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Bogoliubov & Shirkov
Intro to the Theory of Quantized Fields

Chapt 4 $-Matrix

Al in 2026: Introduction to the Theory of Quantized Fields (1959) by N.N. Bogoliubovand
D.V. Shirkovis considereda classic and foundational text, butit isoutdated for learning

modern Quantum Field Theory (QFT) as a beginner. While its mathematical foundations and
historical significance in the development ofrenormalization group methods remain highly

regarded, modern curricula favor newer textbooks for covering contemporary techniques.



Comment on Renormalization 9.5.78

8 I think for the first time I see how the finite corrections come into play.
You start with a theory and you first make sure it is renormalizeable, ie, that at

worst dj = 0 for all interactions, taking proper account ‘of vector particles. Next,
you use Bogoloibov procedure to regulate all feynman graphs you might want to drew.

This is a procedure for removing divergences. Basically, you only have to do this

to the finite number of "renormalization parts" in your theory. Thus, eg, in QED

you have certain objects like G = full electron propagator, D = full photon prop,

and so on. Te, when you write the symbol D you have in mind that the divergent

piece has been subtracted out. Depending on how bad the superficial degree of

divergence is for a particuler renormalization part, that is how many subtractions

you have to make;. These subtractions are done at your chosen renormalization point.

Thus, in QED you usually subtract the photon progagator at k=0 so that

the photon pole stasy at zero, and so that Z, = 1 for external on sheell photon

(ie, then there will be no external photon renromalization effects.)
Once you have cleansed the renormalization parts of your theory, every~

thing is just busy work from there. To compute a process, you must compute only

(eo) the skeleton graphs. However, in these graphs you must include full vertices and
full propagators. And note that these guys do include various corrections as you

go off shell. Thus, the vacuum polarization is there, ie, there are corrections.

Similarly there is a correction due to photon jumpting and end vertex in Compton

scattering, say. Of course formally that -jump is included in the full vertex, but

you still have to compute it as such. Ie, you have to compute its finite contribution.

This is of course the subject of radiative corrections.

In QED, the electron self enegy has D=l, so you have to do two subtractions,
so the little derivative appears. Photon has D=2 so formally you have to subtrac t

including second derivative. I think the idea of subtaactions is finelly sinking in.
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Dai
a/ Bogoliubov and Shirkov -~- partial contents

Chapter 4 : Removal of Divergences from the S-Matrix.

/ 2h. QED, Second Order ( electron self mass, vacpol tensor)
J 25. QED, Third Order ( the vertex, Ward, gauge invariance)

on™ 26. General Divergence Removal Rules ( the R-operation)
27. Analytic Properties of Coefficients (skipped)

v 28, Classification of Renormalizeable Theories. ( the simple d, rule)

Chapter 5:Applications of the General Theory of Divergence Removal.

/ 29. In -theory (Hurst-Thirring)

/ 30. QED, Part 1: General Form of Counterterms (Furry, gauge invar...)
31. GD, Part 2: Mass end Charge Renormalization, (Full Greens, miltiplicative Renorm..)
/32. ED, Part 3: Radiative Corrections, Second Order (Compton example)
V33. The PI-N Theory

3k. Schwinger's Equations for Greens functions.
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B.A

Blectron Nass Renormalization and the Concept of a Mass Counterterm. :
Electron Hass Rendrnalization and the Cone oe

6 1. Let. my be bare mass, and m be the renormalized mass to some order. Let us
consider the renromaligation of the electron line, The bare theory lagrangian is

this: xy: :

L = PCs wmaay ie, BK “teee
Now, suppose we calculate the renormalized electron propagator only to lowest order,

ie, to order, « Let us stay close to fam so we neglect other terms in &(p) other

then the constant, Then you find that: . .

(oman psp = at ae
= ol 4 1g 1

F-Me, pre orm

Wun Sa Nx S(t.) = matrix in Dirac space.

° ve oc ale & ~
R= Beetle On, | Ae f= (c(AB) -2 m4Wr fo x

Notice that A° and B° are functions of e, and m,. Here A. is a UV cutoff and

A is a photon mass (regulator for IR problems).
2, Our problem now is to combine the two terms shown above, By ignorimg any terms

+» of higher power ind, , you cam conclude that =.

fox pet) = —£--2
You could then in effect look at your function a(n) and choose m,*such that
aog m, =m, the physical mass, Then in effect; you seem to have a new propagator
propagating at a new imass. You could go on to show that! the résidue of the

propagator is shifted because of 3B°(m,).
In this approach, you see clearly that the mass is shifted by amount A. However,

the various functions like 3B are functions of a and not m. This is OK, but
not very convenient. Notice that we have not used any “counterterms" in this

approach. .

Notice also that the (new prop) shown above is exactly equal to:

te eeaaek
fen, .

a Ie, if you include selected higher order corrections, you can arrange fo get
° exactly# in the denominator. However, I dont think this is a useful vay

to think of things.



3. Let us now present a better way of doing what we have just done. Simply and

trivially rewrite the lagrangian as follows:

R= DUB— Le RAY Sm Bae Su sm *)
We have now arranged that the bare propagator has physical mass m, even though

it is a bare propagetor. Also, we have added an "interaction" which, if you

: like, shifts propagator back again to bare mass. :

Now, using this new lagrangian, lets go back and compute the lowest order

shift in the prop. We know, by the way, that §m is order’de just like #, so
do not forget to include the "counterterm" interaction:

Cras pap) = a EN

= —t- oa ™ 1 \ % \= + . a Se weg-m fom z ea ¢-™ em
We have now slightly reargagneget the theory, because now when we compute Z

we get:

JA.= Art BG)

A-¥ - gee= PP (om, wi) B= wm) (>)
Although & has the same form as before, you see that A and B are now functions

of the renormalized mass m. Also, the propagators are now fm instead of pm.
Of course both these facts must be compensated by the counterterm because we

are computing exactly the same (new prop) object as before. We cannot get a differen

answer. What is néce is that now, in the counterterm method, A afd especially B

are éualuated at the mass m.
.

Also, the three terms are now very easy to add up:

\

.

Qe Sam
- Cropp)= — | 4 [Beem+d DomG ) pm | B(e-™) Vin qo

\ A \
.

=> abe) ts + :pow (ORO ER
Now we choose m, such that Sm+ A(m) = 0, This is in fact not the same
condition as before. But to orderd, it is the same, You have to keep your

cutoff in there so that a "term of orderd," is really of thet order, and

not logarithmically divergent, or worse. a?)
Having so chosen the mass m, , we have eliminated my from the theory and

we find: \+B8 =. Cnuaperg) = ran so Yy=\+B®



-2-

4. Thus, using the counterterm apporach, we see very quickly that

Co a) the electron is arranged to have the physical mass/ b) the propagator residue has been shifted by amound Z, = 1 + B.
Do not make the mistake of thinking that now that you have m in there you

cam neglect graphs like ~2&%, 11 these graphs are still present, unless
you use the new propagator which includes these effects. Ie, I am just warning

+ you not to think graphs like US with physical mass mare illegal. They
are OK, but are now included.

5. Sok in every feynman graph, you will want to allow on each electron line all

three possidlilities, ——~ , A, ana “#-. But each time these theee

appear you can add them up to get S, the renormed prop which is 2,/(f-m)«
This thing also has the physical mass.

Now we would never consider a graph with this : rhe, or =X . These
dont make sense, or if you like, are higher order still. ‘

6. Since ultimately every electron line appears between two vertices, you can

see that you wi}1 want to group \%, to each vertex and this will contribute
to the charge renormalization.

é8 J. In this spirit of adding higher terms since they dont count, lets go
back and reinterpretnt the counterterm method im the BD manner. We have:

(wopg)= —— + +( 2 + en. + -) wo!
+k +Gee + eR

I chose the wrong terms to add. Here is more what you want to do:

= wm!(aus pag) = pe Ot (BR + iP Ox :
tak

I have selected a very small subset of the higher order terms. The reason for

choosing these is that now you edd up and get:

= Dt plertalp + DESEO ~ oo
I blew it again. This algebraic series is what I want. In pictures it ist

OF Guopg) = — (tise )y (Be + et ee
* 4)

tebe,



So, once again, I can add + ese higher terms without doing any harm to the order

of interest. It makes it easy to sug up the series to get answer which must

be currect to order of interest: *)
(mo pt) = Fondooveud = p- an2S

Now the trick is to, choose my in such a way that Sn. cancels against the
constant term in.@,. This will cause your mass to come out at m as desired.
Consider:

.

A=Ax BG-w).

\

. a : ~ \*t&(were) = - = a i...

Bom K- BG) Ye ~~ \\-8) to
So fine, we get the same result as before. It does not matter how you write
something if it is the same either way.



Refipfmalization of QED to order X. . . :

Gnée the counterterm idea is understood, the rest is relatively easy.Co Eg, we go off and ompute thé graph ym» (with m eveywhere) ami we find that
the regular bare vertex is enhanced from 1 to (zy - 1). But the Ward idnetity

* shdwe that 2) = Z, ‘and we have already computed Z,. Thus, no need to compute
Ze

Now eventually you‘want to see the complete renorgalization of the vertex.

To do this, you simply add together all graphs of order We as shown on page 168

of BD1. You trivially add all thése things up and you find that the ‘net effect

is that the bare vertex is enhenced byVem
What was 23 ? Had to do with the Vac pol. © . .

1. Vacuum pol graph. First of all, when: you add the correction ~“O™ to ww,
(again with physical mass m on these electron lines), you find that the photon

mass is not shifted away from the bare value of zero. This is so because the

loop Tyla’) has no pole in ay q®. This in turn follows from uniterity, because
there are no massless intermediate states you can put in there ( like Goldstones!),

In fancy gauge theory, the goldstones generated by SSB are just those massless

states needed to shift the "photon" mass away from sero (see Bernstein review notes).

A So aside from the small q” correction (which yields the Uhling potneitial
and 27m worth of hydrogen Lamb shift), the effect of the vacpol thing is to

renromalize the photon propagator to (new prop) = 23 e/a? . Tt is this Be
taken to each adjacent vertex which causes the {% charge renormalization noted

" above.

2. A very easy way to look at things is this: Zy and 23 are the new electron and
photon propagator residues. Consider this way of thinking about the renormalization

of a vertex internal to a feynman graph:

—--me [+ no-|\~
—--- ae te

This symbolic figure represents the sum of 3x3x2x2 = 36 Feynman graphs. One as

order 4, ( the bare vertex), 6 are of order 4%, somo are %, and some are even
order %,! . The reason for writing this as that what we essentially have is:

os



Te, the box which is (++ bm ) yields a multiplicative factor of 2,7" (this
ig the definition of Z,); each of the line propagators yields its JZ; since
you take hut@cthectfutt since you write 2, = $& (Hana take one factor in r?)
each direction, =

By this method, we immediately get the repult of (8.56) on page 169 of BD.
You can then say that the fact that we added graphs of higher order does not

_

Change things because we are neglecting them anyway.

This approach has the.advantage of applying to an arbitrary internal

vertex. Notice that we have not computed the renormalization to order qd
because, even though we included 36 graphs, we did not include such things

as + + Thus, ‘our result is only good for this order Qo:

In effect, we "divided " by YEz for each electron.propagator, because this
is the factor that goes off and attaches to the “external" blobs which I did not

show. Thus could just as well be external particles.

3. Important point: you mst maintain and hold your outoffs at small finite

values while'you do renormalization in eny order. So far the only countertern

: I have encountered is the simple mase counterterm.

*)

*)



—

Renormalization of the electron propagator to arbitrary order. ‘

6 1. Need a good notation, I will assume from the start that we shifted to7” the physical mass in lagrangian and add couhterterm Gm. It will turn out that

in any order of renormalization, the quantity Sm will be of order %, but we
will compute it to higher and higher ofders of accuracy. Now, here are some

definitions:

4- - — +s = A+diw

“Ee = 4a.+A= &)

Be. aRL AOL

iB = Se = BO ELD) Bm = SG 2) 48m

CO es =ARE. = St
Obviously, Box(3) are all third order proper graphs contributing to the electron
self-energy part. Box(1,2) are all graphs of lst and second order. Notice that
the simple counterterm graph is included in the Box(1) object — it is a proper
graph.

2. Next, we can define the fm renormalized electron prppagator. ‘Notice that

you are always allowed to inadvertantly include graphs of higher order than
you want without harming anything. Thus, we have:

—@- + — ++SH

Notice that we never deal with Bgg(3), but only Bgg(1,2/3)+ Thus we can shorten
the notation by using instead:

QQ -O-=— +b
Si)= Qe = + Se + .
D+ —O-— = — + A+EE+ D-DD



. ~.

Eg, in Bgg(3). (in new notation), we mst include Box(123) iteratéa 2 and 3 tinres
so that we are sure to include all terms of third order. Obviously we accidentally
include térms of higher order but that is OK. - : ~~

In fact, since we are allowed to add such higher tenms to our hearts contenwe can do the following: *

-Q = — 4+ +hs+ Ce fray

By faking these things up into infinite series, we have made it easier to
sum them up. Thus we have:

Er" Gi
Or, im more familiar notation:

\D@\= or
pom— BUR) Se

3. Now a slight digression, Consider an arbitrary self energy graph that is

part of some Box(12...n). Exactly on the mass shell this must be some number, [*)a function of the mass of the electron. Expanding around this point, the

lowest correction would be of the form B(f-m), where we set p2 = m@ inside
coefficient B. We could include a higher order correction (fm)? term, but
easy to show that this doesnt matter because we are interested in the final

propagator very close to pam. :
Thus, in general we will find that: .

et = AD 4 BO) = SK)
Adding things up we will find then that:

= Ae £0) Gorm = Ga) Bee
Ba

We AQ) = AG)FAQ)* A,
Obviously A(n) is of order n; and A(12...n) is of order 1, but is computed to
accuracy of order. ne |

4. Insert this lest result into the n-th order propagator:

\oDer)tk(+ ee») hers
Bom = Ali n)— Bare GE») ~a e-M

ab Bee Aten),
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Now the prescriptionis clear. If you are working to Order ny you! éhodse
6 $m = -A{1,2,,,n) gné them 2, + b+ B(12...n)s

5. Look what happens.

Sule) = — AQtor) = -AGt8s) SAG)
= Baa) - AQ),

Each time we go from one order to the next higher order, we have to adjust Sim
by the amound A(n) which @s of order n. Je, the adjustments get smaller and

smaller. But each stage you do have to reset the counterterm mass Sw, .
Similarly, each term you improve the accuracy of 2, ( ie, of 14B) to another

order of n.

6. So, how do you do things to second order? First you compute Box(1); this

tells you A(1) and B(1). But dm(1) = -A(1), so you now know the first order

mass shift. Your residue is 14B(1).

Next, you examine the graphs which make up Box(2). You now know A(2) and

3B(2). But these are precisely the corrections needed to compute dm(2) from am(1),

y and 2,(2) from 2,(1). Thus you are all set to second order.
le) In principle you keep going foreyer. Presumably the partial sums A(12,...n)

and B(12s..1) converge! ° Obviously you have’to ‘hold’ 11 your regulrtés and cutosfs
fixed for the entire process. Things like dm(n) wil] depend on.thse cutoffs.
Only after the entire renorm process are you allowed to let these cutoffs go

to- inf. . .

7. So, we now know precisely how to compute dm(n) and 2,(n) to arbitrary order
ne Let us move ons

Zor) = Ao\-+ BE) (g-m)

AQte r= AGV+ACY +e Alw).

fo Say= = AQaed |

Dey = BOmm) = oe)

p-™



Renormalization and the General Notion of a Counterterm.

CF LsMite to now wo have enoountored & mass counterterm only, We found that
if you considered: 4~ in QED you found by trivial power count that this
thing diverges, ie, is cutoff-dependent. Thus we added a counterterm —*—

chosen just right to cancel the euroff-dependent constant = —h.. Then we
go to higher order and get graphs like “@-. We add them all up in some

.

order, and then we just readjust the original counterterm Sm/PP to exactly
*

cancel. ‘Thus, to any given order we can arrange .to have a finite propagator;
more accurately, we can arrange for Z, to be finite when # = m, In fact it appears

+ that wa always make adjustments so that fo, = 0. I'm not sure “what happens
to. Zoe . . .

Now, if you want you can look at the vertex Dev in the same way. ‘You
find that the graph } diverges, ie, is a function of cutoff; so you introduce
a counterterm af the form SEMFAY to cancel this divergence. Thus, once you

have included this counterterm, you can ignore the graph > since you have
cancelled it, and you only need worry about Jw. Ie, you have adjusted the
“charge countertern” so that Nye 0, in entire analogy to adjusting ‘the mass
counterterm so that 2 = 0. :

Fe) - Ag you go to higher order, you have to readjust 8 to got this fe counterterm* to cancel against AM computed to oraér of. interest.
Are there any oter counterterms meeded in QHD2 Potentially, each n-point

function may nocd a countebterm, so you should check them. Look at --UL . Had
this loop integration been infinite, you would need a counterterm of the

form \¥4- in your lagrangian. Then QED would not be "renormalizeable". But
as simple powercount shows 4/6 yitlds convergent integral. Less obvious is the

fact that DelbruckF&K does not require a counterterm.
So it is really the fact that, in QED, the only counterterms ever required,

are ones which are already in the lagrengian, that makes QED renormalizeable.

Ie, to any order you can kill off divergences. ‘There are of course subtleties

like overlapping vertex insertions etc, but the basic point seems clear.

2. Now consider g" theories. Try some #3, Do you need a mass counterterm? —O-
Yes. Do you need a e counterterm? G-= 4/6 not Higher terms are even better.
Thus, in this theory I dont think anything is infinite except the mass stuff.

What about #4? Mass counterterm? “Q- zach loop is 4/4 = log divergent, so
s you you will need a mass counterterm. There are no n=3 graphs. Look at this

rom ne4 graph: YX = 4/4 = logdiv. So you do need at 8hf4 counterterm. Maybe you
need a counterterm for n=6 ? Then theory is nonrenorm. The only graphs you might



draw is something like this: it + But this contains subgraphs which have
already been "counter~termed out" . Ie, the grabh just dram is cancelled by
one like this be where the dots indicate these are the counterters f4'- QJ
vertices, This leaves the regular graph w* = 4/6 which is finite UV. I cant
find any $4 graphs with na6 that Feqire couterterms. Graph mst be divergent
and not céntain reducible subgraphs. By the way, “ contributes to nase ot-term.
Howwe move on to f°, ‘Rather than look at the lower cases, lets go higher.

Let ne6 and consider XO = 4/4 = logdiv. At once we need at # counterterm,
but this is only #4 theory! Also there is S- = 4/2 60 we need af?
counterterm, This theory is terrible! In this theory, for any even number of

external particles , or odd for that matter, there is a graph like Bs: ’ y
de, an inscribed regular polygon with n sides. You cannot isolate countered

out factors, so you will need a counterterm of every order!

{ In general there is a rule which says, ahove ¢+ you will neee infinitenumber of coutérterms, and for $4 and less theory is renormalizeable.

The notion of a graph being "counter-termed out": in QED, eg, you dont ever

compute the graph WO in ee scattering, even if you want order ¢4 This

would have been gancelled by a mass counterterm graph, except it is a gauge n°)so skip this example. You can mbit { becmee left vertex has been adjuste
to include this already. If you like, this is cancelled by a charge counter-term

graph: pon eo 7
Of course it is the infinite piece which is cancelled out. I guess some

finite piece might sometimes remain (Uehling potentiel etc. () ye



The Meaning of a Renormalization Part.

~ 1. Recall (AL Section 18) that any L, you look at is characterizga’by a number
oO § = dim(L) - 4 where you ignore the dimensionality of constents of coupling.

Recall that & = N,+(3/2)Np + Ny - 4, where Nz =. number of bosons at this
vertex, Ny is the number of derivatives in the coupling, ete.

Here is a powerful fact thet is easily proved ( AL 18.5): regardbess of how

complicated a graph you have, even if it involves several kinds of interaction

lagrangians L; with their various §;, then in two special cases we can
relate the superficial divergence (ie, the power count) D of the graph to simply

‘the number of external particles: .

case 1) “no derivatives case 2) If some L, does have derivs; &=0.
No, I said that wrong. The forma is this: .

d= n,8; - B= (3/2)B, + 4
_ Often it happens that theory has &= 0 for all coyplings;, thig gorresponds to

Gimensionabes coupling constants; for example, this is the case in f4, QED, and
gauge-ghost interactions. ( n, = # vertices of Fae type).

2. So what? “Assume for the moment that Sj= 0. Then you can se¢ that as you make
6 larger and larger Greens functions, you improve the convergence of any diagram.Thus, if § = 0, only a small number of Greens functions will have DO.

Example: in QED only "renormalization parts" are ~@~ with D = 2; (gauge invar

reduces this to D=2? see BD); MD" with Detl ( but =00 by Furry); @ D=0,
but gauge hakes D4; all higher photon parts have negative D at the start;

~S vith De 41; and 4+ with Deo.
So in QED, after gauge invariance is accounted for, the only surviving

renormalization parts are m®~) —®—-, —8-,
def: "renormalization part" is a proper graph with D¥0. In general, these are

the only graphs for which you will need counterterms in your theory; these are

the only n-point functions which diverge.

At once without looking at any diagrams, you know that ¥ in QED does not
~

require a counterterm; it is not a renormalization part; D<O. 2y the way,

D<O does not promise you that atixgrank the diagrom is finite; it could have

a vertex insertion; but in the end.such things are countertermed out, so DAO

really does imply finite in the end.

& Example: In g4 theory ( agaim §e0),~@- has De#2; -O+ = Det] except =0.
Then also M{ has D=0; in this theory, you will have only two counterterms.



2. Suddanly now a fact becomes very obvious: any theory which contains an uy
with a Bg &50 mst have an infinite number of renormalization parts! .

- The reason is that, no matter how many external particles you have (the more .?)
the better since they tend to reduce D) by adding enough vertices of type i

with 650 you can always make a feynman diagram with DY,0. In fact there is
no limit as to how high you can make D,

In_such a theory (one having a Sre ) every n-point function is a
renormalization part and you need counterterms of every order; ( I wonder

°

if non-polynomila interactions like e” could help here?).

Example: ° or more; I suddenly realize thet equation (3.5) of Colemans

"notes is just what I have been saying here. Another example: ° weak interactions
with yy kind of stuff; here & = +2, you are dead. *

3. Digression: why doesnt the W boson resuce weak interactions renorm,because
/

b= H(t, Tw" has G = 0, dimensionless coubing, eto. Ie it 1loks good.
The reason is this: the W-boson is coupled to a non-conserved current (in

wh) particular tthe axial part), so the W-boson does not’ give you BE” for each propagator
he - but rather E°, Thus we have to readjust all those formulas. I'll make new ones
WY"— nere for this caset .

” " .

6 Ty = A heme "bad! vacaboas Que. . e
Quan B= Y- QE -ATp-Olw = \Q-ATy-Te,

Woo = etTw)+te-Ttl se . -

H= UTerx NEw shdp Wet = QTer\ry+dEe NU +y,
~ale - Te .

Neo we edao hort nid;= Wad mgudm berm Dese sett) on
Burm by ven = Eg+ate

fun Mw= Eye Xow aach sep site.

So, D= (ti ~Es)+R(miw;Ew)Bln fr-Er)= Wy + Sri;em

= Ap; [exam+3 4.4 [sia —te( ay ey a). adi - e _— — —
: EGatan



Qa, Suk

3, (ord we+ Bh + d-4 /

Oran Ds SHS; — Sy 28 ZENA
Ouch, now you see the problem. A massive vector boson eneters just like a

regular bosons but each appearance in these equations is multiplied by 2! In

partioutar//¥e now see that the “Y4rW legraingian really has €= +1; again youare dead!/ A good result to know.

4. Conclusion: when you see an interaction lagrangian, figure out €. S90
you can throw it out the window because it will have an infinite number of

renormalization parts and counterterms.
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° AtalN

‘A. comment on the electron self-energy, vempartsh to f°

fo} The lowest order expression for this object is stated on page 162 ov BD vl.
Power count, shows that Dal, de, this thing is linearly divergent. Thus, even after
you perform one subtraction, the onge-subtracted object is still Logarithavéally
divergent. That is why 2, is cutott-dependent,‘inQED. Details telow:

ge

Canc!L £ yor wt
. aa 2 ee

@— = 1ACWNY) | tae

. aa rwego—D—o = bSeCe Fat, 88)

a reeDip > SECPye NY) = \ -
Bre 2 (20 Fw ON)

eo) 2 CR= Zor) Cm) LCE) ate Qn(A)
Won: BG) = O puta woes ak rm, ie chinese Bm (N) so Zw loo

onanKR +0 ony Qa oA
Qe: . “a ;

SeCfew) =A = I- Zt)
Ch) [= 2/8]

. Here you see that Z, involves the first derivative of the self-energy wrt momentum,

and thus Z, will contain dos(eutert) “To ge the up, recall howin BS they had
to subtract twice to get a finite object. ‘ase chewgage Aw aeplck ~
example 2; in P theory, power count shows that the self-energy is only log-divergent.
Thus,Za thie s theory the once-subtracted self-energy is finite. Thus, in 9 your
2, will befinite to any order, unlike QED. In this” theory, the ‘constantin yourexpansion for the self-energy is log divergent and is the thing to be cancéliedby the mass countertera, so you still haved

an infinite’ mass renorailization, Inoe} GED above, thé constant, is linearly divergent: in GED you have an infinite electron
mass renorm, and an infinite charge renora. InP thaye'ss only a finite charge”
renormalization in ally order.

.

. -
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Redo the electron self-energy business, stating ell important facts.

le) T vill be using the counterterm philosophy, s0 define:

wee ea try _.;@— = 3 LAE AY) + ACS, 8 NY Be) | = 12,
ie ee

La +
+ ye

oh

Se (Sykes RS) =
i ee RCe USS Ec XCR SLES)

Here I have separated the self energy into two cbyious parts. All effects of the

acs counterterm are ut inte the, second part, 30,the fist part Le independent _
of the mass counterterm « “ : : :
~~ Novis go Compute the firet part of the self eneray; paver count, shows it.tsLingariy divergent, Del, so contains “(cutoft) + aalestere) + finite terms. Compute@_ beth sbjecte through sone definite order inral

‘to - 40‘ mase renormalization, you simply adjust,the Parenter an so sages,
Boe ae

_ _ ZireAEyo NP) = Inaady dosh = — EE, NN Se)
Ba owaik ontin, By = Tre od) | ard Quam you ssn Gck Sm (A)
jo Swan me NK iw ordre.

Thus, to any order you would expect thet the mass shift,dm required is linearlydivergent in'the cutoff, since tits ta even truein Tove} Sider: Thus, you, mightPP Ses Oh regentI ISRUOMEIIRA D6 fe Gea ROSE Meh PaAUR, Mere

say weare doliga linear mass renormalization for the electron. A linearly diveygent,Maps retoinilisation. ie She doing thie by ailing« coutertersto she lagrangixSE tho, saneform a0 «termsstineady thera,Sooke, we ore,Tonotalincabhe Tt ‘this regard.Rather, ait SOUR, OMpMeaehegs wl Yay BAe ance“" “few, "to our order of interest“Teoune we have selected dm 80 propagator, has
physigal mass. Haying selected du, we can now éxanine Z, (see last sheet)’

tre ‘a Me eV er SeByalaa(tpte RYH 520 (eb patosNS38) , uiache) voles.) Cate

Beg (N) da Sey (KY
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I am claiming that the first part of the electron self-energy looks like
this:

6 woe ph el) Bak tye t
ESB hy) = BSN) + ews) Zi (sors)Chee

>A Kh > AN ote

Ie, I am claiming that the linear term has a coefficient which dees net depende
om momentum q. To see why this always happens ( T think) consider the lowest order
loop integral. To get the linear divergent piece, you take all k's large and

_ you get an integral which does not depend on q, so there. Thus, your selected dm
will get rid of the mass shift for p near m as well as right at m. This is all
to say that you tan remove the leading divergence Just by subtracting.

Now, if you look at the lowest graphs involving dm, you can conclude that
the second part of the self-energy also can have its linearly divergent part

removed by a simple subtraction. Therefore, the derivative will have only log(cutoff).
[ ASeered markings].

“So you can conclude that in QED, the object 2, is really log divergent, so

you have logarithmically divergent charge renormalization to any order. Te, you

fo) would put in a counterters looking like the charge interaction, and this gérerateda multiplicative renorm which can then remove this log divergent charge.

Sumaarize: in QED, the electron mass renormalization needs a linearly divergent
counterterm, the electron charge renormalization needs a log divergent counterterm.
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Now show how multiplicative renormalization removes cutoff dependence.
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Now comes the trick: everything is computed to some order in e,”. Even though the
cutoff is sone large parameter; we still have an expantion in the small charge.
Thus, making eerors only in the néxt highest order, we'can shift the numerator

into “ denominator te get:
_

- _lest”),o
Se) = Vo ice Ga)L-Lzeezoyl-cqy] Go) \-e@ ~~
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Of course as long as the cutoff is some finite value, C(p) will depende on the

cutoff. But the point is we can now take the cutoff to infinite and c(p) ds still
finite and we have left a renormalized propagator which is some finite function of
P. Of course you are’ now supposed to consider if a function of ¢ and not ee in
accordance with the multip renora program. In effect, here is what we have done:

Oo .
See) = tt —_______—

g-m- EG) ~ G9) &| .
Tw sulhache) Dew, Bm) abaady =o.
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Repeat the last few pages now for the photon propagator.

©) the cosentiat diterence now is the spinology. Tf you cutoff in a gouge invariant
manner, the self-energy will have the usual gauge invariant form (covariant gauge)
and you just dont get any mass renormalization! Well I better say this more correctly:

there could be mass renorm if PI has a pole at'q’=0. But in QED from unitarity
you know this is not the case because, the first singularity in PI is the two-electron
normal threshold. Note that in QCD the two-gluon threshold falls down to the origin
(Se, the contribution to PI fréxi'tio bare-gluons with zero bare-nase); this ‘in QOD
you cant say a ptlori that PI doesnt have pole at the origin or some other singul-
arity, 4o in QOD there may be mass rencraalization. ( Maybe to infinite mass)

Notice the asyumetry between the réles of 2s sid-WT". Both are scaler functions;
both are in effect log(cutoff) diver'getit, once dm is

adjusted in 2 to Kill off thelinear divergent term. But, we require A(m) - 0 as cdndition that electron mass
doesnt shift away from its physical value, and Z, is related to 2'(n). Dacto its
ditterent spinology, for the photon the condition for no mass shift away from 0

“is that @T(q") = 0 as q~0, 46 no pole in PI. And 2, is cotmectea tn WP(0),
and nothing of interest is related tonmo).

6

aw Gn = ily = 4 Ch gy - ev) TT) AE dank cone.
D2 D=O.

odD~o = Deo

De (Po = —Bei ws B= HT) © Beg. dint.e TVET)

~\Ves BOG = -se | EQ] #3 las
—

e Lema ELA
As before, to order n, you see that the multiplicative renorm is subye,

equivalent to simply subtracting PI(o) downstairs. One can then take the cutoff to |

6 infinite and have a finite renormalized propagator for the photon.
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Chapt 19: Renormalization
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aa m e
— Weoar onan. dk Aon. page. B22,
_.-The_rest_ of this section is a bit harder than the first part, but at lastI
—— —-think.I understand what is_going_on here, Look at the Feynman graph in figure

. 194324If you let all momenta scale out, together._(_yom go_ont in. some arbitrary
_____directiowin the momentum hyperspace), you will find that the convergenceof the.

-. . graph really is the superficial D you trivially compute, here Ne-2, BUR, suppose.
you_hold_4-momentun1, fixed and small end look in large ly region. Then you

__. — lose. convergence. powers present in the 1, loop and you find in thas regionom ____
_ “tube!_of the byperspace. that D0. Je, thissuperficiallyconvergent graph has

— . adivergent_subgraph. ne

For this graph all the interesting tubes are shown in figure 19.35. Bach tube.

_ ..is_justa_regionwhere certainintegratiommomenta are held fixed.a donly the
———-test_(snlid tines) of the graph is_cansidered. You can_see that the vertex subgraph

--. and its tube are the only divergence problems this graph has.
_____-___lietinbergs_theorem_saysthe obvious: a_graph is trulyconvergentif it... _
—- - converges superficiallyand also in all the special tubes, ie, all subgraphs
_______st_converge._Thus,-figure 19.32 flunks the teste. —— eo.
——-liow_look_back_at_page_311.Notice the Z,sitting-inthe vertex equation,—-..This divergent thing will be cancelled by a_subtractionmade in the. second term -om _the_right of this equation(d), Ie, eg, when you seea simple vertex of. lowest
-—. - order. {hawing Da0),. you subtract to. get. a resultant. Deel. Similarly.the_Z,which

. . appears. in the Vac Pol dyson equation(f) reminds you that since D=0 for. .._
vacpoll PI, you.also have to make a subtraction there. ee
Now, I-gather that you handle vertices and PI vacpol subtractions in the same

_ Way, so-they_omlymention the vertex, Look again at Figure 19.32. He have
earned that although D2 overall, effectively D=0 because. of. that vertex. __

_-. . - insertion, To. fix thisup we shonld take the little insersion and subtract_vithin
—___ the. graph, This "fixes up". the _D=0_tube_in figure35-and_changesthat_tube_to___

~ —essentially-a_constant-with-respect. to-all-other--loop-momenta(like-1,),~you—.— ~
- may worsen the-divergence in-other tubes. To-see-the effect of a subtraction you

--—-. -draw a-dotted- Line around the-vertex_insersion-and-shrink-it- toa point and see —
~~ -—-what- you get.-Examplet- Fig 33A-hes-D=-3—in-the-tube-shown, -but in Fig 348-the --subtraction cmses-anew situation vhere-D—2y-tey ese conrergent-(out-atinr—- a) :

338) Bo you ans IePt with De-I. Fig 33M is still there with De-3, bat the sutraction
‘adds newsituation34A with Do-2. This subtraction does repairthe graph of 19.32.



"O)__tae you 500 o tube marked * which bao Den3s Buty when you put Sp avortox
_ subtraction

to repair the vertex insertion tube and lower it fromD=0 to Del,____you accidentally bring up.the * tube fromDe-3to D=0 as shown in 37B. This /

—___of.8_subtractionwithin an overall vertex insertions 0
- 1 + A similar problem 4s encountered_yithfigure 293% 38. See page 329.:The
—~ --—_ttibe_(b).hasDxo, If you try to fix this by a vertex subractionyyou generate.
_————... .. ph (@) which ‘causes another /De0-problem = ce .
———--— - Tits, zou. see: that when_you: have asubtractiom majé within either a

—--—._ . Vertex_insertionor within a selferlergy insertion, you have a spéoial problem, _
_ 24think.this:same problem carries.the.name: overlapping subgraphs.

——-. - Tis _sectiom merely draws attention to these-two problems,but does tot
. {tellhow-to resolve them2g a

- +.___By_the way, I think the idea of shrinkingdown toa point of apieceof a graph——_+—™st be the same as B+S so-called generalizéd vertex @ and.their operation Re __
—___—Thein Reoperation:must go_in and check each subgraph and subtract where needed.

= ___.But they too must have the overlap problem , leter- solved I think ‘by,Zimmermann.

__.. _ B9s]1 Proof that Renormalization Theory is finite, In earlier sections we have_
_. ___Hoted that after the miltiplicative renormalizatiom we lave a well-defined _

__iterative shoeme for computing thingsin powers pf not_e, but physical e. In.
___. Volumte1 authors showed how you get finite results toorder-e's.To do this they
had to.doone vertex subtractior,and probably one PI.subtraction, _ -

—__....... The gist ofthis sectionis the following inductign proof, Suppose you assume
. __that thetheoryis "finite"to order es What this means isyou assume that

for auy graph of ordern-2, that graphis convergent, ie, has no bad tubes with_
-. D2 0+ Suppose this is assumed, Then you somehow constret graphs of order :n, and

~ wou_ask:in the process of adding tvo extra pdWersof ©, do we somehow create __
. - ——_divergent subgraphs somewhere?If not, then n-2 implies.and you-have‘an - |
-—induxtign_proof_that40ey order.n’all foyriman grabhs are finite, ‘ie,haveno _
~—- - —Givergent—tubes.—.-—
—..._. --Hinat,_and simplest, consider thekernelK. Pick one of the skeletom graphs
-—-.. iu_the_skeletion expansion for Ka (mst_he order less than n since we are now __
=~ -bnilding a_graph of- order n). Now take- this skeleton and put the meat om, ie,

ae wer -on_full_vertices andpropagators.Claim: since: the skelton is atleast order e,
- ——~—ne pieceof meat canhe of.orderlarger tham n-2. Eg,.no vertexyou might add can
—-  be-more_than-order n=2in that vertexes a



_ . —.!. Now sit back and examine-this Ksohtibutiom you have constructed. Bg, if
|ieéembwaideee:ie

arene = ~ Kh - ene = =7
-

"_____Eeve in fact the oily meat I put on is at one vertex. Question does thegwaph
* , 80 comgtgnotéd‘have any divergent subgraphs, ie, bad tubes? First of all, there _

__. are noproblems withim any of the-meat-pieces becauseby hypothesis these are
"finite", sincé they mst ‘be order n-2 or.lesss In‘the abave example, the

+ __vertex has been subtractedwo hee Beles Soe
__ ._. Them.you mst consider graphs which Lie outside themeatinsertions, But it

_Asolaimed911 such subgrahs Kave negaitve Dj the only problemD graphs involve ___
___. . Vertex or se 1f energy insertions, and there areno such thinksin the skeYeton __
___. expansion for K or for any higher Greens function. (SAFERTY
--2 That concludes the inductiol proof as far as n-point functions with n.GB.4

__+ are concerned, Next,we have to anayze thevertex.A term of ordern inthe
~-__Wertexis generated from 1-2 meaty parts Via the vertex integral equation, Again

______the meaty insertions themselvescause no trouble by hypothesis,so you need eo
.omly_consider subgraphs-which involve the linking fermion. linesas shown top______9f page-332e Could theres somehow be a ubintegration involving these lines_____ tia will be 2badtube?By. exhausing all, potentially dangerous possiblities,

____authors whow that there are not.Thereare some D=0 graphs, but these will ____
_.. __beremovedby the overall vertex ‘subtraction in this order, eg, graphs of

figure 41B will be Daprigir to overall subtraction. oe

__.. . + Finally you have to do the vad pol self energy case. ‘This is the real mess
‘because now you can have overlapping stuff. A huge amount of work is needed

_. ite: do the iteration proof here.I havenot even read it. In the end they find ____
______ sthatPI is OK (after overall subtraction of course), and ergo Dp isfinite. __

_. ... Similarlysince vertex [" wes finite by the above, Sp is tom via Wands __
. Avid thatis the end of this induction proof of thefiniteness mixkkeQED_
computed to as high-an-order-as-you want. ~ ---©==
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Notes on section 19.10 April 13, Friday 1979

fo) I am makirig these notes because I think that finally, after all these fears, Iunderstand what is going down'in this section of BB. var) 7

The first 5 pages of the séction is old hat by now: identifying the renormalization
”

parts of the theory and s6’on. In previous sections the renormalized integral equations
have been set up and the authors have finally comé to face the problem of defining

a convergent integral. This séction is thén good because it gives examples.

The first example is the graph shown in p 322. On page 323 you ‘see the possible

subintegrations. Each one is associated with a "tube" and I finally know what that :

means, I know how to count the power of any subgraph. 4
From my own notes on f, I finally understand why the symbol {' for the renormed

vertex is actually the graph minus the subtraction at the symetric point. Thus, I
finally understand the origin of the equation on page 323. Since we are dealing with
renormalized integral equations involving objects like T1, each vertex is reslly a
vertex graph minus a subtraction, the subtraction being a divergent constant. Thus,

you have to consider in your analysis of divergent subintegrations those which arise

from the subtraction itself. This is the idea of the dotted box, see page 32) figuresx.

In figure a the dotted box is imagined as a point (since just a constant) and you then

fe) power count the rest of the graph as shown. Figure b just sets aside the integrationwhich is that constant. This figure b will then cancel subintegration (b) on the

preceding page so that the resultant object is finite.

OS

Although I have not gotten that far in my analysis, it seems that the rule for

self energy is also a simple subtraction, but eg of the scalar function PI for photon

self energy. Thus you should also worry about dotted boxes around self energy insertions.

Again, the rule as discussed on page 324 is to shrink these away and pretend they

arenet there.

Next example is the more complicated graph on page 326. I am not now worried about

the disjoint cases. Basically there are three subgraphs to worry about, page 326

which I call there 1,2,3. Graphs 1 and 2 are cancelled by the subtraction graphs, one

of which is shown on page 327 graph (c). One then worries about the new graphs present

when the innermost vertex is considered as its subtraction constent, ie, dotted box

on that innner vertex. Only (b) and (c) on page 327 interest me. Graph (6) cancels

graph (a) on the preceding page. Graph (b) is more interesting: when you shrink the

inner vertex to a point, you then expose the other , outer vertex divergence! Depending

on what you are doing, this might be cancelled by a dotted box around the outer vertex,

[@) but that really depends on what equation you are dealing with, ie, does * appear, or
what.



The final exemple is the page 329 analysis of 4th order photon self energy.
Somehow this appears in: auph a.way that each side 4s supposed to be subtracted.
Then graphs a,b,c show at once the divergenct subintegrations. Then q and g show e
results from putting in:separately a subtraction constant on each side, liker my

- +. ln times born. loop in & notes. +Jhen ¢ shows the actual subtraction integral which
cancels b, £,shows’a similar thing which cancels c. 2 .

So mygh: for the section. Now we go on to see,how we are supposed to comé up

with such objects. . : . :



Showing that the vertex iterates up OK ( part of section 19. 11)

ie) Consider the usual integral equation for the vertex which you use to iterate up
to power n from power n-2, You want to show that your order n vertex is finite, after

its single subtraction overell is performed.

How could it not be finite? The overall Bax D-0 will obviously be “tamed” by
the overall subtraction, so the only problem can be divergent subintegrations of
some sort. Luckily and conveniently, due to the iterative method, we know that ;
the vertex and the kernel themselves cannot contain divergent subintegrations (Logs) |

because byinductive assumption they are finite completely. /
Therefore the only possible problemematic subintegration must "run thoughé" the

connecting electron propagators as suggested by figure (a) page 332. First, consdier
how the line runs through the vertex on the left. It seems clear to me that the worst
case on the left is the case of just a point vertex or a subtraction box like that

shown in (b). In such case you get D-0 contribution from the left. Any other “path”
through some vertex graph on the left makes negativ.e D, like the D = -2 I show in
picture on the bottom og the page. So lets take worst case on the left.

Similarly, I think I can argue that the worst cased path through

X on the rightfe) makes D--2 (ny pictee in the left margin shows a case D=-3). Somehow there is a little
theorem here that a subintegration path through some object cannot be worse in power

count than the object's cannonical D. I believe it.
So figure (b) shows some problem graphs, ie, these are eubintegrations which

amount to D=0. However, there is another theorem which I have yet to consdier which
\ claims this: if all your external momenta "flow through! a subgraph (see footnote on

page 329), ie 4f your external monenta are all attached to the subgraph, then the
divergence (if any) of that subgraph will be lowerwed by the overall subtraction.

Thus, the graphs of figure (b) page 332 fall into this catagory and are thus
_ reduced from DO to D=-1 by the overall subtraction, 7

The same applies to any subgraph which involves all the lines inside some K. (Last
sentence page 332). So, the only remaining problems are possible subgraphs contained
within & which do not connect out to the right as shown eg on page 333. The subgraph is
supposed to be contained entirely within box A and is thus "insulated" from the external
Lines on the right, and is thus potentially dangerous since a DO so arising might not
be tamable by overall subtraction, according to the just mentioned theorem. ~

How@ver, the possiblities in this class are ruled out one by one. The last case

CO) is shown in figure page 333 bottom. But it is Delbruck and gets in effect an extra -y
"rescued by four very welcome powers".

_ ‘Thus, subintegrations which go through the electron lines are all OK and the

overall subtraction removes all divergences, and iteration works for the vertex!!!



!

Showing that the photon self-energy iterates up OK. (part of section 12.11)
O ‘This section begins on page 334. The crucial starting step is to get rid of

‘The Dyson equation which is asymmetrical and has that bare vertex at, one end, and

to replace it with the equation (19.67) which is sketched on page 335 by me.
Why is this step so important? In the asymetrical equation, you knew that

subdivergences at the right side were removed, but that there still remained buried
inside subintegrations arising from lines on the right vertex moving over to the
left vertex. Ie, these subintegrations were unexposed. The hope was that somehow S

they exactly cancelled with the. logs in the overall 2, (or 25) factor sitting out
front.

The advantage of .writing the self-energy in the symmetric form is evident:

now subtractions have been performed on both sides, so nothing has been left out. The
only complicating is that you have overcounted your feynman graph, which is why you

want to correct with the second term. In this second term also, all right and left

subintegrations have been automitically accounted for, it turns out.

"Of course, with this intuition, you have to go and really show that there are
no divergent subintegrations.The trick for doing this is to expand each full vertex

in a kernel-expansion, as discussed on page 337. Then you regroup the terms inyour(oe) self-energy by the number of kernels involved, as shown in (19.77).
.

So consider the general term which involves n kernels. Some of the kerneles
are buried, so to speak, in the A's, and one of the K's is shown explicitly.You know
of course that this entire object has overall D-O which is removed by the overall subtrac
tion, but the question is this: are there any divergent subintegrations of the type
that cannot be removed by overall subtraction? i

Any subintegrations that cause trouble must interlink more than one K, because

you know by induction hypothesis that any particular K has no divergent subintegrations

within it, to order n-2. The general n-kernel term is shown in the picture on page 339.
The procedure is to examine all possible gubintegrations and show they are not dangerous.
First you look for ones involving only the pair of electron lines called 11, ie, you

look for a divergent subintegration which is contained in the first two kernels. Tou
quickly deduce there is none. Then through tortous consideration you finally conclude

that no subset of the kernel groupings, say 1,.++..1, contains a divergent subinteg-
ration. As usual, you are free to ignore disjoint, subgraphs. Then finally on page

3k you are done with this proof: the photon self-energy does iterate without

introducing logs. Thus, the uncalcelled subdivergences at the left vertex in the©) asyunetric Dyson equation mist have exactly cancelled the divergences in that overall

2, factor. To prove this directly would be very messy! This xs my first approach
which led to a mess.
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1 vtRoDUCTION ghost seti-energy. ‘Then by further exploiting the, Hl FBoost oekanasht identity, we ean determine both ieee
‘The problem of overlapping divergences has tha vector self-energy and the vector three-point iyroatiy complicated the theory of renormalization, fonction sn term of the ghost self-energy, the t hae:‘even in the simplest case of quantum electrody~ ghost-ghost-vector vertex, and the vector four= Hii: 3namics (QED). In QED, there are three basic ver- point function, Additional simplifications occur vil i

| eaten electron self-energy fonctions and vertex function s supew ici finite and the ghost iane ea aiGhoton vertex. ‘The first two functions self-energy does not have 289 ‘overlapping diver~ i, Head
tneelectron platoTrgances. For the case of the gences. Thi occurs pertuse, in hs Caves We aelectron self-energy, one may avoid the problem gauge, two momentum factors from the first and (ieeeby invoking the Ward-Takahashi identiy, but one Ist vertices on the ghost line are really those of at?cull needs a detailed analysis for the photon self the external momenta of each subgraph. A a aenergy? “The skeleton expansions obtdined in this papex— Nae Re)

Denpite ever-increasing interest in non-Abelian
ase

gauge theories for unilying electromagnetic, weak, i biped
wt strong interactions? the skeleton expansion a

ite

2 rnveMills theory has not been inves ST { ; Wl se:tigated in detail because of the enormous complex- i fase dl i H . i Hl |
~ ity of this theory compared to QED. In pure Yang- : boopky ey i 4Mills (YM) theory, there are five basic vertex i PoEy mt ise 4functions (in the covariant gauge) which are super- i i i H H Hi iHolally divergent: the vector self-energy (quad- L Cook | i Hy 3

ratically divergent),the ghost self-energy (linearly oad TAStrerent), the veetor three-point function (linea? Oo ccanenneeh USly divergent), the vector four-point function wo th il akeGogarithmically divergent), and the ghost-chost- . aycoe vertex function (logarithmically divergent). pesos MieNitot the above except the ghost-ghost-vector a een pony tong
Caeee ee eemnlicaied overlapping=dy : i rca eScxgence problems, Some typical examples are i : Ta Ung §Shown in Fig. 1. By taking appropriate derivatives H i ofboth genet ahsrith respect to bxternal momenta, we have SvC~ H bp bebe ey Fe
‘ceeded in systematically decoupling the overlapping i

ieee Lesseeeeeed iy ‘

divergences imthe vector four-point function, the te) « ey Ba
ootos three-point function, and the ghost self-en~

HAND =

trey. For the vector self-energy, we use the ra: 1. Sometylenoline Ferre WaneWard-Takahadhi identity* to obtain the vector Fee TA sean the dottedlines sepeenet i itdWard-Takalath Kyirom the vector theee-plst the Fader Foor ghost nes, The te bots ee 2)vertex, inenost-gostFector vertex, and the tite various divergent subintegeations F aa 13 mT ess
ees
yar yta

eee aw) —
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. | “Quen Eig.omaie of NAGT ith som oresbappinng dtuseguuase’— __.fo) PRO aro _( ny. . 4 oe —as
wee. a. be eee eee ee —

- BeQahe asada koe fom

QED sear, Today is Feb 3; 1979. I am rereading “thisectionfor the second tine,,
Hore ig-vhat is going on. First, recall fron Bjorkén Dreli how you renronalized QED
rakinguse of the various integral equations. That is the “conventional” program__ wena a fancieralternative ie discussed thet, avoids overlapping divergences,
_______sa hax does it work? You want to be able to conbute the basic objects PL,
_ SIGMA,and GAMMA, the three interesting low n-point functions. The first step is
_____taderive figure 9 which shows the first derivative of PI in terms of the other
— basic functions plus the kernel K (which is not a renormalization part,and which __

_ hag a_skeletion expansion), The advantege offigure Qis thatthere are no overlaps _
_.. «.-.on_theRHS, although the RHS ig now more complicated that the usualRHS offigure 2.

. = . ..So,do the same for the derivative ofSIGMA, see figure 11. Again, there are __
. —no_overlaps._Notiwethat this figure involves another n=4 kernel, onewithtwo |two.photona.. Now, insert skeleton expansions for the two kingsOe inte at nosvan moana that R= K(D,8,6H04), 30, functionalsof the

wo- ‘Thus, you-now_have equations fof PI' and SIGMA' which do not have overlaps. __
—_--—— Their -overall_integrationshave simple log divergences so you do a single subtrac tion.
—_______Now we are_reazdyh to rengrmalize the theory in the usual multiplicative manner.

——_—_—_-Define -Z1,22,23-in-the usual way_and puta bar over the newly defined functions. _
—-- Note thatthe scalar function PI can be written in terms of a second derivative
~-___efPI as-in-(20),. and you.can_get. the second derivative asin (15) by differentiating _

_-—e-single-oubtraction-nneededin PI. Thua, define PIp_hy subtractionoff Pu), |
—_ "an-arbitrary-renorm-point. Notice from (21) and (19) that 29 is defined te make. __
~~the-photon-propagator-have-unit numerator_and the point..q@su%, Notice the claim
———--— 4n-{23)-thet-PH(0)-can-only_be-constant.Ytimes gyy« Then (2h) gives Plp in terms
——-— —of-our-PE++_. The-peint-of-all-this—wasto-show how you_get PI, from PI )'' « _
— —- ~—-Now-the-pairof equations-{22}-and_(2i,)tel you-howto_get B (order ntl)

_ ~--if-you-know-eli-the other -funetdons—to—ordera
= -~ - -+ “Next;~the-argument-s-repeated_forthe

function 5_= electron propagator. AndO— arso torkOe — S0-you-ened-up-withy a way_to-got-fron-orde>-n-to.osder-ne1using
— -—+ ~the-renormed-integrai- equations;—the-only-divergenoes-are-the-usualoverall ones...

——~" Which Can be dumpedby Simple single suvtractions. Now itso te ype
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A Seis qoute Aslate a dn we

+ ++ Sp Sg Se

ey
eto eee eeHe - | Sernee_—oo bg Rossa~

Shans yomnaat-suggenedte tad og oni a slabin ar On OhFe
2 ubade neo cee oasedep parlilsanes canoagare Standen deO60.

FE Ged aD rain, i sog Oaaain, Mace bao sabehbeala “De ecishencs =
——rimsatcr_ qual pe

(Obetn AWW gong reeds bad gale o cuorombapginndid Sol sep.

_Entreguetion,Recall the proof ofrenormslizebilityof BDas given inBlorkenand Deelle
. ..Youwrite down a bunch of integral equations, and you make skeleton expansions for some._

basicobjects. Then you multiplicatively renorm the basic functions and you end up with
—____renormed integral equations with nearly no Z's showing at alli Putting piece’ together, .

. —-¥ou_get_a-wayto compute things to order n if you know order n-1, and all integrals are _
A finite, so_theory_can be renormalized..The

main complicationg involved in the proof __=f vsares the. occurrence of divergent subinegrals which cannot he disentangled from _____*—one_another,

je, overlapping divergénces. When you make a subtraction on one divergence,bX ~Fon hurt? the ofher integration, not clear what to dos The nightinarish 16 pages section
-—19.11_of BD deals, with showing that_you can handle the overlaps.

---— —Baker_and_Lee_have

founda better way +b do this, They cleverly finda way to—show that.QED is.renppmelizeable_whichsimply avoids the overlap problemaltogether.—ALl.——__they really.do is_construct_skelton expansions for basic_objects which,though more-- —©) -compricated,simply.dont_have-the- overlaps.Not_really_all_thatfancyh.—So-perhaps—— —
their method-is-the-best_proof- of renormof-GED-and-would-replace-the_chapter-in-BD-—-



———_—_—They-then-_go-on--to-generelize

“their preof—ef—renorm-te-Q6D,and-general-NAGP.— ~tothe generst pare gauge theory theré-ere-ait-idndo of overiep-probiensy 96-showm-—— Gy——nr- figured; —In-Sectiton-3-of this-paper;they-show-how-to-do ity ~~ —
—~-——--——How? En-QeD-there“are-6-basie-funetions-to-dealwith; {inciuding-ghosts;-this~ ~
——--ts-not-axtei-gauge}+-But-you-also-have~two-Ward

Tak identities to-work-withs ‘These in--~ -——effect-abtiow you-to-determine-two-functions-in‘terms-of-the~ bther-i-and-simphifies © ~~ --~
——the-probtem:—Then the-usual-renorm-probiéin-is“stateé-and -pushed through; assuming the ——

rant $“these-needed-skeletor expansionsare~computed ; ‘very-messy-indeets—————-
+ = = —go-E-guess the-main~part-of-their-work-ts-toderive these” overlap-free™"~ ~ -—

—the-appendix goes-or-to-get: one more “skeleton expansion forthe 3=gius; one
——ahiel- was tot nested tir the main text— because the 3-glue waselimitatedby the ward's. ~~
~——But“they” think “result might-be-useful-myway>Thts-eppemitxty 15 of the papers-33~—————
——PhysRev-pagess To
——

> so 'tesptte tie tecimtval coriplextty;I-think T yet the mainpointsthis paper~gives-a-proof of renorm of NAGT. Makes “use of the WI identities; and makes use of théir ~
~ ouroverlap=free-skeleton expansions. ee ee

a ©)
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Gonterits ofthis Section. 3 : aa -

5 lv Comment: inthe previous :section I derived the Invariance Theorem for faA{dett]
first in covariant gauge, gauge fields only; -and then in general gauge, but gauge

Fields only. Here I have generalized to milti-fields. Ie, you can have as many fields

as you want along with the gauge fields, and you can choose .any gauge you want, ie,
the gauge condition can be any function of all the fields. From the invariance proven

here, you conclude that the generating functional is independent of a and this allows

the ‘texponentiation of. the delta" so you cin get rid of your gauge surface delta
and incorporate it, in effect, into your Feynman rules. Now I am equipped to study

arbitrary gauges made by combing fields toegether.

Contents:
\

See 1: compare gauge field transform to regular field, then invent a notation 6

which allows both to be expeessed ag one. |Sec
2: With many fields, redefine the object Mopar) and do chain rule on it. Thislo) now involves type sums. . Oe Soe

Sec 3: Combine type indéx with component index to get supervector index i. Write
things in this notation. .

A

Sec i+ Invent-a generalized D,, object to further shorten notation and to imitate

the pure field case.- For example, write M” = (-1/g) D'R in full matrix * “+
: sense. Note that some matrices no ‘longer square. Define R ami S matrices.:'

Sec 5: Compute dMr(x,y)/df,(z) functional derivative. Use this with the constreint

to get a result for matrix S = dg/af . Then use this to get expression for
dJ, variation of the full, all-fields Jacobian. . . .

Sec 7: (Get formula for dM". Insert generalized Jacobi Identity to get this into
. simple matrix form. Then compute d[1n(detM)] and observe that it cancels dJ!!!

Appendix 1: Attack.... here was my search for and derivation of generalized Jacobi

Appendix 2: Faster Derivation of Jacobi Identity! Result compared to LZJ's incorrect

resul,t All of their appendix.re) Appendix 3: Derivation of the Gamma Identity used in Appendix 2.



Composite Notation to include all types of fields at once.

\e, C@) conments I am going to try to imitate LZJ-l as much as possible, but not to the
point where I lose precision in the notation. First, from my own notes, I can write

down infinitesimal gauge transformation on gauge fields or non-gauge fields:

q a ‘ Lose
Ag = Ayp + | Cae Ay “5 SLB| ee [aamag

as icfHe. hoa fei Gy Ce [aapedn -
In this last line, you are to understandx that the objects G° are matrices for the

representation. which describes the fields f, . For the gauge fields, I am finally
convinced that the above shows how they transform no matter what fields they are

coupled to. Recall that at one tine it appeared that the transformation might be
+ dependent, but that is not the case.

Let me first replace the ¢ vith G88) in the first line ( so it locks like
the second), then I'll artifically enlarge the thing so I can treat the Lorentz
and color index of the gauge field as a cingle index:

6 a
¢ % oie ) fo )Ava = Aaa * Gi Gascha Awa * ze &3. Se
4 ‘

Behe LG, )\ \ ee

eww . “Ge S _ oa(- S Swyargal = See (ok Sak
e

= 8 [- Chl - Swi Cal.” 3 a

So my only "docbbring" is to dumy up some Lorentz indices on the adjoing group
rppresentation so I can treat the gauge fields as if they had one index.

Notice that there are no space integrations in the above. The spacetime argunent
x just sits in each function, Lee and 2J go on to include the spacetime label as

part of their single, composite field index, but that is where I get confused. That

is the point whereat the notation ceases to aid me and begins to confuse me. SooO ; aint gonna do it. Ill stick to the above. So summarize on next page:



i

=>% © e6 EH = && + \ Ny &@ + A:@] a

soy pospSan hard aenye add
Ry 3, Tard, Tey]

$: Ap
© 78 wie

M C6) i PCS)
e ev .

. = vy

K ° ae)
1) Number of values index of type i,j takes depends on kind of field.

Example: for gauge field and SU(3), index i takes on 4x8 = 32 values2) However, index e in the above always takes on the usual 8 values in SU(3).

Thus, you want to keep these index types different!3) There are no implied space integrations !

@)Next, lets find out how to write the FP determinant and object, as well as
the object M, and so on.

To do this we shall start with a gauge function F,(f%(x)). The only new idea
now is that this might be a function of all the fields, not just the gauge fields.

But I don't: think this really makes much change ( e is a color index). As before
we can do a change of variables:

%fem = BCR GA)

> OW We) = TT Lge Qen = Peel
en en

van Y= | $= = ak MIS ,V Sym

= AY

V Ss Ge)
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Before writing this out with a chain rule, it might be useful to go back and

introduce a field type index. For example, I might rewrite the above generaloO form of a gauge transformation as follows:

y & ®pe@
@) © &, ebe = She + [IY ie +°Xo| ee

Exsentially, this equation is "diagonal" in the type index so you don't really need

it, though later it may be useful. Once you know the type t, you then know the nature

of and the number of values of the indéces i,j. You also know the Gamma object.

Earlier, this type index was implicitly carried by the i,j indices. I think now

that it is probably a good idea to explicit#y display the type index alway.

So, we can now do our chain rule as follows t

3 3, 4 ydWa
ins) = VECO) 2 sr ( TEL) (2 tet)- eeYee (4) ae VO.(2) Yee)

ro) Now things are sensible: in the chain rule you sum over types of fields, becauseF may involve all the types, then you sum over field components i, and you integrate

over spacetime as shown.

Now lets assume that g is very small in the above, then we can uge the

infinitesimal formula above, and we put #®= 9 in functional arguments. So:

S —>

Weld; = Ade. [VE CQO) [ew OeeGims) = gay i Ty &@+A,@| 8a Ses)Ve so

Next, this can be converted to spacematrix notation as follows:

VRQ) (th, & Wbvied = [Fe] [Nt TA



he

6) Now I must admit it does appear useful to put the type and component indicesle) together. So lets define this:

e ® *\ ‘Tee = Se LTS

‘ ey%
Ge = O&O + | Trees PRO Kuo Se)

bWMa@l = 2 } veo] me Lah +E= ee Tb Veet deh iNx
And now you see that everywhere you sum on i, you are also going to be summing over

type index t. Thus you may as well combine them into a single index:

(t,i) now becomes just (i )

fe) ‘Then whenever you see a sum on i, you understand that you are supposed to sum over
each component of each type of field. So finally I will rewrite the above:

¥ e

bO = &@ + lt XO + Ko | &.)
By.\Nna| = (9) vei |Vd VS.

VR) oe iN= a(S

~ [SA eyVe = ‘S

3 Each repeated i,j,k type index is to be summed over.2) Bach such index is to be understood as.i = (t,,1) so you sum over

field types, and for each field type you stim over components.3) In this notation, all the fields are jammed togebher into one super—vector.
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3, Now I think there is little point in writing this fancy object again and

a again, so I now propose to invent the following symbol to mimic the pure
gauge~fields noation:

ee rea(De®) = Cy { Vy Lat +1A x
| ——_,_ ¥

~%

bO = &) - ry De® oe)

Mug = [SRA -2) |D009]: vee 1.
;

® Now we can even go one step further: you see that the only difference between
.

our old notation and this notation is: : : mo,lo) a) the derivatives A_ are simply absent for i 4 gauge index .
. b) the first index on D etc takes on more than the color values.

It is my guess that these changes are so minor, that my old proof of invariance

ete-can be carried through with little change. Lets write: : oo:

(may =-5 (Setl d|[wo ee |
Now this looks exactly like our former expression when we had only gauge fields.

Of course now it must be understood that matrices like D are no longer "square",
ie, the matching "color index" in the above product is actually a super-vector
index.

So lets run through our basic stuff in the invariance proof and generalize each

statement. For example:
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For starters, we can-define matrices R and S as: before ( but now they: are not square!):

ye | YOu) v ayVe = YS@ . Ts = Sa@sy = SidLee O2eiog Vy i \aney a9) “
i ve

a call = {slx. Ei
S . te oe rene

~ 4" 7

ie = [RIYe = . an

Rada = VEOfo) Voi Gs) J ;Tf you want to link back to the comrient gauge, where F = d,A" depended only on
the gauge field, then you get:

Ralsey = Regs Go = Segey Ryn Gd oo
~

. : : ~ DIS} FG»

asas == Bel = - Sapq Sy BS) =

Here I have sketched R as a non-square matrix. Then in aA
the usual covariant gauge, it is zero except for

@ square portion which is the gauge sector.
Now we can go.on to write M two ways: notice that M happens to be a saure

matrix, although it is made out of thie product of two non-square ones. Note by
the way that you can never‘ have D’ =~ D now becuase of non-squarenesst :

OOwa)
' =-+ [Slo wti = -+{d1[8) :| ty 3 lgsllyl wo gS OR
| cH '
| °| ' RY
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@) Now using the expression above for M" we can compute dg/df due to thefe) constraint as follows:

xWade = - Ee Di Ged Rien)”

> Vike) = - +\e (Extasy Ral 4 Delos (Pata)Vee) 3 TF; () / WO AP AGRS
Ra, ~ ‘

VDulst) ~ Vdvib) 2 Gay Vik Bye Bea) 3-2)
Ve) Va;e)

Here I use the fact that the /. thing, which only exists for gauge fields, is never

a function of the fields so yields nothing to the derivative here. Also, look back

at formula for defimition of Dip to see how i got this, and note that 5 is always
“anti sym in lower indices (look back at definition!). Therefore the first term
on the RHS above is:

_ Sea. 2) " Rule©
Sanisom x

“Hk DiGn Re
Ve,e) 04)

~<~¢ + \ Diss ret ‘\ Ro») = second termVA

8 8 by
Now combine these terms to state the result in a manner similar to last time:

|

Yla Gos) = {Seok ~ 5 Bj Dux)aw Ra)V&@ &s)
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This result is now inserted into the constraint condition as follows:

o = S ay Sey) Wns.»
> O= BC Vea (y,x) te Ves) Wea(s,x)vs “) VAs \ Va Sey

Read va |

’ 2 aO= - HOT Read - FLRG~) +S Ses) We Gx)

+. Ne =
Isliw] = ta Ligh + &(igi)

,

m mavn
F = a\ay Sela) Pu (a) V_.o) 4 V4.)

Ry a wary ,
,a> te \DaGy = cy LIQ &Gy « Av Gy]

> » ma
Deb} = Gay L0g &&) — MiG)]

J) ge Meee ey 8 gaege ancy hin
~s

Dols) = Gs) l we bls) © Ro
BAG) = Gy Lhe deny ~ I)

a 4 ~S

= 63) Le dels) + MG} = Deals)fo) Thus, if you have only gauge fields, you can replace D" by -D without touching the
color indices. Then this operator F matches the previous operator F exactly.

Note also that: r =e oe eS ape



-9-

Thus, we heve extended our previous result to milti-fields. In the limit of gauge

fields only this result reduces to the previous result. Now as before, you can0 solve for dg/d) as follows:

S ayy
MMil - {wa l2ltgl + Fig 8)ror oy ye or we

The transposed statement is obvious, no need to write it, see before results.

© now of course we are going to put this object into some trace to get the
variation of the field Jacobian. I will now show that the usual form is maintained

in that operation:

a »

YDa® = (3) ¥y Sey)
. V&bs)

3 ¥ \
.

- (48) - ty- 7 4 loll- wes\e) ab = ate lysx
\Yo

=> [dle stag) ue. | v= 1- 3 i { (Di |sf
Aeove

The result looks the same as before, but of course now the trace is in the

larger super-vector space since you are computing a Jacobian from all the fields

to all the gauge-transformed fields! Even though objects in there are not square,

you can still interchange order of traced matrix product. I am inclind to transpose

both objects in there to gt” —

+av. -s {Wisk3 = =

I .
\

+ ie SS ~\© | sv -,6(th) ttlig ~taf ww)A
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@ We now tixmn to the computation’ of av” for use “in“the detM variatioi deal. ~ToCO this end I find it useful to utilize the previously’ derived formula on bottom

of page 7, except I want t6 switch the order of the functional derivatives in
the second term (back to what it originally was). Thus:

vv v

SWAG) = \eBaoalY Weels 5]
a Vd; @)SL,

. = .=\k [5h st DeGt) &6|| Se > Tk RG) - F Dabs) Y_ Rely)
~ Vee.Bik eun d+ me ‘ ‘.

: se(AX) Oe) Pee Re a(h Te.+E VER GDaOM Re) = CE [Ral Te LR).
Qoeoed Wenn ,

rn + .
Buy) Jaw ewTiens Roo = FIVE Rely?3 45 3 ~ yt

= + Ay b
mel = 4 (OAF Bel) + + Tel, Re eh

Notice that, in the second term, the color index b is left hanging in the sky, so

it is not yet possible to write this thing as a color-space matrix ( for the pure

guage you could becuase you could just rotate indices ). No matter. Obviously

the next thing we will need is a generalization of the fancy Jacobi jdentity.

Ean fo dese WK (she Av = emit x aaniv) an :

»[elle] - Ted tds) = es) tk

Of course the RHS here vanishes genepd{ly. Only if i is.in the gauge field sector,re) and even then, only if izb, do yO get something on the right.

oO
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In the section which follows this ( "Attack on..." ) I show tortously that

[e) afkex the following identity-is true: . . .

[:%29, Ho o= = tealDal + Walteali |
Rewnte:

b S < :| els = ( Wreath -10f wa i) |
My notation does not let me write the object on the left as a color matrix.

Now, we go ahead and compute d{1n(detM)]. Since we have not changed the
dimensions of M since last timé, the formula is exactly what it was, namely:

Sawekny = Te [tee Leet]

ie) Wissen,we hana drown Qe: : .

Rat = 4 (LAG Tg) +5 LOY coal) -peal4 4

Raguck: . ng coe

isadl = git) +4 tealteayy + Ween

Que: a ml beea)seca) = 4 ¥ (L071 fo tgUM)
0

ee —

wes K(Yed=or, can. Sos :
[SsSuaanco|
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fe) 1. My quick kill efforts have failed. Here is what I have to show, but what I am
not yet able to show:

ee

at |’

+ v fre. 1 |ef UDel, By EBSA EW = ef (Mea Ty UReV
Ie, once I show this, I am done with the completely general invariance proof. What

is stalling my efforts right now is this: the useful Jacobie Identity which made

things go last time doesnt work here, and refuses to generalize! The problem is

that the Jacobi identity I used last time seems to require a color label on the

entity [pe], whereas in the above I am facing (00), where j is a complete super-
vector label.

2. So here is a plan: take the first trace above and break it into two pieces.

In the first piece, index j runs through the gauge field's sector, and in the
second piece it runs through the rest of its supervector index values.

First, here is an expression for the terms which do not involve the colorle) sector:

.iS . At9a, Maths & f UMea RellAESA rae a
3. Now examine the j sum which is in the gauge field sector. If we put j=c, then

the index i may as well be replaced with d since you get nothing if it is outside
the gauge field sector. So this term yields:

» +4 ‘ “Atet UWel Ye CRANE, te FUTUR
Lone © i
== -t& 7

. < <Ra vada: Piel - (WDlPter~tea LS tpl

a ws oan)Pi anin go olaah od herpar ten!
tat ps sot

- “il teat ALD)ie) yO “*

T 4 pe Coeat -Nanas gt Hf (Wh) hy Cee ter Ne (OA TRBL Ew)
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So far, then, we have taken the left hand side trace in the original equation

O and have converted it intot these three terms:

S ye +2) Ss Melk + ( tented Leedfa1)

. ive 5, a» ete ( Dedllod atte))
< + -9) ~The ¥e Tol WD Ras\nd}

Notice that we cannot yet simplify the last term because the correct formula

for M! in the presence of milti-fields is this:

Aa . ayGy) Urteed = 7 Lda RA
So, an obvious idea thé comes to mind is this: add to term c) above the terms

fo) that are missing to make this work, then subtract them out again. Thus, we shall
replace termc) with “) +): 2) _ et) + 2)

< v “1

ay ~The te( tea Dante)
r & vv y=")a) + te ZA. te (toa LOG \RAME).’ ~ = ee

Qu: « wae
et\= — Tee (tea Testwsy) » C3)

&

= ~The 4 Cle Sag): 6)
ae)

ro) So I have forced this through, mimicking the pure gauge approach. We are now leftwith (a) + (0) + (@)s
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Next, lets try to force term b) into what we want to see in the result:

o

+ s x -= bE Toe}tea Th Cadtus
gen

T S Ara ae= Af Wed tea TK TRATMETE - = (ei)

~ Z {WMeae = 2)
for

But term (b1) is our desired result. Therefore we have to show this:

(@) + (bz) + Grey =o
.

avert)

ca sre) © 9 Fe hh 1 CacoRil!)

bac aweW= o Fall» ( tase} Tes) Uw)
paver>

cees 3 Se TaN & (cod td WHE)
Things are really confusing without type labels, but I am going to make a guess
which I think is correct. First, in the first two terms above, change from sum
on j restreited to sum-on-i restricted, effett is exactly the same. Then j is
a complete sum. Add these two terms to gets

‘s Ss bat aN@+O) = 5 Ze { Mls - a te Tees) Ug (ME \)
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e
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0 But now you can see that these terms exactly cancel (c2) and we are done!
What about this commutation rule? Consider:

Me Me L aaee the

If, e\= 40° € eNout sew JIA Wap.
eyxO): We yy oi #. as spe . &

= LEGGE) = + OG)

ce) ) r oe \ cee,v ©Pryor. of SSM Sadek Liga,
This is a statement within Hilbert Space HY, but you can extend this to e
direct sum statement in the supervector space. This then gives the

"conjecture". Finally, lets rewrite the last line on previous page to make
sure you see how it cancels:

P 6 a

(a)+ (02) = Tn Th an 40 y= EMAL.)
Comments: this was a very tough theoremy to show. Clearly there must be a more

concise way to state it. Nevertheless, I am oonvindd that I proved it correctly.



0 Faster Proof of Generalized Jacobi-like Identity used in Multi-field Invariance Proof.
1. My first derivation of this wes awful 4 page mess. Now that I know what I want,

here is faster way to get it. Desired result is this:

» Ss + + <
eal = -M eel +i0he y °

To verify that this is indeed correct, take each D and expand it like so:

< <[Died = cy [Tee tee +1A5 oe\|
Tv » b
Ia = Gy eth -1

Notice in this last thing that when you transpose with capital T, you switch color

labels back to regular form, and the derivative changes sign. Insert all these

things to get:

cS yb & he » efe) Lue) (hx Te + Teele + Toy te)
‘ © =o ®.«

e fe ae+ Used tl — 1 teat + Riateg
If you can show equation (2) is true, then you have shown that (1) is true.

Now, in fact each line of equation (2) separately vanishes. The first line does so

due to a Jacobi-like property of the Gamma objects which I will prove on a separate
sheet. The more interesting problem is showing that the second line vanishes. The

trick here is to realize that this line is really confined to the gauge field sector.
For example, the first and third terms vanish unless index j = a color index. So

write this index as d. Next, you observe that each term vanishes unless indeix 4
is also a color index. So put it in as f. Then the second line reads:

ic b © e e AS
Wiesel Tay — Tee Tod TAL + fue CAP YIsad =o *

< ?Baths Tote NeSet Cedlae| a Pas dav Leelee) =o ?

S , s >‘ole Teg Totocy + Pee Cocy tae) + Pah Lae )fes) = 0?
» S2 PS t Weds cayear-tatterf = ©
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2. Attempt to get this identity into the Lee ZinnJustin form. Obviously the thing[o) is true for any color vector of functions 9, so try to abstract them away. If I

functionally differentiate each term with respect to parameter 0.(t), I gett

»DeGit) Seay Ty

= ~ Te Sout) Dethiy) Dy GAt) Sea) KE
If you multiply back by O(t) and integrate over t, you duplicate starting point.

Now take the above and just integrate over t. You get:

Senay Ye (ae Dyety = - Tre DaGasy + r Dy (3)
Re
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3.

Now remove the deltas and make this an operator statement:

OT
boy es ¥ Spay 4 Cone
Rely +A) - meta 0 | = Cael gee Ned |

This is the corrected form of Lee ZinnJustine equation All in their appendix. The

whole validity hinges on a piece being missing as in the above. Their result is

simply wrong!



Derivation of the Ganma Identity.

1, In the milti-field setup, the field vector g, is actually a direct sum ofoO field vectors in various representations. We hav e labelled these representations ‘

by types. Thus, for example:

Now, each field type is ( :
means a set of fields %& > (qo wae
that belong to some 2representation of

the gauge group. Thus, we have, within a given representation, the’ Lie algebra:

(One “hs oe .ee= OE ee2 = Gee)
When you first write this, you only intend that the indices on the matrices go
over their appropriate values. But, you can "extend" the matrix Gamma‘) to the
full superspace ( direct sum of Hilbert Spaces) by simply making it sero everywhere

outside the correct region. Thes, for example: .

co) r _ ys 6 This thing will be a square matrix somewhere
a a on the diagonal. Obviously’ with things set0

up this way, the matrices going with differentWS
field miltiplets commute.4 ‘o

Sometimes we just say: matrices in different Hilbert spaces commute, but really you
have to look at the direct sum algebra to see how that comes out. Here we are explicitly

implekenting the direct sum algebra by extending all matrices to full size and putting
in zeros.

Now we can define the "full gamma matrix” as the direct sum of the basic

gamma matrices. If you look back on top of page 4 you see that that is precisely
how we defined the full gemmas: as direct sum of t-gammas. Thus, the full gamma

matrix is in block form. It is’ then easy to verity our desired identity. Of course

if follows at once from a theorem I already know: if operators satisfy a Lie Albegra,
then direct sum operators also solve it, QED. But here is a proof anyway:

PAS @ 1
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Nota © EW. 3/23/9F
Index:

we; 1+ Various levels of a QM analysis.

CS 2. Gell-Mann Levy 1960 notes.
3. AFFR notes on Sigma Model.

4. Gauge transformations, section:

a. Behavior of A under finite gauge xform.
>. Convention taken for "g" and St
c. Infinitesimal xform of any field f and &,
4. The conserved gauge currents
e. Generalizeed Pauli Identity for regular structure constants.
£. Proof that "covariant" derivative is really covariant

g- The conversion from global to local gauge group.

h, Another form of finite transformation of A .
i. Generalized Jacobi cross product theorem far structure constants.
j- Explicit realization of the adjoint rep generators with str. consts.
k. Proof that Fi, is a gauge-group regular vector.

5. Variational derivatives of§ and V type; chain rules.
6. Fadeev-Popov Determinant Section

a. definition of gauge surface £,(A%(x)).
b. def. of Ag(A) as jacobian
c. Proof that this jacobian is a group scalar.
4. Extraction of the infinite group integration factor.

e. Calculation of the FP Det. as det of Map(x,y).fo) f, Realization that str. consts. must be totally antsym; inten, of o, +
Def. of gauge cross product; trace rule; Dot-Cross product theorétl.

g- summary of the FP Det. calculation, now using C, 4, notation.
7+ Feynman Rules in the W(J) formalism

a. general formule

b. examples in f@~theory, vacuum bubbles only
c. the combinatoric problem of “counting” a graph.

d. example in #3 with external particles
e. a general feynman graph

8. Conversion of the FP Det. to Ghost Fields; explicit form for Landau gauge.

9. The exponentiation of the gauge delta function

a. replacing delta with arbitrary function in trivial example.
b. slightly fancier case,
c. the actual case: includes short review of the entire dg extraction!
d. proof that (dA) is a gauge scalar.
e. statement of S(eff) caused by expo of the delta.

10. How the FP delta rescues QED; the {- Lorentz gauge.

11. How the FP delta rescues QED in the’Coulomb gauge; use of YW vector. Compons aD.
32, Feynman Rules for any gauge theory (gauge-ghost part only)

P a. gauge propagator

ie} b. the 3-gauge vertex ( with pol vectors added)
c. comparison of new and old method to interpret "Feynman Rule".

a. the 4-gauge vertex

e. summary sheet of ghost and gauge Feynman rules (Landau gauge).



Various levels of a practical Qi calculation,

1. Here is the problem: you have a non-rel QM problem involving a particleCF ime narnonic oscillator well. How do you analyze the problen? Compare the

analysis with same particle in a Coulomb 1/r well. Think in terms of SE,

propagators, field theory, any method you have ever heard of,

2, First go to non-rel SE QM. You have ap potential which is known. You want

to watch a packet bounce around in the potential. Ie, you start off with

@ wavefunction at time ¢, and any later time you want to know what the wavefunction

has become. The most economical way to think of this is to construct the Greens

function G(x,t;x',t') by solving the differential equation. This is the

“propagator for harmonic oscillator potential". The answer is given in Abers

and Lee if you set J=0, If you then go on to set frequencyW = 0, then you
Will get the famous free-particoe propagator. Once you know the propagator, you

are done. You could even get the thing by doing a pahh integral.

3. Now lets go to rel QM. Now you tend to leave the single particle sector

decause you can pair-produce and so on, Shift to the relativistic Hamiltonian.

gee «YOU could go on to compute the relativistic propagator, but I imagine it is rather

© nosey. Hes pieces which go both ways in time because negative mass states now
possible. This is not the free-particle scalar propagator because there is

a HO yotential on all the time, and not a weak one either. So, again, knowing

the relativistic propagator and keeping energy low, you would get a good answer

to your question of what happens with that little packet. Note that the Rel

treatment of the hydrogen atom is like this, ie, rel Ham plus the potential.

Of course the concept of potential is only meaningful if energy is low.

4. Now move to second-quantized field theory. The rel Ham becomes the Klein—

Gordon equation, except you have a potential V(x), not V(f), sitting in your

lagrangian density. Problems are never done like this! However, the ur

potential can be simulated by going to an interacting field theory and adding

@ source term, eg, having g° + Jf. BUT, I know of no way to simulate a
dur? potential by allowing some kind of exchange. Is gluon exchange supposed
to cause a kr potential in QOD ? I know that the photon propagator 1/k° causes

thé 1/r potential, but not at all clear how you could make some other potential.

a 5+ So the point is this: you cannot do a harmonic oscillator potential problem
in second-quantized field theory. (2 not confuse the HO expansion of a free field
with the problem at hand!)



read 3/12/1978

Gell-Nann/ Levy 1960 .

ce) 1. Introduction. For+mom decay, answer works out right, Berman computedx radiative corrections. For beta decay, however, you have Cy and c, to deal
with, CVC (1958) tells us that Cy=1. This leaves @(beta) = .97 G(muon). which
GN edd Levy find troubling. Later Cabibbo will explain this in 1963.

What about the axial hadronic weak currént? They know that C, = 1.25 and
that this current cannot be conserved because pion mi-2 decay is observed and

involves this ourrents divergence. u . .
They would like to be able to say this:, dA = jaw where a is pion decayconstant. This is Bq (5). * e

‘ This formula is significant because it yields the Goldberger-Trieman relation
which is amazingly accurate.- So authors ere interested in theories which give
rise to this Eq. (5).

2. Charged Pion Decay. By taking the (0/.../#) and (2(---/2) matrix elementsof Eq 5, authors derive the GT relation as shown in (11). Their result differs
from original GTR only in form factors; they make a big deal about these extra
factors. Claim: any theory which allows pion decay will have such a GT relatdon

with some form factor; the only question is how fast the form factor varies.

3. Noether theorem, We are reminded that if you have a lagrangian and some
specified infinitesimal gauge transformation on all the fields, you get the

Euler like equation 2#.ox%[25)rg 2%)

Thus, if your lagrangian is invariant under some gauge transformation, then the© thing in ‘the square bracket will be the related conserved ourrent. Various
examples are given. Bg, in the "conventional PI-N model" the three conserved
currents form the isotopic spin current.

The problem is finding a lagrangian and a gauge transformation so that you
have a simple axial weak hadronic current. The vector current is just the isospin
current by CVC. If you take the standard PI-N lagrangian and try some obvious
axial gauge transformations, you always get unpleasant axial currents; nothing
with divergence like Eq. 5 that you want.

4. Gradient model. So now lets examine some models which do yield equation 5,
and which therefore imply the GT relation via this path. Gradient coupling
model is obvious modification of standard ( Bjorken-Drell standard) model.
In this little model, the current divergence is given by the pion mass term
and you do get Eq. 5.

Weaknesses of this model are: (1) the axial and vector gauge transformations
seem unrelated (though strength same to 1.25, seems wrong; (2) such a theary is
nonrenormalizeable. I bhink this arises from gradient bring down k factors.

5s The@model. This is the section that makes this paper famous. This model
is combination of two earlier modelg, mainly Schwinger. The unshifted lagrangian
is shown in (36) in terms of field@ . Basically this is an 0(4) or SUpxSU,
chiral model, though such fancy language is not used here. Last term breaks .
symmetry and also generates your desired equation (5). This lagrangian shows
no nucleon mass term, but the shifted lagrangian (36) does. They say nothing

= about why tuxuxuyiauxis the sigma field is shifted, but I know that it is to

3 ~—stininize the effective potential. Some axial gauge transofmration is stated.
The precise axial current is found. Bq. 5 is happy.

Strenghts of this model are: it is renormalizeable (no data given) and both

currents vector and axial come in in the same way (over)



A drawback of the model is that you have to explain this new field 6”, some
scalar particle which could decay into two pions. Tadpole diagrams exist
in this theory (has to do with superconducting vacuum of course. The fact

that n cleon mass.is generated is noted ag. "curious". . . e@
6. Nonlinear model. Third and last model they consider. This is just a renovation
ov the sigma model in which the @ is not a new particle but is related to the

pion somehow. You still get Eq. 5, but not renormalizeable.

Ls Operators, A vague effort to write generators as Lie algebra, Still no
mention of chiral and ‘SU2 x SU2, I skip.

8. Conclusions. Seeking models which give DJ = PI and thence GT relation.
Three models presented, each has its problems. Want to extend to dS=l part
of hadronic current, want to learn how to renormalize their third version,
Whole paper is based on that Eq. 5; making explicit model in which it is true.



AFFR on the Sigma Model.

1. What references do I have on this subject? First, papers and text in “thecor Current Algebra book, Includes the original GellNann Levy paper. Second is this
> AFFR section in their chapter 5. Third there is stuff in Abers and Lee, Ky

other current algebra refs dont seem to have much. The Bernstein gauge review
has a little.

.

2. What ig the significance of this model, what are the main points? Firet I will
Seview what AFFR say and then I will answer that question.

3. Group Theory. You know that you are talking about the group SU(2)xSU(2) because
this is the usual thing. Ie, this is isospin ;x axial isospin if you like and
will be connected with vector and axial currents which of course are the hadronic

weak interaction currents, and are also presefit in beta as well as pion decay.
This group is tle same as 0(4),, which is much like S0(3,1), probably a few

minus signs in the Lie algebra, Thus you can think of three rotation-like
generators ( the regular isospins, charges called Q), and there Will also be
three "boost" generators, these will be the axial charges Q. ‘

Since this group is so much like Lorentz group, you see that statement(5.4) really defines the transformation rule for a vector, ie, for a (24) rep.
The specific comrels for any vector are then given in (5.5) in terms of the

. vector and axial charges. .
Now, the idea is to make the pion triplet a part of an 0(4) or "chiral"

4-vector. Basically, this lagrangian or model was designed to do PI-N physics;
you have to put the pion into some ‘multiplet, and the 4-vector is easiest place
to pute it. Notice that if you restrict to the isospin subgroup, the ‘pion goes

in the right way!ro) So clearly (5.6) gives you @ chiral invariant lagrangian. :
Where doz you want to put the nucleons? In order to generate the desired

vector and mek axial currents, you had better put inte L and R doublets as
+ shown. SinceaP# (albeit an isoscalar) is 4th component of a chiral 4-vector,

you cannot have nucleon mass in lagrangian. Thé chiral invariant coupling to
+ nucleons is shown in (5,14), includés usual PI-N-N thing as a part.

- 4. Currents. To this poigt we have constructed a completely chiral invariant
lagrangian, including PI-N interaction. Recalling that the Noether transformation
is always determined by commtator of chatges with relevant fields, you can go
ahead and use Noether to get your conserved currents, The vector curment is
the usual isospin current and & does not appear at all. That is because @
has In0 so has no isocurrent, The nucleon and pion contributions to this iso~

. current are what I remember,

The conserved axial ourrent has a familiar looking (by design) nucleon
contribution, but the pion-sigma piece is new to me. Note that since current

: axial is conserved, pion decay cannot go in this theory. Note also that C, = 1
in-this theory, Also, pion and sigma have same mess as required by chiral invar.

_ 5s As noted by Gellmann and Levy, you-can convert this GAG theory to a PCAC
theory simply by adding a term ag’ to the &agrangian. Recali that ® is 4th
component of chirdl vector, not a scalar, hence you have broken chiral invar.
This ‘breaking term then causes CVC same as before, but PCAC in that DA = —aPI,
the famous equation (5) of GM-L paper. This PCAC ‘equation of course leads to
OT relation.



6, Tadpoles. We know from general ideas that going from CAC to PCAC causes
allowed pion decay. How do we see this directly in this model. Answer: by
adding a linear @ term to lagrangian, you allow possibilityof @ decaying Oodirectly into’vacuum. Thus, graphs which were not allowed before can be g
made allowed by adding tadpoles: Similar to idea of Coulomb potential
allowing pair production etc. Example: there is noWw@ term in lagrangian
(5.55) so @ cannot decay into two pions, But there is aqfefgg term, so
once you add the tadpole term, you allow graph like shown in Pig. 5.1 (b),
and sigma can now decay.

So the tadpole graphs ie a mechanical way to understand what the linear
term does. Obvidusly such particles going into vacuum indicate some trouble
with theory. Tadpoles are eliminated by shifting the sigma field so that

potential is minimum, Then (0/#"/0) = 0 and no more tadpoles.
: When you do such a shift and rewrite lagrangian, the earlier near-total

chircal symmetry is now completely non-evident. Pion is now massless,€" has
some tas, nucleons have acquired some masss This is the amazing aspect of
SSB. “Secret Symmetry" as Sidney says.

7. It is noted that-you can add extra invariant terms to lagrangian to get

" Cy to be different from 1. This aspect is model dependent. .

8, Other bonuses of this model: you get all regutar results of current algebra,
since this model is an explicit realization of current algebra. Eg, you get
the PI-PI scattering threhold conditfon, andthe PI-N threshold condition
also. I guess no~dne doubts the validity of these conditions.

9« Now take ,an overview and see what this model does. ¢ re)
‘he Sigma Vodel has these favorable qspects:

~

. a) realization of current algebra, hence soft pion theorems etc.
b)- is renormaizeable since d=4 in unshifted lagrangian.

.  ¢) gives the PCAC-Equation when trivial linear @term is added.
a) gives vector and axial currents which look right for weak interaction
e) that linear@ term requires field-shift to eliminate tadpoles.Thus, this model is example of a field theory with SSB. The

SSB has these fringe benéfits:

vl. Allows nucleons to acquire mass.
. 2. Allowsand @! to have different massesf£) in fact, the linear term breaks 3 generators, hence you get

3 Goldstone Bosons, the masslegs pions. Example of Gold. Theorem,

10. What does this modql not show ? It is not a gauge theory because they never
- try to insist. om lgcal chiral 9(4) invariance ana thereby introduce gauge fields.

. There are no vector fields at all in this model for strong interections. QCD
om the other hand is a gauge theory model.

' The récent: interest is thé combination of a SSB theory like the Sigma Model
with a Gauge Theory “like the Yang-Mills thing. Together, such a theory allows

+ the undesired Goldstones to be adsorbed onto the massless gauge paritlces to
* get’ massive vector mesons. Higgs.
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2. Comments: this shows that, under local gauge transformations, the group vector

Df transforms exactly the same way as the group vector $ . Both are vectors
in the same representation.

.

3. Notice that in the above stuff, you always keep the G and gs things in right
order becuase their indieces are suppreseed.

6



3. Comments ayput local gauge stuff.

We start with a lagrangian L(g, 4,9) and we presume it is globally snvesiont eyThis means that L(Uf, U(a,h)) = L(f, af). Ie, the objects f and ag both
transform as group vectors in the same way under global gauge transformations.

This means that L mst be made out of dot products of these vectors so that

L will be a global scalar.

If you consider instead local transformations, you will find that although

§ is still a group vector, (a9) is no longer a vector; for U element of local
gauge group, the above invariance of L is no longer true, But then you repair

it by saying: L(g, U(D,g)) = L(f, Dg) because now Dp is a group vector,

e

e
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More on Variational Notation.

GB ‘lL. For the time being I am going to start using two different notations for the
two kinds of variational derivatives. The notation SAW) has always meant and

will continue to mean a variation in the function A(x). Ie, at each point there

is some change in the function, If “£” is either a function or a functional

of A, this variation will cause a change or variation in f which I call Sf.

If you compute Sf in terms of SA you are quickly led to a derivative which
I will now call S/SA.. Ie, you just divide both sides by SA. But this is
not the "functional derivative" which I denote V{/YA and which involves
removing an integration. Here are some examples:

(0) @ ®
t@=K C=K F(RY= 3, AO) FIs VajReowe)
QY= wA@BA) SR)= 2,(8A)

wa aut
= Gagrhtinisttesy = Se ayGaayher) | B=Quah Gy Gran) uta)

; wt = SABA)a, Fes) are)Se = rA@) 3 VE = aA @ho)
a He = dBA VAS)x os SAY)«3 .YER = Aco Sees BE a re snag)‘S Ke)WA ~~ 3,8@5)

VAL)

In the first two cases, f(A) is a function. In each of these cases the© derivative
is a function, but the V derivative is a distribution. In the first case one

derivative is just the other times a delaa and both are determined by knowledge

of A. Im second case the @ derivative is not determined by A; it depends on

which SK variation you choose, Eg, if you vary A(x) by a constant shift, the

§ derivative is identically zero. On the other hand, the YW derivative is

determined completely without knowing what OA is.

In the third case, f is a functional. In this case the $ derivative is meaningless,
and the V derivative is as shown. -

5 Footnote: notice that the ) derivative is the only kind of derivative which

fo) allows you to have different parameters like x and y.
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2. We have commented on the % and V derivatives. What about the regular
@®) _suza ana partial derivatives which we dennte by 4 end 9? How do these

fit into the pidture here?

on oNye A R(AA) = OxA STAY = Nag Noyay)
cnn

aarti | BLYPN |gdA OA . ON lax . “s

=3t Bteo Bb ow :=n <A ar \
at ia fSQxR) BS ewe,
AE = anminglase uA= onanoA

The notation a@A(x) means that we change A at one Joint, namely x. This gives

us no information at all on @(d,4). Thus dA(x) does not give us enough
information to compute df in example 2 above. In contrast, Sf) specifies

a change in A at every x; this is why SY is then computable.r) So example 2 is very interesting. There are 5 kinds of derivatives you can

define of f with respect to A or dA, ‘he full derivative af/aA is undefined.
The other four derivatives are all different!

In example 1, all derivaties are the sane as shown, except the V derivative

has an extra delta function. In cmtrast, in example 3 only the Ul derivative
is even defined!

Moral: make sure you know what kind of derivative you are dealing with.

Application: whenever you take a derivative with respect to something that is

x dependent, you should not use either% or &, for reasons above. Consider
the Field Equations and the Conserved Gauge Currents equations;

® Bh-358 = D23243k 8d) = WS -9,MS_i) 3,8) ay Be ' oe%t) Se ve VRS)\ bo ough vee gottth D howl

A atiyat. = ws = Ya 3& =o.ae 3p) ve &

Nae ak vat eden
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What‘has been shown here? Whenever you have a lagrangian which is invariant
ander some internal symmetry group ( gauge group), thepath integral will always
have this infinite factor. ( Note: even if group G is compact, you have to integrate
once for each spacetime point, so that makes it diverge). You can physically
see where this factor comes, from. In your dA integration, the integrand is
constant when you integrate over certain directions in A-space ( ie, when you
integrate along group orbits).

Why did we have to do integration at each spacetime point? 1) this makes the

aetersinent a funotionsl,, something which cen sppesr ineide a path integral; 2) @ythe x-product will-allow us. to incorporate the delta into a modified action. 4
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Comments: I have shown elsewhere why it is that W(3) can be written as shom.
in terms of the free propagator. The real question at this point is to explore
in detail exactly how it is that this boxed expression gives you Feynman
rules for your theory, I know that the only right way to do this is to start

with examples. There are indeed other "statements " of the feynman rules,
but at the moment I want to understand this statement.
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Comment: recall that there was a little theorem for a £( a/ax) oe, there is
no such simpde theorem for f(4/ax) eo on in general £(a/ax) e& =), that
theorem only worked when exponent was linear in x. Here we have a quadazatic

exponent in J; the only way you can figure out the derivatifes is to expand
the exponential!
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In general you have to choose the term in the rightside exponential which

has the same number of J's as you have J-derivatives acting; other terms give

0 either because to few J's (deriv of const = 0) or too many J's ( se t J=0

at the end).
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In this theory, there are only two gxapkaxmkthx vacuum graphs of order two. Second

is product of two of loops found above. Note $ factor!
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I now have a tentative dethod to count each graph. Consider éach propagator

to be a box. ‘The number you get from applying all your J-derivatives is really

© _te mutter of ways to mut X's in the vores,, In our exanples wo wore doing #
theory, so each coordinate appears exactly twice. If third order graph, then

three coordinates X, X, and X;, You keep a particular graph in mind and then
you ask how many ways you can make that graph.

2 keExample: oy

Example: YZ godsspe Drang cmd onda# prongsAs Le
- . . \?

Ww WwW 8) Veto cng wags bo poh mm a pia d Xp? ay.1

LYS ane ceftaunth acta

mM \) Wea gh pode &Ww DY ) Waa naan weys So gut por ) Xoe!

WD BW WD 5 bys? 2

© Que tank = ayxde2 BK ck wilh 4-1 (4)
) ht PLOe Ye. 8 yy .

Gow 6 KS)
Suppose you have theory which is order n, ie, f” theory, and V = munber of
vertices. You will at once ge} factor 1/V$ from each exponential (?).

. vo. iy an?\ een en ee on &Y)L es e-Z
1 ea Bsaivs » wT

ayeload . dm= wl so me WD Se a. (2)
1 ts

up) Ci) ©Obviously
the $ factor always corrects for fact S “#(? aul(o) that you can put an X ima given prop in two ways, so now drop this fact and the $.

Note that m= number 6f propagators.

cow = wath b apagle: (ae).
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I think I now know the weigh} of any vacuum bubble, Try out in s theory. a
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So what have I done so far? Considered only vacuum graphs in f” theory.

fo see Feynman rules, you have to

1) take only that term in the derivative expo which corresponds to V vertices

2) take only that term in second expo that has same number of fxetx J's.

3) then do derivatives in all ways and you will generate your graphs. e

What about graphs with external lines? Here, the difference is that you take

the term in second expo that has a number of extra J's equal to nunber of

external particles. Lets do example: #* theory, two externals; two vertices:

T PArypor C= WY
fe * oat . iy .3 aafi SM JAAP): = Nave die SH) = Hecay ,

wt

ALEK) DUK> Ky) BKK) S007 Xr) | .
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So in a theory withouf derivative couplings and one kind of field and no
gauge group, I w how to compute any graph from the above. I do not yet

have a really concise forma for the combinatorics but by brute force I could

tell yu amplitude for any graph in such a theory. This has to be right because

weAderived this. Ie, it must agree with Wick method, I dont have to check.

80, only aaplies to boson fields; need extra work if fields anticommte!

low.
ery
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It is so trivial that you have to look carefully. Here, you are allowed to

replace the delta function with an arbitrary but normalized function G(y). The

reason of course is that nothing else in the integral depends on y.

2. Now take above example and construct a fancier example simply by allowing

y = y(s). Then the above equality becomes:

S \\axas XG) (asl GS) = Yards ga \B\ Tye.
Again, ‘the replacement of the delta by arbitrary normalized function @ is trivial.
You are not saying the delta = G, You are just saying that here the replacement
is allowed in these particular integrals.

3. Now lets move onto the actual case of interest:

a os‘\araa Koon),

1 \%5 (Es [Hag --] = 04
dg ‘ { Sa ces

ic

= \agarran Soya) {Stent | BIAS usSE aed ‘+

; eo ER | AHA)
Ox Sagarcan Koga) Sfftrcalf | “| #8



Here again you see the replacement of the delta with an arbitrary but normalized :
function G, Again it is trivial because you just do the g integration and you
see that nothing else depends on g.

an

4. The only subtley here is that on both sides we can identify the g integration
with a mltiplicative constant and thus cancel it on both sides, After you do
this, the equality is then less obvious!

To show that you have a multiplicative constant, watch:

Sowa: A onsoma AG) 4 WW gemrakgm hone AG). Recah
Gra rasan Ou dk cw ascator:

; ax!REAP > deleaid’ » v~=\Fl= shoal

Gris AN maams dh dds dhs. Stine
AG)= WQVAQ) and YUL= 1 ance semumodalarn rong yr
ak dA = afte) = AACS). Bram’ enat aamumnduon yor
yer gk 0 costed Gx Wp). Fs}

. ASA A STV), NOYSowmas: VA) a e =e Ae,

Qua ackin te AAomgr Gre sepha. Sod he dard ie M3).
WS = Sagatrad Sena) GFF (AMR | aa us |$

Van A= UA. Qua 2h P@ve, nga) = FAL.
va Key GHASY => GEA ve Ale)

AWG IAY = BA ake come ba ME

dt(AG)Que WS {Sag) year Fagan) o] Aah \ Ay | oywt us + :\ snfston emstenk oben pate big ape rat
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Now you see why you can replace the delta d(f) with an arbitrary function G(f).
It is not obvious here because the determinant is /df/dg/ and that makes you
wonder because you dont see any g anywhere. Just put the g back in ,nd it
becomes obvious again.

4. Bverything we have done here really does not hinge on the presence of the
path integral. Ie, all true for regular integrals here. How do we need to
modify the above to get to path integral formalism? All integrals (including
the dg(x)) are path integrals, and all delta functions are path-integral
deltas ( including the intermediate integration da which was uded to insert
@(a). The path integralization of all integrals of course renders the jacobian

to be a rather complicateé bbject , but we have studied it elsewhere ( ie,a. we studied how to calculate it, and how it yields ghosts).
= We noted that G(a) had to be normalized, or at least normalizeable.

If da is a path integral, then we might take G to be a guagsian #hnce this
is the one path integrel we think we can go.

I forgot to say that in pthintegralization, another change is that all .
the above functions becomes functionals, so in particular G(a) is a functional.

We take this gaussian form: . EXwGreary~, ASTHAY ~ 2a
Iman e G\= ©

This is the exact form taken by. Coleman. AL take the other sggn and insist that
you take limit#-90, I see no need for such a limit.

5. Thus, the net effect of the exponentiation of the delta is this: you ada
to your action a correction:

os aSunelA] = - ae RAY (AY ot = anata, (Asah) qqunnlars
Looking back at the original origin af delta (f), you see that hhere are as many
f's as there are gauge group parameters; thus you get the sum as shown over a.



How Padgev-Popov rescues QED. ‘ 7

= 1. First, write down the generating function for some photon-paftiéle theory.

io) For the moment ignore the matter fields, since the problem of interest hasonly to do with the photon propagator. The usual start-off is:

. pv) i) .S- Yk a RF |= (ale AvP” = Jasee a ne’
y

= Sd 4 - ‘“ = v= Sak eA OB} = 2 \sk AGS] qul- gala.
I have not yet specified a gauge choice. The next step is to add the Fadeev
Popov correction. Since this is an abelian gauge theory, the FP determinant

is independant of A and can. be ignored. However, you do have to include the
expo-or-the-delta correction, which ist

2

= -t . .Sm= — dS HO FOR =k gangs endshes
2. Now for stabters, Iets go into the Lorentz or Landau gagge. Notice that
once you have made the replacement of the gagge delta with this gaussian

factor, the delta is gone so you may not set dA" = 0 wherever you see it!

Notice that the last term in the original action above is +£(d,4")(aa¥). In
particular you do not want to throw this away.. well, maybe you Yould. It is

really in the gaussian correction that you are not allowed to dumpt it. Butfo) for now keep in both places. Then with the delta correction we have:

S+Sa = \ak Aco] wl - (-2)30]A®
Recall thatd is agy finite real number. Now the operator is invertible;
in kespace you have:

>z- = aeMay = ayo B= %) Kuby ysa

\ ve
“i aL Xi~ (08 = Lqu- Gee) BY(wo = FE Lay Cra)

That this is so is triviel, mltiply them together. Once you have an invertible
M, you know from the path integral formalism that the inverse operator has the
interpretation of the particle propagator. Thus, in the "@— gauge" of the
Lorentz gauge we have:

ZolTM@N])Sy = Dw @s) = ETD vrdtaaten guage.
Powe COT, Iyikywor | Dwlke) = CO| gy GeayAEwe Lar et



3. Now, looking back, I see that I could have firopped the (4 At)? factor in the
original action; in the end this just corresponds to a redeFining of the
parameter%.

Vole: Ky. Dw (e) = © ody when t=O, he die Oe
” .5 aon + Srtiny Bi kg
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fo) lets now put this discussion into words. If you include the action without source,it is true that you can replace the delta function by a gaugsian G and the reshlt is

not changed, whether or not you drop the overall group volume factor.

However, if you then “turn on” your source J and compute up some greens functions,
your greens functions wil 1 be different! The reason is simple: with the eource on, you

can not trace back to get an equality. The presence of the source breaks the gauge

invariance of the action, So it matters then which you do: delta or gaussian.

This then explains why nDyy = 0 only in the special case alpha = 0. It is
acceptible to use general alpha, but your greens functions are then alpha dependent

and are only orthogonal to n" in the special case alpha = 0. So finally I have resolved
this problem .

Why is the source term gauge breaking???

= 2Ji Aaydan vata so Ss= BT
R 7 \oo

R= orangutan, so SAS SxR.- 398
23 \6 Que THA mnie ganga senor
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QED in the Coulomb Wauge, via Fadeev Popov.

le! 1 We start as on last sheet, changing ous the gauge. Since still mmmabelaantheory, no det correction. So just do it:

iacereta cowlewle ae
Now rewrite the delta correction im pseudo-covariant notation like so:

-o = 3K ~ 43 (wR) wae Mn = O;0,0) Yar= +1Crna= igs App. omy pvabice,
So sromwe Owe connedron deve:

eat - ® hn iC)
Gay = LQar cury) = QaXY- 2QA)

+ Brn) arly)
e (0) a) ® ®

— Aaa area. — vagy 2apEK

= 1°. (rv 4H)
This last change makes the correction terms each symmetric. Write now as:

Ek|-22 + badca)ywCeaA
Qhoahar,

Lay = tA { po @8) [rE] Qa) = Harr WYN) +yyertiN
6
S a

a

pull) = guy ~ (1-8) aoey — 2 (oA) CR)+t C8)



Owe com wire on

Wr = (Rega lye ~ 2 (Bao Gnled) (ky -Im(n-4d)

So pda cmerauid, define

Be= Be Cr'e)
z

. — aPods & vbewah: @d= Ke (oY =e) = F °
Cr) =O

Rabo By Pm = Kalo ~ Crk) [kya lest]
The game is now to solve for the inverse operator and this will be the photon
propagator in the d-Coulomb gauge. .

What do we know about the inverse operator?

3 mie reatvonient voters around are k and p ( p has replaced ETA).
Thus:

,

Ctl po = Fz ye + Alpe + Boppy + © Liaprkeppl.
We now have the problem of finding A,B and C. Brute force time has arrived:

e



We have now found our inverse propagator:

») a \ \CW yo = Te ge + Tep (eR)pe — (trae8 Ip ey ee P Yubr kup)

eet AL) = (aad) kuky + (7k) ky wk,s| qe (aie) Bly + re) (pen ep)

a au auhowe p= w= (ky Rowseomen went
-Coulewle gauge

- (2B) ey + LX Pyploenk &)= 4, |-3p - +e) ay + EO Pykremke) | = D= v [MaKe TKeon cao ce) n”

= pladm ey:8
If I setd=0 this duplicates exactly the BD page 79 result, except I dont get
the Coulomb term. Ie, in this method it seems that the cancellation has already

. taken place.

Comments: in the canonical quantization procedure, you only quantize the

transverse A, fields, and you leave A, unquantized, The Coulomb interaction
cannot be cafried by the trasnverse fi$lds, so you jave to edd that in separately.

In the path integral approach, you never make this artifical separation,

and you find that Coulamb has already been included. oyood -
Odeo, 70 Oren que Ket Cad syonyt| A molt sleet,



“Ms (Xo = gp °
= less - ye +PSgro +A kako + Beaty +e USiPat iat\ :

Must write out all 12 terms:

Y 4 ~~ a va 4 aan
Gyo =e Bub — Fe Pade + AC Reo A BIE Gay + CL Rady tkrpn§k
a a — a

~AX¥ Kepler -8F gy -Cf Klee -< key
ae 1 a .

~ Bet ties - Smp -S eek S&S phe
Regroup to get tensor coefficients:

Gps] + pes 4g pe—pic]

+ ony aie + ek OF ce] ; e
+ to BO - br -2e\ + beac AP ce \. > ®=o “1

a Ca RF .

= gp [i+ klo |-e-ss eer|- ae SEI
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HA Vt pt a a (A) a py=
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Gauge and Ghost Propagators and Vertices (Lantawy)

jp w-pehe 2 CH Bee ghost propagator

Crag &4
ana a = 44 gad Ras ghost~gauge vertex
fs

gouge propagator

ih anmnnnntge — CDB ai |apn--8 AS ik e

triple gauge vertex

‘ Quai (RR). + oyeea
“ = +x Kinks, Qyye Ips Ss

days :

by = (02,39)

4-genge vertex Jwot = akg Cia Caer | Syupa Yryts — Japs Sys

Ass ~ Cvgty) (14,28) ‘
Indioes téke 4, denote group-lebel (color); con take n values for h param. group.
Indices like [ly denote Lorentz vector index.

_ Structure constants are £48 = fy, =i Cy, = totally antisymmetric,6 & = gape coupling via d, -ig GeA, prescription.
Ghost is scalar fermion, so (~1) for closed loop and no double-dotted propagator,

also no double-undotted ghost proph



Gauge and Ghost Propagators and Vertices

& --y--h& = (-4) Be ghost propagator

i.e é Ceee K host—gauge vertex

4 pe oe = +4 S406 Ns 8 gang
4s

gauge propagator

ah enn tle CBA] gyn D4 uk, |K ia

triple gauge vertex

Le

erTO = + 5 Scie Opp (RR), > wx |
Japs

ity = (239)
4-geuge vertex J

iy,ts = hg omens Syypte Yops ~ Japs Sys
igs + Cages) + (14,23) {

Indices like i, denote group-label (color); can take n values for n param. group,
Indices like Mz denote Lorentz vector index.

Structure constants are fp = fapo =i Cgp_ = totally antisymmetric.

a g = gauge coupling via a, -ig G-A, prescription.
Ghost is scalar fermion, so (~1) for closed loop and no double-dotted propagator,

also no double-undotted ghost prop?



WAY
Gomment_on the effect of gauge-choice on the feynman rules.

oO 1. Your choice of gauge has two effects. First, if affects the FP determinant, ie,
the object M. Since M sets the ghost rules, you see that any feynman rules involving
the ghosts will be gauge-dependent. I guess that both the ghost propagator and the
ghost-glue couplings are gauge dependent.

Second, the gauge choice affects the gauge delta which in turn affects the

gauge-fixing lagrangian correction, Since this is usually quadratic in AY for

linear gauges (which is what you usually find), you see that the gauge choice
will affect the form of the glue propagator also.

2. On the other hand, unless you use some wierd non-linear gauge, your gauge choice
cannot affect the triple-glue and four-glue couplings, since the gauge-fixing terms

will then only be quadratic in A. So for linear gauges the 3-glue and 4-glue couplings
are always the same.

3. In the axial gauge, M is independent of A. You can do either of two things, they
are the same:

a) you can keep the ghosts, but there will be no ghost-glue coupling, so in effect& the ghosts completely decouple from the gluoons (and matter fields). Thus, you7
can then just ignore the ghosts since they cant affect any digrams you are
interested in.

b) you dont even bother to "create" the ghosts, you just throw out the detM right at
the start since it passes out of the functional integral since it doesnt depend
on A. Ie, if is just an (infinite) constant and you always drop such constants.

Oo

a


