Renormalization



Bogoliubov & Shirkov

Intro to the Theory of Quantized Fields
Chapt 4 S-Matrix

Al in 2026: Introduction to the Theory of Quantized Fields (1959) by N.N. Bogoliubov and
D.V. Shirkov is considered a classic and foundational text, but it is outdated for learning
modern Quantum Field Theory (QFT) as a beginner. While its mathematical foundations and
historical significance in the development of renormalization group methods remain highly
regarded, modern curricula favor newer textbooks for covering contemporary technigues.



Comment on Renormalization G.5.78

I think for the first time I see how the finite corrections come into play.
You start with a theory and you first make sure it islrenormalizeable, ie, that at
worst d; = 0 for all interactions, taking proper account 'of vector particles. Next,
you use Bogoloibov procedure to regulate all feynman graphs you might want to draw.
This is a procedure for removing divergences. Basically, you only have to do this
to the finite number of "renormalization parts"™ in your theory. Thus, eg, in QED
you have certain cbjects like G = full electron propegator, D = full photon prop,
and so on. Ie, when you write the symbol D you have in mind that the divergent
piece has been subtracted out. Depending on how bad the superficizl degree of
divergence is for a particular renormalization part, that is how many subtractions
you have to make;. These subtractions are done at your chosen renormalization point.

Thus, in QED you usually subtract the photon progagator at k%0 so that
the photon pole stasy at zero, and so that 33 = 1 for external on sheell photon
(ie, then there will be no external photon renromalization effectaJ

Once you have cleansed the renormalization parts of your theory, every-
thing is just busy work from there. To compute a process, you must compute only
the skeleton graphs. However, in these graphs you must include full vertices and
full propagators. And note that these guys do include various corrections as you
go off shell. Thus, the vacuum polarization is there, ie, there are corrections.
Similarly there is a correction due to photon jumpting and end vertex in Compton
scattering, say. Of course formally that -jump is included in the full vertex, but
you still have to compute it as such. Ie, you have to compute its finite contribution.
This is of course the subject of radiative corrections.

In QED, the electron self enemy has D=1, so you have to do two subtractions,
so the little derivative appears. Photon has D=2 so formally you have to subtrac t
including second derivative. I think the idea of subtzactions is finelly sinking in.
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O / Bogoliubov and Shirkov  —— partial contents

Chapter 4 : Removal of Divergences from the S-Matrix.

«_/ 2L. QED, Second Order ( electron self mass, vacpol tensor)
,/ 25. QED, Third Order ( the vertex, Ward, gauge invariance)
ord~ 26. General Divergence Removal Rules ( the R-operation)
% 27. Analytic Properties of Coefficients (skipped)
/ 28, Classification of Renormalizeable Theories. ( the simple dy rule)

Chapter 5: Applications of the General Theory of Divergence Removal.
\/29. In PB-theory (Hurst-Thirring)
/ 30. QED, Part 1: General Form of Counterterms (Furry, gauge invar...)
31. QED, Part 2: Mass and Charge Renormalization. (Full Greens, multiplicative Renorm..)
/32, QED, Part 3: Radiative Corrections, Second Order (Compton example)
o 33. The PI-N Theory
3L. Schwinger's Equations for Greens functions.
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Electron Hass Rendrmalization and the Concept of & Mass Counterterm.

1. Let m, be bare mass, and m be the renormalized mass to some order. Let us

consider the renromalization of the electron line. The bare theory lagrangian is

this: — .
&= TCF-mdY —ie, TRy . e,
Now, suppose we calculale the renormalized electron propagator only to lowest order,

ie, to ordery, » Let us stay close to f=m so we neglect other terms in #(p) other
than the constant, Then you Tind that:

L

(wad pesg) = —— Lo
= P . A
Fe T e
W § = A+ E':(p-'m,b = matrix in Dirac space.
s
Aﬂ — ?)anw

.
=] Qllu -
- T —&—- —_ g
Notice that 2° and B° are functions of e, and m . Here M is a UV cutoff and
™ is a photon mass (regulator for IR problems).

2w Our problem now is to combine the two terms shown above., By ignoring any terms

- of higher power in J_ y you can conclude that

Quos prag) = ———
= -1
You could then in effect look at your function Aﬂ{ma:l and choose m_*such that
A° 4 m, = m, the physical mass, Then in effect; you seem to have a new propagator
propagating at a new mass. You cdbuld go on to show that'the résidue of the
propagator is shifted because of Bu{mc}.

In this approach, you see clearly that the mass is shifted by amount .&n. However,
the various functions like BG are functions of m and not m. This is OK, but
not very convenient. Notice that we have not used any "counfierterms™ in this

approach. )

Notice also that the (new prop) shown above is exactly equal to:
—_— _______3;”..+ —&-1"'.+ M M 4 et
frm-g

Ie, if you include selected higher order currautimlm, you can arpange fo get
exactly 4. in the denominator. However, I dont think this is a useful Way

B

to think of things.



3. Let us now present a betier way of doing what we have just done. Simply and
trivially rewrite the lagrangian as follows:

Sﬂﬂ- V(B = — Lo AN - I Ae S = W=, g
We have now arranged that the bare propagator has physical mass m, even though
it is a bare propagator. Also, we have added an "interaction™ which, if you
like, shifts propagator back again to bare mass.
Now, using this new lagrangian, lets go back and compute the lowest order
shift in the prop. We know, by the way, that th. is order'de just like Z , so

do not forget to include the "counterterm" interaction:
i / 5 m i
(’mm ?-m?\ = — + o i A —

_ \ \ R N \ \
- ?’.'m + —, i f~v T F~m Mﬁ-"m.

We have now slightly rearsagneget the theory, because now when we compute 4

we gets

Z = A+ R(g-m)

A=Rwawy = & <Blwew) (&)
Although € has the same form as before, you see that A and B are now functions
of the renormalized mass m. Also, the propagatorse are now p'—m instead of ﬁ-—mﬂ.
Of course both these facts must be compensated by the counterterm because we
are computing exactly the same (new prop) object as bef‘nre. We cannot get a differen’
answer. What is ndoe is that now, in the counterterm method, A add especially B
are Bualuated at the mases m.

Also, the three terms are now very easy to add up:

f

Goopag) = — [ LB R g, v s

-

I

\ X A \

A T AW 2= 4+ 8
E"w“' ( 1) f-ﬁk

Now we choose m, such that %M+ A(m) = 0, This is in fact not the same
condition as before. But to order dy it is the same. TYou have to keep your

cutoff in there so that a "term of order#," is really of that order, and
not logarithmically divergent, or worse. -Q

Having so chosen the mass m, .| we have eliminated m, from the theory and

éﬁhﬁﬂﬁf?j = -%;E%;T S EL:=\4TES

we find:



-2 -

4. Thus, using the counterterm apporach, we see very quickly that
O : a) the electron is arranged to have the physical mass
' b) the propagator residue has been shifted by amound Z, = 1 + B.
Do not make the mistake of thinking that now that you have m in there you
can neglect graphs like —-M. All these grabhs are still present, unless
you use the new propagator which includes these effects. Ie, I am just warning
* you not to think graphs like L4  yith physical mass m are illegal. They

are 0K, but are now included.

5. Sok in every feynman graph, you will want to allow on each electron line all
three possiblilities, —— ' -4 y and ~¥— ., But each time these theee
appear you can add them up to get W= , the renormed prop which is Ezf(ﬁ—m}.
Thig thing also has the physical mass.

Now we would never consider a graph with this : F&? or =I)KS< . These
dont make sense, or if you like, are higher order still. '

6. Since ultimately every electron line eppears between two vertices, you can

see that you will want to group ZE to each vertex and this will contribute

to the charge renormalization.

G T« In this spirit of adding higher terms since they dont count, lets go

back and reinterpretnt the counterterm method ifn the ED manner., We have:

I chose the wrong terms to add. Here is more what you want to do:

@mm}: — 4 Lt — oy (—“—"—“—‘*-’—"1%- -&-—Mﬁi——)\w}
+ ot |

I have selected a very small subset of the higher order terms. The reason for

choosing these is that now you add up and get:

= D+ 'DT_‘E-&-M}‘D  DIEASQDE D

I blew it again., This algebraic series is what I want. In pictures it is:

D fuop) = — (v ) 5 QM*”‘:‘*‘;*Q*

~+ ¢,




S0, once again, I can add t ese higher terms without doing any harm to the order

of interest. It mekes it easy to sum up the series to get answer which must

be correct to order of interest:

GM M) - ,ﬂé—-f\:x—-ﬂ—_gml

Now the trick is to choosa m

, in such a way that &m ocancels against the

constant term J'.n.g,,I « This will cause your mase to come out at m as desired,

Coneider:

S = A+ R(g-w).

-

_ \ | _ - _ 1 \ ~ = ijijé_- )
(EyJquﬁﬂe\> jﬁ-wvl;?#qi-fg@é‘wgﬁ'jg;ﬁg (}fawvﬁﬁ}"~6§) ffr_ﬁﬁm

So fine, we get the same result as before. It does not matter how you write

something if it is the same either way.

(¥
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Raﬁnﬁm&lizatinn of QED to order C{_.

Onde the counterterm idea is understood, the resgt ie relatively easy.
Eg, we go off and ompute thé graph 9“ (with m eveywhere) aml we find that
the regular bare vertex is enhanced from 1 to (ZI]' -~ 1). But the Ward idnetity
showe that Zl = ZE “and we have already computed ZE‘ This, no need to compute
Zl.
Now eventually you'want to see the complete rencrpgalization of the vertex.
To do this, you simply add together all gra.phs-o:t‘ order tlo as shown on page 168

of BDl. You trivially add all thése things up and you find that the 'met effect

is that the bare vertex ie enhanced by Ei-g " ) r
What was 53 ? Had to do with the Vac pol. d -0

1. Vacuum pol graph. PFirst of all, when:":.nou add the correction ~(Orw to asv
(again with physical mass m on these electron lines), you find that the photon
mass ie not shifted away from the bare value of zero. This is so because the
loop T}.r(ﬂ"j has no pole in 5% qg. This in turn followe from unitarity, because
there are no massless intermediate states you can put in there ( like Coldstones!),
In fancy gauge theory, the goldstones generated by SSB are just those massless
states needed to shift the "photon" mass away from zero (see Bernstein review notes).
So aside from the small qE correction (which yields the Uhling potneitial
and 2Tmc worth of hydrogen Lamb shift), the effect of the vacpol thing is to
renromalize the photon propagator to (new prop) = 23 gmi"/’q2 « It is this E}
taken to each adjacent vertex which cammes the F‘f} charge renormalization noted

atvove.,

2« A very easy way to look at things is this: 32 and 23 are the new electron and

photon propagator residues. Consider this way of thinking about the renormalization

of a vertex internal to a feynman graph:

e R

This symbolic figure represents the sum of 3x3x2x2 = 36 Feynman graphs. One ds
order ff, { the bare vertax}, & are of order 433 some are {3, and some are avehn

order 1'.;{ + The reason for writing this as that what we essentially have is:

e



Ie, the box which is ( Y~ + b-' ) yields a multiplicative factor of Zl"l (this

is the definition of 21]; each of the line propagators yields its E since
you take kaifxikec®u¥t since you write Z:i. = MR 'aml take one factor in
each direction, LT

By this method, we immediately get the result of (8.58) on page 169 of BD,
You can then sgy that the fact that we added graphs of higher order does not
change things because we are neglecting them anyway.

This approach has the.advantzge of applying to an a.rhltra.ry internal
vertex, HNotice that we have not  computed the renormalization to nrder "{n
because, even though we :.ncludali 36 graphs, we did not 1nclude such things

as ?—— « Thus, our result is only good for this order ‘10

In effect, we "divided " by ﬁ;_ for each electron.propagator, because this
is the factor that goes off and attzches to the "external® blobs which I did not

show. Thus could just as well be external particles.

3. Imporfant point: you must maintain and hold your cutoffs at small finite

values while’ you do rencrmaligzation in any order. So far the only counterterm

o

I have encountered is the simple maes counterterm.



Renormalization of the electron propagator to arbitrary order. ;

o 1. Need a good notation, I will assume from the start that we shifted to
- the physical mass in lagrangian and add couhterterm Gmn. It will turn out that
in any order of renormalization, the quantity SH. will be of order dp, but we

will compute it to higher and higher ogfders of acouracy. Now, here are some
definitions: '

—— = —x— + L = TN I
—— - &{%+ L = SRy
RS ot S\ W N P\ U

R = e+ T = 20454 = 548w

A T - @ g = Sy

Obviously, Box(3) are all third order proper graphs contributing to the electron
self-energy part. Box(1,2) are all graphs of lst and second order. Notice that
the simple counterterm graph is included in the anil} object — it is a proper

graph.

2. Next, we can define the £m renormalized electron proppagator. Notice that

you are alweys allowed to inadvertantly include graphs of higher order than
you want without harming anything. Thus, we have:

—(D— = — +—1%— -
—)— = — =+ —N A+ L ihed
G- = —— + — b v e —

Notice that we never deal with Egg(3), but only Egg(l,2,3). Thus we can shorten
the notation by using instead:

S O - =
Py = —@— = — + Y
DA 2 —B— = — + —@—+ —mHm)— + —R-00—




———

Eg, in Bge(3). (in new notation), we must include Box(123) iteratéd 2 and 3 timres
so that we are sure to include all terms of third order. Obviously we accidentally
include térms of higher order but that is OK.

In fact, since we are allowed to add such higher terms to our hearts cﬁnten
we can do the following: )

~D— = — 4 -+ O

o

By faking these things up into infinite series, we have made it easier to
sum them up. Thus we have:

S e e

Ory, im more familiar notation:

D) = :
( \ #-m~2{\}1hn\#—%m

3. Now a slight digression, Consider an arbitrary self energy graph that is
part of some Bux{lz,..nj. Exactly on the mass shell this must be some nurmber, ‘;)
a function of the mass of the slectron. Expanding around this point, the
lowest correction would be of the form B{ﬁ-—mj1r where we set p° = me inside
coefficient B. We could include a higher order correctiun-[ﬁ—mjz term, but
eagy to show that this doesnt matter because we are interested in the final
propagator very close to pwm. .

Thus, in general we will find that:

1 = AR+ RN (Fwm) = S

Adding things up we will find then that:

= KGR < R0 (N = 2 G S
“ aren

Wat,  AQP-m) = A+ AQR) ~ .- A,

Obviously A(n) is of order n; and A{(12...n) is of order 1, but is computed to
accuracy of order n.

4. Insert this last result into the n-th order propagator:

'Y)@f\ - 1 —~ = (EJ? E>@{1--ﬁ«\‘jii;i
B~ Ao~ Bz (g = S B—m

4 S= = Al
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Now the prescriptﬁéﬁtis clear. If yﬁﬁ'ara hﬁfﬁiﬁg to ﬁTQef-n:}ydﬂ choose
Sm = =A(I,2,,,n) gnd thexm 22 =D+ B(1l2...n)

5. Look what happens.

5\\\,("‘&} = — P\{\}‘l..ﬂr\) = -.!Q\(_\,Jl...\-\n\ ‘._At:'b\\
= dw(w-) - AR,

Each time we go from one order to the next higher order, we have to adjust %HL

by the amound A(n) which d@s of order n. Ie, the adjustments get smaller and

smaller, But each stage you do ha‘;re to reset the counterterm mass -
Similarly, each term you improbe the accuracy of ZE ( ie, of 14B) to another

order of n.

6. So, how do you do things to secend order? First you compute Box(l); this
tells you A(1l) and B(1). But dm(l) = -A(1l), so you kow know the first order
mass shift, Your residue is 1+4B(1l).

Next, you examine the graphs which make up Box(2). You now know A(2) and
B(2). But these are precisely the corrections needed to compute dm(2) from dm(1),
and ZE(E} from 22{1). Thus you are all set to second order.

In principle you keep going foreyer. Presumably the partial sums A(12,...n)
and B(lE...ﬁ} cOnvergﬂ. ' th1uu513 ynu have” to huld all your regulrtns and cutofifs
fixed for the entire Erocesa. Things 1ike dm(n] wil; ‘depend on. théﬁe.cqynffs.

Only after the entire renorm process are you allowed to let these cutoffe go
to- inf. '

T. So, Wwe now know precisely how to compute dm(n) and Zz(n} to arbitrary order

n. Let us move on.

—

2y = AN+ RE) (g-m)
AlTmy = A ALY+ . Alw).

Y
\—\-%(‘l;{-*h\.

- %’m (wq
2, (%)

Dy = =

- -

U
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Renormalization and the General Notion of a ‘Counterterm.

r -

1.QED.Up to now we have encountered a mass counterterm only. We found.thail
if you considered: M.~ in GQED you found by trivial power count that this
thing diverges, ie, ia cutoff-dependent. Thus we added a counterterm —¥—
chosen just right to ‘cancel the turoff-dependent constant = ~Lh. ., Then we
go to higher order and get graphs like ._,""'..31—-- We add them all up in some
order, and then we just readjust the original cul;nterterm &uﬂ‘f' to exactly
cancel, Thus, to any given _orde:r: we can arrange ,to have a finite propagator;
more accurately, we can arrange for ﬂ o be fin:‘:te when 15 = m, In fact it appears
that we always make adjustments so that ﬂef:f - 0. I'm not sure what happens
to ZE. ) 1 o

Now, if yoy want you can look at the vertex >w in the same way. JYou
find that the gra:ph }-ﬂ- diverges, ie, is a function of cu'h::-ff{ go you introduce
a counterterm af the form (56)-‘?&‘?‘ to cancel this divergence. Thues, once you
have included this counterterm, you can ignore the graiph D— since you have
cancelled it, and you only need wWorry about )M- « le, you have adjusted the
Woharge counterterm™ so that h,,: 0, in entire analogy to adjusting the mass
counterterm so that & = 0.

Ag you go to hlgner order, you have to readjust & to get this E!. counterterm

" to cancel against h. computeé to order of interest. .

Are there any otlier counterterms needed in QEDZ Potentially, each n-point

function may need a countebterm, so you should check them. Look at 33:
this loop integration been infinite, you would need a counterterm of the
form }"T"f"?’ T in your lagrangian. Then QED would not be "renormalizeable". But
as simple powercount shows 4/6 yidlds convergent integral. Less obvious is the
fact that Delbruck‘):( does not require a counterterm.

) So it is really the fact that, in QED, the only counterterms ever required
are ones which are already in the lagrangian, that makes QED renormalizeable.
Ie, to any order you can kill off divergences. There are of course subtleties

like overlapping vertex insertions etc, but the basic point seems clear.

2. How consider @ theoriess Try some jﬁ3. Do you need a mass counterterm? O

Yess Do you need a 5@53 counterterm? \d—= 4/6 no! Higher terms are even better.

Thus, in this theory I dont think anything is infinite except the mass stuff.
What about ﬂd? Mass counterterm? 3~ Each loop is 4/4 = log divergent, so

you you will need a mass counterterm. There are no n=3 graphs. Look at this

n=4 graph: >0< = 4/4 = logdiv. So you do need ak E}-ﬁ# counterterm. Maybe you

need a counterterm for n=6 ? Then theory is nonremorm. The only graphs you might



draw is something like this: ;ir « But thie contains subgraphs which have
already been "cuunte'-r-termed out" . Ie, the grabh just drawn is cancelled by
one like this ¢ where the dots indicate these are the counterterm jﬁ4’ : o
vertices. This leaves the regular graph 3:7\ = 4/6 which is finite UV. I cant
find any 554 graphs with n=6 that rfequire couterterms. Graph muet be divergent
and not cdntain reducible subgraphs. By the way, contributes to mass ct-term.
Now we move on to _;!'1'5. ‘Rather than look at the lower cases, lets go higher,
Let n=6 anﬂ‘."'nonsider 5704- = 4/4 = logdiv, At once we need at ﬁé counterterm,
but this is only ﬁfq' theory! Also there is = = 4/2 so we need a'ﬁs
counterterm. This theory is terrible! In this theory, for any even number of
external particles , or odd for that matter, thére is a graph like_ﬁ ' @l

ie, an inscribed regular polygon with n sides. You camnot isolate countered

out factors, so you will need a counterterm of every order!

In general there is a rule which says, ahuve',@"i you will neee infinite

number of couterterms, and for P4 and less theory is renormalizeable.

The notion of a graph being "counter—termed out": in QED, eg, you dont ever
compute the graph W in ee scattering, even if you want order .fq‘. This

would have been gancelled by a mass counterterm graph, except it is a gauge theQ
g0 gkip this example., Tou can méit M becanse left vertex has been adjuste
%o include this already. If you like, this is cancelled by a charge counter—term

graph: )“"‘( .« -

Of course it is the infinite piece which is cancelled out., I guess some

finite piece might sometimes remain (Uehling potential ete. () ‘*\ti!‘l\-II
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The I-Ieaning_pf .a Renormalization Part.

1. Recall (AL Section 18) that any L.'[ you look at is characterizgd'by a number
§ = dim(L) = 4 where you ignore the dimensionality of comstents of coupling.
Recall that & = H.b+[3/2]HF + By - 4, where Ny = number of -bosons at this
vertex, !'ID is the number of derivatives in the coupling, etc.

Here is a powerful fact that is aasily proved ( AL 18.5): regarddess of how
complicated a graph you have, even if -it involves several kinds of interaction
lagrangians L-i with their wvarious _8;, then in two special cases we can
relate the superficial divergence (ie, the power ‘count) D of the graph to simply
the number of external particles: o

case 1) ) no derivatives case 2) If some Li does have derivs, S; = 0.

Noy, I said that rw;-ong. The formula is this:

D= nis;_ - By = (3/2)B; + 4.

Often it haprens that theory hae S;u 0 for all couplingsj, thig q?ﬁrpsponds to
* o ¥ *1 #
dimensiondkss coupling constants; for example, this is the case in §°, QED, and

th

gauge—ghost interactions. n; = # vertices of i type).

2. So what? Assume for the moment that E;: 0. Then you can sed that as you make
larger and larger (Oreens functions, you improve the convergence of any diagram.

Thus, if 5; = 0, only a small number of Oreens functions will have D20 .

Example: in QED only "renormalization parts" are s@ with D = 2; (gauge invar
reduces %his to D=2 see EBD); p@" with D=+1 ( but =20 by Furry); "él' D=0,
but gauge hakes D=—4; all higher photon parts have negative D at the start;

~®— 4ith D = +1; and —# with D=O.

So in QED, after gauge invariance is accounted for, the only surviving
renormalization parts are M'GW, —— —as .

def: ‘"renormaligation part™ is a proper graph with DY 0. In general, these are

the only graphs for which you will need counterterms in your theory; these are
the only n-point functions which diverge.

At once without looking at any diagrams, you know that ﬁ in QED does not
require a counterterm; it is not a renormalization part; D<O . By the way,
D20 does not promise you that a¥ixgeapk the diagrom is finite; it could have
a vertex insertion; but in the end such thiamgs are countertermed out, so DAD
really does imply finite in the end.

q\;; Example: In yﬁd theory ( agaim E;-{}},'-O'— has D=+2; 4 - D=+1 except =0.

Then also x has D=0; in this theory, youw will have only two coumterterms.

!



2. Suddenly now a fact becomes very obvicms: any -theary which contains an Li
with a im &"}Q mist have an infinite number of renormalization parts! .
The reason is that, no matter how many external particles you have (the more g
the better since they tend to reduce D) by adding enough vertices of type i
with S;\,,u you can always make a feynman diagram with D%0. In fact there is
no limit as to how high you can make D.
In such a theory (one having a S.;'}rﬁ' ) every n-point function is a

renormaligation part and you need counterterms of every order; ( I wonder

if non-polynomila interactions like Eaﬁ could help here?).

Example: jﬁﬁ or more; I suddenly realize that equation (3.5) of Colemans
notes is Jjust what I have been saying here. Another example: " weak interactions
with A+ A4 kind of stuff; here & = +2, you are dead.

3. Digression: why doesnt the W hﬂaon Tesuce weak m'l:arac'tmns renorm,because

The reason is this: the ¥W-boson is coupled to & non-conserved current (in

(gl/ L = gr-‘f‘(:.ﬁrh\"’br“l“w has §; = 0, dimensionless couling, etc. Ie it lloks good.
b f;\,..)

particular the axial part), so the li-boson does not give you E"E for each propagator
but rather E°, Thus we have to readjust all those formulas. I1'll make new ones

here for thie case:

Ty =% ndanssoh "bad e bos e et : 0
D D= Y8 - QT -4 T 0Ty = WA-IT, =Tk,
Mo L= (Te+Tuw)rTe-Trl so ‘ '

D= YT+ YTw +MNITp — 4N &Y QT rWIw+3Te — YU+

-aXg — Te

b

New w. adeo ot &'&«9\ %Lﬁmmmm
Nan  wow; = Ewﬁalw S
A F = Ep +1TR.

SDI A = (’*-I'I;\u'. *E‘Q-&-ﬂ("ﬂ;w; —~Ew)-'1-’§('?1{-%—fﬁ):- YW+Y + Z‘H;ﬂt[

Zi"n ﬂ_‘n FaW, +l$ —‘{1 EE;S}Eh;hiEF U\"l"‘( fp

.. ~d. L_\gﬁj



On, 35
2; =Kh;+§{w; + 20 +a))-y /

Phm: D= 2'?!;31—5—&,-535'” ‘%EF"F‘K‘/

Ouch, now you see the problem. A maseive vector boson eneters just like a
regular hoso93 but each appearance in these egquations is multiplied by 2! In
partieulaj7fﬁa now see that the‘qafvf lagraingian really has £= +1l; again you

are dead!lv A good result to know.

4. Conclusion: when you see an interaction lagrangian, figure out C. If S}D
you can throw it out the window beczuse it will have an infinite number of

rencrmalization parts and counterterms.
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A comment on the electron self-energy, tewpossa %o 43

The lowest order expression for this object is stated on page 162 ov ED vl.
Power count shows that D=1, ie, this thing is linurly diwraent. Thua. even after

g o

you perfom one subtraction, the once-suhiracted eh,jent. 2‘5 atiﬁ. 1ngar1t.hnié.ally

v, 1oy 2, 10l dpndn s 80 il vton
L prpat
v -
o A Y
L
—B— = —1 AP, N, X)) ondodse —¥—

ogend i SI(FY= LY ) L) g Im(M)
Dam

ﬂ(w&\ O pde ~woan K ) e dhuossa Em () se F(w)=0
ﬂhé.un"\-‘ f&w::cw-j ouvam am

S(fe) = = F= - Je)
Gy 1\ = 200

Here you see that Z, involves the first derivative of the self-energy wrt momentum,
and thus Z, will contain 1ug{ﬂut-0ff) ck t.his up, recall how in BS thay had

Jw e

to subtract twice to get a rinit.e nbjaﬁt.. P nﬁ'm-xqay J[‘\HM

e J

example 2; in jﬂj thuc:?. power cmmt. ahmm t.hst the salf-imrp is nnly log—divergent.

T iy |

*'I'Eﬁﬁ-s, fn thie s theory the mcu-—subtrmud aul:r—cnnrp- is fini.j:.u. 'l'hus. in ;53 ,ruur

A

Z, will be finite to any nrd.nr, unllke QEIJ In thip _t.hanrz, t,he cn:'stut in your

LR -

.axpn:nsian for t.hu sulf—amr;g .is ln_; di:q?rgent l.nd is t.hn ﬁhiu; 'ﬂ'ﬂtu be clnqnllud
hr the mass namtarterl. sn you still haﬂd an :Ln.t‘inif.e lua rengrii]izaﬁian. In
QED nbm, t.hi cmstgnt ‘is linuarl:r diqualt-: in QEIJ you have I.ll inﬁnite &eluctron

mass runm, and an inﬁnitu char;a reanr-. “In ¢3 thdra i.a only a ﬂnit.u ¢hr.rgu

a7
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Redo the electron self-energy business, stating all i!pmrt_.ant. facts.

T will be using the caunterterl philﬂanph)", 80 derine:

.,."‘ e gy

@ - - [AEH D) F 2SN ) | =i
L ———
.—ﬂ—- —F— + _.L;j»—

S (& G N0 = \ _
e B = A (S F ot N WY=L, (8§ APIRN

Here I hﬂe saparated the self energy into two nhtimm parts. All eﬂ‘eq‘ba of the
I_IIBE comterterl are put inte thn ?‘a‘c:nd pu't., un th:n ﬂﬁﬂ p;u't is .‘rndipefdant
uf the llnss comart-url . -

’ Hmr. g'u t:onputu the first part a!' the self energy; pawer count shews it is
linnarl;r diver 55;1{ I!-l, so coﬁi'xtnhsft (mforﬂ + lﬁ(nutaf{ +Jr}1;:1t_3 t‘f"f’;.« G?Epute
‘bu:-t.h ub_jecta  through nm derinita order ife"& FEZ S o o

'l'n d_lu néa ranmallut-im. m ai-pil'.y adju.-.lt the paru?,-r dm so that:

#"‘i Pk A "lc T P *r"ﬁ'“ﬁ!cq . an *‘-pq A"ni oo

A (& N V) = Dnaale dsogidk = — 2 (&5, W ot n]flx;.)
Bnlowalk ondun,  Zp = S ool | aud Qe yon s Ak Im ()
@ Lavssa o N ondan &
Thus, to anmy nrder you would esxpuut thnt the mass uhift d.I reql.ﬁrtd is lzl.llnmr;l)r

41,?3':3“1 ia *-hf Sutethy, siage) .{ﬁ‘; AR b s L %‘ﬂﬁ"ﬁ?a Th“hm“ xiaht
a,;‘; we are dﬂ“!&f‘f‘“i{ mass ”‘?’j’!ﬂ;ﬁ Eﬁ?{l .fn; ,ﬂ:g !i.ictrgﬂ t %’lﬁeuiyd@hqrgﬂtr
-ﬂ# u#.wign. Hu nru doing tt}} g '}}m s crmt!rturl to ‘l;hl Ja %%
of tha v?f_:uﬁ: J‘fu:_?_:xﬁu a Hur- ﬁllﬂi}%! t»}:;-m Jlbn:%:_x 't'ﬁ?}:% l-;ﬁl::‘!]'llliﬂll ° f th.{s regnrd.
ow, to our erder nf Ilt.uraat assume ‘we hﬂ aulecjt.:-.d dm so prapl;ttnr ‘has’

physical mass. Having aalected d-, we can now uxuiu z;_, (see last uhut.)
ZL— \ -~ ﬁ (e. ﬁ} 21_(&.!'“ o l\ }«1 %u) asdached vadet.
“'—-—'_"_-‘N--"'_"‘--—-—-"" ____“f__,___..__,_.
‘Q'%(r\\ doar, .943(1\3
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I am claiming that the first part of -the electrom self-emergy looks like
this: '

2\(E:)?L5“L\N5&Lj = §L\W -+ Qé- wﬁ Z{: (Scwq)

> A N > AN otes

Ie, I am claiming that the linear term has a coefficient which dees net depende

on momentum q. To see why this always happens ( I think) comsider the lowest order
loop integral. To get the linear divergemt piece, you take all k's large and

you get an integral which does not depepd orn g, so thers. Thus, your selected dm
will get rid of the mass shift for p near m as well ss right at m. This is all

to say that you tan remove the leading divergence just by suhtractin;.

Now, if you loek at the lowest ﬂ'aph..-l imvolving dm, you can conclrﬁe that
the second part of the self-emergy also can have its linearly dinr;ent part.
removed by a simple suhtra:tiol. Thnru:rm. the derivative will have onl;r 1@;(¢utaff}
[ ASsered markings]. :

‘So you can conclude that in QED, the object Z, is really log di*rar;ut, 80
you have logarithmically divergent charge renormalization to any nrder. e, you
would put in & counterterm looking like the char;e int.urlt:tinn, and thia ganeratad
a -ultiplicative renen which can then remove this 19; divergent charge.

Summarize: in QED, the electron mass renormalization meeds a 1innrly divergent
cmt.arter:, the electron l:.harge ranumlizntim needs a log dinrgunt. couut'.’artarl.
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gbuﬂniiunnaaﬂ=

Now show how m ultiplicative renormaslization removes cutoff dependence,

Se\= _ 2G) = 2o+ Gy Loy 4 Fowte - (B
I 1 24P
fom =20 =0 =L3[n\ N

SRY= B IE(m) + QL)
‘f{l R.g}at aund Q(*M}_-O I

J?Mn aag,ﬂfa;m
Se Sk = \ __ = InCe)
-2 - ) g
Mo dadk W)= L= o] = Zo
N> do Mwmi‘zpw )
ﬁ?ﬁ = 2:_ S{;Eq) = -2 (_\__ .
-2y~ \ F-w

0

0

Now comes the trick: everything is computed to some order in e 2, Even though the
cutoff is some large parameter, we still have an expaniion in the small charge.
Thus, making eerors only in the naxt highest m‘der, we can shift the nmrator

intn{:he dunolin&!'-nr to get: ~ e (?13-;1-1)
Se(®) = ‘* N :
L- [w-atm@-hﬁ D**‘-‘iﬂﬂl (?‘-‘*A

\cﬁ{h\) vy K %’Mﬁ" -
su%&tulud( !
Of course as long as the cutoff is some finite velue, C(p) will depende on the
cutoff. But the point is we can now take the cutoff to infinite and c{p) is ag.ill
finite and we have left a renormalized propagator which is some finita funct.ion of
p. Of course you are now supposed t.r.'n con.aider it a .'hmction of ¢ and not o ,.in
acmrdance with the ‘multip renorm program. In erfuct., he:ra is what ‘we ha‘m done:

Si(ﬂ = \
¢-m- @) — ¢y 2 )

s Ew‘aw M éf(‘m\ M =0.
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Repsat the last few pages now fuy the photon propagator.

The sgsuntial'difreranca now is the spinology. If you cutoff in a gauge invariant
manner, the salf—anu?gy will have the usual geuge invariant form (&avariant_gau;p}
and you just dont get any mass renormalization! Hull I better say this more correctly:
there could be mass renorm if PI has a pele at'q 2.0, But in QED from tmitnri‘b:f

you know this is not the case because the first ain;ularit;-r in PI is ‘the tlm-elnctrun
normal threshold. Hute that in C.‘n‘JD the t.lm-lluun thresheld falls down 'I:-e the ﬂrigin
(ia, the cnntributiaﬂ to PI fréw’ t.wn bm-glum with zero hnm-uss). thus ‘in QCD
you cant say a pﬂ.ori that PI doesnt have & pole at the origin or ‘some other gingul-
arity, $o in QCD ‘there may be mass rendrmalization. ( Maybe to iniinite mass)

Notice the asymmetry between the roles of & andT . Both are scalar functions;
both are in effect lug{ﬂutuff) di'mrgent, once dm is aﬁjuatud in Z_‘. to kill off the
linear di‘rergentr term. But, we raq_tﬂ.re é(l) = 0 as condition that electron iass
doesnt shift away from its physical vilue, and Z, i3 related to Z/(m). Dueto its
diffurent, spinuln;y. for the pho‘l;,ﬂn 't.hr. condition for no mass shift nay fruu 0

R e

is that q“a‘n'(qz) = 0 as g0, iu no polu in PI. And Zy 1s connected nith'“‘(ﬂ},

and m:rt.hin; of interest is rulat-bd t.u"n(o}

e = I =i(ci"ar,;—au.cw>w A Aok cone
D=2 p=0.

o~~~ = K Df—‘(‘{lbna

'DF(OF}J = ‘E\,‘}L \ = 2:=\+TT(°§ -‘—‘,u.cgchnf

DT
-~ ~\
V()= 24 Ol = I = - g I -
)“ r'H l‘ﬁﬂﬁc‘l) _3':17% \lw‘h
As befnre, to order n, you see that the uultiplicntivg rencrm is Subye,

emﬁ.‘ralenf. to simply subtracting PI{o) downstairs. Ome can then take the citoff to 1
infinite and have a fimite remormalized propagator for the photon.

T = Do I‘{r(q'-y—'xr{u}j = o fee S R
Q) v ok
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BD Chapt 19

Relativistic Quantum Fields
Bjorken & Drell
1965

Chapt 19: Renormalization
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___%meak A oo pagee i,
I _The rest of this. sggtmu_hmuhm_mm_m;_mﬂ_ L
. __think I understand what is going on her

___Jw all momenta scale out together ( yow go_ont in some arbitrary
_ directiom in the momentum hyperspace), you will find that the convergence of the

wew. . graph really is the superficial D you itrivially compute, here D==2, BUT, suppose
__ﬂm_hglﬂ_ﬂ:mmﬂmmm_li_fi@ﬂ_ﬂgﬂ_mu and look in large 1, regiom. Then you _

— _lqaa.pqntargena_a._pQEar.s_pr&mLmihg_li_lggp- and you flind in thés region ox = _
_ "tube" of the hyperspace that D=0. le, this guperficially convergent graph hag
e .. & divergent subgraph.

For this graph all the interssting tubes are shown in figure 19.35. Each tube.
~ .. _da just a region where certain integratiom momenta are held fixed = d only the _
— rast (solid lines) of the graph is considered. Yon can see that the vertex subgraph
-.——.and its tube are the only divergence problems this graph has. . . .
Mednbergs _theorem says the obvious: a graph is truly convergent if it
_— convargesa auperficially and aleo in 311 the special tubes, ie, all subgraphs .
——— mst converge., Thus, figure 19,32 flunke the test, . . . .. __. -g_
Now, look back at page 31l. Notice the 2, sitting in the vertex equation. .
—— . This divergent thing will be cancelled by a subitraction made in the second term .
e—_.om the right of this equation (d). Ie, eg, when you see.a simple vertex of lowest
- —. - order (having D=0), you subkract to. get a resultant De=l, Similarly the Z, which
. appears in the. Vac Pol dyson equationm (f) reminds you that since D=0 for .
.vacpol PI, you.also have to make a subtraction there. - .
Now, I.gather that you handle vertices and PI vacpol subtractions in the same

- e . -¥WAY¥,-So-they only mention the verdex, Look asgain at Wigure 19.32, We have
—.Jearned. that although D==2 overall, .effectively D=0_because.of. that vertex .. .

o - _ insertion, To. £ix this up we shonld tske the.little ineersion and subtract within

—  _the graph. This "fixes up". the D=0 tube in figure 35 and changes that tube to

— D=1, But,.as shom on page 323, by adding & new term inside the graph which is

——essentially a constant with respect to-all-other-loop-momenta(like- 11.},-h.you-...

may worsen -the-divergenee in—other tubes. To-see-the effect of a subtractiom, you

-— - ~-grad a do¥tred- Line aveuwnd the—vertex—insecrsion-—and-shrink-i+ teo- a peint and see —
— — ——what you get.-Exemplet Fig 33A-has D=—3-in the tube shewn, but in Fig 348 the --

338, 80 you aré left with D==1, Fig 334 is still There with D=3, but the sairaction
adds new situation 344 wrbh D=2, Thig subtraction does repa.ir the graph of I9.37.




- = . As_ ofig- more example c-f the: subtrgctmn problem, look at pa.ga 326, @n ]Ieft

Q side you see a tube marked * which has D=-3. But, whem you put in a.vertex -
__subtraction to repair the _vertex 1nsﬁrtmn tube anﬂ loHeE it from D=0 to D==1l, o

you accidentally bring up: the * tube from D==3 ‘ho Ilnﬂ a_.a s?v:_mn in 37B. Th:.a -
means that we have failed to repair this graph, Ha‘tioe 'I::ha.t thig is an axamp].a

_of a subtraction within an overall vertex imsertion. )

A similar problem is encountered.with figure 338 38, Sae paga 329.L=The

__tube jh -has D=0, If you {ry to fix this by a-vertex Bu'bractiam,__you gunara'heq.

__graph (d) which causes .another D=0-problems ..

T L I T

Thus, you. see- thal when.you- have a-subiraction made within gither a

vertex insertion or within a self—enerﬁ insertion, you have a spﬁclal pm’blem.

. =T %hink.this same problem carries.the.name: overlapping subgraphs.

This sectiom merely draws attention to these_two problems, but does rint

tell how~to resolve them. .

By the way, I think the idea of Bhﬂ ing down to & poin‘t of a piece of a gra.ph

» _-mst be the same as B+3 so-called generalizéd vertex G and.their operation R.
_ Their -R-operation: must go in and check each subgraph and subtract-where needed.

_ __.But_.they too muef have the overlap.problem ¢ later solved I think by Zimmermann.

——m— —

12:11 Proof that. Renurmahma‘hin‘n iTgeurg ig finite. II[_E_E_I‘]:}EI‘. santmns We have

_ noted that after the multiplicative renormalizatiom we lave a._well—d.ef:.na,ﬂ
: iterative shceme for computing things in powers pf not e but physical e. In

_-.Volumte 1 .authors showed how.yow get finite results to_ urdar- &2». . To do this they
had te do one vertex subtractiomy .and probably one PI-subtractiom.

_The gist of this section is the.’following induction proof. Suppose you assume

that the theory is "finite" to order &n—E

_What this means is you assume that

. _Db U, Sgnpna-_a_ this .is aasumadL Then you sam&how cennst-rct g-ra.phi of order n, and
S gou _ask: in the process of adding two extra pdWers of e, do we samehow create
——divergent subgraphs somewhere? If not, .then n-2 implies-.n and you-have an -
____mqmmm;af_thauq_mx order.n all feynman grahhs are finite, 'ie, have no
- . -divergent-iubes.. . . . . _
——e .. _ First, and simylesjt_qmﬁ.iﬂ.gr the lgg;‘_q_l__ FPick one of the skeleton graphs
. Mjkﬂﬂﬂh_&xpanaiﬂm-{mmlhﬁﬂﬂ@r_lﬁﬂﬂ than n since we ®re mow
... -building a graph of-order n). Now iake this skeleton and put the meat om, ie,
put om full vertices and propagators. Claim: since-thé skelton is at least order a2,
- ——-.na piece of meaf can he of-order larger thaw n-2. Eg, no vertex you might add can
~.-  be.more than order n=2 in that vertex. _




" Now sit back and exmming-this K- &ohtPibution you have construc‘tad. Bg,. i_g_,_
: =6 a” gPaph might be: ~  -== Q

-

Pt B R

Heve in fact the. anly mea-t I put on is 31-. one ?ar‘t-ax. Question; does the gaph

80 conﬂtmcte& have any divergent subgraphs, ie, bad tubes? F:Lrst c-f all, thar&_ o

_are no problems within any of the :meat-pieces because by hypothesis these are
“‘firute“, sincé they must be order n-2 or.less. In 'the abdve example, the

vertex has been subtracted so has B=—l.- L.

A EEEdy e — —— g -

Them-you must consider gra_phs which lia ou‘hmd.a the mea‘l'. insart:l.ons. But it

- expansion for K or for any higher Greens fumctiom. W

That concludes the induction proof as far as n-point functions with n.lIE-4

ver-hax or se 1f energy insertmrm, and thare areno Buoh 'I:.h:l.nga in the skgleton

___are concerned. Next, we have to anayze the vertex, A term of order m din the
__vertex is generated from n~2 meaty peris via the vertex integral equation, Again

_of page-332, Could theres somehow be a subintegration involving these lines
_ that will be 2 bad tube? By exhausing all potentially dangerous possiblities,

the meaty insertions themselves cause no trouble by hypothesis, so you need

only consider subgraphs -which involve the linking fermion. linmes as shown top

authors shos that there are not, There are some D=0 graphs, but these will

__be removed by the overall vertex "subtraction in this order, eg, graphs of
figure 41B will be D=0 prieir to overall subtraction. . o

Finally you have to do the wac pol self energy case. This is the real mess

because_nowW you can have overlapping stuff., A huge amount of work is needed

.-to: do' the iteration proof here. I havenot ewen read it. In the end they find

_ thatPI is OK (after overall subiraction of course), and ergo Dp is finite.

___ Similarly since.vertex [ was fihite by the mbove, Sp is too via Ward, = _

Arid that is the end of this induction .proof of the finiteness mixkie QED

Gﬂﬂl}mieﬂ. to as h:.gh—an—nmhr-aa-you Hant - e -
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Notes on section 19.10 April 13, Friday 1979

_‘_ - - - - . ~

I am making these notes because I think that finally, after all these years, I
understand what is going down in this seétion of EB. r

The first 5 pages of the séction is old hat by now: identifying the renormalization
1 parts of the theory and s0 on. In previous sections the renormalized integral equations
have been set up and the authors have finally come to face the problem of defihing
a convergent integral. This séction is then good because it gives examples.

The first example is the graph shown in p 322. On page 323 you see the pbssible
subintegrations. Each one is associated with a "tube" and I finally know what that
means, I know how to count the power of any subgraph. '

From my own notes on ﬁa I finally understand why the symbol F for the renormed
vertex is actually the graph minus the subtraction at the symmetric pcint. Thus, I
finally understand the origin of the eguation on page 323. Since we are dealing with
renormalized integral equations involving objects like Tﬁ, each vertex is really a
vertex graph minus a subtraction, the subtraction being a divergent constant. Thus,

you have to consider in your analysis of divergent subintegrations those which arise
from the subtraction itself. This is the idea of the dotted box, see page 324 figureax.
In figure a the dotted box is imagined as a point (since just a constant) and you then
power count the rest of the graph as shown. Figure b just sets aside the integration
which is that constant. This figure b will then cancell subintegration (b) on the
preceding page so that the resultant object is finite. ﬁ S

Although I have not gotten that far in my analysis, it seems that the rule for
self energy is also a simple subtraction, but eg of the scalar function PI for photen
self energy. Thus you should also worry about dotted boxes around self energy insertions.
Again, the rule as discussed on page 324 is to shrink these away and pretend they
arenet there. |

Next example is the more complicated greph on page 326. I am not now worried about

the disjoint cases. Basically there are three subgraphs to worry about, page 326
which I call there 1,2,3. Graphs 1 and 2 are cancelled by the Eubtrécticn graphs, one
of which is shown on page 327 graph (c). One then worries about the new graphs present
when the innermose vertex is considered as its subtraction constant, ie, dotted box
on that innner vertex. Only (b) and (c) on page 327 interest me. Graph (b) cancels
graph (a) on the preceding page. Graph (b) is more interesting: when you shrink the
inner vertex to & point, you then expose the other , outer vertex divergence! Depending
on what you are doing, this might be cancelled by a dotted box around the outer vertex,
but that really depends on what equation you are dealing with, ie, dnas'ﬁcﬂ appear, or
what.



-+ L

The final example is the page 329 analysis of Lth order photon ;elf energy.
Somehow this appears in: augh: a-way that each side is supposed to be subtracted.
. Then graphs a,b,c show at opce the divergence subintegratiocns. Then d and g show Q
results from putting in:separately a subtraction constant on each side, liker my
- 1n $imes bBorn. loop in ﬁ:’ notes. :Then e shows the actual subtraction integral which
cancels b, f shows g similar thing which cancels c. .3
So myeh. for the sectien. Now we go on to see how we are supposed to come up
"with such objects.

L™
"
-
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Showing that the vertex iterates up OK ( part of section 19. 11)

Consider the usual integral equation for the vertex which you use to iterate up
to power n from power n-2., You want to show that your order n vertex is finite, after
its single subtraction overall is performed.

How could it not be finite? The overall Eax D=0 will obvinusly be "t amad" by
the uverall aubtraction, s0 the nnly problem can be dlvergent suhintegratiﬂns of
some sort. Luckily and conveniently, due to the iterative method, we know that
the vﬁrtex and the kernel themselves cannot contain divergent subintegrations (logs}
because by inductive assumption they are finite completaly

Therefore the only posaible problemematic suhintEEratinn must "run thnughi" the
cnnnacting electran prupagaturs as suggested by figure (a) page 332. First, consdier
how the line runs through the vertex on the left. It _seems clear to me that the worst
case on the left is the case of just a point wertex ﬂr a aubtractian bex like that
shown in {b) In such case you get D=0 cnntribution from the left. Any other "path"
through some vertex graph on the left makes negativ e D, like the D = -2 1 show in
picture on the bottom of the page. So lets take worst case on the left.

Sirnilarly, T think I can argue that the worst casedg path through K on the right
makes D=2 (mw picthne in the left margin shows a case D=-3). Somehow there is a little
theorem here that a subintegration path through some cbjuct cannct be ﬁnrae in power
count than the cbjact*s cannonical D. I believe it.

So figure (b) shows some prnblem graphs, ie, these are subintegratiams which
amount to D=0. Howaver, there is another theorem which I have yet to consdier which
claims £hié- if all your external momenta "flow thrcugh? a subgraph (see footnote on
page 329), ie if your external momenta are all EEEEEEEd to the subgraph, then the
divergence (if any) of that subgraph will be lowerwed by the everall subtraction.

Thus, the graphs of figure (h) page 332 fall into this catagory and are thus

. reduced from D=0 to D=1 by the overall subtraction.

The same appliea to any suhgraph which lnvnlves all the lines inside some K. {Laat
sentance page 332). Sa, the only remﬂining prohlems are possible subgraphs cnntained
within E which do not cﬂnnact uut to the right as shown eg on page 333. The subgraph is
supposed to be contained entiraly within box A and is thus "insulated™ from the external
lines on the right, and is thus patentially'dangerous since a D=0 go arising ntg%i not
be tamable by overall subtractinn, acéﬁ;aELg to the ﬁﬁéiqmentinned theorem.

Hnw&yer. the pnsaihlities in this class are ruled ocut one by one. Thﬂ last case
is shown in figure page 333 bottom. But it is Delbruck and gets in effect an extra -4,
"rescued by four very welcome powers".
Thus, subintegrations which go through the electron lines are all OK and the
overall subtraction removes all divergences, and iteration works for the vertex!!!

————



Showing that the photon selr-anergliterates up OK, (part_of secticn 19.11)

This section begins on page 334. The crucial starting step is to get rid of
The Dyson equation which is asymmetrical and has that bare vertex at one end, and
to replace it with the equation (19.67) which is sketched on page 335 by me.

' Why is this step so important? In the asymetrical equation, you knew that
subdivergences at the right side were remnved, but that there still remained buried
inside subintegrations arising from lines on the right vertex moving over to the
left vertex. Ie, these aubintegratinns were unexposed. The hope was that somehow
theﬁ exactly cancelled with the logs in the overall 2, (or 35) factor sitting out

front.

The advantage of .writing the self-energy in the symmetric form is evident:
now subtractions have been performed on‘both si&es, so nothing has been.laft out. The
only complicating is that you have overcounted your feynman graph, which is why you
want to correct with the second term . In this secord term also, all right and left
aubintﬁgratinna have baen autnmitically accounted for, it turns out.

or course, with this intuitiﬂn. you have to go and really show that there are
no divergent subintegrationa.The trick for doing this is to expand each full vartax
in a kernel—expansiun, as discussed on page 337. Then you regroup the terms in your
self-energy by the number of kernels involved, as shown in (19.77).

So consider the general term which involves n kernels. Some of the kerneles
are buried, so to speak, in the ;L's. and one of the K's is shown uxplicit.ly.“‘rcu know
of course that this entire object -has overall D=0 which is removed by the overall subtrac
tiﬂn; but the question is this: are there any divergent subintegrations of the type
that cannot be removed by overall El1|:|1:-'c.r.*zuc:'c,:I.r:nn‘é'r S )

Any subintegrations that cause trouble must interlink more than one K, because
you know by induction hypothesis that any particular K has no divergent Euhintegratiana
within it, to order n-2. The general n-kernel term is shown in the picture on page 339.
The procedure is to examine all possible ﬁhbintegratinns and show they are net dangerous.
First you lock for ones involving only the pair of electron lines called 11, ie. you
lock for a divergent subintegration which is contained in the first two kernels. Tou
quickly deduce there is none. Then through tortous consideration you finally conclude
that no subset of the kernel groupings, say ln.....l5 contains a divergent subinteg-
ration. As usual, you are free to ignore disjoint subgraphs. Then finally on page
344 you are done with this proof: the photon self-energy does iterate without
introducing logs. Thus, the uncalcelled subdivergences at the left vertex in the
asymmetric Dyson equation must have exactly cancelled the divergences in that overall
Z, factor. To prove this directly would be very messy! This is my first approach
which led to a mess.
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the ‘othér three basic vertex functions.

I, INTRODUCTION

The problem of overlapping divergences has
greatly complicated the theory of renormalization,
gven in the simplest case of quantum electrody-
namics (QED). In QED, there are three basic ver-
tex functions which are superficially divergent:

. the photon and electron sell-energy functions and
the electron-photon vertex. The first two functions
have overlapping divergences. For the case of the
glectron seli-energy, one may avold the problem
by invoking the ward-Takahashi identiy, but one
still needs a detailed analysis for the photon self-

O energy.t

Despite ever-increasing interest in non-Abelian
gauge theories for unifying slectromagnetic, weak,
and strong interactions,? the skeleton expansion
structare of Yang-Mills theory has not been inves-
tigated in detail because of the enormous complex-
ity of this theory compared to QED. In pure Yang-
Mills (¥YM)* theory, there are five basic vertex
functions (in the covariant gauge) which are super-
ficially divergent: the vector self-energy (quad-
ratically divergent), the ghost self-energy {linearly "
divergent), the vector three-point function (linear-
1y divergent), the vector four-point function
(logarithmically divergent), and the ghost-ghost
vector vertex function {logarithmically divergent).
All of the above except the ghost-ghost-veclor
vertex function have complicated overlapping-div-
ergence problems. Some typical examples are
shown in Fig. 1. By taking appropriate derivatives
with respect to pxternal momenta, we have suc-
eeeded in systematically decoupling the overlapping
divergences imthe vector four-point function, the
veetor three-point [unction, and the ghost sell-en-
ergy. For the vector sell-energy, we use the
ward-Takahashi identity™® to obtain the vector
seu—energ;)directly from the vector three-point

vertex, the/ghost-ghost-vector vertex, and the

O’ ) 15
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which is completely free of overlapping divergences.
of the Scawinger-Dyson equations of gquantum

We derive n skeleton expansion in Yang-Mills theory,
This skeleton expansion provides a generalization
electrodynamics to non-Abelian gauge theories. It yields 2 simple procedure for calculating renormalized
L perturbation theory integrals without using regulators an
approximations. In carrying out this analysis, we show that the Yang-Mills vector sell-energy function and the
b Yang-Mills vector three-poinl function are uniguely determined by the Ward-Takahashi identity in terms of

d could serve as a starting point for nonperturbative

"last vertices on the ghost line are really those of

15 APRIL 1977

ghost self-energy. Then by further exploiting the
ward-Takahashi identity, we can determine both
the vector seli-energy and the vector three-point
function in terms of the ghost self-energy, the
ghost-ghost-vector vertex, and the vector four-
point function. Additional simplifications occur
in the Landau gauge, whére the ghost-ghost-vector
vertex function is superficially finite and the ghost
gelf-energy does not have any overlapping diver-
gences, This occurs because, in the Landau
gauge, two momentum factors from the first and

the external momenta of each subgraph.
g Xpansi i i i

s |

Vommmmm s m s wms
i
i
i
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FIG, 1. Some typleal examples of overlapping diver-
gences In Yamg-Mills theary. “The wiggly lines repre-
sent the YM vector lines and the dotted lines represent
the Faddeev- Popov ghost lines. The dotted boxes indi-
cate varlous divergent subintegrations.
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_MM Today is F‘eb 3,.1979. I am rereading this sect.ion for the second tima-“..
Here is what is going on. First, recall from Bjor}cen Drell how you renromalized QED

making use of the various integral equations. That is the "conventional® program.
__ Here, a fancier alternative is_discussed that avoids overlapping divergences.
So_how dees it work? You want to be able to compute the basic objects FPI,
__._SIGMA+ _and GAMMA, the three interesting low n-point functions. The first stép is

o ta derive figure 9 which shows the first derivative of PI in terms of the other
— basic functions plus the kernel K (which is not a renormalization part, and which
. has a skeleton expansion). The advantege of figure 9 is.that there are no overlaps
e. w.-——__on the RHS, although the RHS ig now more complicated that the usualRHS of figure 2.
- . - So,do the same for the derivative of SIGMA, see figure 11. Again, there are
v -nooverlaps. Notimwe that this _figure involves another n=/ kernel, one with two

ﬂtﬂn&m two. photons. . Now, insert skeleton expansions for the two kinds
ernels. and this of course means that K = K(D,S,GAMMA), ie, functionals of the

e e Thus _you now have equationg fof PI' and SIGMA' which do not have overlaps. o
—  —_ Their overall integrations have simple 1.0g ¢ ces_so you do a single subtrac tion.
Mow we are reazdyb to rengrmallize the theory in the usual multiplicative manner.
— . Define 21,22,Z3 in the usual way and put._a bar over the newly defined functions. . .

— - DNote that the scalar function PI can he written in terms of a second derivative =

me of PL as-in-{20), and you can get fhe second derivative as in (15) by differentiating

———— -——the- #MWMML@&@%

—a—single—eﬂh%mum-nnaadeddin_ﬂ._Thusﬂ_d&ﬂnewBlR_m &me_ﬁff_mu_l._

——- an-arbitraryrenorm -point . ﬂntmumwwﬁuhﬂ_za_iﬁ_d&ﬁlmm___

-— m—motmmp&gammmmnmmwmm__

e e 4423} thab PI{C) can—only be constant Y times g . Then (24) gives PT in terms .

—————— —f-our—PFtt——The-peint—ef-all- thia—uas—to_shw_hmgti_mﬁ_tmm_apwl.—

e Now—the—pair of equations-{22) and(24) tell you how-to get B (order nsl)
— == -if ‘youknow—ali-the other funetionstoorder n.

— —— - - —Next;—the—argumentis-repeated—for—the—function S = electron propagator. And

o;?lab for ﬁmm—ﬂo—yon—ened—\tp—ﬁt‘l_}- a—«ahte—g&t—ﬂm-andew-n—twﬁar_ml_using____
- = —the remormed integrat- equatima*—ﬁh&m&y*déﬂrganu&mihomuﬂmﬂmﬁ*,m"

which can be dumped by simple sifiglé subtracticis. Now its om 5 QUDT

— - .
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- Z=Introduction, Recall the pro-o.f of renurmgliz.abili‘t.y of mga_&wmm
-  ...You write down a bunch of integral equations, and you make skeleton expansions for some. .
basic objects. Then you multiplicatively renorm the basic functions and you end up with
renormed integral equations with nearly no Z's showing at -all; Putting pieces together,

. —.you get a-way to compute things to order n if you know order n-1, aod all integrals are _
2 finite, so theory can be renormalized..The main complicationg involved in the proof
“;3% involves the occurrence of divergent subintegrals which cannot he disentangled from
° divergénces. When you make a subtraction on one divergence, .
_l"’_‘r_*;:nu. hurt. the other. Mmtiwmhmum@mum o
19.11 of BD deals with showing that_yon can handle the overlaps. :

- —— — Baker and Lee have found a better wag tb do_this. They cleverly find a way o

e show that_ QED is mmmmumwmwwagﬁmﬁ%_

_.._the;:_.mall;pdn -ia_cmstmukeltmmaimsﬂmasimbjmmm_thﬁugh—mm— - —— .
plicated,-simply dont-have-the-overlaps.-Not really all that fancyh. —So-perhaps—— ——
-———+their-mebhed—is-the-best preof- of rencrm—of (ED &nd would-replace-thechapter—in-BDe—




—infigure-ti—In-Section3—ef-this paper;—they show how-to-do itv - -—
How?—In—QEB-there ere—6—basic—functions—todealwith; {inciuding ghosts; this—
~— -is-not—-axtel gauge )+ Bub you also-havetwoWard—Takidentitiestoworkwith, These in -~ *
——effectattowyou todetermine—twofunctions—in’terms of the-bther—fandsimphities ~ -
—theprobtem:—Then the usual-renorm probiém—is stated and -pushed through; assuming the
—— —extstenceof fancy overtap=free sketeton exparsions forvairious objects: Tnsections
—erﬂ—ﬁ—btmmeeded—akeietm—ex}mnmm—m—cmputed, very messy inddsd:
- 8o I guess tim-mai'n*part —of their workIstov derive these overlap-free ™ T
—sketetonr expansionss Certminiy amamazing messs e T
—The=pperdix—goesonto get one more skeleton expansion forthe 3=glue, ong '
—girtetrwas ot TEeded—Hrthe main text—because the “3-glue was- -eltthma - -
~—=—But they think result" might: e imerul—a:nyw—ﬂﬁs—appemtrﬁ 15 of the Papers 33—
——Phys Rev pages. — - - - -
———— Sy despite the techival vonplexity, I think I pet the main points tHi§ paper
~glves a proof of Yemorm of NAGT. Hakasﬁm‘e‘ﬁf—tna‘WT"rmsnﬁt.lEs_ﬂﬁ maked ude of their
—ﬁm'rﬂp:rrmkﬂ&tm—expmsm T T T T T T T T T T T
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Multi-fields



Gonterits of-this Section. =

* +
I‘-‘O } ) - - ; _ a-

lv Eemment: in-the previous:section I derived the Invariance Theorem for Edﬁ[detH]

first in covariant gauge, gauge fields only; -and then in general gauge, but gauge
tields only. Here 1 have generalized to multi-fields. Ie, you can have as many fields
as .you want along with the gauge fields, and you can choose .any gauge you want, ie,
the gauge .condition can be any function of all the .fields. From the,inva:ianéa proven
here, you conclude that the generating functional is independeﬁt of a and this allows
the texponentiation of. the delta" s0 you chn get rid of your gauge surface delta
and incorporate it, in effect, into your Feynman rules. Now I am equipped to study
arbitrary gauges made by compiing fields toegether.

Conteats:

Séc 1: compare gauge field transform to regular field, then invent a notation

s
which allows both to be expeessed as cne. l
Sec 2: With many fields, redefine the object M { ,¥y) and do ahain rule on it.
o now invelves type sums. ‘
Sec 3: Combine type indéx with component index to get suparveﬂter index i. Write
things in this notation.
A

Sec Lr Invent-a generalized D, ijp Object to further shorten natatiun and to imitate
the pure field case.- For example, write e = {-1/g) DR in full matrix
sense. Note that some matrices no longer squaee. Define R and S matrices.s

Sec 5: Compute Eb(x,y}fdﬁi[a) functional derivative. Use this with the constraint
to get a result for matrix S = dg/ad . Then use this to get axpression for
dJ, vafiatlon of the full, all-fields Jacoblan.

Sec 7: Get formula fur dHT. Inaert generallzed Jacobi Identity to g&t thiﬁ into
simple matrix form. Then compute d[ln{detH)] and observe that it cancels dJ!!!

Appendix 1: Attack.... here was my search for and derivation of generaiized Jacobi

Appendix 2: Faster Derivation of Jacobi Identity! Result compared to LZJ's incorrect
resul,t All of their appendix.

Appendix 3: Derivation of the Gamma Identity used in Appendix 2.



Composite Notation to include all types of fields at once.

(::)Gomment: I am going to try to imitate LZJ-L4 as much as possible, but not to the
point where I lose precision in the notation. First, from my own notes, I can write
down infinitesimal gauge transformation on gauge fields or non-gauge fields:

F\m-;;.. = )Bé;r + &_" 61‘? A"‘w-. - :._-'&, (;m ?:‘.‘;}...A\ Se. /%w-..%b

%F - % = Rhl(ﬁ%%i ‘]et [ nsapon .

In this last line, you are to understandx that the objects Ge are matrices for the
representation which describes the fields f; . For the gauge fields, I am finally
convinced that the above shows how they transform no matter what fields they are
coupled to. Recall that at one time it appeared that the ?ransfurmation might be
o~ dependent, but that is not the case.

Let me first replace the C with G\283) in the first line ( so it looks like
the second), then I'll artifically enlarge the thing so I can treat the Lorentz
and color index of the gauge field as a single index:

Aa‘if.“ﬂ = Jﬁ“ﬂ N R (_ itﬂ%:ﬂ,l‘j.ﬂ) AH*‘E * (‘ji- gf‘%")l e
S R I CRR i

Whasaa . e | 'Uﬁﬁ .
(“ ; thm],‘[%,ﬂj = %}";«’ &— A Gq%)
- 8 [- Wl Ll

So my only "“doctbring” is to dummy up some Lorentz indices on the adjoing group
rppresentation so I can treat the gauge fields as if they had one index.

Notice that there are no épace integrations in the above. The spacetime argument
x Jjust sits in each function. Lee and ZJ go on to include the spacetime label as
part of their single, composite field index, but that is where I get confused. That
is the point whereat the notation ceases to ald me and begins to confuse me. So
I aint gonna do it. I11 stick to the above. So summarize on next page:
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1) Number of values index of type i,) takes depends on kind of field.
Example: for gauge field and SU(3), index i takes on 4x8 = 32 values
2) However, index e in the above always takes on the usual 8 values in SU(3).
Thus, you want to keep these index types different!
3) There are no implied space integrations !

@Hext, lets find out how to write the FP determinant and object, as well as
the object M, and so on.

To do this we shall start with a gauge function Fétﬁﬂfx)}. The only new idea
now is that this might be a function of all the fields, not just the gauge fields.
But I don't:think this really makes much change ( e is a color index). As before
we can do a change of variables:

E-.;ﬂ. = Y (_é‘{:&(““\l\

5> T UR = T T lige) N
wdasas J = vF‘f{“\ = dsk M‘i_(bail

s Ma(@0) = TREED
VSt ()
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Before writing this out with a chain rule, it might be useful to go back and

introduce & field type index. For example, I might rewrite the above general
form of a gauge transformation as follows:

& , He ®)e
(1{1‘013)@) - ”ﬂn (®) + [ *“3 &}(bi Qﬂ] - j\‘;@)\ e (¥)

Exsentially, this equation is "diagonal™ in the type index so you don't really need
it, though later it may be useful. Once you know the type t, you then know the nature
of and the number of values of the ind&ces i,j. You alsc know the Gamma object.
Barlier, this type index was implicitly carried by the i,3 indices. I think now

that it is probably a good idea to explicitjyy display the type index alwagy.

So, we can now do our chain rule as follows :

Mo (&5 %) = VERE®) _ \s (‘QF Y @ ( 3p () )
Ves (v) :t ¢ T2y 7 \¥ Sb )

Now things are sensible: in the chain rule you sum over types of fields, because
F may involve all the types, then you sum over field components i, and you integrate
over spacetime as shown.

Now lets assume that g is very small in the above, then we can use the
infinitesimal formula above, and we put ﬁg= @ in functional arguments. So:

< +1 +
Waltin = Fo\de \?Eﬁ f, )j [{ R o]sutes

Next, this can be converted to spacematrix notation as follows:

Uia@) - 2 [FER Y g SR

_— —_—
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@ Now I must admit it does appear useful to put the type and component indices
o together. So lets define this:

.j;,t's i .. E‘I-.{ 1_{-*\'?‘:.1 1
Mo voa %‘t :

e - |
d?ci L"L\ = (t’{')txki) +S, Eciﬁ'»_., ePih () + j\ti@‘}\ SHE!

Mt - Z- | IR0 1 ‘E‘FQ”&Q

_v, é?i;

And now you see that everywhere you sum on i, you are also going to be summéng over
type index t. Thus you may as well combine them into a single index:

(t,i) now becomes just (i)

O Then whenever you see a sum on i, you understand that you are supposed to sum over
each component of each type of field. 5o finally I will rewrite the above:

‘g(‘*} = &) + \Y\; §(x) + ﬁ;(ﬂl SHO

1@ - [Eﬂ giﬂ

—
_—

e

1; Each repeated i,3,k type index is to be summed over.
2) Each such index is to be understood as i = (t.i,i) S0 you sum over
field types, and for each field type you sim over components.
' 3) In this notation, all the fields are jammed togebher into one super-vector.

o f

H
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4. Now I think there is little point in writing this fancy object again and
again, so I now propose to invent the following symbol to mimic the pure

gauge-fields noation:

\D—,-_:@eﬂ = (:3){ L4 +U\ LE
\‘-__ i
g
¥
(#ggﬁfa = d?;(?) - {)Eb{éf) SN
¥
(W@l = YR |1y Dy
. — & S 3 LDE_)]

(:) Now we caﬁ even go one step further: “you see that the only difference betweén
our old notation and this notation is: . . -

a) -the derivatives A_ are simply absent for i £ gauge index

b) the first index on D etc takes on more than the color values.
It is my guess that these changes are so minor, that my old proof of invariance
etc-can be carried through with little change. Iets write:

o

o - -5 (2

Now this looks exactly like our former expression when we had only gauge fields.
Of course now it must be understood that matrices like D are no longer "square",
ie, the matching "color index™ in the above product is actually a super-vector

index.
So lets run through our basic stuff in the invariance proof and generalize each

statement. For example:
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For starters, we can-define matrices R and S as before ( but now they- are not square!):

& x T v
[ﬁ‘! mx,i‘z,’: 2?;({;} B LS &a‘ﬁ.i} ) S”H'-Q&"j) N S;‘,“Qﬁ,‘»ﬁ)

T

|
i
dl o,

gl

I
_
=

Ve

p=
Eae—

(\\M-.*-

O

P\Ll(tg:;‘} = VL&
Wi ()

If you want to link back to the comriant gauge,-where F = ciuﬁ.u depended only on
the gauge field, then ypu get:

R"-ﬂ.(.ﬁ\"“\’ = R{t,{} = (‘1«3"\} = E’K‘%Mg- R[f:ﬂ “-{3'-]")
-%h@ 9‘@***}1

-y 8
4 H.. = :
=) &R\;’t‘& = - %‘L,W : E)15'.‘=lL YQ::X = (d
Here I have sketched R as & non-square matrix. Then in ‘L' / } 3“?4‘4'\
L
the usual covariant gauge, it is zero except for &
& square portion which is the gauge sector.

Now we can go on to writez M two ways: notice that M happehs to be a saure
matrix, although it is made out of. the product of two mon-square ones. Note by
the way that you can never have DT = - D now ber::uaae of non-squareness:

- -4 ‘""“‘}[DI L - Ja-tgusl

=,

D:W |

e,




= v i
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@ Now using the expression above for HT we can compute dg/df due to the
constraint as follows:

Moo = =3\ Du () Rialhp)

= V”‘I‘I‘L(u,n} - - .%‘_Séi i(?bh(j"‘i}) Ri (60 + D (59 (‘?Rm{% x)

V@) YV & (%) V& tay

UDu5%) = VOufhs) - (=) Y:ak Bk D) Bfk-v)

ARG V§;E)

Here I use the fact that the A thing, which only exists for gauge fields, is never

a function of the fields so yields nothing to the derivative here, Also, look back

at formula for definition of Dib to see how 1 got this, and note that g j is always

*anti sym in lower indices (look back at defimt.ion!) Therefore the first term
on the RHS above is:
- 3y 1 5_;; Ri(2,%)

O ecand o

--‘:,;sz T by ¥ vE®
V& @) V()
e 3

SW'I."‘H\M'
( E‘;‘k 'D‘m (‘J \ ) R\‘:“ (E ) = second term
N
Ao B CL!LJ 5-»5

Now combine these terms to state the result in a manner similar to last time:

T |
UM (xw) = 3-% Hi\—!;‘-——LEtD ( Ri (X
e { oli - 5 35 Duly) T RGN
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This result is now inserted into the constraint condition as follows:

" = % 3y Suly) ”{’ﬂ::n(:nﬂ
=

= Nau Sty \Wﬁ;ﬁ:&}}ﬂl . %6.3 \?? D) Y‘ﬂmmu )

DAUNEY
Qn.m...liﬁ’

0= - @y Ria(e - F‘?[ij(a,x)l + 8y Sip(z,) W ()
P S

L

(S1T00] = e (L10RY + &(1g1)

LN 'i;}* Ry
G &= 4 _L.\a,3 Suly) P (o)
0 3’ |

T‘?d?e[k‘i
%wﬁ%\ﬂ-"@-‘a} —3
~>
D;‘a(ﬁ} = i‘%\lﬁa ST J\\: Hﬁ
Dly) = C9) U;‘: % Ly) — NL‘JJ}
R T = T
~

Duly) =

o [ Toe o) « Auts]
i () =

(~%) if’; #Jﬂ - )\1.:_[1“1)]

a a ™
| =~ N &)+ Nuin)] = = Dyly)
tt:, .

Thus, if you have only gauge fields, you can replace D” by
color indices,

-D without touching the
Then this operator F matches the previous operator F exactly

T:g = = CETﬂm— %F“E?ﬁfjkm?'

Note also that:
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Thus, we have extended our previcus result to multi-fields. In the 1limit of gauge
fields only this result reduces to the previous result. Now as before, you can

0 solve for dg/d) as follows:

Q) - {ea (L108] ~ (F1RY Ug

Voo

The transposed statement is obvious, no need to write it, see before results.

(:D Now of course we are going to put this object into some trace to get the
variation of the field Jscoblan. I will now show that the usual form is maintained

in that operation:
— .
‘? D'L‘Iu. {?‘\J - l:-~ 3) T‘\l g‘{m- 'j:}
‘? ‘3?5}[‘})

-~

Tl - { IE we
\\?

The result locks the same as before, but of course now the trace is in the

larger super-vector space since you are computing a Jacobian from agll the fields
Even though objects in there are not square,

5> DEl=TW8) wew [T~ L-F T

Lo

(- ol

| RIL?;[@

R

to all the gauge-transformed fields!
you can still interchange order of traced matrix product. I am inclimd to transpose

both objects in there to gt"

- -3 TIPS

Ll

1 ]

O < | 5o -y (1] rl gl D] ;
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Wé now turn to the computation of dﬁT for use in the detM variation deal. 'To

o this end T find it useful to utilize the previously derived formula on bottom
of page 7, except I want t6 switch the order of the functional derivatives in

the second term (back to what it originally was). Thus:

M ) = \aa S gon| T a3 ) l
/ N, ; )

e -3\ Dyt e&k)“ %Lub ST Riala) = EY ‘Dmﬁ_ﬂ Y Ry 1)]

_ V§;2)
F_-MQM w. : : S \ b -
T Ly bnameot Ry - (el 1 (o),
Steod Voun
._1_ ?L) .1%51@&)5 () ¥ Raly) J-\SlQF\R lj
bk o o z e bt = a
1 Owl) | R 142 (F Vel )

Tl -y [R(FR) v+ TDel Iy (el

Notice that, in the second term, the color index b is left hanging in the sky, so
it is not yet possible to write this thing as a color-space matrix ( for the pure
guage you could becuase you could just rotate indices ). No matter. Obviously
the next thing we will need is a generalization of the fancy Jacobd}}dantity.

a&shw w (‘E-WU._ }\L._w'i'\‘_a.nj,_u

[Dme - Tod m ¢3) i7g<‘5/

Of course the RHS here vanishes genepdlly. Only if i is.in the gauge field sector,
and even then, only if i=b, do p6u get something on the right.

O
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In the section which follows thig ( "Attack on.

.+" } I show tortously that
(:) afkmx the following identity-is true: ’

.“1}1&213 = - e tea[Dh) + g )tea T
Rmnm:u

T—-\.-—-—-——r - — = o ow e m e ame = = == — _f
.lh T = [ N

|l Ds}; K = ( 10 ltsatll =1 tea [‘iﬂ)b |

| e . = ey h ]

My notation does not let me write the object on the left as a color matrix.

Now, we go shead and compute d[1n(detM)]. Since we have not changed the
dimensions of M since last timé, the formula is exactly what ib was, namely:

SEmE@M) = | U}, l‘LWﬂT\}

0 Whssoniy . it S ks |
RS b D 1(F1R)) +-Lm\[au.ﬂ? 1R]- [13@1@%&1

\_____._.v.--:d__m

Rop | | - Y

3 - 31D {(Hm +3 teall mﬁ + (Dhreal

i) - LT (m fien I IR+ (FLRIN mf‘l)

O

M&hJﬁL; '-K}'( 1;{§§i)==iﬁ‘bﬁs coln . ?Sl :

1 S‘S%mv\:o.
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Attack Strategy on Manipulation of Second term of dHT

(::, 1. My quick kill efforts have failed. Here is what I have to show, but what I am
not yet able to show:

0§ sl T TR [l E - A ) T Ll e

Ie, once I show this, I am done with the completely general invariance proof. What
is stalling my efforts right now is this: the useful Jacobie Identity which made
things go last time doesnt work here, and refuses to generalize! The problem is
that the Jacobi identity I used last fime seems to require a color label on the
entity [Dﬁ}c, whereas in the above I am facing [D@]j where j is a complete super-

vector label.

2. So here is a plan: take the first trace above and break it into two pleces.
In the first piébe, index j runs through the gauge field's sector, and in the
second piece it runs through the rest of its supervector index values.

First, here is an expression for the terms which do not involve the color

o sector: T‘h T te i Ladleq \_lei K%

&'E“*"

3. Now examine the j sum which is in the gauge field sector. If we put j=c, then
the index i may as well be replaced with d since you get nothing if it is outside
the gauge field sector. So this term yields:

v 0ol T TR ot fLriuinel ) By
t, ¢ ¢ jj“ -

= P&‘h = - V‘n&.
R vt TTRek ~ DIT 00~ fed 1Y)
- =N T e + T TSR

O P ] [Whe] 1y Lo —Tes] Tie DL TPR ‘L"j“—"ilj
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So far, then, we have taken the left hand side trace in the original equation
and have converted it intot these three terms:

o,
D o Z T (e R )

8 T e ( (Cuellod i)

3 -Te e (e (SRR )

Notice that we cannot yet simplify the last term because the correct formula
for HT in the presence of multi-fields is this:

Co Tl = 7 ID 1R,

So, an obvious idea thé comes to mind is this: add to term c) above the terms
o that are missing to make this work, then subtract them out again. Thus, we shall

replace term ¢) with ) + ): Q\ _ c'k\ A gl)

‘J-) - T‘h& Fo ( EQJ}_ 1D -Q_R g.«\b'n )
< L) . Ty
) + Toe %F e ( EE_'_El XEB\L@S-“:\}EX) .

s
)= - o Tod QEATELY) - €9
= =T e ((Te Sattd): O

= O

o So I have forced this through, mimicking the putre gauge approach. We are now left
with (a) + (b) + ().
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Next, lets try to force term b) into what we want to see in the result:

® = % Timllea Ta Redlna g
M‘""j
- R ) e T RATWEY] ¢ L
pack '
- 2 e TR T R ] o - )
ﬁ GF

But term (bl) is our desired result. Therefore we have to show this:

(@ + (b2) x+ (cy =0

@ = 3 2o TN (e Rallnd)

= .WTET;E h ([:1@,1 Tha) T )

@y -y S Tl & o) ) TR

tics

Things are really confusing without type labels, but I am going to make a guess
which I think is correct. First, in the first two terms above, change from sum
on j restrcited to sum-on-i restricted, effect is exactly the same. Then j is

a complete sum. Add these two terms to get:

@0 = 3 T TN = R (T RV ()

AgGF

“ e

e.
Cae I [ vy et

I

- iy i Coe Thi h (Uirﬁ‘% E-R:f‘ﬁmii>
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But now you can see that these terms exactly cancel (c2) and we are done!
What about this commutation rule? Consider:

[‘H‘ o H‘}h che H".' ]

(_gjﬂglz IV et e JU8) Y.

M. ) che &)
s LE), G =« ™ GG

- M e Gp cbe “}r:

E. I: y 1E Il = C e Ml o o lTTA”
This is a statement within Hilbert Space Ht, but you can extend this to a
direct sum statement in the supervector space. This then gives the
"conjecture”. Finally, lets rewrite the last line on previous page to make
sure you see how it cancels:

(oY +(v2) = % % Y*T;“: Y:kg R ( T ) //

Comments: this was a very tough theoremy to show. Clearly there must be a more
concise way to state it. Nevertheless, I am oonvindd that I proved it correctly.
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Faster Proof of Generalized Jacobi-like Identity used in Multi-field Invariance Proof.

1. My first derivation of this was awful L page mess. Now that I know what I want,
here is faster way to get it. Desired result is this:

<

Dead e = - T tear [Dul + 104t T S

J'.-

To verify that this is indeed correct, take each D and expand it like so:

[D = L~3‘;1Tk éq_@l +U\ le
'T.P__,D = G | Tat -

Notice in this last thing that when you transpose with capital T, you switch color
labels back to regular form, and the derivative changes sign. Insert all these

things to get:

geod (T + Vo T T 1)
+ INeATE - Toe ToaAST + L TA T

If you can show equation (2) is true, then you have shown that (1) is true.

Now, in fact each line of equation (2) separately vanishes. The first line does so
due to a Jacobi-like property of the Gamma objects which T will prove on a separate
sheet. The more interesting problem is shpowing that the second line vanishes. The
trick here is to realize that this line is really confined to the gauge field sector.
For example, the first and third terms vanish unless index J = a color index. So
write this index as d. Next, you cbserve that each term vanishes unless indeix i
is also a color index. So put it in as f. Then the second line reads:

=0 {?).

TAIe) Ty - Toe Ted AL + Mg TAD)SQ =0 °
BaTit 19%0) — PBet Toli3A] « Pas Saw 13 1(60)
Mok [0 ¢ Pk (o103 + Pia 13)(es) =0
Pey { 1¥e) + T3 'lE&lE =0 4



2. Attempt to get this identity into the Lee ZinnJustin form. Obviously the thing
O is true for any color vector of functions ©, so try to abstract them away. If I
functionally differentiate each term with respect to parameter 6,(t), I get:

D‘Sc.(_"“ &) g@“*"&) F::Iu
= = To Seem) Dui(hig)  + Dy (ag) SGos) T

If you multiply back by ©(t) and integrate over t, you duplicate starting point.
Now take the above and just integrate over t. You get:

e T A
B(x-) Fj? X&k B‘;‘.r.{%‘t\) = = T De (x) + T;- D'hi, ("-:“_‘;)

il

L
C-3) Tk i &)

Rue

P;.- Dib (‘:‘-.,‘:k) — PJE; S(xm.:bxc}j:- Dhr_("*,tB

®
= P‘Dz Dt'.?_ (—\3 '.“{~>
Wade, ok Ao duhe) Km«.-lh& -31:
o T:’ < ﬁ:}
U5 (e e A Sy = T8 S0y ok | T + N0 [ 8x:%)

- T [Pl + NG Ty

3 < .
o T RS - Mo [ S

@) ¥ K3
= Cse | V:ﬁ;bh B J\m\ 4(y=x)
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Now remove the deltas and make this an operator statement:

O et SVES
I FQ[RE de"f)E;l *RLIF@_:. 6?_".. + O 1 = Cgﬁilvkidih'k ’\kl I

This is the corrected form of Lee ZinnJustine equation A1l in their appendix. The
whole validity hinges on 2 piece being missing as in the above. Their result is
simply wrong!
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Derivation of the Gamma Identity.

1. In the multi-field setup, the field vector Fji is actually a direct sum of
field vectors in various representations. We hav e labelled these representations

by types. Thus, for example:

Now, each field type - " :
means a set of fields #ﬁ = Lq e ST sl
that belong to some Z

representation of
the gauge group. Thus, we have, within a given representation, the Lie algebra:

[H HlT -&:‘ rm-, _E ) ‘(ﬂbtt = - Chce,\

When you first write this, you only intend that the indices on the matrices go

over their appropriate values. But, you can "extend"™ the matrix Gamma(t] to the
full superspace ( direct sum of Hilbert Spaces) by simply m&king it sero everywhere
outside the correct region. Thes, for example:

&}Th Y 4 This thing will be a square matrix semewhere
= = R on the diagonal. Obviously with things set
@ up this way, the matrices going with different
field multiplets commute.

Sometimes we just say: matrices in different Hilbert spaces commute, but really you
have to lock at the direct sum algebra to see how that comes ocut. Here we are explicitly
implekenting the direct sum algebra by extending all matrices to full &ize and putting
in zeros.

Now we can define the "full gamma matrix" as the direct sum of the basic
gamma matrices. If you lock back on top of page A4 you see that that is precisely
how we defined the full gemmas: as direct sum of t-gammas. Thus, the full gamma
matrix is in block form. It is then easy to verify our desired identity. Of course

if follows at once from a theorem I already know: if operators satisfy a Lie Albegra,
then direct sum operators also solve it, QED. But here is a proof anyway:

ITN=fe 1°7 o 2 .y, 2
T M)~ Nhee " J ag.

b

b ? c o "
T Tk - ns, Be = Te T

—
|
|
|
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1. Various levels of a QM analysis.

2. Gell-Mann Levy 1960 notes,
3. AFFR notes on Sigma MNodel.

(@’

4. Gauge transformations section:

de

Behavior of 4 under finite gauge xform.

Convention taken for Ha"  and SH

Infinitesimal xform of any field § and &k

The conserved gauge currents

Generalizeed Pauli Identity for regular structure constants.

Proof that "covariant® derivative is really covariant

The conversion from global to local gauge group.

Another form of finite transformation of A

Generalized Jacobi cross product theorem for structure constants.
Explicit realiszation of the adjoint rep generators with str. consts.

Proof that Y%M is a gauge-group regular vector.

5. Variational derivatives of § ana V type; chain rules.

6. Fadeev-Popov Determinant Section

=
b.
c.
d.
=
f.

s

definition of gauge surface T {Ag[xj}.

def. of Dg(A) as jacobian

Proof that this jacobiam is a group scalar.

Extraction of the infinite group integration factor.

Calculation of the FP Det. as det of Mgp(x,y).

Realigation that str. consts. must be totally antsym; intewp, of o, %
Def. of gauge cross product; trace rule; Det-Cross product thaoraﬁ
summary of the FP Det. calculation, now using C. i jk notation.

7« Feynman Rules in the W(J) formaliem

=Y
b.
cl
d'I
2

8. Conversio

general formula

examples in ﬂg—thaury, vacuum bubbles only

the cumhlnaturlc problem of “ecounting™ a graph.
example in ﬁ with external particles

a general feynman graph

n of the FP Det. to Ghost Fields; explicit form for Landau gauge.

9. The exponentiation of the gauge delta function

10. How the
11. How the
12, Feynman

replacing delta with arbitrary function in trivial example.
slightly fancier case,.
the actual case: includes short review of the entire dg extraction!

~proof that (dA) is a gauge scalar.

statement of S{eff) caused by expo o¥ the delta.

FP delta rescues QED; the «~ Lorentz gauge.
PP delta rescues QED in the“boulam‘u gauge; use of Yu vector. C-\w'm.l LV

Rules for any gauge theory (g&uge—g#ost part only)

gauge propagator

the 3-gauge vertex ( with pol vectore added)

comparison of new and old method to interpret "Peynman Rule",
the 4—gauge vertex

summary sheet of ghost and gauge Feynman rules (Landau gauge).



Various levels of a practical QM calculation.

1. Here ig the problem: you have a non-rel Q¥ problem involving a particle
im a harmonic oscillator well. How do you analyze the problem? Compare the
analysis with same particle in a Coulomb 1/r well., Think in terms of SE,
propagators, field theory, any method you have ever heard of.

2. Piret go to non-rel 8E QM. You have ap potential which is kﬁnwn. You want

to watch a packet bounce around in the potential. Ie, you start off with

a wavefunction at time i, and any later time you want to know what the wavefunction
has become. The most economical way to think of this is to construct the Greens
function G{x,t;x',t') by solving the differential equation. Thie is the
"propagator for harmonic oscillator potential”, The answer is given in Abers

and Lee if you set J=0. If you then go on to set frequency w = 0, then you

will get the famous free-particoe propagator. Once you know the propagator, you
are done. You could even get the thing by doing a pskh integral.

3, Now lets gn to rel @M. Now you tend to leave the single particle sector
because you can pair-produce and so on, Shift to the relativistic Hamiltonian.
You could go on to compute the relativistic propagator, but I imagine it is rather
messy. Hae pieces which go both ways in time because negative mass states now
possible. This is not the free-particle scalar propagator because there is

a HO nntential'on all the time, and not a weak one either. So, again, knowing
the relativistic propagator and keeping energy low, you would get a good answer

to your question of what happens with that little packet. Note that the Rel
treatment of the hydrogen atom is like this, ie, rel Ham plus the potential.

0f course the concept of potential is only meaningful if energy is low.

4. Now move to second-quantiged field theory. The rel Ham becomes the Klein-
Gordon equation, except you have a potential V(x), ndt V(@), sitting in your
lagrangian density. Problems are never done like this! However, the 1/r
potential can be Bimnlatad. by going to an interacting field theory and adding
& source term, eg, having ﬁ‘-‘" + Jﬂf « BUT, I know of no way to simulate a
ékre potential by allowing some kind of exchange. Is gluon exchange supposed
to cause a kr potential in QCD ? I know that the photon propagator lfkg causes
thé 1/r potential, but not at all clear how you could make some other patentiél.

5. So the point is this: you cannot do a harmonic oscillator potential problem
in second-quantized field theory. (Du not confuse the HO expansion of a free field
with the problem at hand!)
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Gell-Mann/ Levy 1960

1, Introduction., For'muom decay, answer works out right, Berman computed
radiative corrections. For beta decay, however, you have G? and ¢, to deal
with, CVC (1958) tells us that C,=1. This leaves G(beta) = .97 G(muon). which
GM add Levy find troubling. Later Cabibbo will explain this in 1963.

What about the axial hadronic weak current? They know that C, = 1.25 and
that this current cannot be conserved because pion mu-2 decay is observed and
involves this ocurrents divergence. = . .

They would like %o be able to say this: d A = T where a is pion decay
constant. This is Eq (5). U E%T

This formula is significant because it yields the Uoldberger-Trieman relation
which is amazingly accurate.- S0 authors are interested in theories which give
rise to this Eq. (5).

2, Charged Pion Decay. By taking the (0/.../® ) and (n/.../p) matrix elements
of Bg 5, authors derive the GT relation as shown in (11). Their result differs
from original GTR only in form factors; they make a big deal about these extra
factors. Claim: any theory which allows pion decay will have such a GT relatdon
with some form f=ctor; the only question is how fast the form factor varies.

3, Noether theorem, We are reminded that if you have a lagrangian and some
specified infiniteeimal gauge transformation on all the fields, you get the

Euler like equation 2!
:%§%'= ;b“;::(pﬂi;\-

- Thus, if your lagrangian is invariant under some gauge transformation, then the

thing in the square bracket will be the related conserved current, Various
examples are given. Eg, in the "conventional PI-N model" the three conserved
currents form the isotopic spin current.

The problem is finding a lagrangian and a gauge transformatiom so that you
have a simple axial weak hadronic current. The vector current is just the isospin
current by CVC. If you take the standard PI-N lagrangian and try some obvious
axial gauge transformations, you always gel unpleasant axial currents; nothing
with divergence like Eg. 5 that you want.

4. Gradient model. So now lets examine some models which do yield eguation 5,
and which therefore imply the GT relation via this path. Gradient coupling
model is obvious modification of stendard ( Bjorken-Drell standard) model.
In this little model, the current divergence is given by the pion mass term
and you do get Egq. B
Weaknesses of this model are: (1) the axial and vector gauge transformations

seem unrelated (though strength same to 1.25, seems wrong; (2) such a theary is

nonrenormalizeable. I bkhink this arises from gradient bring down k factors.

5. Thed model. This is the section that makes this paper famous. This model

is combination of two earlier models, mainly Schwinger. The unshifted lagrangian
is shown in (38) in terme of field ¢ . Basically this is an 0(4) or SU.xSU

chiral model, though such fancy language is not used here, Last term Ereaﬁﬂ
symmetry and also generates your desired eguation (5). This lagrangian shows

no nucleon mass term, but the shifted lagrangian (36) does. They say nothing
about why Izgwxmgpiamxiz the sigma field is shifted, but I know that it is to
minimize the effective potential. Some axial gauge transofmration is stated.

The precise axial current is found. Eq. 5 is happy.

Strenghte of this model are: it is renormalizeable (no data given) and both
currenis vector and axial come in in the same way (over)



A drawback of the model is that you have to explain this new field ‘*, some

scalar particle which could decay into two pions. Tadpole disgrams exist

in this theory (has to do with superconducting vacuum of course. The fact

that n cleon mass is generated is noted ag- "curious". ) . G

6. Nonlinear model., Third and last model they eﬁnsi&er. This is just a renovation
ov the sigma model in which the  is not a new particle but is related to the
pion somehow. You still get Eg., 5, but not renormalizeable.

1. Operators, A vague effort to write generators as Lie algebra. Still no
mention of chiral and 8U2 x 8U2, I skip.

8. Conclusions. Seeking models which give DJ = PI and thence GT relation.
Three models presented, each has its problems. Want to extend to dS=l part

of hadronic current, want to learn how to renormalize ileir third versien.
Whole paper is based on that Eq. 5; making explicit model in which it is true,




AFFR on the Sigma Model.

1. What references do I have on this subject? F1rst, papers and text in the
Current Algebra ‘book, Includes the original GellMann Levy paper. Second is this
AFFR section in their chapter 5. Third there is stuff in Abers and Lee. KNy
other current algebra refs dont seem to have much. The Bernstein gauge review
has a little.

2. What is the significance of this model, what are the main points? First I will
review what AFFR say and then I will answer that question.

3. Group Theory. You know that you are talking about the group SU(2)xSU(2) because
this is the usual thing. Ie, this is isospin.x axial isospin 1f you like and
will be connected with vector and axial currents which of course are the hadronic
Wweak interaction currents, and are also present in beta as well as pion decay.

This group is the same as 0(4), which is much like 50(3,1), probably a few
minus signs in the Lie algehra. Thus you can think of three rotatiun—llka
generators ( the regular isospins, charges called Q), and there ®will also be
three "boost" generators, these will be the axial charges

Since this group is so much like Lorentz group, you see that statement
(5.4) really defines the transformation rule for a vector, ie, for a (%% rep.
The specific comrels for any vector are then given in (5.5) in terms of the
vector and axial charges.

Hnw, the idea is to make the pion triplet a part of an ﬁ{4) or "chiral"
4-vector, Baﬂlcally, this lagrangian or model was designed to do PI-N physics;
you have to put the pion into gome ‘maltiplet, and the 4-vector is easlest place
to pute it. Notice that if you u restrict to the isospin subgroup, the pion goes
in the right way!

So clearly (5.6} gives you a chiral dinvariant lagrangian. .

Where do® you want to put the nucleons? In order to generate the desired
vector and mExk axial currents, you had better put inte L and R doublets as
shown, Sinceih*‘(albeit an isoscalar) is 4th component of a chiral 4~vector,
you cannot have nucleon mass in lagrangian. Thé chiral invariant coupling to
- nucleons is shown in (5.14), includés usual FI-N-N thing as a part.

4. Currents, To this poigt we have constructed a completely chiral invariant
lagrangian, including PI-N interaction. Recalling that the Noether transformation
is always determined by commutator of chatges with relevant fields, you can go
ahead and use Noether to get your conserved currents., The vector curment is

the usual isospin current and @ does nof appear at all. That is because ¢

has I=0 so has no isocurrent. The nucleon and pion contributions to this iso-
current are what I remember,

The conserved axial current has a familiar looking (by design) nucleon
contribution, but the pion-sigma piece is new to me. Note that since current
axial is conserved, pion decay cannot go in this theory. Note also that Cy =1
in -this theory. Also, pion and sigma have same mass as required by chiral invar,

~ De As noted by Gellmann and Levy, you-can convert this CAC theory to a PCAC

theory simply by adding a term ag” +to the iag'ra.nglan. Recall that @ is 4th
component of chiral vector, not a scalar, hence you have broken chiral invar,
This breaking term then causes CVC same as hefnra, but PCAC in that DA = -aFI,
the famous equation (5) of GM-L paper. This PCAC ‘equation of course leads to
0T relation.



6, Tadpoles. We know from general ideas that going from CAC to PCAC cauces

allowed pion decay. How do we see this directly in this model. Answer: by y
adding a lZnear ® term to lagrangian, you allow possibility of ® decaying ‘Q‘
directly into vscuum. Thus, graphs which were not allowed before can be

made allowed by adding tadpoles. Similar to idez of Coulomb potential

allowing pair production etc. Example: there is noWw# ierm in lagrangian

(5435) so @ cannot decay into two pions. But there is a qf€g§ term, so

once you add the tadpole term, you allow graph like shown in Fig., 5.1 (b),

and sigma can nowW decay.

So the tadpole graphs is a mechanical way to understand what the linear
term does. Obviously such particles going into vacuum indicate some trouble
with theory, Tadpoles are elimihated by shifting the sigma field so that
potential is minimum, Then (0/#'/0) = 0 and no more tadpoles.

When you do such a shift and rewrite lagrangian, the earlier near-total
chircal symmetry is now completely non<evident, Pion is now masslels,l‘ has
some miase, nucleons have acquired some mass., This ie the amazing aspect of
58B. “Secret ngmatry“ as Sidney says.

7. It is noted that-you can add extra invariant terms to lagrangian %o get
Eh_ta be d1ffarant from 1. This aspect is model dependent.,

8. Other bonuses of this model: you get all regulrar results of current algebra,
since this '‘model is an explicit realigzation of current algebra. Eg, you get

the PI-PI scatilering threhold conditfon, and -the FI-N threshold condition

also. I guess no—dne doubits the wvalidity of these conditions,

9. Now take an overview and see what this model does. H ’ o

The Sigma Model has these favorable gspects:

a) realization of current algebra, hence soft pion theorems etc.
b) is renormaizeable since d=4 in unshifted lagrangian.
¢) gives the PCAC-Equation when -trivial linear ®=term is added.
d) gives vector and axial currents which lock right for weak interaction
e) that linear & term requires field-shift to elimihate tadpoles.

Thus, this model is example of a field theory with 5SB.. The

58B has these fringe ben&fits:

.le Allows nucleons to acquire mass.
. 2,. Allows W and ® to have different masses

f) in fact, the linear term breaks 3 generators, hence you get

3 Goldstone Bosons, the massless pions. Example of Gold, Theorem.

10, What does this modgl not show ? It is not a gauge theory because they never
try to insist om lgeal chiral §(4) invariance and thereby introduce gauge fields.
There are no vector fields at all in this model for sirong interzctions. QCD

on the other hand is a gauge theory model.

* The r¢cent interest is thé combination of a SSE theory like the Sigma Model
with a Gauge Thaory ‘like the Yang-Mills thing. Together, such a theory allows
the undesired Goldstones to he adsorbed onto the massless gauge paritlces to
get massive vector mesons. Higgh.
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2. Comments: this shows that, under local gauge transformations, the group vector
Du_ﬁ transforms exactly the same way as the group vector ﬁ « Both are vectors

in the same representation. .

3. Notice that in the above stuff, you always keep the G and § things in right
order becuase their indieces are suppreseed.

i

fi



3. Comments alput local gauge stuff,

We start with a lagrangian L(g, d #) and we presume it is globally invafiafii;
This means that L(Uf, U(4,#)) = L(#, 4, f). TIe, the objects f and 4§ both
transform as group vectors in the same way under global gauge transformatioms.

This means that L must be made out of dot products of these vectors so that
L will be a global scalar.

If you consider instead local transformations, you will find that although
@ is still a group vectﬂr,{duﬁj is no longer a vector; for U element of local
gauge group, the above invariance of L ie no longer trume. But then you repair
it by sagying: L(up, U(Dy$)) = L(§, D,f) because now D # is a group vector.
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More on Variational Notation.

1, For the time being I am going to start using two different notations for the

two kinds of wvariational derivatives. The notation %ﬁ.@ has always meant and
will continue to mean a variation in the function A(x). Ie, at each point there
is some change in the function. If "f" jig either a function or a functional
of A, this variation will cause a change or variation in f which I call G¥.

If you compute of in terms of %ﬁl you are quickly led to a derivative which
I will now call 8¥/6A . Te, you just divide both sides by SA. But this is
not the "functional derivative" which I denote ?{‘ﬁl’ﬁ and which involves

removing an integration. Here are some examples:

@ ©

M= A (N =2, A0 FIN = S a KM

= wAeX3A) G1)= 2H)
= S RCo [aA Fosy =D 3y EAR ) | T = Ny en A () (BA) i)

g L ERTE

O 31 = - A 5 W = mRWy
VAR

A <SRN - A
V4 A (y) Stee)
VA W _ 2,Ses) DR

QAR SAX)

9 AL

In the first two cases, f(A) is a function. In each of these cases theg derivative
is a function, but the V derivative is a distribution. In the first case one
derivative is just the other times a delda and both are determined by knowledge

of A, In second case the @ derivative is not determined by 4; it depends on

which SN variation you choose. Eg, if you vary A(x) by a constant shift, the

§ derivative is identically zero. On the other hand, the W derivative is
determined completely without knowing what N is.

In the third case, f is a functional. In this case the S derivative is meaningless,

and the v derivative is as shown. -

Footnote: notice that the ¥ derivative is the only kind of derivative which
allows you to have different parameters like x and y.
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2. We have commented on the % and ‘7 derivatives, What about the regular
full and'pa.r'tial derivatives which We dennhe by 3 and 9 2 How do these

fit into the pitture here?
May= A SAAY = A JEAY = D Alayuty)

R

— F—% & = "AD &
£ = 4 I}

| SR
%:w«;ﬁ:&

The notation dA(x) means that we change A at one goint, namely x. This gives

ug no information at all on &(dxi]. Thus dA(x) does not give us enough
information to compute df in example 2 above. In contrast, m‘] specifies
a change in A at every x; this is why g&f is then computable.

S0 example 2 is very interesting. There are 5 kinds of derivatives you can
define of f with respect to A or d _A. The full derivative af/da is undefined.
The other four derivatives are all different!

In example 1 , all derivaties are the same as shown, except the V derivative
has an extra delta function. In contrast, in example 3 only the U derivative

is even definedl}

Moral: make sure you know what kind of derivative you are dealing with,

Application: whenever you take a derivative with respect to something that is
x dependent, you should not use either S or d, for reasons above. Consider
the Field Equations and the Conserved Gauge Currents equations;

-
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What‘has been shown here? Whenever you have a lagrangian which is invariant
inder some internal symmetry group ( gauge group), thepath integral will always
have this infinite factor. { Note: even if group G is compact, you have to integrate
once for each spacetime pdlnt, sc that makes it diverge). TYou can physically
eee where this factor comes from. In your dA integration, the integrand is
constant when you integrate over certain directions in A—space ( ie, when you
integrate along group orbits).

Why did we have to do integration at each spacetime point? 1) this makes the
determinant a functional, something which can appear inside a path integral; 2)
the x-product will -allow us. to incorporate the delta into a modified action.
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Comments: I have shown elsewhere why it is that W _(J) can be written as showm
in terms of the free propagator. The real question at this point is to explore
in detail exactly how it is that this boxed expression gives you Feynman

rules for your theory. I know that the only right way to do this is to start
with examples. There are indeed other "statements " of the feynman rules,

but at the moment I want to understand this statement.
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Comment: recall that there was a 1it-1:%e theorem for a f£( d/dx) e, There is
no such simpde theorem for f£(d/dx) e** or in general f(d/dx) eg{x). That
theorem only worked when exponent was linear in x. Here we have a quadzgatic

exponent in J; the only way you can figure out the derivatifes is to expand
the exponentiall
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In general you have to choose the term in the rightside exponential which
has the same number of J's as you have J-detivatives aoting; other terms give
0 either because to few J's (deriv of const = 0) or too many J's ( se t J=0
at the end).
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In this theory, there are only two xxapkmxwikhx vacuum graphs of order two. Second
is product of two of loops found above. Note & factor!
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I now have a tentative method to count each graph. Consider éach propagator
to be a box. The number you get from applying all your J-derivatives is really
o the number of ways to put X's in the boxes. In our examples we were doing {9'2
theory, so each coordinate appears exactly twice. If third order graph, then
three coordinates 11, 12 and Ia. You keep a particular graph in mind and then
you ask how many ways you can make that graph.

Example: ' A e Basmn ok
UK ety Dugosd ey § g

- m 1 I n\\mﬂwwﬁs&fdaqwd x;:r? ay.

m 23 [ <) Y\:j’ﬂﬂ? 2.

o G\fw& tak = AYRBXRL. DX conuk wiln _\‘a—rﬂ_'il‘s_- (_}"\
Qs sk PTCR L“—*@.
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Suppose you have theory which is order n, ie, ﬁn theory, and V = number of

32

vertices., You will at once get. factor lﬁ-’ i from each exponential t?].
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Obviously the 4 factor always corrects for fact ‘”ff

o that you can put an X in a given prop in two ways, so now drop this fact and the e
Hote that m = nu:_m'ber 6f propagators.
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I think I now know the weigh} of any vacuum bubble. Try out in ﬁiz theory.

<O R =\ 7 o

11'—

() mmem sy
2130 2
[O"‘Ol TR m RN S

-L'I -'z'l

.{ _
() W IHR X,,y .4

So what have I done so far? Considered only vacuum graphs in ﬁn theory.

To see Feynman rules, you have to
1) take only that term in the derivative expo which corresponds to V vertices
2) take only that term in second expo that has same nunmber of £imix J's.

3) then do derivatives in all ways and you will generate your graphs. o

‘Hha.'t about graphs with external lines? Here, the difference is that you take
the term in second expo that has a number of extra J's equal to number of
external pa.rticles. Lets do example: ﬁ3 theory, two externals; two vertices:
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S0 in a theory withnuﬂgggnixativé}cuuplinga and one kind of field and no
gauge group, I W how to compute any graph from the above. I do not yet

we Alerived this. Ie, it must agree with Wick method, I dont have to check.
s0, only paplies to boson fields; need extra work if fields anticommute!
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It is so trivial that you have to look carefully. Here, you are allowed to

replace the delta function with an arbitrary but normalized function G(y)e. The

reagon of course is that nothing else in the integral depends on y.

2. Now take above example and construct a fancier example simply by allowing

¥y = y{a]. Then the above equality becomes:

\&1&3 5{;) \d*ﬁ\ G(‘-h@h = Xd}a&a 3@\ \ii\ Sg_lﬁ(s‘ﬁl .

Again, 'the replacement of the delta by arbitrary hormalized function G is trivial.

Tou are not saying the delta = G, You are just saying that here the replacement
ie alloved in these particular integrals.

3. Now lets move onto the actual came of interest:
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Here again you see the replacement of the delta with an arbitrary but normalized
function G, Again it is trivial because you just do the g integration and you
see that nothing else depends on g.

4. The only subtley here is that on both sides we can identify the g integratioﬁ‘;i'
with a8 multiplicative constant and thus cancel it on both sides, After you do

thie, the equality is then less obvious!
To show that you have a multiplicative constant, watch:
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Now you see why you can replace the delta d(f) with an arbitrary functionm G(f).
It is not obvious here because the determinant is /df/dg/ and that makes you
wonder because you dont see any g anywhere. Just put the g back in .nd i%
becomes obvious again. .

4. Everything we have done here really does not hinge on the presence of the
path integral. Ie, all true for regular integraels here. How do we need to
modify the above to get to path integral formalism? A1l integrals (including
the dg(x)) are path integrals, and all delta functions are path-integral
deltas ( including +the intermediate integratiom da which was uded to insert
0(a). The path integralization of all integrals of course renders the jacobian
to be a rather complicated bbject , but we have studied it elsewhere i ie,
we studied how to calculate it, and how it yields ghosts).

We noted that G(a) had to be normalized, or at least normalizeable.
If da is a path integral, then we might take G to be a gmagsian $hnce this
is the one path integrzl we think we can go.

I forgot to say that in pthintegralization, another change is that all
the above functions becomes functionals, so in particular G(a) is a functional.
We take this gaussian form: o .

‘ ' L
o wsl, - 22 (TR )
fep - < e i = € " \

This is the exact form taken by Coleman. AL take the other sggn and insist that
you take limit¥%—=>0. I see no need for such a limit.

5. Thus, the net effect of the exponentiation of the delta is this: you add
to your action a correction:

Sl = -2 LK) o = onaimey (Assk) oot

Looking back at the original origin af delta (f), you see that hhere are as many
f's as there are gauge group parameters; thus you get the sum as shown over a.




How Fadeev—-Popov rescues QED. . - ; '

- %

1. First, write down the generatimg function for some photon-particéle theory.
For the moment ignore the matter fields, since the problem of interest has
only to do with the photon propagator. The usual start—off is:

SN S CAY R PRI WY ol I VP W

v
- AV - . _ Y
SV \NE | BA= 3R = £ N\ Ay g0 0- 2,1 AK) .
I have not yet specified a gauge choice, The next step is to add the Fadeev
Popov correction. Since this is an abelian gauge theory, the FF determinant

is independant of A and can be ignored. However, you do have to include the
axpo-or-the-delta correction, which is:

S =~ 2258 WAL YR =0 & gy endaha

2. Now for statbers, lets go into the Lorentz or Landau gamgge. Notice that
once you have made the replacement of the gagge delta with this gaussian
factor, the delta is gone 8o you may not set duiu = 0 wherever you see it!

Notice that the last term in the original action above is *%{d A" ) I\ ) In
particular you do not want to throw this away.. well, maybe you Bould. 1t is
really in the gaussian correction that you are not allowed to dumpt ft. But
for now keep in both places. Then with the delta correction we have:

SeSue = £3 M A®] 4ol - (-DRJAE

Recall thatel is agy finite real number. Now the operator is invertible;
in k-space you have:

%

o = ok = (-2 Rk P,'-r’) N

. | S
“*(“m)w = K {%ﬁ- (1= <) k%’&

That this is so is trivial, multiply them together. Once you have an invertible
M, yau know from the path integral formalism that the inverse operator has the
interpretation of the particle propagator. Thus, in the "4 - gauge" of the
Lorents gauge we have:

ATAGAONS) = D) = ETTu0  d-duutonn gpung.
& 8

Wi L%«d (&) = Cﬁ:} Y%PJ - (b—ﬂ) l




3. Now, looking back, I see that I could have firopped the (4 .ﬁu)E_ factor in the
original action; in the end this just corresfonds to a reﬁa?ining of the
parameter ¥,
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Lets now put this discussion into words. If you include the action without source,
O it is true that you can replace the delta function by a gaugsian G and the reshlt is
not changed, whether or not you drop the oversll group volume factor.

However, if you then "turn on" your source J and compute up some greens functions,
your greens functions wil 1 be different! The reason is simple: with the eource cn, you
can not trace back to get an equality. The presence of the source breaks the gauge
invariance of the action. So it matters then which you do: delta or gaussian.

This then explains why nl_lll'-‘u,,‘Ir = 0 only in the special case alpha = 0. It is
acceptible to use general alpha, but your greens functions are then alpha dependent
and are only orthogonal to n” in the special case alpha = 0. So finally I have resolved
this problem .

Why is the source term gauge breaking???
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QED in the Coulomb Hauge, via Fadeev Popov.

. 1, We start as on last sheet, changing only the gauge. Since still mmmabeldan
o theory, no det correction. So just do it:

2 lgpn-nlf - irled]
'&mm ’Q"%ML qomg.

How rewrite the delta correction in pseundo—covariant notation like so:
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Thig last change makes the oorrection terms each symmetric. Write now as:
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The game is now to solve for the inverse operator and this will be the photon
propagator in the d-Coulomb gaugs.
What do we know about the inverse operator?
a; mist be symmetric ‘
b) only independent vectors around are k and p ( p has replaced ETA).

(‘Oﬁf’[x>j&d = ? %),.1} +A\R}\ﬁ.d - Q’?}’*W - Q, T_‘Eﬁfu#"w?}:g.

We now have the problem of finding A,B and C. Brute force time has arrived:
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We have now found our inverse propagator:
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If I set =0 +this duplicates exactly the BD page 79 result, except I dont get
the Coulomb term., Ie, in this method it seems that the cancellation has already
taken place.

Comments: in the canonical cquantization procedure, you only quantize the
transverse 4, fields, and you leave Ab unquantized, The Coulomb interaction
cannot be ca%riad by the trasnverse fields, so you pave to add that in separately.

In the path integral approach, you never make this artifical separationm,
and you find that Coulamb has already been included. %faj
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Must write out all 12 terms:
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Gauge and Ghost Propagators and Vertices (Ln.ml.n.u. w)

C . - - - L %é ¢ host propagator
R ] q )__'_L_‘-_ &

K

!
i, - _}.,'_. § -y ‘:'1. - + %_ C;_'l .{1 ,;'3 k 3 ghost-gauge vertex

G, Hy

gauge propagator

-

by RO Gppe = (=0 Ruk,

K k*

G

triple gauge vertex

G(I. l:sj-tz - + f} Qi\itia\ '5);911_ (k‘-—kt)}la A Q.\ﬂq:'q.;ﬂ:-k
iz;)-*?. \

by = (\,34)

d—gange vertex J
f,)u,‘__ i};q,, = --},,31“ Ci‘itk C:';i.k[ 3}5}@. Ypapy — j}*b“‘ 3}4);41]

hofhs _ + Q3ny) o y,23)

Indicad 1dke .’02 denote group-label (color); can take n values for h parem. group.
Indices like M3 denote Lorentz vector index.

s c = i = a ‘S. ic.
L Structure constants are fab fah-:: =i Ga‘uc totally antisymmetric
o g = gagge coupling via du =ig G-Au prescription.

Ghest is scalar fermion, so (~1) for closed loop and no double-dotted propagator,
' also no double-undotted ghost proph



Gauge and Ghost Propagators and Vertices

I

G§ ==ty ' (=&)Y %5;51 ghost propagator
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\
¢ _.}h'_é__),_ €y + c} C"-}Et‘:i k}"a ghost-gauge vertex

G, )u.,

(31)41

gauge propagator
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triple gauge vertex
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Wy = (\23v)
d—-gange vertex /
L})-Iz = —}._%1“ Citilk C:';igh[ %ﬁu}; c})\yﬂ - 3)%}.11 3}.}};1]
oy + Q3+ (14,23)

Indices like :i.2 denote group-—label (color); can take n values for n param. Zroul.
Indices like M3 denote Lorentz vector index.

c _
fa.h - fabc

g = gagge coupling via .;1 —ig G .& prescription.

Gh.r.:rs‘t is scalar fermion, so (=1) for closed loop and no double-dotted propagator,
also no double—undotted ghost propt

Structure constants are = i Ga‘nc = totally antisymmetric.
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Comment on the effect of gauge-choice on the feynman rules.

0.. 1. Your choice of gauge has two effects. First, if affects the FP determinant, ie,
the object M. Since M sets the ghost rules, you see that any feynman rules involving
the ghosts will be gauge-dependent. I guess that both the ghost propagator and the

ghost-glue couplings are gauge dependent.
Second, the gauge choice affects the gauge delta which in turn affects the
gauge~fixing lagrangian correction. Since this is usuvally quadratic in A for

linear gauges (which is what you usually find), you see that the gauge choice
will affect the form of the glue propagator also.

2. On the other hand, unless you use some wierd non-linear gauge, your gauge choice
cannot affect the triple-glue and four-glue couplings, since the gauge-fixing terms
will then only be quadratic in A. So for linear gauges the 3-glue and 4-glue couplings
are always the same.

3+ In the axial gauge, M is independent of A. You can do either of two things, they
are the same:
a) you can keep the ghosts, but there will be no ghost-glue coupling, so in effect
{:!}f the ghosts completely decouple from the gluoons (and matter fields). Thus, you
_ can then just ignore the ghosts since they cant affect any digrams you are
interested in.
b) you dont even bother to "create" the ghosts, you just throw out the detM right at
the start since it passes out of the functional integral since it doesnt depend

on A. ITe, if is just an (infinite) constant and you always drop such constants.



