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Bogoliubov & Shirkov
Intro to the Theory of Quantized Fields

Chapt 8 The Renormalization Group

Alin 2026: Introduction to the Theory of Quantized Fields (1959) by N.N. Bogoliubov and
D.V. Shirkovis considered

a classic and foundational text, but it is outdated for learningmodern Quantum Field Theory (QFT) as a beginner. While its mathematical foundations and

historical significance in the developmentof renormalization group methods remain highly
regarded, modern curricula favor newer textbooks for covering contemporary techniques.
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510 THEORY OF QUANTIZED FIELDS

the change of variable CHAPTER VIII

(up) — my = y Cee eea
leads to the expression ‘i

tees ‘The Renormalization Group
(sepGg)= TS

| (¢) os Tr’ (41.27) ;
where § 42. The Group of Multiplicative Renormalizations in

co oheeety Spinor Electrodynamics

v =f dy eo= — 1+ O'(e). 42.1, Introduction
By combining expressions (41.26) and (41.27) we obtain We shall now turn to the investigation of @ method of im-

«final expression for the Tlectron Gress feacon ie the Block, proving perturbation theory formulas which is based on the
Nordsieck model: renormalization’ group occurring in field theory; this was already

1 ’ mentioned in Chapter V, The idea of this method is extremely=e. (41.28) simple, and is based on the fact that the individual terms ofm
— (up) m perturbation.theory expansions for the Green’s functions and forwhere » the vertex parts are not invariant with respect to the renormalizat

a3—a) a tion group, while the quantities themselves are invariant withp=wrTT (3 — a) (41.29) respect to this group. Therefore, for example, in the ultraviolet
|

region perturbation theory expansions turn out to be given, not
(a = 1/187 is the fine structure constant). in terms of powers of the square of the charge et but in terms of

On comparing (41.28) with (41.3), we see that the total powers of the product e? In (4%/mt)
Green’s function differs from the free-field Green's function by the Starting with these considerations, we shall try to transform
factor the usual expansions into ones invariant with respect to the

,—) f. renormalization group. An important technical means of ac-™ complishing this will be the Lie differential equations correspond-

If the complete function G’(f) is expanded in a series in powers of | ing to the aforementioned renormalization group.«, then in each approximation we shall obtain logarithmic terms Tt should be noted that Stueckelberg_and Peterman(118).
WO) _ pela i. 1 already remarked on the existence of the renormalization grouproe = fll o1-£ gay | Le|tee and on.its role in quantum field theory. They also pointed out™ Qn ™ ' i the possibility of introducing the corresponding infinitesimal

characteristic of the infrared catastrophe. operators and in this way indicated the possibility of constructing
___

It will be shown in the next chapter (§ 43.3) that the infrared : the Lie differential equations.
singularity of the electron Green's function in the usual spinor Essentially the same renormalization group, but from a
electrodynamics also has the nature (41.28). different point of view, was utilized by Gell-Mann and Low (48)

ou
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Bogoliubov and Shirkov, Chapter 8 on the Renormalization Group8
First, the basic and simple idea of the renormalization group ( group of

miltivlicative renormalizetions) is set up as in 42.2. It just saus that, taking
Ward into consideration, if you slide all your Greens functions and your charge

at the same time, nothing changes. Your location, so to speak , on this slide is
recorded by the renormalization point parameter \. I have made some notes already

on this business, see Renorm in QED stapled section in General Field Theory binder.

ks a reminder of their notation, the function d is the photon oronagactr
mumberator function, whilce a and b are the electron prop numerators. Sometimes

these two are treated together as s.

With some straightforward dimensional fiddling (all of which I have verified)

you quickly end up, eg, with equation (42.13) which says: the quantitys e and d

each devend on the renormalization point, but the combination e*d is independent

of \ and is therefore, reasonably, called the invariant charge. The notation dy
refers to the usual d, ie, d with the renorm point chosen at\ = 0. The corresponding
charge in this case is the observed charge e,

Now, the basic "global" renormalization group equations are (42.10) for d

6 and (42.15) for s = a or b. These equations are very similar to those discussed
by Gell-Mann end Low, but they seem to be more clearly derived and there are not

so many differnt functions. The pair of R-group equations is then rewritten as

(42.17 and 18).

It seems to me that, in these equations, (x,y,t,e~) should be regarded as
independent variebles, and d and s are the functions, eshe of 3 variables, that
you want to determine. Ie, e* is not itself a function here . Now it turns out
that you need some "boundary conditions" in order to get a meaningful solution

of these "functional" equations. An obvious fect is this: when the paramter e2
(the variable e2) is very small, you know d and s as perturbation exoansions.

Now, by differentiating the global equations they end up with some differential

equations (42.24 end 25). They call thése Lie equationas, fine. Here is how you are
supposed to solve them: first, you somehow figure out what d(x,y,e%) is for x near

unity. This means k* near. It you keep e* small, you can use perturbation
estimates theri for the functions J and/{. Then you integrate the preceding two
equations to learn d(x,y,e*) for general x, perhaps x corresponding to asym momentum.

As an alSde, it is noted that the vertex has meny invariant functions and eachFe) one has an equation similar to the above equation for s or d.

Now lets go right to the UV solution attempt, page 524. Asymptotic means in

effect that you can set variable y=0, thus simplifying things. The lie equations



are then (43.3 and 4). First, equation (43.3) is integrated to yield (43.7),

a result familier from Gell_Mann Low or modern BETA functions discussions (later).

In 43.7, if you knew the function g, you could solve for d, verhaps. Lets see. (*)
As a first step, they quote a result which gives d(x,e) ac a perturbation

expansion through order é, where x = p/n? is large. This thing is called dy
because it is computed with the usual %: 0. Notice that in effect this thing
is not an expansion in e2, but in e@logx and x is large!

Now they take some steps I dont quite follow. I presume that (443.9) is the

large x result, not really valid for x near 1, But to use this d, to vompute J,
you need d(x..) for x near 1 and they are going to use (43.9). I think they ere

claiming that this is OK to “logarithmic accuracy". So then ¥ is as given in
(43.10) for small 2.

.

Bu the way , notice in (42.24) that the value of the last arument of ¢

is 07d, nut just e”, so really all this stuff (using perturbation series for #)
is valid only when e®d is small, ie 2 is small (my ETA in notes). Thus 43.10

“ pives B(z) for small 2. Now plug this into (43.7) and we get the result (43.12).
Now i have”to ask: why is 43.12 any better than 43.9 277 It is supposed to

be “better” somehow.

The conclusions that BS draw from this section are a little disapzainting.

True, they have solved for the function d(x,e*) as in (43.12), but they dont &
go on to ask: what does e” look like at high energy, in some sense.

It seems to me looking at (42.14) that what you really want to know is

the behavior of the function d,(x,e,*) since this will tell you what the charge
does as a function of renormalization point. I guess that is why Gell-Mann Low

have two functions s and s,, akin to BS's d and dy.

So although I am able to derive almost everything here, the conelusions are
2 let down. However, having derived 43.7, I feel I have derived Gell-Mann Low

equation (5.9). In that parer, symbol e is renorm charge and e, is bare charge.
Recall that if their PSI(x) has a zero at some finite x-x,, then large a corresponds
to a finite value of the bare charge. Bare charge of course means the asymptotic

charge. .

.

I am stopping on page 529. Authors go on to treat the use of the R-group

to find behavior of electron prop near pean’. The result is (43.27)

.?)
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2 CONJECTURED SET OF EXACT BOOTSTRAP EQUATIONS 1341 <

PA intemal lines. Clearly the contribution of this par- tious we have a prescription for calculatingany m-legged =‘ticular singularity to the s-channel absorptive part is amplitude. We then have here a set of exact bootstrap Aci TraaX Tat} that is, precisely the -body intermediate equations written in closed form, with which one can =
Yq. state contribution to the unitarity relation. study question’ of existence and uniqueness of solu- =

Has; ‘Thus it seems that the requted singularities are tons, and which present a basis for systematic 2BP present; what we cannot yet show is that only these are approximations. =
present. =
aa Finally, if the situation regarding unitarity can be Eae ie jOWLE] 5
% satisfactorily cleced wp, weave deine a theory with ACKNOWLEDGMENTS 2: all the desired properties of a true bootstrap theory. We We want to express our gratitude to the Aspen Center =
LA have a well-defined set of equations, (3) and (4), for a for Physics, where most of this work was done, and to 5
Fg set of vertex functions and propagators. They incor- our colleagues there, especially M. Gell-Mann and B. =(283 porate crossing and analyticity, and if they have solu- Sakita, for many interesting discussions. E
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. Broken Scale Invariance in Scalar Field Theory*

* Curtis G. Cattan, Jx.t =
Colifrnia Institue of Technology, Posadena, California 91109 .

: and zInsttte for Adsonced Study, Princeton, New Jersey 08540

: | (Received 4 June 1970) =
5 We use scalar-fild perturbation theoryas a laboratory to study broken scale invariance. We pay particular =attention to sealing avs (WWard identities forthe sale current) and fnd that they have unusual anomalies =
- ‘whose presence might have been guessed from renormalization-group arguments. The scaling laws also =

$ppeae to provide a relatively simple way of computing the renormalized amplitudes of the theory, which =
‘ldesteps the overlapping-divergence problem, .

Pn _ INTRODUCTION Jeads to a simple prescription for computing the re- -
tke . . normalized Green’s functions of the theory. Finally, : -[BE gectecbationtheory ofa selt-interacting scalst in Sec. IV, we shall demonstrate aninteresting connec ;

he simplest available model field si0, between the scaling Jaw and the predictions of the :‘theory, and a convenient laboratory for testing new renormalization grou
‘ ideas in strong-interaction physics. In this paper we Tenormalization group.
shall be concerned with studying the concept of broken

scale invariance within such a framework. We shall I. BROKEN SCALE INVARIANCE

s find that the model calls for some unexpected modi. si ic ies it is3

ine

"

°

unexp' In simple canonical field theories it is possible to

i Seations af our ideas on broken scale invariance At the introduce an acceptable energy-momentum tensor!tame tinehe_apocachsugested by broken sale Gwin the faloving. proper (3) O= tseeee a INE cuted proportional to those terms in the Lagrangian having’ So een ‘e hope thatt ieee wat dimensional coupling constants (such as mass terms);lumination of two interesting questions justifies yet (4y’the charge, D—./-d's So, formed from the current‘another
paper on scalar field theory. S,= Q,.x, acts as the generator of scale transformations,Th Sec. I we shall review the general properties of —S&—Oee¥aa 8 WAscale invariance as a broken symmetry, leading up to [DG),@)]= —id-+=-a) 6(@), athe iden of a scaling law (the analog for scale invariance

of PCAC low-energy theorems). In Sec. II we shall see whered is the dimension of the field; (c) the current5,how the general structure of renormalized perturbation satisfies d*S,=@ so that itis conserved when thece are
theory constrains the allowable form of the scaling law .n@ dimensional coupling constants in the Lagrangian.
and forces it to differ from naive expectations. In Sec. With the help of the currentS, and its equal-time com.TIL we shall show how the existence of the scaling law mutation relations with fields, given above, one is able

* Work supported in part by the U.S. Atomic Energy Commis *C, G, Callan, Jr, S/Coleman, and . Jackin, Ann. Phy

sin wader Sect SPAT Gesnd ithe RA Roce) 32,48 CIO) x aOfteof Scentite Research under Contract Nov APOSR 70-1860, | #M. Gell-Mann, University of Havcait Summer School lectures,1dilral Shan Fandom Felon 1969 (unpublished).
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Summary of the Callen paper.

fo) The so-called scale-Ward identities derived in earlier CCJ papers are stated in
the first section. Recall that these state that: a certain differential operator S

acting on a Greens function G” yields F, where F involves the VEVTOP of the fields
along with 0, the divergence of the dilatation current. If you have scale invarience,

then this current is conserved, 0-0, and F=0, This formelism was invented to provide

a framework for desbribing the breaking of scale invariance by mass terms in the lagrangien.

In the next section it is shown that something is wrong with these scale-ward

identities because they predict something which cannot be true, Namely, you can show

that consideration of § G" = F" for the "basic n" of the theoryh (ie, for the renorm

parts like n=2,4) requires there to be a d/d\ term added to the operator S, a term

which does not come out of the scale-Ward identities. This analysis requires that you

simply pay attention tok renormalization theory and how meny times each renorm pert is

subtracted.

The result is this: even if you have naive scale invariance with no mass terms

in your lagrangian, the scaling law reads $ G"=0 where S must contain thet extra term.

I think this equation S$ G"=0 is later called the Callen Symanzik equation. The

extra term is sometimes called "implicit scale breaking", nice that it can be incorporated

CO co simply.
A less higborically significant part of this paper says that there is an iterative

method of computing the G* which allows you to avoid all overlap problems. But the

main result of this paper and the reason it is famous is the statement of that simple

scaling law. This law implies that the lerge momenta behavior of a greéns function

(ie where masses dont matter) is somehow correlated to dependente of G® on the coupling

constant . It is noted also that the scaling law is not rescued merely by allowing

the scale dimension of the fields to go anomolous. You really need that extra term in

there.

From my present viewpoint, I think the origin of this extra term is clearly

explained in the Abarbanel review.

6
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‘Comman, math. Phys 16,4480 (1970) Modes with Symmetry Breaking a ae ;a

allows no direct conclusion concerning e.g. whether, switching off the - y2 ;
source term while leaving the rest ofthe Lagrangian unchanged, the ground
state for the latter would be the usual symmetric or the non-sysmmetric "
Goldstone one, although this ‘question is meaningful.

Renormalizable Models The Goldstone situation can in an intuitively appealing way be .
+ rn 7 illuminated in terms of the behaviour of the ground state energy densitywith Simple Symmetry Breaking tsa finetion of the source strength, The discussion hereto, fecliar in

I, Symmetry Breaking by a Source Term the classical case, carries over with few changes to quantum field theory,
whereby, however, a formal similarity to the theory of condensation

K. Symanzix of Yang and Lee (8} is noted. .

Deutsches Elektronen-Synchrotron DESY, Hamburg In Section 1, the well-known one-particle structure of Green's
functions is presented concisely. In Section II, for Green’s functions

Received September 30, 1969 involving current operators that have simple commutators with the
fields, Ward-Takahashi-Kazes- and Rivers-type identities are derived. ;

oa Lagrangian density with invariance under continuous group ftiner | If Section IIL, the formulas of the first two sections are written for the :sansormstionsfhefase rast or tnerin he dew acded,thesymmenys | speci case of asymmetric Lagrangian density with added term leat iin general reduced and the crrensassciaioa with the original symmetry are only partialy | in Bost fields. These relations are used in Section IV to obtain the BPH '
Conserved the theory witout the added trm & enormaliabl th hey wih tht | renormalization conditions in terms of only the number of parametersterm also is and the needed renormalization conditions are the essential content of that appear in the unrenormalized Lagrangian. The same is done, with
Pa eae inca in Bon Ride Covey tna) he cealoed couplcrthrierargeutarwig | some necessary precaution to avoid spurious infrared divergences, in ;respect to the nonsymmetrc limit of vanishing source term, a particular Goldstone mode, | Section V for the associated Goldstone mode, i.e. the limit theory withand with respect to properties ofthe ground state energy densityasa function ofthestrengh | vanishing source and spontaneously broken symmetry, which maycof the source term. Induced and spontaneous breaking of a diserete symmetry are alio | also be described directly in terms ofa manifestly nonsymmetric La- |treated, grangian. In Section VI, the relation between the theories with and with- .

. out symmetry breaking source term is discussed and a comparison is

Introduction made with the breaking of a discrete symmetry. The appendix contains ;B.W. Lee [1] has discussed the sigma model [2,3] from the point of | the discussion of the properties of the ground state energy as a functionview of renormalized perturbation theory, in order to have availal of the source strength, which are obtained using results of Euclidean

model that satisfies PCAC! and allows to calculate in a formal but con. } quantum field theory.
sistent way the amplitudes for processes involving nonsoft pions. ‘The calculation of the Green’s functions involving a current operator

‘We shall show here? that for such models the renormalized perturba. } will, because of the technique needed hereby, be included in the sequel
tion expansions can be very simply obtained if the relations, stemming | -papef, which deals with symmetry breaking by a term bilinear in fields.
from PCAC, between vertex functions of different numbers of arguments ;‘are exploited. These relations yield all the*renormalization conditions" " * .
required in Bogoliubov-Parasiuk-Hepp (BPH)? renormalization theory 1. One-Particle Structure of Green's Functions ,
in terms ofonly that many parameters as the unrenormalized Lagrangian We wish to consider the Poincaré-invariant theory of a multi-has. This technique also covers the Goldstone mode* obtained in the limit } component local hermitean field A(x) described by the Lagrangian densityof vanishing source but, since it deals with renormalized quantities only,
=—_—_ L=L(A,0A). qt)

7 Ref GH discusses the sigma model and related models from the point of viewof ;applications to pion physics. To this end we consider, following Schwinger [9], the related theory4
short account was given in Ref. (5) described by the Lagrangian density2 See Ref. [6) and references given there

“ Ref. (7) gives a comprehensive presentation of the relevant material LsL(4',0A)+5 A'" (1.2)1 Gonm th Pn Vb 16
7



Summary of the Symenzki Sigma Model paper.

a) Probably I should not have read this thing in as mich detail as I did, but it wes
filled with interesting manipulations. My motivation for reading this paper was simply

that I was reading the source papers for Callan Symanzik equations, and the Symanzkk

paper said it was taking its notation from this Symanzik paper.

This paper is mainly interested in the subject of renormalization in the presence

of SSB, something I do not want to get into now. The tool Sym. uses in this discussion
is the scale Ward identities like those general onges (for any conserved current) that

I saw derived in the CCJ paper. These Ward identities are statements about the G”

greens functions and their relation to VEVTOP with divergence of the conserved current

inside, ie, the same type of equation Callen used in his paper in the special case of

scale symmetry.

So I dont really know how this tool is used, but f was interested to see how you
can restate the Ward identities in tedrms of first the generating functional G[J], and

also in terms of the proper vertex generating functional [A]. These transformed
statements of the Ward identities get fancy names like Kazes-Rivers identities.

The connection of this tool to its work is, I think, that the sigma type models

break their invariance by a term linear in the field ( you can think either of scale

@_ wreaking somehow, byt mainly breaking of CAC to get POAC). This linear "signa" term
looks just like a source term, and this source term you recall is the basis of the

_

functional approach. So somehow the functional approach gets used to show rénormalizability.

I think that as a spinoff this paper led me to a simple graphical language for

the functional formalism, in particlyr, how to relate proper vertices to full vertices

and so on, d/dJ is a little arrow strung to a external particle ball, ans so on.

6
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1.2000 Hamburg 5, Luruper Chau Abstract, For infinitesimal changes of vertex functions under iniitesimal variation ‘
* ver Chaussee 189] a enormalized parameters, linear combinations are found such that the net infinitesimal 4Ranges ofall vertex functions are negligible relative to those fonctions themselves at /

bnge momenta in all orders of renormalized perturbation theory. The resulting linear first
fecer acta! differential equations for the asymptotic forms of the vertex fonctions are,

‘quantum electrodynamics, solved in terms of one universal faction of one variable and {
fectunction of one variable foreach vertex function whereby, in contrast tothe renormal-

non group treatment ofthis problem, th universal function i obtained from nonasympto- .
feeonsiderationsA relation to the breaking of scale invariance in renormalizabe theories ‘ieseibe, :

!

Introduction i
‘The small distance behaviour of Green’s and vertex functions in ,

renormalizable quantum field theories has been extensively studied in :
formal way via the renormalization group (1, 2] and, with equivalent .

results, some other approaches [8,9]. Here we offer an alternative ap- ‘proach to the same problem, which appears to be rather more direct ‘
it leads to formulas that are exact and become the usual asymptotic
ones upon a, in principle controllable, neglect.
We study the effectof inserting one extra mass vertex, or a generalized} mass vertex in the sense of Wilson [3], into all Feynman diagrams for

all vertex functions, (Such vertices are defined as those for which the
sim of the mass dimensions of the composing fields, a scalar and the

electromagnetic field having dimension one, a spinor field dimension
: +| three half, a derivative dimension one, is less than four, e.g, two for a

salar mass vertex and three for a spinor mass vertex.) By such insertion, i
the superficial divergence D of the corresponding Feynman integral is \
reduced? (e.g, by two and by one, respectively, for a scalar and a spinor |

mass vertex). Reduction of the superficial divergence, however, results |in decrease of the large-momentum behaviour by the corresponding
‘ power of an overall scale factor’. This relation between dimension of

See, eg, Ref. [2] p. 321; the index «(G) we call D. Also ibid,p. 341,
16 Commun.math Phys, Vol 16 y

— |
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Symanzilce

fa) This paper gets results similar to those of GellMenn Low and Callan and CJ, namely,that the Greens functions (or proper vertex functions) satisfy certain differential.
equations like i.17 of this paver; derivatives are with respect to the "parameters"

of the theory, mass, coupling constant. Recall that Callen showed the need for the

extra coupling constant derivative not normally included in a scaling enalysis (ie,

a scale invariance analysis, eg, the scale-Ward identities of CCJ). On the other hand

Gellmenn Low got their asymptotic forms for greens functions from the global renorm

group equations like d = dd stuff, same as in BS.

The difference here is that Symanzik derives his equations using the functional

methods. In section I he considers g and ends up with the usual Callen ~Symznzik
equation. The key ingredient is realizing that certain objects have degree D positive

and this allows you (requires you) to define various parameters like g and m. These

then appears in the CS equations.

The CS equation in turn can be used to get a form for the asymptotic behavior

of the greens functions, and you see the deviation from simply naive scaling behavior,

de, the logs. Later papers at this point combine with Wilson to expalain scaling
results at SLAC.

6 Next section repeats everything for QED rather than #4. ]
" Appandix I guess shows how the naive scale invariance predictions are wrong.

At the moment this paper is too technical for me. I would rather get back to

the Pagels QCD review I started. Once I understand someones derivation of the CS

equations, I can go back and see how everyone else derived them in their own way.

-~
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What is the basic idea described here? First, you have to find a way to define a .

_- Fenormalized field’ theory which is sortof coordinated at @ renormalization pointfhe
Te, this point isused as part of the definition of the renormalizedmass and coupling.
Then you are able to show that the renormalized greens functions f\") satisfy a certain _
homogeneity conéition, based only on known dimensions of a greens function, The independence_
of the unrenormalized greens functions on artificial point JA then leads to a condition
on the renormalized f! , a condition known as the renormalization group equationfor f.
When you solve this equation, you learn a certain correlation between scalapg all the

momenta, and value ofthe effectived coupling constant. If a certain function ®@ hase _Linear zero with negative slope, then as all p; in \' scale off to infinity,you find
_ that {can be computed in terms of another f' whose effective coupling is gi, theplace __
__. where P hasa zero [ this is an UW fixed point]. If g,=0, your theory is asymptotically

_ free, This is thought to be the case for QOD based onparton datain UW region, .
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So, as far as the renormalization group is concerned , this second part, ofAbarb's_paper.*:
_ _doesnot _have mich to say. . __. 3

a) QODtheory, people have computed BETA and they find that theory is indeed __ - "

_—- .. -asymptotheally free in the_renorm. group sense. There is aZoxed point at g,-0 a
_. .. and constant BETA has the correct sign. Moreover, _ Lo.
—_..-b) it is thought that_non-abelian gauge theories are the only theories which show -

this property. Abelain theories donot.=, .
c) Renorm group is utilized somehow in the Wison Operator Product. idea. toshow.that._atheory which is AP showuld exhibit Bj scaling, just like a free theory dbes, more.

- oor less... See ee :

~——~— There.is:no. cnnmection made. between gauge.theoryand critical phenomena or my previous
Imowledge of. the renorm group. In fact I don't even know what corresponds to-the. 9 _.....-

--— correlation length. So my two kowledge bins. are as. yet unconnected.
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/ 1300 W. J. SPRY .-B the results of this experiment R=cc/xb*= (1.0:0.2) to the energy of Panofsky’s experiment, but that this J, tween two]10" sec~ if the limits Placed on 8,°—aj? are taken initial slope is + (9.2°)q'. They then fit this initial slope charges gseriously. This assumes the radius of the mesonic Bohr and the data of this experiment with a smooth curve 5 aorbit be 22x10" cm and that w%=8X10" cm/sec; for fay" tersus 9. Ween she values of 8 and a fq)20°co(8x/9K)(24/0) (6\°—ay")*.Panofsky's experiment from higher energies are extrapolated with this restric. fershows that this capture rate should equal the capture tion on their difference, it is difficult to fit the datarate for the competing process #(r~,7)# without assuming that aj varies less rapidly than y’ and |Bemardini"” has discussed the ‘cross sections for that ‘8s varies more rapidly than 1! in the energy region .Plyx*)n, d(yxt)2n, and G(r,4~)2p for Ey between 170 between 20 and 42 Mev. For the most probable fitand 190 Mev in the laboratory system. If it is assumed under these assumptions ,° changes sign between 20 |.that the ratio of x~ to x* production obtained from the and 30 Mev. This energy dependence for Ay? suggests asecond reaction is the same as the Photoproduction Jastrow" potential for this phase shift.
J

- ratio between the free neutron and free Proton then
|. Here a=e,'the principle of detailed balance and this ratio can be ACKNOWLEDGMENTS ture const.used to predict the corresponding cross sections for A number of people aided the authorin this experi- m rest mass o|P(r). If these cross sections are extrapolated to the ment, ‘Thanks ave due especially to Dr. A. Roberts and Tf rh,energy of Panofsky’s experiment Bernardini obtains a Dr. J. Tinlot for their help and advice throughout the f° form,capture rate that requires the initial slope of 8—ay°to experiment. The author also wishes to thank Dr. J. ~ abe =:(9.2°)y' in contrast to the value of —(16.5°)q’ French and Dr. H. P. Noyes for their helpful discussions vontobtained from this experiment. of the results. Others who assisted and who contributed 4nrlBette and Noyes'*have given an argumentto explain 91 ne768 suggestions were Dr. E. Hafner, Dr. F. ffthis discrepancy in terms of Marshak’s" suggestion. In Tenney, R. Santirocco, and D. Nelson. W. Coombs,brief this argument assumes that the slope of B’—aj) Enslein, L. Braun, H. VonThenen, and F. Palmer J

obtained from this experiment cannot be extrapolated were responsible for construction of parts of the equip- where 721‘+H. Bethe and H. P. Noyes, Proceedings of the Fourth Annual ment and for
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8g in the F|The
renormalized propagation functions Dre and Spe for photons and electrons, respectively, are in- the test bod;Yiglgated for momenta much greater than the mass ofthe electron. Its found thet fa ta region the indi- [* the body froforma, Aastha Perturbation series to all orders in the coupling constant take on veyron see an effecti+cern font she entre series i only partly sucelIt is found gt he cee ee

> ized charge,Snited routs Stations by vst ofthe senocmalianblty ofthe thor. I photon selfenge mene,‘omitted from the series, so that Dro De, then Spe has the asymptotic form ACS/m*)[iy-p}", where Penetrate th
A=A (6) and m=n(e;%). When all diagrams are included, less specific results are. found. One conclusion is body, the chatances aneht ofthe charge distribution surroundinga tit charge inthe vaca dns One Se charge go, cofancies rae, coupling constant except through a scale factor, The behavior of the enn an clear then?. Ths coords moments i relsted to the magnitude ofthe renormaisiton constants in the theory (1.2), museSanit shown thatthe unrenormalized coupling constant af/éne, which apheat gaa theory 12), mustSen aT ces it the renormalized coupling constant ef/tehe with divergent cooler eng Thus, using (itheof two ways:(0) Ke may relly be ingnite as perturbation theory indicate© Reimay bea Gite numberipaoeeo aaa {tt1.

INTRODUCTION vacuum polarization. They were calculated to frst where the iw5 # weltknown fact that according to quantum orderin the coupling constant « by Serber' and Uehling” Uithuically teelectrodynamics the electrostatic potential between shortly after the frst discussion of vacuum polarization Toga incrac Rast charges in the vacuum is not given by Dirac and Heisenberg We may capris thee 1. son nek0 exactly by Coulomb's law. The deviations are due to sults by writing a formule for the potential energy be ‘Such diversyah cre anf ROBES ageomeC8. Oe of E aline”be eBay whenever obs.{Now at Department of Physics and institute for Nuclear 3 8 5 Pict, Pros CambridgePhil Soc. 3, 150(1938) °F. SchwingerStudies, University of Chicago “W. Heisenberg, Z. Physik 90,209 (19843.



Summary of the Gell-Mann Low papers

‘8
By fiddling around with dimensional analysis, they come up with certain "renorm

|

alization group equations" which are not of the differential "Callan Symansik" form i
but which instead ere the global Z = Z.Z form, where the cutoff papameter and momentum

appears as arguements. See eg (3.9). A leter section of this paper actually uses two

separate cutoff parameters so the multiplication equations are a little messier.

You cannot completely solve these renorm group equations, but you can learn

something about the form of the solution, in the sense of KNO scaling say. You learn

(as seems reasonable from miltiplication idea) thet S(p) propagator goes as a power(P*)”
but you cannot compute n ( later I think AF boys shown how you might compute n). Just

how you solve the R-group equations to get this general power form is discussed in an

appendix.

Obviously, if you know this "form of solution", you know something about the large p®

behavior of the function Z(p). Since a Z scales e to e,, you in primciple are learing
about €,- In other words, given the physical charge e, by learning about the large p*
behavior of Z(p) you can learn about e,. That was the main interest of this paper: just
exactly what is the "bare charge", the charge you see at small distances, high energy.

o) The "scale form of the solutions" can be reformulated as an integral statement(5.9) . This statements contains functions PSI which is later to be called the BETA

function. Here is the important fact: if this function has a zero for finite argument,

say X5y then the large k* behavior is described by a finite Z (called d), and hence
the bare charge is finite. If there are no zeros of the function s SPI, then the bare

charge is inifite.

The authors are not able to state which is in fact the case. I think even today 1978

the answer to this question is unknown.

So, to summarize, this paper hwas two important contents: first, it has golbal renorm

group equations of the type you now see in Bogo Shirkov and Bjorken Drell. Second, it

shows the "solution" of these equations in terms af a BETA function whose zeros have

the significance that the high-energy charge "(bare charge) can be finite and not

inifite. Later we learn that in @ NAGT you have asymptotic freedom which means that

the high-energy charge is in fact zero.

This paper does not contain differentiel R-group equations of the CZ type, nor

does it say anything about scale invariance or PCAC or conserve d currents etc. Their

Gwin interest was saith QED and whbther e, is or is not a finite number. After all , this
was written in 195).



8.23.78

re) Gellman-Low: " QED at small distances". 195k :
Comment: This is the paper which ley dormant for 15 years and then led into asymptotic

. freedom via the renorm group equations. Authors are of course interested in QED only.
? :

1, Introduction. What is the true pobentiel between two charges? As we imow, it is

the PT of the photon propagator and will thus contain effects from the vacuum

polarization graph. The finite parts of the vacpole effects are shown in 1.3 as

a certain 5/6 and so on. There is a divergent piece also, ie, as you take r = 0
“ .*

you get a log divergent piece. The bracketed factor is then just 25% and this is
its usual log divergence. In effect, (1.3) is 2 computation of the bare charge

in terms of the (Observed and finite) renormalized charge. But only to a finite order

in perturbation theory. The authors are wondering this: just what is the bare charge

e, to ell orders of perturbation theory? Is it really infinite? They have this nice

way of visuelizing your measurement of the bare charge: you probe small. distances so

you get through the polarization cloud. As you really: get in there, you see the bare

charge ey. Interesting how the word "bare" ie used but,this picture not usually

conjured up by me. * :fo) As an aside, they quote that. QED renormalization was proved in 1949-1951 by.

Dyson, Salam and Ward. o

2. Representations for the Propagators. Basically the various Z's are defined. Dp"

As the unrenormelized-but—full photon propagator, the thing that will have Z, in
its numerator’st the renormalization point which is p= 0. Then Dgg ig what we would
call the renormalized propagator, see (2.2). Certain integral representations for

25-1 and 2571 are given, I think these are cal@ed Kellen reps, no doubt based on
uniterity somehow. A comment is made about photon mass renormalization end how you

have to throw away the big quadratic divergent term.

3. QED ignoring photon propsgator renormalizatitn,eie, with 2,1. ° Suppose you
compute Zp You can use a Feynmen cutoff on the photon prop so that electron self-

energy perts ere finite in the cutoff. Bvaluting@(e) with renormed charge ey,
if you look near p = m you can get Zp, and if you look for large p you get some result
as shown in (3.5). Again, just’ a few terms in’ perturbation series for these quantities.

Equation (3.9) shows how the numerators of the unrenormed and renormed phuknxp electron© props are related in a certain Limit: cutoff.MGT.p.MGP.m. You notice thet the

renormalized propagators numerator Sg is a function of p/m and does not have problems

involving the cutoff. This thing is finite. Of course 25 is function of X/ m



and the un remormed prop is function of Ye , where mis neglected. This equation
(3.9) is the kind of rennormalization-group ratio-style equation I have senn in

BS and BD and elsewhere. Roughly it cays that the UV divergence of the unrenorn

prop is all contained in Z. As you might guess, the only solution that equation
(3.9) can have is a power solution ( ie, a rep of the multiplication group). thus,

in this partial theory you find thet Z) is a constant A times (S/#t)™ where n
is some power. Ie, in perturbation theory you ere only getting a few terms whéch

are logs, but they seem to all add up to a power ( a familar happening). Then you
conclude that the full electron propagator must behave as 2 power of p2/m@, and theb

using the Ward identity you can learn the behavior of the vertex.
I think basically this is just dimensionality arguments at work. Equation (3.9)

arises merely because you know what each function can depend on. So, using the

renormalization group’ argument, you can in-effect compute the form of the full
propagetor , although thé little power n is not so-computed. That was probably the

reason Gell-mann Low st for a while: no way to compute n.

“Notice, by the wey} that there are no differential renormalization group

equations in’this paper. There seems as yet to be no mention of a "renormalization

point" in the sense of p of Pagels review. But there is a vague idea: (look at
(3.9) that you can compensate for a charnge in the cutoff® by changing 2p ( by
changing the charge...). Ie, think of sg = s/z9. This ratio has to be independent e
of the cutoff because it gives the finite, renormelizaed prop. I think-it is this

same idea which decomes the differential equation later on.

ij. Ward's Method used as a cutoff. The vertex Dyson equation is written down (and

Dyson given credit for defining the 1pi objects, I think). Then these equations ere

"subtracted" in a certain wayh which causes the unrenormed Sp aND Dp propagators
to be normalized (ie, unit residue) st points f= \ and kX. Thus, although they
do not use the term "renormalization points", they are in effect choosing independent

renormalization points for the two basic propagators of the theory. This then

quickly leads to equations like (4.7). This equation relates the originel divergent

functicn Sp'(e,). to the Zo(% X ). and the Sp(d,%) + Ie, for any particular value
of the pair Xs this letter object is the finite renormalized: propagator. There is
sort of a double renormalization group here , two floating parameters. Now (4.7)

is just (4.7) with these parameters at their usual values (ie, the usual renorm

points used in QED). Now if you divide (4.7) by (4.7'), then the original infinite
or divergent function cancels out, and the ratio of the two Zp's is. called 25, thus

yielding equation (4.7)". This equation tells you in effect how you can deform oo)
from the "stendard” renormalized propagator Spy with its charge e; to another

prop that is a finite distance awey, so to speak.
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One might refer to this little triad of equations as the Renormalizetion Group

C)_emstions for GED, Mext, they go on to rewrite these equations in terms of the
numerator functions only. Notice that 25! as a number is the numerator of the
standard finite function Spq evaluated at the renorm point f= \. Thus you
end up with the set of functional equations (4.19) through (4.20). There seem to

be 4, functions and two parameters e;-

5. Asymptotic Behavior of QED Propagators. Using dimensional arguments, our three
renorm group equations are cast into the form (5.3) through (5.5). Now I have to

go learn how the “solve " these things. This is appendix B so wait. For now just

look at the solution: it is like KNO sceling: the function d, = photon prop numerator

= F(z) where 2 = (k2/m2) x some unknown function of e;7. As you take k?/m? to inf
in (5.6), you are in effect computing the bare charge, as shown in (5.8). So, suppose
F(2) = finite value as z goes to inf.; then the thepty has a finite bare charge,

which depends on the function F but not at all on the number ey. On the other hand

perhaps F(z) = inf as z-inf, in which case there is an infinite bare charge, this

is case (a), which we might now call UV Slavery ( coupling grows without limit as

you go to high energy). Perhaps as a special case of case (b) you will have eg

fo} approaches 0. This is Asymptotic Freedom. We now know that this dees not happenin QED since it is abelian. Probably there is a finite UV coupling constant for

QED, which may be found in new HE photon experiaents. See Pagels review page 161.

In (5.9) they present an alternate form of (5.6) solution to the RG equations.
Here the unknown functions are q andA and it is clémed that you cam compute these

in perturbation theory (whereas you could not for F and J of the other solution).
Look now at the form (5.9). Suppose the RHS diverges only as the upper endpoint

goes to inf. This might be the case if function 4{x) never goes through zero.

In this case you would have that k*/m@-» © as e9-700 so this is our friend Case
(a). However, suppose (x) has a zero somewhere at some finite x=x,. Then you are

getting k2/n@ corresponding to e, = some finite value, and this is case (b).
Thus, (x) must be todays BETA function. Its zeros determine the positions

of the UV values e might take. Somehow a future author is going to redo all this

stuff using the differentiel equation approach.

Appendix A: Derives the Kallen-type representations for the Z's, not too relevent.

Apoendix B: Shows how to solve the renormalization group equations. I will look at

8 this discussion leter if need be. It is all sitting there.


