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Flow Chart for Tensor Problem

0. It wouljd be nice to see exactly why I "paused" when I did at various points. Ie,
went down various alleys and hit brick.walls. Are those walls still walls?

Pause 1: Here the last thing I did was to write a huge table showing 10 constraints

on the set of 10S, functions including four pairs, 3 S's and #3 A functions. Table
entries are dj,@) and d, the three dot products. Things are all completely analyzed in

S, fractions. At this point I didn't know what to do about the "pairs". Somehow you
can't just treat the two members of each pair as independent functions. There are in

effect four extra constraints, namely, that each pair is really a pair. I think my current

feeling on this charg is to express the pair “entries using the X', operator so that
you have 10 operator-constraints on 10 functions. This is where I plan to continue. I

stopped because a) the table ws so large and foreboding; b) Jim swore there were fewer

tensors so I thought I had counted wrong and was therefore discouraged with the 10-function

approach.
.

Pause 2: I showed how to reduce to 6 functions from 10 (albeit not S3 symmetric ones).
I rewrote the Ward but ran into the same kind of problem as with the pairs above. Here

you can extend from 5 Ward equations to 15 by adding in the cyclics, so then you have

6; effect 6x3 = 18 “variables”. But this approach is not too good because you then
have to somehow add IN the constraints (12 of them) that the cyclic functions really are

cyclically related. So 15 equations in 18 variables really scared me, so I stopped on

this because too foreboding; later I returned to it (see below) for another try.

It then occurred to me that I could replace some of the pp products with the F-tensors

and this might be useful because Marshall's vertex was in this form and because these

tensors have great orthogonality propoerties to vectors. I came up with a good general

vertex form, then I wrote down the Ward but did not Lorentz-tensor parse it.

Some of the contracted and double dotted equation here were quite simple, but

still I didn't know what to do with them: the same 6x3 = 18 function problem. Too much

coupling between functions.

I showed how Marshall's solution really does fit into this general form, then I
Just gave up on the approach.

Pause 3: Here, reelizing that the B-vectors give you a very simply Ward null term, and

convinced that finding Ward nulls was the entire deal, I tried converting to B from p.
J. gave up when I could not make the three B's add up to zero, hence dould not take over

o.. independent tensor forms analysis.



Pause 4: I then returned to the 6-function earlier general ppp forms and the analysis©. of the 5 Ward equations. I did some elimination and reduce d it all to three operator

equations in 6 functions; I decided it was progbly better to have symmetry operators

like [e] and [12] sitting in your equations, rather than having 6x3 = 16 functions.
The operator approach seems better because

a) it keeps your number of functions down to 6, not 18

d) no need to add in those extra 12 cyclicness constraints.

Then I considered the problem of solving these operator-like equations. I found that

the operators appearing tended to be non-invertable, projection operators. This made

life difficult because then a long story about how to solve a “double projection"

equation. I finally gave up on that, though the operator technique should prove ~
useful when I take up the thread again elsewhere.

The last burst: Showed how you can slide a “complete basis" into various forms,

put it in the F-tensor basis which has two Ward Null Terms.” Complete analysis of how
you fit any object into any basis.

Then Ward analysis on the general F-tensor form. Result speaks for itself.
Method of Ward analysis here wasy this:

0: a) obtain the 5 separate equations A,B,C,D,E
b) replace A and D with AWD and A-D

¢) fractionate each equation into two equations using S, analysis.
4) solve by hand the resultant set of 10 equations in 10 unknowns.

io]



Retrospective Comments.

/ / .ie] Look back at the original Ward Table which was obtained from the Standard Basis.

There were 10 constraints on 14 variables. Thus, 4 degrees of freédom in the

- solution. Now I know where those four degrees are going:
.

2 go into a pair assocaited with the F083 coefficient function 8,(12),
and 1 goes into the totally symmetric piece of this function

and 1 goes into $(123), the Ward null BBB coefficients. -

Thus, if I had known what I was doing, once I showed those 10 constraints were

linearly indepeninet, I would have known right then that there were four constraints.

I would have knonw that the two knonw Ward Null Terms ate up four degrees, so

I would have known without doing anything else that there were no more Ward null

terms! To show linear independence of the constraints, I could have deleted the

columns of pairs and put the 10x10 thing into Reduce and computed the determinant.

T£ Detf4O then I known independent and can then add back the four columns and

still will be independent.

Knowing Marshall's solution and knowing the Ward Nulls from the staré,os it was just a matter of couting.

BUT: The whole question is how do you count degrees of freedom! Apparanetly you
must count "irreducible components" as degrees 66 freedom.

Why should you count both members of a function pair ? You know you can

get one from the other by an operator of symmetry. But as functions they are

linearly independent. Ie, one is not a miltiplce of the other. But you can't

change one without also changing the tther.
~

So the question is: how do you know that if you solve all those equations,

the functions that are supposed to be pairs really come out pairs? What guarantees

this?? I think it is the symmetry; when you Clebsh up, you input the fact that
the functions are pairs when you do your 12 combinations. So it must be that they
counddnt come out anyo other way.

Similarly, in my Fine] Solution the objects Ry and R, were treated as
independent objects, but in the solution they were indeed pair-like . Again, the
Clebshing built this in.

le]



By the way, I could have had reduce solve these 10 equation in ten.unknowns

(again deteting the colums) . NO, that is wrong. Reduce cannot handle £k 10 re)equations in 14 unkgwons.. $0 I don't know how I would have applied those
constratins. ~ 7 .

Rduce could have solved my 6x6 problem in the final solution, but I did ]
it by hand since most was so simple.

* The read bitch problem is getting those extra degrees out of the problem

so you have something you cah solve. The best way to do this of cdurse was to

use the known Ward null terms!It!!!! .

@
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June 2h, 1979

Contents: : :

0 1. How to associate functions like xy? with UIR's of SU(2) and discrete groups.
2. Interpretation og the Great Orthogonality Theorem:

a. the notion of X;, "projectors"
b. example of S3 group.

3. Left over details on Lichtenberg basis functions.

4. Solution to a Matrix Problem. (linearly combining the X,, ete to get orthogonal basis)
5. Theorems relating to projector construction.

fy =Xa
y= Xe

b. How to make new idempodents thet are not projection operators.
c. How to interpret the Y and Y" operators of Hammermesh and others.

6. Earlier effort at decomposing a function into Irreducible pieces (only 4 pieces here)

7. The tensor problem for self-energy (ie, really only 2/1 momenta). :

8. Counting triple glue amplitudes.

9. About multiplication of £(123) by g(123) and classification of the 36 pieces.

fo) 10. Basie S; data: .
a. definitions of the X;5 projectors, their (vectors),
bd. complete X multiplication table

rec. the group miltiplication table

a. The explicit 2x2 representation matrices

e. Table showing R Xj; multiplications.
f. Decomposition of arbitrary element of group algebra.

“ g. the reason you really have six functions formable from £(123), what they do.

h, Verification that Hamermesh's Clbbsch table florks for makind symmetric combos.

4. more explicit R Xf type multiplications.
Jj. how to generate M-pairs, mixed synmetry

11. The triple-glue tensor problem.

4. classify raw tensor forms into symmetry classes

2. Put 3=-1-2 and count independent tensor forms

3. Write general triple-momenta vertex tensor forms

4. Do the same for the buy forms.ra) Summary of all tensor forms.
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What does it mean to say that the function f(x,y1z) =x belongs” to the, Iel

re) representation of SU(2) 2
1. First, when I say that the QM operator X is a “vector operator", I mean this:

, oa
Ke ROK RG) = Ky)

If I sandwich this operator between two group elements as shown, I get a linear

combination of the X's back, and Ry, is the 3-dimensional rep of the rotation
group in the xyz sense. This is what you mean when you say that X, belongs to the
IL-1 representation.

2. A ket /jm) certainly "belongs" to the representation j with label m and by this you
mean that:

ey

RG) iy = ZL Dan(D ond
If I were to close this with (r/ you would have:

a dV .

Q RKld= Vern <P line)
So lets call this function by the name fyy(r)- ‘Then we have:

RG) TAM = 2 Dhan Re3) Tym P) = Z- Dein CQ) Hae @)

A function which behaves under roations in this way is seid to be a function belonging
to the "m'" row" of the representation j. Fine and dandy. On the other hand, we know
that for any function the following is true:

IN > Pay =RD FM = TC RO)

3. Now, how might we search for functions £jq(¥) that "belong" to various rep's. That's
easy, here is the answer:

Fe (PR) = FOR) Yaoro) ye (E) = ) Nim )

As you let F range over arbitrary functions of r, you exhaust ell functions Ejq(*)-



“Ss

we -2-

4. Now for j=0,1,2 I will make a list of functions that belong" to representations.

lo) js0: Any F(x?) will do. For example, r, r°, e77 all belong to the rep j=0-
Jali Here are the relevant Yints:s Lt F(t)=¢

4 a: ad a : ES
Ye SR suee gf, @) = [x+y] CS +;)

es 2 aYo= Se cose > R.@)= = (TR)
Bo. Ate 5 . i%You = + JRsned Sa l@\= beg) G4)

Of course we can change overall scale. This then is the usual set of functions which

"belong" to the L=1 representation:

raeARy = 1 (x+y)

f.@\= +2 = Kye Bl e LEA.
2 .0 ae) = +R iy) . .

1:2: Again, firet we express the Yj,'81 Now take r° as overall:

LE cvs o%* t= Lege 2% \Yas Eset 3 QE) bigs tyl) |
ze. Xa = . aan. SE siswsee® SE) 2 xriy]

*E403 tee ‘YNo= Ate (Feodo~2) ~ (4%) \ee-ac]
Fs 2%Yay = - Yu > GFE) a lets] ay

Pa

_ = a uu : 2hYayo= Ye , ~ (2) (t=) ~ Ving 32
The five functions shown on the right are obtained by linear combination, so each of
these 5 functions may be said to "belong" to L=2. The function x-y~ is @ congination

of /22) and /2,-2), and 32°-r? 4s entirely /20). Of course by combining you can get©) the other obvious functions:

=

.ae ater

Lox age
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Notice of course that no linear combination can ever give you r°. That function does

[o) not belong to L=2, it belongs to 1-0. .
5. By the way, consider this direct product : Fy = jx; + You are conbining
‘two Le1 objects here, so you know you must get some 1-0,1 and 2. But there is no Lel

because this tensor is eynmetric, so only L-0 and 1-2. For example the function x”
is a mixture of 1-0 and 1-2 functions. You then have to linear combine to get functions

that are completely 1-2 such as x°-y*.

Iet me correct this: any function belonging to I=l is proportional to Yj, and

any such function mist, change sign under parity. Obviously Fy, obove does not. change
sign under parity, so no linear conlgination of the F,, could give you an Lal. Forget
the symmetry comment.

Consider Fyy, = 4%, + In principle you could get 1n3,2,1,0. But parity will
now only allow L=3,1.

6. Suppose you are given an arbitrary function f(r). How would you "project it" into

its irreducible function components? First, for each L we can choose a set of

bais mfunctions like so:

fe) sAw@= eed = BOYLE

Ie, for each different L you can ghoose any Fy(r) function you like, or you might set
them ell equal to 1, or perhaps r‘. Any way, then here is the decomposition:

= = BS

Aa <A = Zi loads = ZtBe)
Wane

3 AysAare Calg) = (se Lace
*es > BS

=\te. Ann @) 2).
Having selected a set of basis functions, we can them get the weights fyq* Then the
original arbitrary function can be expanded in terms of functions which belong to UIRs.
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7. Construction of a projection operator . First consider this:

eo | ’ ;
RO)AH) = ZS Dian ay hw@

ey AN Ny 3= \QiaG Rare O= BHM Sag Das) Dia’)

a @). BE ya 5= Bde BE by be
~\

= WAH. Le@® Bohan
Now look what happens when you integrate against an arbitrary function:

Wares .
Way RO) FO ag)

fo) Vk KRxe) >=\dy & Kym Date Gd RO) AA)

= x Non Wx’) ay a\ ds Sonn

= 8. Se Aw @)
Cuts)

vx PS 3 Xu 5: 3.9. Down Ray FR) = Br LiteRopsat Sag Daw (g) RGY FR) aay Qc tn(®)
S

:ie

‘ORT= Ged\ ay Dee Rea)\e] Obviously this is the projection operator which, when applied to any function, projects
out the portion which belongs to jm. You need to know the diagonal matrix elements and
the operators,
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8. If you take the preceing projection operator and sum over m, you get a new projection©) operator which does this: it projects out all functions which belong to any row ob
the representiation. So if you don't care about connecting functions with particular

"rows", you can use this: 7 i

8 a Bo ar= yw = Qe .Pe GAIA] RA) = cand\tg 26 (9) RG)eur os Sw
Here we have identified the trace of the representation as the character. I don't know

the rotation group characters except for special cases of g, so perhaps this is not
too useful for continuous groups.

9. Extension of thise ideas to Discrete Groups. I can just quote the projection

operators etc from Tinckham, all obvious once you know about orthogonality. We havet

R = group element, replaces label g used above.

P, = the transformation operator, replaces R(g) used before. Ie,

Pit(r)= £ (Rr)0 This operation can be a rotation or reflection or whatever.

TR) = element of representation, called Do (8) in the above.
Now here are the basic facts.

(a) Arbitrary function expanded in terms of basis functions:

f@- ZRH) @s)
~~

(b) Transformation rule for basis functions:

2 6) a :fe Re@)= 2 Mea(® Re @) (2-2)
.(c) the projection operators:

. * .
re : 9, : .
P= YZ Om K (2-35)h R

% & ON «x@= es) E_K® Pe (3-3)fe) n) ®

Here 1; is dimensionality of the rep, and h is order of the group. Note that (2j+1)

does in fact ‘appear for the continuous group as well, but not h.



Interpretation of the Great Orthogonality Theo

@F)_+ For tintte groups, here is what the theorem says:

a) o> o* WSU,zs Ds @®D,.® = & be 3 en.
Now, lets define some elements of the group algebra:

* v. ” vo”
* 4 is, Kay = LDAVals) BYXie =(BVs® R\S CK, Ken = & du )Dyal®) 4 i"

v ort BS
- & = de bs ho.Xin = (Zs Bml® 8) & be i im,

Clearly, these two vectors in the group algebra are orthogonal unless all three sets

of indéces are equal. See Pozzi (2.1)) for definition of group algebra scalar product.

Think of the various R as unit vectors and the coefficients as components of vector. Then

the line above states precisely that these two vectors are orthognal.

2. Thus, each UIR of a finite group provides n vectors which are (1) orthognnal tole) each other , and (2)P orthogonal to the vectors of all the other UIR's. Clearly these
ere the spanning vectors of the regular representation!”

3. Example: I am nob going to construct the 4 spanning vectors which are related to -

the two-dim UIR's of the group $3. First, here are the matrices: que

@ “(4 He wo. (LZ nn)7 ve

5 = CF ws) = apesDe@= GI) DB O= ea) DEC = a a] sates
Fes ay ‘a pe & -t ~Ai\*e i) Were A) droa- (3-*ds Cor) = GE, Jes Sot coo la +

I have read these from page & Tinckham, but I could have gottén them from H's large
table. Now I will construct the 4 basis vectors!

. .

ey

Ky = 6 ECR) + 2-20)4£.Gar)

ro)io] Cie 8 +409AGa-A 00)

ek.
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Restate these with shortest form:

fe) Gee. 2£ © ® @B. a® ce)
)

;

a Cr oe a Or CE)
Me oy :

Xe oe © 0 -—e & & -L
a

4 -Y"y (Xa pe0 0 HBR RB 8B & Ot)oe
a) —MUM Sb 2 Boy dsl \

You can see by inspection that, these four vectors are orthogonal in the gracup algebra.
Lé-we_meitiplyeach-of_these_by

1/SQRT3, -they-will be-erthenormel—Warning: Just because two vectors in the group algebra are arthogonal, that does not
mean that if you group-miltiply the two vectors you will get zerol You can sort of

imagine the group multiplication as a cross product. Rjro = AS 20%

4h, Now-farget-that-oqrt3-abeve-and consider this: the first object above , X41, mayie) be regarded as a 'first row' object. Why? Consider:

nw a aX,»
=RR = RABIES = ZW) KS- A Dy Kas) as

s 3x aX *ak
oy

= ZWD = 22 WHT
ak an. at ae -\ A

= MR) 22D O)T = DAR) KG
©

wt wad

= 2 De (R)Ky nade AR daca we*
[owie Sa epaisethThus,

we can regard our Xj, objects in this way Ue
rs wo. me on

Xy = Xe = ckek iy Ou i nad Qe sary gh WEE ps.5+
Now we can apply page 40 of Tinckhan. Probably T should renormalize the Ky,

objects so that they are exactly the objects of Mnckham (3231). Dee

- os" , % SS))4 = hy $e = Ky.
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Using Tinckham 3-30 applied here we get:

QO Fe oO)
Be ge = So Su a

If differing TUR's you get zero, If the seme UIR, then consider P, operator. If this
acts on a function belonging to the row k, you get zero unless k=j. In that case you

get precisely by.
Now translate this to our present notation and situation:

YW od) ms)

Xx Xx = Se Rye Xt
k

= HO

Wy Kee = Se Ka V iy,

Po Ww Ww
=f Aa Aa = hw Ya Ky = ©

Wo Ww P
Kn Xa = Xia Ye Kn = 0

B (ya yw
Xu Ya = © Yar Ky = Yar
WGA

Xu Ya = O Yar Kee = Kar.

This shows that X,; and Xj5 tryly are projection operkors.

Notice that, although the group algebra vectors X,, and Xj, are orthogonal, you
do not get zero when you multiply these two objects. Don't make that mistake.

Continuing:

» ‘bn Au = 0 Xa Xv = Ka
— Nene
Xn Xa = 0 Xa Wen = Kar

Xn Yar = Xn Xe Xy = ©

Xu Xe = Xa Xa Xa= 0
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Existence of Hermitian Adjoints of Group Algebra elements. Let us assume thatfo) we have a scalar product of some sort which is invariant in this sense:

CH= RRR) Re gpesy.
Obviously, the operators R are unitary with respect to this scalar product, Rt = RT.
This serves really to define R*, since the RT> are known just from the group data.

Now consider an element of the group algebra,

+ — —x 3A=ZaQR » A= 2 o®R = Fe o® &
= * . . .

= Ba) R = AXA Papi (uoetabes),
&

Thus, the Hermitian Adjoint of an element of the group algebra is precisely its
involution, as defined by Pozzi. Now:

Example: here are some Hermitian conjugates:

~ro) R= G) A REQ)

R= Gud = GOGH) S| R= QYGQ= Cy) = Gey)

+

Xu = Av

x

Yr = Ka

= £16 +8@)-& O48 Gr) = Ky
.

Ya = Ka.

Armed with this information, we can now investigate the orthogonality or lack thereof
of basis functions.
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Copy1 Copy2
x x

OSSD eyoy X22

These results tell us that within each copy,Ku %, Xu) = Ga Xa) = ° the aids functions are orthogonal.
Ched, ke = CH Yar he) = 9

= And these tell us that the t ies,Git, et) = GokeS) = difgerent rows are orthogonle
Che$ ku) > © Kaka b= ©

Qh, YroF) = Gea) = RRA) FO. = ea, Kerf)
This last result says, however, thet “the two row-1 functions of the two copies need
not be orthogonal!



Theorem: The fact that the projection operators 45 are orthogonal in the group

algebra implies that the functions which they project out of some carrier spacece) are also orthogonal, provided the varrier scalar product is "invariant", in the

carrier space.

v ania se. prods y +Proof:
vo ir)PKR KAD = ge DEW) DRO (RH SH)

we ORS oe
r

; = (Sah)
) =) ) * =!

~ te 2 Da (SENDA C5849)
air

A ik

~ dw WEDD. O (15,4)
. Kost

A a “¥

= dt 2% Vin (3) DeVAG) Cv)
sr

a
Av*

.

. SO = 4 2, Kao) OH) L ZBLODBLO
cS woh.

be Gulighm
,

= Buby be: Ze Da (44)
ia a

v ASkim Kye Cem,f)
A

= Ww Syd (Kah, £)ve ¢ ,
Ouch. This says you are guaranteed orthogonality only if pour pesjex projection-like

operators are in different rows. If they correspond to the same row, but different

copies, of the same UIR, you are not guagenteed orthogonality of the functions, even
thouth the projectors are orthogonal in the group algbra.



Ming Table (Lad) Lientenberg. ‘infornetion, seve
e & & &) We) Ce

Xn = FS 4 CSOT
ec
yeh 1 et 0 A= By hoa
ws \ chy 0 0 4s 3X7 B Yu

On, = 1 O 4 -| “lL Os % % (Wy te)

AYy> 2° a
Yu = oOo -4 yt 2
3Nau = pu A tN

We = 00 OAae : o 1 -| “th 8
|

“Oph = aay = = BY 4B Ky .
hb = Ihren

eh = 6 hrk= -A%e



AY BABY = Cut0 +0)

y= 3%y — 3 Yu = Cyr o~vo~t)

%G = BNar ~ 83 Vay = Cer (oo 71)

We Ky +E Ye — FB XpABM = Ge 1-10)

ay = Yt.BYq) BX Xu)
= FX 3B = BvD)= 3

eae = BY+BYu)(Oky~BXu) =
= Ay «3h ‘a = 3(ut Go) = 3%

NB = (3% +BXv)(B%a—F Xu)
=~ O +O Oo+0 =O.

- J - ,OB
BB 8XHee.

+2BG4- Lyea



Solution to the Matrix Problem June 18, 1979

8 1, Here is a statement of the problem: you have a 4-dimensional vector space which
is spanned by four vectors called €11€,4€3y€, » These vectors are not orthogonal nor
are they unit vectors. In fact, their dot products are described by this matrix:

NEBR) AA VE ao;eo ales
& ={ecafoec)] . fS>])—
& = ete “eT ot y eA fet
Ss ocrob

Before continuing, here is the correspondence between these symbols and earlier work:

& =\hy = Xalfp BB = CHW = CHG) = Gay ee

E= VED = Kal? BE = Gata? = Cuda

eS => ~~ =@&~\i,>= Xulf) Bis Habe RE

0 s.- _ ee
R= thay = Xalf BB = Hac = BR =e1

In addition, the vectors e; and ey span an invariant subspace of the four-dim space,
and the vectors e,,¢, span another invariant subspace. In fact, the action of group
elements on these two subspaces is the same, namely:

& &
&\ (TO\o Va
e}= &Re 2 1a

Here,’ (R) is the two-dim representation of S; we have been using. On page 2 of earlier

notes, I showed that the action of group element R in the objects X,, was such that
the action is exactly the same on either "copy" . In new notation, e,e, span the first
copy (subspace), and e3@,, span the second copy.

Now here is the problem: Is it possible to do a’transformation on the basis vectors

to get some new basis vectors such thet

(a) the new basis vectors are mutually orthogonal, andfo) (b) the action of R like that above but on new basis is still in block form.
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2. Discussion of the situation: As we shall see below, a solution must exist to the

problem of finding an otthogonal basis in this 4-dim space. This is completely obvious,fo) and will be shown to be just the problem of diagonalizing a real-synmetric matrix.

The real question is: once you have obtained an orthogonal basis, how do you

know your group action will have block form? Certainly the two invariant subspaces will

still exist, but not obvious that the vectors you obtain by obthogonalizing will be

the same vectors which, in pairs, span the subspace. In fact, it is not obvious that

you can have block form and orthogonality at the same time. Lets return to this discussion

at the end. It turns out that you can have both at the same time, though now I dont know

why based on general principles, only based on this calculation.

3. The orthogonality calculation. Here is how I propose to transform the ba’&s vectors:

gy &
a| [A[B\e
&&
&o| Dg

hy (tase Trs) a) @eee) NA é Al &\fodleA\fAle
= =

—
—

& o”™ ele fel val eloPe Ww
ey

It is our goal to find most general form of the matrix ‘ABCD. You can see that it Us just
the problem of diagonalizing a real, symmetric matrix. You know therefore that the

matrix M = ABCD must be real orthogonal so that weal, Thus, we get:

A\®\(st{eh\ - (tt ° (aieely /\eal bt o |ki/\s'

> a =

wo A-| aan ]8 3 C=ald :
ek) = \-(b-by2 A-\SB 4 C= Sy

These four equations arise just by multiplying out the mattices shown’. I have anti-

cipated the fact that the eigenvalues are equal in pairs, which I will show in next¢ >) section.



~

3.

4: Determination of Eigenvalues. Just outline it as follows;

° ah 9 cjio hath = are

x ° bh oO 2.° © 0 bh Wwh. = do-co

=> xlx-W]ad eo Ber x= Canyerh).

x « .Vo giaxtxcd=o a eS eo a xe cS fue.

SB w&ayeY=e 3 he = tly tle |

Off hand I don't know how to deduce that the eigenvalues are equal in pairs without

doing it; there must be some facto about the matrig which makes it true by inspection/.
Now we define some auxiliaty symbols and state relations tween them:

Q@ t= 2s. - Gy =o(a-ha) =e (ard. +N)
upaw  (a~hia-h)+ =o

~ oy * WY) = OE(ea Gy eed oct
In the first line, the equality tells us that equations 2. and Ae on page 2 are
redundant, so our only conditions so far on ABCD are:

s. A= a® 6 Q= aD

5. But, we have in the above already assumed that M was real orthogonal. We used this
fact to right multiply ant equation by M. This fact implies furthoer conditions on
ABCD as follows:

ST, ay‘Ale ALIS We) oo AmARe=) Ata also 2aio
gor al) .re) & otaaw =| (cao e)
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So, equations 7.,8.,9. are the conditions that the 2x2 matrices A,B,C,D must satisfy

le) in order thab matrix M be real orthogonal. Our goal now is to find a set of matriceswhich satisfy 5,6,7,8,9. Then we are done.

Inserting 5 and 6 into 7,8,9 we get:

~ 1. v.Be= wy wee: %. ((eaa.nn) 88 =o)! oxo,
This tells us that matrices B and D are “almost real orthogonal". Lets then

define new vertions: :

2 aay yy

B=B/Fe > Be = A=% 08
2 war od

Dz D/p- ~ DD = [ c= aD

Thus, here is our most general solution to the orthogonalization problem:
.

g

A\B aes Ay | Pe As une Ag, KO on onbsvhamyn= (S42) = | —=

qld ap. A- |e. A- .re) f-A- Ie oad, afeag cmaarie.
- (ky © ) a, &4).oO Ae Avpal pa

Here you see that the matrix on the right solves the problem giving orthogonal basis

vectors. Then A, and A_ separately rotate basis vectors within the two subspaces.
Obviously these extra arbitrary rotations cannot change the orthogonality.

6. What about the invariant subspaces? Consider the effect of matrix on the right above.
We get:

f e2
& Tyo ‘iq & zy. |RIS l= nef} [n py |eet « \ee et
eaeae

ay + -@

fo o\/A\er APR A&R Ares ard0 .2 GeyettPee etarsole opera opyr

x

= Aathe| 2=o
|
ATE
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Thus, you see that block form is maintained: vectors e1' and ey' spen one subspace,
A end the other two span the other subspace. The effect of applying A, and A_ is imply

fo) to convert to equivalent new two-dimensional representation of 83+
I see no reason to bother with A, and A_. I will remain awayre that within

each subspace you can rotate to your hearts content and get equivalent represntations.
Here then is the simplest solution:

2, ae a eak
a= Pe (4 +8) a= A(Cx)
a —— as an

B~ K(Ls = PRs’)

mat ory a2) ae
Se - SA = Wy Ones = 4-9 =

7. Comment: notice that the new "row 1"vectors e' and e3" are linear combinations
of the original row-1 vectors e; end ez. Thus, the problem was solved by recongining
the row-1 functions seaparately from the row-2 functions. I though I had tried this!

My other attempt was doomed to failure, the one where I tried to solve this

by rotating within each Copy. I now see how stupid that approach was: if you getfe) an orthogonal solution, clearly separate independent rotations within the two

subspaces can only lead to overall orthogonality. No possible rotations or transformations

of any kind within the separate spaces can ever connect you from overall orthogonality
to our starting non-orthogonla position.

8. Lichtenberg is wrong. I claim that the linear combinations necessary to solve
this problem are non-trivial. We know that:

de = to [ob + Janeane|

wee ae SHY = FCF E-Fed -F GD-4 <i’

be Kye Fee) - Fe GD + FAD -4 cd

-& Bi

c= = = HAD + Lad,

vhs, eR) tonne Sayin is FGxey xe) FO,%Xs)
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Suppose you are trying to analyze a particular function £01 1% %5)+ The numbers
__ayb,¢_ are certain over&ap integrals of this function, I have assumed that each

0 integration hes the same range so I could use a symmetry to simplify slightly
the forms for a,b,c given on last page. Since the numbers a,b,c are uncorrelated,

(ie, for different functions you will get different a,b,c and they have no onnstant

relation, like sum to zero or something),N; is dependent on the function f.

Now lock at the general solution:

12> 2.2 > 2»

BS = So (BsB)~ CoB+ %)
ers > e\x a 2 3)A= Co (eer&) 9 Se, (ae B+ As) swmdeh AY
I see no way you could select angle 8, so that the linear combinations are
f-independent.

9. Caveat: However, suppose f(1,2,3) has the following very special form:

FOa = aGSb@)e@)

fe) where a,b,c are mutually orthogonal functions of a single variable. If that is the case,
then all exchange expectation values like (f/(12)/f) vanish and you get in particular

that number c=0. In that case, your original basis ej...¢, was Bready orthogonal
and there is then no need to do anything.

According to Licht's definitions, we have:

er

K= 2e+3ze,=) b= bey

Y= ~-e4aBbe, X= -heict

“(3 BNE . aayea) \+3 3B Nee Say Sy)
Recall that the most general subspace-transformation which leaves basis vectors orthogonal

is tha matrix a 8) where the only condition is AC+BD=0. The reason it is more general
than a rotation is due to the extra facts implied by the group algebra. You see that

Licht's choice of basis functions uses just such a transformation on my e,€ basis!(oe) His second pair of vectors are proportional to my e3 ,+ He makes no claims about
normalizing his functions. So, he is correct, with this caveat that a,b,c are

orthogonal functions!!!!



Some Theorems about Constructing Projectors. i

Theprem 1: If your group elements R are represented by unitary operators R, and if ‘

your representation matrices are witiay then X,} = X,, . Ie, then hermitian conjugation
with respect to the Hilbert Space R acts on is the same as transposing indices for the
projection operators.

Pro6f: Start with definition: —~

xWo weWE. = (E_DL® RYE

. () s\yt Ww x
42 XG- B(Z DER) = B(& DI.

Ww

=( Din (R)R) [hog sssanargunscks.hw f&

EAC /=
( (R ee .6 §o( 2D) &) ne: enctanes,

1)
= Xu gen.

I had to assume the operators were unitary in order to go from RY to R4. only then
can you use the rearrangement theorem. Note: we have already seen special cases of this

theorem, like X}) = Xj, for 85, ete.

Theorem 2+ The object formed by adding to the stendard projector X,, an arbitrary
linear combination of X; operators ( ie, ones for same row but different copies)
is a new idempotent. Te: omy

a ic NG ~~
Ker = Kee + Ze Ac Xee| => Ken)= (Kis)

Proof: We make use of the basic fact about the projectors ( ie, the GOT):

Xy Xa = Sy, Kb

Soy ek wast, Sang oh:
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os rar>
2 t(Ke= hey + ZL A: (Soros Kedker) + SZ ALAS Koreasae iat SE Oa Tyee Ves

Nore Kei oie o ith
is ~

= Yer* EAN = Xe) ag.
wey

Theorem 3: These new idempotents are orthogonal in the following sense: Xf X,, = 0.
In other words, (Xf Xs f)=0

Proof: * * :y ~ t

(Ke YKed) = Lhe + 2. AY Xie || hee Za A Kes|or jaz D8)
*

: .

t= ZK: XKirkss =O me THS
2K :ta &, Ay Yor Key =O sme c #5

a ras »fe) te BAKA ieYay = 0” QE.is —

The proof here is really obvious by inspection: the operators in first bracket have

ras second index; in the second bracket have s as first index. Since r/s, all products
vanish.

Theorem 4: The Hermitien adjoints of the X,, are also idempotent.
. oe whet otBrooft Keefer = fre a Kee Rie = Yr ep

y

Comment: Although these new prmjerkmx idempotents Xe "do the right thing" in the
sense that the chunkes of functions which they project out are orthogonal, as in theorem

3, these operators are not hermitian and are therefore not “projection Qperators”
in the usual seince. Ie, we do not have XX, = 0 for rfe. Ooo, Geek e Xie:
Unless you have honest~to-goodness projection operators, you cannot "decompose"

the identity into sum of projectors, even if they are indempotents.

Exception: In the special case of the two copies of the two-dim rep of S3r were) can consider these two objects to be acceptible projectors:

a 2

Rak = He R= ke=0.

L>Ba Ne Pak.
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Thus, the following are acceptible projectors:

f = My FAX

f= Ka + Ba

Specific Example: If you compute the projectors using the method of Hanmermesh,

see notes above, you get this: (isve-te) ;

Maat x4
=4 ~ os) -rg| =iR= SY = Xr ka (SH) = gleroo-9 ol

oe -1)a u Ud G vveoe=tfia 3Y= kai Xa © FH \ = £ Leroy ~O9- O39] a
kote

Thus, we see that this is a particular case of the above most general form of the

projectors for the S, gwo-dim reps.

Comment: In more complicated cases involving n occurrences of an n-dimensional

representation for n-3,l.++. you do not have the freedom discussed above. Por example,

re) in ne3 case you camnot arrange X,11 Xo91 X33 to get three projectors in the waydone above because there are just too many. Ie, if you choose P, and P, as on bottom

of last page, there is no way to define By except maybe P, = X,, with no mixture.
- Probably that is the way it works: you can shuffle two of the basic. projectors,

but all the remaining ones have to be "basic projectors".

Summary: In general, theee are two methods I have to compute the projectors.

(a) If I know the actual representation matrices ( they are given in Hammermesh for

up through S5) I know how to compute the "basic projectors" X,,. ysing the general
formila: ie, its a linear combination of group elements where the weights are just

the rr entries of those matrices. An alternative method is:

(b) tise Hammermesh or Messiah method: for each standard arrangement in a given pattern,

construct the object called Y = QP. The only problem here is that you have to then

work out the normalization by hand, even if you include those Messiah factors.
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Theoren 5: The synmetrizers Xx) form a "peir™ , and so do the synmetrizers q.

le) Proof: - day QtFreet Them Quin delpndbea oa ke
dD a) .

RX = ZL Dla) Ke CS
= 36

o) 3)
~ RXX= DAK

A vector of two objects which behaves this way under the action of Ri called a "pair".

Theorem 6: Any linear combination of the above symmbtrizers ecross copies also forms
a "pair",

Proof: ~ woe
oe RE Res YS,

3

~> ~Qa. R= 2 bZ De (®) Vid = & Dale) Xe
rey zOw RL- WE — aco.

\ 2Eroomy ba K= KX +X,
YaYe Kh.

Sequeteod : 1 imHa aka wy
Ye = aX ree

Theorem 7: If you have one member of a general pair (the abuve pair with any a,b), you
can generate the other member of the pair by applying either x, or X,*.

: Vy 1 2, aSet Ya Y= aOak)+bOGX) = xh +e = K %
as Vv= \ w\ t
X= ahm@r) +64) = ak ax, -K 7

raefo) ae -Bade wor, yyw do Way 7 fVw

XakXe = O



-+
: —5-
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ie)
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50 Were is ny second verificationthat the oixeymmotrizersare Linearly independents“1, Gn the group algebra space), Systematically reduce the netrix totriangular form If

___athere isa zero on the diagonal anywhere, det~0 and set is lin dep. But here thre,|
""s gwere no zeros, so all are linearly independent!! ee

aespeeng ly) bon lesan)NER



About Decomposing Functions £(123) into S, irreducible components.

1. Imagine an object £(123) such that the six objects you get by premiting this

thing are linearly independent. Such would be the case, eg, if £(123) = a(1)b(2)e(3)

where a,b,c are three different functions. Or more generally, if £(123) is same

arbitrary function of its arguments that possesses no particular symmetry.

If the pieces Rf(123) are linearly independent, then the 6 objects you get
by applying the six symmetrizers are also linearly independent. These 6 objects
are:

£,(123) = (1/6) [ £(123) + £(213) + £(321) + £(132) 4 £(231) + £(312) ]

£,(123) = (1/6) [ £(123) - £(213) - £(321) - £(132) + £(231) + £(312) }

£3(123) = (1/6) [2¢(123) + 2¢(213) - £(321) - £(132) - £(231) - £(312) ]
£3(123) = (6/6) [ = £(321) + £(132) - £(231) + £(312) J

£3 (123) = (/6) [ ~ £6921) + £(132) + £(231) - £(312) J

£3 (123) = (t/6) [2e(123) - 28(213) + £(321) + £(132) - £(231) - £(312) ]Le} The brackets show pairs of functions which are "paris" in the sense that they behave

under action of R as a basis for the M-rep of $3. Here, then, we have two linearly
independent pairs. '

Recall that the "group algebra" space is esentially the regular representation

space, and by the "celebrated theorem" this reduces to S + A + 2M reps, so you expect
to see two pairs for the M-reps.

2. First special case: suppose £(123) = £(12) only. For arbitrary function £(12) with
no symmetry this is no restriction; there are still 6 indpendent objects and the above

stuff still lists them, just delote the last arguement. The 6 objects are of course:

£(12) , £(21), £(13), £(31), £(23), £(32)

3. Symmetry: if your £(123) has some sort of symmetry, like the tensor form 143223,
you may find that the two pairs are degenerate; the copy 2 pair may just be multiples

of the copy one pair. That is exactly what happens there. In this example the symmetrfe) is this: £(123) = £(132).
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4. Second Special Case: £(123) = £(1) only. In this case there are clearly onlyfe) three independent objects; the totally symmetryc, and one pair. In fact:

£,(1) = (2/3) [ £(1) + £(2) + £(3) J

£,(1) = 0 .

£7 (2) = (1/6) [ (2) + (2) 22 £03) J

fee = @/6) [ £(2) - £(2) ]
£3 (2) = (6/6) [ £2) + £(2) = 2 £(3) J

{eo = (3/2) [ 2(2) ~ £(2) J
Here you see an example of how the two pairs become degenerate; the top pair is related
to the lower pair by SQRT(3).

0
;

fe)



The tensor problem for self-energy.

a 1. Consider a self energy with momenta p, and p» entering. Ignore the constraint that
Dy+P220. What is the most general tensor form involving two momenta that you can make?
Answer: this sum:

2Ay ca a ot. en BeTee aR) = ee Agate (pe) )
This is only four terms, easy to write them out. Now, given four functions and thus

an explicit form of the above, what is the "switched" tensor? Answer:

Ha ( opt =T By alyRa yPs d= + (0b or - -Ze ASE) Cry")
Here, the notation I means if i was 1, then I = 2, Maybe I should write that I = P,, i.
You see that the actual momenta of the tensor form get switched, as well as the arguments

of the functions. Their indices stay put of course, and the Lorentz indices on the

momenta also switch. Now, rename the summation indices to get

he toe ( coe A SAL(a) (Cony \= a As Pa fr ) (p:) (P§S
2, Wow, what are the conditions on the A,, if you are trying to construct an antisymmetric
tensor? Since no momentum constraint, each of the four tensors in the sum is independent,
80 you conclude +

APD 692 0% Par ot
TH y+ Tet) = 0

< +. (ot pt =7 (9? 92 AY ra Mi

= Z| NahetAGet | Ceyeny‘y

=> ta ct AAg ate =— Agee) = SAuGd= - An@
Aucd=- Anas)You

can think of there being originally @ functions, Ans Gye - Aas Ca")the
sym and anti sym parts of each of the functions. Aa (y= ~ Aw (uy)

These condtions then reduce you to 4 functions: notice

that  self-condition removes only one function, whereas a condition relating twoOD aisterent. functions renoves two functions, in the sense of there being € originally.



So here then are the most general antisymmetric (and symmetric ) tensors you could

have:

Bya.¢ 5 ok Ss Hye Be Mie eelo) we) = AG) | Gye" - GG
aS. Pur Ba Arr \Rea ANG)| GQ GY & (pay (pay
aS os+ AGG | Guy}
as A pg he+ Any [ Ga* gy]

‘

SAS Sorate all.“To ght eT) ald SEAS on gn
Thus, you might argue that there are really 4 different "tensors" existing in this object,
each requiring a multiplying scalar function of sone definite symmetry.

2. Nollets remove the constraint and let p,+P)-0 . What does this do? Replace Pp with -p,.
The first tensor vanishes identically, the last three tensors are all proportional to

one ancther. Butg since p,* = pp, it is now impossible to make an antisymmetric function
8 to multiply. Thus, there are no forms whatsoever left! ( for the anti sym tensor). For

the sym tensor where S and AS labels are all switched, you have only one form, which

is the confluence of the last three, above. Thus:

Pye 2al GF) = ©
s yp.Pye Cgty ot \ ye a z yTO)= Alea) CHYNCAY + denne Geelyg
FOr
i) 4 Yo nmin

3. So, to summarize: we first hunted for all the tensor forms,without the constraint.

We got some general answers, each having four functions arbitraire of definite symetry.

Then we put the constraint back in with two effects: 1) some of the tensor forms identically

vanished; 2) it was no longer possible to make functions that were AS .

Ls T now want to see how this goes for the case of a 3-vertex. Something tells me that
the group $3 and its representations might somehow be useful!



A-Review of the general construction of tensor forms with two momenta.

fo) 1, Question: whet are the tensor forms you can construct from p, and py. I have
already figured this out but here is another way to do it.

2. Solution: for the group Sy there are only two representations and so only two

projectors, call them S and A. Write down all the basic tensor forms and then apply

projectors to get forms which are associated with certain representations. Then at

the end apply scalar functions.

So here we go:

8 Sg A
ce A arres LC pee pAb anQs" Cay SLexrent ch] ELeheth |

AY Saad Ay Re(gt ec) Certs ©
oN gie Awe

en) Ree 3

Aa oe Ride AC AY LP ohms peg ar
ee slate es) ttelee ih

Thus, by applying our projectors to a list of basis functions, we have generated a listfe) of new basis functions which have definite symmetry. Namely, we have:

. pe wy Be .

seme TPM gee
ie J
T= ep
he LY gtr ke pe garwhe ele atte gt et

Omasy -
— ST big He pde yAWe kt tte'),

‘Then here are ‘the most general sym and anti sym tensors we can constructs

aye Sp ape OS Se yee ASS pyfaWye = Paeoy ¥ a RT ae Yow aw
Ie, you are allowed 4 scalar functions and each must have the correct symmetry. Similarly

. for Tantisym .



Count Amplitudes in Triple Glue Coupling by LS Coupling.

a 1, Imagine that you are in a rest Game of a gluon; it decays into two final state
gluons. How many independent amplitudes are there?

The pair of final gluons can have S=0,1,2 .

For S=0, to get Jal you can have Ie1 and that all,

For S=1, you get Jel with 1-0,1,2.

For S=2 you get Jal with L=1,2,3.

It would seem then that there are 7 amplieudes:

8-0 Lal 1

S=1  L-0,1,2 3

S=2  Le1,2,3 3

1

Is this number further restricted by bose symmetry or parity or something % am

not thinking of??



The problem of rearranging the 36 objects of the form £(123' g(123) into tensorsfe) of definite overall symmetry.

1. Here is how you do it: first, take each of the two systems and decompose into

6 pieces of definite synmetry. Then combine the systems using direct product to
get resultant combined forms of definite symmetry.

Namely:

(m+ B+ R+®)x(B+Q+ B+Q)

= Cm vB) (maxB)

+(am+ B)«(fP)-4

Q +»@-4

(+ 3: RB)

(+ Ym +4 B+ 4- FR)

= 60D+6BR +a
Note that we get 646424 = 36 objects in the end. In particular, you should be able

to make Bix different totally symmetric tensors in this way. Two arise in the obvious

way, and 4 arise from the mixed symmetry combinations.
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33 Expansions in the Standard Basis. Ranie Sz dole _

le) 1, Here are the é basis vectors of the group algebra, and their multiplication table: H

6m = 1 ee | \ \ = 6KA

6Xs = \ \ \ \ \ \ = 6%

6X) = 2 2 ~\ ~\ ~\ ~\ = 6%,
bXb= 0 9 -® & BR -B = 6K

6XH= 0 o )6-BlhUR HR B= 6%

(es 2 2 to yon t+

;

| Xa Xs %, Xn Kas Xev

Owpule ooo =
Xs oY Y ° } ° °

Au ° o] Xa Ye _ ° |

Xe ° ot OO ° You Yo |
Xu | O oi. Ye 0 o

a.

|



.

oe

These X objects are supposed to provide a complete, altbeit not orthonormal, basisfe) for the group algebra. Thus, any elements of the group algebra can be uniquely
expanded in these basis vectors like so:

A= Xa asks au%Xy + ae + Oy Kat ee Ker

Given the group algebra vector A, how can you deduce the 6 coefficients? Here are

"some useful facts that follow from the X multiplication table:

AXae KaA= aaa Ky A= an Kae aaKer

A¥s=XsA = as Xs Ya A = aa%a +2 Ker

Yu AX = an Xu Yar A%y = aKa

Yu A Xee = ae Kn XaA

tn = do Ker.le) For example, if you apply Xy on the left of A, and Xo on the right of that result,

you get a result which is proportional to Xp and the coefficient will be ayo: so
this is a way in ehich you could compute the 6 coefficients, given A.

Group Multiplication Table:

e a @) ae) (sey

e e Ww i. 23 (23 13a

i@ | ¢ 32 vey 23 13
i

@ 1 8B 3 e (ar R 23
!

.

@) ry (30 Ws e B 12
'

Cia) F123 m xy mu 13u e.

fo) (@y) | Br 23 12 (3 .€ 123

Quorn: | COBB = Cabs) LYCade) = Cee)
Cys (eevee) = (Ce)
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2. Action of group elements on basis symnetrizers: First make chart of D'(R):
my

Le aw ~y xfBOve-= GC? Se- (RY
: x

t te ay “E283 :Dv (aa)= ) v @) = G, “4 ee
x H+ -& + P28
D (os) = ( . D> (He uy

Notice that these are in stendard order reading down. The general rule for actio of R

on a basis symnetrizer is this: am.

k T ts k vey
. RX = Z DQM, ae KE = Xtke
For the one-dim reps the group actions are fairly trivial. Using the above matrices we

can then generate this complete chart:

i éfe) Xs | Xa | Xi Xa. j ‘
;

|

i Od X.= - CB)K,el Xsi Yl Ka i A
A FOP GS E03 Ke

GD] Xs 5 XR, XK ~h rr
T iz : Bul yt OSXy=OY XKG3) ) Xs | -Xa | -2%y- 4K -BxX tke

t é t oj ays ayy| Xe XA | EX ASBKL | ERKE KE] = OOK. a en _ i é

. | i A fa Q CS)Xi = (132) Xiary} Xs! Xa [rt RnB | +B -$ Xe
Fe a ees Ora(32)) Xo YA [3 Ay aX | -4BX-4%a tee ed an

"3, By the way, I think you can check by doing hermitian conjugation that: right action®
by group elements mixes copies rather then rows like so: (check if needed)

le) i 4
KER = Z DS@%

3
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4. Now here is a table which will below enable us to write each group element asfe) a sum of symmetrizers. The table is read easily fram table on page 3:

” Av u cS al& XRK Xe RX! Xi RY Ke RX
\ t

e Ya ° ° Xe

Loy *

qe) w ° fo} aK
\ \ w aws EK RX BX thy,

vy! \ 4 t@) -th +358 KY Ee BK Ta
\ Pay .& ok

way AK <2 x) ay! -2y

, A w wease) 2 +28 YX -+938 X -2y

Remember that x, and x are row projectors, hecne above table is easy to see. Nowre) recall the general decompoeition of any element of the group algebra (here take A= R):

= ‘ \ al Voy r u

i Ra Rk + RH EHR MRM +e WEE CRE |

\ a a uSe Xs MH KH XO
e\\\°}\

@+) \ \ ° oH

ay -\ \ a 38 +8 z

&) ~\ { -t tH Hf 4

Ge) \ \ “4 4B 8 -4

(sz) \ \ -4 rtf te ed

+l+GA\+Ga] =Yatks



5+ Identification of the 6 functions which can be made from £(123):

fo) Back on page 3 I have written how the x transform under group action. This implies
that the projections of a function will transform in the same way:

k os xROD) = 2 LOB)
y

fr ‘ Que.
Se KY,

an kes

A My = al .

1 \ ‘a + XK \ x / Ai ¥, = X + ow a Ne a3)
‘e] caer wo

i y aHe t- Ya os fie w+ Peoy %
Vey Reeay

foo A ae 1D

Thus, these ere the six functions of definite symmetry that you can make from

the 6 permutations of f(123). Of course it happens that only four of them are
needed if you want to partition f = sum of functions.

If you look at table on bottom page page and read across the top as the
six functions, you see that the full set of six functions spans the 6-dimensional
representation of the group $3. It just happens that the first row of that table
involves only the true projectors.
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6. Now, if Hammermesh's Clebshc table is correct, here are the four totally

Weld _aastonett

\ Voy an 3 wie uw\

B= Vyehe B= Aye tge
a Voa Lie q woke Boe

Roe Nash Re Ja + fg
Any choice of a row-l x row-1 + row-2 x row-2 should be totally aynmetric, according

to the Clebsch table. Now lets check . Perhaps here is a faster notation to account

for all of them :

ap tay coyi = 4 a+ 4 Qe Ree yeuee
Use table on page 3 to investiagate the action of various group elements on this FJ:

bs arde: > LA Wael + Wie) = 7

t y i \le)a = UN Ug) s bE gl=- 7

Gy > LAS eB Vag a gllsFEVAN ALE Qrtse
~ Gri) Rare Qayhye «0 - 7

an > L- -VWe -\sl- +t +1

aay > L- 4\b +)4G +e +]

Qsy a U> ~JG~\ + C4 -10+-]
Bh Tetl\Gs+} + (-YE4 o

The last three elenents are just sign changes on (13) cagg/ They all work. Therefore, I
have shown in detail that the Clebsch's are correct forAimM into the TS representation.
Probably then all the other ones are right too.
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Action of group elements on the projectors. 6
too. \ \ \ \ \

udyX, = 7-2 (\\ 48X,) = -Eee] :ie) =-ti(a 2 -4 2-4 2) = +e(i-t 2 7 4-1)
\ \2 ~w yY, _~ XK

Stop. The easiest way to visualize this is the (13) or R in general acts on the

heading and rearranges the headings. When you unshuffle, you find that the integers

have simply been rearranged! For example, X,* has two 2's and four -1's. Then (13)x}
also has two 2's and four ~1's, In fact any object like'x,'R or RX,’ must contain
two 2'e and four -1's. That set of integers is in this sense "invariant" under group

multiplication on either side.

However, there are 30 ways to have two 2's and four -1's. Of these, only 6 are

accessible, so to specak. Eg:

\

Kr P52 aL -\ —\ —\ -\ y= CRe=e)
=e GG OO @) Gey (sz)

fe) > © G GO es BEI rI2-)
AV 2-1 2%(Wr? (~& (2) (iv) e (3) ty =p CE )

(By @) = lov a-tp(nd\> as) us) (2) (wy) eS a) > )
ry > (WY (v) Gd a QB @& 2 (H17712)(sx) > Wy ( ) ’) 2 fas)

AY

a Ke (2 a~v~v~v-4)

4 4VOD X= |HrAAA-Y = Kop

‘ .(8) Ks Gl e-bay) = Yo)

\@

Ks Grva tz) = Qeie) Ge) Y= GIB ANY SYD

\ Le) Kyz Gert an-vay = +d
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Ge om nadr cota nck itt

rs) CabvedesSs (abed te) § Sd wad,
Se dalle also soy2!

a xX (2) = Cr-1-e1-!) .
x (a) = (rite -12)

MWA = (tv 22-t)

x (av) = (-4-8 z~i-tt)

Xf rd = Grote te-8)

rd

Cae mare) = x = (2) X\= xX (az) |
Gt a-at)= adyt= ce! || G11 = @X\= 0), i

Crta-v-v2) = Xb Cs) =X (432)

(eis) 22-1) = Xi) = X) es)

a Nor, Cw Lr
4 ° ° -\ \ \ -\

Ky
>

fo) A fast way to do these things: reorder integers according to new order of groupelements in the group multiplication table.



ws
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For example, lets redo the X,* thin in this wey:

ie) OX, = Vw=-V~V-V=h
dX = Ay 2-1 2-\ Vv

Y= ok edi
What Iam doing is this: take 2 2 -1-1-1-1 and imagine it as a heading on

the group mult table. Then look at each row to see how they are reordered. So:

X= go

sy desirPay = (o onary |e (oom tiny = YXCe)
CNH= GV otk ov PP Crresavey= ¥ (3) |
ee( - 1 ond (i 10 0-\)= & @a)=h

Beant = t o-oo) (\ to-10)= ney (32)
a KG =) | ont 0) (soe=i) =H Oe)ete |

6 X= @oAa)Oo ee (ool mt y x) Coot-\~V 1) = X(12)

[on Re (4-18 1 0 1) Gio veo) =XU3)
ad Xs Ch ot oY Crave ot) = O(28)
hoy kee (bb Osh 0 -0e' (ve 0)= Ke)
Ose Git 10 4 y= (Er Loos ve (23).

;
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Ways to generate functions which sre "pairs" for mixed symmetry.

Le) 1. In general, we know how to get a set of partners for a rep of any dimension for
arbitrary group S,. You act on a function with the set of projectors x8 for any
fixed copy index k, letting i go over the rows.

2. Any linear combination across the copies also works. For exemple, consider;

Bar. he = CK KE

k

7

k

= RTL = BARK = LSAZ DOK
K 3

> ELYd: eG
s

Since any such linear combination gives a set of acceptible "irreducible functions”

or symmetrizers, you might just as well choose the simplest ones. Notice of course

fo) that you have to add the copy elements with the same weights for all i.
3. Example:

ft a 3 wa Be
ss os\ 2

We 2 2 ~\ oN -\ ~\ \ KEK
-\a

=-& ~ = +

ye Oo 8 -R BB -f S38

co :
Yee 2 2 \ \ ~\ ~\

Ts 2 2 72 ° ° -2

7 Ae

afe) So, contrary to my first impression, you cannot define 7, and T, here such that each
one involves only 4 group elements. Nor do Tyand Yp give you an acceptible pair.



hh. Lets check out Y and Y' and show (I think) that they dont generate an acceptible pair:

A ‘ .

syY= w= y+ BK, [cwtives poor)

u i}ays f= Ki -BX

1 1 a \ 1wd. RR= RRB = AO BZMOK
> = > =

= yan skde!
So, although these P, and P, are row and column projectors, they dont transform in the
standard way and thus they wont generate a correct partner. You need a "correct pair”

if you are going to utilize standard Clebsch coefficients.

5. So I seem to be stuck with these operators as my pair generators:

\ aL

= awaKo Gr aaanyt

8 —— i +% = © o BBB -

&. Example:_ The simplest non-trivial case of generating a pair of functions like
this is to assume that (123) = f(1) only. Then you find:

‘

J = BO) +l@Q-24
.

f= B(&O-f@).

Chmment: If you are trying to make a pair of functions, you can always premiltiply
on the right by some fixed group element. See later.
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Trreducible Compoenents of Tensor Forms.

8 1. Lets consider two momenta the same. In particular, take 171723 =p." p,¥2 p.¥3 .
This is an example of a £(123) object. I can form six irreducible objects by applying

ny six basic Kj, symmetrizers. Lets do it:
First, compute the action of all group elements on this £(123) object. You should

do it in two sages or however you like. When I leave the superscripts off, it means

thpy have been ordered in “standard order" meaning wyuju,. So I find:

= ws ws we

WL Ae 22 233 BY 32a 3

Here by the way you see the six tensor forms that get mixed together. The complete

set of "two momenta the same" raw tensor forms really has 18 elements; its like

three separate functions f(123) which do not mix. Lets keep to this set of 6 for now.

Now use table on page 1 of "expansions", Set the root threes equal to 1, I dont

see any need to keep them, and ignore the overall factor of 6's. Then here are

the six functions:

CUDA = CWE = Ze 23B= AH 827431.

Ms = LUT FU 4233: +1B143224.213}
\

GNDy = (CQL AVAL 2B 191-322-313]
os

cue = T=B 413) a3rr-a3IG
\

CI), = (+ ~3n433)G
.

Ue ALVUTAIWw AA. $7S_41B1 ~32v_-- 313]
The only work is getting the table headings. The coefficients here are just. those

of the symmetrizers. So, we could replicate this information like so:



a mh» et
- \- (yy

ru We 423 ws U3 (83

Wa cant 233 (3) rr 313

cory ~\ -\ ~\ \ \(ry \
als

Ail) \ \ \ \ \ \
Gut

_arya zu -\ “\ ~ \
aut

(wy se | ee ee o°
(au .

CHa, ~\ + -\ +) x3
cry.

ad. 2 -2 +\ ty = -\

To handle the other 12 functions in this calss, we simply change the labels on
the table; the entries are just the same. The facts we need are:

. a as ies wee

re) 2 We 2 233A crxa as
vat (UW - (12 ~ BW ~~ 43 US \33

val) uM aro BW aa 33\
T have shown in red how you would change the headings to get the second set of 6
irreducible tensors.

Conclusion: Having done very little work, I have classified the 19 raw tensor forms
which have two momenta the same into 18 irreducible combinations. Much faster than
the last time i did this!!!
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2. Now lets do the same thing for "all momenta different". Again, its just a question

0 of getting the headings. We have: :

<a ave as a Aww st\
BL BBB fare ants

32 | LW Uo BU BUA»
Vi es Biaes WIT B_— BBY /* ;
UZ] 23

air} se
; :

B2i | 32h : a .
Maybe I don't have to do these last three. I am starting as usual with a set of 6 raw -

tensors, if I get 6 tensors of definite symmetry I know I am done.fe) So lets take each row as a heading and see where it leads:

(By, = 0 OM = © (ai, £ afer wed

Gas £ 23" (se, & ag [trarase0| ys £ sparred 7
qey = 0 (ao) £ Larsnnrael (si! = ©

ae =o ante cad ds Qay = ©
Cd. = © sult Wwe fay = 0
Gai =o asurt 3 Teese) as Oo
Since we do get 6 tensors, we know we are golden. Also, notice that it. is all right for
the same tensore to appear in two places as shown: same row idea.

6
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Next, lets do "all momenta the same" :

loi = aw a cS ee deWA NY UL BBW BD. ea helabe

Ue

aus

QW,= 0 aye 2 es
(uy © almaerassss] any, Swed

2 ow(vy) | twee %333) O)L = sfw-ruy

Finally, lets combine one momenta with a kronecker delta.

fo) _ \. a a Ta i
ep we Se Bs te ge ws

ss xa =z e Peal st ={ s ax
We should generate4 tensors here. What are they?

LSy = SQ-d' +s SP @aAv4 8"G-Y
Se = Sara «shar caer"

BY = BEA Saayl= 8" Gar”

3 a 3 r ?Ove = fs a-svt+ 8% eae

‘ \BOE = [Soest eHy'y® «
\3 zrfol WYSE = 2 SysSook Es)
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The second header gives these tensors:

Oaew= Oo
(SS = al stare Ths TY

&2), = Lat 2: as x‘ se]
Se = ©

Se =e Hvis
oe > = ro)

\

0
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Oo= te adoy
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A 1 AN zie ‘eel 22

wa] rs [how cach of the27 monenta objectsSn re . _| __ reduces to a linear combination

ee \ Pete nes ee ofthe remaining 8 independent

ie ; tensor forms.
ns (2 ee xen ...- - $0.g0 bo your set of interesty
en | Ct del t a _set involving 6 objects. Then
BLTH look up each entry in this table

AB PRA : _tunbers ing tablewith 6 rows.— : a _[ 1 _____Then add these 6 rows in the different _a j.-.—- Ways to get_your results, Te, add
we

jp, the rows as if you were adding the _Aa | bee eet _ Six objects accordingto your rules
a. -Ml } | tor atuctng rmecutine engects —
- | Lt. i se . a
aa a

al |=ft .
aa
a)Ce ee oe ——wee we
ee BU fe Teee. 2 ee
RR a

_ BrL~ = a an ceei
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(ee

et | ! Yo eee
_ eee Or Cal _

: ee ee OO

_ Lao [== i ~

TERee = oe
Ow a 24) + Ly.LUNY. H | ante eto x a =m
FES eea H =i + 5

on ee! | ee |—__ =Z Noite 0 bi 2

__ f LT |
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—.- VIA = o\, 00 VU VO. = wae
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Summary to this Point.

6 1. I figured out that Xyy X12 Xo Xo really are the correct projector objects to
use to get functions which belong to the two M-reps .

2. Next, I took the 27 triple-momenta tensor forms and I completely classified them

according to their symmetry. These 27 forms grouped like so:

all momenta different two momenta _same three momenta same  dval

A 1 3 O° 4

s 3 3 | ?

x, { 6 ( 3

% \ 6 \ &

a)3. Next, I classified the 9 forms involving Buy"

_

4. Next, I replaced 3 = -1-2 and figured out how many tensors were left and in whatle) catagories. Here are those results: We know there are & raw tensors available, this
means we expect to get 8 linear combinations grouped by symmetry. It turns out that there
are tkrumxtax two forms in each of the four groups:

Wy An AAA \aa au Qe 221 22%

tay 2 2 \ -\ ° ° -2 “2° ziie)a

taro t © © -\ \ ~\ o = @,

Sy ° ° \ \ fo) ° ° Oo = (i\s

Sn 0 HN ° \ \ \ ® = (as)s
Ly

: 14 ° \ \ 1 -2 a \ o = Qe,
ne .

a \ \ \ \ ° o \ = ae),
Ky

- = ‘L ° Loom \ ° ° V8 = ep,

7 .oh \ ° ° ° ° ° oO Ne ad.



Choosing 8 Basic Tensors for triple glue. (3-cmaate, )
1. Once it has been established that there are precisely two tensors in each catagory,

you can choose the pairs within each symmetry catagory in any way you want, providing

you don't accidenthlly pick the same one or providing one diesnt vanish. I will try

to choose these forms which are easiest to write down. So here is my latest choice:

Ws = 123

Gis = 23D

Qa = WaT a
Qa = 2 ~ 22-233 ~ 49) 4922 4312,

(3a, £
y= ABLABU- 2-213 a)tT

cere) Cea, = (3a 3an)sJ3 | ge
cor

WW) IM 22222-3383 a
Ve

Guy, = (A - aaa)JS 1 a

Comments: Notice that, concerning the "pairs" of functions for the mixed rep, the
pairs really do have to be pairs in this sense: they transform among themselves

exactly ds prescribed by the D matrices. This means that they have to be X~4 Projections
of the same object. You cannot just take an arbitrary "first row” function and expect.
it to be a pair to some unrelated "second row function". They have to be an honest pair.

Also, in order to transform correctly they have to have relatively correct

normalization! I have made sure that, in the projection process, I have not dropped
any factors of 2 or 3 or signs (red N's). Of course this normalization question does
not arise for the one dim reps A ad S.

+ :
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2. General form of the vertex so far:

A St . Sh

Faas = 2. @ada + Fe ard, .

AN AL .

a Pads + Po caidss

aL \ mt \~~
~z | i Gx), t (9, |

m2. ‘ ayaoa AW - Auee[ Hoo, - Poa]
I think you could argue that there are in fact six arbitrary functions involved

here. For example, you could say:

S\ AYCo) P= % ACD Pe Xe Low
SL AL
Pe Xs aw $F XQ Aad

nN \ aL \

‘ = Ky de f= x Lae)ma ‘ . ne 1
Fn Ke doled re x fae). .

In its most general form, this amplitude involves six different and unrelated functions!
T have show a possible way to generate function-pairs using X41 and X1 acting on
arbitrary function. Could also have used the other pair “of projectors, no matter.
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3. Now lets examine the mixed-terms in Light of result of next section: Ie, supposefo) we restrict our interest to functions of a single permutative variable like £(1)

instead of £(123). Then we at once get the basis functions as shown in next

section. Putting these functions in we get:

Lod) = £0 3 Fd) = go

(ardor) = Lid] ($@-4@))
+ (ath (£@ -F0)
+ (23) 4) ~ F@)

Gand Waa) = LAD (g~-9@)
+ Le) (qe) ~90))
+ TY 3) ~3@)

You can check thet each of these terms is cyclically symmetric. That must be the

0
case since each term should be totally antisymmetric.

4. General Case for mixed terms: If you just multiply things out keeping arbitrary
functions £5 and f% here is what you get: : :

i wmixed
term #1 = |{32"] (45 (123) +. 213) ~¥,(132) ~(s ®)) Ae yk

mixed term = LETH (FA) +X cad) - £0139 ()\ x yoke
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5. Here then is my most general form except for the Gy terms:

Jipys Bey Ke Me fy] >Way = Leeet- itt) & fox

be me ye He my

+ WR CR see] EB Aes)

MMe dy+ Lee et] BAG

Ay He Me MA thy,

+e Be Re RL RAG ae
Mey a

AL¢ Ps elk Faz) ~ oan f waok

Ay Ae ASfo) * {Ue ee | R fae + cate
Wha

Roe | 4 Gt) Cs) 4 C28) © Cee)+ (132)
Pa =e= G2) ~ 08) = (2d)4 Ces) + (182)

t

foe e 2) ~ (3) ~ (32) = (DK,

Thus, there are six independent, unrelated scalar functions which I have called fyeeefge

Notice that the symmetrizers do not act on the function names like the 1 of fy. The
above form is the most general possible form the triple vertex could have ( I am

assuméng a color tensor of the usual Cayages to the above is really the most general
antisymmetric tensor you can make using triple momentum terms.

Next step is to add the Buy terms and then think about implications of thero) Ward Ideneity.
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. 2h TaN

= UsqG2-t° 20 2) Ce nye st)= fa.
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2 L)%F.EEa
ahh Our QhSede

Lahs eytet aan ay
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5) TRAYS + ye. . . .

6
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OY) | -\ \ v3) —2 \ 4
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It seems to me that these guys combine just the way the [123] triple momenta forms

did. Replace things in the obvious way. Result will be:

<a) 23\ 0

CT) Pah ae ener. o& (OB )XAH A ege.
So here are the results: The Buy “mixed” terms look like this:

[e* Sn $ .GDA + ye] DQ  cquend. Lt
a a ty!
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I am still not sure whether or not to count both of these possiblities separately,

or are they essentially the same? There really are two different ways to projectfo) a first-row function out of an arbitrary function.

For any function f you use in the first form, I can use X', f for my £" and
the second form will duplicate it. Alternatively, if you give me an f', and use

the second form, I can use £ = X*, f' and duplicate your result from the first
form, So if f or f* is allowed to be arbitrary, then really one form will do.

Arar ows Fite ;
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Comment: Recall that the matrix for 12 is D(12) = dieg(1,-1). This tells you that if

you multiply any "first row" object by (12), you get same thing back times +1, whereas

if you take a "second row" object and multiply (on the left) by (12), you get same

thing back but with a minus sign. In particular, we have:

t i(ayX= + @ xX)

é cCe) Xo = Ke



We can use this observation to verify that our g.., tensor forms are in fact totally

antisymetre. As shown above, they are clearly cyclicelly symmetric, so all youle) have to do is show that thing negates under (12). Lets try it for first form:

mA Meat goXt « ~ oFTE ars 4 = Meany axt =
Ky

So the first term is 12 antisymmetric. You dont have to even look at the other terms

because they will automatically be 12 antisymmetric. Here is a proof:

AFGrd) « eaig = Lee asyt cad) $a)
& ,ap ik = ay [e+ Oed)+ 33] Ge) Cry HAs),Yt

- $02)

=

=> | Ge) Let (ra) +08] Ce) Fa]
But recall that any class is just rearranged by conjugation with any group element. Inre) this case the class containing the cyclic and anticyclic permatotors has its elements
switched. QED.

So showing that the first function £(123) was 12 anti sym is sufficient together
with the cyclic symmetry to show that the entire thing is 12 antisymmetric. But of
course this implies anti sym on any other pair, etc. Bg:

>) PF rag = ONwd} f= GOPt= -Ieu,
Similarly, it is clear that the second form is also antisynmetric.

Restate the two mixed forms:
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So here is our most general tensor form for vertex with only buy terms:

yp AsPP ray = LC reas ga} B Jag

+ COMP ~ ogee) Pa 4, Ge)

ay My? ‘* ; 5 Ces) Xx 4,12) % ogee}
ype ais!

TOT SG AG = gah
Of course we can replace the X's with slightly simpler permiters as follows:
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Actually, I'd rather do this in a way that yiels the forward cyclic and not the

reverse cyclic, just to avoid later confucion. So:
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__Ohereare 36 entities in this list. There are 9S, 5A and 11 pairs, too.
______Ifwe now let3-1-2, there areonly 8 independent, tensor forms dnvevlving three ______nonentay and there are only 6 involvingonemomentaand a d,.,« Thus, each of the above _____forms can be represented by a @ or 6 component, vector with order defined here:
_ triple mowenta:Ladd 21212, aan app

cy
___ In the above Listing, the vector for each form islistedat the right.=Now

there can be at most 8 independent forms in the triple p group, and 6 in__ to dy BFOUP. Here ore wy choices, includingtheir vectors:
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3. We can check the independence of the 8 vectors in the first set, and the6 vectors0 “in the second set, merely bymaking sure that det Jo. Te, bring each det to triangular"formand make sire no‘seros on the diagonal. __

Birst sete
wee : a - eo ee

<=en Lo bee ees Oa Xx 9 ee
See 6eT so BO a

Le Je Se SS ‘ we
nr”ar a 36 #0. Se e8. cee
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This is d difficult det to get; should be more systematic and bhow what neodS-not
ee

° “beconsidered. Bettérto let reduce do this stuff!

6.4;Actuallythere is no need to do all this; you need only check
linear independence.———Within each row of each rep. _A synmetric function can never be written asa sum.

——.. offunctionsof other symmetries. This is easy to check and you conclude that.
— . . the abovetensorsare indeed independent. ee -

| ____5. What to do with the mixed rep pairs. If you have two paire oucanmeke ta object _like so (sed the Clebsh's)?

— Geo. —  afesslon ee

_ fi hs =hatn
_ So we tale each of our tensor form paire and combine with an arbitrary function pair _

to get full list of acceptible tripleglue vertex tensor forms with functions:
_
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Summary Combining the Triple Momenta forms with the Buy Single momenta forms:

Oo 1. First, here are all the "mixed symmetry" forms; ie, the forms which are of course
totally antisymmetric, but which got that way vie the mxed-symmetry reps interacting

with each other:

vos) Ot2 TRYST LA + cgaic LN
ea rosJr. BERK + yee
seyyy! a73 (SSK aqae

Ad, 2 .ye (OS) &,  aqebi
Notice that the first three terms have a 12 symmetric bracket, whereas the last has

a 12 anti sym bracket. That is why its X projector is different from the others.

2. Now the symmetrics and antisymmetrics:

ce} yee gesfs, \2tat- st] x, &

Les as46 LOREAL vegeXe
cs 2

yo {a Q-2) + agtie| Xs Yy

Lea-& WIRY
Vax a3

14 [U8Vs B12] XAd,
A? .po. \S%ara eeetic] Ya te

3. Thus, there are 10 independent tensors forms!! If you like, you can replace the
mixed projectors as follows:

‘ \a Yio We e-cytay~asy = YX: (x32)
a

Yr fe see Gy) -() = ren (32)
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heck list of tensor forms.

aS 1, Piret, lets review how they arrived. Prior to going on masm momentum conservation
we had:

MA +78 + 8 paire = 19 tensors of form pyp5p,
1A +25 ¥ 3 pairs = _6 tensors of dj 5p, form

25 total

Next we set 3=-1-2 and then counted only the independent tensor forms. We got:

2h + 28 + 2 pairs = 6 tensors of form pipsp,
1A + 1S + 2 pairs = _4 tensors of form d, ,potc atk

The main problem here was counting and constructing the tensors. Once you know there

are ten of them, if you have a list you can check them for antisymmetry. They have

already been checked for independence. This check is just to make sure no typoss.

2. So lets inspect the list. In terms that are + cyclic, I have kown that you need

only show 12 anti sym in the exposted term. For the first four terms in the list, this

inspection is easy once you knwo the effect of (12) operation on the 5 objects: second
row objects change sign, first row objects don't. That completes the verification’

BH that terms 1 through 4 are symmetric! Just look at them.
Term 5 is obvious from inspection.

Term 6 is also obvious ( cyclic commutes with X, and X,).Term 7 obvious.
Term 8: the [...] is clearly totally symmetric: it is 12 sym and cylcic sym.

Term 9: again, bracket is cyclically sym and 12 sym

Term 10: cyclic so just check the 12, locks find.

3. I have now explicitly checked that my 10 tensor forms are completely antisymmetric.

I believe this is the complete set of independent forms.
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July 1, 1979

Contents.

ce) Comment: This binder contains an attempt to start with the general tensor form of the
triple glue vertex and see how the Ward identity restricts thet form. However, I think
this is ell obselete because I reelly assumed too many terms; there ere in fact fewer

then ten independent terms, right now (Jhly 1) I am not sure how many, and how they

should be written. So I have to go back and see,

1. This section leads up to the Table at the end of the section. This teble has 5

columns which arise by balenceing the tensor terms in the Ward identity. seeac -sazazaes

Thee rows correspond to the supposed 10 terms in the vertex.

2. It seemed reasonable to take eech colum and project it into its symmetry

components; thus each colum might actually by 4 identities rather than one. In order

to project each colum-identity into its synmetry frections, I had to do a certain

Clebsching of products of obgJets. In my first version of this calculation I did thet
wrong. This section contains residual pages from that wrong calculation.

. 3. Here I correct this Clebsh error and redo the compuetion . The final result here

Se) is a table which lists the 10 constraints imposed by the Ward identity. I have never
done enything with this table because I am ebout to simplify my "most generel form"

of the vertex.



Constraints on the Generel Vertex Imposed by the Ward Identity. |

D 1. I am not yet ready to do this in generality. Right now I have not yet figured out
the n-dependent terms in the vertex. Later I will have to add them. For now, I am

going to ignore n-dpendent terms in the vertes. Thus, no n-dependent (gauge variant,

if you like) terms will be generated by the LHS of the Ward. Therefore, on the RHS

I will set the function ¢ = 0 (which is the simple ansatz), and then there will also

be no n terms on the RHS of the Ward. I will then belence the Lorentz tensor forms

and the symmetry "fractions" on both sides. If all goes well, I will obtain the

foldowing object: the Most General Form of the Vertex that contains no n-terms

and which is consistent with the simple ensatz. I presume that I will get something

Like Marshall's result plus a set of Ward Null terms. However, I don't even want to

guess or look at an answer: I want the machinery to grind out the result.

If this works out all right, I will reinsert the function c, figure out all

the n tensors, and re-balance the whole thing. This is a longer problem, I prefer

to do the shorter one first. Of course information from the shorter problem will be

helpful in the full version of the problem.

2. There are of course three separate Ward identities on the vertex, one for eachco) monentum.° But if you arrnage to have the vertex satisfy one of these Wards, it will

satisfy the others since it is cyclically symmetric. Ie, the Ward in most general

form now is C-symmetrie for any choice of the 10 arbitrary functions. The fact that

one of the Ward's puts restrictions on those 10 functions does not destroy cyclicness.

3. In passing, one wonders if there are any other constraints on the triple-glue vertex.
Bose symmetry and Ward identity in exial gauge have been considered. What is the effect

of charge conjugation and parity? Also: what about gauge invariance? Ie, you could

do some kind of Wigner Eckart analysis with gluons being octet members and so on. I

predsume that all this is contained in the Ward identity, but should check that!

On this Wigner thing: how many times does the adjoint appear in adjoint x adjoint?

Iets continue this line ome other time. I think it is important to know how many
amplitudes you have, and so on.

‘ akeo ot4.

So here is the Ward identity and its RHS: \Boa Va Vom

@ 30 = ToS 5 are [ors lr ]oo +a@Q_ a)
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Now lets attack the ten general terms, one at a time:

Term 1: In order to dot 2? into this thing, you really have to write out the
cyclic terms completely. Suppose P is a projector of some sort acting on a function

f. If you see Pf appearing in the first term, then you have to remember that

cylcic implies action on this vector (Pf), it becomes (123)P f in the next term

Thus, here is what we want:

3 St 37h +34 \ 3h 2 ‘
ey | LVS 2oaf+ [Faz WoW

My general procedure will be this: dot in the 3° and leave dot products in raw form.
But for uncontracted momenta always replace 3--1-2 and then group things in a

standard order in terms of the H€X 5 possible tensor forms. That standard order will be:

fo) hy? ph? 2h? atgt a?

For example, /nere is wn above neon 8 ratih): >v y . rane

L-GyGat F-@-dos) -aumt [Gotancg {pt >\X,4\
The notation here is this: each curly bracket is a coefficient of one of the standard

order tensors shown: each bracket really contains the factor way over on the right,
no need to write it 4 times. The red checks mean that this version of the calculation

agrees with my previous, independent calculation. So far 90 good.

Term 2:

3 es za BAe \

3 ? L3SSTO+ [OVS ae [2 eT uae 3s Kh
- ’ z So ev

> {Ga+aday Tat [6 NZ GD+G2)OEFPSZS XLL
fo) Again, red checks indicate agreement with last calculation. So far so good again...
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Term 3:

39 23 % \fe) 3 iL Seas" yl Ge) +82 (rag mY

=a vl Qe) Obviously the numbers 1 thru 5 refer
42 = Urv)-as) \ to tensor forms in stanrd order. Easier

4200 o X24, to list them off this nay. Agrees.
74 = (30)

76. (33)

Term At
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Term 5:

va \
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Term 6

SL Vte- 1th s 2s - sek 4 BTSOK
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Only four more terms to go. So far no errors in former calculationt....

Term 7:oO aS Mt, 3 Cas weet o
BLshary 4 S°E-V4 SG 33 eh

4

“\ +h

“uO

4,Eco) sh,Yq AN .

5. Gy-(22) me“ M

72 (3.3)
. 4

Term 8: 3B 0 Yahy
3 N23 “% @
VNTR S “5. 0

Term 9:

ag 23. Jaa

BLSCs STAR xy
=a 4 ~Q3)

va 0le) 3, -W3)-@3) = +@3) Yay
y — 03)
“sO

Aha! An error in the previous calculation. I found the error, this is the correct |
result for this term. I have done this one three times to make sure. Not much to do, really.

Term 10:
—

a. a atSis Se S lad Tha xpho
at

vez -2

73. 6 Kabe -
wy aN

vs. (33) .

Now that I have done each term twice, I 'll throw out the original rough calculationsfo) and retain only this. Original summary sheet follows:
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Summary of Information Deleted at this Point:

fe) 1. Idea that each Ward equation is a vector equation in the (s,1,2,a) sense.
2. Idea that R[fgJ} = Rf -Rg where R = group element, but not true for R replaced

by X, some element of the group algebra.

3. Explanation of why only a,2 components appear in most Ward equations. (Obvious)

4. Expansion of Ward table terms into symmetry fractions. Did this wrong originally

because had Clebsching wrong, later repaired.

5. Derivation of facts stated on ¥ Main Data Sheet" see below.

6, In general, this section contained the work needed to setup the 10-equation

Ward Chart which I heve retained below. I am quite sure this chart is correct, but

I never used it for anything. Later of course I solved the entire problem very

quickly using the cyclic operator method of solution. That is my main reason for

dumping stuff out of this section.



Main Data Sheet for Analyzing Component, Terms into Symmetry Fractions,

4QY 1. General clbsch Forma:

Sas RESEND
| Fre = !

|

SL BGT +URG SEG) +2 (ROr Hd] |n aw ee

ALRGsGsshGhGe + HKG) +4 (EG EG) | |

| ST[BGAEGHEG HG. TE REARS) +4 (RGA EGY]x ne at
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2. Diagonal dot products:

.nn
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3. Off-diagonal dot products:

Syahasa yn, 4BE @d= s+dt 44.2 Le khaBeEUD= dS

4 dt - a2 wFE GD AS +2A,F a= Ay

4. Relations implied by momentum conservation:
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Status Report. ’

ifo) 1, I did indeed find 14 “linearly independent tensor forms". There were 3 synmetrics, {
3 antisymmetric, and 4 mixed "pairs of forms. It todk a lot of work for me to be '

convinced that this was the complete set of indppendent tensor forms.

2. Having found these "tensor forms", I then considered how to construct "vertex terms".

I did this in an obvious way and I thought I had thereby constructed 10 independent

“vertex terms". BUT, I then discovered that some of these terms contained others

so that some cotld be removed from the set.

3. I now wish to consider the "most general form" problem in terms of these "vertex

terms". This is really ka a new problem in reduction. I think I know that I have

generated “vertex terms" from my complete set of “tensor forms" in ell possible ways.

I think, therefore, that nothing has been omitted. It is e problem now of reducin

this set to its minimum somehow.



Material Deleted From this Section.

fe) 1. This was ‘where I reduced my list of 10 tensor forms to a list of 6 forms
using the "extension idea". This led to the Most General Form of the vertex

given below as six terms (non-n of course), I then took that xixk form of the

vertex and constructed a new Ward table, see below.

At this point I tried to "solve" this Ward table but I failed because

I was not yet using the cyl,ci-operator method. I have delted pages of how this

went since I no longer care about it.

8

8



Most General Form of Triple Glue Vertex Prior to Ward Identity:

r Restrictions. =fe) 1. How many totally antisymmetric, linearly independent tensor forms can be made

from py, Py and g,, ? The answer is 10. Here they are:

vagy pA

a LIAL (ery
AVee

waewns P+ of zy fosd
ba tua ps

LAS V~ srr] ces)
aneL .

L113 Fay + que|
vad pr% {332 FGd + ope]

SsMe
as6B

LQIL- ett). eyeric | X (23)

Wa, a Ss6ea (-2Y « eae [ft (za)
2s AFAG Bx yacl $ Gu)
R as

.& (S"Qwy Bay 4 ejaic4 “sy

wis A3 LS sary x egchic|
However, I now see that some of these “vertex forms" are contained in others tf Although
ny original tensor forms were truly linearly independentg, when I combine them with

functions to make overall antisymmetric, some vertex forms become contained in others.

In particular, it appears that the forms arising through the “mixed symmetry"“route are somehow more general theh the other forms.

1. Consider form 1. above. As a special case of this form we might consider

fy to be a totally antisymmetric function, instead of just 12 Anti-sym. Then you get:

53) pat att gTAbe

[NS 4 Fale P3T)F Oy)fe) A
.

. = s+ iaasan) fav)
A

= Gad.Pq)



a a

But this symmetric tensor is a linear combinations of forms 8 and 9. Thus, we should

rs) rule out either 8 or 9 as being an independent form.2. Lets do the same thing here. We then get:

A *(BBs UV Fras) - cays {U0s)
Qs

= sds
Here we get essentially the same form as

before, so we don't have to knogk out two. Only 8 or 9 mst go. Lets kmock out 9 since

it is more complicated.

10. This case is contained in 3. by same idea, so kill 10.

7. This case is contained in 4 so kill 7.

So our list has now shrink to the following: .

Vou dy QA

es Lt dy fi cas)

1b 3 a3 Ss yfo) s Lava.42) 0 qa)

6 LOAVD~ BEL) een UNE 1a)~ Ur egcle 6 G

vas pAis (a3 a ary | we ogele
22 QA

2 LS3s Pay) + qac .
w a 9s

s LS ar an onl Ae och
eas

a Leh a Rag] « see.
Lets see if further reductions can't be found. Can I matte 1 and 2 coincide??
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3.8LATE SAG) 4 ESAT Peay 4 List Sanh

=?=0 - Lassa) + LUv@al + reekey) 2

Reduce both sides to PyPo tensor forms and see if the functions can be related.

uss Moy v3.4 4ediaxat ayaa

= Maya erd+ far rr esFaery

= Fr) Lan earry = F@D Lies 22) & ~FN) Lies +221]
. 2 3

RES = = CDF (HL) ge) + We g Cu)+ TW 4)
aul aes) ~ 3 (ry 4 ere aay— aw)

a awe) (ure \UA+ WH R* zr+2ri| :
E3s ciate Doansquolae onasds

gy@) =a) LQ = gle)
a) a) (vy) Fd = g(r)

F@N= 4ar)

Stop, Have to consider how you might make a function like g(23), for example.

A scalar function cen only depend on p,s Pps Py-Py+ ALL other scalars like 22.3
can be reduced to these. So;

' th(12) = F°(p,2-p.") most general form, odd parity function of one argument.
A speciel case of this generel form would be

O(py779") + 1(D375) + O°(P57-7,”)
which is totally antisymmetric.



Comments about the Vertex Form:

ie) 1. I now see that in fact my 10 vertex terms do not overlap as I thought earlier.
To see how this works, lets classify the space of functions into 6 or four pieces
like so:

_

.

:

x tof 3° ~NSs - Qe:
y 1 4 Sse

an) Y ceramungn.
ct “eeo)
xmy .* \

This is supposed to illustrate that the totally symmetric functions together with

the row-1 functionss comprise the set of 12 symmetric functions, whereas the lower

half of the diagram represents the 12- antisymmetric functions.

“Now, my tensor vertes term #4 represents combinations of that tensor

form only with row-1 functions, whereas my vertex term #7 represents the same

fe) tensor form combined with totally symmetric functions. You could combine thesetwo “vertex terms" into one by just saying you are going to combine with an

arbitrary (12)-symmetric function.

But maybe there is some advantage to keeping these catagories separated.

‘The set of functions which are (12)-symmetric is not really an irreducible set

relative to $3; it is the union of two such sets.

2. Similarly, consider tensor form 1, If I were to extend the row-2 function there

to include the class of other 12-antisymmetric functions, that would bring in the

totally antisymmetric functions , then term 1 overlaps with & and 9.

3. So here is the major result here.

{ 12-symmetric functions] = [ row-1 functions][ totally S functions]
: [ 12-antisym functions] = [ row-2 functions][ totally A functions] i
wee epee So ee eb

ie]



Extensions and Removel of some Terms.

1. I have chown that the extension of term 4, equals term 7, so if you use the

extended term 4 then you can eliminate term 7 altogether.

Similarly, the extension of term 3 equals term 10, so you can drop 10

and use an extended term 3.

2. The extension of term 1 gives a linear combination of 8 and 9. Thus, if you

use an extended term 1, you can drop & or 9, Specifically, the extension of term

1 gives the form (132), = combination of (123), and (231), .

3. Interestingly, the extension of term 2 also gives (132),. Thus, if you use
an extended term 1 and an éxtended term 2, you have in effect “wovered" (132),
twice.

Perhaps it would be better to take a different pair at the start to remove

this double overlap?

JERE

fa) 4. OK, I have relisted the choices we have for various tensors in the ppp classes.
And I have looked at their "reductions" when you "extend". (see attached page).

Bg, if you start with (112); as your chosen "pair", then when you extned this
thing you pick up (112), . The thing you pick up is always in the class you
started with.

So here is a nice proposed list:

=o 28,781
cr et \
Cuayy a’ 9) Wdudz 2 wdepadich S%,

FE0y oit a undspdact A :
Qe (Ga Cups Zi ronda pundit pad.ane . Ay

(Cea)sy 38
as / f
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_ 0, if we include extensions, our list contains only six entries. Here they are:
O——————te

i) conven fiend Aol, | oO aoO e
2) Qua ~221) S02)  _vgckic VY .

SFR: . ;
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A plan for solving the Ward Identity

fo) 1, The problem was this: how do you convey to your equation system that f(12) issomehow related to f(23) and so on? I now see that the way to do this is to take

each equation and state its cyclic and reverse cyclic duplicate equations. In

effect this says you are forcing the other two Ward Identities, but that is just

en interpretation, In fact you can apply any R of S, to any equation to get a new q
equation, so the question is now: how many different equations are there?

2. Here are some facts we do know:

(12) Be-B (12)C=-c¢ (12) B=-8
Thus, read as" application of permutation (12) to equation "BM yields -B. In other

words, does not yield a new equation. Same for C and E. We also know:

(12) A=-D

3. Conjecture: I bet that the two cyclics on each of the above equations exhausts

the entire set of equations, Lets try it and seer

| (123)B = BY def.

lo} (132)B = BD def. and so on for the ohters.

@b&b=8

adb=-B a“ .Ca B= HS VNB = -Gere=— 8 | so WCB enmgtalewh eaebie@G= WHA OB = -(B=-C Senne don SEet et >(NB EB

a(db = 8

@A=A @v=d
GA =-0 C\D =-A .

+ 1 _ $FGAA = rast = 08) 0 = - 8 (aB:-A Ls AKAD SF
A= GAMWNA=—13)

VD ~ -V @p+-A = Yul achG@uayA= (woe
csdA~ A QAld=T

_ Thus, the complete set of equations includes ¥ 3+3+343+3 = 15 equations! I mean there

©)_ 38 not other equation you can get by doing a permutation. So lets make a list.
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4s Suggested notation for the dot products:

fe) (1.2) = 4x (1.1) = 2
(2.3) =y (2.2) = -y-x

(3.1) = 2 (3.3) = -z-y :

Note that x,y,z are independent since there are three independent dot products. Note

also that these things "cyclic" in the obvious way.

5. Well, I have made the table and there are 15 constraints on 14 functions. But

the function sets are so strongly coupled I don't know what to do! In principle this

sytem could be solved, but practically it is too much of a mess.

6. What about this idea of finding a solution to the Ward identity and then adding

null terms to that solution. How do you know there isnot some other non-trivial sol'n?

Fact: Any two solutions of the Ward mst differ by a Ward null term. If you have

a solution and if you have exhausted all possible Ward null terms, then you have
exhausted all solutions!

fe) 7. I think it would help to have a more intelligent set of starting tensor forms!
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Cramers Solution to a Cyclic System
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5x6 Operator



Material Deleted from this Section.

Oc stn ea ee1. Back in section called."Ward-6" I made a Ward-Table using the list of .

‘6 terms for the vertex. Here’ is one of my attémpts to solve that Table.

This was the first, time I thought abut using operator equations,
‘but ‘my implementation was no good. Later I Learned how to do it.

So I am dumpting this entire section except the page showing

how to invert operators involving (e) end (12)).  *

ie)

8



: i

Recenviderthe-B-equettor

co) Think of this as £(S,45,*, Sp»8,*) = 0. A function of four variables.
However, we have some other implicit ‘conditions, nameyf S,* = (123)8,.° Yor any

"form " assumed by S;, this tells you what $,* is. Thus, it says F(S,,5,*)=0 !
This is as mich a "condition" as any other condition/. So we might insert both these

auxiliary conditions into our original equation to get £(S;1(123)8, .8,,(123)s,) =0.

Soly waning, cqanads apa /

ae |
—_—_



Group Albegra Problem: do elements of a group algebra have inverses ?Le] 1. The answer is: it depends what elements you are looking at; not all have inverses.

Here is the poop:

A= ZAacmR .
R : .

Bik B= ZtOS ach tok BASE |

So York bE) sud Gack 57, a(R) LS) SR = 57 aSHLOKR
RS &S

= AZoaGare@yr ~~ 2 |atacoea@|e= €5 &

Qe we wok:

_ZL a(sey eS’) = Sez ;

g =\ .fe) a = aR) b(R) —Ssge_ a .
.” .

a

a. a(R) af) a(@) --.  aRh) ‘ce $ ;
© FARR) aCGeh) ACRR) ~~~ af Ree) | WIM’) ] =f S
(fe) allem) = - : |

aR) alee) as) = =. af)Regunsa : a(R’) ‘ay — alf}) ~~ £0alt) ala’) —

So in order for element A of the group albegra to have an inverse, this determinant
must not vanish. Notice that the arguments in each row are a rearrangement of the
first row, so this is like a regular rep representation. This says that the h

veagrnangements of the vector a(R) must be linearly independent! Obviously this

works for a(R) = dg,g + this just verifies that the elements of the group havefe) inverses.
So given a “vector " A(R), how do you know it its h rearrangements are

linearly independent! ?



Think of the coefficients a(R) as a vector in h-dimensional space. The

conditions that det = 0 is one condition on h- mimbers (ie, on the a(R)). Only °these h numbers appear in the det because the rows are just rearrangements.

Therefore, the "surface" upon which det-0 is one dimensional down-from

the while space (codimension 1? ). Thus, we expect that det=0 on some h-1 dimensional

manifold within the h-dimensional space.

For example, if h=2 we know that det=0 obly if a(E)=a(R). Ie, on a line
at 45° through the origin in the plane. Every “vector” in that plane is "invertible"
except vectors on the line. So "most" vectors are invertible.

‘Jf h=3, again there will be a phafiec on which vectors are non-invertible .

There will be some two-dimensional surface on which vectors vanish § not a plene

because the det=0 condition is non-linear). In fact, if the vector is (x,y,z), you

know that the 3 rearrangements are just the cyclics so you get this. surface:

Pry42 32-0
Some kind of surface in 3-space.

Obviously if you choose (x,y,z) = (1,1,1) you get non-invertibility.
This obviously extends to the general case.

By the way, note that for n=4,5.. and so on’ the arrangements are not

just the cyclics because you can arrange things moving everything in other ways. cv)
Eg, with n=4 you can reaarange like this (abcd) and also like this (1b)(cd). So

you don't know without naming the group which rearrangements occur in the dt: So

the invertibility of a 4-dim vector depends on which 4~dim group you are using.

‘

Conclusion: For arbitrary vectors in a group algebra, the probability is

overwhelming that the vector is invertible, because the chances are always great

that a vector does not lie on a surface within a space. Of course projection operators

correpond to group algebra vectors which are not invertible, as do operators where
all coefficients are the same.



A Group Algebra Problem in $2.

0 Motivation: I think this has something to do with solving my constraint equations
for the Ward Problem.

1. Consider this equation:

( a(12) [e] + b(12) [12] ) F(12) = G(12)

Here a,b,F,@ are all functions of two arguments, ex, a(x,,X,),.and [...] denotes
a permutation group element. The problem here is , given a,b,G, how do you-solve

for F(12) ?!

In effect, then, we want to invert the Bracket ( ... _) on the left.

What is this object? It is an element of the group algebra but with coefficients

which are functions of 12, not just constants.

Eariler we showed that elements of group algebras (with constant doefficitns)

are in general invertible. Here things are a little different because the coefficients

here are functions which feel the action of group elements. However, I feel that

the general result is the same: generally there will exist an inverse.

For this particular problem, we can explicitly construct an inverse like so:

(ALY + REx) Cay Cele bay LD) = fe

A (060) fed + boustd) +B (9G ty 4c tel) = cal.
~» Aaw)y+®baiy= 4 a (a) KOYVYVA) 2 (1

A be) + R&(a) = 0 bay) a) A® o

3 (A) a (2) POD A aay) aAS dk \-bGe} aftr, j\o A \ way) . .

a A= aai/a enn \se \@)B = -w(e)/a = [wary ay | = oGaacar)= bev)bea)
= AQG2)\ = aiy/ace) So here below is the general resilt showing the

& Git) = ~bow fare) explicit construction of the inverse. Of course
=~ if the det happens to vanish, you are sunk.le) ALY= alte) a(er\—Lolre)b(21)

= (acer) Te] ~bO2) Ld (ata teL a b(2) te) = At) Ce].



Se, solukin do quashos pratd oe ~ 9
-\F@) = 262) [o@) t1-bary cy G(r), .

3. Suppose the ‘determiriant ‘does vanich. Then what do you have? You cannot invertg.
Consider: . . . .

1

.

(w Te\ + bay, ba) = (aera + bx) ws) (at Tels bay (a)
= ale) Laos Tel+ bo) wa) . veal, aCe) Tre)4 b(20) tel)
= face), + WOb@)] Tea + [ acer) 4 bey 4 e\ Ley

. = a(irya(u)

a

= (aGesate)) (soot9 + (2) wy) < Taps 2. nal
aly) Le+ Ge) Ue] hoa \ |ee

ne ee Ae +i alit)+a(z') ree t \
So, if det=0, then our operator is projectionlike . So consider PF-G where P is
a projectionlike operator. Either G is or is not in the range of P. If it is not, then

there is no F that makes PF=G . So assume that G is in range. Then we can"solve" the
equation for F like so:

P?.aP for projection like operator.

PP=G with Gin range implies F = G/a + Fiz

where’ Fy, is an arbitrary function lying in the nullspace of P.
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Material Deleted From this SBction.

CO) 1. once 1 got the form given below with some F's in it ( later I backtracked and
pulled the F's bck out of the third and fourth terms!), I applied 3° and tried
to "solve" the remaining equations. I considered the double-dot and trace of GAMMA

equations instead of the tensor Ward table equations; ie, I never constructed a

Ward Table for these six terms. But I could not solve, so pages now axed.

2, Also axed: pages showing that Marshall's Vertex does in fact satisfy the

Ward. This proof is contained implicitly in Reduce program I later did with the

n terms back inj there is no question but that-Marshall's vertex wrks; I did

it by hand a lonb time ago anyway.

t

Le]

8



New Approach duly 3, 1979ie) 1/. I have obtained general tensor form for the vertex. Now I am considering the
general Ward problem. I have written down a method of solution which, although well-
Gefined, is not very practical. Now is the time to start making use of other people
work on this subject. Eg, it will probably help if I pick my list of tensor forms

in a clever way, compared to an arbitrary way. Like choosing good coordinates!

2. So for openers, lets see how the "Marshall Vertex" fits into my list of tensor
vertex terms. Start by rewriting the RHS Ward like so:

RWs= gylB Wy |- 3@[8" ar |. ay Cee

-\ a,wee gQ= -bOUD=-G) BOQ D b= 20) ¥

- Here you see certain rank-2 tensors that occur "naturally" on the RHS Ward. Perhaps

these should replace less natural tensors, like buy all by itsdle.fo) In fact, here are some tensors that always seem to be useful:

Py, m artes 0 mye

Re. Vee area oR Ay -\3- at% Cees Ba) cay

Fax crampdt
0 «RWS = 90) Ay - g@) Aa

a

Ay) Aye, De Ay

Be Aje = Les Genes y=—

>} GH

Pye MsY ‘. A AAl i= Pe'— (RRP HeSn .
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e ea ant ot PGOTle) Ag= [3 - gi | tARS k- lest‘ a+. sy
Ga

Lge wa | Ay [83 a= h

eo ghos ‘ ~ |e la& Ay Ay 4 =° 4 > 3 GO

SR] theeAg = Ag (An =0 im = O
We should really be comparing this tensor ay with the tensor xh st? which
it can be regarded as replacing. Ie, products of two momenta. It seems reasonable

that use of A will simplify things because A is orthogonal to i} and 3%, whereas
the tensor j4i7 is not orthoggnal to any single momenta. This orthogonality will
be useful because ward identity involves dot with single momenta!!!

3. So how can we recast our "complete list of vertex terms" using the tensor A above???

CO) on idea is to take theoriginal list and replace Ji” everywhere it ocours byro athis: / ~.¢ ghia ee wy)

Cas Gyls® Ag )ifr to tala SETAE Tirat- tour tonne of CC. general fomula, then group all the
deltas together into the last term, here is what I get:

ws rarJ = LODATH@ONTAGD 4 & |

wos ry¥ ~ LQDAE- Gd ARLES) « «.

as uy3 Tear Apls ba AQTEAG +e
3 ah 3:Y = 2 @dAal —GdAQey SCA *¢

care

‘

Jo + V™(sd Ale) +c.

ar iyO BOY SU) 5 .fo) te
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Contemplate this new list: all triple momenta occurrences are now replaced with

Ap occurrences. The functions are all the same except the last two functions8 are linear combinations of the old set, modified by dot products to get the right

symmetry. Each curly bracket has a definite 12 symmetry either A or $ and this

can be seen by eyeball.

Note also that I had to fake up terms 2 and 3 by artifically adding cyclic.

Then when you convert to A's, you now really need the "+cyclic" in these terms

because the delta parts are not done cocrectly if you leave that off.

4. Here is a minor technical detail: go back and look at terms 3 abd , in the original

deal. Let A(123) be an arbitrary TA function. I clacim that any such function
can be decomposed in the following way:

AQ) = LAG) + ACs) +AQ@)]

“Naw,

a“ = | SAU) + SAC)¥ 4 Away]
By the way, the notation A(12) means a function of 1,2,3 which is anti sym in 12.

Therefore, I can replace terms .. wait. Suppose you write term 3 as

stuff + cyclic. Then the original function no longer need be TA: an arbitrary A(12)

will do, because the A(123) so generated by the sum will still be TA.
\

The question is: are these "classes" equal or does one contain the other:

a) [2314312] a(123)

b) (2314312) A(12) + cyclic = [2314312](A(12)+A(23)+A(31))

Can an arbitrary A(123) be generated from A(12) functions? Yes because you can certainly

take A(12)=A(123). On ther other hand, given A(123), can you @ind A(12)? Same

solution. So these ways of writing things are the same. So we can add + cyclic and
get reid of A(123) in favor of A(12). Thus, I will now rewrite the last like so:



wos ais
; iV LOYAL T + @PARPIA GO © egate |cS ory

3 . |2») [@DA2- @aAg WS\@ + ogee
23 aA LFa» [@OAgUS OAR] AQ) 4 ae

wa ay4) LR Aal= CYAV?|SG) <= sae

we 318) LOT QaeyTAsGd 2 yee
| Ne 3
bog Leary j Sa G2) +z eget
1

I claim this is still the most general form for writing the vertex, pricir to the

Ward restrictions. Now there are 6 functions that are undetermined: three are

A, and three are S, in only one pair of variables. All terms are + cyclic and must

be so. The symmetry or antisynmetry of each bracket can be seen easily, so no

question but that all these tensor terms are TA. The important fact is that

this is all there are! :

© 5. x wonder if T should attempt to replace the single momenta vectors with my
fancy B vectors ? Maybe first I will try to apply the Wards to the above!

6. Pause and make observation: it would certainly be nicer if we had ag type
objects appearing instesd of those A}; . The reason is that, in the Ward, the A12
would be annihilated by either 1) or by 2! I am further reinforced in thils

view by the fact that the Marshall vertex does contain the Aj3 object. So lets go
back and see if this cannot be worked out.



Better Choice of Original Tensor forms.

1. Based on the suggestion at the end of the last section, I am going to rechoose

12ie] my tensors to try and maximize the occurrence of A;5 type objects. Note that all

indices cyclicize so this object retains its high degree of orthogonality under

cyclization. Secondly, I will try to make the next worse objects have the form

a2 or the like so that at least they vanish on one side. My idea is that somewhere
13

_ . 1 woullater on this will allow projection of equations; eg, apply 1” and euch a term would

vanish.

So I went back to the original list and here is my new choice set

5 endCars fa ibasa f~O% (ary, = CHIP AZ) Hot cgane Se ~> Ab
, rs Ginards f2 tase .o, GY GP- Lit) fs ey SA A3Ab ~ k

sas As ‘ f.Ay Gata = CGV 31%) ~y Ab, As
ype ts “ %-Seh5, G3 = Gt + Sie) ~y AL \ AS

How were these chosen? ‘The mixed paire chosen from obvious desire to get the al?©) crsects. these are then “extended” as was discussed earlier. I then had to pick

one more A tensor. My desire to remove the S(123) in favor of S(12) by procedure

mentioned above forces me to take on of the “short forms" and (231) 4 is the only
one available. Luckily this A tensor is independent of the (211), which comes out
of the extension.

Then I had to choose an S tensor. Again, I wanted a short form, but now there

are two short forms. The ultra short (123), was chosen against because it made
a Al? type object which dies against no 1 or 22 or 3? vector.21

Now lets make an “original table" like so using the above forms:

Pry

CA 4 LR) AYR) ogehee
a3

.AR LY Sar) & eyelte
V2 123°

TSPABR) ALCO + egckic a (tayasyJA(te)“4

as 423re) CAN =BD) SL QQ) aetee Jn (23\-3\Y) S(ie)
a 3

3 (+2) Asad + my.
nm
SAV G (ey + ve:
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.

2. Now I want to replace the first pair of momenta with A objects in the first

0. four lines. First I want to argue clearly that the delta terms so created can
Zor sure be absorbed into the last two lines by @ simple redefinition of the Ag
and Sj functions. The delta's picked up from the first two terms ere OK because
first term gives (1.2)(d!)(142)? A,(12) which clearly can be absorbed by the
second last term. Etc. So the third and fourth terms are the only ones that worry

me so lets do them out:

Vv we wu wuR= TBLAL = NSH DAK

a4 leyoy@roiedal AQ?)
aes ye ,

= ELQD[ HAPs BERG CVS Ale
Ry

= Sap LE@agsrGapacy fo Sorry Aly)
se

ash Qa Paras LOOP Aue) [= Say Se)

This shows that the term-3 deltas do get absorbed, and term-/, is then obvious, justfe) a few sign changes and A goes to S etc. So lets tow rewrite our general form in
terms of the A's:

~ cen 3 2 AC « he ab ab abLea An (Pe? YAUe) & gece RI= (eS— Fax
. we ;

LEAL (OS Gt) a he

Ws Aea Ane (18) Aga] Acie * <
3 a\=G3) Age OAT Suu) xc.

mw 3

= GaAs Aca

ye 3G2) An G-9 SQ)
wD a p83

0 LQdARP& (0.3) Aa 2 AsGe)
3 yLOA ARE =~ QA) ARV) Bele)

an 3s”
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I am not yet sure what is the best way to display these terms. I could give

fa) them all the same dimension, Perhaps I should redefine my A object to absorball those dot products. Lets try it:

b ob & a ae ob
(eS)Ai = Ce] T= ae =|{&OTH VRS AyCe) &

= &dD AB,

a

Fl. o
Paws Fad

~~ Fo= anbole

= FSA) oy ] | wh 5Fay sar) + sy wma3

Rs Cals oe re = 33 Fy‘
LPRVA RITA) «3:
aa cue = ODED- GC)\ Fat ~ FET) Se) aye 3. at \ \

DF ay = 23-921% 3

| SS AW) * oy pet sotoSOS ; : . 2
| C2Y SaQ) 4 9g i SPUDGDI

This looks much nices, I am ready to start dotting for the Ward.

Deatail: Notice that F is linear in either of its momenta. It follows then that:

ob a

”ive «Faget BS =o \



Show how Marshall's Vertex fits into my Form.

lo a Y (RQ, a
. = 3M 2, 9@ mot A xe 3Powe

Sly BS Casa] + (eats) [he lta “yee
Vv. n

= SLES]+ GO") RE Gay? + ye /
=)

1 = ST LSE) EEA HHI ~ ELH -G-0F ] a ,
J

= SyEb- Hey)" SE Cogs (HOH), J
< 4

monoy = +6 "
+ WO SiGe) + ae
+6
~

6 n .0 + Ses AG + ye
= SySMa «5¢

S Shoe) = [oad bo] /(a2) ~().

Nop= seve) 7
Boe= = LEO] 7 .

fo}



B Vectors



Material Deleted from this Section.

8 1, My idea was to replace p with B ‘everywhere throughout the ‘tensor analysis.
* I invented some B-vectors (later definition changed!) which had these properties:

a) (12)B, =B (12)B, =By i .

The idea, for example, would have been to Just replace 123 tensor form with B,B,B,
etc, and just take over all that stuff. -

But then I found that these B's could not, be maite to sum to dero ao I
could not just "take. over" all that tensor foims stuff. .

In retfospect, I dont think it really very helpful to put..eyerything into
such B-vectors anyway. So this is just an idea that never got anywhkre.

a “ ~ ~ ay

b= \é _3 | Cary ~O9) . i]vy : :

Cy) sy) \ :re) (un ce hk OY . 4

& weet. .



Complete Sets



Point of Departure.

le) 1. At the moment I am favoring the F-tensor way of doing things on several. grounds:
a) I think the Ward Table will be simple because F's are so orthogonal

b) Marshall's solution fits easily into this form

c) there are only 6 functions to play with, not 10.

2. Once the Ward Table is constructed, there will be only four independent operator

equations in six functions. This sounds like a tractable problem. The plen is to

use the operator-inversion method wherever possible and just solve the whole thing.

3. The two equations obtained from the double-dot 273%¢!*3 and the contraction
equation G!? must be three of the four equations. I guess the other is contained
in 1°33G!?3. 1 think it is probably better to just go ahead and decomposed things
into the raw tensor forms like 172” end so on.

Lets see what our four equations look like, compare to earlier formilation to see

Af this F-tensor deal does or does not simplify things. By the way, do not compute

AsD type things; this is really [e]- [12] on A and that is a projector. Well, I

guess its OK to teke sym and antisym perts, but lets get the straight table first.fe) I think I will first check the Ward identity to make sure it 4s right before doing

this table.

8



Material Deleted from thi i

1, Here for the first time I considered the problem of how you "fit" a given

tensor into a claimed "complete set". I concluded that you should take your

candidate tensor, break it down into its "irreducible components" using some

kind of Lookup table, and then fit those irreducibles into your extended

form X
-

2. I made a table using reduce to analyze ppp forms into irreducible fomponents.

However, later I made a more comprehensive table so this one has been deleted.

‘The names of the Standard Basis tensors were later changed to conform more to

the F-tensor basis.

3. Deleted: sheet showing irreducible basis for ppp sector.

4, Analysis of BBB into irredubiels. See later work in ppp section on this.

5. Connection between irreducible besis and F-tensor' basis. Since I have changed[e) my irreducible basis to more useful form, I no longer care about this connection,
so axe.



Question: What does it mean for _a bunch of Vertex Terms to form a "Complete Set"

fe} 1. Consider this so-called complete set:
\ (2114212)A, (12) + cyclic P

vi

2. (211-212)8, (12) + cyclic

2, (2314312)A,(12) + cyclic \ y
4. (231-312)8,(12) + cyclic 6

In the ppp sector, we claim this is a complete set of vertex terms. What we mean, of

course, or are claiming, is that there is no totally antisymmetric ppp-related

vertex term which cannot be written or decomposed into the above forms.

2. Example: Consider the vertex term A(123)123. How does this "fit" into the

above complete set? Ie, tell me exactly what functions A,S, and so on "abosorb™
this new vertex term.

To do this, I think I first have to "undo" the complete set and write it in

a different way: Ie, I have to undo the extension" and say that the set ist

(211), (123)‘
1 1 La0 (211); Fy(a23) = (211)3 Rca)

(211), $3(123)
* 2 Wy 2 0

(211)5 Fy(123) - (211)7 (123)

3. (231), (123)
4. (231), 8,(123)

I could find expressions for A,(12) in terms of A3(123) and FP; and so on, Lets
come back later to do this.

Now lets consider the term under the spotlight: sincel23 = (123), welook up to find:

4(211), = 8 (231), -Es, + (1/3)8)\3 (123) =m 28, 7
Theref

ererores Yai)g + (231)g = 1/3), = (-1/4) (123), %
-L\‘Thus: (123), Sean, + (231), ]

Therefore this term can be "ebsorbed:" by setting:  A,(123) = -6A(123)re) 4,(123) = p02)



ot —L-

“eno go oat: ,
ao) 0) 3)0 Cy FPeHawy,PO = (ae aa are] oye

ey := AA@= aha)

Bao: .

AMABWUAG(= N-e342) [SAG2s\\ A eqelee
=> ACY = SA (ea)

. -_@

> A\ G2) = QV ary

+ Age)Mert: : —

aus Agr’) = foxes ar) Ag We) +~ lee \

> 6A GQe)= Agtirs) 4fo) Anke) =athy (\)

AWAUA. > 9 Ae) = -— GAG)
AaGd = -2& AUB)
da = 0

So this shows exactly how our new term "registers" in the complete set. In retrospect,

obvious that only the Ay and Ag terms are active here becuase those terms are where
the totally symmetric tensor forms reside.

. end of example

3. Could I have done this example in some ofher way? My method above was to first

express the complete set in terms of "irreducible objects". Since my "new" tensor

vertex term was itself "irreducible", it was easy to see how it fit in.

If I sit here and try to "absorb" this new term directly I find it nearlyfe) impossible to do. I really have to go via the irreducible channel. Eg, you see that

the new term 123 contains only 121 and 122 pieces, so it at first seems unlikely
that the Ao gets involved since
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it contains neither of these desired pieces. It turns out that you need this

fe) A, term to cancel off pieces of the A, term to make it work.So it is incredibly easier to go through the IR channel!!!!!

4. Example: Now suppose someone hands you this: (121+122) Ag(12) + cyclic.
How can we fit this one into our complete set? This example is a little harder

because this object itself is not irreducible.

It would probably bed nice to be able to decompose the raw tensor forms

like 112 into their ireeducible pieces. Have I ever done that?

Qi sromghe (a sohd seen!
C+ VR) = 123 = - $(\23)5

aS =~ EsAse) + AS, +Acy\

oe) = S Palade sty. = [aansecanyt ie
Qa SH BWs HAW gaa waded sohe,

= Ges) = FLASK ~ ee,

As Ge) = 3 [Aatelxor|

Generel Procedure: Take any candidatge totally antisymmetric tensor. Tt is a linear

combination of functions times raw tensor forms. Analyze each tensor form into

its irreducible components. Then you know the amount of $144, ete in this vertex
term. Then expand back out to get to desired basis.



Symmetry Analysis Table for Basic raw tensor forms: _8 1. This table resulted from simply inverting the 8x8 matrix as described on last

few pages. We find: H | : |
zlelete le leslel aeSs St ACTA GO +02} Tra | at
Gus | ds | ada [Fal Got [FAONFL Cat | GOL

= ane ———- + : }
- {wit |e] epo fe fot tie!

—- ce See ee Sa ano—j-———-\at t ° + fo) ° o yt - f
—

Lo of Soppa aas! a —1 at\er 6 ° | ° ° ° |e = 'een
Se | - : wef fe epee at ca

os . ~ ~4 }ary 8 t = z |e ne

ss ~L a wt \On| Seif 4 fA tty

aL a 4 + a4 jwu ¢ s ¢ o é ° ¢ ° |

—* + —_+t ~wa} © 3. ° ° x ry + $

This stuff was read directly from Reduce output, so hopeffilly no eyfrors. Note

that you read this table across, not down. (Theorem: you cannot invert a matrix

by looking at it).

Bxample of Table Useage: r {ook “9
GAS= 6123 = COTA — Cs) [ES]= By, 4



A Spillover Theorem for the Maniupulation of Complete Tensor Sets.

(?) 1, Suppose you start off with what you know is a complete tensor set, eb,
T fy + Tyfy t over + Ty

Or for that matter, why just treat them as single objects, tensor vertex terms:

T14+12+3 +....4T™

You know that any tensor of certain criteria cen be dissected into these forms.

Now someone comes along and hands you some new form call it Fl. You

analyze Fl and you find that:

FleaM+dB+e%

You can replace any of those forms which appears in F1 by F1; eg, if you replace

T2 by Fl, you have added a new form (namely, £1), delted one form (namely T2), and

you have "spillover" into the ober forms T3 and T4. Thus, your new "List" is:

fo) TL+Fl+ TM +....4™
There is no need to indicate that T3 and Th were modified by spillover since they

are “arbitrary amounts of the tensor form indicated" anyway. So, in short, because

2 appeared in the list of Fl, you could simply replace 12 by Fl in the list.

2, Now somehoands you another form, call it F2. You analyze F2 wrt the original

set and you find:
{24 TL+12+1)+T78 with some coefficients

Now you have to be a little careful. Can you simply replace say Ty with F2? In

the new, once-modified list? what you really should do is first eliminate T2

from the F2 list, then re’ask the question. Eg, suppose upon elimination of 12

you find that:
FQ = tl + 18+ Fl

Then obviously you cannot replace 1 by F2 since Th no longer appears in the list.

3. Moral: Fro each new substitution, you have to analyze in the n-lth basis.
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Lost Ward



~™

Se)=G)— Lhe.
Projection Analysis of S(12) and A(12) type objects. Bre

fe) 1. This keeps recurring and I don't have the full thing down so lets just
do it now. Remember that these are really S(12,3) eg. Turn to that page

where the general function f(123) is decomposed. Then you get:

S@ep = E]8a2)+ Wer+ 8@]

SQ%,~, = 0

Sd, = 4 asaedy- S@-S@S] = MA, = — 2S,
MWA, = 0

~~S@)g = Bs

S@a=0

DB SA = 7 ELAM) -S@)-sey] = seed,
S@_= £[SE~809). = sedi

So Gosh: g to

S@) 2), Se), S@),

ia 2 sen 3s ST, - SMB).
SO S02) Ss BSA of
“ al
* Awe Sea S(SG)* ewe] ‘

KB = ~ Elasad-ses) say]

oS SO. = + [scs)-sc). y
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Le) AQ), = 0 J
AC) = (ACS) ~AUA)-AR-ABD + AGO FAGEY

= STAR + eye] V = pede
AGB, = ELA LTAGD= AA) = AG) ~ AG) = AMY] Y

= FLAC-AB]Y = ACD,Y
ACY= [LAR ~LAW) + Aah + AG) ~ Ala) —Alny] v

= CLAGS

+ AG) = ZAC] Ye “SE PALe)-A() ABS AQ’),AG,
= EL2Aers 2NB9— AGa) ~ AK) ~ Ale) ~ Rehre) ~ $[A@)-Aeal’s ~+ TA@d-Awl= — ACY, J

ACY = Gaal rate) 4£0y + acl <Any — Hea) J
7 = FLAGS+ Alay -2AGY]= Alma 4

re

AQ) A. A, ALY

AG) A. = AQD, ADL”

AW) A(23)a BG ~-2A3), *

sre A@)a= SF TAGS) eg] ¥ie] A(@)= ELAMay-aeryy y

A(B)e= - FRAGA AGS)=ACa|
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fe) fe SH= LO, = B [- sew +19) +8 Es) ~8 cry| =o 7
KMWA= WAL= GY -sey +94 ~ te) + ay)

= &@ B]sod-s@)] = Se,
KKB)

= SE = & [-se0) 4S(82) 4 S@\) ~ sar)| = HEHL2909-Se-se)] = SB,

Yix(28) = BY] -S() + S3e) ~S(3) 4 Spe)
: = & [sGY-S@)) = sC%,

Xs) = sey = £\ —SUS) +S@1) 4 S5Q2) ~S@s)|
0 > & ETesuy sud ~se] = SRL

Kai)= slay= ro =n) + st) - s(f + s(z3) |
—& se) ~s(3)). = SBN,

Snr @,=-A5@, -
SM, = © 4.

SA, = Jz SQ), “ .

= +K sed, a

SG),= + ESO),
ie) Gai),= -& s@,

ss wt OS, ke,
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J

YE AGd = & [ ade) ~2rBeay Wwe 2is[AGD-aGi] = & A= A®,O yinmo= Eloj-o = aw,

KA@= LL-ACHSAGD) = ABLE = BE Anced,= “Lacey AB,
AG) = Le Aly —AS)~ Alay) =~ ACS), = AC),
KAwy= LL f-aersacn\ > BS [ated ats]= 3 AG),= AB),
KeA@~ AL-28 04 st 4 3(s)} = BEY] = RAG,= At,

Se:
;

_

AQ), = SAQA
~~

AG), +0 y

0 A@e= -KALD vo
>.

N®, = -BACL v

AB,= -BACD, ¥
t

1 AGS= BA. 4

This list is related to the S-function list in a simple way: replace partner labels

1 interchange 2, and then change all signs. The fact that it is so regular suggests

to me that both lists are correct, no mistakes.

XP AW)= FAC,= KAM, = -aXVA@h

[dreds HH,|
je} YWAG= -BAG ~ >, Aled),

3 |X A@3)=-BAQ,
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Material Deleted from this Section

.8
1, This was my first solution to. the non-n sector Ward Table. problem. I fractionated
the terms of the Ward table and got the 10 equations stated below. I solved. these
equations and got Marshall's Vertex exactly.

I have deleted all the ‘ffactionation work that was needed to get these
ten equations since the cyleic operator method is mich more effieient (and starts

‘from the same Ward table given in this section)

fe) :

fo)\
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_ 3. So thets is very convgwt@nt. I have then two thingefo do: “—ie] 1) resolve the pofi-n problem with the slight #odification ‘ined _
- _ 2) write a peStgeneral form for the n-terffs vertex oe ee

_3) balapé then-terms vertex agains}fhe n-terms RHS, oo .

_ a. beta sot about the tirst tag-Sinceit soonsgatlest,. This will be quite easy.

_—/@ -2R=-6% = +28, -aal ,SSt

_ © ..~28 +aT =+28 -2G ee ee

TO abet ee
“ALl®

-24,.0-28,=90 __\ bai
J @  =24V=2R -2%-=O —

—4@__.- ald S\-AS| so

» @.. ~a\dS\sd SaltAdSs= NT so
——@D - ~¥ Gy) Sy + Coy tae =2ay) Sy

—___= Dds 8. + 2d a2d ea Re Fd R=OL.
—-@®. ~*(2-3) S\ 4xGrg)Sy Gy ana 2ay) Sa_—
co DA Re EIT 24 24 Ve GddRTSAR

These are the raw 10 equations with no substitutions made, al]. terms present. You can
_... . gee the extent of the change shown in underline. We could just feed this into Reduce .

——- but_might as well simplify by hand firsts 0 ee



Comments: Lets think of these equations. We know there are really only four

equations sitting there, we can ignore the colum D., I would feel much betterfe) if each of these four equations were submitted to a complete 8, symmetry
feactionation analysis. Remember that S(12) means a function of three variables,

I might have written it like (12,3). So lets analyze every term into

symmetry pieces.

Que uae dads oa ow bene
dX Cds = blxtyee] v

+ @d,= + Lasy-2xl v y= dys wae *d.2 = 9)
) Za dS adt —4e2 = a3)

a= @r= tly-ay x= ds$ ~2ah = Gs)

So gy = 2d / ga)= Qayd v = (ya
» n Cara)= (24d

S 4 (AQT KHfe) Grz) = AS + WTV
;
x3) = Qde(2ard)2 = Heuyt .

Wide ney = WS-asliad] = $14 \
s ~ ait] |

= 2 Caares) +3 (Caneay +YQ)) $2 [dsnay + (C2424) + /°7)
/+a BG oCORESNI ae /

vw ~. := 2 Ladd-2hb 4-24he] = 2 [add 2A] i~~ Aba nn

+ & [+ Pads UHI, sé tb (ARTY {says
. . ons

s / ws
= _ A=

al@dd- dd] = Qala = ead % {

So this grouping of dot products is entirely 2-like. See appended sheet for soirfe) way to conclude the same thing.

oe8 ee -- aoe Y. moe



a ~(o—

_ So here comes the bobtom line: _ -

“Question: what is the formof the most general solution to the WardIdentity?_
“Answert first, you can have any Ward Null terms you want. Then ifyou impose
the Ward on the remaining terms as parametrized in the purpole box, here

-

is what you find:
oo

—.  Addy=-8 = ET) -be a

- SaQ2= Bor By= eLb@aey G

a Se eee a

20%= -B/d0 = sh@Q= eo —ee a ean - 2 et

5SUB)Se eeagttiegy —— —
Oo RG0.

But‘the solutign I have generated is precisely Marshall's solution! :

Conclusion: Assuming the simple ansatz that e=0 so only one function b on the a
RHS of the Ward identity, and assuming that there are no n-terms among the

tensor forms, we are now sure that: — The most general form of a solution to the | _
Ward Identity is Marshall's solutions plus arbitrary linear conbinations ofthe|
two Wafd Null Terms. !

ft!
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Conversion of Marshall's Solution to My Variables
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