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° An alternative is proposed to specif Lagrangian models of curent algebra. In this alternative there are

ao enn fy nt Sper poiot i ine pnt Lin, 76)voote, it aszaned that sale invariance isa broken symmetry of tong interactions, x8 Propoa Test, ee ntti of equal tine commuticors i ssuned: Operator products athaet dtances have expansions involving local feds multiplying singular functions. Tt is assumed thatthe

© . dominant elds ace{he SUG SEO)currents ‘and the SU(3)X5U(3) multiplet containing the pion feld.
.

ip aseuned thatthe pion Red wales lkea Geldof dimension 4, where4 is unspecified withia the range
‘ ‘ Meee et cee a Seacquence of renormalization. These hypotheses imply several qualitative
's a predictions: The second Weinberg sum rule does not hold for the difference of the K* ‘and axial-X* propa-
a

i

ators, even for exact SU (2)XSU (2); electromagnetic corrections require one subtraction proportional to
e a BreretonOe Geld; + Sv and ra» 2y ae allowed by curent algebra. Octet dominance of nonleptonic. ’. speak press can be understood, anda new fom of superconvergence elation is deduced as a consequence‘ i 1generalization of the Bjorkenlitis proposed
s 4 IL. INTRODUCTION “operator-product expansions” for products oftwo (or (5
° OP PHERE ares number of problems in strong intr ina) lo tanh sanelocal fields (neat\the same point For example,

” ie actions which involve the short-distance behavior O"e Ca" COnStHict, Expansions for ‘products such as: rs of the SU(3)XSU() currents but which cannot be £050) or HG)H0)i-10) when y ands are near x.
5 % solved by Gell-Mann’s current algebra! alone. These pen yn'ror y i contain functions which are singular
M

" problems include the convergence or divergence of when y= or y is on the light cone through x. ‘These
’  . Wbecr sum nules® divergences in radiative corcec- Srounsions give a more detailed picture of fe sho

i tions to strong interactions, the nature of the Bjorken kno nce behavior of products than one gets if one onlyie oneace Mave been proposed bp Kiowa ouutime commutator, These ecpansions og
iy handle these problems, such as the algebra of ficlds,* nated in detailed studies of renormalization in pertur-

& é the quark model or the # model These models give bation theory.’ The importance of scale invariance for
= if conflicting answers to some of the problems mentioned. the analysis of short-distance behavior is apparent it 52 One therefore must consider what further alternatives eae aoe a ae en interactioniy to these models exist, and hence to get an idea of the ng ie.\mensiot ated out b and oanee

dl iH range of answers possible to the problems listed. socal invariance Con ee ought of 2 a oeof > ‘This paper presents a framework in which one can a ee carta tei ieee u oath * of a features discuss Some alternatives to specific Lagrangian models. SPecil to certain strictly Tagrangina theories, However,
The present framework does not involve Lagrangians: jaye: the Thirring model” shows that scale

Ea ‘There are no canonical fields in the formalism, and the canonical persist in a theory ret carte,Fi ~ Hse ¢ canonical commutators have been destroyed by
E soeniatproducts at ih sane. aia, fefor example8 renormalization effects. (The Thiecing, model involves
Fe atdun methodsof anaycng abort 3 cPn% Sel in nsspace, oe tne dinesin i
. distance behavior, two hypotheses are proposed. The ‘ecmi coupling.) Whilescale invariance persists, - 4
i first is that the sirong interactions become scale-in- scaling laws for ticular fields change as the coupling
a ati ct dist Tt _ ‘Sonstant changes. This will be assumed to hold for }oe a toeproposedby Kas- Strong interactions also, so that the scaling laws fori broken symmetry in the same sense as chiral SU(3) strongly interacting fields will be assumed to differ

XSU(3). The other hypothesis is that there exist (because of renormalization effects) from free fields.
‘ ). ‘The hypotheses of this paper leave much to be deter-
< ~ Supported in part by the Office of Naval Research mined; nevertheless, when combined in a simple way
* |Teautoe thanks the Aiced B Sian Foundation focsupport, with current algebra, one can makeanumber of qualita-S aes oe Phys. Rev. 125, 1067 (1962); Physics 1, 63 tive predictions. The applications considered in thisS 78 weiaberg, Phys, Rev, Letters 18,507 (1967);8. Glashow, — ~———H. Senter Sad & Weinberg, abid. 19, 139 (1967); T. Das, "J, Valatin, Proc. Roy. Soe. (London) A222, 93 (1954); A222s -Visfathug and'5. Okubo, thal 48, 764, (1567). 228 (1954); A325, 535 (1954); A226, 254 (1954);W. Zimmermann,TDBioko M8 467260), ' Raove Chncato 10, 97 1938), K, Neijima, Phys. Rev. IIT,8 seb despe Beebe at bn, Re. Les PECREHag Oe UP HECGSBan a eoMB cm aneS n meCee ae 16 78 Ds 1968), and references cited Phys. (Kyoto) 1,377 (1952); Umea hi’7,8 (992therein PEER Johnson, Nuove aeene hae
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paper include the validity of Weinberg sum rules, di- more fields close to the same point, (‘These statements

Vergences in radiative corrections tostrong interactions, will be demonstrated in a separate paper.) One canro) 2-93 and x*—+ 2y decay, nonleptonic weak inter- compute the equal-time commutator of 1 and B, given +actions, and the Bjorken limit. the operator-product expansion for A(«)B(y) (see
‘This paper is only a summary of the ideas involved below); one can also compute equal-time commutators

“ jn the two hypotheses and a survey of their applica- of any time derivatives of 4 and B.
tions, Many details, some of considerable complexity, ‘There are several reasons for using operator-product . 3]have been omitted. ‘expansions in place of equal-time commutators.to des- “i,

Operator-product expansions are introduced in Sec. cribe the short-distance behavior of a field theory. One ¥#"}
TE. Scale invariance applied to operator-product ex- reason js that equal-time commutators can involve in- at
pansions is explained in Sec. III. The scale-invariant finite constants, whereas the expansion cocfficients_ ‘bpart of strong interactions is discussed in Sec. IV. The “C,(2—y) cannot. For example, the Schwinger term in 3
effect of mass terms in the Lagrangian (the mass terms the commutator of two quark currents contains a di- 3.
fre to be treated as interaction Lagrangians in the sense vergent constant." In contrast, the functions Ca(s~y)
of perturbation theory) is considered in Sec. V. A speci- must be distributions in the four-vector xy since the «
fic set of mass terms is proposed in Sec. VJ. The appli- operators 4(x) and B(y) are, and a distribution cannot 5.
cations are analyzed in Sec. VII. Section VIII contains contain infinite constants.” A related result is the ~“e
final comments. following: The Bjorken limit, formulated in terms of 48)

equal-time commutators, predicts that Fourier trans- 4
IL, OPERATOR-PRODUCT EXPANSIONS Forms of amplitudes, such 2s (a|TA (z)B(0)|8),willbe #X]

.
have as a power series in the transform variable go‘An equal-time commutator of two local fields A(=) when go is large, q being held fixed? With the ‘nore g

and B(s) is expected to be

of the general form general operator-product expansion it is found that &[A0x),B(oy)]= Le Dalya), (2.1) fractional powersot ge are also possible; theyorc a 9‘ ””

the Thirring model in one space and one time dimen- 4%

where the O,(2) are a set of local fields at x [including sign,1* Other advantages of the operator-product ex- ff] /the unit operator 7 which for the purposes of this paper’ pansions are: They are manifestly covariant, they exist aS
is a local field Qx(2)=J; itis local because it commutes for T products of operators, and one can give a simplewith the other local felds for spacelike separation]. discussion of symmetry-breaking effectsto all orders.‘The functions D,(&-=9) are& functions or derivatives “One can relate the operator-product expansion of &fe) of functions dere is th inary 4@B0),10 the equal-time commutator of 4 and B. BA
The generalization popeed beri that an otinary SypporeCs—9)bebavesas[(ey)? eco) 700 #product A(x)B(Q) has an expansion when the four- some power p. (If A and B are not Lorentz scalars, therevector y is near a, of the form would also be a polynomial in the components of x--y.) GF

A(2)BQ)= En Cale 7)Oal2) (2.2) The ie comes in because intermediate states have only Rypositive energies and only intermediate states of very

Here the functions C,(«—y) depend on a four-vector, large energies (larger than the fixed initial- and final- y
not a three-vector. Instead of being 5 functions, they state energies) contribute to the light-cone singularity. %
involve powers of x~y. They can have singularities on These high-energy states are exponentially damped if
the light cone of the form [(z—y)*—ie(zo—e)F?, P one gives x» a negative imaginary part. So (*—3)*being any real number (it need’not be an integer). becomes (ze-yomfe)*—(a—y)% ‘The commutator 45They also involve logarithms of (zy). The complete [A(z),B()] for y near x (but no! equal times) has %
expansion in general involves an inGnite number of an expansion
Jocal fields O,(x) but to any finite order in 2—y only a

3

finite number of fields contribute. The expansion is [AG),BO)]=Ls Enle—y)On(2), (2.3)‘valid in the weak sense: One must sandwich the product 9) ks xAG)BG) between fixed final and initial states (al and WMe*® Zale~3) is *
18). The expansion is then valid for y sufficiently close Ey(t)= E[(—2* pie)?—(—s*-ies)?)] (2.4) fh
tox

‘

‘These operator-product expansions exist for the free nd B is a constant. The second term comes from the a
scalar and spinor field theories and for renormalized Product BOy)A(z): It makes Ze(z) vanish for spacelike — ¥
interacting felds.to all orders in perturbation theory, # One can convert Fa(s) into a sum of B functions in) =
Tn every case they are valid for any elementary or 10F any nonzerobut small ze, One uses the definition of 2compositelocal fields: A(z) and B(y) can be elementary yey. catclation i imi ;scalar or spinor fields or local currents or the Stress ene calgaetin is similar to that of J. Schringer, Phys. Rey.
energy tensor or any local Wick product in a free-field “The Wightman axioms are assumed. *
theory. Similar expansions exist for T products or com- _,,”» Thisismconsequenceof the analysis of Soc. YT pine known ghe) Inutatore at small distances or products of three or BOS Gsaye® nme matelssee XJohnson,Nuovo Cimento}FS
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ce) ss 179 NON-LAGRANGIAN MODELS OF CURRENT ALGEBRA 15017 ba 3 function ing finite-mass vector-meson theories'#) by the exact
ya and broken symmetries of the theory. The most crucialba f H(a)pl2)= (0), (25) Of these symmetries is broken scale invariance." The.
ics . free scalar and spinor field theories with zero mass are‘ exactly scale-invariant. Mass terms and renormalizable:

a f [v5%(2)'Jo(z)= —Vp(0), ete., (2.6) inl ; tions! by : he symmetry but the ghost off %,s * scale invariance still governs the behavior of the sineular
* “functions.!* Exact scale invariance means that the field
where p(z) is a differentiable function of z, and Jz “theory is invariant to a one-parameter group of trans-

jae = Sade, Onewrites | formations U(s). The local fields O,(z) transform as y%;

e

UNG)Oa(2)U(6)=54°0 aC s2) .1)va [rene [o00r+s VolO)+: Hele) OT)” 5 eceeseld theories the constant d(x) isthe dimension
P of the field On(c), that is, On(x) has dimension m#)
Temakes sense to expand p(z) in a Taylor series because jn mass units. For example, a free spinor field ¥(x) is

¢ Eq(z) vanishes unless |z|<|z0l. One now sees that the transformed to s¥*f(sx), the power of s being deter-* function p(s) is equivalent to a sum of 8 functions: mined so that the canonical commutation rules are
2 _ sq) foee invariant. A free spinor field has dimension m**, again
% Bele)=Fle 1Fuca) VO)+ (28) HEANC f the canonical commutation rules Tt is i-
* where portant for the dimension of y that there is no dimen-e sional constant in the canonical commutation rule. One

x Fols)= f Ealeot), (2.9) can always change the dimension of y by multiplying
a . it by a power of a mass m but this puts a dimensional

a . constant into the commutation rule. Multiplying y by
Be Fuad=— f Bena, etc., (2.10) a constant does not change its transformation proper-
Fig + ties to U(s). bsba

. .. Iman exactly scale-invariant theory the behavior offo) Jc» The dependence of the function Fels) ete» on #1 she function Cyle~9) i determined excep for a con-
x? determined by dimensional analysis to be staat by scale invariance. Performing a scale transfor-
My Paleo) furs *™*, (2.11) mation on Bq, (2.2), one bas
SS Pi(ee)= fies”, ete., (2.12) ste4404 (sx)B(sy) = Dn Cale—y)sOn(52). (3.2)
i where fo and f, are constants (proportional to Z). Expanding the left-hand side,|Z Actually f, vanishes because of rotational symmetry, ashen e—sy)On(2)= Ein Calt—y)s%04(s3)
He” but there will be tensor quantities fay, etc., which do * En Calse—sy)On(sa)= En Cals y)980. Os .
not vanish,
= ‘The equal-time commutator is obtained by letting If the fields O,(x) are linearly independent (this can

bw0. he coefiicient of 6%(x-~y)Z in the commutator always be arranged), one must haveis Fo(0), which is, © gaye gteda teen fg. 0, if p<is Culse~sy)=5* Cale—y). 3-4)
fe, if pois ‘This equation says that C,(r—y) must be homogeneous
an of order —da—dg+d(n) in x—y. The Lorentz trans-

@, if pris formation properties of Cq(s—3) then determine the *
; Sena) Fk 4__ behavior of Cu(s—y) completely except for one or moreSimilarly, the coefficient of Vi¥j5%(x—y)I is nonzero it im

p>2.5 and infinite if p>2.5, This analysis is based on Constants Cone, ifCu(e—>) must be a sealit]Tn. pare oeW’partiular definition of the equal-time commutator cular the strength ofthe light-cone singulasinrisde:yp 0"A(the limit for zo 0 of the unequal-time commutator). termined_by the dimension dy tda—d(w),wes only detde Sdn) and b mar ps,Teenay noc ppl to other defnicons desler that te nulonly drde2 dw)and becomes more sings > oll+ operator-product expansions have greater flexibility in Tn a fteefield theory the felds O,(s) that occur in ythe form of the coefficient Ca(x—y) than do the equal- oe 5 ae ener
time commutatorsunless one permits infinitecoefficients  °PeTstor-product expansions are the free feld itself, itsin the equal-time commutators. "Whe short-distance behavior of vector-meson theories is com-

Ss plicated by the longitudinal part of the vector-meson propagator.
‘ MI. SCALE INVARIANCE “t Seale mearianee in ree-Seld theoriesis discussed (as part of‘The nature of the singularities of the functions  "scpnformlgroup) by J Wess, Nuowy Cimento18, 1986 (190).Cale—y) is deteriined in known field theories (exclud- See Sex. vr nuentan Sheory
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derivatives (of any order), and all possible local Wick metry in an exactly scale-invariant theory. ‘Then there

fe) products. For a free scalar field (x), examples of fields will be fields A(x) satisfyingOuts) are [AG@),Q}94G) co) :

5
(8), VaV.VadCe), 28%2):, Vor dX@)VAG)VB):,€- Foy some constant g. This equation is invariant to scale
Tt is usually desirable to use a linearly independent set transformations only if Q is invariant:
of these fields, so that one would exclude V,V#@(x) and 7 - 3.8):4(a)V2Veé(x): and others which are fixed by the free- UHQUE)=O. G8)
field equation, The set of fields On(x) for afree-scalar- If Q is the space integral of a current jo(x), then je(+) aa
field theory can be ordered by ‘dimension, starting with must transform as

.

|
the unit operator (dimension 2e70) and the scalar field . a(6) itself (dimension 1). There are two fields of dimen- UNG)JU= #5ebs2). G9)
sion 2 [V,o(2) and :¢%(x):]. The mumber of fields Consider the unequal-time commutator of j,(y) with
rultiplies rapidly as the dimension increases, but never- A(x) which, for s near y, has an operator-product €x-
theless there are only a finite number of linearly inde- pansion
penident local fields of dimension D or less, for any finite [AGjO)IEL= Kale9)0a(2). (3.10)
bound D. This is true also of the free-spinor-field theory. 6. . .
The ordering by dimension is a useful concept because Since Srisaconserved current, Ku.(s—) is conserved.the functions Ca(a-—3) become less singular as the di- This means that the integrals “
mension d(n) increases. Co(z—y) is the most sins cular .
Junction (if if does not vanish identically), and only a hae f Kolo) ‘finite number of the Cy(z—y) can be at all singular. A

.

One can construct explicit operator-product expan- | ;
sions in a free-field theory. An illustration will suffice. F€ independent of time. Hence they cannot diverge 5,
Consider the product :4%(2): :4%):. It can be written for 9-40, At equal times (x=) one has
by Wil’ theorem: TAG)AOYIHLe ks"-VNO)EST. G1) B
:$%(2): 14%): = 2[D(e—y) FI4-4D(e—-y):4(@)6(): where the Schwinger terms (ST) involve derivatives of BS

-+:4%(2)6%y):, (3.5) 8 functions whose coefficients may be divergent. To be“ »fe) where D is one of the free‘eld singular functions. 1t consistent with Fa (3.7), one must have
scales as (x—y)-%, Expand the Wick products in a GA(@)= Zin bsnl) (3.12)
“Taylor series in y—x, for 4lor series

in y=, for example, Note that B, can be a nonzero constant only if Kuis) ©4()66):= 8%):HO~2)er6G)POL) ++, (6) seales as 4, which means Oy has the same dimension
‘ew

as A(z). *
.

and likewisefor :¢*(2)#*):.One then has an expansion similar analysis of the translation generator Pyoffe ered form except wat we a operators shows that P, has dimension 1 and the local stress:involved is not linearly independent [for example, energy tensor has dimension 4.
wae)¥.Vg(a): is included), The final step is to reduce“ *™ my .
the operators to a linearly independent set, which is
formally straightforward but in practice rather com-

TV. HADRON SKELETON THEORY
.

plicated. The resulting expansion has all the properties ‘Eidd theories with exact scale invariance are pot *
discussed here. physically interesting, since ‘they cannot have finite- &

Tn an exactly scale-invariant theory the singularities _mass particles. But one can hypothesize that there exists
of the functions C.(2—y) are determined by pure sym- ~a scale-invariant theory which becomes the theory of tymetry considerations (scale invariance and Lorentz in- strong interactions when one adds mass terms to the FF
variance), except for constants. If there are internal Lagrangian. This’leads to the idea of broken scale in- .
symmetries, some of these constants will be zero. ‘The variance proposed by Kastrup and Mack.* This idea
scale-invariance requirements override any other con- will now be explained in detail. In this section the‘scale- *
siderations; for example, one cannot demand that the invariant theory underlying strong interactions will be *
equal-time commutators of all local fields befinite. If discussed, and in Secs. V and VI the effect of mass terms .
A(z) and B(y) are fields of high dimension, then, their will be considered. .
‘commutator will contain terrifyingly singular functions, It is assumed that the strong interactions contain
Teading to an equal-time commutator with many derivar some arbitrary fundamental parameters just as the mass
tives of 8 functions and many divergent constants, and charge of the electron are fundamental parameters
The current commutators are a special case, where in electrodynamics. However, the greater complication

equal-time commutators must exist (apart from Schwin- of strong interactions means that the parameters.offo) ger terms). Let Q be the generator of an internal sym- strong interactions are not physical masses ‘and coupling

we

ES



bgfe) a 19 NON-LAGRANGIAN MODELS OF CURRENT ALGEBRA 1503
J constants; they show up explicitly only in the short-e Gistance behavior af strong interactions Tmplicily, they Jom f [xp6ol2)—2040(2)] Kaa)
<j determine all of strong interactions, but to calculate :
{physical masses and coupling constants one has to solve ;

2 the strong interactions, whigh is not possible at present. Give that Oo is tractless, symmetric and conserved,[8 Inphysies thesebarametershave particular values, but_ "ese #enerators are also comehietl1 Soy’ the theory of strong interactions s assumed to beself.. “The skeleton theory i presumed to have operatotKi theory ne interactions assumed to be sel poduct expansions like Bq. (2.2). The éoeficents1 PP an ital! theparaseters arezero it wil be assuried that Cal2) a7 determined except for constants by sesleae | the parameters arezeto,ikwil beassumed that. evariance and other symmetries. No proposal will be
) fe al pastiel symmetries becorme-exact. The theesePee parameters set equal to zero will be call made‘here for determining these constants. However, itfj tlLree parameters set equal to 2es0 wil beaed tbe yi be assumed that these constants are all unique and
: i Freeeiu al physical masses cqunl to mensions. Then dimensional analysis ofthe ope
. ero, which is exactly scale-invariant, and exactly in- tF-Praduct expansion shows that the dimension of :

HG, Tenant ws PG POTe” SU)XSUC), nd baryon lt eld AG) the ane st sealeinvaiance quan) Number, The quate model suggests there should also be ‘um number da. There are also operator-product expan-
an “qaial bacyon number” but this will not be con. ‘i005 for products of three local fields Ax(s)As(9)4xG),

. I Sdered here for the sake of expediency. Many of the OF even more. In this case, the expansion functions
complications ofthe Gnite-mass theory should be absent C+; #~2) can depend in an arbitrarily complicated
# from the zerornass theory: All fnite-smass thresholds W8Y 00 the ratio (s— 9)*/(—2)* without violating any
Se gone, replaced by @ continuum starting from mass !8Va¥lance, No procedure will be offered for determiningK, zero, If there are Regge familie of particles, the whole *He dependence on such dimensionless arguments

. '%, family is telescoped into the zero-mass point. A two- It will be assumed that the fields Qn(2) of the basis

. point function G(e), which could be extremely compli. 2orderedby dimension. For any given dimension
% itdin te Gaitemace theory, is now a sunple power theve wil bo one or more multiplets of fies beled) ore because of seale invariance, by their Lorentz representation, baryon number, SU(3)

t A HR “The skeleton theory has a set of local fields. This set SUG) representation, and P and C properties. OF
‘ bg divides into two linear spaces: the space of local Bose Pettieular importance are the fields of low dimension,° fields and the space of local Fermi fields. Each set can Since these fields have the mast singular coeflicients in

{be define as the st of felds which commute withthe operator-product expansions, As a result, they will de-) He SuxS0U3) caret for spaclice separation. Afri salts e radiative corrections, conver-) Jf near combination of such fields is also alocal eld, so gence. Weinberg sum mls, ete 1ppractice.Behe.
) 8S that these sets detine linear spaces, Each space will be elds.of dimension 4 or less that are important. ThereEgssumed to have a countable linearly independent basis. 6 several fields that must have dimension 4 o: lessThe two bases will be lumped together and denoted by Fitst, there are the SUG)XSU() currents and the :» (Osea How the bas costae is lnrguy ae. Een uret Thee wl be assumed to satisfy Gell-: % —Sitrary, and there will be many equally valid choices Mann's curzent algebra in the skeleton theory as well ¥

%p of basis. However, it convenient to define subsets of | $° the physical theory. So the cutsents have dimension. <j,® fields which belong to particular irreducible representa- +Thestressenergytensor has dimension 4. Thefe msJf tions of the symmetries and choose the basis elds from {80 be an SU{3)XSUG) multiplet including the pion
r these subsets In practice, itis eonvenient to let a par- eld, with a dimension less than 4, and greater than or
- ticular On(a) be an individual Geld and not a multiplet; 8! * fab dimensional TC- fe ee ug attial conservation of axial-vector current
: re it might be ocomponent of &vector ee example. (PCAC) work when SU(3)XSU(3) is broken; this will
e ergy tensor dy of the skeleton isa traceless symmetric Be &xPlined later. This multiplet will be assumed 6 .
a =~ Yion of the Lorentz group. This is the case for the quark ©.3) tepresentation of SU(3)x SUC) All these: * Mhodel. Teimakes sale nvariance and Loreate invariance Properties are true of the SU(3)%SU(3) « model it5

+ tomatic, given translational invariance, because the Wich the pion-feld multiplet has dimension 1, ands Fenn Seale uansformations and Lorenta trans. {quark model in which the pion Geld has dimension
a formations becorae —-"For each fed O4(s) there is one arbitrary nocmlizaion

Te) ft wlth one ie to beasina asian
: D=f 20y0(2) , MN) scheR Schdettanthe iesion of the ft
8 — : ial Elda the bana wie guanine sme for
" © Since PCP isautomatic ina loeateld thaoy, team and wit MSUROaSee ven Oe OEEbe ignored 1 This was proposed by Gell-Mann (Ref. 1)
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4 3. Hereno assumption will be made about the dimen- “field, super-renormalizable interactions (which require .Te) sion & beyond the restriction 1 A<4. “Gubtractions only in low orders of perturbation shears) +‘Are there other fields besides the ones mentioned Fenormalizableinteractions, and nonrenormalizable in|,

ae eee seepetion 4 or lee? Tt will become evident {ernctions, Fach interaction ‘corresponds 0 Tocal :> abet this a vital question. The author bas no way to Lagrangian density scalar to Lorentz transformations
- answer it conclusively. As an ad hocapproach,it will and invariant to‘exact internal symmetries. Clearly anybeassumed, to start with, that thereare no other fields Lagrangian density must be a neon combination of the

eraior less, An extra field [an SUG)XSUG) buss of local fields (Qs(z)), 60 that itis logical to useSialet slat eld will be proposed later because it ithe subset of fel from the basit which ore scalars and |
needed as a mass {erm in the Lagrangian. exact to internal symmetries as the specific interactions. i

= cae aeM anodels [the SUG)XSUC) © model or One then has a. basis {2(e)) of possibe interactions.z the free-quatk inodel] the basis set of fields (Q.(a)) culled from the complete basis (Qx(s)) Te was shown by3 eee aaa ted from Wick products and derivatives Umezawea ef al.* that a renormalizable interaction must: @f the clementary fields, Thus, in the quark model, the have dimension 4 or less.TLithas dimension Jes than_ |
5 Hee ot Sincnaion 4 or less and zero baryon number are 4, it isasuper-renormalizableinteraction (e.g.the+$*—= see oe cies Yas or :U,day: or 7VaVa):, where interactionof scalar field). Free‘eld mass terms (forFS sete oo pi and SU() matrix and y is the quark scalar or spinor fields) have dimension Jess than
=

fold Thee fields all have dimension3 or 4A study As long as interactions on a free-feld theory are
- “of the Thitting model_has convinced the author that treated in perturbation theory, one finds that operator-3 tha dimensions of fields in freefeld models have lite product expansions at small distances [ike Ea, (2.2))
= ‘or no bearing on the dimensions of fields in strong inter- exist in the presence of interaction, but that the different
=

aaa the Thivring model there i a single dimen- types of interaction have profoundly different feels
=

.
aca pling constant and the theory is scale- on the expansion coeficients Cu(e). IE one -has onlin,

= invariant for all values of 4. In the free-field limit of the _mass termsand super-cenormalizable interactions..then
‘Thirring mode) the spinor field y bas dimension } as the domipant term in Cala), for s small, is the shee
expected from the canonical commutation rules in one term l.
creee dimension, However, the dimension varies con- coupling constant are smaller hy-a_pawer of 4.1f one
tlomously with ) and approaches = as approaches has azenormalizable

interaction, the interaction sci= raee) 2m. This is a consequence of renormalization; after re- 2s 3 Sm ulus isa te) 5normalization the field does not satisfy canonical com- “skeleton term, Finally, a nonrenenmalizable interaction a
Gmutation rules and hence does not have to have dimen- treated in lowest order generates atconnocesinalatHonk, owever, the Thirring model has charge and by-a power of: than the skeleton term. For every type
ser iarge conservation and the equal-time commuta- of interaction or mass term, the functions C.(x--3) can
tong of the charges with the spinor field force the cor- be written as a power series in the coupling constant or
responding currents to have dimension 1, which they do. mass (only to frst order for nonrenormalizable inter
Thais the cameas the dimension of the product Py,¥, actions). The nth-order term in the series scales as
nly in the freeield limit. So in thinking about the 2"¢-40 relative to the skeleton. term, where di is the
Gimensions of operators in the strong interactions we dimension of the interaction. There can also be logs-

_

donot assume that there are elementaryfields satisfying rithms of (s)*/m!, where m is the free-field mass. 4
=

cenonical commutation rules and do not assume that Similar conclusions apply to interactions on the
= creoeticr local fields have the same dimensions as YAdron skeleton. One defines the basis of possible in-
- products of elementary fields. Tt is also not assumed Aeractions as the subset of fields (0,(2)) from the basis

prot tds exist with the same dimension as the product / {O,) which are Lorentz scalars, even to P and C, and
Gf two pion felds or the product of two currents. (Thy/ have J=¥e=0. (One excludes the unit operator and
fatter axsumption affects the theory of nouleptonic weak _ all derivatives of fields from this list, since these are not
internetione/*) ‘This leaves one with enormous Spki- meaningful interactions.) There are three types of in-
Bilty in choosing dimensions of fej, ‘eal teractions, depending on their dimensions: Generalized(/sogh soass.terms have dimension less than 4, renormalizableV, MASS TERMS: GENERALITIES /7¥" , interactions if any, have dimension4 exactly, and non-

5 i "fa" genormalizable interactions have dimension greater thansonehan the Broblem ofinteractions at SA. A. general perturbation formula can, be setue ee cory. ICahe skeleton describe any ofthese interactions, To avoid innumerabletheory were a free-field theory, there would be foureet ere_woule complications of perturbation theory to all orders one
The diference in dimension affects the behavior of the pion Uaeenpage ty J: Eaters, PAD. thes Come

sel party teeta octet tht ian. snc, cot age hel and super
en SME aleNans Phyo. Rev. 125, 1061 (1962); Ref, 20. renormaliable interactions in, strongly interacting theory be:BS ‘There is alco the unit operator. ‘Suse’ one docs not write local elds a8 products of elementary

HeThe results stated below can be gleaned from Ref. 12. fields.

r
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. BES writes only a first-order formula giving the change in the equal-time commutators associated with the sym-
quire Ue any local (Heisenberg) field Oa(x) when any coupling metry.” However, the number of subtractions needed
oy WB. constant is changed. That is, if (A) are the set of in Eq, (6.1) is unchanged by the presenceof interaction,
Tocal 342 coupling constants associated ‘with the interactions so that one has a renormalizable interaction in the con-tows E, (o}, one obtains a formula for A04(x)/A%s, The usual ventional sense. Nonrenormalizable intisackions Paty

 (uncenormalized) formula is duce expansion functions more singular by a power ofve x

zy than the skeleton terms and hence force one to

of the ines 20.(8) make extra subtractions due to the interaction in Eq.ous 3 Ref Cove) 2soreey (8) hat they ase nonrenarmazble in the con
tone 4 ne ventional sense. . |tions, RE where [ rw: means the retarded commutator (yo<xo). _ Iwill now be assumed that the interactions on themby *., This formula has to be corrected both for nonadiabatic hadzon skeleton theory are all generalized mass termsmust stacts (when phystal particle masses vary with A) and This means that scale favariance, as well ss SUG)than for ulaviole singulatities at 2=y. ‘The nonadiabatic SUG), is & broken symmetry. This is 2p of hoc as-sigh Se eeayvorcrly nccourted for and will not be con- sumption motivated in part by’ the success of brokenis (or [E3, Siderd here. The ultraviolet singularities can be analyzed SU(3)X.SU(Q) and in pare becatse hard to use the2 sing the operator-product expansion for the commuta- ideas of this paper if renormalizable of ‘unrenormalizable
y are SRE tor [Oa(x),L:(9))] and the singular terms can then be interactions are permitted (this is not true if the renor-Sore {removed by subtraction. One can then show" that oper- malizable or nonrenormalizabie rset OtpresentOn) L. Gtocproduct expansions continue to hold in the pres- but small; thus electrodynamic and weak carestions toTrent RE eee the perturbation and obtain formulas for deriva- strong interactions do not create difficulties), |
effects a tives of expansion functions such as dC,(s)/a%. These __ In order that all terms in a given expansion functionay Le faveruing whl not be quoted here. These formulas can Cx(~3) have the same dimensions, one must assignthe HE be used to show that the expansion functions have teach coupling constant A; the dimension-m*#, where‘eter BE power series inal nteractions. One finds s inthe free- dis the dimension of 2s, Oo A! ‘generalized mass termsi Se eld case that the nthorder term scales ae 24? have coupling constants which carry dimensions; hence,It & felative to the skeleton term, where ds is the dimension _ itis possible for physical masses to be generated by any
ne BAe of the interaction, There may also be logarithms of generalized mass term.
nthe BS xy. One can avoid logarithms of physical masses
nition fob depend in avery complied way on the cou- VI. HADRON MASS TERMS
gular [2% pling constants \) by introducing an arbitrary subtrac- Consider now the possible generalized mass terms iny type ke mace oa to re logarithms have the form strong interactions. Given thelistof lds of dimensiony) can fap nL e—2)%/0r), not late 9)/n, in the exlel less than 4 assumed cai the only possibilities are‘ant or Bio tee ub aa eater it is no longer possible to two fields from the pion-feld multiplet. These are osinter- SE choose the subtractions for Ea, (5.1), so that thevacwum and gq where oy is the I= ¥=0, SU(S)-actet sealer
ules as Be expectation value (210.612) vanishes, field, and oo is the SU(3)-singlet scalar field, Assumeis the oe oie sence ee oeTiass.Ssti vith d4SA.xive-cOtees: that there is an SU(3)XSU(3) singlet field, (2), also
> loga- rg (2 oR a1A TS ase bys power of with dimension less than 4, The need for this will be

(than

theskeletontem Tn this case, the divergencss seen shortly. Then the interaction Tagrangian can be
in the By, in a (61) ate primarily due to the skeen e007 rieniad Bz°-, Also, the equal-time commutatorsof symmetry genera 1) dora) -+darsl)+be (tos. ace to some extent wanfected be the pusence of B4(2)~ dala) tres) thts). (6)Gand f ( enetalizedmass tes [more precisely, the equal-time One would like an order of-magnitude estimate foroe and ": VGommutator of a eureent (3) with a local field A(x) each term in Bx. The term Nera) is the SU (3)-beeaking
are not __ischanged onlyby flds of dimensionless than A itself]. teem; this fs known, to cause energy separations withincent Ay So generalized mass tzrns ate the logical choice of ja: = multiplet of 450 MeV (the N* decuplet) or less. ASalized ;, teraction when one senots a ssanmetey “of the skeleton a mean energy, say Nss~300 MeV. This is a relatively’‘eable YB" toheahmbensymmetry ol the theory with interaction.” small energy, since it is now known that one should‘anon £5. "The renormalizable interactions produce corrections measure energies relative to my of maybe Ms and not
er than % to expansion functions which are logarithmically more m+. One can get an estimate on the Rezo term but by &up to ES singular than the skeleton terms. Hence, if an inter- more indirect argument, One knows that in the init
nerable SE, action is not invariant to a symmetry, it can destroy . .
ers one

7"

“GTR paragraph suramarizes a very complex analysis Pera ate eel OFS UC.4 _MIRE PESRARYSay oted by bc Gelcafann and F. GaLos, —™ The Sa) gC Oygemmettybreaking terms aCe 88, pro-ff vig ete 95 ADD GOSH. Tei canon toe sbaegeent posedby M. Gall Mann, Phys Rew 12,1067 (962), Eas G2),
1 super aly that rs et oy tespuranandaaf SL Tae cn ot he Re Fetes 20,984 CS),cory be reaissuch, lari woul estoy the ee mA Sand MG Man, RJ Oaks, and Bs Rene, Phys ie 178mentaty Dre joer seen fa Ns essential 2195 (i968).
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of exact SU(2)XSU(2) symmetry the pion mass must. ‘VII. APPLICATIONS I

be zero.” So the SU(2)XSU(2)-breaking term must .fo) raise the pion mass from 0 to 140 MeV; in other words, A, Weinberg Sum Rules
the SU(2)XSU(2)-breaking term is smaller than even ‘To illustrate the applicationsof the operator product

s the SUG)oeaking term. To discuss SU(2)XSU(2) expansions, consider first the question of convergence
¢ Seekingone mut expres both goand op in terms of an of Weinberg sum rules.*Let 4ya(x) be an arbitrary linearaU (2)-violating operator oy [belonging to the combination of vector and axial-vector meson propaga;(2,2) representation] and SU(2)XSU(2)-conserving tors, and Gy(p) be its Fourier transform. The first

field oxo: Weinberg sum rule holds for Gyo() if A(x) is less

a= (Devt (V3)o.0, (6.2) _ singular than x-¢ as x~ 0." The second sum rule holds *if it is less singular than x-*, Mor sey, one car
oom Wider (Von 63) fel he Sond’sum vale eer the gy tm othe

Since op and og are part of a single irreducible repre *»%r term in Syo(s) is less singularthan a~*. So one needs
sentation of SU()XSU(), this decomposition of othe short-distance behavior of the product TVy«(+)
and os by SU(2)XSU(2) representation is unique. Now XV-a(0) and TA ya(a)4,3(0) for x near 0; a and B are
one has SU(3) indices. The behavior is needed to order 7.

Since Vye and Aye have dimension 3, one will need to -Dasort-Ases=L— (V/4)dot (V/4)Ae expand in terms of operators O, of dimension 4 or less.
+HLQ/DAeHOV2)AcIoie. (6.4) Since one wants the vacuum expectation value of the

If mg were 22r0, the coefficient of oy would be zero, 7 Product one needs only operators On with a nonzero
With me onby 140 MeV, the coeficient of vy should be YAewum expectation value. ‘The only. possiblities oe
roughly zero, that is, I, 6», #1, and w. Terms involving w will always be less’ ”

wy
singular than terms involving J, so that w will be *

de Yrs. (6.5) ignored. Let oo and os be the vacuum expectation ‘
‘The err tums out tobe of order me which even VANES (Ale(x)|) and (M(2)}9). The linear come *
compared to. (300 MeV)" is small. ‘This means the bination Ay-(s) has an expansion
SU(3)-symmetric term Age represents an energy of, Dyo(2}XHls) + Haye(a)ootHawla}on (7-1)perhaps, 200 MeV. This is why another mass term is .
needed to change the p, nucleon, and other heavier forx small, with unknown functions H, H, and Hs.particles from mass zero (in the skeleton theory) to The quantity Sp(z) is a vacuum expectation value
their observed masses. This requires energies of order of @ linear combination of T products. ‘The linear com-
1 BeV, so that Aw should be of order 1 BeV. bination of T products can be chosen to belong to a

DGizthe interaction Lagrangian, one can derive the particular irreducible representation ofSoformula, It follows from Eq, (5.1) (even in re- ¢ currents themselves belong to (8,1 ,8),) so.normalized form), that if j,(x) at conserved current the product of two currents can belong to (1,1), (8,1)
in the skeleton theory and £y contains only generalized (1,8), (10,1) @ (1,10) @ (46,1) (1,10), (27,1) (1,27),

: ‘mass terms, then or (8,8). When one takes the vacuwin expectation value,
. , the decuplet representation disappears. The propagatorVeju(2)= iLO), £1()], (6.6) combinations which correspond to the other representa-

where Q(xs) is the chi jated with j., In the tions are listed in Table I, To determine the singularity
here OG) is the charge associsted With jp In the oF A(x), Hi(a), and H(s) for each linear combination,ase of the strangeness-conserving isovector axial-vector
current A,, one obtains one can do a spurion analysis. If A(z) belongs to the‘same representation of SU(3)XSU@) as ao, then (x)

VA (2) =[—Ist VIAT)A2), (6.7) will have a skeleton term, If not, one must find out how

here 6 is the pi many powers of the symmetry-breaking parameters Xswhere @ is the pion field. | and 2g are needed for H,(2) not to be zero, This is de-
‘One can now see why the pion field must have dimen- termined by ry ysis with the .sion A lees than 4. The reason is that the pion field must. SEINE BY SPne The spurion. senting the symmetry-breaking interaction. The spurionbe in the same SU(3)XSU(3) representation as the 5, Da tes). Comin thSUC)XSUG) breaking terms in iy, due to Eq, (6.6). beores to 33IOG: ). Combining one sPurion eeeBut she Laganiian contains only” generalized macy 07%, Which also belongto (3,3)@ @,3), one can produce‘ . © om all representations except (27,1)® (1,27): To produceterms

in order not to jeopardize the current coramuta~ i 5‘i iy the Jatter requires three spurions at least. The skeletontion relations. The lower bound A?1 is an elementary Aconsequence of the Killén-Lehmann representation. term in 7,(2) would have behaved as «-*** (6 for wo

currents, A for the dimension of the o field). With oneTy won sn 6, Jona ta spurion, one has one power of Ne oF As, and correspond-2 y. Namba and G, Jona-Lasinio, Phys. Rev. 122, 345 (1961); —————Fee see ee Dachen, Curent This would mean A(2) being les singular than ge/st and
Algebras (W. A. Benjamin, Tne, New York, 1968). nls.

‘ «fe a
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re) ¥ 119 NON-LAGRANGIAN MODELS OF CURRENT ALGEBRA 1307=. ‘Tanz I. Combinations of vector and axial-vecton, em ivergeace in Radiative CorrectionsSe duncotinine ase Divas in ada Oat
i EEntatfons, and masimum singulaity off, Zand Hae ‘As a second example, consider the question of di-SGU) SUDMSUD Hr, VerBences in the radiative corrections to strong inter-
ere z ; = ion: are deseri ‘an effective interactionRoe ee) 2) 22a —2_—_‘Fetlons; these are described by an effective interacti

.
a wD 88) ay) 242% 0-2 -erangian

s NO (18) ap 226-2 ef 75.(2)j(0)D"(a) y

: et a) a) 6 2

: ba 2: SGA) 200K") ~ (et D) where j,(2) is the hadron electromagnetic current and
: sp GANARE)$304 D) D(x) is the photon propagator. The divergences in
) Hy; —"Storand: ice pomagtae,Os the axialpomagatnccounenart integral at =O; they occur if the T product is as: BG, roger, te cSt belch aie on IGGe a Cer creac, singular as x-*, One is concerned only with the isospin-1

4 ot Baryon curren and -2 parts of £/(0). So one needs only fields in the
: ingly a factor a (apart from logarithms). Hence expansion of the 7 product which cass, opin, Ye
. 4 -Hy(z) scales as ~* apart from logarithms, except for Sim aa oe ee ‘So one writes
: ye the ter combination of propagators associated with “mension 4 oF less. 90 one Wal" the (27,1) (1,27) representation. The same is true of ju(2)j0)= Tin Cane(#)0n(0) , 7.3)E —_Hi(e. The complete results are shown in Table T. One Tjple)jAO)= Ze Com(s)O(0) os

2 sees from Table I that the second Weinberg sum rule with the sum over 0,(0) so restricted. Finally, the
HG _ can hold only for the (27,1) (1,27) combination. How- integrals of ‘Cam(x)D(x) over x will vanish because of
ae ever, as pointed out by Weinberg,’ it should be a good Lorentz invariance unless 0,(0) is a scalar field. So one

approximation to go to the exact SU(2)XSU(2) limit s restricted to the J= 1, J,=0 scalar field o3 in the pion-ig (Que VAX). Then the operator-product expansion of field multiplet. So the only possible. divergent term infe) SX Eq. (7.1) must obey SU(2)XSU(2). But the fields co (0) has the form

i and os belong to the (1,1) and (2,2) representations ofHF — SU(2)XSU(2), so that they cannot appear in the ex- y arpansion of the pond, linear combination. So the oig- of f cote (@))os0 wa)
& inal second Weinberg sum rule converges in the exact *

is SU(2)XSU() limit. This is not true of any of the The behavior of C,-(x) is foundby a spurion analysis to% — SU(3)XSU(3) generalizations [except the (27,1) be x, except in the case of exact SU(2)XSU(2) sym-SF @(1,27) term, if it converges without the SU(2) metry, when it is identically zero. This means that, for

A SU (2) limit] All the SU(3)XSU(3) sum rules con- finite pion mass, Cyo(x) has a factor m,*. The standard .
{verge in the exact SU(3)XSU(3) limit; how good an procedure for obtaining a finite effective Lagrangian is
% approximation this would be to physics, Ido not knew. to subtract the offending term and add an arbitrary
~ Tf 4 is 3 or larger, then even the first Weinberg sum constant times o3:

rule does not converge, except for the (27,1)@(1,27)bd combination. This whole analysis is modified if there .

yee tude af clmenson €or les eanging tote £406[ CTHCIO—ColsdedQVOrC+ fo,(8,8), (8,1) (1,8), oF (27,1) @(1,27) representations of . as)“
SU(3)XSU(3). Such fields would destroy the second

.

‘Weinberg sum rule for the relevant linear combinations where / is an arbitrary constant. The a4(0) term is theIsc of propagators, whether or not SU(3)XSU(3) is exact. tadpole term proposed_by Coleman and Glashow.* If

‘Tw is emai the assumption: of §, Ty Glahow and s. there afe other isospin-1 or isospin-2 scalar fields with
Wary,Bhp He ites 20 2 (ie a pare, dinenson or ls, they too can cnuse divergenes in
forthe diferenee of the Ke and Ka* propagator which on: radiative corrections.
Hei tethagtn'ohtepaper stove cepeated (oanthatSTH VS. Mathue,and'S, Okubo, ibd. 19, 470 (196: © a9 atta Decayva edie eerie of SCG) beating af eat fordifenesy_TWOspeciic problems involving electromagnetic cor-wPvegiorimeson propagators, but hold in second-order SUC) rections will be considered here: the» —»

3 decay andfe) Fe ee ae tor fears, Sg) We T—?2y decay. Firsts consider the >Sx decay:xu ‘breaking in the Lagrangian and violation of SUG) Experimentally the amplitude for 7—» 3x is well fittedSCG in the vacuum expectation values of theo fields, which
means one can hace volslon of the Weinberg sum rule even in
Second ovder of S043) beeaking. "MS, Coleman and §, T. Glashov, Phys. Rev. 13, D671 (1961)
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by the formula®® netic Lagrangian, which is necessary if it is to account

. Fi yg) for the 7+ 3x decay.e) Ala ettat pad[1—m,-ta(Se~S)], (7.6) " .
where D. 2° yy Problem

= Lala) 90 7.) .me Som Laln)—a00F, (7) srye decay x°~+ 2y has been shown by Veltman and
Syemet+im?, (7.8) Sutherland to be forbidden by current algebra and

a= 0.240.015, (7.9) G8uge invariance, The invariant amplitude for n® decay
can be written %

and 9(n) and g(x") are the » and x four-momenta. It , 7 cnerne .
was shown by Sutherland® that the amplitudeA should TlPk)= eran h°T(A) , (10) F
vanish when any pion four-momentum goes t0 280. where p is one of the photon momenta and h is the «*
1f the a* four-monientumgoes to zero, then 9(9)—9() omentum, The photon momenta will be kept on themust equal q(z~), and So is m.*. In this case, Eq. (7.6) sacs shell [p= (—p)*=0']. The argument of Veltman
gives an amplitude less than 0.14. in good agreement and Sutherland predicts that 7(0) will be zero. Bel
with Sutherland’s prediction. But when the x° four- and Jackiw® have recently pointed out that there existsmomentum goes to 2er0, Se becomes M,?and they 3x 4 specific calculation of 7(0) in the ¢ model, and that =
amplitude fs about Sd, (0) does not vanish. The calculation is an old caleu- — &Sutherland’s calculation assumed the unsubtracted —jation of Steinberger. >
form (7.2) for the effective electrodynamic Lagrangian. Tye resolution of this contradiction is in a break- 4
With the subtracted form (7.8) the calculation is dif gyyn‘of the usual arguments that one uses ia writing

Heeee en aera) the Feld ng Wardidenties. Namely, ones used to taking amatrix +in Eq. (7.5) but not to the term fox(0). a: Janne PSUGB) and rewriting it. GFcommutes with the charged axial-veetor currents but 2ement such as (AT 3p(2)¥¢j-O)|B) and rewriting ity
not with the neutral axial-vector current. [The relevant v,*(A|T°j,(2) je(y)|B)+8(vo—yo)(4 ILin(2),5o(0)]1 B)- éSU(3)XSU(3) commutators are given by Gell-Mann.1] . . Sh .‘Asa result, one still predicts that then 3x amplitude But in the case of the x*~» 2y amplitude, which involves ¢
vanishes for zero x* momentum but not for zero x# the matrix element (9) 73,(2)j,)V"A4(@)|9),exteamomentum, ‘This agrees with experiment. When terms arise when V" is brought outside the matrix ele- — &g(=")—»0,

the y—» 3x amplitude will be proportional ™ent. The extra terms involve the singularity ata=yA to the subtraction constant f. Since f is an unknown =O and involve complicated integrals. The author has i
parameter, it can be chosen to fit the »—»3r decay ot evaluated these integrals even in the e-model ex- ap
amplitude. ‘There remains a problem in 7—> 3x decay, @™Ple, Jet alone strong interactions; however, one can =
namely, its rclation to the K and = mass differences gue that they do not obviously vanish in either case.
obtained by first taking two pions to zeto momentum _A brief account of the analysis will now be given. .
in the >3 amplitude, which reduces it to the 9-x ‘The x°— 2y amplitude can be written
electromagnetic mixing amplitude, then relating the ‘ 5
mixing amplitude via SU(3) to the K and x mass dif- tem ipnyaf [oimeeive i
ferences.” ‘This analysis does not work very well, but Tm(Ps#)=(B—m!)(Pam Jf ere
it involves more dubious approximations than the .
simple current-algebra calculation. X(Q|Tj,(s)j(OVA(2)]9), (7-11)

Tt has been proposed that the tadpole contributions
to electromagnetic corrections be obtained dynamic- where F, is the PCAC constant, :
ally—in terms, say, of the A» Regge-pole contribution t

to the virtual forward Compton amplitude.™ It remains VA (x)=Fems79(2), (7.42) :
to be seen whether such a term has a different SU(2) 4g j. is isiis the 2? field, and 4 , is the neutral axial-vector field.XSU(2) behavior from the unsubtracted electromag- The quantity 7(0) can be extracted from the formula
The _yalue for o is taken from M. Gormley, E,, Hyman, rae eal

W. Lees. Nash, J. Peoples, C. Schule, and S. Stein, Phys.Rev. _VaPVp'T yolk) | panne Corea (0). (7.13)‘Letters 21, 402 (1968). .MD. Sutherland, Phys. Letters23, 384 (1966) 18M, Veltman, Proc. Roy. Sas. (London) A301, 107 (1967);318. K. Howe and A. Ki, Zimmerman, Nuovo Cimento 43A, D. G. Sutherland, Noel. Phys. B2, 433 (1967). For related work
1168 (196), R. Ramachandran, fhid. WA, 609 (96H); R. WE. on the wpe aystein, ace KR. Perrin, ‘Phys. Rev. 170, 1367 (1968);
Grats, O'Raifenrtaigh,and &, Pakcava, ibd. 48h,890 (1967); $C, Brown and G. 1. West, isd: 174, 1777 (1968);R, Amowitt,Y.T. Chiu,J. Schechter," and Y. Ueda, Phys. Rev. 161, 1612 M. H. Friedman, and P. Nath, Northeastern University(4967); D."G. Sotherland, Nucl. Phys. B2, 433 (1967). Fora (anpublished).Circle

eae olor dey see]. S.Belland D.G. T'S Bell andR. Jake, Nuovo Gimeno (obs publi)Siherland 2d. Bt, 315 (1968). 1 with fo thank Dr. Jackiw for very helpful discussions on the%SceS. {. Adler andR. L, Dashen (Ref. 31),p. 137. ‘x*—+2y problem. See also S. L. Adler, Phys. Rev. 177, 24268 Okubo, Phys. Rev. Letters 18, 256 (I96F); D. J. Groce (1960);

his conclusions are equivalent to ours "ro) andH. Pagels, Phys. Rew. 172, 1381 (3968) 9, Steinberger, Phys. Rev. 76, 1180 (1949).
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nt a So where

cenit emf fatal TeiOvrAst). teff veteestndsall, 0.20
ad ba (7.14) snd Iyand Is are analogous. The s integral can be writ-
nd

E In the e-model calculation in lowest-order perturbation ten in terms of surface integrals on the surfaces fo
ay theory, this matrix element involves the currents of a =e" and 29= xote”. Consider, for example, the sur-free charged Dirac field face integrals at 29 xo-te’’: They are

_

9) fi H@)=Va: Gs) f f [Blea so €)— Bleasee'sel)»=” A(e)= diVer): (1169) et (any

be ‘These currents commute for equal times (except for ‘The x integral must be broken into two parts. In one
a c-number Schwinger terms which cannot affect the part, x is restricted to be far away from the origin,‘s  three-current matrix element), just as the currents j compared to e”. With this restriction one can let ¢” > 0
AL and A of strong interactions do. Also, the free-field inside the integral without making much error and
1

current j,(x) is conserved and «1 ,(x) is partially con- the integrand reduces to an equal-time commutator

ie served. Furthermore, T(0) is defined by a convergent which vanishes. This is no longer true if + is of order
k integral; in fact, if one rotates the x» and ro integrals ¢’ or smaller, for then Py,(t,2) has a nontrivial de-
ne. ia to the imaginary axis (thus going over to a Euclidean pendence on the variable z as well as zoe“ (this isA %, metric), the integral for 7(0) is absolutely: convergent. evident in the case of free-feld curcents), and one can
* je (This can be verified explicitlyfor the free-field currents, no longer replace ¢” by zero. Actual evaluation of thei and is a consequence of the hypotheses of this paper for integral is now nontrivial.

). the currents of strong interactions.) Consider the effect ‘The difficulty caused by x being of order ¢” is avoided
7 bof the conventional rules for interchanging a T product if one requires that ¢ be much larger than €”; then +

sfe) 7 pa a gradient. One can simply bring V* outside the is always much larger than ¢”. In this event, the surfaceral product because all equal-time commutators are terms at ze= xocte” approximately cancel. Likewise, if
. 4 zero. Define ©>¢, the surface terms at so -b ¢’ approximately cancel.
FA ie Fale)(0|TIp(0)jA0)A -2)|9), (7-17) TO Be Preciselit — 0)lim(e” 4 0)i=! (7.x 2 and consider the following identity: ~

Henle 0) Hin(e’ OD F=0 (2)

an for fixed nonzero «. (If the currents j, and A, had a
, a80Vo"Fprelty2)= VetUtaral welt)]—(Vert Ve) nonzero equal-time commutator, f, would have reduced
a XLetatel pes TE VSL vag tenet Vet)Fyep | to an equal-time commutator term.) So one can make

ia wunVetPrag. (718) Z1,vanish by letting ¢—»0 be the last limit that one .takes. Similarly, Z2 vanishes if ¢’—>0 last, and Js

ra ‘The first three terms are total derivatives; the last two vanishes if «’—+0 last. Unfortunately, these three re-* terms vanish according to the conventional analysis quirements are incompatible. If one lets <”—»0 last,
i because of the conservation of j,. The integrals of the eliminating J, then J; and /; need not be zero, In this

») iz first three terms are zero; hence 7(0) should vanish. case, J; reduces to the expression (7.21) with x unre-This type of argument treats cavalierly the intrinsic stricted (So that 1, now depends only on ¢”). Only
J singutaities of Preis2) when two or more operators small:xand (of order e” are important in the integral:are evaluated at’the same point. To set up a more If either x or 2 is large compared to ¢”, the term at

2 J& careful teeatment, the frst step is to define the integral a= syte" cancels the term at sy~.to-¢", For x and 2
d ‘$ —_(7.14) such that the singular points do not occur in the of order ¢”, Fyre(x,e) scales as (¢' because of scale
t is range of integration. ‘This is easy to do: One calculates invariance at short distances.’ With this scaling law

the integral excluding the regions [x0] <«, [zo] <e, and for Fyre, the integral (7.21) is independent of ¢.3) & —|e—zo] <e”, for small but finite « ¢, and <”. Then “acthisea c 1 that Pore) i .i ne takes the limit «00, ¢°-0, and e’—>0. The singletan COS" Pores p60 he deteat theseals%
integral, being absolutely convergent, is independent ¥%, the operator-product expansion for Tju(2)44() and thex |. of the orrler that one takes these limits. techniof See case Fale) includes a propagator SPC). ° *te . One now calculates the integral for finite ¢, ¢, and ¢” When = is large and # is near s, one can angen Sra) by.

iy using the identity (7.18). Because the singular points of 5702); this approximation is essential in relating (7:21) to 3p

» 8 + Rona) are exehided from the range of integration,  Retaymeitat's'on goa eet * AM #7 Bee BOAhe the identity holds without question, and the last two: ©The (¢")* scaling law for Fye(x,2) can be seen explicitly
26 terms are zero. One is left with {phe free eld example, For strong ater eon

ceaT OmEMEheb E), (LAS) EE, ie ae ons Sekt age and can be
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.

"The conclusion of this analysis is that, if one takes condition

the limits «0, e—+0, and then ¢”—>0 last, Js is denenfe) zero and J; and Ty approach constants, but there is no f We(s,A)=e". (7.24)
reason to suppose that J; and Jy are zero: On the con- :

s trary, in the case of {ree-field currents, (0) is not zero, This condition arises if the same cutoff function occurs: so that one of J; or Is must be nonzero.!# in semileptonic weak decays. The cutoff mass Mf will
For 7(0) not to be zero, it is crucial that Fye(z,2) be assumed to be large compared to typical strong-

scales as (¢’)-* when x and 2 are of order ¢”. If Fuve(22) interaction masses, ie., MO>1 GeV. :
‘were less singular than this for x and 20, then J, Because 1V"(x,M) has a short range in position space, .and Ts would vanish in the limit e”—¥0 because of the the integral in (7.23) involves only small «, and in this
small range of integration (x, 2~e"). In this case, 7(0) region one can write an operator-product expansion for

would pave to be zero. The author suspects that T'j,m(a)j-s(0).This will have the form .Pyrslsyz) will be less singular than ¢"~? in the algebra - ea): (Qa wy 5 +
oi feds." Then the Sutherland argument would apply Tjge()j.dO=Le ConMOOU0), 128)
to x°~+77 decay in the algebra of fields. This would which, substituted in Eq. (7.23), gives
make the algebra of fields in bad contradiction with , .
the observed?» yy decay rate, which agrees well with ©w(0)=AV2G cos sind Hu Cul AA)00(0), (7.26) }
the Steinberger formula. with

‘There is no proof that theory of strong interactions c=[ CoM WeltnM). (2a)satisfying scale invariance at short distances will give s $
the numerical °—>vy rate correctly, but at least it - ¥will not bein error by: a factor of at, (mg? in the ampli-. Because of exact symmetry requirements the fieldstude and m,4in the decay rate). (04(0) that contribute to Eq. (7.26) must be scalar or

pseudoscalar fields with AP=1, AZ=—4, and A=}
or}. : :E. Fonleptonic Weak Interactions The leading term in Cy™(a), for any given m and ba

‘The effective Lagrangian for weak interactions can small 2, scales as x7, where a(n) depends on the di- 4
be analyzed qualitatively, using the hypotheses of this mension of Oa(2x) and the number of symmetry-break-

paper, Octet dominance in nonleptonie decays can be ing spurions needed to make Cyye"(x) nonzero. If nofe) Understood without introducing neutral currents and spurions are needed, then €
some new “four-dimensional” superconvergence re- aln=de-6. *Jations are proposed. Violation of CP is ignored. (n)=da—6 (7.28) ‘.
Consider

the AY = 1 component of the effective weak- By dimensional analysis, Cn(3) behaves as 2interaction Hamiltonian. It will be assumed to have CMeMme, (7.29) 3
: e form :

In free-field models cone algebra there are an *L1y(0)=3VIG cose sind | Tj,w(a)j,s(WG, infinite number of SU()XSU(3) multiplets of scalar()— 126 cous se Tinwle)ies WM), ey Neeudosealar fields which can contribute to the
(7.23) expansion (7.26) for £1r(0). But if Mis large, the coefi- =

cients C,(M) will be very different for different multi-
where G is the Fermi constant, @ is the Cabibbo angle, _plets because different multiplets usually have different
Guw is the nonstrange weak current with AQ=—1, and values for a(n). So only one or a few multiplets will
Frc is the A=1,AQ= 1 strangeness-changing current. dominate in Eq. (7.26); apart from symmetry-breakingThe function W(x,Af) might bea 1¥-meson propagator considerations, the multiplet of lowest dimension will :
(apart from a scale factor), or it mightbe a more com- have the largest coefficient. The ¢-¢ multiplet is theplicated function, M is the effective cutofi mass of multipletof lowest dimension, by assumption. The rele-Woz), ie, We(x,34) falls off exponentially when vant fields for Eq. (7.26) are the AY =1 o and ¢ fields;=M js large and spacelike; it is assumed that dimen- however, these fields are both divergences (of the
sionally H»(ayM)is of the form M‘H"(xM)."Thefune- _ strangeness-changing vector and axial-vector currents),
tion W(z,3f) is assumed to satisfy the normalization 80 they will not contribute to any decay process.

Hence one must go beyond the list of fields proposed‘ ~

. nek _

in Sec. IV.

ceiambigulyJn Jaminedwih dlzent Siting pro- Tn the free-quark model, the next scalar and prcudo-Sf orestas) already painted out by Bell and Jackiw (Ref. 41) and scalar multiplets: with appropriate quantum numbers
AdlerRel 41). . have dimension 6 (Wick products of two currents).‘Field algebralsts claim that the vacuum expectation value “v*
of two currents Gal 3),(0)[0) is ess singular at sO in the See SL. Adler and R, F. Dashen. (Ref, 31), p. 133; C.

Seer aee se Seen ie Ts SIT G90N, Rev 1752180 0969), nn” SG Pespnntae Mw

———————————————



ce

isre) 179 NON-LAGRANGIAN MODELS OF CURRENT ALGEBRA ist

EF — phere are several irreducible multiplets with the same |B) are one-baryon states (for example, |A) might be
7.24) dimension-—in fact, all multiplets contained in the a nucleon and (8) a % state); jaw(0) is a nonstrange. product of two currents. In strong interactions, the current and j5#(0) a strangeness-changing current. Ttis

[ei author considers such degeneracy in dimension unlikely: assumed that the product of currents at the same pointseus: If Renormalization effects should be different for each exists. It is calculated by putting in a complete set ofwill Bs different irreducible SU(3)XSU(3) multiplet. This intermediate states; in practice only a few single-
‘ong- # means that one can hope that a single SU(3)XSU(3). particle or resonance states are kept. Define M4s(9)

E multiplet will dominate Eq. (7.26). The experimental to be the sur over those intermediate states with mo-nace, G. —fact of octet dominance indicates that the dominant mentum q relative to the initial state; then one com-this, HX multiplet should contain only SU(G) octets and singlets; putes first M.1n(q), and one has
a for fs this means that the darian multiplet must be eeHan (8,1) (18) or a (3,3)@ 3,3) multiplet. The author -123) fr knows of no way to distinguish these two possibilities, Mas f Masta). as” a but will guess that the doininant multiplet is (8,1)1,8). ‘This mutliplet will be denoted o’-¢', Its _ To compare with the operator-product analysis, some
126) Hf dimension will be called 4’. Neglecting other multiplets further assumptions will be made. Assume that A’ is. % in Eq. (7.26), and denoting the AY=1 I,=—} fields either equal to 6 or slightly smaller. This means that

By os’ and gy", the ellective weak AY=1 Lagrangian is for theo’—#’ multiplet the constant a(n) is almost zero.
, e . _ , ‘Assume that for all other scalar-pseudoscalar multipletsald GF (0) =4V2G cos0 sinda *Los'(0)—#4'O)], (7-30) except 6-4), a(n) is appreciably above zero. Then one

lds & where a is an unknown constant depending only on can write an expansion for the ordinary productres FE strong interactions. The combination ay'44’ results Jen(o)is"(0):
7-4 ge fom asuming pure chiral ‘weak curents (equal vector jan(x)js*(0)=Bi(x)om(0)-+Ba(2)}m(0)fF and axial-vector Cabibbo angles). Le../(0)— be!

and 4 Formula (7.30) is not expected to be exact, but the _ Tele! ()—$0'(0)], (7.52)
. th error will depend inversely as some power of the weak where m is 4 or 5. The functions Bi(z) and B1(s) scaleH © cutoff M. The ratio of K+ to Kes. lifetimes should de- #8 *°* for small x (sce Sec. VIC A), B(x) as 2.
a 4 pend on the weak cutoff Mf, since the K* decay will be The #- multiplet must be considered because thei determined by a multiplet containing A=} fields which batyon states |) and |B) do not have the same energy.

will appear as one of the corrections to Eq. (7.30). The error in Eq. (7.32) goes to zero as x—»0. As a te-
‘.28) ke Equation (7.30) predicts octet dominance in all strange- sult, one can write the following momentum-space

f, _ness-changing weak processes. It must be made clear formula:

»)
that octet dominance is not a prediction of the hypothe-

‘s ses of this paper. The above analysis simply allows one “sag Bilgeas—
an to incorporate the experimentally ‘observed octet domi. five Cg) Brla)aaa~ Balaban
‘er fi nance into the theory without introducing neutral cur- ~B(Q(oan'~da0')]=0, (7.33)rents into the current-current yrangian. aihe i "The factor M™*" in Ea. en treans that nonlep- wereBug, ete are the Four transforms of Bis),
uti F tonic decays can be enhanced or suppressed compared“? * = Alen(O)1 1.38)ue F——tosemileptonic processes, depending on the value of 4”. can=(Alon(0){B), etc. (7.34)
ct However, recent calculations" using a local current- Because the integral converges, one can hope that only
a i current weak Lagrangian suggest that neither enhance- moderate values of q are the most important values
“ > ment nor suppression occurs. The relation of these and cut if off at a not too large Gass. Then one has
‘he : calculations to the operator-product analysis will nowte 2 be discussed.5* wen ,
tae a an Maton of Ref. 50 involve (for baryon Ma0lq)=BrQeas)oaotBr2Qna)oasi ° lecays) eliminating the pion by current algebra, “* (gman) (a8— baa |: after which one has a matris element of the form where FBrGeadloas'—ta0), 35)
ae = (A | jew(0)js(0)[B) (denoted Mun), where JA) and me

La Baltaud= [Bid ee. 138sed “V. S. Mathur and P. Oiesen, Phys. Rev. Letters 20, 1527 *

(1968). Pre specite mechanism ofthese authors for making the ou, py ¢\do- Wigan of fb cuapendent deowakeco Now Bri(gn “) and Belgoat bebave gofoaever ost ¥ Hara, Progr Theoret, Phys. (Kyoto)37, ;¥-1 une, oWing to the behavior x? of By(x) and B(x).oe) rig. sa J Sepghte,Phos Rey tie 1 sorAGE For very large guns, Br'Qous) behaves 2 guns *,
c (1946); 187, (317 (960), Biawas, &- Kumar, and R.Sasena, but for not too large gous, Br'(quax) is approximately1
ie ioeie eters 268 G80);8 Nanas ae©. Prepares due to (s)"-* being ot except.at very small.tye. Ss to thank Professor J. Schechter for raising this _ What one needs for calculating  weak-interaction

aqestion matrix elements are the matrix elements os’ and gaa’.
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So one must somchow climinate the matrix cements then & fractional power dominates R,(q) unless 4 is |fo) cas ad das in eq (35) One cay do this be going neg oF Malina |{o the exact SU(3)XSU (3) limit. The matrix elements
can and Gan do not vanish in this limit but the functions VII, FINAL COMMENTS* Bi) and Be(2) do [because jj and a4 belong to _ What is proposed here is a new language for describ»orthogonal SU(3)XSU@) multiplets]. If B,'(Gux) i ing the short-distance behavior of fields in strong inter-
approsimately 1, then Eq, (7.35) gives the desired actions. One talks about operator-product expansions
jratrix elements. Tf 4’ is somewhat different from 6, the for products of operators near the same point, instead .
‘matrix Gement on’ would differ from the matrix cle- of equal-time commutators. One discusses the dimen- .
ments needed for the weak-decay calculations only by sion of an operator jnstead of how it is formed from ‘.
a universal factor depending on gna and M,"but not products of canonical fields. Analyses of divergences in £
the states A and B. Even if one cannot eliminate the radiative corrections, etc., are carried out in position =
cap matrix elements, one can derive sum rules where space rather than momentum space. Furthermore, one
as, ec., all vanish, namely, by taking the linear com- has qualitative rules for the strength of SU(3)XSU(3)- .
bination of2 to nucleon matrix elements which projects symmetry-violating corrections at short distances. To 3
out the A/=4 partof the current-current product. Call the extent that one can analyze problems at short dissthis linear combination Mzw3(g); then we predict tances using only the SU(3)XSU(3) currents and the *

o- multiplet, the hypotheses of this paper have the ¥
ewig)! elegance of simplicity, once one is used to the language. .

[remo ° (7.37) Sen in the nonleptonic weak interactions, where a x
new multiplet o’-¢" is introduced, one can easily obtain :‘One might call this four-dimensional superconvergence a rapport between theory and the experimentally ob-relation. The author is not prepared to discuss the served octet dominance. The results of the hypotheses ia

validity in practice of either Eq, (7.35) or (7.37). are all qualitative, but with them one can resolve some &
of the qualitative difficulties with previous current 8

¥. Bjorken Limit algebra calculations of 7» 3z and x°~» 2y decay, a
[As a final application, consider the Bjorken limit? ‘There are formidable obstacles to be overcome before a‘The problem is to determine the behavior of an ampli- the hypotheses of this paper can be made quantitative. §

tude This is best seen by returning to the x°—» 2 problem.(oe) To calculate the x°— 2y rate, one needs to know the i

Tes()= (al f ef? TA(x)B(0)|8), (7-38) vertex function (@[7j,(x)j-(0)4 «(2)|2) when x and = i* are small. One needs this matrix element for the hadron. y

when go1 with q fixed. With the operator-product Skeleton theory. However, if one knows this matrix ;
expansion, there is no need to keep q fixed; one vibes clement for small x and s, one knows it forall = and #

. to have qlarge. Then the integral is dominated by the it’ the hadron skeleton theory due to scale invariance.
Behavior of the 7 product for small x; if Ca(x) are Tt is bard to imagine that one could have a complete
expansion functions for the 7 product, then formula for this vertex function without having a com- *plete solution of the bardon skeleton theory. The pros- #

yects for obtaining such a solution seem dim at present.TaldBwolOuaf ects), 9)” ”

‘es cine wten cece, OMENS ca
. scussions with Professor K. Johnson were crucial $Tas(Q™LXn Ru(g)ax}On(0)|6). (7.40) for an early stage of this work. In the general field- ¥

By dimensional analysis, Re(q) contains a skeleton theoretic work, I have been helped by conversations 3
‘term scaling as with Professor W. Zimmermann, Professor K. Syman-

Ra(qyrgtsteoneinr—e zik, Professor D. Boulware, and many others. In ap- »
. _, plications to strong interactions, 1 have used conver- .for

largeo.There are also finite mass corrections which sation with Professor S. Glashow, Professor J. Bjorken, *art) wil bec pom of Lorentz invariance, each term Professor W. Weisberger, Professor J. Schechter, Dr.in Rq(q) will be a power of g?, not necessarily an integral a
power, multiplying a polynomial in g. There may also p- Sutherland, Dr Brown, Dr. G. West, and Dr. R.Pe togarithis of g2-To obtain the Bjorken limit wy sige Jackiw. Talks with Professor K. Gottiied and others
cally, one can let cece with q helid Bea whichseatya Cornell were helpful throughout this work. Thethag! is replacedby go? t ee ee eetem and Sutbor has also benefited from talks with Professorg* is replaced by ge? to a first approximation, and Josephson, Professor J. Langer, Professor B. Widom,‘one gets an expansion in terms of go?, but one may get 1d Prof M. Fisher ab tical ph igue. gets anexpanton feo tebe: tid PofenorM. Fisher about crite phenamena ioA

'

A

- classical statistical mechanics."*fe) tional powers are seldom of importance whenA andBo Tao ay, Gatze, D. Hamblen, R. Hecht, .are two currents. They will be importantif A and B eg, Sos 1, Kadanol, W. Gitze, Dy Tan Tees> we ented gulp an 0.00) ie arcarene, TA est he Mia aga 83 bas me PAPO

me y
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Wilsom: paper reed Nov 1968 om operator product expansions 4

Fe) 1. Introduction. At time of writing current algebra was all the rage, with its
various equal time commutators. This paper will expand the realm of same by

assuming that scale invariance holds somehow at high energy (small distances),

and that there exist operator product expansions. Paper will show why this is

reasonable. Idea is to not always sit right on top of sharp singularities, Paper

will do both theory add applications,

2. Operator Product Expansions. We should be aware that in general equal-time

commtators contain not just one term but derivatives of deltas and possibly

divergent constant coefficients of some of these deltas, a subject usually

referred to as "schwinger terms". Why not, says Witton, just consider the product

of two fields without any commtator or equal time. Perhaps for x-y small in

sense of (x-y)* you can show that A(x)B(y) = sum 0, (my)0,,(x) where 0, is
somehow a complete set of operators. If you assume that the functions C, have
a certain simple power form, then you will find the desirable property that

(A,B) vanishes outside light cone, And ther as you approach the equal time

comtator ligit you can see how the delta functions arise and how infinite

fo) constants might also arise, clearly described om page 179.So clearly, if correct, operator product expansions allow clearer vision

of what is going down, Obviously the thing to do is study expansions in model

theories to see what they look like.

3. Scdle Invariance. Suppose in additiom to operator product expansion you also

have exact scale invariance ( ie, all operators transform im usual way , each

operator having a dimension d(m). Then you get the important result (3.4) which

says that you can utilize this scale transformation to access the lightcone

slingular region of the CO, (zy) functions. You learn that the operators 0, (x)
of lowest dimension will then be most important, ones of higher dimension less

so, if you are interested in the lightcone limit. In any situation you can always

group all your operators according to dimension; for any finite dimension there

are only a finite number of operators under that dimension, so now you have a

way to organize your operator expansion, a notion of convergence. The operator

of lowest dimension and thus the most important one is always } 0, (x) =» identity.
If, in addition to scale invariance, you have some other symmetry generated

say by charge Q, you get interesting results shown on page 1502.

8
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wal qae Rend 1.)

Results of some MIT~SLAC scattering experiments
have aroused interest in a theory of dynamical quantities that are
independent of dimerisional parameters.

Roman Jackiw

When symmetries are present the solu-. parity isospin. Chirality becomes an

tion of almost any physical problem is’ exact symmetry only when the mass of | [SHE i
simplified, because we can get at the the pion is zero. In that case, it corre- | [<== eerProperties! of a system without com- sponds tothe possibilityof changing the | BR WN Ny === === (Pletely calving all the equations that parity of a state without a change of | HAMINMIW HSB E= SHmelffdescribe the system. In high-energy mass, by emittinga massles pion ROTIaREE=Seerphysics, symmetry principles have been HereI shall describe an approximate | i 1 Hines Feri Nestudied with an eye to circumventing space-time symmetry, scale or dilaca. | [i it eccenry HUTtwo obstacles to the understanding of tion invariance, that has recently be- anemmeR
elementary particles: lack of precise come the focus of much attention be. Seeeeea iefe) knowledge about interparticle forces cause of resilts from inelastic electron i SSH h 4(with the exception of electromagne- nucleon scattering experiments done | Bagg) casaae Netism) and the mathematical intractabil- at the Stanford Linear Accelerator in | A@DeS aaa eeity of any realistic models that propose collaboration with a group from the | BOg Vayeqpees Soma iEtoexplain observed particle phenomena. Massachusetts Institute of Technology. | [Seaamamraeau lad A an‘The useful symmetries, and their as- We shall see that the symmetry is exact — omnis
sociated conservation laws, aro of two only ifthere are massless particles pres- | tho partcie trajectory shown aboveKinds: “space-time” and’ “internal.” ent, so that it must be broken for strong | ang on the cover of ina lance fe ten at
In space-time symmetries, kinematic interactions. If the symmetry were ex- | a nonrelativistic particle moving in theProperties such as energy and momen- act, it would be possible to rescale or | potential
tum are conserved. For internal sym- “dilate” the space-time coordinates for vin = =metries, properties such as charge or a system, without changing the physical (0 =~ 3p
baryon number are conserved. High- content. An understandingof the work- Time is plotted on the vertical axis.energy theorists have found it profitable ings of this approximate invariance The Hamiltonian governing this mo-to consider approximate symmetries as principle promises to help unravel the | tion (fora unit mass particle) te
well as exact symmetries, ‘These ap- intricacies of physical systems at very 4
proximate symmetries are not complete- high energies, such as those available =i oe
ly valid in Nature, but their physical at SLAC and at the National Accelefa- | which corresponds to the case with n=2
predictions are moderately well satis- tor Laboratory, where we can hope that | discussed by Roman Jackiw on page 24.
fied. So far, only internal approximate the symmetry becomes exact, because | the equations of motion of tis paresymmetries have been successfully ex- in that kinematical domain it should | ice a invariant under ine wannaploited. Examples are Werner Heisen- be possible to ignore masses. This tion
berg’s isotopic spin (SU(2)), which is point of view has been advocated fora tptconserved

exactly only if we ignore elec- long time by H. A. Kastrup and Julius raph
Somagnetism, and chirality (SU(2) x Wess.? pop gs(2), a transformation, developed by which leads to a new conservation law
Murray Gell-Mann, Feza Garsey, Mau- Nature of dilatation symmetry 4tice Lévy, Yoichiro Nambu, Julian In its most intuitive form, dilatation ot
Schwinger and Steven Weinberg, that symmetry is related to dimensional ware

extends the concept of isospin by in- analysis. Consider any “dynamical 0-8 + metroducing both positive and negative quantity, for example a phase shift for
tere neeetee article scattering, compated in awa —The Eattors

Roman Jackiw is a stalf member at the tum theory. It will depend on the ap.
Center for Theoretical Physics at the Massa- propriate kinematical variables, such as
chuselts Institute of Technology. energy and momentum, as well as on the

pastes Too aan wre ys
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SN }
wais oF mvstes: $9, 42-73 (1970) A. NEW IMPROVED ENERGY-MOMENTUM TENSOR B |

gravitational field, Therefore, itis desirable for the energy-momentum tensor to be i
‘ renormalizable; that is to say, for its matrix elements to be cut-off independer itt

1 * (Of course, the matrix elements at zero momentum transfer are finite, since theseA New Improved Energy-Momentum Tensor ‘are simply connected to the total energy and momentum. Likewise, the first
: : derivatives at zero are finite, since these are connected to the Lorentz generators. 1

Curris G. CALLAN, JR: ‘But we know nothing a priori about higher derivatives).
The Instituefor Advanced Study, Princeton, Nev Jersey 08540 ur principal result is that for any renormalizable field theory, it is possi. ind an energy-momentum tensor whose matrix elements ar However, this

‘StpNEY COLEMAN, ‘energy-momentum tensor is not always the conventional one. For example, for
Lyman Laboratory of Phystes, Harvard U., Cambridge, Mastachusetts 02138 the simplest renormalizable quantum field theory, described by the Lagrangian

‘AND f= tag Hp — dheto* — dept, ay
Roman Jacerwt the conventional tensor,

Laboratoryfor Nuclear Science and Physies Department, . © Ta= 849 8.9 — Bau soma (1.2)‘Massachusetts Insure of Technology, it AConeNeha does not have finite matrix elements even to lowest order in A, However, the
modified tensor,

Received December 2,196, * ’ . ur = Tor — 40.2, — Sw 9 maar (1.3)

\We show that the matrix elements of the conventional symmetric energy-momentum has finite matrix elements to all orders in A. Note that this tensor defing¢‘the same. :tensor are cut-off dependent in renormalized perturbation theory for most renormalizable four-momentum and Lorentz generators as the conventional tensor.
Geld theories. However, we argue thet, for any renormalizable field theory, it is possible In Section 2 we prove that the matrix elements of the tensor (1.3) are finite to all
{0 constructa new energy-momentum tensor, such that the new tensor defines the same orders in A. In Section 3 we extend this result to an arbitrary renormalizablefour-momentum and Lorentz generators at the conventional tensor, and, further, has ores . “|

eee ea emesis i cnere endes of eneroalinel perturbation theory, (*Finite” | _ interaction of massive scalar, spinor, and vector field (Wwe exclude massless fields to -
pene independent of the cut-off in thelimitof large cut-oR) We expicly construc this -—-'-_avoid considerations of infrared divergences). We have written Section 2 as clearly
tensor in the most general ease | 48 we can, giving the details of every step in the proof. Section 3 is much more

“The new tensor is an improvement over the old for another reason: the currents telegraphic in style, with many details suppressed.
asiociated with scale transformations and confotmal transformations have very simple Our proof is not rigorous.** The reason is this; in orderto disentangle efficiently‘expressions in terms of. the new tensor, rather than the very. complicated ones they rs 7 0 " !ee ee ol ‘overlapping divergences, we use the renormalization procedure of Bogoliubov,

‘We also show how to alter general relativity in such a way that the new tensor becomes } Parasiuk, and Hepp (BPH) [1]. The validity of this procedure has been rigorously
the source of the gravitational fe, and demonstrate thatthe new gravitation theory proved only for a special cut-off, one so strong that any polynamial interaction
ane in his way meets al he experimental tests that ave been applied to generat | (not just a renormalizable one) is made finite, Unfortunately, our proof also uses
relativity. certain consequences (Ward identities) of the conservation of @,,,

1, Inrropuction 6, = 0. anf

In any loca! field theory, the energy-momentum tensor is an important object; “Throughout this paper, “finite” and “cut-off independent” mean “possessing a finite limit
knowledge ofits matrix elements is needed to describe scattering in a weak external fas the cut-off goes to infinity, in every order of renormalized perturbation theory.”

. : * We use a metric such that the signature of the metic tensor is (+—~—).

“This work supported in part by Air Force Office of Scientific Research Contracts AF49 + Note yadded in proof: Indeed, our arguments have recently been criticized by K. Symanzik
638-1330 and AFOSR 70-1866 and U.S. Atomic Energy Commission Contract AT(30-1) 2098. | (private communications). In Appendix 4, we discuss the alterations needed in the definition

"Alfeed P, Sloan Foundation Rescarch Fellow, 1 ofthe energy-momentum tensor if these criticisms are valid.
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re) An overall comment:
This paper written in 1969 is about several different subjects. On first reading

I knew nothing sbout any of these subjects and had trouble following the paper.

Now I know a little about some of the subjects. They are:

a) theory of scale or dilatation invariance. (section 5)

b) theory of conformal invariance (section 5)

¢) good Noether understanding, Belinfante symmetric tensor etc. (section 5)

d) derivation and meaning of "Ward Identities" with Oy, inside the VEVTOP.
e) renormalization theory.

f) gravitational theory.

At this point I know pretty much about the first four topics. Gravitation is of

course the motivation for the paper, why you want renormalizeable stress tensor

so you can do gravity. My real weakness is, as usual, renormalization.



8.26.78

re) Callan, Coleman, Jackiw: A New Improved Energy Momentum Tensor. (128 1970)
Comment: this paper is very peripheral to what I am now doing. I just wanted to see

something about scale transformations end the conserved cutrett. However, jn line

with my philoschvy that it is healthy to read papers that are accepted as "famous"

I have read a little of this thing anyway, although not presently relevent.

1. Introduction. For a simvle g* scaler field theory they write down the usual

canonical etree tensor T,,, and invent their own tensor @,, which is equivalent
in thesense that it yields the same P" and MY Poincare groupy currents. However,
this new tensor is nicer in that its divergence is "soft" in seome sense. This

tensor ,, is, like T,,, conserved.

2. Continue: The object of interest is (2.8a), ie, the VEVTOP of the tensor 0,
which is of course just a function of the fields. Why they are interested in

matrix elements of this tensor I do not know, but they want to prove that if you

take this tensor in place of the usual one, then it is possible to arrive et

matrix elements which are cutoff-indesendent. Ie, in some sense the object O.,fo) is renormalizeable.

3. General case. Here it is claimed that the most general renormalizable Lagrangian
can only have mesons, fermions, and vector bosons. Moreover, there has to be

a symmetry to that the vectors couple to conserved currents. This allows you to

replace N° with k? in the vector propagators, thereby retaining renormalizeability.

For this generel theory, the 0, tensor is dafined as in (3.12) . They go on to
vrove in similer fashion to the special case treated above that the matrix elements

of O,, are W finite.

« Samvle Calculetion. The above proofs deal with renormalizability to all erders,

and are based on counterterms and BHP theorems etc etc. Here they just want to show

how things work to lowest order perturbation theory. They return to the simple

gu Lagrangian and they will compute the matrix elementx of @., with two external
varticles only. This involves doing some feynman graphs. An interestin g trick I

had not peeveiously heard of is that of having ficttious "regular" mesons fields

added to the lagrangian, just a way to implement the cutoff, The matrix element6 of interest is M, and they go on to show that as you remove the cutoffs, Muy
is finite.



Again, I have very poor motivation here because I dont know why you want a

“renormalizeable" stree tensor in the first place. g

5. Scie and Conformal Invariance. Now we are gettin g closer to my cureent

interest. Suppose you have a Lagrangian and you make a scale transformation.

In fancy generel matrix notation this is given by (5.1), but it means that you

stretch each field according to its canonical dimenSion. The claim, which seems

almost obvious, is that if you have only dimensionless coupling constants in

your lagrangian, this scale transformation will be a symmetry. As a symmetry,

there will of course be a Noether conserved current J,. The interesting fact

is that this current J, is precisely the given by Jy = XY Oy where 0,
is the tensor they have been describing aZl along. Probably I would do well to

gust work this out on my om?
.

A sidelight of this section is a definition of the conformal group. It is

in fact SO(4,2) and contains the usual Poincare group with its 10 generators,

nlus there are 5 new generators one of which is the scale generator. The other
four are conformal generators of some wort.

& Gravity. Here I think my question is answered, Recall that the Einstein 7]
equations tell you that the spin-2 gravity field is more or less 7.,,, the cenonical
stress tensor. Actually, this is the source, and R,., the Ricci tensor can be

taken as the gravity field (or h,,), similar to the field ¢ for a meson. Now,
I think the point is this: if you consider graviton emission between two states,

you are going to end up with R,, and then @ T,, in your VEVTOP, I think they

cleim that if they choose instead to drive gravity with the 0, tensor, then
gravity is closer to being renormalizeable. Ie, the field 0, apoears in your
matrix element because it is roughly the graviton field.

So gravity is their main motivation for having a stress tensor that has

finite matrix elements, ie, which is "renormeilzaeable. "

Needless to say I have not followed mich of their discussion. But at least

their motivation is clear.

*)
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fo) fo)
ANNALS OF PiYstcs: 67, 552-598 (1971) DILATATION GENERATORS $53 1

nature, scale invariance is surely not an exact symmetry, it is important for realistic '.
"applications to have a clear understanding of the precise mechanism of symmetry

slat violation. 'Why Dilatation Generators Do Not Generate Dilatations* The purpose of the present work is to attempt to gain such an understanding by :
Stoney CoLeman, examining, in explicit perturbation-theory calculations, the scaling behaviour of !

several four-dimensional field theories with only dimensionless couplings.’ In qLyman Laboratory, Harvard University, Cambridge, Mass 02138 these theories, it appears that only the mass terms in the ‘Lagrangian are responsible
for the breaking of scale invariance, and one would expect that there wouldAND
remain many traces of exact scale invariance. q

Roman Jacxiw? At first glance, this expectation seems to be fulfilled: Using formal canonical 1
reasoning, one can construct a dilatation current, whose divergence is proportional |Loboratory for Nuclear Science and Physics Department, to the mass terms in the Lagrangian,and the integral of whose fourth component‘Massachusetts

Institue of Techrology, transforms the fields appropriately under equal-time commutation. From these
Canibridge, Massachusetts 02139 statements about operators one can, by conventional methods, derive Ward
Received December 28, 1970 identities, and from these Ward identities, one can, in turn, derive theorems about

the asymptotic behaviour of Green’s functions.

Unfortunately, these theorems are false in perturbation theory. For example,‘We show that the Ward identities associated with broken seale invariance contain, fone of them states that the inverse propagator for a spinless meson is, at high
anomalies in renormalized perturbation theory. In low orders, these anomalies ean be energies, proportional to p%, while, in perturbation theory, it is proportional to p?
atsorbed ito a redefinition of these inconoeeanacety cing times a power series in log p2, This means that the equations from which theseen eeee cons tor obecie ther than canonial Helés, eg urrens. These false theorems are derived must themselves be false; in current parlance, the WardIlsre euabIaned to fr nontrivial orderin perturbation theoryby explicit Feynman identities associated with broken scale invariance must contain anomaliesfalculations

(which give us information at all momentum transfers), and in higher The technical reason for the occurrence of these anomalies is not difficult_ta‘orders
by the method of Callan and Symanzik (which gives information only donut understand: The manipulation of canonical commutators required to prove Ward

‘momentum jransfer) The two approaches are consistent within theie common domain identities is justified only if we introduce afGutoM However, this does us no good ;He Teaal cnteceal anstonnaton and ofthedesvaton of Ward iene, unless the cutofT is chosen in such a way that the cutoff theory still obeys the Wardree hetappendswe derive the Calan-Symansik equations far Green's fonetons identities? For such familiar cases as quantum electrodynamics or the sigmaof currents, and show that no redefinition of scale dimension is necessary for these model, for example, this condition presents no difficulties; it is straightforward to
‘objects, although the other anomalies remain, introduce a cutoffin such a way that the relevant equations of the theory (gaugeinvariance

in one cage and PCAC and current algebra in the other) remain true.For scale invariance, though, the situation is hopeless; any cutoff procedureI.
INTRODUCTION necessarily involves a large mass, and a large mass necessarily breaks scale in-

. yiance in a large way. This argument does not,of course, show that the occurrence‘There is a recurrent idea in particle physics that, in some sense, at high energies, |TMA#RGEINATange way.”Particle
masses should be unimportant. In recent years, this idea hes led to the "An earlier version ofthis work appeared in preprint form, but was not submitted for publica:concept ofscale transformations (dilatations) as approximate symmetries of nature, tion [5]. Also the results presented here were reported at the Symposium on DeSitter and Con-with possible applications to the study of high-energy scattering [1], low-energy | format Groups, University of Colorado, Uoulder, Colorado ure 1910); and at the Castern

phenomenology [2, 3], and short-distance behaviour in field theory [4]. Since in Treoretical Physics Conference, Stevens Institute of Technology, Hoboken,New Jersey, (October120)
Casaations sini to those of Seton It have ben doe indspendey by Be, Bernt,P nie Energy Commis aad Sitin (6),

$F24620-70-c-0030. ecutral pion decay [7].
‘552
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v psd obishat,
Tidvhoiuclion, Tusk saddh in Qa a aa It is possible to derive certain _. Ward identities for scale invariance (brockn scale invariance!), calledthe_A trace identity in this papers However, it turns out that this identity is me)

______ felse in several ways: first, you can correct them so they agree with a
_. lowest pert-theory calo by allowing fields to acquire anomdlous dimensions But

- tohigher orders you have to do even more,thissuggests that there are more _ |
_-.. -.than_justmass terms in the divergenceof thediletation current. Their results_

__ confirm earlier conjecture ofWilson based on his study ofThirring model (4-fermion

__... im42), and their results are als confirmed by the Callan Symanzki equations. __
. This papercame out_as preprint im May 70, was submeittedin modified

form in Dec 70. Their busiwork is understandeble, buttheir interpretationseems
_ "Weak, They do not really understand exactly whatthe poop is. But their long

appendices on Sealeand Ward are very nicee ___ ee

_ Outlines | ce — |.

_—. —I+_Introduotion. __ - ee

—————.11s Seale Invariance and Breaking Basics wee ee ee
gg 1: basics: D,, the dimensiomd,0, 2+ The Wardidentities

= 0.ra) - 3. false theorem: show asymptotic contradiction based on Ward's = _ me} -
______.. _4+ Post-mortem: they think mabybe Both anom dimensions and anom divergences __

--—__1H;_Anomolous Dimensions - oeeee

_______ dsGeneral: anomoly A = difference in Gamma with andwithoutcutoff fields My
_ 244 theory: to Iowest order) thereis noanomoly at all. (field theory calc)_______3, Mukana: to order g? anonoly can beabsorbed by modified field dimensions,|. feDirectcheck that a appears incom relee|
___ WV. Purther Anomolies eee ee _~tstn gtthere ip stintcontradictionat order X’ evmallowingat.
=. 2+ Comparisonto Callan-Symanzik equations. coe

. Vs Comelugionse 0 8 ce ee
_._ AppendixAt Scale Invariance Theory, including Conformal stuff. _

_. Appendix B:General Derivation of Wardidentiyfor any symmetry,
----.. Appendix¢: some fynman graph calos  __ . Be
. AppendixD: Callan Sym equations foy ourrents. ne
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Appendix A: Basics of Scale and Conformal Trensformations.

ie] Part I: Dilatations. I have worked these details out on my own under Dilatations
in General Field Theory binder. The idea is that the Poincare Group has 10 generators

called PY and MY . These are assocaited with translations and rotations and boost

transformations on functions of spacetime. Similarly, you can condider scale .

trensformations and invent a new generator D, I have worked out its relation to

the other generators, ie, commutation relations. If your lagrangien has scale

invariance ( any regular and massless field theory with dimensionless couplings
I think, you can just test to see), then of course there will be @ conserved

cureent. I have shown in my Noether notes how this current comes out being that

shown in (A.9a). If you like, d is a Biktle diagonal matrix which conbins the

correct canonical dimensions for the fields, or it is just d, as part of the sum.
This is the canonical dilatation current. It is conserved in any scale invariant

theory.

Now, you can rewrite this diletation current in terms of the Belinfente symmetric

tensor which we know is "equivalent" to the canonical stress tensor. Dropping a
term which ha: no effect on the generated charge D or the conservation of the

Co) dilation current, we redefine the current to be (A.15). Ie, B for Belinfante.Now, if you for the moment assume that the "virial" VW" can be written as in (A.16),

then you can redefine your dilatation current once more to get (A.21). Ie, here

9 is still enother strees tensor beyond the Belin@nte one, and is given by (A.18).
So, the divergence of this finally established dilation current is the trace

of this new stress tensor. Obviously if you have scale invariance this stress tensor

must be traceless.

But suppose you do not have scale invariance, ie, it is broken say by some

term(s) in the lagrengian. Then D = D(t) is no longer a conserved chanrge and
you get modified commutators as in (A.24). Interestingly, though, [D(t), (x)]
is not affected.

This pert of Apendix A ends with a proof that the most general boson lagragian

that is scale invariant and satisfies the assumption (A.16) is a + theory, as we
might imagine. Moreover, the new symmetric tensor relevant to this theory is just

the new tensor this paper is talking about all along. Ie, their new tensor of the

paper may be identified with the modeified ciletation-current tensor of this appendix,
at least for the #+ theory.

6



Part 2: Conformal Trensformations. This is my first encounter with thie conformal

group. I have no feel at the moment for what the four conformal transformations

fo) shown in (A.30) really do. Their generators are called kK". So if you combine the
regular Poincare group with D of dilatations and the four KY , the conformal
generators, you get the 15 parameter "Conformal Group" which is Equivalent to

S0(4,2). Obviously there is a Lie algebra, this is given in (A.31) for thé new
commutators. And then you figure out how the fields transform under the K's,

answer given in (A.3h). Ie, the thing appearing on the right side of A.34 I would

probably call #4 similar to iy differential operator.
Next, we want to find conditions for a lagrangian to be conformally invariant,

je, invariant just under the conformal generators (ahd Poincare of course). The
result is this: in order to be conformally invariant, your theory must bed scale

invariant and it must be possible to write A.16. Well, all their theories have
this A.16 property, so you can say that in fact they are dealing with theories

of full conformal invariance, not just dilatation invariance.

Next, in A.38 the conserved (in conformal invariant theory) "canonical conformal

currents" are quoted, ie, Noether theorém. It is noted that scale implies conformal

as shown in (a.36). Then you go on and drop terms and so on to modify this

conformal current until it is simple. The result is A.40 or A.4l which T will write

fo) down here:
Ka C0 1% OY K=O

usw p= xoe ne dwdabahé $
BN vwr = eer xe WED aUnQewunnr quvek

vorlk CY= Do mud shore Jonsa.
The appendix goes on to do the commutators of K when it is K(t) in poresense of
conformal breaking, and does some other things I dont care about now.

This is my only reference on this stuff, a good appandix, I am glad they
decided to add these self-contained appendices.
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