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83 Group Theory

fe) 1, The group elements. $3 is the group of permutations of three objects. The group
has six elements = 3! which can be denoted by:

(e) (12) (13) (23) (123) (132)

We shall always enumerate the group elements in this order. The meaning of these

elements is clear from these examples:

(12) £(123) = £(213) / transpose 1 and 2

(123)£(123) = £(231) / forward cyclic

2, Inreducible Representations. Here they are:

Young symbol letter symbol name dimensionality
oo 8 symmetric 1
a M mixed 2
| A antisymmetric 1

CF "8 see that the sume of the squares of the dinenstonalities of the irreducible
representations equals the order of the group, a general fact of finite groups.

definition: a pair is a set of functions (or objects of some sort) which belong
to the M representation. The pair has a row-l member and a row-2 member.

3+ Group Albegra, The six elements of S, may be regarded as forming a basis in a
6-dimensional space. Elements of this space ( vectors) are just linear combinations

of group elements, eg, 5(12) - 3(123). Since you can multiply any two elements

of this 6-dimensional space in the obvious way [ since you know how to multiply the

group elements themselves], the elements of this space form an algebra called the

group algebra. Since vectors in the group algebra mix among themselves under action j
of group elements, any six linearly indppendent vectors in the group albegra form |
the basis for a 6-dimensional group representation called the regular representation.

This regular representation is reducible and contains each irreducible represen-

tation a number of times equal to the dimensionality of that representation. ( Another

general fact of finite groups). Thus, schematically,

° (group algebra) = (regular rep)= TI + A+ +P
VS

So + A + twa allah
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4. Anslysis of functions, The abstract statements about the group algebra become

fe) more real when elements of the group algebra are applied to functions. Let £(123)be a function of three varaables [ eg, £(Py Pa 9P3) J which has no particular
permutation symmetry. Then in general the following six functions are linearly

independents

£(123), £(213),£(321),£(132),£(231) ,£(312)

This 14st of permuted functions was obtained by applying the elements of 5, to £(123)
in the order in which they eppear on top of page 1. .

Since these functions only mix amongh themselves under application of

group elements, they form a basis for the 6~dimensional regular representation.

It is the same as before, except now we apply everything to the function f(123).

We shall now show how these six functions above can be shuffled (linearly

combined) into six new functions which belong to the irreducible representations

which appear in the decomposition of the regular representation shown on bobtom of

last page. We expect to find one S-type function, one A-type function, and two

pairs of M-type functions (see def. of “pair” above).

At this point it is very convenient to define six very special elements

©) of the group algebra which we shall call " the X's". These X's will tell us
how to find the six reshuffled functions mentioned above. Here are the X'st

fe) (42) (3) (23 123 132) factor

XK 1 1 1 1 1 1 (1/6)
Xy 1 -1 -1 -1 1 1 (1/6)

x 2 2 -1 -1 -1 -1 (1/6)
X 0 0 -1 1 <1 1 (%/6)

x | ° ° -1 1 1 -1 (B/6)xB } 2 -2 1 1 -1 -l (1/6)
For example, X, is (1/6) times the sum of the six group elements.

Now we return to the suff shuffling problem above. The six reshuffled

functions are: ‘

ox | G4 | mh | n || P |\ aeo) HED) | MKS | HAIGH | AKT
| XAG) | 403)
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Clearly, the S-function X, £(123) is totally symmetric, whereas the A-functionfe) X, £(123) is totally antisynmetric.
Looking at the two pairs of M type functions, one sees that the lower subscript

on the X operator tells the row of the member of the pair (row or row-2), whereas

the upper superscript tells which copy of the M-rep the function belongs two (there

are two copies which we labelled HM" and M2),
A characteristic of the two functions (the pair) which belong to the wt

copy is that both functions are even under (12); each member of the N° pair is
odd under (12).

In case the use of the table above is not clear, here explicitly is the

row-l member of the pair of functions which belong to the M” copy of the M
representabion:

: a 2

Fog s Ke = GLE +he9 + t@s)- tea]
Similarly we could write down the other member of this pair, £5 , Under application

of group elements, the two functions £7 and £3 mix among themselves; they formfo) a basis for an M-representation of S3.

In summary, we have shown how to linearly combine the six functions

£(123),£(213), etc. to get new functions which have definite symmetry, ie, which

belong to irreducible reps of S,. We got one totally synmetric function £,(123),
one totally antisymmetric function £,(123), and two pairs of mixed-symmetry functions:

pair-1: ( #}(123) pair-2: £7(123)1

£3(123) £3(123)

Example: Consider the special case f(123) = F(1), ie , a function of only one
variable. [ Equivalently, we could consider f(123) = S(23), a function symmetric

in 2 and 3 interchange only; but lets deal with F(1) instead.] In this special case

we find:

\FQ= XsFQ = SLFQ+FO+FO)]
. FO, = XFQ = ELEO+EE) - EQ]

fo) eNO SS crane a pi!\ \ e 4 aFO,= FO = ETO-Fe|
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Obviously if £(123)=F(1), the six functions £(123),f(213).. etc are not all linearly

CD ittepenient. Only three are intependent. It turns out that the second function pair
F(1)% , F(1)3 4s proportional to the first pair shown, and F(1), = 0. So the
three functions shown on bottom of last page are all there are.

5. More. about the X's. Knowing the group multiplication table of $3, eg (12)(23)=(123),
one can construct a multiplication table for the X's. Here it iss

Xs Xp x, X, x xp

Xs Xs 0) ° ° ° °
Xq ° Xp 19 0 ° 0

x | 0 ° x ° xt ° |1 \ 2

x, ° ° | x ° x ° |
a \ 2}re) xy ° io} i oO x ° xy |
. \ 2 |
x ° ° ° x) ° x |

This table leads to several interesting observations:

1 i1) The four operators X,,X,Xj, Xj forma set of projection operators. Ie, if you
multiply together two operators in this set you get zero if the operators are different

and you get the operator back again if the operators are the same.

2) Look at the 4xl subteble in the above table. When you left-mltiply something

by operator x} you get zero bf that operator is a row-2 operator (like x3) » but
you get "transparency" if Xj hits a row-1 object. In other words, x1 is the row
projection operator. Similarly, X5 is the row-2 projection operator.

1 ona 2 43) What about the operators X5 and Xj ? What do they do? then X} hits a row2
object, you get zero, But when it hits a row-1 object it generates the partner

to that object, te, the other member of the pair. Repeat: when X5 hits a row-l

member of a paar, it generates the row-2 member of the pair. Very convenient!le) Similarly X} gives you the row-1 member from the row-2 member.
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Examples:

rae’ a ape 2 2 sie X .(aa) = es) [eds ALE KAA KS HY
am nl 1

Ki Aled) = 4) Ged)

Thus, if you are given either member of a “pair of functions, you know at once how

to compute the other member of the pair. [ However, the two members of the pair are

still linearly independent, one is not a miltiple of the other!]

6. The Projection OPerators. Since X,,X,,X} and X5 are a complete set of projection
operators, we know that:

1 2(e) =X + & + H+ BH :

as can be verified by adding the rows of the X-definition table on page 2. [ Notice

that both sides of the above equation are in the group algebral].

Applying the above to a function f(123) we get this symmetry fractionation
of a function: .

fe) £(123) = £,(123) + £,(123) + £1(123) + £3(123)
In other words, any function f(123) has an S-component, an A-component, and a

row-1 component and a row-2 component. This decomposition or "fractionation" is

unique; you get each of the four pieces aby applying the pppropriate X-operator.

Obviously this is the generalization of the S, decomposition of an
arbitrary function f(12) into its irreducible pieces, in that case the symmetric

and antisymmetric pieces. In 8, you have the extra complication of the mixed-symetry
pieces.

Notice that £; and £3 are not a pair because they are fron different
copies.

To simplity notation, lets writef} just as f,, and £3 just as £5. To
emphasize the idea that we are fractionating a function into its four components,

we imagine (123) as a vector in a fourdimensional space whose axes are labelled

by 5,a,1,2. Then we write, just schematically:

xn A a are) Lars = Lae) 8 4 Raga 4Fel + haz
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6.

The main reason for this notation is this: if you claim that two functions

(o) are equal, say £(123) = g(123), they must be equal component for component. Said
another way, the single equation f(123)=g(123) is really four independent equations!
This is why you always want to break functions into their symmetry fractions.

7. The Clebsch Problem. From the last section we know how to decompose a function

£(123) into its symmetry fractions. The result is simply this:

iN nN iN a .fo
= f,5 + f1 + tf 24 2, 2 = (fjsf;:fpf,) = vector

Now we ask: how do you decompose the product of two functions, say £(123)g(123),

into symmetry fractions? Likk any function this product (call it h(123)) must
be analyzable into its symmetry fractions.

Here is the answer: first take each function £(123) and g(123) and

analyze into components, so you have (fefy fpf.) and (8,18) 9898,)+ Then
the result is this:

£(123) g(123) =

SE £585 + fo8q + ¥( £78, + F2)) + 8 (tet BE) J
iN yw ee
+1 fog; + £18, + £,8) + £98, + #( £58; ~ 7,8,) + 2( £8 Fog) ]

nN ae ge
+20 foe + fog, + £28) + £18, + HEB + FE ) + 4 fog; + £58) J
A ve ve

+a fog, + £28, + Mate, - Fy) + Hee, - 72) ]

Here a twiddle means "partner of". Tas, ?,=%3f, (te, 3-5 tt). We already
know how to compute partners from top of page 5.

How does one interpret the above result? Essentially you are combining
two regular representations together and decomposing the result into irreducibles.

Implicit in the above organization of the 16 terms in £(123)g(123) are the Clebsch

Gordan coefficients for Sj. Bg, the combination f,g; behaves as a row-2 function,
£18, + 7,2, behaves as a S tyupe function . Apart from the obvious cases (Like
£,8, andf,g, are symmetric ), you really have to look up the Clebschs (or compute
them) to make the above decomposition.
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- 8. Construction of Totally Antisymmetric Objects. Given f(123) and g(123), there

le) are in general four different totally antisymmetric combinations you can make. These
appear as the last line in our equation of page 6. They aret

1. £6 3. £18) - partners

2. fe, ke £58; - partners
:

Combinations 1, and 2. are rather obvious ways to generate totally antisymmetric

functions. The 3rd and 4th ways are not quite so obvious.

Here we want only to recast the combinations 3. and 4. into cyclic notation.

For example:

a Ra J phon :a5 Laekg - Ag-iagd = 5 L8G) He) g, - eyslic
. Bey ne ooQs Fag 8S = fae = faeA@AL QF aqde

You can verify these re-writings using the X table on page 2. When written in this
way it is more obvious that the combinations are indeed totelly antisymmetric: in

line 3. the bracket [...] is clearly (12) symmetric, but @ is a row-2 function and0 is therefore (12) antisymmetric, as was noted earlier. Then the + cyclic gives total

antisymmetry in the usual way. Since g, is (12) symmetric, being a row-1 function,
line 4. is seen to be also totally antisymmetric,
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. Tensor Problem

( this section assumes knowledge of section " S, Group Theory" )

definition: a tensor form is a linear combination raw tensor forms.

definition: a raw tensor form is something like this:

123 = 11273? = (p,)"1 (p,)"2 (05)"3 / first class
253 2 gtite (5) /second class

definition: a yertex term is some combination of a tensor form and a function

that is totally antisymmetric and therefore a candidate for the non-color part

of the triple glue vertex.

1, Statement of Problem and Outline of Bolution. We want to construct a “complete

set" of vertex terms for the triple glue vertex. If someone hands us a vertex

term out of the blue, we should be able to show how it fits into our complete set

of vertex terms, Once we have our complete set, we can impose the axial gauge

Ward Identity, eg, to get a most general Ward-respecting form for the vertex. At

C)_ tts point we are only considering rew tensor forms of the classes noted above
(ie, no gauge vectors n’ , yet!).

The method is as follows: first, we shuffle the raw tensor forms into

tensor forms of definite symmetry, without regard to momentum conservation. ‘Thus

we will have 3x3x3=27 tensor forms of definite symmetry in the first class (ie, triple

momenta products), and 3x3=9 tensor forms of definite symmetry in the second class

(one momenta and a g,,)+ Then we impose momentum conservation, 1+243=0. When this
is done we find that of the 27 tensor forms in the first class, only 8 are linearly

independent; of the 9 tensof forms in the second class, only 6 are linearly

independent. These numbers 8 and 6 are obvious since there are only 8 and 6

raw tensor forms in the respective classes after momentum conservation, ie:

class 1: 111, 112, 121, 122, 211, 212, 221, 222

class 2: d'713., ah23, 7312, g®3qt, 93212, 4529?

We will then have 846 = 1, tensor forms of definite S, synmetry which
we can play with. To generate totally antisymmetric vertex terms, we will combine

these tensor forms with functions of definite symmetry. In section on "S, group©) theory" ve showed exactly all the ways there are to make an totally antisym object

out of two objects £(123) [ here, functions] and g(123) [here tensor forms].
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2. Tensor Forms of the First Class. It is a simple matter to reshuffle the 27fo) triple-mometa tensor forms into tensor forms of definite symmetry: we just pick

forms at random and apply X-operatorfs until we have 27 objects. This procedure

is really much simpler than it sounds. For example, here immediately are 6 of .

the 27 tensor forms:

(112), = 6x,4112 = (1124221) + cyclic

(112), = 6X,-112 = (112-221) + cyclic

(112)f = 6x}-112 = 20112 + 2221 ~ 233 -131 ~322 - 313

(112)3 = 6x5-112 = 20112 - 2°221 + 233 +131 -322 - 313
ete.

By the way, one must be careful with the notation “ + cyclic" in our present notation.

Since we always put the monenta into standard order ij? , things are not
always what they seem . For exemple:

(12) 123 = (12) 142733 = 271453 2 123

(1124221} + cyclic = 112 + 221 + 233 + 131 + 322 + 313

fo) Once we have our set of 27 forms we apply momentum conservation to see which
ones are linearly independent. It turns out that there are two S-type, two A-type,

and two "pairs" of M-type forms. ( eight in all, as noted). These can be chosen

in many ways, here is one we which we shall use as a reference:

>

:

S.= Gays = [Qn+122) + egite |
=

Se= QWs = [etre ary + egal]
a

A
v

= Mita = [Qve- a2) + eq |
3

3AL= S@)q = [231-212]

=, \Ov= Mi = Cid = Lars 2-221 - 283~\a\-arr-aral

=, :Te ML = Qa, = B1L-233+12\-a2242803)
—4, zO oa WM = Quay = [+23 +a\+an -ag

ae eTa KL = GL = La wee eres zaasial 322-213]
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Here is a table showing how all’ the tensor forms in the first class can

0 be written in termsof the forms we have selected on the previous page: .

: VN a TF &aS

SLRRARR RH

Ss Qs -\ Q fo} ° fo) fo) fo) fo}
AWs \ fo} fo} 3° fey ro) ° °
@is|} Oo \ oO fo 8 9 ° °
Q@s]} “Re. O 0 Oo © ° °

(3as]} O -A2lo eo 2 o ° °

@ads \ 3 fo) ome) ° ° °
aWs O -2 [o) Oo O° fo) ro} °,

A Qwaa ° Oo }t of © ° ° °
CUA ° ° \ fo} ° ° ° °
Qua ° ° \ -31 0 ° ° °
a} 0 ° © BJO Oo ° °

a ag} o 6 oo |} ° oo
ary O° ° oo ° \ ° °
Axi, ° ° (one) o 1° ° °

Cay ° ° o o |-® A ° °
Cay, ° ° oo -\ ° ° 0
ay ° ° (ne) o 4 ° °
on oo o o f|~\ oO } °

Qy oo o o |x ~Bi oe °

"3 ay} oo ° o 0 0 ° \ °
Cv ° ° Oo 0° ° ° ° \

(a ° o 89 ©o Oo ° °

awe | oo ° oOo ° ° -& \
Quy ° ° 0 © oo oO ~\ °
Cay} oo ° a) ° ° \

(BB,} 0 ° °° 8 Oo ~\ °

fo) QW] 9 ° 0 S& 8 0 + 38+
“Talat |
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Repeat: the table on the last page shows exactly how each of the 27 tensor forms

fo) of the first class can be expressed in terms of the 8 linearly independent tensorforms we chose as our "standard" basis.

While we are putting down tables, here is another one with the same heading.

This table shows how each “raw tensor form" can be expressed in terms of the

8 basic tensors. +

oO On Tt an=> > ~ ~ nerd >, 3 =.xy ; a. ‘ .Ss SA 3A OM OM OM OM

_—s a wt ait ° 3 ° ° 12 in i 1

2
aas 1\A\l ° ¢ Oo oO -& FF

+ _ ah\°r 6 fo} ¢ ° ° O° ae +t

Le +L ~re) AWW} 0 ¢ 4 + tO ° va

AL} oO ¢ et & tb 0 o +t

mij ~ oF ~~ oo + © © +

es tL — -L .U°Mi~ oO 3 ° ° we 3 WE OY

Talete 2.

This table was generated by inverting the 8 definitions of the objects Sis ete which
are shown on page 2, This inversion was done in 10 seconds by REDUCE.

Later we shall have a use for this table.



3. Tensor Forms of the Second Class. We just repeat the same analysis for tensor

fo) forms in this class. For this class there is one S-type, one A-type, and two pairs
of M-type tensofr forms. Again here is a way of choosing them for reference:

= 4 (Ma? Car
Sy = 2A) = {s*s + eytic
YT As Ae 2
Ay= BWA = [8°O-O'4 qa = Qu. Jowove oa |
ma ita! ws .

MW = HRY = LadF-Sy_ ws] )Ra ror) AV 2 Le b
= 4B", = [state sty] ade
RA we 3\a ENN oe %Wy = GVH =- BLS @ry- s¥(2-3}]
a

Yo aye ve a Fry 2Me = GP. = Lad ao Meas- sea]
We have started using overarrows to indicate the tensor forms of definite symmetry.

re) Also, note that a factor of 6 is present everywhere as on top of page 2.
. Most General Vertex Term in Standard Reference Form. We simply combine our

definite symmetry tensof forms with definite symmetry functions as discussed in

previous notes, We use the comments of paragraph 8 of those notes ( 8, Group Theory)
to express the Mrep terms in cyclic notation. Our result is: an .

2 = =>POS = SAG) + SAa2dy + Sy Aga)
= > ~

| + A S023) + AL S.C + Ag Sa.)
: a oy
: + Me Ma G2d) — Ma My Ct23)

=

a RE Crd) — WM)
= =

+ ME MAO23) = ME ME O22)

= > 4 |fol a MY MCA ME MY C128) |
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The notation we now use is the following:eo) A,(123) = totally antisymmetric function

8, (123) = totally symmetric function

w(123) = a rowl function

¥8(123) = a row-2 function

Since the functions Ne and Mj forma "pair" ( 4=1,2,3,4) , we know how to compute
one from the other (see paragraph 5 3) of previous notes):

14

Taking this into account, we can conclude that:

There are 10 functions of definite symmetry in the general form

of the vertex: three Sj, three A,, and four ut ( or wi),

In fact, using the results of paragraph 8 (previous notes) we can rewrite the

ganeral vertex in a form which shows only 10 functions. Eg, we know that:

‘e) Ree \‘ 5UMC R= MM] = ia 228) LAM a ogetic
Pa yt De cS » ’
THEM AML = Gua 2eiy Lame] 4° agetie
Boe Oe a? 2

= \2 5%LM MLO = CO SS TAM * cyte
wot asNl 12 — 4 +The Me ~ MY = LECT MY © aqekie

5. How to "fit" an arbitrary vertex term into the Standard Basis. If someone hands

you a vertex term out of the blue, you can dissect it into its 10 irreducible

functions ( of the standard basis) in the following way: Any vertex term either

is, or can be quickly reduced to, a linear combination of raw tensor forms like

112 with coefficients which are functions. The trick is to simply substitute for

each raw tensor form using Teble 2 ( page 2b) [ and a similar, less complicated

table for the class-two tensor forms which I have not bothered to write down],

then regroup and identify the coefficients of the standard tensor forms like’).©) mat is a11 there is to it.
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Example: Consider the tensor form 123 . How does this "fit" into the standard

A irreducible basés? First reduce it to raw tensor forms: 123 = -121 - 122. Second,
>“negate then add rows 3 and 4 of Table 2 to find: 123 = -(1/3) 8; + Done! To check

the result note that:

123 = (1/6) (123), = (1/6) [ (-2) 3) according to Table 1, QED,

Thus, if someone asks you to dissect the vertex term (123) 123, your
dissection is this:

A\Ged = - = AGS)
Av) = 0
eke, Wh flue = 0 .

6. The Six-Function form for the Vertex. If one insists on having functions of

definite S, symmetry, the general vertex term has 10 components as noted above.
However, if one is willing to have functions were are merely symmetric or

antisymmetric in a single pair of the three variables, the number of arbitrary
functions in the vertex can be reduced to six.

le) definition: §(12) is a function £(123) which is symmetric in arguments 1 and 2
(and has unknown symmbtry with respect to other pairs of arguements)
Similarly, A(12) is antisymmetric in 1 and 2.

As we shall verify below, the generel vertex term can be written in terms of six

of these ?(12) type functions as follows:

POS) = Can*r2) Ae) eyatic |
|CWA BUT) SAD # ayatic {
i

is

+ ASVESD AL) eget | Poear eas - 5
. a+ GBV~B12) Saiz) + ayekic | S

i\2 3

.' CO TIA (RY) © myeic :1 ‘

.Xe, 3 .

~ }‘e) + TSOP] S00) + yd !
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The claim now is that any vertex term can be dissected into the six functions

0 Ay +4p 143181185183 shown in this box. If we can express these six functions
in terms of the 10 irreducible functions of the standard basis, then we know

that the most general form of the vertex can be fitted into these six functions

(since we knowit can be fitted into the 10 functions).

This is actually quite simple to do. First we fractionate our six functions

into their irreducible symmetry fractions using the projection X operators.

One finds that:

A A>ArG2) = Addy & + Aad, 2

K rNSid2) = S25 § + Spy. 2

where, eg, (12), = (1/3) [ S(12) + $(23) + S(31)]. Each of these functions
of “partial symmetry" contain two functions of definite symmetry. For example,

the sum of any A-function and any 2-function gives you a function which is 12

antisymmetric. Put in other words, the space of 12-antisynmetric functions

partitions into the sum of two spaces: the A-functions and the row-2 functions.

Raving“thus“analyzed'the -A(12)-and 9(12)" fureticns: into their. syamebry:6 components, we may now consider each of the six terms in turn and dissect them

into their irreducible components.

Example: Consider the first term which is (2114212)A,(12) + cyclic. Being a valid
vertex term, this thing is totally antisymmetric. Since only the A-plece will

survive the cyclicization, let us compute this object:

( (2114212) Ay (12) a / ie, the A-component of this
product.

In our previous notes we showed how to analyze a product of two objects into its

symmetry fractions. Here we are only interested in the A-fraction, so we xeat first

analyze each of our two factors into fractions and then use the bottom line

of our Blebsch equation on page 6 of previous notes:

= >

7 A cu ty(ane 22) =(3 S,) N +( s Wi) 1 Talle Q
iN A

0 AGd= AG). & + AC, 2 J abees.
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0 Orua, Jeera
= ALGSOMA + (CHT YACaD- emf

ay >

= (SaaS +[FACAA ~ gos]
Comparison to the Standard Basis on page 3 shows that this first term makes
the following contributions to the 10 basis functions:

Ate) = AQ. = SIAG2) + egeee] :

Nae’) = - TAMA = EDLRAG -A@-ABd]
dus =O

Here we have illustrated how one performs a non-trivial dissection of a vertex term

into its irreducible components. The other 5 terms of our candidate general tensor

fo) form on page 5 can be similarly analyzed. Here is how the whole thing "fits" intothe irreducible standard basis:

SD= SO, = 3@&s

SUB = 3S.4),-3S0), = 3S,@)5- BS.)5

SaQ23) = S301)5 = 93023),

Ade) = Arti2q = AG.

Al) = AM)-3A = A@a~ BAe

AsG®)= 6 Ag(2), = 6A. |
Ni0a) = - FA OO, = Ay,

fo) KOd= I SRA, = EM,
MeO = FA, = ~3As(22),

M, (18) = - £8302), = Sa
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Ss = Sz) A= Alrd+4AK)
DOs = KH vicar) A= MA O29)

S2Bs_ = S\Grd +4 S123) Alta = A\(\23)

aASx@e = Save) Aa = FAs&e)
Sa@), = wt (2) Ag@)_ = - 5 Wie).

3 S,G2= $423)S2(23) = S\A@)+4 S228)S3@3)
= SaGes) —2 herdAvGey
= A Gea) +b Anes) -2 MAC)Art) = Acard)

AgG2) =F Ag(ted) - F M2 (123)

fo) Summary: We know that any vertex term van be fitted into the STandard Basis back
on page 3. We can dissect any candidate vertex term out of the blue into its 10

irreducible basis functions . But then the above formulas tell us how to then put
that tensor term into the 6-Function Basis; after all, right there you have explicit
formas for construction of the 6 Basis functions given the 10 Standard basis functions.

7. The F-tensor Basis. Starting from the Six-Function Basis given on page 5, we

can gradually make one change at a time, always without losing the generality

of the form of the vertex, and we then end up with the following very useful

version of the general vertex term: .

ve wn Ve " 1dana, + Ra lagd™ at]= "due Flowa

Sop + Bo = @3)d-C-2)3 and wyphtcally
The P-tensor is a useful replacement for the tensor 2"1° because F12 is orthogonal
to a and 2 . Also, By is orthogonal to it and cyclically.
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Our new general form of the vertes is this:

é ra Mod .fo) Wide = Fabs Siz) = eqetic
he 3 . ++ FaGeay S202) + etic gysss
vanes | (eo+
VIP AG IC

iVt 93

+ BBB, SC)
' 23 A

: © BES AG & egdhd .'

: Ne a

.i + BO) SaQd «ei
SF

Any vertex term can be fitted into the six functions 81183145, Ay 185 + This basis
is just as complete as any of our earlier bases. °

8. Ward Identity and The Bottom Line. The usefulness of the F-tensor basis is veryA clear: the tensor forms F283 and its cyclics, as well as the BBB form are Ward
null. Thus the functions Sy and S are completely unconstrainted by the Ward
identity. ©

When the Ward identity is imposed on the remaining four functions here is what

you gets’ You are forced to Marshal Bakers "solution" exactly! [ Of course we

dre assuming that c=0 on the RHS of the Ward.] Thus, there are no “hidden” Ward

null terms . The only Ward null vertex terms are linear combinations of the

two obvious ones appearing in the above expression for the vertex.

In more detail here is how the Ward thing works: you expand both sides of the

Ward identity into the 5 tensor forms a, 41,12,21,22. Thus you have five
equations that must be satisfied. However, when these equations are symmetry

fractionated you find that there are really 10 equations. There are also 10
unknowns which can be taken to be:

8,(23), $82(23)1 $(23)p
8, (23), 85(23) 8, (23).

. 4, (23), A, (23), Ay (23)9
6 (123).

If the 10 equations in the 10 unknowns had not been linearly independent, there would

have been other Ward null terms! It turns out the 10 equations are linearly dependent



and
= 10-

although I see no intuitive way to know this .

es) dust for fun, here is the solution expressed in the functions above:

AG) = L&R) -%O)]

AG) =o

S,4% =  ’@=&O)
Oy = 2)

\SgGO= ETb@)+bO].

When these functions are plugged back in you get —- as was just noted — exactly
Marshall's solution. If I hadn't kmown his solution, I would have been led to it.
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Contents of Miscellany Section.

fo) Comment: I have tried to store here sheets that I thought would be Lost" if they
were stored in their original historical location.

1. The RHS of the Werd Identity in terms of c(1) and b(1).

2. Symmetry analysis of the ten Ward equations.

3. The Operator Inversion Problem (cyclics)

4. "ihy work with Irreducible Components"

5. Count independent functions in A(12).

6. The Group G, -
7. The counting problem.

8. The Operator Solution to the non-n Vertex Problem !!!

9. Write Marshall's null term as linear combination of oure.

10, How many vectors are perp to py ?(Jim).
‘

re) 11, Restatement of Jim Vertex General Form
12. REDUCE progrzm to check vertex Ward validity.

,

fo)



Inclusion of the n-terms, general “solution”to the Ward Identity. ———-—-— .
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2. What conmentscan we makeat the start here? _ eefe) _ 4) first, we are going tohave to add new tensor forms to the vertex to generate __“"
"the new forms we areobservingon the right. These forms will look like: an

ee Single ae Le piph es
_ doublens__Jpinda eee
triplenvata oe a

""~b) ‘there wi1 be “coupling”. Te, when a single-n term is dotted into 3°, ifthe 3?~
dots into ann? you get (n.3) timesnon-ntensors! But if you include the single-n

“terms on theleft in your vertex, they will elso make single-n terms on the right.
"Thus, you have to include single-n terms on theRHS. But these RHS single-n terms
“ean also be generated from double-n terms on the left soincludethem. But they in“~

“turn can generate double-n on the right so keep them,But these in turn can be made
“from triple n on the leftso keep them oo oo~

So, the problem is completely -coupled! We have to solve tle whéleshebangat once.

"3, So here are the steps to solution: a
fo] ~~ a) make up a complete set of tensorforms for the n terms on the left. (Tryto make.

this compatible with theF-tensor heels! ) ee ee -

€ y__ee



Analysis of the Ward RHS with n terms included. ee

Oo 1, Here is a list. of the rew tensor forms you can get. Recall that anythingon the
_..  . RHS must. he_overall (12) antisym since the vertex is. Thus, if you classifyyour | _

i ‘forms into sym and anti sym, you know what their partner functions look like: 0 __

we ene ANF 2A OY - eg
. RWSWod= N=R)ESOD + DAG & BAG) + BLAM)
oe A (W\4tn)- AQ)+ _ (2. +) AQ) - Ate.

+ (o\=On)» SOA) Cha WY BOD
Ie, this is what the general form of our mess will be when we put in all our terms and

do-3°. First, you see the old non-n terms and the second group is the new terms, Since
each A or S function has two symmetry components, I seemto get’ 20 equations.

_.. . 2s This seems strange. How dos this count work agin? Each A(12) like column in our
_____Ward tablewill have an a-equation anda 2-equation. Etc. There simply cannot br more

than 20 equations! —dy-I-pityrT-eeo ock_back.at—the-vontex generale

3. Maybe this is a hint that I substitutedfor the wrong term! If I kept (n22+1n1)
_ I could get rid of another function and get _us down to 20 equations in 20 functions!

I guessI have togo gacethat problem now. * QumM steer” :

4s After that is done, here is the work that remains: first, I don't have to |

re-analyze the non-n terms into symmetry clases, that is already done. Ie, Iwill _
_ _ make fulluse of my equations 1. through 00 that I got there; its just that Twill |_|
_.. have to add some extra terms to these equations. However, Iwill have to symmetry
_ fractionate (and first compute) the warious n-terms. All straightforward if tedious, _
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Why work with Irreducible Components?

Le) I am having trouble puttin g this into worlts but I think there is a reason
for this that helps you out. Why bother-- you say — decompose the 5 Ward

identity equations ( non-n sector) into their irreducible pieces or components?

Why not just use them and solve them as they are?

First off, in the form "as they are you get not just S(12) but also S(23)

and S(31), and similarly for other functions. Since these three functions are

linearly independent (though functionally they are all determined by one of them),

you cannot do any eliminations. Soyou are stuck with 5 equations in 10 variables

where now I include all the cyt#icpermutations as variables. Obviously this won't

do.

But, you say, you can then include all the cyclic equations to get 15 equations

in 10 variables. Now the problem is the other way: too many equations. Well, no doubt

you would find that only 10 of those 15 equations are linearly indepdndent. ( However,

by inspection I am unable to tell which ones these are! ) :

Now I would insert an old question: suppose in fact only 10 are linearly

independent and you solve the thing on Reduce, say. How do you knew that the

eo) solution you get, say for S(12),S(23),S(31) treated as indepedant variables --how do you know that S(12) and S(23) wf the solution will in fact be cyclically

related? Go off to appendix and work on this question.

I now have an answer to that question: imagine thet you solved the problem

by the operator method and you thereby got S(12) =... . Then you would generate

your S(23) by applying (123) to S(12), so of course by definition 9(23) would be
cyclic on $(12)! See operator notes somewhere.

Suddenly I am wondering if that cyclic-operator method isnt a very efficient

method after all! For the full case I will get 10 operator equations in 8

variables. Isnt that simpler to handle than 20 equations in 22 variables 177?

‘e)



_- —RewlewOnce Again this Count. of How Many’Independent Functions there_arein A(12),

fe~-~-1..Let (IF),.. be some tensor form, symmetric. projection with the 6 as usual._____
. .. For example,TF could be.112or. 43 or 12n or whatever. Then_here are the. ...

the two antisymmetric. vertex terms you can make from (TF), and the pair of . .
. tensor forms (1F)} and(xe)} Ree ee — we

ae +) A@S-CTRs 2.ee

ey ye): (TE, — E08) CRY,

___ __where twiddle means partner. If you write that function as F,, you mst remember

—____thatF, is the partner to Foe0

_. .2« Nowwe can simply rewrite these two tensors, or vertex terms,as follows: .._. -

eyre e@mTelaga) sae

; a—-(LTRs GTETAR OR) eqs

Nee =) TTESONTFIAQ) tye

— — ke. AG) = AG) ABS).

«hy Now let us symmetry analyze the function A(12) constructed inthisway. We havet i

—-AQ®) = AGA AeTECDE

we AR =AG
Ar= Bee eee =
oo A = = B AGE = +ISEGR)
____The function A(12) is completely general. Such a function only has two functionally

. independent components,not three!!! “Ie, A(23) and A(23). are always. "partnérlike"
. A ie partners apart from constants.-The-three functions are, howver,-all linearly
~—-. independents 0saee
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fo} .. 1, I hawe been. playing with equationsand operators E,C*,C™.. These three operators, . _.
~the identity _, cyclic, reverse cyclic, form_an abelian group. The group is called... —

es ---C,-~and its representations are shown on page 324 of Tinckham. There-are three .
--.. -- one-dimensional representations. Thus, I expect there to bea projection operator. —____
— for each of these_representations.._First,here is the representations_(same es --

--character_of.course):___-. __ ee aw ee - wee

gg

nS enEee*
ape

ee ee

y——- cack. —— - one ce

k= %lf+ecssa Cl

a - ee pee

OO

_Xk = Sle ye ee

a KEE ooKOOKK ioe Xloeic
——¥ [ef Te | a xo le pe IT> _ } ae=

ce ~
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2. Now consider the relation betweenthe groups S, and Cy. First, recell.how theO ‘octet ofSU(3) decomposes into several repsof SU(2), the subgroup. Here we expect

the reps of S, to decompose into several reps of C. ;""
"" For example, lets work with functions. We can say:

: . - : ry Oo.

Keb. =A Loh egdal ASC candi] = DERG)s axes)_‘a a, ¢ 6oo renePE ee pth - F--- —  -

KARO) = TRG)yctal 37S Gi)egutael SSCHC)BOLO
eg ee ee Se

X86)= 2BCS ACL =469] BOISE)“SG
ee - Togeee
ee tee ee

cee BREWA aM AGB) .is “oT

ae <460-4—-————__--—— -  ---

J. (us\_= \B) = 23). ——- - SeeOSCR = Ax Soa) sete ) = —
_ _ Jeo ee

: ahs HO TRoedasen

a) =Sof]
a x) eee MC ESICD ; oe

_ Aad = ZK RONG oo

0)=SETA oe
a eee enn en

—_ SMU) Se KRG AES YO



Attempt to Cound the munber of equations really presentin (21) equation, =

RE yy eeme eeee See
. x [onceeey| = $Ge-S-e) me(Cee)

1 Hs + a

7

tt a FTwea. 2 Slee) hs me= ete] a
©

= genome +Gmmnbehs Gacy ST : :
we a wre eee we Le .

. [oa Csei\ ~ 4 Esa c)w (cee)

EE REY OE oh ie ft

—~ ¥ Lory (Cre) = Certyong(CS €) aoe ee

_ TELE CoS ove we] STOVECe Gael—

rn ica rere Es (men C+ (tem CIR =o— Ar —.2B Y\T + FL mls Cn-w\C* Qnem) CUR =O<

wee eg — at nnn ge a
. Se PES) T es Sloek =a, Cen CLK So
Xe Aiea cea CU Reo |

"Well here are the three G, projectionsamx of this equation. They seem to me to belinearly
independent still, so no conclusion:

—

Theorem: to count the equations you really have to S, enelyze the RM Ward equations;fo) this is the fine-tooth comb. 8, tells me: less or equal to 20 equations on 22
variables. 0, is not es good: all I can glean from C, is 30 equation s or less___.
0n 22 variables. BUT,I think the C, method is better to compute with! __. _



The Counting Problem

fo) 1, I have lost faith in my ability to count ward-null dégrees of freedom. Here iswhy: :
Exemple: Suppose you have two equations in three unknowns, the unknowns or variables

being £;(123),f,(123) and £,,(123). Normally, this-means there is one degree of freedom.
So perhaps these are the equations: f1=0, fp-0. So f, remains unspecified, and
represents your degree of freedom.

However, suppose in addition to the two equations you also have an “operator

constraint" which eays that £,(123) =ct £5(123). Then when you combine the above
two equations with this constraint, you end up with no degrees of freedom: f,=f,=f,=0
is the only system solution. So in effect, the operator constraint does play a role

here. However, you cannot identify it — in any way I can tell -~ with one or a set

of linear equations. In this context it behaves as one equation, so you get three

in three homo meaning only trivial solution if det4O; but it is not really "one"
equation.

2. This example shows that, when you are counting degrees, you may have to include

the operator constraints. So, when I claimed to have 20-or-less equations in 22

unknowns, that does not include the operator constraints. In fect in the J-sector©) 5 coudn what T would cal two equations in three unknowns, butg the only solution

is J=0, all pieces; just like the example above. So the operator constraint acted

to lower you by one. So without J pou now have 20 - 2 = 18 equations in 19 = 22-3

variables. So now there is only one Ward null degree seemingly leftg. But it too

may be knocked out by an operator constraint, and yon'may find no degrees!

3. So we have a general problem that I don't know the solution of: suppose you are
given a set of equations in some variables plus some operator constraints. How do

you cout true degrees of freedom? Should you count each operator constraint as if

it were another equation? In thet. case, in my non-n analysis I had 10 equations in
10 variables but also there are three "pair operator constraints"..But if you count
all of these you get 13 equations on ten variables which is overdetermined..So given
a set of equations end a set of constraints, how do you tell how many are "independent",
and what does independent mean? .

One thing is certain: the operetor constraints can only lower you r degrees of

freedom. In my 10x10 problem of the non-n sector, it must be that the operator

constraints had no further effect than the ten equations. Once the problem isfa) “detemmined" ie is n-in-n, you can have no further constraints i guess? My 10x10

problem had this solution: everything = 0 for ward null. Thus adding the constraints

operatorice could not produce ward nulls where there were none. !
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4. Now lets get back bo the n-term full problem. One of my raw equations, the nn,

says that A(12)=0. ,Applying my operator constraints, I then lean that 8(23) =0-° Go
and A(31) = 0, So all three components vanish. *

+ But when I took this equation, which’was “(3.3)A(12)=0, and I fractionéd it into

_ its symmetry components 2 and a, this.simple fact was hidden! I got: ~ * .
\

a

: ‘ 7

_yl .~ BATH AAU+ EAT =O. T= 3, Cs)
x2&

aYdsVic UWMrUd -E 4,T=6 eS
If you.only had the two equations on the-left, thére is no way you could show |”

‘that: T,2d4=Jy=0 becausé to show this you need'the operator constraint shown en
the right! If you implement the constraint you get: _

0

: =

.

= Aas Te + U4 (- RUN AE ALES
~+y! a = mo

= LATA *WdsCRK)T,-% deed
4+Uy .

. ay = ou

we Cds + (4 -HAM JT AS a-like.

A

‘ -% 1 = $CLAN TA + OR de 2) OR) XL) VEO 2-Like

Now we have two operator equations in two variables. Still not obvious that only

the trivial solution emists. Suppose we combine them to get rid of J,. Then:
K Aa

2 7

~ yy Vb -Sade) © +3 (AdeA ded) «| y=0
You would then probably find that this operator (element of group algebra with

function coefficiénts) is invertible! Thus you get J,=0, hence J,=0, hence J,=0.
”

Nbtice how this simple fact gets completely obscured by tekeing the symmetry

* fractions of this equation! . .

I teke this as a strong hing that it does make a difference which way you do things!



Le (AiaieMe Jost rrm-w complele satichin W)
"

(Bxaming the WARDNULL non-n problem using operator methods. — - ———1-—--

nom 1, alveady-have this tabbe with-RHS, so now-set- RHS=0,- You get: -
DoAOAo) SGM

OA eaeBy
oo ge g g

Ss) tet) ©Se a ar
deat yey |S

1) regard 8)-as Letting you A(223); so get rid of A) fron danteequations.
OF 2) sestece E) by BE)" =E) 4.xG), Then - —- on
--- ~3)- regardC)_astelling yon Sy. —— -
——  4)-new.tablethen_has_ A,D,E! and variables A,(12) and S,(12): ne ~
AY SS

ai<nXS OSes
© Ge)eg) a2") _ A GeO CHAE

©5) tay rendaceAiAaGas)

A ayes) Gy=e] Eh ee
QS ey tena ee foGH

Bf2G) GsoYFO
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pm 1) Hoy peplace 8)" by BY" = 8)! — a)’. :
ios 8) Replace D') by D)" =D)" ~ A). ae

9) Regard A)' a9 telling you A;(12), renove fromdynamics. ~—
10) New chert ie D)"and E)" in variable83(12). Draw $3

an 7 Sade) - ay wee ee
a ee

n)) {HD (E=AT) Ayes) (24 -€ ayy
2BY Gap atalent)= oe (zee) [Breer enna = res

1 ____-— =-- Re a —Ter eSji< >

SS TGS ESM FGCS)S0
__We have reached the end of the line, Cannot eliminateany more functions cince

_. We only have one, namely S5. It must satisfy both these equations! If either .
OF “ex these operators is invertible, or ifany Linear combination of themis
_... invertible, then you get $,-0, In fact, for the first operator det = 1-113 = hy __

_80 it can beinvertedand yields S, = 0 regardlessof the second operator. .

2. Conclusion: Thus $,=0. Then A)" tells you that Aj(12) = 0, And C) tells you =~
a that 85(12) = 0. And B) tells you that A(123) = 0. -Thus all functions are forced to

equal zero;_there is no wardnull term possible! !!!! . 2.
_ _ This is my best method to date for showing no ward-null terms! oe

3+ But why stop there! This method is so powerful I bet I can solve the inhomogeneous __

- _ problem! Since all I did was add and subtract rows, I can go back and reinserit the
_ true RHS and follow them through each step. See pencil above on theright! Now .

when you invert the D" equation here is what you get!!!!_ .

~ {e-@reyseee) a r \weAnnTe-e-eY =28d)Sawh= FLOAT Yl

ge GhtimnAVSA=FQ re
O $$$| qe.

~~ When, 9) > SAA= yey —  (2)~ba = b)-b0) Sf |
—C,. ge EE tee2),
— )de DS Niwleo7
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. O Se VERY SIGNIFICANTINTETTTEEEETE . ses ee ae mo =
Using the operator method,Iam able to take the raw non-n. Ward Table

includingtheRHS and inabout one_page completely solve it to get theMarshall... ..____
a solution. No.need to fractionate anything! dust totally triwial calculations! -- — -—-
~ Compare this 0, group.elgebra method to the old method.There-I-had_to——-——_

1) take each term in the Ward table and_fractionate it into s,1,2, 9 - :
——2) write 10 equations in 10 unlmowns_and_solve, which tooklots_ofalgebra,—————_
Incontrast, the C,_method requires one_page_of trivial_algebrattt} —————____

Therefore, is_there-any. question as to-which-method-to-use-for-the-full-problemtit——



- Try to conpare(Varchalis Will tara)to mine—just_putting everything in-raw——-

a ages See an
© Th = PO Ra + EER w sya a

ae, — oe eae .
—.. SE Ra@aF ey oonn.

a Oh aECSee
__Sineemy BBB term is entirely class one, I will have to generate Marshall's delta

. or class-2 term with my second term, This should determined the function 5,(12).
Do it:

“TS Soa Toa se ae Rg Oe
ae oe cageBe Ne
~ =f odm0lBE + ace) — S.Gi alwys age)

~@ Our pada in mad Wwe
oe a-231\ = x4 We

(80)BE OS ENTBaegate yeeTe,we oak desksOk

Syse-2ai)| = (stHAE - 2° \&

© poses:SO). she lott side hor se ior ie Actype tinction so-ne-need ton
- -_ Project it. But. finding the A-part of the RHS is more work! The first termig—-

. exactly A-like but _not the second, Rewrite: \Q..\\

, Tan-2ait] = S@ORRR e FAB
ey
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. - 3. ‘So how are we going to get that Anpart ofthe last‘term? Let's “try direct use| _
6 __of theX, projection operator. oe ae . oe

_.. $8] ~ yf BS tee ~ Re.oe ~
— ceeA: _—eo

2Q NY cee

” “this ds of course obvious (now!) because the thing you are projecting is 12 ~
_____. symmetric _and is thus a S(12) object which cannot have anApiece. So we oe

___._-ate left with the amazing conjecture: _ _

Wunsiden S Gobek Siena)SHRER

ayaa Seestte =semetue
© BOS ees) NL pe

Spaah hom)=OSs MS|Ss
| Thus we ere led to a contradiction! Lets:

Whatis the most general solution to this pup? Absorb (1.2) into § and ask again:

AQ SONG DS SOQ RS = SleAQ)
SS



a

a

ey A P<) \Z 9? —— oe ~ as

OTT SO y= FE Lad oS
Be a a
Sle aay ook : 3 oo —

LLLSoA] ) + yee= BSR
"Find general olution to this. How??? SC—~—~—sS—sSsSCSSSSCS

6, uestion do ald componente vourvive € eyclicization. Ie, consider @ geuerel
__... _vegtor with all four components active, what happens when you cyclic it? TheA _

—— . Ais eye Ae Ga hs OG, _—_

06we EO oe
— Ce Testes wd] =oe et
meee ee i ee
@+Ges+032) = hw ks OK
ccaSN WS OS»
nt
ee \ ri +e fe ~tso -%

2S f@aGads Wels 3%ae8Xs

So it's true: only A and 8 typefunctions can survive cyclicizaion,For sone reason
I failed to notice that earlier. Thus lets continue to analyze the above: a

SNS= FR] SORSYeae eS a

a



oo rec RA. = (SGya = ADs.

(WB),= OTT TT.

eee ee a OS —— es

SEYSO, MALT EL SOG.= SOA IOaesee eee

2 _S@DATA= 2 S@D, AQ, - F SBA, =AG
"Thisie the First of the above equations; the second issatisfied for any S12).
__-._ Balancing the various terms in this above equation takes a little extras 000

TT AaGSE ETS Gaia aay eo
TUT AG LSSTEREO) 40-0 ak
Sisnen ab Ua A qeyeckoria crema anagah oe

_.Tae Ss {Saiee¢ ») SQ, Ee) Oo a
SESC 2 >

_....-Thus_our_guessed_ solution (the obvious one) was in fact the only solution!



re) 7. T have foundmy mistake. Go back toparagraph 2 and rewrite: Oo

. [BRAWL= ASTD TER + Leeroy Cos MB)

ee aeaft| 2 aac co

Men AU). SOs eh
OT Sia-2si]= SO BEE MQ

GAGS.= EAWD cede = EZ BTR

. same function$ has to work foreverytthing.Lets try to further process this thing:

AW Sater earsay

oY i

WTas = 2 dy 130g =B80 oe + BBL= ALL _

- +=[hk
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a) 8.Now,Iwantto write this as an G-vector. Plug in for each term usingthe
7 __blueink table in black binder: a ee

awe ee a

Cea

—__- ap Leeazai) = 24 Me) BERS QS ws

ey oe_ -ee

SB INS=oynae
SUS$Q5 oe

“

* na) a) ¥y ~¥E_ wy (erga) : xy (ra) aeuse

— RBG = as) axes) x sgQiestoee)_p ag Gea} abet)
TETTaGee Ger] _
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Qo so we seen. to have a solution vith “axy2.8(123) wel. I have however. to_check . _.
two. of--the-entries-which don't quiteseemright:. - ee eee
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Consider_the Possibility of Making New Ward NullTormsfrom. the veetor—E-=-n& =—

A agJim\suggested.- Wee a a
ea ae ae ee a

1, Here, then , are three vectors which are perpendicular toi’:

\ ae oa \ To oe —
. B= O.3)2.=.0:2)3 we ee _—--|

Bee

Gut = ceyad eeee —_neege a ee
ettse mtn2 ke
Tomake on arbitrary vector youdothiss
os C=”

N =_etry+a(p y+ ¥ cn
ee ny5

For fixed Lorenta index, any vector Vv" has three components as shown. V" is a vector
‘in a three dimensional space. In this space, at most two vectors can be perpendicular

_— ry? ee ee

. .  . —Start overt these vectors are in a kndim space. let p, point in itsdirection.6 _Then there should really be three vectorsperpendicularto p,!!! Te, three
_ _____independent_ones.The above three don't do it because they are related:9

- On) Ee Gem GaGupte

3. Consider this simpler problem!: -Let n and p be two 3-dimensional vectors. Each 4

Axists in 3-space. Imagine p along the 2 axis. Then in principle theee are two

______ vectors in this space perp top. However, since you only have available nand p,_you construct a vdctor lying outside the n-p plane. Thus, you can o! _

_ . make gne vector perp to p, ... In facts guppese n and p are vectors in N-dimensional_
_. -space. Then there are in principle N-1 vectors perp to p. BUT, you canonly ~

-p plane , so there is still only one vector perp to
—____that_you can makes eee
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| Ga. Now back to dim's thing. If we have available nyp, andpp» then the only =|
O vectors wecan make Iie in a 3-dim subspace #6 the whole space, assuming N.GT.3

. (N=4). In thissubspace, there aréonly two vectors you canmake which are perp |

to py. They may be taken to be B andDe _ Doe
_ Someone comesalong with another one,it mistbe a linear combination
___ of these. Case in point:E) is linear combinationof By and Dj. oe

"5. However, nowlets consider making Wardmulls: CO
— ce

dk AB, + BD, = gaara woctnA do |

aag

Ms= Bred ICERaB DIGReAD)

_ . a a kay (OBB) AAC WD)

+t Ba(B.8,D,) 7 adeCe, 46. (B D88 :
Qo 4sapCOMB))
Ea ef (800) eh

“But these four terms areeach Ward nulland heve alreadybeen counted.

. 6. In fact,let me consider two arbitrary veevtors coniginedin this way: a
a

2 oe Ms a Beed

Woo N = 88AD
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MM. N, (Gale eyhin == comdadale fore) wad mull 2
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—___Teduce to these. . ee .
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_ . Express _Jim's General Vertexin my Standard Form. eee
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“Moral: writing the nnp terms as two separatetermstends to obscure the fact that

they have no singularity as n,=0. let me write them back in Jim's form again: .ue—eee

- 1 eS \ sy amn . ao ac
_
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T ax . ~~. ee=n Se teS rege=nASn wis he Sg

ae Las ey wae we we
__ As(1,1)-0“you get (n.1)s0.The first term ds then singular. Bven 4¢ 402, no help.The -nnl term in fact has a zero so it eannot help. The terms in “cuclic" are different __

tensors so they cannothelpe
__. Sonslusionsthe mp terms in Jim's vertex have cingulerities as (ui)a0 whichaekinematic;

ie, if you assume thet b and c do nothing awful, the vertex terms are_Singular. Clearly, then , you need to add some DDB Hard null to this to get aK
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This is really my first experience with this type ofthing, I
expect it to fail, ______but Jets go over_whatwe haves, en”)

———-If_you added some DDB in the amount I_show, you will cancel out the_singularities_—
———-in_ Jims vertex.Of course you also_add_otkhr terms_and they_probablywill now be —___
——— singular,but lets forget that just for a moment ofmini-glory here:_ifI choose _ ~
the. DDB-term coefficient S(12) as_on_the preceding page, I get_some_nnp terms———____
——-. -whichI_can_add_to Jims. The resultant non-singular_completemp term in the____
———-vertex is then: - —_—- - ee
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2. Assumptions. In this section we list a number of specific forms and gm
simplifying assumptions used in making the calculations. It will be evident e
thet most of the significant qualifications can be removed with increased care
in making the calculations and with improved data on hadronic reactions.

(a) We assume the validity of the scaling hypothesis. In particular,
for the reaction

A+ B+ + anything qa)

the invariant cross section approaches an asymptotic limit

ty ES Hog 2co Ft LO (2)

ap .where p,, is the transverse momentum of particle C and x is its longitudinal
momentum in units of its maximum possible value. (Specifically, x = 2p,//s,
where /s is the total c.m. energy of the system.)

The hypothesis is on firm experimental ground for the reaction

pt+p-4t+ anything in the proton laboratory encrgy range 12-1500 GeV,

at least for large x (Bali et al, 1970; Ratner et al, 1971; Jacob, 1972).
Violations may exist for small x, but this kinematic range does not contri-~

bute substantially to muon production. Data for kaon production is sparse.
Data for heavy target nuclei exists only for energies below 24 GeV (Allaby et
al, 1970; Eichten et al, 1972), but by analogy with the p+ p— «+ anything—reaction no diffuculty is expected on this account. .

(b) The particular form of £(py,x) for the reactions p +N (or 0) + =xt+ anything is obtained from Mason and Elbert (1973) and is discussed eo
elsewhere in this conference. It is perhaps worth noting that preliminary
calculations using the simpler fits of Bali et al (1970) for the p + p reaction
yielded very similar results, with median primary proton energies about 15%
lower.

(c) We have neglected kaon contributions and the effect of heavy

primaries, pending the availability of better data.

(4) In considering muons arising from mesons produced after the first

collision, we have neglected pion induced interactions. In part, the cross
section data are not available, and in part the calculation is complicated by

pion decay, Indications are that perhaps 14% of the observed muons arise from
the meson induced parts of the cascade, about 26% from the baryon induced parts,
and the remainder from the primary collision. Our inclusion of subsequent bary-

on interactions increased the median energy of the primary protons by about 10%,
so perhaps a 6% further increase would be produced by correct inclusion of

pion effects.

(e) In calculating the effect of subsequent baryon interactions, we

have assumed that the cross section f(pp,x)/Eg is independent of x, where parti-
cle C is a daughter nucleon. This assumption is roughly borne out by the
sparse data available (Jacob, 1972) and has no large effect upon the results,

(£) Muon decay has been neglected, inducing small errors at low

energies (e.g., those of Elliot et al, 1969, and Jacklyn, 1965) and at large
zenith angles (relevant to the planned experiments of M. Bercovitch).

(g) The discussion assumes a fixed energy threshold, although in |reality the usual circumstance is a fixed depth, In the range of primary

interest (E,, < 100 GeV) straggling is unimportant, while at greater depths its
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~Set_op anew_dp sector basis and tables.
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OV, 1 om suse expertnenting to tidtho Fasiadt nay Wo Snpute Chingoe T nave
_ alreedy done the BBB several times, here it is agains
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. 0 “Conments: Ithink this method is best for several reasons: a
1) you get theexplicit functions indetail without figuring them out.

2) Hirect, Lookupminimizeserrors. Ce
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0 3. Now do the ppp sector components _
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( Attempt to see where to substitute the DBB null tensor form.

_. How do-you' analyze raw npp terms into terms in my list? _.

Ocrnave no toute’ tidings tors, tke ait on ni2) and anbyaing14 nto Sts
. irreducible objects like(nit)5 ete._ I think my prgblem is more oneof converting = __

those basic componentsback into the list. 9° Foo ee

_ 2s Maybe I dont really know what the list" is. Inthe npp sector there only four

_ —... termsin my List, after absorption. I guess I should examine these terms before __
conn 2nd afterabsorption,
se

— Awd {nes + Or), Ed) = (mr), BOG = one eae— eS eee

Pine (AUS etfa [nit EG) * oni Doe
oe Ma Age) + NB) Te ey cle eee

_ So there really seems to be no problem,. If you know the irreducibleform, you
shouldknowA(123) and F,(123); then you add them with factors as shown to get
what you want!

Bo eeom
es

wa AQ Ord. car), Roe) = Ges BOB)

aitti] a AG) +2 & 022 ee
eee loos ee es

AGese Gen BOD) = Gal, wy _
_aaatA)

oo We) Gedy se Gee RGR—-. ») AMA A 2X = One yo ae

Woe Tate]? Sd) + BROT. oe
“This last one is just slightly different. ~— T a

“3. So here is how you do itr’ tak e yournpp term of interest, reduce it to
__basics, convert those to ones inthe list, then do the abave.
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To waten?

_____ goefficient ~(1,1)(2.2)(3.2) wild not be totally antisymmetric ofcourse,so it

—gamnot_be fitted into the above form. I quess youreallyhwant to analyze all the—_—--four, terms firsts _ —_—
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"So, we are for the monent "feeding" into3 of our “List terns” via theseA's, Notice

--.'_..that each A(123) reallyis en A-type function, which is a check on errors. However,
_... these A contribtubionscould be cancelled by the mimed synmetry pieces, sono
jgonelusionsyet. Keep goings
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Iie Now I have the awful problem of trying to extract the Q, coofficient fromle) “the above form. You have to rememberthat under "cyclicY Q, mixes intoQ; and Q,
a and J, mixes also into these two. So lets see whatwe've got in the way of Q,and

twiddle material in there: ee

Hw) Q35 &Heren-enea} AGA) + ogee.
| "However, since I am only interested in learning whether this npp term of DBB "feeds'

or "does not feed" into various places, maybe I canonly lookat the A(23) coefficient.
. Then I get:

a

_ = (vt) \(221G-2)-@- DOS) AGS) se ala,

ae Ab of Ves FONQgu dag) + qde

YS TAS TRY = EG AAs) 4ACSA ZEIT Hah

ee ATER ECy FO.
ee

_ the entire coefficitne cannot vanish because the three A(ij) opjects may be regarded
}. - #8Dadependent. (linearly) Thereforeour npp term ofiseoes dove fon nts the ~~—_{ELG1} term of our "List", and that is what we wanted to know. No need to compute
——. Sheri piecesof it. we
peek nnee

5:Now let us see if there is "feed" into the S(123) term. We haves
_ pe ee Lp

TRERY AGS EF O NEN EN] + eglaeae a a

Gs xy=Oas\2 exeeC
weey oS

ss. Qos =4Ge2) ss. REEAG LE a! lA CAG) yea) ew elt
a cee eee
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” gainwe will consider the A(23) piece only. We want the Qi-twid coefficient, 50ooOO ost Focaie oft: Oe ae
a ony - - ke
ap ofl = FO) xe YEHVAGIE) HG)4urdie)| Ale)
i sky[eaer.32G)+ 2@0G) +ACQEAA), _-
=ORR yetCores 2x Cg Aa) es
neiocare = uate =

Sosvate aly eeLe S+anl= ra [yGeatay Ex Bur ern 28) —
a ETD CBE =e CL Ce eC)

2 ~2= f-242-3 gx BS2a day
cc 6

“Soy ye concludeberethatournp of|DBBtermdoes feed into the (n2i-In2) term also.
te---..

a _ sure (modulo algebraic errors) that it feeds into two of them. My inclination __
now is to replacethe (n21-1n2) term with the DBB so I can see quickly that we
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"question: What blocks you from always doing everything "in irreducibles"?

OFsitesai yaw start th thom, thon you embed, thn in ttoct you east Show
___-__upagain. Why bobher with the embeddingin the first place? 2 ee

u--1_ 2s Bayconsider the List of 22ncterm tensor forms (irreducibleforms). Suppose you _
_ gaye each of these guys a coefficient function. For example, you would haves _ on

a a eS

~.  NGad. + [OSE69

= Gon, Roo] a keee ACEO CTOA VB) oyelie
The "mixed pair" entity here is really a singleamplitude , totally antisymmetric,

characterized by the function Fp(123). There are not three amplitudes, just two!!!
.

If you are classifying terms or whatever, you will never get (n32)} ina thing
_. like thiswithout its partner! Because you are always dealing excplusively with _
_ ,...berms that are totally antisymmetric. So why bother to carry aroudd extra functions!

CP)“ exampie: Suppose 1goandanalyzethe DDD.A(123) termin its npp sector. I find -
j. - that 4t can be fitted into the sbove coefficients Like sor
«lowe tl a oo

coe wes) =( $AGaa)5 Gaynr) (aa a
— a ae

BGs =(AGey EG omryna} ) 2 _

oO Teme ate ae w GL ay a 00 ty =
DDD,AWS) = Wd) (waz) |bGad — pf

____ Thus,theDDD term hits on these two amplitudes of the npp sector. Ofcourseit‘

hits on amplitudes in other sectors also. Still, if you wanted you could replaceHits on amplitudes in other sectors also. Still, if you wanted you could replace__the (w32)by (n32)3_ pair with the DDD term!

3: Gonsider the effect _on the Ward dottingprocessof removing one of these terms
_- instead of the other. If you have the (n32), left over your Ward will say:

P ~ ae aPSQi TREATS TRY
ee

nt we
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re) _ How would you dot the other term? : .
a Ce

Ls tfalnars ant [EGa) eget _ .
~~"

¢ you blindly do this (as I have been doing) by using the cyclic form, its justa
. real mess because you have to go lock up (123)F, matrix elements and so on. The

~

"| __ first form is probably mich easier:
eso eo ee

- vay — wpe egy we

STR Tt]SE
t = 138 aot < x .— 1 = GASES GS 2 ET SBR GGG ANT

ee
_ . 4e Soy restate this: the tensors (n32)", and (N32)"5 occur in the vertex only in_

“—ervertain combination! We-enelyse-the-DDD tensor-and-wefinds— 9 -—________. .

: +. pp tensor ={ the-132;-tensor) +{_the-n32-paie-oombination)+- ——_______-
~ Obviously this is your,golden opportunity to get rid of that paircombination —
‘entirely! ho needs it?! When you start putting such pair-combination tensors

into the 3° dot, it seems that the single entity gete fractured into two entitics
| which you must then track both of. =—=~=~=SSSOSC~C~S~S ~

cca
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ie] ( Genk SCALE4) + (measS@,-?) a
we eee eee ey ee Be

Sa LGuesi S)a ~p| # [OS MEA Se LT

TASS, FOSS S SGA Ta Ga
_——-- a ~ a ee ee a -- ob a

: = : = * ws = = Gi Saiz
SS a —_

... 2+ Hindsite: we know that the tensor form DDD is S-type. Therefore its projection ___
.—  Anto and sector mist also be 5. We could have known that at the start. ThusI needed _

t only compute the S-row of the Clebsch equation.
_ _ oe

___But Ididnt think of it so I did it out.First,I note that only the AandS |
survive syclic; then I found that A=0. External factor is (1/6) asshownat the startGQ) _ ent then 13 becausecyclic Just copies original tate. ———____

.. LageDY= _FS@, Gas | ee
iil ECON) [oo

a re

foSB, Cw) a
| nw SRB) EO Gu 23 oe —

Read ptSe =
1 SelDODD= EX S@x Grady + | SQ (wash, Apeteos [|

"This then Ts thepreciseandwer to our original question: it tells you intoexactly

A "which of those&@ 12 npp terms DDD overlaps. = =
=

= Stst=~CS —



3.

— gm _ 3+ lets push this some more:(npp/DDD) just ‘tellsyou knock the np.temsOsho. te DOD appears with coefficient A(123), then justmiltiply that ins

_ -Nwapnn SH fawn sed{onde + TAS)SQ OY LT
oe es ——av__. aoe - .
OeEAU SHT(HB

EE ee) 0) Sto TAWA
Y=AR) Asus = (as) (5) “Cie |S,
ae 0 > Caeee
oo ce ee

ae 2 AG) S@

Os avon= AwsedOWMs
ee —— — oy ee =e

. TAGSOT (ned, — FACS SEI Gy
OeTNBASQ ee

ESAS@),

~ ST Asm = EEOSHSAIAG)_._w”s”s~=“‘i‘“‘i<i<‘“C

| _-So.yasythis could be embeddedin theSx 12%system.Bul that neome to juek-cloud
——— the inom issue, The result on the past page in terms of irreducibles is clearer, _
——--You.can replace. one_of the three tensor forms appearing by. the DDDobject.



Arne Rraction Analysis of the BBB term. ee a

nom AL. T think weiting in plete potetion ts ugetul heres There are @ temmsin BBB, a
——- -alloftheppp class. You write them_outend you find: ee

RRR= aye (231-22). LT

| ____the first term is at onceirreducible.The other terns require aininal work. Hore
- -. —-isthe first of the second two terms:

ma KEE Get BB EDSBe ES at

SS EI) SSG SSG IEWOY
— xr Di (Prat TE Wow SN —
— > EG et Gt tyeGO Gh aus aup

= S6e) Gs + lon Gael OO

geo 4G. 205 = * apr Quy, ~ el ee _ _
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OT Add oun: pte) ao shh —
Dawe Toeok 4 ansLaw|+ -t[ eye eva

-. 2 *4em | Qetey)i] -¢ .
en Cy nS ae Onee SSS mree ee ~ 7~ 4 @ TGS] pe
____2,So here, without having done too much work, we have a complete analysis into_

irreducibles of the BBB term: (irredudibles appearing in ourlist!) | _

[DBRS _ Gal, {Seeh

os — a es os

—a et aoe oe 3 an
A. oo a3 Capaye') . ol.
Seykete
____4, Gonelusion: the BBB term overlaps into 5 of the 10 tensors on my liste (A

. -psir’now_counts as one tensor because in the vertex that is true. ) Last time thru
— .. 1 -replaced term 2. with BBB, but I think I should have used this opportunity
in_get rid of apair! ne ee —



--—- -- Anew fraction analysis of the FB ward null term --- .

Oda visa sn te ‘same_way_asyou did the BBB. =. ee a
—

eos
oe ee .. we

. Fr 83 SQQ)+< we

Re LQ se 2 Yawn] = xe BP) -He) - 2 (219) + x (28)¥ : .

~___T think we ere forced to do a complete analysis of this FB object. Well, S(12) has
____ _._an§ end@ 1 piece.We will Clebsch this with FB and look only at the a-line. Here .
—____8(12) plays the role of g: There is a g, and a gy. This means we will need (FB),
_.. . and (FB)2 only, Our answer will then be: . .

3b2 GO. SW, +E LEH, 50, =e - ee
2, So, letstake each of the four terms in FBandget their a-line and2-line.

——___.. Start with the third term since looks easy:9 we
Bana —— an -

Qe = _t @\e+ yt Or [re + @rhe + (ar) + (212),
SETS,FG. SD, BAHERI,0) sHegwaeyJ
eee:tc ee STORDAYAGT =P
ree ee ;

OW = 42 KORcON + Aid), +O, 31H adare\ PEA HCo rere i

SEFeaseg ESder FHT d,= YR
-— ee ee



__ G0 back ‘and Re-analyze the non-n sector stuff with the idea of trying always to _

r,) mock out, pairs with the ward null terms. i we
1. Notivation: I know the enswer there so I can watch what effect this has.

.. —....2s Here ig our starting list: nn
ry

ar Crrrrrn an oe aw | -+ on Rp “SPAN Ww(ars Jew) aml by +a, QL
we ep ——

2. aes Tet a
_. . — ais i ee

Qa\)A wee __ 4G _ __ —
7 a ee

ESSS SSL il +Vevey oo
ry ars RYE l BAL ~ <a
SNSSLB We RR
(a)___Thereare four pair-tensors inhere,and therel willbe four Ward null degrees. Maybe
"Zan knock out all the pairs! Lets try it.

SO

|.3+ Now lets look at the BBBanalysisone more time. = ==S=Ss=<“=*‘“~*~“s*‘“Cs*s~“s~S~s~sS~S



_ _ _. Now merge these neiv terms into the starting list. Lo .

© atere te tye Harting Us Te. oe
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Restatement of the FB and F(1-2) analyses in terms of S(23)., 8(23), and (23) _

om “Hy Use the table just madeto get these things: a a ~ ~ ~~ oe

RRSG)4 aie a
6 . eee Heee

as \ “Cal S, feroraysaterg eet : so

‘ _* S\boyegeray mers aeeh + sfetaying|anQ . . *,

+6 Cl Se [rea geeegy +SSesgeaagh+ SF geass | .
% yo : : - -+ Qe Cay] Se] aay agen eg +E TERE -

eg +SIdangeag BEG +Seevey tg | - gro) Re -- ee

+ Qy | Sf ads Sion stones] a" .
ky a ee aoe 7+ LG) |ssboeossa+ SL3ERH +S.{eqatl __.

+S)[Sifeny + Satetwegs +Sbeyh

PRL. \
%

+8) re.

I haye made some errors of putting 2's in the wiong way. But pouse to figure out: : .oa what are you going to do‘with this thing????7? _. ‘ wo.



- ae Be

a, ™

, -2-,

. Py % Aetualty,, there are tio separate Ward null terms you can write likethiss =”
- nae FO SMA ge - FALS.-IS] vey
a = (Pea )S. 2 A

a +f (28,1 = pest ne ce oo
Te, you can consider these two terms completely separately; each is a totelly anti

_

syametwig ward null tenor. Each term "feeds" into all @ terms on the previous
__

page. A similar: statement can be made about the FB(1-2) term, except that one fe
feeds only into four terms. Lets consider these, together, schematically ; ‘

Be 3p x 5
2 t cn PrFRISY+ Lt G + WT QF TULA TG + 7Q, 4 7QL

Sp & x x 3e » 7 3a> ic)
6 Fels] > TL +S +R 4G HL HG,a xO,Fie TG GS

- Se. ieRajya - Ge ey
:

So this is our "feed list" to these terms.

.

3. Conments Notice that F(1-2)8, does not feed into 7PQ,. wny not? Because the
5, object does not appear thére. In general, ifthere are multiplying functions __
you seem to get all components in a given term; but if there are no multiplying

._ funetions you have to be careful because you might only get S, and not the $8”
groupliing. Or vice versa. Thus see lists of feed above, .

4. Well, I would like to replace the four irreducibies slashed in pengil with the

four F-related terms. To really chack the possiblitiy I have to face up to the

"feedback problem" which is this: each time you have’to project into the new list!
.

"

It-may, in other words, not be possible to sliminate things you thought-you could.Kal This is all. discussed cleerly in-the “spinllover theorem" section. —
“But suppose we just assume you can doit} probablitlies are with you.



ace ‘
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0,

_e®-- Then in €ffect. you are using the F replacements to kill off both those —- all four _, __..“mixed. terms. “Now use.'the otherward null, the BBB, to kill off some other term _ -
- Sf your choice, Of course it has'to be something that atleast appearsin BBB; _

—-- lets take ‘the Gj). Thenwe are down to this: wee oe eee

- ae 5 8e8 oe ee ee wee eee

aa 8 . - see ae.
Te Qa) Se) © oy. Moe, Se
He Ly AGU) " Oo : a

poner. \+ Ly AW) a a
+ LAG) a : .
4G BAY). ).

Time to end: I thought I was going to vome up with a “hetter" list for the non-n  __

sector. My plane was to always eliminate the mixed pair terms and_work with aoer.) _ iteeducibles. -- oe - - on

. Now after 8 hoirs work that just seems not to payoff. I already have the best
‘non-n, List_possible, I think. *

.

,

.

“

.
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(all classes considered, momentum conservation ignored)

~— —MakeUp_A Complete Set_of tensor forms for the noterms, |

e _ 1, TguessI will try andduplicate my previous method: ie, ignore momentum |
.. ——Conservationand make all forms, then impose it and see what is independent. 7

_ 2. gun class. This seems pretty simple. These objects have the same symmetry
© as theobjects aIkE 50 1 cen read off the (@79%) table to gets
rs

:

ea cS | ~ ae

w=Sauna:Bn’, Bowl BEE
a 0 geg a) ~ a

aid supe: 4@),= [eatswoe

aae

- sen oe

ne te), = = RL Bw8

___. 3: Witriples class,Also simle,  st—<“—s*s*s*~*~*~S~S~CS~S~SsSS

a” = pGumn)s=maniee
"ls The déuble=n class, ‘The raw-torms are like nnpy and have the saneoymetry
88 thedeltas.You can think of n’n’ asd’ symmetrivise, So here we ares

~ ow Pond am aan 2, ann; mdsmw En, ands ; Many om Boum

- ~Aal sen: —__(n a = “mn (A=2) 3
Gen5 Sn (tt) tt nena so wesic,
Om)= Dee Ore) = 8)a ton
a oopee =

Lorre= “laren =men)
ee ee

_ 4 bent),
= -3an > eGRR

nth= an (2) =Gan= Gan

. 4

ODL Tan men oe



Lo

a

ro} 5. By the way, T am starting to write pairs ina standard notation like so:
SS Sp

FL = (2a-BecJ. 2 ee

rn a 5 —s =f B= cysary ~ ns

_ of pe = [p= 6] ser), ee
eee [2-A--.B- C.J - $$

"____8. Now on to the npp terms. This catagory seems to be essentially new and requires _
“some work. The raw terms are easy to list off, there are 27 of them

_ -

~Theetatle
__ __ and 9 with n on the right. _

: “Here are the effectsof permutation operatorson these things:

AME nth tet Bf at eeBB
——_}._-- oe ee

MELE mee Awl AyMe

M23 | eB tm ee|e
~ ONE | Ve Am\_ mL Le a

A 4 CCN0

2RS| ae Bel ay | a2 aL
_ Each of our 27 raw forms appears at least once in this table, so___ _ a) —
_. ...W@_know we have them

all. Wecan now form the 27 tensor forms of eery . definite symmetry. No big problem,just doit. 0
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. -Here follows a list of the 27 npp forms ofdefinite symmetry: _ -2--~ -
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- Applicationof Momentum Conservation tothe npp class. eee -

a mit 12 2t_mza/ ant ine ant an[UnYan ain aan

_, Sefinite aymmetny. Thus each tensor is now a12-component vector!9 Get ready REDUCE!) |
“TE!ST guess the first thing to do is clageify each rpw form into a avedtor?
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Appky Momentum Conservation tothe Qther Three Classes of mferme.men 1. First; the. triple-n class. Momentum conservation has no effect here since all nnn.
—— ‘The term is inaclass byitself...» . oe

—-—-2. Nowthe delta-n class. Again no_p's appear so stays "as is"... | ———

——- 3. The nnp class.‘ Make a vector table_and do it,9

Gouda te Ae
- tm a eTa
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gm» 80, wo now know exactly what independent tensorswe are dealing with,ion lets try to make a complet list using some kind ofreasonable notation:

oe ee (om)s ee

Retoe pL nds feree naeee Aa a

a ——manp steak: Canis Cri) i_| Lo ee

4Grads loa Lora Lo.
—-- —— MBs 2. ae

-N oe Caw — Sw oo

(on ——  r@a__ Lowy Cae
.. ML inall, amoiigthe n-térms ve @F@ SEIS to construct: = ho
———. =& Syumetric tensor forms
—-—____.. . _2__Antisymmetrictensor forms ___ a
we Mined Pairs, we

hilton ne ‘
S

ae yt![las—— Sous Cap \rd, (nr) Loy \

Ce ts - i a

we ace fan

—. wo anno Sed Nalsugthan on
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a

A 5. This concept of "absorption" allows you to "absorb" all themixed symmetry_~___termsinto the$ and A terms in a certain way.The key to this-is shownon page ~7of the$3 notes; . .
"ol p>partners = (first two terms in T added) £, + cyclic

=—-— 12 Se eet oe Ce

cnnfr = partners = _(Firet term ~ second term 1) ¢, 4 cyclic
____By generalizing £, to be an arbitrary A(12) type function,you include T,___By generalizing f, to be an arbitraryS(12) type function , you includeT,

—- - $+ So allowing for ell the absorbtion, here is a shorter list of general n-terms vertex:

a OE OY1 ra
— Mom AO) oeee

—. | Sth SAW
+ watel / naO_. [nn x AGsya| fo

—sfQed. x Sie) eyelets io yeasenase Dee 1 Schwa. oe
Lrrr-e Vt) Aga) soy clan a a -—_____+.

OA 2) AG a egetc
¢

2S RED SLD gd a we

This is g form for the generaln-terms vertex. Probably wewill modify it to make.

- ——Ward_millsfit nicely, but. we havea reasonable result after all this work: there «
~ - are_& functionsin there, Compareto 6 functions for the non-n-terms vertex. a ne



_ __ ___ onstruction of Ward Null terms involving n. . .

a .._ 4, We know all the ward nulls that have no n's, The idea here is to make upsome.
_-_ dbgects Like the Fi thing and vectors Like the B thing and plece them together. a
os We a ~~ ae Ne nnOS ——— Gem So - M  IGe Gawseo.

—____ ..This thing is only perp to one monenta,but it eats up twoindices.Thus, even with
—_ * By type thingyou cannot, make it so each term of the cyclic is perp to 3’, So

——_ .. lets _not_use this. ee en

——-2- We_can make some vectors howeres
a pepe st

ae oD eR etDSO
— vo aT OTT 7”oe a 7
_. Do= dean —Dteo fo

——- pee eee ae - a

—- LR= @OAL-2)Ww_ DWr=o wee
- WS TTR A oo-

GO Waa -Gaw ee —

aa
a AQ + andes = Me weep

ee ae —— --- - _—
a\OV7E YDLBs* SAL) 4 yl a
aee

"___ Sohere are four new Ward Transverse terms, which means we now have a totalof 6 OT
—... of them. Hopefully this is all there are, we shall eventually find out.

_ form that somehow includes these guys; series of spillover mancevress
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—- -— ~Insertion- of Ward Transverse terms into our standard form. wae

COs, sine ve ae eons to have late at sltlons wo shxid inor stiy wat a ow
- terms are at any given time, both n and non-n terms. Here is a starting listL:
_. tos CO

. NR 83 See OL ee
Cg ee ae

—-—- WO-d Shee.Bb . ene

NLRBSOA)
USAee UE ce

--__ 34-2) SQ) te. ee

wesAGB) | _ pe.As
OseAas | oe \>FoA@= <6,

ao mn 3 Aleas. TG ee

ae [ota=2: Rojee |S~DDB-SGH oo
eee D*\wi\AQey ee
ae we wo

Sm erWAM) *< iaS CalOitacts au yA
aes FEMantle

we} A(t) sc. Te Hie fia in pond (oita—lnd iee ee ittml) Site]

- fea) S008. aanete on Yorba!Jo Tustin Ta
| A rather extensivelist. I have not bothered ti give functions nanes since we are_

——-—dust_doing overlaps

Ko] 2, Lets first consider the DDD term since this is the only term whichcontains-
"_____nmn, (the only Ward null that I mow of). Expand to find thats



sof -2-

A 5 aSra + 7 - ~
oe. DDD, = Ge noravord. 122 ao TB

we HoG2)wn es. TPH.
oe a

ce DOD. WAH?) ig AEP we

ORGSm OP

Tt is at once clear that this term overlaps into TyyTy and.iTyj it is notquite clear
what to do with the ?72term : a
._Perhaps'I should not worry . Obviously thia is a single-h term, ie, an npp ter; :

____and since we claim to have a complete basis for such terms, itmust, somehow be __ i

_...., Absorbed into T,, through Ty). Exactly how it isabsorbed is not important (albhough
___., it_would be esthetically nice to checkto make sure itis absorbable). I will save

__._._.__ this for an appendix maybe and get, on with it. wee
_ So we simple replace the nnn term by this DDD term. Theoverlaps into terms

_ 34927y11)12,13,14 simply redefinethose functions (hecne a good reason not to __—«sss=«lon give them names yet!), Indicate this on the page: _ ee
~~

3. Lets redo the above absorption more schematically. Wehad: oo
oo “" "

Dpp= nnn + nap+npp+
ppp tSStS~S a

Since our basisis complete, we know we can absorb each of these terms somewhere. ~"We see clearly that term17 is in there as the nnn, so we can replace that term

“he Now lets try the sameschematic idea with: oS
Beee

DDB = nnp + npp + ppp
ae

.

_.

____Againwe know that each term can be absorbed somewhere. We have not changed our
original 'nnp absorption. capability’ or that for.hpp.or ppp. So far we have only
fiddled with the nnn. Now, since no further nnp terms will arise from later

Ward null terms, we would like to put this DDB_into an nnp, But now we need more —od debsil because we mistknow exactly which nn terms are spilled

into. We only need_____ one of” them, thenwe can replace that one. _ to _



.

. w3- (va)

Oy 5. Here is the explicit nnp piece “of the. DDBterm:- we
a WNAVG). Gams)? ElanGre)enl-a))
we NAY (BH) Guts Am Yes)

2S. mn[FONDADEwa en©en (ed FC CDS-Y Sh Ced Cerys} : .

Clearly this DDB term's nnp piece feeds into both Ty and Tyo so wecould replace -
either of those by the DDB. There would be spillover in the npp and ppp classes ee
which is just fine. I will choose to kill T10, but may later decide on T9 to kill.

.

“6. Now here are how the remaining two terms Looks _ - _—
Fo= ar ee 4 2m—“‘“OéSOSC*™*~*~™

ee ae Por oithenge2n3 om 12g me eeI can substitute FD for either dn =, or d'3° =75. I have no idea which

__.__way is more efficient, so I will kill the 78 on grounds that it leaves a term I oe
have already considered once in non-nWardanalysis. Markitin red.

_ 7. That leaves us with only one more ward null to incporporate. Letsdo an npp a
- analysis of this term and then tryto stuff this in the slot of one of our npp terms.

=ONEHG2 ADP Hails + ag Cuil, ee Ce2.»

: \s tam Gud, +6 nee ee
wo NOB) DTZ Ere ats) AG on) = BOM Hla (me), ebay
ELOY BA)_ TIP ECU Ant) A Ge tems) = ECs HAM tet dfn
nnNO)2) EO]AAG MINE) se TAT
____ Tale ds adifficultproblem to seo exactly which npp terms this analyses into. I
_ think I will just guess that it goes into all of them so you can replace any one

you want. Thisis very dangerousto assume and later Iwill have to come back = _ .
_ and make sure. This will remain as the one loop hole in my arguement. _

+ 2
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-h- :

mm _8. $0,assumingthat: oe SoOF 7D the starting list on page 1 18 a complete set foreverything a
_.---_. >) my DBB choice was OK . coe ee

"the general form of the vertex can bewritten like thiss

wh BSGee 8ae8h
a RRR,SU Lo
a SASSC21)a)od oY A
ee eaAD
PEESOMA

ee

a DRA) A tra

a {| 02) AG a

eee a —___ f chew onan -xt iyi anee

ee a eeee. 3 ORV Saas. J . — | ee
a . ee AMec {——

ee ee wg cana) nema —
we Gtktt) Age) oo AGIATT

tera Apelac NK,
____.are to be no more wand mull. terms,there had better b&(22)independent equations—____-Asithe Ward identity; does not, sound likely, that wilj/be’the next aviesnee:)

.

ee a 4A fis
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_ _ Append At (wah oae)., ch same anger )) . se . 4OF 1. cur goat here is to analyze the term “(nd-ini)S(12)¥ Gyelie Into pieces witch =
appear in ourlistof terms. My first thought on this is to analyze this thingby
symmetry. Rather than make @ long matrix inversion problem, you can easily anslyse
the tensor as follows:

— re

____ (nam) Ge Like an A(12) object, thus it hasonlya and 2pieces. So apply the
_ XK, and Xp projectors to see what these pieces are. Look up in talbe les tosee

____. that,_(n22),= -(Int), and similarly for the 22 projection, Thus, you got it.
_____Next remember that only the s and a pieces of something survive cyclicization.|
____ Soyouonlyneed compute these pieces. Here is what I finds

(mts) SUD ae oe

: = BL Crem Sqoy_s $f ee SO, ~.eo Ww ~

ee ——oo

Gare Gey =Ory Gy FE SO

___._Sohere is what seems tohappems SS

(w=lt) SQ) ee

i ae oo 22a), SQ, = ee

___ this extra plece left over which must be stokered somewhere. Now consider: oo
rn oot enSoee

cushy =. OQ, 5 Cura), + (wey) =~ 0, L3= 7m), _
=>. =a f2/ (mea) Sag, ~ 3 { (m2, SOD, = |5 t} -————-
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re) ayes WB {e are +21) SHES Se OO

a= Gri [8 S65, xe. =hutemdlas@als eo

Critnt) [sQ) s(n) sc
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oO 1 Ihave a tentative list of 8 terms (with 22 functions) for e general form .
_-._. -of the vertex. However,I kmow that the Ward identity can give at most 20 0

-——. equations. This seems to imply that there are st least 2 degrees of float. __ :
--____This_in turn implies thet there are at least 2degreesworthof Ward nulls that = _1don!t know about!! This certainly would be more interestingthen having it |—____gome_out like it did in the non-n' sector: all the ward nulls were obvious.

2+Counting, neeee

_ 7 7 ___nonn irreducible components _ mo ST
enSP we

coe ee ween

_-—__mterm irreducible components 22
we Se ~

—_ a Ba

ee _.. : a. ee

i;eeoP
a total drreduetble combts 86

remainingcomponents: 22 _
———--—__.._...... Ward identity: wo soutien wxoe
ne =FBS
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_— _Dét_ 3? ‘onto neterms in the list (the last_four terms). Be ee ee

6 le I héve-alvendy-dotted_gnd fractionated eli-teras-in the nena cctor, a0 dete ——
-- --—-- do-the dotting for-the a-sector. 5

aa sb Plret tem © |

eeon) Anon) AE ee

oo nt) TTA) + MOS] —=

SOSPEDARE

oe. BT GUESTAAa ERE s 2 Set) Age)
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a Y . ee

2) -GoyAlaysGrAsiy?.be)Ge Asa)7
22) =Br) As (3) VY ~ 2. We) = Essay
Se)A
we

‘Ido not, 1ike the way this term has scattered iteelf into 7 of the 10possible
_ equations, That means the next two termsare going to be equally messy. _

is is going to be_a nightmare! “There will. be too,much cross-coupling between a . .V4 tae 20 ‘ ation systems. I wonder
ifI should not have tried to kill these mpp

instead olf the_ones I did kill..... oe ee

>

&
a a — =

~7__5: So I just spent all day today tringto find a better way to do this, something .without all_that cross coupling: could not do it! This is the only route have
—. . left, even though it is messy. Must therefore pursue it, or‘quite 000 -
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-- CongWe os,dol lewWED aan
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_ Wes (| Ass Ac) EAn (| =A\@3 + QSa@) = Ss(23) oY,

ee vie et a Ty ao oo .
PY ~B[AcB) +Ad) — Lyte) Al)MAA)+53) - See) VV

© 2) TAs) + As]+ (4-2) SAW)+ ZS) =ZSa() res
. . . + +, - ~ +

.

2) Gn) [AG ANGD “AOAC 454G)-2B (3) AS

8) Pr Ks) Selig) — (yte)ACy) + (2-4) Sa (ie), USS.

97. EAL) ~2V AG) + CRAG) AAR

amy (Ge Aceh= Ga) Ade) 4Q-3 VTAANT A
° ,

> ~

:

awe ke /(ny (2) Au(aa) = 3-LAsC22) Ac} + G1) An(t).= G8) An 2)”

©. VG) ABI ~ GLA) -Acte} +62) Arle) FAQG

ow) (37%) Aycie) Ty

This is the complete LHS of the Ward Identity, prioir to pair symmetrizing which
:

a will be done goon, Terms in red are the old ones arising from the non-n terms.

a ‘Terms in black are all from n-tensors. - . :

7

- ~ ~

.



Construction of the RHS Ward.
ee

6___ 1, We_are about to construct all the Ward equations; it would be nice to know
. the RHS now rather then later: . . _.

@Nawod Sn one pik ing pee

wegn)re) (ey

ve ae neOo) <<)

Re

__ Now we heve to break each ofthese RS terme into ite eymetry pieces,

Oe
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Processing of the Full Chart. co.

io) / 1) Regard the (12) equation as telling you what V is.
V 2) Replace (4) by: (a)' = (4) + x(22)

J 3) Regard (21) as tellin you what S is.

Vn) Replace (11) by¥ (ary. = -(y+2) co (11). Compute area 4.

V 5) Replace (22) by: (22) = -(y+z) c* (22). Compute area 5.

¥ 6) Regard (nn) as telling you what J is.

J 7) Replace (in) byt (1n)'= [ (y+2)/n,] c* (an) Compute in area 7.

J 8) Replace (n2) by: (n2)' = [(y4z)/ng] 07 (n2) Compute in area 8.

re) J9) Replace (1n)" by: (1n)" = (1n)'+ (mn)
J 20) Replace (n2)" by: (n2)"=(n2)" + (nn)

sven noke new chart omen OK, CTREUM]

J 11) Replace (11)* by (11)" (2; + fard\igry
/12) Replace (22)' by (22)" = (22)' ¥

GH oj

V'13) Regard (4)" as telling you what R is.

J 1h) Replace (1n)" by (1n)'"t = (in)* ¥ (rg/(v+2)]
J 15) Replace (n2)" by (n2)"" = (n2)" X [np/(y+e)]

0
ween make new chart #HH Ereen \we eudhanp a]
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Second Processing of the Chart.

fe) 1) Apply 4(c*4C7) to (22)" and replace that row with the result:
—— i L Las eS

3) ( ¥GR)Hewy [> some | 73 % (ee€) Loe) ~ceny]
- — an a ee

Call this row "a". Now multiply this by c* and call that row be

Multiply a by C” and call that row c:

ee ~

~eo ¢< UHC) Ss | us (C+) Tee) ~ |

a Ly Py elOQ ¢ Yay) 8 ~v £(\eS LHC) ~ccg)}

fe) Now compute this combination:

C® +26+49© —n f=
(te ageing)2CO+ i) ee ~ (CAC) They|

saya! = | i (PSC) [RO ~ccY»,
27 ia . ae # Ceegeey (Sn) [h0s9 ~coy]'| e260 a ya = (4c) (HO) ~eo9))

Now the idea is to add this_mess to Row 1 of the chart, thus calcelling the T

coefficient. We any above as telling us whak@ Yo. Our problem isae

now te compute up and simplify the new first row, then make achiew table) Sa®
oN
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re) Third Chart Processing
1, With the overlap I am now down to three variables. The duplication of information
in the L and M colums suggests to me that I really whould convert to LiM and L-M
as variables since this will a}xput three big fat zeros in the chart for no work!!!

I also find that K-L is a nice replacement for K because it simplifies that messy
K entry in the first row, and doesn't complicate the other rows much.

2. Notice by the way that b, the Ward function, no longer appears’in our dynamic
equations. Of course it gets fed in by the kinematic sleeper equations that we
have memoved.

3. Here is how you comvert columns to sum and difference. :

u LML w iM entik
=

Mat 4aw » Ea) carb) .

ie) : (sur). (Rlewe)
md Sams :

KL 'oe = No:
a 6 te-*) =

NO, not correct. You cannot replace K by K-L in this way because ak+bL 4 4(a~b)(K-L).
dust leave the K column the way it was.

4. Check results visually, red checks. Notice that, for the first three entries,
in the I-M colum } the difference just duplicates L. And in the L4M column you
get O for these entreis. The last two entries do out by hend. (attached) See on back.
This is the second overlay.

5. Third overlay: add row three to row four; add row 2 to row 5. Reason: makes the

@)_ Bie Aook mice, doesnt do too much harm, May undo this later!??277
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__
Sidetrack: whet. can you learn from the (nl) and_(2n) equations/? ae

aseccna.coer mitogen te vn Deonngy they wre fee
__-.. carried along with each manipulationof the other rows. When you go to the IM

and I-M variables, you could tell right from the start that you were going to
get these simple equations.: Soe - ee

K Lh AUS. .

rertos << ECAC
ice v v Ga) Gm) v

a-4ut as, ~ (2) (22 —

_ Se take Ct on the top and Con the bottom and see what you gete
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cSCer) Botryaciye ng 42dPEGRee 4

Or aca8 BA Shay ak Cape hha Oy ae EE

_ This det. seems not to vanich, I mst have goafiad, If ih is tme that it does nah
vanish, then ,L have the solution for KI And Ward nil] implies KeQ.
enn This is extremely important in the overall scheme. Checkit again...

OO
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- Re appt SSAA EF gs = sencuy |” -we oo AA. Gm) GOs af.

[ae RSRagedtey)

wl)BS Sagetbe)

enpak ARARE = s0G TARAS oo_

a a) [en

oesna" | BA" ; oea x) _ an

~ sf k= Ae soGy | Ce
ee =e Gr) a i -

a + BARB) oy 2) oo
ee

A®— 5 cz)
pe

7 +BEA 5 oo
_ A= Gs) we

_nonetustont Tn the general inhone problemuhers_ you aretrying tafinda vertex,
oe the function K(12) = A,(12) mist be what. is_given above! Ifa solution exists,

____then_thismst_beK...If other equations vinlate this, then thereis no solution —_——
___1_stertingfrom mystarting point. ee ae
— .-. But this de trply a real mess.I guess I havea poor choice of basis, but.

OK, ——-— - —- a See Se

——~ ~-:Ror—the WARD. NULL. problem, however, ‘T-may_conclude_that-KeOUMY os re)



The general Ward-Null Problem: , Reverse Trace starting with K-0.

fe] 1. In section called "Sidetrack", I found that, by studying only equations (n1) and
(2n), that c=O implies K=0. (Ward null of course). Lets take it backwards from these

and see what gives.

2. Obviously from the same equations you may conclude that (I-M)=0, actually see the

finel overley for quick view of why this is true. In fact, any of those equations

on the last overlay tell you this, but expecially the (nl) and (2n) equations (either

one) becuase they contain invertible operators! Or look on first page of sidetrack.

T have solved exactly for (I-M)R there, and if c=0 and K=O, then (I-M)= 0, no

doubt about it!

3. Now undo the fourth overlay. Since the operator in the L+M colum is invertable

in the last two rows ( I actually solved this in fourth process section_), you may
conclude that L+M = O also.

So far:***##** — KeI-M-O for the Ward Null

io] 1, Now look at top of "second process". Since K,L,M=O and c+0 and b=0, conclude that
720 also!

eee KLM,T = 0

5. Now just look atht eh TRKIM chart, Any of the first three rows tells you

that R=0. seeee KL M,TR = 0

6. Finally go back to the original chart. Second row tells you V-0. ‘Third

row tells you that S-0.

#00" K,L,M,T,R,V,S = 0 and J=O from the start. , last row.

Conclusion: If the RHS of the Ward is null, ( ie, if b=O and ca0), then the only

solution of the Ward given my starting point is: everything zero. Ie, there are

no hidden solutions.
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— —-sStatus Report. ao ee
: oO _1, Ihavenow before me explicitly a_system of 20 homogeneous equationsin 22

. variables. Question given the power ofReduceand so on, it there not some..
. automaticway to analyze this thing to find the hidden ward null term? 0

. 2. Supposeyou bad. 2 equations in 4variables.What covld_you do? ee

—__ Ay Ane Ais Ay \f 5 a
Oey Ar Gey aay S| -]e°

a _..an

as
a —

ee neee

____1 em yery unfamiliarwith non-squaresystomg of equations. Clearly thisequation
above has a trivial solution, but I think it may have two? nontrivial solutions.

- Matrix could beranklor rank?. But my notes show nothing onthis. = _ -
-——_ How would you solve this? Either these two equations are "coupled" or they

- are uncoupled.

Ie, if xy appear only in the first, and x and t appear only in theSecond,
then you have something like thiss(omeaae ag oe ga te

feb oo Vyx\ (2 as arty sO! =) * meen yee._—\2.e9 ES a Ss ee no= €}\o Ks .

—— . Sof they decouple pairwise, -you get_only s trivial solution? NO. YOh get tad. _ 7
| solutions: ae : ott
flere: ° = = it © ——
eo a S J

nO) = sad, _ of: -
J

"Since thingsare homogeneous, any miltiple of a solution isfa solution, thereis___n0
scale set, So you could take these solutions to berJ Even if a0, say,you still have these two solutions. _ a a

-- ee

3. Now suppose the equations are coupled in at least one vetiable. Then you calf use~~ one equation to solve for that variable and substitutd that solution into the second
equation to get 1 equation in 3 variables. + -

——exsby ws eetdt sco ato x= -kyoseoAk
ae

axallyacesdeo 5alf-byosacdtlalys ceadteoRES



— (Yai ale a8) ea (dead \t =0. wee ~- on _ of BACK =)

cee Ke KYA) _. _ ite aSD

—______Youcan set _y end 2 independently,so again there are two independent solutions. ___
___. Remember_that_a solution means an un-normalizedquad (x,y,2.t).  . a

. .. Ay ts there some standard way to "reduce" a system like this?

| KR RR ls: ° — a =[x x x *% ® Lasee|xx x x @/[% ° - .

Since hono, Linear conbinetion of HiS's is, veld nowequations. Thus, you)
cantake miltiple of one row and add it to another, just as in determinant |__|
-..._-gvaluation equivianceing. (But dent combine colums!) 9
____So_letsassume that x5 appears in at least one of the above equations.(If
_Rot_then we Bill it and start over with lover system). .We'can combine rows to get __

____matrix into new form: (yen a J). ee
-_ . ...Now x5 occurs only in the first equation, so we can set that equationaside _

. and leter_use it to computex, from other stuff.In other words we make this ____
reduction 8

ee -  -O] 0 CLS.)

: a =a it Spe, ah ee~ Ly nwo JB~ too
: a 28 eS
ce Sh ee

CTS RT a
oo i KA WP ef= +

ee a
Oe ee
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. . ~ 2 ~ wee ik eaes weefF ypaed. Asati)sf 8].
2) — 7 -ay kid PBS fp mn te at

oe eeOe

Ys, x

_ PEG0 7

-—. --%gy_then x, then x5 and you get your general solution with its two degrees of
——_freedome a - rs

Oofa ar on ay av aean ae Ce
— - | Or Gar OpeOryGer Are p I uf —a. | 8 Oar sy Ary Oye WEES _F _
— Ww ay ays Oe ef S SF |]w=| _
—_ Ww sr Ass Ay JS 6 6 PAI x, Oj}

ro)

ee a | 2 Lo
eee SS9 es a

—GKat Waa© OsKy BW Ky t Dye Kor Oto Kot Ain Ky = Mie XeaKy Mer Yat A233 £ Oar Yor Ore Yont A6 Xb = = Oy
FayKy er Yr Oey M56 sy ye Og YooSOKO
BhEy 2a Ka AnsXt == GyeXe
aQh I= ayee tC
____So you firstget the matrix into"senitriangular form”, then you set tyi%y

aE¥_eny vay you Like and compute x, through xp + There are three solutions, —
_—....No guest,very clear how you do it!a



. . By the way, if you can get the matrix to semitriengularform, then you.can. — _ .
.. -..$ee that the equations must all beindependent,___ _ ce ee ee eo
.. .. ..Conversely,

if they are not all independent, then. you conld have zerod—— -—ut_an entire row_at the beginning and you would then have adifferentand ———._ _|

. .. Lower rank probleme. _ ce ee
—-— ——You_could check 21]subdeterminantsfor independente: ie,.if all dubdbsvanish, ———

cee ee ee aoe =o


