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Bogoliubov & Shirkov
Intro to the Theory of Quantized Fields
Chapt 8 The Renormalization Group

Al in 2026: Introduction to the Theory of Quantized Fields (1959) by N.N. Bogoliubov and
D.V. Shirkov is considered a classic and foundational text, but it is outdated for learning
modern Quantum Field Theory (QFT) as a beginner. While its mathematical foundations and
historical significance in the development of renormalization group methods remain highly
regarded, modern curricula favor newer textbooks for covering contemporary techniques.
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510 THEORY OF QUANTIZED FIELDS

the change of variable
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, By combining expressions (41.26) and (41.27) we obtain the
final expression for the electron Green's function in the Bloch-
Nordsieck model:

r
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{= = 1/137 is the fine structure constant).

On comparing (41.28) with {41.8), we see that the total
Green’s function differs from the free-field Green's function by the
factor
g

P
m

If the cqmplete function G'(p) is expanded in a series in powers of
o, then in each approximation we shall obtain logarithmic terms
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characteristic of the infrared catastrophe.

. It will be shown in the next chapter (§ 43.8) that the infrared
singularity of the electron Green's function in the usual spinor
electrodynamics also has the nature (41.28).

o
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CHAPTER VIII

The Renormalization Group

§ 42. The Group of Multiplicative Renormalizations in
Spinor Electrodynamics

42.1, Iniroduciion

We shall now turn to the investigation of a method of im-
proving perturbation theory formulas which is based on the
renormalization’ group occurring in field theory; this was already
mentioned in Chapter V. The idea of this method is extremely
simple, and is based on the fact that the individual terms of
perturbation.theory expansions for the Green's functions and for
the vertex parts are not invariant with respect to the renormaliza=
tion group, while the quantities themselves are invariant with
respect to this group. Therefore, for example, in the ultraviolet
region perturbation theory expansions turn out to be given not
in terms of powers of the square of the charge * but in terms of
powers of the product ¢ In (k%/m?)

Starting with these considerations, we shall try to transform
the usual expansions into ones invariant with respect to the
renormalization group. An important technical means of ac-
complishing this will be the Lie differential equations correspond-
ing to the aforementioned renormalization group.

Tt should be noted that Stueckelberg and Peterman (118)
already remarked on the existence of the renormalization group
and on.its role in quantum field theory. They also pointed out
the possibility of introducing the corresponding infinitesimal
operators and in this way indicated the possibility of constructing
the Lie differential equations,

Essentially the same renormalization group, but from a
different point of view, was utilized by_Gell-Mann and Low (48)
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Bogoliubov and Shirkov, Chapter 8 on the Renormalization Group

First, the basic and simple idea of the renormalization group ( gfnup of
multiolicative renormalizstions) is set up as in 42.2. It just saus that, taking
Ward into consideration, if you slide all your Greens functions and your charge
at the same time, nothing changes. Iﬁﬁr location, so to speak , on this slide is
recorded by the renormalization point parameter N\. I have made some notes already
on this business, see Renorm in QED stapled section in General Field Theory binder.

ﬂé s reminder of their notatlion, the function d is the photon -ronagactr
mumberator function, whilce 2 and b are the electron osrop numeréturs. Sometimes
these two are treated together as s. ,

With some straightforward dimensional fiddling (all of which I have verified)
you quickly end up, eff, with equation (42.13) which says: the quantitys e and d
gach deoend on the renormalization1pnint, but the combination e?d is independent
of)\ and is therefore, reascnably, called the invariant charge. The notation do
refers to the usual d, ie, d with the renorm point chosen at \ = 0. The corresponding
charge in this case is the observed charge €y »

Now, the basic “global" renormalization group equations are (42.10) for d
and (42.15) for s = a or b. These equations are very similar to those discussed
by Gell-Mann and Low, but they seem to be more clearly derived and there are not
so many differnt functions. The pair of R-group equations is then rewritten as
(42.17 and 18). _

It seems to me that, in these equations, {x,y,t,ez} should be regarded as
independent varisbles, and d and s are the functions, eshc of 3 varisbles, that
you want to determine. Te, 32 is not itself a function here . Now it turns out
that you need some "boundary conditions™ in order to get a meaningful solution
of these "functional™ equations. An obvious fact is this: when the paramter e?
(the variable e2) is very small, you know d and s as verturbation exvansions.

Now, by differentiating the global eguations they end up with some differential
equations (42.24 and 25). They call thése Lie equationas, fine. Here is how you are
supposed to solve them: first, you somehow figure out what d(x,y,eg) is for x near
unity. This means K? nearj&'. It you keep e? small, you can use perturbation
estimates theri for the functions # and 4" Then you integrate the preceding two
equations to learn d(x,y,ez} for general x, perhaps x corresponding to asym momentum.

As an alSde, it is noted that the vertex has meny invariant functions and each
one has an equation similar to the above eguation for s or d.

Fow lets go right to the UV solution attempt, page 524. Asymptotic means in
effect that you can set variable y=0, thus simplifying things. The lie equations



are then (43.3 and L). First, equation (43.3) is integrated to yield (43.7),
a result familier from Gell Mann Low or modern BETA functions discussions (later).
In 43.7, if you knew the function @, you could solve for d, nerhaps. Lets see. 0

As a first step, they quote a result which gives d(x, ez) ac a perturbation
expansion through order e#. where X = ngfhg is large. This thing is called dg
because it is computed with the usual W= 0. Notice that in effect this thing
is not an expansion in eE, but in ezlogx and x is large!

- Now they take some steps I dont quite follow. I presume that (43.9) i= the
large x result, not really valid for x near 1. But to use this d, to vompute ¢,
you need d(x..) for x near 1 and they are going to use (43.9). I think they ere
claiming that this is OK to "logarithmic accuracy". So then @ is as given in
(43.10) for small =z. )

Bu the way , notice in (42.24) that the value of the last arument of §
is ezd. nut just e2, so really all this stuff (using perturbation series for ﬁ)
is valid only when ed is small, ie z is small (my ETA in notes). Thus 43.10
Bives @(z) for small z. Now plug this into (43.7) and we get the result (43.12).

Now i have to ask: why is 43.12 any better than 43.9 ??? It is supposed to
be “hetfer" somehow.

The conclusicns that BS draw from this section are a little disapoointing.
True, they have solved for the function dfx,ez] as in (43.12), but they dont ‘;;
go on to ask: what does &2 look like at high energy, in some sense.

It seems to me looking at (42.14) that what you really want to know is
the behavior of the function dn{x,eﬂz) since this will tell you what the'charge
does as a function of renu}malizatiﬂn point. I guess that is why Gell-Mann Low
have two functions s and a1 akin to BS's d and dﬂ.

So althaugh I am able to derive almost everything Eere, the conelusions are
a let down. However, having derived 4L3.7, I feel I have derived Gell-Mann Low
equation (5.9). In that parer, symbol e, is renorm charge and e, 1s bare charge.
Recall that if their PSI(x) has a zero at some finite x=x_, then large K? corresponds
to a finite value of the bare charge. Bare charge of course means the asymptotic
charge. ) L

I am stopping on page 529. Authors go on to treat the use of the R-group
to find behavior of electron prop near pz—m2 The result is (43.27)
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2 CONJECTURED

internal lines. Clearly the contribution of this par-
ticular singularity to the s-channel absorptive part is
Tan Thaas; that is, precisely the n-body intermediate
state contribution to the unitarity relation.

Thus it seems that the required singularities are
present; what we cannot yet show is that only these are
present.

Finally, if the situation regarding unitarity can be
satisfactorily cleared up, we have defined a theory with
all the desired properties of a true bootstrap theory. We
have a well-defincd set of equations, (3) and (4), for a
set of vertex functions and propagators. They incor-
porate crossing and analyticity, and if they have solu-

PHYSICAL REVIEW D YOLUME

SET OF EXACT

BOOTSTRAP EQUATIONS 1541
tions we have a prescription for calculating any n-legged
amplitude. We then have here a set of exact bootstrap
equations written in closed form, with which one can
study questions of existence and uniqueness of solu-
tions, and which present a basis for systematic

approximations.
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| Broken Scale Invariance in Scalar Field Theory*

Comrrs G. Cacvax, Ju.f
Celifornia Institule of Teclmolagy, Fusadena, California 91109
and

Tustitnte for Advonced Siudy, Princeton, New Sersey 08540
. (Received 4 June 1970)

We use scalar-Geld perturbation theory as a laboratory to study broken scale invariance. We pay particular
attention to scaling laws (Ward identities for the scale current) and find that they have unusual anomalies
whose presence might have been guessed from renormalization-group arguments. The scaling laws also
appear to provide a relatively simple way of computing the rengrmalized amplitudes of the theory, which

sidesteps the overlapping-divergence problem.

INTRODUCTION

HE perturbation theory of a self-interacting scalar

field is about the simplest available model field
theory, and a convenient laboratory for testing new
ideas in strong-interaction physics. In this paper we
shall be concerned with studying the concept of broken
scale invariznce within such a framework. We shall
find that the model calls for some unexpected modi-
ficutions of our ideas on broken scale invariance. At the

same time, the appr u by broken scale
invariznce leads to an interesting, and simple, new

approach to renormalization. We hope that this mutual

illumination of two interesting questions justifies yet
another paper on scalar field theory.

In Sec. I we shull review the general properties of
scale invariance as a broken symmetry, leading up to
the idea of a scaling law (the analog for scale invariance
of PCAC low-energy theorems). In Sec. II we shall see
how the general structure of renormalized perturbation
theory constrains the allowable form of the scaling law
and forees it to differ from naive expectations. In Sec.
[1I we shall show how the existence of the scaling law

* Work supported in part by the U, 5. Atomic Energy Commis-
sion under C!;Intmcl No. AT(11-1}-68 and ly the U.rgyhir Force
Office of Scientific Mesearch under Contract No. AFQSE T0-18660,

f Alfred] I Sheen Foundation Fellow,

=
x
=
| —
leads to a simple prescription for computing the re- -
normalized Green's functions of the theory. Finally, -
in Sec. IV, we shall demonstrate an _interesting connec- .

tion between the scaling law and the predictions of the
renormalization group.

I. BROKEN SCALE INVARIANCE

In simple canonical field theories it is possible to
introduce an acceptable energy-momentum tensor’?
0,. having the following properties: (a)” =0, is
proportional to those terms in the Lagrangian having
dimensional coupling constants (such as mass terms);
(b)the charge, D= fd% Sy, formed from the current

Sp= €2, acts as the generator of scale transformations,
(1)

[D(xa),#(x)]= —i(d-+x- () ,

where d is the dimension of the field; (c) the current 5,
satisfies %5, = © so that_it is conserved when there are
no_dimensional coupling constants in_the Lagrangian,
With the help of the current S, and its equal-time com-
mutation reletions with ficlds, given above, one is able

/

VC, G, Calian, i]r,, yﬂolt-lmn. and K. Jackiw, Ann. Phys
(M. Y.) 59, 42 (1970). .

t M. Gell-Mann, University of Hawaii Summer Sehool lectures,
1969 (unpubilished).

e, gl |



Summary of the Callan paper.

The so-called scale-Ward identities derived in earlier CCJ papers are stated in
the first section. Recall that these state that: a certain differential operator S
acting on a Greens function g" yields F, where F involves the VEVTOP of the fields
along with 8, the divergence of the dilatation current. If you have scale invariance,
then this current is conserved, 0«0, and F=0. This formelism was invented to provide
a framework for desbribing the breaking of scale invariance by mass terms in the lagrangisn.

In the next section it is shown that something is wrong with these scale-ward
identities because they predict something which cannot be true. Namely, you can show
that consideration of S G = F' for the "basic n" of the theoryh (ie, for the renorm
parts like n=2,4) requires there to be a d/dN term added to the operator S, a term
which does not come out of the scale-Ward identities. This analysis requires that you
simply pay attention tok renormalization theory and how many times each renorm part is
subtracted.

The result is this: even if you have naive scale invariance with no mass terms
in your lagrangisn, the scaling law reads S G'=0 where S must contain that extra term.
I think this equation S G"=0 is later called the Callan Symanzik equation. The
extra term is sometimes called "implicit scale breaking", nice that it can be incorporated
20 simply.

A less higborically significant part of this phpar says that there is an iterative
method of computing the G" which allows you to aveid all overlap problems. But the
maln result of this paser and the reason it is famous is the statement of that simple
scaling law. This law implies that the large momenta behavior of a greéns function
(ie where masses dont matter) is somehow correlated to dependente of G" on the coupling
constant% . It is noted also that the scaling law is not rescued merely by allowing
the scale dimension of the fields to go anomolous. You really need that extra term in
there.

From my present viewpoint, I think the origin of this extra term is clearly
explained in the Abarbanel review.
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Commun. math. Phys. 16, 43—30(1970)

Renormalizable Models
with Simple Symmetry Breaking

[. Symmetry Breaking by a Source Term

K. SyManzIK
Dientsches Elektronen-Synchrotron DESY, Hamburg

Feceived September 30, 1969

Abstract. Il'toa Lagrangian density with invariance under a continuous group ol linear
transformations of the fields a term lnear or bilinear in the fields is added, the symmetry is
in general reduced and the currents associated with the original symmetry are only partially
conserved. 17 the theory without the added term is renormalizable, the theory with that
term also is, and the needed renormalization conditions are the essential content of the
appropriate ‘Ward-Takahashi-Kazes-Rivers identities. The case of symmetry breaking
by a term linear in Bose fields (source.lerm) is here analysed completely, in particular with
respect to the nonsymmetric limit of vanishing source term, a particular Goldstone mode,
and with respect o properties of the ground state energy density as a lunction of the strength
of the source term. Induced and spontaneous breaking of a discrete symmetry are also
treaned,

Introduction
_B. W, Lee [1] has discussed the sigma model [2, 3] from the point of

view of renormalized perturbation theory, in order to have available 3

mode! that satisfies PCAC' and allows to calculate in a formal but con.
sistent way the amplitudes for processes involving nonsoft pions.

We shall show here? that for such models the renormalized perturba-
tion expansions can be very simply obtained if the relations, stemming
from PCAC, between vertex functions of different numbers of arpuments
are exploited. These relations yield all the®renormalization conditions®
required in Bogoliubov-Parasiuk-Hepp (BPH)? renormalization theory
in terms of only that many parameters as the unrenormalized Lagrangian
has. This technigue also covers the Goldstone mode® obtained in the limit
of vanishing source but, since it deals with renormalized quantities only,

! Rel [4] discusses the sigma mode! and related models from the point of view of
applications to pion physics,

* A short account was given in Rel [5].

? See Rel [6] and references given there,

* Rel [7] gives a comprehendive presentation of the relevant material,

4
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Models with Symmetry Breaking

source term while leaving the rest of the Lagrangian unchanged, the ground
state for the latter would be the usual symmetric or the non-sysmmetric
Goldstone one, although this ‘question is meaningful.

The Goldstone situation can in an intuitively appealing way be
illuminated in terms of the behaviour of the ground state energy density
a5 a function of the source strength. The discussion hereto, familiar in
the classical case, carries over with few changes to quantum field theory,
whereby, however, a formal similarity to the theor_-,r of condensation

of Yang and Lee [&] is noted.

In Section I, the well-known one-particle structure of Green's
functions is presented concisely. In Section IL for Green's functions
involving current operators that have simple commutators with the
fields, Ward-Takahashi-Kazes- and Rivers-type identities are derived.
In Section 111, the formulas of the first two sections are written for the
special case of a symmetric Lagrangian density with_added term linear
in Bose fields. These relations are used in Section I'V to obtain the BPH
renormalization conditions in terms of only the number of parameters
that appear in the unrenormalized Lagrangian. The same is done, with
some necessary precaution to avoid spurious infrared divergences, in
Section V for the associated Goldstone mode, i.e. the limit theory with
vanishing source and spontaneously broken symmetry, which may
also be described directly in terms of a manifestly nonsymmetric La-
grangian. In Section VI, the relation between the theories with and with-
out symmetry breaking source term is discussed and a comparison is
made with the breaking of a discrete symmetry. The appendix contains
the discussion of the properties of the ground state energy as a function
of the source strength, which are obtained using results of Euclidean
quantum field theory.

The calculation of the Green's functions involving a current operator
will, because of the technique needed hereby, be included in the_sequel

_paper, which deals with symmetry breaking by 2 term bilinear in fields.

I. One-Particle Structure of Green's Functions

We wish to consider the Poincaré-invariant theory of a multi-
component local hermitean field 4(x) described by the Lagrangian density

L=L(A,34). (1.1)

To this end we consider, following Schwinger [9], the related theory
described by the Lagrangian density

=L(A"3AY+J A"’ (1.2)
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Summary of the Symanzkl Sigma Model paper.

Probably I should not have read this thing in as much detail as T did, but it was
filled with interesting manipulations. My motivation for reading this paper was simply
that I was reading the source papers for Callan Symanzik equations, and the Symanzkk
paver said it was taking its notation from this Symanzik paper.

This paper is mainly interested in the subject of renormalization in the presence
of SSB, something I do not want to get into now. The Egg;. Sym. uses in this discussion
is the scale Ward identities like those general onmes (for any conserved current) that
I saw derived in the CCJ paper. These Ward identities are statements about the G"
greens functions and their relation to VEVTOP with divergence of the conserved current
inside, ie, the same type of equation Callen used in his paper in the special case of
scale symmetry.

So I dont really know how this tool is used, but I was interested to see how you
can restate the Ward identities in tedrms of first the generating functional G[J], and
also in terms of the proper vertex generating functionali‘[A}. These transformed
statements of the Ward identities get fancy names like Kazes-Rivers identities.

The connection of this tool to its work is, I think, that the sigma type models
break their invariance by a term linear in the field ( you can think either of scale
breaking somehow, byt mainly breaking of CAC to get PCAC). This linear "sigma" term
looks just like a source term, and this source term you recall is the basis of the
functional approach. So somehow the functional approach gets used to show rénormalizability.

I think that as a spinoff this paper led me to a simple graphical language for

the functional formalism, in particlyr, how to relate proper vertices to full vertices
and so on, d/dJ is a little arrow strung to a external particle ball, ans =so on.
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Abstract. For infinitesimal changes of vertex functions under infinitesimal variation
ofall renormalized parameters, linear combinations are found such that the net infinitesimal
Aanges of all vertex functions are negligible relative to those functions themselves at
brge momenta in all orders of renormalized periurbaticn theory. The resulting linegr first
geder partial differential equations for the asymptotic forms of the vertex functions are,
in quantum electrodynamics, solved in terms of one universal function of one variable and
one function of one variable for each vertex function whereby, in contrast to the renormali-
prion group trealment of this problem, the universal function is obtained frem nonasympto-
ic considerations. A relation 1o the breaking of scale invariance in renormalizable theories
i described.

Introduction

The small distance behaviour of Green's and vertex functions in
renormalizable quantum field theories_has been extensively studied in

1 formal way via the renormalization group [1, 2] and, with equivalent

results, some other approaches [8, 9]. Here we offer an alternative ap-

ch to_the same problem, which appears to be ¢
It leads to formulas that are exact and become the usual asymptotic
pnes upon a, in principle controllable, neglect.

We study the effect of inserting one extra mass vertex, or a generalized
mass vertex in the sense of Wilson [3], into all Feynman diagrams for
all vertex functions. (Such vertices are defined as those for which the
sum of the mass dimensions of the composing fields, a scalar and the
Jectromagnetic field having dimension one, a spinor field dimension
ihree half, a derivative ditmension one, is less than four, e.g. two for a
scalar mass vertex and three for & spinor mass vertex.) By such insertion,
the superficial divergence D of the corresponding Feynman integral is
reduced® (e.g. by two and by one, respectively, for a scalar and a spinor
mass vertex). Reduction of the superficial divergence, however, results
in decrease of the large-momentum behaviour by the corresponding
power of an overall scale factor'. This relation between dimension of

! Ses, &g, Rel [2] p. 221; the index w{G) we call D. Also ibid., p. 341,

W Commun. msth Phys, Yol 1§
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Symanzik.

This paper gets results similar to those of GellMann Low and Callan and CJ, namely,
that the Greens functions (or proper vertex functions) satisfy_certain differential .
equations 1like 1.17 of this paver; derivatives are with respect to the "parameters"
of the theory, mass, coupling constant. Hecall that Callen showed the need for the
extra coupling constant derivative not normally included in a scaling snalysis (ie,

a scale invariance analysis, eg, the scale-Ward identities of CCJ). On the other hand
Gellmann Low got their asymptotic forms for greens functions from the global renorm
group equations like d = dd stuff, same as in BS.

The difference here is that Symanzik derives his equations using the functional
methods. In section I he considers ﬁh and ends up with the usual Callan -Symznzik
equation. The key ingredient is realizing that certain objects have degree D positive
and this allows you (requires you) to define various parameters like g and m. These
then appears in the CS equations.

The CS equation in turn can be used to get a form for the asymptotic behavior
of the greens functions, and you see the deviation from simply naive scaling behavior,
ie, the logs. Later papers at this point combine with Wilson to expslain scaling
results at SLAC.

Next section repeats everything for QED rather than ﬁh. ]

Appandix I guess shows how the naive scale invariance predictions are wrong.

At the moment this paper is too technical for me. I would rather get back to
the Pagels QCD review I started. Once I understand someones derivation of the CS
equations, I can go back and see how everycne else derived them in their own way.
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A Crr_3's Gamder of Grass

J.5. Murpalis =nd R, Clerfens
ABSTRACT

Developmyeats in the dynemics of hadrons and thedr intemetions are
INTRODUCTION, FHILOSOPHY AND APOLOGY

preseated using the thresd of the renormalizaticn gEroup o keld the [ebric

The subject of these lestures iz ine most telighiful in particle

together. After an introdsetion to the ideas apd egqustions of the rencrmali-
Bhyeizs: tLhe dynamics end siructure af the strong irtersctions. It is alss

zation group we dlscuss the solution to ond usefyulness of these eguations, “
- a flela very mach in an “open Pandorn's cocx” state?™ often all ape has 4o go

Armed with this tool we consider in some depth twe seemingly disparstie aspecte
on 8 hope. On thess bare bones there hez teen & great deal of elever, 1thought=

of hadron phyzics: (L) gauge theories of the atrong interactions--in particu-
ful work which attespls to answer some or =l. of the suestions:

]
lar ,“ ultraviolel [reedom end deep inelastic scatiering, modela of hadrom struc-

L. What 1z the origin and pature =f the J-posne structure, the Pomer-

ture, the use and necessity of charm and color, and ss on will be discussed.
anchuk or wacum singularity, which is respesaible for alacst conetant total

{2} Dpiffraction seatiering and the Pomeranchuk singulerity--in partieular, the
croas ascrions?

sl
I“"‘1’!:'5-|_|!,.|;l=‘:::'| enloulus, branch points inm the Jeplane, deceupling theorems, t-channel

-]
’%
-
’ discontinuity formula fer Reggeons, and so o= will be addressed. Some comments
'
il

2. How can local guantum field thezry be ccnelstent with the approxi-

mate scaling of deep inelastic structure fu=stiong?

¥ill be presented on The relation of these two imporzent subjects,
3+ Are hadrons composites made ous of consiizuents, generically ealled

Throughout the lsctures there 15 an emphesis on pedegogy rather than
quarks? How many end what quantum numbers ssrry thess guarksT Hov 1s it pos-

subtlety. Ideas and elementary exms=ples are stressed and the results of de-
sible that these presused constituents have rever bees seen in the laboratory?

teiled caleulntlions, when presented, are lifted cut of the references like
Can e make 8 virtue out of this shyness of cumrks?

magic. This course of lectures should serve mm an irtroduction, then, both
4, Can we have & Pomeron which gives rise to mlmogt consiant cross

to the mainstream of precent idems about hedrons asnd to the more advanced
sections end limiting inclusive cross sectlens, shows Tectorization, results in

lectures to be given in the Topleal Conference to follow this school.
& triple Fomeron coupling, and yet does not decouple from particles?

5. How can one implement unitarity st high energiese (direct channcl
and crossed channel unitarity)? Does this provide the constraints to secure
us & aciution to the hadroa scattering problens?

These are among the ma)or issues of the day. lone cf thes has eom-

pletely yielded to solution; each of them has been vigsrously and imeginatively

attacked. The ideas behind this attack sre the subject of thees lectures. It

s for the SLAC Summer Institute on Particle Fnysies, 29 July-10 August,
[g. AF e Sumst 93,
) 3
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What is the has:.r: idea described here‘-‘ First, :,rcru have tn find a way to define a
rennmhzed field theory which is sortof coordinated at a renormalization point M .
Ie, this puint. is used as part of the definition of the renormalized mass and cnupl:l.ng
Then you are able to show t.hat. t.he renormallzed greens f‘mmti-::-ns ’Ew} satisfy a certain
homogeneity conéition, based only on known dimensions of a greens function. The independence
of the Lﬁ_;e;nrnmlized greens functions on artificial point l then leads to a condition
on the renormalized " y & condition known as the renormalization group equation for f. .
When you solve this equﬁt.inn. you learn a certain correlation between scalipg all the
momenta, and value of the effectived coupling constant. If a certain function @ has a
~ linear zero with negative slope, then as all p; in P scale off to infinity, you find L
_tl‘!gat__(}_car.t be computed in terms of another ' whose effective coupling is 5 g1y the place
_ where ) has a zero [ this is an UV fixed point]. If g1=0, your theory is asymptotically
free. This is thought to be the case for QCD based on parton data in UV reﬁ._o_t;_
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So, as far as the renormalization group is concerned , this second part pf__Ahar}:_-_'_s_papg_ri "‘:‘.ﬂ

__does not_have much to say.

and constant BETA has the correct sign. Moreover,

this property. Abelain theories do not.

a) QCD theory, people have computed BETA and they find that theory is indeed __
. .asymptotbcally free in the renorm group sense. There is a foxed point at g,=0 .

L7
1 _\"{*.

_b) it is thought that_ non-abelian gauge theories are_the onl:,r t.heories Hhich show _

¢) Renorm group is utilized somehow in the Wison Gperat.ﬂr Product idea to show that
a theory which is AF showuld exhibit Bj scaling, just like a free thﬂnry dbes, more.

_ . __ar less. ___

—~—. There is no connmection made between gauge. t.he:-ry and critical phenomena or my previous

knowledge of the renorm group. In fact I don't even know what corresponds to._the.
So my two kowledge bins are as yet unconnected. -

.— — correlation length.
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1300 W. J.
the results of this experiment R=oov/xb=(1.040.2)
X 10" gec~! if the limits placed on 8" are taken
seriously. This assumes the radius of the mesonic Bohr
orbit $=2.2X10" em and that r=8X10" cm/sec;
ao= (Bx/9%?) (vg/) (8" — ). Panofsky’s experiment
shows that this capture rate should equal the capture
rate for the competing process P v)n.

Bernardini has discussed the cross sections for
2y, 7)n, d(y, 7425, and d{y,7)2p for E, between 170
and 190 Mev in the laboratory system. If it is assumed
that the ratio of =~ to 2+ production obtained from the
second reaction is the same as the photoproduction
- ratio between the free neutron and free proton then
the principle of detailed balance and this ratio can be
used to predict the corresponding cross sections for
P (== 7)n. If these cross sections are extrapolated to the
energy of Panofsky’s experiment Bernardinj obtains a
capture rate that requires the initial slope of 8°—ay® to
be =:(9.2°)" in contrast to the value of —(16.5%)y
obtained from this experiment.

Bethe and Noyes!® haye given an argument to explain
this discrepancy in terms of Marshak’s'"” suggestion. In
brief this argument assumes that the slope of §°—ay
obtained from this experiment cannot be extrapolated

" H. Bethe and H. P, ;‘.i{;g;u, Proceedings of the Fourth Annual

Rochester Conference, University of R ter.
"R, Marshak, Phys. Rev. 88, 1208 (1952),

FPHYSICAL REVIEW VOLUME 935,

SPRY

to the energy of Panofsky’s experiment, but that this
initial slope is 3(9.2°)y". They then fit this initial slope
and the data of this experiment with a smaoth Clurve
for By®—ay® rersus 4'. When the values of B and g
from higher energies are extrapolated with this restric.
tion on their difference, it is difficult to fit the data
without assuming that ay? varies less rapidly than 4 and
that 8)° varies more rapidly than " in the energy region
between 20 and 42 Mev. For the most probable fit
under these assumptions By’ changes sign between 20
and 30 Mev. This energy dependence for 8,° suggests 3
Jastrow!® potential for this phase shift,
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Quantum Electrodynamics at Small Distances*

M. Gere-Mawnt axo F. E. Low
Pleysics Deparimeni, Undversity of Nlinois, Urbana, Mineis
(Received April 1, 1954)

The renormalized propagation functions Dye and

Spe for phatons and electrons, respectively, are in- i

vestigated for momenta much greater than the mass of the electron. It s found that in this region the indj-

vidual terms of the perturbation series to all orders in

the coupling constant take on very simple asymptotic

forms. An attempt to sum the entire series is only partially successful, Tt is found that the series satisfy
certain functional equations by virtue of the renarmalizability of the theory, If photon self-energy parts are
omitted from the series, so that Dpc= Dy, then Spe has the asymptotic form AL/ w1 [iy- p 1, whers
A=A (e*) and ne=n(e?), When ail diagrams are ineluded, less specific results are found. Cne conclusion is
that the shape of the charge distribution surrounding 2 test charge in the vacoum does not, at small dis-
tances, depend on the coupling constant except through a scale factor. The behavior of the propagation
functions fer large momenta iz related to the magnitude of the renarmalization constants in the theory.
Thus it is shown that the unrenormalized coupling constant e’ /4whe, which appears in perturbation theory
a5 & power series in the renormalized coupling constant ¢2/drkc with divergent coefficients, may behave in

either of two ways;

{a) It may really be infinite as perturbation theory indicates;
(b} It may be a finite number independent of 3/4xhe,

1. INTRODUCTION

IT is & well-known fact that according to quantum
electrodynamics the electrostatic potential between
two classical test charges in the vacuum is not given
exactly by Coulomb’s law. The deviations are due to
* This work was supported by grants from the U, 5. Office of
Naval Research and tﬂe U. 5. Atomic Energy Commission.

Now at Department of Physics and Institute for Nuclear
Studies, University of Chicagn.

vacuum polarization. They were calculated to first
order in the coupling constant a by Serber! and Uehling”
shortly after the first discussion of vacuum polarization
by Dirac® and Heisenberg.* We may express their re-
sults by writing a formula for the potential energy be-

LR. Serber, Phys. Rev. 48, 49 (1935).

1A E. Uehling, Phys. Rev. 48, 55 (1035).

*P. A. M. Dirac, Proc, c&mbriaﬁrhu. Sec. 30, 130(1934).
* W. Heisenberg, Z. Physik 90,2200 (1934).
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Summary of the Gell-Mann Low paper.

By fiddling around with dimensional analysis, they come up with certain "renorm-
alization group equations" which are not of the differential "Callan Symansik" form
but which instead ere the global Z = Z.Z form, where the cutoff papameter and momentum
appears as arguements. See eg (3.9). A leter section of this paper actually uses two
separate cutoff parameters so the multiplication eqmations are a little messier.

You cannot completely solve these renorm group equations, but you cen learn
something asbout the form of the solution, in the sense of KNO scaling say. You learn
(as seems reasonable from multiplication idea) that S(p) propagator goes as a power (P2
but you ecannot compute n ( later I think AF boys shown how you might compute n). Just
how you solve the R-group equations to get this general power form is discussed in an
appendix.

Obviously, if you know this "form of solution", you know something about the large p2
behavior of the function Z(p). Since a Z scales e to e , you in primciple are learing
about e . In other words, given the physical charge e, by learning about the large p2
behavior of Z(p) you can learn about e . That was the main interest of this paper: just
exactly what is the "bare charge", the charge you see at small distances, high energy.

The "scale form of the solutions" can be reformulated as an integral statement
(5.9) . This statements contains functions PSI which is later to be called the BETA
function. Here is the important fact: if this function has a zero for finite argument,
say x,, then the large K2 behavior is described by a finite Z (called d), and hence
the bare charge is finite. If there are no zeros of the function s SPI, then the bare
charge is inifite.

The auvthors are not able to state which is in fact the case. I think even today 1978
the answer to this question is unknown.

So, to summarize, this paper hwas two imporbant contents: first, it has golbal renorm
group equations of the type you now see in Bogo Shirkov and BJorken Drell. Second, it
shows the "solution™ of these equations in terms af a BETA function whose zeros have
the significance that the high-energy charge "(bare charge) can be finite and not
inifite. Later we learn that in s WAGT you have asymptotic freedom which means that
the high-energy charge is in fact zero.

This paper does not contain differential R-group equations of the CZ type, nor
does it say anything about scale invariance or PCAC or conserve d currents etc. Their
main interest was with (ED and whbdther e, is or is not a finite number. After all , this
was written in 1954.
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Gellman-Low: " QED at small distances". 1954

Comment: This is the paper which lay dormant for 15 years and then led into asymptotic

freedom via the renorm group equations. Authors are of course interested in QED only.
£

1, Introduction. What is the true pobentisl between two charges? As we know, it is

the FT of the photon propsgator and will thus contain effects from the vacuum

polarization graph. The finite parts of the vacpole effects are showm in 1.3 as

a certain 5{5 and so on., There is a divergent piece also, ie, 2s you take r = 0

you get a log divergent piece. The bracketed facter is then just 23_1 and this is

its usual log divergence. In effect, (1.3) is 2 computation of the bare charge

in terms of the (Observed and finite) renormslized charge. But only to a finite order

in perturbstion theory. The authors are wondering this: just what is the bare charge

e, to all orders of perturbation theory? Is it really ipfinite? They have this nice

way of visuslizing your measurement of the bare charge; you probe small distances so

you get through the polarization cloud. As you really get in there, you see the bare

charge e,. Interesting how the word "bare" is used but, this picture not usually

conjured up by me. °

As an aside, they quote that. QED renormalization was proved in 1949-1951 by.

© Dyson, Salam and Ward. ;

2. HEpre§antationa for the Propagators. Basically the various Z's are defined. DF'
is the unrenormalized-but-full photon propagator, the thing that will have %3 in

its numerator'at the renormalization point which is p2= 0. Then HFE is what we would
call the renormalized propagator, see (2.2). Certain integral representations for
33‘1 and 22'1 are given, I think these are calged Kallen reps, no doubt based on

unitarity somehow. A comment is made about photon mass rencormalization and how you

have to throw away the big quadratic divergent term.

3. QED ignoring photon propagstor rquzmalizatidn,gie, yith ZS:E.‘ Suppose you

compute Z,. You can use a Feynman cutoff on the photon prop so that electron self-
energy parts are finite in the cutoff. Evaluting€(¢) with renormed charge eqr

if you look near p = m you can get Loy and if you look for large p you get some result
as shown in (3.5). Again, just a few terms in perturbation series for these quantities.
Equation (3.9) shows how the numerators of the unrenormed and renormed phukerxp electron
props are relsted in a certain limit: cutoff.MGT.p.MGT.m. You notice that the
renormalized propagators numerator Sg is a function of p/m and does not have problems

involving the cutoff N. This thing is finite. Of course Z, is function of AN/ m



and the un remormed prop is function of WJ@ , where m is neglected. This equation
(3.9) is the kind of renmormelization-group ratio-style equation I have semn in

BS and BD and elsewhere. Roughly it says that the UV divergence of the unrenorm 0
prop is all contained in Zye As you might guess, the only solution that equation
(3.9) can have is a power solution ( ie, a rep of the multiplication group). Thus,

in this partial theory you find that Z, 1is a constant A times Qt'hi" )—“ where n

is some power. Ie, in perturbation theory you are only getting a few terms which

are logs, but they seem to all add up to a power ( a2 familar happening). Then you
conclude that the full electron propagator must behave as a power of 1::2/'&1*"a and theb
using the Ward identity you can learn the ‘behavior of the bertex.

- T think basically this is just dimensionality arguments at work. Equation (3.9)
arises merely because you know what each function can depend on. So, usihg the
renormalization group’argument, you can in.effect compute the form of the full’
propagator , although the little power n is not so-computed. That was probably the
reason Gell-mann Low sk for a while: no way to compute n.

.Hot.ic:s, by the way, that there are no differential renormalization group
eqﬁatir:ms in'this pai:er. There seems as yet to be no mention of a "renormalization
point" in the sense of B of Pagels review. But there is a Vague idea-(lock at
(3.9) that you ean compensata for a charnge in the cutoff W by changing E ( by
changing the charge...). Ie, think of s = s/2y. This ratio has to be independent.
of the cutoff N because it gives the finite, renormalizaed prop. I think: it is this

same idea which decomes the differentisl equation later on.

L. Ward's Method used as a cutoff. The vertex Dyson equation is written down (and
Dyson given credit for defining the 1pi nbjec:t.s, I think). Then thesé equations zre
nsubtracted™ in a certain wayh which causes the unrenormed SF alD Dp propagators
to be normalized (ie, unit residue) at points p = h and k%= )\ Thus, although they

do not use the term "renormalizastion points", they are in effect choosing independent

renormalizstion points for the two basic propagators of the theory. This then
quickly leads to equations like (4.7). This equation relates the original divergent
function Sp'(e,). to the Z,(\ ;X ). and the Sp(Z ) - Te, for any particular value

of the pair h,}: this latter object is the finite renormalized- propagator. There is
sort of a double renormalization group here , two floating parameters. Now (4.7)"

is just (4.7) with these parameters at their usual values (ie, the usual renorm
points used in QED). Now if you divide (4.7) by (4.7'), then the original infinite

or divergent function cancels out, and the ratio of the two Z3's is. called z,, thus
yielding equation (4.7)". This equetion tells you in effect how you can deform aw
from the "standard™ renormalized propagator SFC- with its charge e; to another

vrop that is a finite distance awey, so to speak.
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One might refer to this little triad of equations as the Renormalization Group
equations for QED. Next, they go on to rewrite these equations in terms of the
numerator functions only. Notice that 251 as & humber is the numerator of the
standard finite function Spe evaluated at the renorm point ﬁ = ﬂJ Thus you
end up with the set of functional equations (4.19) through (4.20). There seem to
be L functions and two parameters ej.

5, Asymptotic Behavior of QED Propagators. Using dimensional arguments, our three

renorm group equations are cast into the form (5.3) through (5.50. Now I have to
go learn how the "solve " these things. This is appendix B so wait. For now fust
lock at the solution: it is like KNO scaling: the function d. = photon prop numersator
= F(z) where z = {szmz) x some unknown function of 512. As you take kE/mE to inf
in (5.6), you are in effect computing the bare charge, as shown in (5.8). So, suppose
F(z) = finite value as z goes to inf.; then the thepty has a finite bare charge,
which depends on the function F but not at all on the number e;. On the other hand
perhaps F(z) = inf as z=inf, in which case there is an infinite bare charge, this
is case (a), which we might now call UV Slavery ( coupling grows without limit as
you go to high energy). Perhaps as a special case of case (b) you will have o
approaches 0. This is Asymptotic Freedom. We now know that this dees not happen
in QED since it is abelian. Probably there is a finite UV coupling constant for
QED, which may be found in new HE photon experiments. See Pegels review page 181.
In (5.9) they present an alternate form of (5.6) solution to the RG equations.
Here the unknown functions are g and A~ and it is clémed that you cam compute these
in perturbation theory (whereas you could not for F and @ of the other solution).
Look now at the form (5.9). Suppose the RHS diverges only as the upper endpoint
goes to inf. This might be the case if function §Yx) never goes through zero.
In this case you would have that l-czfmz-) % as e, -y so this is our friend Case
(2). However, suppose ¥(x) has a zero somewhere at some finite x=x.. Then you are
getting k2/m* 4@ corresponding to e, = some finite value, and this is case (b).
Thus, MTx) must be todays BETA function. Its zeros determine the positions
of the UV values e might take. Somehow a future author is going to redo all this
stuff using the differentisl eguation approach.

Appendix A: Derives the Kallen-type representations for the Z's, not too relevant.
Apvendix B: Shows how to solve the renormalization group equations. I will look at
this discussion later if need be. It i1s all sitting there.



