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Flow Chart for Tensor Problem

It woul;d be nice to see exactly why I "paused" when I did at various points. Te,
went down various alleys and hit brick.walls. Are those walls still walls?

Pause 1: Here the last thing I did was to write a huge table showing 10 constraints

on the set of 10 53 functions including four pai#s, 3 58's and #3 A functions. Table

entries are dl’dz and dE the three dot ppoducts. Things are all completely analyzed in

53 fractions. At this point I didn't know what to do about the "pairs™. Somehow you
can't just treat the two members of each pair as independent functions. There are in

effect four extra constraints, namely, that each pair is really a pair. I think my current
feeling on this charg is to express the pair "entries" using the 112 operator so that

you have 10 operator-constraints on 10 functions. This is where I plan to continue. I
stopped because a) the table ®Ws so large and foreboding; b) Jim swore there were fewsr
tensors so I thought I had counted wrong and was therefore discouraged with the 10-function

approach.

Pause 2: I showed how to reduce to 6 functions from 10 (albeit not S, symmetric ones).

I rewrote the Ward but ran into the same kind of problem as with the pairs above. Here
you can extend from 5 Ward eguations to 15 by adding in the cyclics, so then you have
O‘in effect 6x3 = 18 "variables"”. But this approach is not too good because you then
have to somehow add IN the constraints (12 of them) that the cyclic functions really are
cyclically related. So 15 equations in 18 variables really scared me, so I stopped on
this because too foreboding; later I returned to it (see below) for another try.

It then occurred to me that I could replace some of the pp products with the F-tensors
‘and this might be useful because Marshall's vertex was in this form and because these
tensors have great orthogonality propoerties to vectors. I came up with a good general
vertex form, then I wrote down the Werd but did not Lorentz-tensor parse it.

Some of the contracted and double dotted equation here were quite simple, but
still T didn't know what to do with them: the same 6x3 = 18 function problem. Too much
coupling between functions.

I showed how Marshall's solution really does fit into this general form, then I
Just gave up on the approach.

Pause 3: Here, realizing that the B-vectors give you a very simply Ward null term, and

convinced that finding Ward nulls was the entire deal, I tried converting to B from P

[ gave up when I could not make the three B's add up to zero, hence dould not take over
Oi‘he independent tensor forms analysis.



Pause 4: I then returned to the 6-function earlier general ppp forms and the analysis
oh of the 5 Ward equations. I did some elimination and reduce d it all to three operator

equations in 6 functions; I decided it was prolbly better to have symmetry operators
like [e] and [12] sitting in your equations, rather than having 6x3 = 18 functions.
The operator approach seems better because

a) it keeps your number of functions down to 6, not 18

b) no need to add in those extra 12 cyclicness constraints.
Then I considered the problem of solving these operator-like equations. I found that
the operators appearing tended to be non-invertable, projection ocperators. This made
life difficult because then a long story about how to solve a "double projection™
equation. I finally gave up on that, though the operator technmique should prove
useful when I take up the thread again elsewhere.

The last burst: Showed how you can slide a "complete basis™ into various forms,
put it in the F-tensor basis which has two Ward Null Terms.  Complete analysis of how
you fit any object into any basis. )

Then Ward analysis on the general F-tensor form. Result speaks for itself.
Method of Ward analysis here wasy this:

a) obtain the 5 separate equations A,B,C,D,E

b) replace A and D with A+D and A-D

¢) fractionate each equation into two equations using Sy analysis.

d) solve by hand the resultant set of 10 equations in 1@ unknowns.



Retrospective Cﬂmmenta./

Look back at the original Ward Table which was obtained from the Standard Basis.
There were 10 constraints on 14 variables. Thus, 4 degress of freedom in the
solution. Now I know where those four degrees are going:

2 go into a peir assocaited with the Fi%ﬁg coefficient function 51(12},
and 1 goes into the totally symmetric piece of this function
and 1 goes into S(123), the Ward null BBB coefficientx.

Thus, if I had known what I was doing, once I showed those 10 constraints were
linearly independnet, I would have known right then that there were four constraints.
I would have knonw that the two knonw Ward Null Terms ate up four degrees, so
I would have known without doing anything else that there were no more Ward null
terms! To show linear independence of the constraints, I could have delésed the
columns of pairs and put the 10x10 thing into Reduce and computed the determlnant.
T £ Detf0 then I known independent and can then add back the four columns and
still will be independent.

Knowing Marshall's solution and knowing the Ward Nulls from the stard,
it was Just a matter of couting.

BUT: The whole question is how do you count degrees of freedom! Apparanetly you
must count "irreducible components" as degrees £ freedom.

Why should you count both members of a function pair ? You know you can
get one from the other by an operator of symmetry. But as functions they are
linearly independent. Ie, one is not a multiplce of the other. But you can't
change one without also changing the tther.

i So the gquestion is: how do you know that if you solve &ll those equations,
the functions that are supposed to be pairs really come out pairs? What guaranteeas
this?? T think it is the symmetry; when you Clebsh up, you input the fact that
the functions are pairs when you do your 12 combinations. So it must be that they
counddnt come out anyo other way.

Similarly, in my Final Solution the cbjects R1 and R2 were treated as
independent objects, but in the solution they were indeeg pair-like . Again, the
Clebshing built this in.



By the way, I could have had reduce solve these 10 equation in ten unknowns
(again deleting the columns) . NO, that is wrong. Reduce cannot handle ik 10
equations in  1j urkpwons.. So I don't know how I would have applied those 0
- cuns,trgti:ns: o _' ) L
REduce could have solved my 6x6 problem in the final solution, but I did
it by hand since 1;1051:. Ili;E.E so simple. h
The real bitch problem is getting those extra degrees out of the problem
so you have something you can solve. The best way to do this of cburse was to
use the known Ward null terms!!!i!!! )



B SHART |

g e o) s

J%% e GOT amd. priggdms X
Moty

=

s
A5 Terams el Ny

%258!33 hmm-qﬂm t}){.‘{_“_-.h o 691{1&4
Qe 4, 0 auw)

s 25

Y -
© 36 ppp amd Rp Jowsa Faums.

\T?L*?L= D

w.y © v e vader Wnma
t%gk Py vaaden | S, |

T QBS&M%SW 10 Taems

I de,al:m

‘5%\3 Efoonams Sigm. mﬁmm

n%w FMEEM&W
TngmW z M

J?Parﬂ-e'-

t

AU B

STReT S
o

1 B vaskns dusagace. 2
Bw(‘&nﬁ)?

—ﬂHM?}nﬂhkdx&ﬂmf’(
e.\.,q

lele_ Sala"
) Shondod,

~’t
i b) B-Jersi loaa
-’_ Qs EL%%] oxconple

Mv-‘u SUe) anolsi
..__.%.LLGS\‘IQJOA.) M‘\St

O Qoendk !

‘DN



TTT&RT'L

' 'ﬁm@e’nm\mg -

| WankTeld. o bt 6 Braha

%mﬁu
]Tn.hi.e_ | B’é“‘“‘ yehisst
1 N

~uehal | Wea il |

7] , -
| Redla S T s

| Yuﬁﬁ—1ﬁikmm.

{Wade, Nowd Ward

Y
iQ“‘W?MM%mS

- . (AREnE).
rgw;*r‘f \—"—— e
3 'l.'j‘w
15%¢) ] an

+W%u5&w-~m_

S { START |
— %‘Ef b e
iﬁa%ﬂﬂPﬁhmﬁwkpwﬁ

%ﬁ“ | x:%mwﬂ%

i EEQ'I &u " %—:?NM‘E u'»t}ﬂﬂ_*‘&

] 1
%&%%g;mwme§ﬁmam

| Wﬁamm

Y
—EP_?J © w36 Pop Owd '}ZP_:
¥

%‘% O prp vadex Toums
: aies_ O s, o umnden Tom

‘“{ Rasulk Sk #'S""‘"'“"j:

ik o e
- 1 b Y
Pauu_ T

p Stk %

XL":I ey SIL {
Ymﬁ%hmft |

: ———

T

r_\cltti QE&L‘ J%éﬁﬂ%&m )

‘&'ihh N - Efvovasus, Sﬁn £ Jm:“a.«!

~Cregded Speprocti

el I Sy Tot 3 O
Pas AL |

R S



Tty \6, NN,
START &
[

o

| = G‘tu-ueﬁ\umj Notea
Tovsn@roetem Netea.

[

Re Qajuma Qv ppp Rosis, [ MH{%&%J T8, FO-2) wabs Now 88, Res's

L ovk J}Ju.il.!« N lMT&Q“MM%ﬁ “?ai-w&mq",

V) Mok wﬁhsﬁﬁm~%\anw; MQ {~cana

— 5 O Frashumdiuin
D Apply presado o o tengde sk Aengt | fra22xto
%Qﬂx&.m ‘am@ﬂ. g;...%;.ﬂ PR
W\ S bcme Wend Nl cnAerumwea

) ?ﬁm S ot s B e 3

N Wik LS o B m_m\@m

9 Sdehed: aquw Wad Nlle do o |

s e (See Q.MM\

Posae. Y



—_

*%=(.2) %t = =)
‘ét & -3) W = —(‘?.‘t)
2= (39) TEY = - {'!--‘5)

E;':
= G-

B:,‘ =G| Qe ym’'
D= (v )2~ (zym™
Bz ()Y - (33 m?







0

1.

2.

3.
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5-

6.
7+
8.
9.

Contents:

How to associate functions like xz-rz with UIR's of SU(2) and discrete groups.

Interpretation of the Great Orthogonality Theorem:

a. the notion of Xij "projectors"
b. example of 53 Eroup.

Left over detalls on Lichtenberg basis functions.
Solution to a Matrix Problem. (linearly combining the X,, etc to get orthogonal basis)

Theorems relating to projector construction.
4+

2 X5 =Xy

b. How to make new idempodents that are not projection operators.

¢. How to interpret the Y and Y' operators of Hammermesh and others.
Earlier effort at decomposing a function into Irreducible pieces (only 4 pileces here)
The tensor problem for self-energy (ie, really only 2/1 momenta).
Counting triple glue amplitudes.

About multiplication of £(123) by g(123) and classification of the 36 pieces.

o 10. Basic 53 data: .

o

a. definitions of the Xij projectors, their (vectors),
b. complete ¥ multiplication table
y+C. the group multiplication table

d. The explicit 2x2 representation matrices

e. Table showing R xij multiplications.
f. Decomposition of arbitrary element of group algebra.
g+ the reason you really have gix functions formable from £(123), what they do.

h, Verification that Hamermesh's Clbbsch table florks for makind symmetric combos.
i. more explicit R Eé type multiplications.

J« how to generate M-pairs, mixed symmetry

11. The triple-glue tensor problem.

4. classify raw tensor forms into symmetry classes
2. Put 3=-1-2 and count independent tensor forms
3. Write general triple-momenta vertex tensor forms
L+ Do the same for the Euv forms.

summary of all tensor forms.
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What does it mean to say that the function f(x,y,z) = x "belongs” to the IL=1

0 representation of 3U(2) ?

1. First, when I say that the QM operator X is a "vector operater", I mean this:

=
f i .
X, = ROKRE) = Ry@HXy
If T sandwich this operator between two group elements as shown, I get a linear
combination of the X's back, and Rij is the J-dimensicnal rep of the rotation
group in the xyz sense. This is what you mean when you say that Xi belongs to the
L=1 representation.

2. A ket /jm) certeinly "belongs" to the representatibn J with label m and by this you

mean that:

RO Iy = 22 Do (D \yS

If I were to close this with (r/ you would have:

o §<$\3~b= mi'b;“ <F\3ﬂm‘>

So lets call this function by the name fjm(r]. Then we have:

3

R En®) = 2 D () £ )

A functinghwhich behaves under roations in this way is said to be a function belonging
to the "m™ row" of the representation j. Fine and dandy. On the other hand, we know

that for any function the following is true:

R ) = $(Red)

3. Now, how might we search for functions fjm(r) that "belong" to various rep's. That's
easy, here is the answer:

'?'gm G%j = FGE) \(g-u(-‘a’u&i’)

As you let F renge over arbitrary functions of r, you exhaust all functions fJ (r).
m
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L. Now for j=0,1,2 I will hake a list of functions that "belong" to representations.

o j=0: Any F(rz} will do. For example, r, rE,
Lx T =

Here are the relevant Ylm's:

j;1=
: 3 . rb
- -i'?ﬁ- Swme
i
,S:n- CosSer =)

T -4
\{1-\ = J'F,g:ﬂ:n-'.im@g

"belong"” to the L=1 representation:

‘t“(?\,? ?E‘";(:?C—i-lﬂ)
'?no{‘ﬂ = +Z =)

0 Fa @) =+ (x-y)

=23 Again, first we express the Y

jm
\(u_ﬂa ee‘*

- (-L
Yau= -

1 5 1

e = "H_TF (%‘ﬁ-ﬂ%ﬁ“'{)
4

Y‘L;'@ = - \{'u

*
I \{‘Lr'l. = \J'LL . - ('.;’,"

The five functions shown on the right are obtained by linear combination, so
these 5 functions may be said to "belong™ to L=2. The function xz—yz

S

Lo (@)
f.(®) =

e™" all belong to the rep j=0.

[+ ] C33)
= (0%)

S By = Demig) (+%)

Of course we can change overall scale. This then is the usual set of functions which

%,z o e L=\

Now take r> as overall:
&) Limg T 2ing |
> (Cher )z |xriy)
(S—;‘f;_) | E2- ot
- Grﬁ-) z [’K-iﬂ
£) W ~2ixg)

T

VA
far's
2%
=%
3z -

each of
is a comgination

of /22) and /2,-2), and jz -r° 1s entirely /20). Of course by combining you can get

the other obvious functions:

T 2
Z Y 3<-
1
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Notice of course that no linear combination can ever give you rz. That function does
not belong to L=2, it belongs to L=0.

5e By the way, cnnsider this direct product : FiJ xix « You are combining

two L=1 objects here, S0 you know you must get some L=0,1 and 2. But there is no L=l
because this tensor is symmetric, so only I=0 and IL=2. For example the function x2

is a mixture of L=0 and L=2 functions. You then have to linear combine to get functions
that are completely L=2 such as xz-yz.

Let me correct this: any function belonging to IL=1 is proportional to Ylm and
any such function must change sign under parity. Cbvicusly Fij obove does not change
sign under parity, so no linear comgination of the Fij could give you an L=1. Forget
the symmetry comment.

Consider Fijk = xixjxk « In principle you could get 1=3,2,1,0. But parity will
now only allow L=3,1.

6. Suppose you are given an arbitrary function f(r). How would you "project it" into
its irreducible function components? First, for each L we can choose a set of
bais mfunctions like so:

T @) = R\ = BO Niails, &)

Ie, for each different L you can choose-any FL(r) function you like, or you might set
them all equal to 1, or perhaps r' . Any way, then here is the decomposition:

IO = @\ = T DG = 2 H B @)

AV N
Soe = 018 = N\ ZADHE\D
ge A @) @),

Having selected a set of basis functions, we can them get the weights fl Then the
original arbitrary function can be expanded in terms of functions which belong to UIRs.
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7. Construction of a projection operator . First consider this:

R fu®) =2 D (%) Y ).

3

> D,,,,,,_(g R(a) $m @) = 55V 2 e Mca\) mmtﬁ)

- 2@ 3

B

gh Yot S

(i.+4\

= %Tﬂ- (25+ 1"34' %5’“&1 (?j B}y; E PP

Now look what happens when you integrate against an arbitrary function:

SO0l RE3) $R) ag)

o SEUE SN
0 =\ 'fT S Dan (9) RE8) S @)
= Zo S W@ S @) 5 G

R R ®

CT'-W)

Ropuck:: Yoy D () Ry @) = 35 L Fn (@)

(‘ZL-H\}
s

Swu

Q

= _?51_3 x&cg DWG_\,} Rﬁh) J

Cbviously this is the projection operator which, when applied to any function, projects
out the portion which belongs to jm. You need to know the diagonal matrix elements and
the operators,

)
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8. If you take the preceing projection operator and sum over m, you get a new projection
operator which does this: it projects out all functions which belong to any row ot
the representiation. So if you don't care abuut connecting functinns with particular

"rows™, you can use this:

R = C_;_‘L\a%\i M@X R(zy = Ci%g}\dzg ?ézfa\ ?{Qs\

Here we have identified the trace of the representation as the character. I don't know
the rotation group characters except for special cases of gy 50 perhaps this is not

too useful for continuous groups.

2. Extension of thiése ideas to Discrete Groups. I can just quote the projection

operators etc from Tinckham, all obvious once you know about orthogonality. We have:

R = group element, replaces label g used above.

:BH = the transformation operator, replaces R(g) used before. Ie,

o Pof(r)= £ (R )

This operation can be a rotation or reflection or whatever.

{TkR}mm, = element of representation, called Djmm,(g} in the above.

Now here are the basic facts.
(a) Arbitrary function expanded in terms of basis functions:

&= Z-K® (3-33)

(b) Transformation rule for basis functions:
R Be@® = 2. Tin(® B @) (2-23)

(e¢) the projection operators:
e . G * i
@5 = (fhl—)% \ (e & (2-31)
. : VD x
A - B2 & (330

Here lj is dimensiocnality of the rep, and h is order of the group. Note that (2j+1)

does in fact appear for the continuous group as well, but not h.



Interpretation of the Great Orthogonality Theorem,

(:, 1. For finite groups, here is what the theorem says:

iD@W@m. Spo5 B,

Now, lets define some elements of the group algebra:

¥

e | b " N’
X}':SL E(% "D-i (R) R\,%{l <’>iu]')(-jﬁ> = %—T— Dt (€) D (&) 2T
¥
- (22 Dym (O R)?E = b guighe

Clearly, these two vectors in the group algebra are orthogonal unless all three sets
of indkces are equal. See Pozzi (2.10) for definition of group algebra scalar product.
Think of the various R as unit vectors and the ccefficients as components of vector. Then

the line above states precisely that these two vectors esre orthognal.

2. Thus, each UIR of a finite group provides n vectors which are (1) orthognnal to
o each other , and (2)P orthogonal to the vectors of all the other UIR's. Clearly these

ere the spanning vectors of the regular representation!

- Example: I am now going to construct the 4 spanning vectors which are related to

the two-dim UIR's of the group 53. First. here are the matrices: () =

. N s A4 e
D:?(ej _ (LT) D (U%“h (}i#i L) ,,D:(Ciu\} = (_,:_:;: 1) (:(A::n

® oy Men=(§ ) diess (FoFY
Dy @ =0 @ =\g ¢ \2 'L)

I have read these from page & Tinckham, but I could have'gottéh:them.rrom H's large
table. Now I will construct the L basis vectors!

0 = e - LD + (0y- 1) - £ ()
“ L)+ B (1) « 2 () - & ()

QX\L=

e



Restate these with shortest form:

o ,__.%‘_“_ e (g (9 (3 Q) (=)
I

]-ﬁ Xu y¥ L L < =1 -\ -1 =\ ('{l-q-‘{"}
S0 . .

' Xt 2 0 o 7 3 R -3
T - TS e O S OO S

- " ' .
S O T A S S S

Warning: Just because two vectors in the group algebra are orthogonal, that does not
mean that if you group-multiply the two vectors you will get zero. You can sort of
imagine the group multiplication as a cross product. '?_{S T =) &mf% =9

L. Now-forgetthat—sqrt3 above—and consider this: the first object above , }[11, may

'o be regarded as a 'first row' object. Why? Consider:

L w H*_w
RAy = R ZD®)S = 2L DGO RS = 2 D (RRS) ks

A% ” x-» *
= 2 TEHYT = Z 2 @)Uy ()T
A e nx
= ZLD(R) - & Dy ()Y - %D;h(&)ﬁfi
)-»..:."" M
= 22 D () Ky ol K. R, daca 2
Thus, we can r_‘egard our xij objects in this way: /l___‘
Xf-"‘- . ) _ . i <P LN
§ % Rt = sk Wi aa g Eﬂdd}m&ﬂ‘

5. Now we can apply page 4O of Tinckham. Probably I should renormalize the X,
i

objects so that they are exactly the objects of Tineckham (313i}. DM :

Q ¢ J“. | B 3%
@-.':5 = X"% ‘3.,, = Xk.
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Using Tinckham 3-30 applied here we get:
A oW )
@i‘;} ?'ﬁ = %)p.{} ’ E ik % :

If differing IUR's you get zero. If the same UIR, then consider Pij cperator. If this
acts on a function belonging to the row k, you get zero unless k=j. In that case you

get precisely ﬁi.
Now translate this to our present notation and situation:

v SL) (v, j_’)

X K S B X

_
X;;‘) = \l\m YU

= X Xu Kaa = 0O

7(u Km. %Tx Yo Kp = O
o \l\lﬂ »L-u = Xu_ K-.-_-, = K-.-.\
'ﬁ:nﬁ \L:} -~ O Xt?ﬂ Yoz = Ker.

This shows that Xll and 122 trply are projection operhors.
Notice that, although the group algebra vectors Kll and 112 are orthogonal, you
do not get zero when you multiply these two objects. Don't make that mistake.

Continuing:
r‘),}% ,,::ll = O Ko Av = Ky
7[\11. Xie = O X’L'. e = TS
K Yaj = Xy oy Xy = ©
Y X = X R Xqo. = O

B
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Existence of Hermitian Adjoints of Group Algebra elements. Let us assume that

o e e e S S Sew S e S S ST e mmn oma e me E —— e

o we have a scalar product of some sort which is invariant in this sense:

('R‘m Eh'—' (?‘%\ﬁ}\ YR e e .
Obvicusly, the operators R are unitary with respect to this scalar product, Rt - R'l.

-1
This serves really to define R+, since the R = are known just from the group data.
Now consider an element of the group algebra,

A-ZeawR = R- 22O - 50® ]
- NG = A" A Pyt (ntdan)).
‘% R) R Fal J\ Yoz (st )

Thus, the Hermitian Adjoint of an element of the group algebra is precisely its
involution, as defined by Pozzi. Now:

Example: here are some Hermitian conjugates:
-
A R=GD = /=)
.
R= Giey = GOED) = R= GE = () = Qy)

XH = }K‘-’t

xu = Y\u
Vo = RS - R @B = Yo,

\IC:.\ = ><\‘L.

Armed with this information, we can now investigate the orthogonality or lack thereof
of basis functions.

o
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Copy 1 Copy 2 '
X X,
O ( 11>< LE) Qg = uxﬂ“wa.
X1 X22
_ These results tell us that within each copy

Q{\"‘ %} 7{1\'?> - (%J K‘\ﬁd""‘;\= © the basis functions are orthogonal. '
Chiat, Yoo F) = (8 Y ¥l ) =0
(‘“ﬁ“ ’?., \ﬁu{“_\ - (JQH\}L“ Yk ) =0 And these tell us that across the two coples,

different rows are orthogonal.

(Y't?- ';;x *‘"U%“\ = QY ﬂ‘\u‘ﬁu'&'\ =0
O, Yoet) = G, Yk $) = (S0 #0.- = (S, e )

This last result says, however, that ‘the two row-1 functions of the two copies need
not be orthogonal!



@

Theorem: The fact that the projection operators IEJ are orthogonal in the group
alpebra implies that the functions which they project out of some carrier space
are also orthogonal, provided the warrier scalar product is "invariant", in the

carrier space.

munhea freh-
§ v 4
Ky Ked) =y 2 WO 06 (R%SY
)

k_.-—-"_-___'f‘_"‘—-'

Proof:

= (3R%%)

2 U (ﬁﬁ«)\b’i (D (SRS

@Tw ') (v§,%)

L

1[
b=
g

&
w S m(sm’;(r}‘i)ﬁ@}r &%)

ERY

o D) (T8 {Z‘D.“(ﬁ)‘b Y

3 Gl
30 Sl fum 2 Bam (755)
Chlen Koy Ot R)

= LG 3y (K, §)

Ouch. This says you are guaranteed orthogonality only if pour prejex projection-like
cperators are in different rows. If they correspond to the same row, but different
copies, of the same UIR, you are not guaganteed orthogecnality of the funetions, even
thouth the projectors are orthogonal in the group alpbra.

il
b=l
g

h
a‘r




%ﬂw LLJNEL) Lichtenberg information, save

e 9 ) () ()
e — L i -1 A -t 1
7(1\ = 3 3 4 6 é ¢
Xh. = o © 'f&ﬁ j_; 23 "'i%;
Koy = o © =h {%Ehfﬁ R
)( = KE— U N R
1 K 3 £ ¢ P ¢ |
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Solution to the Matrix Problem

June 18, 1979
o 1. Here is a statement of the problem: you have a L-dimensional vector space which
is spanned by four vectors called e, 1€2189148) . These vectors are not orthogonal nor
are they unit vectors. In fact, their dot products are described by this matrix:

'*-E-"q -(é“éité;éq\ é‘l'éﬁ. _é._-élt Q © : L e i L
‘51 o u-;kII o o . ¢

—_ = et T = — —
S - e ¢ o' b © cd (AL
Sy o T+ o b

Before continuing, here is the correspondence between these symbols and earlier work:

& = 1Y = X\ g8 = AN =B = xS =
&= 5D

L]

\#U]ﬁ) gtal_ = <§{«1\"'1\Lu?> = { 3(.|D = o
&= %y = Xal©) S8 2 Day=b= Sed

_é‘l: H:t:) 3 Xu\";> _Elv.'éaa = éﬁl‘l» - < = E:"'a 14\&»

In addition, the vectors e, and e, span an invariant subspace of the four-dim space,

and the vectors E3,E ;, Span another invariant subspace. In fact, the action of group
elements on these two subspaces is the same, namely:

&) _(T®)o \&
& | = 2
R\&/ "o TTm)\s

Here, (R) is the two-dim representation of S we have been using. On page 2 of earlier
notes, I showed that the action of group element R in the objects J[i 3 was such that
the action is emactly the same on either "copy" . In new notation, .8, span the first
copy (subspace), and E3Ei|- span the second copy.

Now here is the problem: Is it possible to do a ‘transformation on the basis vectors
to get some new basis vectors such that

(a) the new basis vectors are mutually orthogonal, and

o (b) the action of R like that above but on new basis is still in block form.



a _2 .

2. Discussion of the situation: As we shall see below, a solution must exist to the
problem cf finding an otthogonal basis in this 4~dim space. This is completely obvious,
c:" and will be shown to be just the problem of diagonalizing a real-symmetric matrix.

The real gquestion is: onece you have obtained an orthogonal basis, how do you
know your group action will have block form? Certainly the two invariant subspaces will
still exist, but not obvious that the vectors you obtain by otthogonalizing will be
the same vectors which, in pairs, span the subspace. In fact, it is not obvious that .
you can have block form and orthogonality at the same time. Lets return to this discussion
at the end. It turns out that you can have both at the same time, though now I dont know

why based on general principles, only based on this calculation.

3. The orthogonality calculation. Here is how I propose to transform the basis vectors:

: S
el _ Al B €
EN S
&\ (®ene) [\ INESTESURSATINESN
o é.:_ B 1‘“ ;6 _ — -
éa;f p him SUFANR R A
'

It is our goal to find most general form of the matrix ABCD. You can see that it is Just

the problem of diagonalizing a resl, symmetric matrlx. Ycu know therefﬂra that the

matrix M = ABCD must be real orthogonal so that HT = H » Thus, we get:

(A1) - (R e

\. R=\1G:-_T9;]B 3. C- X.(;a h_‘;lb
P ASESENR L C- D

These four equations arise just by multiplying out the maktices shown'. I have anti-
cipated the fact that the eigenvalues are equal in paiés, which I will show in next

=

section.
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l,. Determination of Eigenvalues. Just outline it as follows;

oW © < o
o a-lh  © o = 0 _ T vl = a%b
T =) faste, <
© < o -‘h""m. x\ﬂ-\ﬂ-. = db—-i"_t

= % \T\ - 1‘\}1 - Q_ﬁ' =0 whasan_ A= (F"‘"‘\(h‘k) :
A%

.- a .
'-;.(1'-.'1-&@1-1‘9.““-—-::: =3 (_“r.aﬁ‘_}-.—_o =) o= T -'\wxu.,

9 (ha)YW-W=¢" s hy =% | (aab) + Eu?'-‘rh"‘r"{ﬂ'l

Off hand I don't know how to deduce that the eigenvalues are equal in pairs withmutl

doing it; there must be some facto about the matriz which makes it true by inspection/.
Now we define some auxiliaty symbols and state relations tween them:

OEt = - < = (_B‘Mtl
o (a-W1) - (e +1) =0
DAL (o)~ x =0
FTy Chrnd= ok

In the first line, the equality tells us that equations 2. and L. on page 2 are
redundant, so our only conditions so far on ABCD are: '

S, A= 4;% b Q= D

5. But, we have in the above already assumed that M was real orthogonal. We used this

fact to right multiply and equation by M. This fact implies furthoer conditions on
ABCD as follows:

(ﬂ‘ll%> A E:?) - %F- 5 1 AAxeR =) -’B,‘Q‘T"" SNE
NLYATUDL Y o\ .

A g el 4o =) (Q_AT+D§=D)M+
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So, equations 7.,8.,9. are the conditions that the 2x2 matrices A,B,C,D must satisfy

in order thab matrix M be real orthogonal. Our goal now is to find a set of matrices
which satisfy 5,6,7,8,9. Then we are done.

Inserting 5 and 6 into 7,8,9 we get:

“! E,E}-= f::- . OO = [51: ‘ \3. ((u{*d,_-\--.)ﬁﬁ":o)

This tells us that matrices B and D are "almost real orthogonal”. Lets then
define new vertions:

0=90,

[
-

%EBK(’"\- = % =.'t Azﬂg-q-fgi-gl

hﬁi D/[‘:— = b

oL
it

~d
C~ «p-D

Thus, here is our most general solution to the orthogonalization problem:

!

- A ® a;ﬁ .
M = (_&\Ej _ i %‘* \ BT__"&:E Waare A*-J N. o m\duw
S *-f-A- \P' A- ma-ﬁ‘u@mé cwdasic -

= A*‘ O ) "E*F"""Ll@"j">‘
o P a€_|&_1‘l [‘:-1
Here you see that the matrix on the right sclves the problem giving orthogonal basis

vectors. Then ﬁ+ and A separately rotate basis vectors within the two subspaces.
Cbviously these extra arbitrary rotations cannot change the orthogonality.

.
6. What about the invariant subspaces? Consider the effect of matrix on the right above.
We get:

e e o e:':
RIS )= MRS {M(ﬁ)ﬁ o
el .\

2y

S

ALS (m o\ /A CT AP ARTR AP &7
(Q. ﬁ) 01'%?] BT‘\BT) Q?F‘vﬁ?&?’- Q,?'C_T-k ﬁ?'ﬁT

i

It

(Mﬁi o
o | ATK
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Thus, you see that block form is maintained: vectors ell and ez' span one subspace,
: and the other two span the other subspace. The effect of applying A and A is imply
0 to convert to equivalent new two-dimensional representation of 53.
I see no reason to bother with A, and A_. I will remiin awayre that within
each subspace you can rotate to your hearts content and get equivelent represntations.

Here then is the simplest solution:

LY
& = pr (08 +&) e = ()
e p (4B ) & = po(dTr )
g -l -3t _s) =y =3 - = k;\
€8 = & =\ CpC: = & Q' = W_

7. Comment : notice that the new "row 1"vectors e,"' and 33' are linear combinations
of the original row-1 vectors e, and €4+ Thus, the problem was solved by recompining
the row-1 functions seaparately from the row-2 functions. I though I had tried this!
My other attempt was doomed to failure, the cne where I tried to solve this
by rotating within each Copy. I now see how stupid that approach was: if you get
e:’ an orthogonal solution, clearly separate independent rotations within the two
subspaces can only lead to overall orthogonality. No possible rotaticns or trensformations

of any kind within the separate spaces can ever comnnect you from overall orthogonality
to our starting non-orthogonla position.

8. Lichtenberg is wrong. I claim that the linear combinations necessary to solve
this problem are non-trivial. We know that:

Mtz'%:[m—hjtzfﬁﬁ+q$l

wharaa o= <R = Y4 + 3D -+ Q) -+ G~ 4 )

b= Qa) = 4 - $dDatad b4 G -4 nd

1

]

T C\Ku.>l-'—" (_\f\u = ‘%(mi‘_j-ﬂ-%{iﬁ

@) o -
M.‘ e, (1.1.} ARt %&1%&&%&}&5 %(11.1;,1\3 ’l\\‘(\ﬁt Jx.,XQ
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Suppose you are trying to analyze a particular function f(xl,xz,xB}. The numbers
a,b,c are certain overdap integrals of this function. I have assumed that each
integration hes the same range so I could‘use a symmetry to simplify slightly
the forms for a,b,c given on last page. Since the numbers a,b,c are uncorrelated,
(ie, for different functions you will get different a,b,c and they have no constant
relation, like sum to zero or somethiqg},d+. is dependent on the function f.

Now look at the gemeral solution: L

18 = S (WBARYx Co (1R x 8

E:\__q; = Q@*Kﬂ(ﬁ?ﬁta) “‘J-_ (;a,r[a{.,,%: 2 (;1) WWLP‘H ‘\A\ 'Ez. 'Ey

I see no way you could select angle G+ s0 that the linear combinasticns are

f-independent.

9. Caveat: However, suppose £(1,2,3) has the following very special form:

MG R OUONO

where a,b,¢ are mutually orthogonal functions of a single variable. If that is the case,
then all exchange expectation values like (f/{lg /f} vanish and you get in particular
that number c¢=0. In that case, your original basis El"'ah was 3iready orthogconal
and there is then no need to do anything.

According to Licht's definitions, we have:

o
{\I‘fl.'_‘ ?)e"'r'ﬁﬁ‘l :"Y

b= ey

Y=-%e +2lne, K=-be,

MECEANMEICS Y

Recall that the most general subspace-transformation which leaves basis vectors orthogonal

is tha matrix {é E] where the only condition is AC+BD=0. The reason it is more general
than a rotation is due to the extra facts implied by the group algebra. You see that
licht's choice of basis functions usas just such a transformation on my e,8; basis!

His second pair of vectors are proportional to my €3 €. He makes no claims about

normalizing his functions. So, he is correct, with this caveat that a,b,c are

orthogonal functions!!!!
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Some Theorems about Constructing Projectors.

Theprem 1: If your group elements R are represented by unitary‘eperatere R, and if
your representation matrices are wﬁﬁmﬁ then xlj = X JTHC Ie, then hermitian conjugation
with respect to the Hilbert Space R acts on is the same as transposing indices for the
projection operators.

Proff: Start with definition:
lx—@q— (BR\&“

(m)

RV 4&.@1\ DaEOR) = & (2. DSkRR)

ﬁ

(Z'_ NG RR) ey marnamgrronsi .
- % ( ZF':DM(R) i

)
'R QED.

It

I had to assume the operators were unitary in order to go from R to R_l Only then

can you use the reartﬂngement theorem. Note: we have already seen special cases of this
thecrem, like 111 = Xyq for S 3. etc.

Theorem 2: The object formed by adding to the standard projector X_. an arbitrary
linear combination of X, operators ( ie, ones for same row but different copies)
is a new idempotent. Te: i

ﬁJer = i\:‘ﬁw + é; P:'u Xﬁ.} = (S‘st.:&rr)

Proof: We make use of the basic fact about the projectors ( ie, the GOT):

)(155Qh1 = 3h\%&i
, ok w Qe ok
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A (- (ﬁa v I (mgxp a«m\ ~ 25 A w

= Koo .ZL/S:QY\H = @‘*‘) Q0.

-l
Theorem 3: These new idempotents are orthogonal in the following sense: X = 0.

In other words, ( irrf v Ko f) = 0.

Proof: «
~Y. o s
e )Fe) = Dot 2 A e e 2 K )
t = %r ,ﬂ\ Xur\f\ss = O _awu T#S
tr = ‘f‘ J'ﬁ\ Ker Y‘“J = O Swmex (&S

t* s I,
O ' €t = %At%l Miedsy =0 Qe0.

j=s
The proof here is really obvious by inspection: the operators in first bracket have

r as second index; in the second bracket have s as first index. Since r#s, all products
vanish.

Theorem 4:  The Hermitian adjoints of tha?(;r are also idempotent.

~raoh OO
Proof: ?rb\f\[‘f‘ = ?\:‘r = Yee fee =i ASD,

Comment: Although these new pxzje=zkex idempctents A)L-;,r "do the right thing" in the
sense that the chunkcs of functions which they project out are orthogonal, as in theorem
3, these operators are not hermitian and are therefore nnt “p‘«-njectlun ﬂperatnrs"

in the usual seince. Ie, we do not have xrr Ks = 0 for r,-ﬁs. ﬂﬂ-ﬂﬂ \ﬁ-p’im %\)(rr '
Unless you have honest-to-goodness projection operators, you eannot "decompose"

the identity into sum of projectors, even if they are indempotents.

Exception: In the special case of the two copkes of the two—dim rep of 53, we
o . can consider these two objects to be acceptible projectors:

ﬁ={1:' =) P =8 PI?L=?T?x=O'
P ~

il

ps P‘:}" o
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Thus, the following are acceptible projectors:

f= Yy ¥ A%y
Pq_= X‘?.‘L + EXH

Specific Example: If you compute the projectors using the method of Hammermesh,

t this:
see nntes_abnve, you ge h1~Lo =\ ﬂ}

R A= et Tk (= 54 = slereomome) =T

. I RE¥ (l_-\\ ° o kj
R I O N B e ol

Thus, we see that this is a particular case of the above most general farm of the

projectors for the 53 gwo-dim reps.

Comment: In more complicated cases involving n occurrences of an n-dimensional
representation for n=3,4.... you do not have the freedom discussed above. For example,
in n=3 case you camnot arrange X;1, X5, 333 to get three projectors in the way
done above because there are just too many. Ie, if you choose P1 and P2 as on bottom
of last page, there is nc way to define B3 except maybe P, = XSB with no mixture.

. Probably that is the way it works: you can shuffle two of the basic projectors,

but all the remaining ones have to be "basic projectors".

Summary: In general, theee are two methods I have to compute the projectors.

(a) If I know the actual representation matrices ( they are given in Hammermesh for

up through 55} I know how to compute the "basic projectors” X . ysing the general
formula: ie, its a linear combination of group elements where the weights are just
the rr entries of those matrices. An alternative method 1s:

(b) Use Hammermesh or Messiah method: for each standard arrangement in a given pattern,
construct the object called Y = QP. The only problem here is that you have to then
work out the narmalization by hand, even if you include thnsﬁ Messiah factors.
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Theorem 5: The symmetrizers x(i} form a "pair" , and so do the symmetrizers xi .

O Proof: FAMM!E 3o mwm

AN

Ky = 2;;- D (R) ?K? G=1\ n2).

N Rxm _ b?gﬂ ;th

A vector of twe objects which behaves this way under the action of R i ealled a "pairn.

Theorem 6: Any linear combination of the above symmbtrizers across copies also forms
a "pair",

Proof: .
éti: gig = éij E{}

>

—

\ P
A rRY-D0 X QED.

—_—

R¥: = Z o> 2 D]r.-.(.f'\]\ka - %mm*ﬁl

I

bt

1
$I
+

75 2%

X
%o = ?i + X%

Theorem 7: If you have one member of a general pair (the abuve pair with any a,b), you

can generate the other member of the pair by applying either 112 or Kzl.

___FI‘GGf: Xll ﬁ\}ij = D.()L; .}(}‘\ + E(\t{.l\:r{i\ = ﬂ*\-lq"f' L\ﬁ}t = '\;’\JL v/

KRes alfr) «u0Gx3) = AR
2, ns
Qﬁi@hﬁ*J&uaﬁl Dy Yo do Kk AN >§\l)(“ = 0O
X\lf‘b = O
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&i (-Ph,%?) s “E.m“. E-c}ﬂ %x_ = %J\'%(Hﬁ 'Q-L_::F\JL'&;'(“&\-

Mhore Bwin  pumme. sumvwarnee Ol alors '&\r\}j\



Proofs that the six symmetrizers are linearly independent.
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oS0 here is my second verification that the eix eymmetrizere are llneerly independent:

. (in the group p algebra epece} Eyetematleelly reduce the matrix to triangular form. If

there is a zero on the dlagenal anywhere detzﬂ and set is 1lin dep. But here ihre _

. Bwere no zeros, so all are 1inear1y independent"
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About Decomposing Functions £(123) into 85 irreducible components.

1. Imagine an object £(1230 such that the six objects you get by premuting this

. thing are linearly independent. Such would be the case, eg, if £(123) = a(1)b(2)c(3)

where a,b,c are three different functions. Or more generally, if £(123) is sume
arbitrary function of its arguments that possesses no particular symmetry.

If the pleces Rf(123) are linearly independent, then the é objects you get
by applylng the six symmetrizers are also linearly independent. These 6 objects

ares
f5{123)=(1/6}[f{123} + f£(213) + £(321) + £(132) + £(231) + £(312) ]
£,(123) = (1/6) [ £(123) - f£(213) - £(321) - £(132) + £(231) + £(312) ]
f}(lza) = (1/6) [2£(123) + 2£(213) - f£(321) - £(132) - f£(231) - £(312) ]
£5(123) = (8/6) [ - £(321) + £(132) - £(231) + £(312) ]
£5(123) = (8/6) [ - £(321) + £(132) + £(231) - £(312) ]

{@uﬁ)-ﬂﬁ)&ﬂmﬁ - 2£(213) + £(321) + £(132) - £(231) - £(312) ]

The brackets show pairs of functions which are "paris" in the sense that they behave
under action of R as a basis for the M-rep of Sq- Here, then, we have twe linearly
independent pairs.

Recall that the "group algebra" space is esentially the regular representation
space, and by the "celebrated theorem"™ this reduces to 5 + A + 2M Teéps, SO you expect

to see two pairs for the M-reps.

2. First speclal case: suppose £(123) = £(12) only. For arbitrary function f(12) with
no symmetry this is no restriction; there are still 6 indpendent objects and the above
stuff still lists them, just delbte the last arguement. The 6 objects are of course:

£(12) , £(21), £(13), £(31), £(23), £(32)

3. Symmetry: if your £(123) has some sort of symmetry, like the tensor form 113223,
you may find that the two pairs are degenerate; the copy 2 pair may Jjust be multiples
of the copy one pair. That is exactly what happens there. In this example the symmetr

o is this: f£(123) = £(132).
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L. Second Special Case: f£(123) = £(1) only. In this case there are clearly only
t::’ three independent objects; the totally symmetrjc, and one pair. In fact:

£5(1) = (1/3) [ £(1) + £(2) + £(3) ]

f,(1) =0 :

£1(1) = (1/6) [ £(1) + £(2) 2 2 £(3) ]
gf;m = @/6) [ £(1) - £(2) ]

£2(1) = ©/6) [ £(1) + £(2) - 2 £(3) ]
{fi{l) = (1/2) [ £(1) - £(2) ]

Here you see an example of how the wwo pairs become degenerate; the top pair is relat=d .
to the lower pair by SERT(3).
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The tensor problem for self-energy.

1. Consider a self energy with momenta p, and Py entering. Ignore the constraint that
p1+p2=0, What is the most general tensor form involving two momenta that you can make?

Answer: this sum:
TR = 2 Asaney )" @)™

This is only four terms, easy to write them out. Now, given four functions and thus
an explicit form of the above, what is the "switched"™ tensor? Answer:

-_T-J*1J*‘ S pr _ - 1 Moy My
Eof) = 2L AR (™)
Here, the notation I means if i was 1, then I = 2. Maybe I should write that = P12 i.

You see that the actual momenta of the tensor form get switched, as well as the arguments

of the functions. Their indices stay put of course, and the Lorentz indices on the

momenta also switch. WNow, rename the summation indices to get:

T Em= 2 A G ) ey

2. Now, what are the conditions on the Aij if you are trying to construct an antisymmetric
tensor? Since no momentum constraint, each of the four tensors in the sum is independent,

so you conclude :
T”.”‘(P?;??)-*Th’m(fésef) = o
. [Aﬁ(?f,?f)“‘AF Qe )] Yy
‘3

=)

Ay e == Ay = JAWGD=- A‘“ -
You can think of there be A w97 “‘ (1 |)

ing originally & functions, Asy )= — A (@)

the sym and anti sym parts of each of the L functions. }\23_(l!1}- - A (2
These condtions then reduce you to L functions: notice
that a self-condition removes only one function, whereas a condition relating two
different functions removes two functions, in the sense of there being & originally.



So here then are the most general antisymmetric (and symmetric ) tensors you could
have:

O TS - A L aer™ - e ey
£ ATOR T Y @Y+ @™ (Y )
+ A6 | @™ ey
L AnG [ Gy oY)

Togh o,
Thus, you might argue that there are really L different "tensors" existing in this object,
each requiring a multiplying scalar function of some definite symmetry.

awdde SEAS mwﬁmﬂm

E.Ikﬂlats remove the constraint and let p1+P2=ﬂ . What does this do? Replace p, with =Py,

The first tensor vanishes identically, the last three tensors a;e all proportional to

one another. Butg since plz = pzz, it is now impossible to make an antisymmetric function
(:’ to multiply. Thus, there are no forms whatsoever left! ( for the anti sym tensor). For

the sym tensor where 5 and AS labels are all switched, you have only cne form, which

is the confluence of the last three above. Thus:

ST = O
TGN = A @Y+ deme g0 g

2

T
3. S0, to summarize: we first hunted for all the tensor forms without the constraint.
We got some general answers, each having four functions arbitraire of definite symetry.

Then we put the constraint back in with two effects: 1) some of the tensor forms identically
vanished; 2) it was no longer possible to make functions that were AS .

L. I now want to see how this goes for the case of a E—vertex. Something tells me that
the group 53 and its representations might somehow be useful!



A.Review of the general construction of tensor forms with two momenta.

O 1. Question: what are the tensor forms you can construct from Py and Ppe I have
already figured this out but here is another way to do it.

2. Solution: for the group 52 there are only two representations and so only two
projectors, call them S and A. Write down all the basic tensor forms and then apply
projectors to get forms which are assoclated with certain representations. Then at
the end apply scalar functions.

Sc here we go!

S _A |
QNN A RCET A SRV o T e
pr et ©

Cal el A &
Sl R Y AT A S A )

Thus, by applying our projectors to a list of basis functions, we have generated a list
o of new basis functions which have definite symmetry. Namely, we have:

SygweTarca, T - ?;m E’ih'
MM .
Tz = ?3
A Ul T el el

[ R e
R M A U el

Then here are the most general sym and anti sym tensors we can construct:

A S Y RAATNn W wi U W e

Ie, you are allowed / scalar functions and each must have the correct symmetry. Similarly
for T

o antisym °*



Count Amplitudes in Tr%EE?,GlU& Coupling by ¥§ Coupling.

!::, 1. Imagine that you are in a rest fame of a gluon; it decays into two final state
gluons. How many independent amplitudes are there?
The pair of final gluons can have S=0,1,2 .

For 5=0, to get J=1 you can have L=1 and that all,
For S=1, you get J=1 with L=0,1,2.
For 5=2 you get J=1 with IL=1,2,3.

It would seem then that there are 7 amplieudes:

S=0 L=l 1
S=1 1-0,1,2 3
S=2 1=1,2,3 3

7.

Is this number further restricted by bose symmeiry or parity or something & am
not thinking of?7?

e



The problem of rearranging the 36 objects of the form £(123)g(123) into tensors
Q of definite overall symmetry.

1. Here is how you do it: first, take each of the two systems and decompose into
6 pieces of definite symmetry. Then combine the systems using direct product to
get resultant combined forms of definite symmetry.

Namely:

Ex W&M %.mduwz.
<m+ Q+E+E§)1(Fﬂl+%+ E}*E)

- (e ()
+(mms %)x(ﬁﬂ)l-\
o -+ (E)®)y

=(2-o0 + 2. §)
(+ % B)
(+ 4O+ w B+ V)

= 60D+ 6 H + =

Note that we get 6+6+42L = 36 objects in the end. In particular, you should be able
to make 3ix different totally symmetric tensors in this way. Two arise in the obvious
way, and L arise from the mixed symmetry combinations.
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53 Expansions in the Standard Basis.

Ronic S deda

0 1. Here are the 6 basls vectors of the group algebra, and their multiplication table:

(=) () ) @) (1) Qs
LAA = i. —\ -\ -\ \ \ = 6XA
o6Xs = x \ \ \ \ B -
bXy = 2 7 W G| -\ = GX,
6Xpy= o o A R’ [ =B =6%
6Xp= O o - 3 -R B o= 6%
6 X = 2 -2 \ \ -\ -\ = Yo
| Ka Xs ;\(u Y Xa  Xe
‘O *a KA O Q o ©
As “;_his _ O Q o S
Wl © © Y% % o o |
X o o O O o Ya
Xog | O o -35('1__1.__ Yor. O o i
P | © O o o Ky Ker |
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These X objects are supposed to provide a complete, altbeit not orthonormal, basis
i:!, for the group algebra. Thus, any elements of the group algebra can be uniquely
. expanded in these basis vectors like so:

P\= aﬁXA * Cngg * quXu + %Km + Qg XH + Qe Xu_.

Given the group algebra vector A, how can you deduce the 6 coefficients® Here are
some useful facts that follow from the X multiplication table:

A‘](ﬁ: Xf’\‘b\: QAXA >(\‘l.'ll lﬁ\z Gy, \/\'.\.J"‘ QI:LX\L
P{$5==§§3fk = 5&;)£S }Lzaf\ = Q11}K1&"? Qe )REL

K ARy = ag Ky Y AN = QX
A A Koz = A Kt Y\U.A Y = A Xu.

o For example, if you apply X,; on the left of A, and XZZE on the right of that result,
you get a result which is proportional to Klz and the coefficient will be 8450 50
this is a way in ehich you could compute the 6 coefficients, given A.

Group Multiplication Table:
e QY Q) (3) (123) (13)
e e . 13 23 123 132
E
(w) F M\ < 132 \23 23 13
|
1
(13) N & Y f23 e 122 12 23
:
(23) 23 132 A e 13 2
|
() |y 12 23 1 2% e
o (»2) | 132 23 Iz - 13 e 123

QU&'_& : [ (a%Y(5) = (odx) (%) (abe) = Clac)

- (MY = e {eab)(ad) = (oa)
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2. Action of group elements on basis symmetrizers: First make chart of DT(Rjz

O DT(@-.\ _ Cc ﬂ S{ﬂ\ _ (f;_?} J:E)

* -

145.
. T SR :
D (o)) = (L-‘) D (@) = (iﬁ _t) (&)
-+ % 4 vifl
g((ﬂﬂ = (_j;__ -L"-) Sh(ﬁ'?'\ = ( -I_-‘E ) LL)

Notice that these are in standard order reading down. The general rule for actic of R

on a basis symmetrizer is this: -

K T k k L eepy
RR: = % Dy (RY%4 dea K= Xk

For the one-dim reps the group actions are fairly trivial. Using the above matrices we
can then generate this complete chart:

A Xsi KA [K‘ \ X

B | T ao¥s -
e ><s i KA ?(‘ ¥\t- ? ?
| : T @XE—(B) K,
W1 Xs = -¥A S ~ Ko ; i {
. H : !-' ] L'i. ‘1-.\) Xa = L—\‘h ‘7{\3

(D | Ks | =X | -EN-ERX | R X
| Xs ~Xa| "% Xfwﬁxf, X e x| mm‘ﬁutw‘;‘
PV PRSI o] eH%=my X
(| Yo % X R | Ry oy ORI

(122) Xs YA !L'%X:*“'fﬁxl I CRVA (

1

3. By the way, I think you can check by doing hermitian conjugation that: right action”
by group elements mixes copies rather than rows like sos (check if needed)

O Xk -z o
)
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L. Now here is a table which will below enable us to write each group element as
O & sum of symmetrizers. The table is read easily fram table on page 3:

R X RY X RX, KRYE AL RX
o Y O O Yy
(@) Yoo e @ -,
W i X “RX, 10X v X
@y X CEROKL 20 R
@y -, S EN S O £ S S SV
() AN N S SV

Remember that 111 and ](22 are row projectors, hecne above table is easy to see. Now

o recall the general decompoeition of any element of the group algebra (here take A= R):

L R= R+ R%e + NRY - GRYG + YW RKE A RN,

Fa X XK X OxT

e \ \ \ o o ‘1
() -\ 1 \ o 0 —\
Q3) -\ \ -1 -+3 iR L
@ =\ i -3 3 o+« L
(1) 1 \ -4 I J L
(w) 1 -4 a2l 4l -1

Fl@+ @+ (] = Y +ks
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5. Identification of the 6 functions which can be made from £(123): —

Back on page 3 I have written how the xg transform under group action. This implies
that the projections of a function will transform in the same ways

R Cxit) = 2 Dy @ W)

Jar O

$l= KL

AR Jome L

-+
"
P
-+
g
Q.
17
i
~
.

(A
:
iy
i

Wﬁl \’ﬁi} - Qz: X:‘J‘r faogy 2

Thus, these are the six functions of definite symmetry that you can make from
the 6 permutations of £(123). Of course it happens that only four of them are
needed if you want to partition f = sum of functions.

If you look at table on bottom page page 4 and read across the top as the
six functions, you see that the full set of six functions spans the 6-dimensional
representation of the group 53. It just happens that the first row of that table

invelves only the true projectors.
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6. Now, if Hammermesh's Clebshc table is correct, here are the four totally
i M ATt AL
\ v b 3 z | T\
F&. = ‘mg\.*"&,%‘b E’ilﬂ%\%\*_%l%'l-

* Vo2 Y Y = T
Y% = 'Q; P r glfﬁt f% = Sqtfﬂx '*'J%L 3:.
Any cholice of a row-1 x row-1 + row-2 x row-2 should be totally symmetric, according

to the Clebsch table. Now lets check . Perhaps here is a2 faster notation to account
for all of them :

G R ¢ 3
E:'; : = ‘?1 %'. + 1T ?5'2. };_-.1,,\1_ ._‘]‘__1‘!1‘

Use table on page 3 to investiagate the action of various group elements on this Flj:

e > Tl WG - 7
Ow - tailsi) + L algdl - -
08 - Lasioant gt angil« FEARE {ragd]
~ GRS Gl w0 = v
(O - T- -2 -\+l- 1 +]
(%) L= 0\ +1+ & )+ ¥\
U B e 1E S T SR R
D e R A A J e g

The last three elements are just sign changes on (13) casgi They all work. Therefore, I
have shown in detail that the Clebsch's are correct for
Probably then all the other ones are right too.

M into the TS representation.

0
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Action of group elements on the projectors.
4
i . Ll \
@K, = -4 (Ke8X,) = - o eie]
ol R R e S G AT )

(n\%l = )(1

Stop. The easiest way to visualize this is the (13) or R in general acts on the

O

heading and rearranges the headings. When you unshuffle, you find that the integers
have simply been rearranged! For example, Xll has two 2's and four -1's. Then {13)1%
also has two 2's and four -1's. In fact any object like'IilR or R Kll must contain
two 2's and four -1's. That set of integers 1s in this sense "invariant" under group
multiplication on either side.

However, there are 30 ways to have two 2's and four -1's. Of these, only 6 are
accessible, so to specak. Eg:

\

X, =9 2 L =\ —\ —\ -\ 7:(11-\-1~l)\)
(e) (1) (\2) (22 (123) ( |'51)

—_—

AP W © W o e ST

-~ @ (132 (1) ) (19) (1) = (== "2.)

() ) = (~l=\2-\ 2-1)
(M~ ) (W @ (W @ @ = - )

(180 » (3 (W) (g (%) @? ﬁ) = (A-\-\ 2 =) 2)

D VU TR P PPN

it
4
b

s () \(t = (222 =1+ +l) s
(1) 7\“ = (U=t 2 -t 2=y) v

il
n
-~

]

@) X, = (1 V=2 -t2)

(\'L!h ‘}(‘I = (~\=\ 2 =\ ‘1"\) = \'\{\"Eh
\ v s

@) X, = (L=t 2 ~t2) = §77.9)



— —
Bn svn sebn anstediin  anole W
0 (Q"oc-.d.t-‘;\i-: (ox‘-a‘t&i__e\ \.S UV Y

S dalele also saq

7 th (D) = (R ~\~t-1-t)
WD) = (himz-tee)
‘K:(f‘—‘\ = (=t~t=t 221}
¥ (30) = (v
N ) = (-t

Onectfps -

(22 —\=\= =) = '}Qi,‘ = (.lt\ﬁ“rr Xl‘ (\2)

Q

(=1 2 -\ 1-1) = U’ﬂ‘)(:: (\23) X':

\-\- - 2) = (u-)\d = (tat)‘&:
(v=z-t-12) = X (8) = % (82

(~=\=\ 22-1) = X‘l (3 = X, (123)

<3 = = ~{ \ \ -\

()~
o A fast way to do these things: reorder integers according to new order of group
elements in the group multiplication table.
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For example, lets redo the xll thin in this way:

o (\'L\;K‘.;— 7 2 =\ =) -
(V’hﬁki: -y 2 -2

i
@Y, = =\ =1 =\ 2~y

-\

_'.‘ S

T w

What T am doing is this: take 2 2 -1 -1 -1 -1 and imagine it as 2 heading on

the group mult table. Then look at each row to see how they are reordered. So:

( XU= o o =vus |
L@ = (0 o -y g =)
S, = (L o mv o)
: X, = (\ -y { o - 9
o(mﬁﬁ=('1 { o =\ o}
(\'si-;-X’i:(l -l o0=~\0)
\ \

dagyem o
(o ~\1i-\) = ‘)(ll (12)
(-\Vo-10)= XL (1)

(‘= 100-\)= ¥, (13)=N%

(-\ Lo =110) = *{\; (132)

(1=\\2 0 -1) = \&L (ua)d

(o0 =\=\ 1) = }{T(xzﬁ
Lo\ o) = ‘;&Z; (13)
(\V~\0 o-\) = qu:(u.)

(W o -\=\0) = \L?“ (\3LJ

(=

(U v oo = T (). |




Ways to generate functions which are "pairs" for mixed symmetry.

o 1. In general, we know how to get a set of partners for a rep of any dimension for
arbitrary group S.. You act on a function with the set of projectors 1{}; for any
fixed copy index k, letting i go over the rows.

2. Any linear combination across the copies also works. For example, consider;

o Gio= {zch?&:

k.
= Rlii= %Qu—. R?&k; = 2 (‘52 Dj;(ﬂ»{\_‘:‘

kK 3

5
Since any such linear combination gives a set of acceptible "irreducible functions"
or symmetrizers, you might just as well choose the simplest ones. Notice of course

o that you have to add the copy elements with the same weights for all 1.

3. Example;

=4
=+ 7 -v - -\ = ﬁit""@%’&.
=0 o -8 1 «h -f T Xtk R

}d.—-
T
O
o

[
.
v

r
=)

2
(WA

1

1.

\'L:' A ~-L \ \ =\ =\
1= 2 7 -1 Q O —~Y

TJL":’_ ’2‘_ -—."L — A R N - m—
o So, contrary to my first impression, you cannot define T, and T, here such that each
one involves only I group elements. Nor do Iland YE give you an acceptible pair.
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L. Lets check out Y and Y' and show (I think) that they dont generate an acceptible pair:
Q- f= Ramy

R j(i'b- ?zykl

/ _y" \

’%ﬁ’=— EL-" ?ii_"jé;}<i.

/fhﬁxxa pows!

W RE= RN +BRK - 2D, (@ K+ 2 D(R) X
2 e > _
— ‘.ﬁl\-\ sl &%«d‘ﬁ .‘1

So, although these Pl and P2 are row and column projectors, they dont transform in the
standard way and thus they wont generate a correct partner. You need a "correct pair”
if you are going to utilize standard Clebsch coefficients.

5. 50 I seem to be stuck with these operators as my pair generators:

\

A
o

6. Example:

I

(22 =N

(0.0 *ﬂﬁ—ﬁﬁ\“‘g ;

JI

The simplest non-trivial case of generating a pair of functions like
this is to assume that £(123) = £(1) only. Then you find:

1= R +§@) -286)
4= B (SO-F).

Comment: If you are trying to make a pair of functions, you can always premultiply
on the right by some fixed group element. See later.
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Trreducible Compoenents of Tensor Forms.

0 1. Lets consider two momenta the same. In particular, take 11123 . plul p1u2 p2“3 .
This is an example of a £(123) object. I can form six irreducible objects by applying
my six basic Kij symmetrizers. Lets do it:
First, compute the action of all group elements on this £{122) object. You should

do it in two shages or however you like. When I leave the superscripts off, it means
thgy have been ordered in "standard order" meaning uluzuj. So I find:

e ‘e s 2 128 13
WL ({YA 22| 233 3| 321 313

Here by the way you see the six tensor forms that get mixed tugetﬁer. The complete

set of "two momenta the same"™ raw tensor forms really has 18 elements; its like

three separate functions £(123) which do not mix. Lets keep to this set of 6 for now.
Now use table on page 1 of "expansions". Set the root threes equal to 1, I dont

see any need to keep them, and ignore the overall factor of 6's. Then here are
the six functions:

o)
VA = T W =221 233 = A+ 320+213]
(Mg = [ uz + 20 133 +131 4230+ 23]
(m):-_: (2201 + 220 - 233 —\3) -%1?_-—1\3]
(ne), = L-28% 413 a3 - 33165
(ue), = (-2 +\) -3 =+ 213]6
(MR =[2-110 2,221 4735 +13) ~3 - 313)

The only work is getting the table headings. The coefficients here are just, those
of the symmetrizers. So, we could replicate this information like so:

o,



- — - -
" -iml
-, ()
L= 413 (LS 3 3%

o oam @ owm ae
El'ﬂi \ —\ =\ ~\ \ \
G \ Vo \ \
Eﬂ‘mf 2 % -\ =\ = ~
Eﬁi{)’f -\ v+t - x2
'51:':.11311,‘ -‘: + -\ + | x 13
) Y A AL - -\

To handle the other 12 functions in this calss, we simply change the labels on
the table; the entries are just the same. The facts we need are:

= L 2 3 1A 152

o \\2 Wi 22\ 233 \3\ 32 2\3
12\ N - 112 - 3% - | W3 \33

211 2L 2L WL 3\ 232 233\

I have shown in red how you would change the headings to get the second set of &

irreducible tensors.

Conclusion: Having done very little work, I have classified the 18 raw tensor forms
which have two momenta the same into 18 irreducible combinations. Much faster than
the last time i did this!!!
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2. Now lets do the same thing for Tall momenta different". Again, its just a cuestion

i

f of getting the headings. We have:

2 v 13 k1% A s

: _
S I S T S S SR L LY |k S PO o
\’5_1! 31 W Ty BT 3w A3/
23\ 23y A 3w 3 e’ 2d) /m
ALY
31T | 3\
320 | 32\

Maybe I don't have to do these last three. I am starting as usual with a set of 6 raw
tensors, if I get 6 tensors of definite symmetry I know I am done.

o So lets take each row as a heading and see where it leads:
(li’fbﬁ = Q (), = f::)- (waV), ¥ 2.l ’au.l /
(s £ gy (\32)g L [_ﬁl-i"%lHUﬂ s, £ 3] +3] 7
), = o (| 51): L Dmean-v23] (@) = o
(), =" O a Q) ¥ (), lﬁa (3) = ©
), = o (150, & _h%i-_“‘}@ (&), = O
(rzeif;_, =0 (ast)’;ﬁ 3 U“'“‘Q (Y = O, .

Since we do get 6 tensors, we know we are golden. Also, notice that it. is all right for

the same tensore to appear in two places as shown: same row idea.

O
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Next, lets do "all momenta the same" :

O 2 AL S SO s S F L
iy W it 333 1\ e 3R N N N
2L
243
(Wy = O (\mf‘ - .'\m\): Jﬁﬁ
(in)g X 2] waziayaa) {m‘fL L) Uu—v_{g-ﬁ-
(‘-“)t_ i E\—l—lu_—-— 2-333) U“)L g 31w —-111.1_

Finally, lets combine one momenta with a kronecker delta.

O = s 13 23

LS P
B‘\'L \3 .aw. .l?. -Bi 13 -gi._a‘-. E‘i I\‘L Bij'._ 2.\ E’il 3?-
B‘u\n

!

L 33 E_}_'-;?_ 31 Bu 3@. 5‘51.“1 6\3 22..

o1

We should generate § tensors here. What are they?
P = By« U@« 3TE-0T
@ Mg = G S NS CTSNI A CEN

&), = 2 3 () = () - 3 (3T
@\, 8" (-3 + 8% (=)@
5" )y - = [5“ (=37 (-z-'r's)!}‘@' -

%1‘" W%

L

& §L(\~ L‘f—.‘e "‘62 5(3~1\J‘=~C‘€G Q‘wﬁ\l '

i
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The second header gives these tensors:

o (\a 1'1?); ‘) A = D
FEDy = 2 LT 0
Q\ﬁl %3.): _ ‘L%‘ L 9. .aﬂ 333_ a?.t 1\._ 6‘&\{_
e = ©
@ = 3e- 3 VL
(S‘LL 3&):: — O

£0
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SRl ,_*-_«{_,L/{ / - R e
R M7= ‘Q;‘é/" A /€ "k L. -bm—ﬁ;t:_—-.oﬂ I, «a+b +/é-+}l

o R et T fe—

- [ — R —_—t = - = e e —— e e

I T (L SR\ S 1 rt'-’- ?L'Egﬂu%___ o I
b e Y e 3 ol Each row of t.h:Ls tahle tells ycm

e —— e

o,
S Wi b g how each of the 27 momenta objects =~
8 . o o _ reduces to a linear combination
—]

W' - - L I of the remaining 8 independgnj;_ o

tensor forms.

" bo-- .-
12 i L -H + o ~ _Sc go ;q'mr_' set of int.gl_"ist, o
LY - = i a set involving 6 objects. Then

12y | — %_:ﬁ , 1 ) o look up each entry in this tablg__ o
\3L | _.-"_:..L: -—LJ[ | . L and enter 1ts 8-fold vector of

REST i al 4 . numbers in e table with & rows.

) I _-"r ) Then add these 6 rows in the dlfferent. -

. I S i

(A | 4! o ways to get your results. Ie, add

A Sl T

the rows as if you were adding the

six objects according to your rules

Ty | ' B _‘i*_ i + for producing irreducible objects.
1‘2'3 . [ —
- L i ; : N . R
R L | 1oLl S
| ! ’ -~ e S
.+ Y T S S dihe ¢ _ R
M = — - S .

B S I 2 T D o -
B T K N (N S S o
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3. Next, I classified the 9 forms involving By

Summary to this Point.

1. I figured out that xll X12 321 322 really are the correct ppojector objects to
use to get functions which belong to the two M-reps .

2. Next, I tock the 27 triple-momenta tensor forms and I completely classified them
according to their symmetry. These 27 forms grouped like so:

all momenta different two momenta same three momenta same id\ﬂ
\ ] 3 o Y
S 3 > | 7
X, l 6 '- g
X ' 6 '| g
&’

) L. Next, I replaced 3 = -1-2 and figured out how many tensors were left and in what
(:, catagories. Here are those results: We know there are 8 raw tensors available, this

means we expect to get 8 linear combinations grouped by symmetry. It turns out that there
are khxmximx two forms in each of the four groups:

1A L ) T i & 2 2z 22) Zer
gl YA \ ~| O @) -2 -7 = W)a
o \ & o -\ \ ~\ o) = ()4
© o \ \ o o O o = (g
o A O © \ \ \ O = (z3)s
o \ 1 1 S S U~ B TN
.
\ \ \ \ O O \ L= (),
O v \ o o ~V o = Quy
\ o © © © © o -l = ),
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Choosing 8 Basic Tensors for triple glue. (3=W¥9\}

1. Once it has been established that there are precisely two tensors in each catagory,
you can choose the pairs within each symmetry catagory in any way you want, providing
you don't accidentdlly pick the same one or providing one dibesnt vanish. T will try
to choose these forms which are easiest to write down. So here is my latest choice:

e = 112

S o
(ays = 23\+3\1L
(@2)a = 23\-3\1 E
QWA = (1L =221 -222 —13| 4222 +212

- T
(3D, = 1232421\ -2-12

1 ) E;?

(e, = (13%-320)08 - R

LI :
W) = W +22922.233 As

(tu)}_ = (m - aaa}ﬁ : F gﬁ

Comments: Notice that, concerning the “EEEESH of functions for the mixed rep, the

pairs really do have to be pairs in this sense: they transform among themselves

exactly as prescribed by the D matrices. This means that they have to be xij projections

of the same object. You cannot just take an arbitrary "first row" function and expect

it to be a pair to some unrelated "second row function". They have to be an honest pair.
Also, in order to transform correctly they have to have relatively correct

normalization! T have made sure that, in the projection process, I have not dropped

any factors of 2 or 3 or signs (red N's). Of course this normalization question does

not arise for the one dim reps A dd S.



2. General form of the vertex so far:

A-PU'L‘% = -Yfl (2204 L+ _[;31 (WHa

+ _‘:M. Lyzé,\& + —Qfl(a-ha
mi \ My

fﬁ 1 —;-l Uaz)l - 3;1 (\%LBEX
ML 1 T

—ﬁ [ _R_ (kn)l - ‘Yz (m}: l

I think you could argue that there are in fact sgix arbitrary functions involved
here. For example, you could say:

3\

A - kel DR REE
§e Y Rl 2 xR

A

$ = K AL 202 % L)
%:i = Xlla %5’(‘11% | 1“;:1 = Kz. gh (IL}’\~

In its most general form, this amplitude imrulves six d:Lfferent. and unrelated functions!
I have shown a PDESlblE way to generate function-pairs using 1{11 and Km acting on
arbitrary function. Could also have used the other pair of prujectors, no matter.
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3. Now lets examine the mixed-terms in light of result of negt section: Ie, suppose
O we restrict our interest to functions of a single permutative variable like f£(1)

instead of £(123). Then we at once get the basis functions as whown in next

section, Putting these functions in we get:

L d) = SO = 0w = a (1)

Grrudlomsx) = i) (f&-%3)
& [N ($G)-80)
+ (3 (FO) - T@)

(mived Jundl) = L ( (N~ )
+ 2 (%(3\1 ~q )
+ [333) ( q (v usttﬂ

You can check that each of these terms is cyclically symmetric. That must be the
case since each term should be totally antisymmetric.

li. General Case for mised terms: If you just multiply th:l.ngs out keeping arbltrar;.r
functions .'E5 and fﬁ here is what you get: : ”A)

éw"

mixed term #1 = 132 (-?5 (23)+ £ (23) - (29)~ 15 (3 rL)) gl
mixed term #2 = 10O} (¢ (109) + 5o @) - £, (13) ¢ (31) )+ oyek
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5., Here then is my most general form except for the Guv terms:

W0 = TEER- ] R f0e)

M M

+ 1_(?“:‘ F“:‘?*: Br B Qx 3 * q.\f.\u_-l FS -R-l (\13\

N i_ My NL ;-'a.] a %3(\1%

M

+ XET b= ?1‘\' ?a ?1 ?L ]a‘%(u&) 13)14/&
*{1 i}:' ?:L ?‘:ﬂ B e (2d) ~ mgum-i \o‘}

. iu’:" o ref‘_gP L) + %ME

-~
i
i

e + () + (13 + (23) + Q)+ (132)

e — (1) ~ (13) — (2 + (13) + (132)

-
3
fif

-
=
in

I:
e + (1) - (23) - (32) = (119K

Thus, there are six independent, unrelated scalar functions which I have called f1"'f5'
Notice that the symmetrizers do not act on the function names like the 1 of £, The
above form is the most general possible form the triple vertex could have ( I am
assumgéng a color tensor of the usual Ealazaﬁ to the above is really the most general
antisymmetric tensor you can make using triple momentum terms.

Next step is to add the g terms and then think asbout implications of the

Ward Ideneity.
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@lnglysﬁ.s of the g __ tensor forms when momentum conserved. O

. R I S S s
gﬂ%ﬁ - 1 2 = o
@), X 0 0 N 7
L@M‘!ﬁ)r‘ e o | 2 23 \3 <>
@'Lp):;_ - Y R S A 28",
), ) -\ -1 2 l /
S o ;LJ/A@L.)S
N -y -y T 0 o -z
(51’1557; ; &t\) o - -7 O Of @))6 X ,ﬁ :

(3 )x @) {@.tf):
3%) ¢ &), @)



—2— @
@), = RO+ 3@ |5

O ") = 23«34 502

—

Combdune ol o ?mulh

waJl' /p@a {

5| 2% (o (33 (2- f”:_t AT

ey
%ﬁia" (-3 +2°- |- 1 (o o 1" v = i)/il Y -5

. (i—-ﬁg (44 —2-1-1-2) _ 5‘1(._?_\3‘ 2 X,
\
L Py (24 ) e (K
Q n
BT (aaraw) 3 ) LedY

3
ol - R =31 LK ¢ o
= 3 (14-) (‘N ~2~ L—-L—lj—irc-'schc

)

0

Question: suupose you combined these functions with the other

function patt implied
by the other projectors 121 and x?

Would you get a different answer here?

[2.37 -0+ 323 <% MO (o o U \_\)yfiﬁ/
W\

* 5%« (1-@]# '{1—// e
_ =) K, + “ ..

nﬁ*ﬂ J / -
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“2)= B 1as - 25

A= -3

It seems to me that these guys combine just the way the [123] triple momenta forms
did., Replace things in the obvious way. Result will be:

13 1
Qe li)Pﬂs\(—\quf_,uL, o (o o) 3)\,( LY Ty

—

S0 here are the results: The &y "mixed" terms look like this:

RECOR R oy | aquueld . A
B3 s, | YooYt

I am still not sure whether or not to count both of these possiblities separately,
or are they essentially the same? There really are two different ways to project
m first-row function out of an arbitrary function.

For any function f you use in the first form, I can use xlg f for my £' and
the second form will duplicate it. Alternatively, if you give me an f', and use
the second form, I can use f = 121 f* and duplicate your result from the first
form. So if f or f' is allowed to be arbitrary, then really one form will do.

% gt \
r ot 3 )
LS ?}, Xi'q_ N Q‘EL‘\L{.]
L

Yo
Comment: Recall that the matrix for 12 is D(12) = dieg(l,-1). This tells you that if
you multiply any "first row" object by (12), you get same thing back times +1, whereas
if you take a "second row" object and multiply (on the left) by (12), you get same
thing back but with a minus sign. In particular, we have:

(D)%,

|

+€E}<:‘

CY SR
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We can use this observation to verify that our By tensor forms are in fact totally
antisymmetrc. As shown sbove, they are clearly cyclically symmetric, so all you
o have to do is show that thing negates under (12). Lets try it for first form:

i
(a\,ié“‘(bﬁ' ¥\ 4}{ - ey ot = - U
X
So the first term is 12 antisymmetric. You dont have to even lock at the other terms
because they will automatically be 12 antisymmetric. Here is a proof:

E‘?(ﬂﬁ . eﬁd{u—i = Qe+ W)+ (2 1.}1 )

Q9 Ei = Q) It + (1) {131.‘31 QJM
- F(3)
= - K () letr )+ (131)\ q;w_\;1L %(ns\

But recall that any class is just rearranged by conjugation with any group element. In
this case the class containing the cyclic and anticyclic permatntnfa has its elements
o switched. QED.
So showing that the first function £(123) was 12 anti sym is sufficient together
with the cyclic symmetry to show that the entire thing is 12 antisymmetric. But of
course this implies anti sym on any other pair, etec. Eg:

1 0 f = (@] l- Wil = -5t

Similarly, it is clear that the second form is also antisymmetric.

Restate the two mixed forms:

130} + e ]
351135 X"l %, - mh-:.hk.. :‘S

oigﬂﬁi-ﬂa + ty—lt‘% = Céﬂ v );\
E 3 "L.?)g & ey L-l'l.'s-.ﬂ.-'i = Qe% \Lf )3
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So here is our most general tensor form for vertex with only g . terms:

.

O
Trwka(nﬂ = L(E"f“*[&_ ?;ﬂﬂ aﬁﬂ-:r:] . -R](ugj

+ 1(3”?“‘- »s t,jf_kic.\x Pa- o ()
© 3oy R g

C TR A ) « syerie {

Of course we can replace the X's with slightly simpler permuters as follows:

7(‘?'[\\‘:1 = Y: (Eﬁm = M‘E
oA

A
6 Fi e+ Yy - (18) = (13 L) = PH\
i \ )
XL%IO = \M(ﬁf = {\'l. -y oo -—\1 R\u >
. o
P}{L Q - (\y + (13) — U'ﬂ-) & R“__

Actually, I'd rather do this in a way that yiels the forward cyclic and not the

reverse cyclic, just to avoid later confucion. So:
2 vl [
\r(‘\ "tc\ — Xk ("\31 ){.\133 ifi - M%
ex (W) - () - (13) = Ry

Xl‘?m - Y\itf\_ﬁl"‘j{\lﬂ'ﬂ.\ -q-ln = /ﬁwl E)%ru
gb!""h

€ - () +(23) = ()23) = Pm_,
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If we now let 3--1-2, there are only 8 independent _tensor forms invuv1v1gg_three

momenta , and there are only 6 invelving one momenta and a d - Thus, each of the above _

forms can be represented by a 8 or 6 component. vector with Drder defined here: o

* * | h-_fz_'—
EM3) = X0y « 3 Lu— N 3(an) 1 "___?;1__ oo\
0 QE“ WA= (30~ 1‘5 G Eﬂf-ﬁ':xj_l_ b=\ \2_~2-l

L {C@' £ I 0 S G & S WS Sl € ST —?s _Qa*\’}_}. 122\ o\ _
______ G\ = BT ey w3 (W] Efcﬂ Vo 0=
SN = B8 (=) = & . Joo 2\

N ‘F‘)‘“ SN2 S G ol ST L LA R O\l RN B S SOt S R

C@% ) = (BT w1 R [ 22 20 o

3P\ —__L_a__e;“_ai B it S N PR P

B R N - St U P (oo 20 o)
___EfSE%é;éJ;ra 36 entiles 1n thls list. There are ?S,h;;f;;étll pairs. N o

222 )

- _ triple momenta ) 111 112 121 122 211 212 221 _
s dI213 B -

single momenta  d

o | S

In the above listing, the vector for each form is listed at the right. __

Now there can ha at mnst 8 ind3pendent forms in the triple p group, and 6 in -

the d group, dera are my cholces. 1nclud1ng their vectors:

_ (e = 123

4(;@)5 = '?-343*.-_?.\).3#_._ -

C(2)a= 23\ ~3\L

e |90 A\ 00 o0 ¥

Sl _0Oo

o
Qv 00 =\ M0 x

_ (UA = =220 *:_?_}_3*—\3\*’%1‘?_-".- 33 [\ oo sX .
) ‘_%(,,*«3:3)‘._- Wityu-2.23 0 [ost -0 X
) = _Blwi—230 1 0L \=\_oo_toX
(uf}.. =\ £232 —2:23% 132 22 2223 i
YN J'%Tmuuz)____ | 1o 00 000-1 ¥ _
L GY= WD +E“(1*3\5* PG |\ -e gt » )
A= S A Y [ —aer L .
6 CE Y = F%T%E“{z N3GVl [ 00 12 2| )
L )T 28t st | 2 2 2y
QMY = ‘?-‘.a” EE A A i N IR L Y L
_Qfﬁ%i— JELﬁkaﬁnﬂl L. o0o ~lo o} )
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3 We can check the 1ndapendence of the 8 vectors in the first set, “and the 6 vectors
o in t.he sect}nd set. merely by m,aklng sure that det ?!0 Ie, brlng each det to triangular

form and make syre no zeros on the diagonal.

First set. :

" This is__g_difficult det to get; should be more systematic and show wna‘t. need““mut

. ——— — = — —_—— - e e———

be cﬂnsidered. Eetter to let reduce do this stuffl

U L. Actually there is no need to do all this; you need only check linear. independence .
within each row of each rep. A aymmetrlc function can never be written as a sum

_the_above above Eﬂ%?r_? are_i@ﬂﬁﬁﬁ_ inéfepﬂldent-

5 Hha‘b tn do m_th t.he mixed rep pairs Irf ;rou have two pairs, you can make ta object  _. .
like so (sed the Clebsh's):

___ I ™ - N - — B LQ f}_‘_"‘“‘q-:"h e - -________
- -i‘gf‘:‘_ N e //3...._&_ '%\ 3:1,_"' g_l_a —m e ——

gFl_ ,= Q h guqﬂ__.______ — .
- S ‘Q ‘-‘11_"__%1,%_\ — -

_ S0 we take each of our t.Ensor form pairs and comb:l.ne Wlt.-h an arbitrary function pair

to get full list of accaptlble triple glue vertex tensor forms with functtions:




.___\f_

- - (’t'l-i)s _R'ﬁ . Cé\:tf'\_s%ﬂ e o e e e e -
COTEN (317 A L L

. (11‘1)}._ TESL______________J&M" (B.“ \5\1 -?L, - .
QA % B 5 HE N € 5 P S ;
o\, - _
Qe Se=Qwe§o o .

These‘tﬁér-l_;.fa_y_ou} ﬁ_ Eé;i;:_i_‘clr;s_. o -

3. It might be nicer to write each form as something plus c_yclic-. This is done as follows:

for example, :

B (70 1 VNG 8 W B

B W Ry P VS X A (D S S O R E M

==X T T

=230 e eax ) S

o)

25 Gy EiRY -4WY

e

S EGSRE e}

= - ’Li 20y N %-;E-"‘f(fttﬂ_“ [Q‘-L‘D\li;_\_ () Uﬁwi{j

S — a as - a ———

In this way I generated the 10 f-u_rms on the signel E;i'lEB-t-. o -
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Summary Combining the Triple Momenta forms with the g single momenta forms:

O

1. First, here are all the "mixed symmetry" forms; ie, the forms which are of course
totally antisymmetric, but which got that way via the mixed-symmetry reps interacting
with each other:

£ Ed\ \ %31 Xilz J%[ +  oyclic \ N
‘o \ \[ﬂ pit

/ Z. [3 3 3‘] Xl %;-_ + 'ET;'I.\L ,,,.-—"’"H"“

/3 [511331\7("‘1 _Y_'s :"j,.r- ‘q’ml{L

SR o

Notice that the first three terms have a 12 symmetric bracket, whereas the last has
a 12 ant® sym bracket. That i‘a why its X projector is different from the others.

2. Now the symmetrics and antisymmetrics:

&. \:\1{'3:?1 XF\ ‘?ﬁ
19 [’ii?—& '3;‘:{1)(5'??
o, 3% A Qﬁgu.\l Ya —h}

3. Thus, there are 10 independent tensors forms!! If you like, you can replace the
mixed projectors as follows:

o K> fu= e-)rao-ms) = X‘t' (132)

W= f= e ()~ (&) = () X?‘\- (132)

I
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Check list of tensor forms.

1, First, lets review how they arrived. Prior to going on mmsm momentum conservation

we had:
A +73 + 8 pairs = 19 tensors of form Pipjpk
1A +25 + 3 pairs = 6 tensors of dijpk form

25 total
Next we set 3=-1-2 and then counted only the independent tensor forms. We got:
2L + 25 + 2 pairs = 6 tensors of form P3P3Py
1A 4+ 158 + 2 pairs = tensors of form dijpk
10 total
The main problem here was counting and constructing the tensors. Once you know there
are ten of them, if you have a list you can check them for antisymmetry. They have

already been checked for independence. This check 1s just to make sure no typose.

2. So lets inspect the list. In terms that are + cyclic, I have down that you need
only show 12 anti sym in the exposted term. For the first four terms in the list, this
inspection is easy once you knwo the effect of [12] operation on the Xé cbjects: second
row objects change ®mign, first row objects don't. That completes the verification’
that terms 1 through k4 are symmetric! Just look at them.

Term 5 is obvious from inspection.

Term 6 is also obvious ( cyclic commutes with IE and Ka).Term T obvious.

Term 8: the [...] is clearly totally symmetric: it is 12 sym and cyleic sym.

Term 9: again, bracket is cyclically sym and 12 sym

Term 10: cyeclic so just check the 12, locks find.

3. I have now explicitly checked that my 10 tensor forms are completely antisymmetric.

I believe this is the complete set of independent forms.
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July 1, 1979
Contents.

Comment: This binder contains an attempt to start with the general tensor form of the
triple glue vertex znd see how the Ward identity restricts thet form. However, I think
this is a1l obselete because I reslly assumed too many terms; there are in fact fewer
then ten independent terms, right now (Jily 1) I am not sure how many, and how they
should be written. So I have to go back and see,

1. This section leads up to the Table at the end of the section. This teble has 5
columns which arise by balanceing the tensor terms in the Ward identity. =asac -aseza=ass

The: rows correspond to the supposed 10 terms in the vertex,

2. It seemed reasonable to tzke eech column and project it into its symmetry
components; thus each column might actually by 4 identities rather than one. In order
to project each column-identity into its symmetry frsctions, I had to do a certain
Clebsching of products nftﬂ@ﬂhts. In my first version of this calculation I did thet

wrong. This section contsins residual pages from that wrong calculation.

3. Here I correct this Clebsh error and redo the compustion . The final result here
is a table which lists the 10 constraints imposed by the Ward identity. I have never
done anything with this table because I am about to simplify my "most genersl form"
of the wertex.



Constraints on the General Vertex Imposed by the Ward Identity.

1. T am not yet ready to do this in generality. Right now I have not yet figured out
the n-dependent terms in the vertex. Later I will have to add them. For now, I am
going to ignore n-dpendent terms in the vertes. Thus, no n-dependent (gauge variant,
if you like) terms will be generated by the IHS of the Ward. Therefore, on the RHS
I will set the function ¢ = O (which is the simple ansatz), and then there will also
be no n terms on the RHS of the Ward. I will then balance the Lorentz tensor forms
and the symmetry "fractions™ on both sides. If all goes well, I will obtain the
foldowing object: +the Most General Form of the Vertex that contains no n-terms

and which is consistent with the simple ansatz. I presume that I will get something
like Marshall's result plus a set of Ward Null terms. However, I don't even want to
guess or look at an answer: I want the machinery to grind out the result.

If this works out &ll right, I will reinsert the function ¢, figure out all
the n tensors, and re-balance the whole thing. This is a longer problem, I prefer
to do the shoeter one first. Of course information from the shorter problem will be
helpful in the full verdion of the problem.

2. There are of course three separate Ward identities on the vertex, one for each
momentum.” But if you arrnage to have the vertex satisfy one of these Wards, it will
satisfy the others since it is cyclically symmetric. Ie, the Ward in most general
form now is C-symmetric for any choice of the 10 arbitrary functions. The fact that
one of the Ward's puts restrictions on those 10 functions does not destroy cyclicness.

3. In passing, one wonders if there are any other constraints on the triple-glue vertex.
Bose symmetry and Ward identity in axial gauge have been considered. What is the effect
of charge conjugation and parity? Also: what about gauge invariance? Ie, you could
do some kind of Wigner Eckart analysis with gluons being octet members and so on. I
predsume that all this is contained in the Ward identity, but should check that!

On this Wigner thing: how many times does the adjoint appear in adjoint x adjoint?
Lets continue this line sme other time. I think it is important to know how many
amplitudes you have, and so on.

ﬂ_‘k:-ﬂ"'w'j.

\
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L. So here is the Ward identity and its RHS:

o
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Now lets attack the ten general terms, one at a time:

Term 1: In order to dot 33 into this thing, you really have to write out the
cyclic terms completely. Suppose P is a projector of some sort acting on a function
f. If you see Pf appearing in the first term, then you have to remember that
cylcic implies action on this vector (Pf), it becomes (123)P £ in the next term.
Thus, here is what we want:

&y { RSN ECRRTY (e 4 T+ 102 2 [een \(\z.%li

My general procedure will be this: dot in the 33 and leave dot products in raw form.
But for uncontracted momenta always replace 3=-1-2 and then group things in a

standard order in terms of the XX 5 possible tensor forms. That standard order will be:

0 1112 1152 2142

For example,/here is what|the above yiei

{h (3n) -{m]i{ § ~(3-2)(n3) ~ (3-1‘;(111.‘}{ i (3*3)fi= (2.1) (mhg i;é i —2 \Xil{ﬂ

The notation here is this: each curly bracket is a coefficient of one of the standard
order tensors shown: each bracket really contains the factor way.cver on the right,
no need to write it 4 times. The red checks mean that this version of the caleulation
agrees with my previous, independent calculation. So far so gnad.

Term 2:
3)12[3‘3‘3‘1@  TUC 10 +[fl‘f&(\m_§ S %G1,

= §M£3-3)+(3-1\6113{ ? (%-3){ {@-%‘5{{ (33)+(3.2) (133) {E%ﬁiiﬁ X,

O Again, red checks indicate agreement with last calculation. So far so good again...



Term 3:

0 ?f' 2 Staiﬁﬂ \ () 4% 2 (VME - Xl %

= L -0 _ Obviously the numbers 1 thru 5 refer
20— (Ay) - (L) \ to tensor forms in stanrd order. Easier
V2 0O O Xl%g to 1list them off this way. Agrees.
4 = ()
76 (31
Term 4:

3 T 23 7
3 EE‘ (=) + 57 GO g ) U'sz‘)z - W’:‘ £y

2. L =0+ 2-(132)
v = E) +(132) N
v 30 =) + 2 (1) Yot
0 SN = () A& (b))
v 5. T_U-a‘;—-[z—a‘)]

Term
'l v \ 2
T2 TR s

= . (3-2)

2, O
3, Q?.-'LE—- (_'5-\) XS_?g
Y = (3
W 5. o
Term 6:



= L =

Only four more terms to go. So far no errors in former calculation:....

Term 7:
CS' o \L 3 23 \ S
3?5 (-l"-'L\ % S (_'2.""5\}'5‘ g n(":‘,"\f'} -3 \f\a%q
=)
N\
L O
-
% 0O
il Xs, |
PR
<5 (A —(2) ’
2. (3.3)
Term 83 73 o Xﬁ%
= “Y% o
3, VL%
%i\l%i—’ixg%g = 5. o
Term
o, | 23 R o 4
%il%\—k 31'1_3—4 Katq
= ) ~Q@®
o -
s~ —@3) = +(33) \’(ﬁ%\
v, — (L3)
vs O
Aha! An error in the previous caleculation. I found the error, this is the corx-ect.
result for this term. I have done this one three times to make sure. Not much to do, really.
Term 10:
L LN
33% 6) 33+ S "-.l “* E*E\Q..L—t-” Kﬁgrm
S
P A |
72, o Y\.&fgw .
Yy =\
o5 (3% '

Now that I have done each term twice, I '11 throw out the original rough calculations
o and retain only this. Original summary sheet follows:
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Summary of Information Deleted at this Point:

1 . Idea that each Ward equation is a vector equation in the (s,1,2,a) sense.

2. Idea that R[fg] = Rf .Rg where R = group element, but not true for R replaced
by X, some element of the group algebra.

3. Explanation of why only a,2 components appear in most Ward equations. (Obvious)

L+ Expansion of Ward tsble terms intoc symmetry fractions. Did this wrong originally
because had Clebsching wrong, later repaired.

5. Derivation of facts stated on ¥ Main Data Sheet" see below.

6. In general, this section contained the work needed to setup the 10-equation
Ward Chart which I have retained below. I am quite sure this chart is correct, but
I never used it for anything. Later of course I solved the entire problem very
quickly using the cyclic operator method of solution. That is my main reason for
dumping stuff out of this section.



Main Data Sheet for Analyzix_zﬁ Component Terms into Symmetry Fractions,

D 1. General Clbsch Formulas

} FrG = !

S RGts, FAERGER) v mes B8]
,;iiﬁﬁﬁfﬁ(}sﬁﬁf},ﬁﬁﬁm + 5(R6-§8)) +;_(F(} Fc,ﬂ

i + 2 L KG A HGHARG 4R 6a T E(REATE) «4 (6.4 A
'y o 1’:?5 Cat BGs . =0 x ;_(ﬁﬁrﬁ@ + 3 (F6,~ Cw\]

2. Diagonal dot products:

e T E T g beah
I
M T p-b'_
| Q)= e 5 + eﬁ -ar E-T_% J__%fﬁ 2
QD= o8 + e - e 7
O L(g D= & & _ AN €, =43 e,
, — —
3. Off-diagonal dot products:
WE @D= df + 40 142 3= k4
zE QD= &S+ 47 -4,2 |
FE (= 4,8 w240 d,= % 4,

L. Relations implied by momentum conservation:

(2N + @A)+ (3= o

5 ds + € + ds = o =) T‘EEE-Z&E \I
Y =W *r g T = S = d,
T 0 - & t4, =o € =dy }
o 7 !
() = ~24:5 4 4} + &2 |
‘Q (9 = -"3_-*5-1'% + c‘h? '-df_'g
(3-3) = s




-~ M&QM ) aw\iw W (NGJ;%M”

e Ws = LD+
O o), = -‘g\{m\ﬂ-(‘ﬂ)-?_@ﬂ
V.= & OV -)])
oo B EC TN CN IO NN
'{1) = (\‘]5 g + (1}1? = (\\\L%

A= s S - 1(‘\11? |

E':J)| = y\ll(,i')l, b }(11(5') = ,ﬁ:(\)l
HON R MO WO R TON

X‘?. (é\ = - ﬁ 031_

} @3] = Y\L {\3')\
o

M, = KO, = X0) = 530,

B = K@ = X ()= B0,
@ = X = X = o




o (@) W (2 w ' ( ) (4
' 1)
-E‘ -R -F'.L . ';1.. 1 ‘?3 1| -E; ; q ' -¥Ll
— - b L - E ik ‘
: PO |
Aa LA 24, SRR SR ¢ ¢
S - . } : — . .
i ~ |'
N A A
A, cha A RL el 4 & g B
| i
- - A E .
i‘i - i f :

B‘. A‘ﬁ} [ _J.s-'r-zdl "?'; 1 ‘-2&5‘*‘ ﬁ | ﬁ ﬁ
_ S S S
B‘_ F R e -4, ; g ' 8 g 4
- .;;._.____ .- + _1F -it -

L : ' " }
Qz, *ﬁdl -2ds~4, :f];&?_ SITET NS A g 51’ Coaf3
! s L | |
i | | 5 :
Cn. ““,]‘i,&’- ~d, +ﬁdt : ~d, | P I # &
— i, . B} 1 ]
| l
E‘L ?5 Ff P’ : f_{ “A-‘EJL —2&5*—&,‘ : _,J.L | -,.[‘3-'1!:
R | ;'
: | i ‘ 1
| i ]
E.| # 5 Lp | ¢ | ssh| a0 -0 |45y



-2,

_ 1 > - - - kﬂﬂlla.ll
S ] S R L S
m
-
LN - o o S
o
-

llﬂ_n_..._
o~
*
.Iﬂ..l il
NS N < AN B
|
|_qn4
~ ~s. o QN N
rd
s, o . o 5.
N "S- o e ..




Ward 6



’ byl
Status Report.

—

1. T did indeed find 14 "linearly independent tensor forms". There were 3 symmetrics,
3 antisymmetric, and 4 mixed "pairs" of forms. It todk a lot of work for me to be
convinced that this was the complete set of indppendent tensor forms.

2, Having found these "tensor forms"™, I then considered how to construct "vertex terms®.
T did this in an obvious way and I thought I had thereby constructed 10 independent
"yartex terms". BUT, I then discovered that some of these terms contained others

so that some coild be removed from the set.

3. I now wish to consider the "most general form" problem in terms of these "vertex
terms”. This is really ks a new problem in redvuction. I think I know that I have
generated "vertex terms" from my complete set of "tensor forms" in sll possible ways.
I think, therefore, that nothing has been omitted. It is s problem now of reducin

this set to its minimum somehow.

e e e



Q

Material Deleted From this Section.

1. This was where I reduced my list of 10 tensor forms to a list of 6 forms
using the "extension idea”. This led to the Most General Form of the vertex
given below as six terms (non-n of course). I then toock that Xixk form of the
vertex and constructed a new Ward table, see below.

At this point I tried to "solve" this Ward table but I failed because
I was not yet using the cyl,ci-operator method. I have delted pages of how this

went since I no longer care about it.



o

Most General Form of Triple Glue Vertex Prior to Ward Tdentity Restrictions,

t:!’ 1. How many totally antisymmetric, linearly independent tensor forms can be made
from Pyy Py and By ? The answer is 10. Here they are:

e. V23] -R-A(hn}
}/[1' T4 3 1]% (1)
5 L3V - 3] £ (o)
RPN "EAUE) + syt |
2 1332 ¥y syl |
T = 210 ) & ] F )
A /ﬁg#@,aﬁ N LD
)ASVL 3 A s %{:‘ GD!
B3-S x—f'@l\ + ujr_\;:S
- 1872 1 ) o i)

However, I now see that some of these "vertex forms™ are contained in OthersI/rﬁlthough

my original tensor forms were truly linearly independentg, when I combine them with
functions to make overall antisymmetric, some vertex forms became'conteined in others.
In particular, it appears that the forms arising through the "mixed symmetry"
) route are somehow more general thab the other forms.

1. Consider form 1. above. As a special case of this form we might consider
f, to be a totally antisymmetric function, instead of just 12 4nti-sym. Then you get:

Ls [T+ T+ latii'}?:r?na)
Q (213 + 1224 3) 48 ()
A
GEQE%\QHD

]

1]
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But this symmetric tensor is z linear combinztions of forms 8 and 9. Thus, we should
O rule out either 8 or 9 as being an independent form.

2. Lets do the same thing here. We then get:

(B2 + 1+ 22 KT - o ST ()

= (3¢

Here we get essentially the same form as
before, so we don't have to knowk out two. Only 8 or § must go. Iets knock out 9 since

it is more complicated.

10. This case is contained in 3. by same ides, so kill 10.

7. This case is contained in 4 so kill 7.
So our list has now shrink to the following:
T AR SRS T
A 5 24N Y
6. [\~ 221y~ aa&c.h;:.l -‘}: ()

T

T N O 0y |+ sqac
2. 3338y |+ oy e
N N O R
3. \_‘B“F 3’ —?: {\131 ~ sqedwe |

Lets see if further reductions can't be found. G§n I malte 1 and 2 coineide??



_'?D -
LA% SM o)\ + 132§ + Tal )

O - amh)s Dkl + b 2

Reduce both sides to P1Ps tensor forms and see if the functions can be related.

ws = ) 12 + Y ed i w8 @y
= PEuE-Q e ) e T E B
=% () [+ - fE) i+ 2] 4 =) Divea)
RUS = - .mzﬂm L)li‘-:‘r Lf'%(u.} I ng + SQJ\J
= 13(25)~—%(J‘L)3 + e\ q(3)— %(“’71

-%3“3(11} Iﬂﬁr \2\ + 2\ \11*@_1'%@_1'1-

%o cvolea Qoas mswi WM?
9 (%) =q(1v) 109 = (i)
q(31) = 9 (1) F (B =~ 3

F ) = o)

Stop. Have to consider how you might make a function like g(23), for example.

A scalar function can only depend on plzf PEE, PyPye All other scalsrs like p

can be reduced to these. So;

2.?3

A -
f(12) = F {p12_p22} most general form, odd parity function of one argument.

A speciel case of this genersl form would be
- 2 21 - 2 2 - 2 2
Q7 (py-py") + Q7 (py"-p3") + Q7(py"-p;")
which is totally sntisymmetric.
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Comments about the Vertex Forms

1

- I pow see that in fact my 10 vertex terms do not overlap as I thought earlier.

To see how this works, lets classify the space of functions into & or four pleces
like so: '

This is supposed to illustrate that the totally symmetric functions together with
the row-1 functionss comprise the set of 12 symmetric functions, whereas the lower
half of the diagram represents the 12- antisymmetric functions.

. Mow, my tensor vertes term #, represents combinations of that tensor
form only with row-1 functions, whereas my vertex term #7 represents the same
tensor form combined with totally symmetric functlions. You could combine these
two "vertex terms" intn one by just saying you are going to combine with an
arbitrary (12)-symmetric function.

But maybe there is some advantage to keeping these catagories separated.
The set of functions which are (12)-symmetric is not reelly an irreducible set
relative to 53; it is the union of two such sets.

2. Similarly, consider tensor form 1. If I were to extend the row-2 function there
to include the class of other 12-antisymmetric functions, that would bring in the

totally antisymmetric functions , then term 1 overlaps with 8 and 9.

3. S50 here is the major result here.

[ 12-symmetric funetions] = [ row-1 functions]\J [ totally S functions]

[ 12-antisym functions] = [ row-2 functions]\/ [ totally A functions]



Extensions and Removel of some Terms.

1. T have shown that the extension of term 4 eguals term 7, so if you use the
extended term /4 then you can eliminate term 7 altogether.
Similarly, the extension of term 3 equals term 10, so you can drop 10

and use an extended term 3.

2. The extension of term 1 gives a linear combination of 8 and 9. Thus, if you
use an extended term 1, you can drop 8 or 9. Specifically, the extension of term
1 gives the form (132)_ = combination of (123), and (231}5 .

3. Interestingly, the extension of term 2 also gives (132]5. Thus, if you use
an extended term 1 and an éxtended term 2, you have in effect "wovered" (132]E
twice.

Perhaps it would be better to take a different pair at the start to remove
this double overlap?

S N

L. OK, I have relisted the choices we have for various tensors in the ppp classes.
And I have looked at their “reductions™ when you "extend". (see attached page).
Eg, if you start with (112)} as your chosen "pair", then when you extned this
thing you pick up [112]5 « The thing you pick up is always in the class you
started with.
S0 here is a nice proposed lists
c=9 + LTSS
)t (B ary) nndac
R L v
=0
Q) (= (“?%bﬁ
e ) A\
( () o - ~S.44S)
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m&.u.me At

NENPR



- go, if we include extensi-:::ns, our list contains only six entries. Here they are:
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A plan for solving the Ward Identity

Q 1. The problem was this: how do you convey to your equation system that £(12) is
somehow related to £(23) and so on? I now see that the way to do this is to take
each equation and state its cyclic and reverse cyclic duplicate equations. In
effect this says you are forcing-the other two Ward Identities, but that is just
an interpretation. In fact you can apply any R of 33 to any equation to get a new
equation, so the question is now: how many different equations are there?

2. Here are some facts we do know:

(12) B=~B (12) c=-cC (12) E=-B

Thus, read as™ application of permutation (12) to equation "B" yields -B. In other
words, does not yield a new equation. Same for C and E. We also know:

(12) A= =D

3. Conjecture: I bet that the two eyclics on each of the above equations exhausts
the entire set of equations. lets try it and see:

(123)B = BY def.

O (132)B = B® def. and so on for the ohters.
\d=1
(D b=~% _ .
(g B= (02 )0d% - ~quve= -8 | o iﬁmﬁ.?;i:_ oy ..u:k-d\ Re sy odie.
@Ab= 10w )8 = —(3p= - Sanana aG-u_JS\, C,E. R
(W = &'
(% =8
@A=A @Y =D
(WA =-D : (WD = -A . _
BA = (A=) = -7 (@b=-A \ = i&ﬂ ‘| Duﬁrl }
EHA = WQOMOA=-(03) D -~ -V D =-A :-_;xuiﬂmi-
(A= A (A9 = ¢ |
(e A~ A (14D =

Thus, the complete set of equations includes ¥ 3+3434343 = 15 equations! T mean there
— .
0 is nok other equation you can get by doing a permutation. So lets make a list.

——
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L. Suggested notation for the dot products:

(1.2) = ,x (1.1) = —x-=
(2.3) =y (2.2) = —y—x
(3.1) = 2 (3.3) = ~2z-y

Note that x,y,z are independent since there are three independent dot products. Note
also that these things "cyclic" in the obvious way.

5. Well, I have made the table and there are 15 constraints on 14 functions. But
the function sets are so strongly coupled I don't know what to do! In principle this
sytem could be solved, but practically it is too much of a mess.

6. What sbout this idea of finding a solution to the Ward identity and then adding
null terms to that solution. How do you know there isnot some other non-trivial sol'n?

Fact: Any two solutions of the Ward must differ by a Ward null term. If you have
a solution and if you have exhausted all possible Ward null terms, then you have

exhausted all solutions!

7. I think it would help to have a more intelligent set of starting tensor forms!
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Cramers Solution to a Cyclic System
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5 xl 6 Operator
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o

. Helnt.erial Deleterd fgcrm t.h;L.g Section.

Iy

1. Back in section called."Hard—E“ I made & Ward-Table using the list of
6 terms for the vertex. Here is one of my a‘t.t-émpt.s to solve that Table.
This was the first_tlmE'I thought abdut uslng operator equations,

‘but ‘my implementation was no good. Later I Tearned how to do it.

So I am dumpting this entire sectibn except the page showing

A

how to invert .operators involving (e) and (12) . .



0

Reconstder—bie—B—eruetiom

Think of this as f{51,51+, 52152+) = 0. A function of four variables.

However, we have some other implicit conditions, name

or any

"form " assumed by 5,, this tells you what Sl* is. Thus, I Sl,sl+]=ﬂ !
This is as much & "condition" as any other condition/. So we might insert both these

ausiliary conditions into our original equation to get f(Sl,(IEBISI,SE,(IEB}Sz] = 0.

5oy uarig, eqanadn 2qn 7 |
b4~ (wTer




Group Albegra Problem: do elements of a group algebra have inverses % o

1. The answer is: it depends what elements you are lcﬂkiﬂg aty; not zll have inverses.

Here is the poop:
A= 2R
ol %.*—'25_\‘*1(333 Cavda Wk pA = E

Sy S b () ‘“:iu..ul-n._ WK 57 a®)LGE) SR = S q(ﬁf&ﬁh@ﬁ
' 8,3 R.3

- ZLaGROuER - = L2 aGO@R = €

Ll \.dclwi:'-
e % m(&&ﬁ"@(‘g‘) = SR,E'

o . % a(RS) "l:(_é-_‘\ -""‘ES‘;E1 o 1 EFEJ Re, - AL, .
o, | ‘1(&0 &(ﬁg G\CEQ Co-. q(ﬁk) L(E;}‘ [.;)
[ RR) Bk aRR) - - a(Bil) [ V&) | = [
o (B a) afity - - - ~ L
Rey a®)  alt)  a®) - o8
ALY, a(®) " a(e) ally) - . .
YU (7 W— # 0

So in order for element A of the group albegra to have an inverse, this determinant
must not vanish. Notice that the arguments in each row are a rearrangement. of the
first row, so this is like a regular rep representation. This sayes that the h
reagreangements of the vector a(R) must be linearly independent! Obviously this
works for a(R) = dR,S i this just verifies that the elements of the group have

o inverses.

linearly independent! ?

So given a "vector "™ A(R), how do you know it its h rearrangements are



Think of the coefficients a{R) as a vector in h-dimensjonal space. The
conditionz that det = 0 is one ne condition on h- numbers (ie, on the a(R)). Only Q
these h numbers appear in the det because the rows are just rearrangements.

Therefore, the "surface™ upon which det=0 1is one dimensional down-from
the whidle space (codimension 17 ). Thus, we expect that det=0 on some h-1 dimensional
manifold within the h-dimensional space.

For example, if h=2 we know that det=0 ohly if a(E)=a(R). Ie, on a line
at 1,5° through the origin in tHe plane. Every "vector™ in that plane is "invertible®
except vectors on the line. So "most"™ vectors are invertible.

1f h=3, again there will be a phafiec on which vectors are non-invertible .
There will be somg two-dimensional surface on which vecters vanish J not a plane
because the det=0 condition is non-linear). In fact, if the vector is (x,y,z), you
know that the 3 rearranéements are just the cpclics so you get this surface:

© + ya + 2 - Biyz =0

Some kind of surface in 3-space.
Obviously if you choose (x,y,z) = (1,1,1) you get non-invertibility.
This obviously extends to the general case.
By the way, note that for n=4,5.. and so on’ the arrangements are not
just the cyclics because you can arrange things moving everything in other ways. ‘:’
Eg, with n=4 you can resarange like this (abcd) and also like this (1b)(ed). So
you don't know without naming the group which rearrangements occur in the dt, So
the invertibility of a L-dim vector depends on which 4-dim group you are using.

Conclusion: For arbitrary vectors in a group algebra, the probabllity is
overwhelming that the vector is invertible, because the chances are always great
that a vector does not lie on a surface within a space. Of course projection operators
correpond to group algebra vectors which are not invertible, as do operators where
all coefficients are the 5amé.



A Group Algebra Problem in 5,.

0

Motivation: I think this has something to do with solving my constraint equations
for the Ward Problem.

1. Consider this egquation:

( a(12) [e] + b(12) [12] ) F(12) = c(12)

Here a,b,F,G are all functions of two arguments, ex, a(x41%,), .and [...] denotes
a permutation group element. The problem here is , given a,b,G, how do you -solve
for F(12) 7!

In effect, then, we want to invert the bracket ( ... ) on the left.
What is this object?

It is an element of the group algebra but with coefficients
which are functions of 12, not just constants.

Eariler we showed that elements of group algebras

(with constant doefficitns)
are in general invertible. Here things are a little different because the coefficients

here are functions which feel the action of group elements. However, I feel that
the general result is the same:

generally there will exist an inverse.
For this particular problem, we can explicitly construct an inverse like so:

Qﬁ'\ L) & &D‘-]) ('-1':&"-5 L + (v T_!'L]') = [e]

A ( a12) [e] + 'IuUL‘jULlj + @ ( a(z) [ + by [e,‘h = Ce].
=) Aa‘(u..j + R '};,(‘11.\ = 4 (

= a(?)  bw) )(A\ _ (1 )
A Ly + @.dk(mj b(11) a(@) /\ § Ko

D 2 (0 T )

-k ()

i

il

Q

5 7 A= ak)/s

e, \”’-{”- Bf\iﬂj
B = ~W()/a A= (i) a(v o{n\o\(\uj b1ty b(2))
_—y AQ) = oy / INCA) So here below is the general result showing the
& QL) = “Ww() /o)

explicit construction of the inverse. Of course
if the det happens to vanish, you are sunk.

O

OO = ai)alt) -\ ANTEAN

(*1(?-“) e} ~bL (1) i_nl)(a.(\ﬂ Tel &b (12 [nz.]) = M) Ee]-t‘ ]




%n} 20 Lo 1&3 EHU-‘?-S'H'W ?,m_ok a - ’ —

) = ‘55(\1)4 IQ@‘) Lol —b(12) [‘?']TB G(IL)‘

3. Suppose the ‘determinant ‘does vanigh. Then what do you have? You canqoﬁ invertg.

Consider:

. - )
(a(\ ) Lo + L) 'D‘Lm = (ol(lt} o) + b(12) '{_\t}) (CL[I gLl + by Ll)

a(in) la.l'\n'\i ‘rﬂl 4% () [xtﬂ + by I aCu) e} x o(2t) T_t]} .

a6ty + R be)] 19 + [ altoe(n) + Sy a () T
= a(1alu) :

= Kﬂ.‘{‘-,t.\]-aa._(uh (a[tﬂiq + b (1) [1‘1} Q)l—-f 2P = ‘?.Z: Ftﬂ

| () e} Ll | \ |
a(i?) Tel+ W) Lz : J
' — o ?mcﬁxcﬁwauu. ¢?3A¢x§“ﬂ\
o (\ty+ a(zy) g

i

L]
s

So, if det=0, then our operator is projectionlike . So consider PPF=G where P is
a projectionlike operator. Either G is or is not in the renge of P, If it is not, then
there is no F that makes PF=G . So assume that G is in range. Then we can"solve™ the

equation for F like so:
PznaP for projection like operator.
PP=C with G in range implies F =G/a +F
whera'Fnull is_an arbitrary function ;ying in the nullspace of P, -
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Material Deleted From this SEction.

1. Once I got the form given below with some F's in it ( later I backtracked and
pulled the F's bek out of the third and fourth terms!), I applied 3°
to "solve™ the remaining equaticns. I considered the double-dot and trace of GAMMA

equations instead of the tensor Ward table egquations; ie, I never constructed a

and tried

Ward Table for these six terms. But I could not solve, so pages now axed.

2, Also axed: pages showing that Marshall's Vertex does in fact satisfy the
Ward. This proof is contained implicitly in Reduce profram I later did with the
n terms back in; theré is no question but that Marshall's wvertex wrks; I did

it by hand 2 lonb time ago anyway.



New Approach Jul,y 3, 1479

1/. I have obtained general tensor form for the vertex. Now I am considering the
general Ward problem. I have written down a method of solution which, although well-
defined, is not very practical. Now is the time to start making use of other people
work on this subject. Eg, it will probably help if I pick my list of tensor forms
in a clever way, compared to an arbitrary way. Like choosing good coordinates!

2. So for openers, lets see how the "Marshall Vertex™ fits into my list of tensor
vertex terms. Start by rewriting the RHS Ward like so:

2/

=\ =\
uhaa g = —bOH WY = =) RO = W0)= 20 /S

- Here you see certain rank-2 tensors that occur "naturally™ on the RHS Ward. Perhaps
these should replace less natural tensors, like 8yyv 811 by itsdle.
O In fact, here are some tensors that always seem to be useful:
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We should really be comparing this tensor Ajlj with the tensor Ihg ,;'|:Li2 which
it can be regarded as replacing. Ie, products of two momenta. It seems reasonable
that use of A will simplify things because A is orthogonal to i1 and jz. whereas
the tensor 3112 is not orthogonal to any single momenta. This orthogonality will
be useful because ward identity involves dot with single momenta!!!

3. So how can we recast our "complete list of vertex terms" using the tensor A above???
On idea is to take the original list an d replace j112 everywhere it occurs by
~ = -
this: .
7 .. V% ""“H\\ \‘1
\, %L = kks\[B-Jh\th \

Ifldm

our general fomula, then group all the
deltas together into the last term, here is what I get:

& =

sy
A

SO+ @D A AW + -
- LOOAT - @y AR PIS() e
e AT D AW TE A <o
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Contemplate this new list: all triple momenta occurrences are now replaced with

A p occurrences. The functions are all the same except the last two functions
C:, are linear combinations of the old set, modified by dot products to get the right

symmetry. Each curly bracket has a definite 12 symmetry either A or 3 and this

can be seen by eyeball.

Note also that I had to fake up terms 2 and 3 by artifically adding cycliec.
Then when you convert to A's, you now really need the "+cyclic™ in these terms
because the delta parts are not done cocrectly if you leave that off.

4. Here is a minor technical detail: go back and loock at terms 3 abd 4 in the original
deal. Let A(123) be an arbitrary TA function. I clacim that any such function
can be decomposed in the following way:

AQEY = LA + AGsy ~AGY]

Vo,

oﬁc(ﬂ'ﬂ\ = [ T A + 3 AMB)+ 4 A(}l}\]

By the way, the notation A(12) means s function of 1,2,3 which is anti sym in 12,
Therefore, I can replace terms .. wait. Suppose you write term 3 as

stuff + cyclic. Then the original function no longer need be TA: an arbitrary A(12)

will do, because tﬁé A(123) so generated by the sam will still be TA.

The question is: are these "classes" equal or does one contain the other:

a) [2314312] A(123)
b) (2314312) A(12) + cyclic = [231+312](A(12)+A(23)+A(31))

Can an arbitrary A(123) be generated from A(12) functions? Yes because you can certainly
take A(12)=A(123). On ther other hand, given A(123), can you #ind A(12)? Same
solution. So %hese ways of writing things are the same. So we can add + cyclic and

get reid of A(123) in favor of A(12). Thus, I will now rewrite the last like so:



=4 = R

) LOOALY + @A PTAM + cyai
(:,' g 2y 3

2) l@ﬁﬁml“($ﬂAu\]S&ﬁ}+ el
3) [(’3'33 /5{; . (\3) Aq; 33] Az\(\ﬂ & eyehii
4) I@u 3) )3::1 \1= (l-?:-ﬂ )ﬁxt::1H ’f’] 'SL('. )« e
! 5) \Eklik* L\al Aa@ﬂ) + eyelic
o | 3° Q“L\E] Sy (02) & emeli

S e

I claim this is still the most general form for writing the vertex, prioir to the
Ward restrictions. Now there are 6 functions that are undetermined: three are

A, and three are 5, in only one pair of variables. All terms are + cyclic and must
be so. The symmetry or antisymmetry of each bracket can be seen easily, so no
question but that all these tensor terms are TA. The important fact is that

this is all there are! :

C:’ 5. I wonder if I should attempt to replace the single momenta vectors with my
fancy B vectors ? Maybe first I will try to apply the Wards to the above!

6. Pause and make observation: it would certainly be nicer if we had Aig type

1
objects appearing instead of those Ali . The reason is that, in the Ward, the Aig
would be annihilated by either 11 or by 22 ! I am further reinforced in thi's
view by the fact that the Marshall vertex does contain the Aig object. So lets go

back and see if this cannot be worked out.



O

Better Choice of Original Tensor forms.

1. Based on the suggestion at the end of the last section, I am going to rechoose
my tensors to try and maximize the occurrence of hig type objects. Note that all
indices cyclicize so this object retains its high degree of orthogonality under
cyclization. Seccndly, I will try to make the next worse objects have the form
ig or the like so that at least they wvanish on one side. Hy idea is that somewhere
later on this will allnw projection of equations; eg, apply l and such a term would
vanish.
So I went back to the original 1ist and here is my new choice set:
—= Gy 4
0, (217), = (A +1\1§ 4+ Sy edal 5‘@-‘ ~ /:dlL
. r'—g"ﬂ-'—\ (?_ll'm\‘Qs
{1&1\].1_% CATRSEREA -t oo = AR3AL A&

i

A, (@A = (?g\a‘gﬁ-ﬁ ~y ﬁ; /ﬂ\ls

35, 23)s = (22\ + %'i';..\ ~ ,A:L . AF:,

How were these chosen? The mixed pairs chosen from obvious desire to get the Aiz
objects. These are then "extended" as was discussed earlier. I then had to pick
one more A tensor. My desire to remove the S(123) in favor of S(12) by procedure
mentioned above forces me to take on of the "short forms" and (231}A is the only
one available. Luckily this A tensor is independent of the (Ell}ﬂ which comes out
of the extension.

Then I had to choose an S tensor. Again, I wanted a short form, but now there
are twu short forms. The ultra short (123) was chosen against because it made
a A -1 type object which dibes against no 11 or 2% or 33 vector.

Now lets make an “original table" like so using the above forms:

(20« LZYA () « syl
(A% - '1'.11?3,\ S, (12 « Q-'jr._.llL':L-

(ii'h- 'ﬁﬁ,} A, ) + el /g\ (’t 3\ 4 3\,11_\/&( (\13)
(ii%“éi%"\ S\x ('I.?-\ - my:.h.‘r_ /&'\ (?5‘\‘3\.1,] S(|u>

%1L(\+’l\% Aa () + o,
A= Sy (1) =+ e
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2, Now I want to replace the first pair of momenta with A objects in the first
four lines. First I want to argue clearly that the delta terms so created can

for sure be absorbed into the last two lines by a simple redefinition of the A;
and 53 functions. The diéta's p%cked up from the first two terms are OK because
first term gives (1.2)(d “)(142) A1{12] which clearly can be absorbed by the
second last term. Etc. So the third and fourth terms are the only ones that worry
me so0 lets do them out:

R¥= eI AR) = (03— (eDAg [
7 e

[
23y [('z-a) s G (z- ) '51131 A (1) _
= £ [P+ (2.3 f)u 3 ALY

- et T lA [+ P A
~* ‘S‘L {"L-"L\.i-‘ii(l-’.ﬁ: ‘L(‘:-l}iﬂl{u) - B‘L(g-u\ﬁ fé:,(“) Ve

This shows that the term-3 deltas do get absorbed, and term-J is then obvious, just

a few sign changes and A goes to S etc. So lets gow rewrite our general form in
terms of the A's: :

VL R ‘ N ‘; g
[‘— (2-1) /5\11 (! +7 )IF\ (1 ~ sl hio: ('R-QB lp_ Fi:,

L-(m) /3:‘:; (\'5- 1_")1 S\ (L) ey '
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() A (=2 S, (1)

LA + AL 2 | Ay

[E AL ~ (A AL D) Bl
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I am not yet sure what is the best way to display these terms. I could give
them all the same dimension. Perhaps I should redefine my A object to absorb
all those dot products. Lets try it:

(& 2) A{;‘; SENCEN \50!1 2 » H =

()

o,

badex =

i3

F'I.’LB A,‘{'\?..B - e
B (=23 S+ .
L Fo P Bl LA
PN N O S
AW ~ o

3G Sa(1d) o

o, a, ok
(e F = 2% = By
o Get) At

KE:} 3(RL) \

. a3 32
?5?)3 Fﬁ =3 3 F"L'-.
= ()R- (F)(23)

33f=: = {Lz)é' - (H

?-1 {::11 = (\Y) Q} -U"t) "\

3 TE = )T-GOV

This looks much nices. I am ready to start dotting for the Ward.

Deatail: Notice that F is linear in either of its momenta. It follows then that:

\F::*ci::i-t F:_: =0 \




Show how Marshall's Vertex fits into my Form.
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B Vectors



Material Deleted from this Section.-

1. My idea was to replace p with B ‘everywhere throughout ﬁh:ftensor analysis.
I invented some B-vectors (later definition changed!) which had these properties:

a)  (12)B; = B, (12)B; =By - 1
The idea, for example, would have been to jus£ replace 123 tensor form with EIEIEB3
ete, and just take .ovef all that stuff. -

But therr I found that these B's could not, be maite to sum to %&ro o I
could not just "take. oyer" all that tensor forms stuff.

In retrospect, I dont think it really very helpful to put.-everything into
such B-vectors anyway. So this is just an ;dea that never got anfwhhre.

=
b= {11}_(13\\5 L@y UBYB{__ ’ i
\'L_..._L.:.sz«_hd'(ﬁk\ \

D> vane,



Complete Sets



Point of Departure.

1. At the mement I am favoring the F-tensor way of doing things on several grounds:
a) I think the Ward Table will be simple because F's are so orthogonal
b) Marshall's solution fits easily into this form
¢) there are only 6 functions to play with, not 10.

2. Once the Ward Table is constructed, there will be only four independent operator
equations in gix functions. This sounds like a tractable problem. The plan is to
use the operator-inversion method wherever possible and just solve the whole thing.
3. The two equations obtained from the double-dot 2233G123
equation G112 must be three of the four equations. I guess the other is contained
in 12336123. I think it is probably better to just go ahead and decomposed things
into the raw tensor forms like 1122 end so on.

and the contraction

Lets see what our four equations look like, compare to earlier formulation to see
if this F-tensor deal does or does not simplify things. By the way, do not compute
A+D type things; this is really [e] - [12] on A and that is a projector. Well, I
guess its OK to take sym and antisym perts, but lets get the straight table first.

I think I will first check the Ward identity to make sure it is right before doing
this table.
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Material Deleted from this Section

1. Here for the first time I considered the problem of how you "fit" a given
tensor into a claimed “complete set™. I concluded that you should take your

candidate tensor, break it down into its "irreducible components" using some
kind of -lookup table, and then fit those irreducibles into your extended

-

form: X

2. I made a table using reduce to analyze ppp forms into irreducible fomponents.
However, later I made & more comprehensive table so this one has been deleted.
The names of the Btandard Basis tensors were later changed to conform more to

the F-tensor basis.

3. Deleted: sheet showing irreducible basis for ppp sector.

L. Analysis of BBB into irredublels. See later work in ppp section on this.

5. Connection between irreducible besis and F-tensor:basis. Since I have changed

(:, my irreducible basis to a more useful form, I no longer care about this connection,

50 axe.



Question: What does it mean for a bunch of Vertex Terms to form a "Complete Set"

1. Consider this so-called complete set:

\ (z11+212}a1{12} + cyclic ,v"y
~F

2. (211_212)51[12) + cyeclic

3. (231+312}12{12} + cyclic 9:‘;

L

£

- (231-312)8,(12) + cyelic

In the ppp sector, we claim this is a complete set of vertex terms. What we mean, of
course, or are claiming, is that there is no totally antisymmetric ppp-related
vertex term which cannot be written or decomposed into the above forms.

2. Example: Consider the vertex term A(123)123. How does this neigm into the
above complete set? Ie, tell me exactly what functions A5, and so on "abosorb"

this new vertex term.
To do this, I think I first have to "undo™ the complete set and write it in

a different way: Ie, I have to undo the 'extension" and say that the set is:
(211)5 A3{123}
1 (e} 1 o
(211); F(123) - (211); W Ca3)
(211), s5(123)
y 2 0 2 @
(211)2 F2(123} - (211}1 F2(123}
3 (231)g Ah{123}
« (231), s,(123)
I could find expressions for A1(12) in terms of AB{IEB) and F; and so on. Lets
come back later to do this.

Now lets consider the term under the spotlight: aimeélEB = {123}5 we
look up to find:

(211)g = 52“/ (::31)S {:52 + (1/3)55&3 {123)5 == =28, /

Therefore: A211)g + (231)g = K1/3)8; = (-1/Q) (123)g

~TL
Thus:  (123)g %qﬂ[}(zn)s + (231)g ]
Therefore this term can be "absorbed:" by setting: A3{123) = -6A(123)
A,(123) = -?(123)
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o QE.*_*JP}“1L F ) _ i« u'\,',L T “

—

(2w + l\t\il?(ﬂl - msulu:
=5 oAl = af L) -

G\ ey

EaAn A ()= Qa3 L—};A\(\ts\l + oyl
= oA () = JEA\(\H\

=

Ae) = 2 v %m + AL
Nt .

-_‘_'_'_"‘--...

Qi+ 1{1.) Ay (028N gy el 1
= AAG) = A(us)
)

g Ay (123 =

A() = £ A ()
"

A = 5 A = — 6 AG)

Ay = —a AQW)
dlas,. = O

So this shows exactly how our new term "registers" in the complete set. In retrospect,

obvious that only the Al and &2 terms are active here becuase those terms are where
the totally symmetric tensor forms reside.

end of example

3. Could I have done this example im some ofher way? My method above was to first
express the complete set in terms of "irreducible objects".

Since my "new™ tensor
vertex term was itself "irreducible", it was easy to see how it fit in.

If I sit here and try to "absorb™ this new term directly I find it nearly
o impossible to do. I really have to go via the irreducible channel. Eg, you see that

the new term 123 contains only 121 and 122 pieces, so it at first seems unlikely
that the A gets involved since
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it contains neither of these desired pieces. It turns out that you need this
o ‘5‘2 term to cancel off pieces of the A, term to make it work.
So it is incredibly easier to go through the IR channel!!!!!

L. Example: Now suppose someone hands you this: (121+122) A5{12} + cyclic.
How can we fit this one into our complete set? This example is a little harder
because this object itself is not irreducible.

It would probably bed nice to be able to decompose the raw tensor forms
like 112 into their ireeducible pieces. Have I ever done that?

Q\x@m@ . s aoan!
(U ) = =\ = -2 (\3)g
Se = =T O AU+ Ay < A3
S, TalAstd e}, = (3¢ a*r(?%ﬁ?%f S
Uk Si= 2RWs « (35 an weted se b
= A = 5 LA ~ oy |
As (189) = 3 [As(ie) one |

General Procedure:

0

Il

Take any candidatge totally antisymmetric tensor. Tt is a linear

combination of functions times raw tensor forms. Analyze each tensor form into

its irreducible components. Then you know the amount of Sqrh

1 ete in this vertex
term. Then expand back out to get to desired basis.



Symmetry Analysis Table for Basic raw tensor forms:

o

1. This table resulted from simply inverting the 8x8 matrix as described on last

few pages. We find: : ‘
—4 .. Y i .’ = .Ld = N -
S Se A, VAL G "+x06} T. | &T,
Wls | (awWs | (WO J T(230A o [FHEDT ot | Fal
. |
A . X
Wl © 3 O © iz -3 3 ¥
I R i
-4 L A A f
QYA ¢ 3 € © 'if O 6 c
- EVNHREE: SOUNIORR . S DS R S S _-*.T.... - %
A
\21 ; o < o) o o < -+ |
————— L L S p— SV, N— _-.............I... e - s -
A 5 ) ' -\ A
L A o oy o o o < >
SUNUE S N SN S N SR . —
i
0 . A - -\ 1
atl 6 ¢ c C o ¢ 0
A -1 A
212 O 4 6 - ”Ja- © ‘% O
ra— —— e S - - "~ - saf e w w wE i i B L DR m!“w“kﬁﬁ”ﬁh—ﬁn YT SR e, S S R Aty m—
- A A . A -1 i
b . T S A ——
) -y : o SN P A -4
fall IR I I . ' 3 A L
‘ ]
This stuff was read directly from Reduce output, so hopefiilly no eqrors. Notle

that you read this table across, not down. (Theorem:

by looking at it).

Bxample of Table Useage:

|ook f-
(B = 6122 = Ol — (6) | $5)= 5,

you cannot invert a matrix

/



A Spillover Theorem for the Maniupulation of Complete Tensor Sets.

1, Suppose you start off with what you know is a complete tensor set, eg,
T1 f1 + Tzf2 + saees + Tnfn
Or for that matter, why just treat them as single objects, tensor vertex terms:

Tl + T2 + T3 # weee +Tn

You know that any tensor of certain criteria cen be dissected into these forms.
Now someone comes along and hands you some new form call it Fl. You
analyze Fl and you find that:

Fl=aT2+bT +cTh

You can replace any of those forms which appears in F1 by Fl; eg, if you replace
T2 by F1, you have added a new form (namely, £1), delted cne form (namely T2), and
you have "spillover" into the ober forms T3 and T4. Thus, your new "list" is:

TL +F1 + T3 + vaus + Tn

There is no need to indicate that T3 and T4 were modified by spillover since they
are "arbitrary amounts of the tensor form indicated" anyway. So, in short, because
T2 appeared in the list of F1, you could simply replace T2 by F1 in the list.

2. Now somehoands you another form, call it F2. You analyze F2 wrt the original

set and you find:
f2 4= T1 + T2 + T4 + T8 wlth some coefficients

Now you have to be a little careful. Can you simply replace say T4 with F2? In
the new, once-modified list? What you really should do is first eliminate T2
from the F2 list, then re’ask the question. Eg, suppose upon elimination of T2

you find that:
F2=t1 +T8 +F1

Then obviously you cannot replace T4 by F2 since T4 no longer appears in the list.

3. Moral: Fro each new substitution, you have to analyze in the n-1th basis.
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Lost Ward
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Projection Analysis of S(12) and A(12) type objects. . 3=

CL

) S(12) (23)s ~ 23(®), & /
2 |

1. This keeps recurring and I don't have the full thing down so lets just
do it now. Remember that these are really S5(12,3) eg. Turn to that page
where the general function £(123) is decomposed. Then you get:

ID)s = ¥ 30D+ Y23+ 82 Wy

S = ©
(D), = TLRS) - S@H-s@EY] = @), = = 2 Y,
3(11\:_ =0

S@)g = (s

S()A = o

S@)|, = -4 [AX) -S@) -s@)] = SR,
S@), = TS -319). = sd.

(l

A M - A
s | L

@) @), @, s@), v

s S@)e= SISO % v )
(), = - Tast) -2 -s@)] .

S = + [5Gy -s3)]. y




pmll Sag

0 AOD = o J

A@) A =A@ AW -ARY) = A + ARG +A(12)] %

N

3 [f\(1§3+ suqelie J' = P\L’lfj\m
A@%: = ¢

% LA < LA - A - AGD) AR = A v
TLA@-AGTY = A, Y

A = T NG LAY A+ ABY — AS) - Ay
= CLAG@Y « AG) =2 A0} 7= ~¢ Pa) &u} /’t(ﬁ\)] /4;(?,1) J
o ﬁ(’iﬂ}l J‘L?_A(%h* mtm A(‘.?,)—-Mg".)- A,{la - 1 s/
e = i’[ﬁ(:'"')—/“\(ﬂ%“" -3 [AGY-ARY = — AR,
AGY, =

S[aMY <Ay LAY < A <Ay

) <Ay
= 4 Ay Al - 2A) = A1) Y
54 4 )
Az A A, A, Y
A (3) Ada  ~ARY, A, ’
A1) A(2)a g <2A), °
Ghasan Ad .= 5 TAGS) c=f-] /
A = £ [A ~AG)]

(13)e= - % [2 AG2\- A(19)=A (3\%. J
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e §X1 W) = 'S,Qé)f = % [_ S +u3) +3(23Y -8 ('&.x\] =0/
7‘&1 )= S Ny =

%T —m) Y~ S(eR) TSR
2 21 S0 -s(3)]

—

= SO,
Ji K_S('u) +S(32) £+ S@ )Y - S(\L)]

=

NEN S/Jz)}
(),

B = Sk3y,

(- E) L 2s) -s @) -sey) - =
%I-S;j{h + s(31)
= B [S(32) =S(2v)
z 2,
KGN = sk, =

Y\‘ﬁ(?%"—

LE —SUE) « s(21) +sQ2) -st:.:s)l
A = S esty—std —sey| = SE,

J%[ —S(%) swf'rf - E{ﬂ < ()
- Llﬁ(’tf‘; S(u}d NS

W) = sta), =

SQIZ,‘ = —_"El: S,("l%“_

—J
S, = ©

o

-

S(3), = g S@RI,

@), =+ S(23),

]

4

2(3), = + 3@,
3@‘35 -3 Sy,

Rzg.u % S



e

— L{_
Y o~

\;Kl\)\ () = % [ Q8 --1&(31‘)1\{:: _ifﬂ.':%_ [ﬁ(u}_,&(m}] = = A(u)/: A(R)_
Ko ) = [0y =0 = AQY),

2 }\(T’E\l = L:‘L-.ﬁ(“l'g)-*rﬁ(’h}} = *_E@Ttl = -;«F'-'* ff(i?‘} - ﬁ_-_J'D't ?3) }ﬂ\é}ﬁ
W A = L[ 2 Ay =AM - A = -3 AlB®) = A (u)

YoAGY = oL [—-ﬂ‘dﬁ\l—tﬁfm\ "“ﬁ‘ [A() "/ﬂii% ~h Al = A(':n)
K A = »’5 4123 (1) = S + sm} V(41 = 5 Al —M-s\\,

Ca:

/{G.{)g_.'-: ﬁﬂ(zl‘bl v
~
AQy), =0

o
/izai)i;i: _ﬂjé }k(ié)i v
—~

A?), = - AR, v
ARG, = -k ARD, v

AR = BAGH. v

1

i

5

This 1list is related to the S-function list in a simple way: replace partner labels

1 interchange 2, and then change all signs. The fact that it is so regular suggests
to me that both lists are correct, no mistakes.

X AGY) = A, = X AW, = ~1% A@),
2| KA= - Aed, |

Yo A= ~EAR), ~ ¥, AR,

= E ACD), =-S5 A® |
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AT Y S | S _ Vi
_ ) I -A® | ~A) M}Q_ ¢ -A®) — () A (o)
o PRV NV S AN SN (VAR SN W S
(&) aS}Lah—S @)] 5,(30)-8:(22)] 2S,(3) 25,(@)| Si3)-25() | -y Sa(W)7|
o This Jabla is just |phenomenally hore sim_ple t.ha‘n_hru.rthing I haye had_ :p_ta_ ;r::w
The uge of the 123 | tensor simplifies row (3) d Lot ( compare| to earlier use
of (2314312) whi-::ﬂ spread itself out into four| columns! ) The| advantage of using
the Add null terms is obvious. $o lets get on With it!
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Material Deleted from this Section

1. This was my first solution to. the non-n sector Ward Table, problem. I fractionated
the terms of the Ward table and got the 10 equations stated below. I solved. these
equations and got Marshgll's Vertex exactly.

I heve deleted all the ‘fPactionation work that was needed to get these
ten equetions since the cyleic operator method is much more effieient (and starts
from the same Ward table given in this section)



3. So_ theia is very convgafent. I h have then twogfﬁéggg’fgz;: o
0 1) resolve the poh-n problem with the slight odification u.ng,aﬂ/ )
~ 2) write a t*gqggygl form for the n-tgrfis vertex
 3) balape€é the n-terms vertex againsprfhe n-terms RHS

anl-: at sect.ion "Laat Hard" and rewrit.e t.he 1(} eﬂtians including the change:

S '*Q'anc- — = \; _A-;;:fiﬁ_

s ® QT = +18-2C __ o A = \/ |
B 14028 =0 Tl B

J ®  —24¥-2R -2T,..=O____ ___

,—
_ /®  -a\dS A4Sl =0 -
T e —alasEaSat a4 YT =0 '
::@ =) St Gy =2eg) i _
- -~ 7Tds o+ 24, T _m\x—,.igm +x4R=0 ___

__._. ~ 1(i~;\ S, .+ %_{1-%}*@3_(3_%*&‘“ ?_?.3>_3
- —'l.&ﬁ,,. +Mj2$ L. —7d, Sé ﬁd_g‘li?.&mh— L N

= —24,8 ~24,8 —(24 =W\ 8, 0

These are the raw 10 equations with no substitutions made, a1l terms present. You can

__see the extent of the change shown in underline. We could just feed this into Reduce
_ but might as well simplify by hand first:

0




- ?053'1.‘69-41 »quwQ g«'-\k .

Comments: Lets think of these equations. We lmow there are really only four

equations sitting there, we can ignore the column D. I would feel much better

o if each of these four equations were submitted to a complete 53 symmetry
fractionation analysis. Remember that S(12) means a function of three variables,
I might have written it like S(12,3). So lets analyze every term into

symmetry pleces.

gllﬂ-.lm-‘b &11&1]&5 oL WAL \gastas i |

dy Lz D, = ‘Jgiih-b)-iﬂ/ W= dsS ~d N 3,2 = @HS
= = dsg 4,7 "-&1% = G‘?ﬁ)"‘r
A = (=8, = tl‘ﬁ"i‘]“f = dgS =24, -: {|.1.)./|’
So G- = 24,2 / Sy = Q’ldﬂ% v = (4-2)2
A N Rﬁ\\.u;r'iﬂ: {1&55'5":'(15.\\?4
o (+2) = dsS + 247/ ‘ x(@9) = 20 (24-48)2 = *aegy 2
Wb ok —xemgy = WS -2ar](2ad] = 514l N
A *iL4] |
= 2 L@@ +-a§t~u;><ua+<~€i.a(ﬁaﬁj 2 [ dgkda +3(E224) 77
a
~& [ S (CENCARTENEZAN e
= alad-20d e -240] = A (20~ 200430
A e A - ~ o T
+ a [~ R+ 2UKIN w8 (el L -
et

—

A l2de- Hdd] = 24200 = rand o |

So this grouping of dot products is entirely 2-like. See appended sheet for anr::t.jer
way to conclude the same thing. '

- - s = a et i T L — - s - ——— = - - - . j



_ ) So here comes the bobtom line : -
© Question: what is the form of the most general solution to the Ward Identity? o
Fﬁmswer firat, you can have any Hari:i Hull terms you want. Then if you impose S
t.he Ward on the remaining terms as paramatrized in the purpole box, here )
iﬂ what you find: e L L

A =8, = AT -] ) -
Sy = R, = AT

S, cm-'- %1/& i@;@«
- OGO o

- = - — —— o

SUD = amyPeg
. - = : e e e - e
______S_L\_’.)_ __MMS'H’\U'\& ) - . — ) S S —
A Al =o T q
Mm&Eut the saluﬁipn I have gené}atad iﬁ Ereciselz Harahall's solut.ionl , .,.,;
- —_—

Cnncluainn. Assuming the simple ansatz that cnﬂ so only one function b an the

RHS of the Ward identity, ;_a.n_d“assuming that there are no n-terms among the

t.enac:-r forms, we are now sure that: The most general fnrm r::f a solution to the

] Hard Identity is Marsha_"l_‘l.'s solut.ions plus arbitrary linear -::ombinatj_._r::-ns of the |
two Wafd Null Terms. !
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Conversion of Marshsll's Solution to My Variables

B Secnvindak fn sdwle

iordasdd
T = RO S0« e
+ %‘L%E Ax(‘-.'h\ AL
~ ‘511(""1)% S;:&Qrt) - mjt..
R S, (W) = (2 —a() 1/
(2:2) = (\1)

A= T 16e) —ewy) /S
Sa() = L@+

O = Ax@l\: - \'-"(J\::/: - %2 \/
Sa(D)= Wiy vbe)= By v

S S IS E S R,
S0 = — <  (=)(-R- R
?1\)_{-\ AlEl}) .




