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3.7

53 Group Theory

1. The group elements. 53 is the group of permutations of three objects. The group
has six elements = 3! which can be denoted by:

(e) (12) (13) (23) (123) (132)

We shall always emumerate the group elements in this order. The meaning of these

elements is clear from these examples:
(12) £(123) = £(213) / transpose 1 and 2

(123)£(123) = £(231) / forward cyclic

2. Irreducible Representations. Here they are:

Young symbol letter symbol name dimensinnglitx_
(mum)| S symmetric 1
H M mixed - 2
Ei A antisymmetric 1

You see that the sumx of the squares of the dimensionalities of the irreducible
representations equals the order of the group, a gemeral fact of finite groups.

definition: a pair is a set of functions (or objects of some sort) which belong
to the M representation. The pair has & row-1 member and a row-2 member.

3. Group Albegra. The six elements of 53 may be regarded as forming a basis in a
6-dimensional space. Elements of this space ( vectors) are just linear combinations
of group elements, eg, 5(12) - 3(123). Since you can multiply any two elements

of this 6-dimensional space in the obvious way [ since you know how to multiply the
group elements themselves], the elements of this space form an algebra called the

group algebra. Since vectors in the group algebra mix among themselves under action

of group elements, any six linearly indgpendent vectors in the group albegra form

the basis for a 6-dimensional group representation called the regular eepresentation.
This regular represemtation is reducible and contains each irreducible represen-

tation a number of times equal to the dimensionality of that representation. ( Another

general fact of finite groups). Thus, schematically,

(group algebra) = (regular rep) = o+ @\ + B o+ e
—

S * P\ +‘}mn%u§ﬂ

=ty Voghon o,
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L. Analysis of functions. The abstract statements about the group algebra become

O more real when elements of the group algebra are applied to functions. Let £(123)
be a function of three varhables [ eg, f{pl.pz.pa} ] which has no particular
permutation symmetry. Then in general the following six functions are linearly
independent:

£(123), f£(213),£(321),£(132),£(231),£(312)

This 1jst of permuted functions was obtained by applying the elements of 53 to £(123)
in the order in which they appear on top of page 1.

Since these funections only mix amongh themselves under application of
group elements, they form a basis for the 6-dimensional regular representation.
It is the same as before, except now we applﬁ everything to the function f(123).

We shall now show how these six functions above can be shuffled (linearly
combined) into six new functions which belong to the irreducible representations
which appear in the decomposition of the regular representation shown on bobtom of
last page; We expect to find one S-type function, one A-type function, and two
pairs of M-type functions (see def. of "pair" above).

At this point it is very convenient to define six very special elements

(:, Df the group algebra which we shall call ™ the X's " . These X's will tell us

how to find the six reshuffled functions mentioned above. Here are the X's:

(e) (12) (13) (23) (123) (132) factor

X 1 1 1 1 1 1 (1/6)
Xa 1 -1 -1 -1 1 1 (1/6)
X 2 2 -1 =1 -1 -1 (1/6)
X, 0 0 -1 1 -1 1 (12/6)
X3 0 0 -1 1 1 -1 (3 /6)
X5 2 -2 1 1 -1 -1 (1/6)

For example, X_ is (1/6) times the sum of the six group elements.

Now we return to the zuff shuffling problem above. The six reshuffled

functions are: S \ .
| g A RN g

O Xbd | X {xtiz{ui) {)Q%(m)
R Y §(123)
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Clearly, the S—function X_ £(123) is totally symmetric, whereas the A-function
X, £(123) is totally antisymmetric.

Looking at the two pairs of M type functions, one sees that the lower subscript
on the X operator tells the row of the member of the pair (row-1 or row-2), whereas
the upper superscript tells which copy of the M-rep the function belongs two (there
are two copies which we labelled M® and M?),

A characteristic of the two functions (the pair) which belong to the t
copy is that both functlions are gven under (12); each member of the M2 pair is
odd under (12).

In case the use of the table above is not clear, here explicitly is the
row-1 member of the pair of functions which belong to the l-‘[2 copy of the M
representabion:

£l = Y by = I |- Hen) 480 + a0 R (ow)]

Similarly we could write down the other member of this pair, fg . Under application
of group elements, the two functions 1’? and fg mix among themselves; they form

a basis for an M-representation of 53

In summary, we have shown how to linearly combine the six functions
£(123),£(213), etc. to get new functions which have definite symmetry, ie, which
belong to irreducible reps of SB' We got one totally symmetric function f5(123),
one totally antisymmetric function faflzj), and two pairs of mixed-symmetry functions:

pair-1: S f } (123) pair-2: f%{ 123)
£3(123) £5(123)

Example: Consider the special case £(123) = F(1), ie , a function of only one
variable. [ BEquivalently, we could consider £(123) = S(23), a function symmetric
in 2 and 3 interchange only; but lets deal with F(1) instead.] In this special case
we find:

Fi)g= KsFG) = FLFQO+F@ +F(3))

FQ), = X FQ) = T [FQ+FG) - 2 F3)
o= X RGN = & _¥(
[F@= X PO = £ (70 -ve)

il

Mﬂ. dg a’ EWIULI“
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Obviously if £(123)=F(1), the six functions £(123),£(213).. etc are not all linearly
independent. Only three are independent. It turns out that the second function pair
F(l}i i F(l)g is proportional to the first pair shown, and F(1), = O. So the

three functions shown on bottom of last page are all there are.

5, More. about the X's. Knowing the group multiplication table of 53. eg (12)(23)=(123),
one can construct a multiplication table for the X's. Here it is:

Xs Xa X\ X, X, X3
Xq 0 0 0 0 0
X o -_i. 1 0 0 0
X 0 0 X\ 0 xfx o
X, 0 0 Xy 0 X3 0
X\ 0 0 |0 X, 0 X
X5 0 0 ;_0 X} 0 X5

This table leads to several interesting observations:

1) The four operators X ,IE,XI, Ig form a set of projection operators. Ie, if you
multiply together two operators in this set you get zero if the operators are different

and you get the operator back again if the operators are the same.

2) Look at the 4xl, subtable in the above table. When you left-multiply snmething
by operator Ki you get zero bf that operator is a row-2 operator (like Kg} y but
you get "transparency" if Xl hits a row-1 object. In other words, Ki is the row-1
projection operator. Similarly, xg is the row-2 projection operator.

3) What about the operators Ké and X? 7?7 What do they do? When Xé hits a row-2
object, you get zero. But when it hits a row-1 object it generates the partner
to that object, ie, the other member of the pair. Repeat: when K% hits a row-1
member of a phdr, it generates the row-2 member of the pair. Very convenikent!
Similarly K% gives you the row-1 member from the row-2 member.



Examples:
O K E (03 = F6d) fped LR = R -
G A (ad) = & (2

Thus, if you are given either member of a "pair" of functions, you know at once how
to compute the other member of the pair. [ However, the two members of the pair are
still linearly independent, one is not a multiple of the other!]

6. The Projection OPerators. Since 15,13,1% and Xg are a complete set of projection

operators, we know that:

1 2
(e) - KE + Ka + X+ KE

as can be verified by adding the rows of the X-definition table on page 2. [ Notice
that both sides of the above equation are in the group algebra[.

Applying the above to a function £(123) we get this symmetry fractionation
of a function: '

o £(123) = f3{123) + railz3) + fi(lzj] + fé(lzj)

In other words, any function f(123) has an S-component, an A-component, and a
row-1 component and a row-2 component. This decomposition or *fractionation" is
unique; you get each of the four pieces aby applying the pppropriate X-operator.

Obviously this is the generalization of the S, decomposition of an
arbitrary function £(12) into its irreducible pieces, in that case the symmetric
and antisymmetric pieces. In 53 you have the extra complication of the mixed-symmetry
pieces. .
Notice that fi and fg are not a pair because they are from different
copies.

To simplify notation, lets write,fi just as fl’ and fg Just. as fz. To
emphasize the idea that we are fractionating a function into its four components,
we imagine f£(123) as a vector in a fourdimensional space whose axes are labelled
by s,2,1,2. Then we write, just schematically:

L) = L) N Fu(2d) N RAHT + flw) i

o



-6 -

The main reason for this notation is this: if you claim that two functions
are equal, say f£(123) = g(123), they must be equal component for component. Said
another way, the single equation £(123)=g(123) is really four independent equations!
This is why you always want to break functions into their symmetry fractions.

7. The Clebsch Problem. From the last section we know how to decompose a function
£(123) into its symmetry fractions. The result is simply this:

s M & "
+ £ 1 + £, 2 + £ @ = (fs,fl,fz.fa}zvector

Now we ask: how do you decompose the product of two functions, say £(123)g(123),
into symmetry fractions? Iikk any function this product (call it h(123)) must
be analyzable into its symmetry fractions.

Here is the answer: first take each function £(123) and g(123) and
analyze into components, so you have (f ,f;,f,,f,) and (Es'gl'gz'ga)' Then
the result is this:

£(123) g(123) =

A ¥z 1 f g
s[ 18, + %8, + 2 118y + 1,8)) + & (£, T,8,) ]
L e e

g

+2[ £y + £, + £,8) + £48, +-%{f132 + fiﬁé )+ &( fzgl + %5&1).]
A . o
+a[ fg, + 18, + g, - 118, ) + Mg, - £8) ]

Here a twiddle means "partner of". Thus, £, = xé £, (ie, fé = Ié f} ). We already
know how to compute partners from top of page 5.

How does one interpret the above result? Essentially you are combining
two regular representations together and decomposing the result into irreducibles.
Implicit in the above organization of the 16 terms in £(123)g(123) are the Clebsch
Gordan coefficients for 53. Eg, the combination f a81 behaves as a row-2 function,
f151 + fl 1 behaves as a S tympe function . Apart from the obvious cases (like
fg, and f g, are symmetric )y you really have to look up the Clebschs (or compute
them) to make the above decomposition.
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8. Construction of Totally Antisymmetric Objects. Given £(123) and g(123), there

are in general four different totally antisymmetric combinations you can make. These
appear as the last line in our equation of page 6. They are:

1. fsga 3. f152 - partners

2. f.8 L. £,8, - partners

Combinations 1. and 2. are rather obvious ways to generate totally antisymmetric
functions. The 3rd and 4th ways are not quite so obvious.
Here we want only to recast the combinations 3. and 4. into cyclic notation.

For example:
2. = 'tq_ %1__":‘;?13\’1.. = '?: %1-;. - _?;, cg-; = 'Jj Y‘%{\Tg) "r%(ﬂ':-'x)l %L “+ m&t\lﬁ. .
4= hgAE = Ld-Rar = 1803 SYUSICAR

You can verify these re-writings using the X table on page 2. When written in this
way it is more obvious that the combinations are indeed totally antisymmetric: in
line 3. the bracket [...] is clearly (12) symmetric, but g, is a row-2 function and
is therefore (12) antisymmetric, as was noted earlier. Then the + cyclic gives total
antisymmetry in the usual way. Slnce g, is (12) symmetric, being a row-1 function,
line 4. is seen to be also totally antisymmetric.
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Tensor Problem

( this section assumes knowledge of section " 53 Group Theory™ )

definition: a tensor form 1is a linear combination raw tensor forms.

definition: a raw tensor form is something like this:
123 = 112%43 _ (pl)ul (pzjui {pj)“ﬁ / first class
K s gi1’2 {pB}B ’ /second class

definition: a vertex term 1is some combination of a tensor form and a function

-that is totally antisymmetric and therefore a candidate for the non-color part
of the triple glue vertex.

1, Statement of Problem and Outline of Bolution. We want to construct a "complete
set" of vertex terms for the triple glue vertex. If someone hands us a vertex

term out of the blue, we should be able to show how it fits into our complete set
of vertex terms. Once we have our complete set, we can impose the axial gauge
Ward Identity, eg, to get a most general Ward-respecting form for the vertex. At
this point we are only considering raw tensor forms of the classes noted above
(ie, no gauge vectors n* , yetl!).

The method is as follows: first, we shuffle the raw tensor forms into
tensor forms of definite symmetry, without regard to momentum conservation. -Thus
we will have 3x3x3=27 tensor forms of definite symmetry in the first class (ie, triple
momenta products), and 3x3=9 tensor forms of definite symmetry in the second class
{onelmamenta and a guv)._Ihgg we impose momentum conservation, 1+2+43=0. When this
is done we find that of the 27 tensor forms in the first class, only 8 are linearly
independent; of the 9 tensof forms in the second class, only 6 are linearly
independent. These numbers 8 and 6 are obvious since theee are only 8 and 6

raw tensor forms in the respective classes after momentum conservation, ie:

elass 1: 111, 112, 121, 122, 211, 212, 221, 222

class 2 d1213 , d1223, d?all, 2321’ d3112, d3122

We will then have 8+6 = 14 tensor forms of definite 53 symmetry which
we can play with. To generate totally antisymmetric vertex terms, we will combine
these tensor forms with functions of definite symmetry. In section on “53 group
theory" we showed exactly all the ways there are to make am totally antisym object
out of two objects £(123) [ here, functions] and g(123) [ here tensor forms].
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2. Tensor Forms of the First Class., It is a simple matter to reshuffle the 27
triple-mometa tensor forms into tensor forms of definite symmetry: we just pick
forms at random and apply X-operatorfs until we have 27 objects. This procedure
is really much simpler than it sounds. For example, here immediately are 6 of

the 27 tensor forms:

(112), = 6X 112" = (1124221) + cyclic

(112)_ = 6X_-112 = (112-221) + cyclic

(112)] = 6X7-112 = 2112 + 2:221 - 233 -131 -322 - 313

(112) = 6X3-112 = 2-112 - 2:221 4+ 233 +131 =322 - 313
etec.

By the way, one must be careful with the notation " + cyclie" in our present notation.
Since we always put the momenta into standard order iljsz y things are not

always what they seem . For example:
(12) 123 = (12) 112237 - 221133 & 123
(11242213 + cyclic = 112 + 221 + 233 + 131 + 322 + 313

Once we have our set of 27 forms we apply momentum conservation to see which
ones are linearly independent. It turns out that there are two S-type, two A-type,
and two "pairs™ of M-type forms. ( eight in all, as noted). These can be chosen
in many ways, here is one we which we shall use as a reference:

—

Si= () = [(n+2D) + s ]

§L= QW) s = [zu+212) sqelic |

E = Q) = [Ghva=-220) = uj.m,l

A, = (230 = [221-23wn)

-—i,‘ \
Or=M, = (1), = &2+ 222 — 233 -\ 3\ - 222~
T = ML= (), = ,ﬁﬂ_—i&’ﬁﬂ’ﬁ\hauAr?)r%
Op =M, = Q) = J3(-22 +1ai+3 -0y
L= = OF, = 120- 2220+ 223+ 13\ ~322 - 203
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Here is a table showing how all the tensor forms in the first class can
O be written in terms of the forms we have selected on the previcus page:

0\ Q- Tl. i‘::'
—s —
_§l §:. ﬁ\ é’F‘L ﬁt 1’&-" ﬂ:ﬁ. 11.
S (| -\ 2l o © o o o o
(\2\)y \ O O O O O e o]
Ws|| © '| © o o o e 0
AW || —2 ol o o o o o o
(13Ds o =3 O o o o) 3 O
(aVs | -3 o o O o O o)
(\i)e o -2 O O © o o O
A (@Al o o | o]l o o o o
(A o) o | © O 0 o) o
(LU A o o . -3 o o o o
@Al o O o 32| o o) o o
C_’; (W), O o o o { o) O o
(nayy @ o o 0 o \ o o
Qe o O o o O O O Q
Qay; o o o o |-R o o
(MY, o © o o -\ O o 0
() | o o o o | o | o ©
(\22), o o o o |-\ 9 o o
Quny, o o © o | % ‘-r‘i i 0 O
foud ,. '
-2 (), | o o ©o o © o \ O
(WL | o o o o o 0 o \
(\1\\}.1 @ < ] @ o O o o
(v o o o ) o o] SR EN \
(_ml‘];i o o 0 o o o -\ o
e, | o o © o b o Q '.
(39, © o © o o o -\ o
A Oy o o © © o Oo. |4 -ip
]
|

Talads \
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Repeat: the table on the last page shows exactly how each of the 27 tensor forms
of the first class can be expressed in terms of the 8 linearly independent tensor

forms we chose as our "standard" basis.
While we are putting down tables, here is another one with the same heading.

This table shows how each "raw tensor form" can be expressed in terms of the

8 basic tensors. i

SOS R W oW owm ow
]
Iy o -3 O © W "5 I8 ¥
VAR 5 ¢ o % o o T
t2\| ¢ °© ¢ © o o 3% T
V22 T o) -+ © o) o & -t
2\ | © T t %t <t o o %
21| © T "¢ % ¢t o o -t
2 | % T ¢ o + o o -t
| © 5 o o & % & %
— i

This table was generated by inverting the 8 definitions of the objects Sl, etc which
are shown on page 2. This inversion was done in 10 seconds by REDUCE.
Later we shall have a use for this table.
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3. Tensor Forms of the Second Class.

We Jjust repeat the same analysis for tensor

o forms in this class. For this class there is one S-type, one A-type, and two pairs

O

of M-type tensofr forms. Again here is a way of choosing them for reference:

|
b

)
il

i

F@"g =

(3"\*)A

[é‘-”-g -+ Q‘&'L‘L:.L F.lll

[5‘1'(\-133-% amdie | = @M%wqwm‘t

= A3 Y, = (AR

i

=) >

i )
Mi _ J{F(attaﬁwtl ~ 5:5 X 5&1 ?:L_q Et‘ﬁ .\..1 ﬁ_;{.& .
W= G oY —-R1RYe-Ts 3]

s
!

@), = 1A - 3%~ B ey

We have started using overarrows to indicate the tensor forms of definite symmetry.
Also, note that a factor of 6 is present everywhere as on top of page 2.

4., Most General Vertex Term in Standard Reference Form.

We simply combine our
definite symmetry tensof forms with definite symmetry functions as discussed in

previous notes. We use the comments of paragraph 8 of those notes ( S5 Group Theory)
to express the M-rep terms in :;y:clic :}Rtapi‘.c}p.t Cur result is:

T T TE T T e el i b et b e ey by

[ = SAMS) + T AW + SiAR3)

# A S0 + RS + AL Sp (1Y)
- -
M M0 — MY M (123)
—3
L NE () - MG MTQ)
- —'ia a
T N (R e UM (D)
TN F'\‘l, My (123)

S A
Standarg Basig
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The notation we now use is the following:

4,(123) = totally antisymmetric function
51(123) = totally symmetric function
Hi[lzﬁ) = a row-1 function

Hé(lzﬂ) = a row-2 function

Since the functions Hi and M; form a "pair" ( i=1,2,3,4) , we know how to compute
one from the other (see paragraph 5 3) of previous notes):

1 5
M =My et NN
Taking this into account, we can conclude that:

There are 10 functions of definite symmetry in the general form
of the vertex: three S;, three A;, and four Hi ( or Hé ).

In fact, using the results of paragraph 8 (previous notes) we can rewrite the
general vertex in a form which shows only 10 functions. Eg, we know that:

- - .
{ \ \ \ . .
LM =M ML = Qv jam ] + gl
St 2 . : :
DM =M = G- 22) [amMl ]+ eyele
2.3 Ta o 3
— 2 . .
I
4o 12 Y .
MMy = MM ] = (8"l fa M+ e
2. How to "fit" an arbitrary vertex term into the Standard Basis. If someone hands
you a vertex term out of the blue, you can dissect it into its 10 irreducible
functions ( of the standard basis) in the following way: Any vertex term either
is, or can be guickly reduced to, a linear combination of raw tensor forms like

112 with coefficients which are functions. The trick is to simply substitute for
each raw tensor form using Teble 2 ( page 2b) [ and a similar, less complicated

table for the class-two tensor forms which I have not bothered to write down],
then regroup and identify the coefficients of the standard tensor forms like-gl.
That is all there is to it.



-5 =

Example: Consider the tensor form 123 . How does this "fit" into the standard
irreducible bas&s? First reduce it to raw tensor forms: 123 = -121 - 122. Second,
negate then add rows 3 and 4 of Table 2 to find: 123 = -(1/3) 51 . Done! To check
the result note that:

123 = (1/6) (123), = (1/6) [ (-2) S;]  according to Table 1, QED.

Thus, if someone asks you to dissect the vertex term A(123) 123, you r
digsection is this:

A () = -3 Al
A'L_ﬂ'lb\ = 0O
ﬂﬁ'L.. ﬂﬂn =0

6. The Six-Function form for the Vertex. If one insists on having functions of
definite 53 symmetry, the general vertex term has 10 components as noted above.
However, if one is willing to have functions were are merely symmetric or
antisymmetric in a single pair of the three variables, the number of arbitrary
functions in the vertex can be reduced to six.

definition: 8(12) is a function £(123) which is symmetric in arguments 1 and 2
( and has unknown symmbtry with respect to other pairs of arguements)
Similarly, A(12) is antisymmetric in 1 and 2.

As we shall verify below, the general vertex term can be written in terms of six
of these ?(12) type functions as follows:

Pe3) = v AGe) wyelie
* - 11?) S\ (ny + st
L (v 31*1)}1\.,_('.1\ A eyl
+ (231=-212) S,(10) + sy elic
+ (BP)A W) © sl
* TR Sy |
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The claim now is that any vertex term can be dissected into the six functions
Ay+hyyAg48;45,,5;  shown in this box. If we can express these six functions
in terms of the 10 irreducible functions of the standard basis, then we know
that the most general form of the vertex can be fitted into these six funetions
(since we knowit can be fitted into the 10 functions).

This is actually quite simple to do. First we fractionate our six functions

into their irreducible symmetry fractions using the projection X operators.
One finds that:

A = AR, &+ A, 2
S = @5 § + i), 1

where, eg, 5(12)_ = (1/3) [ s(12) + S(23) + 3(31)]. Each of these functions

of "partial symmetry" containt two functions of definite symmetry. For example,
the sum of any A-function and any 2-function gives you a function which is 12
antisymmetric. Put in other words, the space of 12-antisymmetric functions
partitions into the sum of two spaces' the ﬁyfunctiﬂns and the row-2 functions.

CL iy s

faving ‘thus-analyzed- the-—A{-lE]—-and (12} ﬁ-metmnb- mmthhair- symmety
components, we may now consider each of the six terms in turn and dissect them
into their irreducible components.

Example: Consider the first term which is (2114212)4,(12) + cyclic. Being a valid
vertex term, this thing is totally antisymmetric. Since only the A-piece will
survive the cyclicization, let us compute this object:

[ (2114212) A (12) ], / ie, the A-component of this
product.

In our previocus notes we showed how to analyze a product of two objects into its _
symmetry fractions. Here we are only interested in the A-fraction, so we xmad first
analyze each of our two factors into fractions and then use +the bottom line

of our Blebsch equation on page 6 of previous notes:

(20 + 012 =(‘é‘ i} 3 +(*§Hlt)? /T&w_ o
A = ARy, & + A, (9, 2 /abm.
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Onee, |t YA M) o
- 2 {eTne, s H(CRAEN- e

= ($A0) S+ HAEY R~ porbena]

Comparison to the Standard Basis on page 3 shows that this first term makes
the following contributions to the 10 basis functions:

M) = AW@a = FACD + syai]
Me02d) = =37 A (D, = ED[RAGD) ~A @D -A )]
das =0 |

Here we have illustrated how one performs a non-trivial dissection of a vertex term
into its irreducible components. The other 5 terms of our candidate generel tensor
form on page 5 can be similarly analyzed. Here is how the whole thing "fits" into
the irreducible standard basis:

QD= S, (W = S,
Sy = 3%, -3 ) = 3S,)e- 33,2
S0 = S3(0)s = Sy(x)
Al = A(D)a = A

Ali?) = AR~ 37, (1)
As(113) = 6 A1),

W23y = -+ A (D), Az3),
N.(D= 35 S(=d), = S,
AOENEYWON = —3AY),
My () = - %S5 (12), = Sy(®),

|

A; ('2‘?3\ (- ?) Am(ta\n..
6 /!i':'; (.?-?-}) & ‘

i
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Trnverdan %ﬁﬁiiaj_hsuﬂuun§44hnu ?{iﬁJLL
[ @) = S0w) A= A+ A, ()
%\<t%1 = E‘h ‘“\LL("-13) A\(ig)-h: H‘J:, (\133
S(B)s = S,(D) +X S, (123) A = A(023)

35(23)3 = '33.(1?-3‘) A},CZA“-: %LP\:*;Q?-E‘)
Qa(ﬁ)lf wy (123) A1), = -3 WL (1)
= (Sl(m\: S,023)

S = S, +1 S ()

Sa(@3) = S3(2a) — 2 MY

Ay = A (R v5 ALy -2 M, (123)
AL (1d) = A(1d)

L AL (12) = F A0 - 2 M3 (1)

.

Summary: We know that any vertex term wan be fitted into the STandard Basis back

on page 3. We can dissect any candidate vertex term out of the blue into its 10

irreducible basis functions . But then the above formulas tell us how to then put

that tensor term into the 6-Function Basis; after all, right there you have explicit
formulas for construction of the 6 Basis functions given the 10 Standard basis functions.

7. The F-tensor Basis. Starting from the Six-Function Basis given on page 5, we
can gradually make one change at a time, always without losing the generality

of the form of the vertex, and we then end up with the following very useful
version of the general vertex term:

)8

. B al0ad™ 2] =t Fe

g, B = DA -3 el yphically

The F-tensor is a useful replacement for the tensor 2112 because Fig is orthogonal
to 11 and 22 . Also, B}' is orthogonal to 1t and cyeclically.
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Our new general form of the vertep is this:

i e o ——

e ——

e, B

0 Moy = Fhee S, () * eyelic
* FLGmy Sa00) + edie =
+ ' AN <
« BB R Sy

.3 ,
; 33 AQD) b ey
: v 3 .
i - C’."‘z-\ Sa(k'{\"'vujc-'\tb
_} - m—
Any vertex term can be fitted into the six functions Slfﬁzfﬂ,ﬁ,ﬁl.sj + This basis

is Jjust as complete as any of our earlier bases.

8. Ward Identity and The Bottom Line. The usefulness of the F-temsor basis is ver&

CES clear: the tensor forms F12B3 and its cyclics, as well as the BBB form are Ward
null. Thus the functions 51 and S are completely unconstrainted by the Ward
identity. _

When the Ward identity is imposed on the remeining four functions here is what,
you get:  You are forced to Marshal Bakers "solution™ exactlyl [ Of course we
gre assuming that c¢=0 on the RHS of the Ward.] Thus, there are no "hidden" Ward
null terms . The only Ward null vertex terms are linear combinations of the
two obvious ones appearing in the above expression for the vertex.

In more detail here is how the Ward thing works: you expand both sides of the
Ward identity into the 5 tensor forms dlg, 41,12,21,22. Thus you have five

equations that must be satisfied. However, when these equations are symmetry

fractionated you find that there are really 10 equations. There are also 10
unknowns which can be taken to be:

8,(23) 8,(23), 8,(23),
84(23) 85(23), 85(23),
X A (23), A,(23), A,(23),

o A(123).

If the 10 equations in the 10 unknowns had not been linearly independent, there would
have been other Ward null terms! It turns out the 10 equations are linearly dependent
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although I see no intuitive way to know this .

Just for fun, here is the solution expressed in the functions above:

AR = E[bR)-bW)
Al =o

S, 00y = (A -b0)
G - (20

S0 = bR YY),

When these functions are plugged back in you get —— as was just noted — exactly

Marshall's solution. If I hadn't known his solution, I would have been led to it.



Misc



Contents of Miscellany Section,

<:, Comment: I have tried to store here sheets that I thought would be "lost™ if they
were stored in their original historical location. '

1. The RHS of the Werd Identity in terms of c(1) and b(1).
2. Symmetry analysis of the ten Ward equations.

3. The Operator Inversion Problem (cyclics)

L. "dhy work with Irreducible Components"

5. Count independent funetions in A(12).

6. The Group 63 .

7. The counting problem.

8. The Operator Solution to the non-n Vertex Problem !!!

9. Write Marshall's null term as linear combination of ours.
10. How many vectors are perp to p; ?(Jim). |

é:, 11, Restatement of Jim Vertex General Form

12. REDUCE progrzm to check vertex Ward validity.



Znclusion of the n-terms, general ‘'solution™ to the Tml.':sm:l_Iq:l.eni;fl._t.g,tr ——

-<:!: 1 First lets review what has already b&en done. In.the simple ansatz you set

_G on the RHS of the Ward. When c¢ is nicluded along with b, the EHS of the MWard
lnoks like this:
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0 2. What cnrmnenta can we make _at. t.he start here‘?

a) first, we are going to have to add new tensor forms to the vertex to generate _ _
the new forms we are observing on the right. These forms will look like:

_______________ single n: -‘@ Pipjﬂk . , I
_double n: ___ J/p nf’n"

triple n: (ni ‘] X

h) ‘there will be "coupling™. Ie, when K single—n term is dc:t.ted. into 33 _if the 33
‘dots into en you get (n.3) times non-n tensors! But if you include the single-n

- terms on the left in your vert.ex, they will also make singla-n terms on the right.

Thus, you have to include single-n terms on the RHS. But these RHS single-n terms

can also be gener&ted from double-n terms on the left s0 include them. But they in

turn can generate double-n on the right so keep them. But these in turn can be made
from triple n on the left 80 keap them. °

S0, the problem is mmpletely-cnupled! We have to solve the whole sheba.ng at once.

3. Sn here are the steps to snlutiun'

o_‘ a) make up a complete set of tensor forms for t.he n t&ms on the left. ( Try to make .
this compatible with the F-tensor basis! )

b) -::unst.ruct a new Ward table and solve!!!




Analys f he Ward RHS with n terms included. ) _ o B o

O 1, Ha;a is a list of the raw tensor forms you can ge’m Recall that. anything on the

 RHS must be overall (12) antisym since the vertex is. Thus, if you classify your
forms into sym and anti s;l_.rm, you know what their partner functions look like:

- o 1+?_1}A{n\, o o
e AW = &u—_:w-)@ (W) + 12-AW) + 210 AW _+ 3. AW

A AR) 4 (e AG v AR
A () =) S0P & (aw= )30y

Ie, this is what the general form of our mess will be when we put in all our terms and
du*33. First, you see the old non-n terms and the second group is the new terms., Since

each A or § function has two symmetry components, I seem to get' 20 equations.

2. This seems strange. How dos this count work ag&n" Each A(IE) like colum in our
__Ward teble will have an a-equation and a 2-equaticn. Etc. There simply cannot br more

3 Ha::.rbe this is a h:mt. that I subst.ituted for the wrﬂng terml If I kept (n22+1nl)
I could get ¥id of another function and get us down to 20 equations in 20 funct:.ons!
I guess I have to go face that problem ndw. YoM SteeR"

L. After that is done, here is the work that remains: first, I don't have to
re-analyze the non-n terms into symmetry clases, that is already done. Ie, I will
make full use of my equations 1. through 00 that I got there; its just that I will
__have to add some extra terms to these equations. However, I will have to symmetry
fractionate (and first compute) the Warious n-terms. All straightforward if tedious.
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Why work with Irreducible Components?

I am having trouble puttin g this into woreis but I think there is a reason
for this that helps you out. Why bother— you say — decompose the 5 Ward
identity equations ( non-n sector) into their irreducible pieces or components?

Why not just use them and solwve them as they are?

First off, in the form "as they are"™ you get not just S(12) but also S(23)
snd S(31), and similarly for other functions. Since these three functions are
linearly independent (though functionally they sre all determined by one of them),
you cannot do any eliminations. Soyou are stuck with 5 equations in 10 variables
where now I include all the cytdicpermutations as variables. CObviously this won't
do.

But, you say, you can then include all the cyclic equations to get 15 equations
in 10 variables. Now the problem is the other way: too many equations. Well, no doubt
you would find that only 10 of those 15 equations are linearly indepdndent. ( However,
by inspection I am unable to tell which ones these are! )

Now I would insert an old question: suppose in fact only 10 are linearly
independent and you solve the thing on Reduce, say. How do you knew that the
solution you get, say for 5(12),5(23),5(31) treated as indepedmmt varisbles --
how do you know that S(12) and S(23) wf the solution will in fact be eyclically
related? Go off to appendix and work on this question.

I now have an answer to that question: imagine that you solved the problem
by the operator method and you thereby got 5(12) = ... . Then you would generate
your S(23) by applying (123) to S(12), so of course by definition S(23) would be
eyclic on S(12)! See operator notes somewhere.

Suddenly I am wondering if that cyclic-operator method ifnt a very efficient
method after all! For the full case I will get 10 operator equations in 8
variables. Isnt that simpler to handle than 20 equaticns in 22 variables !777



__Jhﬁziew_ﬂnnamﬁgain_thia Count_ of How Mapy Independent Functions there are in A(12),

(:,__ - - . S — - -

1. Lat.{TFlE be some tensor f@HM;Hﬂxmmﬂhxlﬂ prn;ﬂqtion with the 6 as usuwale_ . __ ___

.. For example, TF could be 112 or _d3 or 12n or wbatever. _Then here are the. ..
the two BI].‘]:-iE:{J’.I‘EI:I.ﬁLZiC vertex tﬂrma;[&uﬂan_mak&m (I‘I"‘).B and the pair of . .
tensor forms (TF}1 and {T?lg g . ) e

*\) AWM -TFs .

Y O (TF), — GO crrm

where twiddle means partner. If you wr:l.te that func:t-:l.on as Fyy you must rememver
that F, is the partner to F,.

2. Now we can simply rewrite these two tensors, or vertex terms, as follows 3

£ [TFOTFIAG) & e

Ne NN

0 LTF+ TR QR + syeic

3. Hnw finally we can rewrite both these terms as one term as fallows-

=) +8) = TR TELAW) + eqae

e AGD = AGE)+ AF (23,

_AGD) = A0 & A1 E@RE

k. I'IDW let us symet:q,r anal:.rze t,he.: function A(12) ccnstructed in t-his Ha:,r. We haves:

e AG';’\ o ._'—..; A.(L?-i)

Az, = - (3 i
A, = - 13 AQD. = +43608y

____ independent.

The function A(12) is ccmpletely general ‘Such a function only ha.s_twg functimmlgg -

independant components, not threal'! Ie, ﬁ.(23}1 and A(Ej]z are always. "partnerlike”

ie partners apart from constants.- The-three functions are, howver,-all linearly
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The .gruup.l}‘; - and its relevance to thipngs. I, .

. 1. T have heen playing with equations and operators E,C*,C”. . These three operators, . _ .
——the identity _, cyclic, reverse cyclic, form an abelian group. The group is called —_ . .___ _
- ____CB.-Jni-its,repr.e.sEntations are shown cn page 324 of Tinckham. There are three .
—-- . —- one-dimensional representations. Thus, T expect there to be a projection operator .
— for each of these representations. _First, here is the representations_(same as
.—cheracter of course): . . ____

o)
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2 wa consider the relatlon between the grnups 53 and C,. First, recall how the
o octet of SU[B) dacorupneses into several reps of EU(E}, the subgroup. Here we expect

t.he reps of 5:3 to decompose into several reps of 03

For example, lets work with functions. We can say:

}(@,*rﬁl‘h u.-gfi(m\* Ed.u\ NCud) & uar.‘\u,l = 3“A f{xtﬂ +_}¢ -Q—(m)
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R B4 (O RS W b R G N I
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independent still, so no conclusion:

Theorem: to count the equations you really have to Sy analyze the R Ward equations;

c this is the fine-tooth cbmh.__53 tells me: less or equal to 20 equations on 22
variables. C3 is not as gocd: all I can glean frcrm G:,Lis 30 equation s or less

_ on 22 variables. BUT, I think the C; method is better to compute with!
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The Counting Problem

1. I have lost faith in my ability to count ward-null dégrees of freedom. Here is

whys '

Fxample: Suppose you have two equations in three unknowns, the unknowns or variables
being f1(123},f2{123) and f3{123}. Normally, this.means there is one degree of freedom.
So perhaps these are the eguations: flnﬂ, £f,=0. So f3 remains unspecified, and
represents your degree of freedom.

However, suppose in addition to the two equations you also have an "operator
constraint” which eays that f3(123) - g* fz{lzj}. Then when you combine the above
two equations with this constraint, you end up with no degrees of freedom: fy=f,= 3=D
is the only system solution. So in effect, the operator constraint does play & role
here. However, you cannot identify it — in any way I can tell —- with one or a set
of linear equations. In this context it behaves as one equation, so you get three
in three hemo meaning only trivial solution if detf£0; but it is not really "one"

equation,

2. This example shows that, when you are counting degrees, you may have to include
the operator constraints. So, when I claimed to have 20-or-less equations in 22
unknowns, that does not include the operator constraints. In fact in the J-sector
I foudn what I would call two equations in three unknowns, butg the only solution
is J=0, all pieces; just like the example above. So the operator constraint acted
to lower you by one. So without J pou now have 20 - 2 = 18 equations in 19 = 22-3
variables. So now there is only one Ward null degree seemingly leftg. But it too
may be knocked out by an operator censtraint, and you'may find no degrees!

3. 5o we have a general problem that I don't know the sclution of: suppose you are
given a set of equations in some variables plus some operator constraints. How do
you coudd true degrees of freedom? Should you count each operator constraint as if
it were ancther equation? In that. case, in my non-n analysis I had 10 equations in
10 variables but also there are three "pair operator constraints"..But if you count
all of these you get 13 eguations on ten variables which is overdetermined..So given

a set of equations and a2 set of constraints, how do you tell how many are "independent"™,

. and what does independent mean?

One thing is certain: the operastor constraints can only lower you r degrees of
freedom. In my 10x10 problem of the non-n sector, it must be that the operator
constraints had no further effect than the ten equations. Once the problem is
"detemmined" ie is n-in-n, you can have no further constraints i guess? My 10x10
problem had this solution: everything = O for ward null, Thus adding the constraints

operatorice could not produce ward nulls where there were none. !



L. Now lets get back bo the n-term full problem. One of my raw equations, the nn,
says that A(12)=0. ,Applying my operator constraints, I then learn that 5(23} =0- Q
and A(31) = 0. So all three components vanish.

- But when I took this equation, which'was "(3.3)A(12)=0, and I fractioned it_inta
its symmetry components 2 and A, this.simple fact was hidden! I gnt-

SRS AAT T A =0 . | 3=y (%)
qd;:x qa“;y-aatf ﬁa\;h'._.a - = -,

If you only had the two equations on the.left, there is no way you ceuld show
‘that J_=J;=J,=0 becausé to show this you need the operator constraint shown en .
the right! If you implement the canstrainﬁ'yﬁu get. | '

s adgve + W (R X)W g v =
~ 213V *(\{ﬂﬂ("«iﬁ»}du\ S =% 4V =
+ley '

. o N o
. | ) .
=3 Q‘ ‘lds\%"- — K EE: &‘L_' % dy Xz \‘G-\ =G. a-like o
20NV + (% do w(W2)(-3) X, ) W =0 2-like

Now we have two operator equations in two variables. Still not obvious that only
the trivial solution eqﬁsts. Suppose we combine them to get rid of J,. Then:

|30 .1\ e +ﬁ(aaﬁa 3i-2 )XLIE o

Yﬁu would then probably find that this 0pgrator (element of group algebra with
function cnéfficiénta)-is 1nv§rtible! Thus you get J4=0, hence J2=Q: henne‘Jazﬁ.

Hﬁtiee how this simple fact gets completely obscured by takeing the symmetry
fractinns of this equation! . ‘

I take this as a strong hing that it does make a dlfferenca whlch way you dn things!



' Examine the WARDNULL nor-n problem using oEerai_:or methods.

Q

-~——— 1...I already-have this tabbe with-RHS, sc now- set- RHS=0,- You get:

LA

(Thia te. Qe T mmwe concplele sluchin W)

RMS

A S0y S04
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S e (2-4) ___'x.t‘aﬂ} C o e)bl) — ey bit)
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— . Take it in careful steps:

.~ 2) replace B) by E)' =E) + xC)._Then _

J_)_:J:;:ga;:;. BMM&MW .Equ&t;ﬂnﬁ*.. —

-3 raga:d.,ﬂ)_as_telling_msz,_ o

2 .(12J=

_ _RHS -

—— L) new table then has A,D,E' _and variabl.
- H_ A:(Jh - ‘S\aa"-}

M) ; =of Q& —c*
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—b(1)

el =0 g\‘hi‘l—j
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7) Now, replace E)' by E]" = E)‘ - . )

0 LS} Replace D'} by D)" = D)t - A)'.
9) Regard A)' as telling you Al[lz}, remove from dynamnics.

10) New chart is D)" and E)" in variable . s {12} Draw it:

— - Sa(e) - KW

D @ (eT) ey (2F-g) | g ey

B G0 sy (2SmE) | f e — e = (e B
e .
1.}.}% Ayl E-c-dlSi\ =0

Fo  {@DE = e & +(25)\C iS_a_ =0 -

He have reached the end of the line. Cannot eliminate any more functions slnce

_we only have one, ngggly;?BT__It must satisfy both thgse_qqgﬁg}ons! If either
of these operators is invertible, or if any linear combination of them is
invertible, then you get 54=0. In fact, for the first operator det = 1-1-1-3 = -4,
50 it can be inverted and yields 53 = O regardless of the second operator.

2. Conclusion: Thus S;-D. Then A)' tells you that A;(12) = 0. And C) tells you B

that Ezflz} = 0. And B) tells you that A(123) = 0. -Thus all functions are forced to

equal zeroj there is no wardnull term possiblell!!! o
. This is my best method to date for showing no ward-null termsl o

_3. But why stop therel This methed is so powerful T bet I can solve the inhomageneous
. problem! Since all I did was add and_subtract rows, I can go back and reinserit the
_._true RHS and follow them through each step, See pencil above on the right! Now

when you invert the D" equation here is what you get!!!!

L) = @R o San= 1mr@| Vel
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Uﬁing tha qperatar IIJ&LMMO take the raw non=n Ward Table
including the RHS _and in about one page completely solve it to get the Marshall-... ..
. .solution!) No need to fractionate anything! Just totally trivial .calculaticns! -- — - ——
—_ . Compare this ﬂa group algebra method to the old method. There-I had to————
1) take each term in the Ward tahle and fracticnate it into s,1,2,a
_Zlmu@mtimunmmmmdele_uhicumMm&Mgemq——
TM@tWMMMMHl@&M' H

—M_L,Jhe\refaxe_, is_there any question as i.n_whwh—metmrtam&a—iop-the—ful-l—pmb}eMJ—

a e — ________ |
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Try to ccmpare(l‘d:rsh&lls Null term)to mine -just pubtbing everything in-raw,—- -
- ’

____T‘.,.r = &fﬁ?ﬁ&}gﬁrrf g;;{,:h o
| = St A& E + Seort Eﬂf‘“ R L

S_&E_‘ii%"-mi(a-ﬁff__ o

e o

C(Fi= 3 =2\ -

Since my BI BEE term is entirely class one, I will ha'l.re to generate Il-iarshﬂll‘s delt-a

or class-2 term with my second term. This should determined the function s,(12).
Du it,

B - N
e e R =\ -
=([S,000:0) gl_‘fs X wsgu_) — I\SL(M L\ B, %q_\cﬁ\l
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Cﬁ?an 13]\ F(E(uib& ~ 2\ \%

CONN

S 3('1 w) Thﬂ_.left side here we know is A-type functicn so no need too.
S project it. But findi - is more work! The first termdis
o. _exactly A-like but not the second. Rewrites

— — N W NpC W B - .
el = SO R % wAve)
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3 So how are we going to get that A-part crf t.he last. t.erm" Lat's tr;lir diract use
0 _of the X, projection oporator.

e . o
e _Xﬁl_i_ = .16_ ?)z.__h 2L\

L Ay AN @

- &L e _
B AR

o Thls is of course obvious (ncm!} bec:ause. the thing you are prniect.in,q i= 12

symmetric and is thus a S(12) object which cannot have an A piece, So_we L
are left with the amazing conjecture:

2

T Qe sidiom S wonbadk Elavonan = Sy 888,

'I_'his SEems uiﬂ;:tk_ellr. .

O_ 1; To_check the feasibility here, expand erverz,rthlng duwn t.o raw tenaor forms:

N Y N v T (I (e R VR T X TR N T

R\ ‘E;I_E;_,_ H__...:(::t?(“&*:\ W o+ ek, -
__&%ﬁgm_@ nads G Sy =0 5 S| =0’
Thus we are led t-::: a ﬂont_r_ﬂdictaer}l__%et.s. i _ ) S L
5. Recomsider the S,(12) solutioms -
f S.(7) () 3 %23,_ = ouclic = E'a - ml;i;: o

What is t.he most general solution to this pup? ﬁ.bsarh (1.2) 1nt.D S and ask again:

0 S2)0) = S\ T T TS =:Q,&Q_ H&}_)m

U S G5 A N




o e @6 O e
N I 2 22 %"‘L"‘"—m —
S o S
__J _3_(&?-\1(\5 gaﬁ'b ﬂ‘-ﬂ;_kc-’u.t_ = ARy 2 -
o Find ge.neral :-lutinn to 'hl_}:l_.s___ _]-i;w'?; S - . _
6 Question: do all components “survive U c:,rcliiiz_at._ioﬁ I_e_ _cc:-nsider a gTeHefal o
_vector with all four components active, What happens when you cyclic it? The A
. and S pleces we know survive in an obvious way. Consider the other pieces:

- “‘:“35‘""“-: A+ {.mb&\ @E{“m .

=

(_); ﬁ{e\*—(lu\-&- (152) | = O e an?
- \ D

Jf?wr(wh_uzﬂ) --.A_ﬁ____‘gg x, ,ﬁy_\c_ .
\ A \ o_

\ | Y

Lok

\ A -

e ey et T30 T — S -

S0 it's t.rue ~only A and S type functions can survive cyclicizaéion. For scme reason
I failed to notice that earlier. Thus lets.continue to anelyze the above:

e -~

WS = 3| (@) «0m) . (33@@ am — T
—— w_-_d_ =
L TarNs SRR t’ﬂ\ -t a}}gﬂ(ﬁ“ﬁ"




N

T <3st LM?—ET ( %?}ﬁ =A@

<§Qr\ﬁ —%'Q\J_L = Q;-:'—_' o - e e mww e

o  Thus our ccnditiuna on the f'unct.ien S[IE) ma;c,r be writtan ElmEJ_-E as:

_ Now_ 1et.a finﬂ the a and s pieces of the object. on t.ha laft in msual wa:.r:

B
oo Shaan = Ew s"—fa@gmu& PEKON T""—

_ 15 3@ G T S@ @), = s, A e 1
— T T~ ——

PR ¥ S _;j__;@m,;@&gw@; '

_M:;:_m% . (. —ﬂ__sﬂjﬁ(?’b;r ‘s.(;zs\? AC), |

S SGH AR = 2 SAHAR), ~ 5 SR ARY, = Al

7 This is the .'E‘irst of the above eguations; the second issati;ﬁ_ed for any 5{12)__
- Ba.lancing t.he varicus terms in this above equation takes a little extra:

A= 517 Q:za"‘?“-ubs-h = _svisaly £0
A= 3 ﬁ-#-o QL\'_!._-_.__ I

A s@he=o - _-_'*'____ -

¥y =0 .
—____Thus our guessed solution (the obvious one) was act the onl ion!
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7. I have -i‘_nun:i_mr mistake. Go back to paragraph 2 and revrite:

Lamm\; “E;scma S %,.,,, + L@e i) (-06'2 FE*)'

_.;_ ——— w d%sE3WA . . — e
R g e A i”% -
- LGy Is Loy o o

N \R "P\{{g: 2\ s fm‘“ Ho wen Qg s

('ui. B o o

_CQQ.J;.‘ ALY *-'ﬂ:na WN-ﬂ._l;gj\ . - S

l alﬁxbnﬁ EQ.LQBE, 53; \Lj,,_h___‘ S

____The cnrrect.ion is this: the last term does have an a-piece. In fact that plece is

Jjust this: e B .- -

4 2o 3

d—_ﬁﬁ.@Lﬁ&Lﬂ\:\; sdie = SL:'Z.'\ B 4+ 1 B+ 113_)“{5;
N 25 W G S0V WS

Q-

He have to shuw that all & tensor cnefficient.s balance on both sld.es; ie, the

same function S has to work for everyt.ihlng lets try to furt.har process this thing:

T AL & af“éta BISICRYN v ORI (DEN|
o oY jgm# ]

T A mm_@%

I ¢33 ) B R
A T T
- 1 \axxg ?-r%l%;"_z_;;?j( « 13_&3 -1 {

= Vauqi-m;%_-»mﬂ mu_ﬂa%_anﬂ

S ‘L N

S - <




‘ 8. Nr.:rw, I want. tr:: writ.e t.his as an B—?ector. Plug in for each term Psingﬂthe o
‘o blue 1nk table in black !::inu:ler. )

i Y Y A | LT S % TAL A

S - k.g'?a ——— >, ) =3

2 ) ) 2
R RO - T -1 -2 % Q. . T=

' 7 S a0 fd [ Y
v O. Sl o SRS © N _,_:_T-'Lt'z o R = K%

33 'ﬂ‘g_. o X o . _x . c ‘ﬁ

T 1 '
Y w % 0 o O ) = S, =
. Y . O . . T = T

0_ Q i‘%{gu@ —rz _113_ % ___:5%(53_:')_ 2(*—‘5--‘&4,&\ Yu?r —;m(‘m—;.)‘k

_*t:j—lz

e owr el = e B - Q= ws .

i
g
3
o
a
”
5
Ifa
|
<
K3
'fl
|
|
I
f
|

Ak

LS J -
oY !xigﬁ -:g,aLm'} \f“; ‘-XL{- Xy [_1+3+%‘: . Xy 1:!«.*'-«"-:1 -iﬂx.ﬂj__

2x (x+4)

-6 = Aw(xt) i{m:;) R EX VR (T f %y (:LH? xt3)

) _ S _ —i"(**a”!(*nﬂl
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So we seem to have a solution with 3xyz S(123) = -1
two- of--the-entries which don't quite-seem right:_

e\ at(%%}_é . s‘i}tfb\;[}_ﬂ}

I have however. to_check
A (Cryxexaa Lﬂa}h_ -
e anag g A=K
" (ﬁm'il wper =/
JJL == req) (1ha) = -g;{m*rq*ﬁri*;l;\_i:_* TR =T -xftm_"
| . &_\L,: -—-“i. "?: ‘f- qI- -_-_i__-}“__ﬂr*-lt— e _' . o a o B
9. Hurray, T have malle it work. The solution functions are: L N
. et - V.
30 = -G _ 34(@ =) = LE-”“RP
Bl L £ K —
S v ppﬂz%%%_ . -
|1 Loaenen)y) (o
I R Ef’?-_i%ll—i_ﬂl o R
B = | LR — o' _\
k. eaws Yoo Madnall's ol Yormw 0o Dimaoa, M Ve i _
T =~ N
T \_\\
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Conside Possibility of Making lNew Ward Null Terms-from- the veebor B -—-nF o

| AT\ V— S I
O a&u@es e

1. Here, then , are three vectors which are perpendicular to 11:

B= (DNL-02)2 [
B ¢ T —
E= 2E = e —ae2 S L
o ?:TI'G make an arbitrary VGCtDI_‘“EC_:ﬂ:l-_Q.E ;:,hi;: L B B _
- = — N S R .
" BVEENINTC R E TN EE 4 R e

For fixed Lor;*ntz inde:é,- aﬁy“vectar V" has three components as shown. VO 1is a vector

in & three dimensional space. In this space, at most two vectors can be perpendicular_ -

top ?

S Start over: these vectors are in a h-dim space. Let p, point in its direction.
o __Then there should really be three vectors perpendicular to p,'!! Te, three

independent ones. The above three don't do it because they are related:

| \ \ .
QN El =) 8 = ) Dy
3, Consider this simpler problem!: .Let n and p be two 3-dimensional vectors. Each
gxists in 3-space, Imagine p along the 2 axis. Then in principle theee are two L
_ tors in this space perp to p. However, since you only have available n and p,

—  __you capn never construct a vdetor lying outside the n-p plane. Thus, you can only
.make one vector perp to p, .  In fact, suppese n and p are vectors in N-dimensional

.. ___space. Then there are in principle N-1 vectors perp to p. BUT, you can only _
_ construct vectors in the n-p plane , so there is still only one vector perp to p
- that you can make: ———— e -
= -_"a. - PN
. (E{E"*'Et'_"';)r_ﬁ_ =0 a _a@Dapepd=o A x= -p .{TE. L
—

S STV WA P A o Sy I

Ne) * - _

Mo, s pinsnn w26 i, L
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£+ How back to :linT's"t.Hing. If we _have avail-abla n,p;, and pz_._ then Em only B
O vectors we can make lie in a 3-dim subspace ﬁﬂ the whole space, assuming N.GT.3

(H:-l}l) In t.hia auhspace, 'I:.here aré only tm vectors you can make which are perp

to Pq- The;.r _may be taken t.c: be E and D.
Someone comes along with another one, it nmst be & llnear combination

_ of these. Case in point: E; is linear combination of B, and D,-

5. Hawever, now _ lets consider mak:n.ng Ward nulls:

— [ — { ‘ = P
ik M, = vf{;‘_&i\_:"' (3 VD, = %ww'-ﬂi- washn A, do \.
o O omaiden S ey dager Roffn Yo gt wlomder

Mt = @&;{é\m@&*ﬁ;ﬂiﬁgﬁm o

mi&&&h P pea(D,D DX R o

- Of "":‘L PAQE BQ_D _"E_ C—'ULL L]? 41_'{1. fq)\ ( & b E} %!h
@) ; iﬂ“ e (8,020, )
o A e (B0 0 oyl S

Eut these fr:mr term:a are each Ward rmll and have alread)r been cnunted.

6. In fact, let me ccnsider t.wa arhitrmjr '.remrt'.nrs comhlned in th:.s ways:

R, E\. M ':E'ju; _&\_j.@x D,L. I
o Ne=sg adD,

Qe MMy —> S donst s mans) -
VN, N‘L”i‘: ) g alotad s Anath
MM Ny cnnldun e~ _
N'MULU-L."":C--—%M&-_. T ____J: L .

Gﬁﬂ: M M, M?_v * W}‘-If‘-;(,________ —

Q\Q&M-\l‘ F‘- !'"".11\1 FCE%) e, = :;_m:lul.n.k dﬁ\ml-u] wond andl !
._ﬁ . _
W’WF{« Wug_“j"*'“;; MUHLJ -




A e ~ed N D) s — MEOD ot
—— . . . R . - . ‘*_-_-_07

. Mf‘:_.ﬁlﬁ-‘;_ﬂf&ﬂ . Q;-*\_ S X — -
B = RN VN (P S B
= (uBp, m@&_w,hbu)&ugﬂ{&\ Hm\ o

(e &Q(&ﬁl)@%h ElQ) ~c. = B8R, Rd,ﬂ}%E (1)~ «:1 -

1 mw @mau = ,0.0, Up forrm <o)

—5'&% AP S Fuuﬂ el

@-\(L .

4. Conclusion: Thzee is now g{ t-D nmke any new Ir.'ard null tarma in t,h:l.g W.

can make any new vectors you want that are perp to Py 3 there are only two independent

ones which I call B and D. Any Werd mulls you try to make with three ¥ctors

. reduce to these. ) e e e - O
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_Bxpress Jim's General Vertex in my Standard Form.

O 1. Standard form refers to a list in "the n's" section somewhere. .
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me v (e oG wwli SRS
_ _;_,,... % mea (1=2) S{ammbﬁ&‘) (e Jl\'l = _
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B e s ﬂﬂﬁ N iy B
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B I O (S W T A e\ 1
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So here is an interesting fact: if you set -::-=.Elh_sn‘

t.hat. f=0, then Jim hs fértex is exa:::t.ly the same

as Harshall's except. i‘ar t.he FE ward null serm!
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O wiwTe (et ———

'ﬂi—;q_w_ﬁ_*}.__—w'_ﬁ»__&#fm S sl B M= o

—"&"—? fné(;a i-:; __TT:-—T"&T'E“S_ ST

_Ql ) - — . -
e J:_ — - _qs - - - -
() {2 L’ﬂﬂw— m_&;ﬁﬂ'—:*m S, By = OK. I
- Moral: writing the nnp terms as twr:: saparat.e terms tends to obscura the fact that

they have no singularity as n;=0. Let me write them back in Jim's form again:

T As (1.1)=0 you get (n.1)0. The first term is then sir}gular Even if 3=2, no help,
o Th; -nnl term in fact has a zero so it eannot help. The terms in “emelic" are different .
B tensors so they cannot help. R
- __ Gon";]:uég;am the nnp_ 1:.53'_1?1; in JJ.m s vertex have Slllgg__LaﬂtiES as (1,1} _D__uh:.gh are
B kinamati::- :I..E, if you assume that b and ¢ do nothing awful, the vertex terms arse .
slngular. Clearly, then , you need to add some DDB Ward null to this to get O,
o - - ,
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_ At first I thought th t now it appears to.not-be so: --a5- - —-- - -

- (1.1) = 0 you have n, = (n.1) = 0, but differende-vanishes s0-OK.. . This—erm —— -
also OK on n,=0__since f, contains a 2.2 in numerator.. So-this baby is OKIN114 - -

B e
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| o __Erosmima, DOB B(1e), Sase, - . . L _'_:___ _@%_{G_______

__"@___"_'___'[km m —-Q 1‘3_'“1\‘?"' Ay 7= (YW }LL_H) = (3) T TSQL) < =.

o »m-._(m_\? FUN@EY Ly *P(_SUL\ ~ <. B .

__-_-_-__- -1-%%(\"'?-5(1: L0 () Sn*tﬁ S(Y) ~ <.
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Pt e e S— ————
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. mmmT AN @D sgm ~c.

N Sa here is the questlnn: what is the mcr:st unain;:ular thigg you_can EEL S(12) be such. _
o that Jim's sing at n.1=0 goes awa;r" You don't want to cause sings int the  _ o

_other terms that DDB will generate, ¥hat's why you would like the least harmful  _ . _
thing here. Here is what we need

e

B 3‘“‘*‘“’*"“”’3@-31 D e, T

L= —
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_This is really my first experience with this type of thing, I expect it to fail,
—_but lets gc over what we have:

_____nlfﬁgnu added some DDB in the amount I show, you will cancel out the singularities_ .
An Jims vertex. Of course you also add otkhr terms and they probably will nowbe
——— singular, but lets forget that just for a moment of mini-glory here: if T choose .

—the DDB-term coefficient. §(12) as on the preceding page, I get some nnp terms

-which.T can_add to Jims.. The resultant non-singular complete rmp term in the
— . vertex is then: ___

- e Fa gy - Y - o .
Asd: ___D_ﬁ:'_wmt 1-}(‘(’3"13 T sl -~

T N\ 1 'T'L . . 7 T
0« \
_C‘!’k"ﬂ___{“‘ ( 2 M *-\.AT‘.U.:_ - A
8 R ' Q
aiy AN TR I el

" 2. By the 1 way, I shauld have checkad Jim s nmn term flrst becauae 1f I had had to

add some DDD, that wnuld have made a contributlun here to the nnp sector. Luckily,
however, Jim's nnn term is GK.[ OR Is IT? 1It's ok as ny=0 ie as (1.1)=0, but not
as nq=0. Cyclic it ahead and look again:

__.,-:.:C[A,_@ ()20, Oue ﬂé; f,u I,

w111 alsc repair the nther nnp terms Ew the way, cnly the the nnn and mp tarms have

prﬂblemsj ___ o
N ok ml_om%ﬂaaﬂv_ Lok W—JD o

T e ) U\N %EL;_\T
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B G 3. Now | t.hat. we have f::rund a wa:,f to "cure" the nnp terms by addlng some DDB, 1et.s
examine the other pieces of DDB and see what "damage"™ bas been done:
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d "*HTﬁm
PB4 : #Uf;mwe*tlaﬂ-lam =
TEI#—FiE#(FthE& U3¢fHE—Hﬂ)/(#T%P1-FB-Fﬂﬁﬁ“
TDL:=J1, U2+H, U3e<F2=F 1) ~N3E

TE1 =M, UT+MN. UZ+MN. UZ+P3. P:int(FEfHE#HEHF&ﬁH
TFli=M,UleN, UZ+P2. U3 N1+ (FE/N2+F3/ND E

TGl:i==N,UleN, U2eP1, U3 NR® (F1-N1+F3-NZE
. g -4
HE: =N, P2s o F LA
:=p2-C2% g A 1-};
Fa:=p2.raeczs e
FE3:=P2,P3el2.U3-P3, UZeP2. U3% gAY
TAZ:=U2, UB+P2. U1 eH2S Yo
TB2:=-UZ.J3eP3. Ul eH2E . g
TC2i=F23+ (P2-F3) . U1 (H3-H2) ~ (PE.PE-F3.P3) & .
TO2: =12, USeN. UL+ (F3-F2) ~N1§ Aoy
TE2:=N.UZ*N. U3eN, U1 #P 1. P32 NZ# (F3 N3 NI~F 1M1 b i
TF2:=N.UZeN. U3eP3, U1 N2® (F3-N3+F1-/N10F _ﬁ,_
TG2:=—N. U2eN. U3eP2. UL N3 (FE N2+F 1113 E g
M3:=N. P38 ‘
=B32-C3% *

T

F2i=P3.P2eC3E

F31r=F3.P1eU2.U1-P1.U2+P3.U1% g

TA ==U3.U1¢F3.UE*H3$ LD ‘ﬁ
TE3:=-U3,U1+P1.U2eH1% L
TC3:=F314 (P3-P1), U2+ (H1-H3) ~ (P2.P3-P1. P1>%: o g

TD3: =13, UleN, U2+ (F1-F2) »N2§ .
TEZI=N. USeN. ULeN. U2eP2, P1/N3+ (F1-N1/N1-F2 N2 NS
TF3:=N.U3eN. UL+FP1, U2 N3+ (F1-N1+F2-N2) § el

-

TE3:==N,U3eN. U1+P3. U2 N1+ (F3/N3+F2/N2) 5 gt g
P3:=—P1-P2§ '

oM RAT;

FACTOR N.F1 » M.P2;

OM GCDS

TR:=TAR1+TAR2+TA=S%
TE:=TE1+TE2+TE3%
TC:=TCLI+TC2+TCR2E
TO:=TD1+TO2+TD2%
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TF:=TF1+TF2+TF2%

i=TE1+TEE+TGE3E

INDEX U323
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LHSEB: =P3,U3+TES
LHICI=P2.U3+TCE "
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2. Assumptions. 1In this section we list a number of specific forms and g~
simplifying assumptions used in making the calculations. It will be evident 0
that most of the significant qualifications can be removed with increased care

in making the calculations and with improved data on hadroniec reactions.

(a) We assume the validity of the scaling hypothesis. In particular,
for the reaction

4+ B - C+ anything (1)
the invariant cross section approaches an asymptotic limit
djr*
ek -
By S5 = £(pg.%) @)
dp

where p_ is the transverse momentum of particle C and x is its longitudinal
momentur in units of its maximum possible value. (Specifically, x = 2p;//s,
where /5 is the total c.m. energy of the system.)

The hypothesis is on firm experimental ground for the reaction
pt+tp-~ i+ anything in the proton laboratory encrgy range 12-1500 GeV,
at least for large x (Bali et al, 1970; Ratner et al, 1971; Jacob, 1972).
Violations may exist for small %, but this kinematic range does not contri-
bute substantially to muon production. Data for kaon production is sparse.
Data for heavy target nuclei exists only for energies below 24 GeV (Allaby et
al, 1970; Eichten et al, 1972), but by analogy with the p + p — i + anything
reaction no diffuculty is expected on this account. )

(b) The particular form of f(py,x) for the reactions p + N (or 0) - -
i+ anything 1is obtained from Mason and Elbert (1973) and is discussed é—'ﬂ
elsewhere in this conference. It is perhaps worth noting that preliminary :
calculations using the simpler fits of Bali et al (1970) for the p + p reaction
yielded very similar results, with median primary proton energies about 15%
lower.

{c) We have neglected kaon contributions and the effect of heauy
primaries, pending the availability of better data.

(d) 1In considering muons arising from mesons produced after the first
collision, we have neglected pion induced interactions. 1In part, the cross
section data are not available, and in part the calculation is complicated by
pion decay. Indications are that perhaps 147 of the observed muons arise from
the meson induced parts of the cascade, about 26% from the baryon induced parts,
and the remainder from the primary collision. Our inclusion of subsequent bary-
on interactions increased the median energy of the primary protons by about L0%,
so perhaps a 6% further increase would be produced by correct inclusion of
pion effects.

(e) 1In calculating the effect of subsequent baryon interactions, we
have assumed that the cross section f{pT,x]fEc is independent of x,whéreparti-
cle C is a daughter nucleon. This assumption is roughly borne out by the
sparse data available (Jacob, 1972) and has no large effect upon the results,

(£) Muon decay has been neglected, inducing swall errors at low
energies (e.g., those of Elliot et al, 1969, and Jacklyn, 1965) and at large
zenith angles (relevant to the planned experiments of M. Bercovitch).
{g) The discussion assumes a fixed energy threshold, although in i .
reality the usual circumstance is a fixed depth. 1In the range of primary
interest Kﬂpu < 100 GeV) straggling is unimportant, while at greater depths its
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Set up a_new dp sectur basis and tables.
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Analyze the BBB term by Redu

__Q_ 1. i[ am _juﬂa;t_. experiment.ing to E‘iry:l _t.hp faat.egt ;aytn En_rr{p_utjeui_;hin:g.—a.“ I haveh

alreedy done the BBB several times, here it is again:
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-Comment_s;; _I_thirﬂc t.h:l.s methnd is best for aaveral reasnns* - -

.- O R ——— — - - -
1] yall get_am_éxplicit.r }lm_*ca:ms ;nnd;t;il-withnut E‘.iguring t.hem ocut. T
2) Birect lookup _Eir}:'i.mi;zie_s_er_'rors. S
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Analysis of the FB null tarm into irreducibles using Reduce Table Lookups.
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o 3 Now do the ppp secter compnnent.
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Analyze the Fw(1-2)3 term using Reduce Table Lookup. L
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8(12)/function Combindtions into_

irreducible cn@mm_,t-ﬁ--_
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( Attempt to see where to substitute the DBB null tensor  form, )

How do you analyze raw npp terms into terms i list?

O lt I have no t.rcuble taking a term, like nll or. n22, and an&lyzin& it into its

those basi::l compgnent.s__y_ac}_t_igt:q_ﬂ}g hst..

——— et — e — —— . — — — O — - - == — o ——

2. Maybe I dont really know what. "the list" is . In the r;gp sector there only four
terms in my list, after absorption. I guess I should examine these terms before

and ai“t.er ahsor_ptiun.
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- So there reall:,r seems to be no problem,. I f you know the irreducible fnrm, you
should know A(123) and F,(123); then you add them with factors as shown to get

what you want!
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This last one is just. slightly different. .

3. S50 here is how you dc- it:  tak e :,rnur npp t.arm of interest, reduce it tq

basics, convert those to ones in the llst then do the abave,. -
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N Th& queat.imn ia: what do we do with this thing now? This t.erm b:,r itself with it.s
coefficient -(1. 1){2 2)(3 2) will not be totally antrisyrmet.ric of course, so it
__cannot be fitted into the ahove form. I quess you reallyh want to analyze all the

four terms first:

b= ()t p « (n), x (na)r -
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So, we are for the moment "feeding“ into 3 of our "115t terma' via these A's, Notice
__that each A{123} really is an A-type function, which is a check on errors. However,

these A cnntzi@igtbcns could be cancelled by the mimed symmetry pieces, so no

conclusions yet... Keep going.
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QO @j F DI ?DfA(h-
J’Jd::’!r To get this full Q1 coe

/ e
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Q the above furm. You have Ec___;ew@mbar t.hat. under "t::.rclicl' Qo mixes into ija.n_gl Q]
and §; mixes also-into these two. So lets see what we've got in the way of Q; and
twiddle material in there:

. ___[L N X_Qﬂ-ﬁ (Q,.-k{(z 1\@ )~ (0)(3- 1_‘3) E‘-L('Li-) . %du.

- - ——— —— —_——

However, “since I am only int.erested in learning whet.her th:s.s npp term of DBB "feeds'

or "does not i‘eed“ into varmus places, maybe I can nnl:,r look at the A(23) coefficient,
. Then I get:

e — e = = e e S = . e v

TR O T A e

- _ :?g! N Sg-:-, N(30)—Ce. ﬁ_*s_ﬂ AGD) = oMa.

e ug( L= - TG svmuh * “‘3‘1“ S

i TAY1EY = T nma‘ﬁ— ((3Y+ LB 22 NG ){ - oar
\"'-—————-—-"""_—'_"“-V—

F -0 +2(2)B)

- e = -3%% + 'L(:—*-&-ﬂ‘-)_\é, 7“0

b

Cur logikec now says: _s_ipce the A(23) gece of this -::aefficient. does not vanish,
__the entire coefficitne cannot vanish because the three A(ij) o may be regarded
a‘E Trdependent. {linearly) Therefore our npp term of interest| does feed Anto the

P

L1-Ql] term of our "list", and that is what we wanted to know. No need to_compute

-

__p_lECBE of it.

5. Now let us see ii‘ there is "feed" into the S(123) term. We have:

B’*Ld—n‘i—ﬂ“ > ") Qi "Ib)_*r ey + md:.?‘“ o

___________,_

o

o a(nm - '
O————-m_LgH(Ltg)f—zm_}t = 3'“-3?- = :‘;[1‘1} I .

_ se (A H-m(x%_) =
,.,____,“.._(__ m R ;};CJ_A@QHff-@“) - o.ujr.hg
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Again we will consider the A(23) piece only. We want ‘the Qh-twid coefficient, 50 o
juat read it fo‘

et e ¢ e p— — o o - - e am e —— ——

TR e & s 00 [ ini s s 1Al
PR + Jﬂm

- .-Jl—.‘i..i'ij 2\ E2)3 2 () + 2 ) £ 2 (D
= 2 (03 1222 + 2k e | AL 5 e

_'3,&;_ —11;5__%6{_&&1]&;::1&% = = ?&g}_f_@r._-_ e
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o
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R
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So, ye conclude here t.hat. our npp of DBB term does feed into the (n21-1n2) term alsu.!

_——

6. My guess is thgt it feads into all four of those terms. I have calculated for
- sure (modulo algebraic errors) that it feeds into two of them. My inclination
now is to replace the (n21-1n2) term with the DBB so I can see quickly that we
are 20 in 20,
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Question: What blocks you from always doing everything "in irreduciblest?

—_ e, m— —— e c—— P T = a— —— —— — —— - -——

_ 0 1. After 11, you start with them, then you embed, then in effect you split them
up again. Why bbbher with the embedding in the first plage”_

- ————

&er___ 2. Eg, consider the liat nf 22 n~term tensar forms (irreduclble forms). Suppuse you

_gave each of these guys a coefficient function. For example, you would have:

F OICO N [ O A D A 0] M
. - ,’1m\,+ () (m32) F (1) + ';;Z% -

———— it i = == —— i — S ———— et i e —— ——

The "mixed pair" entlty here is really a single amplitude , tatally antisymmetric,

If you are classifying terms or whatevar, you will never get (n32)} in a thing

like this without i its partner! Because you are alwayf_daaling_a;cplusively with

__terms that are totally antiaymmatria- Sa_yhy-bother to carry aroudd extra functions!

t’, Example: Suppose I go and analyze the DDD.A(123) term in its npp sector. I find i
that it can be fitted into the above coefficients like so:

g Koy =(3 AG - -GaGaims, T4
RS HCDY -&é@t‘s}_[ﬁu R !?)"I )'i

— I
. DO, A AGS) = Ay (- ﬁﬂl\’s -+ Y_iﬁ_” (my —p| =

Thus, the EDD term hits on these two amplitudés of the npp sector. Of course it

hits on amplitudes in other sectors also, S5till, if you wanted you could replace

PR S ——

__the {ﬁaz}rj (nﬂE)z pair with the DDD term!

UMV — e
3. Consider the effect on the Ward dnttlng process of requlng one of these terms

instead of the other. If you have the (n32)_ left over your Ward will say:

O i T R R |

i e e — ¥ L""i .
= A { (3 aM3 E%w\’&m%{s-h)l\} EITITY VS %S D—
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How wauld you dot tha nther term?

,0 _ 1d you
) B 5 [ B (ﬂnfaz} @1 e a -__“__ *_ﬁ Tt

= 232+ 3\ | G ()% smelic] o
- --____'f__i I3z '*11 @ i L B .

PR — = e s

If yuu blindly du this (as I have been doing) by uslng the cyclic form. 1ts just

real mess because you have to go look up {123}Fb matrix elements and so on. The
e first fcrm 15 - propably much easier:

— —— e e —

W~ & v oy, |
SOk SRS A R—— i
"_“E_*m% { R - SF =S SR P N
= R -E"-'\'S (23)~ T (32 =221 Gn)i *SB ﬁ,i'ﬂ"; Qi 1«) -—“:)%_(_"J \)?

! 5 1 dont even know what thls meansl o o

o T . — —— —-

& SG. restate thiﬁ. thﬂ tensurs (n32} ; and {H}E} » occur in the vertex unlx; in

—_—

~—acertaimr combination! We-enalysethe DDD tenser-and-wefinds+ — -

————

SR S — ﬁw—m%(—bhe-ﬂ-p&ér—ﬁemﬁ:ﬁ&biﬁn}r

) Ghviﬂusly this is yﬂur=gc1dan opportunity to get rid of that pair combination
entirely! Who needs it?! When you start putting such pair—combination tensors

into the 33 dct, it seems that the gingle entity gets fractured intc two entities -

Hhich you must-then track both of.




_g- 1 A.mi what. is t,he bsst wa:.r t-ochﬂracterize it/? Ha need efficlenl:.y heered

DD = L= ey e t}_L aowlenP @]

1L 5

.-"‘_.:_"T_::--.::. e . ——— - e e

= 113 %‘g}tﬂjﬁ"&)} -’r uehe, e e

L Se mgekm_.jm Tt~ ol

__ Suppose I were to fractinnat.a this thing nght. hare and_ncrw Treat the bracket
as an Sfﬂj} object. Then: :

:i:f::tLﬁ@gz@@x+mm$11§§a;ﬁwax+aasg T
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g s =

2. Iiin_gs_i_t_e* _ _]-re___wlvgmw t.hat. 'c.he tensor form DDD is S-type. Therefore its projection
__ into and sector must also be S. We could have known that at the start. Thus I needed

only compute the S-row of the Clebsch equation.

But I didnt think of it so I did it out.

and then x3 because cyclic just copies original twice.

First., I [ note th&t. unly the ﬁ. and S .
survive syclic; then I found that A=O. Externsl factor is ,}[35"}_ as shown at the start

T Zagpl D0y = ESE, Gede |
3 T osey, e T N
“_' 1 T3 “sjz_ﬁ;:(mm _____ -

J I
Ip\m.n.pj.l‘ r
"X
]

<"+‘\PF.’\J_D_D.‘D>:_‘. L'S_(@sﬁ@s ""t SR, (W), + ?W‘*‘“{l o

This then is the precise andwer to our original questiﬂn a :Lt. t.alls ;,rau :L‘rltu exactly

E ﬂ:hihc_h of those 22 12 npp terms DDD overlaps. o
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B 3. Lets push this some mares {npp/DDQ) just 4 t.ells ynu hnmuxk the npp terms

_Q__is_rzny_ _ If DDD appears with coefficient A(123), then just multiply that in: —
_Nea D = Etﬁuﬂﬁ Stﬁi@@a TA@E‘: S{&&)ﬁg (C N

—n

- . — T - R
e @_S“(?.b}ti (“t% e e e e e
T Ve A ] = KA scesﬂ T

= (%l[* (\3) +(13) + (1v5) -U'bl-}y‘_&utgjs(?.i\h\

o :-@*1 (115\ ('ﬁ' ti—[\*ﬁ —(29) + (I :ﬁ LtaL} lg(‘t’-’j S
. W
S o S
e = =~ ﬁ{hl!}\ 8(13‘)'. o o
O 5 [ a@pos 2% i ASEE (s . o
L4+ TA Se)T (v, Wx\ SON (m) o
= _ A = LASGRD [
e STEASRY, ] |
= A+ = SISENS@ AW
o '_ = ewled i L2 a3 (AR el )
) __So yes, ;n;ﬂ could bhe gmbedde-:d in jl_m FE;:M e #x n23 gystem. But that seems E_ju;il_;.m;ﬂr_ __
— the xexwxx issue. The result on the past page in terms of irreducibles is clearer.
— - You.can replace. gne_ of forms appearing by the DDD _object.




_ &_nﬂ_Ermiwn,Ana.JJsis_ of the BBB term.

. A P ;h;nk_yriiing in gylcic pﬂtatian is uﬁgful here. Thare are 8 terms in BBB, _
——. .all of the ppp class. You write them_out and you find:

L BRR= }%1(23\'-311) - o
s H* R ;] . i"z% 20 A:‘E L

.The first term is_ at once irreducible. The 0ther terms reqpire m&nimal work. Here

R is the first of the second two terms:

___f.'z{ké?_ _‘.lla: _Gr.%_\mw_(tm% S‘_%._Smmﬁ mﬁtj_m.&hl o s w %ﬁ))
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iﬁ_ﬁ )s("tHELQJ_l,i hﬂ_ﬁ&q 4 \4,_2‘1&1,: _ﬂlﬂ\&ﬂ;(in\ - P\T
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X _____:_L%ijaw_?;l _ J?I[*fl Yo (200, 4?4, L e

_i;_@.aﬂ#m\a ﬂjgca@&.u\; 41__ o
8
20 A —T_I&g 20, l
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2. So here. mthuut having done toc much HDI'kl we have a complete ana]_.;,r_ais into _
irreducibles of the BEB term:

B i :

R = Gt T
N IR T I o W S

B CT) M % (C M Y I
N o T S GV YN =Y Vo, N G W

o B 8 i) (T TN S

3, Conclusion: the BBB term overlaps into 5 of the 10 tensors on my list. ( A

. .pair now counts as_one tensor because in the vertex that is true. ) Last time thru

.. I _replsced term 1, with BBB, but I think I should have used this opportunity
oo to get rid of a pair! = __

e e _




- — _. __ A new fraction sis of the null

-

0_ — : e em f e

1, Just do this in the same way_as you did the BEB.

o 3(31) A <. S »
R _____-__T__'i E T -3 N P L N AU
Seby = L0 g 20 a0 V] = w2 B 4G 3) a(n))+x(23)
= .
1 think we are forced to do a complete analysis of this FB object. Well, 5(12) has

R _.,_,a_.ILS and & 1 p:l.ecs. Wa will Clebsch this with FB and lock only at the a-line. Here
S(12) plays the role of g. There is a g, and a gy. This means we will gfﬂf_l"ﬁ_)a_

and (FB),, only. Our answer will then be:

3&3 (9o 300+ LEB). 302, - gli

2, So, J.ets take aach uf t.he fm.'lr terms in FB and E 1:- t-hair a—-line and 2-line.

Start with the third term since looks easy: )

Q 4—2(_11"& - -\ (%\E-‘r@)l_t_(%‘ﬂ_ (), + C&\?-‘}R-'r () + (2\1) _T_ B

o i”ﬁ@ﬂ\ + (B, (s + (2, (. + (B, (219),+¢) +ﬂj*}),_(£1?«ii&t..__

L cfém___ I R CN RN PR CH AR Y

- et
= .i_q;zf\x}i(mﬂ +(ﬂ (). +£~s3 (m\.ﬁﬂm (218 +&+ (¥ L(zts)ﬁfi

L a _Z‘mf_*;,‘, 5_(3._135_@ ' + LI.Q 1 ('E:,"‘ 1.“ l;x +3 E?.L‘-) d.E

[ e -




L Gr:u back and Re-analyze the non-n sector stuff with the idea nf tr:,-in,g always to o
C:, knock out Eairs with the ward null terms. o S

1, Hot.ivat.inn I know t.he answer 'Lhere so I can watch Hhat. effact thls has

e ._..2, Here 1s our starting list: e

e x Jew, ) @ipl |l FEPQLTQ]?
. @WA - 4?@_\5; (an)r ] & | Q.. Q. N
-_'_"_ @30 B T T
@3 &% @l [ L+ TR R T

B A D PN {150 S 4 WL S AT o

c5 There are i‘nur pair—‘t.enscrs in here, and t.here1m,ll be fﬂlJI‘ Hard nul-lnciégreé;a. Maybe
I can knock r:rut- all the pairs! Lets try it.

(a2DA

3. Now lets look at the BBB anslysis one more time. i _

- — — = I




Now merge these new terms into the starting list. ______ i o

o 1. Here is the starting list: = ) e e

R L0y - P e

| ™ |
LR ARy T T

B SOB)

o _m_-_hm‘jbi_ qf\ (1’133 S - T T
e <
6 s\wy o , L
L ;ibr-ﬁﬁm -
= o L
"G —
a _ i




S

Restatement of t.he._ FB anr:l F[l-E) anal:,rsea in t.erma of 5(23)

e T

ingh

B 1. Use the table just made to get t.hese things:

CF RSO0+ eqatic * ‘ T

—_— _———— e s —_— = —_— f— —_—— —— e — -—

- - - -

% (--— { ﬂﬂfﬁ-&-an 425 *15 +’l~1§
oy

(: ! + S il““g*ﬂ***é ‘-ht—!r‘qu-hi + S iu@a 134;'1% —-?.t i] L
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“+ G'_ . (_' {JE\ QS iﬁi%fﬁiﬁ-fﬂz"ﬁrgl —2‘#1&-&'31. -\:%31 - SJ-E 53&1‘331

R N ‘
B 8] et |

. ‘ *813_ Y- —Yr ~4.- -Kx- ?_3-1?-1 +S i“‘j**“&“&- "rt,a*-i‘l i} g

9 Al Q (@1‘5 i‘-&‘r-- 3i+ Si‘é{*‘*‘jﬁ *Sﬁgjﬁtﬂl _tv

1”

e ) [T R3] +9 iw*il
N (e« SRzt
_ ab\_ I Voo
L

I hhve made some errors of putting 2's in the wrong way. But pause to figure Dut.:
b, what are you going to do‘with this thing???77?

- asy ay



*
- - e T e - —— — e ey == T e i — i —— =

i 0 2. Actually, ‘there are two separate Ward null terms you can write like-th15.

. FNSSURRE— —

- EEE lFE'Z: 3{_\1\-&- ':13- F%[S Q\S‘I-‘r%

- - - -

- - : ..Ci:%:'.'-:h‘-__:_ga_ - 5
* ES‘. X.‘FLGE’)A,* Eamw'\ww?g B} 2. )
Ie, you can consider thege two terms Pmpletely separ_at.el:,r; eaf.:h is a tqtall}_r fmt.i
symmetric ward null tensor. Each term "feeds™ into all 8 terms on the previous

page. A similar:statement can be made about the FB(1-2) term, except that one fe
feeds only into four terms. Lets consider these together, schematically ; '

il

FRIS) — E?u 26 M M, v LG, 4 QR

Corels] o La Tl 2 Ty +*Lk *Gf%wu

0 SO I S +/E&{/ ° "3‘°G_l _ :
TCIO T TR SIS S 5

So this is our "feed 1list™ to these terms.

- EE

3. Comment: Notice that F( 1:2)5$ does not feed into 3_3‘3(:12. Why not.F‘a B;cause ‘the
Ss o‘l:':,ject. does not appear there. In general, if there are multiplying fu.m;tian%
you seem to get all components in a given term; but if there are no multiplying
functions you have to be careful because you might only get s and not the 35,5

172
grnupliing:. Or vice versa. Thus see lists of feed above,

L. Hell I would like to replace the four irreducibles slashed in pentil with the
f:nur F-related terms. To reall;r,r chack the possiblitiy I have to face up to the
“feedback problem" which is this: each time you have to project into the new list!
CTh - ‘mey, in other warda, ot be pﬂssible to sliminate things you thought-you could.
b This is all discussed clearly in-the "spi:nllwer theorem" section.
But suppose we just assume you can do it probahlltli&s are with Fou.



™
a =W d )
-1 - .
gy~ - Then 4n #2fect you are_ using the ¥ replacements to kill off both those -- ull four _ __.
~ mixed terms. Now use ‘the other ward null, the BBEB, to kill off some ether term _ _
~ of your choice, Of course it has” to be something that at least appears in BBB;
_ Alets take ‘the Gy. Then we are down to this: e e e
S S o e
. TR _ . i
. UL r . - S . .
5 11 4 3 - - A e L - o
) T 00 SO0 + w4y O_ L - o
* L AQY) SR O . .
vl ) ¥ Ly ALY () .
+ LAWY €0 . .
4 o Bl (),
T_iMa__n_d_; I thought I was going to vome up with a "hetter” list for the non-n L
sector. My plane was to always eliminate the mixed pair terms and work with .
O _ Ireeducibles. o - _ = e T
. Now after 8 hours work that just seems not to pay off. I already have the best
non-n list_possible, I think. ;
} - Ed
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(all classes considered, momentum conservation igncrad}

~— —Make Up A Complete Sef of tensor forms for the n-terms, e _

-

o _ 1. r guess I will try and duplicate my previous m&t.hnd ie, ignr::r'e momentum

conservation and make all forms, then impose it and see what _is independent.

2, i'jnk clasa . ThlE seems pretty slmple. These objects haﬁ the same symmetry
as the objects o jk so I can read off the (d 33] table to get:

o m%@m_‘&i_‘aﬂ.,‘gf‘ﬁ _____ _
L :

b B 7 VS T C M ey
B T ',,._--__'-E\j%ﬁ;:'— £ S

3. N'n'l“ triple-n class. Also simple. '

f :g—_(mmm) _E__“_m — _MMTQMW_____

L. The d-:t:uhla—n class. * The raw-terms are like nnp; and hava the same symmetry
as j;_he deltas. You can think of m 1'1'j as d | symtriwiss, So here we are:

_T_og.aﬁw. Mﬂ}mﬁx}_ Mmr.mhj ..... Aws wa.

W;__Lm\\a_ fmn,(\ )+ _@-ﬁ‘\_'n.‘v_w.@*l\x______ \
N o o \om

(vl s = mm.(t-tth + . ﬁ~+3\\:_&+ll_w o s
_ :_ B ?‘m’\\ = Qdawn (11-_!5_—- (1-;3")4':1:\'& P %{3+h)1_--_ H_—J:__

e L (wnd), = j[(*lﬂjjwm — "VL(_E'\"IL)ZL%J&—_-_. . .

o fu LD T G |3 o

COamt)y = L =) = 2=3)Mn — w3\

"‘(”'W"h&- a4 m2wm A A

_— ¢ o _

o (30 = Tl m2n |3
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O 5. By the way, I am starting to write pairs in a standard nntat.:.on n like so:
- o T - - 1-_ - /- o - M
F; =[24-B-C]. - . 1 S
I é 't B - cr] SQRT(3)y— — ~ "7 ° {5
— — S — g — & frer _.i_ b T N — —_—
_ e ———— d e i
|l <F < [B-clswr®) |
T f2-A-— B~ c.] — - — _
6. Now on to the npp terH“:H“_This_ééfééary seems to be essentially new and requuires o
" some work. The raw terms are easy 'I:.o list off, there are 27 of them:
- nl1,n12,n13,n21,022,123,031,n32,133  and 9 with n in the middle
i and 9 with n on the right. )

Here are the effe.ct.s ::-f permutation oparators on these things:

i_ S R _U.-'s.:lw-______{_@.'_ Wy __{m—}m_— "” —“:
Tl od | Bw e ma @mew
T R U . ™ N T " S

T23 | a3 md B | mas o Ams e 3
N T S N N C W S S T
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Application of Momentum Conservation to.the npp class. -

. o 1. First, hnw mﬁ-‘-”.‘:" independent tensefr forms of dﬁfimt& s}ﬂmetrgr do we expe ete T T

il nl2 n21 n22/ Inl 1n2 201 202 / 1ln 120 2In 22n

Slnce there me 12 independent rag forms, we s;xpect. 12 1ndependent tensors of

_definite symmetry. Thus each tensor is now a lE-componﬁnt vectori? Get ready REDUCE! )
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. Appky Momentum Conservation to-the Other Three Classes of n-Terms. .
_Q 1; First; the. tripl.e-—n class. Hmmhmmﬂwmm_au nnn.
_ .  The term is in a class by itself., __

—— -2. Now.the delta-n class.. J!.gain n.ﬂ_p_i_&pp&aLﬂﬂ_SL.a}[E_ﬂaﬁ_._ls,'n - I
—_— — 3, The mp_clasa._ﬁake_a_*.te.ni.ﬂr..t.able_and_dn_j_t.____ S
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- L. So, we now know exactly what independent tensors we are dealing with.
Lets try to make a complet list using some kind of reasonable notation :

R (e o
3w RS CGEY, L o
T e
- . - \ . m\r ._E{ W - J,;’)_a
e ooonps@ob: (milg S Wy @AY . —
e e T et I

P T (ST NI
(s Loy Uy
ows o ) N
oy See)r _

O S R Y -
S ‘t.\:\ . \ '

All in all, amonp the n-terms we are able to construet: - g P H_

& Symmetric tensor forms S } S

2 Antisymmetric tensor forms B
7 Mixed Pairs. o f L
— reme—— T & P i S — S - - ra ..l P S

T s

. L i,c._%ﬁ‘ﬂ_'l)l_ 50111‘3n N
— cnzu ey atcm . -

> B — =
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= 5. This concept csf "absnrp‘tic-n“ alla'.vs you t.t.': "absnrb“ all t_he m:.xed symmatr:.r
terms into the 5 ‘and A terms 1n a certain way. The key to this is shawn on page i
7 of thg_gj nntas:__ ) o
Ti f2 partners = (first two terms in T added) f, + cyclic _
o L - o £ - partners = (first term - aecund term T} f + eyclic )
By gen&ralizin&_f QEupg_an arbitrar?‘ﬁ(lz} type functinn, you 1nn1ude T
By generalizing f; to be an arbitrary S(12) type function , you include T_.

e e A AT 3. AR, 8. B o e - -

CT i T e A ——

6 So allowlng for all the absorbtion, here is a shorter list of general n-terms vertex:

o mmm x AGBY R Y

- W T i
o I PR W %_j / .

s wam(;l} % S0y«

_(,\_WL’L'l‘\*\hl)MQJ_ub_
G S Y e (T \\ o -

S G TR B 3 Y G o o
s (=S, (8 « w%s-_iffr: ) _ B Fff_'
— This w_for. the general n-terms vortex. Probably we will medify it to make

- MWard nulls fit nicely, but we Mvwwjﬁmﬂljhis_mh_m —_—
— atﬂgahfunﬂtlﬂnﬂ_iﬂ.ihﬂrﬂ Compare to 6 functions for the non-n-terms vertex.

n — - T




Construction of Ward Mull terms .

involving n.

Ga.=_ __(.1 w-g ="

ThlB t.hing is unl:,r }erp tu one momenta, ‘b‘ut. it. eats up two_ 1ndices
a By type thing you cannot meke it so each term of the cyclic is perp to 33. So

.. lets not use this.

1,

B

1. We knmn' all t.he ward nulls that have no n's. The J.dea here is to make up some
g[:-_j_ect.s like the Flg _thing and vectors like the B thing and piece th t.hem together.

. G;':‘L =

_;1#(1‘_1-.__"—' o

Thus, even mfﬁ"‘“\

L"_"_

2. H_e_can make some ve:_:;:-._grq _}ilr-:":-;ere: o -
~3.- e S
. ___m_ O Y= (e 'Dit
I e T T *D;";\:-o_ |
I IV R Y Y I 5 T

_ - -’ FuD. 5)3 s Mu\ < %L"\Lﬂ.

V(v _ -3 DF.E?D,._%___

I OES % AQ)

Wt ]

| D, D&, % SO « :1*-.12&_

SR
= WM;\ALH_ B )

_IJ_\_&L%_’L_MBJ_"\' %ﬁlﬂ-

éo here are fﬂur new Hard Trans'varse terms, ‘which me. means we now have a t.ot.al r::-f 6 o o
_ _of them. Hopefully this isu_al_l_ there are, we sha].l evantuall;r find out.
3. Now the prnblem is one of recaﬁt.lng the generﬂl form of the vertex intu a o

form that somehow includes these gUys;

series of spillover manoevres.




LA,

~Inseprtion- of Ward Transverse terms dinte- our standard form.

Q 1. Since we are going t ta hs.va 1ots of ssE:_i._lllzn.ﬂar't we shuuld me-.r exactlg what. all our
terms are at any given time, both n and non-n terms. Here is a sterting listl:

WVWhas@wee . T o .

T (A2 Sy xe T R | o

AL Al I

_ v REE s R o
. ¥FAW e Te ' .

3O SO *e. T, -

N I___Ewwmj AG) _Td—? DOD. AG123) § _+ R
o B E- L T ._.Tgl—v ED A~ <, "

_____ w3 A~ T - -

I P Y N Te\™ ODR-SGY) + .

R (TR YN O T j_ -
. & o ) ™ N Y

_ era)AW s T, A0RRAR) mmmﬁ
B\ IR ) T S r /2 M,wm TR
(iL=n1) S}

--_ (2 ~_Y“1> SOt Q .__IH-]‘E_:E Aoniste o MH‘}OI Y lE

_-_ A rather ext.ensive list. . I have not, buthered ti give functions ‘names since we are
__Just doing overlap. . e L .
’6 2 Lets first consider the ]}DD term since this is the cmly tarm which tontains
" nnn. (the only Ward mull that I know of). Expand to find that: B



O _Dﬁbba _,(m m:;.(mmalh_a_f“*’ U .

) _+ Qﬁ ‘3-)(_ v (22 L

B R T W

+ (w 7-3("n DAY . Q) e /%2

,ﬁ_",f_ikhﬁi;umhtg 5) 'ILELWx ,._%_]§ ;lﬂm+; Aﬂdu_

It is at once cle&r that this term overlaps 1nto Tq,'l‘g and-T? it is nut_gpiﬁg_glgg;

what to do with the 777 term. _

__Perhaps'1 should not WOrry . Ghviously this is a single-n term, ie, an npp ter,

and since we claim to have a complete basis for such terms, it must somehow be .

absorbed inte T, through T, . Exactly how it is absorbed is not important {alhhough

_ . it would be esthetically nice to check to make sure it is abscrbable). I will save -
this for an appendix maybe and get on with it. L R
So we simple replace the nnn term by this DDD term. The overlaps into terms =

_3,9,7,11,12,13,1), simply redefine those functions (hecne a good reasson not to
__give them names yet!). Indicate this on the page:

3. Lets redo the above absorption more schematically We had:

DD = nnn + nnp + npp + ppp

Since our basis is complete, we know we can absorb each of these terms somewhere.

We see clearly that term ' T? is in thare as the nnn, so we can replace that term.

L. Now lets try the same schematic idea withs

—wn * —_——-——.—h— vavava
DDE = nnp + npp + PPP

"Again we know that each term can be absorbed somewhere. We have not changad our

original 'mnp absorption. capability' or that for.npp.or ppp. So far we have only -

fiddled with the non. Now, since no further nnp &erms will arise from later

Ward null terms, we would like to put this DDB intc an nnp, But now we need more L

one of them, then we can rePlace that one. s

S T —— A —
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-ﬁ_ 5. Here is the explicit nnp piece of the DDB term: e o -

d J“_ﬁ'ﬁ(\-\-?—)‘i—“ﬁ“(ﬁ iﬂ
_____Limmhﬁﬁuww(btn B

L\ DI&E t) G- 1)
=~ ey (3

= o E0NEN G A g, L L _________;_

e (050 RO QA3 w4 () (e [ e

Glearl:,r this DDB term's nnp piece feeds into both T and T, _ ;o we could replace

either of those by the DDB. There would be apillmrer in the npp and ppp classes

which is just fine. I will chnnse to kill T10, but may later decide on T9 to k:ill

6. Now here are hw the remaining two terms Looks:

FD = dlzx_ij +El23? + Z_ij + 21n

DEB..—.-npp+ppp - -

T can substitute F D for either d 0> =T, or d'23 = 15. I have no idea which

way is more efficient, so I will kill the T8 on grounds that it leaves a term I
have already considered once in nom-n Ward analysls. Mark it in red.

7. That leaves us with only one more ward null to incporporat.e. Lets do an npp _
analysis of t.his term and then try to stuff this in the slot of one of our npp terms.

L{M?.HW‘}* h'ﬂ- -\m\ - d""(“ﬁﬂ};"l‘“‘("‘:‘-‘]n Ja +g(2), +4)s )+ m}
O w3 e -2m) = (e g(nit), i) “‘{&” S
.‘_Ru'.-r'ml‘]-ti(mu—m.) _= LT ST . S

__ ~ Qo) u{% W @]
. Lpanuﬁﬁ_ﬁr‘
A ) ) )

This is a diffl-::ult prublem t.u see exactly which npp t.erma this analyses into. I
think I will just guess that. it. goes into all of them S0 _you can replace any one

you want. Tiiis is very d.anger:ms to assume and later I will have to come back

and make sure. This will remain as the one loop hole in my arguement.
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S. Su assuming that: o
o a] the starting list on page 1 is a ccmplet.e set fur evarything
b) my DBB choice was OK
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9. I count. 22 functions of dafinit.e symmetry i.n th_ls 1131; ( 'Fx3+1=22 } If there

are to be no more ward null terma, there had better be(E?Dirdapﬂmient Equat.icns - T_




%

- 5__.-
_Appendix A: (’_\J_t&_uﬂ-s)_; ok Somt amywe Sr

0 1. Our goal here is to analyze the term "{nzt?—l?l)s_(l'ﬂ_}f cyelic into pieces which

agppear in our list of terms. My first thought on this is to analyze this thing by

symmetry. Rather than maka a 1ong matrix inrersion problem, you can easzly anslyse

the tensor as follows:

(nEE—lnl) is 1like a n A(12) object, thus it has only a and 2 pieces. So apply the
X, and X, prajectors to see what these pieces are. Look up in talbe les to see

that (n22) = -(1nl), and similarly for the 22 projection. Thus, you got it.

So you only need comnuta thesa pleces. Here is what I find:

Next remember that nnly the s and a pieces of something aurvive cyclieization.

(m22 ~ \m),ﬁéti{?)_:t- (S

o R S @;@—

So here is what seems to-happen:

" £ = : - = f - or,.
—)= (e &= —Or0y « (muy, ¢ S@),

-___(‘ml'l—lm.ﬂ“ 3(&\ “+ ¢

- mi_acm e

JM“:

You can say that the (n22-1n1) term "fits" into the (nzl-lnz} term, except yuu have

this extra piece left over which must be stokered somewhere.

— = rwm

Now cnnaider.
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Status:

o 1. I have & tentative list of 8 terms ( with 22 functions) .'!E‘c.r_r:_g general form
_of the vertex. However, I know that the Ward ident.itj_r can give at most 20

..___equations. This seems to imply that there are at least 2 degrees of float,
—_____ _This in turn implies that there are at least 2 degrees worth of Ward nulls that o

I don't know about!! This certainly would be more interesting than having it
come out like it did in the non-n sector: all the ward nulls were obvious. _

non-n irreducible components 1

e EnP =6 -
pp_ =8
L n-term irreducible components 22 L _-
B Lom=1 — ) -
— Bt =3 - e
— o _mop-=$ . _ L

_npp = 12

total irreducible comp's 36

- - - aniiﬂjarfi Hqu_dEgrees: - 1 ' T T T e
remaining components: S 29 -

_Ward identity: 20 equations mex  J

. ®
There is a ward null hidden somewhere!!1!1!111111] WAl
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__ Dat 33 ‘ontg n-terms in the list (the last four terms). e

:! 1. I have-already dotted and fractionated all-terms-in the non-n seeter, 60 debs -————
- - —-- do-the detting for-the n-sector. s

——-— - 2. First termt - -— -— - -= - /-———————— .
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o = pecad e, ) e
I do not like the way this term has scattered itself lnto ? of the lD possible _

That means the next two terms are going to be equally messy.

i equations. )

L. This is going to be a nlghtmare! There_yill be tco much cross-coupling between
ion systems. I wonder if I should not have tried to kill these npp =~
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(contimation of dntting prcu::ess on the four n-t&_r@s)
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6. Term number three: _
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o)~ LAE{?“) + A-;(uil-"r (y~2) S(\2) + 253(3‘) “:le@?') o /Y
22) :(?,«*n) YA; (Ié.j *AL(;\J ~Ay (_iaﬂ ~A, L‘?:?-.) 4+ S, Q;L} -3, _(z 3) i /S
8) B+ x@-a) Su(1) - (yx) Al + (2-y) Sa (). ../ Vo
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This is the complete LHS of the Ward Identity, prim.r to pair symmetrizing which
will be done soon, Terms in red are the old ones arlsing from the non-n terms.
. Terms in black are all from n-tensors. _



Construction of the RHS Ward.

_Q 1. We are about to cnnstruct. ell the Ward equations; it would be nice to know _
the RHS now rather than later: ) o
@ﬁmmﬁ‘u m.qw._m.t GNA-WQGJJAMT:; R
B MY O AN S A Y0 (S S
)¢ A W Y I
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) Hm.' we have to break each of these RHS terms into its symmetry pieces.
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Processing of the Full Chart.

o /1) Regard the (12) equation as telling you what ¥ is.

V' 2) Replace (d) by: (d)* = (d) + x(21)

J 3) Regard (21) as tellin you what S is.

~/£+) Replace (11) by¥ (11} = -(y+2) ¢ (11). Compute area L.

V' 5) Replace (22) by:  (22)' = —(y+2) C* (22). Compute area 5.

J/ 6) Regard (mn) as telling you what J is.

/) Replace (1n) by:  (1n)'= [ (y+2)/n,] ¢* (1n)  Compute in area 7.

J &) Replace (n2) by: (n2)' = [(y+2)/n,] € (n2)  Compute in area 8.
O J 9) Replace (In)' by: (In)" = (ln)-'+ (nn)

J 10) Replace (n2)* by: (n2)"=(n2)" + (mn)

##%%% make new chart *sxex O, [TRFLH]

/11} Replace (11)*' by (11)" =E%'1r)§_'] + (d") (y+e)

C (yte

/'12) Replace (22)* by (22)" = (22)' F (H)*
OF (o

J 13) Regard (d)' as telling you what R is.

/ 11,) Replace (1n)" by (In)*'' = (1n)* X (ng/(y+2)]

/ 15) Replace (n2)" by (n2)"" = (n2)" X [ny/(y+2)]

*x¥xxn% make new chart *x#wx [',TKLI""‘L AAQ fwuﬂ.m{c 3?/*‘3
O )
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Second Processing of the Chart,

0

—

Ll

L-

M

1) Apply #(C*+C7) to (22)" and replace that row with the result:

EHs -

‘h- (éﬂ-:‘) (-"' o l)E

Towed,

— Rl

£ (&+C) Loy ~ewy]

Cell this row Now multiply this by ¢* and call that row b.
Multiply & by C and call that row c:

!!a'l“l .

© < HE 1:,-11;3L J% -3 T(T+) To@) - @)
- . * N
O T 30 ﬂ)(ﬂ;ﬂi HJ/?;" -3 (TG ~ed))

o Now compute this combinaticn:
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e e e e e i e

Now the idea is to add this_mess to Row 1 of the chart, thus calcelling the T
coefficient. We thdg regard )"a" above as telling us wha Our problem is

now to compute up and simplify the new first row, then make a@ Sﬂﬁ.@
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o Third Chart PTDCQEEB!E

1. With the overlap I am now down to three variables. The duplication of information
in the L and M columns suggests to me that I really whould convert to L+M and L-M

as variables since this will ayxput three big fat zeros in the chart for no work!!!

I also find that K-L is a nice replacement for K because it simplifies that messy

K entry in the first row, and doesn't complicate the other rows much.

2. Notice by the way that b, the Ward function, no longer appears'in our dynamic
equations. Of course it gets fed in by the kinematic sleeper equations that we

have memoved.

3. Here is how you comvert columns to sum and difference. :

L [ W L-M Lt+M
—3
~ b T (a-b) t(axk)

t:’ | : (15w},%}~ kﬁ;+@¥“;\

omd. Samd.
-
o \ b %(’"\'3 =

NO, not correct. You camnot replace K by K-L in this way because aK+bL # #(a-b)(K-L).
Just leave the K column the way it was.

L. Check results visually, red checks. Notice that, for the first three entries,

in the L-M column } the difference just duplicates L. And in the L+M column you

get O for these entreis. The last two entries do out by hand. (attached) See on back.
This is the second overlay.

5. Third overlay: add row three to row four; add row 2 to row 5. Reason: makes the
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what can you learn from the (n1) and (2n) equations/? - o

idetrack:

o 1. These eauatiﬂns were never modified from the very beginmng, t.he;.r were just

__ ___ carried along with each manipulation of the other rows. When you go to_the I4M
_ _and I-M varisbles, you could tell right from the start that you were going to

get these simple equations.: ) i _ o L
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- the_ﬁmcia_unl(_l@“%m_gg_he_nhat is given abovel If a solution exists,..
then this must _be K.._ If other equations vinlate this, then there is no solution . ___
—  sterting from my-starting point. . B - .
— : But this is.truly a real mess. I guess I have a poor choice of basis, but.
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The general Ward-Null Problem: , Reverse Trace starting with K=0.

1. In section called "Sidetrack™, I found that, by studying only equations (nl) and
(2n), that ¢=0 implies K=0. (Ward null of course). Lets take it backwards from these
and see what gives.

2. Obviously from the same equstions you may conclude that (I-M)=0, actually see the
final overlay for quick view of why this is true. In fact, any of those equations
on the last overlay tell you this, but ezpecially the (nl) and (2n) equations (either
one) becuase they contain invertible operators! Or look on first page of sidetrack.

I have solved exactly for (I-M)R there, and if c=0 and K=0, then (IL-M)= 0, no

doubt about it! )

3. Now undo the fourth overlay. Since the operator in the L+M column is invertable
in the last twoe rows ( I actually solved this in fourth process section_ ), you may
conclude thet I+M = O also.

So far;#eersis E=L=M=0 for the Ward Null

4. Now look at top of "second process". Since K,L,M=0 and c¢=0 and b=0, conclude that
T=0 also!
#exxx K L M,T = 0

5. Now just lock atht eh TRKIM chart. Any of the first three rows tells you
that R=0. wxxxx " K, LM, T,R = 0
6. Finally go back to the original chart. Second row tells you V=0. Third
row tells you that S=0.

e * K,L,HjTjR,?‘S = ﬂ &nd. 'J=G frDm tlhe 5'|:--ElI'tu [ 1&5‘!} I'OWea

— - B

Conclusion: If the RES of the Ward is mull, ( ie, if b=0 and c=0), then the only

solution of the Ward given my starting point is: everything zero. Ie, there are
no hidden solutions.
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Write down the IH Sides .of each of the 20 Ward equations. — =

.-1. Later I can put in the RHS.'s,__c-r if looking for ward null's can jusL,seﬂ:L

c—— RHS =0 for all ferms.. — : . _
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o §Eat.us Regurt. ) e )

o: 1, ; have now before me explicitly a g:_'{gt.em of 20 homogeneous equations in 22
variﬂb;eal_auagtiﬁni. given the power of Reduce and so on, it there not some_ . .

automatic way to analyze this thing to find the hidden ward null term?  _ _

e | — ——

.. 2a ﬂupp_qsa_:m_u_hai 2 equ&ﬂ-.ﬂns in Uﬂn&bl&i._ﬂhﬂ_cﬁuld _ED‘I.L do? e e e -
[ e asag \[ X - IR
0;1.. Qe Qe Ly :3 . _ e
e = N I
—_— {_ A,

I am very u.nfamliar with nmsq‘uare syst.ems nf equat.:.ﬂns Gleérly this equation

- above has a trivial ar}lﬁtmn, but I think it may have two? nontrivial solutions.

Matrix could be rankl or rank2. But my notes show n-::thing ‘on this. .

How would you solve t.h].s"‘ v equatd :

Ed.ther these t.wa equatinns are "coupled" or the:,r

are uncoupled. Ie, if X,y appear only in the first, and x and t sppear only in the

I'E_i_!EEnﬂ then you have something like this: L
o . . . . . ’:’*1'"- _.h E.}

QXY =0 =) e ama

—-q;:-“&“ia- =0 1—5 Prad ,,,’U

(o T
_qu 4 z_?_%_

So Af they decouple pairwise,.you get only Mﬁimmnm .

=4

e .E_Q.l_uiii-% e o ) t o
— - A1 _i,,ag Lo } - = __J_l? WLG“‘!
— SR I v - =70 — - [w] J .;l

o / 3 \-cud/ \ o/ .\~
vy N

~ Since things are homogeneous, any multiple of a solubion is|a aolution, there is

"~ no scale set. Se yau_?dEdTa]:a‘ .tiﬁ;ej _sglutions to ba* ‘ Even :Li‘ a=D, seg.n,

you “still have these two solut.inna.
t

o 3. Now suppose the equations are coupled in at least one vefiable. Then you caif use

" one ¢ equation to solve for that variable and substitutd that solution into the second

equation to get 1 squation in 3 variables. : '

¥ -%‘*:-3 Azt dl =0 . L% O = %= --}%%

_ al-by o

Al 4 \ly ced%o =

— i — T — — —
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- - S - Wl

S LD k—,-jcu},g)r . - ﬁ,,ek“(,,_)m
S RUAE,

You can set y and =z indep&ndent.ly, 80 again there are two independant solutions.
Remember that a solution means an un-normalized quad (x,y,z,t).

h Is there some standard way to "reduce™ a system Jlike this? _
I IR xo X 1 1 o - " .w__

x X XX @ HxeloJo| o
X X XK by 3 Q _ S ) . ..,;
. S X A I I S
. L __'_,__,z“*f 4 O_L . _

_ Since homo, linaar cnmhinat.inn of IHS's is a valid new equ.atlons. Thus, you D
can take multiple of one row and add it to armt.her, just as in determinant )
evaluation equivlanceing. (But dont combine columns!)

L So lets assume that Xg appears 1 in at least cne af tha abmre aquations. (1f

__not then we Bill it apd start over with lower Egg'tgem] .We can combine rows to get

__ matrix into new form: ( Y r-'_'-"-_)\

__ ____Now x:: occurs only in the first equation, so we can set that Masida R

and later use it to compute X from other stuff. In other words we make this

=




= . "
— f—

e Yawwee eu,e_u?k Oaamis m*ﬁl.iﬁhmwxa.w_&l em%l&'d'_e_u)e
Sl L SIRTR) T
3 SR e B

— ”_"f__' o sl ) __;_;

. S ‘Laﬂ{n} &Eﬂu}

At this pelnt we see that xl,x me;r he er'l:u:I.’r.ra&:aril;,r eet, yeu then eemput.e

X,y then x,, then x. and you get your general solution with its two degrees of

freedom.
5. Gene_re_l;z_e o
) Gene}t:Ee{- thie undetermined e].rstem. o B - _

G"“cgﬁﬁﬂm Qi Ay G Qi Qyy QW-W

i L 93 Oag, Qe Ry
Qut  Qya  Ayq  Qyy

ol 9 an asy [f g & F\

LD K Gt QY % O Yt B Xe 40k Yok Gn Xy = — ﬂmjﬁr_ i
. Clq.,,_’L_-'r ﬂun_\fa__‘*r QIQN{L'\' U,,-,m “‘Catﬂti._zﬁ \‘5... ;_T_QL';IJ e
Qs r]'h_"‘:%’jh_t&g}}i}_i Aay Ky & O X = —G.:*,_X_Eu_.____ R
D Oy % ‘\ujj\f‘ + Uy Ay = — ﬂgr_}_(_-l—_ L e
dﬂé}* G5y Ky o
So you first get the matrix _into "semitriangular form", 'bhen _you ee'l:. X, 'xg’)Eg _________
"__any way you like and compute x, through x, . There are three solutions. e

____No sweat, very clear how you do it!




. 6. By the way, if you can get the matrix to semitriengular form, then you can. . . ~
. ..see that the equations must all be independent. - S Q*_'
_._Conversely, if they are pot all independent, then_ you conld have zercd S
. out an entire row at the hegiming and you would then have a different.and _ _ _

. . _lower rank problem, . _ | . _ e
e JWWWM&&, .if all dubdés vanish, -

_ then you do have lipnear depeddence.. __ . _ - i




