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An alternative is proposed to specific Lagrangian models of current algebra. In this alternative there are
no explicit canonical fields, and operator products at the same point [say, Fulz) 7(=)] have no meaning.

Instead, it is assumed that scale invariance is 2

Kastrup and Mack. Also, a generalization of equal

broken symmetry of strong interactions, as proposed by
-time commutators is assumed : Operator products at

short distances have expansions invelving local fields multiplying singular functions. It is assumed that the
daminant fields are the 5 U3} <SU(3) currents and the SI7(3) % 58 (3) multiplet containing the pion field.
It is assumed that the pion field scales like a feld of dimension 4, where A is unspecified within the runge
1<A<4; the value of A is a consequence of renormalization. These hypotheses imply several qualitative
predictions: The second Weinberg sum rule does not hold for the difference of the K* and axial-K* prapa-

gators,
the [=1, [,=0 field; 5 — Jwr and

even for exact SU(2) % 50U(2); electromagnetic corrections require one subtraction proportional to
o —+ v are allowed by current algebra, Octet dominance of nonleptonic

weak processes can be understood, and a new form of superconvergence relation is deduced as a consequence.

A generalization of the Bjorken limit is proposed.

I. INTRODUCTION

HERE are a number of problems in strong inter-
actions which involve the short-distance behavior
of the SU/(3)XSU/(3) currents but which cannot be
solved by Gell-Mann’s current algebra' alone. These
problems include the convergence or divergence of
Weinberg _sum rules,® divergences in radiative correc-
tions to strong interactions, the nature of the Bjorken
limit,® etc. Various models have been proposed to
handle these problems, such as the algebra of fields,*
the quark model, or the & model.® These models give
conflicting answers to some of the problems mentioned.
One therefore must consider what further alternatives
to these models exist, and hence to get an idea of the
range of answers possible to the problems listed.

This paper presents a framework in which one can
discuss some alternatives to specific Lagrangian models.
The present framework does not involve Lagrangians:
There are no canonical fields in the formalism, and
operator_products at the same point, for example, the
product_ 7.(x)7(x) of two currents, have no _meaning,
To replace the Lagrangian methods of analyzing short-

distance behavior, two_hypotheses are proposed. The

first is that the strong interactions become scale-in-
variant at short distances. This was proposed by Kas-
trup and Mac.® This means that scale invariance is a
broken symmetry in the same sense as chiral SU (3)
% SU(3). The other hypothesis is that there exist

* Supported in part by the Office of Naval Research.
t The author thanks the Alfred P. Sloan Foundation for s-upE)ﬂrL
i M. Gell-Mann, Phys. Rev. 125, 1067 (1962); Physics 1, 63

(1964).

5. Weinberg, Phys. Rev. Letters 18, 507 (1967); 5. Glashow,
H. Schnitzer, and g.s‘-‘-'cinberg ibid. 19, 139 (1967); T. Das,
V. Mathur, and 5. Okubo, ibid. 18, 761 (1967).

1 J. D. Bjorken, Phys. Bev. 148, 1467 (1966).

4P, D, Lee, 5. Weinberg, and B. Zumino, Phys. Rev. Lelters
18, 1029 (1967).

i M. Lévy, Nuovo Cimento 524, 23 (1967); M. Gell-Mann and
M. Lévy, ibid. 16, 705 (1960).

o (5. Mack, Nucl. Phys. B5, 459 {1968), and references cited

therein,
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“operator-product expansions” for products of two (or
more) local felds (neat\the same point, For example,
one can construct expansions for products such as
Fulx)7.(3) or ju(x)5(3)7.(s) when y and 2 are near x.
These expansions contain functions which are singular
when y=2x or y is on the light cone through x. These
expansions give a more detailed picture of the short-
distance behavior of products than one gets if one only
knows equal-time commutators. These expansions origi-
nated in detailed studies of renormalization in pertur-
bation theory.? The importance of scale invariance for
the analysis of short-distance behavior is apparent in
the power-counting arguments of Dyson and in the
relation between the renormalizability of an interaction
and its dimension, pointed out by Umezawa ef al.®

Scale invariance is sometimes thought of as a feature
special to certain strictly Lagrangian theories. However,
an analysis of the Thirring model® shows that scale
invariance can persist in a theory where, for example,
the canonical commutators have been destroyed by
renormalization effects. (The Thirring model invelves
a spinor field in one space, one time dimension with a
Fermi coupling,) While scale invariance persi

@

scaling laws for particular fields change as the coupling 1 g

constant changes. This will be assumed to hold for '

strong interactions also, so that the scaling laws for
strongly interacting fields will be assumed to differ
(because of renormalization effects) from free fields.
The hypotheses of this paper leave much to be deter-
mined; nevertheless, when combined in a simple way
with current algebra, one can make a number of qualita-
tive predictions. The applications considered in this

1], Valatin, Proc. Roy. Soc. (London) A222, 93 (1934); A222
228°(1954); A2, 535 (1054); AZ26, 254 (1954); W. Zimmermann,
Nuovo Cimenta 10, 587 {1938); K. Nishijima, Phys. Rev. 111,

005 (1938); K. Hxag:l: ihid. 112, 668 {1938); R. Brandt, Ann. Phys. L,

LY 44, 220 (19
, 161 (1967).
* 5, Sakata, H. Umezawa,

J; W, Zimmermann, Commun. Math, Phys.

od 5. Kamefuchi, Progr. Th

E. ¥
Piy. {t;ﬁy.;.mi 7,377 (1952); . Umezawa, ibid. 7, 531 (:-95'33*: ,}»—*‘}"
L4

. Johnson, Nuovo Cimiento 20, 773 (1961).
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1500 KENNETH
paper include the validity of Weinberg sum rules, di-
vergences in radiative corrections to strong interactions,
g+ 3x and x"— 2y decay, nonleptonic weak inter-
actions, and the Bjorken limit.

This paper is only a summary of the ideas involved
in the two hypotheses and a survey of their applica-
tions. Many details, some of considerable complexity,
have been omitted.

Operator-product expansions are introduced in Sec.
IT. Scale invariance applied to operator-product ex-
pansions is explained in Sec. 1II. The scale-invariant
part of strong interactions is discussed in Sec. IV. The
effect of mass terms in the Lagrangian (the mass terms
are to be treated as interaction Lagrangians in the sense
of perturbation theory) is considered in Sec. V. A spedi-
fic set of mass terms is proposed in Sec. VI. The appli-
cations are analyzed in Sec. VII. Section VIII contains
final comments. .

II. OPERATOR-PRODUCT EXPANSIONS

An equal-time commutator of two local fields 4 (x)
and B(x) is expected to be of the general form

["I Ex'th:E Ex':‘l Yj ]'= EH D, [K— }'}O.(I] ] {21}

where the 0,(x) are a set of local fields at x [including
the unit operator I which for the purposes of this paper
is a local field Qgfx)=1; it is local because it commutes
with the other local fields for spacelike separation].
The functions_Dy(x— y) are § functions or derivatives
of & functions.

The generalization proposed here is that an ordinary
product A4 (x)B(y) has an expansion when the four-
vector y is near x, of the form

A(X)B(y)= L a Calr—3)0a(). (2.2)

Here the functions Ca{x—y) depend on a four-vector,
not a three-vector. Instead of being § functions, they
involve powers of x—y. They can have singularities on
the light cone of the form [(x—y)*—ie(zo—30)1?, p
being any real number (it need not be an integer).
They also involve logarithms of (x—y)% The complete
expansion in geperal involves an infinite number of
local fields O,(x) but to any finite order in x—y only a
finite_number of fields contribute. The expansion is
valid in the weak sense: One must sandwich the product
A(x)B(y) between fixed final and initial states (o] and
[8). The expansion is then valid for y sufficiently close
to x.

These operator-product expansions exist for the free
scalar and spinor field theories and for renormalized
interacting fields_to all orders in perturbation theory.
In every case they are valid for any elementary or
composite local fields: A (x) and B(y) can be elementary
scalar or spinor fields or local currents or the stress-
energy tensor or any local Wick product in a free-field
theory. Similar expansions exist for T products or com-
mutators at small distances or products of three or

G. WILSON 179

more fields close to the same point. {These statements
will be demonstrated in a separate paper.) One can
compute the equal-time commutator of .1 and B, given
the operator-product expansion for A (x)B(y) (see
below); one can also compute equal-lime commulators
of any time derivatives of 4 and B.

There are several reasons for using opecator-pr
nsi in pla 1-1] Lo des-
cribe the short-distance behavior of a field theory. One
r is th ual-ti u an i in-

finite conslants, wher he expansion

“C.(x—y) cannot. For example, the Schwinger term in

the commutator of two quark currents contains a di-
vergent constant.’ In contrast, the functions C n(x—3)
must be distributions in the four-vector x—y since the
operators A (x) and B(y) are, and a distribution cannot
contain infinite constants.!! A related result is the
following: The Bjorken limit, formulated in terms of
equal-time commutators, predicts that Fourier trans-
forms of amplitudes, such as (z] 74 (x) B(0) | 8), will be-
have as a power series in the transform variable gi™
when go is Jarge, q being held fixed.? With the more
general operator-product expansion it is found that
fractional powers of g are also possible; they occur in
the Thirring model in one space and one time dimen-
sion.)? Other advantages of the operator-product ex-
pansions are: They are manifestly covariant, they exist
for T products of operators, and one can give a simple
discussion of symmetry-breaking effects to all orders.
One can relate the operator-product expansion of

" A(x)B(y) to the equal-time commutator of 4 and B.

Suppose Co(x—y) behaves as [ (x—y)?—ie(xo—y0) ] for
some power p. (If A and B are not Lorentz scalars, there
would also be a polynomial in the components of x—y.)
The ie comes in- because intermediate states have only
positive energies and only intermediate states of very
large energies (larger than the fixed initial- and final-
state energies) contribute to the light-cone singularity.
These high-energy states are exponentially damped if
one gives 1y a negative imaginary part. So (x—)?
becomes (xg—yo—ie)*—(x—y)%. The commutator
[A(x),B(y)] for y near x (but ne/ equal times) has
an expansion

[A(x),B(»)]= X Ea(z—7)0u(x),
where Ey(x—+) is
Ey(z)= E[(—s*iea)?— (—a"—ie) ] (24)

and E is a constant. The second term comes from the
product B(3)4 (z): It makes Eqy(z) vanish for spacelike
z. One can convert Fy(z) into a sum of & functions in 2,
for any nonzero but small 25, One uses the definition of 2

(2.3)

10 The calculation is similar to that of J. Schwinger, Phys. Rev.
Tetters 3, 296 (1959).

" The Wightman axioms are assumed.

it This is a consequence of the analysis of Sec. VIT plus known
%up-ertles of the Thirring model; see K. Johnson, Nuove Cimento

, 173 (1961).
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§ function

f 5(2)p(z)=p(0) 2.5)

f (V&) Jo(z) = —7p(0), etc, - (26)

where p(z) is a differentiable function of z, and S
= Sd%. One writes

f o7 Eole) = f [p(0)-+2-Vp(O)+ - 1Eafa). (27) -

It makes sense to expand p(z) in a Taylor series because
Ey(z) vanishes unless |z| < |zo|. One now sees that the
function Ey(z) is equivalent to a sum of & functions:

Ey(s)=Fo(za)*(z)+ Palze)- v83(2)4+---, (2.8)

whera
Folze)= f Eq(ze,2) (2.9)
Fi(zo) = — f Liy(z,2)2, ete., (2.10)

The dependence of the function Fulzo), etc., on zq is
determined by dimensional analysis to be

Fylzg)= fozg 7+,
Fi E.Sﬂ:l = flzu_’ rH ¥ eke. 3

where f» and f; are constants (proportional to E).
Actually f, vanishes because of rotational symmetry,
but there will be tensor quantities fa;, etc., which do
not vanish.

The equal-time commutator is obtained by letting
gs— 0. The coefficient of §(x—y)I in the commutator
is Fy(0), which is

(2.11)
(2.12)

MODELS OF CURRENT ALGEBRA

1501

ing finite-mass vector-meson theories'?) by the exact
and broken symmetries of the theory. The most crucial
of these symmetries is broken scale invariance.*'* The
free scalar and spinor field theories with zero mass are
exactly scale-invariant. Mass terms and renormalizable

in tions'® b he symmetry but the ghost of {
le i iance stil i i
functions.!* Exact scale invariance means that the field
theory is invariant to a one-parameter group of trans-
formations I/(5). The local fields Oa(x) transform as

U(5)0a(2) U (5) = 550u(s).. @07

In free-field theories the constant d(n) is the dimension
of the field Oa(x), that is, Ou(x) has dimension m?™
in mass units. For example, a free spinor field (x) is
transformed to s¥%(sx), the power of s being deter-
mined so that the canonical commutation rules are
invariant. A free spinor field has dimension m*”, again
because of the canonical commutation rules. It is im-
portant for the dimension of y that there is no dimen-
sional constant in the canonical commutation rule. One
can always change the dimension of ¥ by multiplying
it by a power of a mass m but this puts a dimensional
constant into the commutation rule. Multiplying ¢ by
a constant does not change its transformation proper-
ties to I7(s).

Tn an exactly scale-invariant theory the behavior of
the function Ca(x—y) is determined except for a con-
stant by scale invariance. Performing a scale transfor-
mation on Eq. (2.2), one has

sdatdnd (sx) B(sy) =2 Calx—y)s¥™0.(s52). (3.2)

Expanding the left-hand side,
stardn 5 O (sx—5y)0n(sx) = Lo Calz—y)s9™0n(sx) .
(3.3)

T the fields O.(x) are linearly independent (this can
always be arranged), one must have

Colsx—sy) =g da—dutd(lC (y—q). (3.4)

0, if p<1.5
fo, if p=15 This equation says that Ca(x—y) must be homogeneous
T ' of order —da—dp+d(n) in x—y. The Lorentz trans-
w, if p>15. formation properties of Cn(z—y) then determine the
Similarly, the coefficient of V¥ (x—y)}I is nonzero i bebiavior of C.(x: -9) completely except foc one or more
$22.5 and infinite if $>2.5. This analysis is based on constants (one, if Cy(x—y) must be a scalar]. In pat- N
= o ticular, the strengt! light-cone singularity is de. LL*

a particular definition of the equal-time commutator
(the limit for 2o— 0 of the unequal-time commutator).
It may not apply to other definitions. It is clear that the
operator-product expansions have greater flexibility in

termined e dimension dsFdg—d

C, can be}?
singular only if da+-ds2d(n) and becomes more singu- ,_p’{ ‘F..Q“'

lar the larger da-t-dp is relative to d{n).

the form of the coefficient Ca{x—y) than do the equal-
time commutators unless one permits infinite coefficients
in the equal-time commutators,

4

ITl. SCALE INVARIANCE

The nature of the singularities of the functions
Ca(x—y) is determined in known ficld theories (eaclud-

In a free-field theory the fields 0.(x) that occur in
operator-product expansions are the free field itself, its

13 The short-distance behavior of vector-meson theories s com-
plicated by the langitudinal pact of the vector-meson propagator.
The analysis of this paper would have to be madified to take this
into account; this the author has not done.

W Seale invariance in free-feld theories is dizcuszed (as part of
the confarmal group) by J. Wess, Nuove Cimento 15, 1086 (1960).

U8 Treated in pertuchation theory.

8 Spe Sec, V.
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derivatives (of any order), and all possible local Wick
products. For a free scalar field ¢(x), examples of fields
0.(x) are

6(x), V,9,9.8(x), :¢(x):, Vu:61(x) V8 (2) V19(x):, ete.

Tt is usually desirable to use a linearly independent set
of these fields, so that one would exclude V. Veg(x) and
(%) V,V*¢(x): and others which are fixed by the free-
field equation. The set of fields O,(x) for a free-scalar-
field theory can be ordered by dimension, starting with
the unit operator (dimension zero) and the scalar field
$(x) itzelf (dimension 1). There are two fields of dimen-
sion 2 [V,é(x) and :¢*(x):]. The number of fields
multiplies rapidly as the dimension increases, but never-
theless there are only a finite number of linearly inde-
pendent local fields of dimension I or less, for any finite
bound [, This is true also of the free-spinor-feld theory.

The ordering by dimension is & useful concept because

the functions Ca(x—y) become less singular as the di-
mension d(n) increases. Cglx—1y) is the most singular
function (if it does not vanish identically), and only a
finite number of the Cu{x—¥) can be at all singular.

Ope can construct explicit operator-product expan-
sjons in a free-field theory. An illustration will suffice.
Consider the product :¢2(x): :4*(y):. It can be written
by Wick's theorem:

c2(x): 14%(y): = 2[ D(a— ) FI+4D(x—3): ¢(x)b ()
+:¢2(x)¢y):, (3.5)

where D is one of the free-field singular functions. It
scales as (x—y)~%. Expand the Wick products in a
Taylor series in y-—x, for example,

3(2)(r): = 192(2): + ()1 $(DVrp(x): 4 -, (36)

and likewise for :¢2(x)¢*(y):. One then has an expansion
of the desired form, escept that the set of operators
involved is not linearly independent [for example,
- $(z)V,Ved(x): is included]. The final step is to reduce
the operators to a linearly independent set, which is
formally straightforward but in practice rather com-
plicated. The resulting expansion has all the properties
discussed here.

Tn an exactly scale-invariant theory the singularities
of the functions Cp(x—7y) are determined by pure sym-
metry considerations (scale invariance and Lorentz in-
variance), except for constants. If there are internal
symmetries, some of these constants will be zero. The
scale-invariance requirements override any other con-
siderations; for example, one cannot demand that the
equal-time commutators of all local fields be finite. If
A(x) and B(y) are fields of high dimension, then their
commutator will contain terrifyingly singular functions
leading t _time commutator with many deriva-
tives of § functions and many divergent constants,

The current commutators are a special case, where
equal-time commutators must exist (apart from Schwin-
ger terms). Let Q be the generator of an internal sym-

G. WILSON k]

metry in an exactly scale-invariant theory. Then there
will be fields A4 (x) satis{lying

[4(x),0]= g4 (x) (3.7

for some constant g. This equation is invariant Lo scale
transformations only if Q is invariant:

Ui()QU(s}=0Q. (3.8)

Tf  is the space integral of a current fu(x), then go(x)
must transform as

U(s) jo(x)U ()= s*fols) . (3.9)

Consider the unegual-time commutator of 7ely) with
A(x) which, for x near y, has an operator-product ex-

pansion
[-‘4 &')rjﬂb'}jﬂ EH K“[::G— }'}anﬂ . (3‘-1{]}

Since j, is a conserved current, K..(x—y) is conserved,
This means that the integrals

h=£Kﬁmﬂ

are independent of time. Hence they cannol diverge
for z9— 0. At equal times (xo= 7o) one has

[A(x),50(¥)]= s kad*(x—y)O0n(2)4-ST. (3.11)

where the Schwinger terms (ST) involve derivatives of
& functions whaose coefficients may be divergent. To be
consistent with Eq. (3.7), one must have

gA (x)= L n kaOn(2). (3.12)

Note that k. can be a nonzero constant only if Kaalz)
scales as 3, which means (0, has the same dimension
as A=), -

A similar analysis of the translation generator P,

shows that P, has dimension 1 and the local stress- £
energy tensor has dimension 4.
IV. HADRON SKELETON THEORY

- - w.. i . v & - N{A{

ically interesti i & nno - finite- e
mass particles. But one can hypothesize that there exists "
a scale-mvariant theory which becomes the theory of %
strong interactions when one adds mass terms to the -

Lagrangian. This leads to the idea of broken scale in-
variance proposed by Kastrup and Mack.® This idea
will now be explained in detail. In this section the scale-
invariant theory underlying strong interactions will be
discussed, and in Secs. V and VI the effect of mass terms
will be considered.

It is assumed that the strong interactions contain
some arbitrary fundamental parameters just as the mass
and charge of the electron are fundamental parameters
in electrodynamics. However, the greater complication
of strong interactions means that the parameters. of
strong interactions are not physical masses and coupling

e e e m——— ———
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constants; they show up explicitly only in the short-
distance behavior of strong interactions, Implicitly, they
determine all of strong interactions, but to calculate
physical masses and coupling constants one has to solve
the strong mteract*nm, which is not possible at present.
In physics these‘pua.m::ters have particular values, but

NON-LAGRANGIAN MODELS OF CURRENT ALGEBRA

o= f Cx,Bha(x) — B0y0(2) .

Given that 8,, is traceless, symmetric, and conserved,
these generators are also conserved.

The skeleton theu['f is presumed to have operator-

-;nruducl: expansions like Eg. (2.2). The coefficients

the theory of strong interactions is assumed self-
a istent values of the parameters. In jcu-
N lar, if all the parameters are zero, it will be assumed thal
¥ _all partial symmetries become exact. The theory with

T T

MR

L
'

W

=
-

e \T'J; W f."“';‘“ > Lt *}a,

o

all free parameters set equal to will be call
“skeleton theory.” Tt is assumed that the skeleton
theory is a theory with all physical masses equal to
zero, which is exactly scale-invariant, and exactly in-
variant to P, C, PCT," SU[ﬂXSUH}, and baryon
number, The quark model suggests there should also be
an “axial baryon number” but this.will not be con-
sidered here for the sake of expediency. Many of the
complications of the finite-mass theory should be absent
from the zero-mass theory: All finite-nass thresholds
are gone, replaced by a continuum starting from mass
zero. If there are Regze families of particles, the whole
family is telescoped into the zero-mass point. A two-
point function G(z), which could be extremely compli-
cated in the finite-mass theory, is now a simple power
of z because of scale invariance.

The skeleton theory has a set of lgcal felds. This set
divides into two linear spaces: the space of local Bose
fields and the space of local Fermi fields. Each set can
be defined as the set of fields which commute with the
SU(3)XSU(3) currents for spacelike separations. A
linear combination of such fields is also a local field, so
that these sets define linear spaces. Each space will be
assumed to have a countable linearly independent basis.
The two bases will be lumped together and denoted by
{Oa(x)}, How the basis is comstructed is largely ar-
bitrary, and there will be many equally valid choices
of basis. However, it is convenient to define subsets of
fields which belong to particular irreducible representa-
tions of the symmetries and choose the basis fields from
these subsets. In practice, it is convenient to let a par-
ticular On(x) be an individual field and not a multiplet;
it might be & component of a vector feld, for example.

The skeleto ' ially elegant if the stress-

Ca(x—y) are determined except for constants by scale
invariance and other symmetries. No proposal will be
made here for determining these constants. However, it
will be assumed that these constants are all unique and
dimensionless.”® Then dimensional analysis of the oper-
ator-product expansion shows that the dimension of a
local field A (x) is the same as its scale-invariance quan-
tum number d 4. There are also operator-product expan-
sions for products of three local fields A 1(x)A2(y)44(z),
or even more. In this case, the expansion functions
Ca(x—y, x—s3) can depend in an arbitrarily complicated
way on the ratio (x—y)%/(x—2)* without violating any
invariance. No procedure will be offered for determining
the dependence on such dimensionless arguments.

It will be assumed that the fields On(x) of the basis |
are ordered by dimension. For any given dimension

/gﬂg‘m’ tensor A, of the skeleton is a traceless symmetric

tensor, so that it belongs to an irreducible representa-
tion of the Lorentz group. This is the case for the quark
model. It makes scale invariance and Lorentz invariance
automatic, given translational invariance, because the

generators of scale transformations and Lorentz trans-

formations become
D=fx"ﬁ_.-..(n.']lj

7 Since POT is autematic in a local-ficld theory, it ean and will
be ignored,

f(4.1)

there will be one or more multiplets of fields labeled
by their Lorentz representation, baryon number, SU/(3)
X SU(3) representation, and P and C properties. Of
particular importance are the fields of low dimension,
since these felds have the most singular coefficients in
operator-product expansions. As a result, they will de-
termine singularities in radiative corrections, conver-

gence of Weinberg sum rules, etc. In practice, it is the
fields of dimension 4 or less that are important.' There

are several fields that mast have dimension 4 or less.
First, there are the SU(3)XSU(3) currents and the
baryon current. These will be assumed to satisfy Gell-
Mann's current algebra in the skeleton theory as well

as the physical theory. So the currents have dimension
3, The stress-energy tensor has dimension 4T

4, There must
also be an SC(3)XSU(3) multiplet including the pion
field, with a dimension A less than 4, and greater than or
equal to 1. The dimensional restriction is necessary to
make partial conservation of axial-vector current
(PCAC) work when SU/(3) X SU/(3) is broken; this will
be explained later.®® This multiplet will be assumed to
be an irredubible multiplet transforming as the (3, 3
@(3,3) representation of SU{I)XSU(3).2 All these
properties are true of the SU(NxSU(3) ¢ model in
which the pion-field multiplet has dimension 1, and
the quark model in which the pion field has dimension

W For each field (%) there is one arbitrary normalization
factor, which one chooses to be a dimensionless constant.

Ay exception is in_the problem of nonleptonic weak inter-
actions where the crucial question is the dimension of the first
local field in the basis with the quantum numbers assumed for
the nnniﬁtonic weak Hamiltonian. See Sec. VII E.

e end of Sec. VI
* T'his was proposed hy Gell-Mann (Ref, ).
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3.22 [ere no assumption will be made about the dimen-
sion A beyond the restriction 15 A<4.

Are there other filds besides the ones mentioned
above with dimension 4 or less? It will become evident
that this is a vital question. The author has no way to

answer it conclusively. 0c roach, it will
be assumed, t ct with, that there are no other ficlds
din jon 4 o An extra field [an SU(3) % SU(3)

singlet scalar field] will be proposed later because it is
needed as a mass lerm in the Lagrangian.

n free-field models [the SU(3)XSU(3) ¢ model or
the frec-quark model] the basis set of fields {O.(x)}
can be constructed from Wick products and derivatives
of the elementary fields. Thus, in the quark maodel, the
fields of dimension 4 or less and zero baryon number are
fields of the form :fe: or : Vfad: or :faVup:, Where
a is any spin and SU(3) matrix and ¢ is the quark

field. These felds all have dimension 3 or 4.5 A study

+e model has convinced the author that

the dimepsions of fields in free-field models have little
] {mensj fields in strong inter-

( actions, In the Thirring model there is a single dimen-
sionless coupling constant A and the theory is scale-
invariant for all values of A. In the free-field limit of the
Thirring model the spinor field ¢ has dimension i as
expected from the canonical commutation rules in one
space dimension. However, the dimension varies con-
tinuously with A and approaches = as A approaches

normalization the field does not satisfy canonical com-
mutation rules and hence does not have to have dimen-
sion 4, However, the Thirring model has charge and
axial-charge conservation and the equal-time commuta-
tors of the charges with the spinor field force the cor-
responding currents to have dimension 1, which they do.
This is the same as the dimension of the product Jv.¥,
only in the free-field limit. So in thinking about the
dimensions of operators in the strong interactions we
do not assume that there are elementary fields satisfying
canonical eommutation Tules and do not assume that
the other local fields have the same dimensions as
products of elementary fields. It is also not assumed
that fields exist with the same dimension as the product
of two pion fields or the product of two currents. (Th
latter assumption affects the theory of nonleptlonic w
interactions.'?) This leaves one with enommous fi

bility in choosing dimensions of ﬁ;:]/d.s.
V. MASS TERMS: GE]'IERALITIES; ;"fj"

Now consider the problem of interactions,’ that is,
departures from the skeleton theory.

Y

2. ‘This is a consequence of renormalization ; after re-  erates terms 1ugarithmigalimﬂmﬂum.

G. WILSON 79

1d er-renormalizable
ions only in low
“renormalizable interactions, and nonrenormalizable in-__
teractions. Each interaction corresponds to a local
Lagrangian density scalar to Lorentz transformations
and invariant to exact internal symmetries. Clearly any
Lagrangian density must be a linear combination of the
basis of local fields {Oa(x)}, so that it is logical to use -
the subset of fields from the basis which are scalars and
exact to internal symmetries as the specific interactions.
One then has a basis {£{z)} of possibe i '
led f he complete basi 1]}, Tt was shown by
Umezawa ef al.® that a renormalizable interaction must
have dimension 4 or less. If it has dimension less than
4, jt is a super-renormalizable interaction (e.g., the ;g%
interaction of a scalar field). Free-field mass terms (for
scalar or spinor fields) have dimension less than 4.

As long as interactions on a free-field theary are
treated in perturbation theory, one finds that operator-
product expansions at small distances [like Eq. (2.2)]
exist in the presence of interaction, but that the different
types of interaction have profoundly different effects
on the expansion coefficients Ca(z). If one has only Y
_mass terms and super-renormalizable interactions.then. 4o

hoea senormalizable interaction, the interaction gan\ &
' )

“keleton term. Finally, a nonrenonalizable interaction t,”;}
treated in lowest, or n LWREHI&L)
by a power of z than the skeleton term. For every type
of interaction or mass term, the functions C.(x—y) can
be written as a power series in the coupling constant or
mass {only to first order for nonrenormalizable inter-
actions). The mth-order term in the series scales as
gnl—40 relative to the skeleton term, where d; is the
dimension of the interaction. There can also be loga-
rithms of (z)%/m?, where m is the {ree-field mass.
Similar conclusions apply to interactions on the
dron skeleton. One defines the basis of possible in-
ractions as the subset of fields {£{x)} from the basis
{0} which are Lorentz scalars, even to P and C, and
have I=¥=0. (One excludes the unit operator and
_all derivatives of fields from this list, since these are not
- meaningful interactions.) There are three types of in-

u-r:(f teractions, depending on their dimensions: G eneralized

mass terms have dimensi 4 % renormalizable

. interactions, if any, have dimension 4 exactly, and non-

renormalizable interactions have dimension greater than
4. A general perturbation formula can be set up to
describe any of these interactions. To avoid innumerable

theory were & freehe ch"ﬂ d_theory, the;& “".:'“l.d bf -E'BLE complications of perturbation theory to all orders one

# The difference in dimension affects the Lehavior of the pion
field, in particular ils bl:‘lpe‘ralﬂr products at short distances. This
was noted by M. Gell-Mann, Phys. Rev. 125, 1067 (1962); Ref. 20.

*1 There is also the unil operator.

1 The results stated below can be gleaned from Rel. 12,

3 Thiz was pointed out hy J. Estherg, Ph.T. thesis, Cornell
University (unpublished).

M (ne cannot distinguish between mass terms and super-
renormalizable interactions in a strongly interacting theory le-
Ea;ge one does not write local felds as products of clementary

5,




quire
ory),
le in-
locul
itions
y any
of the
0 use
s and
tions.
tions,
N h}’
must
, than
2t
[ {fﬂl‘

y are
rator-
(2.2)]
Terent
cffects
H UIII}"
i, then
eleton

ar
1o
L gCn-

i the
action
ngular
¥ Lype
y) can
ant or
inter-
es as
is the

= loga-

wn the
ble in-
¢ basis
i, and
or and
are not
H Df il‘l.'
-ralized
Jizable
id non-
er than
up to
nerable
ers one

ie,

1 super-
eory be-
mentary

& - vl AT O IR R e R T S PR R R EEE R

1

I
|r.""'

writes only a first-order formula giving the change in
< any local (Heisenberg) field (.(x) when any coupling
v constant is changed. That is, if {A: are the set of
G coupling constants associated with the interactions

g, { £}, one obtains a formula for #0.(x)/M;. The usual
o (unrenormalized) formula is

e f [0a(2),£2i(%) Jret, (5.1)

: 1

Wi where [ Jres means the retarded commutator (yo< x0).
¥.r.. This formula has to be corrected both for nonadiabatic
or effects (when physical particle masses vary with A and
§5% for ultraviolet singularities at x=y. The nonadiabatic
dos effects are easily accounted for and will not be con-
siderd here. The ultraviolet singularities can be analyzed
using the operator-product expansion for the commuta-
tor [Oa(x),£:y)] and the singular terms can then be
removed by subtraction. One can then show?T that oper-
ator-product expansions continue to hold in the pres-
ence of the perturbation and obtain formulas for deriva-
tives of expansion functions such as aC . (z)/@hi. These
formulas will not be quoted here. These formulas can
be used to show that the expansion functions have
power series in all interactions. One finds as in the free-
field case that the mth-order term scales as gn(=4
relative to the skeleton term, where d; is the dimension
of the interaction. There may also be logarithms of
x—y. One can avoid logarithms of physical masses
(which depend in a very complicated way on the cou-
pling constants A;) by introducing an arbitrary subtrac-
* tion constant a, so that logarithms have the form
In[(x—9)%/a?], not In[(x—y)*/m*], in the expansion
functions.® If this is done, it is no longer possible to
choose the subtractions for Eq. (5.1), so that the vacuum
expectation value (©|0(x)| ) vanishes.

The gencralized mass terms, with ;<4 give correc-

I g{: tions to expansion functions smaller by a power of z

&, |than the skeleton term. In this case, the divergences
Li;t_ in Eq. (5.1) are primarily due to the skeleton theory.

tors are to some extent unafiected by the presence of
generalized mass terms [more precisely, the equal-time
4 N commutator of a current ju(¥) with a local field A (x)
% is changed only by fields of dimension less than 4 itself].
hi] i il i in-
};}‘

teraction when one wants a symmetry of keleto
" _tohe ahroken symmetry of the theor ; with in ion.
Vi The renormalizable interactions produce corrections
to expansion functions which are logarithmically more
singular than the skeleton terms. Hence, if an intet-
action is not invariant to a symmetry, it can destroy

Lot

1 This paragraph summarizes a very complex anal 5is.

 This possibility was noted by M. Gell-Mann and F. L. Low,
Phys. Hev. 95, 1300 (1954). Tt is essential Lo the subsequent
analysis that logarithms do net involve the couplings A This is
hecause such logarithms would destroy the spurion analysis of
SU(3) %53} -symmetry breaking used in See, VI, for which a
pure pewer series in A; Is essential,

o
[

A
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* Also, the_equal-time commutators of symmetry genera.
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the equal-time commutators associated with the sym-
metry.® However, the number of subtractions needed
in Eq. (5.1) is unchanged by the presence of interaction,
s that one has a renormalizable interaction in the con-
ventional sense. Nonrenormalizable interactions pro-
duce expansion [unctions more singular by a power ol
z—7y than the skelcton terms and hence force one to
make extra subtractions due to the interaction in Eq.
(5.1), so that they are nonrenormalizable in the con-
ventional sense.

Tt will now be assumed that the interactions on the
; n1s.
This means that scale invariance, as well as SU (3)
% SU(3), is a broken symmetry. This is an ad hoc as-
sumption motivated in part by the success of broken
SU(3)%SU(3) and in part because it is hard to use the
ideas of this paper if renormalizable or unreno rmalizable
interactions are permitted (this is not true if the renor-
malizable or nonrenormalizable interactions are present
but small; thus electrodynamic and weak corrections to
strong interactions do not create difficulties).

In order that all terms in a given expansion function
Ca(x--y) have the same dimensions, one must assign
each coupling constant X; the dimension: m* %, where
d; is the dimension of £:. So all generalized mass terms
have coupling constants which carry dimensions; hence,
it is possible for physical masses to be generated by any
generalized mass term.

V1. HADRON MASS TERMS

Consider now the possible generalized mass terms in
strong intcractions. Given the list of fields of dimension
less than 4 assumed earlier, the only possibilities are
two fields from the pion-field multiplet. These are o5
and 7o, where o5 is the I=¥=0, SU7(3)-octet scalar
field, and o is the SU(3)singlet scalar field, Assume
that there is an SU(3) X SU(3) singlet ficld, w(x), also
with dimension less than 4. The need for this will be
seen shortly. Then the interaction Lagrangian can be

written
.'['.:{r]l = :’l.nﬂ'u[:t] 'F'}nﬂg(.‘l.'}‘!‘}l.'lﬂl:.‘ﬂ] B ) (ﬁl}

One would like an order-of-magnitude estimate for
each term in £;. The term Agos(x) is the SU(3)-breaking
term; this is known to cause energy separations within
a multiplet of 450 MeV (the N'* decuplet) or less. As
a mean energy, say Ass~300 MeV. This is a relatively
small encrgy, since it is now known that one should
measure energies relative to m, or maybe my, and not
m,. One can get an estimate on the Ao term but by a
more indirect argument. One knows that in the limit

9 This is related to ohservations of K. Johason and F. E. Low,
Progr. Thearct. Phgx. {(Kyolo) Suppl. 37-38, 7+ ([965).
W The SU3XSU(3)-symmetcy-breaking terms are as pro-
by M. Gell-3ann, Phys, Rev. 125, 1057 (1962}, Eq. (5.21).
ar further discussion of this choice of symmetry hreaking, sce
5. L. Clashow and 5. Weinberg, Phys. Rev. Letters 20, 224 (1963),
and AL Gell-Mann, R. |. Oakes, and B, Reaner, Phys. Rev. 175,
2193 (1968).
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of exact SU(2XSC(2) symmetry the pion mass must
be zero® So the SU(2)XSU(2)-Lreaking term must
raise the pion mass from 0 to 140 MeV; in other words,
the SU{2) X SU(2)-breaking term is smaller than even
the SU(3)-breaking term. To discuss SU(2)XSU(2)
breaking, one must express both oo and o in Lerms of an
SU(2)4-5U(2)-violating operator oy [belonging to the
E?,]ﬂ representation] and SU(Z)XSU (2)-conserving
eld oin:

ao=—(v/3)ost (/1o (6.2)
ay= (v Dovt(/Fers. (6.3)

Since o and og are part of a single irreducible repre-
sentation of SU(3)X.S0U(3), this decomposition of ea
and o3 by SU(2) X SU(2) representation is unique. Now
one has

Mrot-sos=[— (vt (/)N o
+LO ANt (V3 eJoo.  (6.4)

If_m, were zero, the coefficient of ¢ would be zero,
With m, only 140 MeV, the coefficient of o5 should be
roughly zero, that is,

A=z (y/3 ). (6.5)

The error turns out to be of order m.? which even
compared to (300 MeV)? is small. This means the
SU(3)-symmetric term Aoop represents an energy of,
perhaps, 200 MeV. This is why another mass term is
needed to change the p, nucleon, and other heavier
particles from mass zero (in the skeleton theory) to
their observed masses. This requires energies of order
1 BeV, so that dw should be of order 1 BeV.

Given the interaction Lagrangian, one can derive the
PCAC formula. Tt follows from Eq. (5.1) (even in re-
normalized form), that if j.(x) is a conserved current
in the skeleton theory and £ contains only generalized
mass terms, then

V4 ju(x) = i[O}, £1(x) ], (6.6)

where Q(x,) is the charge associated with j.. In the
case of the strangeness-conserving isovector axial-vector
current 4 ,, one obtains

VA u(2) =[— VOt (VI Je(x),  (6.7)

where ¢ is the pion field.

One can now see why the pion field must have dimen-
sion A less than 4. The reason is that the pion field must
be in the same SU(3)XSU(3) representation as the
SU(3) X SU(3)-breaking terms in Ly, due to Eq. (6.6).
But the Lagrangian contains only generalized mass
terms in order not to jeopardize the current cornmuta-
tion relations. The lower bound A2 1 is an elementary
consequence of the Killén-Lehmann representation.

NY, Nambu and G. Jona-Lasinio, Phys. Rev. 122, 345 (1961);
124, 246 (1961). See also 5. L. Adler and R. F. Dashen, Current
Algebras (W. A, Benjamin, Ine., New York, 1968).

VII. APPLICATIONS
A. Weinberg Sum Rules

To iNlustrate the applications of the operator-product
expansions, consider first the question of convergence
of Weinberg sum rules.? Let A,,(x) be an arbitrary lincar
combination of vector and axial-veclor meson propaga-
tors, and Gn(p) be its Fourier transform. The first
Weinberg sum rule holds for G,.(p) if Ay is less
singular than a~4 as x — 0.7 The second sum rule holds
if it is less singular than x~% More precisely, one can
get the second sum rule if either the g. lerm or the
x,%, Lerm in A,.(x) is less singular than 27, So one needs
the short-distance behavior of the product T'V,s(x)
X V,as(0) and TA,a(x)4,5(0) for x near 0; a and § are
SU(3) indices. The behavior is needed Lo order &%
Since Ve and A ., have dimension 3, one will need to
expand in terms of operators Oy of dimension 4 or less.
Since one wants the vacuum expectation value of the
T' product, one needs only operators On With a nonzero
vacuum expectation value. The only possibilities are
I, o4, a5, and w. Terms involving w will always be less
singular than terms invelving I, so that w will be
ignored. Let oo and ¢g be the vacuum expectation
values (@]eo(x)|2) and (2]oe(x){ Q). The linear com-
bination A,.(x) has an expansion

ﬂ.p{r}me(x}-[—Hh, [1':' aot H!nr{:"}"l [?'1}

for = small, with unknown functions 5, H, and H.
The quantity A.(x) is a vacuum expeciation value
of a linear combination of T products. The linear com-
bination of T products can be chosen to belong to a
particular irreducible representation of SU (3)xSU(3).
The currents themselves belong to (8,1)®(1,8),! so
the product of Lwo currents can belong to (1,1), (8,1)
®(1,8), (10,)®(1,10)& (10,1)@(1,10), (27,1)®(1,27),
or (8,8). When one takes the vacuum expectation value,
the decuplet representation disappears. The propagator
combinations which correspond to the other representa-
tions are listed in Table I. To determine the singularity
of H(x), Hy(x), and Hi(x) for each linear combination,
one can do a spurion analysis. If A,(r) belongs to the
same representation of SU(3) X SU(3) as oy, then Hy(x)
will have a skeleton term. 1f not, one must find out how
many powers of the symmetry-breaking parameters Ao
and Ag are needed for Hi(x) not to be zero. This is de-
termined by a spurion analysis with the spurion repre-
senting the symmetry-breaking interaction. The spurion
belongs to (3,3)@ (3,3). Combining one spurion with eo
or s, which also belong to (3,3)® {2,3}, one can produce
all representations except (27,1)@®(1,27): To produce
the Jatter requires three spurions at least. The skeleton
term ip #,(x) would have behaved as 2=+ (6 for Lwo
currents, A for the dimension of the o field). With one
spurion, one has one power of Ag or Ay, and correspond-

3 This would mean A,.(x) being less singular than gu/s* and
a0 28,
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Taste I. Combinations of vector and oxial-vector meson
propagators, associated SU(3) X SU(3) and SU(2) K SU(2) repre-
sentations, and maximum singularity of H, Hy, and Ha®

Aplz) SU3XSU(3) SU2)=SU2) i Ky, Ha
p—dy (8,8) (3,3) 2=24A —2
K*—K.* (8,8) (2,2) 224 -2
w0 (8,8) (1,1} 2=2a -2
x (8,10@11,8) (1,1} 2--24 -3
y Q7,0@(1,27) (1,1 10—4a 624
£ (1,1} (1,1} —6 -2
x: 3pFA)—2E* 4+ K —(w+D)
¥ (e A — (K Ea*) 43+ D)
s pt A1+ K Kt D

= Shorthand: p 1s the p propagatoe, D (s the axial propagator counterpart
[ "] proﬁa.pmr, the column labeled  gives most singular power of = In
Hix), and w s the propagatet made from F= ¥ =0 SUf{J-vctet current,
nob baryon current.

ingly a factor x*2* (apart from logarithms). Hence
Hy(x) scales as =~* apart from logarithms, except for
the linear combination of propagators associated with
the (27,1)@(1,27) representation. The same is true of
Ha(z). The complete results are shown in Table 1. One
sees from Table I that the second Weinberg sum rule
can hold only for the (27,1)&(1,27) combination. How-
ever, as pointed out by Weinberg,? it should be 2 good
approximation to go to the exact SU(2)XSU(2) limit
(As=VZA,). Then the operator-product expansion of
Eq. (7.1) must obey SU(2)xSU(2). But the fields oy
and o5 belong to the (1,1) and (2,2) representations of
SU(2)xSU(2), so that they cannot appear in the ex-
pansion of the p— A, linear combination. So the orig-
inal second Weinberg sum rule converges in the exact
SU{2yxSE{2) limit. This is not true of any of the
SU(3)%SU(3) generalizations [except the (27,1)
@(1,27) term, if it converges without the SU(2)
SG(2) limit ]2 All the SE(3) X SE(3) sum rules con-
verge in the exact SU(3)XSU(3) limit; how good an
approximation this would be to physics, I do not knew.
If A is 3 or larger, then even the first Weinberg sum
rule does not converge, except for the (27,1)@(1,27)
combination. This whole analysis is modified if there
are scalar fields of dimension 4 or less belonging to the
(5,8, (8,102(1,8), or (27,1)8(1,27) representations of
SU(3)%SU(3). Such fields would destroy the second
Weinberg sum rule for the relevant linear combinations
of propagators, whether or not SU(3)XSU(3) is exact.

3 This esntradiets the sssumptions of 5. L. Glashow and 5.
Weinberg, Phys. Rev. Letters 20, 224 (1968). In particular,
Glashow and Weinberg assume the second Weinberg sum rule
for the difference of the K* and K4 propagators, which con-
tradicts the analysis of this paper. Note, alsa, that the symmetry-
breaking mechanism of this Pnrrﬂ is more complicated than that
of T, Das, V. 5. Mathur, and 5. Okuba, fbd. 19, 470 {1967);
Dhas ef ol. propose that the second Weinberg sum rule should be
violated in frst order of SE(3) breaking at least for diferences
of vector-mesor propagators, but hold in second-order SL7(3)
breaking. In the present paper, the violation of the second VWein-
berg sum rule is caused by a combination of first-order SL(3)
X.S‘E.J'E-..‘-} breaking in the Lagrangian and violation of SU(3
XSU(3) in the vacuum expectation values of the o fields, whic
means one ean have violation of the Weinberg sum rule even in

second order of SE7(3) breaking. ,
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B. Divergence in Radiative Corrections

As a second example, consider the question of di-
vergences in the radiative corrections to strong inter-
actions. Consider only the second-order radiative cor-
rections; these are described by an effective interaction
Lagrangian

21 =¢ [ THCHOP),

£

(1.2)

where 7,(x) is the hadron electromagnetic current and
D#(x) is the photon propagator. The divergences in
radiative corrections come from divergences in the x
integral at x=0; they occur if the T product is as
singular as x~%. One is concerned only with the isospin-1
and -2 parts of £:(0). So one needs only fields in the
expansion of the T product which carry isospin. To
cause a singularity =% or greater, these fields must have
dimension 4 ot less. So one writes

T5,(2) 7{0) = L Can(x)0x(0)

with the sum over O.(0) so restricted. Finally, the
integrals of Cap{x)D*(x) over x will vanish because of
Lorentz invariance unless 0.{0) is a scalar field. So one
s restricted to the I= 1, I,=0 scalar field o; in the pion-
field multiplet. So the only possible divergent term in
L£0) has the form

a(j: G,.[qc:lDF'{x])n-gI:ﬂ:l .

T'he behavior of C,(x) is found by a spurion analysis to
be %2, except in the case of exact SU(2)XSU(2) sym-
metry, when it is identically zero. This means that, for
finite pion mass, Cu(x) has a factor #e,. The standard
procedure for obtaining a finite efective Lagrangian is
to subtract the offending term and add an arbitrary
constant times o;:

(7.3)

(7.4)

2(0)= e f CT7,(8).(0) = C (£)as(0) 1D () + fox(0)
) (1.5)

where fis an arbitrary constant. The a3(0) term is the
tadpole term proposed by Coleman and Glashow?* If
there are other isospin-1 or isospin-2 scalar fields with
dimension 4 or less, they too can cavse divergences in
radiative corrections,

C. n— =t=l=" Decay

Two specific problems involving electromagnetic cor-
rections will be considered here: the 3 — 3w decay and
the = — 2v decay. First, consider the 5— Jir decay.
Experimentally the amplitude for n— 3= is well fitted

# 5 Coleman and 5. L. Glashow, Phys. Rev. 134, B6T1 (1964).
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by the formula®

Alg— stbab = A [ 1—m, a5y E,}] , (7.6)
where

So=[g(n)— (="}, (1.1

Se=mim2, (7.8)

(7.9)

and g(g) and g(=") are the 4 and =° four-momenta. It
was shown by Sutherland® that the amplitude A should
vanish when any pion four-momentum goes to zero.
H the =+ four-momenium goes to zero, then g(n)—g(=%
must equal g(x~), and Sg is m,* In this case, Eq. (7.6)
gives an amplilude less than 0.14,, in good agreement
with Sutherland’s prediction. But when the #° four-
momentum goes to zero, Sg becomes M, and the y — Jr
amplitude is about 34,

Sutherland’s calculation assumed the unsubtracted
form (7.2) for the eflective électrodynamic Lagrangian.
With the subtracted form (7.5) the calculation is dif-
ferent.’” Sutherland’s argument applies to the first term
in Eq. (7.5) but not to the term fou(0). The field a3
commutes with the charged axial-vector currents but
not with the neutral axial-vector current. [ The relevant
SU(3) % SU(3) commutators are given by Gell-Mann.Y]
As a result, one still predicts that the 5 — 3= amplitude
vanishes for zero =+ momentum but not for zero =°
momentum, Thiz agrees with experiment. When
g(x?} — 0, the y— 3= amplitude will be proportional
to the subtraction constant f. Since f is an unknown
parameler, it can be chosen to fit the 5 — 3r decay
amplitude. There remains a problem in 5 — 3= decay,
namely, its relation to the K and = mass differences
oblained by first taking two pions Lo zero momenium
in the 3 — 3= amplitude, which reduces it to the n-r
eleclromagnetic mixing amplitude, then relating the
mixing amplitude via SU(3) to the X and = mass dif-
ferences.” This analysis does not work very well, but
it involves more dubious approximations than the

“simple current-algebra calculation.®

It has been proposed that the tadpole contributions
to electromagnetic corrections be obtained dynamic-
ally—in terms, say, of the 4. Regge-pole contribution
to the virtual forward Compton amplitude.® It remains
to be seen whether such a term has a different SU(2)
HKSU(2) behavior from the unsubtracted electromag-

a=—0.2£0015,

= The value for o is taken from M. Gormley, E. Hyman,
W. Lee, T. Kash, J. Peoples, C. Schulz, and 5. Stein, Phys. Rev.
Letters 21, 402 (1968). .

=D, G, Suﬂﬁer'l-.n:l Phys. Letters 23, 384 (1966).

7 5. K. Boze and A M. £me¢rm:1n Muowve Cimento 434,
1165 (1966); K. Kamachandran, fbid. ‘ﬁ'.ﬂ- 669 (1967); R, H.
Liraham, L, O"Kaifeartaigh, and g, Paksava, riid. 454, 830 (1967);
Y. T. Chiu, J. Schechter, and Y. Usda, Phys. Rev. 161, 1612
(1967); D. G Suther]and Wucl. Phys. BE 433 (1967). For =
review of other theories of p— 3» decay, see ]. 5. Belland D, G.
Sutherland, shid, B4, 315 (1968).

# See 5. L. Adler and K. L. Dashen (Ref. 31}, p. 137,

® 5. Okube, Phys, Rev. Letters 18, 236 (1967); D J. Gross
and H. Pagels, Phys. Rev. 172, 1381 {1968).

KENNETH G.

WILSON 179
netic Lagrangian, which is necessary if it is to account
for the 53— 3r decay.

D. ="— ¢+ Problem

The decay =°~+ 2y has been shown by Veltman and
Sulherland® to be forbidden by current algebra and
gauge invariance. The invariant amplitude for =* decay
can be written

Tl ph) = €pragp kT (R7), (7.10)

where p is one of the photon momenta and % is the »°
momenium. The photon momenta will be kept on the
mass shell [p2= (k—p)*=07]. The argument of Veltman
and Sutherland predicts that T(0) will be zero. Bell
and Jackiw® have recently pointed out that there exists
a specific calculation of 7(0) in the ¢ model, and that
T(0) does not vanish. The calculation is an old calcu-
lation of Steinberger. 4

The resolution of this contradiction is in a break-
down of the usual arguments that one uses in writing
Ward identities. Namely, one is used Lo taking a matrix
element such as (A4 | T§,.(x)¥V*7.(¥}| B} and rewriting it

Vo (4] T3u(2) 703 | B)+ 8(xo—wo)A | [7u(x), 5o(3)]| B) -

But in the case of the " — 2y amplitude, which involves
the matrix element (0] T7.(x)7.(+)V"A.(z)|2), extra
terms arise when ¥ is brought outside the matrix ele-
ment. The extra terms involve the singularity at x=y
= and involve complicated integrals. The author has
not evaluated these integrals even in the o-model ex-
ample, let alone sirong interactions; however, one can
argue that they do not obviously vanish in either case.

A brief account of the analysis will now be given.
The #* — 2y amplitude can be written

T!"'(.P:k} = (k!__ m'tj [F,m, ’}_’f f gl sgikes

XAQ| T5u(x) 1 (O)V AL (=) [ D), (7.11)

where F, is the PCAC consiant,
Vrd fx)=F . m. (x), (7.12)

¢ is the #° field, and A, is the neutral axial-vector field.
The quantity T(0) can be extracted from the formula

VoV T (28] | pmkmo= €masT(0) . (7.13)

% YVeltman, Proc. Roy. Soc. (L undun}l AZDL, 107 (1967);
D. G. ‘Fulhﬂiand Mucl. I"h\'s B2, 433 (19G7). For related work
on the wes s}rslcm see K. Perrin, l"‘h:.‘i Rev, 170, 1367 (1968);
S. G. Brown and G. B, West, ibid. 174, 1777 {1953]'; . Arnowitt,
M. H. Friedman, and P. Nath, Northeastern University
{unpuhlished).

4], 5. Bell and R. Jackiw, Nuovo Cimento (to be published).
I wish to thank Dr. Jackiw for very helpful discussions on the
=* — 2v problem. See alse S. L. Adler, Phys. Rev. 177, 241!3
(1969) ; his conclusions are equivs alent to gurs.

LA Slﬂnbtrgc: Phyvs, Rev, Th, 1180 (194%).
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So wh&rf:

‘F-ﬂ#TED}=Fr_lf f-x-.z,a{ﬂ[Tj,.{x}j,(ﬂ}‘i”ﬂ,,(s}iﬂ}. Il=f f ?J[J:.z;F,,.,(,r,s]], (7.20)
T 40 - SR

(7.14)

In the o-model calculation in lowest-order perturbation
theory, this matrix element involves the currents of a

free charged Dirac field ¢:
Fulx)= 2p(xhrd(x):
A ()= i (rrerab(x): .

These currents commute for equal times (except for
¢-number Schwinger terms which cannot affect the
three-current matrix element), just as the currents j
and 4 of strong interactions do. Also, the free-field
current f(x) is conserved and A ,(x) is partially con-
served. Furthermore, T(0) is defined by a convergent
integral; in fact, if one rotates the x, and zq integrals
to the imaginary axis (thus going over to a Euclidean
metric), the integral for T(0) is absolutely convergent.
{'This can be verified explicitly for the free-lield currents,
and is a consequence of the hypotheses of this paper for
the currents of strong interactions.) Consider the effect
of the conventional rules for interchanging a T product
with a gradient. One can simply bring V= outside the
T product because all equal-time commutators are
zero. Define

Fpe(,2)= (0| T5u(x) 70} A '["}l o),
and consider the following identity: -

2a2a Vo F pro(7,8)= V" [vazsF wrel1,2) ] — (Vo"+ V.7)
X [xuern :rﬂ]—lr_ v: '[-rnszr wﬂ]+ xﬂs!(v! '+ v¥'}FF rd
%2 Ve F yag. (7.18)

(7.15)
(7.16)

(7.17)

The first three terms are total derivatives; the last two
terms wvanish according to the conventional analysis
hecause of the conservation of jf,. The integrals of the
first three terms are zero; hence T(0) should vanish.

This tvpe of argument treats cavalierly the intrinsic
singularities of Fu.(r,s) when two or more operators
are evaluated at the same point. To set up a more
careful treatment, the first step is to define the integral
(7.14) such that the singular points do not occur in the
range of integration. This is easy to do: One calculates
the integral excluding the regions [xe| <, [2a] <€, and
| xa— 50| < €”, for small but finite ¢ ¢, and ¢*. Then
one takes the limits e—0, ¢ — 0, and ¢’ — 0. The
integral, being absolutely convergent, is independent
of the order that one takes these limits.

One now calculates the integral for finite ¢, ¢, and €
using the identity (7.18). Because the singular peints of
Faeelrz) are excluded from the range of integration,
the identity helds without question, and the last two
Lerms are zere. One is left with

tpraaT10) = (I T4 1), (7.19)

and Is and Iy are analogous. The z integral can be writ-
ten in terms of surface integrals on the surfaces zp
—4¢ and zo= ro¢”. Consider, for example, the sur-
face integrals at so= xo=t¢": They are :

[ f I:J'l:#q '_Iﬂ+ l'.”} - ‘5[511_' 2 E”} ]I,E;FF"{:EPS} .
o (7.21)

The & integral must be broken into two parts. In one
part, x is restricted to be far away from the origin,
compared to €. With this restriction one can let €' —0
inside the integral without making much error®® and
the integrand reduces to an equal-time commutator
which vanishes. This is no longer true if x is of order
¢ or smaller, for then F,,.(x,) has a nontrivial de-
pendence on the variable z as well as x—z* (this is
evident in the case of free-field currents), and one can
no longer replace ¢’ by zero. Actual evaluation of the
integral is now nontrivial.

The difficulty caused by x being of order ¢ is avoided
if one requires that « be much larger than ¢”; then =
is always much larger than ¢”. In this event, the surface
terms at zg=xot¢” approximately cancel. Likewise, if
e>¢, the surface terms at sp= 2= ¢’ approximately cancel.
To be precise,

lim(¢ — 0) lim(e” — 0)[,=0 (7.22)

for fixed nonzero e. (If the currents j, and A, had a
nonzero equal-time commutator, [y would have reduced

" to an equal-time commutator term.} So one can make

I vanish by letting e— 0 be the last limit that one
takes. Similarly, s vanishes if ¢’—0 last, and I3
vanishes if ¢ — 0 last. Unfortunately, these three re-
quirements are incompatible. If one lets ¢ — 0 last,
eliminating Js, then I; and [; need not be zero. In this
case, I; reduces to the expression (7.21) with x unre-
stricted (so that I, now depends only on ). Only
small x and 2 (of order «) are important in the integral:
Tf either x or z is large compared to €, the term at
zp= 1o+ ¢ cancels the term at sg=ro—¢". For x and z
of order €, F..(x,2} scales as (¢)? because of scale
invariance at short distances.* With this scaling law
for Fyer, the integral (7.21}) is independent of .

41 This is a consequence of the fact that F..(xz) is not more
singular than (z—z)"? for z — z, 270, The details of the analysis
use the opr,mtur-?;m:[u:t expansion for Ti.(z}d.(z) and the

techniques of Sec.

#TIn the free-field case Fo.(se) includes 2 propagater 5%(z).
When x is large and z i3 near ¥, one can approximate 5%(z} by
S¥(x); this approximation is essential in EETII.L[HR (7.21) to an
equal-time commutator. But when x and £—x are both ~¢",
this approximation is po good.

# The (") scaling lew for Fa.{rz) can be seen explicitly
in the free-field example. For strong interactions the hadronic
skeleton contribution to Fa.(xz) scales as (¢7)7 by dimensional
analysis; finite mass corrections are less singular and can be

neglected,
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The conclusion of this analysis is that, if one takes
the limits e— 0, ¢ — 0, and then ¢'— 0 last, J2 15
zero and I, and J; approach constants, but there i no
reason 1o suppose that i and Jy are zero! On the con-
trary, in the case of free-field currents, T(0) is not zero,
so that one of Iy or I3 must be nonzero,

For T(0) not to be zerg, it is crucial that F wre{Z,5)
scales as (¢)~ when x and z are of order . T Fueelz,5)
were less singular than this for x and 2 — 0, then [
and Ty would vanish in the limit ¢ - 0 because of the
small range of integration (x, s~¢"). In this case, 7(0)
would have to be zero. The author suspects that
Fo.(x,5) will be less singular than &~ in the algebra
of fields.*” Then the Sutherland argument would apply
{o #°-s vy decay in the algebra of fields. This would
make the algebra of fields in bad contradiction with
the observed x® — vy decay rate, which agrees well with
the Steinberger {ormula.

There is no proof that a theory of strong interactions
satisfying scale invariance at short distances will give
the numerical =" — vy rate correctly, but at least it
will not be in error by a factor of m,* (m,? in the ampli-
tude and m,* in the decay rate).

E. Nonleptonic Weak Interactions

The effective Lagrangian for weak inleractions can
be analvzed qualitatively, using the hypotheses of this
paper. Oclet dominance in nonleptonic decays can be
understood without introducing neutral currents and
some new ‘Jour-dimensional” superconvergence re-
lations are proposed. Violation of CP is ignored.

Consider the AY =1 component of the efiective weak-

interaction Hamiltonian. It will be assumed to have

the form

Ly (0)=3VIG cosh sind f T fpwlx) o s(OWo{x MY},
: (7.23)

where (¢ is the Fermi constant, 8 is the Cabibbo angle,
juw is the nonstrange wenk current with AQ)=—1, and
4.5 15 the AV =1, AQ=1 strangeness-changing current.
The function W7 (x,4) might be a T¥-meson propagator
(apart from a scale factor), or it might be a more com-
plicated function. M is the effective cutofi mass of
Wer(x M), ie, Wor(x M) falls off exponentially when
xM is large and spacelike; it is assumed that dimen-
sionally We{x, M) is of the form MW #{xM ). The func-
tion We(x,M) is assumed to satisfy the normalization

4% The ambiguily in J; associated with different Jimilin
cedures is analogous to the ambiguity in the Fourier lmm
of Foue(x,5) already pointed out by Bell and Jackiw (Ref. 41) and
Adler (Ref. 41).

7 Figld algebraists claim that the vacuum expectation value
of 1wo currents (1] T5.(2)7.00) |12} is less singular at 2=0in the
algehra of fields than it is in an approximately scale-invariant
th m&such a5 the quark moedel. Sctf Deoher, P;;_‘,-s, Rev. Letiers
19, (1967); AL, B. Halpern and G. Segrd, bid. 19, 611 (1967).
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condition

f Wonr (e, M) = . (7.24)

This condition arises if the same cutofl function occurs
in semileptonic weak decays. The cutofl mass M will
be assumed to be large compared to typical strong-
interaction masses, i.e., M1 GeV.

Because W (x,M) has a short range in position space,
the integral in (7.23) involves only small =, and in this
region one can write an operator-product expansion for
Tjuw(x) 7.5(0). This will have the form

Tjuw (%) v5(0) =L a Capr" (x)0n (o, (7.25)
which, substituted in Eq. (7.23), gives

Lw(0)=3V2G cosf sinf 3. Co(M)0.(0), (7.26)
with

Ca(M)= f CVWeEM).  (127)

Because of exact symmetry requirements the fields
0.(0) that contribute to Eq. (7.26) must be scalar or
pseudoscalar fields with AV =1, Al,=—%, and A=}
or 3. .

The leading term in Caw'¥(x), for any given » and
small %, scales as x*), where a(n) depends on the di-
mension of O.(d,) and the number of symmetry-break-
ing spurions needed to make Cy,"(x) nonzero. If no

spurions are needed, then

aln)=d.—06. (7.28)
By dimensional analysis, Ca(M) behaves as
Co(M) o M=), (7.29)

In free-field models of current algebra there are an
infinite number of SU(3)XSU(3) multiplets of scalar
and pseudoscalar fields which can contribute to the
expansion (7.26) for £w(0). But if M is large, the coeffi-
cients Co(M) will be very different for different multi-
plets because different multiplets usually have different
values for a(n). So only one or a few multiplets will
dominate in Eq. (7.26); apart from symmetry-breaking
considerations, the multiplet of lowest dimension will
have the largest coefficient. The ¢-o multiplet is the
multiplet of lowest dimension, by assumption. The rele-
vant fields for Eq. (7.26) are the AV =1 ¢ and ¢ fields;
however, these fields are both divergences (of the
strangeness-changing vector and axial-vector currents),
so they will not contribute to any decay process.™
Hence one must go beyond the list of fields proposed
in Sec. IV,

In the free-quark model, the next scalar and pseudo-
scalar multiplets. with appropriate quantum numbers
have dimension 6 (Wick products of two currents).

@wSee 5. L. Adler and R. F. Dashen (Ref. 31), p. 133; C.
Rouchiat, 1. ;Iliizﬁaulus, and J. Prentki, CERN Reporl Mo

‘Th. 908 ﬁ'lnpu ; 5. Mussinov and G. Preparala, Phys.
Rev. 175, 2180 (19465).
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There are several irreducible multiplets with the same
dimension-—in fact, all multiplets contained in the
product of two currents. In strong interactions, the
author considers such degeneracy in dimension unlikely:
Renormalization effects should be different for each
different irreducible SU(3)XSU(3) multiplet. This
means that one can hope that a single SU(3)XS5U(3).
multiplet will dominate Eq. (7.26). The experimental
fact of octet dominance indicates that the dominant
multiplet should contain only SU/(3) octets and singlets;
this means that the dominant multiplet must be either
an (8,1)@(1,8) or a (3,3)&® (3,3) multiplet. The author
knows of no way to distinguish these two possibilities,
but will guess that the doininant multiplet is (8,1)
@(1,8). This mutliplet will be denoted o'-¢'. Its
dimension will be called A”. Neglecting other multiplets
in Eq. (7.26), and denoting the A¥V=1 I.=—} fields
by o5’ and ¢, the effective weak A¥ =1 Lagrangian is

£ (0) = V3G cosf sind aM**"[ay'(0)—¢s"(0)], (7.30)

where a is an unknown constant depending only on
strong inteructions. The combination «i'-¢s' results
from assuming pure chiral weak currents (equal vector
and axial-vector Cabibbo angles).

Formula (7.30) is not expected to be exact, but the
error will depend inversely as some power of the weak
cutoff M. The ratio of Kt to Kys. lifetimes should de-
pend on the weak cutoff 3, since the K+ decay will be
determined by a multiplet containing AT = § fields which
will appear as one of the corrections to Eq. (7.30).4
Equation (7.30) predicts octet dominance in all strange-
ness-changing weak processes. It must be made clear
that octet dominance is not a prediction of the hypothe-
ses of this paper. The above analysis simply allows one
to incorporate the experimentally observed octet domi-
nance into the theory without introducing neutral cur-
rents into the current-current Lagrangian.

The factor M*2 in Eq. (7.30) means that nonlep-
tonic decays can be enhanced or suppressed compared
to semileptonic processes, depending on the value of A"
However, recent calculations® using a local current-
current weak Lagrangian suggest that neither enhance-
ment nor suppression occurs. The relation of these
caleulalions to the operator-product analysis will now
be discussed.

The calculations of Ref. 30 involve (for baryon
decays) eliminating the pion by current algebra,
after which one has a matrix element of the form
{4]7.w(0)js*(0) | B) (denoted M 4s), where |4} and

#y, 5 Mathur and P. Qiesen, Phys. Rev. Letlers 20, 1527
{1968). ['The specific mechanizm of these authors for making the
violation of Af =} be cutoM-dependent does not work (Rel. 45).7

w Y, Hara, Meogr. Theorel, Phys. (Kyoto) 37, 710 (1967); Y. T,
Chiu and J. Schechter, Phys. Rev, Letters 16, 1022 (1966);
Y. T. Chiu, 1. Schechter, and ¥. Usda, Phys. Rev. 150, 1201
{1966); 157, 1317 (1967); 5 Biswas, A, Kumar, and . Saxena,
Phys. Rev. fetters 17, 268 (1966); 5. Nussinov and G. Preparata
(1L, 48).

“ [ wish tn thank Professor J. Schechter for raising this
question.

| B) are one-baryon states (for example, |4} might be
a nucleon and [A) a E state); jun(0) is 2 nonstrange
current and fs*(0) a strangeness-changing current. It is
assumed that the product of currents at the same point
exists. It is calculated by putting in a complete set of
intermediate states; in practice only a few single-
particle or resonance states are kept. Define M s(q)
to be the sum over those intermediate states with mo-
mentum g relative to the initial state; then one com-
putes first M .ig(g), and one has

M43=f M.-tnl:'i‘]~ (7-31]

To compare with the operator-product analysis, some
further assumptions will be made. Assume that A" is
either equal to 6 or slightly smaller. This means that
for the ¢’ —¢" multiplet the constant o) is almost zero.
Assume that for all other scalar-pseudoscalar multiplets
(except o-¢), aln) is appreciably above zero. Then one
can write an expansion for the ordinary product

jrfl'(ﬂ 13'{0} :
j,.r.r(.t} .73"{{]} =5 (I}“rm(ﬂ} +5 :{J.’] "ﬁ‘m{ﬂ}
+B'(x) o' (0)—¢a'(0)], (7.32)

where m is 4 or 3. The functions Bi{x) and Ba(x) scale
as ©* for small x (see Sec. VIT A), B'(x) as «~%,
The o-¢ multiplet must be considered because the
baryon states |4 ) and | B) do not have the same energy.
The error in Eq. (7.32) goes to zero as x— 0. As a re-
sult, one can write the following momentum-space
formula:

f (M 2s(g)— Balgdoas—Br(g)bas
’ — B () oas'~das)]=0, (1.33)

where Bi(g), etc., are the Fourier transforms of Bi(x),

etc., and
gan=(d |o{0}| B}, etc. (7.34)

Because the integral converges, one can hope that only
moderate values of g are the most important wvalues
and cut if off at a not too large gma:. Then one has

[ M a(0) = Bra(gsc)o ao-+-Bra(gma)ban

+ B (G (was’—dan’), (7.35)

where

Ber(gmae) = f VB, ete.  (1.36)

Now Brilguae) and Bra{gue. behave as gua® for large
fuae, OWINZ to the behavior +~2 of Byx) and Bafx).
For very larze guae, Br'(gmex) behaves as gue™2"7,
but for not too 1arge goas, £r'(fue.) is approximately 1
due to (x)*"~* being =1 except at very small x.

What one needs for calculating weak-interaction
matrix elements are the matrix elements ox" and dan’
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So one must somchow climinate the matrix clements
cag and ¢ap in Eq. (7.33). One can do this by going
to the exact SU(3)x 5U/(3) limit. The matrix elements
¢ 45 and $45 do not vanish in this limit but the functions
By(x) and B.(x) do [because jj and o-¢ belong to
orthogonal SU(3)XSU(3) multiplets]. 1 By (gmax) is
approximately 1, then Eq. (7.35) gives the desired
matrix elements. If A’ is somewhat different from 6, the
matrix element o45° would differ from the matrix cle-
ments needed for the weak-decay calculations only by
a universal factor depending on gumax and M, but not
the states A and B. Even if one cannot eliminate the
o.g malrix elements, one can derive sum rules where
748, elc., all vanish, namely, by taking the linear com-
bination of £ to nucleon matrix clements which projects
out the A7=2 part of the current-current product. Call
this linear combination M=x;(g); then we predict

f Mzy(g) =0. (1.37)

One might call this a four-dimensional superconvergence
relation. The author is not prepared to discuss the
validity in practice of either Eq. (7.33) or (7.37).

F. Bjorken Limit

As a final application, consider the Bjorken limit.?
The problem is to determine the behavior of an ampli-
tude

T aplg) = (] f et TA(x)B(0)|8),  (7.38)

when go—+e with q fixed. With the operator-product
expansion, there is no need to keep q fixed; one only has
to have g large. Then the integral is dominated by the
behavior of the T product for small z; if C.(x) are
expansion functions for the T product, then

T-u[@lﬂi..(n |0.(0)|8) f evrCo(z), (7.39)
which can be written :

Tus(g)=2a Ru(g) (e 0(0) [B). (7.40)

By dimensional analysis, R.(g) contains a skeleton
term scaling as
Rnfg}.-uqu-l-da-d{aj—l

for large . There are also finite mass corrections which
are smaller. Because of Lorentz invariance, each term
in Ra(g) will be a power of ¢*, not necessarily an integral
power, multiplying a polynomial in ¢. There may also
be logarithms of ¢%. To obtain the Bjorken limit specifi-
cally, one can let gg— s with q held fixed, which means
that ¢ is replaced by o to a first approximation, and
one gets an expansion in terms of g5, but one may get
fractional powers of g¢' in the expansion. The frac-
tional powers are seldom of importance when A and B
are iwo currents. They will be important if 4 and B
are both from the ¢-o multiplet and 0.(0) is a current;
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then a fractional power dominates R.(y) unless & is
an integer or hall-integer.

VIITI. FINAL COMMENTS

What is proposed here is a new language for describ-
ing the short-distance behavior of fields in strong inter-
actions. One talks about operator-product expansions
for products of operators near the same point, instead
of equal-time commulators. One discusses the dimen-
sion of an operator instead of how it is f ormed {rom
products of canonical fields. Analyscs of divergences in
radiative corrections, etc., are carried out in position
space rather than momentum space. Furthermore, one
has qualitative rules for the strength of SU(3)XSU(3)-
symmetry-violating corrections at short distances. To
the extent that one can analyze problems at short dis-
tances using only the SU(3)XSU(3) currents and the
a-¢ multiplet, the hypotheses of this paper have the
elegance of simplicity, once one is used to the Janguage.
Even in the nonleptonic weak interactions, where a
new multiplet ¢'-¢' is introduced, one can easily obtain
a rapport between theary and the experimentally ob-
served octet dominance. The results of the hypotheses
are all qualitative, but with them one can resolve some
of the qualitative difficulties with previous current-
algebra calculations of 3 — 3= and -+ 2o decay.

There are formidable obstacles to be overcome before
the hypotheses of this paper can be made quantitative.
This js best seen by returning to the #°— 2y problem.
To calculate the x® — 2y rate, one needs to know the
vertex function (@] T4,(x)jA0)4 .(s)| 2} when x and 5
are small. One needs this matrix element for the hadron
skeleton theory. However, if one knows this matrix
element for small x and 2, one knows it for all = and =
in the hadron skeleton theory due to scale invariance.
It is hard to imagine that one could have a complete
formula for this vertex function without having a com-
plete solution of the hardon skeleton theory. The pros-
pects for obtaining such a solution seem dim at present.
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Wilsom : paper reed Now 1968 en operatior product expansions

1. Introduction., At time of writing current algebra was all the rage, with its
various egual time commutators. This paper will expand the realm of same by
assuming that scale invariance holds somehow at high energy (small distances),
and that there exist operator product expansions. Paper will show why this is
reasonable. Idea is to not always sit right on top of sharp singularities. Paper
will do both theory add applications,.

2+ Operator Product Expansions., We should be aware that in general equal-time

commatators contain not just one term but derivatives of deltaes and posaibly
divergent constant coefficients of some of these deltas, a subject usually
referred to as "schwinger terms". Why not, says Wikion, just coneider the product
of two fields without any commutator or equal time. Perhaps for x-y small in
sense of {XFF)E you can show that A(x)B(y) = sum Gn(xﬁy)ﬂn{x} where O is
somehow a complete set of operators, If yow assume that the functions Gn have
a certain simple power form, then you will find the desirable property that
(4,B) vanishes outside light conme. And them as you approach the equal time
comutator ligit you cam see how the delta functions arise and how infinite
constants might also arise, clearly described on page 179.

So clearly, if correct, operator product expansions allow clearer vision
of what is going down. Obviously the thing to do is study expansions in model
theories to see what they look like.

1., Scale Invariance. Suppese in addition to operator product expansion you also
have exact scale invariance ( ie, all operators transform im usual way , each
operator having a dimension d{n). Them you get the important result (3.4) which
says that yow can ufilize this scale transformation to access the lightcone
slingular region of the Gn(x—y} functions. You learn that the operators Gn(x)
of lowest dimension will then be most important, ones of higher dimension less
80, if you are intereated in the lightcone limit. In any situation you can always
group all your operators according to dimension; for any finite dimension there
are only a finite number of operators under that dimension, so now you have a
Wway to organize your operator expansion, a notion of convergence. The operator
of lowest dimension and thus the most important one is alwaye 3 Go(x} = identity.
If, in addition to scale invariance, you have some other symmetry generated

say by charge @, you get interesting resulis shown on page 1502.
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Introd ucing

Rd QLS

scale symmetry

Results of some MIT ~SLAC scattering experiments
have aroused interest in a theory of dynamical quantities that are

.independent of dimerisional parameters.

Roman Jackiw

When symmetries are present the solu-
tion of almost any physical problem is
simplified, because we can get at the
properties of a system without com-
pletely solving all the equations that
describe the system. In high-energy
physics, symmetry principles have been
studied with an eye to circumventing
two obstacles to the understanding of
elementary particles: ‘lack of precise
knowledge about interparticle forces
(with the exception of electromagne-
tism) and the mathematical intractahil.
ity of any realistic models that propose
to explain observed particle phenomena.

The useful symmaetries, and their as-
sociated conservation laws, are of twao
kinds: *“space-time” and “internal.”
In space-time symmetries, kinematic
properties such as energy and momen-
tum are conserved. For internal sym-
metries, properties such as charge or
baryon number are conserved. High-
energy theorists have found it profitable
to consider approximate symmetries as
well as eract symmetries. These ap-
proximate symmetries are not complete-
ly walid in Nature, but their physical
predictions are moderately well satis-
fied. So far, only internal approximate
symmetries have been successfully ex-
ploited. Examples are Werner Heisen-
berg's isotopic spin (SU(2)), which is
conserved exactly only if we ignore elec.
tromagnetism, and chirality (SU(2) x
5U(2)), a transformation, developed by
Murray Gell-Mann, Feza Garsey, Mau-
rice Lévy, Yoichiro Nambu, Julian
Schwinger and Steven Weinberg, that
extends the concept of isospin by in-
troducing both positive and negative

Roman Jackiw is a stalf member al the
Center for Theorelical Physics at the Massa-
chusells Institute of Technalogy.

parity isospin. Chirality becomes an
exact symmetry only when the mass of
the pion is zero. In that case, it corre-
sponds to the possibility of changing the
parity of a state without a change of
mass, by emitting a massless pion.

Here I shall describe an approximate
BPE.EB-timE symmetry, scele or dilata-
tion invariance, that has recently be-
come the focus of much attention be-
cause of resilts from inelastic electran-
nucleon scattering experiments! done
at the Stanford Linear Accelerator in
collaboration with a group from the
Massachusetts Institute of Technology.
We shall see that the symmetry is exact
only if there are massless particles pres.
ent, so that it must be broken for strong
interactions. If the symmetry were ex-
act, it would be possible to rescale or
“dilate” the space-time coordinates for
a system, without changing the physical
content. An understanding of the work-
ings of this approximate invariance
principle promises to help unravel the
intricacies of physical systems at very
high energies, such as those available
at SLAC and at the National Accelefa-
tor Laboratory, where we can hope that
the symmetry becomes exact, because
in that kinematical domain it should
be possible to ignore masses. This
point of view has been advocated for a
long time by H. A. Kastrup and Julius
Wess,2

Nature of dilatation symmetry

In its most intuitive form, dilatation
symmetry is related to dimensional
analysis. Consider any dynamical
quantity, for example a phase shift for
particle scattering, computed in a quan-
tum theory. It will depend on the ap-
propriate kinematical variables, such as
energy and momentum, as well as on the

The particle trajectory shown above
and on the cover of this issve is that of
a nonrelativistic particle maving in the

potential

Vir) = ~ 55

Time is plotted on the vertical axis.

The Hamiltenfan governing this mo-
tion (for a unit-mass particle) Is
=8 -1
=% "o
which corresponds to the case with n=2
discussed by Roman Jackiw on page 24,

The equatiens of motion of this part-
icle are invariant under the transforma-
tion

t==pt
r—p'
p—p g
which leads to a new conservation law
dlr _
=0
where
T
o =51 4 5

2
—The Editors

PHYSICS TDDA@{U&RYF 1972 _/ha




Callan, Coleman & Jackiw
1969



MMALS OF PHYSICS: 59, 42-73 (1970)

L]

, A New Improved Energy-Momentum Tensor*
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Tiie Institute for Advanced Study, Princeton, New Jersey 08540
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Poman Jackrw®
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Received December 2, 1969, ;

We show that the matrix elements of the conventional symmetric energy-momentum
tensor are cut-off dependent in renormalized perturbation theory for most renormalizable
field theories. However, we argue that, for any renormalizable field theory, it is possible
10 consiruct a new cnergy-momentum tensor, such that the new tensor defines the same
four-momentum and Lorentz gensrators as the conventional tensor, and, further, has
finite matrix elements in every order of renormalized perturbation theory. (“Finite"
means independent of the cut-off in the limit of large cut-off.) We explicitly construct this
tensor in the most general case.

The mew tensor i5 an improvement over the old for another reason: the currenis
pssociated with scale transformations and confotmal transformations have very simple
cxpressions in terms of. the new tensor, rather than the very complicated ones they
have in terms of the old.

We also show how to alter general relativity in such a way that the new tensor becomes
the source of the gravitational figld, and demonstrate that the new gravitation theory
ahiained in this way meets all the experimental tests that have been applied (o general
relativity.,

1. INTRODUCTION

[n any loca! field theory, the energy-momentum tensor is an important object;
knowledge of its matrix elements is needed to describe scattering in a weak external
’ .
* This work supported in part by Alr Force Office of Scientific Research Contracts AF49
619.1180 and AFOSR 70-1866 and U.S. Atomic Energy Commission Contract AT(30-1) 2058,
* Allred P, Sloan Foundation Research Fellow,
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A NEW IMPROVED EMERGY-MOMENTUM TENSOR 3
gravitational field. Therefore, it is desirable for the energy-momentum tensor to be
renormalizable; that is to say, for its matrix elements to be cut-off independent.t
(Of course, the matrix elements at zero momentum transfer are finite, since these
are simply connected to the total energy and momentum. Likewise, the first
derivatives at zero are finite, since these are connected to the Lorentz gencrators.
But we know nothing a priori about higher derivatives).

Our principal result is that for any renormalizable field theory, it is possible to
find an energy-momentum tensor whose matrix clements arg finite. However, this
energy-momentum tensor is not always the conventional one. For example, for
{he simplest renormalizable quantum field theory, described by the Lagrangian®

& = 10,9 ¢ — et — Ap', (1.1)
the conventional tensor,
* jl-:.nun- = d,F ar? = Euv-?; A-Lﬂ-kl-ﬂg— {1‘2}

does not have finite matrix elements even to lowest order in A. However, the
modified tensor,

Enuf =T —

3.8, — g, 0% ¢ rans”  (1.3)

has finite matrix elements to all orders in X, Note that this tensor defingd the same
four-momentum and Lorentz generators as the conventional tensor

In Section 2 we prove that the matrix elements of the tensor (1.3) are finite to all
orders in A. In Section 3 we extend this result to an arbitrary renormalizable
interaction of massive scalar, spinor, and vector field (we exclude massless fields to
avoid considerations of infrared divergences). We have written Section 2 as clearly
as we can, giving the details of every step in the proof. Section 3 is much more
telegraphic in style, with many details suppressed.

Qur proof is not rigorous.' The reason is this; in order to disentangle efficiently

overlapping divergences, we use the renormalization procedure of Bogoliubov,

Parasiuk, and Hepp (BPH) [1]. The validity of this procedure has been rigorously
proved only for a special cut-off, one so strong that any polynamial interaction
{not just a renormalizable one) is made finite. Unfortunately, our proof also uses
certain consequences (Ward identities) of the conservation of 6,,,

0, = 0.

1 Throughout this paper, “finite” and “cut-off independent”™ mean “possessing a finite limit
as the cut-off goes to infinity, in every order of renormalized perturbation theory.”

¥ We use a metric such that the signature of the metric tensor is (4+——==).

s Nope pdded in proof: Indeed, our arguments have recently been criticized by E. Symanzik
(private communications). In Appendix 4, we discuss the alierations needed in the definition

of the energy-momentum tensor if these criticisms are valid.
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An overall comment:

This paper written in 1969 is about several different subjects. On first reading
T knew nothing about any of these subjects and had trouble following the paver.
Now I know a little about some of the subjects. They are:

a) theory of scale or dilatation invariance. (section 5)

b) theory of conformal invariance (section 5)

¢) good Neoether understanding, Belinfante symmetric tensor ete. (section 5)
d) derivation and meaning of "Ward Identities" with O,y inside the VEVTOP.
e) renormalization theory.

f) gravitational theory.

At this point I know pretty much about the first four topics. Gravitation is of
course the motévation for the paper, why you want rencrmalizeable stress tensor

s0 you can do gravity. My real weakness is, as usual, renormalization.



8.26,78

{:, Callan, Coleman, Jackiw: A New Improved Energy Momentum Tensor. (128 1970)

Comment: this paper is very perioheral to what I am now doing. I just wanted to see
something about scale transformations and the conserved cutreht. However, in line
with my philoschoy that it is healthy to read papers that are accepted as "famons™

T have read a little of this thing anyway, although not presently relevent.

1. Introduction. For a simole @* scalar field theory they write down the usual

canonical stree tensor T . and invent their own temsor © which is equivalent
in thesense that it yields the same P and MY Poincare groupx currents. However,
this new tensor is nicer in that its divergence is "soft" in seome sense. This

tensor guy is, like T ., conserved.

2. Continue: The object of interest is (2.8a), ie, the VEVTOP of the tensor Guv
which is of course just a function of the fields. Why they are interested in

matrix elements of this tensor I do not know, but they want to orove that if you

take this tensor in place of the ususl one, then it is possible to arrive at
matrix elements which are cutoff-indejendent. Ie, in some sense the object qu
C:, is renormalizeable.

3. General case. Here it is claimed that the most general renormalizable Lagrangian

can only have mesons, fermions, and vector bosons. Moreover, there has to be

a symmetry Bo that the vectors couple to conserved currents. This allows you to
replace H2 with k2 in the vector oropagators, thereby retaining renormalizeability.
For this generel theory, the © . tensor is difined as in (3.12) . They go on to
»rove in similer fashion to the special case treated above that the matrix elements

of qu are UV finitet

L. Samvle Calculastion. The above proofs deal with renormalizability to all erders,

and are based on counterterms and BHP theorems etc etc. Here they just want to show

how things work to lowest order perturbation theory. They return to the simple

gk Lagrangian and they will compute the matrix elements of 8,y With two external
particles only. This involves doing some feynman graphs. An interestin g trick I

had not veeweiously heard of is that of having ficttious "regular" mesones fields

added to the lagrangian, just a way to implement the cutoff. The matrix element

o of interest 1s M and they go on to show that as you remove the cutoffs, M,

is finite.



Again, I have Wery poor motivation here because I dont know why you want a
"renormalizeable" stree tensor in the first place.

5. Scale and Conformal Invariance. Now we are gettin g closer to my cureent

interest. Suppose you have a Lagrangian and you make a scale transformation..
In fancy general matrix notation this is given by (5.1), but it means that you
stretch each field according to its canonical dimenkion. The claim, which seems
almost obvious, is that if you have only dimensionless coupling constants in
your lagrangian, this scale transformation will be a symmetry. As a symmetry,
there will of course be a Noether conserved current J,+ The interesting fact
is that this current J, is precisely %he given by Jy = x; 8y, where O
is the tensor they have been describing all along. Probably I would do well to
just work this out on my own. ‘

A sidelight of this section is a definition of the conformal group. It is
in fact SO(4,2) end contains the usual Poincare group with its 10 generators,
nlus there are 5 new generators one of which is the scale generator. The other

four are conformal generators of some wort.
6. Gravity. Here I think my question is answered. Recall that the Einstein

stress tensor. Actually, this is the eource, and R, the Ricci tensor can be
taken as the gravity field (or huv}* similar to the field @ for a meson. Now,

I think the point is this: if you consider graviton emission between two states,

you are going to end up with Ru? and then # 'I'm.r in your VEVTOP. I think they
claim that if they choose instgad to drive gragity with the Qu? tensor, then
gravity is closer to being rencrmalizeable. Ie, the field Guv apoears in your
matrix element because it is roughly the graviton field.

So gravbty is thelr main motivation for having a stress tensor that has
finite matrix elements, ie, which is "rencrmailzaeable. "

Needless to say I have not fo;lowed much of thelr discussion. But at least

their motivation is clear.

(¥

equations tell you that the spin-2 gravity field is more or less Tuv’ the cenonical
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We show that the Ward identities associated with broken scale [nvariaml:e contain
anomalies in renormalized perturbation theory. In low orders, these anomalies can b¢
absorbed into a redefinition of the scale dimensions of the fields in the theory, but in
higher orders this is not possible. Also, these anomalies cannot be removed by studying
the Green's functions for objects other ‘than canonical fields, e.g., currents. These
results are established to first nontrivial order in perturbation theory by explicit Fejmman
calculations {which give us information at all momentum transfers), and in higher
orders by the method of Callan and Symanzik (which givss information only at zero
momentum transfer). The two approaches are consistent within their common dom_am
of validity, Two appendices contain self-contained treatments r.rtl' the formal _cannrmlcal
theory of scale and conformal transformations and of the d.:l:].'mhnn of War::l |d¢n11}1¢1.
In another appendix, we derive the Callan-Symanzik equations _I'nr Green's functions
of currents, and show that no redefinition of scale dimension is necessary for these
objects, although the other anomalies remain,

I. INTRODUCTION

There is & recurrent idea in particle physics that, in some sense, at high energies,
particle masses should be unimportant. In recent years, this idea l'i-EIIS led to the
concept of scale transformations (dilatations) as approximate symmetries of nature,
with possible applications to the study of high-anerg:l.r scattering [1], ]uw-?nergy
phenomenology (2, 3), and short-distance behaviour in field theory [4]. Since in

* This work is supported in part through funds provided by the Atomic Energy Commission
under Contract At(30-1)2028, and by the Air Force Office of Scientific Research, Contracy
Fa4620-70-C-0030.
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nature, scale invariance is surely not an exact symmetry, it is important for realistic
applications to have a clear understanding of the precise mechanism of symmetry
violation.

The purpose of the present work is to attempt to gain such an understanding by
examining, in explicit perturbation-theory calculations, the scaling behaviour of
several four-dimensional field theories with only dimensionless couplings.! In
these theories, it appears that only the mass terms in the Lagrangian are responsible
for the breaking of scale invariance, and one wou!ld expect that there would
remain many traces of exact scale invariance.

At first glance, this expectation seems to be fulfilled: Using formal canonical
reasoning, one can construct a dilatation current, whose divergence is proportional
to the mass terms in the Lagrangian. and the integral of whose fourth component
transforms the fields appropriately under equal-time commutation. From these
statements about operators one can, by conventional methods, derive Ward
identities, and from these Ward identi ties, one can, in turn, derive theorems about
the asymptotic behaviour of Green’s functions.

Unfortunately, these theorems are false in perturbatjon theory. For example,
one of them states that the inverse propagator for a spinless meson is, at high
energies, proportional to p%, while, in perturbation theory, it is proportional to p?
times & power series in log p®. This means that the equations from which these
false theorems are derived must themselves be false: in current parlance, the Ward

identities associated with broken scale invariance must contain anomalies,
The technical reason for the occurrence of these anomalies js not difficult to

understand;: The manipulation of canonical commutators required to prove Ward
identities is justified only if we introduce afcutoily However, this does us no good
unless the cutoff is chosen in such a way that the cutoff theory still obeys the Ward
identities.* For such familiar cases as quantum electrodynamics or the sigma
model, for example, this condition presents no difficulties; it is straightforward to
introduce a cutoff in such a way that the relevant eguations of the theory (gauge
invariance in one case and PCAC and current algebra in the other) remain true.

or scale invariance, though, the situation is hopeless: any cutoff procedure
necessarily involves a large mass, and a larg s_necessaril k le in-

yariance in a large way. This argument does not, of course, show that the occurrence

' An earlier version of this work appeared in preprint form, but was not submitted for publica-
tion [5). Also the results presented here were reported at the Symposium on DeSitter and Con-
formal Groups, University of Colorado, Boulder, Colorado (Junc 1970): and at the Eastern
Theoretical Physics Conference, Stevens Institute of Technology, Hoboken, Mew Jersey, (Octaber
1970). Calculations similar to those of Section 111 have been done independently by Bég, Bernstein,
and Sirlin [8].

*The above is an old story, first told about the anomalies in the current-algebra predictions for
geatral pion decay [7].
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' Y - It is possible #o derive certain o
Ward identities for scale invariance (broekn scale invariance!), called the -o

trace identity in this paper. However, it turns out that this identity is

felse in several ways: first, you can correct them so they agree with a

‘lovest pert—theory calc by allowing fields to acquire anomolous dimensions B

to higher orders you have to do even more, this suggests that there are more_

than just mass terms in the divergence of the dilatation current. Their results

confirm earlier conjecture of Wilson based on his study of Thirring model (4-fermion

in d=2 hand their resulte are als confirmed by the Callan Symanzki ecuations,

_ This paper came out as preprint in May 70, wes submeitted in modified

weak. They dn nat rea],lg pn@quﬁﬁuﬂ.ﬁg;gcjjﬁ_ﬁ_y_gt_ﬁhi poop is. But thair J.m;g

appendices on Scale and Ward are very nice.

Qutline: - — —

Il In‘tmduc‘tion. o — -
_q;[;!__st_'.:a.le Invariance and Breaking Basics . e
o 1. basics: D, the dimensiom. d, &, 2. The Ward ideﬂtltlﬁﬂ S
o L 8. false theorem: 'show a.a;,rmptutic contradiction based on Ward's

o _II_I__ __A_.n-::-mulr::-us ])1menamns -

1. General: anomoly A = difi’er&nca in Gan‘ma. mth and without cutoff fields ﬂa
2. 554 theory: to Iowest order A there is no anomoly at all, (field theory ocalc)
3. Yukawa: to order 32 anomoly can be absorbed by modified field dimensions, _

) 3 ‘!:,E?:’Et check that d' appears in com rels.

IV, Purther Anomolies o )
954 there is still contradiction at order )k even allowing d',

‘_J’. Gmllu_gions. o I

appand.ix A: Scale Invariance Theory, muludi‘n_g_cunfurmal stuff,
_Appendix B: General Derivation of Ward identiy for any symmetry.

Appendix C: some fynman graph calcs _

Appendix D: Callan Sym equations foy ourrents. .
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Appendix A: Basics of Scale and Conformal Transformaticns.

Part I: Dilatations. I have worked these details out on my own under Dilatations
in General Field Theory binder. The idea is that the Poincare Group has 10 generators
called P¥ and MYV , These are assocaited with translations and rotations and boost

transformations on functions of spacetime. Simllarly, you can condider scale
transformations and invent a new generator D. I have worked out its relation to
the other generators, ie, commutation relations. If your lagrangian has scale
invariance ( any regular and massless field theory with dimensionless couplings
I think, you can just test to ses), then of course there will be & c¢onserved
cureent. I have shown in my Noether notes how this current comes out being that
shown in (A.9a). If you like, d is a 3iltle disgonal matrix which conbins the
correct cancnical démensions for the fields, or it is just d; as part of the sum.
This is the canonical dilatation current. Tt is conserved in any scale invariant
theory.

Now, you can rewrite this dilatation current in terms of the Belinfante symmetric
tensor which we know is "equivalent™ to the canontcal stress tensor. Dropping a
term which ha: no effect on the generated charge D or the conservation of the
dilation current, we redefine the current to be (A.15). Ie, B for Belinfante.

Now, if you for the moment assume that the "virial® V% can be written as in (A.16),
then you can redefine your dilatation current once more to get (A.21). Ie, here
@ is still another strees tensor beyond the Belinénte one, and is given by (A.18).

So, the divergence of this finally established dilation current is the trace
of this new stress tensor. Obviously if you have scale invariance this stress tensor
must be traceless.

But suppose you do not have scale invariance, ie, it is broken say by some
term(s) in the lagrangian. Then D = D(t) is no longer a conserved chanrge and
you get modified commutators as in (A.24). Interestingly, though, [D(t), #(x)]
is not affected.

This part of Apendix A ends with a proof that the most general boson lagragian
that is scale invariant and satisfies the assﬁmptinn (A.16) is a ﬁL theory, as we
might imagine. Moreover, the new symmetric tensor relevant to this theory is just
the new tensor this paper is talking about all along. Ie, their new tensor of the
paper may be identified with the modeified dilatation-current tensor of this appendix,
at least for the ﬁﬁ theory.



e T

Part 2: Conformel Transformations. This is my first encounter with thie conformal

group. I have no feel at the moment for what the four conformel transformations
shown in (A.30) really do. Their generators are called K . So if you combine the
regular Poincare group with D of dilatations and the four K" , the conformal
generators, you get the 15 parameter "Conformal Group" which is Equivalent to
50(4,2). Obviously there is a Lie algebra, this is given in (4.31) for thé new
commutators. And then you figure out how the fields transform under the K's,
answer given in (A.34). Ie, the thing appearing on the right side of A.34 I would
probably call 'ﬁf‘i similar to f!ﬂ differential operator.

Next, we want to find conditions for a lagrangian to be conformally invariant,
ie, invariant just under the conformal generators (and Poincare of course). The
result is this: in order to be conformally imvariant, your theory must bed scale
invariant and it must be possible to write A.16. Well, all their theories have
this A.16 property, so you can say that in fact they are dealing with theories
of full conformal invariance, not just dilatstion invariance.

Next, in A.38 the conserved (in conformal invariant theory) "canonical conformal
currents" are quoted, ie, Noether theorém. It is noted that scale implies conformal
as shown in (a.38). Then you go on and drop terms and so on to modify this
conformal current until it is simple. The result is A.40 or A.41 which I will write
down here:

tﬁjxﬂ==- ?ﬁkij}—*- ?Q},bkﬁjhﬂ Ebg‘<r“i= O

A V
N = %’he""*- PN D QU VAU cavadk
wilh M= e ned shea Yemsa.

The appendix goes on to do the commutators of K when it is K(t) in poresense of
conformal breaking, and does some other things I dont care about now.

This is my only reference on this stuff, a good appandix, I am glad they
decided to add these self-contained appendices.
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