ph Ko) | (s)
Presumably the InA. divergence is removed in making this subtraction, so the limit

{seo can be taken and the function so defined is independent of A. le then

replace the variable e, withe; as defined in( 3 ) on both sides of the
equation ( 4 ) to get the following propagator which is "renormalized" in

that it. 1s independent of the cutoff, and which is "neraalized” to be equal to
the bare propagator at the momentum point q* =rt eos

at BARE

Dsiahphes) = Sraaceaces D ()ParryVee Ctt wrymt)
s

wee Teh hyd)= 0. a)
We might now define a function F so that:

0 rr [i+ TE Ceat tntFeet) ph wt) = 3 C4) BM)
Alaa

FRR) = 4 )
BAREwee

ay 8 atDO] peg) = Fg pty) D

Thus, bydoing this multiplicative renormalization by the logarithmically divergent
2, [ a'procedure éne implements by adding counterterms to the lagrangian, which
are of the same form as teras alréady present], weerup with a fintte propagatorand a finite charge e,, a finite electron'adss a tromthe starts,anda fintteremorgialistion polat jy”. Paranetets e, and AL are gone. We Shell refer belowto this type of infinite renormalizaticn a3 The BigEnchilada, yang , hae physiad mee

Were one to choosé pt = 0 in GED one would find that @,-e,,the measured
physical electron charge. For a = -10 Gov? one gets some charge ake,
e; = finite. One could compute e, in tersié“of e given a knowledgé of the
function d(‘x,y,2) to bé defined below. [bho can cncpale omy °t]

e Sincethé function F is dimensionless we replace it fimktwith function f +
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(ee Soh we vir
ED= FAS, at) @)

ty my) _

RICE, UY

S, Lond Bane
ers x akg :Q&ig wes FS HE) DY (10)

Instead of dealing with f, it is more convenient to replace it with a function 4
inthis way:

ez gt Ww = ye iMe Foet) = sf Fe, QM) ay
. 2n (22.8 at dow
(SDE tol = aseah) DB (2)

The obvious convenience of the fungtica d is that it is invariant under further
multiplicative renormalizations of the charge and the propagator , since it is
equal to their product, modulo D(bare). For this reason d is sometimes called

"the invariant charge" ( BS). Below wewill see that d is the running’ couplingfe) constant" of Tit, with its “arguments slightly redefined. “

note 1. Electron mass renormalization is taken care of by mass counterterm dm which

‘one adjusts in any order so that A(n,du)-0; then Zp can be written in terms of 3
which {s InA divergent. ——

note 2. For the gauge particle there is no mass renormalization unless has a pole
orsingularity ‘at q?=0. In QED there is no sigularity since the lowest. singularity
is at ee an In QCD this thresholdand all ‘others fall into the origin aiid one’
does not, know the Fedult,Also,2, is given in terns" of at some point, not w/.



blank tab



Comments: this was just a testing ground for me to study theidea of renormalization.§

~.. Yes, this’theory is*not useful because if zs unstable dtie to the ‘shape of the ‘potential,fo) ** gnd'so on. But it isthe simplest “coupling-you can imagine, there is no spinology to“
“get, corifused about, sot feel“it 43 the right place to begin oties study of renormalization

Index _to Notes: Ca ee rn ee

1. Brelim sttempt to compute: sth order séifcenerfy. , . , bate oe" ~~ This was wherg 1,Sekar T computed ioioncra‘lized ‘objects in tertis of k,. To

get the Ath order self-energy I used the asymmetric ‘Dygdn éqiatiion.. My sictationsutli as “and"S ° ete“was get ih ariother ‘set of notes stored if Renorm Binder. The
_ result of this calculation was ‘at first that. tlie renordied 4th order delf energy”
* seemgato still “have a log in it, but it almost, cantelled. My, mistake here was that
I was forgetting to expose both divergent ‘subintegratitris in “thé 4th ofder, loop graph.

_ In effect, this ‘modification causes“a 2 to appear” (red) "which, when ¢arried ‘through, causés 4 finite self-energy in foutth order! Most’ other restlts of this, section aré

2, The overlapping divergence in ®- graphe.. ’
"HereI exioséd for the first time both divergent, subintegration logs. Thisyielded

finally an atcurate, expression for the“integral“of D°D° f “where £ was ‘the:+
“finite ‘part’ of the vertex ih third’ oder’ “Rattier” than being ust guadratic plus log
aé I first thought,I found that, this expression really had, (1og)* terms.due.to theoverlap log interacting with the overall log. .'. . aon .
3. New calculation of 4th order self-energy accounting for the ‘overlap. "_

This time I wrote a renormed version of the asymmetric Dygon equation. I[e) inserted the, correct form for, the graph discussed above and after, doing the ‘various
subtractions’ etc, I came up with a well-defined and finite result, for ‘the 4th order
self-energy. This was satisfying because up. to that pdint I had thé feeling that
this object, really was not, finite excent on shell. This, Section. ends ‘with a summary
page ‘showing all results to this point. -1

. li, Reinterpret, results using’ a charge’ counterterm. in Mponae st
|. 4, This turned, out to be'io ‘big, deal, I wanted to ‘have, d and&\ Appear,in theLagratigian, but their-sum can’ stilt be called \s.’ The results of, working’ in thisway are so'that you see only the symbol X ahd’ not ),. But this is the same as just

dealing with renormalized objects, and equations as I. started to do. later, -

‘* "5, Simple self-energy algorithm. _ re Le \
"Here I came up with a,very short, formula for tlierenoriied self energy usingthe renormed ‘asymm8tric Dyson. The result was Z, times deItach. At this point.it was

“real mystery how the missed overlap singularities of the, asymmetric integral were‘ fine to exactly cancel the! logs present;in,Z, 1,1 was really stuck, 0, .
. 6. Vertex Intégral. Eavation. . . eo oye

‘After an abortive attempt, a came up with an integrai equation for the
vertex which hed no overlaps. By exciuding two-particle states from the ‘horizontal

,> \chatinel of K you remove the overlap problem, at least naively. ‘In fact Bjorken and
+. “prell analyse this in more detail, and,do indeed,éonclude that, there is.no oyerlap
+” Gn the QED ‘arialog, So in,a red box Iwas able to correctly state the,"vertex equation"

“An, terms of renormed objects and’for the first time I yas really aware that a singlefe) subtraction removes all problems; and I had a way’ to cémpute’ Zs. It is"this vertex
equation that provides iteration used in later analyses. ne
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"7" "HereT "wrote"doy ‘the ‘basic iterative, idéa.. usitig”the” thie .fidin’ ingredients,H
I sk@letion expakisiohé , ‘Vertax Dyson, ‘and’sélf-chergyDyson. The,Program at this stagelit s Was scomplate “except I didnt ‘know jow £0 Handle the “overlap in the general sefl-ener]

Case. a ss /

8. How you develop powers of logs in computing [. --

when T first considered the.oyerlap problem, my approach, was, to work withbare objects and, te try to Nexpose™ all the overlap siriguldritiés etc. Later I found*
a better way td do'thia, but Lt motivated an invéstigaticn of what Zx and {l° really

 _ 100k Like’ iin téntis off their’ 16g’ strugtte, Basically this ‘is ‘How it forkss, you know
“that in' terms of X * Zs “Can “have ‘opily, atie, ower “of Log ari ping from, thé oyérall. divergence.”But’ this iP mgtiplied bya "eet series in")" and wheii you shift to“Ag "yout tint that.2, Is a polyriowial in (IRA). . This “polyriomial is ‘edey ts interpret* "An tei of‘simplg Foprings graghs. I Yealized fit the, Paytitan rhileé ton doing

° "Pend¥matized caléiationg ‘Yaelude thig rule;: Sigpesces ‘sHould be subtracted. Actuallytle rulé“is to use’ renorited ‘Vertéces which a¥é finite. Ie, you should work through
the integral equations. Generally I put solid boxes around a vertex that is subtracted.

9. K has no, divergent subintegrations. .. 1... .
“

. _ Her® T ‘show using the, 'skeléton-exparision exactly why it is that the renormed
,  Kemnel K Gan havp no, divergerit subintegrations inside itself, even though K° does.

“ 20." Théevéms 1¢ you ignore overlép, delf-energy Will not be, finite. - -

This was a warmup to motivate my searchTor the self-energy problem's solution.I
just showed, that 4f you, Asnors ovex}ap hidden divergences,you don’t, stand achange of getting "a finite "ger energy! ° :

At this, point, I went and “studied ‘BYorken. aiid, Drell, Before doing, that. I sqnchow O
2 Lighrer ont that, you Rag ba, doe smlti-kernel giippsion of the, vertex,in order to\-Sxatithe, the dverlag, problem; then. Iwas goirig £6. Push ri kernels to’ thé left;andfy Kertiels ‘to tHe right’ or stimething. I noticed. that, BD.used a similar expansion

and’ finally I read that famous section 19,11 on why ‘rétiorm is finite. °
The major deal here was.the use of a symmetri, Dyson equation rather than

, the asymmetric one. In this sympetric Dyson. the mumxtapax subdivergences always’
° gancel “hetyiéen’ the pyo, terms. My notel."oy thie, réading re. filed’iri BD with other«  BarligFnotes;‘on that tast chapter. ~ we fa
11. Discussion of finite 4th’ order \ising BD techniGue.

“Here I found out exactly how the dangerous. subintegrations cencle. in this simple
, £48¢;. When you put together all graphs which appear in’the'symmettic self-energy ~“2 faysony, yon, Find thet. you hate precisely. pulled oyt hoth sybdivergenced so the.
restWas: only’ ovetall Aivergsnce.This led.'to ity. precise, formulatién of howyou “otipute “selr-energies: * colistrit ‘object Be subtzact’ and, divide.by pole,then

subtract ‘again. The first stbtractich kills overall constant, the second killsthe log mittiplying (p*-m2) and the result is then finite. Divergences from subintegratio|
always ‘santel Af you include all. terms.The self-etiérgy., problem was, finally solved!
12. 6th order. self-energy, -.~ 1” . - ay

«Here I wrote -déjm Bad plaesifiel’ Some of the graphs’ as they appear-in E(p?).ra YT bealiged ‘that yet ‘really’ want.to classify” térms”by théir keyné]-nuiiber, as “in BD.“
I showdd that for'ns0,1’ “there .are nd divefgent, sibintegratiins, je, no overlap
PrObI ih. “For na2 I haf to sitdown atid ponder. ‘ aan tog fe)13. ‘The Subgraph Theorém* ~ ‘ - .

This just says that the divergence of a subintegration cannot be removed by
an overall subtraction unlésé @11 éxternal mometita flow bhrough your subgraph.



14. The Finiteness proof.
~"—"HereT develop the kennel-number expansion for the vertex as in BD. ThenI consider" explicitly the 2-kernel sector and I examine thé Various subintegrations

to" show that they are finite. This always involves a tricky éonbination of terms.0 Thus,"you can see that you are getting cancellation of bad subintégrativvis between
Various of Your°2-kernel terms. The general idea is that divergént subintegrations
cacel in each order of kernel count. BD do it for n-kernel piece, I did it for
2-kernel piece. I dont really have it down rigorously , but I get the main ideas.

15. Sumary of the & renorm program.
Here I redo what I did in 7 above. There are really only three ingreidéntscalled
A,B,C. There is then a general algorithm for computing everything inthe theory to any order you ant; remormed and bare objects, Z's, dm@, everything.

16. Here I applied the algorithm in lowest order and was able to duplicate my earlier
results. I think its in the bag now.

17. Discussion of renormed graph expansion and counterterm philosophy.



fe) Comment: In the following discussion, all quantities will be un-renormalized, with the
exception of the 4th order self-energy itself which I will "Fs in its renormed form.There will be three different constants 2; there is no Ward entity te reduce this
number of constants.

1._Definition of the_three constants:

z\ oe a

T= 4- ZiGe) hk “DG = Be
on 5. a syGr) = Zee Yoo Ded

In order for the theory to renormalize correctly, I anticipate this relation between
the various Z 's:

areal eat

fe) 2-_Compute_vertex through third-order,get 25~

° is] aP@rtatsy = do + Yo LRM Fp] = < +
i

= dol) 4% (FAKEG ))]

s\ ia

= Ye = \ 4% CRah + Hep)
3-_Compute_second-order self-enerey_get_Z3+

is)

ict OCC :Bh Ss AR (pe wt) LR on eG3 “AG)= £% [Bards cq] :

Seo) .Os % =\- 4% [bet+eot]
Here, second-order mass counterterm was adjusted to kill the quadradic divergence A
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4._Compute_renromalized second-order_self enerey

7 ~ moQB PeOrVOHve) = ree) +c JCcE) = EFI (8)

A= 3Cr) s ata
a a Dr, a ~woh = w=rt08) a ZEGI=4 264)

This shows that the second-order renormalized self-energy is finite when expressed in
terms of the renormalized coupling constant, because function C(p*) is finite.

5«Compute_unrenormalized fourth-order_self energy.

Basically there are three terms here: you can feed back the second-order correction
into either propagator, and you can feed-back the vertex correction. The propagator
in second-order is given byt

a)

V@= _1 ee
Ew)PZ] Gave) (\ - ER LBaat ee@))

OF a on

= °D @)+ Er Thad + eq) "DQ.

fe) Correction ont:
xo) on), mea, i “y r oyFM ay a EAH TOD JER eons OIE) A Gomer)

Onn ahs 3 “ ® ;

+ Age VET IDS brane tgg oly
2 >

= Lodsaan) [ARs FotosoF Kt
4 ewea TARE BAGGY

7 a. als}+ NEAR GO BEMAI + Oe
These last two integrals are what you get including first C(k'2) and second f(.,.,.)-
I am assuming that the functions C and f don't change the UV behavior of these integrals
so they look roughly the same, in UV, as the raw: integral.

We should comment on the various divergences. The second-order propagator correction
which we dre feeding back already includes the effect of the second-order mass
counterterm. That is why the propagator correction has pole also at peat. Then the

overall loop integration in the first term generates new quadradic and log divergences.fo) In particular, we get a log” term arising from the feedback log end the overall log.
Now we adjust the“jth order mass counterterm to kill all divergent constants.

Thus:

my .at a 4 if 2 7 ew .
BH = eM warron Lovinsceyy & (GBe)ah + GOED CR') .
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«We his se she ‘al formul:oreaE Gime fica Renoverwe have to Leciinle theinteyection ofthe second-orderdenom
with the second-order numerator which gives extra 4th order:fo) a tw 4 2 7 ,

SO) = 2» q BRFY Ind.DCC) + ACG + pete} +i% ZAsceDE a
LEN PBmnxc(wyl

> mw

AGy= 4% 5 QB+QF)Man DEE) + 2OCH2OQ, #(Bon+eom ace >f.

=+ » t (BER) tate Ac(g) + QC)+ LOCC) + abot) onie)t
2 w 2 a

BS Bm = gh ec) + bh Gear ccepy + NS xQpincte)
Now do your charge renormalization to get rid of divergences:

wl a bed a 4 sty 4 ‘
w= BX = Xe Qe) Yo= WN = N+ le)

fo) DRAEN se
DYepre.

ts) ~1> Bey = ED tecet) s EN Gaew) tatacys) + NM h\ + oO)
a@ .

= 2 Xaccety + |x Dy Pact) +p GarAonece) | 4 pte
oe

a 0) a uv a

=o(3842F) WM dS ‘> Bo Boerne) oe

-\ Ti] ese )AK u )= Dy aloSe EB +O Qu
So, ifv in fact Z, has a divergent part as shown here, you will achieve your goal of
obtaining a finitt 4-th order self energy!!!
7._But_what is 2, to secondorder based_on relationto other Z's 2?

-\ 3% (2) () a) @) {euO R= BV a HOH (37s. Gary) = -an—e are?

= 3544 X [Behr e(ne NK + aj- X% [Fans Popyle
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he

. 1 1 ._— _ L +

a by = 1-4 (38 PPP atm % (4 62) 42 Hom)fe) Tt agrees, except for the factor-of-2 discrepancy in the F term as indicated by the
arrows. *
8.Possible sourceof discrepancy. I am not sure of this section, but have an idea.I think it has to do with the overlapping singularity.

(a) the term F in the third correction term for the 4th order self energy represents
thé divergent subintegration on the right side. Somehow I‘havé neglected to display
the divergent subintegration on the left sides This is somehow still contained in
the f integration.

. In other words, I am guessing now that my form for the f integral is wrong,
and in fact looks like this:

(ops 60\e* 20 ay BPC) PGKte 9)
a re’

= FA LARS Gm TaN ecegyg a Anis SD Ant Gg)
Ie, £ has some pinch or something in it which generates this extra term which in effect
doubles the weight of F in the self energy. Then if you foElow the red ink 2's I have
put in, things work out consistently and I have finally been able to produce a finite
Ith order self-energy.

y
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So, this.Scharge counterterm method* works fine, finally! In this method, everything
4s expressedin powers of }, rather than), right from the. beginning. That was theSa right Pa the SAA Rela “ROLL et ERP sO Srcenhdeisir a
advantage,T wae Sriginglty lspleing for, Still. 42,49 very. convenient to.maleute~ef-the.symbol \y defined as \} + $).+ This calculation simply duplicates:the earlier
menoetre

calculation.
enSee a ne ———_-_—--- -—-———- - a

“What was my earlier mistake that kept wrecking this calculation? I keptPa AI Jey sclera nt fats nn cms intoarenes ace ed
___ getting& renormalized Ith ordet self-entrgy that depended on the cutoff.Mymain-

misteke was with the overlap subtlety; I was failing to fully expose a divergence,
~~"

“always, cancel. Another mistake I made was leaving out the Dyson 1/2, but I don't thing)
that was much of an.error, could have: beenabsorbed into the dk symbol, but now I am_____thet_wasmuch of an.error, could have!beey-absorbedEnte the dk symbol, but new Tamalways shoyingthe Dyson1/2 ‘factor explicitly. oe
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“Wow that.ve_have slinitatedthe hiddensingularitieswhich were present in that.
other integral_equationa, the singularitige tritiellicy cancel. The only singulerities

(om is finite and there is.na_oxextap probes. ce
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"tuts is en dwportant step in the chain. Fron the vertex integral equation wecan
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Comments: as far as I can tell, the only. missing ingredient i n this proof of thea) Fenortalizeabitity ‘of 0? theory. in.da6,As the facbithot T nayg.not yet iptovén, thattid beltiencigy-utiin-Aterated does not.contadn. divergences Recall, that.ydy:até*
supposed, to find, nodivergencesin each, orders have explicttly shownsdidis auth.order,and’ thit demonstration, inrdlved, the, overlap problewéritlay. Th other words,it remains for me to show that the logs in 2s magically cancel against the logs in
delta h, as they did in the 4th order case. wf

Lets suppose I can prove this. Then am I done? Conveniently, it is relatively

easy to see how the divergences go away when "you iterate up your vertex function.
‘There was no no overlap in that equation, that's why it was easier.

Look at the overall procedure. Yes, the only missing piece is to show that the self-

energy is finite to any order.

ce)

o)

j



ae . WAAAY

-— ~ How you get powers of log's in the vertex BUCK OS _- we
CO Hasse, we must necaretul shout the notationwded for Fencraalizing objects. .© we must becarefulabout the notation uded forrenormalizingobjects.---__Lproposethis a= = ~ ©. 7 ne
ae eee PGS BPG)
we aigph
ahe 28 De So other xonds, the functional form of. all renormalized... -
—-- objects_is defined to automatically bea functign of the new charges As for 2,
- you-can-writethemin either of two ways: eeI

a=Ba QuyBat)= By (do Sa)
—_——~Ie, -when-I_am_thinkcing_of .a_Z.as_heing-expanded’in the bare charge, J_will_put_a bar.

.~--over_it-because it_will bea different functional form.

2, Now Tete reviewout analysts of thé-vertex integral equation. We foundy—-—————
eenneaneee anna iia ecineneneneenene

ows 2s +A FOLDDKA)

~ 26 = 12 QR TO DADOKGW
Ce.“You assume‘you know finite renormalized objectsin theintegrand as series in \, so

: the only singularity arising from the integral is the overall log. Thus write:
wen 2 oe a i

ee —STFOLIAGAL= 1 ¥ = rato)
_— N=. 1e eX ofCoN). = A st oh)ise

oo “We have already notedhow this relation lets you iterate to compute the renormed
_______vertex to one higher orderin} and no divergences areintroduced.

3s However, in order to talk about the overlap problem and other things, I want to :
_ ....__Testate the above equations in termsof the bare charge. Lets study Z,@irst:
a ee eo met

__ Noticethis fact: when2; is expressedin terms of ), the only power of (InA) youever__._stt is first powers no nabter to what order you compute, But when dealing with Z5(be)
-OY_0, 321 _get_a polynomtal in (1n)) if you compute fo a finite order. “Iets doit; _
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gm The point here is that Af you invert Zy, it has the ame generalform ag a series,Oo xcept the polynomisls in ln\ are now different polynomials. Their degree is the
_-—_-sane_as_before, So continue wth the discusgion started on top of last pager
a

TEPSROWERSRGN EL Bw TX
—— 5 oe oo

Te FeO 2Vela

sneee apoNtee ——$$$$$_3a—_——-POSS as RGA 44) ay, pag, Cad) dovinve.

CY _EF Uae Wicting ow the Soy? “tats ase, Awubintegrationbas @ Tog wach Then |”multipliesthe overall loop with the subintegration shrunk to a point.The overall
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-- we ee we oe .OaQi= acy
___Lanfinally starting tounterstandhow this renormalization stuffworks.
__. Lheve not yet worked through the self-energy stuff since it 1s more complicated, but

______ there4s mich thet I can already say just from the #rtex analysis,

___in terms of the barecoupling constantis very easy. You just write dom all the 5th

______allways cancelled bythe mass counterterm insersion, so you never get these. You, just .
_____... _g0 ahead and compute things and you gota polynomial of dggree 2 in log, There is_

____. __ . ..0 the ‘other hand, suppose, you, want to do the same thing in terms of the _
eee renormalized charge, ie, compute 2; to fifth order, say. Now the claim is you will

__--draw_sl1_Sth onder feymman graphs, now putting \ ab each vertéx in place of ky
_-Ten.you draw Lines isolating your yertex.insersions, overlapping or disjoint or._

______and direct subtractionwhich kills the log and takesf to At . In turn, this object,
_ .._. HO)" yhich has been thus subtracted appears on the right’ side in the generation
anna. of 1) , te ides then ia simpler. foreach vertex insertion you do one subtraction —_
_.. ..-. ah the symmetric point. Thus at each nested sublevel the log is removed.
----—--__Actually,the discussion above only handles the following graphs:

4Xv _Thave not yet learned how to do the self-energy right, nor have
| |__I shown that the renormalized K has no logs. Bg, what happens
eee __ with thts graphs:oO 7 ; ~~

a Seed Mig Nal a
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"xmSo where amI? a

lol Thave not finishedyet batT can seo that there will emerge @ set of__Mrenormalization”rules which must accompanytheFeynman rules. One of tose rules
seems to be: anytime you see a simplevertexinsertion, subtract

that subimtegration,~_vand'do50 at the symetric point, thie being the point were {1.1 to ail orders.
7

When accompaniedwith the rest of the renorm rules (which I have yet to derive), you
"ean compute anyamplitude to any finite order and get a unique and finite result/i?

_. For example,suppose youwerecomputing the anomoloas magaetic moment of
—___ the “electron” in @. Youreally want to know the vertex computed to third onder,
"dey the renormalized vertex. You do so ang you get a finiteresult. Note that you

____ certainly cannot ignore the nonent graph?! very graph stili contributes something
_ tothe finiterestr s—~—“—sSSSCSCSC“C“‘(‘SNNNSNNNSCSCS™S

— —-a re en

CQ... — co eee



_ How to show that K has no divergences using the skeletonexpansion,—_
, (Similarly for the triangle). ‘ _ ee :
"1Thnave noticed that’k does in fact contain subdivergences. However, these are always
“__

due to vertex and self-energy insertions and K does not have them as T will now show.
____Propbably this argunent could be phrased interms of an integral equation, but I have

een unable to write an integral equation for K. However, I do know the skeleton
____been.unableto write an integral equation for Ky However t do lmow the skeleton.expansion:
RE one aei

ceeeS a ae= = sBQemed\ —
= EGPQOMDOS) = FLSETOLDAP
"New ou Just Took at the “shape” of any term in the skeleton expansion and factor off

ae ce wee we

; (, a—
"Here you gee that the renormalized Yernel called K is a series inrenormalized[and
“D, Since these objects have no divergences, the only divergences in K are those thet

_____might arise from overall loopintegrations, But power count shows that K has no euch
divergences. Thus, using the skeleton expansion we. can in principle compute K to any

iaineea aorder in given expressions for 1endDe

"2, ‘This allows us to improve our former argunentconcerning the vertex. The only missing

link is how you iterate to show that self-energy is divergence free. We have ‘already______ shown howto iterate the vertex J' and aloo howto gdt K and both arp finite to any

_. 3. Thie same skeleton argumentcan be used for the vertex in place ot the integral
-- Sgquatdon argument es follows ee
ae oo

Oc ee EP Ses ECT) = BATHE 29)
wee - ~ Sen

— 4 Tila bad rnalto asta Bae) EODap
~ SPENTDoe ETS we eda.
| De PQSAR FO) FO APSE ed . Sos :



—- (Nocioni yom oh to acco fi cuslag, fie, Sistas Anan gualcous fn cuslop Jia Tratue Aamo Oath

0Copying Sensackiaacueevet boek
we EGS Set a Dee eT SakDODGY HOM)

Wa Jaf vader psn sum sang: Mia mtg dormagaaseas in Qa Qikiaslaopoh

SassB RR LATA + Gat) Shes Soap—_
ee ee _dee

2 AO ae fen a gnns si wee a
OO GSSRES AE SESoapO

eaPN |My
© RAS Dae nse Man gon ured Qe gh
ne ga tnt bg  - oe
ooTSa
(Rie thingSaviowg etclacineTE OD Oeen
eres. psec ____—_ ve ee ee

” ThusIhaveat least shown
‘the Tollowingr if you ignore the overlap subdivergepees whitenoccurat the Tete vertex, then the renormalizedSelr energy must notbe finite,what I would“Bow ke to show 19 Wit 17 You include the effect of these’ subdivergences, ‘the renormed—~pelfcenergyUs In fae finite en



- Disoussion-ef finiteness of self-energy to fourth-order using—BD bechnig 1o.-—
CY aosietem ae the comteitatng eos 7 OT___1, First, here 2 3 : —, .—_—— hp. fi

ee

_______The circled vertices in these graphs are of course renormalized vertices, so not
___ Just Feynman graphs. Ie, they have been internally subtracted so only finite part

a remains,The kernel in the third graph is so simple that subtraction makes no _

_.. difference. These graphs allcomein the one-kernelclassificationcatagory.

__ 2. Letslook for possible divergent subintegrations which cannot be tamed by overall
—.._ -Subtraction because these are the only things that, can get us. The combination integral
—-. . Alp obviouslycan be overall subtraction-tamed,so we need only consider 1,and 1p
- .. Separately.But symmetry then sayswe needonlyexaminethe 1, integration. __ .

- —..3+ The first of the above three terms obviously has no danger with regard to the 1,
a so we consider the othér two terms. Basic: what happens is this: dis —
@)___attne rote end cancels between these tuo terms leaving you OK. Write:

—- Sorts Spnyoe -ee
Lege Sepp s.Zn}Yipn kn =\omweeOb)ey

____. __Here you can see exactly what happens. Thesubtraction term inside term2,called
—... . here (2a),is no problem because it is logtimesthe Born loop and can thus be
- clearedby an overall subtraction. It is the other piece of the second term which
- —.. contains the problem. This other piece is exactly the bar graph which does contain

—____the_undenired divergent subintegration,But this graph and thus its dangerous __
-— _- -..ivergent_subintegration, is exactly cancelled by the third term)

@) 4 ctaritication: tne tern 22 vitor is Zs timesBorn loop_is. not. just_a_constant_that.
~—__—_can be. removed by overall subtraction. .The_point_is_that an overall subtraction would
—-~~——Remave the log -arising-in-the-2y~integration-and-thatisall yon need_to.show.—



le) 1. The instruction is to add three graphs as discussed on the last sheet:
te A ha me pole.le>- +e - oO be’

v

e[talods 0} vd asbod+ -o{ -§= 2% ko| + o-
Because of the way that | is defined, the terms in this equation are actually second-
order in the coupling constant. As will be shown below, the second-order part of 25
is negative. The 25 x BornLoop sitting there will exactly cancel the two divergent
subintegrations on the two sides and you are then left with just the overall divergence
which then is removed by your overall subtraction! In fact:

va

nes @ ~Be= \-2\akssk 9 Be = -\e \ = -4 [Rae Yer]
4

eacDe = 2 [Dr LO] a Ae Got (BRK AGED) |
BD mekrod . beh.

0 Que, Wan =  atas rhe+S \CO-) + 28 rene) a
WEVA) =~FF Few) [BELLCES| FANE Cnty (BySal 4G, ()

Well, I see how the divergent subintegrations cancel out in the result for the

unsubtracted self-energy. But what is this object in my notation? I should go back
and construct the self-energy equation in my own notation:

Pa ha | 2 e .
CEE)= Buk PH We He HOF [9,0 ey, romenmad ages

R= ar hu Fook
—\ ~ rey ye 2

3 Lae + WN gac Foot - Vkdte,Foow oF |Leen

enet 4 Cg ve) [shel

we = wa\eoNe WE)=> SNP) = Ds Tse] = CYR
a oe

= 3) = ANGYs

Os, asin abt [eater1 Ga Fooeont |
Bo.

= Tema.
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24 So when you subtract this object you don't expect to get something finite. Itsfe) only after you factor off the p’-m? factor and then subtract that result should
be finite. In BD this factor is the q°a" tensor thing, and there is no constant
to worry about because gauge invariance blocks mass renormalization. So here is

a way I can write my thing:

Be [EMA = SQ = Kx ety AQ,

Mes ABGD = Cr-w)HG) = SSC = WE)

Go)So Now ia Oe ane:

Ney = [A —Wod|Bey = [WG -Weed)
ae UG) = SGN Eee)

poet

a

| i

ee 2 o| ube SQ) = {Ae Fok - ua Forest]ed = 4-002 - 4-<eSe-

2

= Bepov® = Bex | e-|
3. This is now very nice. I now understand that the expression E(p”) =E is
devoid of those divergent subintegrations. Thus, you see by writing it in the

other way with 2; that the divergences arising when the lines on the right of
the asymmetric loop are slid to the left, these divergences must be exactly

cancelled by the leading 2; factor. Thus, the quantity E contains only "overall"
divergences. These overall divergences are of the quandratic and log variety. When

you do your first subtraction to make E(p*)-E(m?), the quadratic divergences go
away because they only appear in constants. Then you divide through by the pole,

and finally you resubtract. In this second subtraction the log divergences go away!

The result is finite!!!!!



alculation of the Sixth Order Self Energy in ¢ theory with db is BD method.

fe) 1. The first task is to compute what I have called the expression B(p*). Sor
JO) + see 4
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(sixth order, page 2) ao, Yost oatleme ott oh Qed
Sn coma!

2. Once you accept that E has no divergent subintegratitns, you see why the calculation

gives a finite result: namely, by direct power counting bach integral gives a termfo) of the usual form: const L7 + (p®-m")[ B logl + C(p®)]~ since De2. The constant
goes away in the first subtraction, then the inside log goes away in the second

subtraction, and you get a finite result. Remember that each insertion (sith box

around it in figure) contains no logs becuase it is a renormalized object. If a

vertex insertion, then it is directly subtracted before it goes into the graph. If

its a lower order self-energy insertion, the thing inserted is the finite result of

the lower order caitcultion.

3. The fourth order vertex belongs either to the one or two kernel expansion terms.

I think itis correct to completely cancel that overall factor of $ and change K to

K" because a twist can always be undone to give a term already present. So, lets
now construct the second and fourth order kemels firstt

1@

Ko. (Busey Aeedd wdade Ae

5 OeEe
Pana

ag - -Chel ~ ap + 8 + etFae = ik xae —Zay ~ig 1S) 7bn. Bos > > “dt

ees co = -
Fay = a me oy

4. Now lets examine the overlepping divergence business and try to see why there are
no divergent subintegrations floating around here. First, the basic instruction is

to classify all 6th order contributions according to the number of kernels involved.
To this order, that number can be 0,1 or 2 and no more.

First lets deal with the single kernel contributions:

-~>— + —§*>- = lyped ampirlernl qugra co fod do
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(sixcth order, page 3)

This extra term we just got will then cancel against the single-kernel part of the

le) second term, leaving us with this overell result in the single-kernel sector: 2,times a dressed Born Loop. But this object obviously has no overlap problems and becomes

finite after the instructions: subtract, divide by pole, subtract again. The overlap

proplematic part of the first term completely cancelled with the second term, just
as happened in the simpler 4th order case.

So much for the single-kernel contributions. The zero kernel ones are at

once no problem because they are already in the dressed Born loop form, so to speak.

The real test ix to deal with the 2-kernel contributions.

fe)

lo)



Theorem: The divergence arising from a subintegration cannotbe removed by an
; overall subtraction on your Feynman graph unless the subintegration ties to all

fe) the external lines. oS so_ the external Lines 4 re ape ge ten a

“' "the reason for this is very simple and can be illustratedwith a few examples.Basically the idea is this: when you speak of an overall subtraction on the Feynmanaaically,theridea t Foe eee ee ae On ene,Eegraph, you are referring to subtracting a divergent constant. Ie, in an overéll
sibtractiion you can only rémove something which is Independent of the external
momenta. The characteristic of a divergent subintegration which is'detached from
some of the external momerita is that its contribution to the overall graph is
dependent on the momenta which were not touched.

For example, consider this graph:
s e

wa °dy \ ‘ ty is

4 = (dw emt) x 4 1; 'yp 2 NW,

RS >

Here I have picked out a certain subintegration which we shall presume is divergent.ro) Lets take most optimistic case, ie, that the cums divergence of this subintegration
is just a constant (as has often been the case, maybe is always the wase). Obviously

this divergent constant is going to get multiplied by the "reduced" graph shown in

the bracket and clearly this thing is going to depende on those momenta! Thus, such
a divergent term could not be removed by an overall subtraction.

Here is another example":

x

\\

.Ssy = (dum) *
1

ed i>.y
SO)

If your selected divergent subgraph misses even one external momenum, as in this

example, the function multiplying the constant will be a function of that momentum

and thus cannot be removed by an overall constant.

On the other hand, if your subgraph touches all the external moemta, the

“reduced” graph in that case is just a dot with all lines touching, which is to say

it is a constant; such a divergente then could be removed by overall subtraction.



Relevance of this theorem . ;

Gn the proofs of finiteness of varous objects in BD, _vou often are dealing reywith objects having D-0 which can be reduced to D1 by an overall subtraction.

The proof alyays requires you to show that there are no subintegrations which diverge
which fail to make, contact with all the external particles. If there were a D=0
subintegration of this type, you would be in trouble because it would be a log
that could not be removed by an overall subtraction, and your profof that PI, eg,
was finite, would fail. | ~ . . .

See footnote on page 329 for confirmation of this theorem,

«

t*)



Pooof that the self-energy is finite.

1. First I considered the fourth order slef-energy and then started considering thefe) sixth order, but now this does not seem the right way to go. The significant quantity

is not the "order" but rather the "kernel number" of the self-energy. The idea is to

prove finiteness for each kernel-number sector, regradless of the order. Of course

any order, such as the 6th order, can be decomposed into sum of 0,1 and 2 kernel

contributions. I have already verified the finiteness of the 0 and 1st kemel number

sectors. Here I will show how it works for 2-kernels. The arguments here could of course

be specialized to that portion of the sixth order slef-energy, but no need to do so.

2. Lets stick with the notation of BD, except I plan to change a few signs. The notation

I am referring to is on page 337 of BD and refers to the finite part of integrals. The

net result is an iteration for the finite functions of the vertex by "kernel-number"

rather than by specific order. With my choice of signs, here is what you have:

SmovK = Lag + Noo GQeeie)

0 faa \* Za
Be \- Bau

The first line just says: due to power counting, Liat will be the constant divergent
term in the integral, quandratic plus log; and A will be a function that vanishes

at the symmetric point, due to norm condition as shown below. Thru this iteraction

we generate an expression for 25 and for the finite vertex to order n in kernel
count. If you are interested in a certain finite order of perturbation theory, then

you will only have to go up to a finite number of kernels, so no problem.

3. Lets derive the above equations to make sure we know what we are doing:

3
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(page 3, finiteness proof)

Now you see exactly when the n-kernel contribution to the vertex (renormed) is:

O en gor eed. ye
pore POF DT

i _ iN= = As.

You can now see precisely the operational rule for computing this finite object.

Start at the innernmost nested level, do the innermost integration and throw away

the divergent part, keep the finite part called A, (throw out L,). Then move up

to the next nest and do the next integral. Throw out ey but keep the finite part
A,, Finally, go to the outermost level. Throw out L, but keep the finite part.
Thus, I know exactly how to compute the n-kernel finite vertex function.as a certain

operation on the kernel. Of course to know the answer, I have to know the kernel,

and the propagator, since that is in there also. Ie, I have to have an expression

for the finite kernel remermed and finite propagator renormed.

4. Now lets return to our task of examining the “expression E" to see if therefo) are any divergent subintegrations. The claim is that there are not any.

ds By SeEG) = AOD + SPA + A\ SBA - ~~~

ae ee es~
ASOKOD ~ Do DDA, © ~6oe

Yaar ont of Dre Qkeweeh eve.

Sy wabsapauan., Wud ak Some uk Ara Ay on Laff sumer Dear ae ok,
Yun a» ce

exe = DBDAL— BEKDDBA,

Rae b= -+ dad KODA, 2
4

ep = ~L: dD + dDOKMOA\— onysony = -l,\dd = -uo-|.
Here we ere examining the 1, stbintegration to see if there are any dangerouseo) divergences which cannot be tamed by the routine proceess of subtractions. The discussion

of this result in BD appears on page 340 below equation (19.79). Our result here is Ly



( page 4, finiteness proof)

times 2 Born loop deal which contains the 1, integration. Our question is: is this

(o) a worrisome divergent subintegration? The answer is no: it starts. out as De2, butlowers td D=O when we factor out the (p?-n*) factor, and finally drops to D=-1 when
we subtract. The fact that Ih is a divergent constant does not matter because L2
arose from integrating over those other variables ly and 1.

So as far as the 1, integration is concerned, it does not represent a dangerous

divergent subintegration in E. You can see, however, that in those two terms which

cancelled, in each of those terms ay was a bad subgraph causing a divergence. But
they cancelled. This iks what usually happens, there is a cancellation between

the two major terms of E.

Analysis of the 4 integration is similar by symmetry so forget it.

io_integration. This is different and so mst bed considered:

be Ae deEGY = ABA, — A DYKOD — POKDDA,

Qs ok A=Ly + DOK by
Bs

0 Sy = (-u WA, + vOYDDA,) = AooeDD = veeson,
re

= -\ de Ut Keo) — Cut po) pokn®
= 40-00 - 4 ypkoo +L SEkDo — PHKEDKOD

ap te ~ ok2
= dd — poxoroend = U Lo-| -\<ara>-|

Consider the first term. The divergent constant 1? comes from the 1 and 13 int's
and thus does not count. The born loop object then has D=-1 and is thus OK. As

for the second term, the A loop there has 6-2-2-2-2 = -2, just as for K itself,

and is thus no problem. Thus, there axgxmm is no problem associated with the 1+

Aly subintegration. Here we go once again:

eHp = Vz +A\POA\— A POEDD — POKPDA,
1 Ade Bde

= ~ La dD + NODA~ADHKDID = —EE-DHCN DD) L,SY

re) Adv (A= KDD)
ate Ak TM
BS RR yt dy dts te

= -dBLL - ADDL = —--OL- oY



- (page 5, finiteness proof)

As discussed on the top of page 341, each of these terms is no problem. The second

term is really an overall subtraction type term, you can ignore ly since it comes fromfe) 1y- The first term is trickier since part of the integration is in the constant.
Obviously, I could reformulate these ideas in a clearer way, because in a

subintegration search you are really supposed to hold certain vairalbes fixed. This
means you really should go through and undo parts of integrations etc to see what the
result is. Such an atalysis would then yield the naive couting rules we have been

using here.

So I can then consider the 1s integration and get a similar finite result.
Potential problems always cancel between the two main terms!

6
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A-sumary of the renormaligetion program of @ theory.
fo) 1. The claim is that you can compute any of the basic renormalized objects to anyfinite order and you will get something that is finite, if you follow through with

the simple "mltiplicative" renorm program. Lets review how this works. First,

there are certein important integral equations which describe the theory. They are:
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2. Here then is the exact algorithm for computing this theory to any order:
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Working paper ont a problem on the counterterm interpeetation of renormalization.

9 1. 1 mow that the propagator D can be rendered finite by simply miltiplying it by
the proper constant. I also know, according to VEVIOP idea, that this same operation

can be caused by a simple rescaling of the field. But I also know that a rescaling

of the field in any lagrangian (including couplings) can be accomplished by adding

the right counterterms to the lagrangian. There fore, one concludes that the renormalizaticy

of the propagator can be "impletmented” by adding counterterms to the lagrangina.

Morevover, this argument applies to any n-point Greens Function, and I think I can

extend it to any IPI proper function too.

2. My problem is this: to show in low order perturbation theory exactly how this

works for the propagator. This means I have to show something about the self-energy.

Here is where I am confused: I dont know quite what I want to show. This is where I

teke up the problem.

3. Comment: consider the relation D(h) = 23"(h) D°(de)+ Suppose you are interested
in the "second-order" part of D, ie, the part which is order SY. There are two contributions
to this quantity: first, the 2-vertex graph in D° contributes, but also the zero-vertex

QF contributes ven you include the orderX term in Z3. Similarly, the renormed
second-order self emergy gets a contribution from the obvious 2-vertex graph, but

it also gets a contribution via Z from the zero-vertex graph.

Here is another way to say it I think: the residue of the renormalized, bare

propagator is not 1 but is z54 which is a polynomial inh. Thus, the "bare propagator"
de the zero-vertex "graph" actually con tributes in all orders!!! Of course the

residue of the dressed, renormed propagator is 1.

Thus, if you are computing the "second-order self energy", you should include

contributions from the 2-vertex graph and the O-vertex graph. In general, n-th order

self-energy will show contributions from all lower graphs because of the Z's!!!!1

6



Hypothesis: how to do "renormalized feynman graphs"

6 1. We know that the various Greens Functions can be rendered finite by rescaling the
fields and by also redefining the coupling constant. Ie, replace #° by Bit g
then define your greens functions as VEVTOP's in the new fields: they will be finite

when expressed in terms of ) , so you also get rid of \, by replacing it with 2529!2\,
Thus: = 3a

D= £88) = DO) = AC) Da (hoe Ws Bw).

2. Suppose we make exactly these replacements starting from the bare lagrangiant

ae seth Re asha FQRMF-vEGK) + BE + rok 4 u
ue 3 \ u= £ Rade’) + Gy Gis Foe 2 8

31

Here I have simply rewritten the lagrangin, making the above substitutions. Now lets

read off the feynman rules of this new lagrangian:

Ps—-

= 3 = haw aefe) a mens

a = BA) = la dey,
Of course I know that the dressed propagator is finite, as is the dressed vertex. lets

compute these things in lowest few orders and see if you really do get finite results:
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We get the right answer! Notice that ib is crucial to pick up the second-order term

o) from the "bare" propagator graph, since it has residue Z3”'. The singularities of thisgraph cancel those arising from the loop integration in the Born Loop graph. why

is this the renormalized self-energy? Because that is supposed to be everything except

the term (pram). In fact, I think I can argue that this would be a method to calculate

Zs second order: you put in the log to cancel the other log, and you put in the C(m?)
to get unit residue on the renormed D. Then Z, mst be as I have it here. If you went
to th order, you would adjust the fourth order part of Z, so that it cancelled all
logs created by the higher graphs, and so residue is reset to 1 in that order too.

In fact I'm pretty sure this will work exactly. Lets look next at the vertex:

a) . -
- ahs ant Lesans Se)

x x

= YL FRA 4 FGry)\ +? TR Sly)
= ¥. of (2)

ge teain we get the correct answer: in fact, we could use this to compute Z,. The requirements
le) on. 2, are that you cancel the log and that the third-order term vanishes at the sym point.

So, by playing back and forth between these two equations you should be

able to compute the finite vertex or self energy to any order you want, and now it is
a direct graphical expansion! I have played with the fourth -order self energy and

it seems to work. You then have to adjust 2,(4) so that 2(m2) = 0, de, unit residue.
This time all the fancy double logs cancel, etc.

Certainly this is now the way togo to prove finiteness etc, but its a

reasonable way to interpret things .

3. So, if the above is correct, here is what I have shown:

(a) if you rescale your fields and charge and think in terms of the new fields, then

the theory computed to any order is finite, all logs cancel.

(b) Another way to say it is this: start with a bare lagrangian but write in in tith

g. Observe that propagator computed from this lagrangian has logs. Now add counterte:

(kinetic, charge and mass) to get the seconline lagrangian on previous page, still g.

By thus changing the lagrangian, the new propagator is finite! Thus, by adding count

CO) terms of the form of those already present, you rendered it finite, In this view, you
dont speak of any field $,. So this is the famous "counter-term implementation".



li More on counterterms. Notice that we have three counterterms to play with.

Basically, we adjust the mass counterterm to get pole to be at chosen mn. We chooseCe) the 2, kinetic counterterm to get the pole to have unit residue. We choose the
2, counterterm to get the charge to be the chosen value \. The freedom to play
with the three independent counterterms is the freedom to set mass, residuem a

and charge to whatever you please.

Of course you should realize that, eg, the Ath order 2; will depend on the
ssecond-order Zs and 2, and maybe mass counterterm also. The stmucture interveaves
all lower constnats into the higher order ones, as you would expect.

6
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Analysis of gi theory in dal. . AAT

lo) ‘This theory is almost the same as @ in a6 which I have already done. But lets go thrueach step to make sure nothing is hiding.

i. Propagator: Defined in same way. The only difference between this and g is the
appearance of the self energy graph: the functional form is just the same. Thus:

ECE) =o = ome=ren (Sacto
“ ost

> Was 1-72 (Pept SwA)ae ye oot oe
Ze= %-LZ Z|

2 cacyeg (at)= Sut + a +o ‘ :
a cost + (ewe) [Ben eG)
= est

Kw
Notice, by the way, that whether or not we start with the bare mass Moy we always include
a mass counterterm. If you are going to allow rescaling D (ie, allow counterterms) then

© you might as well allow a mass counterterm no matter what. The leat graph is a constant
so can be ignored. The other graph has same form as # loop in d=6,.

Zi Vertex: 7% is defined in the same way, but there will be a difference in the

. charge relationship: T 2eee ° ~ \
Ys = TG) P= &P \

de

wilt) = ter r= TeBi Mpy= BUeats] Vs ((A=\ 0 =a = Vy= 2, "MS) = 23 Xs
a

= |dr= 2s

re \\ + ana V4 Same fon oe sod.es ee
YS [Baas $(e-y)

ro) By the way, odd n-point functions do not exist in this theory, easy to show.
3. Kernel _: rule out 1 particle horizonal; two ruled out since cant exist; also rule

out three! So:



° =

6 Kt termmaiode) = ES SB 4. seme shall ng.Lv

3 = an6
—e= . =Ke K =3= He & CReay.= K)3 :

4. Self-Energy Dyson equations:

By

-@ = —* + 2. aod a oe [ne 3h
FO) = whe WYD + A WY WET

el 3.
wea

asl ~

= ewe + Dy 7 2s # ypvott <_—
eSge

= EC).

Again, this result is very close to - theory, just an extra D in there. This fact
is compensated by the different charge condition of course. Once reduced to function

B(p2), this equation is exactly same as (, oo all the remaining self-energy equations() there apply here, in particular, the double subtraction idea to get renormed SE.

5. Vertex Equations

:

T= d. + YpoeorK

» IR ee~
|R= 2, + H\Foook, [soma

adn Ur

Ade LRP?> E@) = oN - anyGI = LUBE gargk pea!

= SB — STE = re weg.
Since the equations are so nearly the same as - in d=6, I feel certain that the

rs) iterative proof of finiteness works in the same way. There is really not much newhere. .
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TABLE VII (continued) a
Depth = 3200 hg/en? XO

Theta, én the center of the bin, ranges from 46.25° to 66.75° in 2b degree binds
.

Multiplicity = 1 . “

Intensity +231-03' ,.247-05 264-03 .266-03 .288-03 .308-03 , 520-03 .332-93 .353-03

Error 106-04 971-05 .875-05 .677-05 .597-05 .521-05 491-05, .766-05 129-04
Multiplicity = 2

,

Intensity +507-05 .421-05 433-05 .480-0$ 461-05 437-05 .422-05 .418-05 .313-05 :

Error +895-06 .642-06 .§27-06 .S71-06 .330-06 .390-06 234-06 .467-06 .746-06
Multiplicity = 3

.

Intensity 216-06 460-06 544-06 .632-06 441-06 514-06 1423-06 +529-0§ 422-66
Error 142-06 156-06 116-06 .126-06 101-06 .881-07 .753-07 .796-07 125-06
Multiplicity = 4

,

Intensity +133-06 163-06 .227-06 .242-06 201-06 .168-06 235-06 °.245-06. .187-06

Error +730-07 .881-07 645-07 .753-07 .633-07 466-07 .417-07 685-07 .107-06
Multiplicity 5 Average over all angles = 0.5 x 1077 + .1 x 10°77
Multiplicity 6 Average over all angles = 0.4 x 1077 + .2 x 1077

Multiplicity 7 Average over all angles = 0.3 x 10°? + .2 x 1077 o
Average angle = 57.5° “

© © ©
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7 » Ye “ol
Departure Point:  Suriday March 11, 1979

I have been trying to understand exactly how you renormaliz/e a theory. I haVEfe) been working with the Gf ‘thoory because it is the easiest, one eld, one coupling,
do derivatvies, etc.

My problem is as follows: when I compute the renormalizg self-energy in this
theory, it still seems to depend on the cutoff. The renorm'ed self energy is given
by the difference of the unrenormed objects, divided by sométhing. Even if the log
cancels in the numerator, when you divide you aré stuck with its presence.

For example, you are supposed to able compute the propagator off shell to
any finite order in the coupling’ and you are supposed to get a finite, ie cutoff
independent answer. But, suppose I were to compute to say"4th order. The denominator
is 1 + second érder, and this second order interacts with the second order in the
numerator to yield a fourth order term that is linear in the log of cutoff. Thus, you
will be stuck with a log cutoff in your prapagator.

I dont at the moment see any way around this thing. I want a propagator that is

finite to fourth order even away from mass shell. yu»
In QED the Ward identity causes my renorm condition to be Z3=% 1 so that you

do get just a subtracted photon self energy. But then PI(0)=0 snyfar. This is a special
case, I would like to understand how this works in 94 without any Ward identities
to add confusion.

In the + theory if you compute the unrenormed vertex to some order you will
get, say, Ze where e is lambda on this typewriter. The renorm condition will then
be thet EX: 2.

Z*tese6 ‘The other condition is that no mass renorm. Thus, two equations in da” and de. Since
there is no Ward identity, I see no way to get a relation between Z and Z,. Ie, 2,
is related to Feynman graphs which compuse the vertex, whereas Z is related to ‘feynman
graphs which compse the self-energy.

What I have not made-use of in $* theory are the integral equations. I dont even
know what they are!
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Theoremfor Jt, Theory:

Statement of theorem: the self-energy has De2xcThe leading term 4s a.cqnstant -fe) times AY . The linear term in N} vanjshes identically. The coefficient of the
log: divergence is constant times p*. And this is all the divergences you have
to-worry about.

ly First, we-camweite an integral for the ‘selt-energy in terms of, the full, vertex. This
“shows the: Basic form of the self-energy: -it is.a double’ integral only, and it has, a
certain functional form: “a Aad aah yea Beaten

. Lent neo Cooseers mrt
x f a + eRe‘@- - ; (0B 6 SE RE Ghee. :

@ . vatredien Wake =P
. tae a Sy \= Sot ae Gaal FCve wy Py Rete) + eye eae

Each propagator depends on its own scalar, and the vertex can depend hate = 2p x
on the four "masses" and two Mandlestam inyarianst as thbsen in . ~ ek
one particular way-above. I left out massm as argument of f. Ie, ~ GW+
this is’ ther inost géneral functional depehdenté you'tah have’ for any * **
Feynmann graph in the: self-energy. ad 74 a

2% Now, dim(f)=-6 bectuse D=2. So we ‘can. use scaling argument to rewrite above as:

-. Odea ae Ge gh Ca ee ER ,0. SAA RG pe i gs Ae)
Are 1

This is still the exact integral. Now if we are interested in UV parts, we can set
two arguments to zero and terebey define:

ww) TV (je Bh om ke = nr aPhe PY GEE et) = F(a a55 0)
© ®2® ©

This thing is dimensionless and independent of mass m. We now expand for a few terms
in small p, of course we really mean small p/k, since that is what is small. Thus:

° “A es

awe — i> —~.
Vat a bres PY, 1 (ee) BYB19) BES Goo) + 2 CR) fy Gis 80)

a — y = sow ate

HEB Griese) + Qanemettan)
Ignoring the simension of p, I have labelled the dimension of each term. You see that
the remainder will yiled a finite integral, so all UV: pieces aré now éxposed. From

this form all results are obvious: (1) the jeading, term will integrate to constantfo) times. \~ where const. is independent of. p*.and m2. [upper endpointuevaluation only
is implied here]. The second term integrates to zero ‘because odd. under negation of all k's.
Since each term is t(o)5 obvious that third and fourth terms will yiled p2 times
constant times lox/\”. Then lower endpoints: plus ‘remainder will yiald finite result.



a Jovet A coe
~ “Thins, our result Lodks Like ‘this: . \ : . 4 °
—@— = Ww AK & g BAN + one ECR Pe) oe A

Here A and"B Hust be Simple riumerical conétants. The scalar, dilensivnaless‘ function f
may incltde ‘any powefOfp* in'its expahsioriy not just powers: beginningwith p>. Thisis because we ‘have to include lower enpoint evaluations from the ‘first’ téting. Te, ~

the UV terms shown are just the UV upper endpoint- evaluations.Clearly, you could insert anm in the log and correct the finite term accordingly.You could” algo do this: ’ 7 ‘
4

= Sate Ae Ban Chee) + at Fey»
‘

a

‘

s

.

a a wyalos ARs8&1 +BOS) + ant LGR) wee
Now you adjust the mass eounterterm tg,cancel both the. quadradic and Jog'in bracket.
Then you see that the remaining log divergence only enters Z..: - : .

1  v If wetredgard. this:self-energy as-computed to.some finite ordefin‘hs,, then
A and B and hence an? will be little: dimensionless power series in, and so will f.

One ore change: we want to adjust mass counter term so that self-energy vanishes (*)at p*sm, ‘Thus we could include m2f(1) in the counterterm‘to gét a new! finite -functiol
which vanishes on shell:

1 «ey . &, »
de AR ceoBae hay) + Ghew yb. (RY. swt BY4)aM

EC) 4 2 reneeap Ge Erie) Ber.

2 ar Oe oO,
a LGR)= ety[SG]+ CH] ee

un CO) = Joke
B= wmircel omst.

One last change. Write C = C(1) + D(p*/m2). Then:

Cae ee TO Eee & @) a
Aes Go](7FH + dee]. oa, “G0

a 5 ne ~)
ve pow FE) Gee LL~ Bans) -C0) +0 (8)]



Problem: can the Gj propagator be made finite (cutoff independent) by multiplicative
renormalization, even-when it is off shell? , ~. eran

1. On preceding page entitled “theorem” I have shown the , computed to any order,

the self-energy has this form:

ot, et, a one

ZA@) = CACO + Fea, n ae
a ae etek aaron 5 r

oat ote 4 ae Ataysedy - Se
ree Bye Mea. ae edow af) = LBIRGS)+ CEI ae ‘

woe CFE = RC Fo)R/GE, se CG) Qt - .
‘The function C deviates from zero starting in second-order in the coupling.

2. As an aside, the leaf graph is just a constant and is cancelled directly by am”.
. Ie, it has no momentum dependence and thus has no effect on an

= tk DUD= Cate Fe) = Lae me Foe) + ahDyn ve Fae ree We Prasat rte +93]

Here we have three little numerical constants. Bach begins in first order; that is why the

mass counterterm has first-order terms in it. All other stuff begins in second order.
3. If we define the renormaliged propagator in the usual way, we finds
D@= 1s \

Pe LHS— GFaady[iFen}

a a gt OeGrane TeM= FBH-Bery = CH)-cHO
AL -Bewty A= [Bout]

\

“

> Z

. a) Ie)Se Be + BH= 1 PCR GE) < clo}
Van: \2e0 =ZD ca)

This is what I call the renormalized self-energy. To lowest order, it is order” andfe) is cutoff-independent, as is the resultant propagator to second-order. Ie, we get:

tA —P= Gap Teri]



3. So we have made some progress. We haye compyted in principle the propagator
renormalized through second order and have-found it ‘is ‘ctitoff“indepéndent. The

confusion now arises when we try to compute it to higher order: [#)
bad

”

.

on tea badd : . :
Sey= BZ" oO

If in fact Dis & cutoff-independent to any order, you see that the second-order of Z
combines with the second-order of D to yield a term of fourth-order in the self-

energy. which does -depende on the cutoff, because that second-order correction to
Z has log cutoff in it.

Thus, it seems that the 4-th order self-energy will be cutoff dependent! How are
we going to get around this?

By the wey, on shell this function D vanishes to all orders so there is never any
problem there. But I am talking about off shell, because propagators appear in

Feynman graphs in their off shell sensef t | . :



Resolution of a Paradox.

—— refe) Here was the paradox. Look back at the integral equation for the self egergyin $f urth theory. There I argued that any graph which contributes to the main thing
mest have the result that:

rs 2 a
AM= (r*) [Bate ACD )) Q)

Xanu
Ie, if you add up all graphs to some order, this must be the form of the result, and the

constant B and the function C begin in second order. If this had been true, then you
arrive at this result:

Pin a 2

AQ = Hw) | cifre) ~ 0) @)
~\— Boat ~eQ)

The claim was then made a follows: since function C is cutoff independent, and since
B begins in second order, you are stuck in fourth order with 1n cutoff terms in your
renormalized self energy and thus in your renormalized propagator. Result was finite
in second order, but then diverges in fourth order even after you have renormalized.

So the problem wes thet, unldss number B hapvens to be zero in any order, youre) will sooner or later get uncelnceléed logs. :

Resolution: the form assumed above in eyaation (1) is only correct in second
order. When you iterate the second order correction to the propagator to get the
fourth order correction to the self energy, for example, if you were to write the
4, th order correction as shown in (1), you would find thet the function C in fact.
depends on the cutoff, The reason is this: if does not depend on the cutoff from
the loop integration ( superficial thing). That is elwasy the first log. Its just
that the second order propagator correction itself conteins log, and when that is
fed back through, botl/ terms in (1) will be multiplied by this log, so the first
term is log squared.

Thus it is et least conceivable that the fourth order term which is log dependent
and which you generate in (2) by the interaction of the quadradic term in Z with the

quadretic term in C, this 4th/order log dependent term could be cancelled by a
log dependent fourth order teyin in C.

Although I have not proved that this must happen, I have at least gottedn- rid
of the paradox which said tht the 4 th order renormalized self energy had to depend
on log cutoff.



1e) 1. Consider the starting lagrangian with bare fields J, and m, and \p. Suppose you
are actually given values of m, andhy , and suppose you want the physical mass end
charge to come cut being m and. One has to give up the notation what dn* = mm.
and that dh = )-. The actual values of these “counterterms” must be set so that

the mass and charge come out st values m and. One cannot pick a value m and m,
and expect that dm happens to come out as their difference.

For example, suppose you start out with lagrangian in ‘™. and ho « You could then

add the above counterterms to shift the thing to m and). But you have not really added

any counterterms yet, you have just rewritten the lagrangian. Now you add arbitrary

counterterms and combine them with the other ones and you call these new, undetermined

objects dm and dh.

If you want, you can now do the following: specify your m and \ , then compute

dm and dh to some order, then define m= m+ dm and similarly for the charge. Then
to any given order, m, and), are computed objects in terms of m and }. In usual
theoreis these will always be infinite.

fe) 2. In oY theory it turns out that ) and), as defined by hy =» + dh always differby something that is second order. Either can be thought of as the expansion paratmer.

3. It is perhaps more convenient to use \, than because ‘phen you don't have to pepperin counterterm vertex M™ everytime you have a vertex X%’. Ie, these always appear
in an additive way. Thus, for example, instead of writing:

AvK+ Hs Qe a)» ON Gi ho
We can define y as noted, and then we have only two graphs: x + do
ik. On the other hand, one may prefer to have an expansion %
directly in terms of the plyk physical charge ) . It is nice, though, that by going

from ),3) toh» you replace mxm two synbols with one,

5. You can do the same thing with mass. But whichever mass you use, you must

have the same counterterm. Note that masses don't add quite so simply and in

effect reagragne the theory a little, but that is OK.

6. I just feel a little uncomfortable expanding in he and“m, since thesefe really bothle) computed quantitities. I'd rather expand @rectly in the physical objects: The costis that you have to include counterterms in your feynman diagrams. But you have to
woryy about them anyway because you haved to untangle eventually!



7. For example, suppose you go ahead and use m, and ho, thereby avoiding all counter-
term feynman graphs except the basic one in thé self-energy. Then when you compute

to some order you get something like this:

2Oy oat e KA lnt) + BAGS)

ou a wot2) WAM OES RL = [LEN bel]4
1De tt Xs Aire)

You get very simple expressions for mamt dm and d\ as functions of m, and do.But really these are functional equations for dm and dh as functions of fhe fixed,
known objects m and}. In other words, it is rédiculous to expand in m, because
you don't even know what m, is ! And it is not the mass that wes in the bare
Lagrangian! This is an impértant point.

What the above equations really asy is this:

U,

Y= Bate Cea)FH (aha Bt) 4 eda) Rab + Su)
= au ue a eeQo DETR KWH, (weduE) = A [1+ BED LM tin}

Although the charges always appear in a simple way, to actually find du” you have to
go in and expand the functions f, and fo, etc etc, all of which work is no harder than
going the other route end explicitly showing the counterterms.
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©__ Selook whatthis method Ais doing, The first thing you do isinsist that.the baremass and bare coupling be equal to your final physical values. You move these things
| -~ -pight-at~bhe-beginning~by-adding-some-counterterms.“Then when-you-"dress" the theory,‘your conditions:vhich determinedthe counterterns vslues.ere that therebe no. GDfurther mass.renormalization, and rio-renormalization’of the-coupling. ©
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.  Can_computethe.coordinatesof the interzection of the'above curves,0002 00 2. a
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Quantum Electrodynamics



FF yaaa 3

D=4- £EF-Ee ®
Renormalization of QED —Y—

Or abs.(o) I plan to do this first without putting in the i's, then later go back and do

repairs. Comparison to BD notation made somewhere below. A\\\ acmmste tan,
1. Propagator: Lobk this up in general renorm notes. Start with bare propagator
in the general a-gauge, then add up series. Here is the result:

fon 2

Dyo = ‘ee - * qnav une = Lag - Fg
“Ow = 1Ww - Pac ons Wo ty = Go TQ’).

Dewa TT
Here we see the familiar result that the longitudinal part of the propagator remains

‘unrenormalized", ie, undressed. The reason is that the self-energy is entirely

transverse. To show this, one uses the self-energy Dyson equation and the Ward

identity: one assumes that the cutoff is implemented in a gauge-invariant manner.

See page 302, Eq. 19.22 on this point.

0 I shall use the standard renormalization point q°-0 rather than an arbitrary
point u*, Thus, one sees what 2, will be:

-\ wea

Za = \+ W@=0; wee, S)

Lets now write the renormalized propagator as follows:

—

Bw = Tw = 2 ye = 2D,
\ewa) *

4Quer: RA: W@0)=0 Trak asain
~

teem): = 2 ao [ont dase)«3
According th these definitions, we may relate the renormed and unrenormed self-energy

scalar functions in this way:

a ra e °.re TWS)= 4-\S WG) = 2%) We)—"Te}
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-2-

Our assumption of the transversal self-energy yields the above form for the

dressed propagator. This simply does not allow any mass renormalization unlessfe) PI has a pole, which unitarity says it does not. Thus, gauge invariance in the

form of the Ward Identity blocks mass renorm, so in a sense we avoid one problem there.

Hence, we never use any kind of mass counterterm for the photon. Not needed.

Perturbation theory: clearly the scalar function has D=0. Using a gauge invariant
cutoff, BD find in vol 1 that: .

\

Ky + + &

Wey = 1, [mE -H\ tee aae[h Gewal \toe 68 NS
awe ON[a > Uddin, Time@ e .

mw \- Ske&3 YWa\- SHO. ;
A

2. The vertex. The momenta are defined like so: 2 s2Pigvertex,ThT guess the general kinetic form is: my di. wt ° '
: Can ay DER
eee) = Agee BGA,+ COND

But if you sandwich between i(p) and u(p) and take limit that q-0 all components,
you find:

3 ~ ~6 We) Fe Grey acy =e20> (fre) =e) RAHM)
And then Z; is some combination of A and C above, evaluated with their arguments
on mace shell p*<n”. Notice that this vertex, unlike the & vertex, is a function
of pq” and p'? and also of p, and p',, due to the spinclogy. Thus, in order to
define a renormalization point, you cannot just set thing on mass shell. Just setting
to mass shell still leaves two possibly differerd momenta p" and p!™. So here, the

thing that corresponds to the symmetric point in # or g* is to take p'y=p, so
that g,=0 as a four vector, and also put p and p! on mass shell.

When this is done, you see that the matrix element off the vertex must be

a miltiple of p, since that is the only vector there is, and that can be put in

terms of gamma-u. Hence, the above definition of Z,-/ (which I have been calling
Zs"! in other theories). 2, is thus a scalar and can depend only on m and cutoff.

So far then both Z3 and Z, have been defined. The scaling rules@as:
° s- yk 2 Se

-

R-JER => (°0=2%0 T= 27
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So, as usual, the definition of 2 and the field rescalings lead to a vertex rule

which in turn tells how the charge rescales. Ward says 24-2 but I wont use it yet.

Perturbation theory: the lowest graph for the vertex isobvious, but you have to

put in a photon IR cutoff. Same goes for Z1=Z2, and you have to deal with the soft-
photon problem etc. I don't want to get involved in that now, so now make no

statement. Obviously, the vertex behawes as UV log of cutoff since D=-0.

3. Kernel: This is defined to omit single horizontal photon and electron pair. Then

it will prove useful in eliminating overlap. Rescaling rule is:

62
\K = 2, K

@ orm)4 Se: f-cnergy,Dyson. Again, no mass counterterm so:
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Comments: first, because there is no mass counterterm, the overall subtraction does not

(e) appear. The secondary subtraction then yields AE for the self-energy renormed, and this
is finite apar t from possible IR. Ie, the B logA cancels here. Also, notice that E(o)

is log divergent, certainly does not vaanish. Thus, 2A and (0) # © for sure.

5. Vertex Dyson. Very easy, same as all previous theories:

wel + eC

°y, = + 5 Rest( Vn aN ®SSK
° oy

% = Whe SESSK

Yon va gh:
2 Ved PSyEsST \

Ewy= Yhasth —SREKED 2 we mete!

fe) &. Ward Identity and Electron Self-energy Avoidance.
According the BD, and me, the unrenormalized Ward reads:

© = =

on os ©. = ph
pe Cat)

= OSG) OS) qm ee( Woo o! a 3 ewwod
HP Cae) = S@M- Se) Jrsuovwsd.,

ace Tee / \> SGV= gp laCei few) to lax Seow :
Here is the idea: using the vertex Dyson, self energy Dyson for photon, and this connection

of S to the vertex via Ward, you can iteratively build up your finite renormalized theory
in the same way almoast as I did for #. Inductive proof, etc, as shown in BD also. There
is an electron self-energy Dyson also, but you can ignore it because of this formula,



Jim's Self Energy Renormalization Question

1. He computes lowest order electron self-energy in QED. He has quadratic

divergent term. How should he renozmalize it? As I look at my notes, I seems

that the renormalize self-energy is given by:

a] toAQ) = LO) L + Gm) ZO)

vn ZA (w’) =O — [ova asmama. cans]
us au yY zZar = &- aXe)

rad SY, e

nlouask aden, wae weir do gudrudn se
ey ° Se © ge LaRae YLese RF - Yeoh =

The problem Jim is running into is of course this: when you compute &(p“=m")
in order to get DX(p*), you hit an IR singularity. What should he do?

a) put in a soft photon regulator.

b) change his renormalization pointg.

2. How do you do this second choice? It seems to me that you change one of the two

renorm conditions for the electron self-energy: you keep the pole at n°, but

you redefined 2, so that at p’= u” you have “unit reside" so to speak. Then .
the renormalized self energy is finite.

But what effects result from thus changing the renorm point in this way!!!???
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As usual we start with the basic definitions:
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The claim here is that the overlapping singularities cancel.

OnBIAN: Qa- + os an raebe pod =

Here you see how it works in 4th order: the third graph has both divergent subintegrations,

and these cancel with the first two graphs so the sum has only overall divergences, which

are removed when you make delta~X.

Of course all this really doesnt matter in QED since you have the Ward

identity telling you that S is finite if the vertex is:

Yo RR ow ont
Ce TAC) = OS cey - Se)
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Beg) = 2m. gayK uneCe)
The spinology is a little vague here, but it seems clear that you can compute the

renormalized self-energy completely if you know the renormalized vertex. That is all

I want to say for now.
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