


Overall comments made when this binder in ﬁa was finished. april 22, 1979

The first thing I learned was how you renormalize a field theory and get a
finite result. Basically, you show finiteness by examining integral equations. The trick
is to use counterterms (ie, rescalings) which contain the cutoff. It took me a long time

to understand howtyuu do all this, but I think I've now got it. Can take QED, eg, and _

compute something and get a clear finite answer. I understand these things without
having understood Hepp. The overlap analysis was crucial fo showing haw a certain Zg
factor was removed, similar to ED deal. _

All the above work was done without thinking about "renormalization poitn" or
anything fancy. I choose to renormalize at the physical mass mz: ie, I set up my
"renormalization conditions™ at p2=m2. Basically, this had to do with setting theé
s¢ale of the vertex and propagactr. I used mass counterterm method in the above, never
héd a bare mass. )

In the next section of notes I considered the idea of using some other point
to define the renormalization conditions. I think that eaéh "renormalizstion part” in
a'field theory needs renorm conditions, maybe more than one if D.GT.O. Qbviously when
you have a divergent n-point function you are going to have to effect subtraction of the
divergence with counterterms, or rescaling of basic objects like the charge. If you have
to'subtract some function , you lose control over it finité constant part. Thus, you
must specify the value of the function somewhere. This is what a renormalization condition
does. The value of p2 where you do the subtraction or speficiation or whatever is called
the renorm point. So I did ﬂa again with an arbitrary renorm point u,. The Z's you get
coming out of the original bare theory then dépend on uyy S0 therefore does the charge.
My mass my happened not to depend on u;, but ‘Abarb's did so I kept this possible dependence.

Then I asked: suppose you choose some other renorm poitn 5. Then you get
a different but finite theory, your Z's are a little different. These theories 1 and 2
are then connected by a finite GR multiplication rule. Its not very complicated: if you
change your renorm point u; to u,, you want to impose the same renorm condition on each
renorm part, but you do so at different value of pz. Same as letting keep same renorm
point and allowing differnt scale sets, eg, differn "residue™ etc. These scale sets
are not observables; you can always scale up your propagator and scale down your vertéx
and have same result. Only the Z's have changed, etc. Physical finite theory iw the same.

This leads to the idea of the invariant vertex function or charge d. You find 4
a combination which is the same despite rescalings: this is the object of physical
interest. You ask how it behaves at large and small q? and get asymptotic freedom perhaps,
or just a finite infrared charge in the case of QEDE. This "running coupler" is the
object of especial interest: you want to know all about it. Some information canbe obtained

from the BETA function.
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Contents of this Section.

1,

Summary of ﬁa in d=6, ie, summary of notes in later section of this binder,. This work

was done using usual mass renorm point m. Main idea was to show the finiteness of the

renormed theory due to integral equations.

9.

10.

11.
12,
13.
14.
15.
16.

17.

. Modifications when you go to arbitrary renorm point u. (summary page)

Dimensionalities.

How to renormalize away from the usual me point. ( still mass m view)

The bare mass viewpoint.

Renorm at arbitrary mu, bare mass view. Showing what depends on what variables.
Connection with Abarbanel: our m's do.not agree.
Emanation from the bare theory to the l-theory or the 2-theory. Idea that the theory
you arrive at depends on the renorm point. Iittle z's connect these two finite theories.
Construction of an invariant function d in this theory. Renorm group transformations.
Properties of the invariant charge function d. (taken from older notes)

a) construction of functions that look like they are of two variables but are not.
b) the RG differential equation for d; massless cases.

Show that BETA = BETA(e) only in massless theory. Also, how to move from one renorm
point to another, dependencies.

Another emanation map showing three theories.

THE RGE for the propagator.

RGE for general 1PI vertex function (including the inverse propagator)

Concept of renorm dimension, general RGE.

Calculation of BETA in ﬁj, using earlier perturbation results. Massless case.
Connection between the invariant d function.and "running coupling constant g" of
Gross and Wilczek. Mention of BD solution, zeros in BETA, ete.

A FEW residual QED notes, to be killed soon.
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Henormalized Lagr an and graphiecal inte aticn of the renormali

It is claar that the program outlines above, basically that described in ED,
is equivalent to simultaneously rescaling the field from an unrenrcmed field ﬁﬁ
to a renormed field @, and at the same time rescaling the charge. Ie, we take the

bare lagrangian,

LEAN = +EAFE- Y6 Do 4 L 2t g

and make these substitutions,

R = N2y & Ao = \Zs“i;h?*\

to get this new "renormalized lagrangian®:

3
LEN = 2@ ) s Q) § e 1B
where 23 and 25 are power series in ;:. One can then use the "Feynman rules™ implied

by this lagrangian,

- % S s e = (B

prw

and one finds that the result of any cilculation is finite, if you compute to a finite
order in ;&. In fact, this is a way to set the various Z's and dmz. Ususally, one computes
things using the BD framework however, though this in principle works as well,

The idea of having unrenormed and renormed fields is simply this:

-\

D= LTEDS) D= ATEHID = 2,°D.

8. Counterterm philosophy. One can obtain the above "renormed lagrangian™ in another way.
Start with the original L but in terms of @, then add counterterms to get new lagrangian.
In this view, there is no field ﬁﬁ‘ The original L has divergences, but by adding
counterterms you get rid of those pleces. Since the counterterms arise from rescaling,

it is obvious that the counterterms are of the form of terms already present. Once we
choose a particular m and ), the Z's are determined, so the counterterms are fixed.
Changing m and %\ to new values changes the Z's and changes the counterterms. The freedom to
add arbitrary counterterms (of said form) reflects the freedom to have m and ) be whatever
values you like: they cannot be computed in a field theory!



Modifications of the preceding results when you use arbitrary renorm point

0 1. Propagators: St =0 = poe K -
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3. New subtraction rule for self-energy:
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Dimensionalities in Eﬁ in d=6

Look at the lagrangian. Will be integrated over déx so must be Eé. If mass is mass,
then dim(#) = B, Thus, coupling constant is dimensionless! TIe, L ;253 has the entire
6 dimensions in the ﬁ'ﬁs . Then, eg, the propagator in x-space has dim(D(x))= 4. But
then you fourier transform to get D(p) = d"x D(x) =-644 = -2 which is still the pole.



How to do ;53 using a renorm E}nt different from the mass m.

O 1. Start off by looking at "propagator™ section of notes and see which equations change:
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2. I now wish to argue that our requirements that s+ {mz} =0 and that < (U )=0 cause
both these pieces of the renormalized self-energy to depend implicitly on e If this
is true, then of course the renormed propagator depends on u. Lets see how this goes:
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First, the point of the above is to show that really all renormalized cbjects are going
to be functions of ). because of two sources: the Z's, and converting ), to h. It would
be a truly stunning coicidence if somehow & renormed object (like self-energy, vertex,

propagator, kernel, etc) did not depend on the renorm point u.
So, this being the case, consider the two boxed equations above: these are

the conditions that put the pole at mass m, and the charge at value ), . Suppose you b
start off with some particulat choice of u and A You also chooise m and \ . You then
construct the above functions of all those arguments. Ie, the "theory" determines these
functions. Now, suppose you vayy u a little, but you insist that the above conditions
still be true. The claim is that both your mass and charge will move a little. Of course
you could make the mass and charge not move by changing your counterterm functions like
dn® or the Z's. But the idea is to keep them the same functions that they were.

o Thus we get the important point: a change of renorm point changes your
mass and charge, if you hold the form of your counterterm functions fixed.



This is also what the differential renormalization group equation will tell us: that

a chagge in the renormalization point will be accompanied by a change in the mass and
the charge!

3, About finite renormalizations in ¢3 theory.

3
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The Bare MAss Viewpoint.,

O 1, Motivation: I think this viewpoint is more useful when you are talking about renorm
group transformations. I dont yet know how, but that is my motivation.

2. Consider the unrenormalized,bare propagator. It has a pole at m,+ Question: where
is the pole of the unrenormalized but fully dressed propagator? Answer: it is at
a position which you cannot fix but which is fixed by the "theory". Ie:

. |-
D(‘fﬁ, ‘5\-;\:\1‘.‘} = Y
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dadenmmvmry M,
S“b w\gz Mo (\An,_"\"-"l.u} h--)

O 3. Now go to the renormalized, dressed propagater. It is supposed to be related to
the unr@flormed by a Z; factor and it has thed form:

\
V= P~ £

D=L o 0=L0N = Jdos@H- 2 g -2 (¢ Ln,wq}
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Thus, if you had chosen definite values of mn,}«. orand f\_, y this would force your mass
m to ge at a particular value. Usually, however, you think of m and A as being given ,
then this renorm condition defines a curve through the space L >\u .

3. Now lets worry about %. Here is how you want to expand the self-energies:
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Te, imagine that once we have computéd t.his mass m in terms of m, Ao\ as discussed
above, we then procsde to expand the self energy around that value and we thereby
effect a well-defined definition for the twiddled nought f\mctiun Similarly:
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So, if 23 is given this numerical value, then the pole residue will be unity

L+ Next, what about 25? Compute  the unrenormed vertex, then go to sym point and you
got it:

=\ ° N -
Vg = TG o)) /i
= D (e, 1Y) [

5. Now what about the renormalized charge? Both Z's are determined, so it also is

determined, you cannot set it. In fact we have, from the xmmuwirmxemk definition of
renormed charge, that:
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6. We could have introduced a Z to describe the mass renormalization, had we chosen to:
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7. So lets summarize: you start off with an unrenorm lagranglan with m and A, » You
caleulate thet the dressed, unrenorm prop has a pc:-lemat some gierd place M_. By
examining a certain equation involving the function 2° , you deduce that it is possible
to construct a renormed propagator which has a polea at m, residue 1. The value of m
is predetermined, and so is the 23 that makes the residue 1. Finally, you go on to
compute Z; and A e

The following items are compltetly determined by m, and h: ZB,EE,m,A .

Emknx

8. Lets now write out the mass-set equation and the charge-set equations:

WYy = m= o Qerme, N = ?5: ?ak}\q'u.,'l\j .

8y = A= N O o, N Y= %= % (ewo )

Presumably we can inverte equations (1) and (4) to get values of the bare mass and
charge which will produce any desired renormed mass and charge. Then we get:

o= Mo (N N) 2—5 = ‘13(}.1“-,! 0

Yo = Ao Q-aﬂmj N Ve = QS{)\‘-M) Ny
Now we simply pick any mass and charge we want, m and ) , then we can compute m_, | T
and 23 and 25 that make the theory work: ie, m will be the mass, A will be the
charge; residue will be unity. Again: if someone hands you m and ™, you will
have to adjust m, and ™o to specific values to make the theory work.
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Renorm with (a) arbitrary renorm point 4, and (b) bare mass viewpoint.

1. As in the first "bare mass" sheet, we compute the pole M, of the unren prop. No one
really cares what this Walue is. Then we define the renormed prop by scme 23 and we
want it to have pﬂlé at m, not at renorm point P Thus, we get:

i L 4
D= Fmpey A= =0 = poe X am.

= s B4 (N en o = | = (hoyme, N,

Although we have chosen p- as our "renorm point"™, we have not used it yet. The idea of

"mass" requires us to lock at p2=m2 and the renorm point is not yet invodked.

2. Now we invcke the renomm point to require that:
T
De=p)= L = _ - = =
i L — . - L e -
A=) LW - ) Vo e
In other words, we are requiring that, at the renorm point, the propagator be equal
to some specific number ( which number we know) (because we know m by the above). There

are propably other ways to impose this renorm condition. As J approaches m, this
condition duplicates the usual "mass shell"renorm condition; for general P notice
that we are not at a pole. It is probably a good idea to not impose this condition
at a pole! '

What 23 will cause the above to be true? Loock at page (2) of last section
and duplicate all definitions there regrding self-energies. Then you will find that
to satisfy B

20N =0 = Ya= \=F G e )

= | Da= u}.(}k,}mwam !\.\

Now you see clearly'that, besdies being dependent on the bare mass and charge and cutoff,
23 depends for sure on the renorm point because wu appears in the definition of 23!1!!1

N
Mwdozg | Te= Tl w ) [

= 25’ = 25-(‘)}“}\@1%‘] ﬁ.}

S0 to summarize: 23 is determined by a condition on the renormed self-energy (2-poitn fetn)

at the renorm point; 25 is determined by a condition on the unrenormed vertex (3-pnt)

at the renorm point.



* ~L—
- AT

L. Finally, we can compute the charge, just as before. We get:

.O A= Eagm&wahgrt %}p“oﬁ? A D [ N =) (‘,H: Ao, Wa, \\3

5. Suowmary,
| pedk w = o ho i, N)
Woorar N ) A= R(ade wo, N
b, ddnek: 25 =25 (1, %0, Wo, N
i L= B, 20, wo, 1

E.Iﬂau&n—f\.én%xX: mu:nmu(},‘}}\‘ﬁih‘)

o= Mo, hyw, N
Q ?5 = ET(}AJ}\\“] !\\
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Connection with the notes of Abarbanel:

(:) - "Abarb Ea. (17) reads, when converted to my notation:
_L?(t}I .?L—'“I'*E--—i:t{t;)
o
nit) Z 4 2 P_./P
2. M=y - 2y =\ o afggu\ e
a? a_?\ a?f_

BF  Zhay = T+ oty T

i ‘h-{?a-—\\xl} S '.'L'[:r?-- h"faeh_

So Wia dario s = ABFEAR el 4o
21 L) \?Eﬁ‘ﬁ add " {1_ v a‘é }n."' -~ T, . \
22 (O] = T f"'“)g—f;_—k. 7 2 !

) g?"-'
' 2"" T T q 2 A\ St
wa (+9) = 240~ G Z)
. . =2
D Vs Sy = Qﬁ}j'ziﬁ‘
Thus, Abarbanels " residue condition" is not the same as mine. He has a certain equation

Ehagxhisxsatfxmmexyy thetmy self-energy function must satisfy. But his equation is
(!, not the same as mine. Thus, my Z; will be different from his Z. His Z will depend
on the same paramters as my 23, but these Z's will be different functions of their

paramters.

I think the lesson here is simple: any "residue type condition™ will do the
trick, as long as it is a specific condition on the self-energy and thus it determines
the function Z. )

Similarly, loock at Abarb equation (20). In my notation it reads:

0= € 6) = - N . i
W mEEEIw S ZEy=e o D[N .
Cbviously the symbol m so introduced by abarbanel has nothing to do with the location
of the pole of the renormalized pmopagator! Abarb even states this on page LOL. Good.
2. 5o how should I compare my "conditions™ to his "conditions™. I think the reascn
for having "conditions" is this: the conditions determined the Z's, and the Z's then

determined the counterterms. So having conditions just teels you what counterterms to

add to the theory to get a finite theory. Our conditions are different, so our counterterms

are different, but both our theories will be finite. My m has mass pole significance, his
o m has no signicicance except as noted above, .



(Abarb con'd)

So, either set of conditions (his or mine) lead t¢ specific functions
which are the Z's. One interesting difference is this: my condition leads to
an emaution m = m(myheN) and simply does not involve the renorm point p. . This
is really an accident hacauge 23 should have appeared in the m equation but it did
not. Thus, the derivative he calls ETA on page 407 always vanishes for me: if
I change my renorm point p while holding m, and % fixed, my m does not move!!!
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How to "emanate™ from the bare theory in two different ways:

1. Start off with the bare theoyr with m  and Mo . Choose a renorm point call it J
Compute up objects my and 5 » each will be & function of w4 M s noy A« ( Except,
if m is really the mass, it wont be a functin of p,, but lets keep general anyway and
pretend it is a functin of p .) The "transformation™ which takes us ffom the

bare theory to the l-theory is a Big Enchilada and is characterized by some Z's. Ie,
we do multiplicative renorm by the Z's that are releavnt.

2. Alternatively, you could choose same m, and Mo but now renorm point is M2 . Go for
another big enchilada and arrive at the 2-theory. Claim: then the finite l-theory
and the finite 2-theory will be connected by a finite multiplicative renorm of objects!!!

11“‘1}*"

3 5 ‘ N m&za _ mZ;\ (1)23

e

W= 2, "-"f\ 7} = | %z o L\IZE'T' Tﬂzflq

I \
N — S . The claim is that {12133. for example, is finite, has
LT T s >\-. —l no logs of cutoff in it. Lets check this in perturbation
Qﬁ‘t.‘_ = W, S oy M) theory t?‘ mi:e sure: ) _
o 2= A+ 3N LR o))

", RN £ Ny | B+ Qlady)
S’m&m\n,\}&cl — N A oW
. e
P (Y, = (1Tt (e 1At (o))
o\ A5 [omh) e\ 4 0(A) = e
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O Say this in worlts: the finite R - group transformation is induced simply by changing
the renormelization point, holding m_ and Ao and A fixed. This trensformation is
simply a multiplicative rescaling of objects by some finite Z's, Jjust as in QED.

3. Construction of a possible "invariant charge™ object:

ik = Q7
= \ 13 * 2 ) mD = -1 7
)\.LD(Pﬂ = .}3‘&‘0“}31 ) :%;Dl/
U UG e
N mm'{ W0 womedn af sl b Ve
0 - (fs L‘wf_) NP
[IT‘ (F 7P 511

G\\W\ Wl Vot wpushuaeded m«muw-jt— ﬂ\mﬁxji
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Ie, this thing is a function of three variables, now I am changing the variables from
one set to another set. Now notice that:

AMEL 5= 2=

Now restede: ‘
o= N ,
(Pﬁ;wﬁia

L T v N Wea 2ot !
A L AEFE) = of A Dol /TTesel

i +
‘i(ﬁﬁxij{\Tﬂa:j = {iiﬁét‘-ﬁr; ‘jIE) l
(-E\ b 1’\ _Juﬂ- = E.:: |

C‘)\ketj ﬁ-'\ rﬁ\ =

ve

Thus, I have been able to come up with a definition of a dimensionless charge e and
an invariant function d which obeys the same reles as I found before in the QEDlike case.
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2. Prnpart%gﬂ of the invariant charge functiom.
- O Bend, Aresan, .MMJ Ty -
a) mass scale m present. ( * » 3™

One can ruga_at all the aboye chnnsin.; ,“1. iut.uad of ﬂi « One will then end up
uith a charge 22 instud of ey. Tha prapuat.nra .131 and 1.12 are t.hen cmmact.eﬁ by

some finite reﬂurlalizniun uhich ue u:l.ll cali Z and uhich i‘_’.“’}{“l‘;‘,ﬁgﬁ t.g}_m 23
uaed 1n 1;.]11: last section Thu.s - ¥ CE k

) b B
& = ZEEM V }K (W)
Bk | &Y, = D
d(ﬁn Cy M ) = &(EL, ..zrﬁn;:-..‘._] ‘#q:' ! v/ (1s)
g&s.:,u-l DaaLal) ug (‘."5\ aal
S ACAY- 354
e, L a v 2wt v/ (\6)
q=Hh = Q, = a(e,,:’%,ﬁ)

wha vt Aseol) J/www () amd. (WY Qwalc
d(eh \ ) ,)J.\ = S
&[é{i] \'1 1“_;\ - 61

Oree Ut i Dimkes (‘}z,ﬁ&, ourd (fr8e) @ %Mm "-n%

v/ (A

[

d(efxﬂf !%) Ei
2= N 4 (1®)

e
'* (<, AL

Rogoce €3 i (5) by (168) & o Qe syshun:

\) B L . “ /
O | dEEm = A, o) < Pk S 8
sjoao, Qt

d(g?ai,gﬁ%) = e & @.wm»«)w o Ak,
| ;
(\1)
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o b) mo mass scale present e S
Heré', thinking of pure YHT, set m;0 and drop the t.hird ar‘g-uunt of d(x,y,z)

and we rewrite all the praﬁouu uquat.inna as rullmm-

d@?”ﬁ ) = (e 2, 55 ) | (29)
o= d(e'ﬁ,} f-f% and (L 2) ()
AN =8 ek (1002 (2)
2= & - AER - _e (2
<y 'E:- ("C'L] }*’t)
(dl@E) = a(aEay, o) Vq (2x)
el /

1 1
A (3D = «
These equations apply either to pure YMT or to QED in an appropriate high energy
1imit according to Weinberg's Theorem which allows you to neglect the electron mass
as a scale, One would like to solve the functional equation for d(x,y) with
the boundary conditiom shown . This will be dore below after other stuff.
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3. How to make functions f(e,) which look like they are ff’gﬁuzxﬁl}

St q= e () do g

a(ei, N, 'rﬁa:. - ck(e?ﬂ, o ,ﬂb) (=5)
Now do 3/aN o boddn sidee Qa4 A=\ do gk
L i ' T ! L
dl(et\\,'ﬁ) = A d, (< %, %) (2¢)

Qy‘)lm e’{‘ v oo Sua clapar J..\m Mnsany (18) &D%;k (;__q

H(e"-}ju_f-\ )z'u' <d<elmﬁ{"lﬂx\‘: A }-\‘l,,‘) = d(ﬁ:,!hﬁl%) (zr'f)

Hmkﬁmﬁmiﬁt) = :}i% d1<&(ei \%r}%m%k}%) = 5\1-(&1;-1\*33%) (1)

These functions H, and H, are examples of functions which appear to depend on
three arguments. Due to the invariance of d, both H1 and H, are in fact independent
of the second argumnt, as one sees by looldn.g on ‘the extreme right. If we now

let m=0 so no mass scale in theory, these equations bscome: |

(€)= 4 (A, @) &) = &) . @)
]
H'?.LE"{}@-\ - dI‘(&(et_}ﬂ"‘j}f) — &L(E:ﬁ\ P [3.:;)

In this cese, the functions H appear to depend on the variable r, but they really
don't depend on the wariable r. Obviously these are the kind of statenent.s t.hat.
will allow us to show why t.hu BETA function is a functiocm ouly Df one argulut.

/

i
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L. The (differential) Renormalizatiom Group Equations for d and f.

a) RGE ‘for function d.

)‘LLLiTx &d(e“%‘ﬁ )}) = O by ey /(‘f*"ﬂ""“‘“‘ﬂ
| Sufn™ (20
Q\\ua.km..._.

© = ﬂtk’d(?}lt_/h /1 7\ e (%)
o R (eyla a:: AT

=F

In equation (33) the partial wrt fo. is suppoesed to pi::k out the explicit w,
dependence which appears in the second and third argulanj'.g of d{x,nz). The
implicit dependence through the first argument is taken by d/de, with, of course,
the second two arguments held fixed as implied by the partial deriv natut.lnn.
Below we will diama furthur t.he object " (5 ) 8 and the pousibilit.;-.r e.r dfdm,,

f

b) RGE for function f. W"- 5 M
L " L= L
st AR - SR B

Plua dwia wdw (33) & SHRN

{J“’L?Tﬁ—.. v Bdg x -“%’ii?ﬂ%f@%hﬁ: ©

Uhanat
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Hoever, I dont think the C and f terms are reallylpresent. These are dimensionless
functions and therefore should have been dimensioned to the renorm point.

No. 1In a massive theory (m£0), the functions C and F' can exist and
these terms will thus contribute to BETA. In a massless theory, by dimensional argument

C and f cannot depend on vy SO those .derivatives must vanish, in which case the
entire answer is as shown.

o, “(S,‘z—-)? (28+F).

MW, =wm =0
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@ QE E%Eﬂﬂ between our igv_'_ariant function d, and the so-called "runnigg cm.tg;er".

0__ , IJ_MMM_W._W 80 no mass acale, nc mass present. all masses = D Then

_ ... we know the following equation s to be true: R o
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The cmction bet-ween global and differential renormalization EEE equations,
why P = {!r (g) only. and related facts.

o)

1. Renormalization of the Gawutor,_ definition of fpnct.ions F,f,d.

@ = 3TN b € gqrq ] 4 st ans
e = LDW = 1 K_\ (%f‘(jtu)l l\mawaamndm_}o{ O.

~p~o = 4 Dg(e:_}'{mﬁ'lm'b /&‘W"‘m}”" From cwed .

s & Here m‘ia the physical electron mass, e, is the bare electron charge, A = a cutoft.
-‘"f,»v"'" : 1t A inplenentﬁ:! in gauge invariant way, there are no "dnn't. care™ terms in the
P"NH gauge self-energy. One uhcrulr.i 1||ngine the objeﬂtuﬁr and D as ‘being colput.ad to
some definite order in “u , say to order n, ie, to m:der (e )* . The lowest order
term in D is geroth order, the lowest.order term in [ is first—order [ for this
reason, BD use G‘ETI‘BD = T ]- The function T to any finite order is 1nN
divergent. From the eelf-energy Dyson equation we know that:

4 D (e, Rwd) = L 1 1%“““‘ (V)

\*W(e, v, ﬁnf‘*)

2 T ?Gv-d“ maed wak WY
Let us now choose an arbitrary point q = }l.({:w should imagine this to be a negaitve
real number so you stay off the normal thresholds etc of various functions] and

simply define a Z3 in this way:
=\

Zy = \ % T(@I}yﬁ,ﬁ,wnbl ~ 2a(\) divagui ()

Now using this number 23 we make a multiplicative renpomalization of the charge
and gauge propagator [ the electron propagator goes with 2,y the vertex with Zy=Z,
by Ward, but we ignore these functions here] as follows:

D= 7,0 St= Dyt (%)

i

Maintaining accuracy to order n (ie, making an error in the next order n+l) we
can incorporate this multiplicative renormalization as a subtraction in the
O denominator:

D =

1 BARE

[ RO
T (€ R = TC (8,8, K vy )
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Now define a subtracted, scalar self-energy function like so:

TE(QMH“ ) = L { TT(E::)% ﬁ-f‘“h'w(e;ﬁi)"?‘ F‘L"mﬂl (E\

N e
Presumably the InA. divergence is removed in making this subtraction, so the limit
A< can be taken and the function so defiped is independent of A” We them
replace the variable e, with e, as defined in ( 2 ) on both sides of the
equation ( 4 ) to get the following propagator which is "renormalized® in

that it is independent of the cutnf_f, and uhil:h is “n?mlize_sd" to be aqunl to

the bare prﬂpagat.ar at the lulentui paint. q. = ‘ui :
s 1. e e

T T z |&&IEE
D\(E\ﬁ‘n}’ﬁ ,"“""\) = & 1 n \ D (6)
\ +_1'T5- (F.':') 9 .!_P"':_l'm:'§ '

G TN, W ) = O, ("
We llight. now define a fumtiﬂn F 80 thit:

Flehed) ) = LT (]

FE R = 1 W

D) = B wg) O

Thus, b:r doing this lultiplinat.ive renormalization by the logarithmically divergent
Z4 [ a pmcetfure one implements by adding cuuntarterna to the 1agra.ngian which

are of the saﬁg‘fﬁu‘r_l as turia &lready p:’-esent.], we e_rﬁ}ﬁvizp fith a ri.ff:t’f ﬁpf;?fpehl\gfmor
and a finit.e eharga al. a ﬂnit-& Flg:c]‘:.z"‘bn l&SS ] Tral_ the st.art.;. and a finit.e
reuurmalinhtiun pnint JA‘ Paraleug.:ra e and A are gunu. We shall rnfur bﬂlﬂ‘h‘
to thia t.ype of inffnita re:hﬁrna‘liutidn as The Big En(fhiladh "'"'-F'"'“c. ’ . plugsiad auamm .

‘i'iere one to chtmsd Py = 0 in QED one wbuld .finr.i that ul- e,hthu measured
physlcal electron charga. For }"t = ~1.0 Gﬂ’z mm’ guta some cha.‘rga e A e,
ey = r:lnit.e. One could compute e, in ‘terms of e glven a kaowladge of the
fumt.iﬂn d{x,r,z) to be defined below. [uho camn covpndt 1]

Eimu 'hhu functicl F is dimnsionless we replacu it fiodktwith func:tion f:

[N 'hl'.q_,.rn.
.

L
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1]

F (e, )
L

_ kN L
TS, )
£ (e, 1 "i\

(1)

Il

Q(Ef_iquﬁ'i%t‘;\ = -%(E':]. )""'- \,).(.. ) D ~ (iD}

Instaad of dealing with £, it is more -::on‘renient. tu :replace it with a fl.mctiﬂn d
in this ways

Cl\@n%y}% = < ‘F(Eplﬁu,ﬂ ) (W)
EOEL D] = A Se) D™ (12)

The obvious convenience of t-.he functiun d 4is that it. is 1nvariant under fm-t.hur
vxultiplicat.ive renarulizat.iona of the charge :md thu prcapagntc—r » ;:ince it ia
equal tu their product., lﬂdulu D(baru) For thia reasun dis amtins called
"the intarian‘l:. charge™ ( BS) Below n will m that d is the rmain,g cauplin;
mnstaat" uf YHT with i'l:.a ﬂrﬁment.s ulightly redefined.

il gt e MRS

n::-t.e 1. Electrcm mass renormalization is taken care of by mass counterterm dm which
“one arfjusts in any order so t.hat. 4(l,dn)u0 thun 22 can be written in terms of ﬁ
which {s 1nA divergunt..

note 2. For the gauge part.icla there is no mass renormalization unleas‘!f‘haa a pﬂle
B

‘or sinm;larity at q -=0. In QED there is no sig;ularity__ since ;bhe lmat ain;ulnrit.{

. T -

is at .~., In QCD- this ﬂlresholﬂ ami 111 c:-‘l:.hnrn fl\ll into t.ha nrigih aiili one’

'does nut Immr tha ruault.. .L‘]‘.su, 23 is gi'ren in ter-:u o 'ﬂ" at sm puint.. nut.T .

e, e 3 -

Bt
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Comments: this was just .a testing grqund for me to study the idea of renormdlization.
X Yes, this “theory is*not useful becguse it Is unst.ablq dtie to the 'shape qof the potential
o "" and '$0 on. But it is“the siﬂglest cauplin& Jyou cén :.magine thare is no spinﬂIeg;? to
T get cnrf.fused; abont, so1 feel“it is the right place to begin cries st.udy ar renormalization

Indax t.o Nﬂtas* . - . me e

-k
g s~y t . ol ]

1. Prelim attempt tao cumpute Lth order salf—enar
7 This was’ where' A began. I computed unrannr ized q,bjat:t.a in t.em cf}\ « To

get the Lth nrde% self-energy I used the asjmnet.ric: D?qdn ‘equation. My ‘nictation

sutH és“ Y atc”was det ih ariother ’set of hotés stofed in Renorm Binder. The

, result of this calculation was at first that. tie renordied 4th order &plf energy”

aeemﬁ‘d”tn sf.ill‘have a lqg im it, but it almdst, cmﬁel’led; My mistake here was that

I was forgetting to expose both divergent “subintegratitns inthe Lth order, lpop gréaph.

In effect, this ‘modificdtion causes a 2 to sppear (red) uhiEh, when éarried “through,
. nﬁﬁses a finite self—energy in fmﬂ"th :-rd.erl }I:::-st ot:her res‘lﬂts of this secﬁ.ch are

cnrrect.. T - . .

i P +- v Ao P
w g 1 -

2. The overlapping divergence in «»- graph.

 Hére I exposéd for the fir.st time buth di'-.rarge.-nt aubigbegration lags. This
yialded tinally an atcurate axpressim f-:}r the “integral "of DDO f ““where £ was the:
firife part  of the vertex if third o#der: Rather” than being just Euadratic plus log
ag I first thonght, I found that this expression really had (log)* . terms. due. to the
overlap lng interact.i’rig with the mrerall 1og. g

-

3. New calculation of Lth order salf—enerq crounting, fﬂr the ﬂvﬁrlag. X
This time I wrote a renormed version of thHe asymmetric Dyson equation. I
O inserted the correct form for, the graph discussed above and after, doing the ‘various
subtractions ete, I came up wit.h a well-defined and inite result, for ‘the Lth order
sellf;—energ:,r This ‘was satisfjrlng because ‘up. to that pﬁ:.nt T had, t.he feeling that
this{ object, really was not, fipite ﬂ}tcapt. on' .shell. Thts sectinn gm:ls ‘with a summary
page sth:‘.1ﬂ.»:r:11!15= all result.s to this pt}int,- '

dpm g = L L} L] - - e

Le Heint.erpret: results usin&a charge’ counterterm. .

This turned, out ‘to" be"rio ‘big deal, I wanted to ‘have : and ‘;b. _appear i t.he
Lagrangian, but their -sum can’ still be called o." Thé result® of, Working in this
way are so that you see only the symbol X shd not ),. But this is the same as just
dealing with ren-::rme.liza-:i 0bjacts and equat.ion; as }[ st.grtred to do. later,-

te - 4 TA ywer d pa 2 W T a

_j_ Simple self-enarﬂr ﬂﬁgnthm. . -
:' Here I ‘came up With a very Bhnrt fnrmula for th,g rendryfed self energy using
the renormed ‘asymmtric D;.rsﬂn. The result. was Z i:.imep delta<h. At this point it was
real mystery how the missed overlap ﬂngllarigiﬁ of the, aﬁ}mgtr}e integral were
' Ening to e}cact.ly r:ancEl “t.he‘ logs preseh}hln Ze LI yas baall:r stu;:k. sy o4

LY - = i

w Intégral . Ei:niat.ian.

After an abortive attempt, a came up with an integral equation for the
vertex which had no overlaps. By excluding two-particle states from the horizontal

.~ .charnel of K you réemove the overlap problem, at leasgt naively. 'In. fact. Bjorken and

v, Drell analyse ;his in more detail and do_indeed, éonelude that_there ia no oyerlap

' in the QED analog, .50 in a red bux I was able to c-;:rrectiy state the "vqxtex eguation"
'in terms of renormed objects and“fqr the first time I #as really aware that a single

O subtraction removes all problems; and I had a way' to compute” 35. It is"this vertex
equation that provides iteration used in later a.nalysas.

- et
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_.I _;,Prmi nf rencrrm of f

. " “Here I wrote dr:pnm t.he .hasic i5.1:.91*&11:.!:&"5\, idaa,- using the thr:éa Anai'rr ingredients;
skgleton expaﬁsfoﬁs! ertax D,y:sup, and"self-energy. ‘Dyson. The. - ‘Program at this stage
was jcompléte ‘except I didnt pou ,hbw fo handle £he “overlap :T.n he general sefl-ener
case.’

8. How you develop powers of logs in computing . ) -

When T first ¢onsidered the.overlap, praoblem, my approach wasg, t.q work with
bare objects and to try to Mexpose™ all ’,bha overlap sifigularitiés ‘etc. Later I found
a ‘better way £ do this, but it mf;’ivat.ad an invéstigation of what Zgoand ° really

1ok 1ike in téris qf' their 'lng &trm;j.npe! aicg’.liy thj.:a .1.5 hm,r it forks:: you know
" that in' t&r]ns of X " ‘Zc "¢an hdve qrily, orie, POWST -of, 1og ari from. the oyerall
diver&erfch. ' t.his rg tipli'gcr by ,a Ower aari&s in” whefl yan shift to

Ne Fou ﬂhﬂ that* 2, ig a pprmg; in lxzﬁ.,,) . This polyriomial is - edsy t5 interpret
in te}t‘rﬁ of 'simplé je‘?nman ‘aphs.” I ‘realized ﬁl’tpt the Fgyhiman riles In doing
'FendrmiaTized c‘alcﬁla,taiﬁns, nclude thisg ruleﬁ' -verfices stiould be, subtracted.. Actually
the rule™is to use renormed Vertkces which are finite. ‘Te, you should wérk through

the integral equations. Generally I put solid boxes around a bertex that is subtracted.

9. K has no divergent subintegrations. .. .
. T . Her}: T sHow using the s]celaitun ,expansﬁ.un exm:t.lguwhy it is that the renormed
,kernsl K ;em 'lunra no, divergent sublntegra.j,:l.mns inqida it-self even t.haugh K0 .does.

t o,

L A4

Théuf-'a‘m- if :grou ignore uverfap. self-euermr ‘will not hq finite. .
‘This was a warmup to mc-t.ivat.a my search for the self-energy problem's "solution.

I just aho@%thah if .you, igr Joverlap hidden divergences,, you dnn-'t.J stand a

change of ‘gelting ‘a ,t‘lnite g energrl N .

_gt ‘this_g_oint. T went and “studied’ ‘Bjorken. and. ﬂrellq Before doing. thatv I sqmehow o
. ;ighréd* ot that you had Yo, do.a multi-kernel expansion of the: vertex, in order to
...§xafine. the overlap prablem; then I was gain& £ push’ ni kernels to thé left;and
' Kerfiels 'to thel right’ or sbmethirig. I noticed ‘l‘..hat. BD.used a similar Expansinn
and' finally I read that famous section 19.11 on why rénorm is finite.

The major deal here was, the nse of a a;rmam Dyson eguaticn rather than
. the asymmetric one. In this 'sﬂmatric D:,rscn he,,nnhplx shbdivﬂrgence:a always
ﬁﬁh’c‘é’.’t‘"%ﬁd&n the two, terms. My notes 'on t. a.r&ading are. filed’ in BD with other
‘earligf” notes; r:rn‘tha.,t Jdst, chapter- b cea .

I.

11, Dischssion r::f tinite Lth’ nrde:- us.’gg BD 'c.vzh':l-::nliquet
" "Here I found out exactly how the dangemus subintegrations cancle, in this simple
., gase.’ When you put together all graphs which appear in the' s;mmat.ric self-energy -
%:i:ﬁ‘ ‘H‘fﬂt Jyou hg.t?"a pi-ec;l.ser;.y phllem:L t both subdivérgences 80 the.
resily, hag only’ ovetall ,dive‘rggnne., s led 't precise. formulatién &f how
m“ﬂ‘tﬁﬁput:é‘“séﬁ'""épﬁ?g‘ies- ctm'at.ruet ‘object mg suhtmr;,t and, divikde. by pole,
then subtrict again. The first stbtraction kills overall céhstant, the second kills
the log multiplyitig (p°-m?) and the result is then finite. Divergences from subintegratio

alwg_vs g&n‘ﬁel if you :|.nc1miﬂ all -Yerms. The self—anérg;r problem was, finall:,r solved!

3 v
-\n"‘k: -

* 12, 6‘t.h al-der Selfs ener '
T " Heré I wroti ‘déjm and plassiﬂeﬁ some of t.!;e graphs”as they appear-in E(p?)
T req,li ed that qu i'eally wﬁnt. to classify térms by théir kej‘nél—nu:u"be&-, in BD.
T showdd that for n=0,1’ théfe are nd divefgent, aubintragrati*qns, ie, no ovérlap
pr::-b},dzh. Fnr n=2 I had to sit :‘iqun aﬁd‘pbnder. R o

] b Td e
- -

This Just says that the divergence of a subintegration cannot be removed by
an overall subtréction unléss &ll external momefita flow bhrough your subgraph.



14. The Finiteness proof.

Here 1 develop the kemnel-number expansicn for the vertex as in BD. Then
I considér’ éxplicitly the 2-kernel sector and I examine thé Vvarious subinfegrations
to show that they are finite. Thig dlways involves a tricky éombirdticn of €erms.
Thus, yoi can see that you &re gettirig cancellatien 6f bad subintégFaticdds between
fa?iouﬁ‘nf Jour 2-kernel terms. The general idea is that divergent subintegrations
cacel in each order of kernel count. BED do it for n-kernel piece, I did it for
2-kernel piece. I dont really have it down rigorously , but I get the main ideas.

15. Summary of the 553 Tenorm program.

Here I redo what I did in 7 above. There are really only three ingreidénts
called A,B,C. There is then a general algorithm for computing everything in
the theory to any order you want; remormed and bare objects, Z's, y everything.

_16. Here I applied the algorithm in lowest order and was able to duplicate my earlier
results. I think its in the bag now.

17. Discussion of renormed graph expansion and counterterm phiblosophy.



(:, Gomment: In the following discussion, all quantities will be un-rencrmalized, with the
exception of the 4th order self-energy itself which I will uie in its renormed form.

There will be three different constants Z; there is no Ward dentity to reduce this
number of constants.

0 = - 2z
F(S'F'q = Zﬂ ‘>\u )-.;, = Z\q . }\

In order for the theory to renormalize correctly, I anticipate this relation between
the various Z 's:

Y )&Eﬁ'ﬁ‘“\h > N- %% % #\21*222_;\

o 2. _Compute vertex through third-order, get Zs.
0 3|
PERE = Yo + Yo [Fﬂmﬁ-*-#(hmﬂ] = —< * {
= 'k,\_\4¥‘i:(Fiﬂnf\'+‘¥iPIy3]
=\ 12

5 Dg o= )+ (Fonx ‘?(S\pﬁ)

—B—- = ++J{—<%— = 'éru"m-h--!,-_- —{ r—
~, " AN + ( =) ] B0 A\ 0
- °21(?1) = 3+ % | BN Q(f'}l E ]

-\ [ N
B s Z, -\- 4% LEM+~::(1-})1

Here, second-order mass counterterm was adjusted to kill the quadradic divergence A.
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L._Compute_renromalized second-order_self energy
O P oFe) = ANa) 0 ) =xf-oW)
1 — g(w) .
|3 “ A o ~ 2 z.ba + L
Ta=A =  >=xX+0) = STE)= N ()

This shows that the second-order renormalized self-energy is finite when expressed in
terms of the renormalized coupling constant, because function C(pg) is finite.

— o e e e S RS S W R e e e e o e e S

Basically there are three terms here: you can feed back the second-order correction
into either propagastor, and you can feed-back the vertex correction. The propagator
in second-order is given by:

o o
D (ﬁ- = \ 5 = \
- HNZ ) (=) (=R (B et))y

= D) 4+ EnTRRN th‘)]“DW(.{’L).

(:, (eraﬁﬁmnp Ot
0y o . g Y t o
02:“ J@-\ = + )ﬁ%&k Dh}(k") E"‘i}k.[&iml\-‘c Ci\eﬂiﬂb(ﬁ )t QSW“J‘“)
TR 1% “D“"’(Q fg"'h Y {ﬁ; [I/_F,Q: N+ '?'f{ﬂyg f)_ﬁ

P AR ¢

R § AR ) B+ (1
N )‘L EA&.R‘F (Pl_ml) [?J-._j-\r“"* c"(flﬂs + et (4}

These last two integrals are what you get including first ﬂfk'E) and second £(.,.,.).
I am assuming that the functions C and f don't change the UV behavior of these integrals
so they look roughly the same, in UV, as the raw integral.

We should comment on the various divergences. ThHe second-order propagator correction
which we dre feeding back already includes the effect of the second-order mass
counterterm. That is why the propagator correction has pele also at p2=m“. Then the
overall loop integration in_the first term generates new quadradic and log divergences.

O In particular, we get a 1-:32 term arising from the feedback log and the overall log.

Now we adjust theilth order mass counterterm to kill all divergent constants.

Thus:

=+

ek

=

(4)

T = D@ Banee] + Gon« o 3*““*L3§ “
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6.Compute renormalized Lth-order self-energy . We'do this using the general formula
given back In 4. Now however we have %o nclide the integaction of the second-order

denc-m with the second-order numerator which gives. extra Ath order:
C:, 4]

i D = = Yo { (%‘Eﬂﬂuhﬁ L) + DG + bczgi})-g % ?A(;(.f)} n

L= 3% RN +Q(u‘\1

= 0 O
Y= 1N i (1B+3’F‘351Mh BR(f) + 20€ 4260, +(BRAIA +UW) )ac ' )i

!

+ Yo f [3&-\-;:.'?3_%\.- ac(f) + 220 (Y 2oC (f) Q_(u")ﬂt‘_{?‘)g
L

'l.t“‘l ™ L . -
= E @) = £RAE®) 4 4k GERRLA )+ N (i)

Now do your charge renormalization to get rid of divergences:

4 > " 4 [ased ~Z
WD AL SN Rt P o= TN o W

\.__—\,..--..._.

O Do+ EN +o
DRLDN €.

2 T§] -\
5 2 (}3 = 4 2‘,*;\ ety 4 + N (3R4t) Auhoetet) + N (M) + o ()

) .
- %ibc‘(iﬂ-j - -'1-12: ;&Ac{ﬁ.'-)+lll.):l(3a,+1{-')_ﬁ_hr\.¢¢@1):k J‘_%z\-!t(.

=\ () 2 T 2
= N(2B+2F) W + N .
> 2y lf('a +2F) -é»JG-

=5 -:b]= = Y G:.Bﬂi)&m -+ }L‘-W)

So, ifv in fact 2, has a divergent part as shown here, you will achieve your goal of
obtaining a Iinité L-th order self energy!!!

— e e e e e EE— T o R R S S MR S M e e S o e

@, 2: = 2;2; - ‘2:&2 (‘.—32;13), (+1)) = ..325 N 12“’)
_ 32#: o [ BLAN -+ QW )]i A g?- N [FN +--§‘(5»rh31§
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L a ' |
n_ 1-Y% (%B +§F).Qm'\,,a- - (2 e+ ?—tsw))

It agrees, except for the factor-of-2 discrepancy in the F term as indicated by the
ArTONS. -

(a) the term F in the third correction term for the L4th order self energy represents
the divergent subintegration on the right side. Somehow I havé neglected te display
the divergent subintegration on the left side: This is somehow still contained in
the f integration.

. In other words, I am guessing now that my form for the f integral is wrong,
and in fact looks like this:

Sm D700 D) $C )

- B AR ([ Bah el & Ak« PO Tt

Ie, f has some pinch or something in it which generates this extra term which in effect
doubles the weight of F in the self energy. Then if you follow the red ink 2's I have
put in, things work out consistently and I have finally been able to produce a finite
Lth order self-energy.
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So, this "c’:gtrgs counterterm method” wurks fine. fim;l_lyl In t.his nethnd, mrything
———— )

[ NUR——

18 expresaad in powers of % rathnr t.han }\b r:lxh‘l'.r from the. bag;lnntns That was the
advantsge I was ﬂﬁmﬁﬁﬂml‘ﬁp@ng for. BHill it,; f;mry convepient to make use
e b e - s i s it sl
ca]:gullt!:og
ﬂ“mﬁ’m earlier mistake that kept wrecking thi;_caul_atlon'ﬂ Tkept
g&igg;; renormalized Lth order aalr-em«b that _depended on the cutaﬂ. My main
- nist.akg ‘was vrit.t; uth:_frrejl_:a aubtl-t.y. I was fﬁlﬂﬁtu fully expose a diﬁrgnma, N

80 I Ice.pt. gat,ﬂg an mcaﬂcaliedf F log \ t.gr-. Recall how the B lugj\_ tarm "aid

e — = -

alwa;ra ;mﬂ,n Knother ni.st.aka I made was laa\ring out the Dyson 1/2, but T donjt_ w
‘I:.hlt. ns much of an error, cmﬂd hava! beamhsorhad intn t.he ﬂk m‘bol h.ﬂ: now I am

s.lwnra showing the Dyson 1/2 factor explicitly. o
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Comments: as far as I can tell, the only missing ingradiums i n this prauf of the
renortalizeability ‘of > theory.in d=6, is the r.ch'r.ha\, I hm not yet pi-aﬁn that
LhE ﬂaiif—:,enei‘g 1m,;g,@;;§§d noas 1ok &ﬁﬂilé,l\ aim-:{gngps.j_acm that yau.at afe"
aupﬁq;iﬂ to, fin& no, difﬁfgqﬁqns 4n -gach orders:: T hdve nxglipitlx uhﬂulifhi% 1# Lth
ordtqzlggglih;! ﬂauﬁagtritinn‘inrhl1§g~??a quflab prpﬁgp¢1crvﬁlally In uﬁhar nonds.
it remains for me to show that the logs in zs magically cancel against the logs in
delta h, as they did in the Lth order case.

Lets suppose I can prove this. Then am I done? Conveniently, it i: relatively
easy to see how the divergences go away t?hen you iterate up your vertex functioen.

There was no no overlap in that equation, that's why it was easier.

vl

Lock at the overall procedure. Yes, the only missing piece is to show that the self-
energy is finite to any order.



___ _How you get powers of log's in the vertex ‘U (3,08 0), . . . -

_ o 1. First, we must be careful about the notation uded for renormalizing objects. )

I propose this:

e P(LMJ_&)_Z@. Ty Ny

uhh-l. >~"' _zs_}so. In.nthnr_mtda,_thl,fnnct.iml_tnrlatallmamlized.._m_.

—-- -objects is defined to automatically. ha_a..fmct.iqn_ﬂt_tln_nu harge. As for 2 2,
-~ - Yyou.can write them.in either of two ways: e

e D= 20O 8 = 2Oy m\

— - TIe,-when I am thinking of a Z. aa_hnmg_nxpmdeijlthujam charge, I_Hill_pnt._a_ha.r_
. —--_over-it-because wmmmmw '

— 2. Wow I6ts TeVIsW ouE mwmmﬂ*emaﬂbm We foundy

___ = % +_;\,L‘£‘Q1DOE)L5)M Yy L

IR PR R A W (N S IO A ERS

You assume you la know finite renormalized objects in the integrand as series in X, so

 the only singularity arising from t.he integral is the overall log. Thus write:

We have already noted how this relation lets you iterate to cmpute the 1 rennrmed

vertex to one higher order iﬂ‘}. and no di:vefgences are introduced.

— _.—-v.-..u-..--_.. = ———— _—

restate the above equat.ima in tum of t.hur bare ;:ﬁlrga. l-a‘l:.s St-udjl' 35 d:Lrst. :

P S - P T

__‘g:ﬁzn,x) AT e T (7 D n. Yoo

Hotice this fact.: whan Zg is expraused in terms of My _the only power of (lnﬁ..} you ever

- get ia ﬂrst. pum, no ‘matter to what ﬂxder ;rr.:ru ccnpute. But Hhurn dealing_ with Zg(_‘m‘;
- o you will get. a pol;momial in (ln)'ﬂ if :fou conpute 1;.0 a finite nrdar. Lut.s do it:

ERr e
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4. Tets compute Z Zg %o fourth order hc-'bh ways.
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__ma_pnint_tmm_u_tbm ir you invert Zg, it has the sm gmsral :t‘m:-_n as a se‘.ries,

_______ gmm_zhe_pgmm in 1nA are now difff‘_’?? wﬂﬁ. Their dngree is t.ha B
___sm_aa_hurm,. So. _Gﬂmuth the discussion started on top of last page!

*—"_'_" j@é}f_:_, T 005 _E_i;,,_,,__ N -

' - RV (O PN TR W Em}] N

= Megmaa) “‘\’ NG LN T o

R _\bu;_x:._ - .. _— e e

=]

TN = e =

"?( h;)

D Here T am uhnﬁn&*ﬁoﬂ_’ﬁhﬂ i_ngq terms arise. A subintegration has a 1og uhich than

e am Wi gpemen S

multiplies the mrerali 1nﬂp with the suhintagrat.im shrunk to a point. “lhe ﬂerall

- Bap— e smemveemeer el s e pmels

lnop Elso lakzea a 105. s0 you get. 105 in each case shown sbove. Then the ﬂnit.e part

-I---.—-.-.- R

of each suhﬁntagrat.im yiulda rinit.u + lng from the mrall loop. Thua you see

—l--l-—T' i v eli §masar e v 2 et P e T R e T

o axaq:l;ly how the pol;mouiﬁ-of Jégreé 2 is nr:lain,g in 35 cmput.ed te 5th order.

— ot Sy e o i o i o i s o g o g B omspmeeme s —

(;\,

— ——eaee - “k '@/\\ III—graf:Ea of this type make pol;mom.tal in In
i vAN\ vk L3 of degru 7. Qubmtqutions are either nested
W* - or disjoint. |




I am finall_ly;start.ing to undarstmd how this ranomlintion stuff wnrks« o
I have not yet worked through the self-energy stuff ainea it is more cmpl:l.catad, but

e N amE e T o e omRm anf AR T by YR e P e ST T St T T T T T T T R ey

_ t-hure iu mh that I can a.'l.readr say ,juat. from the #rtex analysis.

- . -

Gunaid,er ‘he_task of computing Z; the 5th order ¢ contribution, To do this

e e L L e e

order ﬂg@ cmta thal. Fur self-enurgy inseraicms, thn qudraﬂic diver;gnca is
ﬂwelhd by t._he mass counterterm inaeraim, _S0_you never Eat these. You _1ust.

e — e — --r-"‘i-ﬂ-ll‘-“._

— _50 J.ngad and compute things and you sut a pnl:mqnial of dm_p 2 in 1::51\ Thure is

Mw Just do it -
. On_the other hand, _suppose, you_ want to do t.hq _same t.h:l.ni_in t.ama of the

. I = o R LS

. zﬂqg]ﬂi@ﬂd chggg ie. computa Zg 1'.--::- fifth nrdur,__gy ‘Now the clnil 15 Jfou » Hill
_m].]:_ggj_}._qg_im overall integatiﬂp_ HD'H l:ln reu r.io this? Silt_ulm you Just

B mum g s JENE—— D

______d::n_nll_'j;b._mar_ _feynwan graphs, NOW. b mmk ab each wrt_u: in plic- of Ao =
o Thgn_m_gy_;_im isnlat.igg your verl;.ex inaaraicng_, overlapping or « dis;]oint. or . __

S - - e 1--.-_\..-.....,.‘-.--. - B e r e

rMﬂw.Mmﬂ eqmttan- you are to undérstna each, Jvertex
: the ‘piaetrio peint! For example, when you
, cmpute : 'ioninf};éfr ‘hhabp’mmdoirqgaﬁiuple
__and direct mﬁm which kills the log and takes f to ﬁ In turn, this obiject
R Mﬂmﬂmﬁmﬁﬁim on the right side in the generation
o2 D) _The idea then is simple: _for each vertex insertion you do one subtraction
_____nt._tha_sxmﬁ.rin_miml_muswat__:agh mnested sublevel the log is removed. o
e Actually, the discussion above h ] ollowing graphs:

A I
/I have not yet learned how to do the self-energy right, nor have

I shown that the rennrmalized K has no logs. Eg, uhat'. happuna

- wma

e e ey e L S— —

wit.h t.lll.a graphs:




xin So wheru u I?

o

-6-

"renormelizatien” rules which must accnupw the !‘emmn rulas. One of those rules

seems tn be:

e ——

anytime you see a siupla vertex inurtim. subtract t.hnt aubintegration,

T el

_and do so at the smtrie pn:l.nt.. this being the point “where [1 =1 to all orders.

Whan accnmmnied with the rest of the renorm rules (which I have yet to derire), you

can coimpute any amplitude to any finite order and get. a miqu- ‘and ﬂrﬁt.e rﬂault!t!

e

curtiinlj" cannot, ignﬂre ths moment graph?!

For example, suppose you wWere cunputing the anmlcrus ngnet.ic mnt r..-.f
the “electron" in . You really want to lmmr the vertex conputed to third um‘ler,

ie, the renomlim;!d vertex. You do so ang rau gut a finite result. Note that you

E‘rery graph still ::antri‘but-uu smst-hing

to the firﬂ.tre result!
ey
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How to show t.hag K _has no divargencea _1& t.he smm
{51-:11;1:1; for the t.riangle)

___L_.

1. I have nc-ticed t.ha_ai! does in fact conta:l.n suhdi?ergances. Hawmrer. tlwan are alwaya
due to vertex and self-energy insertions and K doss not have them as I will nnw show.
Prnpbably :bhis argmunt, could be phrased in terms of an intagral equatinrn, but T have

R

been, unable to write an integral equation ror K. waer, T do know the skeleton

,—"—_d——.—‘—-‘-—'u—-—-_—— T — . = T - e G - —

expension: m.....—:.:fi Y

o N g: r e (. _L_'.'":I = Mﬁ -

... I — __ __. _ \___(\ T'Q“) D@& Lzﬁ'ﬂ“ Ya D@\l

Now you Just Toek at the "shnpe of any term 111 t.tu skeleten axpansiun md ‘factor Bff ;
the Zf in t.he obv:inua wa:,r “and” :.rtm Hill get.: B R

SR 1 O I
_ =X o

Here you ges that the rennrnalim $ernel called K is a series 111 renormalized " and
D Since theae r:sb_‘]ects have no divergences, the onl;r dimrgencus in K are thuae that

eV TR T —

n:i.ght. arise :rrn:m mrerall lnnp inte;rati:una. Bnt power count shows that K has no such
direrg:uncea. mua, using the skaleton expanainn we. can in prim:ipl& compute K t.u any

———— e e

__order in )\ given axpresuinns for f' ‘and D.

2. Thia allnus us t.o inprm ocur former argument. aont:erning ng the v vertux. The enly missing

L= =

link is how you 1terat.e to show that s;lf—enargy is difergenca free. He have ‘already

|I"=- T e XaEILT T -

shnwn how to :lt-erat.e the ﬂrtax I‘ arui alao hmi t.o gdt and both are finite to any

e e

S — . CoMe - — = .
g B S «{,{:t_ﬁ = __T)=de + BCPID) = Y 2o+ LT Yp)
e

e [ _ , Y-
= DO)= 2ed+ F(PDIQa A=l) +E(Ry) 2y (D)
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- Thus T have at Ieast shown f&m—iﬁiﬁﬁm ‘ﬁi’ﬁ?‘l&p‘“&m"}‘i&' which—
' _oceur ~at the left vertex, then the mm 'Self energy m“:'?é’l:. hﬁt‘.‘ be” rinite,  What I would

“now 1ike to show i-; that if yc :,rau mww the renorﬁﬂ
~ self-energy is In fact finite. —— - -




;]ust Fe}'tlman grﬁq:!hﬂ.r Ie, t.he;r have baen ir':Lt‘..lerrmall;q.'r Eubtract.e{i S0 onl;]r finite part
remains. The karnal in t.he third graph is so simple ‘that subtract.ian makes no
. _g:lirference. These graphs all come in the ana-kernel classiricat.ion catm

= B —

2. Lets lunk fur pussible di'lmrgent. subint&grations which -:armnt ba t.a.mad hy overall

m:ht.rar,:t.inn because these are the only trhinEE t-hat. nan get us.. The _combination integral
1 lg nhviﬂualz can be overall subtraction-tamed, so we need only consider 1, and 1,

—..  .__separately. But symmetry then says we need only examine the 14 integration.

o so we consider the other t.wo t.ﬁrms. Basically what happens is this: Mrggmg_
6 N at the left end cancels between these two terms leaving you OK. Writes

T Soow +§Sm%vp

o _Lg,LS.%pn} = 25)DD) £ \PDKDD — \odro0
(R0 (29 ) Q) @) -

- SN, 5 Py S

_Here you can see exa-::t.ly what. happens. The subtraction term inside term 2, called

~_ here {2&}, is ne problem because it is log times the Born loep and can thus be )
cleared by an overall subtraction. TIt. is the o?her piei:e of the second term which
contains the problem. This other piece is exactly the bar graph which does contain
the undepired. divargent suhintegrat.iﬂn. But this graph and thus its dangerous

divergent subintegration, is exactly cancelled by the third term!

(i = dowgpans. m_jwknﬂif&k\

E_#ALGIMMMMME Zs tirnﬁs_ﬂam_lanp_is noi-.,jnst..#cmat.anLthat.
e Can be removed by overall subtraction. The point is_that an overall subtraction would
_____ ——Temave the log mnmwwmmh&.ia&mMJhm_mu




O 1. The instruetion is to add three graphs as discussed on the last sheet:

La—feD—
&
1{25[-0—}4&- -(D—l +t{ D¢ -0 + —m‘i —ﬁ -*:IFE = QA% \_{:G--K + D
Because of the way that.pﬁ is defined, the terms in this equation are actually second-
order in the coupling constant. As will be shown below, the second-order part of Zg
is negative. The 225 x BornLoop sitting there will exactly cancel the two divergent

subint.egratinns on the two sides and you are then left with just t.he overall divergence
which then is removed by your overall subtraction! In fact:

o= \-1NMFEOR = - _"\T “\ N LEt+ Fspd)

1D = t{‘ \1?‘51&5.- 15_“@"“1 - AER_-’F E.%" t)(%akh._-%:(_‘b{?“))\

L=

A O T = 2 (20 T 42 )(-0) + 4¥ Lu:m\?ﬂ A
s T ST = = RO (Fomt Bl 40 (fon) ( Badat + ()

Well, I see how the divergent subintegrations cancel out in the result for the
unsubtracted self-energy. But what is this object in my notation? I should go back
and construct the self-energy equation in my own notation:

2 B o . ‘
gﬂmﬂf\)ﬂ%\«t-\}ﬁ 25‘2;%3&.-@"{3-? /D}? OusL A Mw}h\oﬁxni\@
= X+ 1) T ook

5 (P =+ i;&&t%&kﬁ-b-ﬁfﬁ B N R Y hbf}
‘-._.___-—-—-_-__—'-.\r__,_,_.—-—'_
el 4 (wt) ]'_siugl

o S = Ya- D) = B WX R
= TG = MEW
Q "SL} 2;22(?* = Rubw ﬁiﬂk\fﬁw’ﬁ—t{ S&hb&fﬁwmnﬁl
= Tt




2. So when you subtract this object you don't expect to get something finite. Its
only after you factor off the pz—mg factor and then subtract that result should
be finite. In BD this factor is the q Q' tensor thing, and there is no constant
to worry about because gauge invariance blocks mass renormalization. So here is

a way I can write my thing:

0 DO = @)= Ko () NG

Do BEEHY = F-wIRE) = _a8CY - W)

g -+
QD II'HMIAL»Q.. ENA.U&-L

30 = W@ -NeD\Y

uhans HGEY = £ -8

?L _ "‘q"rl,?"

uhwaas. £EM = 11\&- Toob - ﬁ%&k&hﬁﬁbﬁ}%biﬁ

{l

3. This is now very nice. I now understand that the expression E[pz} =E 1is
devoid of those divergent subintegrations. Thus, you see by writing it in the
other way with 25 that the divergences arising when the lines on the right of

the asymmetric loop are slid to the left, these divergences must be exactly
cancelled by the leading 25 factor. Thus, the quantity E contains only "overall™
divergences. These overall divergences are of the quandratic and log variety. When
you do your first subtraction to make E{pz}—E{m?], the quadratic divergences go
away because they only appear in cunstanis. Then you divide through by the pole,

and finally you resubtract. In this second subtraction the log divergences go away!
The result is finitel!!!!




ion E( 2} So:
1. The first task is to compute what I have called the express p ).
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(sixth order, page 2) Mo, ook ol Yerma t- GS T
S’hﬂ-‘* mw\-u-&t

2. Once you accept that E has no divergent subintegratigns, you see why the calculation
gives a finite result: namely, by direct power counting each integral gives a term

O of the usual form: const I + [pz 2}[ B logL + G(pz)] since D=2. The constant
goes away in the first subtraction, then the inside lng goes away in the aecond
subtraction, and you get a finite result. Remember that each insertion (Hi'l:.h box
around it in figure) contains no logs becuase it is a renormalized object. If a
vertex insertion, then it is directly subtracted before it goes into the graph. If
its a lower order salf—energy insertion, the thing inserted is the finite result of
the lower order cahcultion.

3. The fourth order wvertex belongs either to the one or two kernel expansion terms.
I think itis correct to completely cancel that c-verall factor of 4 and l:hange K to
K' because a twist can always be undone to give a term already present. So, lets

now cuns‘:t.ruct the second and fourth order kemmels first:

- 1 dueqa Mnedd wadnde - &

ks

O % @/# T

o, T~

apdM

- S a Gl R R
25 - CPHFT - —ar
D

L. Now lets examine the overlapping divergence business and try to see why there are
no divergent subintegrations floating around here. First, the basic inst.ruction is
to classify all éth order contributions according tn the number of l-.:ernels involved.

N e

Te this order, that number can be 0,1 or 2 and no more.
First lets deal with the single kernel contributions:

@+ D = b e ggla = fod e
° \[Z;D ;%\q - &_C}l +%MK e
—_@7 —@)—




(sixcth order, page 3)

This extra term we just got will then cancel against the single~kernel part of the
second term, leaving us with this overall result in the single-kernel sector: 25
times a dressed Born Loop. But this object obvicusly has no overlap problems and becomes
finite after the instructions: subtfact, divide by pole, subtract again. The overlap
proplematic part of the first tarm1ﬁﬂmpletaly cancelled with the second term, just
as happened in the simpler 4th order case.

So much for the single-kernel contributions. The zero kernel ones are st
once no problem because they are already in the dressed Born loop form, so to speak.

The real test ix to deal with the 2-kernel contributions.



’The reason fer thie is very einple and can be illuetreted Hlth a few examples.

L

. - T B R
Theorem: The divergence arising from a subintegration cannot -be removed by an
. everall euhtreetlen on your Fegnmnn graph _unless the euhintegratien tiee to all

TR

the external linee. -

Lrm ey o dd e o A 4 + et - rn “F e Ao Ras S

-

2 %t @

i I R

Baaicatiy the:idaa 1e thle: when yeu epeak of en everall subtraction en £he Feynman
7 B
graph, yeu are referring to subtracting a divergent eenetent. Te in anntégrall

P v mAn 1--.-‘4-. -,d--."..t

-r
sﬁhtraetien yeu can nnly rémove eemething which is independent of the externel

ey

memente. The eharaeterietie of a dlvergent eubintegretian | which ie detaehei from
. - e e mme s doey P Y

some of the external momernta is that its contribution to the ovérall graph is

dependent on the momenta which were not touched.

For example, consider this graph:

5
g i ds
= Q:}.w w&’) * 1 '
Ay
ot
K-

Here I have picked out a certain subintegration which we shall presume is divergent.
Lets take most optimistic case, ie, that the cemz divergence of this euhintegretien
is just a constant (as has often been the case, maybe is always the wase). Obviously
this divergent constant is going to get multiplied by the "reduced™ graph shown in
the 'nraciéﬁ and clearly this thing is going to depende on those momenta! Thus, such
a divergent term could not be removed by an overall subtraction.

Here is another example":

5
\ \
= (&b k) X 2,
.
> - N

Sp)

If your selected divergent subgraph misses even one external momenum, as in this
example, the funection multiplying the eenetant will be a runetien of that momentum
and thus eennet be removed by an everall eenetant.

Cn the other hand, if your subgraph touches all the external meemta. the
"reduced” graph in that case is just a dot with all lines teuehing, which ie to say
it is a constant; such a divergente then could be removed hy overall subtreetiun.



Relevance of this theorem:

% > PR 4 an

i 4

In the ;reafé o§ finiteness of varous objects in BD; you often are dealing
with cbjects having D=0 which can be reduced to D=-1 by an‘ﬁvarall subffﬁctiﬂn.

The pruof alwayﬂ requires yuu to show that there are no aubintegratians which diverge
which fail tu mﬁke contact with all the axternal particles. If thare were a D=0
suhintegratinn of this type, you uquld be in trnuble because it would be a log

that could nat be.réhavgﬂ hy an avarall aqhtracticn, and your prufof that F1, eg,
was finite would fail.i N .

Se& fcotnﬂte ﬂn page 329 fnr nonflrmatlon of this thecrem. ..

1 L

+
-
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Pooof that the self-anersz is finite.

1. First I considered the fourth order slef-energy and then started considering the
sixth order, but now this does not seem the right way to go. The significﬁﬁt quantity
is not the "order™ but rather the "kernel number"™ of the self-energy. The idea is to
prove finiteness for each kernel-number sector, regradless of the order. Of course

any order, such as the é6th order, can be decnm#csed into sum of 0,1 and 2 kernel
contributions. I have already verified the finiteness of the 0 and 1st kemnel number
sectors. Here I will show how it works for 2-kernels. The arguments here could of course
be specialized to that portion of the sixth order slef-energy, but no need to do sc.

2. Lets stick with the nntation of BD, except I plan to change a few signs. The notation
I am referring to is on page 337 of BD and refers to the finite part of integrals. The

net result is an iteration for the finite functiuns of the vertex by “kernelunumher; |
rather than by specific order. With my chnice uf signa, here is what you have:

3 ]\1 C’b"& - \\.(Lﬂﬁ + !\ﬁ-“} Qkx\': l_ﬂ
= \* 2 N\
AR S W

L=

The first line just says: due to power counting, Li+1 will be the constant divergent
term in the integral, quandratic plus log; and A  will be a function that vanishes
at the symmetric point, due to norm condition as shown below. Thru this iteraction
we generate an expression for 25 and for the finite vertex to order n in kernel
count. If you are interested in a certain finite order of perturbation theory, then
you will only have to go up to a finite number of kernels, so no problem.

3. Lets derive the above equations to make sure we know what we are doing:

"ﬁ = ‘25’ - Eﬁ:D‘DK /S"l 3 o) \ D\-ﬂ'ﬁ"*
= Ta= Y+ Jueek < QL) CAG = T
Ly + Ay

Y AGrIEO, bun wde L ADAG+ AG) = o+ Allp)
Q‘_JDG!AMW— L"\ I\-.l CQ-D%/M 2 Aq_{ﬂ-w}-—ﬁ. M

Ly
Tobry= 14 = Ye=\-\,



(page 3, finiteness proof)

Now you see exactly when the n-kernel contribution to the vertex (renormed) is:
1]

o .

L!] Oy A P
e FOLTFOL T

T‘{‘?} _ = = _ f\a |

You can now see precisely the operational rule for computing this finite object.
Start at the innernmost nested level, do the innermost integration and throw away
the divergent part, keep the finite part called A (throw out L;). Then move up

to the next nest and do the next integral. Throw out L, but keep the finite part

ﬂl, Finally, go to the outermost level. Throw out LB but keep the finitﬁ part.
Thus, I know exactly how to compute the n-kermel finite vertex function.as a certain
operation on the kernel. Of course to know the answer, I héfe to know the kernel,
and the propagator, since that is in there also. Ie, I have to have an expression
for the finite kernel remermed and finite propagator renormed. '

L. Now lets return to our task of examining the "expression E" to see if there

o are any divergent subintegrations. The claim is that there are not any.
i} ._E S
EGYY = MDD + DDA + A TOA, e B oo
L. E
~ A/DDKOD  ~ ToKDA, © @ SO o

ok dae wl A, o A, M.Q;.Eﬁ' st Dhsax ans OK

3y udearadnen . Do
M: i i _E‘- {—jg
exp = DDA, — DDKDDA,

V& A= -~ 420 KODA, s
4
o =~y DD bmy/n"m— anp{nnt = =L, = —LL&%Z)—l.

Here we are examining the 1, subintegration to see if there are any dangerous
o divergences which cannot be tamed by the routine proceess of subtractions. The discussion

of this result in BD appears on page 340 below equation (19.79). Our result here is L,



( page 4, finiteness proof)

times a Born loop deal which contains the 1, integration. Our question is: is this
a worrisome divergent subintegration? The answer is no: it starts out as D=2, but
lowers tb D=0 when we factor out the {p -1 } factor, and finally drops to D=-1 when
we subtract. The fact that L, is a divergent censtant does not matter because I2
arose from integrating over those other variables 1, and 13.

Sc as far as the 1; integration is concerned, it does not represent a dangerous
divergent subintegration in E. You can see, however, that in those two terms which
cancelled, in each of those terms 11 was a bad subgraph causing a divergence. But
they cancelled. This iks what usually happens, there is a cancellation between

the two major terms of E.

Analysis of the 13 integration is similar by symmetry so forget it.

1o integration. This is different and so must bed considered:
I J-\. Qe
QY = ATDA, — A, DDKDD — DD KIBA,

Uk 9% A= - L+ DOK Yoo
N
&f = {\— L, QDA ~ bﬁj%ﬁh\ ADDEDD ~ BBZD/D/'R
'&.\.u
= =\ mh( L ko) — (o Do) DOKDD
= £+ %0 - L, ??tm 4L, OpkDD — ODKDOKED

< - HD — oowobdked - Lo

]{m:@#

Consider the first term. The divergent constant L12 comes from the ll and 13 int's
and thus does not count. The born lcop object then has D=-1 and is thus OK. As
for the second term, the 12 loop there has 6-2-2-2-2 = -2, just as for K itself,

and is thus no problem. Thus, there axmxwmm is no problem aasﬂciated_with the 1,.

1 12 auhinteg;ation. Here we go once again:

1 Ao A

= =L DD + AODA —ADDKDD = —& DY ~(A,DD) L

ADD (A~ kDD

9 ol T N Y
= -, - ALY = O, — @‘#}—\{

ol



(page 5, finiteness proof )

As discussed on the top of page 341, each of these terms is no problem. The second
term is really an overall subtraction type term, you can ignore L; since it comes from
13. The first term is trickier since part of the inLegration is in the constant.
Cbviously, I could refnnmulate these ideas in a clearer way, because in a
subintegration search you are really suppused to hold certain vairalbes fixad, This
means you really should go through and undo parts of integrations etc to see what the
result is. Such an abalysis would then yield the naive couting rules we have been

using here.
S0 I can then consider the 1113 integration and get a similar finite result.

Potential problems always cancel between the two main terms!



he ization program of the .

o 1. The claim is that you can compute any of the basic rencrmalized objects to any
finite order and you will get scmething that is finite, if you follow thrnugh with
the simple "multiplicative" renorm program. Lets review how this works. First,
there are certain important integral equations which describe the theory. They are:

A\mﬂﬁm ey - Eﬁ} { }

| ) E-wt] D] 1- 'Zwﬂl
g 19,00 < (07 2 *
B) allovanps dugen -
~ Cn1] [l R
G = %W =H(~H
=y
et WG 2 E(m _ E(w)
-, E,} n il gl )
A - ATy
e EL (\?1'} _ . L <] ] T}y
L e B g
Dy =S eey |
- - \im\@ loslod .
v ~N-EwY)- Q?;;

vy Ol Tnt2)
J%D&q—: {hﬁ@a) Em\‘ KM?S — i-Et-.: Hmj s g N “J 23 | N g

Q) aksSad axponsiong %= - *I D CA

L
V] -Qn’h}\ :Y\EM.L Eélhz 4,936 ... ".E"l.

O



o FETWN

-2 -

2. Here then is the exact algorithm for computing this theory to any order:
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Working paper on: a problem on the counterterm interpeetation of renormalization.

1. I know that the propagator D can be rendered finite by simply multiplying it by

the proper constant. I also know, according to VEVIOP idea, that this same operation

can be caused by a simple rescaling of the field. But I also know that a rescaling

of the field in any lagrangian (including couplinis) can be accomplished by adding

the right counterterms to the lagrangian. There fore, ocne concludes that the renormalizatic:
of the propagator can be "impletmenked™ by adding counterterms to the lagrangina.

Morevover, this argument applies to any n-point Greens Function, and I think I can

extend it to any IPI proper function too.

2. My problem is this: to show in low order perturbation theory exactly how this
works for the propagator. This means I have to show something about the self-energy.
Here is where I am confused: I dont know quite what I want to show. This is where I
take up the problem.

3. Comment: consider the relation D()\) = 23_1(h} D°(\s). Suppose you are interested

in the "second-order” part of D, ie, the part which is nrdar}E'- There are two contributions
to thié quantity: first, the 2-vertex graph in D° contributes, but also the zero-vertex
graph contributes when you include the ewder)% term in 234 Similarly, the renormed
second-prder self emergy gets a contribution from the obvious 2-vertex graph, but

it also gets a contribution via Z from the zero-vertex graph.

Here is another way to say it I think: the residue of the renormalized, bare
propagator is not 1 but is 23"1 which is a polynomial in A. Thus, the "bare propagator®
ie the zero-vertex "“graph" actually con tributes in all orders!!!! Of course the
residue of the dressed, renormed propagator is 1.

Thus, if you are computing the "second-order self energy", you should include
contributions from the 2-vertex graph and the O-vertex graph. In general, n-th order
self-energy will show contributions from all lower graphs because of the Z's!!!!!



Hypothesis: how to do "renormalized feynman graphs"

1. We know that the various Greens Functions can be rendered finite by rescaling the
fields and by also redefining the coupling constant. Ie, replace #° vy z;;‘ )

then define your greens functions as VEVIOP's in the new fields: they will be finite

when expressed in terms of A , so you also get rid of )\, by replacing it with 2523'3f2)\.
Thus:

-t ~3a

D= ¢88) = DN = 23,09 Do (Be= 2> ).

2. Suppose we make exactly these replacements starting from the bare lagrangian:
. , . 5
L= 1GIFT-g)+ 24 + 13w 4
L
=+ % (¥ d )+ () ¢+ ow 1§
31

Here I have simply rewritten the lagrangin, making the above substitutions. Now lets
read off the feynman rules of this new lagrangian:

e
]

N

P

\T/ = @5\\ = \sant wankay

= laona Mu&m

Of course I know that the dressed propagator is finite, as is the dressed vertex. Lets
compute these things in lowest few orders and see if you really do get finite results:

tw, : —@—o = ”1} = A = o
Y -

iR

s e - 1% O e
- 2":‘}“11 =)+ @TMBL ﬁ: '%S_ﬁ N () (B cir‘l P
= =5 N TR\ ) 4N AR (R (0 - A
= $N o) (¢-w)
X




We get the right answer! Notice that it is crucial to pick up the second-order term

from the "bare" propagator graph, since it has residue 23-1- The singularities of this
graph cancel those arising from the loop integration in the Born Loop graph. Why

is this the renormalized self-ensrgy? Because that i1s supposed to be ®verything except
the term 1/(p?~n2). In fact, I think I can argue that this would be a method to calculate
23 second order: you put in the log to cancel the other log, and you put in the C{m?)

to get unit residue on the renormed D. Then 23 must be as I have it here. If you went

to 4Lth order, you would adjust the fourth order part of 23 so that it cancelled all

logs created by the higher graphs, and so residue is reset to 1 in that order too.

In fact I'm pretty sure this will work exactly. Lets look next at the vertex:

_@E') _ (3?0 . {Qf}ﬁ-ij LFJAI\""FS;*(F;I}‘}
~« -

3 T ERA JT.%*(;-,-\)} 4+ W [+ S )

= ).1‘ -ﬂ'q’*(f”)

Again we get the correct answer: in fact, we could use this to compute Zg+ The requirements
an.35 are that you cancel the log and that the third-order term vanishes at the sym point.
So, by playing back and forth betw&en these two equations you should he
able to compute the finite vertex or self energy to any corder you want, and now it is
a direct graphical expansion! I have played with the fourth -order self energy and
it seems to work. You then have to adjust 33{'") so that 3'(m?) = 0, ie, unit residue.
This time all the fancy double logs cancel, etc.

Certainly this is now the way togo to prove finiteness etc, but its a
ressonable way to interpret thiﬁgs .

3. So, if the above is correct, here is what I have shown:
(a) if you rescale your fields and charge and think in terms of the new fields, then
the theory computed to any order is finite, all logs cancel.

(b) Another way to say it is this: start with a bare lagrangian but write in in #ith
@. Observe that propagator computed from this lagrangian has logs. Now add counterte
(kinetic, charge and mass) to get the seconline lagrangian on previous page, still f.
By thus changing the lagrangian, the new propagator is finite! Thus, by adding coun

terms of the form of those already present, you rendered it finite. In this view, you
dont speak of any field ﬁn. So this is the famous "counter-term implementation®.



l,. More on counterterms. Notice that we have three counterterms to play with.
Basically, we adjust the mass counterterm to get pole to be at chosen mz. We choose
the 33 kinetiec counterterm to get the pole to have unit_rasiduﬂ. We choose the
Zg counterterm to get the charge to be the chosen value N . The freedom to play
with the three independent counterterms is the freedom to set mass, residuenp a
and charge to whatever you please.

Of course you should realize that,Feg, the Lth order 25 will depend on the

sgecond-order 25 and 23 and maybe mass counterterm alsc. The stmucture interweaves

all lower constnats into the higher order ones, as you would expect.
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Analysis of ﬁl" theory in d=j4. ' WAL

o This theory is almost the same as ﬁa in d=6 which I have already done. But lets go thru
each step to make sure nothing is hiding.

1. Propagator: Defined in same way. The only difference between this . and ]‘.353 is the
appearance of the self energy graph: the functional form is just the same. Thus:

‘i@'ﬂf’) =0 = o= =~ (o M)

i( 9 =0l =) Q_; = 1—°§.L(?‘=y‘a, ém‘h)
26 = Dy X_”%_t(t*‘ﬁ —"%ﬁ(ﬁﬂ

Dim{.?t> = S -+ —EL 31%

L wet + (pwt) TR o))

= anst

f'\ JUN
Hotice by the way, that whether or not we start with the bare mass m,» we always include
a mass counterterm. If you are going to allow rescaling D (ie, allow counterterms) then
o you might as well allow a mass counterterm nc matter what. The leaf graph is a constant

so can be ignored. The other graph has same form as 953 loop in d=b,.

e

2. Vertex: 25 is defined in the same way, but there will be a difference in the
charge relationship: \ ! S :
. o - o -—
25 = LOO \T‘: Dq F‘\ \
As
Ly ™ e _"l
(23 ()q*"‘ = A=\ = x=T=Z M) = 25 W%

BN

K e J B e
Ny i_Flnh"'t%{f;.-.ﬂ

o By the way, odd n-point functions do not exist in this theory, easy to show.

3. Kernel : rule out 1 particle horizonal; two ruled out since cant exist; also rule

out three! So:



K Qurmmnk) = —0— « —H—

A T Sowe Skl oxy.
o — ij Y B - #Q; G (fy o0y, = K)
. Self-Ener son equati :
B - e 4 jﬁ_ + X b o 3t Sl

R R Y LE:E ~ A ;,,X“u"m“is“?

ceat
— ande &+ N 2, 225 H\DQQTE «
T —
= £(p%).
Again, this result is very close to ESB theory, just an extra D in there. This fact
is compensated by the different charge conditicn of course. Once reduced to function

E(pz), this equation is exactly same as Ef3 , so all the remaining self-energy equaticns
O there apply here, in particular, the double subbraction idea to get renormed SE.

IR = 2 s

T =% + \TUOTK,
= ﬁ:- 25 A —h%?@m‘\;}\(e‘l /EM|_

5. Vertex Equation,

it

- - S B = e ey

Since the equations are so nearly the same as ﬁfB in d=6, I feel certain that the
iterative proof of finiteness works in the same way. There is really not much new

: o here.






Depth = 3200 hgfcﬁz

Theta, in the center of the bin, ranges from 46.25° to 66.75° in

Multiplicity = 1
Intensity

Error

n
[ ]

Multiplicity
Intensity

-Error

n
L5

Multiplicity
Intensity
Error .142-06
Multiplicity = 4
Intensity

Error

Multiplicity 5
Multiplicity 6
Multiplicity 7

Average angle = 57.5°

©

-

LY

.231-03

.106-04

.307-05

.895-06

.216-06

.156-06

.133-06
« 730-07

Average

Average

. 247-03

.971-05

.421-05

.642-06

.460-06

.116-06

.163-06

.881-07

over all angles
over all angles

Average over all angles

. 264-03

.875-05

.433-05

.527-06

.544-06

126-06

.227-06

.645-07

.266-03

.677-05

.480-05

.571-06

.632-06
¥

.101-06

.242-06

.753-07

&

= 0.5 x 107/
= 0.4 x 107/
- 0.3 x 10

7

TABLE VII (continued)
Y

AN

-

L288-03 . 308-03 ,
.597-05  .521-05
LA61-05 . 437-05
L330-06  .390-06
L441-06 .514-06
.881-07 .753-07
)

J201-06  .168-06
L633-07 .466-07
+ .1 x ID'?
+.2x 1{]':Ir

+ .2 x 1077

2% degree binse

.320-03

.489]1-05

.422-05

.234-06

.423-06

.796-07

.235-06 .

.417-07

.332-03

.766-05

-418-05

LA67-06

.329-0@

-125-06

245-06.

.685-07

.353-03

.129-04

. 313-05

.746-06

.422-06

.187-06

L107-06
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Departure Point: Suriday March 11, 1979

T have been trying to understand exactly how you renormaliz/e a theory. I haVE
been working with the theory because it is the essiest, one field, one coupling,
do derivatvies, etc.

My problem is as follows: when I compute the renormaliz
theory, it still seems to depend on the cutoff. The renorm'ed self energy is given
by the difference of the unrenocrmed objects, divided by sométhing. Even if the log
cancels in the numerator, when you divide you are stuck with its presente. '

For example, you are suppesed te able b compute the propagator off shell to
any finite .order in thé coupling and you are supposed te get a finite, le cutoff
independent answer. But, suppose I were to compute to say 4th order. The denominator
is 1 + second order, and this second order interacts with the second order in the
numerater to yleld a fourth order term that is linear in the log of cutoff. Thus, you
will be stuck with a log cutoff in your prapagator.

self-energy in this

I dont at the moment see any way around this thing. I want a propagator that is
finite to fourth order even away from mass shell. \§§L,\

In QED the Ward identity causes my renorm condition to be =} 1 so that you
do get just a subtracted photon self energy. But then PI(0)=0 ay. This is a special
case, I would like to understand how this works in ﬁh without any Werd identities
to add confusion. .

In the ﬁh theory if you compute the unrenormed vertex to some erder you will
get, say, Z,e where e is lambda on this typewriter. The renorm condition will then
be that EX: 2

Z Zlﬂ'ﬁ

The other condition is that no mass renorm. Thus, two equations in d12 and de. Since
there is no Ward identity, I see no way to get a relation between Z and Z,. Te, Z,

is related to Feynman graphs which compuse the vertex, whereas Z is related to feynman
graphs which compse the self-energy.

What I have not made use of in ﬁh theory are the integral equations. I dont even
know what they are!
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Theorem for @7 . Theory:

Statement of theorem: the self-energy has D=2«.The leading term is wcqnstant -
o times A~ . The linear term in A 1ishes identicslly. The coefficient of the
logA. divergence is constant times p“. And this is all the divergences you have

to.worry about.
1. First, we camr-write an integral for. the self-energy in terms of; the full vertex. This

-.gshows the: basic -form of ‘the gelf-energy; -it 1s. a double” integral only, Ang- it has, a
certain funcfional form: . - -

'EL
—@— -

= 3ot SARAR FO RN R () Y Res ke

T e e T A T o d L omirreny

e

"~ T N mmad THE
4 S _1,,_' — 1'3"&'1&‘\"'5 -4:=.P-"

.MJLJA? k+lk, = P

Each propagater depends on its own scalar, and the vertex can depend h“'*f' = Lok
on the four "masses" and two Mandlestam inyarianst as thdsen in . - ~ ok .
one particular way gbove. I left out mass m as argument of f. Ie, Ve D (pF)
* this is'tHe:inost general functional depehdérité you' tah have for any AT
~rF i o a I km -~ v . -

Feynmann graph in the' self-energy.
2% Now, dim(f)=-6 bechuse D=2. So we can.use sceling argumént to rewrite above as:

Wt

& . A _ T T - T b N ES = 5w :
O | flae BELR, Gt gy G b))t E
-————\3—- lpuf X h.... 'ﬁ-{- 3 ] hl" ) + . . . -k ; .
W) T R . %, y :
c S ‘ﬁ&rt :%; dedap - ey

This is still the exact integral. Now if we are interested in UV parts, we can set
two arguments to zero and terebey define:

© 2 @ ©

This thing is dimensionless and independent of mass m. We now expand for a few terms
in small p, of course we really mean small p/k_ since that is what is small. Thus:

— _:f.ﬁ_.._“ ,_-r"'“-n-d_h-_'_’\ — /F___?-w -t
‘Fm: gdél“%ﬂcﬁﬂ'*%—) F:N(“,-,omch 4 ‘i(kﬁﬁ\ Em (= Gpﬂ

’,-""_-.1_I -—_:W_.,___‘___-: -I._—_‘ﬂ--.__ . WM % . 1
4 ‘ﬁ_’_ E‘; (".,"'10153 ‘l_-KRWMD\\
Ignoring the simension of p, I have labelled the dimension of each term. You see that
the remainder will yiled a finite integral, so all UV pieces aré now eéxposed. From
this form all results are obvious: (1) .t.he-%eading term will integrate to constant
times. A~ where const. is independent of p“.and =<, [upper endpoint.evaluation only
is dmplied here]. The second term integrates to zero because odd- under negation of all k's.
Since each term is f[ps y Obvious that -third and fourth terms will yiled p2? times
constant times log/\". Then lower endpoints plus remainder will yiald finite -result.
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Here A an:i?B #ust be Fimple numerical congtants, The scalar, dimensivnaless“function f

| may include 'any bower -bf p> in'its expahsion} not just powers: begihmingiwith’ p3 ".'l’his
is because we have to include lower enpoint evaluations frow the first téths. Ie,

the UV terms shown are just the UV :Bpor endpoint-evaluations. )
.Clearly, you could insert an in the log and correct the finite term accordingly.

You could™ alao do this: #
@)
=S 4+ AN+ %..LJ\("?'B"F% 3(“#}‘*—@'—‘

(x)
\Em + AN *"“““f"“"‘fﬂrﬁ + (¢ "'ﬂ%ﬂw(’—') ot & () v

-
Now you adjust dr'ha maus p,plmturtum t.gicancel hut.h the. qu&draﬂic and ;ug in bracket.
Then you see that the remaining log divergence only enters Z. .. - ..

: ¢ If we redgard this:self-snergy as -computed to.some finite o¥des in'h, , then
A and B and hence dl:2 will be little dimensionless power series in%, and so will f.

ore change: we want to adjust mass counter term so that sel,f—enargy vanishes 9
at P w2, ‘Thus we could include m2f{1) in the thm;‘.artem ‘to get a new' finite funetio

which wvanishes on shell:

bnmﬂfxn o B (V) + (? W B%le( w WQE;\ %Cﬁ-\l
__,!_%2_(“} “i—ﬁd . S — o

adpk St 50 =0 | L(ﬂm‘) ﬁ('t']:ﬂ.

- o L) = Sy« S
Uz Q.(ﬂ %rmh.,

S = Wtﬁg. G-IU\?&
One last chenge. Write C = C(1) + D(p?/m?). Then:
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Problem: can the ﬁh propqgatar be made rinite (cutnfr independent) by mnltiplicative

s - 'q“;fq.-lﬁ -

even- fn‘hEn itl' is nf-t- Hhﬁllf T ‘- = " Fowmna R ones om gy

I e T S

reua:malizatiun,

§o - H

1. On preceding page entitled "theorem" I have shown the , computed to any order,

the self-energy has this form:

ST = LG Gy R ) .
u:m;L e ST () = c::- s 3w= --“lr::-‘-"‘éiﬂ?ﬂn}(_h_) : E(}*E — ﬁ“j
wh T - LEm(Sy . 5‘@*&]‘ SRR
o QY = EERDTOI/E e se Q)= Swwdw -

The function C deviates from zero starting in second-order in the coupling.

2
2, As an aside, the leaf graph is just a constant and is cancelled directly by dm”.

Ie, it has no momentum dependence and thus has nc effect on Ei

D Saevw = (B FGH) = Y [ForriE o+ =3

1 [}

e O e SN

Here we have three 1ittla numerical constants. Each begins in first order; that is why the
mass counterterm has first-or%hr terms in it. All other stuff begins in second order.

3. If we define the renormalized propagator in the usual way, we find:

D(?L = __ | = \ |
fom =@ () - Feg)
doe @ = FTO-Fen = CE-c
L~ F () A - [Baat )

5 R= - 2 == {8 )+ o
b | 2 = 2B

This is what I call the renormalized self-energy. To lowest order, it is orderf' and
is cutoff-independent, as is the resultant propagator to second-order. Ie, we get:

S \ -
P = G- B
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3. So we have made some progress. We haye cumpuﬂéd in principle the propagétﬂr
renormalized through second order and have - found it 'is ‘cutoff-indepéndent. The
confusion now arises when we try to compute it to higher order: | ‘;}

@34 "51. 1,39
%(?‘3 = ZH Y

If in fact D is £ cutoff-independent to any order, you see that the second-order of Z
combines with the second-order of D to yield a term of fourth-order in the self-
energy.which does -depende on the cutoff, because that second-order correction to

Z has log-cutoff in it.

o

Thus, it seems that the L-th order self-energy will be cutoff dependent! How are
we going to get around this?

By the way, on shell this function D vanishes to all orders sc there 1s never any
problem there. But I am talking about off shell, because propagators appear in
Peynman grachs in their off shell sensef !

L "

. - ' ;
o . : L . .



Resolution of a Paradox.

Here was the paradox. Lock back at the integral equation for the self egergy
in @ f urth theory. There I argued that any graph which contributes to the main thing
muast have the result that:

Z(H= ) [Bowh+ Cfwt)) (1)
ii'ﬂ'ﬂ“ﬂﬂh}m

Ie, if you add up all graphs to some order, this must be the form of the result, and the
constant B and the function C begin in second order. If this had been true, then you
arrive at this result:

o . ,
250 = (-w) E Q) = <) (2)
| = Bon —c(y

The claim was then made 2 follows: since function C is cutoff independent, and since
B begins in second order, you are stuck in fourth order with ln cutoff terms in your
renormalized self energy and thus in your renormalized propagator. Result was finite
in second order, but then diverges in fourth order even after you have renormslized.

So the problem was that, unldss number B hapvens to be zero in any order, you
will socner or later get uncalnceléed logs. :

Resolution: the form assumed sbove in egmaticn (1] is only correct in second
order. When you iterate the second order correction to the propagator to get the
focurth order correction to the self energy, for example, if you were to write the
I, th order correction as shown in (1), you would find thet the function C in fact
depends on the cutoff. The resson is this: 1if does not depend on the cutoff from
the loov integration ( superficisl thing). That is alwasy the first log. Its just
that the second order gropagator correction itself contains log, and when that is
fed back through, both terms in (1) will be multiplied by this log, so the first
term is log squared.

Thus it is st least conceivable that the fourth order term which is log dependent
and which you generate in (2) by the interaction of the quadradic term in Z with the
quadrestic term in C, this 4th /order log dependent term could be cancelled by a
log dependent fourth order teym in C.

Although I have not proved that this must happen, I have at least gottedn rid
of the peradox which said that the 4 th order rencrmalized self energy had to depend
on log cutoff. .




1. Consider the starting lagrangian with bare fields ﬂfa and m, and >\n « Suppose you
are actually given values of m, and ), , and suppose you want the physical mass and
charge to come out being m and A. One has to give up the notation what d.m2 =m~-m,
and that dh = }.;:).. -+ The actual values of these "counterterms™ must be set so that
the mass and charge come out at values m and A. One cannot pick & value m and m,

and expect that dm happens to come out as their difference.

For example, suppose you start out with lagrangian in m, and )\, . You could then
add the above counterterms to shift the thing to m and A. But you have not really added
any counterterms yet, you have just rewritten the lagrangian. Now you add arbitrary
counterterms and combine them with the other ones and you call these new, undetermined
objects dm and dh .

If you want, you can now do the following: specify your m and A » then compute
dm and dh to some order, then define m, = m + dn® and similarly for the charge. Then
to any given order, m, and o are computed objects in terms of m and A. In usual
theoreis these will always be infinite.

2, In ;?5!" theory it turns out that ) and %, as defined by hs = » + d\ always differ
by something that is second erder. Either can be thought of as the expansion paratmer.

3. It is perhaps more convenient to use ), than ) because ‘t./liren you don't have to pepper
in counterterm vertex K*everyt.imn you have a vertex )( % . Ie, these always appear
in an additive way. Thus, for example, instead of writing:

X B« Ko g

We can define ), as noted, and then we have only two graphs: x + Ao

L. On the other hand, one may prefer to have an expansion %
directly in terms of the piyk physical charge ) . It is nice, though, that by going
from ), &\ toh, you replace mmm two symbols with one.

N

5., You can do the same thing with mass. But whichever mass you use, you must
have the same counterterm. Note that masses don't add quite so simply and in

effect reagragne the theory a little, but t.ha_t is CK. :

6. T just feel a little uncomfortable expanding in he and“m, since these
computed quantitities. I'd rather expand frectly in the physical objects.” The cost
is that you have to include counterterms in your feynman diagrams. But you have to
woryy about them anyway because you haved to untangle eventually!

really both



1-’(

7. For example, suppose you go shead and use m, and %oy thereby avoiding all counter-
term feynman graphs except the basic one in the self-energy. Then when you compute
to seme order you get something like this:

N O=3w + NN E) + N L wd)

Dy hanh o= AL = 3 ek ]
Yf: l-fli;IlLthﬂ

You get very simple expressions for mxmwd dm and d\ as functions of m, and Ay.
But really these are functional equations for dm and dh as functions of ghﬁ fixed,
known objects m and ) . In other words, it is ridiculous to expand in m, because
you don't even know what m, is ! And it is not the mass that was in the bare
Lagranglan! This is an important point.

What the sbove equations really asy is this:

)y O= S 4 (A T2) Y, (WS A (}\dhf‘ﬁl(ﬁﬂ-sm‘*)
3 AN A (eI h (wdw) = N [+ (‘MJEP-)LL‘L({*J»:[T

Although the charges always appear in a simple way, to actually find dmg you have to
go in and expand the functions f, and f,, etc etc, all of which work is no harder than
going the other route and explicitly showing the counterterms.
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@_ So look what. this method l is doing. The ﬂrsg tmg you do_ ia_imm j.hg_bm R
mass and bare coupling be equal to your final physical values. You move these things
- ﬁﬂ'rigm—&t—thﬂxgimﬁng—hrﬁadding—smrcﬂmtermmrfhm—mﬂ?m—“ A
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QED

Quantum Electrodynamics



i— =

O

0

W31 ]
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Renormalization of QED —(O—
@ b,

I plan to do this first without putting in the i's, then later go back and do
repairs. Comparison to BD notation made somewhere below. Al\ {“"‘"’"“'“"“3 restedrim

1. Ppopagator: Lokk this up in general renorm notes. Start with bare propagator

in the general a-gauge, then add up series. Here is the result:

gﬂﬂl A
O = T - B wee Do T -l

qll“u

L o
D‘}m = __.__\__ @ - %chqu hatas —Tgpu G = 'T}w —W(‘{L)
LrweEyy 3

Here we see the familiar result that the longitudinal part of the propagator remains
*unrenormalized™, ie, undressed. The reason is that the self-energy is entirely
transverse. To show this, one uses the self-energy Dyson equation and the Ward
identity: one assumes that the cutoff is implemented in a gauge-invariant manner.
See page 302, Eg. 19.22 on this point.

I shall use the standard renormalization point q2=ﬁ rather than an arbitrary
point uz.r Thus, one sees what 23 will be:

-1

Z, = \+ TW(g=0 we e, N)

lets now write the renormalized propagator as follows:

Vw = __‘L_t_ﬁ_g_ — 2 = 2.0
e g 1t
Qon - RN - TW(g=0)= O [ sariX psidoa
n{-uﬂj‘. c{'.:.‘ 5‘35(:; . f/mb'\'&nw

According th these definitions, we mdy relate the renormed and unrenormed self-energy
scalar functions in this way:

TE = 2\ LTE) = 27T -"TE)
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Our assumption of the transversal self-energy yields the above form for the

dressed propagator. This simply does not allow any mass renormalization unless

PI has a pole, which unitarity says it does not. Thus, gauge invariance in the

form of the Ward Identity blocks mass renorm, so in a sense we avoid one problem there.
Hence, we never use any ldnd of mass counterterm for the photon. Not needed.
Perturbation theory: clearly the scalar fynction has D=0. Using a gauge invariant
cuteff, BD find in vol 1 that:

!
0 - -y . LT 1, _ L )
Ty = de (oG - Eﬁﬁjﬂ&i_\jﬁs 2(-») 1
ey Q_(“‘n !ﬁ") -y Ue}«ﬂ‘.l.-b'l‘hc.

N S (A
= ‘23;-_&—?“,_ (‘-.-T._- |
F
2. The vertex. The momenta are defined like so: ¢ a
PR i e v
I guess the general kinetic fcrrnl is:. ..1-5 i wT‘ , 1
_ (T ) 1=t

L] E:‘-H-r-ﬂ- 1 \
Tty = A + RE-0u v Q)

But if you sandwich between u(p) and u(p) and take Iimit that g=0 all components,
you find:

0 ~\ oA '
W) D@ ey =e 2 (fyw) =2 [T@Ya(p)

And then Z; is some combination of A and C above, evaluated with their arguments
on mass shell p =u. Notice that this vertex, unlike the §° vertex, is a function
of 1::r2,n:12 and p"? and also of p and p' due to the ﬂpinol?gr. Thus, in order to
define a renormalization point, you cannot ju..ﬂ:t. set thing on mass shell. Just setting
to mass shell still leaves two possibly differerk momenta pu and p'u. S0 here, the
thing that corresponds to the symmetric point in fﬁs or #* 1is to take p',=p, SO
that qu=G as a four vector, and also put p and p' on mass shell.
When this is done, you see that the matrix element off the vertex must be
a multiple of p, since that is the only vector t.herel:l.s, and that can be put in
terms of gamma-u. Hence, the above definition of 2, (which I have been calling
Zg™' in other theories). Z; is thus a scalar and can depend only on m and cutoff.
So far then both Z; and Z; have been defined. The scaling rules@és :

=4

K=z N = | °D= 120 T =, 0
= Y N S = %S

-3

EP = Z:;_ 231—-? {1911.
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So, as usual, the definition of Z, and the field rescalings lead to a vertex rule
which in turn tells how the charge rescales. Ward says Zy=Z, but I wont use it yet.

Perturbation theory: the lowest graph for the vertex iscbvious, but you have to
put in a photon IR cutoff. Same goes for Z,=Z5y and you have to deal with the soft-
photon problem etec. I don't want to get involved in that now, so now make no
statement. Obviously, the vertex behmmes as UV log of cutoff since D=0.

3. Kernel: This is defined to omit single horizontal photon and electron pair. Then
it will prove useful in eliminating overlap. Rescaling rule is:

o 2

o

Plashoa)
L. Se fuenefﬁx Dyson. Again, no mass counterterm so:

|
%é

i

) & 4o % RSN
¢ 012 g =s )
=*guﬁt(°\‘\ = go§) = Tw E@
M, "W = €7, EG4Y) = SEQ) CONSA)
= T = & E(-E@) = e 0E(Q).
O Ase: TO =0 E@ = % -\

= 213 =\ e E1Q5}



-l =

Comments: first, because there is no mass counterterm, the overall subtraction does not

O appear. The secondary subtraction then yields AE for the self-energy renormed, and this
is finite apar t from possible IR. Ie, the B logA cancels here. Also, notice that E(o)
is log divergent, certainly does not vadnish. Thus, 23;4'1 and W (0) £ O for sure.

5. Vertex Dyson. Very easy, same as all previous theories:

g = v~

(‘\} = e¥. * 5"1}“’3“&?
o= 2% + YiSSK

M Al %Jkl
E".ﬁ‘)(?‘l\ = Eﬁnganﬁu - Srfwga'ﬁg ?ﬁf

(
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o ‘6. Ward Tdentity and Electron Self—energ Avoidance.

According the BD, and me, the unrenormalized Ward reads:

L]

AP‘ P o)
Pl (Bf) = SEY - S 1= PP

Cir’ﬁrC?x?H) = S_“’\?% — S_'\ @) / rsmavnad .

5> SE)-= cirhf“(g?, p=w) [ xS Vasdaw,

Here is the idea: using the vertex Dyson, self energy Dyson for photon, and this connection
of 5 to the vertex via Ward, you can iteratively build up your finite renormalized theory
in the same way almoast as I did for ;253 « Inductive proof, etc, as shown in BD also. There

is an electron self-energy Dyson also, but you can ignore it because of this formula.



Jim's Self Energy Renormalization Question

1. He computes lowest order electron self-energy in QED. He has gquadratic
divergent term. How should he renommalize it? As I look at my notes, I seems

that the renormalize self-energy is given by:
2 L
Sy = S L+ -m) ZG0)

o S =0 [owm rsmann cedk ]
724 = e oRG)
x(0)= [ 2036 30T = - R) « ook

&kwwj WAL ek Si &;gmw so
K= Yges T \Go vy - —L2—

The problem Jim is running into is of course this: when you camputaiitpgnmzj
in order to get Dﬁ(pz), you hit an IR singularity. What should he do?

a) put in a soft photon regulator.

b) change his renormalization pointg.

2. How do you do this second choice? It seems to me that you change one of the two
renorm conditions for the electron self-energy: you keep the pole at mz, but
you redefined Z, so that at pzn u? you have "unit reside™ so to speak. Then
the renormalized self energy is finite.
But what effects result from thus changing the renorm point in this way!!!2?7?
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. The electron self-energy and its son and overla roblems, etc.

o As usual we start with the basic definitions:

°Q = \ 'S = P 3 L.{
B-m =2 / |
- *S1(p) = 2(75)1 G F @)
= \
B - 26 20 = S Ly G- Tl

@AM) worde Yoo Pl do Mowna PA:»—QJ_U;‘{.%SU
ﬂﬂt("m"' = Z‘(ml\} =0, 7
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- ( K = = 2
0 -\
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(g~ =2 (g2
D= |
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Ubbion Wb s s o EE) = 2, |5 2]
Vyaen © .
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U = QWSSTDT 4w
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The claim here is that the overlapping singularities cancel.
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Here you see how it works in 4th order: the third graph has both divergent subintegrations,

and these cancel with the first two graphs so the sum has only overall divergences, which
are removed when you make delta-X.
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Of course all this really doesnt matter in QED since you have the Ward
identity telling you that S is finite if the vertex is:
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The spinoclogy is a little vague here, but it seems clear that you can compute the
renormalized self-energy completely if you know the renormalized vertex. That is all

I want to say for now.
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